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Characterization of a Two-Dimensional Subsurface
Object With an Effective Scattering Model

Neil V. Budko and Peter M. van den Berg

Abstract—The problem of the location and characterization of In the present paper, the unknown object is supposed to be
a two-dimensional (2-D) subsurface object is formulated as the |ocated in a lossy half space. We show how the structure of the
inverse problem for an effective scattering model. An arbitrary background media can be taken into account within concepts

finite-sized buried object is described as a subsurface circular fthe T tri h that . v d | d It
cylinder with the radius, permittivity, and position of its center ofthe -matrix approach, so that previously developed results

to be determined. The inversion is performed in a nonlinearized Of the approximaté™matrix are easily extended to the present
way, minimizing the discrepancy between the actual scattered case. We use a slightly modified version of the conventional

field and that of the effective scattering model. A simple and 7-matrix approach [2], which follows the ideas mentioned in
quick solution for a circular cylinder embedded in a lossy half [3] and realized in [4].

space is introduced. As far as numerical efficiency is concerned, . .
the obtained approximate algorithm is comparable to the free- The solution to the forward scattering problem for the two-

space solution. The location algorithm has been tested with the Media configuration employs the Green function in the form of
two-dimensional models of plastic antipersonnel land mines. an inverse Fourier transform. This complicates the procedure,
Index Terms—Detection and characterization of subsurface f:leveloplng a forward scattering 9ode and partlcu_larly a,n
objectsv ground penetrating radar7 nonlinear inversion. nverse Scattenng COde, bOth Of Wh|Ch W0u|d be appllcable n
the real time, since calculation of the Green function includes
repetitious adaptive integration in complex domain [6], [7].
The first part of this paper is devoted to the analysis and the
N this paper, we consider the problem of an effective paraffective approximation of the two-media Green function. As
metric characterization of a two-dimensional subsurfa@eresult, we obtain expressions that are equivalent to those
object from a limited set of measured scattered electromagndtc the free-space configuration as far as numerical efficiency
field data. Most of the solutions to the inverse problem da$ concerned. Also, we make a numerical comparison of
subsurface scattering configurations are known to be sensitiug approximation with the one most frequently used in the
to the initial estimate of the location, size, and constitutivigerature, viz., the one where the Green function of the two-
parameters of the buried object, especially in the case of tmedia background simply is replaced by the Green function of
ground penetrating radar (GPR) bistatic measurement setap,infinite homogeneous medium with the material parameters
which normally does not provide a complete and accurate medi-the lower half space. This latter approximation appears to
surement of the scattered field's spatial distribution. Anothbe too crude. Finally, some numerical experiments with the
important question addressed in this work is the practical re@version algorithm are discussed.
time applicability of the algorithm. Such an algorithm must be
fast enough to be useful in land mine detection, for example. [I. SCATTERING CONFIGURATION

Our preliminary studies were concerned with the free- In a two-dimensional (2-D) case, we consider an inho-

space scattering configuration [1], where we had develOpﬁﬁiJgeneous object, with its axis along tiedirection of a

an effective forward and inverse scattering model, basgd,egjan coordinate system, immersed in a background that
on the concept of an approximate-matrix. Actually, an  qqnsists of two half spaces with a plane interfacer at 0.

arbitrary finite-sized object was described with the help gl Hermittivity <, and the electrical conductivity, are the

the effective homogeneous circular scatterer, restoring %nstitutive parameters of the upper half space 0, while
location, radius, and permittivity in the process of nonlineqﬁe lower onez > 0 is characterized by the permittivity
minimization of the discrepancy between the field scatteredly conquctivitys,. Fig. 1 shows the cross section of the
by the unknown object and the field scattered by the eﬁec“%nfiguration in thez, z)-plane. The dielectric material inside

circular substitute. With this, the necessary initial estima[ﬁe cylinder is characterized by the permittivitgr) and the
of the effective parameters of the real object (position, Sizgonductivitya(r), r = (2, 2). The measurement setup, which

and constitution) were obtained, which are also useful for the iqely used in GPR applications, is considered the bistatic
immediate preliminary characterization. model with the fixed source-receiver offs&}. We assume
that the object is illuminated by a TM-polarized wavé {s
Manuscript received September 8, 1998; revised January 28, 1999. Tparallel to the cylinder axis) generated by a single line source.
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R, wherer,. denotes the receiver point. Substituting the Green
SOTCO-TCCeLver it function here in its expanded form (1), we obtain

— ‘ e Z By ¥p(r,) (6)

rr

I

: : Ty ! £0: T

i : r. ] 1o with the unknown quantity

! R, ! .

e B,, = LU, (7)
From the linearity of both the initial and scattered fields (with
respect to the Green function), it is clear that a linear relation
exists between the quantities,, and B,,,. This relation may

be written down with the help of th#-matrix as
Fig. 1. Scattering configuration. B, = Z Tt A . (8)

to the frequency domain, and the analysis will be in thishe I-matrix contains the description of a particular scat-
frequency domain with time factexp(—iwt). terer. In addition, the process of its calculation implements a

particular method to solve the direct scattering problem. The

above formulation shows that as soon as the Green function

of the background medium is written in the expanded form

The fundamental difference between scattering from fregt), both the initial and scattered fields may be represented

space and subsurface objects stems from the presence ofyffig the help of the expansion functionis,, (r) and W< (r)
plane interface in the latter case. We treat the problem pyee (3) and (6)], and a linedF-matrix relation (8) between
employing the concept of background medium, which requirgge expansion coefficients of initial and scattered fields may
a rigorous analysis of its Green state. This Green's stajg established. The completeness of the systems of functions
G(r,r') is the field at a pointr due to a line source at' {w} and{¥**¢} versus their actual shape has been studied in
in the background medium. detail elsewhere (see [5] and references therein).

Ill. GREEN'S STATE OF THE BACKGROUND MEDIUM

A. Expanded Form of the Green Function B. Exact Expanded Form of the Green Function

and the T-Matrix Relation In the 2-D case, the Green function of a homogeneous

Suppose the Green function of the background mediumrsedium with wavenumbek; = w ey +do1p/w may be

obtainable in a form of expansion as written in the integral form as
Z \I/m \I/reg ) (1) Gy (I‘,I‘/) _ L/ ieia(m—az’)+i"/1|z—z’| dov (9)
4w —oo 71

The functions¥,,(r) are singular but satisfy the radiationwherey, = /k? — o? is the propagation coefficient or in the
conditions for|r'| — oc, while the functionsV;58(r) are equivalent form through the Hankel function as
regular. The incident field in the background medium is the

field in absence of the scattering object and may be written as Gi(r,r') = %Hél)(]ﬁ;lh‘/ —rl). (10)
uw™(r) = G(r,r,) (2)  Employing the addition theorem for cylindrical functions, the
Cfareen function is obtained in the expanded form as
wherer; is the source point of the transmitter. Substitution o
the Green function in its expanded form (1) into (2) yields P
i(r,r’) = 1 Z Hr(ri)(kﬂr/ = ) Jm(kilr — re|)
mc ZArn rs \Ijreg ) (3) rn‘=—c:<>
% sz,(@ —0) (11)
with when|r’ —r| > |r — r.|, wherer, = {z.,z} is a reference

A _ g 4 point in the lower half space and in particular, we later
m(rs) = Wi (rs). (4) chooser,. to be the center of the scattering object (see Fig. 1).

From the contrast source or other formulation, one can recl;Hrthermore, the angle® and¢ are defined as
that the relation between the scattered field and the Green 2=z Z— 2
function of the background is a linear integral representation. = atan( )7 0= atan( )
In operator form, we write

(12)
z -z, -z,

Equation (11) provides the necessary representation (1) to use
u(r,) = LG (5) theZ-matrix formulation of the problem.
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The Green function of the medium, consisting of two half From the expansions (11) and (18) for the Green functions
spaces with a plane interface at= 0, has the following of free-space and the two-media, we obtain the functions

integral representation [8]: U, (r) and U*E(r) as
7 > . ’ . ’ i im8’
G(ror) = - / _ L geG=stitnz—0) 4o (13) U (r') = ZHD (kslt! = o)™ (21)
2m J_o Yo+ m o
VE(r) = Jp(ki|r — re[)e™™ (22)
for r and r’ belonging to different half spaces (i.e.> 0, .
Z < 0), and for a one-medium background, and
p — \Ijrn(r/) = frn(r/)v (23)
Gh(rv I‘/) = Gl(r7 I‘/) + L / M reg _ . —imé
47 —o0 71(’70 + ’71) \Ijrn (I‘) - Jnl(k1|r - I‘C|)C (24)

x NG g (14) for a two-media background. Note that in the latter case, the

, ) . . function V,,,(r) has two different representations [(19), (20)]
for r and r’ both situated in the Iovyer half space ("edepending upon on the position efand r' with respect to
z > 0, 2 > 0). Here, kg = wy/eop+ioop/w and vy = the plane interface.

k3 — o2 are the wavenumber and propagation coefficient in

the upper half space, respectively. The Green function givegn Approximate Expanded Form of the

by (14) consists of two terms, in which the first one is the, o Media Green Function

Green function of the homogeneous medium with the material

parameters of the lower half space. The second term takes intd "€ €xact expanded form of the two-media Green function
account reflection against the plane interface. as introduced in (17) contains the elemerf3(r) given by
To represent the integrals (13), (14) as the series (Q,Q) and (20) that play an important role in the construction of

we introduce an alternative form for the employed compleﬁ?e final solution for the forward scattering problem. Having

quantities Fm(r) in the form.of complex dom.air) integrals, we would
deal with the precise algorithm. This is, however, very slow
a=kicosby, 1 =kysinb (15) in a numerical sense. It is natural to consider the possibility
of an approximate evaluation of the complex domain integrals
where the complex anglé, follows from involved. First, we note that if we expand the one-medium

G0 = (a0t i)l = v (16) Green function (9) in the same manner as it was done for the
- TIEL = two-media Green function, one arrives at the following integral
Employing the expansion of the exponential function in ternf§Presentation of the Hankel function of theth order:

of Bessel functions g )
SHD (ke — ro])e™

) 4
ik1rcos(6—61) __ m N, —im(6—64 Py oo
e ( ) e Z ) Jm(/fﬂ )e ( ) _ L i(il/l)meia(azc—a;)-i—iwl(zc—Z) do (25)
m=—oo 47 —oo VL

= 3 (@) u(kar)e @) whenz 2z | |
To exploit this relation in (19), we introduce the effective

) quantitiesy, = \/k2 — a2, v, = (a+iv,)/k, andz,, and we

we can expand the integrals (13) and (14) as determinek, andz, such that (19) may be approximated by

m=—0o<

o —im i > (i’/a)rn r(we—x)+ive (2o — 24
Gh(r, I‘/) — Z fnl(r/)Jnl(kl|r _ I‘c|)6 im6 (18) frn(r) ~ AE/O —% e ( )+iva( )dOé

= AZHY (halea —xc)e ™ (26)

where f,,,(r") is given by
o) i /oo (i)™ gale—a HiCnz—0) g (19) where A is a suitable damping factor,, = {«, .}, and

"o

o Y0 6, = atan<7Re(za —#c) ) (27)
for r and r’ belonging to different half spaces (i.e.> 0, T e
Zz' < 0), and One can pose a separate algebraic problem for finding the
p quantitiesy,, k., 2., andy,, which allow for the simplification
(') = in,})(kﬂr’ —r.[)em? of (26). However, the arising system of equations does not

4. 0o vm have a closed-form solution for a varying or for a fixed

+ i/ Mem@v—”’%m z+2) o« # 0. The simplest available choice is = 0.
4 oo (o+y)m Sincer, = v, for a = 0, one can findk, and z, by
(20) equalizing the integrands of (26) and (19) @t= 0. This

. . . I he effective wavenumber
for r andr’ both situated in the lower half space (i2> 0, eads to the effective wavenumbe

2 > 0). ko = (ko4 k1)/2 (28)
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while z, follows from First, we use the second Green identity to arrive at
ka(ze — 2a) = k1ze — kox. (29) uw"(r) = / [0,G(r, r)u(r) — G(r,r)d,u(r)] ds,
rcI
When ky and/or k; are complex-valued, a complex-valued reD. (35)

result for z, — z, is obtained as ) ) )
Here, D is the cross section of the effective homogeneous

ze — 2 = (k12 — ko2)/kq.- (30) cylinder, andI" is the corresponding boundary with the ex-
i i i ternal normal vecton. To obtain theZ-matrix relation, one
The imaginary part of the complex-valued teem-zq, Which - )55 1 solve the integral equation (35) for the total fie(d)

has been omitted in (27), can be incorporated in the dampigg yhe noundary'. We therefore employ an expansion for the

factor total field and its normal derivative

A= emtmlbaleemzall, (31) u(r) = 3 G U5 (r) (36)

Now let us turn our attention to the expression (20), which " _
also includes a Fourier integration. Here, we simply approx- Inu(r) = Zcm,an\p:s,gﬂ(r)_ (37)
imate the facto(yo — v1)/(70 + 1) by its value ate = 0 m’
to obtain Note that in both expansions, we have taken the same expan-
T e i ko—ky sion coefficients as it was discussed in the null-field literature
fn(r) ~ ZHr(n)(kl|r =)™+ o [2], [3]. The expansion functionges<(r) are defined iden-
T Ko =+ k‘l . m -
< ()™ tically to (22), except the wavenumbén is changed to

X / @tz D) o (32)  k, = wy/eap + 10./w. Using the expanded form (18) of the
—oo M two-media Green function and the incident field, we obtain the

The integral is nothing else than the Hankel function (25) @ystem of linear algebraic equations
the image point; = (z,—z). Hence, we obtain Zanrn’Crn’ — An(ry) (38)

fonlr) 22 L HD (fr [ = xc] )™
4 where the@-matrix is defined as

1 kg — ky .
—*H(l kilr; —r. imd; 33 ) )
dho gy BTG [ e ~ S ds
rel
wherer; = {z,—2}, while : (39)
6; = atan< Ze t % ) ) (34 In this expressiqn, the functiqﬁn is defined either in the exact
Te—T form by (20) or in the approximate form by (33). In the case of

The proposed approximation favors the values of the pg}—ir:'n_e s%urctef_efé:ltatlon, thletexpan5|((j)nf_coszl<_:tlﬁm;t,§_(r5tal
rameter o close to zero. This means that from the whol@' (h€ incident field are equal h,,(r,), defined either in the

plane-wave spectrum of the two-media Green function, wact form by (19) or in the approximate form by (26), while

select the waves propagating in the directions close to tﬁ'eolacmgr’ by r,. ' , )
vertical. It is a remarkable coincidence that the resulting Let us now re_turn to the sqatte_red _f|eld at a receiver point
expressions resemble the optical approximation, containihiy outsideD). This scattered field is given by

poth the trar?smlssmn' and. the reflection coefficients. However, (1) = / [G(x, )0 u(r) — B, G, 1, )ulr)] ds,

in reality, this approximation appears to be more suitable for rel

the low-frequency region, as can be seen from the numerical rgD. (40)

experiments of the following section. _ )
Using the expanded form (18) of the two-media Green func-

IV, EFFECTIVE CIRCULAR SCATTERING MODEL tion, the scattered field representation is written as

The most important feature of the present inversion method w(r,) = B fn(rs) (41)
is the forthcoming approximation of thE-matrix of the real m
object by an effective approximation based on the model with the expansion functiong,, defined either in the exact
a few parameters characterizing the scatterer. Actually, i@m by (19) or in the approximate form by (26), while the
approximate thel-matrix with the one corresponding to aexpansion coefficient®,,, are obtained as
homogeneous lossy circular cylinder with its center agnd
the radiusR.. The parameters that approximately describe B = ZS"WCW (42)
the real object are the locatian. of the center, the radius m
R., the internal permittivitye,, and the conductivityr, of where the elements of th&-matrix follow from
the homogeneous circular cylinder. This kind of an effective ro regic ro regic
model has appeared to be useful in its free-space counterpart”’ = /r or (W3 (0) 0, U3 () = 0 W (r) W5 (r)] ds.
presented earlier in [1]. (43)
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Since the coefficients”,, can be obtained from (38), we

rewrite (42) as

Brn = Z Trnrn’Arn’ (rs) (44)
with the conventionall’-matrix relation
T=5Qt (45)

So far, we have dealt with the general type of cross section
of the scattering objecD. In case we deal with an effective

object of circular shape, we introduéeas a new integration

variable withds = R, df and R, as the radius of the circular

cylinder. The integrals in the elements of thianatrix are then
carried out analytically with the result

Srnrn’ = 27ch [Jrn(Rckl)kcaJrn’ (Rckc)

- klaJnl (Rckl)Jnl’(Rckc)]énl,frn’ (46)

where d.J,,, denotes the derivative of,,, with respect to its

argument, and wheré,, ,,,» denotes the Kronecker symbol.

We observe that even in this half-space problem,Sfaatrix
remains antidiagonal.

The calculation of@-matrix is more laborious. Th&)-
matrix will have the form

anrn’ = Qgszn’ + QgrllZn’ (47)

2589

R.=r—r

Fig. 2. Relation betweem; andr.

Using this expression in (49), we obtain an approximate form
for Qg?m, as

mi ko — Ky
2 ko+k
X [klaer(Rckl)Jmf(Rckc)

— T (Rek1 ) ke8I (RoEC)).

Rci(rn’ —m) H(l)

m—+m’

QW = (2k1 )

(53)

Following the numerical scheme described by the sequence
of equations (45), (44), and (41), one can compute the field

where the first term is determined by the first term (33) Witlé‘cattered by a circular cylinder immersed in a lossy half

the result that

Q(O) ,

%Rc (k1 OHD (Reky ) T (Reke)

— HO(Rok1) ko0 (Roke) Sy (48)

is a diagonal matrix. The second term of (33) leads to

27
QSZH’ = Rch’(Rc/fc)/ Or, fr(nl)e_”n,e de
0

27
— Rok.0Jn (Rok,) | fPe™™%ds  (49)
0

where 9 = £{P(R.,6) is given either in the exact form

_ [T oy

(1) R..0
' ( ) 4 (’70+’Y1)’71

— o0

—ia R, cos 0+iv1 (2z.+ R, sin8) da

X e (50)

or in the approximate form
) o Lo — k1 o [\imes 1
fm, (R(”e) 4 kO + kl m (/{1|I‘, I‘c|)6 . (5 )

One can proceed with further simplifications in the expressi
(49) by applying the addition theorem to the Hankel function

in (51). Relating the image poimrt to r (see Fig. 2), we obtain

SR, 6)
iko— k1
”Zk0+k1nzoo

oo

in—mH(l)

m+n

(2k1 20) (k1 Re)e™.

(52)

space. If the exact expanded form of the two-media Green
function is employed, one deals with the precise forward
solution, which includes repetitious evaluation of the complex
domain integrals incorporated in the scattered field’s expansion
functions f,,,, in the initial field's expansion coefficients,,,,

and in the expansion function&? (used in theQ™ matrix).
This makes the inversion algorithm, based on the forward
code with the exact Green function, hardly applicable for the
real-time data processing.

Employing the approximate expanded form of the two-
media Green function, one would deal with the approximate
forward code, which does not include Fourier integration at
all. Hence, it is simpler and faster from the numerical point
of view.

It is worth mentioning that the algorithm can become even
simpler without any additional approximations if a particular
physical situation is taken into account. For example, at low
frequencies and/or in a half space with high electromagnetic
losses (e.g., wet soil), one can neglect the mutual scattering
between the object and the plane boundary of the half space.
For these particular cases, the elements of @€ matrix,
which is responsible for the object-interface (multiple) scat-

?Qring, become negligibly small, so that this matrix does not

Influence the final result and simply can be omitted.

We conclude this study with a numerical experiment, which
is performed to test the validity of the proposed approximate
forward scattering model. We also test the applicability of
the most frequently used substitute for the two-media Green
function, the single-medium Green function (i.e., that of the
infinite homogeneous domain with the material parameter of
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Fig. 3. Test of the approximate forward solution. Amplitude of the scatterddd- 5. Test of the approximate forward solution. Amplitude of the scattered
field at 100 MHz. Solid line: exact solution; dashed line: single-mediurfield at 500 MHz. Solid line: exact solution; dashed line: single-medium
approximation; dashed-and-dotted line: present approximation. approximation; dashed-and-dotted line: present approximation.

4 4 T T T

Phase of u
Phase of u

dist., m

Fig. 4. Test of the approximate forward solution. Phase of the scatterei@- 6. Test of the approximate forward solution. Phase of the scattered
field at 100 MHz. Solid line: exact solution; dashed line: single-mediurfield at 500 MHz. Solid line: exact solution; dashed line: single-medium
approximation; dashed-and-dotted line: present approximation. approximation; dashed-and-dotted line: present approximation.

the lower half space). Figs. 3 and 4 show the amplitude ag@plitude is higher, while the phase is still well-approximated

the phase of the scattered field at 100 MHz for a circul@ ©Ur method in the vicinity of the object. The single-
cylinder of the radiusk. = 0.1 m, placed 0.2 m below the medium approximation is even further from the truth for higher

boundary, with the measurement line situated 0.2 m above {I[]%quenues. The single-medium Green function becomes a

. . . reasonable approximation only when the distance between
boundary. The distance between source and receiver is setthtg measurement line and the half-space boundary vanishes
zero, Ry = 0 m. The permittivity and conductivity of the half P y '

. : rovided the frequency of operation is low enough. However,
space and cylinder are, respectively/eq = 3, o1 = 0.01, b a y P g

d _ — 0 Th lid i q h this case is covered by our approximation as well, which thus
an 5.“/50 =2,0.= 0.. e solid line corresponds to t e,exacéppears to be more feasible.

solution, the dashed line stands for the free-space solution with

the constitutive parameters of the embedding set to_be those of V. NONLINEAR MODEL-BASED INVERSION
the lower half space, and the dashed-and-dotted line denotes

our approximation. This comparison is obviously in favor of L€t US suppose that some arbitrary finite-sized object is
the present approximation present in the lower half space. In the process of inversion,

In Figs. 5 and 6, the same configuration is taken, plfe try to minimize the following nonlinear functional:

now the frequency is 500 MHz. The discrepancy in the F g0, 20, Re,ec] = ||[w — uistql|- (54)
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Here,u<t | is the output of our forward solution based on the
effective circular scattering model, which is compared to the
actual fieldu** scattered by the real object. We consider two
types of the nornj| - || in (54). The one defined as
2
sct H - Ermrs,w |U’SCt - U’Isﬁg)d

usct —u

(55)

fixed basis

source path

interface

receiver path

| a
mo Zrmrs,w |usct |2

uses complex amplitudes of the scattered field and therefore
demands both amplitude and phase measurements. The other
one, defined as

sct

e H = Ermrs:‘u ||uSCt| - U’mod

d
mo Err,rs,w |usct|2

employs amplitude-only measurements.

No linearization is applied to solve the inverse problem,
keeping the functional™** in its original, nonlinear form. The
desired (global) minimum of this functional would be the set

I

Husct —

(56)

R .

source and

receiver path

object domiain

@

interface

of parameters, which determines the best approximation of the
real object in terms of a simplified circular model. Although we
have no guarantee that the global minimum will be obtained,
our previous experience from the free-space studies [1] allows
us to expect the present algorithm to limit the domain of
possible location of the object and provide some knowledge
of its material parameters.

VI. APPLICATIONS OF THEALGORITHM
A difficult problem arises in subsurface sensing if one

object domrain

(b)

v

source and
receiver path

interface

tries to locate and characterize the object of relatively low
dielectric contrast with respect to the background. Such an
object produces low anomalous scattered field. Therefore, we
concentrate mainly on this situation, which corresponds par-
ticularly to the practical problem of location of antipersonnel
land mines that are made of polymer materials and that are ©
undetectable with an ordinary land mine detector. Fig. 7. Types of acquisition.
In this section, we consider two different applications of the

developed algorithm. The first one concerns the problem gL A B and C of Fig. 7). The first two correspond to
localization of a single spatially compact, buried object using s situation in which the object domain is inaccessible by

monofrequency scattered data. The second application USgfner source nor receiver. Here, we distinguish the case of

simulated transient GPR response for the characterizationgg{,rce and receiver placed at different sides out of the object
conventional synthetic aperture radar (SAR) images. domain (stretched bistatic acquisition, Case A), and in which
both source and receiver are placed at the same region next
to the object domain (shifted monostatic acquisition, Case B).
The third acquisition corresponds to the backscattered field
Here, monofrequency synthetic measurement data are geeasured right above the object domain (local monostatic
erated using a numerical method based on the domain-integesiquisition, Case C). The total length of the source/receiver
equation (CGFFT) method [9]. We study two different inpath is usually comparable to the size of the object domain. In
homogeneous objects having realistic parameters of antipait-of the mentioned acquisitions, the scattered field data are
sonnel land mines (plastic, blast-type with low or no metabollected in 20 equidistant points of the receiver’s path.
contents). The permittivity of land mines/¢, varies between  Each inversion has been repeated with several different
2.0 and 2.7. The permittivity and conductivity of sail (loweiinitial guesses to make sure that the obtained result is not
half space) is set to be; /e = 3 ando; = 0.01 Sm. The occasional. The unknown parameters are subject to the set of
quasi-Newton method is used for minimization of the erraratural constraints. From the geometrical point of view, these
functional (54). constraints pose the problem of finding the object whose size
We consider three types of acquisition corresponding i® less then 5% of the size of the domain of search (object
different locations of source and receiver with respect to eadbmain). Although the algorithm has demonstrated very little
other and to the domain containing the object of interest (Ssensitivity to the choice of initial guess, an initial guess in

object doniain

A. Localization of Compact Objects Using
Monofrequency Data
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T . object domain down to 30% of the original in bathand =
: ! directions.
' | When data are collected across the object domain or above
L | it, the horizontal location of the object is almost perfect for
X biect domair I the exact code and has an error of less then 5% for the
! object domali \ approximation. As can be seen from Fig. 9, the exact code
! : gives the precise location in Case C. The approximation-based
I | inversion remains with some vertical shift, although horizontal
| ! location is true.
| 1 The radius of the effective circular cylinder tends to be that
of the inscribed circle whenever the location of its center is
Fig. 8. General view of the object domain with a land mine model (MAI75S‘\!Ose enough to the true On,e: solid circle (Case C) and, dashed
in it. Circles represent some of the results of inversion. The dotted rectangu#éfcle (Case A). Note that in the free-space embedding [1],
denotes the area to be enlarged in the next figure. it was a circumscribed circle. To obtain a similar result in
subsurface localization, one has to reduce the frequency of
the middle of the imposed constraints provides the faste¥eration down from 100 MHz. However, we do not consider
convergence. this frequency band here, since it is not yet realized in the
It is well known that GPR technology is based on frequer@vailable compact equipment. Hence, the obtained value of
cies lower then 1 GHz, since an electromagnetic field of highéhe effective permittivity is less obviously related to that of
frequency does not penetrate deep enough into the grouhé volume averaged through the object [it often corresponds
(soil). Normally, the frequency band of GPR starts from 10® a “stronger” scatterefe./eo ~ 2)].
MHz. With our method, we propose to invert data obtained atIn the next example, a detailed version of which is given
this lowest frequency to get some fast preliminary informatidn Fig. 10, we consider a somewhat more realistic situation,
about the buried object. in which the plastic land mine (FAMA) is buried closer
In Figs. 8 and 9, the land mine model (MAI75) is buried aio the surface. The results have been obtained with the
0.2 m; obviously deeper than in practice. However, this allov@pproximation-based inversion algorithm. Taking into account
us to overview some important features of the algorithm. Fig.tBe previous results, we apply a two-step procedure. First,
gives a general view of the object domain with a land miri&e acquisition B is used to reduce the horizontal size of the
model in it and some of the results of location (circles). Idomain of search. Assuming (quite inductively of course) that
the next figure (Fig. 9), the region of Fig. 8 marked with thtéhe error in the horizontal location slwaysabout 15%, we
dotted rectangular is enlarged. Here, the results of inversiohoose the new (reduced) domain to be 30% of the original
using the exact forward solution are presented with solfiize, taking the result of location as a center point. At the
circumferences, while the dashed ones correspond to gegond stage, we collect new scattered data via the acquisition
approximation proposed in this paper. We use both amplitufferight above the new (reduced) object domain and repeat
and phase data for the inversion based on the exact céde inversion procedure. The distance from the interface in
(mainly for reference purposes). The approximation-basedse B is chosen to be 1.5 m, whereas in case C, we take
code is supplied with amplitude-only scattered data. Tlke lower illumination/measurement path with respect to the
inversion process takes substantially different computer tingerface (0.2 m). The result of the second stage is correct with
depending upon the type of an underlying forward algorithmegard to the center of the object, while the radius of a circle
Based on the exact code, it takes more than 1 h. Badedsomewhere in between inscribed and circumscribed ones.
on the approximation, it takes less than 1 min (normallyihe restored effective permittivity corresponds to a “stronger”
10-20 s). The type of acquisition is explicitly marked witlscatterer(s./¢q = 2.1).
the corresponding letter (A, B, or C). The distance of the An attempt has been made to use theriori information
source/receiver path from the interface is set to be 2 m @bout the radius of the cross section and the internal con-
all the cases, corresponding to the situation where the GBRution. With these parameters fixed, the two coordinates
equipment is mounted on a vehicle. of the center are left to be determined. The location in this
The acquisition B, which is favorable from the practicatase was much faster. However, the results have the same
point of view (one-side illumination/measurement next to therecision as with all four parameters released. In our previous
object domain), presents the worst result with shifts in bogiudies [1], we have tested a similar inversion algorithm
vertical and horizontal directions. The scattered data collecteith multifrequency data. Opposite to what is expected, the
in this way do not allow for better inversion. However, keepingptimization scheme generally does not become more stable,
in mind that the relative size of the object is 5% of the domaliout it will if the frequencies are chosen very carefully. On the
of search in both vertical and horizontal directions (note thather hand, the forward multifrequency code is significantly
comparison of cross sections would give even smaller valueslpwer than the one for a single frequency.
the center of the solid circle gives less then 5% error in From the analysis of the last three figures, one can draw the
each coordinate (acceptable in certain cases). The error for ¢eaclusion that the present method provides a good horizontal
center of the dashed circle (Case B) is 10-15%. This mednsation for 2-D objects and determines their inner radius
that by employing these results, one can reduce the size of (lmescribed circle). The restored permittivity corresponds to that
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51/60 =3.0
ag]p = 0.01

/- The center is
/actually further

,’ away!

i

Fig. 9. Localization of a land mine model (MAI75) with different acquisitions (see Fig. 7) and forward codes. Solid circles: exact solution; dashed
circles: present approximation.

e1/eg = 3.0
g = 0.01

new domain (30% of the original)

/

Fig. 10. Two-step localization of a land mine model (FAMA). The acquisition B is used to reduce the horizontal size of the domain down to 30% of the
original. Acquisition C then is applied. The approximation-based inversion algorithm has been used with amplitude-only data.
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of a stronger scatterer. In terms of the problem of land mine Exact Permittivity Profile
detection, this means that using acquisitions A and B (see 0 - " - : -
Fig. 7), the answer to the question “Where is the land mine
buried?” may be quite precise. However, the answer to the
guestion “At what depth is the land mine buried?” will contain
a systematic error either due to the lack of measurements (if the -
exact solution-based code is used) or due to both incomplete
data and crude approximation (if the approximation-based 0 02 04 06 08 1 12 14
code is employed). A solution to this latter problem can
be obtained via the two-step inversion procedure described
previously.

Time-domain response after subtraction

B. Characterization of SAR Images

In the previous section, we dealt with spatially compact,
singled-out, buried objects. However, if there are several
scatterers buried close to each other, the localization may Conventional SAR image
run into a wrong local minimum. In order to obtain the 0 . :
information about the location of multiple objects, we perform
SAR imaging.

Transient GPR data are generated using the computer code
based on the recently developed reduced-order modeling time-
domain method [10]. Here, we consider the situation with
several objects buried close to the air-soil interface. The set
of objects contains two identical plastic land mine models
and the model of an igneous mafic weathered rock (see the
upper image of Fig. 11). The permittivity of inhomogeneous
lossless land mines ranges from 3.0 to 3.5, while the rock has

02 04 06 08 1 1.2

©
R

dist [m]

o
I

0 062 04 06 08 1 1.2 1.4

Characterized SAR image

=02
a permittivity of 6.0 and a conductivity of 0.1 Sm. The soil %
parameters are set tq /ep = 4.0 ando; = 0.01. The source- 2 o4
receiver unit of a GPR system corresponds to Acquisition
C with the source-receiver offset and the distance from the 0 02 04 06 08 1 12 14
measurement path to the interface both equal to 0.25 m. The dist [m]

distance between consequent data points is 0.025 m. Fig. 11. Characterization of a SAR image. Synthetic time-domain data have

The central frequency of the wavelet is approximatelyeen used as an input for the inversion algorithm. Locations and radii are
1.6 GHz, although this information and the actual shape ffed using the visual features of a SAR image.

the wavelet are not used in the inversion procedure. We
restrict ourselves in this manner, since in practice it is often
impossible to obtain such informatioa priori. The time- We select the spatial regions of interest from the SAR image
domain response of the simulated GPR is presented in themeans of an interactive software. In fact, we circumscribe
second picture of Fig. 11. Here, the vertical axis gives tintbe parts of the image that could be visually identified as com-
in nanoseconds, while the horizontal axis corresponds to thact scatterers. Having the centers and the radii of the circles
position of the midpoint of the source-receiver unit. The effefixed, we choose the segments of data which correspond to
of the background has been subtracted in this picture (see Steph particular scatterer. In particular, we have used three sets
1). of five data points each, situated right above the recognizable
First we use the simplest SAR technique [11] in ordescatterers in the conventional SAR image.
to visualize the contents of the subsurface. In the processThe method described in the theoretical part of this paper
of SAR imaging, we employ the homogeneous backgroumigals with the scattered field due to the monochromatic point
model with the permittivity of the medium set to 2.5 (thesource of a unit amplitude, while the time-domain response
average between the permittivities of soil and air). As a resultf a GPR represents the total field in the region due to the
we obtain the image given in the third picture of Fig. 1lwavelet of an unknown shape. Obviously, some preliminary
Basically, conventional SAR employs the phase of the fielthanipulations are needed to adjust and normalize the GPR
not its amplitude, and thus provides only thisualinformation data.
about the scatterer; itietnage and is irrelevant to the actual For the bistatic GPR setup, the data consistM\oftraces
permittivity of the object. At the second stage of this numerical(ry,t), & = 1,...N. The incident field in the two-media
experiment, we propose to use at least some of the amplitusekgroundyi™*(r, t) can be approximately defined from the
information in order to obtain the effective constitution ofrace which corresponds to the part of computational domain
subsurface scatterers. without subsurface objects. Let it be the trace with= 1.
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Then the incident field in time and frequency domains will bevo-media Green’s function, avoiding numerically expensive
spatial inverse Fourier transform. The second approximation,
being the essence of the method, models the real object in

, , (57) terms of an effective homogeneous circular scatterer, thus

uw™(r,w) & FFT[u™(r, t)]. taking into account only the most general features of the
scattering process.

Since the field at the receiver has already propagated througf®ifferent acquisitions for the GPR system have been stud-

the air from the source to the receiver and was reflected by igg. If, somehow, neither source nor receiver can be placed

air—soil interface, we normalize our incident field as follows¢lose to the surface right above the unknown object, our
algorithm still provides a good indication of the place where
. wie(r, ) the object is buried. This resuIF is subs_te}n_tially improvgd when
uNORM (T, W) R ——————. (58) the scattered data collected in the vicinity of the object are
Gu(tr rs,0) used.
Due to the algorithmic and numerical simplicity of this

Here, we employ the approximate two-media Green functiefpproach, it can be used in the real-time localization of

Gi(r,,rs,w) based on the derivations of this paper. subsurface objects (land mines, cables, pipes, etc.).

The scattered transient field at the receiver is obtained byAnother important application of the proposed algorithm
subtracting the incident time-domain field from the rest of thean be found in the characterization of conventional SAR
data images. With the help of effective circular scatterers and

a fast optimization procedure (10-30 s on a Pentium-type

W (1, 8) 2 u(r, t) — w(r,8), k=1,...N. (59) PC), one can obtain valuable_ information about the effective
constitution of subsurface objects.

Our future studies will be concerned with the application of

The normalized frequency-domain counterpart of the scattengés method to three-dimensional configurations.

field is given by

U’inc(rv t) ~ U’(rlvt)v
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