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Abstract

In this project, a data-driven modelling algorithm for learning new dynamical models from
experimental magnetoencephalography (MEG) data is introduced. This algorithm provides
a contrast to existing hypothesis-driven modelling techniques in neuronal dynamics, and is
useful for generating new insights from data when hypotheses for the neural mechanisms
underlying a process are not readily available. The algorithm utilises universal differential
equations (UDEs), combining white-box modelling with machine learning techniques. The
algorithm is applied to a single-subject human MEG dataset to produce an oscillator net-
work model. The model captures the frequency-domain behaviour of and interaction between
several brain regions of interest during completion of a working memory (WM) task. The
machine learning techniques are used to identify the role of attention mechanisms in these
interaction dynamics, providing neuroscientists with data-driven insights into the brain dy-
namics underlying the attention-WM interplay.
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Chapter 1

Introduction

Both working memory (WM) and attention are fundamental concepts in human cognition
that are essential for the completion of everyday tasks, with attention key in prioritising the
processing of the wealth of sensory input that humans receive and WM linking the sensory
input with past experiences. Dynamical modelling of interactions between neuronal popu-
lations has been instrumental in building understanding of both processes, as these models
describe potential neural mechanisms which produce the behaviours and neural recordings
that neuroscientists observe.

Techniques for large-scale modelling of neuronal population interactions vary tremendously
and models are often constructed in a hypothesis-driven manner to represent known neuronal
processes [17]. With advancements in neuroimaging techniques producing larger datasets,
data-driven methods have the opportunity to bring new insights into the neuroscience domain.
This project aims to design a data-driven modelling algorithm to investigate the interplay
between attention and WM processes.

In this chapter, background concepts and studies related to attention and WM are presented,
culminating in the formulation of the project goals. In Section 1-1, motivation for data-
driven modelling of attention and WM is presented. In Section 1-2, relevant background
knowledge from the neuroscience domain is summarised. In Section 1-3, related work in
neuronal dynamics is introduced. In Section 1-4, the project goals are described, and an
outline for the remaining chapters is provided in Section 1-5.

1-1 Motivation

Fundamental understanding of WM and attention is an important step to understanding
general human cognition and behaviours, especially the linking of low-level neuronal functions
with the complex emergent properties of the brain. Both concepts have seen decades of study
[39, 94], first through the lens of psychology and cognitive science, and more recently through
a biophysical lens in neuroscience and neuronal dynamics.
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2 Introduction

In a more practical perspective, the fundamental roles attention and WM play in cognition
mean that improved understanding of their mechanisms can contribute to the understanding
of several neurological disorders. Studies have shown that individuals with major depressive
disorder tend to have reduced visual WM capabilities, and that those with bipolar disorder
have reduced verbal WM [21]. Both WM and attention networks are compromised in indi-
viduals diagnosed with attention deficit hyperactivity disorder (ADHD) [21, 94], and it has
been found that focused training of WM can improve symptoms associated with ADHD [94].
Although biophysical understanding of these disorders is growing, clinical diagnosis often still
occurs based on patient behaviours or expert analysis of neuroimaging data [101].

In the research domain, studies show that techniques from computational sciences and dynam-
ics have the potential to improve practices in the medical domain. The authors in [101] have
developed a computational toolset which successfully diagnoses ADHD and schizophrenia
based on neuroimaging data such as functional magnetic resonance imaging (fMRI), showing
how a direct data-driven approach can streamline the processing of highly complex data into
meaningful results. Hemodynamic models have also been used to improve the resolution of
transcranial doppler measurements, giving clinical experts a more complete basis on which
to base their diagnoses. Researchers have demonstrated how such a technique can improve
diagnosis of cerebral vasospasm [99].

Thus, a data-driven modelling approach to study attention and WM has both scientific and
medical value. Dynamic modelling allows these abstract concepts to be described in terms
of concrete neuronal activity, connecting the biophysical with the behavioural. Informing the
modelling through data has the potential for the emergence of new models and for character-
isation of differences between individuals. These models can inform experts in the medical
community, and some have already been shown to improve clinical diagnoses.

1-2 Background

This section outlines some preliminary knowledge from the neuroscience domain which informs
the methods introduced in subsequent chapters.

1-2-1 Magnetoencephalography (MEG)

This section describes the working principles of MEG, the mode of data collection for this
project. MEG records fluctuations in the magnetic field outside the head due to neuronal
activity in the brain. Capturing these magnetic fields requires sensitive equipment, as the
fields from the brain are generally less than 107'° T, as compared to Earth’s magnetic fields
at about 10~* T [102]. The bulk of this signal comes from excitatory cortical pyramidal cells,
which have long dendrites and are often oriented normal to the cortical surface. When they
fire in synchrony, the magnetic field resulting from the current flow is strong enough to be
recorded by magnetometers outside the head.

The small magnitude of the desired signals means that MEG data is subject to large distur-
bances, due to e.g. inherent noise, cardiac artifacts, subject body movements [55], and often
some manual pre-processing and filtering is necessary to isolate the desired signals [102]. The
FieldTrip MATLAB toolbox [88] is a popular toolbox for completing this preprocessing, as
well as for subsequent time-domain and spectral analysis.
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Figure 1-1: Neuronal origin of MEG signals [7]. (a) - A single pyramidal cell, with long apical
dendrite. The flow of current down the dendrite produces a magnetic field. (b) - A collection of
pyramidal cells. These are generally oriented in parallel with each other and normal to the cortical
surface, so that the magnetic fields from each cell are constructive and the resulting magnetic
field is large enough that it can be measured outside the head. It is estimated that 10,000-50,000
active cells are required to produce fields that are strong enough to detect with MEG.

1-2-2  Visual Attention and Working Memory in Neuroscience

This section outlines some key results and existing theories surrounding visual attention
and WM. Theories in cognitive science show a clear link between the two processes, with
attention directing WM processes to align with internally stored goals. In particular, this
project focuses on attentional protection of WM in the presence of distracting inputs, i.e.
mechanisms which maintain a target memory and prevent its replacement or corruption due
to other inputs. From a mechanistic perspective, modulation of oscillatory behaviours in
neuronal populations has been identified as key to both WM and attention processes, and so
is the primary focus of subsequent chapters.

Neuroimaging Results in Attention Studies

Attention has been a subject of interest in human studies for decades, with theories appearing
as early as the 1860s (see [94] for a timeline of attention-related studies). It is generally seen
as a mechanism through which the brain’s limited capacity for sensory processing is managed,
by allocating cognitive resources based on some rules. Visual attention relates exclusively to
the visual sensory modality, with attention allocated on the basis of spatial location or visual
feature. This project investigates covert, top-down visual attention, that is internally directed
visual attention without physical movement of the eyes.

Early studies of attention focused primarily on the firing rates of neurons as the mechanism
of attention. Neural recordings have demonstrated that attending to specific visual features
increases the firing rate of neuronal populations that are selective to those features [96, 82, 83].
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4 Introduction

These observations lead to the development of rate-based modulation theories of attention,
notably the biased-competition principle [95], which posits that signals from early visual cortex
compete for representation through overlapping receptive fields in higher visual cortex. In
this context, attention works by biasing the response of the higher-level populations towards
signals from lower neuronal populations that are selective for the attended feature.

More recent studies have identified modulation of oscillatory power, frequency and phase as
another key mechanism in visual attention [20]. Neuronal recordings in the visual cortex of
macaque monkeys have identified that increased gamma-band (35-90 Hz) synchronisation and
reduced low-frequency (<20 Hz) synchronisation can be seen in neuronal populations that are
selective to the attended feature [43, 44]. The increase in gamma-band synchronisation and
power received notable attention has been observed in other macaque visual cortex studies
[118, 13]. However, researchers have reviewed these results and confirmed with additional
human electroencephalography (EEG) studies that only certain visual stimuli result in reliable
narrowband gamma oscillations in the visual cortex, especially when considering natural
stimuli [56]. If the gamma oscillations are largely dependent on the type of visual stimulus,
then they are not likely to be key in more general functions such as visual attention, making
theories based on these gamma-band observations [42] controversial.

Recently, alpha rhythms have been linked with distractor suppression, with neural recordings
showing increased alpha power and synchronisation in human brain regions associated with
task-irrelevant stimuli [120, 16]. However, contradictory experimental results have made the
details of this mechanism unclear [53]. For example, whether alpha modulation occurs in
anticipation of or in response to a distractor stimulus is up for debate, with studies reporting
differing conclusions [120, 16].

Despite the contradictory results, there have been several theories put forward to describe
how alpha-band modulation could suppress the processing of certain neuronal population sig-
nals. Some researchers have suggested that synchronised alpha oscillations enhance already
existing differences in neuronal population excitability, further biasing the response of a net-
work towards the preferred population [69]. Others have tackled the role of alpha rhythms in
distractors more directly. In an extension to an existing theory on how gamma-band modula-
tion could impact neuronal population excitability, researchers have posited that the relatively
slow build up in excitation in the longer alpha period (compared to the short gamma period)
means that the overall excitability of the neuronal population does not reach the short peak
that can be seen in gamma [42].

Working Memory and Attention Interplay

In the cognitive science domain, many theories of WM include attention, often in the role
of a central executive which directs WM maintenance and storage depending on the current
goals [20, 77].

A multicomponent model in [6] includes attention as one of the primary mechanisms through
which a component termed the central executive influences the other components. This central
erecutive maintains the task-relevant contents of the episodic buffer via attentional refresh-
ing. The central executive also utilises perceptual selective attention to distinguish between
distractors and task relevant inputs to the modality specific workspaces (visuo-spatial sketch-
pad or phenomenological loop). Attention, then, works both as a filter for items into WM,
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1-2 Background 5

and as a mechanism to avoid forgetting previously stored items. In the embedded-processes
model [24], a concept termed the focus of attention denotes the subset of activated long-term
memory which is currently utilised in achieving some set goal. This focus can be shifted
by the central executive or due to the appearance of a salient stimulus input. Items which
are brought into activated long-term memory can decay over time, but are refreshed when
brought into the focus of attention, in a mechanism similar to the attentional refreshing of
the multicomponent model.

Although the specific components of the models differ, the roles of attention in them are
complementary, involved with sensory filtering and memory maintenance. In this project, the
maintenance role of attention, and how this is activated in the presence of distracting input,
is the focus.

Looking then at insight from neuroimaging studies, oscillatory modulation of neuronal ac-
tivity has also been observed during WM tasks. For example, researchers have shown that
alpha oscillation desynchronisation recorded using EEG in humans can predict recall accuracy
during a WM task [86]. Given the role of alpha synchronisation in distractor suppression,
this result also supports the role of attention in enhancing and protecting task-related WM
items, as is suggested some cognitive science WM theories [6]. In addition to alpha-band
activity, there is evidence that lower frequency beta and theta synchronisation is linked to
WM management [11, 33]. Increased activity and synchronisation in these frequencies are
present during the execution of WM tasks in the prefrontal cortex (PFC) regions that have
been linked with WM, while alpha modulation is most prominent in the sensory cortices.
These findings suggest that low frequency synchronisation could reflect top-down executive
control and high-frequency synchronisation the enhancement or suppression of sensory inputs
into WM storage.

1-2-3 Relevant Brain Regions

In this section, brain regions hypothesised to play a role in visual attention and WM are
presented. It should be noted that this discussion is not exhaustive, as the human brain
is incredibly complex and both processes likely involve the cooperation of many tens of re-
gions. Instead, this section focuses on key brain regions whose involvement is supported by
substantial literature.

Visual Attention

Because visual attention is closely related to the processing of visual sensory information, the
visual cortex is often studied and modelled in this context. A more comprehensive description
of the human visual cortex can be found in [112], with key points summarised here. The visual
cortex can be broken down into serial components, with primary visual cortex (V1) receiving
sensory input through the retina, optic nerve, and lateral geniculate nucleus (LGN). At this
level, different neuronal populations generally correspond to distinct receptive fields. At
higher levels of the visual cortex, pooling of the signals means that populations often have
overlapping receptive fields, but are instead selective for higher-order visual features, e.g. the
direction of motion of a stimulus.

Master of Science Thesis S.M. Ohkawa



6 Introduction

Determining the origin of top-down signalling to the visual cortex is more challenging, espe-
cially because the nature of this signalling is not well understood. However, there is evidence
that several regions of the PFC are activated early on in tasks which involve endogenous
or top-down attention [20, 36]. The frontal eye field (FEF) has been especially implicated,
with studies involving microstimulation of the FEF resulting in neuronal recordings similar to
those seen in attention studies [83], and simultaneous recordings of FEF and V4 supporting
the hypothesis that signals in FEF initialise and synchronise gamma oscillations in V4 [52].

The lateral intraparietal area (LIP), a part of the intraparietal suculus (IPS) in the posterior
parietal cortex, is also activated during allocation of visual attention [20]. Some researchers
hypothesise that it stores a saliency map for visual stimuli, informed both by bottom-up sen-
sory information and top-down goal-oriented signals [15]. Studies in monkeys have supported
a causal relationship between FEF and LIP, with salient stimuli leading first to LIP activity
and then FEF and visual search leading first to FEF and then LIP activity [40]. This suggests
that the FEF and LIP may be a serial part of a network which links the PFC to the visual
cortex in a mechanism for visual attention. A recent review [84] supports the theory that
the right and left FEF and IPS (including the LIP) correspond to the contralateral visual
fields, although some experimental results suggest that the right hemisphere responses are
more general and dominant [9].

Working Memory

There is evidence that the PFC is a source of top-down signals for WM processes, likely linked
to the central executive present in many of the conceptual theories of WM [39]. Early reviews
of neuroimaging data recorded during execution of WM tasks implicate the dorsolateral (DL)
and ventrolateral (VL) PFC as important parts of the WM network [89, 110]. A more recent
review [21] supports these findings, with additional evidence for the anterior cingulate cortex
involvement with the selection of task relevant stimulus input.

Although the importance of the DLPFC in the WM network is well supported [21], the details
of the lateralisation of this region are under contention. Studies have demonstrated through
transcranial direct current stimulation that activation of the right DLPFC increases WM
capacity in the presence of distractors [76], supporting a role for the right in both WM and
attention. There exists evidence that the left DLPFC is critical for WM tasks while the right
is involved with higher-order decision making, e.g. attention direction [8]. Some researchers
argue that the split is domain-specific [41, 114], i.e. verbal versus spatial memory. However,
some studies, using repetitive transcranial magnetic stimulation, have suggested that right
stimulation improves verbal WM and reduces spatial WM accuracy [41], while others have
produced evidence for the opposite [114]. These results highlight that, similar to the attention
network, the brain regions which are involved in the WM network remains an open question.

1-3 Related Work

This section summarises the existing body of literature surrounding dynamical modelling of
attention and WM. White-box models based on structural understanding of the brain form
a large proportion of these models. As neuroimaging data has become more widely available,
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1-3 Related Work 7

data-driven techniques have also been developed, with dynamic causal modelling (DCM)
remaining one of the most popular.

1-3-1 White-Box Models

Much of the early dynamical modelling work in neuronal dynamics consists of white-box
models. These models are typically constructed with the aim of replicating some behaviour
observed in neuroimaging studies and rely heavily on physical understanding of neurons and
organisation of neuronal populations to justify their structure. They have increased dramat-
ically in complexity as understanding of brain structures grows.

White-box neurodynamic models exist at several resolutions, from single-neurons to popula-
tions of tens of thousands of neurons to full cortical models. At the single-neuron level, spiking
models such as the Izhikevich [59, 60] and Hodgkin-Huxeley [57] are popular. Neuronal popu-
lation models sometimes include large collections of these individual spiking neurons [37] but
often make some simplifying assumptions to represent the collective activity directly. The
Wilson-Cowan [116] and Jansen-Rit [61] models are two examples of population convolution
models that have seen great success [85]. Models of attention tend to lie at the cortical
level, as neuroimaging studies suggest that the process involves interaction between different
populations within the visual cortex and with other distant brain regions (see Section 1-2-2).

One of the earliest mathematical models of attention, first proposed in [96], is based on
the biased-competition principle discussed in Section 1-2-2. This model and later extensions
[34, 35, 36, 37] describe interactions between excitatory and inhibitory neuron populations
in the visual cortex, with external inputs representing attention signals biasing competition
between excitatory populations that are selective for different features. See Figure 1-2 for a
schematic.
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Figure 1-2: [37]. Spiking biased competition model of the visual cortex. Excitatory populations
St respond selectively to different features, and have strong connections J; > K; to corresponding
populations in later visual cortex. Competition is implemented through shared inhibitory pools of
neurons.

New development of hypotheses for the neural mechanisms of attention have lead to a similar
growth in the diversity of attention models. For every hypothesis, a model is developed which
describes in further detail the biological processes which are hypothesised to play a role. For
example, three general areas which have seen quite some attention in recent literature are:

1. Macro-Structure. These models increase the detail of the cortical models from two pop-
ulations (one excitatory and one inhibitory) to many different populations. Generally
they are organised into layers, which include populations with different characteristics,
and columns, which include populations with similar stimulus selectivity. Some of the
models also expand to include interaction with brain regions outside the visual cortex.

2. Biological Neuron Type. These models increase the detail of the different neuron types
present in the brain, further than the typical excitatory versus inhibitory characterisa-
tion. Often focus is placed on the role of different inhibitory interneuron types.

3. Neuromodulator. These models increase the detail of the synaptic connections, whose
action is affected by the concentration of neuromodulators. They include separate
dynamics for these concentrations, or alter the structure of the models in ways that
reflect the presence or absence of some neuromodulators.

Figure 1-3 gives an overview of some of the extensions and associated publications.

Although these models describe existing hypotheses well and offer great insight into potential
mechanisms for behaviours observed in data, they are challenging to apply to data directly.
The level of complexity makes optimisation of parameters with these models challenging and
highly subject to initial guesses, which are difficult to justify biologically despite the biological

S.M. Ohkawa Master of Science Thesis



1-3 Related Work 9

Macro-Structure "\ Biological Neuron
Type
a,b,c,d e f g h,i
j k
I,m,n, o
p

Neuromodulator

Figure 1-3: Modern white-box attention models, organised by the biological focus of the model.
Macrostructure refers to cortical level structures, e.g. columns and layers. Biological neuron type
refers to the explicit modelling of different cell types more detailed than excitatory/inhibitory, e.g.
types of inhibitory interneurons. Neuromodulator refers to the modelling of neuromodulators in
synaptic connections, e.g. acetylcholine, dopamine. The alphabetic references are as follows: a -
[108], b - [109], c - [91], d - [12], e - [54], f - [19], g - [105], h - [72], i - [103], j - [71], k - [107],
[-]2], m-[3], n-[4], o-[62], p - [38]

motivation for the structure. Detailed data with respect to the different parts of the model
is also not widely available.

For example, consider the model in [4], which is built on the experimental and biological
support that neuromodulators, especially acetylcholine (ACh), play a role in the attentional
modulation of neuronal activity [5, 104]. This computational model investigates the interac-
tion between top-down attentional signals, visual stimuli and the basal forebrain (BF), where
ACh is produced. The schematic of the model is given in Figure 1-4, including a visual
stimulus pathway through the lateral geniculate nucleus (LGN) and the thalamic reticulate
nucleus (TRN) in addition to the typical microcircuit neural model. Simulations of this model
show that top-down attention signals can produce the rate-based modulation behaviours ob-
served in the visual cortex via ACh release.

Although these models can be related to data on a coarse level, it is difficult to justify the
detailed structure with data. Retrieving measurements from two different populations in
early visual cortex with different receptive fields often requires invasive techniques which
are not often applied to humans, and high-time-resolution measurements of neuromodulators
are likewise difficult to obtain. However, these models can be used to constrain or inform
data-driven modelling algorithms, which are introduced in the following sections.

Master of Science Thesis S.M. Ohkawa



10 Introduction

bl bl o)
toye ||| eye
1}( A 1] 1)” 7
L5 . LS .
L6 CI. L6 C’
Vo @ o e
{ 1
\.\) ,4_ _,, J .
T
s by &rdb &, d I
é é é é Retina

Figure 1-4: Cortical model used in [4] to investigate the role of ACh in a neural mechanism for
visual attention. The BF releases ACh when stimulated, leading to cholinergic stimulation of the
general visual cortex. Top down attention signals are also directed to certain layers in the visual
cortex and to the TRN, where ACh is released locally. Red circles are inhibitory populations,
green are excitatory.

1-3-2 Dynamic Causal Modelling

DCM is one of the most popular data-driven modelling techniques in neuroscience, with the
original paper [46] now with over 5,000 citations. Although proponents of DCM generally
frame it as a tool to test competing hypotheses about effective connectivity in the brain, it
is at its core a nonlinear system parameter estimation technique which leverages Bayesian
inference, which can be applied to a broad range of problems.

The goal in this framework is to determine a posterior distribution for the parameters 6 of a
model m based on observations y. Considering Bayes’ rule, this can be written as,

_ p(yl6.m)p(6]m) _
p(Bly,m) = PEETE R (1-1)

The likelihood p(y|6#, m) is given by the relationship between the system output and the model
with specified parameters, all of which are known. The priors p(f|m) are informed by expert
knowledge. However, the model evidence

plyim) = [ plyle, m)p(6im)do (1-2)

generally cannot be calculated analytically. Therefore, an approximate method is needed to
calculate both the model evidence and the posterior distribution. One such method, popular
in DCM, is Variational Laplace [119].
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1-3 Related Work 11

Although DCM was originally developed for modelling fMRI data, researchers have extended
the framework to MEG and EEG [30, 65]. The model structure relies heavily on previously
developed white-box models, demonstrating how they can contribute to data-driven mod-
elling. In this case, the observation equation is a forward source reconstruction model (see
Section 3-2), and the process equation is typically a neuronal mass model reflecting the cross-
membrane potential of a neuronal population. A neural mass model specifically for MEG
and EEG data based on the Jansen-Rit population model was developed in [29] and is the
standard model applied to DCM for MEG and EEG [30, 65]. Each brain region is modelled
as a cortical column with three different neuronal populations, each in a separate layer. A
schematic of one of these regions is shown in Figure 1-5.
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Te TE T{
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Figure 1-5: [65]. Multi-layer cortical model based on the Jansen-Rit neuronal population model
for the replication of MEG and EEG signals. Deep pyramidal cells are the primary source of
these signals and are driven through intrinsic connections with excitatory spiny stellate cells and
inhibitory populations and extrinsic connections to other cortical columns.

One of the key advantages of DCM is that, in addition to parameter fitting, the framework al-
lows for different models to be compared in terms of the approximate model evidence p(y|m).
This model evidence does not depend on the specific parameters, but rather gives the like-
lihood that the observed data was generated by the model m. The DCM framework, then,
can be used to compare how well different models explain data using an approximation of
model evidence and estimate the parameters of a given model based on data. In the neu-
roscience community, these tools are typically used to compare competing hypotheses with
respect to effective connectivity between brain regions, with different models representing
different hypotheses. In many DCM applications, the parameters are the weighting of direc-
tional synaptic connections between neuronal populations and the model structures differ in
the presence and absence of these connections.

Although the uptake of DCM has been large, it has not been without criticism. One of the
most compelling arguments (brought forth in [78, 28, 79]) highlights the technique’s heavy

Master of Science Thesis S.M. Ohkawa



12 Introduction

reliance on the initial choice of model set, which can be considered a type of implicit prior
on the Bayesian inference. Omne group has shown in particular that previously accepted
DCM results can be challenged if the considered model set is expanded, and that biologically
implausible models can in this case exhibit higher model evidence than the previously accepted
model [78]. The reply to this criticism [45] has acknowledged this reliance, conceding that
DCM methods implicitly assume that all considered models have the same prior plausibility.
The authors emphasise that the purpose of DCM is not to determine the best possible model,
but to compare between a set of carefully chosen models which represent equally plausible
hypotheses.

This criticism highlights the reliance of Bayesian inference and model comparison on both
explicit and implicit priors, whose validity must be well justified. The quality of this justi-
fication then limits the strength of the claim that can be made from the inference. DCM is
fundamentally a hypothesis-driven modelling framework which requires an apriori selection
of hypotheses or models to compare. Thus, DCM is well suited to answering scientific ques-
tions where a complete set of competing hypotheses is known, but less so in more exploratory
domains where mechanisms are unclear and the model set is difficult to justify.

1-3-3 Data-Driven Models

In this section, data-driven models outside the Bayesian framework of DCM are discussed.
These models tend to rely much less on established biophysical structures and more on be-
haviours seen in data, providing a more abstract representation of neuronal processes. The
move away from biophysical processes means that these models tend to avoid the common
criticisms of DCM and white-box modelling, where the model structures are assumed apriori.
Avoiding these assumptions on model structure, however, also makes it more challenging to re-
late the trained model to biophysical processes, often making them more useful for prediction
but less for scientific insight.

Some models make little to no attempt at reflecting underlying neuronal mechanisms, and
instead aim primarily to predict future time-series or classify different dynamical states. They
make minimal apriori assumptions on model structure. A common framework is to assume a
certain number of states and a linear model, giving for example a general auto-regressive (AR)
[100] or auto-regressive moving average (ARMA) [68] model.

Because oscillating behaviours are so ubiquitous in neuroimaging studies, especially MEG and
EEG (see Section 1-2-2), a body of literature surrounding oscillator-based data-driven models
has also been developed. In this case, the biological origin of the oscillating behaviour via
excitatory-inhibitory couplings or feedback loops between neuronal layers is ignored. Instead,
this behaviour is represented through an abstract self-sustaining oscillator, and interactions
between the oscillators model interactions between neuronal populations.

Coupled linear oscillators have been shown to replicate time-domain eight-channel EEG
recordings [74, 73]. Provided the time-domain recordings are band-pass filtered to include
a restricted frequency domain, researchers have shown that one oscillator per EEG channel
is sufficient to replicate the recordings. In another study focusing on wide-band frequency
characteristics of EEG, researchers have suggested that a coupled (stochastic) system of 10
linear oscillators is required to reproduce the frequency behaviour of a single EEG channel
[49]. Thus, although these linear models lend themselves well to parameter optimisation, they

S.M. Ohkawa Master of Science Thesis



1-4 Project Goals 13

can be limiting in terms of the behaviours they can replicate (or in other words limiting in
the high structural complexity required to exhibit more complex behaviours).

Nonlinear oscillators can often exhibit far more complex behaviours with simpler parameter-
isation than their linear counterparts, and have similarly been used to replicate MEG and
EEG recordings. For example, researchers in [49] have shown that a system of two cou-
pled nonlinear oscillators can reproduce the wide-band frequency behaviour of a single EEG
channel as well as the aforementioned 10 linear oscillator system. The oscillators designed
for this purpose merge dynamics from two popular nonlinear oscillators: each node exhibits
self-sustained oscillation through Van der Pol dynamics, and coupling then occurs via Duffing
oscillator terms. A schematic is given in Figure 1-6, with the accompanying dynamics,

T+ (kl + kQ)JIl — koxo = —blxi’ — bg(xl — .CCQ)S + elil(l — a:%) (1—3)

To — koxy + koxo = bz(xl — .%'2)3 + 62.%"2(1 — 1‘%) + pudW. (1—4)

3 jkjl’ by ks, b; F(
m; VWA m; j—E
€] &

Figure 1-6: [48]. Schematic of the two-state Duffing-Van der Pol oscillator.

Researchers have shown that this model performs well when replicating power spectra of EEG
signals as well as other informative metrics such as Shannon and sample entropies [50, 48].
Duffing coupling has also been shown to replicate time-domain cross-frequency interactions
hypothesised to occur in the brain [73], where behaviour in one frequency range can modulate
behaviour in a different range.

It should be noted that there is significant crossover between the neuronal population models
often used in white-box modelling and the nonlinear oscillators mentioned in this section.
Both the Wilson-Cowan [116] and Jansen-Rit [61] models have biophysical roots and describe
the interactions between different types of neuronal populations. From a behavioural point
of view, both models are also nonlinear oscillators. Both models have been successful in
replicating some behaviours seen in neuroimaging data like MEG and EEG [117, 111, 10, 29].
However, because they have biological roots, they have large numbers of parameters with
highly nonlinear coupling when compared to, for example, the phenomenological Van der
Pol or Duffing oscillators mentioned in this section. Thus, in data-driven modelling contexts,
phenomenological nonlinear oscillators are often chosen in favour of these neuronal population
models, which can exhibit similar behaviours without the heavy parameterisation.

1-4 Project Goals

The general goal of this project is to use dynamical modelling techniques to understand
the interplay between visual attention and WM. Many studies suggest that modulation of
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oscillatory dynamics are important to this interaction, and there exists a substantial body of
literature surrounding the development of oscillatory dynamical models to replicate observed
neuronal behaviours. White-box models in this domain tend to be very complex and focus
on describing one neural mechanism in detail. Although they are typically well biophysically
justified, data resolution is often not high enough to verify the detailed structures with data.
DCM, a popular data-driven technique in neuroscience, brings these models closer to data by
maintaining a biophysically relevant model structure while leveraging Bayesian techniques for
parameter fitting and model comparison. Although this framework is well suited to hypothesis
testing, it does not lend itself to exploratory modelling where well-formed hypotheses are not
readily available. For attention and WM, there exists a wide range of hypotheses, many of
which have been captured by the wealth of existing white-box models and many others which
are not easy to translate to dynamical models, so a more flexible modelling framework which
relies more on data is preferred.

One of the key interactions between WM and attention occurs when attention is internally
directed in order to maintain and protect an item stored in WM from distracting inputs. The
model developed in this project focuses on this aspect of WM-attention interplay, and is built
on human MEG data collected in [120]. Researchers in [120] have investigated how visual
presentation of distractors during a WM task, and the resulting activation of attentional
protection mechanisms, affects activity in the human brain. This project has two goals:
first, to develop a phenomenological data-driven oscillatory network model using MEG data;
second, to perform model-based analysis to contribute to a mechanistic understanding of
the attention-WM interplay. This method should leverage well-supported knowledge in the
neuroscience domain while remaining flexible enough to discover new neural mechanisms from
data.

1-5 Thesis Outline

The remainder of the report is structured as follows. Chapter 2 provides theoretical back-
ground for several techniques in the scientific machine learning domain, which are utilised in
the modelling algorithm. Chapter 3 presents the experimental framework and results from
the researchers who produced the dataset used as the basis for the model. The modelling
algorithm is presented in detail in Chapter 4. Results from application of the method to the
dataset and subsequent analysis are summarised in Chapter 5. Finally, concluding remarks
and potential directions for future research are outlined in Chapter 6.
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Chapter 2

Theoretical Background

In the previous chapter, existing work in dynamical modelling in neuroscience as well as
hypothesised neural mechanisms for the attention-working memory (WM) interplay were
discussed. Although many dynamical models have evolved to describe different biophysical
processes in detail, there is not currently a consensus on which of these many processes are
important in attention mechanisms.

Many data-driven modelling methods in neuroscience are fundamentally parameter identifica-
tion methods, in which the model structure is fixed and parameters are determined based on
data. Selection of model structure typically fixes the neural mechanisms that are being inves-
tigated. In this case where the potential mechanisms are so varied, it is difficult to justify a
single model structure. If a single model structure cannot be selected, function identification
techniques are required.

In this chapter, background on the function identification techniques used in the project are
presented.

2-1 Function ldentification

Work in function identification has increased dramatically with the general increase in avail-
able data, as seen especially in the explosion of machine learning techniques and applications.
In some machine learning techniques, the function identification problem is recast as a pa-
rameter identification problem by using a universal function approximator, often a neural
network. In this project, only simple feedforward neural networks are considered, and any
subsequent mention of neural networks refers to this class. There exist universal approxi-
mation theorems which essentially show that there exists a set of parameters for a neural
network such that the network can approximate a wide range of functions, provided the net-
work contains sufficient depth and width [58]. Thus, provided the network is large enough, it
can represent many different functions depending on the parameter values.

The field of scientific machine learning aims to merge the use of these universal function
approximators with expert knowledge in an effort to better restrict the function identification
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problem [93]. This can occur through the introduction of learning biases, structural limitations
on the network, or a combination of both [113]. One development of particular interest in
dynamical modelling is the neural ordinary differential equation (NODE) and subsequent
universal differential equation (UDE) extention, which are introduced in this section.

2-1-1 Neural Ordinary Differential Equations

The seminal NODE paper was published in 2018 [23], offering a new approach for train-
ing hybrid physics-based and deep learning models [113]. For some context, readers with a
background in machine learning are pointed to [23] for a comparison to the residual neural
network, which can be thought of as a discrete counterpart to the continuous transformations
represented by NODEs.

NODEs are a class of ordinary differential equation (ODE) in which the dynamics of a state
x are defined by a neural network N, with parameters A, giving for example,

= N(z(t), \). (2-1)

This form means that the NODE replicates time-series data not through the classical input-
output (time-state) relationship, but instead by capturing the dynamic relationship between
the state and its derivative. One of the key challenges in training the network is the need
to simulate the NODE, usually through a numerical solver, in order to produce a trajectory
of the state which can then be compared to data. Numerical integration typically involves
recursive use of the differential equation function, making calculation of the derivatives which
are necessary for optimisation of the parameters challenging. A solution to this problem is
the primary contribution of [23], and a simple example is presented in the following section
for explanatory purposes.

Training

This section outlines a training algorithm for a basic time-invariant NODE, defined in (2-1).
A schematic representation of the training philosophy is given in Figure 2-1. Denote the mea-
surements of the real state as Xy, = [Zm(t1)7, 2m(t2)T, ..., 2m(tn)T]T and similarly denote
the solution to the NODE at the corresponding times as X. The goal of the network training
is to find network parameters A which minimise the distance between the measurement and
NODE solution vectors, giving the optimisation problem

min £, (2-2)
A,Z0
L=|Xm—X|5, (2-3)

assuming that the initial condition of the NODE z(ty) is also a parameter.

There is substantial research surrounding the calculation of the vector X from the ODE
in (2-1), popular numerical integration techniques for solving ODEs include the Euler and
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2-1 Function Ildentification 17

higher-order Runge-Kutta algorithms. Typically, the algorithms involve calculation of the
state derivative using the dynamic function (in this case N) and application of this derivative
to the current state to produce a future state in a forward step. This occurs in a loop until
the state at all measurement times t;,7 = 1,..., N is known.

Minimisation of the loss function £ typically occurs through numerical optimisation, with
most algorithms requiring the gradient of the loss with respect to the parameters. In a
traditional neural network where the state solution x is modelled directly as a function of time
t, this derivative is relatively easy to compute as it involves only a single pass of the operations
in the network. Reverse-mode autodifferentiation, or backpropagation, is a typical algorithm
to use in this case. It calculates the derivatives by stepping backwards through the network
operations from the loss function value to the parameters. In contrast, the state solution x
from a NODE involves looping through an ODE solver, which uses recursive evaluations of
the network. Backpropagation in this case involves passing back through all of the operations
of the ODE solver, making it very memory and computationally intensive. Note that the
ODE solver loop typically occurs at a much finer timescale than the measurements are taken,
so there are many intermediate calculations to be tracked.

________________________________

ODE Solver .

Forward Step
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Figure 2-1: Basic NODE training schematic. An ODE solver is used to estimate the solution to
the ODE, which is compared to measured data. Numerical optimisation of the network parameters
requires the gradient of the loss function with respect to the parameters, which is difficult to
achieve due to the ODE solver operations. Adjoint sensitivity methods can (theoretically) achieve
this irrespective of the ODE solver used.

This leads to the primary contribution of [23]: the use of an adjoint sensitivity method
to compute the gradient of the loss function with respect to the parameters, regardless of
the ODE solver used. In brief, this method calculates the gradients by defining an adjoint
state as the derivative of the loss function with respect to the parameters of interest. This
adjoint state is governed by a secondary ODE which depends only on the ODE function,
and not the solver used to propagate the solution. Numerically solving this secondary ODE
backwards in time then gives the adjoint state solution, which is by definition the gradients
of interest. With these gradients calculated, training of the network can proceed through
numerical optimisation as usual. Details of the adjoint sensitivity algorithm and proof of its
validity are provided in Appendix A.
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This particular method for differentiation is often referred to as the backsolve adjoint method,
but there exist many more and it is nontrivial to determine which method performs the
best in which scenario. For example, researchers have identified that the backsolve adjoint
method, although theoretically correct, can have large error in gradient estimation due to
numerical errors in the ODE solver [66]. This issue is exaggerated in the backsolve adjoint
method because the ODE state is solved for in both the forward and reverse directions.
Errors in numerical methods mean that the forward and backward solutions may not be the
same, and this issue is especially present for stiff ODEs. The researchers have offered several
improvements, culminating in what is referred to as the quadrature adjoint method, but at
high memory cost. Since then, many variations of the adjoint method have been developed,
trading off efficiency, memory cost and robustness.

A theoretical review of the available methods can be found in [98], along with recommenda-
tions for selecting a method based on problem requirements. Figure 2-2 gives a summary of
the performance metrics of the adjoint methods, with the forward sensitivity metric given as
a comparison.

Method Stability Non-Stiff Performance Stiff Performance Memory

é ReverseDiffAdjoint Good O(n +p) O(n® +p) High
A TrackerAdjoint Good O(n+p) on®+p) High
Forward sensitivity eq. Good O(np) O(n®p?) o(1)
Backsolve adjoint Poor O(n+p) O((n+p)?) o(1)

g Backsolve adjoint® Medium O(n+p) O((n+p)?) O(nK)
'E Interpolating adjoint Good O(n+p) O((n+p)?) High

S Interpolating adjoint® Good O(n+p) O((n+p)?) O(nK)
Quadrature adjoint Good O(n+p) O3 +p) High
Gauss adjoint Good O(n +p) O(n® +p) High

Gauss adjoint® Good O(n+p) on®+p) O(nK)

Figure 2-2: Comparison between different adjoint methods [98]. The black triangles indicate
methods where checkpointing is used. n is the number of ODEs and p is the number of parameters.

In general, forward mode automatic differentiation is recommended for small systems (less
than 50 parameters and ODEs), while reverse mode methods are recommended for larger
systems. For applications which involve numerical solvers, direct autodifferentiation methods
are not recommended due to the high memory requirements. Within adjoint methods, discrete
methods tend to be more robust and continuous methods more efficient, although NODEs
specifically have shown decreased training time using discrete methods. A separate study
which used practical results from differentiation packages written in the Julia programming
language [81] largely agrees with these recommendations.

Practically, the SciMLSensitivty package in the SciML Julia environment [93] is open source
and implements most modern differentiation algorithms.
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2-1-2 Universal Differential Equations

A promising extension to NODEs, published in [93], adds additional flexibility to the NODE
framework through the integration of known dynamics. These models are known as UDEs. In
this framework, the differential equation is not assumed completely unknown and represented
with a universal function approximator, as is the case in NODEs. Instead, known differential
equations that scientists have previously developed are utilised in the model, and the neural
network function represents only unknown parts of the model. This has the advantage of
reducing the complexity of the relationship the neural network must learn.

As with NODEs, the primary challenge in training UDEs is determining the derivative of the
state trajectory with respect to the parameters in an efficient manner. Luckily, the adjoint
sensitivity methods introduced in Section 2-1-1 are also applicable to UDEs. The proof of
the backsolve adjoint method provided in Appendix A does not rely on the fact that the
ODE is defined by a neural network function N(x(t)), except for the existence of derivatives.
Therefore, provided the known dynamics are differentiable with respect to the inputs and
parameters, the adjoint sensitivity algorithm holds.

A simple example which demonstrates the capability of this method for nonlinear system
identification is the rediscovery of the well-known Lotka-Volterra dynamics [93]

T = ax — [Bry, (2-4

y=yxy — 0y. (2-

(@)
— —

In this example, the Lotka-Volterra dynamics have yet to be discovered and a scientist is
interested in modelling the dynamics of predator-prey interactions. The birth rate « of the
prey = is known. Based on existing observations, the scientist assumes that the predator
population decays linearly in the absence of prey. The interaction dynamics are completely
unknown. This combination of existing knowledge and unknown dynamics can be represented
by a UDE,

&t =ax—U(0,z,y), (2-6)
y = U2(67 z, y) - 912% (2_7)

where Uy and U, are feedforward neural networks parameterised by 6 and 6y is the predator
decay rate, both unknown.

To learn both the unknown parameters and the unknown dynamics, the model parameters
can be trained on observations of the real system. For this example, time-series data for
x and y are generated using the true Lotka-Volterra dynamics, plus noise. Note that these
measurements need not be sampled regularly in time. The parameters are then fit to the data
using a method similar to that described in Section 2-1-1. Results are shown in Figure 2-3,
with good agreement between the measurements and model output, demonstrating that the
UDE does capture the unknown interaction dynamics well.
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Figure 2-3: Comparison of measurements and the true underlying model with the neural network
and symbolic models recovered using a UDE approach [93].

Figure 2-3 also shows a symbolic model built on the learned neural networks, which agrees
with the true underlying Lotka-Volterra dynamics. This is learned using a symbolic regression
technique, which is discussed in the following section.

UDESs have been applied in a wide range of fields. In physics, they have successfully recovered
known dynamics of black hole systems, as well as discovered new equations of motion for black
hole mergers based on gravitational wave measurements [64]. In electrochemical engineering,
UDESs have been shown to outperform traditional models for lithium-ion battery performance
and degradation [14]. In the medical domain, UDEs have been applied in pandemic modelling,
most recently on a COVID-19 dataset [26], to discover new dynamics for the influence of
quarantine policies on infection spread. To the best of the author’s knowledge, there has yet
to be an application in neuronal dynamics.

2-2 Symbolic Regression

In the previous section, the training of ODE models including neural networks is discussed.
The resulting systems are powerful predictors, but have limited use for scientific insight into
the structure of the dynamics as the neural network function acts as a black box. Ideally, the
neural network function could be distilled into an arithmetic expression, which would then
offer greater scientific insight into the dynamics. It has also been shown that distillation of
neural networks to arithmetic expressions can improve their generalisability, showing improved
prediction performance outside the training domain [25, 92]. This simplification of the neural
network function can be achieved through symbolic regression.

Symbolic regression encompasses any technique which determines an arithmetic expression for
the relationship between two datasets. These techniques are powerful tools in the data-driven
modelling domain for automatic function discovery. The sparse identification of nonlinear
dynamics (SINDy) method [18] is one such technique that frames the arithmetic search as an
optimisation problem with sparse constraints. When applied to neural networks, the method
requires,
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1. a library of candidate functions from which the expression for the network will be built
and

2. a large set of input/output data from the network.
As the name suggests, researchers originally developed this method to directly address the
learning of nonlinear dynamics from data, but it can generally be used for any nonlinear func-

tion identification. For simplicity, consider the problem of learning an arithmetic expression
for the function

y = f(z). (2-8)

Because the function is known, a dataset can be built by choosing values of x within the
domain of interest and calculating the corresponding y. This gives the dataset,

x y
x=|2l,v=1|7]. (2-9)
Y y]j\}

A library of candidate functions can be constructed from the dataset X,

OX)=[1 X X2 ... sin(X) ¥ .| (2-10)

Provided the library is rich enough, it can be assumed that the function f(x) consists of a
small selection of these functions. Selection of the library is a challenging step in this process.
If possible it should be informed by the target application. If this is not possible, monomial
or polynomial expansions of the input X are a common choice, as these can capture complex
nonlinear functions through their Taylor expansion representation.

The task is to find a sparse weighted summation of the library functions such that this
sum matches the measured Y to within some tolerance e. This can be framed as a sparse
identification problem

min [|Zo, (2-11)
[lY — O(X)Z]||2 < e, (2-12)

where = are the sparse coefficients of the candidate functions. Optimising the zero-norm
directly is a challenging task, so there exists a large body of literature dedicated to solving
problems of this form. One method introduced in the original SINDy paper [18] is the
sequential thresholding least-squares (STLSQ) method, which reforms the zero-norm into a
two-norm plus a magnitude constraint,
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1Y = ©(X)Ell2 + pl[=]]2 (2-13)

1
min —
2

1

=] > . (2-14)

The hyperparameters A and p must be tuned to provide a reasonable balance between sparsity
of the solution and error between the measurements and sparse summation. The SciML Julia
environment includes a DataDrivenDiffEq package which readily solves problems of this form.
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Chapter 3

Experimental Background and Data
Analysis

Data-driven modelling algorithms are heavily influenced by the data they aim to capture
and the context in which that data is produced. The experimental context is important
for deciding the inputs and outputs of the system, as well as providing a basis for inter-
pretation of the modelling results. The data utilised in this project is taken from a human
magnetoencephalography (MEG) study [120], which is discussed in Section 3-1.

Equally important as the experimental context is the identification of data characteristics
which are important to the research goal. These characteristics inform the behaviours which
the model must capture in order to describe the target process well. In the context of this
project, this means defining the data characteristics which are key to attention and working
memory (WM) processes. Data analysis performed in this project to define these character-
istics is presented in Section 3-2.

3-1 Experiment: Setup and Findings

This section outlines the experimental setup used to obtain the data used in this project. It
also summarises the relevant findings from the researchers who designed and executed the
study. Further detail can be found in the original paper [120].

3-1-1 Experimental Design

The original study focused on alpha-band power in the human visual and auditory cortices
and how this relates to distractor suppression during WM tasks. Because the current study
focuses on visual attention, only the results relevant to visual WM and visual distractors are
discussed. A summary of the experimental setup follows.
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The experiment includes two relevant trial types, 'no distractor’ and ’distractor’. There are
roughly eighty trials per type per subject. Multiple subjects participated in the experiment
and all of these results inform the conclusions presented in the original study. However, for
simplicity, only a single subject dataset is used in this study. For the complete duration of
each trial, the subject’s neural activity is recorded via MEG. Each trial consists of a single
working memory task which consists of three phases,

1. Encoding. The target stimulus is presented and the brain state changes to store this
information.

2. Maintenance. The target stimulus is no longer presented, but the target information
is stored. During 'no distractor’ trials, nothing is visually presented to the subject,
and the brain simply continues to store the information. During the ’distractor’ trials,
visual distractors are presented to the subject. These distractors interfere with the
maintenance of the target stimulus memory.

3. Recall. The subject memory is probed through a visual cue to recall the stored target

stimulus.
; ~ N ———— :
, : Maintenance :
( Cue ( Encoding | {(Distractors) Recall
- 7 7 : time
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Figure 3-1: Schematic of the 'distractor’ and 'no distractor’ experimental trials with phases of
WM. The Recall phase of interest is highlighted in green.

During the ’distractor’ trials increased attention is required from the subject to prevent the
distractors from corrupting the target memory. It is therefore assumed that some attentional
mechanism is active during the ’distractor’ trials which is inactive during the 'no distractor’
trials.

3-1-2 Findings

The authors of the original study [120] have found that alpha-band (8-13 Hz) activity in
the visual cortex is increased in the ’distractor’ trials as compared to the ’no distractor’
trials, supporting the hypothesised link between alpha-band activity in sensory cortices and
distractor suppression (see Section 1-2-2). However, this difference occurs not during the
maintenance phase when the distractors are presented, but in the following recall phase.
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Moreover, the magnitude of this alpha-band increase has been shown to predict reaction
times in the recall phase, forming a clear link with behavioural outcomes.

3-2 Data Analysis

The goal of this study is to build a data-driven model which provides insights into the neural
mechanisms underpinning the attention-WM interplay. To do so, both the 'distractor’ and 'no
distractor’ datasets are analysed to determine a suitable metric for model fitting. Attentional
protection mechanisms are assumed to be active in the ’distractor’ dataset and inactive in the
'no distractor’ dataset. Therefore, the chosen data characteristic should capture observable
differences between the two datasets for which a mechanistic explanation is desirable. The
authors in [120] have identified alpha-band activity during the recall phase as an important
behaviour in this process. Therefore, the dataset for the current study is refined to include
only the 0.8 s recall phase, starting from the recall probe and ending at the subject response
(6.15 - 6.95 s), and frequency-domain analysis is the focus. For simplicity, only a single subject
dataset is considered.

The following sections outline the data analysis pipeline running from raw MEG data to the
data characteristic chosen as the loss function for model fitting: the median power spectrum
from 5-25 Hz.

3-2-1 Preprocessing and Source Reconstruction

This project uses the data from the experiment in [120] with preprocessing completed. The
preprocessing steps included down-sampling from 1200 to 300 Hz, notch filtering for removal
of line noise and harmonics, and independent component analysis for removal of artefacts from
heart and eye movements [120]. This was completed using the FieldTrip MATLAB toolbox
[88].

The following step for data processing is source reconstruction, which maps MEG data, col-
lected by an array of sensors outside the brain, to the activity of certain regions within the
brain, to determine how experimental manipulation changes the behaviour of these regions.
Based on the discussion in Section 1-2-3, four brain regions of interest can be identified as
relevant to visual attention or WM: primary visual cortex (V1), L-intraparietal suculus (IPS),
L-dorsolateral (DL) prefrontal cortex (PFC), R-DLPFC. For ease of notation, these are some-
times referred to as Regions 1, 2, 3, 4, respectively. As a reminder, both left and right DLPFC
are thought to be involved in WM processes, and the roles of the two regions are hypothesised
to be different, preventing combining them into a single node. The sensory cortex V1 is a key
focus point of many visual attention studies, as in the original study for this dataset [120].
Because the visual information is presented centrally in the visual field, left and right V1 are
combined into a single node. IPS is a candidate for the origin of top-down attention signals
to V1, and the left lobe in particular was identified in the original study as having a notable
increase in alpha power just before the recall phase [120].

To complete the source reconstruction process, first a forward model that relates electrical
activity inside the brain to measurements outside the brain is necessary. Then, the inverse
problem of reconstructing internal electrical activity based on externally recorded signals can
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be addressed. For both the current and original studies, the inverse problem is solved using
the MATLAB FieldTrip toolbox [88], and a theoretical description of the solution can be
found in Appendix B.

After this process is completed for each node in the cortical mesh, a parcellation map is used
to map the vertices in the mesh to different regions based on their location. A parcellation
map provided by the original researchers is used in this project. The time-varying mean
taken across all of the contained vertices is used to represent each parcel. For some larger
regions, times-series of different parcels are also averaged (e.g. left and right V1 are averaged
to create the V1 time-series). The data is then low-pass filtered to below 30 Hz to isolate the
lower-frequency bands of interest.

The result is a measure of time-varying activity for each trial for the four brain regions that
were identified as relevant to visual attention or WM: V1, L-IPS, L-DLPFC, R-DLPFC.

3-2-2 Trial-to-Trial Variability

Theoretically, each trial within a dataset captures the same process, e.g. recall of an encoded
memory which was undisturbed during the maintenance period. However, many sources of
variation between the trials exist which are not experimentally controlled. For example,
stray thoughts unrelated to the task, recall of other memories, and regulation of other body
processes can all vary between trials, and it is unreasonable to assume that the specified
brain regions are not involved in these processes. Figure 3-2, showing six trials within the 'no
distractor’ dataset, illustrates how severe this variability is in time-domain analysis.

No Distractor - V1

0.02

0.01 -

-0.01  /

activity
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-0.03

0.0 0.2 0.4 0.6 0.8
time [s]

Figure 3-2: Six trials in the 'no distractor’ dataset for brain region V1. Variation in the time-
domain is very high, and a consistent signal is difficult to identify through visual inspection.

Trial-to-trial variability must therefore be accounted for in some way. There are several ways
this can be achieved. First, if the potential sources of variability are well understood, they
can be explicitly modelled. For example, it is common in MEG studies to allow for subject-
to-subject variability during analysis and when using underlying models [47, 90]. However,
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in this study the sources of variability are not well understood as only a single subject is
considered and all environmental variables are controlled.

Second, the variability can be captured by a noise term [68, 32]. This method can be used
when the sources of variability are not well understood. However, learning an appropriate
noise term from the datasets can be very challenging, especially when the distribution of the
data is non-normal (e.g. multi-modal, skewed). Because this method is challenging, it is
preferred when capturing the variability is important to the research question at hand.

Finally, an appropriate measure of central tendency can be used as a representative value.
This method can be used when the characteristics of the data distributions are not impor-
tant. Instead, a calculation such as the mean or median can be used to determine a typical
value based on the data distribution, removing the trial-to-trial variations [80]. Many model
building studies for MEG and electroencephalography (EEG) take this approach, condensing
repeated trials to a single representative datapoint and fitting a model to it [31, 70, 22]. In
contrast to the second method, this should be used when data variability is an undesired
consequence of experimental limitations and only characteristics common to all trials are of
interest. In the following section, we explain and elaborate on the approach taken in this
project.

3-2-3 Frequency-domain Analysis

Frequency-domain analysis of the source-reconstructed activity is the focus of this study, as
both the original study on this dataset [120] and a large body of literature (see Section 1-2-2)
support that modulation of oscillatory dynamics are important to visual attention processes.

It is known that frequency characteristics of neuroimaging measurements such as EEG and
MEG are generally non-stationary [1]. This non-stationarity means that time-frequency anal-
ysis such as Morlet wavelet transforms [51] and sliding-window fourier transforms [120, 50]
are popular methods for studying induced neuronal responses. Although it is similarly likely
that the frequency characteristics of this recall phase dataset are not stationary, the short
length of the phase (0.8 s) and the low frequencies which are of interest in neuronal dynamics
prevent the use of any time-varying frequency analysis. Instead, the full 0.8 s are used to
determine one frequency power spectrum which reflects the entire recall phase. The spec-
trum from 5 to 25 Hz is investigated. This frequency range is suitably large to comfortably
capture the alpha-band modulation identified in the original study, as well as lower frequency
modulation associated with WM in existing literature. The lower bound is restricted to allow
for at least four cycles in the time-domain window. The upper bound is restricted to avoid
analysis of gamma-range modulation, given its controversial role in attention dynamics (see
Section 1-2-2).

A Hanning window is first applied to mitigate the effects of spectral leakage. A fast Fourier
transform (FFT) is then applied to each trial. The trial duration of 0.8 s and the sampling
rate of 300 Hz gives a frequency resolution of about 1.2 Hz. The amplitudes of the frequency
components are determined by taking the magnitude of the FFT output and this is squared
to give a representation of the power at each frequency. The full dataset is then normalised
by the maximum power over all frequencies and trial types.

Visual inspection of this frequency data shows substantial trial-to-trial variability, most of the
points fitting a unimodal skewed distribution. For example, Figure 3-3 shows the distribution
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of the power at 10 Hz in V1 in the ’distractor’ dataset. The distribution is heavily skewed
toward lower values, with some higher outliers, and a peak at slightly under 0.1. As previ-
ously mentioned, this variability could be caused by a host of factors which are impossible to
experimentally control and are not important to the ’distractor’/’no distractor’ distinction.
However, a shift in the distributions of the two datasets would suggest that despite the vari-
ability, there exists a meaningful difference in the power spectrum under the two conditions.
This difference would be well captured by a measure of central tendency of the two distri-
butions. In this case of skewed unimodal distributions, the median is more appropriate than
the more commonly used mean, as the mean is disproportionately impacted by the outliers.
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Figure 3-3: Histogram of the power at 10 Hz in V1 'distractor’ trials. The distribution is heavily
skewed towards lower powers, making the median the best measure of central tendency. Created
using Makie [27].
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Figure 3-4 below shows the median power over frequencies for Region 1 - V1. The red line
denotes the 'no distractor’ dataset median and the blue line the ’distractor’ dataset median.
In addition to the median, the inter-quartile range (IQR) which contains the middle 50% of
the data, is denoted by the shaded regions, giving an indication of the full distribution. Note
the increase in the 8-11 Hz band between the 'no distractor’ and "distractor cases", circled in
green, clear in both the median and the shift in IQR. This suggests that there is a significant
increase in the lower alpha-band power in the ’distractor’ compared to the ’'no distractor’
dataset, and that the median is representative of this increase. This observation is consistent
with the previous results from the original study [120].
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Figure 3-4: Region 1 - V1, IQR and median of the power distribution for the two datasets.
Circled in green is the increased alpha-band power (here 8-11 Hz) in the 'distractor.
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Results from the other three regions are provided in Figures 3-5, 3-6, 3-7. Regions 2 and 3 (L-
IPS and L-DLPFC) show increases in power similar to that seen in Region 1, but in different
frequency ranges. Some less pronounced high frequency modulation can also be observed.
Region 4 (R-DLPFC) shows very little change between the two cases.
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Figure 3-5: Region 2 - L-IPS, IQR and median of the power distribution for the two datasets.
Circled in green is a clear increase in the 9-14 Hz power in the 'distractor’ case.
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Figure 3-6: Region 3 - L-DLPFC, IQR and median of the power distribution for the two datasets.
Circled in green is a clear increase in 5-10 Hz power in the 'distractor’ case.
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Figure 3-7: Region 4 - R-DLPFC, IQR and median of the power distribution for the two datasets.
Behaviour is largely similar between the two cases.

Overall, this analysis demonstrates that there are significant differences between the power dis-
tributions of the ’distractor’ and 'no distractor’ datasets in most regions of interest (with the
exception of Region 4). This is shown clearly by the shift in IQR in certain frequency ranges.
The experimental design means that these differences are likely caused by the activation of
attention mechanisms in the ’distractor’ trials. It is therefore of interest to neuroscientists
to determine which neural mechanisms cause this change in behaviour, as this would suggest
how the attention mechanisms are implemented in the brain.

Here, the issue of trial-to-trial variability, as discussed in Section 3-2-2, becomes relevant. The
large range of the IQRs show that this variability is significant, as is expected for repeated
MEG recordings. Three methods for handling this variability have been presented in Section
3-2-2, two of which are appropriate for this experimental design. First, the variability can
be captured by a stochastic term which must be learned from data. As discussed previously,
this increases the difficulty of the modelling problem significantly. Second, an appropriate
measure of central tendency can be used as a representative of the distribution. For this
dataset, the median is identified as the appropriate measure. Comparison of the medians to
the IQRs in Figures 3-4 to 3-7 reveals that the medians are, in general, a good representation
of the difference in power spectra distribution in the two cases. Therefore, the medians of
both datasets can be considered a representation of the typical behaviour of the single subject
under the ’distractor’ and 'no distractor’ conditions. This allows the use of a deterministic
model to represent the dynamics under the two conditions, greatly simplifying the modelling
task.
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Chapter 4

Oscillatory Network Model for
Attention-Working Memory Interplay

This chapter outlines the data-driven modelling algorithm designed in this project. The
algorithm includes both the structure and parameterisation of the model and the methods
used to train the parameters. A general model which captures the full experiment is described
in Section 4-1. This general model is broken into two modules, one baseline model and one
model for capturing the attention mechanism. These models are described in Sections 4-2
and 4-3, respectively.

4-1 Data-Driven Model Design

This model is designed to replicate the power spectra of the four brain regions analysed in
Chapter 3 under the ’distractor’ and 'no distractor’ conditions. The change in dynamics
between these two conditions is assumed to be caused by activation of attention mechanisms
in the ’distractor’ condition. Analysis of these dynamics can then provide neuroscientists
with an indication of how these mechanisms may be implemented in the brain, with respect
to interaction between these four regions.

4-1-1 Model Structure

To capture the interaction dynamics between the four regions of interest, the state s is defined
to represent the activity in these regions,

S1 Vi
sl | LIPS
= |s3| = |R-DLPFC|" (4-1)

S4 L-DLPFC
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34 Oscillatory Network Model for Attention-Working Memory Interplay

The output of the system is then directly related to these states, as data for the activity of
these brain regions is available from the source reconstruction process described in Chapter
3, that is

yi = A(si). (4-2)

As a reminder, the working memory (WM) task can be broken into three phases: encoding,
maintenance and recall. All experimental manipulation between the ’distractor’ and ’'no
distractor’ conditions occurs in the first two periods. In the beginning of the trial, during the
initial encoding phase, the subject is given a cue which indicates whether to expect distractors
in the trial. During the maintenance phase, distractors appear (or not) as expected. During
the recall phase, however, the subject is probed to recall the target memory in exactly the same
manner across the two conditions. Thus, the change in power spectra discussed in Chapter
3 must be due to an internal change in dynamics which is triggered by earlier experimental
changes. This internal change is assumed to be the activation of attention mechanisms.

The recall period of the experiment is the focus of this study. There is no stimulus input
during this phase, with the exception of the recall probe at the beginning of the period which
is treated as an initial condition perturbation. To capture the internal change in dynamics in
the model, the dynamics are split into a baseline model and an attention model,

baseline attention
N ~ =
5= 1(s) +v g(s) , v e {0,1}. (4-3)

The attention dynamics are (de)activated by the binary parameter v.

During the 'no distractor’ trials, the attention mechanisms are not active (v = 0) because no
distracting input is expected. Only the baseline dynamics are active, giving,

§=1(s). (4-4)

This baseline model represents the brain under baseline recall conditions, and existing litera-
ture can inform the structure of this function. Selection and parameterisation of the baseline
model is discussed in Section 4-2.

During the ’distractor’ trials, the attention mechanisms are active (v = 1) because a distract-
ing input is expected. This gives the dynamics

5=1(s) + g(s). (4-5)

The function g(s) represents the change in dynamics which occurs when attention is internally
activated. The mechanism for attention is currently unknown, so there exists significantly
less literature to inform the structure of this function. Selection and parameterisation of the
attention model is discussed in Section 4-3.
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4-1-2 Loss Function for Model Parameter Fitting

Specific parametersations of the model defined in (4-3) are provided in the following sections,
but no matter the specifics the goal of the modelling algorithm is to find parameters of the
model such that the model output matches characteristics observed in the datasets. This is
achieved by defining a loss function which captures the distance between the model output
and the data and minimising this loss with respect to the parameters.

Denote the power spectrum calculated from the 'no distractor’ dataset as described in Chapter
3 P,.n. Denote P4 as the 'distractor’ dataset equivalent. These are the data characteristics
the model must capture. Denote Y, —g, Y,,—1 as the time-domain outputs of the model under
attention inactive and active conditions, simulated from 0-0.8 s at 300 Hz just as the time-
domain data is formatted. These outputs are produced from a numerical ordinary differential
equation (ODE) solver,

Y,—(1,00 = ODESolver(s = I(s) + vg(s),yi = A(si),5(0),1). (4-6)

Let the function P(Y) = |FFT(Y)|? denote the power spectrum of Y calculated as the
squared magnitude of the FFT from 5-25 Hz. This function transforms the time-domain
output of the model to a measure equivalent to the data metrics Py, Pnn. The distance
between the data and the model output is then the loss function,

L= ||P(Yo=1) = Praall3 + |[P(Yo=0) = Pruall3- (4-7)

4-2 Baseline Model

There is no generally accepted model for neuronal population activity as recorded by
magnetoencephalography (MEG). The baseline model, then, must be selected from a candi-
date set which encompasses neuronal population and MEG models which exist in the litera-
ture.

Based on the general model described in Section 4-1, the baseline model dynamics are active
under both the ’distractor’ (v = 1) and 'no distractor’ (v = 0) conditions, and are the only
dynamics active in the 'no distractor’ condition. These dynamics should, then, be able to
replicate the behaviour of the 'no distractor’ dataset very well. Thus, the candidate function
which achieves the smallest loss with respect to the 'no distractor’ dataset is selected as the
baseline model.

4-2-1 Candidate Functions

Many dynamical models exist to represent the activity of neuronal populations or to replicate
behaviours seen in neuroimaging recordings. In a data-driven modelling context, these models
trade off expressive power, i.e. flexibility to be able to represent the data well, simplicity, i.e.
ease of training due to the loss landscape shape, and biological intepretability, i.e. biophysical
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versus phenomenological structures. Models based on populations of spiking neurons tend to
be more representative of biological structures, but their highly nonlinear nature makes them
difficult to fit to data without a reasonable initial guess for the parameters. On the other
hand, more abstract oscillator models can fit neuroimaging data well, but can be difficult to
map to biological processes.

To capture this range, three candidate models are selected. The linear harmonic oscillator is
one of the simplest systems that exhibits oscillatory behaviours and has been successfully used
to replicate neuroimaging recordings [73]. The Duffing-Van der Pol oscillator is a combination
of two well-known nonlinear oscillators, and was developed to better replicate the frequency
spectra seen in electroencephalography (EEG) recordings [50]. The Wilson-Cowan model
is a staple of neuronal population dynamics, reflecting known interactions between different
types of neuronal populations which give rise to oscillatory behaviours [115]. Table 4-1 below
summarises the characteristics of the chosen models.

Oscillator Model Expressive Power ‘ Simplicity | Biological Interpretability

Linear Harmonic Medium High Low
Duffing-Van der Pol High Medium Low
Wilson-Cowan High Low Medium

Table 4-1: Characteristics of the three candidate baseline models.

Note that this is not meant to be an exhaustive list, but rather gives a reasonable coverage of
the existing literature where the three metrics are concerned. For example, models with higher
biological interpretability than the Wilson-Cowan models do exist, but are not considered
because their very high complexity makes fitting them to data infeasible.

Of these candidates, the linear harmonic oscillator model achieves the lowest loss. However,
it does so by capturing only the dynamics of a limited frequency range, see Section 5-1 for
more detail. To improve the overall fit, two extensions to the model, which aim to increase
the expressive power without too much cost to complexity, are considered. The double node
harmonic oscillator and double network harmonic oscillator both introduce additional states
to each region, but retain the basic linear oscillator structure. They differ primarily in the
connectivity between the oscillators.

Detailed descriptions of the original three candidate functions and the two extensions of the
linear harmonic oscillator are given below.

Linear Harmonic Oscillator

One of the most basic models for replicating oscillatory behaviours is the linear harmonic
oscillator. As discussed in Section 1-2-2, this model has been used in data-driven neuroimaging
algorithms but studies have shown that the linearity assumption limits the expressive power
of the model, and that a complex network of oscillators is often required to capture complex
behaviours.

Each region ¢ € 1,...,4 contains a self-sustaining linear harmonic oscillator with a unique
frequency w. The network is fully connected via linear diffusive coupling with strength k.
This gives the dynamical model,
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harmonic oscillator linear diffusive coupling
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The model outputs are the first state of each oscillator,
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The model has four natural frequencies and 12 coupling parameters, giving a total of 16
parameters. In addition to this, there are eight states requiring eight initial conditions,
meaning the full optimisation problem has 24 decision variables.

Duffing-Van der Pol Oscillator

This Duffing-Van der Pol oscillator is an extension of a nonlinear oscillator designed to repli-
cate the wide-band power spectra of EEG signals [50] (see Section 1-3 for details).

Each region ¢ € 1,...,4 contains a self-sustaining Van der Pol oscillator with unique param-
eters [, u, which together determine the uncoupled frequency of the regions. The network is
fully connected via Duffing oscillator coupling. This coupling includes a diffusive linear term
with strength k plus a diffusive cubic term with strength b. This gives the dynamical model,

Van der Pol oscillator Duffing coupling

0
. Si1 Si2
si= |71 = N R T (e o3, 4-11
! [sigl L%‘SQ(l —s3) — lisi1 Zyjz kij(sj1 — si1) + bij(sj1 — si1) ( )
si = [si1, SiQ]T S R2,3 = [s1, 82, S3, 34]T. (4-12)

The model outputs are the first state of each oscillator, as in (4-10). When fitting this model
to the data, it was observed that in general, the magnitude of power this model can generate is
significantly smaller than the data. To address this, a single scaling parameter is introduced.
This additional parameter does not compromise the validity of the model because the data
power being fit to has been normalised to the maximum power observed in the dataset, and
thus has no physical significance. The primary interest is the relative power across regions
and frequencies, which is preserved after introduction of the scalar.

The model has eight Van der Pol parameters and 24 coupling parameters, giving a total of 32
parameters. In addition to this, there are eight states requiring eight initial conditions, plus
the power scaling parameter, meaning the full optimisation problem has 41 decision variables.
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Wilson-Cowan Oscillator

The Wilson-Cowan oscillator is a classical neuronal population model [115, 116], which also
acts as a nonlinear oscillator. The original formulation of the model includes many parameters,
making optimisation challenging. Instead, a simplified model based on the deterministic part
of the model used in [111], is utilised here.

Each region i € 1,...,4 includes an excitatory population, represented by s;1, and an in-
hibitory population, represented by s;2. The oscillation of each region emerges from the
interaction between the two populations. As the terms excitatory and inhibitory suggest, ex-
citatory populations can only excite or increase the activity of connected populations, while
inhibitory populations can only inhibit or decrease the activity. The inhibitory populations
connect only to themselves and to the excitatory population within the same region; this
occurs through a non-diffusive linear term with strength b. The excitatory populations also
connect to the local inhibitory populations through a non-diffusive linear term with strength
[. These external inputs are summed and pass through a logistic sigmoid function §. To form
the greater network, the excitatory populations are fully connected through a non-diffusive
linear term with strength k. This gives the dynamical model,

network excitatory

’4_/% local inhibitory
X —~ =
$i1 = —ai18i1 + (1 — si1) BinS( Z kijsiit. ——  bisia +hi), (4-13)
j=1
S0 = —vnsiz + (1 — 8:2)Bi2S( lisit  —  biasia  +hi2), (4-14)
—~— ——
local excitatory local inhibitory
1
S; = [Sila SiQ]T S R2, s = [81, S92, 83, S4]T, (4—16)

where oy, 3, k; ; are positive constant parameters denoting the coefficients and coupling
weights, respectively. Each population also receives a constant input h;, representing back-
ground input from unmodelled regions. The parameters of the sigmoid function are set at
a=1,0=4.

MEG records the activity of excitatory populations, so the model outputs are the first state
of each region, as in (4-10). As in the Duffing-Van der Pol oscillator, a scalar parameter for
the power is introduced.

This model has 16 internal dynamics parameters and 36 coupling parameters, giving a total
of 52 parameters. In addition to this, there are eight states requiring eight initial conditions,
plus the power scaling parameter, meaning the full optimisation problem has 61 decision
variables.
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Double Node Harmonic Oscillator

A schematic of the double node harmonic oscillator is given in Figure 4-1, where each region
is modelled as a set of two interconnected harmonic oscillators, each with a distinct natural
frequency. This extension preserves the linearity of the model, while increasing its expressive
power by increasing the number of autonomous oscillators in the network, allowing coverage
of a wider frequency range.

Region 1 Region 2
<-4 @ | T2 = >y
Z4il 22

Figure 4-1: A two-region schematic of the connectivity of the double node oscillator network. An
additional oscillator exists within each region, but connects only to the primary oscillator within
the region. The model output is taken from the primary oscillator only.

Each region 7 € 1,...,4 consists of two oscillators, represented by states x; and z;. The
oscillator z; is fully connected to other z oscillators via linear diffusive coupling, as in the
linear oscillator network. An additional coupling of strength b to the second oscillator within
the region is also present. The oscillator z; is connected only to the second oscillator within
the region via a coupling of strength [. This gives the dynamical model,

cross-region diffusive coupling

harmonic oscillator within- reg1on coupling

0
i = l_ig é ri + Z%z kij(zj1 — wi1) b _%] (4-17)
z = [_?bzz é] Zj + Lz — 1) ] (4-18)
harmonic oscillator within-region coupling
zi = [z, wio]" € R®, m = [1, w9, 3, 24] ", (4-19)
zi = [zi1, 2] € R,z = [21, 29, 23, 2] (4-20)
s = [z, 2]". (4-21)

The model outputs are the first state of the fully connected oscillator of each region, as in
(4-10).

The model has eight natural frequencies, eight within-region coupling parameters, 12 network
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coupling parameters, giving a total of 28 parameters. In addition to this, there are 16 states
requiring 16 initial conditions, meaning the full optimisation problem has 44 decision variables.

Double Network Harmonic Oscillator

The double network harmonic oscillator, like the double node, has an additional linear os-
cillator in each region. The architecture, as shown in Figure 4-2, differs from the previous
one as the oscillators in each region are not directly connected. In fact, each linear oscillator
in the region is fully connected to corresponding, i.e. low or high frequency, linear oscilla-
tors in the other regions, forming two fully connected networks. The training algorithm is
designed such that one of the networks captures low-frequency behaviours and the other cap-
tures high-frequency behaviours. There also exists cross-coupling between the networks, but
not within the regions. This extension preserves the linearity of the model, while increasing
its expressive power by increasing the number of autonomous oscillators in the network and
allowing for more complex connectivity. Although the number of parameters is very large,
this model allows for the design of a multi-stage training algorithm which helps to narrow
down the parameters search space. Details of this algorithm are outlined in Section 4-2-2.

Region 1 Region 2

Figure 4-2: A two-region schematic of the connectivity of the double network oscillator network.
The solid black lines denote coupling for the two fully connected networks. There also exists cross
coupling between the networks, denoted by the fine dotted lines. The model output is the sum
of the primary and secondary oscillators.

Each region i € 1,...,4 consists of two oscillators, represented by states x; and z;. Linear
diffusive coupling within the networks x and z have strengths k£ and ¢, respectively. Influence
of the z network on the x network occurs via linear diffusive coupling of strength b, and
vice-versa with strength [. This gives the dynamical model,
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harmonic oscillator within-network coupling cross coupling
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harmonic oscillator within-network coupling cross coupling
zi = [z, xi0)” € R?, z = [x1, 39,23, 74)", (4-24)
2 = [zi1, zi2) " € R?, z=[21,2,23,2]" (4-25)
s =z, 2], (4-26)

The model outputs are the sum of the first states of the two oscillators in each region,

(x+ 2). (4-27)
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The model has eight natural frequencies, 24 within-network coupling parameters, and 24
cross coupling parameters, giving a total of 56 parameters. In addition to this, there are 16
states requiring 16 initial conditions, meaning the full optimisation problem has 72 decision
variables.

4-2-2 Training

For selection of the baseline model § = I(s) from the set of candidate functions, only the
'no distractor’ dataset is used. The parameters of each candidate function are trained in the
optimisation problem,

in £, 4-98

min £,—0 (4-28)

Ly—o = HP(YV:()) - Pmn”% (4'29)

Y,—o = ODESolver(s = (6, s),y; = A(si), s(0), ). (4-30)

The loss function is adapted from (4-7) to include only the 'no distractor’ case and [, \, 0 are
the process and output functions, and parameters, of each of the candidate functions listed
above.

For the original three candidate functions (linear harmonic, Van der Pol and Duffing oscil-
lators) as well as the double node harmonic oscillator model, this problem is solved in two
stages. First, a global optimisation algorithm, the multi-level single linkage (MLSL) method
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[97], is employed to search a broad area in the parameter space. This method requires upper
and lower bounds on all parameters. It is challenging to determine these bounds such that
they encompass all reasonable operating modes of the models but are not so large that the
global search becomes infeasible. This is decided based on existing studies which utilise these
models, an understanding of the role the parameters play in the models (e.g. the explicit
frequency parameters in the oscillators), and model simulations. The MLSL method works
by completing many local optimisations from a number of random starting points within
the parameters search space, using a clustering technique to make the global search more
efficient. The sequential least squares quadratic programming (SLSQP) algorithm is used
for local optimisation. Although some theoretical guarantees for optimality do exist for this
algorithm, time restrictions prevented the optimisation from running to conclusion, so the
best parameter set from a time-limited search is selected. This parameter set is then further
refined using the Adam optimiser [67].

The large number of states and parameters in the double network harmonic oscillator makes
global optimisation in this case quite challenging. Therefore, several additional optimisation
stages are developed to fit this model. First, the high- and low-frequency networks are
independently fit to the high- and low-frequency portions of the power spectrum. For the
low-(high-)frequency fit, the 15-25 (5-15) Hz portion of the data is zeroed, and parameter
fitting proceeds with the aforementioned MLSL followed by Adam optimisation. To fit the
parameters of the full network, including both networks and cross-coupling, the results from
the previous optimisations are used as initial conditions, with cross-coupling initialised at
zero. This allows a local optimisation algorithm, here Adam, to be used, as the parameters
are already nearby a reasonable solution.

For the optimisation of all the candidate functions, algorithms are used which require the
gradient of the loss function with respect to the parameters. When ODE solver operations
are included in the loss function, calculating these gradients can be challenging, as discussed
in Section 2-1-1. However, for the baseline case all candidate functions have a sufficiently
small number of states and parameters so that forward-mode autodifferentiation is sufficient
to compute these gradients.

The double network harmonic oscillator achieves the smallest loss, and is therefore selected
as the baseline model. Results and comparison of the candidate model outputs are provided
in the following chapter.

4-3 Attention Model

As discussed in more detail in Chapter 1, hypotheses for the neural mechanisms of attention
vary widely, making selection of a model structure for the attention model challenging. Rather
than choosing a subset of these hypotheses and comparing them to each other, a function
identification technique can be employed to learn the attention model directly from data.
A neural network NV is used to represent the attention model, making the complete model
a universal differential equation (UDE) as described in Section 2-1. Note that the double
network harmonic oscillator is selected as the baseline model [, which gives the dyanmics
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H =l(z,z) + vN(z,2) (4-31)
Ti = [fL'il,.Z'iQ]T € RQ’ T = [‘rtha X3, :C4]T7 (4'32)
%= [Zﬂ’ ziQ]T € Rz’ = [217 29,23, 24]T' (4'33)

To remain consistent with the structure of the baseline model, the structure of the neural
network must be restricted. In the baseline model, each neural population is captured by a
two-state oscillator, with the first state representing the oscillator position and the second
the velocity. The oscillators are second-order, with no damping terms, meaning the dynamics
of the velocity states include only terms from the position states. All populations are fully
connected, with the exception of populations within the same region.

To maintain this pattern in the neural network, it is decomposed into eight separate networks,
each with a single output corresponding to the dynamics of a different velocity term x;o or z;s.
Each of these networks takes as input all of the position oscillator terms of the populations,
except for the term corresponding to the oscillator in the same region. For example, the
neural network describing the attention dynamics for low-frequency Region 1, N,1, has as
input x11, T21, €31, T41, 221, 231, 241 In total, this gives the dynamics,

. 0 . .

di = lyi(z,2) + v Nm(%zkl)] i e{1,2,3,4}, k€ {1,2,3,4}\ 4, (4-34)
., 0 . .

b= L, 2) + v [Nzi(%zm)l J€{1,2,3,4} \ ik € {1,2,3,4}. (4-35)

Each neural network has input dimension seven and output dimension one. There are four
hidden layers of dimension 15, each with a ReLLU activation function. Interestingly, during
tuning of the network it was observed that the ReLLU activation function lead to significantly
faster convergence of the network compared to logistic sigmoid or tanh functions.

4-3-1 Training

With the model fully parameterised, training proceeds by solving the full optimisation prob-
lem,

min £ (4-36)
5(0),0,¢
L = ||P(Yi=0) = Pranl[3 + [|P(Yo=1) = Pl (4-37)
Y,—o = ODESolver(s = (6, s), yi = A(si),s(0),1) (4-38)
Y,—1 = ODESolver(s = 1(6,s) + N (¢, s),yi = A(si), s(0),1). (4-39)

This includes both the ’distractor’ and 'no distractor’ datasets, the parameters of the baseline
model # and the parameters of the neural network ¢. The baseline model parameters are
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initialised at the results from the previous baseline fit, ensuring that the 'no distractor’ dataset
is well represented. The neural network parameters are initialised near zero. Because the
parameters are initialised well, the optimisation algorithm Adam is used to determine the
optimal parameters.

The Adam optimiser requires the gradient of the loss function with respect to the parameters.
As discussed in Section 2-1, calculation of these gradients is challenging for UDEs. This
one in particular contains 5000 parameters, making direct autodifferentiation infeasible. An
improved version of the backsolve adjoint sensitivity method discussed in Section 2-1-1, called
the Gauss adjoint method, is used. This method improves both computational and memory
efficiency compared to autodifferentiation and backsolve adjoint sensitivity for this problem.

The result of the optimisation is a baseline model I(6*, s) = [*(s) which captures the nominal
WM recall dynamics, and an neural network N(¢*,s) = N*(s) which captures the change in
these dynamics due to activation of attention mechanisms.

4-3-2 Symbolic Regression

To determine what neural mechanisms the function N*(s) is describing, the symbolic regres-
sion technique sparse identification of nonlinear dynamics (SINDy), as described in Section
2-2, is used to construct an arithmetic expression which captures the input-output behaviour
of N*(s).

The first step in this process is the creation of the input-output dataset. This is generated by
using the trajectory of the ’distractor’ (v = 1) condition as the input set, and passing these
points through the network function,

Sin = ODESolver(s = I*(s) + N*(s), s*(0), 1), (4-40)
= [Xim Zin]a (4—41)
Yout = N*(Sin). (4-42)

This selection of the input set guarantees that the full input-output set captures the most
important relationship learned by the neural network, as this is the trajectory that network
is trained on.

The next step is the selection of the library of candidate functions. This library includes a
monomial expansion of the network inputs from degree two to degree five, plus a collection
of diffusive coupling terms as is used in the baseline model. The network function N* is a
collection of eight separate networks, each with a different set of inputs. This structure means
that the library of candidate functions is also different for each of the separate networks, and
that the sparse optimisation must be completed separately for each network. As an example,
the library for the network N7, is

0.1(5) = 0,1(X, Z) (4-43)
:{Z2,3,4_X1 X2,3,4—X1 X12,2,3,4 X15,2,3,4 23,3,4 225,3,4 }, (4'44)
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including transformations of the same inputs as the function N,;. The sparse identification
problem is then

min [|Zo, (4-45)
[[Yout — ©(Sin)E|l2 < €, (4-46)

which is solved using the sequential thresholding least-squares (STLSQ) algorithm as discussed
in Section 2-2. The result of solving all eight sparse identification problems is a new function
which is roughly equivalent to the network function but with significantly fewer terms and
parameters,

N*(‘Taz) %SR(p,l’,Z), (4_47)

where p are the nonzero elements of the sparse vector =*. This gives the final model structure,

[ﬂ =1(0,z,z) + vSR(p, z, 2) (4-48)
z; = [zi1, zi2]" € R, x = [x1, T2, T3, 24]", (4-49)
Zi = [z,-l, ZiQ]T (S R2, z = [21, 29,23, Z4]T, (4—50)

where p are the parameters of the symbolic regression model and 6 are the parameters of the
baseline model. To ensure optimality of the parameters, the optimisation problem for the full
dataset defined in (4-39) is repeated with this model structure,

min £ (4-51)
5(0),0,p
£ =[[P(Yi=0) = Pounl[3 + [|P(Yoz1) = Pl (4-52)
Y,—o = ODESolver(s = 1(6, s), yi = A(si),s(0),1) (4-53)
Y,—1 = ODESolver(s = 1(6,s) + SR(p, s), yi = A(si), s(0), ). (4-54)

Master of Science Thesis S.M. Ohkawa



46 Oscillatory Network Model for Attention-Working Memory Interplay

S.M. Ohkawa Master of Science Thesis



Chapter 5

Results and Analysis

In the previous chapter, the data-driven modelling algorithm designed to learn dynamics
describing the attention-working memory (WM) interplay was presented. Sections 5-1 and
5-2 outline the results of the application of this algorithm to the single-subject experimental
data described in Chapter 3.

To put these results into a larger context, results from a hypothesis-driven approach to mod-
elling this dataset are presented in Section 5-3. The application of two different algorithms
to the same dataset allows for a discussion of the relative merits of the two approaches,
demonstrating the scenarios in which the new method may be preferred.

Finally, to verify the results of the single-subject model, the data-driven modelling algorithm
is applied to a second subject dataset. Analysis of the second subject model and a comparison
to the first subject model are presented in Section 5-4.

5-1 Baseline Model

In this section, results from the fitting of the candidate baseline model functions to the
'no distractor’ dataset are presented. Based on these results, the double network harmonic
oscillator model is selected as the baseline model, representing undisturbed recall dynamics.

A comparison of the data and model outputs for the original three candidate models, Linear
Harmonic, Duffing-Van der Pol, Wilson-Cowan, is shown in Figure 5-1. See Appendix Figures
C-1 to C-3 for Regions 2, 3 and 4. Of these three candidate models, the Linear Harmonic
achieves the lowest loss. Visual inspection of the fit shows that the Linear Harmonic model
captures the low-frequency dynamics well, but the high-frequency behaviour (above 13 Hz) is
nearly absent. In contrast, both nonlinear models capture the high-frequency behaviour more
accurately, but fail to capture the low-frequency. This suggests that the nonlinearities help to
capture wide-spectrum behaviours, but can also make optimisation of parameters challenging.
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Figure 5-1: Fit of the original three candidate baseline models to to the 'no distractor’ dataset

for Region 1 - primary visual cortex (V1).

To maintain linearity while increasing expressive power, an additional oscillator is added to
each node of the Linear Harmonic oscillator. The results are the Double Node and Double
Network Harmonic oscillator models discussed in Section 4-2, which differ in their connectivity.
A comparison of the data and model outputs for the Linear Harmonic model and its extensions
is shown in Figure 5-2. See Appendix Figures C-1 to C-3 for Regions 2, 3 and 4. The Double
Node model succeeds in improving the high-frequency fit, but only up to about 18 Hz. The
Double Network model, with more complex connectivity, achieves the lowest loss of all the
candidate functions, replicating the data well for the full 5-25 Hz range.
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Figure 5-2: Fit of the extended linear oscillator models to the 'no distractor’ dataset for Region
1-VL

This selection of baseline model has interesting implications for the development of modelling
algorithms to replicate spectral magnetoencephalography (MEG) data. It suggests that linear
models can be preferred in data-driven modelling scenarios despite the fact that most evidence
suggests that neuronal population dynamics are nonlinear. This may be due to the simpler
loss landscape resulting from the use of more linear models, which simplifies solving of the
optimisation problem. However, the high dimensionality and number of parameters required
in the linear model necessitates the use of a multi-stage fitting algorithm to determine the
optimal parameters.

This result also confirms previous studies which suggest that a network of linear oscillators
can be used to replicate frequency-domain MEG and electroencephalography (EEG) data
but that a large number of oscillators are required to replicate wide spectra [49]. It would
be interesting to investigate whether the introduction of more data characteristics to the
loss function would impact this result. It could be possible, for example, that capturing the
time-domain characteristics of MEG signals in addition to the frequency-domain requires a
prohibitive number of linear oscillators, forcing the move to nonlinear models.
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5-2 Attention Model

In this section, results from the fitting of the complete model, including both baseline and
attention dynamics, to both the 'no distractor’ and ’distractor’ datasets are presented. This
fitting process occurs in two stages. First, a neural network is used to represent the attention
model, and a baseline plus neural network model is fit to the full dataset. These results
are presented in Section 5-2-1. Then, symbolic regression techniques are used to convert the
neural network to arithmetic expressions, and this model is again fit to the full dataset. These
results are presented in Section 5-2-2.

5-2-1 Neural Network

The first step in the function identification of the attention model is the training of the neural
network, with the model

[ﬂ =1(0,x,z) + vN(¢,x, 2), (5-1)

where [ is the double network harmonic oscillator with parameters 6 and N is a feedforward
neural network with parameters ¢. A reminder that the state is defined as

zi = [zi1, 72)" € R?, T = |11, T2, 23, 24) (5-2)

zi = 21, zi2]T € R?, 2= [21, 22, 23, 24) " (5-3)

where x are the low-frequency oscillators and z are the high-frequency oscillators. The regions
correspond to the state indices as 1 - V1, 2 - L-intraparietal suculus (IPS), 3 - L-dorsolateral
(DL)prefrontal cortex (PFC), 4 - R-DLPFC.

A comparison of the data and model output for Region 1 (V1) is shown in Figure 5-3. See
the Appendix Figures C-4 to C-6 for the results for Region 2, 3, and 4. Visual inspection of
the fit demonstrates that the baseline model captures the 'no distractor’ behaviour well, as
is expected from the baseline model selection process. Together, the baseline plus the neural
network also capture the ’distractor’ behaviour well, suggesting that the network can replicate
the attention dynamics.
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Figure 5-3: Fit of the universal differential equation (UDE), with baseline double extended linear

oscillator and attention neural network models, to the full dataset for Region 1 - V1.

5-2-2 Symbolic Regression

The next step in the function identification of the attention model is the distillation of the

neural network into an arithmetic expression through symbolic regression.

expression is given in (5-4),

2 3
D8y + P9Tyy

0
0
p7z§1
0
0
0
0
0

2
D25241
0

2
P26231

p1(221 — m11) + pa(241 — T11) + P33, + Pazdy + P523 + periy

p1o(z11 — x41) + p11(231 — T41) +p12232,1
2 P 2 2 2 3
p13(241 — 211) + p1axiy + P1521; + Pr62a) + D175 + pi1sziy + Prozh

p20(231 — 221) +P21$?11 +P22221 + p235631 + 1024221

The resulting

(5-4)

Even without considering the specific parameter values, analysis of which terms appear in
each expression is an effective way to determine the significant relationships between states,
as the sparse optimisation algorithm used for symbolic regression prevents insignificant terms
from appearing in the final solution. This analysis is provided with some context later in the

section.

Finally, the full model including the symbolic regression attention model,
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[gj =1(0,z,2) + vSR(p, z, ), (5-5)

is optimised with respect to the full dataset to produce a final model with optimal parameters
0%, p*.

A comparison of the data, neural network model, and symbolic regression model for all four
regions is shown in Figure 5-4. The close agreement between the neural network and symbolic

regression models demonstrates that the symbolic regression technique is able to reduce the
highly parametersed network into a simpler expression which captures the same behaviours.
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Figure 5-4: Comparison between the symbolic regression and neural network models in capturing
the 'distractor’ dataset.
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To aid interpretation of the symbolic regression model to provide some insight into the under-
lying attention mechanisms, Figure 5-5 shows the value of the nonzero terms of SR(x(t), z(t))
evaluated over the solutions x(t), z(t) of the full model. These terms indicate the impact of
the attention mechanism, here represented by the function SR(z, z), on the dynamics of the
oscillators over the course of the solution trajectory. In particular, visualisation of these terms
allows for an assessment of which states in the model are most impacted by the activation of

the attention model.
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(b) Terms influencing high-frequency dynamics (SR.:,i = 1,2,3,4).

Figure 5-5: SR(x(t),z(t)) evaluated over the solutions z(t), z(t) of the full model.

A first observation made clear from this visualisation is that Region 1 (V1) experiences
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significant changes in dynamics with the activation of the attention mechanisms, as both the
high- and low-frequency SR function terms for this region are large in magnitude over the
course of the solution trajectory. This aligns well with existing literature in visual attention,
much of which focuses on changes in behaviour of the visual cortex [120, 109, 36, 63]. The
expressions for this region,

SRy (x,2) = pi1(201 — 211) + pa(241 — T11) + p323y + paza, + P52, + Pexay, (5-6)
SR, (z,2) = p13(za1 — 211) + prazy; + + pi675, + pireay + pisza + Piozay,  (5-7)

confirm this observation, containing many terms representing complex inputs from other
regions. Terms are coloured to indicate which regions they correspond to, with V1: orange,
L-IPS: olive, L-DLPFC: pink and R-DLPFC: blue. The majority of terms in both the high-
and low-frequency expressions correspond to the R-DLPFC (blue), suggesting that input from
this region is important to the change in behaviour of V1 when distractors are anticipated.
This observation is especially interesting considering that the data analysis of R-DLPFC
reveals very minimal changes in power spectrum of this region between the ’distractor’ and
'no distractor’ cases (see Figure 3-7). Thus, although data analysis suggests that the R-
DLPFC is not active in attention mechanisms, this dynamical analysis suggests that the
region plays an important role in controlling other regions.

In addition to the R-DLPFC, terms relating to high-frequency L-IPS (olive) and L-DLPFC
(pink) also appear, suggesting that the inputs from these regions to V1 also change with
activation of attention mechanisms. Parameters ps, p1g, p17 in particular are substantial in

magnitude compared to the other parameters, in addition to p1g, p14 which link with Region
4.

The high-frequency node of Region 1 is also the only node to show an internal change in
dynamics, with the relevant term highlighted in orange. This suggests that in addition to a
change in influence from the other three regions in the network, there are internal changes
that occur within V1 when attention mechanisms are activated.

A second observation from Figure 5-5 is that Regions 2 and 3 (L-IPS and L-DLPFC) have
relatively little change in dynamics, as both the high- and low-frequency SR function terms
for this region are relatively small in magnitude over the course of the solution trajectory,
with the exception of high-frequency Region 2. The expressions for these regions,

SR, (x,2) = przyy, (5-8)
SRyy(w, 2) = psxyy + PoTyys (5-9)
SR, (x,2) = pao(z31 — 221) + p2127) + P2aza) + P23l + P2aziy, (5-10)
SR, (x, 2) = p2s2iy, (5-11)

once again confirm these observations, containing relatively few terms. The colour-coded
terms again demonstrate the importance of input from Region 4 (R-DLPFC) to Regions 2
and 3 in the attention model, especially for the high-frequency Region 2 expression (z2).
However, this result for expressions x9,x3, 23 should be considered with some caution, as
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these outputs of the SR function are very small. These small outputs suggest that the input-
output relationship for these terms is fairly weak, making the symbolic regression techniques
less reliable.

Finally, although data analysis has shown that the behaviour of Region 4 (R-DLPFC) does
not change much with activation of attention mechanisms, Figure 5-5 demonstrates that there
are significant changes in the underlying dynamics. The expressions for Region 4,

SRy, (x,2) = pro(z11 — x41) + p11(231 — 241) + Pro2ay, (5-12)
SR, (x,z) = p26z§1, (5-13)

demonstrate that these are largely due to changes in influence from Region 3 (L-DLPFC),
highlighted in pink, plus a change in the diffusive coupling with V1. Note that although the
expression for z4 has only a single term, the parameter pog has significant magnitude, meaning
the dynamics of z4 are still substantially altered.

In summary, the symbolic regression model suggests that activation of attention mechanisms
has a large impact on the dynamics of V1 and R-DLPFC and a small impact on the dynamics
of L-DLPFC and L-IPS. Many of the changes in dynamics are due to input from the R-
DLPFC, which is itself impacted through input from the L-DLPFC.

5-3 Comparison with Connectivity-Based Attention Model

In this section, results from a second modelling strategy are presented as a comparison to
the algorithm developed in this project. This second strategy is hypothesis-driven, meaning
apriori assumptions on the attention mechanism are used to define the model structure, rather
than letting the model structure be learned from data. A common strategy in data-driven
modelling for MEG, often used in dynamic causal modelling (DCM), is to account for changes
in experimental conditions by allowing a change in the coupling between neuronal populations
(see Section 1-3). In this experimental context, this equates to describing the activation of
the attention mechanism as a change in the coupling strength between the populations. This
gives the dynamical model,

[ﬂ =10,z,2) + vCO(Ak,z, z), (5-14)
= l([w, k + vAk], z, 2), (5-15)

where the function CO(Ak, z, z) contains the coupling terms from the baseline function [ with
the change in coupling parameters Ak. This can be equivalently written as in (5-15), with
the baseline parameters 6 split into the natural frequencies w and the coupling parameters k.

A comparison of the data, data-driven symbolic regression model, and hypothesis-driven
coupling change model, is shown in Figure 5-6. The hypothesis-driven model is able to
capture the behaviour of the dataset just as well as the symbolic regression model, achieving
very similar loss function values.
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Figure 5-6: Comparison between the symbolic regression and coupling change models in captur-
ing the 'distractor’ dataset.

Because the structure and parameters in the hypothesis-driven model are motivated by a
biological process, i.e. strength of synaptic connections between brain regions, it is easier to
analyse the optimal parameters here than in the symbolic regression model. A schematic of
the most significant changes in coupling identified in the model is given in Figure 5-7. A
change in coupling is deemed significant if the coupling value in the baseline model is above
a given threshold and the change in that value in the attention model is greater than 5%.

Although this schematic alone offers insight into the neural mechanisms being captured by
this model, differing model structures makes comparison of the symbolic regression model
to these results challenging. To aid in the comparison, Figure 5-8 shows the value of the
nonzero terms of CO(x(t), z(t)) evaluated over the solutions x(t), z(¢) of the full model. This
is analogous to Figure 5-5 for the symbolic regression model.

Together, Figures 5-7 and 5-8 suggest that the coupling change model is describing a neural
mechanism which is completely different from the one described in the symbolic regression
model. Figure 5-8 demonstrates that the change in dynamics is spread evenly across the four
regions, with roughly equal magnitude output from the attention model for all populations.
This is contrary to Figure 5-5, which suggests that changes in the dynamics are concentrated
to specific populations. Figure 5-7 demonstrates that all oscillators experience a significant
incoming or outgoing change in coupling strength. This supports the observation that all
regions experience a change in dynamics, while also suggesting that these changes are due to

S.M. Ohkawa Master of Science Thesis



5-3 Comparison with Connectivity-Based Attention Model 57

L-DLPFC R-DLPFC

-9.3%

-13.5%

5,30
/
|

-5.8% 1
? 7.0% 5.7% +12.2%

+

9.3%

+7.4%

9%

L-IPS V1

Figure 5-7: Coupling between neural populations which change significantly with activation of
attention mechanisms. Green arrows indicate positive (excitatory) coupling, red arrow indicate
negative (inhibitory) coupling. The weight of the arrow reflects the strength of the coupling in
the baseline model, and the percentage change in the coupling strength is written on each arrow.

inputs from many different regions. Again, this is contrary to the analysis of the symbolic
regression model, which suggests that the changes in dynamics can be connected to inputs
from specific regions. In short, this model suggests that these attention mechanisms are
not implemented through focused changes in the relationships within and between targeted
regions, but rather through a more general change in connectivity in the network.

The aim of this comparison is to raise awareness for the caution required when drawing
conclusions based on studies which utilise a single modelling framework. FEven with the
same baseline model, these two modelling approaches suggest completely different neural
mechanisms to neuroscientists looking to utilise the modelling results. With the currently
selected data metric of median power spectrum, there is no way to differentiate between these
two models, as they achieve similar loss function values. Thus, from a data point of view, it
is unclear which model better represents the underlying neural mechanism.

However, this comparison also highlights the usefulness of the developed modelling algorithm
for exploratory analysis. By allowing for more flexibility in the learning of the attention model,
the symbolic regression model suggests a new mechanism for attention dynamics which en-
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Figure 5-8: CO(z(t), 2(t)) evaluated over the solutions x(t), z(t) of the full model.

compasses both changes in coupling strength and more general changes in dynamic behaviour.
This generality allows the model to capture mechanisms which may not be understood yet in
the scientific community, and thus would not otherwise be captured by a hypothesis-driven

model.
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5-4 Comparison With Second Subject Model

To test some of the observations made based on the single-subject model, a second model is
built using the same data-driven fitting algorithm on a dataset from a second subject in the
same study. A visualisation of this dataset (see Figure 5-9) shows very different behaviour
from that observed in the original subject dataset. For example, alpha-band power in V1 of
this subject decreases rather than increases under the ’distractor’ condition, contrary to the
original subject and to most observations in the literature. The increase in power is instead
seen at higher frequencies, from about 16-20 Hz.
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Figure 5-9: Frequency-domain analysis for second subject.

The algorithm could achieve similar loss levels to those seen for the original dataset (support-
ing figures are given in Appendix Figure C-10). Despite the differences in data behaviour,
analysis of the second subject model confirms the majority of observations made for the first
model.

The symbolic regression model which represents the changes in dynamics when the attention
module is activated is given in (5-17). Terms are coloured to indicate which regions they
correspond to, with V1: orange, L-IPS: olive, L-DLPFC: pink and R-DLPFC: blue. Also
provided in Figure 5-10 is a plot of the attention module function SR(zx, z) as a function of
the solution, analogous to Figure 5-5.
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N2(¢p,z,z) =~ SR2(p, z, 2) (5-16)

p1(2z31 — z11) + p2(2a1 — z11) + + paziy + pszi + peTiy + preh
0
p8$§1
0
Poziy + Prozi; + pr1zd + P12z
0
+ pra(zs1 — 2a1) + p1525
0
P16$4211 + 1’17251
0
2 2 2
+ piroxy; + + p2125, + P22z
0
P23231,
0
1)24517%1 + p25221

(5-17)

Visual inspection of Figure 5-10, confirms that most of the change in dynamics occurs in
Regions 1 and 4 (V1 and R-DLPFC), with relatively little change in Region 3 (L-DLPFC)
and low-frequency Region 2 (L-IPS).

Inspection of (5-17) confirms that the impact of R-DLPFC (blue) is significant for nearly all
regions in either the high- or low-frequency network. The expressions for the V1 terms

SR2;1(x,z) = pi(z31 — z11) + p2(za1 — z11) + + paziy + P52y + petiy + przhy, (5-18)
SR2,1(z,2) = pr6x3y + P77, (5-19)

suggest that the inputs to V1 change significantly when attention mechanisms are activated,
especially those from R-DLPFC to the low-frequency node.

The expressions for the R-DLPFC terms

SR2.4(x,2) = + pra(z31 — x41) + p152a, (5-20)
SR2.4(z, 2) = poax3, + p2siy, (5-21)

suggest that the flow from the L- to R-DLPFC is significant to the attention mechanisms. In
fact, the terms for the low-frequency expressions for the two subjects are identical (SRz4 =
SR2.4).

Also of note is the greater number of changes in internal dynamics present in this model.
Expressions for low-frequency V1, high-frequency L- and R-DLPFC, and high-frequency L-
IPS all contain terms which relate to their own dynamics, suggesting that the autonomous
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Figure 5-10: SR2(xz(t), 2(t)) evaluated over the solutions x(t), z(t) of the full model.

characteristics of these populations change when attention mechanisms are active. This lends
additional support to the conclusion that attention mechanisms influence more than only the
coupling between regions.

Master of Science Thesis S.M. Ohkawa



62 Results and Analysis

S.M. Ohkawa Master of Science Thesis



Chapter 6

Conclusions and Recommendations

This chapter presents the key results from this project and suggestions for future work based
on these results. In particular, the modelling algorithm is considered with respect to its utility
for neuroscientists, both in understanding of the attention-working memory (WM) interplay
and for more general use in magnetoencephalography (MEG) studies.

6-1 Summary

In Section 5-1, several baseline models are compared in terms of their ability to replicate
the power spectrum of an MEG signal in a data-driven modelling context. It is found that
a higher-dimension network of linear oscillators outperforms a lower-dimension network of
nonlinear oscillators for this task. This result highlights the importance of a well-formed
optimisation problem in data-driven modelling tasks, meaning model selection should be
motivated by both physical understanding of the system and simplification of the loss function.
In addition, a multi-stage parameter fitting procedure is introduced which allows this network
to capture wide-frequency behaviour, an important part of modelling MEG studies.

In Sections 5-2 and 5-4, the developed modelling algorithm is applied to two single-subject
datasets and the resulting expressions representing activation of attentional mechanisms are
analysed. This analysis reveals some mechanisms which are common to both models. These
common elements suggest that activation of attention mechanisms:

1. significantly changes the dynamics of Regions 1 and 4 (primary visual cortex (V1) and
R-dorsolateral (DL)prefrontal cortex (PFC)),

2. does not significantly change the dynamics of Region 3 (L-DLPFC) and low-frequency
Region 2 (L-intraparietal suculus (IPS)),

3. changes the influence of Region 4 (R-DLPFC) on all other nodes, in a nonlinear way,
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4. changes the influence of Region 3 (L-DLPFC) on Region 4 (R-DLPFC), in a nonlinear
way,

5. causes an internal change in dynamics in some regions.

Points 1 to 4 suggest that there exists a pathway from the L-DLPFC to the R-DLPFC
and then through to other nodes, especially V1, which is significantly altered when attention
mechanisms are activated during the WM task. The appearance of inputs from the R-DLPFC
in nearly all the nodes of the attention model suggests that this region plays an important
role in the attention-WM interplay.

The L-IPS is included as a region of interest in this model because it is hypothesised as
an origin of top-down attention signalling to the visual cortex. The results support this
hypothesis, as output from this region appears only in the dynamics of V1 in the attention
model. However, in both single-subject models, the V1 attention dynamics are dominated
by terms from the R-DLPFC, suggesting that a direct connection to R-DLPFC may be just
as significant as the L-IPS to changing the behaviour of V1 when attention mechanisms are
activated.

Point 5 suggests that the attention-WM interplay influences not only the dynamical rela-
tionship between different regions, but also the internal dynamics of certain regions. Both
single-subject models include such internal changes, although they disagree as to which pop-
ulations experience them.

In Section 5-3, a hypothesis-driven model is fit to the same dataset to allow for comparison
of the new algorithm to a more traditional modelling approach. This comparison demon-
strates that although both models replicate the data well, the flexibility of the new algorithm
allows for the data-driven discovery of models which suggest new mechanisms for attention
dynamics. For example, the symbolic regression model reveals a L-DLPFC — R-DLPFC —
V1 pathway which may be important to attention dynamics, which is not at all present in the
hypothesis-driven model. This insight can serve as a starting point for further investigation
by neuroscientists, for data analysis or experimental design.

In addition to demonstrating the neuroscientific insights that can arise from data-driven
dynamical modelling, this project extends work in the scientific machine learning domain
with a novel application to MEG datasets. A linear oscillator network model and train-
ing algorithm are introduced which allow the baseline model to capture the wide-spectrum
behaviour of several brain regions of interest. The results then demonstrate how neural net-
works, in combination with the baseline network model, can be used to capture changes
in the frequency-response of the system, validating the existing universal differential equa-
tion (UDE) framework. In addition, symbolic regression techniques which have previously
been used in conjunction with UDEs are shown to replicate the behaviour captured by the
neural network well, validating the use of these techniques for improving the interpretability
of neural networks.

6-2 Future Work

In this section, application of the current model to other problems in neuroscience, as well as
potential improvements to the current algorithm, are discussed.
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In the context of learning the attention-WM interplay, the current algorithm must be extended
to capture the full multi-subject dataset to allow for any significant conclusions. This requires
some consideration of how to model the subject-to-subject variability. Despite this challenge,
this extension would improve the training of the neural network considerably, as it would lead
to a fuller coverage of the network input domain and force the network to capture dynamics
which apply to all subjects. This would likely lead to more generalisable insights, rather than
the single-subject observations discussed in this report.

This extension touches on another limitation of this algorithm with respect to the generalis-
ability of the model analysis. The neural network is currently trained on a single trajectory,
reflecting the ’distractor’ case behaviour. Similarly, the symbolic regression step is completed
using only input-output data from a single trajectory. This means there is limited coverage of
the network’s input domain during training, leading to overfitting of the network to data and
restricting the generalisability of the resulting model and subsequent analysis. Unfortunately,
this issue is difficult to avoid in the current setting, as there is only a single case in which the
network is active in the dynamics. However, a slightly different application of the method,
for example where the activation variable v is taken from a larger set or is continuous, could
mitigate these issues. In this case, the network would be trained over several model solutions,
improving the input domain coverage. An example of such a case is provided at the end of
this section.

The data metrics selected for training of the model also leave some room for improvement.
Although frequency-domain characteristics of MEG data such as the power spectrum are
likely important to attention dynamics during the recall period, it is unlikely that these are
the only important metrics, especially given the transient nature of the time-domain response.
It is therefore recommended that some time-domain characteristics are added to the loss
function for this study. Selection of these characteristics should be completed in consultation
with neuroscientists, to ensure that they are relevant to attention dynamics. This will likely
impact the selection of the baseline model, requiring further improvements.

Currently, confidence that this algorithm reveals mechanisms which are relevant to the under-
lying brain dynamics relies solely on the fact that the model replicates the data behaviours
well. However, the hypothesis-driven model demonstrates that many different models can
achieve this. One way to aid in further validation of this algorithm is to purposely include
an irrelevant brain region in model. For example, the trials used in this study focus only
on visual stimuli, so the auditory cortex should have little to no impact on the attention
dynamics. If such an irrelevant node is included in the model, the attention model identified
by this algorithm should not include any terms related to this node.

Although this framework is presented as a method for learning attention dynamics in the
‘distractor’/’'no distractor’ conditions, it is extendable to other areas of interest to neuro-
scientists. To apply this method, it is only required that the MEG data be separated into
different conditions and that there is an expected change in dynamics between these condi-
tions. For example, the current dataset could be split based on behavioural outcomes such as
the reaction time after the memory probe, e.g. slowest 50 percent versus fastest 50 percent
of responses. The baseline model could then represent the "slow" dynamics, and the learned
model the difference between the "slow" and "fast" dynamics. In this context, the algorithm
would learn from data the dynamics which allows for faster reaction times. If the activation
variable v is made continuous rather than binary even more than two conditions could be
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captured by the model, e.g. v inversely proportional to the reaction time. This modelling
algorithm, then, offers neuroscientists a method which suggests new neural mechanisms for a
process of interest in a data-driven way, aiding in the formulation of new hypotheses.
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Appendix A

Mathematical Background for Adjoint
Sensitivity Method

This appendix outlines the mathematical proof for use of the backsolve adjoint sensitivity
method for calculating derivatives. The Gauss adjoint sensitivity method used in this project
is an extension of this method, with improvements in stability of the solution.

Theorem 1 gives the foundation of the adjoint method, and both the theorem and proof are
heavily inspired by Appendix B in [23] in addition to the adjoint method described in [75].

First, it is necessary to clarify two different derivative operators:

oL
Momentary: ——, Lasting: (A-1)

DL
dxz(t)’ Dx(t)
The loss £ depends on the trajectory of the state x(¢). The momentary derivative describes
the change of the loss if the state x is incrementally perturbed only at time ¢. In contrast, the
lasting derivative describes the change of the loss if the state z is incrementally perturbed at
time ¢t and this change carries forward to affect all future states that the loss depends upon.

Theorem 1. Define a scalar function L which depends on z(t) at times t;,i = 0,...,N. If
dz(t) DL da(t) df(z(t)) ‘ '
z(t) follows e f(2(t)) and a(t) = DAt) then pr a(t) 0 forty <t <t

Proof. Define a scalar function £ which depends on z(t) at times ¢;,7 = 0,...,N. Let z(t)

dz(t) _ ._ DL
follow e f(z(t), a(t) :== EOR

The evolution of the state z after some time At is given by

t+At
z(t+ At) = 2(t) + /t f(z(m))dr = G(z(t), At,t). (A-2)
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The Taylor series of G(z(t), At,t) around z(¢) is
G(z(t), At,t) = 2(t) + Atf(2(t)) + O(At). (A-3)

Consider a At small enough such that ¢; < ¢t < t + At < t;41. Applying the chain rule to a(t)
gives
DL DL Dz(t + At)

o B Dz(t + At)
) =50 = Dat+ A D)

Dz(t)

= a(t + At) (A-4)

The differential equation governing the evolution of a(t) can be derived through the definition
of the derivative as

da(t) lim a(t + At) —a(t)

dt  At>0 At
a(t + At) — a(t + At)w
= Jim. - (by Equation A-4)
a0 - sz(t) (2(6) + ALf(2(1)) + O(A12)) |
- - (by Equation A-3)
1' alt + At)(—DZt)Atf(z(t)) _0(A)
A}glo At
= Jim (i + At)(sj(t) F(0) — alt + ADO(AL)
— _at) 51; (Zz(g)) (A-5)
0

This theorem gives the evolution of the adjoint state a for times ¢; < t < t;41, achieved
through numerical integration of Equation A-5. However, this numerical integration requires
knowledge of the state z(¢) at all time steps taken by the ordinary differential equation (ODE)
0 t

solver, in order to calculate (=)
0z(t)

d:(t) _
e CO)]

To find the evolution of the adjoint at the missing times ¢;, a(t) can be expanded using the
chain rule as

. This can be achieved through simultaneous numerical

integration of

=2
>
o
)
I
=

= ' 23 (A-6)
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The lasting derivative in this expression can be simplified as

Da(ti) _ {0, t >t (A7)

Dz(t) |1, t=t;

Equations A-6,A-7 prove that the full adjoint trajectory will consist of segments and discon-
tinuities. For example, the expressions for a(t) at ty_; <t <ty are

N
) = iy
a(t) = &ifm D;Sg) (for ty_y <t < ty)
0L Dz(ty) oL
a(t]\[,l)

T 6z(ty) Dz(t) | 6z(tn-1)

The appearance of the term demonstrates the discontinuity. Moreover, because the

62’(75]\[,1)
loss £ depends explicitly on z at times ¢; and the value of z(¢;) are known through forward
numerical integration of dz(t) _ f(z(t) oL are known
& dt " 0z(t) '
: : dz(t)
In summary, consider a scalar function L(z(tp),...,2z(tn)). If z(¢) follows e f(z(t)) and

then the loss gradient can be calculated using the following algorithm.

,_ DL DL
M =50 D=(to)

Algorithm 1 Basic Adjoint Differentiation

Initialise z(to)

[2(to), 2(t1), ..., 2(tn)] = ODESolve(z(to), f(2(t)), [to, - - -, tn]) > Solve forward time
Dz(tn)

Z(t]v) = f(tN)

1+ N

while ¢ > 0 do
[=(ti-1). alti-1)] = ODESolve([=(t), a(t)], [ ((¢)), —af(?)
reverse time
a(ti—1) = a(t;—1) +

0/ (2(1))
0z(t)

], [ti, tifl]) > Solve

OL(Z(ty), ..., 2(t
L(2(to), .-, 2(tn)) > Adjoint Discontinuity at #;s

(52(@)
t=1—1
end while
return a(ty) = DL
07 Dalto)

A schematic of this procedure is given in Figure A-1.
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to ti tiv1 tn

Figure A-1: A schematic of the backward adjoint method for differentiation of a state-dependent
loss function through an ODE solver [23].

Theorem 1 and Algorithm 1 above can be applied to find the gradient of the loss function
with respect to the parameters of the neural network A by considering an augmented state
which follows an augmented ODE

() = [m(’f)] R [N(‘””SW] = £.(:00). (A-)

Then define the adjoint state as

DL :[DL‘ Dﬁ]. (4.9)

a.(t) = {a(t) GA(t)} T Dz(t) | Dax(t) DA

Note that numerical optimisation of the loss function requires ay(¢g), which describes lasting
derivative of the loss with respect to the parameters at the initial condition. By Theorem 1,
the evolution of the adjoint state between times t; is governed by

da(t)
dt

_ 6f-(2(t))
= —a:(t) 5z(t)

SN (z(t),\) ON(z(t),\)
:—[a(t) a)\(t)}[ dz(t) P ]

(A-10)

Algorithm 1 can then be rewritten with the augmented system as
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Algorithm 2 Augmented Adjoint Differentiation
Initialise x(tp), A

[Z(t0), Z(t1),...,2(tn)] = ODESolve(z(to), N(x(t), A), [to,-..,tn]) > Solve forward time
(ty) = DL(E(to), ..., 2(tN))

N = Da(ty)

a)\(tN) =0

z(tn) = &(tn)

1+ N

while i > 0 do
[m‘(ti_1>, a(ti_l), a)\(ti_lﬂ = ODESOIVG([x@i), a(ti), a)\(ti>], [N(Z(t), )\), —a(t)[

> Solve reverse time
a(ti—1) = a(t;—1) +

SN(2(£),\) SN((t),\)
dx(t) D) Il

0L(2(to), .-, 2(tN))

> Adjoint Discontinuity at ;s

5Z(ti)
t=1—1
end while
return ay(ty) = DL optionally a(tg) = DL
A0 ~ DA(to)’ p y alto = Dalto)

Note that returning a(tgp) is optional depending on whether the initial condition x(ty) is
assumed known or is a parameter to be optimised along with A.
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Appendix B

Mathematical Background for Source
Reconstruction

This appendix outlines the process for source reconstruction of time-domain
magnetoencephalography (MEG) signals through the linearly constrained minimum
variance (LCMV) beamformer method.

First a forward model that relates electrical activity inside the brain to measurements outside
the brain is necessary. Then, the inverse problem of reconstructing internal electrical activity
based on externally recorded signals can be addressed.

Forward Model

Researchers have used biologically detailed simulations of pyramidal neurons to deter-
mine the approximations which can be used to map neuronal activity to MEG and
electroencephalography (EEG) recordings [87]. Detailed compartmental models have been
compared with multi-current-dipole and single current-dipole approximations, and researchers
have found that the single current-dipole represents individual neurons and even entire neu-
ronal populations well.

The activity of the current-dipole moments or polarities (x) can then be mapped to the MEG
recordings (y) through a lead-field matrix (L), as follows,

y = Lx +n, (B-1)

where n represents some noise. Although this is an appealing linear model, generation of the
lead-field matrix is non-trivial. It takes into account

1. placement of the MEG sensors,
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2. geometry of the head, also called a head-model, and

3. density (location) and orientation of the current-dipoles, also called the cortical mesh.

Placement of the MEG sensors is known and known calibration points are used to map
these locations to the head geometry. For the head-model, functional magnetic resonance
imaging (fMRI) scans for each subject are available, and a single-shell volume conduction
model is used. A standard cortical mesh and parcellation map are used, see [120] for further
details.

Inverse Problem

The forward model can be used to generate MEG data from neuronal population models, but
it is more often desired to determine neuronal population behaviour from MEG data. This
is termed the inverse problem. This problem is ill-posed, i.e. there does not exist a unique
solution in the absence of additional constraints. Put formally, the inverse problem is to find
the best lead-field parameters ¢ (often the locations of the dipoles) and polarities (x) such
that the forward model holds (z*, ¢* = argmin, 4 ||y — L(q)z||).

A popular method to solve this problem for known location gy is the LCMV beamformer
method, introduced in [106]. Consider an alternative formulation of the forward model,
where the lead-field matrix and current-dipole moments are broken into a sum

y= Z L(gi)z(gi) +n (B-2)

and ¢; is the location of current-dipole i. Consider a spatial filtering of the MEG data at
location ¢qq, as follows,

2 =W (q0)y- (B-3)
If the filter is designed such that
T I,q=qo
W (q0)L(q) = { ; (B-4)
0,9 # qo

the filtered MEG data would give the current-dipole moment at the location gg (plus noise),
as follows,

z= Z WT(QO)L((]i)ZL'(q@') + WT(qo)L(qo)x(qO) +n, (B-5)
20
= w(qo) + n. (B-G)
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However, the filter defined in Equation B-4 is not feasible. Instead, the unit response re-
quirement at the desired location gy can be retained, and the complete attenuation at g # qo
replaced with a softer minimum variance requirement, giving an optimisation problem for the
design of the filter

VTVH(};;) (W (go)C(n)W (g0)) s.t. W (q0)L (o) = I, (B-7)

where C(n) is the covariance of the noise term n. This is termed the linearly constrained
minimum variance (LCMYV) problem [106] and has a closed-form solution

W*(a0) = (L (g0)C ™ (n)H (q0)) " H™ (q0)C ™" (n). (B-8)

This enables one to calculate the polarisation of a current-dipole based on MEG data at any
location in the brain, which can then be translated to a neuronal population model.
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Figure C-1: Fit of the candidate baseline models to the
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Figure C-2: Fit of the candidate baseline models to the "no distractor" data for Region 3 -
R-dorsolateral (DL)prefrontal cortex (PFC).
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Figure C-4: Fit of the universal differential equation (UDE), with baseline double extended linear
oscillator and attention neural network models, to the full dataset for Region 2 - L-IPS.
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Figure C-5: Fit of the UDE, with baseline double extended linear oscillator and attention neural
network models, to the full dataset for Region 3 - L-DLPFC.
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Figure C-6: Fit of the UDE, with baseline double extended linear oscillator and attention neural
network models, to the full dataset for Region 4 - R-DLPFC.
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C-3 Supplementary Figures for Coupling Change Model Fitting

Figures displaying the coupling strength between populations in the baseline model, plus
significant changes in coupling with activation of attention mechanisms. The weight of the
arrow reflects the strength of the coupling in the baseline. Green arrows indicate positive
(excitatory) coupling, red arrows indicate negative (inhibitory) coupling. The percentage
change in the coupling strength, if significant, is written on each arrow. The change is
deemed significant if the coupling value in the baseline model is above a given threshold (500)
and the change in that value in the attention model is greater than 5%.
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Figure C-7: Coupling between low-frequency neural populations which change significantly with
activation of attention mechanisms.
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C-4 Supplementary Figures for Second Subject Model Fitting
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Figure C-10: Comparison between the symbolic regression and neural network models in cap-
turing the "distractor" dataset.
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List of Acronyms

MEG
WM
DCM
ADHD
fMRI
V1
PFC
DL
FEF
LIP
IPS
ACh
EEG
BF
TRN
ODE
NODE
SINDy
UDE
LCMV
FFT
IQR
AR

magnetoencephalography

working memory

dynamic causal modelling

attention deficit hyperactivity disorder
functional magnetic resonance imaging
primary visual cortex

prefrontal cortex

dorsolateral

frontal eye field

lateral intraparietal area

intraparietal suculus

acetylcholine

electroencephalography

basal forebrain

thalamic reticulate nucleus

ordinary differential equation

neural ordinary differential equation
sparse identification of nonlinear dynamics
universal differential equation

linearly constrained minimum variance
fast Fourier transform

inter-quartile range

auto-regressive
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98 Glossary

ARMA auto-regressive moving average
STLSQ sequential thresholding least-squares
MLSL multi-level single linkage

SLSQP sequential least squares quadratic programming
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