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This paper presents an optimal control framework to determine acollection of
open-loop command signals that mathematically guarantees opetiah of an air-
craft within certain prescribed state constraints. The framewolik is specifically ap-
plied to estimate margins for the reference command inputs of aircaft autopilot
systems, so that safe operation within a given flight envelope carelassured under
appropriate control action. Flight envelope excursions are genally considered as
precursors to Loss-Of-Control incidents, and hence, these mgins contain safety
critical information that can help improve the situational awareness on-board the
aircraft. In off-nominal conditions, the computed safety margins provide indica-
tions of a degraded aircraft with reduced flying and handling qualities These indi-
cations appear in the form of increasingly more strict limits on the aubpilot refer-
ence command input. The entire framework is illustrated on an examfe problem
involving a pitch dynamics model with state constraints on the pitch #itude. Sim-
ulations are conducted wherein margins are computed for the refence pitch com-
mand of the pitch hold system, while the aircraft enters an off-nonmal condition

with severely degraded system dynamics and reduced elevator eétiveness.
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Nomenclature
nominal LTI system matrices
off-nominal LTI system matrices
system dynamics
output equation
Hamiltonian
cost functional
control system gains [-,1/sec,-]
state constraint
pitch rate [rad/sec]
current/initial time [sec]
prediction horizon [sec]
value function
state
current or initial state
ref. command input
output

command input space

set of admissible ref. command signals

elevator input [deq]

min. and max. elevator input [deg,deqg]

system state trajectory
command margins
pitch attitude [deg]

pitch attitude ref. command [deg]

pitch attitude ref. command margins [deg]

set of admissible pitch ref. signals
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. Introduction

Loss-of-Control (LOC) is a major contributor to accidents fedlities across all aircraft, opera-
tional categories, and phases of flight. In the commerdialgeegory alone, LOC was the cause of
22 accidents resulting in 1,991 fatalities [1] for the pdrimetween 1999 and 2008. Aircraft LOC
accidents are complex, and as stated in Kwatny et al. [2]ptties associated with flight outside
of the normal operating envelope, with non-linear influen@and with an inability of the pilot to
control the aircraft. In an attempt to quantify LOC, WilbomdaFoster [3] defined metrics and
criteria that can be used to identify LOC events from flightadal'hese metrics are collectively
known as the Quantitative Loss-of-control Criteria (QLC) aodsist of five envelopes related to
the airplane flight dynamics, aerodynamics, structuragnty and flight control use.

Due to the complexity and multidisciplinary nature of LOCeté is no single intervention
strategy to these incidents. Rather, a holistic approach beiemployed which systematically
breaks-down the chain of events that precede a LOC incidAnalysis of accident data have
shown that LOC is often preceded by an adverse on-board ttmmde.g. contaminated airfoil,
improper vehicle loading, vehicle damage) or external fehzandition (e.g. poor visibility, wake
vortices, wind shear, turbulence, and icing conditiontsf eventually lead to an upset condition
(e.g. abnormal attitude, abnormal airspeed, uncontralkstent, or departure into a stall) be-
cause of an inability of the crew to deal with the situatioh [This observation suggests that
current flight-crew decision making and supporting fligketk software for safe vehicle operation
are inadequate in dealing with these so-called off-nongoatitions. That is, unawareness on the
impact of in-flight failures and hazardous flight conditiaften result in situations where inappro-
priate command signals lead to dangerous flight conditiosms fwhich recovery to normal flight
is difficult to obtain.

In this regard, Flight Envelope Protection (FEP) is seenwsseéul tool to prevent such danger-
ous excursions, which many times are caused by inappremilating action. The task of FEP is
to monitor and maintain vehicle operation within presaitienits under all circumstances. FEP
has been the subject of study in the recent past under vazaniexts. Yavrucuk et al. [4] have

studied automatic envelope protection systems tailoredipally for unmanned aerial vehicles,
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Falkena et al. [5] has investigated FEP strategies for sanaitaft from the general aviation cat-
egory perspective, and Sharma et al. [6] have looked intotiped FEP schemes for commercial
aircraft under icing conditions. For the commercial aifcategory, the industry dictates two
philosophies in FEP; in the first philosophy, the respoihigibof maintaining the aircraft within
prescribed limits is given to the flight control system. Tpiglosophy mandates an active role to
the flight control system, as pilot control actions can bedden to prevent aircraft from leaving
certain envelope bounds. In the second philosophy, a m@®veeapproach is taken wherein the
flight control system takes a more advisory role, and whergtlot has the final authority over the
aircraft [5]. Regardless of which philosophy is being foleny current FEP systems have not al-
ways helped in preventing LOC incidents and are not soghistd enough to adapt to off-nominal
conditions that alter the flight dynamical characteristit¢he aircraft significantly. To overcome
this shortcoming, more advanced Flight Safety Assuran8&jBystems [1] have to be developed
that can help assess and predict the impact of off-nominalitons on vehicle flight safety.

In line with this goal, this paper presents a novel frameworiteterminé'safety margins”for
the reference command signals of an aircraft autopiloesysihese safety margins ensure that an
aircraft will never violate certain state constraints whitefine the boundaries of a safe maneuver-
ing envelope. Hence, provided that off-nominal dynamiestmtected and identified almost imme-
diately, the computed margins provide important inform@toncerning the operational freedom
of the aircraft. The proposed framework to compute the margivolves optimizing a set of cost
functionals over a space of admissible command signalssitimeof these cost functionals signify
whether a state trajectory of the system can violate a statsti@int within a certain predefined
time-window. The information extracted by the optimizatiaf the cost functionals subsequently
allows us to use an iterative procedure to find suitable margr the system. The extrema of the
cost functionals are computed using Dynamic Programmirg) (@inciples. This involves solving
a time-dependent Hamilton-Jacobi-Bellman Partial Diff¢ied Equation (HJB PDE) which often
arises in optimal control problems (see Kirk [7, Ch. 3] or Badd Capuzzo-Dolcetta [8, Ch. 3]
for more background).

In comparison to other related work [9-12] that aims to cotapmertain safety metrics for
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inputs signals of aircraft systems, the significance of {h&n@al control formulation presented in
this paper is that the computed margmathematicallyguarantee operation of the system within
the state envelope forspecified prediction horizorFurthermore, the method is directly applicable
to a large class of nonlinear systems, since no stringenimrg#ns are made concerning the
structure of the system. The practical application of theppsed methodology is illustrated on a
simplified aircraft system with state constraints on thetpdttitude. Simulations are conducted to
study the dynamic behavior of the margins in response topalschanges in the system dynamical
properties and control behavior. In line with expectatiansl theory, simulation results verify
that envelope excursions only occur under prolonged negfébe margins. These excursions are
preceded by a rapid shrinkage of the margins, indicatingtttegaircraft is rapidly approaching the
edge of the envelope. On the other hand, if the command imputsnuously satisfy the margins,
an envelope excursion never seems to occur.

The remainder of this paper is organized as follows. Sedti@aborates on the details of
the problem addressed in this paper. Section Ill then cagsptoblem in an optimal control
framework, which is subsequently solved using DP prinaipl8ection IV applies the proposed
method on an example involving a pitch dynamics approxiomatif a Generic Transport Model
[13]. Section V presents simulation results where margmescamputed for the pitch reference

command along the simulated flight trajectory. Section ¥test the conclusions of the work.

1. Problem formulation

Many physical systems operate safely only when they arergahfo certain operating conditions.
In order to maintain a system within certain prescribedestanstraints, one needs to be cautious
on how the system gets excited. For the case of an aircraftythuld relate to the type of command
signals provided to the autopilot system. The objectivenia paper is to classify a collection of
feasible command signals that meet the requirement of kgepe aircraft within flight envelope
constraints. The goal in this section is to describe how teblpm is approached quantitatively.
The aim is to clarify the overall setting of the problem bytisigthe assumptions, and also pointing

out to some additional considerations which go beyond thegut scope of this paper.
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A. Modeling the aircraft as a command-driven system

In modern aircraft, it is often the case that a specific refeeecommand signal is provided to
the autopilot system, after which an existing controitzersthe aircraft towards that reference.
Hence, from the viewpoint of the cockpit, the aircraft carvimved as a command-driven control
system. In addition, command limiting an autopilot is aneatrofit option than the replacement

of a certified flight control system. This command-driventcolnsystem is modeled by

><.
Il

(X, Yeer) (1a)

h(x) (1b)

<
Il

where f andh are Lipschitz continuous functions, and where R" denotes the statg, € R™
denotes the output, angl.; € Yer € R™ denotes the reference command input. In (1a), the symbol
Vet IS deliberately used to emphasize that the input to the sy&eareference commandrhus

for the application in consideratiom,.; denotes typical inputs to an autopilot system such as: the
reference pitch attitude, reference flight path angle reefee bank angle, reference velocity, etc.
In FEP, the goal is to determine how the reference commameéisigdenoted by,,; (-), have to be
limited, in order to ensure that certain state constrairesnaver violated by the state trajectories
of (1).

For the scope of this paper, we assume complete knowleddeedfyistem (1). In practice,
an accurate model of the system will not always be presens Adids especially true when the
aircraft is flying in an off-nominal condition. Thereforeivgn this uncertainty on the system,
an important requirement is to develop in-flight system tdieation procedures that are capable
of estimating the anomalies in the flight dynamical chamties. The challenging part of this
requirement is that the detection and identification ofraffninal conditions has to be done with
minimum time delays. LOC incidents can develop in a matteecbnds, and given the unforgiving
and unpredictable nature of LOC, deliberate excitation efdbntrols in order to meet persistence
of excitation requirements is unacceptable during a faitandition. Despite all of this, note here

that many LOC incidents also occur when the aircraft appeatse in a nominal state, hence
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making the work discussed in this paper relevant even witkioel existence of on-line system
identification procedures. In addition, some recent retefdd] has shown that pilot inputs during
a normal task can be effective at near real-time systemifation and this may be an approach

that is relevant to this task.

B. The safe maneuvering envelope

The state domain in which the aircraft must be operated ésrtbe safe maneuvering envelope.

This envelope is described in terms of inequality constsamm the state of the system, i.e.

L(X)<0, i=1...r )

A trivial example of an inequality constraint that helps defithe contours of the envelope is
the limitation imposed on the angle-of-attack. Moreovbkg five envelopes defined in [3]: the
adverse aerodynamics envelope, unusual Attitude envedtioetural integrity envelope, dynamic
pitch control envelope, and dynamic roll control envelopey also be represented in terms of
inequality constraints (2).

Although not the focus in this paper, note that the actu@ sa&fneuvering envelope may shrink
under adverse on-board conditions. To estimate changhks ffight envelope is a non-trivial mat-
ter, and currently is an active area of research within tihereitical community. The survey paper
of Tang et al. [15] summarizes some of the developments iptagelight envelope estimation. In
general, the literature describes two different approsiéhieestimating the safe maneuvering en-
velope. The first approach aims to represent the envelope &eliection of all achievable aircraft
trim conditions along with their local stability maps. Foaenple, in Tang et al. [16] the stable and
controllable trim conditions were determined off-line BoGeneric Transport Model (GTM) with
left wing damage. The authors saw this as a comprehensivearsistent way of representing
the maneuvering envelope, so that it can be used to detefeasible trajectories for safe vehicle
landing during emergency conditions. The other approaatdan be found in the literature is the

reachability formulation for estimating the safe flight elope (see also [17, 18]). For example,
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in Oort et al. [19] and Lombearts et al. [20] the flight envedagas characterized as the intersec-
tion between the forward and backward reachable set of ticea#titrim set. In any case, both
approaches are computationally intensive and requirdyaifuégrated modeling of aerodynamic,
structural and propulsive aspects of the aircraft in ordestitain high fidelity approximations of
the maneuvering envelope. In the present study, we assatiéhsafe maneuvering envelope, or

equivalently, the constraints (2) are a given information.

C. The command margins

In order to classify a collection of reference command dgtizat ensure operation within the

constraints (2), the input spacg.Yis parameterized in terms of the interval

Yiet 1= [yrefmin’ yFEfmax] (3)

wherey,; .. andy.; . denote respectively the lower and upper limit imposed orréfierence
command. Collectively, the pairygs .. Yrer,,) IS referred to as the command margins for the

system (1). These margins are used to define a function space

yref =

{Vier () 2 [tosto+ T] = [Vieet i Yretmad | Yret () is measurable (4)

whereVY,.s denotes a collection of reference signgls (-) for the time periodty, to + T]. These
signals are effectively piecewise continuous functiorgsatisfy the imposed margins for the time

period of consideration. That is, for amy; (-) € Y., We have that

yrefmin = Yret (T) < yrefmax

forall T € [to, to + T].
The problem we lay out is as follows. Suppose that the aircsadit some initial condition

Xo at timety. The goal is to determine the marging/q . . Vret,..,)» SUCh that, no matter what
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admissible command signal satisfying the margins for the feseconds (i.ey..; () € Yref) IS
provided to the system, the resulting state trajectoryptgehby(7; Xo, Y,e(-)), Will never violate

the envelope during that time period. That is, the aim is teeha

max , li ({(T; X0, y,ef(-))) <0, i=1...,r (5)

T€[to,to+T

for all y,e; (-) € Yres -

The objective is to estimate these margins continuously@ahtime setting along the followed
state trajectory of the system. The varialbles a design parameter and denotes ghediction
horizonfor which the margins are valid. The goal is to set the préalichorizonT sufficiently
large so that all important transients in the dynamics ackuded in the analysis. Too small a
prediction horizon can lead to deceitfully lenient margivtsich ignore the effects that come into
play at a later stage. Very small prediction horizons ardeading and can create the illusion
that there is a lot of operational freedom. On the other haad; large prediction horizons are
computationally more challenging, but also do not add mwdhesbecause of largely unmodeled
higher-order effects. Typically, only a local model of theceaft flight dynamics around the current
flight condition is available, hence projecting too muctloitite future is not possible. As a thumb
rule, a suggestion is to fik equal to two or three times the time-constant of the system.

Figure 1 illustrates the receding horizon approach for asimg safety margins. In the figure,
the past state trajectory of an aircraft system is shown uprmet, and statex,. Furthermore,
a time-window is depicted from the present titgdo some future timey, + T. Supposing that
certain command margins are set for this time-window, fergpecified margins in figure 1a, it
appears that there exists a reference command signél) € Y,; that can give rise to an extremal
trajectoryd™(:; Xo, Y;o (+)) violating the envelope. On the other hand, for the slightlyre limited
margins in figure 1b, there exists no such command signattratead to such a trajectory. The
goal is to continuously ensure that the margins exhibit ttep@rty depicted in figure 1b. When
this is the case, those margins are called “safe”, wher¢ysiafeterpreted as whether the margins
can guarantee flight inside the state envelope for a spegifestiction horizon.

Note that the safety margins should be interpreted as agvisformation, since violation of
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the margins does not imply an inevitable envelope excursfmeference signal outside of the
margins can still be commanded to the aircraft, as long asconstantly monitors the dynamic
behavior of the safety margins after such actions. As wilben later in section V, if a rapid

shrinkage of the margins occurs, then this would be an itidicaf the aircraft getting closer to

edge of the envelope.

X (t)

Envelope violation

/\x_;— Ximax
e o o o — ——— — o o o 4 ooy 2o SRR Yref max

Yret ()

to+T t

_________________ Yrefmin

Xmin

a) There exists at-least one reference commandy,q¢ () € Yrer that can steer the system
outside the envelope inl seconds.

X (1)

Xmax

—— e " —— —— — o ¢ s Yref max

Yref ()

to+T t

————————————————— Yre fmin

Xmin

b) There existsno reference commandy,.¢ (-) € Yt that can steer the system outside
the envelope inT seconds.

Figure 1. "Safe” (figure 1b) and "unsafe” (figure 1a) command nmargins for some hypothetical dynamical system
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lll.  The Optimal Control Methodology

The objective formulated in section Il C requires one to grakhe properties of a whole class of
system state trajectories at once. In this section, a sysiemethodology is presented to tackle
this problem with the help of optimal control ideas for coripg reachable sets of dynamical
systems (see [18, 21]).

The details of the proposed methodology are explained icdinéext of the general problem
formulation given in section Il. Later in section 1V, the rhetology is illustrated on a specific

example problem which involves computing safety margimsafpitch hold system.

A. The cost functional

The safety margins for the system (1) are found using artiterapproach. This approach involves
fixing certain margins for the system, and then, checkingtindrethe corresponding signal space
(4) can contain reference signals that lead to state trajest{(z; Xo, Y;e¢ (-)) Which violate the
conditions (5).

This verification of the system state trajectories for a gjecollection of command signals
(4) can be done statistically through the means of simatimany individual state trajectories.
However, such a Monte Carlo approach will never provide aantae of whether all system state
trajectories are checked. That is, there might still exasts reference command signal witiMfes
that can lead to a trajectory crossing the envelope bousgldnstead of analyzing the properties of
certain random state trajectory individually, it suffickeattthis verification process can be handled
analytically by recasting the problem in an optimal conframework. Contrary to Monte Carlo
simulations, solving the problem using this frameworkaldor a systematic check of all state
trajectories.

To further elaborate on this, consider the cost functional

Ji (X0 Yrer (7)) :=_max_ 1 (¢(7: Xo, Yrer (1)) 6)

I
T€[to,to+T]

wherex, denotes the state condition at titgeandy,.; (-) denotes a reference command signal over
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the time periodty, to + T]. Suppose that (6) is optimized over the space of admissdrterand
signals (4), i.e.

I (%0) = max Ji(xo. Ve (1)) W)

Yref ()€ ref

Then the following can be stated for the selected marging ( . Vrer, 0"

* WhenJ’ (Xo) < 0, the system is guaranteed to not violate i-th state cansfia. |; (x) < 0)

in the time-windowty, t, + T] for any admissible command signal.

+ On the other hand, whedj (xo) > O, there exists one or perhaps several command signals

Vet (-) € Yot that do result in trajectories violating the i-th state dosist.

Effectively, the optimization in (7) translates into a ssrawithin the function space (4) for the
worst possible command signal which will steer the systamatds the boundaries of flight enve-
lope as much as possible inside the time-windfwi, + T]. In other words, the optimization will
find the extremal command signgl; (-) € Yies, leading to the extremal trajectody/(-; Xo, Y;. ¢ ()
shown in figure 1a or 1b. The extremal trajectories violageghvelope whed’ (xo) < 0 for some
i €{1,2,...,r}. Vice versa, the state trajectories of (1) are guarantesthipinside the envelope
(2), if and only if

_max J (%) <0 (8)

B. The iterative procedure to find safety margins

The properties of the cost functional are exploited to finié s@mmand margins for the system
in a systematic way. An iterative procedure is used for thappse. This iterative procedure
involves solving the optimal control problem (7) multiplenes for different margin settings. At
every iteration step, incremental changes are made to wer land upper limits of the margins,
.. t0Yer,,. @aNdy,e¢ . respectively, until margins are found that meet the cooulitn (8). The
entire procedure is schematically depicted in figure 2.

The command margins are a function of the system dynamicnd }he current state,. To
explain this in more detail, consider that a degradatiorhefgsystem dynamics (i.e. a slightly

less stable system) will lead for instance to more strictyimarfor the reference command inputs.
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I
- I

( Check condition (8) I Make necessary ad]ustmentF : Command
I

to (yrefm,nv yrefmax) margins

ComputeJ; (Xo)

System dynamics

Figure 2. The iterative procedure for finding safe command magins.

Likewise, certain states will be more susceptible to enmwelviolations than others. For these
states, the margins will turn out to be more strict as wellfalst, for some state conditions which
are still within the envelope, it may be inevitable to prevéire aircraft from violating the safe
maneuvering envelope, no matter what command inputs avédebto the control system. In that
case, there will be no more margins left for the system andition (8) will never be satisfied.
Our goal is to compute safety margins continuously alongatitaal state trajectory followed
by system. The intention is to continuously update the margi-flight, so that this information
can be either: 1) fed-back to the pilot through cockpit digplfor improving situational awareness,
or 2) used to directly augment command inputs provided t@thepilot system. The overall way
in which the information is used in the FEP system dependsherspecific philosophy being
followed (as discussed in the introduction). Both impleraéiohs are illustrated in figure 3 with

the dashed lines.

C. Dynamic programming and the Hamilton-Jacobi-Bellman equation

The most challenging part of the procedure depicted in fi@uie to solve the optimal control
problem in (7). In the present implementatidf(Xo) is found through the dynamic programming

principle. In [18] it was showhthat J* can be related to the value function of a terminal-cost

aSee proposition 3 on page 920.
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L | Command margin
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Figure 3. The intended applications for the estimated commad margins in the FEP architecture.

optimal control problem. The relationship is given by

J'(X0) = max_V,(r, Xo) 9

7€[to,to+T]

whereV, : [to,to + T] X R" — R is the value function given by the unique viscosity solutdthe

time-dependent Hamilton-Jacobi-Bellman PDE

Vi (t, X) N (t,x)")
M) +H(x, N ) _ 0 (10a)
Vi +T,%x) = 1i(X) (10b)

In (10),H : R" x R" —» R denotes the Hamiltonian and consists of the optimization

0V (t, X) _ AY (t, X)
H (X, X ) - yrgg?'l)rif < X ’ f (X’ yref) (11)

with (-, -) denoting the standard inner product. Furthermore, noliaéthe boundary condition
(10b) equalg; from (2).

Analytic solutions are rarely found for (11). Hence, in arttefind J* through the relationship
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(9), the HIB PDE (11) has to be solved numerically. Well dithbd convergent finite-difference
schemes exist (see e.g. Osher and Fedwick [22, Ch. 5]) that €bl) on a fixed Cartesian grid
in the state-space. However, a major drawback of these meibdhe exponential growth of the
grid-size with respect to the state dimension, limitingirttlagplicability to low-order problems.

This computational complexity issue is a common problemyimaginic programming. A common
strategy used to overcome these computational challesgesuse Adaptive Dynamic Program-
ming (ADP) techniques [23] to find approximations of the afunction with general function

approximators. In this paper, we have used the method fromn@arajan et al. [24], that uses
multivariate simplex splines [25, 26] to find an approxiroatof V;(t, x).

The investigation of other methods that solve (7) more éffely is an area of research that
requires more attention. In the present study, the focudavgsly on solving (7) through the DP
principle. However, the literature (see also the surveyepa27, 28]) offers a breadth of other
numerical methods to solve optimal control problems, eaith their own share of advantages
and disadvantages. The aim of this paper is not to presemagedbanalysis of numerical methods
that can solve (7), but more to illustrate the overall atlan of the framework presented in this
paper. In any case, we briefly hint out to the Gauss-Pseudwapmethod [29, 30] as an suitable
alternative method which converts (7) into a nonlinear paiag For very specific cases, such as
when f (X, y,et), h(X) are linear, and (x) are convex functions, the nonlinear program reduces to

a convex optimization problem that can be solved effegtivéth existing algorithms.

IV. lllustrations on a pitch dynamics model

In this section, the working principles of the optimal cahtapproach detailed in section Il is

illustrated on an example involving the longitudinal pittynamics of a Generic Transport Model
(GTM) [13]. The methodology is applied on a case where refggeitch attitude commands are
provided to the pitch hold mode of the autopilot. More spealfy, safety margins are computed
for the reference pitch attitude command, so that the dirigguaranteed to stay inside a safe
maneuvering envelope, defined in terms of limitations orpibteh attitude.

Safety margins are determined for two situations. The fitaagon represents theominal
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casewherein the aircraft is in a healthy state. The second stlmaepresents aoff-nominal case

wherein the aircraft has experienced a failure and is in aadksgl state.

A. The pitch dynamics model: the nominal & off-nominal case

The longitudinal pitch dynamics of the GTM is approximateidhva second-order linear system.
The approximation describes the pitch dynamics motion ®fGHM in clean configuration at an
altitude 30000 ft, flying at Mach 0.8. In the approximate motlee aircraft is described by two
states: the pitch angle [deg] and pitch ratey [rad/s]. The input to the system is the elevator
deflectionde [deg]. The input is bounded by the upper and lower limiisyax [deg] anddemin
[deg], respectively.

Let x = [6,q]" denote the state of the system. Under nominal conditioespitich dynamics

of the GTM [9] are

X = AOX + Boée» 5emin < 5e < 5e,max (12)
where:
0 1 0
Ao = , Bo=
-2.6923 -0.7322 -3.3552
and

In the nominal case, the natural frequency of the systgnis equal to 164 rad/s and the damping
ratiogo is 0.223.

Many different failure scenarios can be considered for tA®&IGIn this paper, the analysis is
restricted to one hypothetical off-nominal condition whis representative of a case wherein the
open-loop dynamics become marginally stable. Additignal50% loss of elevator effectivenes

is assumed in the failure condition. The dynamics of thenoffainal condition are

).( = AX + Bée, 5e’min < 69 < 6emax (13)

bThe matrices Aand B are given fom, ands. expressed in radians.
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where

0 1 0
A: B:

—-2.3388 -0.0252 -1.7676

In (13), notice that the loss of elevator effectiveness arelbognized in the change of magnitude
in the second-matrix entry from-3.3552 to—-1.7676. In comparison to the nominal system (12),
the off-nominal system has indeed become marginally staiohee the damping ratig is now
only 0.0083. The natural frequeney, has remained more or less constant which is now equal to

1.53 rad/s.

B. The pitch hold system

A pitch hold system is designed for the nominal case of thehpiynamics model (12). The pitch
hold system takes a reference pitch attitude as a commaunt] anpd aims to bring the aircraft state

to that reference pitch attitude. The pitch hold system iDaéntroller and takes the forim
Oe = k@ (ksgref - 9) - qu (14)

with 6re+ denoting reference pitch attitude agd; set to 0 rad/s. LeK; = [ky, ky] and K, = Kk,
so that (14) can be rewritten as

Stability requirements demand the natural frequangyto be 25 rad/s and the damping ratip

to be 0.707. Pole-placement yields

K1 =1-1.0604 —0.8354

The gainK; is used to eliminate the steady-state error for a step mfereommand. For the nom-
inal system, this gain would be set+d.8628. Note that the saturation of the elevator introduces

non-linear effects. Within the saturation bounds howethez, closed-loop system is completely

“The gainsk, ks, andky are given fom, 6+, andde expressed in radians.
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linear and given by

X = (Ao — BoKy) X + BoKzbret

For the off-nominal case (13), the closed-loop dynamics are

Note that the gaink; andK, remain the same in the off-nominal case. Consequently, dsed}
loop dynamics is degraded during the off-nominal conditidimat is, apart from a sluggish re-
sponse (i.e. high overshoot, large settling time, etc)eadst-state error is expected when a certain
reference pitch attitude is commanded. Also, larger etevdeflections are required to obtain the

same reference pitch attitude because of the loss in efesif¢ativeness.

C. The safe maneuvering envelope and the reference pitch atide margins

Our aim is to maintain the aircraft within an envelope camsed by limitations on the pitch

attitude. The constraints on the pitch attitude are

l1(X) :

[ (X) :

—9-10° <0 (16a)

§-25 <0 (16b)

Given that the aircraft is at some statg = [60, Qo] at timety, the computed reference pitch
attitude marginséermin, retmax) €nsure that the state trajectory will not violate the casts

(16) for the nexfl seconds, as long as

Oretmin < Oret (1) < Ore t max

forall T € [to, to + T].
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D. Implementation of the optimal control framework

In order to compute the margins for the reference pitchualtif the framework outlined in sec-
tion Il is followed. Define the following cost functionals

3 (%0 Vet () = _max_ 1 (¢(ri %0, 61 (), =12 (17)

T€[to,to+T

In (17), the cost functional; refers to the lower bound set on the pitch attitude (16a). ddse
functionalJ, on the other hand refers to upper bound set on the pitchat{tL6b). For a given set
of margins @ref.min, Oretmax), the cost functionals (17) are optimized over the spacedofissible

reference signals

®ref =

{Href () [to,to+T] = [Oref,min’ Qref,max] | Orer () is measurablk (18)
That is, the following are computed

J (%) = max J(xo.0er()), i=12 (19)

Oret(-)€Oret

J* (Xo) can be found from the relationship (9), which subsequeetyires solving PDE (10).
In the present study, (10) is solved using the method predeni24].

The PDEs in (10) are coupled with an optimization problem.isTdptimization consist of
evaluating the Hamiltonian in (11). What follows next is aabaration on how this evaluation is

performed. Let

fo (X, Qref) =1 AoX + Bodemax if — KiX + Kabret > demax (20)

(Ap — BoK1) X + BKy6,.¢ Otherwise
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denote the dynamics of the nominal system. Similarly, let

(A — BKy) X+ BKy8es oOtherwise

denote the dynamics of the off-nominal system. Hence, theiltanians that need to be evaluated

are respectively

N&x MV ()T
e i fo(x.0 22
0 (X ox ) erefe[eref'mi:;refmax] OX 0 (X ref) (22)
for the nominal case, and
aV, (t, x) N (. x)T
H{X, ——]| = AACLINPY s
( ox ) Ore1€[ Ore tmin-brefmax] OX ( ref) (23)

for the off-nominal case. From (20) and (21) it follows thia¢ toptimization variabl@,es in (22)
and (23) is affine to botlx and 244X Because of this fact, the optimization in (22) and (23)
becomes very straightforward as it can be expressed acallytwith the feedback laws

. . T
eref,min if % BOKZ < 0

go(t.x) = (24)

e Vi) T
Oretmax If =5~ a(xx) BoK2 >0
for the nominal case, and

. . T
Oretmin I 2N TBK, <0
gtx)=q o T (25)
eref’max If % BK2 > 0

for the off-nominal case. Subsequently, (22) and (23) caredaced to

H (X’ Vi (t, x)) _ V)T (X, g (%)

0X OX

and

. AV (t, x)) _ Vit x)" f (% g (t.%)

H
( 0X 0X
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respectively.

E. The algorithm to compute safety margins for the pitch dynamcs model

The margins on the pitch command reference are determineagsibg the procedure depicted
in figure 2. Simple heuristics are used to iteratively adjhst margins of the pitch command
reference. This involves making incremental changes taipeer and lower limits of the pitch
command reference.

Given the dependency df on the margins:fes min, bretmax), WE may express
Ji* = Ji* (XO; Qref,min, Href,max) s I = 1, 2

The following algorithm finds the least restrictive margfos the considered example problem.

The margins are found by making incremental changesmefdegredo ;¢ min aNd6 e max-

Algorithm

Let Xo denote the current state. Furthermore, 8t min, and rermay, denote the margin lim-

its computed in the previous time-step. For the next tinexaq&»,sinitializeGfg)f’min = 6Gret,min, and
Hﬁg)f’max = Oretmax,» and perform the following iteration at ledefi, times.

1. Computel;(xo; 6% 6% Yfori=12.

ref,min’> “ref,ma;

2. If k > knin, break the iteration at this point and return the safety inargg®, 6%, ), if

ref,min’> “ref ma

either:
o * . 0K (k)
Irer{l]_e}z)}(‘]' (Xo, Href,min’ eref,max) <0
« the lower margin limit hits the upper margin limit, i.&9. =% and_rqazlx];‘(xo; e
: : m: , ’

0.

3. Depending on the sign df(xo), update the margin limits with one degree increments in the

22 of 31

American Institute of Aeronautics and Astronautics



following way:

(K) o it Yy .- oK (K)
, Qref,min +1° if Jl(XO’ eref,min’ Href,max) >0
0 ref,min = ® _ ® ®
Qref,min -1 if Jl(xo; Qref,min’ Href,max B 0
e ey - oK (K
, if ‘Jl(xo’ Qref,min’eref,max) >0
, 0 ref,min ] 0 ®
O retmax = and Ifglgef,min = gref,max
K .
9§e)f,max otherwise

4. ComDUteJi*(XO; H/ref,min, Q,ref,max) fori = 1, 2.

5. If kK > Kkmin, break the iteration at this point and return the safety mar@’ e+ min, ¢’ re t.max)

if either

* irg{llaz)}(\]?(xo; &' ret.mins @ refmad < 0

* the lower margin limit hits the upper margin limit, i.& et min = & refmax and}rqu]i*(xo; 0 re.min, 0
=1,

0.

6. Depending on the sign df(xo), update the margin limits with one degree increments in the

following way:

9(k+1) glref,max_ 1° |f J;(XO; eref,min, 6Vref,max) >0
S 1 if J5(Xo: &' retmins O <0
refmax + I 2(X07 ref,mins ref,max) =

(k+1) if J;(XO; Q,ref,min, g’ref,max) >0

f,max
(k+1) _ ret, .
eref,min - and IfH/ref,min = H/ref,max

&' retmin  Otherwise

V. Simulation results

In this section, simulation results are presented for thél@&kample where safety margins are

computed for the reference pitch attitude along the follbwstate trajectory. The margins are
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determined using the algorithm presented in the previoasose The simulation results display

how the margins change dynamically to the control actiommssystem degradation.

A. The test scenario

In the simulation, a scenario is considered wherein a cefddure leads to a sudden degradation of
the system dynamics. In this failure condition, which osaifter 10 seconds in the simulation, the
system makes a transition from the nominal condition, isang12), to the off-nominal condition
described in (13). This transition happens instantangpasd the simulation is extended for 40
more seconds, resulting in an overall simulation duratiobOoseconds.

During the entire simulation, a switching block signal isyided as a reference command to

the pitch hold system. The following two cases are distisiged:

» Case I: the reference commasdtisfieshe command margins, and hence stajthin the

computed margin limits at all times.

» Case lI: the reference command occasiondlyatesthe command margins, and sometimes

goesoutsideof the computed margin limits.

Simulations are conducted representing both cases. Theadions are conducted using the sub-
scale model of the GTM given by (12) and (13) for the nominal affi-nominal condition respec-

tively. Subsequently, the provided example purely focasethe system performance for the pitch
attitude, and neglects the effects on the angle of attackaattifactor envelopes. The remaining

subsections discusses the dynamic behavior of the mawinsi$e | and Il separately.

B. Case I: the reference command satisfies the command margins

Figure 4 shows simulation results for case I. In the figure,aghvelope boundaries (as defined in
(16)) are denoted by the thick, gray continuous lines. Furttore, the state trajectory is denoted
by a black continuous line, and the reference command signignoted by the black dotted line.
The margins themselves are denoted by the gray dashed IBlearly noticeable in the figure

is that the reference command always remains within the imafge. between the dashed gray
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lines) for the entire simulation. Coincidentally, the stagectory never exceeds the envelope in
this particular simulation. This observation is consisigith our expectations since the margins
provide a guarantee of not violating the envelope for a $igeldime period. Hence, if the reference

command continuously satisfies the margins, so will thestajectory continuously remain within

the envelope.

6 [deg]

5 10 15 20 25 30 35 40 45 50
t[s]

a) Results for a prediction horizon of T = 1 second.

40—

30— > failure

6 [deg]

—20
J

b) Results for a prediction horizon of T = 3 seconds.

40—

state trajectory == - lower margin limit = = — ' upper margin limit envelope boundaries

******** reference command

30— > failure

6 [deg]

20k
J

¢) Results for a prediction horizon of T = 5 seconds.

Figure 4. The command margins estimated with different predction horizon settings for case I.
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Figure 4 displays the command margins for three differeatljgtion horizons. The general
trend seen in the figure is that increasing the predictiorzborieads to more restrictive margins.
This holds true particularly for the prediction horizonTo& 1 second in figure 4a, where the mar-
gins are extremely large and exceed even the flight envelbipis.result suggests that extremely
large reference commands (that which even exceed the @ejedoe required to steer the aircraft
out of the envelope within a one second time frame. When isanrgahe prediction horizon to
T = 3 seconds, figure 4b shows that it is also possible to steairttraft out of the envelope with
less extreme reference command signals. Clearly, a onedg@cediction is simply too small to
encompass all transient effects in the pitch dynamics. gJsucth a small prediction horizon can
be very misleading and sends out false signals concernimgleesafety and operational freedom.

For the example consider in this paper, a larger predictosizbn of T = 5 seconds (figure 4c)
gives a much better indication of safety. For a predictionZom of T = 5 seconds, the margins
clearly shrink after the failure @at= 10 seconds. This shrinkage of the margins gives an indica-
tion that the system dynamics has been degraded and thatdhadtehas entered an off-nominal

condition.

C. Case ll: the reference command violates the command margs

Figure 5 shows the simulation results for Case Il. This tirhe,margins are computed only for
a prediction horizon o = 5 seconds. Furthermore, the provided reference commanahget
satisfies the safety margins for the entire duration of theukition. As can be seen in figure 5,
after the failure condition &t= 10 seconds, the reference command repeatedly violatesviee |
limit set by the margins. In compliance with expectatioesults indicate that envelope excursions
may occur under prolonged neglect of the margins. For istaan envelope excursion happens at
approximatelyt = 11.5 seconds, when the margins are ignored for the first time.bftien lines

at approximately = 12 seconds point out that there is no reference signal thidtée®p the system
inside the envelope boundaries. In the simulation, theafirceturns back into the envelope as if
nothing significant has occurred. However, note that infizacthis envelope excursion could have

been a precursor to a LOC incident.
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Figure 5. Command margins estimated with a prediction horion of T = 5 seconds for case Il.

A violation of the margins by the reference command signasdoot necessarily imply an
inevitable envelope violation. As can be observed in figyte&pitch attitude reference command
repeatedly violates the margins aftee= 20 seconds, yet the state trajectory does not cross the
envelope for those occasions. An envelope excursion is aomynpreceded by a rapid shrinkage
of the margins. This is noticeable also in the envelope timtaat approximately = 11.5 seconds
in figure 5. The shrinkage is more clearly portrayed in figuaeviiich zooms in to the time period
of the transition from nominal to off-nominal dynamics. Atahrinkage of the margins is a strong
indication of the aircraft approaching the edge of the espe] closer the aircraft is to the envelope
boundary, smaller the margins become. The envelope ercucsuld have been prevented if the
reference command was modified in time in order to comply wgmargins. This is illustrated in
figure 6b and 6¢, wherein an envelope excursion is avoideddwifging the reference command
at approximately = 11.2 seconds.

In future work, efforts will be geared towards designingeetive cockpit displays that help
portray the margin information to the pilots. Furtherma#orts will be made to apply the frame-
work on more complex, higher dimensional systems with gciy multiple reference command
inputs. Eventually, the goal is to conduct human-in-theplexperiments in order to test the con-

cept in practice.
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a) The reference command violates the margins continuouslyrhe margins shrink rapidly followed by a envelope violatia.
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c) The reference command is modified in response to the change the margins, but this time the reference command is
only modified slightly so that it barely satisfies the margins

Figure 6. Command margins estimated for case Il withT = 5 seconds. The results are shown for the time
interval: [9,11.5] seconds where the transition occurs from nominal to off-norimal dynamics.

VI. Conclusions

A methodology was proposed to compute “safety margins”Herreference command signals of

aircraft control systems, such that certain predefinee s@tstraints denoting a safe maneuvering
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envelope are not violated. The methodology employs priasiffom optimal control to establish
a set of margins that mathematically guarantee operatigheoircraft within the envelope for
a specified prediction horizon. To estimate the marginsectiyr, complete information on the
system dynamics is required, and hence, the methodology Ibeugsed in combination with a
system identification procedure to estimate the anomaligagl off-nominal conditions.

The practical application of the entire framework was titated on a simplified pitch dynamics
model with state limitations on the pitch attitude. Simigdas were conducted wherein margins
were computed for the reference pitch attitude commandeopitch hold system. These margins
were computed along the actual flown state trajectory, whieaircraft enters into a failure con-
dition. In line with theory and expectations, simulatiosults confirmed that envelope excursions
are avoided when the reference command signals remaimwitbimargins. On the other hand,
a prolonged neglect of the margins is capable of steeringitlcgaft out of the flight envelope.
The excursions can be anticipated by a rapid shrinkage ahtrgins prior to an envelope viola-
tion. The computed margins can be used to improve the Snatawareness by displaying the
information on cockpit displays. The margins can also belusedirectly limit the commands
provided to the autopilot system. This all depends on whiesigh philosophy is applied in the

FEP architecture.
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