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Abstract

This thesis addresses the challenge of astronomical signal recovery by developing and testing a recon-
struction algorithm for the signals emitted by Dusty Star-Forming Galaxies using simulated data from
the spectrometer DESHIMA 2.0. To be able to achieve this, first, a noise estimation was constructed
in the frequency-domain using Weighted Least Squares. Then a reconstruction method in the time-
domain using a Generalized Least Squares framework was developed. For the reconstruction two
different modes are evaluated (1) Continuously Staring and (2) Position Switching.
Furthermore, an analysis of the noise model and performance of the reconstruction algorithm is done.
For the noise model the estimated values is compared to the actual value that was simulated. Here it
is demonstrated that a good estimation was made.
Of the algorithm itself first the noise levels present are analysed. Furthermore, the reconstruction
algorithm was evaluated across varying percentages of input data. Where both of which resulted in
favourable results for position switching mode. It was found that the system performed well; even when
utilizing only 4% of the dataset (representing ∼2 minutes of data), the signal could be reconstructed
with an RMSE of 0.0016 K, for a galaxy with continuum emission ranging between ∼0.001 and 0.01 K.
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Nomenclature

Abbreviations
Abbreviation Description

DESHIMA DEep Spectroscopic HIgh-redshift MApper
DSFG Dusty Star-Forming Galaxy
GLS Generalized Least Squares
HDF5 Hierarchical Data Format version 5
ISS Integrated Superconducting Spectrometer
MKID Microwave Kinetic Inductance Detector
PSD Power Spectral Density
PSW Position SWitching
RMSE Root Mean Squared Error
SD Standard Deviation
SNR Signal-to-Noise Ratio
TLS Two-Level System
WGN White Gaussian Noise
WLS Weighted Least Squares

Mathematical Notation
Notation Description

x⃗ Column vector (lowercase with vector arrow)
M Matrix (uppercase, bold)
x⃗T , MT Transpose of a vector or matrix
M−1 Inverse of a square, non-singular matrix
M1/2 Matrix square root
M−1/2 Inverse matrix square root
⊙ Hadamard (element-wise) product
∥ · ∥2W Weighted squared Euclidean norm
E{·} Statistical expectation operator
.̂ Estimated of
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Symbols
Symbol Description Unit

a⃗ Atmospheric transmission efficiency vector over time
C Estimated photon noise floor power level K2/Hz
f Frequency in the Fourier analysis domain Hz
H Design / observation matrix for linear regression
N Total number of frequency bins
Nc Total number of spectral filterbank channels
Nt Length of time-series dataset / number of samples
n⃗ Noise contribution vector over time K
Rn Time-domain noise covariance matrix K2

Snn(f) Power Spectral Density of the noise process K2/Hz
t Time parameter s
Tmeasured Total measured raw brightness temperature K
Tsky Total sky brightness temperature entering the instrument K
Tph Brightness temperature contribution from photon noise K
TTLS Brightness temperature contribution from TLS noise K
T ∗
A True, unattenuated target source brightness temperature K

Tp,atm Physical temperature of the atmosphere K
W Weighting matrix for Weighted Least Squares estimation
x Target source brightness temperature scalar K
y⃗ Vector of time-series observed signal data K
˜⃗a Whitened atmospheric transmission coefficient vector
˜⃗y Whitened observed measurement data vector

α Power level scaling coefficient for the TLS noise model K2

β Dimensionless exponent / slope parameter for TLS noise
∆t Time interval step / chopper wheel switching frame period s
ϵ Statistical error vector / residual column vector
ηatm Atmospheric transmission admittance efficiency factor
θ Parameter column vector for linear noise estimation
µ Expected value / statistical mean of the reconstructed signal K
ν Central reading frequency of a spectral filter channel GHz
σ Standard deviation / uncertainty noise level parameter K



1
Introduction

Galaxies far, far away hold immeasurable knowledge and there is still a lot to uncover about the early
universe, such as the physical conditions, gas density, and composition of the medium surrounding
the earliest and furthest galaxies. But the further we look, the fainter the signal, and the harder it
becomes to separate the truly astronomical signal from noise. To discover the history of these galaxies,
the observed data must first be filtered to uncover the truly emitted signal of the Dusty Star-Forming
Galaxy (DSFG), making noise elimination a crucial step for astronomical observations.

The DEep Spectroscopic HIgh-redshift MApper, DESHIMA 2.0, is designed to detect the redshifted
emission from DSFGs, making it possible to study the history of star formation and the evolution of
galaxies [1]. DESHIMA 2.0 has a frequency range of approximately 200-400 GHz, and observed sig-
nals in this range are sorted into hundreds of spectral channels [2]. Asides from the targeted astro-
nomical source signal, the data in each spectral channel has the following noise sources present: (1)
photon noise (white Gaussian noise), (2) atmospheric noise and (3) Two-Level System (TLS) noise [3],
which originates from the Microwave Kinetic Inductance Detectors (MKIDs) used. Figure 1.1 depicts an
overview of the noise sources present in channel 14 of DESHIMA, which reads the spectral frequency
of 205.7 GHz. There are already data-scientific noise-removal methods, and the atmospheric emission
can be characterized by a distinct spectral profile [4], since emission from the atmosphere dominanites
the data, removing it is necessary to extract the astronomical signal from the data. In this thesis, we
assume the atmospheric emission is well-characterized and can be perfectly subtracted prior to our
analysis using independent atmospheric measurements. This is an approximation that is difficult to
achieve in practice, but allows us to focus on the less-studied effects of TLS noise in post-processing.
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Figure 1.1: The PSD, acquired from simulated data of DESHIMA 2.0, of all the noise sources and the total noise present in
channel 14 of DESHIMA 2.0.

Thus far, there have been several studies done to decrease the TLS noise, Noroozian et al. [5] have
shown that TLS noise can be reduced in MKIDs by increasing the size of the capacitive section and
narrowing down the inductive section of the MKID. Pan et al. [6] have demonstrated it is possible to
decrease TLS noise by (1) lowering the capacitor filling factor, (2) increasing the operating temperature,
and (3) increasing the driving power.
However, these approaches require hardware modifications and cannot be applied to already collected
data. Because collecting data of DSFGs requires a large observation time and are difficult to acquire,
already existing data is valuable. Therefore, it is essential to be able to use every sample of data. This
report addresses that gap, by proposing a data-scientific method to model and eliminate TLS noise from
the simulated DESHIMA 2.0 data, allowing for reconstruction of the emitted signal of the astronomical
source.

The objective of this project is to create a system that is capable of reconstructing the true brightness
temperature of the target DSFG by separating the detector noise from the observed data for DESHIMA
2.0 simulations. To achieve this objective, the TLS and photon noise ought to be accurately estimated.
Therefore, a Weighted Least Squares (WLS) estimation framework is implemented to acquire the most
optimal parameters for the TLS noise modelling. Finally, a data-whitening filter method is proposed
alongside a Generalized Least Squares (GLS) algorithm to reconstruct the faint astronomical source
signal for two observation modes of the spectrometer, (1) Continuously Staring, where the spectrometer
is constantly pointed at the source, resulting in a long observation of the astronomical source. And (2)
Position SWitching (PSW), where the spectrometer points at the source and right besides it in one
switching cycle, this is acquired via the chopper wheel, where it is assumed that the conditions of the
atmosphere are the same, resulting in two measurements per chopper wheel cycle. (1) On-source,
where the light emitted by the source and the noise are measured in the data. And (2) Off-source,
where only the noise sources are measured.



2
Program of Requirements

Below the requirement of the project are explained. For clarity, they are split into three sections: func-
tionality, performance and additional.

2.1. List of requirements
2.1.1. System Functionality
1. The system shall be able to reconstruct at least 95% of the emitted signal by DSFGs.
2. The system shall be able to read HDF5 files.
3. The system shall not modify the original HDF5 files.
4. The system shall use simulated DESHIMA 2.0 data.
5. The system shall preprocess input data to check for completeness (NaN values, unexplained zero

values).
6. The system shall be able to transform the data to the frequency domain for analysis.
7. The system shall be able to create an estimation of the TLS noise for each channel of DESHIMA

2.0 independently.
8. The system shall be able to create an estimation of the photon noise for each channel of DESHIMA

2.0 independently.
9. The system shall reconstruct the DSFG signal independently for each of the channels of the

filterbank of DESHIMA 2.0.
10. The system shall store the reconstructed signal of the DSFG.
11. The system shall be able to visualize the results in frequency domain.
12. The system shall quantify the difference between the reference observation (ground truth) and

the reconstructed DSFG signal.
13. The input data shall be read and results shall be written only once to avoid unnecessary multiple

passes through the data.

2.1.2. System Performance
1. The system shall produce a constant result when executed multiple times on the same data.
2. The reconstructed signal shall have a signal-to-noise ration (SNR) that is the same or higher than

the reference observation (ground truth).
3. The system shall have a runtime lower than the observation time (1 hour).
4. The mean of the reconstructed DSFG signal shall be approximately identical to the mean of the

simulated DSFG signal, demonstrating for both observation modes (continuously staring and
position switching) that the reconstruction algorithms function as unbiased estimators.

9
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5. The variance of the reconstructed DSFG signal shall decrease as the total duration of the input
observations increases.

2.1.3. System Additional Requirements
1. The system shall support data analysis of multiple channels of the DESHIMA 2.0 filterbank.
2. The system shall be implemented in Python 3.12.
3. The system shall allow processing modules to be executed independently.
4. The system shall be adaptable to different channels without changing the core code; only chang-

ing the parameters.
5. The system shall be able to handle datasets of different sizes without changing the core code.
6. The code shall be maintained in a version-controlled repository hosted on GitHub.
7. All functions shall include comments describing their purpose, input parameters, and outputs.
8. All physical quantities in the code shall include their SI unit in comments or documentation.



3
Background

3.1. The DESHIMA 2.0 Spectrometer
DESHIMA 2.0 is an Integrated Superconducting Spectrometer (ISS) designed to enable ultra-wideband
spectroscopy for submillimeter wave astronomy [7]. By using an MKID filterbank chip, the spectrometer
can measure DSFGs at high redshifts. DESHIMA 2.0 has a spectral bandwidth of 200 GHz, which
ranges from 200-400 GHz, distributed over 339 spectral channels where each of these 339 have a
part of this 200-400 GHz frequencies. And a sampling rate of ≈160 Hz, meaning that DESHIMA 2.0
registers approximately 160 data samples per second per channel. Each channel covers a slice of this
spectral frequency range, which allows for simultaneous measurements of multiple emission lines [8].

3.2. Data Simulations and Observation Strategies
This project uses simulated time-series observations of the DSFG Messier 77, acquired using gateau
(Gpu-Accelerated Time-dEpendent observAtion simUlator) [9]. However, the datasets used in this
project contained valid data up to channel 300, corresponding to a specrtal frequency of 364.2 GHz.
The Gateau framework simulates observations by using user defined parametes, such as, astronomical
source properties, a set of atmospheric screens, telescope scan patterns, and instrument parameters.
The data generated by Gateau has been validated against data from the DESHIMA 2.0 spectrometer
[10].

For this project, two observation strategies of DESHIMA 2.0 are considered:

1. Continuous Staring Mode: In this observation strategy, the spectrometer continuously stares at
the astronomical source. In this configuration, the signal of the source is constantly present in
the recorded data.

2. Position Switching Mode: In this method, the spectrometer switches between observing the astro-
nomical source (on-source) and observing next to the source (off-source), as illustrated in Figure
3.1, under the assumption that the properties of the atmosphere in both scenarios are equal.
Subsequently, the off-source spectrum is subtracted from the on-source spectrum [7]. The rapid
switching between on-source and off-source measurements can be acquired with the chopper
wheel which is incorporated in the hardware of DESHIMA 2.0 [11]. The switching frequency of
the chopper wheel is set at 10 Hz with a duty cycle of 0.5 [2], meaning that in 0.1 seconds an
on-source and off-source observation is made.
Due to observational overhead, some samples are typically lost. In this project, the chopper
method is implemented with 6 data samples for each on- and off-source observation. This results
in a switching frequency of the chopper wheel of ∼13 Hz, meaning that the full chopper cycle in
this project has a duration of ∼0.08 seconds, resulting in both an on- and off-source phase of ∼
0.04 seconds 1.

1The DESHIMA sampling rate of 160 Hz and a 10 Hz chopper frequency result in 16 samples per complete cycle. In reality, 4
of these samples are lost, leaving 12 usable data samples per chopper cycle. This project erroneously modelled the entire cycle

11



3.3. Measured Data 12

Figure 3.1: Schematic of different optical paths of the spectrometer in PSW mode, demonstrating the on-source (red) and
off-source (blue) paths, note that this schematic is not to scale.

3.3. Measured Data
In both observation modes, the recorded data contains a lot of noise. There are three noise sources
present in the acquired data, namely, (1) atmospheric noise, (2) Two-Level System noise, and (3)
photon noise. The total measured brightness temperature when the spectrometer is pointed on-source,
Tmeasured, on-source(ν, t) in K, across a given frequency channel ν as a function of time t, can be modelled
as follows:

Tmeasured, on-source(ν, t) = Tsky(ν, t) + Tph(ν, t) + TTLS(ν, t) (3.1)

Where Tsky(ν, t) in K, is the sky brightness temperature entering DESHIMA 2.0, this contains the bright-
ness temperature from the source and the atmospheric emission. Tph(ν, t) in K, represents the photon
noise, and TTLS(ν, t) also in K, represents the Two-Level System noise [12]. The sky brightness tem-
perature Tsky(ν, t) is represented by the radiative transfer function [13]:

Tsky(ν, t) = (1− ηatm(ν, t))Tp,atm + ηatm(ν, t)T
∗
A (ν) (3.2)

Where:

• Tp,atm is the physical temperature of the atmosphere in K (set to 273 K in these simulations).
• ηatm(ν, t) ∈ [0, 1] is the atmospheric transmission efficiency (or admittance).
• (1− ηatm(ν, t))Tp,atm represents the emission from the atmosphere in K.
• T ∗

A (ν) is the true, unattenuated source brightness temperature above the atmosphere in K. The
goal of this project is to reconstruct T ∗

A (ν) as accurately as possible from the observed data.

When the spectrometer is pointed off-source, the following temperature in K is measured:

Tmeasured, off-source(ν, t) = (1− ηatm(ν, t))Tp,atm + Tph(ν, t) + TTLS(ν, t) (3.3)

using only these 12 usable samples, implicitly accelerating the simulated chopper frequency to ≈ 13.3 Hz.
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For this project, it can be assumed that the atmospheric emission (1− ηatm(ν, t))Tp,atm can be perfectly
subtracted from the observed data in post-processing, allowing for an ideal situation for the reconstruc-
tion of the source signal. However, this perfect subtraction is not possible in practice. In real obser-
vations, the atmospheric emission has to be estimated using a reference measurement, for example
from the off-source pointing or from a highly sensitive radiometer which measures the Precipitable Wa-
ter Vapour (PWV). With this radiometer measurement, models such as that presented by Pardo et al.
[4] can be used to determine the transmission coefficient of the atmosphere from which the measured
atmospheric emission can be computed.

3.4. Noise Sources
3.4.1. Atmospheric noise
Emission from the atmosphere fluctuates at low frequencies and is the most dominant noise source
present in the observed data. It is caused by the Earth’s atmosphere absorbing and re-emitting incom-
ing light originating from the astronomical source.
Since simulations of the atmospheric noise only were provided, where the spectrometer is pointed
off-source, meaning that Tsky(ν, t) = (1− ηatm(ν, t))Tp,atm , the atmospheric transmission efficiency
ηatm(ν, t) ∈ [0, 1] can be obtained as follows:

ηatm = 1−
Tsky(ν, t)

Tp,atm
(3.4)

The atmospheric transmission efficiency ηatm will be used in the data model presented in Chapter 4 to
account for the dilution of the source signal due to the atmosphere.

The Python code that computes the ηatm for each channel at each time step is shown in Appendix B.4.

3.4.2. Two-Level System noise
Two-Level System noise is an instrumental noise source that occurs due to the dielectric substrate of the
MKID detectors. In the surface substrate of the MKID, electrical fluctuations occur between the ground
state and an excited energy state of charge carriers, which causes the TLS noise in the observed data
[14]. Since TLS noise is created in each spectral channel of DESHIMA 2.0 separately, there is no
frequency-domain correlation. However, the TLS noise is time correlated. Figure 3.2 illustrates how
the MKID is incorporated in the chip.

Figure 3.2: Chip design of DESHIMA 2.0. Illustrating how the sky signal is guided to the filterbank. Each filter is connected to
an MKID, where the TLS noise originates from. Figure adapted from [7]

3.4.3. Photon noise
Another noise source present in the observed data is the photon noise. Photon noise is caused by
the amount of light hitting the detector. Therefore, it scales directly with the loading power hitting the
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MKID, if there are more photons, there is more photon noise. Because the atmospheric transmission
ηatm changes per channel, which influences how much light hits the detector, different channels see
different amounts of power, meaning that photon noise varies per channel.



4
Data Model

To reconstruct the astronomical source signal from the time-series data provided by the DESHIMA 2.0
simulations, the theory discussed in Chapter 3 must be translated into a mathematical framework. This
chapter proposes (1) a generalized noise model, which is used to estimate statistical power distribution
of the noise in each spectral channel. (2) a linear data model that can be used to isolate the source
temperature from the TLS and photon noise.

4.1. Noise Model
Before the astronomical source can be reconstructed, the noise present in the data, (after the sub-
traction of the atmospherical noise), TLS and photon noise, must be characterized for each channel.
Because these are stochastic processes, a time-domain realization is unpredictable and unable to be
modelled directly. Therefore, a general frequency-domain model that characterizes the average noise
power distribution is proposed.
In general, TLS noise is 1/f-type noise [15], the TLS noise occurring in DESHIMA 2.0 also shows this
behaviour. Therefore, the PSD of the TLS noise can be modelled with the power law as follows [6]:

STLS(f) =
α

fβ
[K2/Hz] (4.1)

Where f is the frequency in Hz, α determines the overall power level of the noise in K2, and β is a
dimensionless parameter that determines the slope of the noise power. One of the methods to find the
α parameter, is by dividing the PSD of the actual TLS noise by f−β . For the β parameter, Pan et al.
[6] concluded that the fit values for β are = 0.8± 0.2, when using their phenomenological TLS model.
However, it was found that a β of ∼ 0.5 corresponds better to the provided simulations of the TLS noise
in DESHIMA 2.0.
However, a more accurate value for α and β for each channel can also be found with Weighted Least
Squares (WLS), which will be further discussed in Section 5.1.

To account for the photon noise in each spectral channel, the mean of the PSD of the photon noise can
be taken, and added to the noise model. This can be done as in the provided simulated data, photon
noise is mathematically modelled as an additive White Gaussian Noise (WGN) process [10]. The PSD
of the TLS and photon noise together then becomes as follows:

Snn(f) =
α

fβ
+ C [K2/Hz] (4.2)

Where C is the estimated photon noise in K2/Hz.

15
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4.2. Data Model
The signal measured by the spectrometer is divided into a vector for each of the Nc spectral channels
of DESHIMA 2.0. For a single channel, the measured brightness of the sky (Tmeasured), as mentioned in
Equation 3.1, can be described with the general time-domain linear data model, as shown in Equation
4.3, this model allows the noise to have a covariance matrix [16], which is needed since the TLS noise
present in the measured signal varies over time.

y⃗t = a⃗tx+ n⃗t (4.3)

Where:

• y⃗ ∈ RNt×1 is a column vector containing the observed data (Tmeasured) for a single spectral channel
over a total of Nt samples.

• a⃗ ∈ RNt×1 is a column vector of length Nt containing the atmospheric transmission coefficient
(ηatm) over time.

• x ∈ R is a 1-dimensional scalar representing the source temperature (T ∗
A) for that single channel.

• n⃗ ∈ RNt×1 is a column vector of length Nt representing the TLS and photon noise over time
present in the observed data.

Here Nt denotes the total number of time samples for a single channel.

4.3. Observation Modes
The values of the elements contained in y⃗ and a⃗ are dependent on the observation strategy of the spec-
trometer. As mentioned in Section 3.2, the different type of observation strategies are: (1) Continuous
Staring mode and (2) Position Switching mode.
In Continuous Staring mode the source signal is constantly present and, therefore, the vector a⃗ maps
directly to the atmospheric transmission coefficient ηatm. The data model can therefore also be written
as:

y⃗ = η⃗atmx+ n⃗ (4.4)

In Position Switching mode, the spectrometer switches between observing the astronomical source and
observing besides the source. Here an off-source spectrum is subtracted from an on-source source
spectrum in time-domain [7]. To account for the different pointings of the spectrometer the data model,
the vector a⃗ is defined as follows:

a⃗[t] =

{
η⃗atm[t] for on-source
0 for off-source

(4.5)

Hence, the data model for PSW becomes:

y⃗[t] =

{
a⃗[t]x+ n⃗[t] for on-source
n⃗[t] for off-source

(4.6)

This ensures that the effects of the TLS and photon noise n[t] to the measured data remains the same,
whilst, the contribution of the source’s signal will only be considered when the spectrometer is aimed
at the astronomical source.



5
Algorithms

5.1. Implementing Weighted Least Squares for TLS Noise Estima-
tion

Weighted Least Squares is an estimation method that can be used when not all observations have the
same precision or importance, the weights express the importance of each observation [17].
Since the TLS noise is dominant in the frequency band between the knee frequency with the atmo-
spheric noise and the intersection with the photon noise floor, WLS is a suitable regression method to
find the α and β parameters for the TLS noise model, as WLS can prioritize that frequency band.
The WLS estimator is applied in the frequency-domain, after the natural logarithm has been taken of
both the frequency bins and the PSD of the TLS noise, to obtain linearity. For a dataset containing N
frequency bins, the linear system components are defined as follows:

• W ∈ RN×N is a square, diagonal matrix containing the relative weights assigned to each fre-
quency bin. The entries of the weight matrix are initialized as the inverse of the PSD (Pxx) of the
actual TLS noise at each corresponding frequency bin. This prevents the larger noise power at
lower frequencies from dominating the fit.

W =


1

Pxx(f1)
0 . . . 0

0 1
Pxx(f2)

. . . 0
...

...
. . .

...
0 0 . . . 1

Pxx(fN )

 (5.1)

• H ∈ RN×2 is the design matrix and contains the linear intercept and slope:

H =


1 ln(f1)
1 ln(f2)
...

...
1 ln(fN )

 (5.2)

• u⃗ ∈ RN×1 is the observation vector containing the logarithm of the measured PSD from the
simulated data:

u⃗ =


ln(Pxx(f1))
ln(Pxx(f2))

...
ln(Pxx(fN ))

 (5.3)

To solve for the noise parameters, the model is first framed as a standard linear model:

17
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u⃗ = Hθ̂ + ϵ⃗ (5.4)

Where u⃗ is the observation vector, H is the design matrix, θ̂ contains the noise parameters to be
estimated, and ϵ⃗ represents the errors. The objective of WLS is to find the parameter vector θ̂ that
minimizes the weighted sum of the squared residuals, this can be expressed as follows:

θ̂ = argmin
θ

∥u⃗−Hθ̂∥2W (5.5)

Using these defined variables, the general form of the Weighted Least Squares Estimator is as follows
[16]:

θ̂ = (HTWH)−1HTWu⃗ (5.6)

Where the resulting parameter θ̂ ∈ R2×1 vector yields the solved intercept and slope values:

θ̂ =

[
ln(α)
−β

]
(5.7)

Once θ̂ is solved via Equation 5.6, the scaling parameter is recovered via α = eθ̂1 , providing the param-
eters required for the noise model of each spectral channel.

The Python code that implements theWLS algorithms to find the noise parameters is shown in Appendix
B.1.

5.2. Source Reconstruction
By using the data model defined in Equation 4.3 (y⃗ = a⃗x+ n⃗), alongside the model for TLS and photon
noise PSD Snn(f), as defined in Equation 4.2, an optimal estimator for the astronomical source can be
deduced to obtain the scalar x in K, which contains the reconstructed source temperature for a single
channel.
The previously used WLS framework assumed that the noise samples in frequency-domain are inde-
pendent, this resulted in a diagonal weight matrix. However, because TLS noise is an 1/f -type noise
process, subsequent samples in the time-domain noise vector n⃗ are correlated with one another over
time. To account for this the Generalized Least Squares (GLS) [16] framework must be applied to Equa-
tion 5.5 When the variables are updated to the variables of the data model (u⃗ → y⃗,H → a⃗, θ → x), the
following holds:

xopt = argmin
x

∥y⃗ − a⃗x∥2Wn
(5.8)

Where the weight matrix is defined as the inverse of the time-domain covariance matrix Wn = R−1
n .

Since the noise has time correlation, the noise covariance matrix relates to the expected value of the
noise vector, Rn = E{n⃗n⃗T }. Solving the optimization problem in Equation 5.8 results in the following
expression for the reconstructed source:

xopt =
a⃗TR−1

n y⃗

a⃗TR−1
n a⃗

(5.9)

The complete derivation of Equation 5.9 can be found in Appendix D.1.
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5.2.1. Frequency-Domain Data Whitening
Computing Equation 5.9 directly in the time domain is computationally expensive, as this requires the
inversion of a large RNt×Nt covariance matrix. To avoid this, the inverse noise covariance matrix can
be rewritten as follows: R−1

n = R
−T/2
n R

−1/2
n . Equation 5.9 can then be redefined as:

xopt =
(R

−1/2
n a⃗)T (R

−1/2
n y⃗)

(R
−1/2
n a⃗)T (R

−1/2
n a⃗)

=
˜⃗aT ˜⃗y
˜⃗aT ˜⃗a

(5.10)

Where ˜⃗y = Rn
−1/2y⃗ and ˜⃗a = Rn

−1/2a⃗ represent the whitened measurement and atmospheric trans-
mission coefficient vector, respectively. The full derivation of this equation can be found in Appendix
D.2.

By using the Wiener-Khinchin theorem, which states that the autocorrelation function of a wide-sense
stationary process and its power spectral density are a Fourier transform pair [18], the computation of
xopt in K can be done in the frequency domain.

Strictly speaking, photon noise in MKID detectors is non-stationary, as its variance directly scales with
the loading power, which is dominated by atmospheric noise. However, when analysing the photon
noise in time domain, it can be seen that the standard deviation (SD) remains stable, as it has a mean
value of 2.42 × 10−2 K with a maximum deviation of 12.98%. The SD of the photon noise is shown
in Figure 5.1. Moreover, since the chopper wheel has a phase duration of ∆t = 0.05 seconds1, the
atmosphere has not changed significantly enough between a subsequent on-source and off-source
observation. Therefore, the loading power of the atmosphere and subsequently the variance of the
photon noise remain constant during a cycle of the chopper wheel. Hence, for this project the photon
noise can be considered WSS by approximation.

Figure 5.1: Visualisation of the SD of the photon noise in time domain, demonstrating that the photon noise can be taken as
WSS by approximation.

Since TLS noise is theorized to be dependent on the defects in the MKID detectors, it can be assumed
that, by approximation, the noise model is WSS. Under these assumptions, the operant R−1/2

n acts
as a whitening filter (Wz,y(f) = 1/

√
Snn). The time-series data is transformed via the Fast Fourier

Transform (F), multiplied with the whitening filter, and transformed back to the time domain via the
Inverse Fast Fourier Transform (F−1):

1This is based on the actual chopper wheel frequency of 10 Hz rather than the simulated∼13 Hz, this choice is made because
the resulting cut-off frequency is intended for theoretical justification, and will not be used for any further computations.



5.2. Source Reconstruction 20

˜⃗y = F−1{Wz,y(f)⊙F{y⃗}} (5.11)
˜⃗a = F−1{Wz,y(f)⊙F{a⃗}} (5.12)

Where ⊙ denotes the Hadamard product. By obtaining the operants in this manner, the reconstructed
source xopt can then be computed with a simple dot-product, according to Equation 5.10, this reduces
the processing time significantly when making long observations with DESHIMA 2.0.

5.2.2. Observation Strategies and Whitening Filter Realizations
The implementation of the whitening filter W (f) depends on the chosen observation strategy of the
spectrometer. The whitening filter Wy(f) is defined as follows:

Wz,y(f) =
1√

Snn(f)

[√
Hz
K

]
(5.13)

Where the estimated noise Snn(f) has two possible realisations based on the observation strategy of
the spectrometer.

Continuous Staring Mode
When the spectrometer continuously stares at the astronomical source, no signal modulation is per-
formed on the observed data, therefore the estimated noise is equal to the TLS and photon noise
(Snn(f) =

α
fβ + C ), as discussed in Section 4.1.

The Python code that implements the proposed algorithms for continuously staring is shown in Appendix
B.3.

Chopper Wheel Implementation
The chopper wheel can be implemented in the algorithm by subtracting the on-source from the off-
source observation in the time domain for each chopper cycle. If k denotes the discrete time index of
the k-th chopper cycle, the resulting signal z[k] in K is then defined as:

z[k] = yon[k]− yoff[k] (5.14)

Where yon[k] and yoff[k], both in K, are themeans of 6 samples taken during the on-sourcemeasurement
and the mean of 6 samples taken during the off-source measurement of cycle k, respectively, according
to the model proposed in Equation 4.6. The computation of yon[k] and yoff[k] can mathematically be
described as follows:

yon[k] =
1

6

12k+5∑
n=12k

x[n] (5.15)

yoff[k] =
1

6

12k+11∑
n=12k+6

x[n] (5.16)

For the chopper wheel implementation, Equation 5.10 becomes:

xopt =
˜⃗aT ˜⃗z
˜⃗aT ˜⃗a

(5.17)

Where ˜⃗z = Rn
−1/2z⃗ represents whitened measurement vector when using chopper modulation. Which

can be acquired with ˜⃗z = F−1{Wz(f)⊙F{z⃗}}.
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To isolate and evaluate how the chopper modulation effects the underlying noise properties, the sub-
traction can be modeled in the continuous time-domain. If n(t) represents the mean of the noise in
the on-source measurement, and n(t−∆t) the mean of the noise in the off-source measurement, the
effect of the subtraction can be simplified with the following noise term:

ndiff(t) = n(t)− n(t−∆t) (5.18)

Where, ∆t is the time difference in seconds between the midpoints of consecutive on-source and off-
source observation. The transfer function H(f) of Equation 5.18 is as follows:

H(f) = 1− e−j2πf∆t (5.19)

Since H(f) acts as a linear high-pass filter, it alters the PSD of the estimated noise as follows [19]:

Snn, diff = |H(f)|2Snn(f) = 4 sin2(πf∆t)Snn(f) [K2/Hz] (5.20)

The full derivation of H(f) and |H(f)|2 can be found in Appendix D.3.
For a ∆t of 0.05 seconds, which is the full duration of one on- or off-source observation, the chopper
modulation has the following cut-off frequency:

f-3dB =
1

4∆t
= 5 Hz (5.21)

Therefore, most of the low-frequency atmospheric and TLS noise will be suppressed due to the chopper
modulation, since the power of these noise sources is much larger at lower frequencies, as depicted
in Figure 1.1. Meaning that the values of the TLS and atmospheric noise could not have changed
significantly during a chopper cycle. The full derivation of Equation 5.21 can be found in Appendix D.4.

Because the operation in Equation 5.14 combines two observations into a single discrete output (z[k]),
it downsamples the data by with D = 2. Therefore, it is needed to match the altered spectral shape of
the estimated noise Snn(f) to the obtained measurement vector z⃗. Downsampling with D = 2 has the
following effect on the noise spectrum [19]:

Snn, downsampled =
1

2

[
Snn, diff(

f
2 ) + Snn, diff(

f−fdownsampled
2 )

]
[K2/Hz] (5.22)

Where fdownsampled= fs
6 = 160

6 ≈27 Hz is the downsampled frequency due to the averaging over 6
samples when computing the on-source and off-source observation vectors. The complete derivation
of Equation 5.22 can be found in Appendix D.5.
When subtraction two independent white noise sources, the variance contained in the final signal adds
together [19]. Since the chopper modulation has a duty cycle of 0.5, it holds that ton-source = toff-source =
∆t, hence Tcycle=2∆t, both in seconds. The variance of the subtracted signal z[k] will then be:

σ2
z = σ2

on-source + σ2
off-source =

C

2∆t
+

C

2∆t
=

C

∆t
(5.23)

Since the downsampling uses a sampling period of Tcycle = 2∆t in seconds, corresponding to a
fNyquist = 1

4∆t , it is expected that the noise floor of Snn, downsampled is the total variance contained in
z[k] distributed over the new bandwidth:

Snn, downsampled, floor(f) =
σ2
z

fNyquist
=

C
∆t
1

4∆t

= 4C [K2/Hz] (5.24)

Note that, since TLS noise varies slowly over time compared to the chopper switching period, it is
assumed that during subsequent on- and off cycles, the TLS noise has similar values. Meaning that
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the chopper method cancels out most of the TLS noise contained in the signal z[k]. On top of that,
Snn, downsampled, floor(f) will not be used directly in the whitening filter, as it only represents the expected
noise floor. Instead, it serves as a reference to verify the results of Snn, downsampled(f) in Section 6.1.1.

When using the chopper modulation the whitening filter becomes:

Wz(f) =
1√

Snn, downsampled(f)
(5.25)

With these algorithms, the astronomical source xopt can be reconstructed when the spectrometer ac-
quires its data in both Continuously Staring mode or Position Switching mode.

The Python code that implements the proposed algorithms for PSW is shown in Appendix B.4.



6
Results and Analysis

Having determined the noise en data models for each spectral channel of DESHIMA 2.0 in Chapter
4, and the three algorithms for (1) estimating the TLS and photon noise, (2) reconstructing the astro-
nomical source and (3) whitening of the data in Chapter 5, this chapter presents the evaluation of the
proposed methods. The objective of this chapter is to determine the accuracy in which the astronom-
ical source brightness temperature can be reconstructed from the noise containing time-series data
acquired from the Gateau simulations.
First, the proposed noise model and its transformations due to the chopper method and downsampling
are evaluated. Then, the noise levels are found, after which the accuracy of the system with different
amounts of data are considered. Finally, the reconstruction of the source when atmospheric emission
is contained in the observed date is evaluated.

6.1. Noise Model Evaluation
To validate the results from the WLS algorithm, described in Section 5.1, a comparison of the PSD
of the acquired noise estimation versus the actual noise present in channel 14 (which has a channel
frequency of 205.7 GHz) of the spectrometer when looking off-source, is shown in Figure 6.1.

Figure 6.1: Comparison of the actual TLS and Photon noise present in channel 14 of DESHIMA 2.0 with the noise estimation
from Section 4.1.

23
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Where the frequency-axis spans from 2 × 10−4 Hz up to the Nyquist frequency of ∼80 Hz (as the
sampling frequency of DESHIMA 2.0 fs ≈ 160 Hz). It can be seen that at higher frequencies (f>1
Hz), the estimated noise flattens out, this is due to the dominating uncorrelated photon noise. At lower
frequencies (f<1Hz), there is a slope in the estimated noise, this is due to the TLS noise being dominant,
which acts as correlated 1/f type noise.
Because the estimated PSD of the noise accurately tracks the actual noise data, it can be concluded
that the proposed noise model, optimized with WLS, successfully captures the behaviour of the TLS
and photon noise present in the channels of DESHIMA 2.0.

6.1.1. Influence of the Chopper Method
When incorporating the chopper method into the algorithm, the PSD of the noise signal will be altered
according to Equation 5.22, the noise spectrum will first be averaged, than subtracted, and finally
downsampled. As discussed in the section above, at low frequencies, the noise is correlated. However,
the use of the time-domain subtraction, as discussed in Equation 5.14, removes this correlated noise
almost completely. Figure 6.2 shows the effects of subtracting the two spectra on the resulting estimated
noise contained in the observed data.

Figure 6.2: PSD of the resulting noise Snn, downsampled included in the data after performing the chopper modulation for
Channel 14, demonstrating that the resulting noise after chopper modulation is white.

The frequency-axis spans from 2×10−4 Hz up to the Nyquist frequency of ∼7 Hz (as the mean is taken
from 6 samples and then downsampled by a factor D =2, hence fNyquist =

160
6×2×2 ≈7 Hz). On top

of that, it can be seen that the resulting noise Snn, downsampled is nearly white, and has a noise floor of
approximately 4C, which is expected and discussed in Section 5.2.2.

The resulting PSD when using the whitening filter on the data vector z⃗ is illustrated in Figure 6.3. Note
that the PSD is normalized as the unwhitened vector z⃗ has the unit K, and the whitened vector ⃗̃z is
dimensionless. It can be seen that using the whitening filter has no influence on the PSD of the data
vector, as the noise contained in the data is already white, due to the chopper modulation.
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Figure 6.3: Comparison between the PSDs of the unwhitened observation vector z⃗ and the whitened observation vector ⃗̃z,
demonstrating that they are almost identical.

From this, it can be concluded that frequency-domain whitening is not necessary for reconstructing
the astronomical source temperature when using the time-domain chopper modulation method, as the
resulting PSD is identical to the PSD of the unwhitened data vector.

6.2. Noise analysis
In the context of this section, noise represents the stochastic uncertainty that prevents the model from
a perfect observation when comparing it to the ground truth. For the analysis of this noise the Standard
Deviation of the signal is considered. Because the data is described as a linear model y⃗ = a⃗x+ n⃗, it is
important to note that the noise is modeled as a linear system as well.

6.2.1. Standard Deviation and Variance
The standard deviation of the signal is the square root of the variance. Here the standard deviation is
a measurement for how far the signal fluctuates from the mean of the signal. The variance represents
the power of this fluctuation [20].
The variance of the linear system can be defined as 6.1. The full derivation of this formula can be found
in D.6.

var(x) = σ2 1
˜⃗aT ˜⃗a

(6.1)

Here, ˜⃗a = R
−1/2
n a⃗ is the whitened atmospheric transmission coefficient vector, as defined in Equation

5.10. For continuously staring mode, a⃗ maps directly to η⃗atm, whereas for PSW it maps to η⃗atm[t] for
on-source observations and to 0 for off-source observations, as defined in Section 4.3. The scaling
factor σ2 represents the remaining noise power after whitening the data. Since the whitening filter is
defined as Wz,y(f) = 1/

√
Snn(f), it normalizes the noise covariance such that E[˜⃗n˜⃗nT ] = σ2I, when

the estimated noise perfectly matches the actual noise σ2 = 1, as explained in Appendix D.7.

With the variance computed, only the square root of it needs to be taken to find the SD, the results of
this are shown in Figure 6.4.
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Figure 6.4: Noise Level comparison, Noise Level is not correct

In Figure 6.4, the SD or noise level σ of the source is plotted against the frequencies of the astronomical
source. It can be seen that the noise level of the continuously staring reconstruction is lower than the
PSW reconstruction.
It is important to note that the level of the noise of Figure 6.4 is not correct because of the usage of
a wrong scaling factor.
As explained by Taniguchi et al. [7] a higher noise level of factor

√
2 would be expected when using

PSW. Additionally, because only half the time is spent on-source during PSW, an extra factor
√
2 is

expected, bringing the total ratio in noise level to 2.
However, as can be seen in Figure 6.4, this is not the case here. The figure indicates that the noise
level for the continuous staring mode is actually about 6 times lower than that of the position-switching
mode 1.

Furthermore, a very high peak can be seen around 325 GHz. To explain the cause of this peak three
different channel frequencies and their noise components are plotted in Figure 6.5. Here it can be seen
that the channel where the spike is present (the 325 GHz channel) has a much higher photon noise
than the other two channels plotted. This could be because photon noise is a property of the amount
of light that is seen by the detector. This means that at this frequency, the amount of light reaching the
detector is very high. Around 325 GHz, this results in a big drop in ηatm, which leads to a higher 1−ηatm.
This means that the atmospheric emission is a lot stronger, causing a lot more light to hit the detector
and directly driving up the photon noise.

Figure 6.5: Comparison PSDs of Different Channel Frequencies

1Due to time constraints it was not possible to investigate this discrepancy.
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To be able to verify this the noise model parameters are shown in Figure 6.6. Here the C value corre-
sponds to the photon noise. Since photon noise is a form of white noise and is modelled as a frequency
independent variable in the noise estimation, this increase does not change the frequency dependent
slopes of α and β as can be observed in the Figure 6.6, as these parameters are not dependent on the
photon noise. Instead, it only elevates the constant C term in Equation 5.6, which explains the large
spike of the C Value.

Figure 6.6: Noise parameters for all channel frequencies

6.3. Reconstruction Analysis
Until now, the full dataset was used, consisting of 572,204 data points per channel frequency. For this
section, percentages of this data are considered to see how well the reconstruction would perform when
only a fraction of the data is used. For both continuously staring and position switching, the following
percentages of the data were used: 1% to 10%, 50%, 75%, and 100%. Here 100% provides a baseline
for comparison, allowing the other percentages to be evaluated against it.

6.3.1. Reconstruction Continuously Staring
Figure 6.7 displays the reconstructions for four different data percentages (10%, 50%, 75%, and 100%).
To analyse all the results, the noise level of these signal are plotted in Figure C.2 as well as two other
performance metrics.
Firstly, the Root Mean Squared Error (RMSE) [21], which measures the average deviation from the
ground truth in Kelvin, which here is the T ∗

A defined in Section 3.2, can be found in Equation 6.2, in this
equation, the ground truth is subtracted from the reconstructed signal, also in Kelvin, for each of the
different channels. For RMSE a low value is desired as a low RMSE corresponds to a small difference
between the ground truth and the reconstructed signal.

RMSE =

√√√√ 1

N

N∑
i=1

(xsource, i − xreconstruction , i)2 (6.2)

Secondly, the R2 score, which quantifies the proportion of variance in the ground truth explained by
the reconstruction, this can be found in Equation 6.3 [21]. Here, the numerator features the same
quantifiers as in the previous formula, while the denominator represents the ground truth, as defined
above, subtracted by the average value of the ground truth. Subtracting this by 1 yields the R2 score
of the signal. For the R2 score, the value corresponds to the amount of signal that is successfully
reconstructed, where 1 is totally accurate. Therefore, a high value is considered a good reconstruction.

R2 = 1−
∑N

i=1 (xsource(fi)− xreconstruction(fi))
2∑N

i=1 (xsource(fi)− x̄source)
2

(6.3)



6.3. Reconstruction Analysis 28

Both of these metrics were found for 1% to 10%, 50%, 75%, and 100% resulting in Table 6.1.

Table 6.1: Reconstruction Performance Metrics Continuously Staring

Dataset Percentage RMSE (K) R2 Score
1% 0.0042 0.8318
2% 0.0030 0.9128
3% 0.0026 0.9375
4% 0.0023 0.9511
5% 0.0022 0.9553
6% 0.0021 0.9559
7% 0.0020 0.9601
8% 0.0019 0.9649
9% 0.0018 0.9700
10% 0.0018 0.9632
50% 0.0007 0.9939
75% 0.0004 0.9979
100% 0.0001 0.9999

Table 6.1 shows that both the RMSE becomes lower, and the R2 score becomes higher which would
indicate better performance when the amount of data used is higher, which is in line with expectations.
Interestingly, even when utilizing only 1% of the data, 83% of the ground truth is still reconstructed.
When increasing the data fraction to 4%, this metric rises to 95%, which is remarkable considering that
96% of the original observation is omitted.

Figure 6.7: Reconstruction Continuously Staring

6.3.2. Reconstruction Positions Switching
Similar trends and metrics were observed for position switching compared to continuously staring. In
Figure 6.8, the reconstructed signal is displayed across four different data percentages, and Table 6.2
presents the performance metrics. Here, it becomes apparent that position switching is significantly
better at recovering the signal than continuously staring, especially when looking at the lower percent-
ages. The R2 score for 1% is almost 96%, meaning that 96% of the ground truth can be reconstructed
when only 1% of the signal is known. Interestingly, this number increases until 4% of the data, where
it decreases slightly, before increasing again.
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Furthermore, it becomes apparent that the reconstruction of the source signal does not become signif-
icantly better when analysing 75% or 100% of the data. However, Figure C.3 shows that when the full
dataset is used, the noise level is slightly smaller than when 75% is used. Regardless, this difference
is so small that it is not visible due to the rounding of the performance metrics

Table 6.2: Reconstruction Performance Metrics Position Switching

Dataset Percentage RMSE (K) R2 Score
1% 0.0020 0.9598
2% 0.0012 0.9871
3% 0.0013 0.9839
4% 0.0016 0.9775
5% 0.0013 0.9843
6% 0.0016 0.9746
7% 0.0013 0.9848
8% 0.0008 0.9936
9% 0.0008 0.9941
10% 0.0009 0.9918
50% 0.0005 0.9976
75% 0.0004 0.9984
100% 0.0004 0.9984

Figure 6.8: Reconstruction Position Switching

Finally, with the reconstructions for both continuously staring and position switching known, they were
plotted against each other on a log-log scale for clarity, as shown in Figure 6.9. This figure clearly
demonstrates that position switching achieves a better reconstruction across all data percentages.
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Figure 6.9: Log-Log Comparison of data reconstruction

6.3.3. Reconstruction with Atmosphere Noise in Observed Data
Until now, it was assumed that the noise from the atmosphere was perfectly subtracted from the ob-
served data. However, as computed and discussed in Section 5.2.2, the high-pass filter cut-off fre-
quency due to chopper modulation is 5 Hz. Therefore, with the chopper method, the proposed al-
gorithm should be able to reconstruct the brightness temperature of the source xopt even when the
emission from the atmosphere is present in the observed data vector y⃗. The reconstructed brightness
temperature of the source when the noise of the atmosphere is included in the observed data is shown
in Figure 6.10.

Figure 6.10: Comparison between the reconstructed brightness temperature of the source T ∗
A in K and the actual brightness

temperature of the source, i.e. the ground truth, on log scale. Demonstrating that the chopper method suppresses the
atmospheric noise in the observed data.

Figure 6.10 shows that the proposed algorithm can successfully reconstruct the signal emitted by the
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source, as it accurately tracks the ground truth. However, strong claims of the performance cannot be
made, as a performance analysis, such as the RMSE and R2 score have not yet been computed for
this case. It is important to note that there are some fluctuations present in the reconstructed signal.
However, these are the same as when the atmospheric noise is not included in the observed data.
Nevertheless, the alignment of the obtained reconstruction and ground truth indicates that the under-
lying reasoning is valid. As the 5 Hz high-pass filter successfully filtered out the atmospheric noise,
since there are no fluctuations in the reconstructed signal. From this, it can be concluded that the
chopper wheel, in combination with the proposed data-scientific noise removal method, also performs
sufficiently when it cannot be assumed that the atmospheric noise can be perfectly subtracted.



7
Conclusion and Discussion

7.1. Conclusion
This thesis proposes a system capable of reconstructing the signal emitted by a DSFG across two
different observationmodes of the DESHIMA 2.0 spectrometer: (1) continuously staring and (2) position
switching. To achieve this, a noise model was developed that captures the behaviour of the PSD of the
TLS and photon noise, which was optimized with WLS. For both observation modes, an algorithm was
proposed that enables the reconstruction of the emitted signal of the astronomical source.

Once complete, the model was verified. First the noise model was evaluated after which the residual
noise present in the system of the two different observation methods were analysed. Finally, the sys-
tem’s performance was evaluated when using only subsets of the dataset. This process yielded the
following results:

• A noise model that successfully captures the behaviour of the TLS and photon noise in the chan-
nels of DESHIMA 2.0.

• A comparison of the noise levels in the channels of DESHIMA 2.0 when continuously staring
mode is used versus position switching.

• An analysis of how well the system performs when only parts of the dataset are used, finding the
point where the reconstruction algorithm fails.

7.2. Discussion
Even though the results of the algorithm are promising there is some room for discussion of these
results.

7.2.1. Limitations
In this thesis, it is assumed that the atmospheric emission can be perfectly subtracted from the data,
from which a simplified version of the measured brightness equation was obtained. This assumption
was made to be able to focus on TLS noise mitigation, whereas in reality, residual atmospheric fluctua-
tions persist. The performance of the system when atmospheric noise is present in the observed data
requires further investigation.

Moreover, the value for ηatm was acquired using simulation of the atmospheric emission only, in reality
this data is difficult to isolate.

Additionally, the assumption was made that photon noise can be considered wide-sense stationary,
although this assumption can be justified theoretically, in reality, the photon noise deviates from WSS
behaviour over time.

32
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7.2.2. Suggestions for Future Validation
The validation of the algorithm relied entirely on simulated DESHIMA 2.0 data, which gives a good
indication of performance, however, the model is not yet verified with actual observations of DESHIMA
2.0 data. Therefore, it remains to be demonstrated how well the system would perform on actual data.
Additionally, the system was only evaluated using simulated data of one extremely bright DSFG, results
might be different when other DSFGs are tested.

Besides, the reconstruction performance was evaluated using a single baseline dataset. To obtain
more robust and statistically sound results, multiple distinct slices of the dataset should be tested, and
their outcomes averaged.

Moreover, while the Python code for the reconstruction algorithm performs well, it has not yet been
optimized for execution time.

7.2.3. Suggestions for Future Work
The environment in which the observation is made also determines the most suitable observation
method. For example, when the observation is made from future satellites or space missions, there
is no atmospheric emission or absorption present in the observed data. Therefore, the continuously
staring method becomes more favourable, as the chopper wheel is heavy and expensive hardware to
implement, and the data-scientific noise removal method of this project is proven to be able of recon-
structing the signal of the astronomical source when continuously staring at the source. However, this
cannot be done with the same accuracy, so there is an expense-accuracy trade-off that needs to be
made.

Besides, with further developments in MKID technology, the resulting TLS noise could be decreased.
Meaning that the TLS noise knee frequency (fknee) will shift to lower frequencies, this results in the
photon noise dominating over the TLS noise until lower frequencies. And since the TLS noise varies
slower over time, there is less need for a chopper wheel to eliminate the TLS noise. Meaning that a con-
tinuously staring observation might be more favourable as this allows for a longer total integration time
of the astronomical source. However, the proposed system to reconstruct the source signal, when the
spectrometer is continuously staring at the source, needs improving, as it currently cannot reconstruct
the signal when atmospheric emission is present in the observed data.



A
Ethical Implications

This appendix discusses the ethical implications of the project.

A.1. Societal Impact
Developing algorithms that analyse data related to the DESHIMA 2.0 spectrometer significantly en-
hances research efficiency by making it easy to analyse the data quickly. Analysing this data quickly is
beneficial, of course, but it is more important what this data can achieve. Society as a whole wants to
know how the world works. The research being done with, among other things, makes it possible for
humanity to better understand the universe as a whole. Furthermore, quick data analysis is beneficial
not just for the astronomy sector, but for almost all other data analysing sectors.

A.2. Ethical Aspect of Development
During the engineering process, it was discussed that simulated data would be used for this project.
This decision was driven by several factors, but one of these factors is that DESHIMA 2.0 data is costly.
Not just because it is financially expensive to build the DESHIMA 2.0 spectrometer, but also because
the spectrometer is located in Chile, and therefore it would be costly for the environment to travel there.
Therefore, using simulated data for the project makes the development a lot less expensive. Moreover,
the validation of the project becomes easier when simulated data is used instead of actual recorded
data. This is also beneficial for the environment, as testing with simulated data makes it more likely that
the test will be successful during the real test, which makes the impact on the environment considerably
smaller.

A.3. Ethical Evaluation
Some parts of the DESHIMA 2.0 project could raise some genuine ethical concerns. One of these is
the fact that the spectrometer is located in the Atacama Desert in Chile, however, the researchers that
work on the project are mostly from the University of Delft and Japan, which are quite far away from
Chile. This results in the research group trying to do most of their observations remotely, as to not put
unnecessary strain on the environment. // Furthermore, the question might be raised if the research
of DSFGs is worth the funding that goes towards it, if it were to be compared to research into more
urgent fields, such as climate change. However, this question is not as easily answered as it is difficult
to define what makes one type of research ’worth’ more than other types of research.

A.4. Reflection on Design Choices
Most of the ethical choices regarding this project were already made before the project started. As
mentioned above, in this project, simulated data is used instead of ’real’ data. But this does show
that the proposers of this project have thought about the impact of the research that is being done.
Furthermore, the usage of simulated data in general is ethically good because using the simulated data

34



A.5. Forward-Looking Responsibility 35

to test on makes the tests that are done on the actual spectrometer more likely to succeed. Moreover,
all the choices made in this thesis will be readily available on the internet, as is the case for most of
the DESHIMA 2.0 data; this is a good thing when thinking about the usage of public resources and
transparency.
When designing the system one of the main goals was efficiency. This does not only benefit the system
itself but also for the computational cost. Keeping this low is good practice as it reduces both energy
consumption and processing time.

A.5. Forward-Looking Responsibility
If this project were to be developed into a real world application, it would be important to keep in mind
that the project is developed to help researchers interpret their data. Therefore, it should not be used
to replace the individuals currently interpreting the astronomical signals. This is because even though
the model works, there are some parts of the system that needs to be checked because the system is
not 100% accurate.



B
Algorithm Code

GitHub Link: https://github.com/EndearingUnion/BAP.git
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B.1. Weigthed Least Squares
1 import numpy as np
2 from scipy.signal import welch
3 from scipy.optimize import curve_fit
4 import h5py
5

6 from BAP_functions import *
7

8

9 input_file = "blank_tls_only.h5"
10 output_file_alg = "tls_wls_params_alg.npy"
11 nperseg = 2**16
12

13 # Reading data with tls noise
14 with h5py.File(input_file, "r") as f:
15 data_tls_blank = f["SPAXEL0"]["data"][...]
16 times_tls_blank = f["OBSATTRS"]["times"][...]
17 f.close()
18

19 # Reading data with atmospheric noise, photon noise and source
20 with h5py.File("source_atm_plus_photon.h5", "r") as f:
21 data_atm_plus_photon_source = f["SPAXEL0"]["data"][...]
22 frequencies_atm_plus_photon_source = f["OBSATTRS"]["frequencies"][...]
23 times_atm_plus_phton_source = f["OBSATTRS"]["times"][...]
24 f.close()
25

26 # Reading data with atmospheric noise and source
27 with h5py.File("source_atm_only.h5", "r") as f:
28 data_atm_source = f["SPAXEL0"]["data"][...]
29 frequencies_atm_source = f["OBSATTRS"]["frequencies"][...]
30 times_atm_source = f["OBSATTRS"]["times"][...]
31

32 f.close()
33

34 dt = np.mean(np.diff(times_tls_blank)) #Calculates the average time between samples
35 fs = 1.0 / dt #Calculates the sample frequency of DESHIMA 2.0

simulations
36 num_channels = data_tls_blank.shape[0]
37

38 print("sampling␣frequency␣=␣", fs, "Hz")
39

40 wls_params_alg = np.zeros((num_channels, 3)) #Row = channel, col0
= alpha, col1 = beta, col2 = C

41 data_photon_blank = data_atm_plus_photon_source - data_atm_source #Creates photon
noise only data set

42

43 for channel in range(num_channels):
44

45 f_welch, Pxx_ch = welch(data_tls_blank[channel, :], fs=fs, nperseg=nperseg, detrend='
constant') #PSD of TLS noise

46 _, Pxx_photon = welch(data_photon_blank[channel, :], fs= fs, nperseg=nperseg, detrend='
constant') #PSD of photon noise

47

48 C_estimate = np.mean(Pxx_photon) #Calculates the mean of the photon noise and
stores in C

49

50 if np.max(Pxx_ch) <= 0:
51 wls_params_alg[channel, :] = [0, 0,0] #For the empty channels
52 continue
53

54 intersection_tls_photon = np.where(Pxx_ch < (1.5 * C_estimate))[0] #Calculates where
the photon noise and TLS intersect

55 f_upper_bound = f_welch[intersection_tls_photon[0]] * 0.8 if len(intersection_tls_photon)
> 0 else 0.18 #Multiplies intersection frequency with 0.8 due to fluctuations

56

57

58 seg = (f_welch > f_knee_atmos) & (f_welch < f_knee_photon) #Range where TLS
noise is dominant

59

60 f_fit = f_welch[seg]
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61 Pxx_fit = Pxx_ch[seg]
62

63

64 ln_f = np.log(f_fit) #Makes noise model linear
65 x = ln_S = np.log(Pxx_fit)
66

67

68 w = 1.0 / (Pxx_fit**2 + 1e-30) #initializes the weight matrix
69

70

71

72 HTWH = np.array([ #Computes H.T @ W @ H
73 [np.sum(w), np.sum(w * ln_f)],
74 [np.sum(w * ln_f), np.sum(w * ln_f**2)]
75 ])
76

77

78 HTWx = np.array([ #Compute H.T @ W @ x (2x1 vector)
79 np.sum(w * x),
80 np.sum(w * ln_f * x)
81 ])
82

83

84 try:
85 theta_hat = np.linalg.inv(HTWH) @ HTWx
86

87 wls_params_alg[channel, 0] = np.exp(theta_hat[0]) # alpha_wls
88 wls_params_alg[channel, 1] = -theta_hat[1] # beta_wls
89 wls_params_alg[channel, 2] = C_estimate #C
90 except np.linalg.LinAlgError:
91 wls_params_alg[channel, :] = [0, 0, 0]
92 continue
93

94

95

96

97 np.save(output_file_alg, wls_params_alg) #Saves parameters in output file
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B.2. ηatm
1 import numpy as np
2 import matplotlib.pyplot as plt
3 from scipy.fft import fft, fftshift
4 from scipy.signal import butter, buttord, convolve, firwin, freqz, lfilter, kaiserord,

iirdesign, welch, wiener
5 from scipy.signal import spectrogram, impulse, correlate
6

7 import h5py
8

9 #Reads atmospheric noise only dataset
10 with h5py.File("blank_atm_only.h5", "r") as f:
11 data_atm_blank = f["SPAXEL0"]["data"][...]
12 frequencies_atm_blank = f["OBSATTRS"]["frequencies"][...]
13 times_atm_blank = f["OBSATTRS"]["times"][...]
14

15 f.close()
16

17 T_P_ATM = 273 #T_p,atm Kelvin
18

19

20 num_channels = data_atm_blank.shape[0]
21 num_times = len(times_atm_blank)
22

23 print("channels␣number␣=", num_channels)
24

25 eta_atm = np.zeros((num_channels, num_times)) #Row = channel, collumn = time
26

27

28

29

30 for channel in range(num_channels):
31 eta_atm[channel, :] = 1 - (data_atm_blank[channel, :] / T_P_ATM) #eta_atm = 1-T_sky/

T_p,atm
32

33

34 np.save("eta_atmosphere.npy", eta_atm ) #Saves eta_atm
for each point in time
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B.3. Continuously Staring
1 import numpy as np
2 import matplotlib.pyplot as plt
3 from scipy.fft import fft, ifft, fftshift, fftfreq
4 from scipy.signal import butter, buttord, convolve, firwin, freqz, lfilter, kaiserord,

iirdesign, welch, wiener
5 from scipy.signal import spectrogram, impulse, correlate
6

7 import h5py
8 import pickle
9

10

11 with open('source.pkl', 'rb') as f:
12 source_dict = pickle.load(f)
13

14 f.close()
15

16

17 print(source_dict.keys())
18

19 frequencies_source = source_dict['frequencies␣(Hz)']
20 temp_source = source_dict['source␣temperature␣(K)']
21

22

23 #Loading data
24 with h5py.File("blank_atm_only.h5", "r") as f:
25 data_atm_blank = f["SPAXEL0"]["data"][...]
26 frequencies_atm_blank = f["OBSATTRS"]["frequencies"][...]
27 times_atm_blank = f["OBSATTRS"]["times"][...]
28

29 f.close()
30

31

32 with h5py.File("blank_tls_only.h5", "r") as f:
33 data_tls_blank = f["SPAXEL0"]["data"][...]
34 frequencies_tls_blank = f["OBSATTRS"]["frequencies"][...]
35 times_tls_blank = f["OBSATTRS"]["times"][...]
36 f.close()
37

38 # Reading data with atmospheric and photon noise
39 with h5py.File("source_atm_plus_photon.h5", "r") as f:
40 data_atm_plus_photon_source = f["SPAXEL0"]["data"][...]
41 frequencies_atm_plus_photon_source = f["OBSATTRS"]["frequencies"][...]
42 times_atm_plus_phton_source = f["OBSATTRS"]["times"][...]
43 f.close()
44

45

46 with h5py.File("blank_atm_plus_photon.h5", "r") as f:
47 data_atm_plus_photon_blank = f["SPAXEL0"]["data"][...]
48 frequencies_atm_plus_photon_blank = f["OBSATTRS"]["frequencies"][...]
49 times_atm_plus_phton_blank = f["OBSATTRS"]["times"][...]
50 f.close()
51

52

53

54 eta_atm = np.load("eta_atmosphere.npy") #Load eta_atm
55 tls_noise_parameters = np.load("tls_wls_params_alg.npy")
56 atm_noise_parameters = np.load("atm_noise_param.npy")
57

58

59

60 T_P_ATM = 273 #T_p,atm Kelvin
61

62

63 num_channels = data_atm_blank.shape[0]
64 num_times = len(times_atm_blank)
65 dt = np.mean(np.diff(times_atm_plus_phton_source))
66

67

68
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69

70 #Arrays to store values in
71 x_opt_channels = np.zeros(num_channels)
72 variance_channels = np.zeros(num_channels)
73 noise_level_channels = np.zeros(num_channels)
74

75

76

77 print("Shape␣eta_atm",eta_atm.shape)
78 print("Shape␣freq␣source",frequencies_source.shape)
79 print("Shape␣temp␣source",temp_source.shape)
80

81 data_photon_tls_noise = data_tls_blank + data_atm_plus_photon_blank - data_atm_blank #
Results in TLS and photon noise

82

83

84 for channel in range(300):
85

86 #Loads parameters for noise model
87 alpha = tls_noise_parameters[channel, 0]
88 beta = tls_noise_parameters[channel, 1]
89 C = tls_noise_parameters[channel, 2]
90

91

92

93 #Data model \vec{y} = \vec{a}x + \mathbf{n}
94 a_vec = eta_atm[channel, :] #Atmoshpere transmission coefficient
95

96 y_vec = (a_vec * temp_source[channel]) + data_photon_tls_noise[channel] #Observed
data vector y

97

98 freqs = fftfreq(num_times, d=dt)
99 S_nn = np.zeros_like(freqs)
100

101 nonzero_mask = freqs != 0
102

103

104 S_nn[nonzero_mask] = alpha * np.abs(freqs[nonzero_mask])**-beta + C #Creates the
noise esitmation

105

106

107

108

109 W = 1.0 / np.sqrt(S_nn) #Computes the whitening filter
110 y_vec_tilde = np.real(ifft(W * fft(y_vec))) #Whitening of vector y
111 a_vec_tilde = np.real(ifft(W * fft(a_vec))) #Whitening of vector a
112

113

114 #Calculated the reconstructed emitted signal of the astronomical source
115 x_opt = np.dot(a_vec_tilde, y_vec_tilde) / np.dot(a_vec_tilde, a_vec_tilde) #x optimal
116

117 x_opt_channels[channel] = x_opt
118

119

120 #Performence metrics
121 sum_a_vec_tilde = np.sum(a_vec_tilde**2)
122 sum_a_vec = np.sum(a_vec**2)
123 variance_channels[channel] = (sum_a_vec)/ (sum_a_vec_tilde**2 )
124 noise_level_channels[channel] = np.sqrt(variance_channels[channel])
125

126 np.save("x_optimal_cs.npy", x_opt_channels )
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B.4. Position Switching
1 import numpy as np
2 import matplotlib.pyplot as plt
3 from scipy.fft import fft, ifft, fftshift, fftfreq
4 import h5py, pickle
5

6 with open('source.pkl', 'rb') as f:
7 source_dict = pickle.load(f)
8

9 frequencies_source = source_dict['frequencies␣(Hz)']
10 temp_source = source_dict['source␣temperature␣(K)']
11

12

13 #Loading data
14 with h5py.File("blank_atm_only.h5", "r") as f:
15 data_atm_blank = f["SPAXEL0"]["data"][...]
16 times_atm_blank = f["OBSATTRS"]["times"][...]
17

18 with h5py.File("blank_tls_only.h5", "r") as f:
19 data_tls_blank = f["SPAXEL0"]["data"][...]
20

21 with h5py.File("blank_atm_plus_photon.h5", "r") as f:
22 data_atm_plus_photon_blank = f["SPAXEL0"]["data"][...]
23 times_atm_plus_phton_blank = f["OBSATTRS"]["times"][...]
24 az_switched = f["OBSATTRS"]["az"][...]
25

26 eta_atm = np.load("eta_atmosphere.npy") #Loads calculated eta_atm
27 tls_noise_parameters = np.load("tls_wls_params_alg.npy")
28

29 num_channels = data_atm_blank.shape[0]
30 dt = np.mean(np.diff(times_atm_plus_phton_blank))
31

32 data_photon_tls_noise = data_tls_blank + data_atm_plus_photon_blank - data_atm_blank #
Results in TLS and photon noise

33

34 samples_per_cycle = 12 #Amount of DESHIMA 2.0
samples in a chopper cycle

35 num_cycles = data_photon_tls_noise.shape[1] // samples_per_cycle #Amount of chopper cycles
made during the full observation

36

37

38 #Arrays to store values in
39 x_opt_channels = np.zeros(num_channels)
40 variance_channels = np.zeros(num_channels)
41 noise_level_channels = np.zeros(num_channels)
42 snr_channels = np.zeros(num_channels)
43

44 t0 = 6 * dt #Time of one observation phase (on- or off-source)
45 scaling_factor = 1 #To add atmospheric noise to the observed data
46

47

48 z_store = np.zeros((300, num_cycles))
49 a_store = np.zeros((300, num_cycles))
50

51 for channel in range(300):
52

53 #Loads parameters for noise model
54 alpha = tls_noise_parameters[channel, 0]
55 beta = tls_noise_parameters[channel, 1]
56 C = tls_noise_parameters[channel, 2]
57

58 a_vec = eta_atm[channel, :].copy()
59 n_vec = data_photon_tls_noise[channel] #The TLS and Photon noise contained

in the observed data
60 atm_vec = data_atm_blank[channel] #Used to add atmospheric noise in

observed data
61

62

63 #Creates empty arrays to store values in
64 y_on_series = np.zeros(num_cycles)
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65 y_off_series = np.zeros(num_cycles)
66 a_on_series = np.zeros(num_cycles)
67

68 for i in range(num_cycles):
69 start_on_source = i * samples_per_cycle #Begin on-source observation
70 end_on_source = start_on_source + 6 #End on-source observation
71 start_off_source = end_on_source #Begin off-source observation
72 end_off_source = start_off_source + 6 #End off-source observation
73

74 atm_on_mean = np.mean(atm_vec[start_on_source:end_on_source])
75 atm_off_mean = np.mean(atm_vec[start_off_source:end_off_source])
76

77 #Computes the mean of on-source observation of 6 samples
78 y_on_series[i] = np.mean((a_vec[start_on_source:end_on_source] * temp_source[channel

]) + n_vec[start_on_source:end_on_source]) + scaling_factor * atm_on_mean
79

80 #Computes the mean of off-source observation of 6 samples
81 y_off_series[i] = np.mean(n_vec[start_off_source:end_off_source]) + scaling_factor *

atm_off_mean
82

83 a_on_series[i] = np.mean(a_vec[start_on_source:end_on_source])
84

85

86 y_stream = y_on_series - y_off_series #Performs chopper modulation
87 a_stream = a_on_series
88

89 fs = 1 / dt
90 fs_downsampled = 1 / (dt * samples_per_cycle) #Downsampled frequency
91 fs_phase = 1 / (dt * 6) #Frequency of on- and off-phase
92

93 N_z = len(y_stream)
94 f_bins = fftfreq(N_z, d = 1 / fs_downsampled)
95

96

97 #Creates the noise esitmation
98 def s_nn_mod(f_bin):
99 f_new = np.where(f_bin == 0, 1e-6, f_bin)
100 estimated_noise = (alpha / (np.abs(f_new)**beta)) + C #Estimates the TLS and

photon noise
101 transfer_function = 4 * (np.sin(np.pi * f_new * t0)**2) #Altering in noise PSD

due to chopper modulation
102 return transfer_function * estimated_noise
103

104 s_nn_downsampled = 0.5 * (s_nn_mod(f_bins / 2.0) + s_nn_mod((f_bins / 2.0) - (fs_phase /
2.0))) #Downsampling with D =2

105

106

107

108

109 W = (1 / np.sqrt(s_nn_downsampled)) #Computes the whitening filter
110

111 z_vec_tilde = np.real(ifft(W * fft(y_stream))) #Whitened vector z
112 a_vec_tilde = np.real(ifft(W * fft(a_stream))) #Whitened vector a
113

114 x_opt = np.mean(z_vec_tilde / a_vec_tilde) #Calculated the reconstructed emitted
signal of the astronomical source

115 x_opt_channels[channel] = x_opt
116

117 z_store[channel] = z_vec_tilde
118 a_store[channel] = a_vec_tilde
119 sum_a_vec_tilde = np.sum(a_vec_tilde**2)
120 sum_a_vec = np.sum(a_stream**2)
121 variance_channels[channel] = (sum_a_vec)/ (sum_a_vec_tilde**2 )
122 noise_level_channels[channel] = np.sqrt(variance_channels[channel])
123

124 np.save("z_whitened_chopper.npy", z_store)
125 np.save("x_optimal_chopper_whitened_atmosphere_included.npy", x_opt_channels)
126 np.save("a_vec_tilde_chopper_whitened.npy", a_store)
127 np.save("chopper_variance_channels_whitened.npy", variance_channels)
128 np.save("chopper_noise_level_channels_whitened.npy", noise_level_channels)
129 np.save("chopper_snr_channels_whitened.npy", snr_channels)
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Figures

Figure C.1: Ground Truth
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Figure C.2: Noise level Continuously Staring, Noise Level Not Correct

Figure C.3: Noise level Position Switching, Noise Level Not Correct



D
Derivations

D.1. Derivation of Equation 5.9
Equation 5.8 minimizes the total error, which is defined as:

J = ∥y⃗ − a⃗x∥2Rn
−1

Which is equivalent to:

J = (y⃗ − a⃗x)TRn
−1(y⃗ − a⃗x)

Multiplying yields the following:

J = y⃗TRn
−1y⃗ − y⃗TRn

−1a⃗x− a⃗TRn
−1y⃗x+ a⃗TRn

−1a⃗x2

Since y⃗TRn
−1a⃗x = a⃗TRn

−1y⃗x, the equation becomes:

J = y⃗TRn
−1y⃗ − 2a⃗TRn

−1y⃗x+ a⃗TRn
−1a⃗x2

To minimize the error the derivative has to be taken with respect to x:

dJ

dx
= −2a⃗TRn

−1y⃗ + 2a⃗TRn
−1a⃗x

Solving for x when dJ
dx = 0 yields:

2a⃗TRn
−1y⃗ = 2a⃗TRn

−1a⃗x

Therefore:

xopt =
a⃗TR−1

n y⃗

a⃗TR−1
n a⃗
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D.2. Derivation of Equation 5.10
Building from Equation 5.10, since Rn

−1 = Rn
−1/2Rn

−1/2, as Rn
−1 it is a covariance matrix and

therefore symmetric, the following holds:

xopt =
a⃗TRn

−1/2Rn
−1/2y⃗

a⃗TRn
−1/2Rn

−1/2a⃗

Due to symmetry, Rn
−1/2 = Rn

−T/2, therefore the equation becomes as follows:

xopt =
a⃗TRn

−T/2Rn
−1/2y⃗

a⃗TRn
−T/2Rn

−1/2a⃗

Rearranging the terms leads to the following:

xopt =
(Rn

−1/2a⃗)T (Rn
−1/2y⃗)

(Rn
−1/2a⃗)T (Rn

−1/2a⃗)

When defining ˜⃗y = Rn
−1/2y⃗ and ˜⃗a = Rn

−1/2a⃗, the following equation is achieved:

xopt =
˜⃗aT ˜⃗y
˜⃗aT ˜⃗a
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D.3. Derivation of Equations 5.19 and 5.20
The difference between two subsequent on-source and off-source observations is as follows:

ndiff(t) = n(t)− n(t−∆t)

When taking the Fourier Transform (F) the following is obtained:

Ndiff(f) = F{n(t)} − F{n(t−∆t)}

Applying the Fourier Time-Shifting Theorem [19] results in:

F{n(t−∆t)} = N(f) · e−j2πf∆t

By substituting and rearranging the following equation is obtained:

Ndiff(f) = N(f)−N(f) · e−j2πf∆t = N(f) ·
(
1− e−j2πf∆t

)
From this expression, the linear filter transfer function, H(f), mapping the input noise spectrum to the
modulated output spectrum is as follows:

H(f) = 1− e−j2πf∆t

To obtain the transformation of the noise PSD (Snn(f)), the squared magnitude of the transfer function
has to be found, which is as follows:

|H(f)|2 = H(f) ·H∗(f)

=
(
1− e−j2πf∆t

) (
1− ej2πf∆t

)
= 1− ej2πf∆t − e−j2πf∆t + e0

= 2−
(
ej2πf∆t + e−j2πf∆t

)
By applying Euler’s identity, which states that cos(θ) = ejθ+e−jθ

2 the equation can be simplified to:

|H(f)|2 = 4 sin2(πf∆t)
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D.4. Derivation of Equation 5.21
The maximum power gain of the noise due to the chopper modulation is:

|H(f)|2 = 4 sin2(πf∆t) = 4

The cut-off frequency is where the maximum power gain is halved:

4 sin2(πf-3dB∆t) = 2

Which can be rewritten as:

sin(πf-3dB∆t) =
1√
2

Which is equals to:
πf-3dB∆t =

π

4

Therefore, the cut-off frequency can be found as follows:

f-3dB =
1

4∆t
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D.5. Derivation of Equation 5.22
The following equation is used for downsampling by a factor D [19]:

Sdownsampled(ω) =
1

D

1∑
k=0

Sdiff

(
ω − 2πk

D

)

Expanding the summation for D = 2, k = 0 and k = 1 yields:

Sdownsampled(ω) =
1

2

[
Sdiff

(ω
2

)
+ Sdiff

(
ω − 2π

2

)]
Where ω (radians/sample):

ω = 2π
f

fs

For k = 0:
ω

2
=

1

2

(
2π

f

fs

)
= 2π

(
f
2

)
fs

Resulting in f
2

For k = 1:
ω − 2π

2
=

ω

2
− π

Using (ω2 = 2π f
2fs

), gives:

2π
f

2fs
− π

(
2fs
2fs

)
= 2π

(
f − fs
2fs

)
= 2π

(
f−fs

2

)
fs

Resulting in f−fs
2

Hence, the following equation is obtained:

Snn,downsampled(f) =
1

2

[
Snn,diff

(
f

2

)
+ Snn,diff

(
f − fs

2

)]
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D.6. Derivation of Equation 6.1
Definition Variance of a vector can be defined as:

var(x̂) = E[(x̂− x)2]

Here ˆ⃗x is defined as:

ˆ⃗x =
˜⃗aT ˜⃗y
˜⃗aT ˜⃗a

Using

˜⃗a = R−1/2
n a⃗

The formula can be rewritten to:

ˆ⃗x =
˜⃗aTRn

− 1
2 (⃗ax+ n⃗)
˜⃗aT ˜⃗a

Which can be rewritten to:

x̂ =
˜⃗aT ˜⃗n
˜⃗aT ˜⃗a

+ x⃗

So filling this into the variance formula:

var(x̂) = E

( ˜⃗aT ˜⃗n
˜⃗aT ˜⃗a

)2


Putting this into the formula:

var(x̂) = E

( a⃗TR
−T/2
n n⃗

˜⃗aT ˜⃗a

)(
a⃗TR

−T/2
n n⃗

˜⃗aT ˜⃗a

)T


Which is then rewritten to:

var(x⃗) =

(
˜⃗aT

˜⃗aT ˜⃗a

)
E
[
˜⃗n˜⃗nT

]( ˜⃗aT

˜⃗aT ˜⃗a

)T

Here E[˜⃗n˜⃗nT ] = σ2I, which simplifies to where σ2 is a scaling factor:

var(x⃗) = σ2
˜⃗aT ˜⃗a

(˜⃗aT ˜⃗a)2

Which simplifies to:

var(x⃗) = σ2 1
˜⃗aT ˜⃗a
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D.7. Proof that σ = 1
A whitening filter transforms coloured noise to white noise. By definition, the PSD of the output signal
Sout(f) after applying a linear filter is given by:

Sout(f) = |W (f)|2 · Snn(f)

And the Whiting filter is defined as:
W (f) =

1√
Snn(f)

Filling this in:

Sout(f) =

∣∣∣∣∣ 1√
Snn(f)

∣∣∣∣∣
2

· Snn(f)

And solving it the following is found:

Sout(f) =
1

Snn(f)
· Snn(f) = 1

According to Wiener-Khinchin theorem and Parseval’s identity the total varience can be found with:

σ2 =

∫
Sout(f) df = 1
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