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Abstract

In this thesis, a variation on the nonlinear Schrodinger (NLS) equation with multiplicative noise is studied.
In particular, we consider a stochastic version of the parametrically-forced nonlinear Schrédinger equation
(PFNLS), which models the effect of linear loss and the compensation thereof by phase-sensitive amplifi-
cation in pulse propagation through optical fibers. We establish global existence and uniqueness of mild
solutions for initial data in L2(R) and H! (R).

The proofis an adaptation of a fixed-point argument employed by de Bouard and Debussche [Comm. Math.
Phys., 205:161-181, 1999] for the nonlinear Schrodinger equation with multiplicative noise. The fixed-point
argument relies on space-time estimates on the semigroup generated by the linear parametrically-forced
Schrédinger operator. We prove these so-called Strichartz estimates, originally proven for the Schrédinger
operator, using Fourier methods. A key difference between the Schrédinger operator and its parametrically-
forced version is that the latter is not self-adjoint. We overcome this complication by establishing fixed-time
estimates on the semigroup and its adjoint, based on their Fourier representations.

We also briefly discuss possible future research in the direction of stability of solitary standing wave solutions
of the PENLS equation under the influence of multiplicative noise. Using informal calculations, we demon-
strate an approach to track the displacement of a soliton due to small stochastic forcing.
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Introduction

Nonlinear Schrodinger equations

The nonlinear Schrédinger (NLS) equation is a well-studied nonlinear partial differential equation that mod-
els the propagation of nonlinear dispersive waves if dissipative processes are negligible [33]. The equation
is

z;=iAz+iM|z|*°z forxeR"and teR™. e))

Here, z is a complex-valued function of space and time, A is the Laplacian, and 1,0 > 0. The condition A >0
corresponds to the so-called ‘focusing’ NLS equation, and in case A < 0 the equation is called ‘defocusing’.
The one dimensional focusing NLS equation finds application in the modeling of pulse propagation trough
optical fibers, where the nonlinear term arises through the Kerr effect. Optical fibers can be used to set up
systems for fiber-optic communications, enabling long-distance communication at high bandwidth [36]. In
this application, z models a complex wave envelope of the electric field in a propagating pulse. In contrast
to the linear Schrédinger equation from quantum mechanics, the variable ¢ represents the physical distance
along the fiber and x corresponds to physical time in the description of an optical wave through a nonlinear
medium. For a detailed review of this application of the NLS equation, we refer to [6, 30].

The NLS equation is known to be globally well-posed for initial data in L? if 0 < o < 2 [35], and in H' if 0 < 0 <
ﬁ [12]. These well-posedness results are based on dispersive properties of the Schrodinger evolution. In
particular, a set of space-time estimates, called Strichartz estimates, provides an essential tool for the analysis
of the (nonlinear) Schrédinger equation. For an extensive overview of the mathematical properties of the NLS
equation, we refer the reader to [33].

The NLS equation supports solitary standing wave solutions (solitons) of the form
z(x) = Vc/2sech(v/cx), (2)

which are key to physical applications. Here, sech denotes the secant hyperbolic function and ¢ > 0. In
more realistic models of optical fibers dissipative processes can not be neglected, and in that situation, the
soliton no longer remains. To compensate for the loss, an optical fiber loop that makes use of amplification
can be considered. The parametrically-forced nonlinear Schrédinger (PFNLS) equation describes an optical
fiber loop in which the linear loss is compensated by phase-sensitive amplification [17, 24, 25]. The PFNLS
equation reads

zr=iNz—ivz—e(yz—puz) +4ilz|’z forxeRand t e R*, (3)

where the constants e, v, p are all positive and v is real-valued. The constant y models the presence of dissipa-
tion, and the constant ¢ models the phase-sensitive gain. In order to prevent phase-sensitive effects arising
from the phase-sensitive gain, the model includes a periodic conjugation constant v. In [23], it was shown
that the PFNLS equation supports solitons of the same form as (2). Moreover, this soliton is exponentially
stable, meaning that a small perturbation of the soliton will decay exponentially to the same pattern.

A stochastic equation

For some physical systems, a more realistic model is obtained by considering perturbations of the system by
noise, giving rise to a stochastic version of the NLS equation and variations thereof. See for instance the model
proposed in [1] describing molecular aggregates with thermal fluctuations. In [3], de Bouard and Debussche
prove existence of global mild solutions in L2, in case the noise is sufficiently regular, for an NLS equation
with multiplicative noise. In the subsequent paper [4], the same authors also show well-posedness for initial
data in H'. More recent works extend and generalize these existence results, for instance, to treat nonlinear
noise terms [20], or to analyze the equation in the setting of compact manifolds [7, 8].
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Although many variations and generalizations of the stochastic NLS equation are analyzed in the literature,
these works do not cover the non-self-adjoint linear operation iAz — ivz — e(yz — pz) found in the PFNLS
equation. In this thesis, we analyze the following PFNLS equation with multiplicative noise:

dz=(iAz—ivz—e(yz—pz)dt +4i|z|°zdt —i(zodW) for xeRand teR". 4)

Here, the noise W is real-valued and o denotes the Stratonovitch product. This choice of multiplicative noise
is natural in the context of NLS equations, as it conserves the L?>-norm in the absence of dissipation and
amplification (¢ = 0); a property that is motivated by physical arguments. Indeed, the Stratonovitch product
follows the rules of classical calculus, and upon multiplying (4) with € = 0 by z and integrating we find

dlzl?, = i(Az, 2) 2 = Vizls, +4lzl3) dt = i(|zl7, o dW).
By taking the real part we informally see that the L?-norm is conserved.

In this thesis we prove global existence and uniqueness of mild solutions to (4) for initial data in L? and H',
thereby extending the works of de Bouard and Debussche [3, 4] to incorporate parametric forcing. These mild
solutions take values in the spaces

L (Q;C([0, T; L*®) N L7 (0, T; LP (R))),

and
L' (Q;C(0, T, H'®) N L7 (0, T; WHP ([R))),

for initial data in L?>(R) and H'(R) respectively. Here, p is a constant satisfying p = 4, which depends on
the regularity of the noise. The exponent r is chosen such that (r, p) is an admissible pair for the Strichartz
inequalities. The results hold under the assumption that the noise is suitably regular, to be specified in what
follows.

We also briefly embark upon a discussion on the stability of solitons of the form (2) in the stochastic PFNLS
equation. We demonstrate an approach to track the displacement of a soliton due to the stochastic pertur-
bation, and discuss future research directions. With this aim in mind, we restrict ourselves in this work to
one spatial dimension, in which an explicit representation of the soliton and the stability result of [23] are
available.

The proof of existence and uniqueness directly follows the works of de Bouard and Debussche on the stochas-
tic NLS equation in L? and H' [3, 4]. The proof is based on a fixed-point argument, employing the Banach
fixed point theorem. As the nonlinearity is non-Lipschitz, we first consider an equation in which the nonlin-
earity is truncated. In this way, we obtain global mild solutions for the truncated equation, which give rise
to a local mild solution for the original problem. We then formulate a blow-up criterion, stating that a finite
existence time can only occur due to blow-up of the L?-norm and H'-norm of solutions in the cases of initial
data in L? and H!, respectively. We conclude by proving a bound on the L2-norm and H!-norm of solutions
on finite time intervals. This bound is derived from a formula describing the evolution of the L? and H' norm
of the mild solutions to (4). The proof of this formula relies on an application of It6’s formula, which we justify
using a rather technical regularization procedure.

The original fixed-point argument of de Bouard and Debussche relies on the Strichartz estimates that are
available for the Schrodinger evolution. As such, a significant part of this thesis is devoted to a proof of
Strichartz estimates for the evolution of the linear parametrically-forced Schrédinger (PFS) equation. This
result forms the main contribution of this work. The linear evolution of the Schrédinger equation is given by
a multiplication in the Fourier space with the exponential e~ 1 Fixed-time estimates easily follow from this
Fourier solution, which are needed to prove the Strichartz estimates. To recover these fixed-time estimates
in the case of the PFS equation, we explicitly compute its Fourier solution, which takes a more complicated
form. Based on these fixed-time estimates, we then prove the Strichartz estimates for the PFS evolution,
using an additional estimate on the adjoint of the semigroup. We require this additional estimate because
the operator of the linear parametrically-forced Schrédinger equation is not self-adjoint, as opposed to the
Schrédinger operator.

Notation

Throughout this thesis, the following notation is used.
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Function spaces

For p € [1,00], we denote by L (R) the Lebesgue space of complex valued functions on the real line, or we use
the shorthand notation LY. We write
1/p
N nz(f |-|de)
L? o

for its norm and in case p = 2 we denote the inner product by

/&2 =fRf(x)§(x) dx.

We denote the norm of general normed spaces X by | - || x and the norm of general inner product spaces by
{-,*Yg. The weak derivative of a weakly differentiable function f € LP(R) is denoted by d, f and we write A = 6‘;2(
for the Laplacian. For k € Ny and p € [1,00], WP (R) (or the shorthand W,ﬁ“ P} is the Sobolev space of functions
f € LP(R) that are k times weakly differentiable with weak derivatives up to order k belonging to LP (R). We
equip this space with the norm

k
— @,
||Wfp = Z |ax |L§
a=0

We write H. ]’C‘ = Wf’z for k € Ny and equip this space with the inner product

k
OO ED (0?’,6?)@.

a=0

For r € [0,00], we will also use the Lebesgue-Bochner spaces of the form L’ (I; X), where I is an interval in
the real line and X is a Banach space. These are the strongly Lebesgue-measurable functions f: I — X such
that £ — | f(#)llx is in L™ (I). In case I = [0, T] for a fixed T > 0, we use the shorthand L} (X). Hence, we also
combine shorthand notations as L} (Lﬁ) =L"(0,T;LP(R)).

Lastly, we write .#(R) for the Schwartz class of functions whose derivatives are rapidly decreasing. A more
precise definition will follow.

Operator classes

By £ (X, Y) we denote the class of bounded linear operators from a normed space X into a normed space Y.
Let H, H be separable Hilbert spaces and let X be a Banach space. We denote the class of Hilbert-Schmidt
operators from H into H as %, (H; H) and the class of y-radonifying operators from H into X as y(H; X). Both
operator classes will be introduced later.

Thesis outline

This thesis is composed of four themed chapters.

Chapter 1 provides an overview of the theory underlying the topic, which we will make use of in subsequent
chapters. First, we briefly review the basic properties Cy-semigroups and their application to partial differen-
tial equations in Section 1.1. Then, in Section 1.2, we introduce the concept of Fourier multipliers and present
the Mikhlin multiplier theorem. As an important example, we consider the Riesz potential and we state the
related Hardy-Littlewood-Sobolev inequality. In Section 1.3 we give a compressed overview of the theory of
stochastic integration in the Banach-valued setting. We start by introducing the concept of Brownian motion
in Hilbert spaces, which we use to define the stochastic integral. We then discuss various properties of the
stochastic integral and state a few useful inequalities.

Chapter 2 is devoted to the linear parametrically-forced Schrodinger equation, since an understanding of the
linear equation is essential to the analysis of the stochastic nonlinear equation. We first show in Section 2.1
that the parametrically-forced Schrédinger operator gives rise to a Fourier solution, and we furthermore show
that it generates a Co-group on L?(R) in Section 2.2. We then use the Fourier solution to derive fixed-time esti-
mates on the semigroup in Section 2.3. Finally, we prove that the semigroup satisfies the Strichartz estimates
in Section 2.4.
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In Chapter 3, we turn to the analysis of the stochastic equation (4), in which we give a combined presentation
of the results in [3] and [4]. We start by describing the setting and assumptions in more detail in Section 3.1.
Then, in Section 3.2, we prove a few useful estimates on the stochastic convolution with the semigroup of
the parametrically-forced Schrodinger equation which are required later on. We proceed by proving global
existence and uniqueness of mild solutions for a truncated equation in Section 3.3 using a fixed-point argu-
ment. The solutions to the truncated problem are then used to define a local solution to the original problem
in Section 3.4. Here we also formulate a blow-up criterion, stating that a finite existence time can only occur
in case the H;-norm of a solution blows up. Finally, we prove in Section 3.5 that blow-up cannot occur, by
analysis of the evolution of the H}-norm using It6’s formula.

In the final Chapter, Chapter 4, we discuss the stability of solitons in the (stochastic) PFNLS equation. We
start in Section 4.1 by showing that the deterministic equation admits solitons, and present a stability result
due to Kapitula and Sandstede [23]. Then, in Section 4.2, we display an approach to tracking the position
of a stochastically perturbed soliton. We analyze the leading-order behavior of this position correction in
Section 4.3. Lastly, we discuss directions for future research in Section 4.4.



Theory

This chapter aims to give a concise overview of the theory required for the analysis of the stochas-
tic PFNLS equation. The proofs in subsequent chapters rely heavily on the properties of the Cy-
semigroup generated by the linear operator of Equation (3). We therefore briefly recollect the
properties of Cp-semigroups and their generators, and we discuss their relation to partial differ-
ential equations in Section 1.1. We will also require many tools from Fourier analysis, and we
set out the basic concepts of the Fourier transform and related theory in Section 1.2, restricting
ourselves to results needed for subsequent proofs. As Equation (4) is a stochastic partial differ-
ential equation, its analysis belongs to the field of stochastic integration theory. In particular, a
bit of knowledge on the integration of operator-valued processes is required to understand the
formal meaning of (4). In Section 1.3, we, therefore, give a compressed overview of the theory of
stochastic integration in the Banach-valued setting.

1.1. Strongly continuous (semi)groups

The concept of strongly continuous semigroups generalizes the exponential solution of a finite-dimensional
system of linear ODEs to the infinite-dimensional setting. Consider a system of linear first-order ODEs of the
form

u; = Au,
u(0) = ug € R",

where u(f) € R” and A is an n x n matrix. Such a system has a unique solution u € C*(R;R"), given by
u(t) = e"uy. Here, e’ is the matrix exponential of tA, defined as

1 1
A =T+ 1A+ —1PA%+.. . +—1"A"+...,
2! n!

for t € R. More generally, we can define the operator exponential of a bounded operator A on a Banach space
X by the same series. The operator exponential e’/ is then well-defined as a bounded linear operator on X,
and it enjoys the properties

o =,
o SAptA = otDAforall s, 1 € R;

° t—»e“‘

is continuous;
d ,tA _ tA
o qe=Ae
Consider now the evolution equation
u; = Au,
u0) =up€ X,



6 1. Theory

where u(t) € X and A € Z(X). The unique solution u € C*°(R; X) of this problem is given by the operator
exponential, as u(t) = e’4uy. In applications to partial differential equations, the operator A is usually a
differential operator acting on a suitable function space X. In most relevant cases, the operator A is, however,
unbounded on the Banach space X. Take for instance the heat equation posed on L” (R), where the Laplacian
is unbounded. With the aim of generalizing the notion of solution operators for linear evolution equations to
unbounded linear operators, we introduce the following definition of a strongly continuous semigroup.

Definition 1.1.1 (Cy-semigroup)
A family of bounded linear operators S = {S(t)} = acting on a Banach space X is called a C-semigroup if:

1. S(0)=1,
2. S(5)S(t)=S(s+1) forallt,s =0 (Semigroup property),
3. limy)o IS(8)x — x| x = 0 for all x € X (Strong continuity).

If furthermore || S(t)ll ¢(x) <1 for all t = 0, then we call the semigroup contractive.

The infinitesimal generator of S is the linear operator A with domain D(A) defined by

D(A) = {xe X:l}f{]l%(S(t)x—x) exists},

Ax=lim3(S()x—-x), xeD(A).
t10
If instead, we consider a family of bounded linear operators parameterized by the real line instead of the

half-line, we may analogously define the notion of a Cy-group.

Definition 1.1.2 (Cp-group)
A family of bounded linear operators S = {S(t)};er acting on a Banach space X is called a Cy-group if:

1. SO=1,
2. S(s)S(t) =S(s+1) forallt,s e R (Group property),

3. lim;—o [|S(t)x — xllx =0 for all x € X (Strong continuity).

The infinitesimal generator of a Cy-group S is also defined in a similar way, by

D(A) = {x €X: l%l%(S(t)x— x) exists},

Ax=lim H(S(Dx-x), x€D(A),
the only difference with the generator of a Cyp-semigroup being the convergence ¢ — 0 instead of ¢ | 0.

Remark 1.1.3. The family of operators {S(#)},cgr is a strongly continuous group if and only if {S(#)};>0 is a
strongly continuous semigroup of invertible operators and S(—t) = S~!(¢) for all £ > 0.

1.1.1. Characterization of generators and properties
The following theorem characterizes when an unbounded linear operator A generates a Cp-semigroup.
Theorem 1.1.4 (Hille-Yosida)

An unbounded linear operator A: D(A) € X — X on a Banach space X generates a Cy-semigroup on X if and
only if there exist constants M = 1 and a € R such that

1. the domain D(A) is dense in X and A is closed;

2. every A € R such that A > a belongs to the resolvent set of A;
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3. ifA>aandneN, then
AL =A)"lx <

A-a)"

In that case, | S() |l ¢ x) < Me® forall t = 0.

A proof of the Hille-Yosida theorem can for instance be found in [29, Theorem 5.3, p. 20]. The condition on
powers of the resolvent is often hard to check in practice. The Lumer-Phillips theorem provides a more use-
ful condition for unbounded operators to generate a contraction semigroup, especially in the Hilbert space
setting. For a proof, we refer to [29, Theorem 4.3, p. 14].

Theorem 1.1.5 (Lumer-Phillips)
An operator A: D(A) € H — H in a Hilbert space H is the generator of a contraction semigroup on H if and

only if:
1. the domain D(A) is dense in H and A is closed;
2. Re(Ax,x)pg <0 forall x € D(A) (dissipativity);
3. therange of A1 — A is equal to H for some A > 0.

We collect the following elementary properties of Cy-semigroups.

Proposition 1.1.6
Let S be a Cy-semigroup on X with generator A.

1. If T is another Cy-semigroup generated by A, then T (t) = S(t) fort = 0.

2. The semigroup generates continuous orbits from all starting points in X, that is t — S(t)x is a continuous
X-valued function forall xe X and t = 0.

3. The semigroup generates continuously differentiable orbits for all starting points in D(A), that is t —

S(t)x is a differentiable X -valued function for all x € D(A). We furthermore have S(t)x € D(A), and

%S(t)x =AS()x=S(Ax, t=0.

4. Forall x € X we have fOtS(s)xds € D(A), and
r
Af S(s)xds=S()x—x.
0

If x € D(A), then both sides are equal to fot S(s)Axds.

The proofs of these properties can for instance be found in [29, Section 1.2]. We also refer the interested
reader to this work for a detailed treatment of the topic.

1.1.2. Application to evolution equations
From Proposition 1.1.6 it follows that u(t) = S(¢)ug solves the evolution equation

u; = Au,
u(0) =up e X,

where u(f) € X, A: D(A) € X — X is an unbounded operator on X that generates a Cy-semigroup {S(#)} =0,
and ug € D(A). For arbitrary uy € X, the orbits generated by {S(#)};>¢ are not necessarily differentiable, and
we can therefore not expect u(t) = S(t)uy to solve the evolution equation in the classical sense. It is, however,
true that u(¢) = S(#) up solves the integrated version

t
u(t) = u0+f Au(s)ds, te[0,T].
0
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Let us now consider a nonlinear evolution equation

(1.1)

ur=Au+ f(t,u(1),
u@) =upeX,

where f is a nonlinearity depending on both time and u. In this situation we can also not expect classical
solutions for arbitrary initial data ug € X. Instead, we introduce the concept of a mild solution.

Definition 1.1.7 (Mild solution)
u:[0,T] — X is called a mild solution of (1.1) if u is continuous and satisfies

t
u(r) = S(t)u0+f S(t—3)f(s, u(s))ds.
0

Under suitable conditions on the nonlinearity f (e.g. Lipschitz continuity), it can be shown that the semi-
linear evolution equation admits unique mild solutions. Moreover, every classical solution is a mild solution.
For proofs of these claims and a more detailed discussion, we refer to [29, Chapter 6]. This shows why the
notion of a mild solution is convenient for semi-linear evolution equations with suitable nonlinearities. Def-
inition 1.1.7 is general enough so that for each initial datum u there exists a unique mild solution, and this
class of solutions contains the classical solutions.
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1.2. Fourier analysis

Fourier analysis forms a powerful tool for the study of partial differential equations. Below we present the
fundamental properties of the Fourier transform, and a few (loosely) related results. Most of the material in
this section is standard, and we refer to [18, Chapter 2] for the results where a proof or reference to a proof is
omitted.

Definition 1.2.1 (Schwartz space)
The Schwartz space ¥ (R) is the set of smooth functions f : R — C, such that for each a, f € N we have

x“@ﬁf—»O as |x| — oo.

Proposition 1.2.2
The Schwartz space & (R) is dense in LP (R) if 1 < p < oo.

Definition 1.2.3 (Fourier transform)
For a function f € ¥ (R), the Fourier transform of f is the function f : R — C defined as

A 1 :
f(f)::EfRf(x)e”‘fxdx, EeR. (1.2)

The operator F : f — f is called the Fourier transform. The inverse Fourier transform of f is the function
f:R— C defined by

f(x);:fRf(x)e"fxdx, xeR. (1.3)

Proposition 1.2.4
The Fourier transform & is a continuous, one-to-one map of #(R) onto itself. Its inverse ' is given by

F i f—f.
We may also define the Fourier transform on LY(R) via the formula in (1.2), since

1 ; 1 1
_ —i¢x il —
‘znfRf(x)e dx Sann;q|f(X)|dx 2n|f|L}c'

By taking the supremum, we see that the Fourier transform & is a bounded operator from LY (R) into L™ (R).
Iffe L2([®)\ L} (R), then we can in general not define the Fourier transform of f via the formula in (1.2), since
the integral does not converge. Instead, we use that the Schwartz space is dense in L?(R) (Proposition 1.2.2)
and define the Fourier transform of f € L?(R) as the L2-limit of the Fourier transforms of an approximating
sequence of Schwartz functions. The next theorem shows that the Fourier transform is an isometry on L?(R).

Theorem 1.2.5 (Plancherel theorem)
Iff € L2(R), then f € L>(R) and

A 1
|f|L2 = g|f|L§

We can combine Parseval’s theorem with the bound | f; < % Lfl [Lto define the Fourier transform on LP (R)

for all 1 < p < 2. This follows from the following interpolation theorem due to Riesz and Thorin [34].

Theorem 1.2.6 (Riesz-Thorin)
Let Q be a measure space and 1 < pg, p1 < 00,1 < qo, q1 < co. Suppose that

T:LPO(Q)+ LP (Q) — LT Q)+ LT (Q)
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is a linear map such that T : LPi (Q) — L9 (Q) fori=0,1 and

IT flrao) < Mol flrroy, 1T flra @ < Milflim @),
for some constants My, M. If0 <0 <1 and

1 1-6 6 1 1-6 6
=—+

pop poqa d @
then T : LP(Q) — L1(Q) maps LP(Q) into L9(Q) and

T flray < My~ MY | flp .-

As an immediate consequence, we obtain the Hausdorff-Young theorem, which shows that the Fourier trans-
form maps LP (R) into LP (R) for1 < p <2.

Theorem 1.2.7 (Hausdorff—Yoqu)
IffelP® withl<p<2,thenf¢c L” (R) and

o 1
|f|L?, Sglfng

The Fourier transform can be used to define operators on L”(R) by multiplying its Fourier transform with a
function.

Definition 1.2.8 (Fourier multipliers)
For a function m: R — C, we define the Fourier multiplier operator T, as

Tof: f—F Ymf}.

The function m is called the symbol of the Fourier multiplier Ty,. If a Fourier multiplier is furthermore bounded
on LP(R), then we call it an LP -multiplier.

Example 1.2.9. For a differentiable function f, we can compute the derivative using the Fourier inversion
formula (1.3) as

d A« . ” . N
fw= f Foreide = f iEF(© e dE = FEEF O 0.
X JR R

This shows that differentiation is a Fourier multiplier, with symbol m(¢) = i¢.

Remark 1.2.10. If T is an LP-multiplier, we can write
k k k
TS er = Y 10T Pl =Y IT@)Ip<C Y 10% ;0 = CIfl, ks
* a=0 a=0 a=0 *
since Fourier multipliers commute. This shows that an L”-multiplier is also bounded on W*” (R).

As a consequence, we have the following characterization of the H*-norm.

Proposition 1.2.11 (Fourier characterization of Sobolev spaces)

Ifk € N, and f € H*(R), then
1/2

Pl =2 [0 i) feoR de

Here, the symbol ‘=’ denotes norm equivalence.
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Proof. We compute
2 20k Frevi2 2kk2aA2 2kk S Py 2
A f(1+|6|) If©)1°d¢=4n f Y| [EFtIf@IFdE =4 ) fl(tf) f©rd
R Ra=0\% a=0\2 ] JR
k (k

_ 2
“Efefee

which is equivalent to the square of the H k (R)-norm. O

We can also consider the Fourier multiplier with symbol ¢ — |£|~%, which corresponds to the Riesz potential
operator and belongs to the topic of fractional integration.

Definition 1.2.12 (Riesz potential)
For0 < a < 1, we define the Riesz potential I, : R — R as the function

1
Ip(x) = ————,
a(X) Yalx e
wherey is the constant
_2%/al(al2)
Y= Ti2=ar)
We also define the Riesz potential of order a of a function ¢ € & (R) as

_ 1 o)
(Ia*(P)(X)_}/afn@—lx—yll’“ dy

The next theorem shows that this operator is bounded from L? (R) to L9(R), where % = % —-a.
Theorem 1.2.13 (Hardy-Littlewood-Sobolev)

Supposethat0 < a <1,1< p <1/a, and q is defined by % = % — a. Then there exists a constant C(a, p) so that

|14 * (’blLZ < C(a, p)l([)lLi forallp € LP (R).

A proof can be found in [19, Theorem 6.1.3, p. 3]. The following theorem provides a useful condition to assert
that a Fourier multiplier is a bounded operator on L” (R)

Theorem 1.2.14 (Mikhlin multiplier theorem)
If m:R\ {0} — C satisfies

Im(&)| = Cy, foralléecR\{0}
and

d

€] ‘d—?(a <C), forallé€R\{0}

and some Cy,Cy > 0, then the Fourier multiplier Ty, with symbol m is an LP-multiplier for all 1 < p < oo.
Moreover, the operator norm of Ty, depends only on Cy, Cy, and p.

For a proof, see [18, Theorem 6.2.7, p. 446]. We present also a few useful properties of the operator (I —eA)~!,
which will serve as a regulizing operator. By the Lax-Milgram theorem, there exists for every f € H '(R) a
unique element u € H 1(R) such that

u—eAu=f, in H'(R).

Hence, we see that (I—eA) ! is well-defined as a mapping from H™!(R) to H' (R). We may also define (I—eA) ™!
on LP (R) with p = 1 as a Fourier multiplier with symbol (1 +e¢?)~1. We collect the following useful properties
of the operator (I —eA)~!.
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Lemma 1.2.15 (Regulization)
Letpe (1,00), keN, and f € WEP.
1. Foralle >0, (I—eA)! is a bounded operator from WkP(R) to WKt2P (R), with
U= e8)™ flyyiap < Cepl flyp- (1.4)
2. (I-eN)Yisalso bounded from WkPR) to WEP(R), with
(I =N f1kp < Cplfly kps (1.5)

where C), does not depend one.

3. (I—eA)~Lf converges to f in WEP(R) ase | 0.

The proof can be found in Appendix A. We conclude the section with a useful embedding result.

Proposition 1.2.16

Ifp=2, then H(R) embeds continuously into L” (R) and LY (R) embeds continuously into HY(R). That is,

H'R) — L[P(R), and L’ R)— H'[).

Proof. We first show that H!(R) — LP(R). Let therefore u € C°(R) and p = 2. Then

p _ p _ p=21,,12 p-2, 12
ul”, = | lulPdx=| |lu ul“dx<|u u
ity = [t de= [ 2 dx < ulf i,

so that

22 2 2
< P P~ p P
lulpp < lul oo Tul p < Ul oo lul s

As u is smooth, we can write
X

(u(x))?=2 f u(y)0xu(y)dy,

so that
2

2
lulfee = 2luli210xulsz = 2luly,

and we conclude that

p-2 P22 p=2

lul,p <27 |ul ? (ul”, =27 |ulm.
Ly H}C H} Hx

(1.6)

(1.7)

The general case follows by density of C2°(R) in H!(R). For the dual estimate, let v € L’ (R). Since H™(R) is
the dual of H!(R), and LY (R) is isometrically isomorphic to the dual of LP (R) [31, Theorem 4.1, p. 13], we can

write

V|1 =sup —————<sup2 » ——————— =27 sup
X
ueH} |u|H}c uel? |u|L§ uel?

where we have used (1.7) in the second step. This shows the result.
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1.3. Stochastic integration in Banach spaces

In this section, we give a condensed introduction to the topic of stochastic integration in Banach spaces. A
detailed treatment of the subject can be found in [27], as well as in [14] and [26]. Before we can give the defini-
tion of the stochastic integral, we first need to introduce the concepts of type 2 Banach spaces, y-radonifying
operators and cylindrical Brownian motion. Throughout this section, let (y)xen be a sequence of indepen-
dent normal real-valued random variables on a probability space (Q, %, P), and let E be a Banach space.

1.3.1. Type p Banach spaces and y-radonifying operators

We start by introducing the following geometric property of a Banach space, related to random sums.

Definition 1.3.1 (Type p Banach space)
Let p € [1,2]. The Banach space E has the type p property if there exists a constant C > 0 such that for all finite
sequences X1,...,Xp € E

P
E

N
Z YnXn
n=1

N
<CY lxally.

E n=1

The following result can be interpreted as a norm-equivalence result in the context of random sums.

Theorem 1.3.2 (Kahane-Khintchine inequality)
Foralll < p, q < oo there exists a constant Cy, 4 such that for all finite sequences x1,..., X, € E we have

P ,1, q !17
E E

A proof can be found in [22, Theorem 6.2.6, p. 23]. With help of the previous theorem, we can give an example
of a type 2 Banach space.

N
Z YnXn
n=1

N
Z YnXn
n=1

Proposition 1.3.3
For k € N and p = 2, the Banach space W*P (R) has the type 2 property.

Proof. Using Holder’s inequality and Fubini’s theorem, we may write for fi,..., fy € W*P (R)

([ ”dx);.

rwyPy  a=o

N

Z Y05 fn
n=1

=

LW

N N
Z Ynfn Z Ynfn
n=1 n=1

By using the Kahane-Khintchine inequality, and L?(Q) orthogonality of the sequence (yi) ke it follows that

» 1
N k N A k| N e
Yus <cy f[E(Zynagfn ) de| =cY (Y joenlt]
n=1 QW) a=0|JR \|n=1 a=0|n=1 "
and via the triangle inequality
1 1 1
N k (N 2 k N 2 (N 2
> Ynfn <C}) (Z 1@ f)?l 2| =CY |2 |a;‘§fn|§p) sc(z | ful? k,,,) : m
n=1 L2(Q;WP) a=0\n=1 x a=0\n=1 * n=1 W
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1.3.2. Hilbert-Schmidt and y-radonifying operators
Recall the following definition of a Hilbert-Schmidt operator.

Definition 1.3.4 (Hilbert-Schmidt operator)

Let H, H be separable Hilbert spaces. An operator ® € %,(H; H) is called a Hilbert-Schmidt operator if the
series Y ren IICDekII?q converges for any orthonormal basis (ei) xeny 0of H. We denote by £»(H; H) the space of
such operators, with norm

2 — * — 2
IR, 4.7y = T(@™ @) = kZN IDex ;- (1.8)

This norm is well-defined since the quantity }_ ien IICDekII?q does not depend on the choice of (ex) xey. With the
aim to generalize this notion to Banach-valued operators, we introduce the notion of y-radonifying operators.
The following definition of y-radonifying operators is tailored to operators defined on a separable Hilbert
space, see for example [22, Chapter 9] for a more general definition and treatment of the topic.

Definition 1.3.5 (y-radonifying operator)

Let H be a separable Hilbert space. A bounded operator K is called a y-radonifying operator if the series
Y renYiKey converges in [2(Q, %, P, E) for any orthonormal basis (ey)xen of H and any sequence (yi) xen Of
independent normal real-valued random variables on a probability space (Q, %,P). We denote by y(H; E) the
space of such operators, with norm

2
(1.9)

KU gy =B || 2 viKex
keN

E

This norm does not depend on the choice of (ex)ren and (y) ken, and the space y(H; E) is a Banach space.
In the case that E is a separable Hilbert space, the space of y-radonifying operators is equal to the space
of Hilbert-Schmidt operators, with equality of norms. We have the following result on the composition of a
linear operator and a y-radonifying operator.

Lemma 1.3.6 (Left ideal property)
Let H be a separable Hilbert space and E,F separable Banach spaces. If K € y(H;E) and L € £(E;F), then
LK € y(H; F) and

LKWy ;r) < 1 LI 2R 1K ly ;8- (1.10)

Proof. Let (yr)ken be asequence of independent normal real-valued random variables on a probability space
(Q,%,P), and (ex) ey an orthonormal basis of H. Then, forall m e N

2 2 2

m m m
E| Y veLKex| = [E‘ LY yiKer| <ILI%@nE| X veKer| <ILI%gmIKIqmE-
n=1 F n=1 F n=1 E
The conclusion follows by letting m — oo. O

1.3.3. Cylindrical Brownian motion

Recall that a real-valued random variable vy is called Gaussian if it has a probability density of the form
1
V2anq

_s2
e t/Zq.

fy(t) =

Definition 1.3.7 (Gaussian random variable)
An E-valued random variable X is called Gaussian if for all x* € E* the real-valued random variable (X, x*)
is Gaussian.
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Recall also that an E-valued stochastic process is a family of E-valued random variables (X(i));e; for some
index-set I defined on a common probability space. An important class of stochastic processes is character-
ized by the following definition.

Definition 1.3.8 (Gaussian process)
An E-valued stochastic process (X (i)) ;e is called a Gaussian process if for all finite sequences iy,...,in € I the
EN -valued random variable (X (i1),..., X(in)) is Gaussian.

It will also be useful to introduce the concept of an isonormal process.

Definition 1.3.9 (H-isonormal process)
Let H be a Hilbert space. An H-isonormal process on Q) is a mapping W : H — L*(Q) such that:

1. Forall h € H the random variable W h is Gaussian;

2. Forall hy, hy € H we haveE(W hy - Why) = (h1, ha) .

Example 1.3.10. If W is an L?(0, T)-isonormal process, then W (¢) := W1 ; defines a real-valued Brownian
motion on [0, T].

With these definitions in place, we can define the Hilbert space analogue of a real-valued Brownian motion.

Definition 1.3.11 (H-cylindrical Brownian motion)
An L?(0, T; H)-isonormal process is called an H-cylindrical Brownian motion on [0, T].

1.3.4. The It6 integral

In this section, we present the stochastic integral for operator-valued processes. We first give its definition for
a class of simple processes, called finite-rank adapted step processes. For the remainder of this section, let
Wy be an H-cylindrical Brownian motion on some Hilbert space H. With this aim in mind, we introduce for
h € H and x € X the notation & ® x for the element of £ (H, X) defined as

(h®x)k:={h,kyygx, forkeH.

Definition 1.3.12 (Finite-rank adapted step process)
A process @ : (0,T) x Q — £ (H,X) is called a finite-rank adapted step process with respect to a filtration
(F1)tero,1), if it is of the form

N M
D(t,w) =Y, D Ly, tn (DR ®Emn(w),

n=1m=1
where hy, ..., hy is an orthonormal system in H, and for all (m,n) € M x N, &, is an &, -measurable step
function from Q — X.

For this class of operator-valued processes, we define the stochastic integral as follows.

Definition 1.3.13 (It6 integral)
For ® as above, we define the Ité integral as

T N M
fo QO AWH(D) =), > Wr(tp) hm — Wh (=) him)E pmn.

n=lm=1

The integral extends to processes that can be approximated by a sequence of finite-rank adapted step pro-
cesses. In case E is a type 2 and so-called UMD Banach space, then the processes ® € LP(Q; L?(0, T;y(H; E))),
where 1 < p < oo, that are adapted to () (0,11 have this property. We call such processes stochastically in-
tegrable with respect to Wg. The abbreviation ‘UMD’ is short for ‘unconditional martingale differences’. It
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was shown in [5, 10] by Burkholder and Bourgain that the class of UMD Banach spaces are exactly the Banach
spaces E for which the Hilbert transform extends to a bounded linear operator on LP (R; E). For the precise
definition of the UMD class of Banach spaces and related theory, we refer to [21, Chapter 4]. The following
theorem reveals that the It6 integral is an isometry from the space of integrable processes to the space of
square-integrable E-valued random variables.

Theorem 1.3.14 (It6 isometry)
Let E be a UMD and type 2 Banach space and let 1 < p < co. Then for stochastically Wy -integrable processes @,
we have

p
SE
E

T
E H fo ®(1) dWg (1) L2(0,T;y(H;E))

See [27, Theorem 13.2, p. 184] for a proof. Using Doob’s maximal inequality, this result can be used to prove
the following inequality on the supremum of the stochastic integral.

Theorem 1.3.15 (Burkholder-Davis-Gundy inequality)
Let H be a separable Hilbert space, E a UMD and type 2 Banach space. If p € [1,00] and ® is a Wy -integrable
process, then

E sup
0<t<T

r p
f dJ(t)dWH(t)‘ < CE|®|” (1.11)
0 E

120, T;y(H;E))

A proof of this inequality can be found in [28, Theorem 4.4]. The following lemma provides an estimate for
the stochastic convolution with a contractive semigroup. See [14, Theorem 6.10, p. 166] for a proof.

Lemma1.3.16
Let {S()}t=0 be a contractive Cy-semigroup on a Hilbert space H. Then for a Wy -integrable process ® we have

E sup

t
f S(t—8)D(s)dWg(s)
0=<t<T IlJO

p
p
0 CEIPL2 0,1y

We now state a property of the stochastic integral which is familiar from classic integration theory.

Theorem 1.3.17 (Stochastic Fubini)
Iffor each 0 < s < S we have that O is a Wy -integrable process and

S
2 172
fo (EH(DSHLZ(O,T;)/(H,E))) ds < oo,
then almost surely

S pT T pS
[ f D (1) dWy(1) ds=f f D (1) dsdWg(2).
0o Jo 0o Jo

For a proof, we refer to [14, Theorem 4.33, p. 110]. We conclude the section with a helpful formula describing
the evolution of a bilinear pairing between two stochastic processes. Although usually stated in a more gen-
eral fashion (see [14, Theorem 4.32, p. 106]), we state this version because it is useful for characterizing the
evolution of the squared norm of a stochastic process.

Theorem 1.3.18 (It6’s formula (for bilinear maps))

Let Ey, E» and F be UMD Banach spaces and (ey) =1 an orthonormal basis of H. Let furthermoreb: Ey x E — F
be a bilinear map and let ©, be stochastically integrable w.r.t. Wy and have paths in L2(0, T;y(H, Ey)) almost
surely. Letyi :[0,T] x Q — Ey be (%) (0,1 -adapted and have paths in LY0, T; E;) almost surely. Let also
&1:Q — Ey be (%) teo, 1) -adapted, and we assume all of the above for ©,,vy» and ¢,, where we replace Ey by E».

If
t t
Ci(t)=<fi+f0 Wi(S)dS+/0 0;(s)dWg(s),
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fori=1,2, then almost surely

t t
b((1(t),(2(t))—b((1(0),(z(0))=f0 b((1(8),1lIz(8))+b(W1(S),(z(S))dS+fO b(¢1(s),02(s) + b(©1(5),$2(5)) AWk ($)

t
), Y b(O1(s)ek, O2(s)ex) ds.
k=1

See [9, Corollary 2.6] for a proof.






The linear parametrically-forced
Schrodinger equation

This chapter is devoted to the linear parametrically-forced Schrédinger equation. We begin by
considering the Fourier transform of the equation, from which we deduce a characterization of
the Fourier transform of solutions. We proceed by showing that the linear operator of the equa-
tion generates a Cy-group in L?(R) in Section 2.2. In Section 2.3, we then derive a set of fixed-time
estimates on the semigroup using the representation of solutions in Fourier space. In the last
section, Section 2.4, we show that the semigroup satisfies the Strichartz estimates, which are key
to proving the existence and uniqueness of mild solutions to the nonlinear stochastic equation.

Recall that the initial value problem for the parametrically-forced Schrodinger equation (PES) is

zr=iAz—ivz—e(yz—puz) forxeRandreR™,

z(x,0) = zo(x) forxeR, 2.1

where z: R x R — C is a complex-valued function of space and time. The constants ¢,y and p are all positive
and v is real-valued. Throughout this work, we will assume that |v| > e, meaning that the conjugation occurs
‘fast enough’ to prevent phase-sensitive effects due to the phase-sensitive forcing term of strength €.

By considering only the local effects in equation (2.1), meaning if we ignore for a moment the Laplacian,
we can informally make sense of (2.1) as a physical model for the compensation of dissipative effects. More
precisely, if we consider

zr=—1vz—€(yz— Uz),

with z: R* — C, then we can summarize the effects of the various parameters as follows. The parametery > 0,
modelling dissipation, draws z towards zero. The phase-sensitive gain parameter p > 0 pulls z towards the
direction of its conjugate. This amplifies real-valued z € C and draws purely imaginary z € C to the origin.
Their combined effect is dissipative or amplifying, depending only on the phase of z € C. Averaged over
all phases, the net effect of y and p is always dissipative, regardless of the value of u > 0. The conjugation
parameter v acts as a rotation in the complex plane, preventing blow-up of z € C that happen to be in a phase-
region where the net effect is amplifying, by rotating z to a phase-region where the net effect is dissipative.

19
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2.1. Fourier solution

Recall that the solution to the linear Schrodinger equation is given by the Fourier multiplier e~/*¢*. By con-
sidering the Fourier transform of (2.1), we will obtain an analogous exponential multiplier that serves as
a solution operator to (2.1). It will therefore be useful to rewrite the equation first. Let us write z(x, ) =:
a(x,t)+ib(x, t), with a, b: R xR — Rreal-valued. Then we can recast (2.1) as the following real-valued system

ar=-Ab+vb—e(y—pa forxeRandteR?,
b;=Aa-va—-e(y+wb forxeRandreR",

a(x,0) =ap(x) forxeR, 2.2)
b(x,0) = bg(x) forxeR,
or in matrix form
al _|-ety-p) -A+v ||a +
0 b —[ Ay —etr+w| b forxe Rand t e R", 03

a _ |4
[b](x,O)—[bol(x) for x e R.

We have the following result for the Fourier solution of (2.2).

Theorem 2.1.1
If ap, by € #(R), then there is a unique solution a, b € C([0,00); L (R)) of (2.2). The spatial Fourier transform
of the solution is given by

cos (p(&) 1) +eptsinc (p(é) 1) £(E% +v) sinc (&) 1)

—1(&% +v)sinc (¢p(©)1) cos (p(é) 1) —eprsine (H(&)1) 0.8) forieRandteR",

a
b

b](t.f) e

(2.4)

2,2
B = @ +v)1[1- (f§+—ﬂv)2 foréeR. 2.5)

Proof. We apply a Fourier transform to (2.3) in the spatial variable

where ¢ : R — R* is defined as

a
b

—e(y—p  E+v

a
—52 -v  —ey+w

b

0; foré eRand teR™,

a a
=1 A@S) [Z)

and obtain a matrix ODE which is solved by

a _ A
[b] (t,é)=e

Z] 0,) foréeRandteR™.

We calculate the matrix exponential /A€ by diagonalization, i.e. we write A¢) = U@)DEU () with

D) =: M) 0 . Then, the matrix exponential takes the form
0 A
R eth© B
etA(f) =U({) 0 et/lz(f) U 1(6)

The eigenvalues 1 ({), A, () are the roots of the characteristic equation

_ _ _ 2
0= det(A@) —An = | €T W-4 &y '

—&2 -y —e(y+m) -2
=AM te(y+wA+ely —wA+e*(y — )y + ) + (& +v)?
=A% +2ey A+ €2 (Y2 — p2) + (E2 +v)2.
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Its roots are

_ 2 2 2 2
2ey + /4€2y? 4(6 (Y2 — pu2) + (é2 +v) ) €Y+\/€2

— 2 2 2 — 2
ey £\/e*u? = (§*+v)*=—ey£i({"+ V)| |1~ (52+V)2

ey £i¢(c),

M2(8) = —(€2(y2 — p2) + (2 +V)2)

where the last square root is real valued by the assumption |v| > eu. The corresponding eigenvectors are

©) = Etvy _ Eiwy
2@ | ey s ip@) +ety - | T |—entig@)|"
Hence, we obtain the diagonalization
A®=U®DOU©®
3 iy iy [—€y+igb(£) 0 vy E 4wy -
C|—eu+ i) —eu—id©) 0 —ey—ipQ)| |—eu+ip&) —eu—ip@)|

and upon exponentiating

. etM(© 0
etA(cf) =U(&) et?kz(f) U71 )
B €2+v 4y e Crleid©1t 0 Etv ey 7 2.6
—ep+ip) —ep—igp©) 0 e~ Ve | —eu+ip(&) —eu—i¢p(C) '
After simplification, this yields the result
otA© _ eyt [€OS (p&)t) +eptsine(p©&) 1) £(&2 +v)sinc (p©)1) o
— (&% +v)sinc () 1) cos (&) t) —eptsinc (Pp@E) 1) | g

By inspecting the Fourier multiplier of (2.4) at { = 0, we can again discuss the roles of the parameters y, u and
vin (2.1). Using that ¢(0) = \/v2 — €22, the multiplier e’4©) takes the form

2 _¢2(2 i 2 _ 22 i /v2 — €22
etA(O):e—eyt cos( Ve —€eT t)+€,utsmc( ve—€e“u t) tvsmc( Ve —€ec t)
—tvsinc( vz—ezpzt) cos( v2—€2u2t)—eutsinc( vz—ezpzt)

at £ = 0. By expanding the terms containing sinc-functions around % =0as

tvsinc(\/ vi—ep? f) = (1 - EZV—’";Z)_“Z sin (\/vz —e2u? t) (1 + sz + O( )) sin (\/VZ —e2u? t),
eptsinc(\/vz —e2u? t) = (% - 1)71/2 sin(\/v2 —e2u? t) = (% + O(ei,—’gts))sin(\/vz —ezpzt),

we may rewrite

and

€u e3p3 ey
i +0(5) S0

0(”‘) - ok 51

2 _ 22 i 2 _¢2(2
etil(o):e—eyt cos( v e,ut) sm( v eut)

+ e‘ewsin(\/v2 —e2p? t)

As expected, the parameter y gives rise to a dissipative factor e €7’. The effect of the amplification parameter
1 and the conjugation parameter v seem to be more intertwined. The first matrix in the previous decompo-
sition acts as a rotation with frequency \/v2 —e2u?. The second matrix captures the phase-sensitive effect,
which is oscillatory in time and becomes small if v > eu. Since the system in (2.2) is equivalent to (2.1), we
immediately obtain the following corollary to Theorem 2.1.1.

—sin( vz—ezuzt) cos( vz—ezpzt)

21/2
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Corollary 2.1.2

Ifzg € #(R), then there is a unique solution z € C'([0,00);.#(R)) of (2.1). The spatial Fourier transform of the
solution is given by

2(t,8) =e " [(cos (p(&) 1) +eutsine (p () £)) a0, + t(&% +v) sinc (p(é) ) b(0, )]
+ie” V! [~ +v)sinc (p(&) 1) a(0,&) + (cos (p(&) t) —eptsine (&) 1)) b(0,8)], (2.8)

foré eRandt€R", where:R— R is defined as in Theorem 2.1.1.
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2.2. The forced Schriodinger semigroup

We show in this section that the linear operator associated with the parametrically-forced Schrodinger equa-
tion generates a semigroup on L?(R). To this end we define the operator A on L?(R) by

D(A) = H*(R) < L*(R) — L*(R), 2.9)
Az=1Az—ivz—€(yz—uz) for ze D(A). ’
As before, €, v, 1 are positive constants and v is real-valued.

Proposition 2.2.1
The operator A: H*(R) c L?(R) — L?(R) is closed and densely defined.

Proof. We first verify that the unbounded operator A is well defined. It is indeed easy to check that A is
bounded from H2(R) to L2(R)
|Az}2 @) lidz—ivz—e(yz—pz)l2 <|Azl2 + (IVI+ely + W)zl 2 < Clzl .

Furthermore, it follows from the density of the test functions C2°(R) in L[2(R) that H2(R) is also dense in L2(R).
Therefore, A is a densely defined unbounded linear operator. To show that A is also closed, we let z,, — z in
L2(R) with z,, € H*(R) for all n € N, and Az, — y in L>(R). In order to show that z € H?(R), we first prove a
convenient auxiliary inequality. Via the triangle inequality, we have the point-wise estimate

|Az| < |Az| + Clz],

with C a sufficiently large constant. By squaring the inequality, and applying Young’s inequality with exponent
2 we obtain

|AzI* < |Az|* + C*|z* +2| Azl|zl < (1 + O)| Az|* + (C + C?) |zl (2.10)
We then write
il = [ 0610+ 216 + Diz@P A 2 [ 02+ DIz ot
= Jinal?y + 12k, U< Gz, + 128y,
where we have again used Young’s inequality to eliminate the |¢|? term. We now obtain
|20 = Zml 2 < CUA(zn = 2m)| 2 + |20 = Zml 2),

and it follows from z, — z in L?(R) and Az, — y in L?(R) that (z,,) =1 is a Cauchy sequence in H?(R). There-
fore, it has a limit in H2(R). As limits are unique, we must have z € H?(R). Furthermore, it follows from

|AZ__V|L§C 5|A(Z_Zn)|L§C+|AZn_.V|L§C 5C|Z_Zn|H§+|AZn_Y|L§

that Az = y by taking the limit 7 — oco. This shows that A is closed and concludes the proof. O

We will use Theorem 1.1.5 to prove that the operator A generates a semigroup on L (R).

Theorem 2.2.2

The operator A defined in (2.9) generates a strongly continuous semigroup on L*(R), and for all z € D(A) =
H?(R) we have

Re(Az, Z>L§ = —eylzli2 +ey(|Rez|‘i2 - IImzliZ). (2.11

Ifu <7y, then the semigroup is furthermore contractive.
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Proof. We first show the inner product identity. Let therefore z € H>(R). Then

Re(Az,2);2 = Re

i{Az,z) 2 —iV{(z,2) 2 +[ (—e)/lzl2 +€,uEZ)dx
X X R

=Re

—ilaleii - ivlzlii +L(—€y|z|2+ey22)dx .
Let us write z = a + ib, with a, b € H*(R) real valued. We then find (2.11) as follows
Re(Az, Z>L§ = RefR —e)f(a2 +%) + ey(a2 —b?—i2ab)dx
= —eylzl}, +eplaly, = 1bl7,).
To show that A generates a Cy-semigroup on L?(R), we consider the shifted operator
A—e(u—y)1: H*R) c L*(R) — L*(R),

and we write A:= A—e(u—17)I. It follows from the previous inequality that
~ 2.9) ) 2 2
Re(Az,z);2 = _€7|Z|L§ +€“|Z|L§ —e(y—y)|z|L§ =0,

so that A satisfies the dissipativity condition of Theorem 1.1.5. The shifted operator A also satisfies condition
1 of Theorem 1.1.5, as it is the sum of the closed and densely defined operators A and —e(u —7y)I. To verify
the last condition, set 1:= A + e(u—1v) so that AI— A = AI— A. We now show that 11 — A has range L2(R) for
all 1 € R. Therefore, consider the Fourier transform of the equation (A/ — A)z = f (or rather an equivalent
system), for some f € L?(R)

—ely—p)—A E+v

_[A
2y —e(y+m -1 —[le(cf) forallé e R,

where f = fi +if,. Recall from the proof of Theorem 2.1.1 that this matrix has determinant zero if and only if
A= —ey +ip(£). Since ¢(&) > 0 for all £ € R, the matrix is invertible for all £ € R when AER. So (AI— A)z = f
has a solution for all ¢ € R. In the Fourier space, the solution can be computed via the matrix inverse

1
(E2+v)2+ A2 +2ey A +€2(y2 — p2)

h
f

—e(y+mw) -2 -& -y
E+v —e(y-w-A7A

a
i )=

(&) foralléeR, (2.12)

which scales as gz

] (&) as |¢] — oo. Via the Fourier representation of the Sobolev norm (Proposition 1.2.11)

|f1fe = 4m L(1+Iélz)2|f(é)lzdé,

and the fact that f € L?(R) we then see that the solution is an element of H?(R). It follows that A — A= AI— A
has range L?(R) for any A, A € R, and in particular for any A > 0. We can then conclude by Theorem 1.1.5 that
A generates a contraction semigroup on L?(R). It is now easily verified that eA? = e€“~17eA’ is also a strongly
continuous semigroup on L?(R), with generator A. If u <y, then

— ee(,u—y)tleAt

At
le™ 2 leazy =1

which shows that in this case the semigroup (e41) ;¢ is contractive. O

We will denote the semigroup generated by A as {S(#)};>¢. Since the initial value problem (2.1) is an evolution
equation of the linear operator A, the semigroup {S(#)};>¢ is the solution operator for the PFS equation and
is given by the multiplier of Equation (2.7). Using the Fourier solution, we can in fact show that the initial
value problem (2.1) can also be solved backwards in time, i.e. the semigroup {S(¢)};>0 can be extended to a
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Co-group {S(#)};er. Via Remark 1.1.3, it suffices to show that S(¢) is invertible for all ¢ = 0, and that its inverse
is S(—1). Recall from the proof of Theorem 2.1.1 (Equation (2.6)) that S(#) is a multiplier with symbol

e—eyteiqb(f)t 0 -1

0 efeyte—i(p(.f)t

52+v 52+v

—ep+id(e) —ep—ip(c)

et‘z‘(f) _ €2+v §2+v
—€epu+ip(l) —eu—id(S)

It follows that S(—¢) is a multiplier with symbol

eEYte_ ld)(f) t 0 -1

0 eEYtei(p(f) t

§2+v 52+v

—ep+ip(e) —ep—id(S)

§2+v Ez+v

—ep+id(e) —ep—ip(S)

e~ 1AQ) _

Indeed, we see that the matrix e *4©) is the inverse of e/4®). To conclude that the operator S(—¢) is also
the inverse of the operator S(f), we note that S(—¢) is a bounded operator on L?(R) for all ¢ > 0, since the
transformation ¢ — —t only rearranges the matrix entries in (2.7). In what follows, however, we often work
with the semigroup {S(#)};>¢ instead of the Cy-group {S(¢)}scr as the exponential factor e~ ¢Y! can be used to
control any polynomial growth in time for ¢ = 0.



26 2. The linear parametrically-forced Schrédinger equation

2.3. Dispersive properties

From the Fourier solution operator of the linear Schrédinger equation, i.e. the multiplier with symbol e~ "“2,
we can immediately deduce dispersive properties of the corresponding Cy-group {T'(#)}cr. Indeed, we can
for instance see, using Theorem 1.2.5 that,

_i 2 N
IT()z0],2 = 2m|e” ! 2@l =272 @)l 2 = l20l2,

for zy € L2(R) and ¢ € R. Hence, the Schrédinger evolution conserves the L2-norm. Furthermore, by taking
the inverse transform of the Gaussian e~ /""" it follows that the multiplier corresponds to the convolution
with the kernel

1 P2
Kt(x) = e—lx /4f,
4mi

T

so that we have the estimate

|T(#)zolr0 = sup fKt(x)ZO(x—y)dy‘s f| iy "”zo(x »|dy =
xeR [JR

1
——Izl1,
VAT ek Vanlr b

for zyg € L' (R) and ¢ € R. This L>®-L! estimate reveals the dispersive nature of the Schrédinger group: solutions
are uniformly bounded by a function decreasing with time and converging to 0. Meanwhile, the mass (L?-
norm) of solutions is conserved but spreads out over a larger region. In this section, we prove analogues of
the previous two estimates for the linear parametrically-forced Schrodinger equation in forward time. By
interpolation, we then obtain the full range of LP-L9 estimates on the semigroup in Subsection 2.3.3.

2.3.1. An L°-L!-estimate

We first prove the L>®-L!-estimate, which holds for ¢ = 0. For that, we will need the following lemma about
the functions in the convolution kernels of the Cy-group.

Lemma 2.3.1 =
Let ¢ : R — R* be defined as in (2.5), i.e. p(&) = (& + v)h/1 (527)2 Then there exist constants ci, Cz, 3,4 >0
such that:

117 Heos(9p(&) D} < c1 /1 VTE + csltl,

2. |F Hrsinc(@@) D}l < ¢z + cal 1%,

3. |F HE(E +v)sinc(@©) D} o < c1/VTH + calt] + cal £,
forallteR.

Proof. Assume without loss of generality that ¢ = 0.

1. First, we rewrite the square root in ¢ using the mean value theorem

X
V1-x=1-——— forxe(0,1),
2vV1—-«a

with a € (0, x). This allows us to rewrite ¢ as follows

2 22t
e r= @t

(@242 22 +v)/T-ag

)2 ). Similarly

GE=(E+v) foréeRand teR, (2.13)

with a; € (0, 75— (52

cos(a—y) =cos(a) + ysin(f) foraeRandyeR",

with § € (a -y, a). We combine these reformulations as

e2u?t sin(ag,,)

2(&2+v) VI1-ag

cos(¢(&) 1) = cos((E? +)1) + foré eRand t e R*,
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2,2
with a; € (0 )2) and a;; € ((62 V- —HL (@24 t). We can now estimate the L*°-norm

’ (62 2E2+v)/T-ag

of the inverse Fourier transform by taking the inverse of the leading term and treating the second term
as a correction

|F~Heos(@E) D} o < |F~Heos(E2 +v) D o + | F

I pot sin(ag )
2(8%+v) VIi-ae L"O'
in which the second term satisfies

<Cl|t|], (LemmaA.0.1).

'g—l{ u-t sm(ag,t)}
2(&2+v) VI1-ag I
The Fourier inverse of the leading term can be explicitly calculated
1
F Yeos((E2 +v) )} (x) = F(cos(x2/4t+ vi) +sin(x?/4t+vt)), (Lemma B.0.1).
t
Thus, we arrive at the desired estimate

C
| cos( (&) 1)} 1o < —— + Clt].
¢ b =

2. Again, we rewrite using the mean value theorem
sinc(a— y) = sinc(a) — ysinc’ () foraeRand yeR™,

with € (a— y, a). We combine this reformulation with (2.13) as
e?u?¢? sinc(ag,)

22+v) /T—a;

. e2u? 2 e2ult 2 .
where again a; € (0, &“T)Z) and a¢; € |(“+V)I - =5————,(§* +v)t|. We then estimate the L*°-

2E2+v)/T-a;

tsinc(p() 1) = tsinc((E% +v) 1) — foréeRand teR*

norm of the inverse Fourier transform as

|F H {esine(p(&) D} < t1F~ sinc((& + V) D} + | F 7!

w2t sinc'(ag,)
2 @+vyI-ag |

in which the second term is again bounded, this time quadratic in ¢

< C|t|2, (Lemma A.0.1).

= p?t?  sinc(agp)
2 @+v)yI-ag |,
We can then conclude that
|~z sinc(p(&) N} o < | 1]l sinc (€% +v) Dl +Cl 1> <C+Clt?
as desired.
3. Again, we rewrite using the mean value theorem

e?u?t? sinc’(ag,;)
2 /T-a¢

and find for the L*°-norm of the inverse Fourier transform

£(E% +v) sinc((é) 1) = sin((E2 +v) 1) — foré eRand t € RY,

|Z £ +v)sinc(@(©) D} 0 < |F~Hsin((E® +v) D} 0 +

p— { e?u?1? sinc’(ag,;) }

2 \/1—a§

L
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The second term satisfies a bound

-1 { e?p? 1 sinc’ (ag, ;) }

2 T-a;

and the Fourier inverse of the leading term can be explicitly calculated

<Clt|+C|t)?, (LemmaA.0.1),
Ly

F Hsin((E® +v) D)} (x) = L(cos(x2/4t+ ve)—sin(x?/4t+vt)), (Lemma B.0.1).

2Vt

Thus, we arrive at the estimate

|F (& +v) sinc(@ (&) D} zom < C/V/1t1+ Cle| + Cl 2. O

We are now ready to prove the following L>® — L! estimate.

Proposition 2.3.2
Letzg e LY(R), then S(1) zp satisfies

C
IS(H) 2ol = EIZOIQ- (2.14)

fort=0.

Proof. By density, it suffices to consider zy € & (R). As usual, we write zg =: ag + i by, with ag, by : R — R real-
valued. Then we have via the Fourier representation (2.8)

eTIS(D) 2ol 10 < |Z " cos (&) 1) +eutsinc (p(&) 1)} * aolr + |Z 1t (& +v)sinc (p(&) 1)} * byl
+|F M=t +v)sinc (&) 1)} * aplpe +1.F " Hcos (&) 1) — eptsine (¢ 1)} * byl e,

and upon estimating the convolution kernels by their supremum

e S(Dz0l e < | F ™~ Heos (P& 1) +eutsine () 1)} gelaol ;1 +1F " {2(&? +v)sine (&) 1)} 1ol 1
+1FH=1(&% +v)sinc (¢ 1)} gplaol 1 +1F " {eos (¢(&) 1) —eptsine (P& 1)}l bol 11 -

Then, via the triangle inequality

V'S0 z0l 10 < (1F 7~ {cos (&) 1)} 1o +eplF ~ {zsine (¢(&) 1)} ) ol 1
+1F 7 1€ +v)sinc (p(&) )} e lbol 1 +1F 7 {2(E% +v)sine (@) 1)} e laol 11
+ (17 cos (p(&) 1)} 1o + epl F~ {sine (P& )} o) 1 bol 11,

and with help of Lemma 2.3.1
1S(6) 20 10 se_ew(£+C+Ct+ Ctz)lzol .
X \/; Lx
We now distinguish two cases. First, we have for < 1
1Szl < ¢ +30)| 20l < 2l
ol = |—= ol = ——=l2olp1.
LS \/; Ly \/; Ly
If otherwise ¢ > 1, then

_ - c
1S(1)20l 150 < €™ 2C + Ct+ Cr)lzol 1 < €™ V'4CE 2] < %|20|L)1C,

where C is chosen large enough. So we see that upon taking the maximum of the two constants we obtain
(2.14), as desired. O
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2.3.2. An L%-estimate

We now show that the L?-operator norm of S(¢) is uniformly bounded for positive times. This is obvious if
[ <7, in which case the semigroup is contractive and the operator norm is uniformly bounded by 1. The
uniform bound in the non-contractive case follows again from a consideration of the Fourier solution.

Proposition 2.3.3
Let zy € L?(R), then S(t) zy satisfies

|S(t)ZOIL§C = C|ZO|L§C’

fort=0.

(2.15)

Proof. By density, it suffices to consider zp € .#(R). As usual, we write zg =: ag + i by, with agp, by : R — R real-

valued. Then again by (2.8)

eV 1S(Dz0l 2 < 1F ™~ eos (¢(&) 1) +eptsine (&) 1)) * apl 2 +1F ~ {1(E” +v)sinc (P& 1)} * bol 2
+|F T = 1(&% +v)sinc () 1)} = aol ;2 +1F ~ Heos (P& 1) —eptsine () 1)} * bol 12,

and via Parseval’s theorem

eV S(D) 20l 2 < 27| (cos (¢ (&) 1) +eptsine (P& 1)) dol 12 + 27 £(E* + V) sine (p(&) 1) bol 12

+27| — t(E? + v) sinc (pO)1) dgng +27|(cos (p(&) 1) —eprsine (¢ (é) t))I;oIL?.

By estimating the multipliers with their supremum, we obtain

eeYtIS(t)zolLi < 27| cos (¢p(&)t) + ept sinc (Pp(&)1) |L?°|d0|L% +27|t(E? +v) sinc (¢ (&) t) |L§°|50|L§

+27| - 1§ + v)sine ($() 1) Il dol 2 + 27| cos (§(§) ) — eputsine ($E) 1) Il bol 2

SZT[C|ZA()|L§ = C|ZO|L§’

where we have used that

sin (¢p(&) 1)

[cos (¢p(&) 1) +eptsine (p(E)1) |L§°| = [cos (P& t) ep————t
¢&) 1
<l+eu L =1+eu !
- @) | o
¢ @ +v\/1- =ty =
=1+ __r <C,
VI— 212
and
2 . E4v
|+ £(&" +v)sinc (@) ) I = sin (¢(8) 1)
¢ ¢(&) I
2
< &+ _ 1 _ ; 0
P©) | 22 1 e
’ GERE v



30 2. The linear parametrically-forced Schrédinger equation

2.3.3. LP-LP -estimates

We now combine the L — L! estimate of Proposition 2.3.2 and the L2-estimate of Proposition 2.3.3 into an
LP — L7 -estimate for all p € [2,00], via Theorem 1.2.6. Here, we denote by p’ the conjugate exponent of
p € [2,00], meaning that p’ is the unique exponent for which % + # = 1. We can now formulate the full range
of dispersive estimates for the forced Schrédinger semigroup.

Theorem 2.3.4
Ifpe(2,00] and t > 0, then S(t) maps continuously LP (R) to LP (R) and there exist a constant C such that

—(i_1
1S(0201,p = Ct~2 77 || 2.16)

"
forall zy € L7 R).

Proof. Using Theorem 1.2.6, it follows by interpolation between (p, p') = (2,2) and (p, p’) = (00, 1), that for
2<p=<oo

—(i_1,
1S(Dzolpp = Ct 2 P20 -
X

As a consequence of Theorem 2.1.1, the Cy-group {S(#)};eg commutes with Fourier multipliers such as the
weak derivatives 0%, where a € N. Indeed, the 2 x 2 matrix in (2.4) commutes with the symbol of the weak
derivatives, which are (i{)*, for a € N. Therefore, the fixed-time estimates of Theorem 2.3.4 also apply to
Sobolev spaces, and we obtain the following corollary.

Corollary 2.3.5
Ifpel2,00], keN and t >0, then S(t) maps continuously wkp (R) to Wk"’([R) and there exist a constant C
such that

—(i_1
IS 20 k0 < C 27 120] iy, (217)

X

forall zg € WP [®).

Proof. We write out the Sobolev norm as

k
IS(20ep = Y 102S(1) 201,
* a=0 *

and use that the semigroup commutes with the weak derivative, so that

k )

@
1S() 2ol ) kp = > 1S(5)05 2ol

Nk
.16) _(;_l) a _(l_l)
< 2 p , = 2 p .
X < Y etz = Cr Pl O

X
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2.4. Strichartz estimates

The estimates of the previous section are, although insightful, not particularly useful to work with. Instead,
we show that the semigroup {S(#)};>( satisfies a set of space-time smoothing estimates, called Strichartz es-
timates. This type of estimate was first proved for the linear Schrédinger equation, and can be used to ob-
tain local existence results for solutions of the nonlinear Schrédinger equation [16]. Likewise, we will use
the Strichartz estimate for the forced Schrédinger semigroup to obtain existence of mild solutions for the
stochastic parametrically-forced NLS equation. In general Strichartz estimates hold for dispersive equations
that satisfy the dispersive estimates of the previous section. The estimates apply to Bochner-Lebesgue-norms
in which the exponents are admissible pairs. These are defined as follows.

Definition 2.4.1 (Admissible pairs)
A pair (r, p) of exponents is called admissible if2 < p < co and

s_1_ 2 (2.18)

The original proof of Strichartz estimates can be found in [32]. We, however, present an adaptation of the
approach of Cazenave [11, Theorem 3.2.5, p. 35]. This approach makes use of the unitarity of the Schrédinger
semigroup, which does not apply to the forced Schrédinger semigroup. Instead, we will work with the adjoint
of the semigroup and its Fourier representation. We now state and prove the Strichartz estimates.

Theorem 2.4.2 (Strichartz estimates)
Let{S(1)} ;=0 be the semigroup associated to the forced Schridinger equation, and let T € (0,00). Let furthermore
(1, p) and (y, q) be admissible pairs.

1. (Convolution estimates) If f € LY 0, T; L4 (R)), then the function
t
t*—»CDf(t):f S(t—3)f(s)ds fortel0,T), (2.19)
0

belongs to L" (0, T; LP (R)) n C([0, T; [2(R)). Furthermore, there exists a constant C, depending onlyonr
andy such that

Pl 0,7:08) = CU Ly g 1y (2.20)

forevery f € LY (0, T; LV (R)).

2. (Homogeneous estimates) For every ¢ € L*(R), the function t — S(t)¢ belongs to L" (0, T; LP (R))nC([0, T]; L*(R)).
Furthermore, there exists a constant C, depending only on q such that

ISOPlpr 0,517y < Clpl 2. (2.21)

Proof. The proof is divided into seven steps, the first six of which prove the convolution estimates and the
last of which proves the homogeneous estimates. It will be helpful to define the operators ©;, A; and ¥ as

t
@t,f(s):f S*(t-9)S(t—0)flo)do forse(0,T), (2.22)
0
T
As,f(t)zf S(t—-8)S* (r—s)f(r)dr forte(0,T), (2.23)
N
and
T
‘I’f(s)Zf S*(t—s)f(n)dt forsel0,T). (2.24)
N
Step 1.

We show that for every admissible pair (r, p), the operator @ is continuous from L’ 0, T; ) R)HtoL"(0, T;LP (R)),
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with norm depending only on r. Therefore, by density it suffices to consider f € C.([0, T),LP (R)). Theo-
rem 2.3.4 then shows that

t
f Sit—9)f(s)ds
0

.16)

4 ¢ e t —d-1
.19 Sf 1St =) f ()l pds = Cf =" f()] p ds
2 Jo * 0 b

@4 (0)]p =

a8 . [t _2 T _2
= Cf |t —s| rIf(s)ILp/dssCf [t —s| rIf(s)ILp/ds.
0 X 0 X

We recognize this last integral as the Riesz potential of order 1 - % of the function s — | f(s)|;,s, defined for
s€ [0, T). From the Hardy-Littlewood-Sobolev inequality (Theorem 1.2.13), it then follows that

|q)f|Lr(0yT;L§) = C|f|Lrl(0,T;LfZ’),

where C only depends on r.
Step 2.
By the same argument, the operators ©; and Ay are continuous from L™ (0, T; L” (R)) to L" (0, T; LP (R)), with

norm depending only on g. Instead of the LP-estimate on the semigroup, one now uses the following LP-
estimates on the product of the adjoint and the semigroup.

—(i_1 '
|S*(0)S(2) 2012 < Cliz = 11| lz] y forall z9 € L (R) and 11, 75 > 0, (2.25)

and

—(i_1 !
|S(t)S" (12)20] 2 < Cliz = 01| P|z0] y  forall 2o € LY (®) and 11, 75 > 0. (2.26)
These estimates imply that
—(i_1 ’
|S* (¢ = $)S(t=0)z0l,p = Cls—01" 2P|z ,y forall z € L (),

and
1_1 ’
IS(t = $)S* (= $) 2ol ;p < Clt ~ T|_(§_5)|Z0|L§r for all 2y € L” (R).

One then follows the argument of step 1, and we obtain
1O:fliro1i22) < CUf o g oy 20D (2.27)

Nl rinty < CU g 1y (2.28)

The proofs of (2.25) and (2.26) are analogous to that of Theorem 2.3.4, and can be found in Appendix A
(Lemma A.0.2).

Step 3.

We show that for every admissible pair (r, p), the operator @ is continuous from L" ' 0, T; 4 (R)) to C([0, T1, L2(R)),
with norm depending only on r. Therefore, by density it suffices to consider f € C([0, T),L” (R)). Via the
embedding L” (R) — H™1(R) (Proposition 1.2.16) it follows that f € C.([0, T), L” (R)) n C.([0, T), H*(R)). By
applying the operator (I—eA)™! we may approximate f with functions f; := (I—eA)‘lf e C.([0,T), HY(R). It
follows from

(2.19)

t
1Pg (2 = Uo S(t—s)f-(s)ds

t
, Sfo 1S(2 = 8) fe()l ;2 ds < Ctl fel g0, 11;12)
Lx
that @ € C([0, T), L*(R)). This allows us to write

|<Dfe(t)|i§ = <f0ts(t_s)fe(s)ds’fots([—a)fe(a)do%%
=f0tf0t<su—s)ﬁ(s),su_a)ﬂ(a)>L§dads
:fotfot%(s),s*(t—s)S(t—g)fe(U»L% dods
:£t<ﬁ(s))£ts*(t—S)S(t—U)ﬁ(U)dg>L§dS

t t
=f0 <ﬁ(3),®t,fe(3)>L§ds5f0 |fe($)O, . ()1 ds
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By applying Holder’s inequality first in space with exponents p, p’, and then in time with exponents r,r’, we
obtain

t
2
|q)f€(t)|L§ SL Iﬁ(sanr'@[,ff(S”Li’ ds< |f‘€|Lr/(0’T;L§’)|®t’ﬁ|Lr(0'T;L§)

(2.27) 2 (13)

< Ifel < CIf?
fe oL’ !

B (2.29)
L™ (0,T;L} )

where we have used step 2 to obtain the second to last inequality, and the uniform bound on the regulizing
operator for the last inequality. We now pass to the limite | 0 in (2.29), resulting in

@402, <C|fI? )
@ ( )|L§ |f|Lr’(o,T;L§')

Step 4.

We show that for every admissible pair (r, p), the operator ¥ is also continuous from L’ 0, T; 4 (R)) to
C([0, T1, L*(R)), with norm depending only on r. Therefore, by density it suffices to consider f € C.([0, T), )4 (R)),
and as in the previous step, we may approximate f with functions f; := (I-eA)~! f € C.([0, T), H' (R)). We then
proceed in the same manner

2 20/ [T, L
W)l = S-9f®dt, | STT-9fe(ndr)
x N S

Ly

T T

:f f (S*(t—s)fg(t),S*(r—s)fe(T))Lidet
N N
T T

:f f (fe(0),S(t=9)8* (T = 8) fe(T)) 2 dr s
N N
T T

=f (fe(t),f S(t=9)8*(t—98) fe(r)d1) 2 dt
N N

T T
:f <ﬁ:‘(t),As,f€(t)>Lidt5f |[fe(D)As, 1. (D11 d.

By applying Holder’s inequality first in space with exponents p, p’, and then in time with exponents r,r’, we
obtain

(2.28) 2

T
PPff(S)'ii Sﬁ |ﬁ:(t)|LZ’|As,fe(t)|LgdtS |f€|L”(0,T;L§’)|As’fe|Lr(0vT;L¥) = |f€| (2.30)

/
' o,1;L”y

where we have used step 2 to obtain the last inequality. Since s is arbitrary, the result follows upon letting
elo0.

Step 5.
We show that for every admissible pair (7, p), the operator @ is continuous from LY 0, T; L2([®)) to L' (0, T; L” (R)),
with norm depending only on r. Therefore, let f € L' (0, T; L(R)) and consider ¢ € C.([0, T), CX(R)). We have

T T/ pt
f<®f(t),¢(t)>det=f <f S(t—s)f(s)ds,¢(t)> de
0 * 0 0 12

T T
=f0 f (S(t=15)f(5),¢(1)) 2 drds
N

T T
=f <f(s),f S*(t- s)(,b(t)dt> ds
0 s Li

T
:j(; (f(s),\P(p(s))Li ds.
Now, by the Cauchy-Schwarz inequality

T
Sﬁ |f(s)|L%|‘{’¢(s)|Li ds< |f|L1(0,T;L§C)|\P<b|L°°(0,T;L§)

(2.30)
= CflooerPl g rry (2.31)

T
UO (Dp (1), (1)) 2 dt
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where we have used step 4 to obtain the last inequality. Using that the dual of the Bochner space L' (0, T; L)

is isometrically isomorphic to L" ' o, T; Lf:’) (see for instance [13]), we obtain the following characterization of
the L7 (0, T; LY)-norm of functions g € L' (0, T; L2).

T
|81 1r01;00) = sup{fo (8(0), () 2dt;  peCe([0, T)’C?O(R))’|¢|Lf’(o,T;L§’) =1} (2.32)
The result follows from (2.31), and the above relation applied with g = ®.
Step 6.
Assume that (y, q) is another admissible pair, i.e. 2 < g < oo and
2 1 1
S_oZ_ 2 (2.33)
Y 2 4

From step 3 we obtain that ® is continuous from LY 0, T; LZ,) to L°°(0, T; Li) and from step 1 we obtain that
@ is continuous from LY (0, T; LZ’) to LY (0, T; LY). Therefore there exists a constant C so that
D¢l 1y 0, 7;9) < CIfILy, o117y and (2.34)
10l o0,7:12) = Oy g iy (2.35)
We now distinguish two cases. First, assume that 2 < p < g, and pick 8 € [0, 1] so that
6 1-0

=—+—. (2.36)

1.0
p a2

This implies for r and y that

- ———== = —, (2.37)

1(213)1 l(gﬁ()‘)l 0 1—9_9 0 (2,33)9_{_1—9
r 4 2p 4 29 4 4 29 y oo

where we have used the admissibility condition (Definition 2.4.1) in the first and last equality. We now apply
Holder’s inequality to the product ® f(t)OdD f(t)l’e, which gives

(2.36) _
@ (0l < @01 1D (0127, (2.38)

Then, we apply Ho6lder’s inequality in time to find

1 1
T r T (238) T or 1-0)r r
|(Df|L’(0,T;L§)= b |(I)f(t)|L§dlL = o |q)f(t)|L;’|q)f(t)|L§ det
o @0 2.39
= | flU(o,T;Lﬁ)l fle(o,T;LiJ' (2.39)

Using the previous continuity results for @, we finally obtain

(2.34),(2.35)
flrorayy = Oy ry

We conclude that @ is a continuous map from Y 0, T; LZI) to L"(0, T; sz).

Now assume that g < p. It follows from step 1 that ® is continuous from L" ' 0, T; Lfé/) to L"(0, T; Lfc’ ) and from
step 5 that ® is continuous from L!(0, T;L2) to L™ (0, T; L%). By an interpolation theorem due to Bergh and
Lofstrom [2, Theorem 5.1.2, p. 107], we obtain that there exists a one-parameter family of exponent pairs
(0,6) for which it holds that ® is continuous from L? (0, T; L‘;) to L"(0, T; L?). These are the pairs (g,6) that
satisfy

1 6 1-6 1 0 1-6
—=—+ and = = -+ ——
o 1 r’ 6 2 p
for some 6 € [0, 1]. We now show that (y’, g') is part of this family of exponent pairs. Pick 0 € [0, 1] so that
1 0 1-6
=2 ) (2.40)

qg 2 p
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This implies for y’ and r’ that

1 5 1 a5 6 1-6 5 9+1— (2 5)_9+1—9
Y 4 29 4 4 2 4 4 2 7 201 e
where we have used that the admissibility condition (Definition 2.4.1) can be formulated as % = g - qi and

% = g - # for the admissible pairs (y, g) and (r, p) in the first and third equality. It follows that ® is a contin-
uous map from LY (,T; LY to L7 (0, T; L?). This completes the proof of the first part of the theorem.

Step 7. We now prove the homogeneous estimate, which is proved in the same way as the convolution esti-
mate. Using the characterization of the L9(0, T; L)-norm of functions g € LY 0, T; Li), we may write

T
1811 0,12 = sup { fo @0,y )z dr; 1[/€Cc([O,T),C§°(IR)),IwIL,,(O,T;LJ,Zr)=1},

asin (2.32) and we note that is suffices to show the bound

< Clgl,2,

T
Uo (SO, (1)) 2 de

forge Lfc and v € C.([0, T), C3°(R)) with |y = 1. Therefore we write

!
L ©,1;LY)

’

T T
UO <S(t)¢,w(t)>L§dt'='<¢,f0 S*(t)u/(t)dt>

15

and it follows from the Cauchy-Schwarz inequality that

<Ipl;2 (2.41)

T
f S*(Ow(r)de
0

T
'fo (SO, p(1)) 2 de

L3

This last factor can in turn be written as

T 2 T T
U S*(Dw(nde| = <f S*(t)lll(t)dt,f S*($)y(s) ds>
0 12 0 0 12
T pT
=f0 fo (S*(t)w(t),S*(S)lll(S»LgcdtdS

T p0T
= fo fo (0, S(OS™ (Y (s) 2 drds

T T
zf <w(t),f S(t)S*(s)w(s) ds> dr
0 0 Li

T
<f
0

By applying Holder’s inequality, first in space and then in time, we find

T
w(t),fo S(S* (s)w(s)ds

dz.
Ly

T
f S(H)S*(s)y(s)ds
0

T 2 T
U(; S (Hy(ndt L%sfo |w(t)|L§, det

2
<ClyP?, , =C,
L',T;LY) L7, T5Ly )

T
j(; SOS* (9w(s)ds

<
= |W|L"(O,T;L§/)

where the last inequality follows as in step 2, and the last equality follows from the assumption |w|U, o) =

1. Combining this with (2.41), we get

T
‘ fo (S, (D) 2 | < CIgpl 2,

as desired. O
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As in Corollary 2.3.5, we may use the fact that the semigroup commutes with weak derivatives 0%, with a € N,
to observe that

t t t
a;‘gopf(t):agf S(t—s)f(s)ds:f a;‘gsu—s)f(s)ds:f S(t—$)9%f(s)ds = Bga (1), (2.42)
0 0 0

and obtain Strichartz estimates for Sobolev spaces of the spatial variable. At various points in the proof we
use the equivalence of p-norms on R”, i.e. for all p = 1 there exist constants C, C, > 0 such that

Clzlxils(ZIXilp) <Cy ) Ixil, (2.43)
i=1 i=1

i=1
for all x1,..., x, € R. We will also write < to denote that the term to the left of < is smaller than or equal to a
positive constant times the term to the right of <.

Corollary 2.4.3 (Strichartz estimates for Sobolev norms)
Let{S(1)} ;=0 be the semigroup associated to the forced Schridinger equation, and let T € (0,00). Let furthermore
k e N and let (r, p) and (y, q) be admissible pairs.

1. (Convolution estimates) If f € LY 0, T; wkd' (R)), then the function
t
t— ®p(1) :f S(t—9s)f(s)ds fortel0,T),
0

belongsto L" (0, T; WkP®R) N C([0, T]; H*(R)). Furthermore, there exists a constant C, depending only on
r andy such that

<ClIf| : (2.44)

0]
Pyl L' o,T;wky

L7 0, T;WkPy
forevery f € LY (0, T; WEP' (R)).

2. (Homogeneous estimates) For every ¢ € H*(R), the function t — S(t)¢ belongs to L’ (0, T; W*P(R)) n
C([0, T1; H*(R)). Furthermore, there exists a constant C, depending only on q such that

ISl = Clpl - (2.45)

L7, T; WPy

Proof. We first show (2.44), and write out the L"(0, T; Wf ’P)-norm as

T T( k r
ol = Q" dt= f %D t,
11y 0wy fo (Pl 0 agol x®rles
and use the observation in (2.42), so that
r cay [T e . k .
= < =
211 0, mwi) fo 0;0|‘1’agf|L§ de Z |q)53f|L? dt ,;o@‘azf'U(O'T:Li’)'
We then apply the Strichartz estimate for the convolution, yielding
Y . 20) 9% rir ey Kk a Y agyY
® < |0 f 0 dr
Rr17, o ra, Z LISL PR I Z S Z L

(243) a 7 Y
< fo A di=1f

' o,m;wky

which shows (2.44). For (2.45), we write

T T( k r T( k
I()¢IL,(OTWkp) fO|S(t)¢|;Vf,pdt=f (Z|6§S(t)¢|L§) dt—f (;0 S(t)a“¢|Lp)

a2 &
<

T 221) k
;,fo IS(o5 el dt—Z|S(>a T S P

r

and (2.45) follows. O



A stochastic PFNLS equation

In this chapter, we analyze the parametrically-forced Schrédinger equation with multiplicative
noise, Equation (4). In particular, we prove the existence and uniqueness of global mild solutions
to (4). The proof forms a combined exposition of the existence and uniqueness proofs due to de
Bouard and Debussche in [3, 4], that treat the nonlinear Schrédinger equation with multiplica-
tive noise and initial data in L? and H', respectively. Minor changes to the proofs ensure that
the results apply to the parametrically-forced equation. We begin in Section 3.1 by giving a pre-
cise formulation of the setting and the notion of a mild solution to (4), and we introduce various
spaces that will be used in the analysis. The proof is based on a fixed-point argument, for which
we will need estimates on the stochastic convolution with the PFS semigroup. We prove these
estimates in Section 3.2. In Section 3.3 we then present the fixed-point argument, which applies
to a version of (4) in which the nonlinear term is truncated. This truncation is necessary as the
nonlinearity is not Lipschitz continuous. We proceed by constructing a local solution to the orig-
inal problem based on the global solutions to the truncated problem in Section 3.4. We also show
that a finite existence time can only occur in case of blow-up of the L?-norm or H'-norm, for ini-
tial data in L? and H', respectively. We conclude the proof of global existence in Section 3.5, by
showing that blow-up does not occur. We therefore analyze the evolution of the L?- and H!-norm
using It6’s formula (Theorem 1.3.18). A technical difficulty arises due to the fact that It6’s formula
applies, in the context of SPDEs, to strong solutions instead of mild solutions. We overcome this
complication via a regularization procedure.

3.1. Preliminaries
For the remainder of this chapter we fix a stochastic basis, i.e. a filtered probability space

(Q,F, (F (D) tepo, 151, P),

where (% (1)) e0,11 is @ complete and right-continuous filtration, and Tp > 0. We also denote by Wg an
I2 (R, R)-cylindrical Brownian motion on [0, Ty], cf. Definition 1.3.11. We then consider the stochastic par-
tial differential equation

1
dz=(iAz—ivz—e(yz—puz))dt— EZF(D dt+4i|z|22dt— izbdWy for xeRand t e R*, (3.1)

where z is a complex-valued process defined on R x R*. The formulation above no longer contains the
Stratonovitch product, which is based on an alternative definition of the stochastic integral. Instead, the
stochastic differential in this equation should be interpreted in the It6 sense, cf. Subsection 1.3.4. Equation
(3.1) is equivalent to (4), and the newly introduced term Fg serves as a correction to the difference between
the Stratonovitch and It6 products. The function Fg, called the fto correction or Ité drift, is defined as

Fop(x) = Z (Per(x)? forxeR,
k=0

37
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with (e) keny and orthonormal basis of L?(R,R). One can verify that this definition of Fg does not depend on
the choice of (ex) xen- We will need to assume that the operator ® maps the cylindrical Brownian motion into a
space of more regular functions, as the noise is otherwise too irregular to work with. We make this assumption
precise in Subsection 3.1.1 and furthermore denote the more regular Brownian motion by dW := ®dWjy.

We impose on (3.1) the initial condition z(0) = zp, and we consider both the cases zy € L" (Q; I%*(R)) and
zo € LT (Q; H (R)) for some suitably chosen constant r. As in Chapter 2, we write {S(#)};cg for the Cy-group
associated to the linear parametrically-forced Schrodinger equation. Mild solutions to (3.1) should then, by
definition, satisfy

t

t t
z(1) =Stz +4if S(t—s)(lz(s)lzz(s))ds—if S(t—s)(z(s)dW(s))—%f S(t—s)(z(s)Fo)ds, (3.2)
0 0 0

for each ¢ € [0, Tp] and P-almost surely.

3.1.1. Assumptions

In order to obtain a solution to (3.2), we will perform a fixed-point argument in the Banach space L™ (Q; X7),
where Xt is the space

Xr:=C([0, T H)NL" 0, T;Wy'P), T>0. (3.3)

We choose the differentiability constant s appropriately as s = 0 or s = 1 to prove existence and uniqueness
results in L2 and H! respectively. The constants r and p are suitably chosen depending on the regularity of
the noise, as well as constants y and g which will serve as an admissible pair for the Strichartz estimates. We
now present the conditions on the exponents and the regularity condition on the noise W = ®Wg needed for
the fixed-point argument.

Assumptions 3.1.1
We assume that the operator ® is:

* Hilbert-Schmidt on L?>(R,R), cf. Definition 1.3.4. That is, ® € %5 (L*(R,R)).
° y-radonifying from L*(R;R) to W5'2+5([R; C) for some fixed 6 > 0 and s € {0,1}, Cf. Definition 1.3.5.

We denote £ (L*(R,R)) by %, to lighten notation. By setting

1®lls:= P, + ”q)”y(LZ(R;R),W5'2+‘7(R;C))’

the assumptions on the noise amount to assuming | ®|ls < co. We then choose the constants r, p,y, and q such
that they satisfy:

p € [4,00); (3.4)

p> 2(2+6), (3.5)
)

L1 (3.6)

r 2 p

q=4% (3.7

y=8 (3.8)

We now collect some identities that follow from Assumption 3.1.1 which will serve as exponents for Holder’s
inequality in subsequent proofs.
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Remark 3.1.2. Under Assumption 3.1.1, we have

1 1 N 2 3.9)
po2 r .
1 1 4

— ==t (3.10)
p p r

1 1 2

o145 3.11)

2 p r

1 1 1
— ==+ (3.12)
3y Y 6

1 1 1 1

—=—+—++— (3.13)
q qg q q

1 2 1 1

— =S4+ (3.14)
Y v vy 2

We also collect the following useful properties of function spaces with exponents that satisfy Assumption 3.1.1.

Proposition 3.1.3
Under Assumption 3.1.1, we have that

(i) (r, p) and (y, q) are admissible pairs (cf. Definition 2.4.1);
@) IfT >0 and k € N, we have the inclusion

C(0, T HY n L7 (0, T; WPy c LY (0, T; WD,

(iii) Ifs€{0,1} and f € H*([R) N WS2+(R), then
|f|W§,r/2 < |f|Wf2 + |f|W,f‘2+5; (3.15)

(iv) Ifs€{0,1}, then

2 < 2
1912 12 gy ey < CIPIG.

Proof.
(i) Follows immediately.

(ii) By inequality (2.39) (with the roles of the admissible pairs (r, p) and (y, g) reversed, since in this case
p = q) we find

239 g

= Vel

1-0

|Z|L°° (0,T;12)’

|21y 0,7;9) (3.16)

forall z € C([0, T1; L2)NL" (0, T; L), with 6 € [0, 1]. We can then write for z € C([0, T; H)]f)mL’(O, T; Wf’p)

T T k k
lz|" =f lz(0)|" dtscf 10%z0)", de=C Y 10%z|"
ronweh  Jo Wy 0 ;o R A az='o e, 1LY

o 1p k
(3.16) 0 1-0)y
<= CY |0%" 0%z

a:()l o lL'(o,T;L,’Z)l o |L°°(0,T;L§)

Then, by Young’s inequality

1/y
|z 010%z|" +(1-0)10%|"

<
LY(0,T; Wy ~ ( L7(0,T;LP) [0, T;12)

S
a

<
~ lZlU(o,T;Wf"’) * 1l iy G-1D

M- I

1/r 2
a r a
A 10, ZlL’(O,T;L)’Z)) + Zo 10% 2l 000,512
a=

~ |l

as desired.
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(iii) Note that

r
2<-<2+6,
2
by Assumptions 3.5 and 3.6. Therefore,
5 5
\flyysriz = (;0 105 f1y772 < c;ouagfhi +105 flyz00) = | flyyse +1f1yeav. (3.18)
(iv) With help of (3.15),
2 015 2
(1.9) 3.15
II@IIi(Lz(M) werlzy = E| Y yiPex < fE( Y yePey +[D yi®ey )
T keN w2 keN wi?  |keN W;‘,2+5
2 2 2
<2(IPll'g, + ||(D"y(L§,w;'2*5)) =2C|1Dl5. (3.19)

O



3.2. Stochastic convolution 41

3.2. Stochastic convolution

We introduce the following notation for the stochastic convolution appearing in the mild formulation (3.2)
t
Jz(t) =[ S(t—15)(z(s)dW (s)) for te [0, Tpl, (3.20)
0
and set
o
Iz(f, 1) = S(t—38)(z(s)dW(s)) for f,t € [0, Tol, (3.21)
0

so that Jz(t) = Iz(t, t). We show that stochastic convolution can be estimated in the space L" (Q; X7), starting
with an estimate on the L' (Q; L} (W;’p))-part of Xr.

Lemma 3.2.1

Let p and r satisfy the conditions in Assumption 3.1.1 and let T > 0. Ifs € {0,1} and z € L"(Q; L*(0, T; H}))
is an (% (1)) tej0, 1) -adapted process, then for any @ > 0 and any stopping time v with v < T almost surely the
stochastic convolution satisfies the estimate

[E( sup |1z(to,-)|" )sCe”W+“)T||q>||g[E( (3.22)

;
s < R *
=<t L7 (0,7;wy'P) | |L°°(0,T,Hs’;))

Proof. Starting from the left-hand side of (3.22), we bring the supremum and expectation into the integral to
find

T T

E| sup 1z(%,)!, ., ):[E su (f |1z (tg, D" ., dt)sf [E( sup |Iz(fg, DI )dt. (3.23)
(OSZ’()I;T 0 LT 0,7 Wy p) OSZ’()I;T 0 0 Wy i’ 0 OSL‘OI;T 0 Wy g

Since p =2, WP (R) isa UMD and type 2 Banach space by [21, Prop. 4.2.15] and Proposition 1.3.3. Therefore,

we can apply the Burkholder inequality (Theorem 1.3.15) to the integrand of the previous expression, which

gives

T ri2
[E(sup |1z(t0,r)|;vs,p)sc[5(/0 1S(t—5)(z(s)D) |1 W;,p)ds) )

0<to=T x %
By applying Lemma 1.3.6, with K =® and L: u— S(¢ - s)(z(s)u), we obtain

1S( = D ESP g2 ,er) < Nl g qyarrz oy IO g yysrizy < CULI g gyarz o 1915,
where the last inequality follows from Proposition 3.1.3 (iv). We can estimate the operator norm using The-
orem 2.3.4, in which we have to include a factor e¢V*®7T with a > 0 to take into account that t — s € [~ T, T]
takes negative values. It follows that

@17 epra)T (-4 GO~ ely+a)T -2
|LLL|W;",p=|S(t—S)Z(S)u|W;.p < CeV lt—s| 27 p |z(s)u|W;,p/ =’ Cef |t—s]| rIz(s)uIW;p/,

and with help Holder’s inequality,

(.9) 2
Lulyer s CET DT =77 |2() g lul oo

Then,

_2
1S( = )P 2,20y < CETT O — 577 12(3)| 2 Dl

y(L%;
and it follows that

T 4 r/2
E| sup |12(to, DI «p sCe“(Y+“)T||c1>||grEU It—sl_Flz(s)lilsds)
0<fy<t x 0 *

4. r
< Ce T I QLTS (121 1)) (3.24)
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where in the last step we have used that |z(s)| gz < |2l (g,7;n2) and

flt N ds—f(t )~ rds+[ (s—1)~ rds—T( 1_7+(T—t)1_%)sr2—rrl_%.

The bound in (3.24) does not depend on ¢, and we conclude that

(3.23) [T
(sup |Iz(t0,)|Lr(O Wsp)) < fO[E( sup |Iz(tp,)|” 5,,)dt‘

0<ty<t 0<fy<t
() 4)

re(y+a)T 1=3yr/2 "
Ce @5 (T~ 7) [E(|Z|L°°(0,T;H§))

< Ce’e(““)TIICDIIETTZ[E(|Z|£w(o,r;H§))‘

The result follows by absorbing the factor Tz2 into the exponential and the constant. O

By considering fy = ¢, we obtain the following Corollary.

Corollary 3.2.2

Let p and r satisfy the conditions in Assumption 3.1.1 and let T > 0. Ifs € {0,1} and z € L"(Q; L*(0, T; H}))
is an (% (1)) tej0, 1) -adapted process, then for any @ > 0 and any stopping time v with vt < T almost surely the
stochastic convolution satisfies the estimate

(I]z( T (3.25)

L' W*"’”))<Cer€(y+a)T|lq)l|¢S (

;
|Z|L°°(0,T;H§))'
Proof. We use that [Jz()lysp = z(t, B)]ysp < SUPg<sy<r [1z(tp, D)l }=p tO find

X X - - X

T
(I] IL,(OTWE,?) (f |]z(t)|r5,,dt)<[E(f0 sup |Iz(ty, 1)|” 5},,dt)

0<fy<t

We then bring the supremum outside of the integral, yielding

(IJZIL,(OTWE,,)) ( sup |[Iz(to, )IL,(OTW”),

0<fy<t

and the conclusion follows from Lemma 3.2.1. O

In addition to Corollary 3.2.2, we will also need an estimate of the L"(Q; L3°(H3))-norm of Jz. The estimate
we prove slightly differs from the corresponding estimates in [3, Lemma 3.2] and [4, Lemma 4.2], as the semi-
group is not contractive if p > y. This leads to an additional factor, which is exponential in T.

Lemma 3.2.3

Let p and r satisfy the conditions in Assumption 3.1.1 and let T > 0. Ifs € {0,1} and z € L' (Q; L'(Lp)) is
(ZF (1) sepo,11-adapted, then Jz € L' (Q; C;(H3)) and the stochastic convolution satisfies for any stopping time
T witht < T almost surely the estimate

(3.26)

(sup IJZ(t)IHJ) = Ce H OIS TEE (1], o )-

O=st=t

Proof. We first rewrite the stochastic integral in the case that s = 1. Denote by ¥ an isometry from L2 to HZ,
and its inverse by W™!. In case 5 = 0 we can simply take W equal to the identity, and in case 5 = 1 we can take
for instance the Fourier multiplier with symbol { — (1+¢ 2)~1. Then W := YW is a Brownian motion on HZ,
and @ := ®¥ ! is y-radonifying from H? to Wy 2*% This follows from the following computation of its norm

2
&) = |@ow |2

=P
W) = |®]?

W;,2+6

E| Y yr®@(¥tex)
keN

YHEWE0) ~ YUEWEH0Y
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where (ej) =1 is an orthonormal basis of Hy, (Y1) k=1 is a sequence of standard normal random variables and
we have used that (¥ 'e;)>; is an orthonormal basis of Li. We now apply Lemma 1.3.16 to the contractive
semigroup (e €WB=1IS(1)) ;=0 On H? and find

t r t r
E| sup f e W NI gt — §)z(s)@AW(s)| |=E| sup f e EH NI g1 — ) z(5)DAW (s)
0=t=<t1J0 HE 0=t=7|J0 H3
T - r/2
<CE U{; ||z(s)<1>||$2(H;-) ds) .
Note that
¢ r t r
E[ sup f e W95t — 5)z(s)@dW(s)| |=E[ sup e W D! f e HSS(t — 5)2(s)DAW (5)
0=<t<t1J0 HE Ost<t 0 H

> e_re(”_Y)T[E( sup

0<t=t

t
f S(t—8)z(s)DAW(s)
0

r
H

( ) T 2 ri2
re(u—y)t £
< Ce'*HY [E(f0 ||z(s)®||$2(H§)ds) .

r
’
Hy

so that

[E( sup |]Z(t)|1’qﬁ) (3.20) [E( sup

O<t=<t O<t<t

t
/ S(t=3)z(s)@dW (s)
0

We then apply Lemma 1.3.6 to split up the Hilbert-Schmidt norm as

E| sup [Jz(DI] (]Q(J)Ce“(“‘”’||ci>||’ E fT||z(s)||2 ds e
Ostls)T Hi )~ yaEEwe"™ "\ Jo LW HE)

(3.11) ( oy s T ) r/2
< eI | E . .
= Ce " ”Y(Hg;w)?,r&) (\/(; |Z(S)|W;,p ds)

Here we have used that || z(s)|| w2 sy = |2(8)|yysp via Holder’s inequality with exponents as in (3.11),
X X

HE
where we interpret z(s) as a multiplier. Via another application of Holder’s inequality with exponents % =

% - % + % and Proposition 3.1.3 (iv) we have

£ [ sup a0, | < cer Ty

T’(%—%’rﬁ(msn’ )
0<i=T YHEWE?) N

L™ (0,7; W,

= Ce" W7 |" T5‘1[E(|z(s)|’ s,p))

YaEWE?) L' 0,5;Wy
(3.19) re(u— I
= u-yT ros-l ( r )
< 2Ce I®lsT2""E |Z(S)|Lr(o,r;w,f"’) .
This concludes the proof. O

We may combine the results of Corollary 3.2.2 and Lemma 3.2.3 to obtain the following estimate in the space
L™ (Q; X7), where we recall that X7 is defined as in (3.3).

Corollary 3.2.4

Let p and r satisfy the conditions in Assumption 3.1.1 and let 0 < T < Ty for some Ty > 0. Ifs € {0,1} and
z € L"(Q; X1) is an (F (1) (0, 1) -adapted process, then for any a > 0 and any stopping timet witht < T almost
surely the stochastic convolution satisfies the estimate

E(1720)1%, ) < Cere O T o) 7 1215 ). (3.27)
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Proof. We write

[E(|]z()|;(‘r) = [E(( sup |]Z(t)|H§ + |]Z(')|Lr(0'T;W;'p))r)

O<r=<t
SC[E(( sup |]z(t)|;15)+[E(|]z(-)|r sp )
O<t<t * LTO,mW,™)

Applying Corollary 3.2.2 and Lemma 3.2.3 gives

E(1720)1%, ) < Cer WP TI QT2 E (|17, |+ CE T

.
LrOmWs |Z|L°°(0,T;Hf;))

< Cere W1+ o7 121y ),

where we have absorbed the factor T2 into the exponential and the constant in the last step. O
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3.3. A truncated equation

In this section, we prove existence and uniqueness for solutions of a stochastic PFNLS equation in the space
Xt,, where we recall that

Xr:=C(0, T;H)NL (0, T;Wy'P), T>0.
As the nonlinear term |z|%z is not Lipschitz continuous, we consider a truncated version of (3.2) in which the
nonlinearity is truncated in the space Xr. To this end, let 0y € Cgo(lR) be a smooth cut-off function with inner

radius R and outer radius 2R. That is, supp6 < (-2R,2R), 8(x) =1for x€ [-R,Rland 0 < 0(x) <1 for x e R.
The truncated mild equation then takes the form

t
z(1) =S(t)zO+4if0 S(t—9)Or(lzlx)1z(s)|*2(s)) ds
t t
—if S(t—s)(z(s)dW(s))—%f S(t—s)(z(s)Fp)ds, (3.28)
0 0

for each ¢ € [0, Ty] and P-almost surely. The following proposition asserts that Equation (3.28) has a unique
solution for initial data zo € L' (Q0; H3).

Proposition 3.3.1 (Global existence and uniqueness for the truncated equation)

Let p and r satisfy the conditions in Assumption 3.1.1, and let0 < T < Ty. Then, ifs €{0,1} and zo € L" (Q; H})
is & (0)-measurable, there exists up to Ty a unique solution z € L' (Q; Xt,) to Equation (3.28).

We first prove the following lemma, which is useful for estimating the nonlinear term in (3.28).

Lemma 3.3.2 (Estimate of the nonlinear term)
Letr, p,y, and q satisfy the conditions in Assumption 3.1.1 and let T > 0. Ifs€ {0,1} and f,g € LZ(Wf’q), then

2 112) 12
171 8l ey =T 10wz 81y awe- (3.29)

Proof. We start by calculating the Sobolev norm of | f|*g as

1fPgl s =11f1281 ¢ +5IIf1P0x8] o +510:(f1*)gl ¢
<IIf1Pgl,q +5l1f170xg] ¢ +510xf1fIg] ¢

and we apply Holder’s inequality with exponents as in (3.13)

2 2 2
1F1781 o < 1F 121815 +511 1741081 g + 511191811910 11

<113 salglysa. (3.30)

We then find

) T ) y’ 1/}// 3.30) T 2)/ Y/ 1/}/,
s = t r dt =< t t dz )
i | ORI I | O TR T

and upon applying Hélder’s inequality with exponents as in (3.14), we obtain
2 1/2) 12
||f| g|L¥/(W;,q/) <T |f|L1t/(W;,q)|g|L1t’(W;ﬂ);

which shows the result. O
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Proof of Proposition 3.3.1. In order to show existence and uniqueness, we will perform a fixed-point argu-
ment in the Banach space L' (Q; X7) with T < Ty chosen suitably small. Therefore we define the operator I~
as

t
T z(1) =S(t)Zo+4if S(t_5)(9R(|Z|XS)|Z(3)|ZZ(5))dS
0
t t
—if S(t—s)(z(s)dW(s))—%f S(t—s)(z(s)Fp)ds forze L' (Q; X7). (3.31)
0 0

Step 1.
We show that 9~ defines a contraction in the Banach space L" (Q; X7), if T is sufficiently small. To this end, let
21,22 € L"(Q; X7) be (F (1) tep0, 11-adapted processes. Recall that I is a contraction on L' (Q; X7), if

E(17 21 - T 2l%, ) <xE (121 - 221, ) (3.32)

holds for all z;, zp € L™ (Q; X7) and some « € [0, 1). We first treat the deterministic part of 9z —F z,, for which
the desired estimate (3.32) reduces to

|T 21 - T 22| x; <xlz1 — 2217 (3.33)

We apply the Strichartz estimate (Theorem 2.4.2) to the deterministic integrals, and we find for the difference
of T z1 and T 2,

|3~Zl—g—Z2|XT =T z —Lo/—Z2|L00(O,T;HJSC) +|g—Zl—LO]—Zz|Lr(O'T;W;vP)

©.44) ) )
< ClOr(lz11x)z11°21 = Or(221x)1 221" 22| ' s
' wr)

t
fo S(t=35)((z1(8) = z2(8)) AW (5))

+
X7
+ Cl(z1 - ZZ)FCDlLrI(Ws,p’)
t X
<II+II+11II, (3.34)

which holds P-almost surely. Here we have used that (co,2), (1, p) and (y, g) are admissible pairs (Proposi-
tion 3.1.3 (i)), and we recall from Assumption 3.1.1 that y = 8 and g = 4. To further estimate the term I, we
introduce for i = 1,2 the times

tf:=sup{t < T,|zilx, <2R}, (3.35)

i.e. tf is the first time that we have 0r(|z;|x,) = 0. We may assume without loss of generality that R < tg, SO
that we can write [0, T] = [0, tR] U [#8, tf] U [££, T). We then split up the integrals as
< 2 2
I=Cl0r(lz1lx)]z11°21 —Or (1221 x)| 22| Zz|Ur 0. fw= )

2
+ C|Og(|z 22|°z
|0r (1221 x)|22] 2|LY’(tf,z§;W,f"”)

2 2 2
=Cl(Or(z11x) —Or(z2lx)21|"21 +Or(22lx) (121121 = |221“22)| ., o~ sq'
o ©, iR

2
+ C|Ogr(|z 22|°z
|0r(1z2]x)|22] 2|LY’(tf,t§;W)f"")'

and apply the triangle inequality to find

I< - 2
[Or(z11x) —Or(2z21x))]21] Z1|U,(0't5;qu’)

2 2
+10gr(lz z1l°z1 — 221" z
0r(221x) (121|721 — | 22] 2)|LY,(0J5;W;,,7,)

2
+ ClOgr(|z 2%z s
[0r(1221x.)| 22| 2|U,([fg’t§;W;,m)

=+ + 3. (3.36)
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We now show that each of the deterministic terms I3, I», I3 and II1 can be controlled by
CT"\z1 - 22l x7)

with v > 0, so that (3.33) indeed holds if T is sufficiently small.

In order to further estimate the terms I; and I3, we make use of the following auxiliary inequality

/ 7]
|(9R(|ZI|X.)_QR(|Z2|X.))Z3|Z/,“ s =f [Or(lz1x,) — Or(l22]x,)) 23 (1) 13
1,12, Wy

/
Y o d
n Wx'

/
|9%|L°° Vo / /
< — Y Y
_( R ) j; llz1lx, — 22l x| |23(t)|Ws_q, dr

1 X

7] Y/ Y/
SCRf |21 - 221y 123(0)] . dt
n Wx‘

/ /
<Crlz1 - zl% 23] : (3.37)
T w0, we )
’ !
which holds for z;, 2z, € X7 and z3 € LY (£1, t; W;'q YywithO<t1) <t <T.
Step 1.1 (Estimating the term 1)
Inequality (3.37) applied to the term I; with #; =0 and £, = tf gives
3.37) )
IL = Cla—-2lx;llz11°z1 lLY’(o,t{?;Wj"”)' (3.38)
We now apply Lemma 3.3.2 to the nonlinear term to find
1/2 3 1/2 3
L =CT 7|z _Z2|XT|ZI|LY(0,tf;Wj'“) =CT"“|z1 - ZZ|XT|21|X[§ (3.39)

where the last inequality follows from Proposition 3.1.3 (ii). Then, we use that by definition of tf we have
|z1] Xg < 2R, and therefore
1

(3.35) ~
I < CRT'Y?|z) - zlx,. (3.40)

Step 1.2 (Estimating the term I,)
In order to estimate the term I, we use that 8 is bounded and apply the mean value theorem to the remaining
difference, yielding

L =10g(lz 211221 — 22?2
2 =10r(l22]x.) (1211721 — | 22| 2)|LV’(0,rf?;wj‘?’)

2 2
<||z1|°21 — |z2|° z 3.41
1211721 — | 22| 2|LY’(0,t1R;Wf"") (3.41)
2 2
<|(lz1]1° + |z 21— Z sl - 3.42
[(1z1]7 +|22]7)|z1 leLv’(o,tR;W;'ﬂ’) ( )
‘We now note that elements of the sum in (3.42) can be bounded via Lemma 3.3.2 as
2 172,12
. — < . —
l1z:1°121 ZZIIU,(OJ{?;W;,W) <T IzllLy(O’th;W;,q)lzl 22l wey)
where i = 1,2. Via Proposition 3.1.3 (ii), we find
2 2 1/2 2 2
2117+ 1z Z1—Z s =T z +]z 21— 220 x,. 3.43
[(lz1|” +12217) |21 ZHLY’(O,tf?;W;'ﬂ’) (I 1|th | 2|X[{?)| 1— 221 x4 (3.43)

We now use again that |z;| X < 2R, and we conclude that
1

(3.35)

L < 8TY2R%*z; - zlx,. (3.44)
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Step 1.3 (Estimating the term I3)

We may also apply inequality (3.37) to the term I3, since Oz (|z11x,) =0 if tf? <t< tf. This gives
3.36

"2 ClOR(zIx)12 2],

!
o' @ e w )

(3.37)

2
<
Clz1 — 22| x; || 221 ZZ'LY’(tR,tf;Wf"")’

which is of the same form as estimate (3.38) of term I;. In the same way we obtain

I3<CTY2R%z1 - 25lx,. (3.45)

Collecting inequalities (3.40), (3.44) and (3.45), we have shown that

1< CrT"?|z) - zlx,. (3.46)
Step 1.4 (Estimating the term 111)
By writing out the Sobolev norm as
[(z1 - Zz)F<1>| p = (21 = 22)Fol y +510x(21 = 22) Fol y +5l(21 — 22)0xFal )
and upon applying Hoélder’s inequality w1th == + , we find

9

(3.10)
[(z1 — Zz)F<1>|W;,p' < 121 =22l |Fol s +510x(21 = 22)| p | Fol ria + 8121 = 221 p|0x Fopl 11
< — »|F .
= |21 = z2lyysrl Folyysrm
Therefore,

_2
111 =C|(z1 - 22) Fo| 1 < CTT |Folyars |21 = 22l o pwo?) - (3.47)

Lo, T;we”)
We now show that the W2"/*-norm of the Ito drift term Fg is controlled by |®||5. Let therefore (yj) =0 be a
sequence of independent normal real valued random variables and recall that Fo(x) = X% (Pey)?(x), where
(ex) k=0 is an orthonormal basis of L?(R,R). We can then write, by independence of the normal random vari-
ables

o 2
Fp= [E(Z yiPer|
k=0
and
0.Fp = ax[E(Z yrPer| =E|2 (Z Ye@er || Y. yr0xPex || < [E(Z yiPe| + [E(Z yi0xPer| , (3.48)
k=0 k=0 k=0 k=0 =
where the last inequality is an application of Young’s inequality. It follows that
B 4
3 « % 3.48) °° o 2\’
|Foplysria™ ) (fR (G Fq)) <'C Z f Y yr0i®er(x)| | dx
*oa=0 k=0

By applying Holder’s inequality in the probability space, and by exchanging expectation and integration, we

obtain

. 4 PNt

2 r 5 2 r

dx| =C)_
a=0

o0
E| ) k05 Pey
=0

[o¢]
Y Yi05Pey(x)
k=0

5
|F(I)|W5,r/4 SCZ f[E
x R

a=0

ri2
LY

We conclude by an application of the Kahane-Khintchine inequality (Theorem 1.3.2), yielding

2

<Clo|?

(o]
Z Ykagq)ek Y(Li;w)f,r/Z)'

S
|Folyysrn<CY E
* k=0

a=0

L;/Z
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Then, via Proposition 3.1.3 (iv) we get combined with (3.47)

2

HI<CT 7| @321 — 22l x,- (3.49)

Step 1.5 (Collecting the estimates)
By substituting the results of (3.46) and (3.49) into the starting point (3.34), we find

1/2
| T 21 =T z2|x; =CT |21 — 221 x1

+

t
f S(t—8)((z1(8) — 22(s)) AW (s))
0 Xr

1-2
+CT 7| ®llslz1 — 22| x7-

By taking the L™ (Q)-norm of this equation we obtain with help of Corollary 3.2.4

E(17 21 - T 2l%, ) < CTVE(21 - 2I),)
+Ce" W AT @) (121 - 22l y,)

1-2 r
+CT | @llsE(lZ1 — 221 x,),
where a > 0. By setting p := min{%, % - %} > 0 we combine the constants for T < Ty as
|T 21 =T zo|1r@;xp) < CefWrr+aT |z Z2lrr @ x7)» (3.50)

where C depends on R, ® and Ty. We then see that upon choosing T small enough, 9~ is a contraction map-
ping in L™ (Q; X7).

Step 2.

In order to complete the fixed-point argument, we now show that 9 maps L’ (Q; X7) into itself. From the
contraction estimate (3.50) it is evident that the operator ~ maps differences of elements in L' (Q; X7) into
L" (Q; XT1). We now consider an arbitrary element z € L' (Q; X7) and write

|T zlrruxp) <19 2= T 0lrr@;xp) + 19 Olrr @ xyp)-

The first term is finite by the contraction estimate (3.50), and it, therefore, suffices to show that 970 is an
element of the space L" (Q; X7). We find

331
[T 0lx, = |S(t)Z0|L<;°(H§)+|S(t)Z0|L§(W;'P)»

where we have omitted the norm on the probability space Q, since S(#)zy does not depend on the path. It
follows from Corollary 2.3.5 that |S(£) 29| 1o (115) < Cl2ol s < 00. The second term s finite via the homogeneous
Strichartz estimate (2.45). We conclude that 9 maps L" (Q; X7) into itself.

By steps 1 and 2, it now follows from the Banach fixed-point theorem that there exists a unique solution to
(3.28) in L" (Q; X7). To extend our solution to [0, Ty], we note that at ¢t < T we are also in the position to apply
the same contraction argument with initial condition z(T), since our choice of T only depends on R, Ty and
®. Therefore, we write [0, Ty] as a union of intervals of size at most T, and define the global solution as a
concatenation of the local solutions. O
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3.4. Local existence and blow-up criterion

This section is devoted to the following theorem.

Theorem 3.4.1 (Local existence & blow-up criterion)

Let p and r satisfy the conditions in Assumption 3.1.1, and let0 < T < Ty. Then, ifs € {0,1} and zo € L" (Q; H})
is F (0)-measurable, there exists a stopping time T (z) and a unique solution z on [0,7*) to Equation (3.2) that
isin L (Q; X7) for anyt < t*. Furthermore, we have P-almost surely

T%(z9) =00 or l}m sup |z(1)| s = oo.
t X

" s<t

For the proof of this theorem we will need some preliminaries. Denote by zr the unique solution of the
truncated equation (3.28) with radius R. We define for R > 0 the stopping times

TR :=sup{r€ [0, Tol, |zrlx, = R},
which is the first time |zg|x, reaches R, and before this time no truncation takes place. Until this point, two

solutions zp and zg with R’ > R should therefore coincide on [0, min{t g, Tg}]. This is stated in the following
lemma.

Lemma 3.4.2
IfR' > R >0, then for each t € [0, min{T g, T z'}], we haveP-almost surely

ZR(t) = ZR/(I').

Proof of Lemma 3.4.2. Let R' > R > 0, write T = min{tg, T}, and let T > 0. In case T < Ty, we define zg on
[, Tp] as the solution to the linearized equation

1
dy = (iAy-ivy—elyy—uy*)dt—iydw - zqu) dt,

with initial condition yg(7) = zr (7). In mild formulation, the linearized equation reads

t 1 t
J/R(t):S(t—T)ZR(T)—if S(f—s)(J’R(S)dW(S))—Ef S(t - 8)(yr(s)Fg)ds, (3.51)
T T

for each t € [1, Ty], P-almost surely. Equation (3.51) has a unique solution

YREL(QC(T, T, HY N (L' (t, T; Wy P)),
via Proposition 3.3.1, since the same proof can be applied to Equation (3.51) by leaving out the nonlinear
term. We denote the extension as

zr(1), iftel0,1]

Zp(t) = { yr(t), iftelr, Tyl

and we define Zg (t) on [0, Tp] in the same way. We first show that Zg(¢) = Zg/(#) on [0, T] for small T, and
equality on [0, Tp] will follow by reiteration. On [0, T] we have:

INT
Zp (1) = Zg(D) :41‘[0 S(t— )12 (9122 (5) = 1ZR (5)*ZR(5)) dss
t
i fo S(t— 5) (2 (s) — Zr(s) AW(S))

1 t
- Efo S(t—5) ((Zr(s) — Zr(s)) Fp)ds

= h(w t,x)+ Db(w,t,x)+ 3wt x), (3.52)
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since we can omit the truncating function 0 if ¢ < 7. Using the Strichartz inequality (Theorem 2.4.2), we can
estimate the term I; P-almost surely as

t

|| x; :4‘ fo St = $)x10,1(9) (12 (9)*Zp (5) — Zr ()| Zr(5)) ds
Xr

(2.44) e e

= C |X[0,r] (1Zr'|“Zp — 1ZRI"ZR) |L¥’(W;,q’)

= Zpr 2z r—|Z 2z /

_C||ZR | ZR |ZR| ZR|LY/(0,T/\T;W;'0])'

where we have used that (00, 2), (1, p) and (y, q) are admissible pairs (Proposition 3.1.3 (i)), and we recall from

Assumption 3.1.1 that y =8 and g = 4. This last nonlinear term ||Zg [*Zg — |Zg|* Zr \Ly, AT ) has the same
AT Wy

form as (3.41) in the proof of Proposition 3.3.1, and we treat it similarly. We estimate as in step 1.2 of the proof
of Proposition 3.3.1

(3.43) ~ _ ~ ~
\Lix, = CTY?(zpl% +I|2r5)|2r — Zrlx;
< CTY2(R? + R%)\zp - Zglx,-
By using (3.49) for term I3, we may write
|Zp — Zrlxy < CRT"?|2p — Zglx,

t
+ fo S(t—=9)((zr(s) — Zr(8)) AW (s))

Xr

+CTV 7 | ®lls|2p — Zrlx,
We take the L (Q)-norm of this equation and via Corollary 3.2.4 we obtain
E(12r - ZrlY, ) < CRT"2E(Zn - ZrlY,)
+Ce" W OT | LE(12gr — ZrlY,)
+CT 7 |0l 5E( 2R — Zrl,)-

By setting u:= min{%, % - %} > 0 we combine the constants for T < Tj as

|Zrr — ZRILr (Q;x7) < Cer W+l zp — ZRILr (©@;x7) (3.53)

where C depends on R,R’,®, and Tp. Hence, for T sufficiently small, both sides of (3.53) are zero, and we
have Zg = Zg on [0, T] P-almost surely. We can repeat this procedure to get equality of Zz and Zr on [0, Tp],
P-almost surely. P-almost sure equality of zg and zg on [0, 7] then follows. O

From the previous lemma, we can deduce an important property of the stopping times 7.

Corollary 3.4.3
TR isP-almost surely non-decreasing with R.

Proof. By Lemma 3.4.2, we have

lzrlx, =lzrlx,, (3.54)

[P-almost surely, where we recall that 7 = min{rg,Tp/}. Suppose, for sake of contradiction, that 7 < 7 on
some set of positive probability. Then on that set 7 = 7/, so that

3.54

(3.54)
lzrlx, "= "lzrlx, , > R.

Therefore T > T, which contradicts the definition of 7. We conclude that 75 = 7, P-almost surely. O
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We can now give the proof of Theorem 3.4.1.

Proof of Theorem 3.4.1. We denote again by zg the unique solution of the truncated equation (3.28) with ra-
dius R given by Proposition 3.3.1, and denote

Tr(z0) :=supi{t € [0, Tpl,|zr|x, < R}.

By Corollary 3.4.3, we may define 7% (zp) := limg -0 Tr(20). We then set z() := zg(t) on [0, Tg], for each R > 0.
z is then well-defined on [0,7%) via Corollary 3.4.3, and solves (3.2) with z € L' (Q; X;) for each 7 < 7*. This
proves the existence part of the theorem.

We now prove the blow-up criterion. Note thatif 7* =limg o Tr < 00, then

li =00, 3.55
t}tnglx, 00 (3.55)

meaning that a finite stopping time 7* is due to the blow-up of the X;-norm. In the remainder of the proof,
we show that the L (0, t; Wy'P) part of the X;-norm does not blow up, so that the H? part must be the cause.
We set

Tr=inf{t €10,77),12()| gz = R},

i.e. Tg is the first time |z(#)| ys reaches R. With help of Corollary 3.4.5 (which we prove later) applied to this
stopping time, we obtain that

[E(|Z|Lf(0,f3,wf"’)) <00,

so that | z| Lr W) is P-almost surely finite. Assume, for sake of contradiction, that
R Wy

I]J’(suplz(s)IH;; <oo and T* <oo) >0,
S<T*

and denote this event by A < Q. Denote furthermore M(w) := sup .« |2(s)| ys. We now take R large enough
so that R > M(w) on some subset A < A of positive probability. On A we then have sup ..+ |z(s)| ys < R, which
together with the P-almost sure finiteness of ||, , 07 WP contradicts (3.55). We conclude that we must have

7" =00 or lim sup|z(f)|ys = oo,
t/T* s<t i

P-almost surely. O

The remainder of the section is devoted to the proofs of Corollary 3.4.5 and the following Lemma.

Lemma 3.4.4
Let z be the solution to (3.2) on [0,7*) given by Theorem 3.4.1. If T is a stopping time that P-almost surely
satisfies T < T , then we have the bound

12l 1 0.0, wer) < C(T)K(@)°,

where
K():= C(To)(A+ sup 12(to)13s + /2l ery + SUp [1z(to, ) ;0 1p)).
O g, A g rromwe T SR A0 o.nwy )

Proof. By applying the Strichartz estimates (Theorem 2.4.2) to the deterministic integrals in (3.2), we obtain
forT>0

(2.44) 2
|Z|L;(Wx5‘p) = C|Z0|H§ + C||Z| ZlLZ’(Wj'q,) + |]Z|L,t—(WX5,p) + C|ZF(D|L;/(W)?””)'

To estimate the term || z|?z| we apply Lemma 3.3.2, which gives

! !
Ly oy

2 1/2,,,3 1/2 3 3
z|°z =T"'%|z <CT z otz
|| | |L¥’(le'q’) | |L);(nyq) (| |L?°(Hx) | |L;(Wf'p))’
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where the last inequality follows from Proposition 3.1.3 (ii). By substituting this result, and estimating the It6
drift term as in (3.47) we obtain
2

3 1-% 2
s,p))+|]z|L;(W;vF’)+CT r||d)||6|z|L;(W;,p).

/2,3
5 < 5
|Z|L;(Wx,p) < C|Z()|Hx +CT (IzILl[,o(H;) + lZlL;(Wx

We now pick T small enough so that
1

2
-= 2
CTUTII12  ery < 5

and bring this term to the left-hand side to find

3

1/2
r L’(O,T/\T;Wf”’)) +212l o, 7 amwry

|Z|U(0,T/\r;wj"’) 52C|20|H§+2C )+|z|

3
(2l oo 0, 7Ar; 2

where we have changed the time interval to [0, £ A 7]. We rewrite this estimate by bounding |zo| s and T2 by
some constant depending on Ty, and add a term sup <, 112(%, )|} ¢ .57, for later use. This gives

3
|Z|Lr(0,T/\T;W;'p) SC(TO)(I + |Z|L°°(O,T/\T;H§)) + 2|]Z|L’(0,T/\T;Wx5'p) + Sup |IZ(t0, .)|L’(0,T;W;'p)

0<ty<t
/2,3
+2CT s
¢ lZlL’(O,T/\T;Wx‘p)
1/2,_,3
<
=K(w)+2CT |Z|U(0,TAT;W§’”)'

If we choose T as T(w) := min{K ~*(w)/64C%, 1}, then it follows that

|Z|Lr(0,T;W;'p) < ZK(CU).
Indeed, if not, then we would have |z| rO.TWSP) = 2K (w) for some w and T’ < T (w). This leads to a contradic-
tion

11/2

2K(@) = |2y g grysry < K@) +2CT" 2]} o,

LT(0,TAT; W,

< K(w) +2C(K *(w)/64CHY?8K3 (w) = gK(w).

In case that T'(w) < 7, we reiterate the previous process on intervals of the form [jT, (j + 1) T] < [0, Tp A 7], on
which z satisfies

t t 1 t
z(1) =S(t—jT)z(jT)+4i[ S(t—s)(lz(s)lzz(s))ds—if S(t—s)(z(s)dW(s))—Ef S(t—s)(z(s)Fp) ds.
iT iT iT

By estimating as before, we obtain

. 1/2 3 3
|2l s vy mwgry S2C120 Dlgg +2CT (2l oo, oy i 12l 1 ey rwer))

+2

t
f St — 5)(2(s) AW (s)
jT

L(jTG+DT;weP)
We estimate |z(j T)| s < |2l (j1,j+1)7;H2), and for the stochastic convolution we note that

=

t
f S(t - 5)(2(s) AW (s)
L' T,G+D T;weP) 0

t
f S(t - 5)(2(s) AW (s))
iT

L' T,G+DT;WeP)

jT
+ f S(t—s)(z(s)dW (s))
0

L' (T,G+DT;wyP)

Vel rgenmwery + SUp W20, g pwtey:

0<fp<t
It follows that
211 1 jenyTAnwer) S 2K (),
whenever jT < Tp A 7. We sum these estimates to find
(ToAT)IT T .
|Z|L’(0,T;W;'p) = ]ZE) |z|L’(jT,(j+l)T/\r;Wf'p) = Z?K(w) = 128CTHoK" (w)K(w) = C(TO)KS(w)’

as desired. O
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By applying the previous lemma to the stopping time
Tr=inf{t €10,77),12()|y= = R}, (3.56)
we obtain the following corollary.

Corollary 3.4.5
Let z be the solution to (3.2) on [0,7*) given by Theorem 3.4.1, and let T g be the stopping time defined in (3.56).
Then

E(121, 0.2 wen) < CTo) (1 + B+ CR)®.

Proof. By applying Lemma 3.4.4 to the stopping time T, we obtain

z - se <C(To) |1+ sup  |2(to) X% +1zI° s
| |Lr(0,TR,W;p) ( O)( OStOSle (0)|Hx |] |Lr(0,fR;Wx'p)

+ sup IIz(to,-)I5 )

O 7o WP
OSI()SfR L (OYTRlWx )

We have upon taking expectations and applying Hélder’s inequality

O 0 7o WP
0<fH<Tgr L7(0,7p; Wy 0<fH<Tp L7007 W,™)

15 r Sir r o
E(121 g wery) < CCT0) [1+E| sup 12(t0)l}s | +E(1/2] o) +E| sup [Iz(t0,)] :

Now, by Lemma 3.2.1 and Corollary 3.2.2,

15 1 . 5/r 1 . 5/r
E (1210 we) S ) [ 1+E| sup 12(i0)}fe | + 5 CE(12l o mn) + 5 CE(1morin) |-

0<ty<Tp

Note that

sup |z(fo)lgs <R,
0<ft<Tp

by definition of T, so that

E(121 0z wer) < C(To) (1 + RIS+ CR®) < C(Ty)(1+ R+ CR)’. O
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3.5. Global existence and uniqueness

This section is devoted to the main result of the chapter: global existence and uniqueness of solutions to the
stochastic parametrically-forced NLS equation (3.1).

Theorem 3.5.1 (Global existence and uniqueness)
Let p and r satisfy the conditions in Assumption 3.1.1, and let Ty > 0. Then, ifzo € L" (Q; HY) is & (0)-measurable,
there exists up to Ty a unique solution z € L' (Q; C([0, Tol; H) N L" (0, To; W;’p)) to Equation (3.2).

By Theorem 3.4.1, it suffices to prove that the H3-norm of the local solution remains finite. The following
proposition describes the evolution of the H}-norm of the local solution.

Proposition 3.5.2
Let r satisfy the conditions in Assumption 3.1.1 and let zo € L' (Q; HY) be & (0)-measurable. Let z be the local
solution to (3.2) on [0,T™) given by Theorem 3.4.1. Then, we have, P-almost surely, fort < 1*:

T T
12112 =|20l7;s —2€ fo (12() s + I Im(2(5)) 7;2) ds + 2€ s fo | Re(z(5)) 7 ds

—25[ (0x2(5),2(5) (0, AW (8))) 2 +5Zf Iz(s)ax(CIJek)li2 ds. (3.57)
0 Y k=070 x

In order to prove this formula for the evolution of the H;-norm, we will use Itd’s formula, also known as
the stochastic chain rule. In particular, we apply the version of Itd’s formula presented in Chapter 1: Theo-
rem 1.3.18. It applies to strong solutions of stochastic partial differential equations, as opposed to the mild
solutions that are available via Theorem 3.4.1. Recall that by Theorem 3.4.1, there exists a stopping time 7*
and an (Z (£)) e(0,7)-adapted process z € L' (Q; C([0,7*]; HS) n L7 (0,7*; Wy ') such that (3.2) holds P-almost
surely for 7 < 7. By applying the regulizing operator

Ie:=(I-eN7!,
of Lemma 1.2.15 to the mild equation, we wish to obtain an equation of the form
t t
zZ(t) =% +f Yi(s) ds+/ Yo (s)dW(s),
0 0
to which we can apply Itd’s formula. We show that this is the case in the following lemma. In order to avoid
the complication of stopping times in subsequent calculations, we will work with the global solution of the

truncated equation. Since the results we obtain do not depend on the truncation radius, they also apply to
the local solution of the original equation.

Lemma 3.5.3

Let r satisfy the conditions in Assumption 3.1.1 and let zy € L' (Q; H) be & (0)-measurable. Let zg be the unique
solution of the truncated equation (3.28) with radius R > 0 given by Proposition 3.3.1. Then, we have, P-almost
surely, for t = 0:

t t
IeZR(t)=Iezo+f0 AIeZR(S)d5+4ij(; Or(zrlx,) e (1zr(5)* 2R (s)) ds

t 1 t
—ifo I (zg(s) dW(S))_Efo I.(zg(s) Fp)ds. (3.58)

Proof. We apply Al to the mild equation (3.28) to find
t
Alz(t) =AS(H) e 2o +4if Or(lzlx,) AS(t — ) I (1z(5)[*z(s)) ds
0

t ¢
—if AS(I—S)IE(Z(S)dW(S))—%f AS(t—5)I.(z(s)Fo)ds,
0 0
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which holds P-almost surely, for ¢ = 0. Here, we have used that the regulizer I, commutes with the Cy-group
{S(0)} ter, since the symbol of I, commutes with the symbol of S(¢). Indeed the symbol of I, is a multiple of
the 2 x 2 identity matrix which commutes with the symbol in (2.4). We have also omitted the subscript R on
the solution to lighten notation. We now integrate the equation to find

t t t rs
f AIgz(s)ds:f AS(S)Iezods+4if f QR(|Z|Xr)AS(S—I‘)Ig(|Z(I‘)|2Z(I‘))drdS
0 0 o Jo
t rs 1 t rs
—if/ AS(s—r)Ie(z(r)dW(r))ds—Eff AS(s—r)I.(z(r)Fp)drds.
0 Jo 0 Jo

The first integral can be computed by using that

d%sm = AS(r) on D(A) = H*([R), (3.59)

(Proposition 1.1.6). For the double integrals, we apply Fubini’s theorem and its stochastic version (Theo-
rem 1.3.17) to change the order of integration.

(3.59)

t t t
j(; Al z(s)ds "="S(0)I.zg— I 2o +4lj(; ](; X[Ovs](r)eR“Z'Xr)AS(S—T)Ie(|Z(r)|zz(r))drds
trt 1 t pt
_ifo fo K10,V AS(s =Dl dW(r) ds -5 fo fo X101V AS(s = P Ie(2(P) Fo) dr ds
t t
:S(t)Iezo—Iezo+4if0 fo X0 (8)0r(121x,) AS(s — 1) I (12(r) [*z(r)) dsdr

t t 1 t t
—ifo fo )([r,t](s)AS(s—r)Ie(z(r)-)dde(r)—Efo fo Xirn (AS(s—1)I.(z(r)Fp)dsdr,
(3.60)

where in the last step we have used that y/o,5 () = ¥ (s) for all (s,7) € [0, £]?. Theorem 1.3.17 holds under
the condition that

t s 1/2
fo([E(fo ||AS(3—r)Ie(z(r)d))II;z(Li)dr)) ds < oo.

We can verify that this condition holds by splitting up the Hilbert-Schmidt norm, using Lemma 1.3.6 as

(1.10)
=

1AS(s = NI END) gy 12y = 186 = NVALEEI | gygyarizyz 1P o sy

We can further estimate the operator norm using Lemma 1.2.15 as
(2.15)
ISs=nAl(z(NWlz = ClAL(z(Nwl2 < Celz(rulpz,
and Holder’s inequality
@B.11)
IS(s = AL(z(Nuw)lz = Celz(r)ngluIL;/z < Celz(r)lwf,pIuIW;,r/z,

so that
| AS(s— r)Ie(Z(r)q))ng(Li) = CeII‘DII(sIZ(F)IW;.p,

where the last inequality follows via Proposition 3.1.3 (iv). We conclude that

t 5 1/2 B t 1/2
fo([E(fo ||A3(s—r)le(z(r)q>(.))||;2ui)dr)) dssc([E(fO |z(r)|%/vj,pdr)) :

Therefore, the condition is satisfied if z € L} (Q; L%(Wf’p)), which is indeed the case since z € Lr(Q;L;(W;’p))
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with r = 2 via (3.6). We proceed from (3.60) by simplifying the inner integrals using (3.59) as
¢ t ot
fAlgz(s)ds=8(t)lez0—Iezo+4if f HR(IZIXr)AS(s—r)Ie(Iz(r)Izz(r))dsdr
0 0 Jr
t pt 1t ot
—if f AS(s—r)Ie(z(r)~)dde(r)—Ef f AS(s—r)I.(z(r)Fp)dsdr
0 Jr 0 Jr
t pt
:S(t)Iezo—I€z0+4if f AS(s—r)dsBR(IZIX,)IE(Iz(r)Izz(r))dr
0
t pt ' 1 rt ot
—if f AS(s—r)dsle(z(r)dW(r))—Ef f AS(s—r)ds I.(z(r)Fp)dr
0 Jr 0 Jr
t
=S(t)IezO—IeZo+4if0 (S(t-5)— 1 Or(lzlx,) e (12(5)*2(s)) ds
r r
—if S(t=9)-1) Ie(z(s)dW(s))—%f (S(t=s5)—1) I.(z(s)Fp) ds
0 0
t t
:Ies(t)ZO_IeZO+4iIe/0 S(t_S)QR(|Z|XS)(|Z(S)|ZZ(S))d3_4ij(; Or(zlx,) e (12(s)|*2(s) ds
¢ t
—ilef S(t—s)(z(s)dW(s))+if I (z(s)dW (s))
0 0
1 t 11t
——Ief S(t—s)(z(s)Fq>)dr+—f I (z(s)Fp)ds.
2 0 2Jo

In this last expression, we recognize in the terms containing the semigroup the mild form (3.28) with the
operator I, applied on the left, so that we can write

t t
f AIeZ(S)dS=IEZ(t)—1520—41'[ Or(12lx) I (12(5)*2(s)) ds
0 0
t 1 t
+if Ie(z(s)dW(s))+Ef I.(z(s)Fp)ds,
0 0
and we conclude that
t t t 1 t
I.z(1) =I€z0+f Al.z(s) ds+4if HR(IZIXS)Ie(Iz(s)IZZ(s))ds—i[ I (z(s) dW(s))—Ef I.(z(s)Fp)ds,

0 0 0 0

holds P-almost surely as desired. O

We now turn to the proof of Proposition 3.5.2, in which we apply the Ité formula to the stochastic process
obtained in the previous lemma.

Proof of Proposition 3.5.2. Recall from Chapter 1 that Ité’s formula provides an identity for the differential of
functionals of a stochastic process. Here we consider the functional |- Ifqg on the stochastic process in (3.58),
X

which may alternatively be written as
|Z|§{£ = bs(z,2),

for z € H, where b; denotes the bilinear map

bg(f,g):fngdx+5fR(axf)(6xg)dx.

This map is well-defined if the product fg is an element of W ' Note that for this bilinear map we have by
symmetry

bﬁ(f)g) +b5(g»?) = bﬁ(fr@ +b5(§yf) = bs(fy@ + bﬁ(f)g) :ZRebs(f,E)-
We also introduce the notation

F8) = [ B,
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for the dual pairing between f € ng’ and g € LY, so that for such f and g we may write

bs(f.8) +bs(8, f) =2Re(f,8) v, u + 25Re(0xf,0x8) 1, 1u-
We now apply Itd’s formula for bilinear maps (Theorem 1.3.18) to the map bs and the processes

¢1=1Iezo

¢2=1Iczo
v1(8) = Al zp(1) +4i0R(|ZR|Xt)Ie(|ZR(t)|ZZR(I)) - %Ie(ZR(t)Fdh)
V() = ALZg(t) — 4i0R (1Z8 | x,) I (1ZR (0)1*ZR (1) — 3 Ic (Zg (1) Fo)
01(8) = —ile(zr(2)")
02(1) = il (zr(2)"),

where we have used the same notation as in Theorem 1.3.18. By using (3.58) we then note that {; (¢) = I zg(?)
and {,(t) = I.zr (1), and via It6’s formula we obtain that P-almost surely,

|Ie2(0)1Gys =|Iezols + JT(0) + J5(0) + J5(0) + J4(6) + J5 (1), (3.61)

where the terms J5,..., ]g are defined as

t

J5 () ::2Re[ (Alz(5), Iez(9)) = ds;
0

t
J5 () ::8Imf0 Or(12lx,) e (12(5) 2 2(5)), e 2(s)) ds

!
LZ ij

t
+245Tm fo Or(21 X)L (2(9P02(), 102() ¢ ds;

X

t
JE(1) :=—2Im fo (Lez(9), I (2(s) AW (9)) prs;
t
Ji®):=—Re | c(z2()Fp), [c2(5)) 125 2040 ds
0 L4+6 XLX 5
t
_sRe f (Le03(2(5)Fo), [e052()) 125 2000 ds;
0 Lx4+5 Ly 5
r oo
Js@:= | Y 1e(z(s)Dep) s ds.

0 k=0

For the term ]g we have used that 0, (|z(s)|2z(s)) = 3|z(s)|?04z(s). We have also omitted the subscript R again
to lighten notation. We now show that each of the integrals J5(¢),..., JE(£) converges as € | 0 and we identify
the limits.

Step 1. (convergence of the integral ]f(t) )
We can further compute the integrand of ]f(t) as

Re(AL (), Lez() s = —eyllez(9)3s +ept(IRe(ez(s)) e — 1ML 2(9) s ),
since I z(s) € H2*2. It follows by Lemma 1.2.15 and continuity of the squared norm that

Re(Alez(5), [e2(8)) g — —€Y|2(5) |5 + e Re(2(s)[3: — [ Im(z(s)[3:) ase | 0. (3.62)
Since || 1e |l & s =C with C independent of ¢ (Equation (1.5)), the integrand is dominated by this constant

times the right-hand side of (3.62). This dominating function of s is furthermore integrable on [0, ¢], as z €
C:(H3). We conclude by the dominated convergence theorem that

t t
]ﬁ(t)—»—ZefO (y|z(s)|§,§+H|Im(z(s))|§{§)ds+2epf0 Re(z(s))I7zds ase | 0.



3.5. Global existence and uniqueness 59

Step 2. (convergence of the integrals J5(t) and J5(t))
The integrands in the terms ]g(t) and ]Z(t) are all dual pairings of the form

(Le f(9), L&D put, pu>

where f(s) € LY and g(s) € LY for almost all s € [0, 7], and some constant b > 1. In case of the first integrand
in term J5(#) we have f(s) = 1z(s)[%z(s) € LY and g(s) = z(s) € L. In the second integrand we have f(s) =

|z(s)|20z(s) € LZI and g(s) = 0,z(s) € LZ. For the first integrand in term ]Z(t), we can take f(s) = z(s)Fp €
4426 2(2+6)

L¢* and g(s) = z(s) € L, ° . Lastly, for the second integrand in the term J§(¢) we have f(s) = dx(z(s)Fo) €
4428 2(2+6)

L and g(s)=04z(s)e L, ° . We show that

t t
fo<Ief(8),Ieg(S)>L¥fo¥ds—>fo (F(),8(N pw  uds,

for these choices of f, g and u.

ByLemma 1.2.15, we know that I¢ f (s) — f(s) in L* and I.g(s) — g(s)in L* ase | 0. We then have I, f(s) . g(s) —
f($)g(s) in L. by the following inequality

e f()1eg(8) = F(9)8(S) 11 < |Ue f(8) = f(D ISy +If () Teg(s) — g(5)I 1
S e f(8) = F) w Heg(S) 1y +1F () 1eg(S) — &SIy,

and letting € | 0. It follows that
e f (), 1e8(S)) pu  yu = (), 8()) s @SELOD,

since

<f(s))g(s)>Lz'xL¥ - <Ief(s); Ieg(5)>Lg/xLz

= U f(x,98x,s)— I f(x,8)Ig(x,s)dx
R

<|f©36I- I f(ITg® 0
as € | 0. We proceed by showing that (I f (s), I.g(s)) L4 xpu €1 be dominated using Holder’s inequality as
e f (), 1e8()) w  pu = Uef () w1 eg(S) Ly < 1 () w18,
where we have used that the operator norms of the operators I, are uniformly bounded in € on both L?’ and

LY (Lemma 1.2.15). In order to apply the dominated convergence theorem, it remains to be shown that the
dominating function | f(s)| I lg(s)] v is integrable for the various choices of f, g and u. For the integrands in
X

the term J5(¢) this is indeed the case, since
! 2 2 ! 2
’ < / ,
[ 220901120615 + 11202090 10,2090y ds = [ RSP ZO, 1206y ds
(3.30) [F 4 1/8
= \/(; |Z(S)|W;.q ds <t |Z|LY(O,I;W;'q)’

where the last inequality is an application of Holder’s inequality with exponents % = %+ é. Integrability follows
via Proposition 3.1.3 (ii), since z € X;. For the integrands in the term J;(#), we also have integrability via

¢
f |2(8)Fol| ax25 12(S)| 20+8) +610x(2(8)Fop)l a+26 10x2(S)| 2048 ds
0 L4+5 L ) Lx4+6 L o

X X

t t
Sf |Z(S)F(D| 5, 4420 |Z(S)| 5, 22+0) ds=< [ |FCD|W5,1+6/2 |Z(S)|2 2(2+6) ds
0 Wx' 4+ ny 5 0 x 5=

x

t t
scf 12D ore) dssCf (12(8)| gz +12(8)] o) ds, (3.63)
0 Wj' 5 0 *
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4+25
where in the last two inequalities we have used that Fp € W 0 and 2 < 2(2+5) < p. Integrability follows, as

zeL'(0,t; W5 Pyac(o,t; H 2) with r > 2. We then conclude by the domlnated convergence theorem that

t
]S(t)—>81rnf0 Or(1zlx,){|2(s)*2(s), 2(5)) dS+24ﬁlmf Or(1zlx,){|2(s)1* 0y 2(s), 0 2D ¢, 048

!
Lz qu

and

t t
]Z(O—»—Refo (2(8)Fo,z(8)) a+26 %mdS—sRefo (0x(2(8) Fo),0:z(s)) 420 %mds,
LxJr

Lx4+5 xLy 0 xLy

as e | 0. Note that
<'Z(s)'zz“)’z“”Lg’ng = (12(8)12(s), 12(8)|2(8)) 2 = 12()[73,
so that . .
tm [ 02(21) (29209, 29 1y, ds = | Oalzlx)lz(S)}y ds =0,

Similarly,

Imf Or(12lx,){12(5)1*x 2(5), 05 2(5)) ds=0,

L" xLd
and we find that J5(f) -~ 0ase | 0.

Step 3. (convergence of the integral J5)
By Lemma 1.2.15 and continuity of the squared norm, we then have

|Le(2(5)ep) 3y — |2(s)Pexl7s ase | 0.
We now use that IIE(z(s)q)ek)l2 < Clz(s)tbekl with C independent of € (Lemma 1.2.15), which serves as a

dominating function of the variables s and k. In order to see that this dominating function is furthermore
integrable, we note that

Z |z(s)c1>ek|H5 = Z (2(5)@ey, 2()Pep) s = ) (2(s)Dex, 2()Deg) ;2 +5 Y (Ox(2(s)Dex), Ox (2(s5)Dex)) 12,
k=0 k=0 k=0

and by using that ®ey is real-valued for all k,

Z |2(s)DexlFs = Z<z(s)(c1>ek) 28 sup e +5 Z<(axz(s))d>ek,(axz(s))<1>ek>Lz
=0 LA xL, 0 k=0

+26 Z ((0x2(s))Pex, 2(5) (OxPex)) 2 +5 Z (2(5)(0xPer), 2(5) (0xPey)) 12
k=0 k=0
=(z(8)Fp,2(8)) 126 2046 +5((0x2(8)Fp,0x2(8)) a126 202+6)
LX4+5 ><Lx 5 Lx4+5 ><Lx 5

o0
+5(0,2(5),2(5) OxFa)) sezp 2200 +5 ) 12(5)(0xPer)l,
Lx4+5 xLy o k=0 X

It follows as in (3.63) that this function is integrable. We then conclude by the dominated convergence theo-
rem that

J5() — Z |z(s)Pexl; s =2 F0,2(8) w2 2e:0) +5(0x(2(5)F),0x2(8)) w20 2000
k=0 L0 <L, 0 LI, 0

+5 Z |2(5) (0 q)ek)|L2 (3.64)
k=0
Step 4. (convergence of the integral J3)
Finally we show that
t
J5(6) — —ZImf (2(5),2(s)dW(s)) s, ase O,
0
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in L2(Q). We therefore apply Itd’s isometry (Theorem 1.3.14) to

2

2
<t

t t t
[EU0 (Igz(s),le(z(s)dW(s)))H;—[O (2(5),2(8) AW (8)) s fo<(Ie—I)z(S).Ie(z(S)dW(S)»H;

2
+E

’

t
fo (2(8), (Ie = D(2(s) AW (5))) 2

which gives

t ¢ 2 ¢ r
€| [0 209 aW s - [ 1ez(9), 10 AW | <E [ IS0 0 s+ [ IS s

where I'{ (s) and I'; (s) denote the functionals
u— ((Ie = Dz(s), I (z(s)Pw)y s and  u— (z(s), (Le — D(z(s)Pw)) s,
respectively. For the second term, we proceed by splitting up the y(L2;C)-norm using Lemma 1.3.6, yielding
I1<z(s), (Ie = Dz($)®) gz |, 12,¢) < ”(D”y(Li;wj'”z) I1<2(s), (Ie = D z(8)") g2 IIE(W;,r/Z;Q-
We calculate the operator norm by writing
1€2(s), Ie = Dz(s)w) gz | < |(Le = D 2(8) | gz | 2(8) ul g2

and by Lemma 1.2.15 we obtain that the expression above converges to 0 as € | 0. With the aim of apply-
ing the dominated convergence theorem to the integrals in (28), we further estimate the expression using
Lemma 1.2.15

[€{2(8), (Ie = Dz()w) gz | = 12(S)| gz 2(S) ul s,

and use Holder’s inequality, which gives

@B.11)
1{2(s), (Ie = Dz()ud 2 | = IZ(S)IH;IZ(S)IW;'PIMIW)?,r/z-
We conclude via Proposition 3.1.3 (iv) that
<2 (8), (Ie = Dz(8)®) 12 ll 12,y = I Pl512() | Hzl2(8)lyy=p,

and we can similarly estimate the term involving I'{ (s). The resulting dominating function s — |z(s)| = |2(s)| whP
X

is indeed an element of L! (Q;L%) since z € L™ (Q; C¢,(HZ) N L;(W;’p)) with r = 2. It follows by the dominated
convergence theorem that

t
J5(1) — —ZImf (2($),2(s)dW(s)) s, ase |0,
0
in L2(Q). The convergence is then also P-almost sure. Note that
(2(5), 2(5)dW (5)) s = (2(5), 2(s)AW (5)) 12 +5(0x2(5), (0x2(5)) AW (5)) 12 +6(0x2(5), 2(5) (Ox AW (5))) f2 -

Since the noise is real-valued, the first two inner products vanish, and we are left with

t
]§(t)—>—25f0 <6xz(s),z(s)(6xdW(s))>Li ase 0.

Step 5. (Collecting the results)
We conclude from (3.61) and steps 1-4 that

t t
2n(0)f, =Iz0l3, ~2¢ | (r1zn O, + pilmin(o)l) ds+2eps | IReCza(9)E ds

t

4 o)
—25Imf0 (0x2R(s), 2R () Ox AW ()12 +5 ) |ZR(S)ax((Dek)|i§d3,

k=070
holds P-almost surely for all £ = 0 and R > 0. Since we found in step 2 that J»(¢) = 0, the formula does not
depend on the truncation radius R and it holds also for the local solution z. The result follows by setting ¢
equaltor <T7*. O
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With help of the previous formula for the evolution of the HZ-norm of solutions and the blow-up criterion
provided by Theorem 3.4.1, we can now give a proof of the global existence result.

Proof of Theorem 3.5.1. By Theorem 3.4.1, it suffices to show that we [P-almost surely have

sup |Z(T)|H§ < 00,
S<T

for T < min{r*, Ty} with Ty > 0. By estimating
2 2 2
—ITm(z(s))lys +IRe(z($))ys = 12(5)Iys

in (3.57), we obtain
2 2 T 2 T
12(D)s =<I20ls +26(u—y)f0 12(8) s ds—Zst (0x2(s),2(s)(0x AW () 2

(o] T
+5) | 12()0:(@ep)?, ds,
k=00 *

[P-almost surely. Upon taking the square, the supremum and the expectation of the equation above, we get

t 2 t 2
[E(sup|z(t)|‘;lﬁ)sz[E(|z0|‘;{5)+8e2(p—y)2rﬁ(supf 12(5)2,e ds )+85[E(supf (0x2(5), 2() @x AW ())) 12 )
=<t x x =7 |Jo x =t |Jo *

(e T 2
+2§[E(sup Z |z(s)6x((I>ek)|"i2 ds )
I<T |}=0Y0 x

For the last term, we note that by Holder’s inequality

(o] T (o] T
Y| 12(8)0x@e) Py ds< Y | 120 yp.s 10x(@er) Py, ds
k=070 b k=070 L, ® Ly

X

(o] T T
= Y 10:(@ep)l2,. f 12(8)I? 5oy s < C f |2(s)[2,, ds, (3.65)
=0 o Jo L0 0 x

2(2+6)
where in the final step we have used that ®ej € Wy 2% and the embedding H: — L, ? (Proposition 1.2.16).

For the expectation of the stochastic integral, we apply the Burkholder inequality (Theorem 1.3.15) as

t
fo<6xz(5),z(8)(6xdW(S))>L§

2 T
(1.11)
[E(Sup ) = C[E(fO ”(axZ(S);Z(S)(axq)))Li||$,(L§;C)ds);

<t
and we proceed by splitting up the y(I2;C)-norm using Lemma 1.3.6, yielding

1€0x2(8), 2() @) 2 Iy 2,0) < NP2,y | O 2(), 2O 12 gy iz
We calculate the operator norm by writing

1€0x2(5), 2(5) (0 ) 2 | < 10x2(8)] ;212(5) O 1) 2.
We then use Hoélder’s inequality, which gives
3.11) 2
1€0x2(8), 2(8) (Ox )y 2| = " 10x2(9)I 212(8) | pl0xutl jrre < |2(5) ety iz,

where the last inequality follows from the embedding H. — L% (Proposition 1.2.16). We conclude via Propo-
sition 3.1.3 (iv) that

[(0x2(s), Z(S)(axq)nLi ”Y(Li;q:) = ”(D”6|Z(5)|§{)1C;
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and

t
fo<0xz(8),z(5)(0xdW(S))>L§

2 T
[E(s,tgg ) < C||<1>||§[E(f0 |2()} ds). (3.66)

By collecting the results of (3.65) and (3.66), we have shown that

/ Iz(s)I ds

sZE(|z0|H§)+C3f() (suplz(s)IHs) L.

S<t

sup
t<t

[E(suplz(t)l‘;l ) 2E (120/%s ) + CiE

<t

+GF (f |z(s)|4 ds)

By Gronwall’s lemma, it then follows that

(supIZ(t)le)_ (|zo|‘}{§)e‘33’.

<1

Since T < Ty, we conclude that E (suptsr |z(1) I‘;Is) < oo and it follows that sup ., |z(#)| s < 0o, P-almost surely.
This shows the result. O






A glimpse on the stability of solitons

In this chapter, we discuss the stability of solitary standing wave solutions in the (stochastic)
PFNLS equation. We start by deriving a solitary standing wave solution to the deterministic
PFNLS equation, and we present a stability result due to Kapitula and Sandstede [23]. We pro-
ceed by considering an approach for tracking the position of the soliton, if subject to the stochas-
tic PENLS equation of the previous chapter, in Section 4.2. This position correction is defined
in terms of the solution to (3.1), and is itself a stochastic process. We analyze the leading-order
behavior of this process in Section 4.3. Finally, we briefly discuss directions for future research in
Section 4.4. The computations in this section are informal and are meant to give a general idea
of topics that could be explored.

4.1. Solitary standing wave solution
Consider the deterministic PFNLS equation
dz=(iAz—iwz—e()/z—/.tﬂ)dt+4i|z|2zdt. (4.1)
This deterministic equation on the real line supports a solitary-wave solution to this equation of the form
{(x) = re’ sech(cx),

with r,c¢ >0 and 0 € [0,27). Here, sech denotes the hyperbolic secant function, defined as

2

sech(x) = .
et +e’

Since ( is not time-dependent, it should satisfy the solitary-wave equation

AL = wl +AI1PC + iy — pd) = 0. (4.2)

Using that
Asech(cx) = c?(sech(cx) — 2sech® (cx)),

we substitute the ansatz into the solitary-wave equation and find that we must have

re'?¢? (sech(cx) - 2sech®(cx)) — wre'® sech(cx) + 4r°e® sech® (cx) + ier (ye'® — pe™"%) sech(cx) = 0.

By linear independence of sech(cx) and sech®(cx), we find that both
4r3e® —2¢%re'? = o,
or equivalently v2r = ¢, and

0 .2

ret? ¢? = wre'?

- ier(yeie - ye‘ie)

)

65
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must hold. The latter implies that ¢ = w — ie(y — pe~2%%). This can only hold (for ¢ > 0) if y — pe=2%

imaginary, leading to the requirement that Re(ue~2/%) =y, or equivalently cos(26) = % Then,

is purely

Y- yeiZiB =—-Im(ue

c=1\/w+eusin(20).

Note that the condition on 8 can only hold if it = v, i.e. the phase-sensitive amplification constant must be
larger than the dissipation constant in order for the compensation to be successful. Note also that if 0 satisfies
cos(20) = y/u, so does 0 + n. Thus the sign of the sine term in the soliton can be chosen positive or negative
as we wish. In conclusion, we find two solitons

. + in(20 ;
()= e'0i %m(]) sech(y/w +eusin(26;)x), (4.3)

for j = 1,2, where 61,0, € [0,27) are the two (not necessarily distinct) solutions to cos(26;) = y/ u. As the equa-
tion is translation invariant, we may also shift the soliton by an arbitrary constant a € R. With this alteration,
the soliton {; (- + a) remains a solution to (4.1). In [23], it was shown that for the 6 ; which satisfies sin(20;) > 0,
the corresponding soliton {; is exponentially stable. More precisely, the authors prove the following result.

210y = _jisin(—26) = ipsin(26),

and we find that

Theorem 4.1.1 (Kapitula and Sandstede, [23])
Consider the PENLS equation with initial condition z(0) = zy. If¢ is sufficiently small and sin(26;) > 0, then
the wave ( is orbitally exponentially stable, i.e., if | zo — (|| is sufficiently small, then there exists a constant b > 0
and a constant a € R such that

l2(t,) =+ @)l < ce” fort=o.

Intuitively, this result shows that the soliton remains relatively unaffected by small perturbations. In the case
of the stochastic PFNLS equation, the soliton is stochastically perturbed by the noise, and it would be inter-
esting to investigate whether the soliton ( is stable under these conditions.
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4.2, Position correction

In order to gain a better understanding of the effect of the noise on the soliton ¢, we formulate an approach
to track the displacement of the soliton due to the stochastic perturbation, following [15], where the stability
of traveling pulses in the FitzHugh-Nagumo system is studied. More precisely, we consider the solution z(z, -)
to the stochastic PFNLS equation with initial condition z(0, x) = zy, i.e.

1
dz=(iAz—ivz—e(yz—puz))dt— §F¢zdt+4ilzlzzdt+ zdW
= Azdt + Fpzdt+4i|z|>zdt + zdW, (4.4)

and we set
Zq(t,7) :=z(t,") = ((- + a(1)),

for some sufficiently smooth real-valued function a. Here, { is the soliton defined in (4.3) with the 8 parameter
satisfying both cos(260) = y/p and sin(20) > 0. Z, is then the difference between the solution and a translated
soliton. By linearizing (4.4) around the translated soliton, we find that it must satisfy

dz,(t,) =(dz(z,-) —a(r) d(( +a(1))dt
=(Az(t,-) - %F@Z(t ) +4ilz(t, )P z(t, ) dt + z(t, ) AW (L, ) — alt) d(( +a(1))dt
=(Az(t,) - %FQZ(I; Y+ AL+ al)PLC+ a() + 12010+ a(0)*Za(t, ) + Ra(Za (1)) dr
+z(t,-)dW(t,) - a(t) ( +a(1)dt,

where R, denotes the nonlinear term
Ra(2(t,) = 4i(12(t, ) P2(t,) = [{ (- + a() P{ (- + a() = 12i1¢ (- + a(D)* Za(t, ).

By using that the soliton solves the time-independent version of the SPDE, i.e.

AL+ a(0) + 4l ¢+ a(t) L+ a(r) =0,

we obtain the simplification

1
dZa(t,") =(ZLaZa(t,") = Ftbza(t )= 5 Fol(+alt) + Ra(Za(1,))) di
+Z4(t, )dW(t VHLC+a®)dW(t,) - a) (- + a(n) dt. 4.5)

Here, the operator £, denotes the linearization of the PFNLS equation around the translated soliton {(- +
a(1)), thatis
Laz:=Az+ 120 (- + a(t)*z.

In [23], it was shown that %, generates a Cy-semigroup on L[%(R), and the spectrum of %, i.e., the lineariza-
tion around {, was analyzed. We summarize the findings in Figure 4.1.

In particular, we see that 0 is an eigenvalue of .%4. Indeed, by differentiating (4.2), we obtain

AL f12i)0PE = )%

which shows that % is an eigenvector of £, with eigenvalue 0. This allows us to define a Riesz projection in
L?(R) onto the corresponding eigenspace as

M:= f AI- L)~ tdA,
2mi

where I is a simple contour enclosing only the eigenvalue 0, and I is the identity on L?(R). We furthermore
define a translation operator 9, on I2(R) for a € R as

Taez=2z(-+a), ze€ Lz([R).
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Im(z)
A
I// .\\\
T o—0 > Re(z)

Figure 4.1: Spectrum of linearization of the PFNLS equation about the soliton. Four eigenvalues are an O(e) distance removed from the
origin. Two eigenvalues lie O(¢?) close to the points —¢y + iv on the line ReA = —ey. The spectrum is symmetric with respect to the
reflection across the line Re A = —¢y. This figure is adapted from [23, Figure 2]

and set
M,:=T,019_, acR.

With these definitions in place, we can formulate the approach to define a position correction process a(t)
that tracks the position of the soliton as it is perturbed by the noise. Ideally, the difference between the solu-
tion and the translated soliton should be minimal. We formulate this as

a(t) € argmin ;e [MalZg (2,)]1 2.

A unique minimizer to this problem is, however, not ensured. Instead, we define approximations a’(¢) via a
random ODE, using the partial derivative of the norm that should be minimized w.r.t. the translation param-
eter. To this end, we compute the derivative of [|I1,[Zy(z,-)] IIi2 as

X

Oallalz(t,) = {(+ a)ll}; = 04 [2(t, — @) = (117,
=2Re(Il[2(t,- —a) = (], 1104 [2(t,- — a) = (1) 12

da¢

= —2Re(Il[z(t,- — @) = {1, 11[0x(2(t,- — @) = D) —2Re<H[Z(t,'—a) -0

>L§C
— 2 d¢
=~ [ uiiz(t, — -0 o de—2Re Mzt @ =21, )
= —2Re (M[2(t,- - @) =], %>L2 :

We then define the approximations a” (¢) for m > 1 via the following random ODE.

a" (1) = mRe (Mo [Zam)(1,9)], § 0+ a™ (1)) (4.6)

12’
with @”(0) = 0, and thus @™ (0) = mRe (11 (%], §5 )

X
motivated by the gradient descent method for finding local minima, and we expect that the translated soliton
remains closer to the solution as m increases.

. The definition of a™(¢) via the random ODE (4.6) is
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4.3. Leading-order dynamics

With the aim of studying the leading-order dynamics of the position correction defined in (4.6), we compute
the differential of a™ (). Starting from

@™ (1) = mRe (Mo [Zanen (1], 50 +a™ ) ,

= mRe (T Zan( (£, —a'"(r))],dx>L2,
we take the differential

da™ (1) = mRe<H[dzamm(t —am(t))],dx>
—am(t)mRe< [0xZam(n (2,- —a’"(t))],a> dr
=mRe (Mancy [dZancn (1,)], o+ a’"(t))}
- c'zm(t)mRe<Ham(t) [dxzam(t)(t,-)],a(-+am(t))>L2 dr

X

and we substitute (4.5), yielding

da™ (1) =mRe<Ha”‘(t) [(LamyZam v (t,) = $ FoZamn (t,) = Fol (- + @™ (£) + Ran(y Zam( (1,)], S+ a (t))> 2
+ mRe(Tgn(s) [Zanen (6,1 AW (£,)], §5 (¢ + a’"(r))>

+mRe(Tn(y [+ a™(0)AW(1,9)], 6+ a’”(t))>

—a"ymRe (T [ 56+ @™ (1)

e a’”m)>
—a" @ymRe (M [0xZanin(t,)], G +a™ @), d
Note that the fourth inner product can be computed as

d¢ -
<Hamm ’E>L§ =

and we denote this constant by c. The term containing the hnearlzation ZLam(p can also be simplified. To this
end, we write

d¢ |

aLi’

d¢

dx

Leramw)], e +a”’(t))> =(n

<Hamm [LamoyZamn(t,9)], Fe(+a™ (t))> <$OH[Z“'"(”(I G (t))]’dX>LZ’

and use that IT projects onto the span of & d—, so that we have

11 [Zamo (8, = " ()] = (T Zanco (6= @™ 0], ), 6
which gives

<Hamu) [gam(t)Zum(t)(t )] y dx( + am(t))> = <:£0 <H ['Zam(t)(t —a (t))] 4 dx>L2 g){c’ g§> 2

x

<H[Za'"<t)(f —a (f))]’a> <5€Og§c gi> =0.

For the last equality we have used that % is an eigenvector with eigenvalue 0 of £;. The expression for the
differential of @ () now simplifies to

da™ (1) =mRe<Hamm [(~3 FoZam (t,) = L Fol (- + @™ () + Ram(p Zam(n (1,))], (- + a (r))) de
+mRe<Ham([) [Zam([)(l‘,-)dW(t,')],dx( +a (f))>

+mRe<Hamm [CC+a™@)dwir, )], L. +a’"(t))>

—am(t)m(c+Re<namm [0xZamn(1,9)], g5 +amm)> ) L
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To gain a better understanding of the dynamics of the position correction, it is interesting to consider a sim-
plification of the previous equation. In case the noise term is small, we expect that the soliton is not perturbed
much, and we expect Z and a’(¢) to be small. We therefore consider the following equation, describing only
the leading-order dynamics

daf'( =—mRe(T[}Fa¢], § ), di+mRe(MICAW (1, )], § ) , —cmag' (), 4.7)
with a(’)” (0) =0, and thus am(O) mRe <H [Zo], gi> . This linear SDE is solved by the mild solution formula,
yielding

ag' (1) = g (e ™" - %(1 e M+ mf “emtDRe (TI¢dW ()], dx>
where

a= Re<H[2F¢(],dx>

Upon integrating, and using that a"(0) = 0, we obtain the following equation for the leading-order position
correction a{)” (1)

a0 +alc t t pt' .
“(T(t)=o—(l—e‘“mr)—%+mf f ememr—t )Re<H[(dW(t”,.)],%>dt’
o Jo

cm

We now use that
t t 1o d(
N ——
— t”
f / e—cmt dt’”Re <H [(dW(t”; )] » dx

f (1-e —cm(t—t' ))Re< [[dW(f", )]’dx>

and we conclude, using a"(0) = mRe <H [Zo], %>, that

1 a
ag'(t) = (—Re(n (2], §5 ) + 2—) (1—e ") - f (1= e M=) Re (M[¢dW ('], 55
c c‘m
Upon taking the limit m — oo, corresponding to an immediate position correction, we find
1
o) = —Re<n[~ LE)- Re<H[2F¢(],dx> r4— / Re(TI[¢dW(r,)], 55 ).
This shows that, in leading-order, and in the limit of immediate correction, the position correction consists

of a primary part due to the initial difference with the soliton. The position furthermore shifts constantly in
the direction of the It6 drift term — %Fq) and experiences stochastic fluctuations.
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4.4. Outlook

So far we have been rather imprecise regarding for example the meaning of the ‘reduced’ equation, and the
conclusions that we can draw from the computations in the previous sections. In future research, it would be
interesting to formalize the previous computations into rigorous results. For instance, one question would
be whether the RODE definition of the position correction, Equation (4.6), effectively tracks the position of
the perturbed soliton. A way to do so would be to prove a second moment estimate on the difference Z,m
between the solution and the translated soliton. This could also provide an answer to the question of whether
the soliton is (exponentially) stable under the influence of stochastic perturbations. Indeed, an estimate
controlling the second moment of Z,= ;) could be interpreted as a generalization of Theorem 4.1.1 to the
stochastic setting.

If successful, such a result would, like [15], set another example of a deterministic stability theorem that is
lifted to the stochastic setting. It seems also that the approach to the calculations set out in the previous sec-
tions is not specific to the equation that is studied. As can be seen in Section 4.3, the computations deal with
properties of the soliton and linearized operator that fall into a more general framework of traveling waves
in nonlinear equations. It could be interesting to study the stability of (standing) waves or other patterns in
stochastic equations in such a more general framework.






Conclusions

In this thesis, the following variation on the nonlinear Schrodinger equation with multiplicative noise was
analyzed:

dz = (iAz- ivz—e(yz—p@)dt+4i|z|2zdt— i(zodW) forxeRand teR".

This parametrically-forced NLS equation includes linear loss in the modeling of pulse propagation through
optical fibers, which is compensated via phase-sensitive amplification. In systems of fiber-optic communi-
cation, this phase-sensitive amplification serves to prevent signal loss in long-distance communication. The
multiplicative noise models random perturbation of the electric field in the optical fiber.

It was shown in this thesis that the stochastic PFNLS equation admits global unique mild solutions for initial
datain L?(R) and H'!(R) that take values in the spaces

L™ (@;C(10, T L*®R) N L™ (0, T; LP (R))),

and
L' (Q;C(0, T, H'®) N L7 (0, T; WHP (R))),

for initial data in L?(R) and H' (R) respectively. The constants r and p are suitably chosen depending on the
regularity of the noise.

The proof of the existence and uniqueness results forms a combined exposition of works on the nonlinear
Schrédinger equation with multiplicative noise by de Bouard and Debussche [3, 4]. Minor adaptations were
required to fit the arguments to the parametrically-forced setting. The proofs are detailed, and we thus afford
a more accessible presentation of the works by de Bouard and Debussche. In particular, we demonstrate
the technical details behind a regularization procedure used to justify an application of Ité’s formula to mild
solutions of the stochastic PFNLS equation.

The proof of the existence and uniqueness results is based on a fixed-point argument, for which control of the
convolution with the semigroup associated with the linear parametrically-forced Schrodinger equation is es-
sential. In particular, the fixed-point argument uses space-time estimates on the semigroup, called Strichartz
estimates, which hold for equations that satisfy a suitable dispersive estimate. These dispersive properties
of the semigroup, which we proved via its Fourier representation, constitute the main contribution of this
thesis.

The existence and uniqueness results hold under the assumption that the noise is suitably regular. For appli-
cations, it would be interesting to investigate if this regularity assumption could be relaxed. It seems, how-
ever, that this would require a different proof strategy than the fixed-point argument employed in this thesis.
Another question that is natural to ask is whether the results for initial data in L?(R) and H'(R) can be inter-
polated to obtain existence and uniqueness for initial data in the interpolation space H*(R), with s € (0, 1).
Further investigation might also consider initial data in the higher-order spaces H*® (R), fors =2,3,4,....

In the final part of this thesis, we discussed the stability of solitary standing wave solutions of the PFNLS
equation under the influence of multiplicative noise. We considered an approach to track the displacement
of a soliton affected by stochastic forcing. A more formal treatment of the problem is required to turn the
presented informal computations into rigorous results. In particular, it would be interesting to obtain an
estimate demonstrating the validity of the position correction. Future research might also explore whether
stochastic perturbation of patterns in nonlinear equations can be analyzed in a more general framework.

73






(1]

(2]

(3]

(4]

(5]

(6]
(7]

(8]

(9]

(10]

(11]

(12]

(13]

(14]

(15]

(16]

(17]

(18]
(19]
(20]

(21]

(22]

Bibliography

Ole Bang et al. “Temperature effects in a nonlinear model of monolayer Scheibe aggregates”. In: Physi-
cal Review E 49.5 (1994), p. 4627.

Joran Bergh and Jorgen Lofstrom. Interpolation spaces: an introduction. Vol. 223. Springer Science &
Business Media, 2012.

Anne de Bouard and Arnaud Debussche. “A Stochastic Nonlinear Schrodinger Equation with Multi-
plicative Noise”. In: Communications in mathematical physics 205.1 (1999), pp. 161-181.

Anne de Bouard and Arnaud Debussche. “The stochastic nonlinear Schrédinger equation in H'”. In:
Stochastic Analysis and Applications 21.1 (2003), pp. 97-126.

Jean Bourgain. “Some remarks on Banach spaces in which martingale difference sequences are uncon-
ditional”. In: Arkiv fér Matematik 21.1 (1983), pp. 163-168.

Robert Boyd. Nonlinear optics. Academic press, 2020.

Zdzislaw Brzezniak, Fabian Hornung, and Lutz Weis. Uniqueness of martingale solutions for the stochas-
tic nonlinear Schrodinger equation on 3d compact manifolds. 2018. arXiv: 1808.10619 [math.AP].

Zdzistaw Brzezniak, Fabian Hornung, and Lutz Weis. “Martingale solutions for the stochastic nonlin-
ear Schrodinger equation in the energy space”. In: Probability Theory and Related Fields 174.3 (2019),
pp. 1273-1338.

Zdzislaw BrzeZniak et al. “It6’s formula in UMD Banach spaces and regularity of solutions of the Zakai
equation”. In: Journal of Differential Equations 245.1 (2008), pp. 30-58.

Donald Burkholder. “A geometric condition that implies the existence of certain singular integrals of
Banach-space-valued functions”. In: Conference on harmonic analysis in honor of Antoni Zygmund.
Vol. 1. 1983, pp. 270-286.

Thierry Cazenave. An introduction to nonlinear Schrodinger equations. 22. Universidade federal do Rio
de Janeiro, Centro de ciéncias matematicaseda..., 1989.

Thierry Cazenave and Fred Weissler. “The Cauchy problem for the nonlinear Schrédinger equation in
H. In: Manuscripta Mathematica 61.4 (1988), pp. 477-494.

Bahattin Cengiz. “On the duals of Lebesgue-Bochner L” spaces”. In: Proceedings of the American Math-
ematical Society 114.4 (1992), pp. 923-926.

Giuseppe Da Prato and Jerzy Zabczyk. Stochastic equations in infinite dimensions. Vol. 44. Encyclopedia
of Mathematics and its Applications. Cambridge University Press, Cambridge, 1992.

Katharina Eichinger, Manuel Gnann, and Christian Kuehn. Multiscale analysis for traveling-pulse solu-
tions to the stochastic FitzHugh-Nagumo equations. 2020. arXiv: 2002.07234 [math.AP].

Jean Ginibre and Giorgio Velo. “On a class of nonlinear Schrédinger equations. I. The Cauchy problem,
general case”. In: Journal of Functional Analysis 32.1 (1979), pp. 1-32.

Christopher Goedde, William Kath, and Prem Kumar. “Periodic amplification and conjugation of opti-
cal solitons”. In: Optics letters 20.12 (1995), pp. 1365-1367.

Loukas Grafakos. Classical Fourier analysis. Vol. 249. Springer, 2008.
Loukas Grafakos. Modern fourier analysis. Vol. 250. Springer, 2009.

Fabian Hornung. “The nonlinear stochastic Schrédinger equation via stochastic Strichartz estimates”.
In: Journal of Evolution Equations 18.3 (2018), pp. 1085-1114.

Tuomas Hytonen et al. Analysis in Banach spaces: Volume I: Martingales and Littlewood-Paley Theory.
Vol. 12. Springer, 2016.

Tuomas Hytonen et al. Analysis in Banach Spaces: Volume II: Probabilistic Methods and Operator The-
ory. Vol. 67. Springer, 2018.

75


https://arxiv.org/abs/1808.10619
https://arxiv.org/abs/2002.07234

76

Bibliography

(23]

(24]

(25]

(26]
(27]
(28]

(29]

(30]

(31]
(32]

(33]

(34]

[35]

(36]

Todd Kapitula and Bjorn Sandstede. “Stability of bright solitary-wave solutions to perturbed nonlinear
Schrédinger equations”. In: Physica D: Nonlinear Phenomena 124.1-3 (1998), pp. 58-103.

William Kath et al. “Long-term storage of a soliton bit stream using phase-sensitive amplification: ef-
fects of soliton-soliton interactions and quantum noise”. In: Optics communications 157.1-6 (1998),
pp. 310-326.

Nathan Kutz et al. “Pulse propagation in nonlinear optical fiber lines that employ phase-sensitive para-
metric amplifiers”. In: Journal of the Optical Society of America B11.10 (1994), pp. 2112-2123.

Wei Liu and Michael Réckner. Stochastic partial differential equations: an introduction. Springer, 2015.
Jan van Neerven. “Stochastic evolution equations”. In: ISEM lecture notes (2008).

Jan van Neerven, Mark Veraar, Lutz Weis, et al. “Stochastic integration in UMD Banach spaces”. In:
Annals of probability 35.4 (2007), pp. 1438-1478.

Amnon Pazy. Semigroups of linear operators and applications to partial differential equations. Vol. 44.
Springer Science & Business Media, 2012.

John Senior and Yousif Jamro. Optical fiber communications: principles and practice. Pearson Educa-
tion, 2009.

Elias Stein and Rami Shakarchi. Functional analysis. Princeton University Press, 2011.

Robert Strichartz et al. “Restrictions of Fourier transforms to quadratic surfaces and decay of solutions
of wave equations”. In: Duke Mathematical Journal 44.3 (1977), pp. 705-714.

Catherine Sulem and Pierre-Louis Sulem. The nonlinear Schrodinger equation: self-focusing and wave
collapse. Vol. 139. Springer Science & Business Media, 2007.

Olof Thorin. “Convexity Theorems: Generalizing Those of M. Riesz and Hadamard; with Some Appli-
cations”. PhD thesis. Almquist & Wiksell, 1948.

Yoshio Tsutsumi. “L?-solutions for nonlinear Schrédinger equations and nonlinear groups”. In: Funk-
cialaj Ekvacioj. Serio Internacia 30.1 (1987), pp. 115-125.

Steve Yao. “Polarization in fiber systems: Squeezing out more bandwidth”. In: The Photonics Handbook
(2003), p. 1.



Technical lemmas

Lemma A.0,1
Ifage (0 i) andag ; € (62+V)I—L (E2+v)t|, then
¢ =W @ 3 2@+ /I-a; ’
2,2 i
_1) e pfr sinlagy) .
1. |&F {—Z(EZH/) —m} stCltl,
2,,2.2 inc
-1 ) epsts  sinc(ag,,) < (72
2. | { T Ty _l_a{}m_cr,
_ 2242 sinc (a¢ ;)
3. |F 1{”” T } < C|t|+Ct2.
2 \/1*(1,: L;o

2,2 22
Proof. Notethat0<a5<%<1,s0that\/1—%<‘/1—a§<1.

1.
e e?u?|t| sin(ag,;) _ Pl sin(ag,;) < Cl sin(ag,;)
282+v) /T-ag 10 2 &+v)/1-as L§°_ &2+v)y/1-as i
1 1
< Clt| T —— < Clt] —— < Cltl.
€*+v)y/1-ae ! @ +v)y/1- £ p
¢
2.
e e2u?r?  sind(ag,) et || sinc(ag,)
2 (&2+v)/1-a¢ 10 2 & +v)y/1-as¢ 1
s !/
SCtz M SCtz ;
&2+v)y/1-ae i &2+v)y/1-ae i
2 1 2 1
@ +VV1-=5 |, E+wy/1-== )
<Ct.
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3.
Z-1 ,u 2 ¢2 sinc’ (a¢,¢) el | | sinc’(ag,;) o sinc’(a, ;)
2 V1-ae 1 2 VI1-ag L?co_ Vi-ac Lé
|sinc’ (a¢ 4)|
_c2 | B2 dé.
\/1— o
To control the |sinc’ (a¢ ;)| term, we will use that |sinc/(x)| < |27| But to avoid problems around a¢ ; = 0,
we split the integral into two parts and use that |sinc’(x)| < 1 around x = 0. Note that as |¢| tends to
infinity, the lower bound on a; ; tends to infinity as well. In particular, there exists a constant M > 0,
independent of t so that a; ; = || if || > M. Additionally, we choose M large enough so that (&2 +
22
1-S>5 ( €2+ 7, which we need later on. We then split up the integral as follows
212 sinc’(a¢ ;) M |sinc/(a¢ ;) sinc/(a¢ ;)
g1k —“ _=cr f | “'dg+c;:2f Isinci@g ol 4
2 1— 1-ar R\-MM /1-ag
1 1
sth —df+Ct2f — &
-M /1-a¢ R\[-M,M] Q¢ /1 —a¢
M 1
<Cr f —d¢
-M /- e2p?
VZ
l
+C|t|
R\[-M,M] (£2 _ /—
=+ 2(52+v),/1 —a; S e VT e
1
<CH+Clt| ¢
R\[-M,M] (&2 +v)\/ﬁ 2(€2+V)
1
<Cr?+Clt| = dé<Clrl+Cr?. O
R\[-M,M] (£2 _ew e
(f +V) 1 VZ 2(:2_'_1,)
Lemma A.0.2

Let {S(1)} >0 be the semigroup associated to the forced Schrodinger equation. Then:
—(il_1 ’
|S*(L‘1)S(t2)Z()|L¥ <Clta— 1l (2 V)|Zo|Lpr, forall Z0 € LP and t, >0,

and

—(i_1 ’
IS(t)S" (1) 2012 < Clia = 011”2 Plz0] y, forallzg€ LV and 1, 1, >0,
X X

Proof. Using Parseval’s theorem and the Fourier representation of the semigroup of Theorem 2.1.1 we can
write for f,g € L2([R)

wmﬁ@@=<m@

Amﬂ[$@> :<ﬁ g

IGIMEAG) G

> =(f,S(07 )2,
L

which shows that the adjoint S*(¢) acts as the matrix (e/4€))7 in the Fourier space. Therefore, $*(11)S(f)

and S(1,)S* (f2) act in the Fourier space as (e14©) 7 ¢24©) and e14©) (¢224@)T regpectively. One can verify by
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direct computation that

eey(nm)(enA(E))TergA(E) =cos(¢p(&)(tz — 17)) (1) (1)] (A.1)
2 . 0 1
+ (2 — 1) (" +v) sinc(¢p(&) (2 — 1)) [_1 0] (A.2)
. 1 0
+eu(ty + 12) sinc(@p(&) (1 + 12)) [0 _1] (A.3)
(€2 +v)(cos(P (&) (12 — 1)) — cos(Pp(é) (11 + 12))) [0 1]
+eu E V72— 1 0 (A4)
5 2 €0s(P(&) (12 — 11)) —cos(p(&) (11 + 12)) 1 0]
+eu (€2 +v)2 —e2p? o 1| (A.5)
And
ee?’(l‘1+f2)etl;‘(5)(efzﬁ(f))T — COS((p(f)(tg -1)) (1) ?]

. 0 -1
+ (= 1) (E + V) sinc(P (&) (2 — 1)) [1 0 ]

1 O
+ep(ty + £2) sinc(@(&) ( + 12)) [0 _1]

—eu (&% +v)(cos(¢p(&) (22 = 11)) — cos(p (&) (11 + 1)) [0 1]

(€2 +v)2 —e2pu? 1 0
2 cos(p(&) (2 — 11)) —cos(p()(t1+ 1)) [1 0
H (52+V)2—€2/JZ o 1!

We prove the estimate for S*(#;)S(£,), the other is then analogous. The matrix entries in (A.1), (A.2) and (A.3)
are also found in e’4©), only with ¢ replaced by t, — t; or t; + t,. The entries of the remaining matrices in (A.4)
and (A.5) are both in Lé N L?O. By applying Lemma 2.3.1 to these terms, we obtain the following L*°-estimate

Lg_l{((et‘A(E))T€[2A(f))ij}|L;° <Ce "D/t —nl+ 1+ - nl+|—nl +l0+ 6,
with i, j € {1,2}. We treat the powers of | £, — ;| first, and distinguish three cases. First assume that [f, — ;| < 1,
then
eVt 1/l —tl+1+ 16— tl+16 -6l <4/ - tl.
If t,— 1 > 1, then
eV (1 /1ty — 1] +1+1t2 — 11| + |t — 11]%) < e 2V e~V =My g, — 1112 < 4™V 27D |1y — 12,
which we can bound by C/+/[t; — 1], upon choosing C large enough. Similarly, when #; — f, > 1:
eV (1l — 1]+ 1+t -t + |t — 1)) < e 2V 2™V~ RIy gy — 1112 < 47V 10|, — gy 2
which again is bounded by C/+/[f; — £;]. We apply the same reasoning to the remaining term
e YD 4 12 < C1V/f + ol
Since t1,t, =0, we have |; + 2| = t; + t» = | > — 11| and it follows that
ety 4 2 < C1V 16 - 11l
so that we finally obtain the L*°-estimate
11 {(e" AT 2AD) o < CIV 12— ).

We can apply the same reasoning as in the proof of Proposition 2.3.3 to show that the operator norm of
S*(11)S(ty) on L2 is uniformly bounded w.r.t. #; and #. The desired L”-estimate then follows by interpo-
lation, as in the proof of Theorem 2.3.4. O
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Proofof Lemma 1.2.15.
1. Lete > 0. We start by writing

(T =eM) ' 1 psop = 1T =€) f1 L kp +10x(T= €M) fl ey +105(T=€D) 7 fI i,

and we treat the terms via their associated multiplier symbol. These are

1
my (&) = Teg‘z'
¢
my($) := TTei?
and
_ ¢
m3($) := TTei?’

for (I—-eA)™!, 8, (I—€eA)~ and 02 (I —eA) ™! respectively. The symbols m (§) and m; (¢) are both smooth
and uniformly bounded in ¢. Their derivatives are

dmy ¢

_é,(f) (1+€€2)2)

dmp . 1-e&®

dé (6)'_l(1+e£2)2'
and

dms ¢

_5(6) (1+662)2’

from which it follows that the functions & — | <& dml @), &= 1812 dmz (&) and & — |€] dg:? (¢) are also smooth
and uniformly bounded in ¢. It then follows from the Mikhlin multlpller theorem (Theorem 1.2.14) that
my, mp and m3 are LP multipliers. As a consequence, the multipliers T,,, T, and T, are bounded on

Wf'p (Remark 1.2.10) and we find
T =e8) 7 f ez = Cepl fl, s
as desired.

2. In the previous part of the proof it was shown that (I —eA)~! is an L” multiplier. We now show that its
operator norm is uniformly bounded in €. To this end, we note that

1 <1
1+eé2 ™7

and

[mi () =

2

52)2

Ifl‘d (rf)'

Hence, both the symbol and [¢| ‘ dmy (E)’ are uniformly bounded in €. It then follows from the Mikhlin

multiplier theorem that operator norm of (I —eA)~! is uniformly bounded in e.

3. We show that (I —eA)~! —I) f — 0 in LP, the result then follows by considering the derivatives of f up
to order k. Let therefore § > 0. By density of the Schwartz space in L”, we can choose ¢ € . (R) with
|f —lp <512, and we can write

(=N =Dflp <I((T-ed) =D(f =Pl + (T -€ed) ™ =Dl
<Cplf =Pl + (I—€eA)~! - D@l <612+ I(I—en)! - Dlyp.

In order to deal with the second term, we write (I —eA) ™' — I = 9 o1 lfi = F¢, and find

1 , 2
g0 = (U-eN) " = NP)(x) = — f e de,
27 JR €
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with ¢ € & (R). We now estimate

- -1 652 ~
gl = [ lgeCorrdx= [ lgeCol gl d < lgel |g€|L}1Cs‘1+€£2¢(5)‘u|ge|@.

We can dominate the expression in the Lé-norm above as

= Ezsb(f)' 1B,

for all e > 0 and ¢ € R. We also have point-wise convergence

- EZ(P(&)‘

as e | 0 for all ¢ € R. Furthermore, ¢ € L' (R), since . (R) < LP(R) for all p = 1. Therefore, the dominating
function & — |(¢)] is integrable and we conclude by the dominated convergence theorem that

T+ 52¢(€)' —0 as €]0. (A.6)

To estimate the remaining factor |g¢|;1, we rewrite g as
X

R f eg? 1o 4 i
g =5 [ e S mp@ar= o [ R oh0 50— e
and integrate by parts, which gives
1 ixf d 52
g = f1+x2(d£_l) = 52¢(E))d6

Note that there is no boundary term, since ¢ € . (R). We proceed by writing

|ge|L}:f %L%(%— 5 6525290(5))&5 dx
e e (G (o) e
“5 e R(ir [
-3 (G ) (o)
< lf;z(¢(€)——(€))‘d€+ 52)2¢(€)‘df

It follows from (A.6) and the fact that (/) 5 € Z(R) that the first integral in the remaining expression
converges to 0 as € | 0. The same follows for the second integral via the same reasoning and the bound

' T 52)2¢>(5)’ G-

We conclude that |ge|,» = [((I - eN)1 - Dl;» — 0ase | 0. We then choose € small enough so that
(I —er)™" = Dplp <612,

and we find that
(I —ed)™ =D flp <8.

Since 6 was arbitrary, the result follows. O






Fourier transforms

Lemma B.0.1
For t =0, we have

F Yeos(E2+v) D)} (x) = 1 (cos(xX? /4t +vi) +sin(x? /4t + vi))
2Vt

Proof.
1 2 i@ i@
FHeos((E“+v)DH(x)=F Ee +§e (%)
= 13:*1 {e—Ziﬁrfei(f+m2r} ) + lg—l {ezmr&e—i(aﬁ)%} x)
2 2
1 ; 1 for
g {el(“ﬁ)zf} (x—2vvD) + - F! {e"‘“ﬁ’z‘} (x+2VV1)
2 2
1 _; : 1 _; :
= Ee"ﬁxg_l {e’fzt} (x—2vVvt) + Ee_’ﬁx,?_l {e"ézt} (x+2vVvE)
_ le—iﬂx(l + i)ie—i(x—zﬁt)z/qu le—iﬁx(l 3 i)iei(x+2ﬂt)2/4t
2 NG 2 2 2°Vi
_ L(l+£)e—i(x2/4r+w)+i(l_i)ei(x2/4t+vr)
Vid o4 Vi4 4
1
= —(cos(x2/4t+vt)+sin(x2/4t+vt)) O
NG
t
Lemma B.0.2

For t =0, we have

Fsin((E% +v) D} (x) = 1 (cos(x?/4t+vi) —sin(x% /4t +vi))

2Vt
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Proof.

FVsin(@ +v)0) (x) = g—l{%ei(&ﬂdt_ %e—i(fuv)t} )

! i i 1 . .
= 59*1 {e*Zzﬁts‘ez(@rﬁ)Z;} (x) — 5971 {ez’ﬁtfe*l(ﬂﬁ)zt} )

1 . 1 .
- _g! {e’“*\mzf} (x—2vvt) - —F! {e*“‘f*\m“} (x+2vv1)
21 21
1 . . 1 . .
- e iVirg-l {e’fzt} (x—2VVE) — —e IVVEgl {e“‘fzf} (x+2vv1)
21 21
_ i.e—iﬁx(l . i)ie—i(x—zﬁt)z/u_l‘e—iﬁx(l_i)iei(x+2ﬁt)2/4t
2i 2" 2Vt 2i 2 2 Vi
:i(l_i)e—i(x2/4t+vt)+i(l+i)ei(x2/4t+vt)
Jid 4 Jid 4
1
= —(cos(x2/4t+vt)—sin(x2/4t+vt)) O
2Vt



Co-group, 6

Cop-semigroup, 6

H-cylindrical Brownian motion, 15
H-isonormal process, 15
y-radonifying operator, 14

Admissible pair, 31
Burkholder-Davis-Gundy inequality, 16
conjugate exponent, 30

evolution equation, 5

finite-rank adapted step process, 15
Fourier multipliers, 10

Fourier solution, 20

Fourier transform, 9

Gaussian process, 15
Gaussian random variable, 14
generator (infinitesimal), 6

Hardy-Littlewood-Sobolev inequality, 11
Hausdorff-Young theorem, 10
Hilbert-Schmidt operator, 14
Hille-Yosida Theorem, 6
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