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Abstract

This thesis describes the design, implementation and �ight testing of �ight control laws based
on Incremental Nonlinear Dynamic Inversion (INDI). The method compares commanded and
measured accelerations to compute increments on the current control de�ections. This results
in highly robust control solutions with respect to model uncertainties as well as changes in
aircraft dynamic characteristics of failure cases during �ight. At the same time, the com-
plexity of the algorithms is similar to classical ones. The key for practical implementation
is in ensuring synchronization between angular acceleration and control de�ection measure-
ments or estimates. The underlying theory and practical design methods of INDI are very
well understood, but implementation and testing has remained limited to sub-scale UAVs.
The main contributions of this thesis are: 1) the design and validation of manual attitude
control functions for a Cessna Citation II experimental aircraft, covering control structure de-
sign, application of INDI, design optimization, robustness analyses, software implementation,
ground and �ight testing; 2) a novel method based on the complimentary �ltering technique
to obtain more accurate angular acceleration estimates from angular rate measurements; 3)
mathematical proof that the inversion error of INDI due to neglecting the so-called system dy-
namics increment increases with the combined actuator, sensor and sampling delay. The �ight
tests were highly successful and marked the �rst successful demonstration of INDI on a CS-25
certi�ed aircraft. The �ight test results proved that INDI clearly outperforms "classical" NDI
and provided valuable lessons-learnt for future applications.
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Chapter 1

Introduction

This chapter presents the introduction corresponding to the Master of Science Thesis: Dy-
namic Inversion Flight Control Law Design for Fixed-Wing Aircraft: Design and Flight Test-
ing of Incremental Nonlinear Dynamic Inversion based Control Laws for a Passenger Aircraft.
This research project has been made possible by the collaborative e�ort of the Control & Sim-
ulation department of the faculty of Aerospace Engineering of Delft University of Technology
and the Institute of System Dynamics and Control (SR) of the German Aerospace Institute
(DLR). The remainder of the chapter contains the project motivation (Section 1-1), the cur-
rent advances in �ight control law design (Section 1-2), the research objective and questions
(Section 1-3) and �nally the report outline (Section 1-4).

1-1 Project motivation

Aircraft accident and incident statistics reveal that Loss of Control in �ight (LOC-I) is one of
the most signi�cant contributors to fatal aircraft accidents in recent times [15, 27]. A recent
survey conducted by Boeing shows that LOC-I accounted for 23% of all fatal commercial jet
aircraft accidents between 2005 and 2014 [8]. If solely counting the number of fatalities this
number rises to 41%. LOC-I is one of the most complex accident categories usually involving
multiple events leading up to the accident such as pilot error, system failures and vehicle
upsets due to external disturbances. Reducing this accident category has become an industry
priority.

Modern Fly-By-Wire (FBW) �ight control systems provide augmented stability and control
in nominal conditions. In case of severe or unforeseen failures or changes in aircraft behaviour
(e.g. due to icing), the control system will howhever revert back to reversionary modes or
even direct control [24]. This implies that the control law functionality is partly reduced or
abandoned. This behaviour is undesirable as the pilot work load is not only increased due
to failure, but also due to aircraft control. Developments subsequently focus on maintaining
functionality, even in case of such failures. Research in this �eld includes reliable fault detection
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and diagnosis, and control recon�guration [23, 24]. One aspect is the adaptation of �ight
control laws to unforeseen circumstances and failures.

Current �ght control techniques are most often based on classical control. In recent years,
however, modern methods such as Nonlinear Dynamic Inversion (NDI) �nd more and more
applications [6, 71]. NDI is an attractive control strategy for adaptation as it globally linearises
the system dynamics and decouples the control axes [19]. Moreover, it is clear which param-
eters and parts require adaptation in case of changed aircraft behaviour. However, extension
to fault tolerance requires failures and model changes to be completely identi�ed online [40].

Incremental Nonlinear Dynamic Inversion (INDI) retains the advantages of NDI but attempts
to solve the identi�cation problem by reduced model-dependency. By feeding back syn-
chronous measurement or estimation of control de�ection and angular acceleration, the re-
quired model knowledge is reduced to the control e�ectiveness. Implementation was initially
considered problematic, but due to synchronization, the control laws run reliably at sample
times as in current control computers. The method �rst appeared in literature as simpli�ed
Nonlinear Dynamic Inversion [63, 62, 3] before being formalized as Incremental Nonlinear Dy-
namic Inversion by Sieberling et al. [58]. INDI has found several applications ranging from
�xed-wing aircraft and spacecraft [58, 1] to helicopters and quadcopters [59, 44, 61].

A �rst succesful demonstration of INDI was performed by the German Aerospace Center
(DLR) in cooperation with Delft University of Technology (TU Delft) at the University of
Minnesota [69]. Control laws based on INDI were implemented and tested on the FASER,
a sub-scale �xed-wing UAV. Recently, DLR and TU Delft also �ight tested an Incremental
Backstepping (IBS) variant on this platform [66]. INDI has been succesfully implemented
and tested on a quadcopter as well [61]. Due to the promising results obtained on small-scale
UAVs, the next logical step is to demonstrate INDI on a CS-25 certi�ed aircraft.

The objective of this thesis is to design, implement and �ight test manual �ight control laws
based on INDI for a small passenger aircraft. The Cessna Citation II PH-LAB, a modi�ed
business jet operated by the faculty of Aerospace Engineering of TU Delft, will serve as the
application platform. With its newly certi�ed FBW system [73], the PH-LAB is a highly
promising platform for testing of advanced �ight control laws.

This thesis builds upon earlier research conducted by DLR. Over the years, DLR has done
�ight experiments with various control laws based on classical NDI [42, 37, 38, 39]. Various
functions have been tested (manual controls, autopilot functions) in various scenarios (engine
failures, actuator failures, wake vortices, etc.). These experiments were conducted using the
now-retired VFW-16 ATTAS testbed. Ultimately, this research contributes in improving the
environmental performance, economy and safety of future aircraft generations.

1-2 Current advances in �ight control law design

Up until a few decades ago control laws used in �ight control systems were mostly based on
classical linear control [6, 5]. These methods divide the nonlinear control task into a number
of linear sub-problems, assuming the validity of a linearised model within a small region of
the operating range [19, 2]. In other words, the �ight envelope is partitioned into several
smaller regions with separately designed linear controllers. By interpolating or "scheduling"
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Figure 1-1: Cessna Citation II PH-LAB

the separate linear controllers, satisfactory performance can be obtained for the complete �ight
envelope. This operation is referred to as gain sheduling.

Gain scheduling is still a much used control strategy in �ight control industry due to simplicity
and low computational cost. Nevertheless, this method has some inherent drawbacks. First
and foremost, the performance and stability cannot be guaranteed at operating conditions
outside the design points [60]. In practice this implies degradaded performance at high angle
of attack �ight and under system failures. Sheduling of multivariable controllers also tends
to be a tedious and time-consuming process [19, 2]. Furthermore, the solution is exclusive
to each design problem requiring costly iterations in case of (life-cycle) design changes. The
transferability of the control solution between di�erent airframes is therefore limited as well.

Due to the disadvantages associated with classical control, advanced multivariable control
techniques have become the norm in industry in recent time [6, 5]. Examples include Linear
Quadratic Regulator/Gaussian (LQR/LQG), eigenstructure assignment, H∞ loop shaping, µ-
synthesis, Linear Parameter-Varying (LPV), Neural Networks (NN) and Nonlinear Dynamic
Inversion (NDI). NDI is currently the most used modern control method having been success-
fully applied to several aircraft [6, 5], most notably the Lockheed Martin F-35 Lightning II
[71]. To limit the scope and retain relevance to the current research project, the discussion
will be limited to NDI and its variants.

1-2-1 Nonlinear Dynamic Inversion

Nonlinear Dynamic Inversion (NDI), a special case of feedback linearization, was developed
in the late 1960s to alleviate issues associated with classical control techniques [60, 19]. NDI
is fundamentally di�erent in that it uses the inverse vehicle model and full state feedback to
globally linearise the system dynamics [60, 19]. In addition, NDI fully decouples the control
variables in a multivariable system and isolates the �ying quality part of the system from
the part that depends on the airframe and engine dynamics [71]. The desired closed-loop
response of the system can be imposed via conventional linear control techniques. Compared
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to classical methods, NDI improves nonlinear �ight regime performance, reduces development
time, is more �exible to (life-cycle) design changes and can be more easily re-used in di�erent
airframes [71, 4].

The main disadvantage of NDI lies in the required complete and accurate knowledge of the
vehicle model and state [60, 19]. Model mismatch implies incorrect inversion still resulting in
nonlinear closed-loop behavior. NDI is therefore not inherently robust to model uncertainties
and system failures. Similarly, errors in measurement (e.g. delays, noise and bias) result in
incomplete cancellation of the dynamics. Loss of performance due to these disadvantages can
be signi�cant in practice, as numerous �ight tests have demonstrated [42, 70, 71, 38]. An
additional disadvantage of NDI is that the physical relations need to be suitable for inversion
[60, 19]. The required mathematical inversion may result in singularities within the control
law, leading to infeasible control inputs. NDI cannot be directly applied to systems with
unstable inverse dynamics, i.e. non-minimum phase systems. An example of such a system is
the vertical acceleration response to an elevator input for aircraft with a tailplane.

Robustness to model mismatch is a major challenge in the design of NDI control laws. A
common approach is to combine NDI with robust control methods such as µ-synthesis or H∞
loop shaping [2]. These methods do howhever not take into account all uncertainties or use
lumped uncertainties introducing conservatism [58]. An alternative approach was proposed by
Looye and Joos [41], where robustness to model uncertainty was addressed via multi-objective
optimization in combination with a multi-model approach. More recent developments have
focused on adding adaptive elements to NDI such as Neural Networks (NN) [31, 9] or Model
Reference Adaptive Control (MRAC) [25, 56]. Although improvements in robustness were
observed in �ight tests, the increased complexity and nonlinearity of these methods are a
signi�cant hurdle for certi�cation [28].

1-2-2 Incremental Nonlinear Dynamic Inversion

Incremental Nonlinear Dynamic Inversion (INDI), initially known as enhanced or simpli�ed
NDI, was conceptualised in the late 1990s as a further development of NDI [63]. First referred
to as an incremental control method in [14], INDI computes the control increment with respect
to the previous point in time rather than the total control input. In general, INDI retains
the advantages and disadvantages of NDI but replaces part of the vehicle model with state
derivative feedback. As a result, INDI improves upon robustness to model mismatch compared
to NDI [58] and is comparable to classical methods in terms of complexity. The latter is a
signi�cant advantage with respect to certi�cation, ver�cication and validation [26].

Applications of INDI to �xed-wing aircraft were already described in [63, 3]. A �rst demon-
stration was performed by Smith and Berry [62], who �ight tested a longditudinal pitch rate
controller based upon INDI on the VAAC Harrier. The �ight test revealed however issues in
obtaining accurate angular acceleration feedback. The measured angular accelerations proved
to be of poor quality and feedback of the �ltered derivatives of the angular rates resulted in
oscillations in the closed-loop response. Bacon et al. [3] proposed washout �lters as a tech-
nique to obtain accurate angular accelerations from rate gyro measurements. In addition,
it was noted that uncertainties in the actuator feedback loop could drive the actuator into
saturation. The INDI controller developed in [16] did not proof robust to uncertainties in the
control e�ectiveness matrix.
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Chen and Zhang [14] used a Taylor series expansion of the system dynamics to arrive at
more general form of INDI. This approach was adopted by Delft University of Technology
in [58] and formalized as Incremental Nonlinear Dynamic Inversion (INDI). Sieberling et al.
[58] provided mathmatical proof that INDI is more robust to model mismatch compared to
NDI and demonstrated that all uncertainties in the system are eliminated given that the sign
of the control e�ectiveness is known. Note that INDI is a special case of Lyapunov-based
incremental control [33]. Application of INDI has not been limited to �xed-wing aircraft, in
[1] the method was applied to spacecraft and performed favorably compared to NDI under
time delays, model uncertainties and external disturbances. INDI has also been succesfully
applied to several types of rotorcraft [59, 18, 44, 61]. Similar to NDI, actuator saturation is
a concern for INDI. Simplício et al. [59] applied Pseudo Control Hedging (PCH) to INDI in
order to alleviate actuator saturation issues.

Important advances were made by Smeur et al. [61] who developed a method to correctly
take into account delays that occur from obtaining angular accelerations from angular rate
measurements. An adaptive INDI controller was developed with online control e�ectiveness
estimation, further reducing model dependency. The controller was successfully �ight tested
on a quadcopter and outperformed classical PID, displaying excellent disturbance rejection
capabilities. Two successful demonstrations of INDI were reported in recent unpublished
literature [69, 66]. Both were performed on a sub-scale �xed-wing Unmanned Aerial Vehicle
(UAV). Vlaar [69] mentioned that unsynchronized delays between angular acceleration and
control de�ection feedback result in signi�cant performance degration within INDI controllers.
A practical solution to this problem was eventually proposed. Van Ekeren [66] reported that
certain assumptions made in the derivation of INDI are not always valid for �xed-wing aircraft
resulting in tracking errors. The size of these errors are related to the combined delay of
actuators, sensors and sampling. Van 't Veld [68] worked towards the implementation of
discrete-time INDI on CS-25 certi�ed aircraft. Stability analysis revealed that a surplus of
delay in the angular acceleration feedback results in relatively fast system instability. A real-
time time delay identi�cation algorithm was proposed to synchronize angular acceleration and
control de�ection feedback.

1-2-3 Challenges

One of the main challenges in the development of new control techiques is to demonstrate
applicaliblity on a physical platform, considering the high cost associated with �ight testing.
INDI control laws have been implemeted and tested on a ground-attack aircraft [62], however
at the time not all implementation issues had been identi�ed. More recently, INDI has been
successfully �ight tested on a quadcopter [61] and a �xed-wing UAV [69, 66]. The latter
results were howhever never published in peer-reviewed literature. The underlying theory and
practical design methods of INDI are very well understood, but implementation and testing has
remained limited to the examples above. Qualitative �ight tests, especially on CS-25 certi�ed
aircraft, would be a highly valuable contribution to the ongoing development of INDI.

Part of demonstrating the advantages of new control techniques lies in rigorous comparison
with established control methods. NDI is currently the most appropriate candidate for this,
considering it is the most applied modern control technique [6, 5]. Although INDI has been
quantitatively compared to NDI in simulation based research, the literature containing �ight
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test results use classical linear control techniques as baseline. The current research would be
particularly bene�ted by simulation and �ight test results that directly compare INDI with
NDI control laws .

A point that has not been addressed extensively in the literature is the optimization of the
free control law parameters, particularly for industry-like performance and robustness spec-
i�cations. It would be valuable to demonstrate the applicability of established optimization
methods to INDI.

Adaptation of the remaining model parameters online as demonstrated by Smeur et al. [61] is
not considered a priority for the current project. Although this is an important step towards
the goal of making INDI completely model independent and for the extension to fault tolerance,
these adaptive elements tend to be di�cult to certify [28].

Recent developments suggest that implementation issues can arise due to (slow) actuator and
sensor dynamics and feedback signal synchronization mismatches [69, 61, 66, 68]. These issues
have surfaced in simulations and have been been addressed to a certain extent. Nevertheless,
this indicates that there exist a gap in the theory of INDI concerning actuator and sensor
dynamics.

More speci�c implementation challenges are related to the angular acceleration feedback
required for INDI. Angular accelerometers are not commonly found in current generation
aerospace vehicles. Existing estimation methods are sub-optimal, typically relying on dif-
ferentiation and low-pass �ltering of angular rate measurements [62, 69, 61, 66]. To ensure
general applicability of INDI there exist a need to obtain low-noise, low-lag angular accelera-
tion estimates from angular rate measurements.

1-3 Research objective and questions

The research objective presented in Section 1-1 is to proof the concept of Incremental Non-
linear Dynamic Inversion on a CS-25 certi�ed aircraft in �ight. In order to achieve this, the
project will draw from know-how in the �elds of control theory, control design and testing
and control law implementation from both the Control & Simulation department of the fac-
ulty of Aerospace Engineering of Delft University of Technology and the Institute of System
Dynamics and Control (SR) of the German Aerospace Institute (DLR). For comparison, also
control laws based on classical NDI will be developed. This controller will serve as baseline
throughout the project.

Considering the high cost associated with �ight testing, the risk of redesign should be mini-
mized. For this reason, the development of a rigorous design, implementation and Validation
& Veri�cation (V&V) procedure is part of the project. Of particular importance to address
are the speci�c implementation aspects of INDI, but also the limitations of the PH-LAB
experimental aircraft require thorough consideration.

Following the research objective, the main research question is formulated as follows:

What are the required steps to successfully design and implement INDI control laws for the
manual attitude control of passenger aircraft?

The main research question is sub-divided into multiple sub-questions:
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1. What are the practical issues in design and implementation of (I)NDI control laws?

2. What are the limiting factors of the PH-LAB concerning design and implementation of
(I)NDI control laws?

3. What measures are required to minimize loss of performance (w.r.t. above sub-
questions)?

4. Does the use of INDI result in a more satisfactory control design for the PH-LAB com-
pared to classical NDI in terms of industry-like performance and robustness speci�ca-
tions?

1-4 Report outline

This thesis consist of two parts, see Figure 1-2. Part II contains all the preliminary studies
and covers the so-called o�ine design phase where the actual design of control laws takes
place. Part I contains the research paper and covers the assessment and clearance, rig testing
and �ight testing of the control laws designed in Part II. Note that the research paper also
covers the o�ine design, but in a more concise manner.

The outline of Part II is as follows. Chapter 2 provides a concise review of the theory of
Nonlinear Dynamic Inversion, Incremental Nonlinear Dynamic Inversion and Pseudo Control
Hedging. In Chapter 3 the literature is reviewed for e�ects encountered in practice that
violate the fundamental assumptions made for (I)NDI and result in signi�cant performance
loss within the control laws. Also speci�c implementation aspects of INDI related to obtaining
accurate angular accelerations and synchronization of feedback signals will be discussed. Note
that the results of this chapter are not included in the research paper. Chapter 4 provides
a brief analysis of the PH-LAB FBW system. The focus of this chapter is on quantifying the
limitations imposed on the input response by the FBW system. Chapter 5 provides a brief
analysis of the PH-LAB sensors. The focus of this chapter is on quantifying the relevant mea-
surement errors. Chapter 6 covers the modeling of the aircraft and relevant subsystems and
prepares the models for the assessment of the numerical design criteria. Chapter 7 covers the
design and integration of the individual controller functions. This includes the construction of
the actual synthesis of the controller components and signal processing algorithms. Chapter
8 covers the formulation of the design speci�cations and overall optimization of the integrated
control system developed in Chapter 7. For the tuning of the control laws multi-objective
optimization is used. This thesis is �nalized in Chapter 9, providing the conclusions and rec-
ommendations. Note that the �ight test cards of �ight #2 and #3 can be found in Appendix
A and B. The corresponding �ight test results are documented in Appendix C and D.
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Figure 1-2: DLR-SR design process for �ight control laws [43]
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This paper describes the design, implementation and flight testing of flight control laws
based on Incremental Nonlinear Dynamic Inversion (INDI). The method compares com-
manded and measured accelerations to compute increments on the current control deflec-
tions. This results in highly robust control solutions with respect to model uncertainties
as well as changes in aircraft dynamic characteristics of failure cases during flight. At
the same time, the complexity of the algorithms is similar to classical ones. The key for
practical implementation is in ensuring synchronization between angular acceleration and
control deflection measurements or estimates. The underlying theory and practical design
methods of INDI are very well understood, but implementation and testing has remained
limited to sub-scale UAVs. The main contribution of this paper is to present the design
and validation of manual attitude control functions for a Cessna Citation II experimen-
tal aircraft, covering control structure design, application of INDI, design optimization,
robustness analyses, software implementation, ground and flight testing. For comparison,
also control laws based on classical Nonlinear Dynamic Inversion were implemented and
flown. The flight tests were highly successful and marked the first successful demonstra-
tion of INDI on a CS-25 certified aircraft. The flight test results proved that INDI clearly
outperforms NDI and provided valuable lessons-learnt for future applications.

Nomenclature

Ax, Ay, Az Specific forces along body X/Y/Z axis, g
C Dimensionless coefficient
F Force, N
J Inertia matrix, kg·m2

J Moment of Inertia, kg·m2

K Gain
M Moment, Nm
M Mach number
N1 Fan speed, s−1

S Wing surface area, m2

V Velocity vector, m/s
V Airspeed, m/s
ax, ay, az Linear accelerations along body X/Y/Z axis, m/s2

b Wing span, m2

c̄ Mean aerodynamic chord, m
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g Gravity constant, m/s2

h Altitude, m
m Mass, kg
p Model parameters
p, q, r Roll, pitch and yaw rate around the body X/Y/Z axis, rad/s
r Position vector, m
t Time, s
u Input vector
u, v, w Velocity components along body X/Y/Z axis, m/s
x State vector
y Output vector
Symbol
α, β, γ Angle of attack, angle of sideslip and flight path angle, rad
δ Control surface deflection vector, rad
δ Control surface deflection scalar, rad
ζ Damping ratio
φ, θ, ψ Roll, pitch and yaw angle, rad
ν Virtual control vector
ν Virtual control scalar
ρ Air density, kg/m3

τ Time constant, time delay, s
ω Angular rate vector, rad/s
ω Frequency, rad/s
Subscript
0 Current point in time
A Aerodynamic
D,Y, L Force along the stability X/Y/Z axis, N
E Earth
I Integrator
T Thrust
a Airframe, air-mass
a, e, r Aileron, elevator, rudder
act Actuator
b Body
c Control effectors
est Estimate
fbw Fly-By-Wire
fil Filter
h Hedge
i Inertial
l,m, n Moment around the body X/Y/Z axis, Nm
min,max Minimum, maximum
o Other
plt, com, ref Pilot, command, reference
s Stability
sync Synchronization
tas, cas True airspeed, calibrated airspeed
tc Turn compensation
Superscript
b Body
cg Center of gravity
s Stability
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I. Introduction

Current fight control techniques are most often based on classical control. In recent years, however,
modern methods such as Nonlinear Dynamic Inversion (NDI) find more and more applications1,2

Modern Fly-By-Wire (FBW) flight control systems provide augmented stability and control in nominal
conditions. In case of severe or unforeseen failures or changes in aircraft behaviour (e.g. due to icing), the
control system will howhever revert back to reversionary modes or even direct control.3 This implies that
the control law functionality is partly reduced or abandoned. This behaviour is undesirable as the pilot
work load is not only increased due to failure, but also due to aircraft control. Developments subsequently
focus on maintaining functionality, even in case of such failures. Research in this field includes reliable fault
detection and diagnosis, and control reconfiguration.3,4 One aspect is the adaptation of flight control laws
to unforeseen circumstances and failures.

NDI is an attractive control strategy for adaptation as it globally linearises the system dynamics and
decouples the control axes.5 Moreover, it is clear which parameters and parts require adaptation in case of
changed aircraft behaviour. However, extension to fault tolerance requires failures and model changes to be
completely identified online.6

Incremental Nonlinear Dynamic Inversion (INDI) retains the advantages of NDI but attempts to solve
the identification problem by reduced model-dependency. By feeding back synchronous measurement or
estimation of control deflection and angular acceleration, the required model knowledge is reduced to the
control effectiveness. Implementation was initially considered problematic, but due to synchronization, the
control laws run reliably at sample times as in current control computers.

The method first appeared in literature as simplified Nonlinear Dynamic Inversion7–9 before being formal-
ized as Incremental Nonlinear Dynamic Inversion by Sierbling et al.10 INDI has found several applications
ranging from fixed-wing aircraft and spacecraft10,11 to helicopters and quadcopters.12–14

A first succesful demonstration of INDI was performed by the German Aerospace Center (DLR) in
cooperation with Delft University of Technology (TU Delft) at the University of Minnesota.15 Control laws
based on INDI were implemented and tested on the FASER, a sub-scale fixed-wing UAV. Recently, DLR
and TU Delft also flight tested an Incremental Backstepping (IBS) variant on this platform.16 INDI has
been succesfully implemented and tested on a quadcopter as well.14 Due to the promising results obtained
on sub-scale UAVs, the next logical step is to demonstrate INDI on a CS-25 certified aircraft.

The main contribution of this paper is to present the design and validation of manual attitude control
functions for a Cessna Citation II experimental aircraft, covering control structure design, application of
INDI, design optimization, robustness analyses, software implementation, ground and flight testing. For
comparison, also control laws based on classical NDI are implemented and flown. The Cessna Citation II
PH-LAB is a modified business jet operated by the faculty of Aerospace Engineering of TU Delft. With
its newly certified Fly-By-Wire system,17 the PH-LAB is a highly promising platform for testing advanced
flight control laws.

The manual flight control functions presented in this paper combine Rate Control Attitude Hold (RCAH)
and Attitude Control (AC) for pitch and roll with sideslip augmentation.18 An additional feature is Pseudo
Control Hedging (PCH),19 used for adaptation of the reference model output in case of actuator saturation.
Note that these control laws build upon earlier research conducted by DLR. Over the years, DLR has
done flight experiments with various control laws based on classical NDI.18,20–22 These experiments were
conducted using the now-retired VFW-16 ATTAS testbed.

The outline of this paper is as follows. In Section II, the theory of NDI, INDI and PCH will be briefly
reviewed. Thereafter, Section III discusses the PH-LAB research aircraft and corresponding model used for
the analysis and synthesis of the control laws. The control law design is presented in Section IV, including
inner and outer loop, signal processing algorithms and parameter optimization. The resulting control design
is validated in Section V, presenting the simulator assessment and clearance, rig testing and flight tests.
Finally, the paper is concluded in Section VI.
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II. Incremental Nonlinear Dynamic Inversion

A. Nonlinear Dynamic Inversion

The general idea of NDI is to compensate the nonlinear system dynamics by means of feedback of the inverse
model equations such that the closed loop system appears in a linear form. The desired closed loop response
can then be imposed via conventional linear controllers.5

It is assumed that the model of the nonlinear system has the following control-affine form:

ẋ = f(x,p) +G(x,p)u (1)

y = h(x,p) (2)

yo = ho(x,p) (3)

Where x ∈ Rn is the state vector, u ∈ Rm the input vector containing only inputs that may be used by
the controller, y ∈ Rm the output vector containing the outputs to be controlled (i.e. control variables), yo
contains any other outputs of the system, f , h and ho are smooth vector fields, G ∈ Rn×m is a matrix with
columns of smooth vector fields and p contains the model parameters.

Differentiation of the output equation h results in:

ẏ =
∂h(x,p)

∂x

dx

dt
= ∇h(x,p)

(
f(x,p) +G(x,p)u

)
= Lfh(x,p) + LGh(x,p)u (4)

Where Lfh and LGh are the first-order Lie derivatives along f and G, respectively. It is assumed that
LGh is non-singular and that each output has an order of 1 relative to at minimum one of the inputs (i.e.
LGh 6= 0). In this case NDI can be applied to Equation (4).5 Defining the virtual control input as ν = ẏ
and inverting Equation (4), the following control law is obtained:

u =
(
LGh(x̂,p∗)

)−1(
ν − Lfh(x̂,p∗)

)
(5)

The vectors x̂ and p∗ contain the computed or estimated states from y and yo, and the assumed values for
the model parameters, respectively. Substituting the control law (Equation (5)) into Equation (4):

ẏ = Lfh(x,p) + LGh(x,p)
((
LGh(x̂,p∗)

)−1(
ν − Lfh(x̂,p∗)

))
(6)

When x and p are exactly known (x̂ = x and p∗ = p), Equation (6) reduces to:

ẏ = ν ⇔ y(t) =

∫ t

0

ν(τ)dτ (7)

The resulting control law linearises the system dynamics, reducing the input-output response to a set of
integrators. Note that for stability, the relation between y and u has to be minimum phase.5

B. Incremental Nonlinear Dynamic Inversion

The incremental form of NDI computes the control increment with respect to the condition of the system
one incremental time instance in the past. The fundamental difference with classical NDI is that the control-
independent part of the model equations is replaced by state derivative feedback, resulting in a more robust
control solution with respect to model mismatch (p∗ 6= p).10

As a first step, the nonlinear system in Equation (1) is approximated by a first-order Taylor series
expansion around the current point in time ’0’:

ẋ ≈ ẋ0 +
∂

∂x

(
f(x,p) +G(x,p)u

)∣∣∣∣x=x0
u=u0

(x− x0)︸ ︷︷ ︸
∆x

+
∂

∂u

(
f(x,p) +G(x,p)u

)∣∣∣∣x=x0
u=u0

(u− u0)︸ ︷︷ ︸
∆u

(8)

The variables with subscript ’0’ should be interpreted as an incremental time instance before the equivalent
variables without subscript. It assumed that the time-scale separation principle holds for Equation (8). For
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very small time increments and instantaneous control effectors, the change in input is much faster than the
change in state (i.e. x− x0 ≈ 0 while u− u0 6= 0). Assuming x− x0 = 0, Equation (8) reduces to:

ẋ ≈ ẋ0 +G(x0,p)∆u (9)

It is assumed that G is non-singular and that y = x. In this case INDI can be applied to Equation (9).10

Defining the virtual control input as ν = ẋ and inverting Equation (9), the following control law is obtained:

∆u = G−1(x̂0,p
∗)(ν − ˆ̇x0) (10)

The vector ˆ̇x0 contains the state derivatives computed or estimated from y or yo, respectively. Substituting
the control law (Equation (10)) into Equation (9):

ẋ ≈ ẋ0 +G(x0,p)
(
G−1(x̂0,p

∗)(ν − ˆ̇x0)
)

(11)

In the ideal case (x̂0 = x0, ˆ̇x0 = ẋ0 and p∗ = p), the input-output response approximates to a set of
integrators:

ẋ ≈ ν ⇔ x(t) ≈
∫ t

0

ν(τ)dτ (12)

The total input u is obtained by adding the current input u0 to the control increment ∆u. Note that the
control law should be sampled with a sufficiently high frequency (100 Hz in this application) and requires
synchronization between u0 and ẋ0.12,14

C. Pseudo Control Hedging

(I)NDI inverts the dynamics of the nonlinear system but not of the input. Actuator dynamics are usually
considered time-scale separated from the aircraft dynamics. Saturation caused by the physical limits on
actuator position and rate may howhever result in invertibility and controllability issues, violating conditions
necessary for dynamic inversion.

Pseudo Control Hedging (PCH) aims to compensate for actuator dynamics by means of modification of
the reference model dynamics.19 PCH scales down (hedges) the reference model signal by an estimate of
the response deficiency of the system νh, effectively hiding the actuator dynamics from the error dynamics.
The virtual control hedge νh is computed by subtracting the commanded virtual control ν from the actual
virtual control ν̂:

νh = ν − ν̂ (13)

This concept can be applied to the (I)NDI control laws formulated in Equations (5) and (10). Due to
actuator limitations, the commanded control deflections u are not identical to the actual control deflections
δ. Rearranging Equations (5) and (10) for ν, ν̂ is obtained by inserting δ for u. For NDI the virtual control
hedge is then obtained as follows:

νh = Lfh(x,p) + LGh(x,p)u−
(
Lfh(x,p) + LGh(x,p)δ

)
(14)

νh = LGh(x̂,p∗)(u− δ̂) (15)

A similar result is obtained for INDI:12

νh = ẋ0 +G(x0,p)(u− δ0)−
(
ẋ0 +G(x0,p)(δ − δ0)

)
(16)

νh = G(x̂0,p
∗)(u− δ̂) (17)

Note that νh only depends on the control effectiveness and that δ is assumed observable. For a conventional
first-order reference model, the hedged output is obtained as follows:

xref =
1

s

(
Kref (xcom − xref )− νh

)
(18)

Where Kref is the diagonal gain matrix. Note that if x̂0 6= x0, p∗ 6= p or δ̂ 6= δ, PCH will introduce
additional uncertainties into the closed loop system.
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III. Research platform

A. Cessna Citation II PH-LAB

The Cessna Citation II PH-LAB is the main research aircraft operated by the Faculty of Aerospace Engi-
neering of Delft University of Technology. Originally designed as a 8-passenger business jet, the PH-LAB
has been extensively modified to serve as a multipurpose airborne research platform. The aircraft is powered
by two Pratt and Whitney JT15D-4 turbofan engines each providing 11 kN of thrust. The maximum cruise
speed is 385 kt and the operating ceiling is 43,000 ft. The PH-LAB is certificated to operate in the restricted
category allowing a MTOW of 6622 kg. The aircraft is equipped with numerous facilitates to accommodate
flight testing including a Fly-By-Wire (FBW) system,17 Flight Test Instrumentation System (FTIS), and
various sensors.

Figure 1. Laboratory aircraft PH-LAB Figure 2. Experimental pilot station PH-LAB

1. FBW system17

The mechanical flight control system of the PH-LAB has been supplemented with an in-house developed
electric FBW system. The FBW system is based on the analog autopilot of the aircraft, inheriting all of the
safety features and performance limitations associated with this system. The autopilot computer has been
modified to accept signals from an experimental FBW computer. Each control channel can be separately
controlled by the original autopilot or the FBW computer. The FTIS acts as the main communication
hub between the various components of the FBW system. Synchronization and communication between the
FTIS and the various software is obtained via the Delft University Environment for Communication and
Actuation (DUECA).23 An important limitation of the FBW system is the restricted control authority due
to torque limitations imposed on the actuator servo motors.

A simple controller implemented in the FBW system allows direct command over the deflection angle of
the control surfaces. The controller uses a proportional element with the servo motor position as feedback.
Note that the transmission ratio between servo motor position and control surface deflection is a function of
the force on the actuator cables due to cable stretch.24 Under quasi-steady airspeed and altitude this ratio
can howhever be approximated by a constant.17

The starboard cockpit position is designated as the experimental pilot station and equipped with a force
sensing side-stick allowing two-axis manual control over the FBW system, see Figure 2. A programmable dis-
play provides visualization of the flight instruments and task specific information. Note that no manipulator
is available to control the third axis via the FBW system.

2. Sensors

Inertial and air data are available from the Attitude Heading and Reference System (AHRS) and Digital
Air Data Computer (DADC). The PH-LAB is also equipped with control surface deflection sensors. For
this flight test campaign, the aircraft is fitted with an air data boom with vane-type angle of attack and
sideslip sensors. Note that the angle of attack is also measured by a body-mounted vane sensor. All sensors
all connected to the FTIS allowing in-flight monitoring, recording and processing.
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The sensor characteristics of the relevant signals have been determined following flight data analysis, see
Table 1. Frequency analysis revealed that the airflow direction sensors pick up a 10 Hz disturbance induced
by the excitation of the structural eigenmodes of the air data boom. Note that some of the values in Table
1 have been taken from Van ’t Veld.25

Table 1. Sensor characteristics PH-LAB

Signal Noise (σ2) Bias Resolution Delay [ms] Sampling freq. [Hz]

p, q, r, θ̇, φ̇, ψ̇ [rad/s] 4.0 · 10−7 3.0 · 10−5 6.8 · 10−7 90 52

θ, φ [rad] 1.0 · 10−9 4.0 · 10−3 9.6 · 10−7 90 52

Ax, Ay, Az [g] 1.5 · 10−5 2.5 · 10−3 1.2 · 10−4 117 52

Vtas, Vcas [m/s] 8.5 · 10−4 2.5 3.2 · 10−2 300 16, 8

h [m] 4.5 · 10−3 8.0 · 10−3 3.0 · 10−1 300 16

ḣ [m/s] 5.5 · 10−4 4.5 · 10−2 8.1 · 10−2 300 16

M [-] 1.0 · 10−8 7.0 · 10−7 6.3 · 10−5 300 8

δa, δe, δr [rad] 5.5 · 10−7 2.4 · 10−3 - ∼0 100

αboom, βboom [rad] 7.5 · 10−8 1.8 · 10−3 9.6 · 10−5 100 100

αbody [rad] 4.0 · 10−10 - 1.0 · 10−5 280 1000

B. Aircraft model DASMAT

The aircraft model is a high fidelity 6-DOF nonlinear model of the Cessna Citation I. The model was
developed in the Delft University Aircraft Simulation Model and Analysis Tool (DASMAT).26 The Cessna
Citation II is a more recent iteration of the Cessna Citation I with increased seating capacity and improved
flight performance. The Citation II features more powerful engines, a longer fuselage and longer wings.
Despite these differences, the Citation I DASMAT model fits reasonably well to flight data of the Citation
II.27 The Relative Root Mean Square Error (RRMSE) for the longitudinal force and moment coefficients
equate to 9% and 13%, respectively. For the lateral force and moment coefficients the RRMSE equals 7%
and 9%, respectively.

1. Model equations

The combined translational and rotational dynamics of a rigid-body aircraft over a flat non-rotating earth
are described by the Newton-Euler equations:

V̇ = m−1
(
FA(x,u,p) + FT (x,uo,p)

)
− ω × V + TbE

[
0 0 g

]T
(19)

ω̇ = J(p)
(
MA(x,u,p) +MT (x,uo,p)− ω × J(p)ω

)
(20)

Where V = [u, v, w]T are the inertial translational velocities and ω = [p, q, r]T the angular rates, both
in body axis. FA and MA are the aerodynamic forces and moments respectively, FT and MT are the
forces and moments induced by the thrust. The vectors u, uo, x and p are the aerodynamic controls, the
throttle settings, the air-mass referenced aircraft states and the model parameters, respectively. TbE is the
transformation matrix from the NED frame to the body frame. The aircraft mass is denoted by m and
assumed constant, g is the gravitational constant and J the inertia tensor:

J(p) =



Jxx 0 −Jxz
0 Jyy 0

−Jxz 0 Jzz


 (21)

Note that it is assumed that the aircraft is symmetrical in the xy-plane i.e. Jxy = Jyz = 0. The rotational
kinematic motion can be expressed in terms of the Euler angular rates following transformation of the body
angular rates:
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

φ̇

θ̇

ψ̇


 = TΦb



p

q

r


 with TΦb =




1 sin(φ)tan(θ) cos(φ)tan(θ)

0 cos(φ) −sin(φ)

0 sin(φ)sec(θ) cos(φ)sec(θ)


 (22)

The aerodynamic forces and moments are defined in terms of their respective coefficients in the stability
reference frame:

F
s,cgref
A (x,u,p) =

1

2
ρV 2

tasS



−CD
CY
−CL


 (23)

M
s,cgref
A (x,u,p) =

1

2
ρV 2

tasS



bCl
cCm

bCn


 (24)

Where ρ is the air density, Vtas the true airspeed, b the wing span, c̄ the mean aerodynamic chord and S the
wing surface area. CD, CY and CL are the non-dimensional drag, side force and lift coefficients respectively
and Cl, Cm and Cn are the non-dimensional moment coefficients. The aerodynamic coefficients are defined
in the stability reference frame with cgref as origin, the aft limit of the aircraft center of gravity. The force
and moment equations in body axis with the center of gravity cg as origin are defined as follows:

F b,cgA (x,u,p) = T−1
sb F

s,cgref
A (x,u,p) (25)

M b,cg
A (x,u,p) = T−1

sb M
s,cgref
A (x,u,p) + (rcgref − rcg)× F b,cgA (x,u,p) (26)

Where Tsb is the rotation matrix from the body to the stability reference frame, rcgref and rcg are the
reference and actual position of the center of gravity, respectively.

2. Aerodynamic model

The non-dimensional aerodynamic force and moment coefficients are modeled as ordinary polynomials. As
an example, the lateral moment coefficients are parametrized as follows:

Cl = Clββ + Clδa δa + Clδr δr + Clp
pb

2Vtas
+ Clr

rb

2Vtas
(27)

Cn = Cnββ + Cnδa δa + Cnδr δr + Cnp
pb

2Vtas
+ Cnr

rb

2Vtas
(28)

Terms like Clβ may in turn depend on the angle of attack, Mach number, altitude etc. Multiplicative
uncertainties are added to the aerodynamic coefficients and the rotational inertia. As an example, the
perturbed side force coefficient C̃Y is defined as follows:

C̃Y = CY (1 + ∆CY ) (29)

Where CY is the nominal value of the side force coefficient and ∆CY the corresponding tolerance parameter.
These are up to 10% for the longitudinal coefficients and up to 30% for the lateral coefficients following
standard practice, see Table 2.

3. Mass model

A highly accurate mass model for the Cessna Citation II is adopted from De Visser.28 The model is based
on the weight and balance calculation procedure of the Citation II and takes into account the mass and
position of passengers, payload and fuel. The contribution of the fuel mass is updated by means of feedback
of the used fuel and a model of the geometry of the fuel tanks.
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4. Sensor models

Table 2. PH-LAB parameter uncertainty
ranges

Symbol Minimum Nominal Maximum

∆τsync −0.3 0 0.3

∆Jxx −0.1 0 0.1

∆Jyy −0.1 0 0.1

∆Jyy −0.1 0 0.1

∆Jxz −0.3 0 0.3

∆CD −0.1 0 0.1

∆CL −0.3 0 0.3

∆CY −0.1 0 0.1

∆Clβ −0.3 0 0.3

∆Cm0
−0.1 0 0.1

∆Cnβ −0.3 0 0.3

∆Clp −0.3 0 0.3

∆Clr −0.3 0 0.3

∆Cmq −0.1 0 0.1

∆Cnp −0.3 0 0.3

∆Cnr −0.3 0 0.3

∆Clδa −0.3 0 0.3

∆Clδr −0.3 0 0.3

∆Cmδe −0.1 0 0.1

∆Cnδa −0.3 0 0.3

∆Cnδr −0.3 0 0.3

The following sensor characteristics are modeled: noise, bias,
delay and quantization effects (see Table 1). The noise is
modeled as a zero-mean Gaussian process. In addition, kine-
matic position errors are applied on the specific force and
airflow direction signals. The disturbances induced by the
flexibility of the air data boom are modeled as a 10 Hz si-
nusoidal signal.

5. Actuator model

A first-order model of the PH-LAB actuator system was de-
veloped using available flight data. The flight data contains
responses to a series of open loop 3211 and doublet com-
mands applied by the autopilot on elevator and aileron. Be-
sides a first-order lag component, the model includes actua-
tor position and rate limits, and a transport delay:

δ̇(t) = Sδ̇

(
Kfbwωactu(t− τact)− ωactSδ

(
δ(t)

))
(30)

Where Sδ and Sδ̇ are the saturation function for ac-
tuator position and rate, respectively. Kfbw is the
FBW input-output gain i.e. the transmission ratio
between servo motor position and control surface de-
flection. The actuator bandwidth ωact and trans-
port delay τact are determined by fitting the mea-
sured control deflections to the general step input
time response of a first-order system. A nonlin-
ear least square curve-fitting method was used to find
the optimum fit. For each step input command the
maximum rate of deflection δ̇max was determined as
well.

Table 3. Actuator model parameters

δmax [deg] δmin [deg] Kfbw [-] δ̇max [deg/s] τact [ms] ωact [rad/s]

Aileron 15 -19 0.70

19.7 (σ = 4.81) 39.8 (σ = 7.91) 12.4 (σ = 2.30)Elevator 15 -17 0.60

Rudder 22 -22 0.55

IV. Control law design

For the controller developed in this paper two control objectives are formulated: Rate Control Attitude
Hold (RCAH) and Attitude Control (AC).18 RCAH is governed between ±27◦ and ±15◦ for roll and pitch,
respectively. AC is governed outside this range up to ±35◦ and ±20◦ for roll and pitch, respectively. The
lateral tracking task includes the angle of sideslip as well. The general controller structure can be found in
Figure 3.

A. Inner loop

(I)NDI is applied to the rotational dynamics of the aircraft. The control variables y are set equal to the
body angular rates ω = [p, q, r]T. The aileron, elevator and rudder deflection are selected as input, i.e.
u = [δa, δe, δr]

T.

9 of 24

American Institute of Aeronautics and Astronautics



(I)NDI

PCH

Command 
module & 

reference model

Sideslip 
controller

State estimation, 
filtering &  

synchronisation

TC

Linear 
controllers

ACT A/C
u

y

h

rcom

Outer loop
Inner loop



qtc

sensors
^

.

yo

^

d0

[,q ]ref

w0

x0

^

[,q ]ref
T

T

[,q ]ref
. .

.. T..

b

.

.
q



plt

Figure 3. General controller structure

1. Angular rate NDI

The analytic relationship between the body angular rates and control surface deflections arises directly
from Euler’s rotation equations, see Equation (20). Neglecting the moment induced by the thrust MT , the
aerodynamic moment MA can be split into into an airframe dependent part Ma and a part dependent on
the control effectors Mc. These are assumed to be of the following form:

Ma(x,p) =
1

2
ρV 2

tasS



bCla
c̄Cma
bCna


 (31)

∂Mc(x,p,u)

∂u
= Mcδ (x,p) =

1

2
ρV 2

tasS



bClδa 0 bClδr

0 c̄Cmδe 0

bCnδa 0 bCnδr


 (32)

Note that it is assumed that Mc is linear in u. Equation (20) can be rewritten as follows:

ω̇ = J−1(p)
(
Ma(x,p) +Mcδ (x,p)u− ω × J(p)ω

)
(33)

Applying dynamic inversion to Equation (33), the following control law is obtained:

u = M−1
cδ

(x̂,p∗)J(p∗)
︸ ︷︷ ︸

(LGh)−1

(
ν − J−1(p∗)

(
Ma(x̂,p∗)− ω × J(p∗)ω

)
︸ ︷︷ ︸

Lfh

)
(34)

2. Angular rate INDI

The incremental form of Euler’s rotation equation is obtained following a first-order Taylor expansion of
Equation (33) around the current point in time ’0’:

ω̇ ≈ ω̇0 +
∂

∂ω

(
J−1(p)

(
Ma(x,p) +Mcδ (x,p)u− ω × J(p)ω

))∣∣∣∣ω=ω0
u=u0

(ω − ω0)︸ ︷︷ ︸
∆ω

+
∂

∂u

(
J−1(p)

(
Ma(x,p) +Mcδ (x,p)u− ω × J(p)ω

))∣∣∣∣ω=ω0
u=u0

(u− u0)︸ ︷︷ ︸
∆u

(35)
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Again assuming ω − ω0 = 0, Equation (35) reduces to:

ω̇ ≈ ω̇0 + J−1(p)Mcδ (x0,p)∆u (36)

Applying dynamic inversion to Equation (36) and adding the current control surface deflections δ0, the
following control law is obtained:

u = M−1
cδ

(x̂0,p
∗)J(p∗)

︸ ︷︷ ︸
G−1

(ν − ˆ̇ω0︸︷︷︸
ẋ0

) + δ̂0 (37)

B. Outer loop18

The outer loop consists of the following components: command module & reference model, sideslip controller,
Turn Compensation (TC), linear controllers and Pseudo Control Hedging (PCH).

1. Command module & reference model

The command module and reference model serve as attitude flight envelope protection and command filter,
respectively. Furthermore, the command module blends two different control methods: rate control attitude
hold (RCAH) and attitude control (AC). RCAH is active between 27◦ and −27◦ for roll and between 15◦ and
−15◦ for pitch. When these limits are reached the feedforward term is deactivated and the pilot command
signal is directly added to the saturated signal, see Figure 4. This way the attitude angles are directly
governed by the pilot command input. AC is active up to ±35◦ for roll and ±20◦ for pitch, these are the
limit values of the system. Note that for zero pilot input command in AC mode, the system will always
command the aircraft back to the RCAH attitude limits. The purpose of this setup is to reduce violent
behavior when the roll and pitch limits of the system are reached. The gain K2 in the command module
is required to achieve a smooth transition between AC and RACH. The reference model is conventional
second-order system smoothing the command signals to values achievable by the aircraft, see Equation (38).

Href (s) =
K1K2

s2 +K1s+K1K2
=

ω2
nref

s2 + 2ζrefωnref s+ ω2
nref

(38)
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
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Figure 4. Command module & reference model18

2. Sideslip controller

For manual control, the angle of sideslip is preferred as outer loop control variable. Furthermore, as there is
no means to manually control the yaw axis due to absence of a yaw input device, coordinated flight is only
possible by means of direct sideslip augmentation. The control setup therefore includes a sideslip controller:
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rcom =
1

Vtas
(wp−Ay)−

(
1

s
KβI (βplt − β)−Kββ

)
with w ≈ Vtasα (39)

3. Turn Compensation

The control setup includes a turn compensation (TC) module with the following control law:

θtc =
(
cos(φref )− 1

) mg
1
2ρ0V 2

casSCLα
(40)

4. Linear controllers

The linear controllers are defined in Equations (41) to (43). For the pitch and roll channel, the controllers
operate up to the 2nd order time derivative.

νφ̇ =

(
Kφ +

KφI

s

)
(φref − φ) +Kφ̇(φ̇ref − φ̇) +Kφ̈φ̈ref (41)

νθ̇ =

(
Kθ +

KθI

s

)
(θref + θtc − θ) +Kθ̇(θ̇ref − θ̇) +Kθ̈ θ̈ref (42)

νr = Kr(rcom − r) (43)

Kinematic inversion of Equations (41) and (42) immediately results in:



νp

νq
νr


 = T−1

Φb



νφ̇
νθ̇
νψ̇


− ṪΦb



p

q

r


 (44)

5. Pseudo Control Hedging

Pseudo Control Hedging is implemented slightly differently as in Lombaearts and Looye,18 where hedging
was only activated upon saturation of the actuator model. As the PH-LAB actuator model does not include
speed dependent position limiting, activation upon model saturation is not desirable. In this setup, upon
manual activation, compensation will be provided irrespective of actuator saturation.

Consider again Equation (17), substituting the above result obtained for G, the virtual control hedge νh
is obtained as follows:

νh = Mcδ (x̂0,p
∗)J−1(p∗)︸ ︷︷ ︸

G

(u− δ̂) (45)

Kinematic inversion of Equation (45) immediately results in:



νφ̇
νθ̇
νψ̇



h

= TΦb



νp
νq

νr



h

+ ṪΦb



p

q

r


 (46)

The compensation signal is subtracted from the reference signal [φ̈ref , θ̈ref ]T, see Figure 4. The command
module also requires hedging as the commanded attitude [φcom, θcom]T is obtained via integration of the pilot
rate command [φ̇plt, θ̇plt]

T, leaving the commanded attitude unhedged would lead to undesired overshoot.
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C. State estimation, filtering and synchronisation

Good quality sensor signals are imperative to (I)NDI control. Not all signals provided by the PH-LAB
sensor systems are processed and might contain disturbances that would propagate through the control
laws without filtering. Inertial sensors are sensitive to structural vibrations while air data sensors pick up
atmospheric turbulence. The flexibility of the PH-LAB air data boom also adds a 10 Hz disturbance to the
airflow direction signals. The filtering techniques proposed here are in part taken from Looye and Joos.29

The angular acceleration signals require additional attention as these are obtained via differentiation.
Careful filtering of the angular rates is necessary to reduce sensor noise. The angular rate and control
deflection signals also require synchronization.

1. Inertial data

The angular rates are filtered with a second-order low-pass filter:9

Hfil(s) =
ω2
nfil

s2 + 2ζfilωnfil + ω2
nfil

(47)

The natural frequency ωnfil is set equal to 20 rad/s and the damping ratio ζfil is unity. The remainder of
the inertial signals are filtered using first-order low-pass filters with a time constant of 50 ms.

2. Air data

All DADC and airflow direction signals are combined with inertial measurements using a first-order comple-
mentary filter:

x̂ =
1

τfils+ 1
x+

τfils

τfils+ 1
xi (48)

Where xi is the inertial equivalent of air data signal x. The filter time constant τfil is set equal to 1 s. Note
that for some signals the derivative of the inertial signal is used as high-pass signal.

The inertial speed V̇i is calculated from the linear accelerations:

V̇i =
[
ax ay az

]



cos(α)cos(β)

sin(β)

sin(α)cos(β)


 with



ax

ay
az


 = g






Ax

Ay
Az


+



−sin(θ)

cos(θ)sin(φ)

cos(θ)cos(φ)





 (49)

The derivative of the inertial vertical speed ḧi is also obtained from the linear accelerations:

ḧi =
[
ax ay az

]



sin(θ)

−cos(θ)sin(φ)

−cos(θ)cos(φ)


 (50)

The altitude h is complemented with the complementary filtered vertical speed
ˆ̇
h. An approximation is used

for the inertial Mach number Mi:

Mi ≈
Vtas

20.05
√

(288.2− 0.0065h)
(51)

The inertial angle of attack αi is computed as follows:

αi = θ − γa with γa ≈
ḣ

Vtas
(52)

The derivative of the inertial angle of sideslip β̇i is obtained as follows:

β̇i =
Ayg + gsin(φ)cos(θ)

Vtas
− rcos(α) + psin(α) (53)
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3. Control deflections

Synchronization between control deflection and angular acceleration feedback is achieved by applying equiv-
alent filtering and artificially adding the surplus of angular rate delay to the control deflection signal:14,15

δ̂0 = Hfil(s)Hsync(s)δ (54)

Where Hsync is the frequency-domain equivalent of a pure time delay τsync corresponding to the surplus
of angular rate delay. To account for variations in delay (e.g. due to sampling or unmodeled delays), a
multiplicative uncertainty is added to τsync. Alternatively, the synchronized control deflections may be
estimated using actuator models:

δ̂0est =
z−1Hact(s)Hfil(s)Hsync(s)

1− z−1Hact(s)Hfil(s)Hsync(s)
∆u (55)

Where Hact represents the actuator dynamics i.e. the frequency-domain equivalent of Equation (30). Note
that z−1 is the increment delay, strictly this term is required as ∆u is one incremental time step ahead of
δ0.

D. Design optimization

For the tuning of the control laws multi-objective optimization is used. The Institute of System Dynam-
ics and Control (SR) of the German Aerospace Institute (DLR) developed the Multi-Objective Parameter
Synthesis (MOPS) tool specifically for this purpose.30 Robustness is addressed via a multi-model approach
and unspecific robustness criteria.29 The tuning of the lateral and longitudinal controller parameters are
performed separately, the discussion will be limited to the lateral case only.

1. Design criteria

Multi-objective optimization requires a set of computable criteria that can be used for optimization. The
design criteria for the lateral synthesis parameters are defined in Table 4. These are computed from three
nonlinear simulations and a linear analysis of the closed-loop system. Simulations 1 and 2 are used to
evaluate the reference tracking with criteria concerning overshoot, rise time, settling time and control effort.
Simulation 3 is used to assess the disturbance rejection by means of a cross-wind step.

The criteria are formulated as min-max optimization problems and scaled such that a value smaller than
1 is considered satisfactory. The criteria corresponding to the nonlinear simulations are scaled by division of
the corresponding demand value. The criteria corresponding to the linear analysis are scaled using ’good-
bad’ values.30 With this scaling type, it is demanded that the criterion is at least equal to the ’bad-low’
value. The region between ’bad-low’ and ’good-low’ is considered acceptable with linearly decreasing scaling.
Values larger than ’good low’ are considered equally good and are subsequently scaled to 0. Notice that for
some of the criteria in Table 4 an inequality constraint is used such that no further optimization is performed
after the demand value is obtained.

2. Robustness

The robustness of the control law is addressed in two ways. A multi-model approach is used to achieve
robustness to parametric uncertainties. The multi-model setup is created by adding a number of model
cases with worst-case parameter combinations to the nominal case. These worst-cases are defined with
respect to one of the design criteria defined in Table 4. The optimization process addresses the criteria
simultaneously for all model cases allowing for trade-off between criteria under worst-case and nominal
parameter conditions. Note that this approach implicitly assumes that the controller is also robust to model
cases in between those addressed. To this end also local robustness margins are included as optimization
criteria. These are the minimum phase and gain margins at the sensor and actuator positions listed in Table
4. Note that the local robustness criteria are also intended to achieve robustness to unspecified uncertainties
(e.g. unmodeled dynamics and time delays).
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Table 4. Design criteria lateral part

Name Description Calculation Bad-low Good-low Demand Type

Simulation 1: Box-cart: φ̇plt = 5 ◦/s at t = 1 till t = 6 s

osdphi [-] Overshoot φ̇ - - 0.5 c

rtdphi [s] Rise time φ̇ 0%→100% - - 0.75 c

stdphi [s] Settling time φ̇ 0.1◦ - - 4 m

osphi [-] Overshoot φ - - 0.1 c

rtphi [s] Rise time φ 0%→100% - - 5 c

stphi [s] Settling time φ 0.1◦ - - 4 m

maxdda [deg/s] Maximum δ̇a max|δ̇a| - - 40 m

errbeta [deg] Error β
∫ T

0
|β|dt/T - - 0.5 m

Simulation 2: Step βplt = 5◦ at t = 1 s

osbeta [-] Overshoot β - - 0.01 c

rtbeta [s] Rise time β 10%→90% - - 4 m

stbeta [s] Settling time β 0.1◦ - - 5 m

maxddr [deg/s] Maximum δ̇r max|δ̇r| - - 20 m

errphi [deg] Error φ
∫ T

0
|φ|dt/T - - 0.5 m

Simulation 3: Wind step vwind = 16 m/s at t = 1 s

maxphi [deg] Maximum φ max|φ| - - 6.7 m

maxdr [deg] Maximum δr max|δr| - - 22 m

Linear analysis:

gmda [dB] Gain margin δa 4 6 - m

pmda [deg] Phase margin δa 30 60 - c

gmdr [dB] Gain margin δr 4 6 - m

pmdr [deg] Phase margin δr 30 60 - c

gmp [dB] Gain margin p 4 6 - m

pmp [deg] Phase margin p 30 60 - c

gmr [dB] Gain margin r 4 6 - m

pmr [deg] Phase margin r 30 60 - c

m=minimize, c=inequality constraint

3. Parameter synthesis

The parameter synthesis was performed in three successive steps. First the linear controller gains and refer-
ence model parameters were optimized. With the resulting tuning parameter set, a worst-case analyses was
performed. Note that it was assumed that the worst-cases are to be found at the extremities of the param-
eter space. To this end, minimum or maximum values were selected for the parametric model uncertainties.
The criteria were evaluated for all parameter combinations. To limit the number of combinations for NDI,
tolerances on the moment of inertia and less relevant aerodynamic coefficients were left out.

The two criteria that proofed most sensitive to parameter variations were added as separate model cases
to the nominal model to form a multi-model set. An additional parameter synthesis was performed for this
set of model-cases. The results can be found in Table 5. Note that the maximum uncertainty on the lateral
moment coefficients has been slightly relieved to 20%, else a satisfactory design for the NDI controller could
not be realized.

4. Assessment

The best-compromise solution for INDI and NDI will now be compared. Notice in Table 5 that for INDI
a significantly lower integrator gain KφI was selected by the optimizer compared to NDI. This behaviour
can be attributed to the incremental nature of INDI as the calculated increment is added to the current
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input, basically acting as an integral term. Further notice that for the worst cases the optimizer pushed the
synchronization uncertainty ∆τsync to its minimum value. This behaviour was expected considering that
a surplus of state derivative delay results in relatively fast system instability.25 Steady-state offsets in the
angular rate tracking were effectively regulated by the linear controllers. The steady errors in the sideslip
tracking are the result of measurement bias. The settling time calculation was subsequently relieved to 0.2◦.
Note that the noise was deactivated during the optimization as this would cause inconsistencies between the
different evaluations. For the NDI worst cases the criteria corresponding to stdphi, stphi, osbeta and errphi
had to be relieved.

The responses corresponding to the nonlinear simulations can be found in Figures 5 to 7. Note that the
blue lines represent the responses of the nominal case and the grey area contains the responses of the worst
cases. This area should be interpreted as the design uncertainty. As expected, the responses corresponding
to the INDI controller show less sensitivity to parameter variations, with smaller deviations between the
cases. The difference is most prominent in Figure 6. The NDI controller is unable to regulate the roll angle
error under sideslip for uncertain parameter conditions, with errors up to 1.4◦. The incremental controller
has superior disturbance rejection compared to NDI, with faster attenuation and lower overshoot in the
attitude response, see Figure 7. This result conforms to observations made by Acquentella et al.11

Table 5. Synthesis parameters lateral part

Tuning

parameter
INDI NDI

Linear controller gains:

Kφ 5.51 7.91

KφI 1.34 7.02

Kφ̇ 4.80 6.48

Kφ̈ 1.05 0.941

Kr 1.62 3.22

Kβ 1.93 1.55

KβI 0.977 0.709

Reference model parameters:

ζref 1.00 0.741

ωnref 1.35 1.27

Uncertain model parameters:

nominal
worst

gmda

worst

pmp
nominal

worst

gmda

worst

gmp

∆τsync 0 -0.3 -0.3 0 0 0

∆Jxx 0 -0.1 -0.1 0 0 0

∆Jzz 0 -0.1 -0.1 0 0 0

∆Jxz 0 0.3 -0.3 0 0 0

∆CY 0 0.3 -0.3 0 0.3 0.3

∆Clβ 0 0 0 0 -0.2 -0.2

∆Clδa 0 -0.2 0.2 0 0.2 0.2

∆Clδr 0 0.2 0.2 0 0 0

∆Clp 0 0 0 0 -0.2 0.2

∆Clr 0 0 0 0 -0.2 -0.2

∆Cnβ 0 0 0 0 -0.2 -0.2

∆Cnδr 0 0.2 0.2 0 0.2 0.2

∆Cnδa 0 0.2 0.2 0 0 0

∆Cnp 0 0 0 0 -0.2 -0.2

∆Cnr 0 0 0 0 0.2 -0.2
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(a) INDI (b) NDI

Figure 5. Simulation 1: tracking response to 5◦/s roll rate box-cart

(a) INDI (b) NDI

Figure 6. Simulation 2: tracking response to 5◦ sideslip step
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(a) INDI (b) NDI

Figure 7. Simulation 3: tracking response to 16 m/s cross-wind step

V. Control law validation

A. Simulator assessment and clearance

Figure 8. Robotic Motion Simulator DLR

For the assessment and clearance of the experimental con-
troller, use was made of the robotic motion simulator op-
erated by the Institute of System Dynamics and Con-
trol (SR) of the German Aerospace Institute (DLR).31

The simulator utilizes a serial kinematics industrial robot
arm to generate motion cues to the attached simulator
pod, greatly enlarging the motion capability compared to
conventional hexapod simulators. The simulator pod is
fully modular allowing use of various instrument consoles.
The set-up of the cockpit includes a certified side-stick,
dual throttle control system and rudder pedals. Complete
three-dimensional cockpit visualization is provided via a
virtual reality headset.

Specific attention was paid to the controller be-
havior at initialization and during switching be-
tween different controller modes. These opera-
tions should be free of any transients. The pilot-
in-the-loop allowed a qualitative assessment of the
overall dynamics and handling qualities of the sys-
tem.
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B. Rig testing

Extensive rig testing was performed on the ”iron bird” of the PH-LAB. This system includes the actual
FBW hardware components and is used to validate proper functioning in interaction of the experimental
controller with the system hardware. For software implementation, the Delft University Environment for
Communication and Activation (DUECA)23 is used. This framework allows straightforward implementation
of controllers developed in the MATLAB/Simulink environment.

C. Flight tests

Over the course of five days, three successive flight test were performed to validate the incremental controller.
All flights departed from and terminated at Amsterdam Airport Schiphol (AMS) and the experiments were
executed in designated areas within Dutch airspace, see Figure 9.

Figure 9. Flight track of test flights

1. Experimental setup

The aircraft was configured in a clean setup during the flight tests with gear, flaps and spoilers retracted. The
experiments were repeated for two flight conditions: 200 KIAS FL150 and 240 KIAS FL150. The automatic
elevator trim was deactivated during most of the experiments. Since the PH-LAB is not fitted with an
autothrottle, the safety pilot was tasked to monitor and correct the airspeed manually. The experiments
were performed throughout the whole flight.

The experiments focused on a series of pitch and roll attitude captures of varying magnitude and command
intensity. In addition, a number of simulated engine failures were executed as well. Some turbulent air layers
were encountered during the flight tests hence the controller response to turbulence could be verified. Finally,
the incremental controller was used during an instrument approach and was active down to an altitude of
2000 ft.

For safety reasons, the attitude captures were first executed using a conservative setup with restricted
control authority and a conservative parameter set. Artificial limits on the control signals allow maximum
control deflection changes of ±1◦ around the trim condition. The conservative parameters are obtained by
multiplying the inverse of the control effectiveness by a factor 2.

To enhance safety, situational awareness and efficiency, a strict procedure was maintained during the
execution of the experiments. First the safety pilot would trim the aircraft for the desired airspeed in
horizontal flight. At the same time the flight test engineer would select the desired controller configuration
in the FBW computer. Conformation from both the safety pilot and flight test engineer would trigger
the evaluation pilot to enable the FBW system and start the experiment. Initialization was executed with
”hands-of-stick” to prevent undesirable initial control inputs.

The primary flight display was slightly modified with the addition of a marker displaying the commanded
roll angle φcom. This to enhance the situational awareness of the evaluation pilot.
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2. Results

Before each flight, extensive ground testing was performed to validate proper functioning in interaction of the
experimental controller with the aircraft systems. The first flight test was mainly used for familiarization due
to limited experience with the test platform. Some issues were experienced due to hysteresis of the sidestick.
Due to initialization problems with the actuator models, it turned out to be more effective to use measured
control deflections. The FBW input-output gain Kfbw proofed to be smaller than estimated, resulting in
a slight reduction in control effectiveness with a more conservative response as a result. As expected, the
INDI control signals turned out to be noisier compared to the NDI control signals.

The response at 200 KIAS and 240 KIAS was similar albeit the latter airspeed proofed to be too close to
the never-exceed-speed of the aircraft and some of the experiments had to be aborted prematurely. In the
preceding experiments the airspeed was reduced to 220 KIAS. The conservative setup resulted in an overall
slower response as expected. Deflection limiting did not have a perceivable effect on the pitch response as
the maximum deflection changes were below the 1◦ limit value.

The authority of the FBW system proofed to be limited in the pitch channel with maximum pitch rates
below 1◦/s. No satisfactory pitch tracking could initially be achieved, with moderate pitch rate commands
often resulting in large overshoots and excitation of the phugoid mode of the aircraft. The overshoot tendency
was caused by the large difference between the pitch rate commanded by the pilot θ̇com and subsequent
aircraft response. When the evaluation pilot aimed for a certain pitch attitude, command was withdrawn
as soon as the aircraft reached the desired pitch attitude. However, the commanded pitch attitude θcom is
obtained via integration of θ̇com and does not take into account possible offsets between commanded and
actual pitch rate. As a result, the integrated pilot rate command would exceed the desired pitch attitude
causing a perceived overshoot. As no marker for θcom was available on the primary flight display, the pilot
had no knowledge about the commanded pitch attitude making accurate pitch attitude captures difficult
to execute. Due to limited repeatability options, a successful series of pitch attitude captures could not be
realized. The remainder of the discussion will therefore be limited to the lateral tracking task only.

In Figure 10 the lateral tracking response is visualized for a typical part of the flight with various roll
attitude captures. Both controller types displayed favorable tracking behavior and were able to follow the
imposed dynamics with small overshoot values of 1◦. Notice the ”jumps” in the roll command signal around
4052 s and 4070 s for the INDI controller, and around 2349 s and 2370 s for the NDI controller. At these
instances the roll angle exceeded ±27◦ and the command module subsequently switches from RCAH to AC.
The reference model ensures a smooth transition between these control laws as seen in the reference signal.
AC is governed up to the roll angle limit of ±31◦. Despite the higher control authority compared to the
pitch channel, moderate roll commands still resulted in actuator saturation.

In Figure 11 the lateral tracking response for several roll attitude captures is visualized with PCH
activated. The major difference compared to the response of the non-hedging controller is the slower response
of the reference signal and the tight coupling with the aircraft response. The reference signal does not fall
outside the performance envelope of the aircraft. PCH significantly reduces the saturation effect on the
aileron deflections δa. Howhever, more noise is propagated through the control laws. The steady-state
offset between command and reference/response roll angle is the result of a steady difference between the
commanded and actual control deflection due to the mismatch of Kfbw. PCH adapts the reference model to
this difference resulting in a steady error between the command and reference signal. This behavior can be
avoided using actuator models instead of measured deflections.

The simulated engine failures were handled well by both the INDI and NDI controller, see Figure 12.
Some oscillations were observed in the roll channel for NDI, the use of the conservative setup might have
initiated this behavior. A more aggressive engine failure was simulated with the INDI controller in the
loop, with an additional reversing of the differential thrust at 4550 s. The controller compensated for the
asymmetric thrust in a smooth and jolt free manner. The evaluation pilot was able to perform small roll
maneuvers without issues.
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(a) INDI (nominal setup) (b) NDI (nominal setup)

Figure 10. Lateral tracking response roll attitude captures (200 KIAS FL150)

(a) INDI (nominal setup) (b) NDI (nominal setup)

Figure 11. Lateral tracking response roll attitude captures with PCH activated (200 KIAS FL150)
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(a) INDI (nominal setup) (b) NDI (conservative setup)

Figure 12. Lateral tracking response simulated engine failure (200 KIAS FL150)

VI. Conclusion

This paper presented the design and validation of manual attitude control functions based on Incremental
Nonlinear Dynamic Inversion (INDI) for a Cessna Citation II experimental aircraft, covering control structure
design, application of INDI, design optimization, robustness analyses, software implementation, ground and
flight testing. For comparison, also control laws based on classical Nonlinear Dynamic Inversion (NDI) were
implemented and flown.

Extensive robustness analysis revealed that INDI provides a highly robust control solution with respect to
model uncertainties compared to classical NDI, even in presence of unsynchronized angular acceleration and
control deflection feedback. Under the combined effect of actuators, sensors, filters, wind disturbance and
model and synchronization mismatches, INDI provided a better compromise between command response,
disturbance rejection and robustness compared to classical NDI.

Qualitative flight test with the INDI and NDI attitude control laws were performed on the Cessna Citation
II PH-LAB, marking the first successful demonstration of INDI on a CS-25 certified aircraft. In presence of
limited authority, uncertain control effectiveness and simulated engine failures, the system dynamics were
canceled well by both controllers. The imposed reference dynamics were accurately tracked with nominal
control effectiveness parameters, validating the simulation results.

Pseudo Control Hedging (PCH) proofed to be a valuable addition to INDI in reducing the effects of
actuator saturation. To limit additional noise and uncertainties in the closed-loop system, activation of PCH
only upon actuator saturation is suggested for future applications. This can for example be achieved via
a simple algorithm that detects an offset between commanded and actual control deflection. For control
deflection feedback, models might be preferred over measurements in certain cases as PCH adapts the
reference model to any bias between commanded and actual control deflection.

A point of attention are the relatively high noise levels in the control signals of INDI. This may cause
excessive wear on the actuators. Fortunately, low-noise angular acceleration measurement or estimation
methods are already available in the form of angular accelerometers, linear accelerometer pairs or compli-
mentary filters.32

The PH-LAB and the experimental on-board infrastructure proofed to be a reliable and efficient platform
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for the testing of advanced flight control laws. For future applications it is advised that the servo motor
position controller is replaced with a control law that uses the control surface deflections as feedback. This
will mitigate issues with varying control effectiveness. Reducing the (electronic) torque limitations on the
servo motors would also be a valuable addition to improve control authority.
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Chapter 2

(I)NDI theory

This chapter provides a concise review of the theory of Nonlinear Dynamic Inversion (Section
2-1), Incremental Nonlinear Dynamic Inversion (Section 2-2) and Pseudo Control Hedging
(Section 2-3). Note that the symbolic derivation approach is in part inspired by Looye [43].
For a more detailed review readers are referred to Slotine [60] or Enns et al. [19] for Nonlinear
Dynamic Inversion, Chen and Zhang [14] or Sieberling et al. [58] for Incremental Nonlinear
Dynamic Inversion and Johnson and Calise [30] for Pseudo Control Hedging.

2-1 Nonlinear Dynamic Inversion

The general idea of NDI is to compensate the nonlinear system dynamics by means of feedback
of the inverse model equations such that the closed loop system appears in a linear form. The
desired closed loop response can then be imposed via conventional linear controllers [60, 19].

It is assumed that the model of the nonlinear system has the following control-a�ne form:

ẋ = f(x,p) +G(x,p)u (2-1)

y = h(x,p) (2-2)

yo = ho(x,p) (2-3)

Where x ∈ Rn is the state vector, u ∈ Rm the input vector containing only inputs that may
be used by the controller, y ∈ Rm the output vector containing the outputs to be controlled
(i.e. control variables), yo contains any other outputs of the system, f , h and ho are smooth
vector �elds, G ∈ Rn×m is a matrix with columns of smooth vector �elds and p contains the
model parameters.
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38 (I)NDI theory

Di�erentiation of the output equation h results in:

ẏ =
∂h(x,p)

∂x

dx

dt
= ∇h(x,p)

(
f(x,p) +G(x,p)u

)
= Lfh(x,p) + LGh(x,p)u (2-4)

Where Lfh and LGh are the �rst-order Lie derivatives along f and G, respectively. It is
assumed that LGh is non-singular and that each output has an order of 1 relative to at
minimum one of the inputs (i.e. LGh 6= 0). In this case NDI can be applied to Equation
(2-4) [60, 19]. De�ning the virtual control input as ν = ẏ and inverting Equation (2-4), the
following control law is obtained:

u =
(
LGh(x̂,p∗)

)−1(
ν − Lfh(x̂,p∗)

)
(2-5)

The vectors x̂ and p∗ contain the computed or estimated states from y and yo, and the assumed
values for the model parameters, respectively. Substituting the control law (Equation (2-5))
into Equation (2-4):

ẏ = Lfh(x,p) + LGh(x,p)
((
LGh(x̂,p∗)

)−1(
ν − Lfh(x̂,p∗)

))
(2-6)

When x and p are exactly known (x̂ = x and p∗ = p), Equation (2-6) reduces to:

ẏ = ν ⇔ y(t) =

∫ t

0
ν(τ)dτ (2-7)

The resulting control law linearises the system dynamics, reducing the input-output response
to a set of integrators. Note that for stability, the relation between y and u has to be minimum
phase [19].

(LGh(x,p ))-1

-

 u
^LC

Nonlinear system 
x=f(x,p)+G(x,p)u

y=h(x,p) 

yo=ho(x,p)

State estimation 

& filtering

-

ycom

ycom
.

yo

y

x̂

I
s

*

Lfh(x,p )^ *

~ 

.

Figure 2-1: Closed loop system Nonlinear Dynamic Inversion

2-2 Incremental Nonlinear Dynamic Inversion

The incremental form of NDI computes the control increment with respect to the condition
of the system one incremental time instance in the past. The fundamental di�erence with
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2-2 Incremental Nonlinear Dynamic Inversion 39

classical NDI is that the control-independent part of the model equations is replaced by state
derivative feedback, resulting in a more robust control solution with respect to model mismatch
(p∗ 6= p) [14, 58].

As a �rst step, the nonlinear system in Equation (2-1) is approximated by a �rst-order Taylor
series expansion around the current point in time '0':

ẋ ≈ ẋ0 +
∂

∂x

(
f(x,p) +G(x,p)u

)∣∣∣∣x=x0
u=u0

(x− x0)︸ ︷︷ ︸
∆x

+
∂

∂u

(
f(x,p) +G(x,p)u

)∣∣∣∣x=x0
u=u0

(u− u0)︸ ︷︷ ︸
∆u

(2-8)

The variables with subscript '0' should be interpreted as an incremental time instance before
the equivalent variables without subscript. It assumed that the time-scale separation principle
holds for Equation (2-8). For very small time increments and instantaneous control e�ectors,
the change in input is much faster than the change in state (i.e. x−x0 ≈ 0 while u−u0 6= 0).
Assuming x− x0 = 0, Equation (2-8) reduces to:

ẋ ≈ ẋ0 +G(x0,p)∆u (2-9)

It is assumed that G is non-singular and that y = x. In this case INDI can be applied to
Equation (2-9) [14, 58]. De�ning the virtual control input as ν = ẋ and inverting Equation
(2-9), the following control law is obtained:

∆u = G−1(x̂0,p
∗)(ν − ˆ̇x0) (2-10)

The vector ˆ̇x0 contains the state derivatives computed or estimated from y or yo, respectively.
Substituting the control law (Equation (2-10)) into Equation (2-9):

ẋ ≈ ẋ0 +G(x0,p)
(
G−1(x̂0,p

∗)(ν − ˆ̇x0)
)

(2-11)

In the ideal case (x̂0 = x0, ˆ̇x0 = ẋ0 and p∗ = p), the input-output response approximates to
a set of integrators:

ẋ ≈ ν ⇔ x(t) ≈
∫ t

0
ν(τ)dτ (2-12)

The total input u is obtained by adding the current input u0 to the control increment ∆u.
Note that the control law should be sampled with a su�ciently high frequency and requires
synchronization between u0 and ẋ0 [59, 61].
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Figure 2-2: Closed loop system Incremental Nonlinear Dynamic Inversion

2-3 Pseudo Control Hedging

(I)NDI inverts the dynamics of the nonlinear system but not of the input. Actuator dynamics
are usually considered time-scale separated from the aircraft dynamics. Saturation caused
by the physical limits on actuator position and rate may howhever result in invertibility and
controllability issues, violating conditions necessary for dynamic inversion.

Pseudo Control Hedging (PCH) aims to compensate for actuator dynamics by means of mod-
i�cation of the reference model dynamics [30]. PCH scales down (hedges) the reference model
signal by an estimate of the response de�ciency of the system νh, e�ectively hiding the actuator
dynamics from the error dynamics. The virtual control hedge νh is computed by subtracting
the commanded virtual control ν from the actual virtual control ν̂:

νh = ν − ν̂ (2-13)

This concept can be applied to the (I)NDI control laws formulated in Equations (2-5) and
(2-10). Due to actuator limitations, the commanded control de�ections u are not identical to
the actual control de�ections δ. Rearranging Equations (2-5) and (2-10) for ν, ν̂ is obtained
by inserting δ for u. For NDI the virtual control hedge is then obtained as follows:

νh = Lfh(x,p) + LGh(x,p)u−
(
Lfh(x,p) + LGh(x,p)δ

)
(2-14)

νh = LGh(x̂,p∗)(u− δ̂) (2-15)

A similar result is obtained for INDI [59]:

νh = ẋ0 +G(x0,p)(u− δ0)−
(
ẋ0 +G(x0,p)(δ − δ0)

)
(2-16)

νh = G(x̂0,p
∗)(u− δ̂) (2-17)

Note that νh only depends on the control e�ectiveness and that δ is assumed observable. For
a conventional �rst-order reference model, the hedged output is obtained as follows:
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xref =
1

s

(
Kref (xcom − xref )− νh

)
(2-18)

Where Kref is the diagonal gain matrix. Note that if x̂0 6= x0, p
∗ 6= p or δ̂ 6= δ, PCH will

introduce additional uncertainties into the closed loop system.
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Figure 2-3: Closed loop system Incremental Nonlinear Dynamic Inversion with Pseudo Control
Hedging
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Chapter 3

(I)NDI implementation aspects

The application of (I)NDI is restricted to nonlinear systems under the assumptions made
in Chapter 2. Some of these do however not fully hold in practice and may result in loss
of performance within the control laws. The synthesis model for example will only have a
�nite accuracy but also subsystems such as actuators and sensors add dynamics to the overall
system. The successful implementation of (I)NDI control laws depends to a signi�cant degree
on careful modeling and o�ine assessment of these e�ects.

This chapter will review the literature on (I)NDI for e�ects that violate the fundamental as-
sumptions made for (I)NDI and have resulted in signi�cant performance degradation within
the control laws. Due to the practical nature of this research project, strategies proposed in
literature that limit loss of performance due to these e�ects are of particular interest. In addi-
tion, INDI speci�c implementation aspects related to obtaining accurate angular accelerations
and synchronous feedback signals will be discussed as well. A novel method based on the
complimentary �ltering technique to obtain accurate angular accelerations from angular rate
measurements will be developed and proposed as alternative to conventional washout �lters.
Finally, an extensive mathematical analysis will be performed on the in�uence of actuator and
sensor dynamics on the closed loop response of INDI.

The following e�ects will be reviewed: model mismatches (Section 3-1), actuator dynamics
and saturation (Section 3-2), sensor deviations (Section 3-3), �ight control computer sampling
(Section 3-4) and atmospheric disturbances (Section 3-5). In Section 3-6 techniques are pre-
sented to obtain accurate angular acceleration observations. Section 3-7 discusses the issue of
synchronization of feedback signals. Finally, some conclusions and recommendations will be
provided in Section 3-8

3-1 Model mismatches

The NDI control law derived in Chapter 2 assumes that the model of the nonlinear system is
exactly known. In practice there is always a degree of uncertainty attached to synthesis models.
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44 (I)NDI implementation aspects

Miller [47] remarked that a small model deviation in the pitch control e�ectiveness resulted
in a perceivable change in the pitch handling qualities during a �ight test of a baseline NDI
controller. Robustness to these model uncertainties is typically addressed in the systhesis
of the linear controller parameters using for example µ-synthesis, H∞ loop shaping [2] or
multi-model multi-objective optimization [41].

More serious model mismatches due to for example system failures require however a form of
online control law adaptation. Howhever, �ight tests of NDI controllers with adaptive elements
reveal that robustness to larger model mismatch is still not guaranteed. In [10] a simulated
failure resulted in increased Pilot Induced Oscillation (PIO) tendency for a NDI controller
with Neural Networks. Similarly in [9], reduced controller performance was observed when
the vehicle dynamics were arti�cially destabilized.

Despite the reduced model dependency of INDI, mismatches in the control-dependent part of
the model may still result in performance loss. Smith and Berry [62] observed that increasing
or decreasing control e�ectiveness caused signi�cant changes in the aircraft behavior during
a �ight test of pitch rate controller based on INDI. Smeur et al. [61] demonstrated in a �ight
test that INDI with online control e�ectiveness estimation can successfully reject a change in
mass distribution.

3-2 Actuator dynamics and saturation

The dynamic inversion control laws are derived without any consideration to the input behav-
ior, represented by the actuators. Fundamental to INDI is the assumption of instantanious
control e�ectors, see Section 3-7 for a mathematical analysis of the e�ect of actuator dynamics
on the closed loop response of INDI. The dynamic response of actuators is generally very fast
in comparison to the dynamics of the vehicle. Nevertheless, at high speed and for large aircraft
in general, the actuators must provide large hinge moments for control hence cannot be con-
sidered instantaneous [36]. Although NDI has proven to cope with non-instantaneous control
e�ectors, actuators will in general increase the natural frequency and reduce the damping of
the closed loop response [47]. This behavior is due to lag between the commanded control
de�ection and the actual control de�ection resulting in overshoot tendencies of the controlled
variables. The input commands are typically tailored by command �lters or reference models.
These generate reference signals that can be e�ectively tracked without exceeding the aircraft
capabilities. By detuning the natural frequencies of these models, the e�ect of actuator lag
can be e�ectively accounted for [47].

A secondary issue observed due to assumed ideal actuators is saturation. This is caused
by the physical limits on position and rate of the control e�ectors. When the system runs
into these limits the a�nity in control assumption does no longer hold, violating conditions
necessary for dynamic inversion. Several attempts have been made to limit the e�ects of
actuator saturation. A seamingly straightforward solution is to scale down the command
inputs to values achievable by the aircraft. This can for example be achieved by including
(rate) limiters in the command path. This approach may howhever result in a conservative
design as the aircraft limit performance varies with �ight condition. In [53] a control allocation
algorithm was used in combination with INDI that adaptively penalizes the control e�ectors
as they approach their saturation limits. Howhever, this method cannot guaruantee that
saturation limits will not be violated and its adaptive nature might limit certi�ability [28].
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A solution that has been proven e�ective is Pseudo Control Hedging (PCH) [30]. This tech-
nique aims to compensate for actuator limitations by means of modi�cation of the reference
model dynamics. PCH scales down (hedges) the reference model signal by an estimate of
the response de�ciency of the system, e�ectively hiding the actuator dynamics from the error
dynamics. This technique has an advantage over other adaptation methods in terms of certi-
�ability, as the adaptation is made in a reference model rather than directly in an adaptive
control law. PCH is e�ective in reducing the duration and magnitude of actuator saturation
but cannot fully elimanate it [35]. PCH has been succesfully �ight tested in combination with
NDI [37, 38] and has been adapted for INDI as well [59, 68]. In [68] PCH was shown e�ective
in reducing oscillatory tracking behavior in combination with INDI and was also successfully
used as anti-windup technique for the outer linear controllers.

3-3 Sensor deviations

Dynamic inversion relies on full state feedback and assumes ideal sensor measurements. Mod-
ern passenger aircraft are equipped with various inertial and air data sensors allowing straight-
forward calculation of the aircraft states. Sensor accuracy is nevertheless limited due to vari-
ous (physical) processes resulting in systematic or random measurement errors [34, 46]. The
quality of measurement is in particular important for the control variables [49].

Delay and lag

Time delays and phase lags have been responsible for setbacks in many recently developed
�ight control systems [49]. A notable example is the Lockheed Martin F-35 Lightning II,
where large time delays in the NDI based control system resulted in Pilot Induces Oscillations
(PIO) [71]. Also Burken et al. [11] reported that even small delays within the control system
can result in signi�cantly degraded closed loop performance. Vlaar [69] noted that di�erences
in time delay between angular acceleration and control de�ection feedback are detrimental to
INDI controller performance. This behaviour was also observed in other research on INDI
[58, 61, 68]. See Section 3-7 for a mathematical analysis of the e�ect of sensor dynamics on
the closed loop response of INDI.

Noise

Sensor noise within feedback signals will propagate through the control laws without further
processing. In [38] measurement noise in feedback signals was responsible for a serious setback
in the development of an auto�ight NDI controller. Flight testing could only be continued
after a partial redesign. Flight test conducted by Smith and Berry [62] already revealed that
INDI is sensitive to measurement noise in the angular acceleration feedback. This issue was
con�rmed in simulation based research as well [3, 21, 68]. In general, sensor noise can be
reduced via �ltering at the expense of the dynamic behavior of the sensor.

Bias

Systematic biases in sensor measurements may result in performance degradation within
(I)NDI controllers. In [29] it was reported that biases in feedback measurements contributed
to tracking errors within a NDI controller with Neural Networks during �ight test. Measure-
ment bias has also been included in various simulation based research on INDI [3, 21, 1, 68].
Bacon et al. [3] already reported that uncertainties in the actuator feedback accumulate and
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could drive the control into saturation. Van 't Veld [68] noted that biased control de�ection
measurements result in steady-state tracking errors within INDI controllers. Steady-state er-
rors within the control variables can be compensated for using outer linear controllers with
integral action.

Quantization errors

Quantization errors are the result of discrezitation. All sensor measurements have to be dis-
cretized in order to be used by the digital �ight control system. In [42], problems were reported
due to quantized measurements during the development of a NDI autoland controller. These
e�ects were not included in the simulation model. Similarly, in [29] performance degradation
due to quantized measurements was observed during �ight testing of a NDI controller with
Neural Networks. In [37, 38, 39] quantization errors were applied on some of the feedback
signals in the simulation model. Howhever, no further remarks were made about the e�ect on
the control performance. Note that similar errors arise due to the limited physical resolution
of the sensor. The lower resolution of the two should therefore be included in the simulation
model.

3-4 Flight control computer sampling

For the derivation of the incremental control law, very small time increments are assumed.
This implies that the control law to be implemented on the �ight control computer should be
sampled with a su�ciently high frequency. Low sampling frequecies have shown to degrade
the control performance to a signi�cant degree [59, 68, 66]. In [59] performance degradation
was observed below sampling frequencies of 60 Hz. However, no issues where reported by
Vlaar [69] who succesfully �ight tested INDI based controllers running at 50 Hz. The e�ect
of sampling frequency on the closed loop stability of discrete-time INDI was analyzed in
detail in the work of Van 't Veld [68]. Sampling frequencies above 50 Hz provided a large
stable region regarding variation in inherent system stability, linear controller gain, actuator
bandwidth and control e�ectiveness uncertainty. An additional e�ect of the discrete nature
of digital �ight control systems is that the input response will be under in�uence of sampling,
transport and computational delays. As already discussed, these can severely degrade closed
loop performance or even cause instability.

3-5 Atmospheric disturbances

Wind and turbulence are two phenomena that can result in signi�cant performance degrada-
tion within (I)NDI controllers. In [29] atmospheric disturbances were reported to negatively
a�ect controller performance during a �ight test of a NDI controller with Neural Networks.
These e�ects were not included in the simulation model. Schierman et al. [57] commented that
despite rigorous o�ine analysis, the controller using inner loop NDI was not able to cope with
severe wind and turbulence conditions encountered during the �ight test. In [42] performance
degradation was observed due to high levels of turbulence during �ight testing of an autoland
NDI controller. Similar observations were made for INDI, Van Ekeren [66] remarked that
increased tracking errors in �ight tests compared to simulations could be in part attributed
to turbulence.
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O�ine assessment of atmospheric disturbances using appropriate models is an integral part
of successful �ight control design [49]. In [37, 38, 39] wind and turbulence e�ects were of-
�ine assessed in the development of various controllers with inner-loop NDI. These proved
to e�ectively attenuate atmospheric disturbances during �ight tests. A point of attention
is the control activity under turbulence [43]. Air data sensors pick up atmospheric turbu-
lences that will propagate through the control laws resulting in high control activity. Air data
measurements therefore need to be complemented with inertial mixing [49, 43].

3-6 Angular acceleration estimation

The incremental control method requires accurate feedback of the derivatives of the states i.e.
the angular accelerations for conventional inner-loop rate control. Angular accelerometers for
use in aerospace applications do exist [46] but are not commonly found in passenger aircraft.
Most research on INDI has relied on some form of estimation. Numerous techniques exist, this
section will be limited to methods that have been successfully applied in combination with
INDI. In addition, a novel method will be developed based on the complementary �ltering
technique. Finally, the use of pairs of linear accelerometers are proposed as an alternative to
dedicated angular accelerometers.

Di�erentiation

A straightforward technique is di�erentiation of the angular rates, assuming these are available
as measurement. Although this is a fairly common approach in industry [46], the di�erentation
process ampli�es sensor noise which would propagate through the control laws without further
processing. It has been suggested in literature that actuators act as low-pass �lters thereby
alleviating noise related issues. Noisy control signals can however cause excessive wear on the
actuators and may increase the likelihood of failure.

Low-pass �ltering

To attenuate sensor noise, di�erentiation is often applied in combination with low-pass �lter-
ing. In [62] low-pass �ltering was applied before and after di�erentiation, this setup was �ight
tested as well. The washout �lter proposed by Bacon et al. [3] was successfully �ight tested
in combintion with INDI on �xed and rotary-wing UAVs [69, 61, 66]. Filtering will however
introduce lag in the closed loop system degrading performance and may cause synchronization
issues, see also Section 3-7.

Linear predictive �ltering

An alternative approach was proposed by Sieberling et al. [58] who developed a linear predic-
tive �lter using feedback of the commanded and obtained angular rates of the system. This
approach avoids the phase lag and noise related issues associated with �ltering and di�eren-
tiation. Nevertheless, this �lter requires training and assumes that the error in the predicted
angular accelerations is neglectable small. Furthermore, the results were obtained under cer-
tain assumptions that may not hold for passenger aircraft.

Complementary �ltering

A �ltering strategy that could potentially reduce the noise, phase shift and prediction er-
rors of above described methods is complementary �ltering. This technique is often used in
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�ight control industry to combine measurements with complementary frequency characteris-
tics [46]. In its broadest sense, a complementary �lter combines two or more �lters that are
the mathematical complement of one other (i.e. they sum to identity). For this application,
a second-order complementary �lter is suggested, see Figure 3-1

K1
-

w 
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w 

Figure 3-1: Second-order complementary �lter structure

Where ω are the measured angular rates acting as the low-pass signal. An estimation of the
angular jerk ω̈est is used as high-pass signal. The latter is obtained from the incremental form
of the Euler rotation equation, see Equation (7-6). Rearranging for ω̇ − ω̇0, the following
relation is obtained:

ω̇ − ω̇0︸ ︷︷ ︸
∆ω̇

≈ J−1(p)Mcδ(x0,p) (δ − δ0)︸ ︷︷ ︸
∆δ

(3-1)

Under the assumptions made for Equation (7-6), the angular jerk is obtained by dividing
Equation (3-1) by the incremental time ∆t:

ω̈ ≈ J−1(p)Mcδ(x0,p)δ̇ (3-2)

Simulations were performed to assess the performance of the proposed complimentary �lter us-
ing the high �delity simulation setup developed in this thesis (see Chapters 6 and 7). The setup
includes extensive actuator, sensor and �lter models. The actuator rates δ̇ are acquired via
di�erentiation of the measured control de�ections. Alternatively, these can also be estimated
using actuator models. It should be stressed that ω and ω̈est need to be time-synchronous.
The outer loop of the closed loop setup (Figure 7-1) is slightly simpli�ed, consisting of a
�rst-order command �lter (τ = 0.5) and PI-controller with feedforward (KP = 7, KI = 1).
To account for model mismatches a 10% error on the model parameters in p is selected. A
conventional second-order washout �lter (ωnfil = 20 rad/s, ζfil = 1) is used for comparison.
Good results were obtained with �ltering gains K1 = 100 and K2 = 20, see Figure 3-2. The
complimentary �lter reduces phase lag for approximately similar noise attenuation. The errors
in the estimated pitch jerk were e�ectively regulated, see Figure 3-2b. Note that this error is in
fact the second term on the right hand side of Equation (7-5) plus any high order terms, both
normalized for the incremental time. As these terms are relatively low in frequency, their con-
tribution can be included in the complimentary �ltered response by selecting a �lter crossover
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frequency well above the frequency content of these terms. For visualization purposes, the
pitch jerk obtained from the complimentary and washout �lter were low-pass �ltered due to
noise.

(a) Pitch acceleration (b) Pitch jerk

Figure 3-2: Closed loop response NDI to 5◦/s box-cart input on pitch rate (Vtas = 129 m/s)

A second set of simulations was performed to assess the �lter in the loop performance, see
Figure 3-3. As expected, the reduced phase lag results in less oscillatory tracking response.
The simulations demonstrate that the proposed complementary �lter could be bene�cial for
improving INDI control performance in absence of dedicated angular accelerometers, requiring
no additional modeling/sensors.

(a) Pitch rate (b) Elevator input signal

Figure 3-3: Closed loop response INDI �lter-in-the-loop (Vtas = 129 m/s)

Linear accelerometers

The angular accelerations can be obtained from two pairs of strategically placed linear ac-
celerometers. These are found in all modern passenger aircraft and rely on proven and well
developed technologies in contrast to angular accelerometers [46]. The sensor pairs require
placement parallel to the body axis of the aircraft with two axis coinciding and su�cient dis-
tance between the individual sensors along the non-coinciding axis. If these criteria are met
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the angular accelerations can be obtained requiring only additional knowledge of the angular
rates and the relative distance between the sensors. The PH-LAB is �tted with two side-
by-side positioned linear accelerometers, see Table 5-3, allowing computation of the lateral
angular accelerations:

ṗ =
Azahrs2 −Azahrs1
yahrs1 − yahrs2

g − rq (3-3)

ṙ =
Axahrs2 −Axahrs1
yahrs2 − yahrs1

g + pq (3-4)

To assess the performance of this technique, simulations were performed using the setup
described previously. To account for sensor misalignments, kinematic position errors were
included (5 cm in all three axis). In Figure 3-4 the open-loop aircraft response to a doublet
input command is visualized. This command is simultaneously applied on aileron, elevator
and rudder to excitate the errors induced by the misalignments.

Lin. accelerometers

(a) Roll acceleration

Lin. accelerometers

(b) Yaw acceleration

Figure 3-4: Open-loop response to 1◦ doublet input on elevator, aileron and rudder (Vtas = 129
m/s)

The kinematic position errors proofed to have a minor e�ect, a slight scaling of the response
is observed. A signi�cant improvement is obtained in terms of phase lag and noise compared
to washout �lters. A second set of simulations was performed with the �lters in the loop, see
Figure 3-5.

The reduced phase lag and noise result in less oscillatory tracking response and lower noise
levels in the control signals. As expected, the sensitivity to relative position misalignment
decreases with increased spacing between the sensors. However, maximizing this distance is
not advisable as it will be more di�cult to properly align the sensors relative to each other
and alignment might be compromised under maneuvering due to fuselage bending. In case of
the PH-LAB, with a spacing of 0.76 m, a sensor misalignment error of at least 5 cm does not
compromise performance to a signi�cant degree. The simulations demonstrate that pairs of
linear accelerometers provide a high-performance and more implementation-ready alternative
to dedicated angular accelerometers.
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Lin. accelerometers

(a) Roll rate

Lin. accelerometers

(b) Aileron input signal

Figure 3-5: Closed loop response INDI �lter in the loop (Vtas = 129 m/s)

3-7 Signal synchronization

The incremental control method is based on a linearization around a speci�c point in time
therefore requiring synchronous state derivative and control de�ection feedback. In practice,
these quantities are not always time-synchronous (e.g. due to �ltering). Consider the general
INDI control law in presence of actuator and sensor dynamics, see Figure 3-6.
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Figure 3-6: General INDI control law in presence of actuator and sensor dynamics

WhereHact are the actuator dynamics andHδ andHẋ the sensor dynamics of control de�ec-
tion and state derivative, respectively. Note the inclusion of fx, this is the partial derivative of
f with respect to x i.e. the second term on the right hand side of Equation (2-8) normalized
for the state increment ∆x. The state increment is assumed zero in the derivation of INDI
under the assumption of small time increments and instantaneous control de�ections. These
assumptions do not fully hold for the platform under consideration in this thesis. Note that
fx∆x is also re�ered to as the system dynamics increment [66]. The closed loop response of
the system in Figure 3-6 is de�ned as follows:
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Hν→ẋ(z) =
Hact(z)

(I −Hact(z)Hδ(z)z−1)(I − z
z−1fx) +Hact(z)Hẋ(z)z−1

(3-5)

It was already noted by Vlaar [69] that time di�erences between state derivative and control
de�ection feedback could lead to performance loss within INDI controllers. This e�ect has
been more thoroughly inverstigated by Van 't Veld [68]. A surplus of state derivative feedback
delay resulted in relatively fast system instability compared to a surplus of control de�ection
feedback delay. This e�ect was attributed to the di�erence in feedback sign (i.e. negative vs.
positive).

Notice the presence of the actuator dynamics in the denominator of Equation (3-6). In the
results obtained by Van 't Veld [68] it is observed that faster actuators may reduce closed loop
stability in presence of unsynchronized signal feedback. This e�ect was however not explicitly
discussed. For now, assume that fx∆x = 0 as it is more illuminating in revealing this e�ect
mathematically. Equation (3-6) subsequently reduces to:

Hν→ẋ(z) =
Hact(z)

I −Hact(z)Hδ(z)z−1 +Hact(z)Hẋ(z)z−1
(3-6)

The output ẋ is then obtained as follows:

ẋ = Hactν +Hact(Hδẋ0 −Hẋẋ0) (3-7)

Observe that if Hẋ is faster than Hδ, the dynamic response of the second term on the right
hand side of Equation 3-7 is in opposite direction of the virtual input ν, resulting in a relatively
over-damped output response. In the reverse condition, the dynamic response of this term
will be in the same direction as the virtual input, resulting in a relatively under-damped
output response. The latter condition subsequently results in much faster system instability.
If the actuators act as lag components, they will reduce the magnitude of the second term
on the right hand side of Equation 3-7, increasing system stability. Note that �ltering has a
similar e�ect as actuators if applied in equal manner on state derivative and control de�ection
feedback.

To con�rm the mathematical results, a stability analysis was performed on the system de-
scribed in Figure 3-6, albeit in single-input single output form. To replicate a more realistic
control setup, an outer proportional controller (KP = 2) was added. The sampling frequency
was set at 100 Hz and a value of 2 was chosen for fx. The sensors were modeled as pure
time delays with a baseline value of 100 ms. The actuator was modeled as a �rst-order lag.
The system stability was assessed over a typical range of actuator bandwidth and sensor delay
mismatch, see Figure 3-7. Note that the surplus of sensor delay is added to the baseline value.

Observe that a surplus of control de�ection feedback delay results in a much larger stable
region compared to a surplus of state derivative feedback delay. Further observe that above a
certain minimum actuator bandwidth, faster actuators result in lower stability margins. The
instable region for the lower actuator bandwidth range is an e�ect of the inclusion of fx.
Note that the closed loop stability is also a function of the linear controller gain, size of the
fx-matrix, G-matrix uncertainty, sampling time and sensor delays [68]. Robustness analysis
against synchronization mismatches should therefore be performed on a case-by-case basis.
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(a) Surplus state derivative feedback delay (b) Surplus control de�ection feedback delay

Figure 3-7: Closed loop stability INDI in presences of actuators and unsynchronized signal
feedback

Considering that small mismatches may already result in performance degradation, this is an
important element in the design of INDI control laws.

In [61] it was shown that the closed loop response reduces to the actuator dynamics in case
Hẋ = Hδ and fx∆x = 0. This makes the closed loop response completely independent of
the sensor dynamics and size of the incremental time step, see Equation 3-7. This clearly does
not hold for real systems. Now assume that Hẋ = Hδ = Hsnsr and fx∆x 6= 0. The closed
loop response in Equation (3-6) subsequently reduces to:

Hν→ẋ(z) =
Hact(z)

I − z
z−1fx(I −Hact(z)Hsnsr(z)z−1)

(3-8)

Assuming that f is linear in x, the output ẋ is then obtained as follows:

ẋ = Hactν + fx(x−HactHsnsrx0) (3-9)

Observe that the second term on the right hand side of Equation (3-9) (i.e. the inversion
error) increases with slower actuator and sensor dynamics and lower sampling frequencies.
This exact e�ect was observed by Van Ekeren [66] in simulations performed on a �xed-wing
sub-scale UAV model. Tracking errors due to neglecting the system dynamics increment scaled
proportionally with the size of the combined delay of actuators, sensors and sampling. Now
returning to the ideal case i.e. Hsnsr = Hact = I, Equation (3-9) reduces to the familiar form:

ẋ = ν + fx∆x (3-10)

3-8 Conclusions and recommendations

This chapter reviewed the literature on e�ects that violate the fundamental assumptions made
for (I)NDI and result in signi�cant performance loss within the control laws. Based upon this
review, the following conclusions and recommendations can be made:
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• NDI displays high sensitivity to model mismatches. Severe model mismatch due to sys-
tem failures requires adaptive elements but may still not guarantee robustness. Although
the adaptation of control laws is not considered in this thesis, model uncertainties may
still result in considerable performance loss. Robustness to these uncertainties should
be addressed using for example µ-synthesis, H∞ loop shaping or via multi-model multi-
objective optimization. INDI reduces the model sensitivity to the control e�ectiveness
matrix. Robustness to uncertainties in this part of the model can be addressed in a
similar manner as for NDI.

• Actuator dynamics and saturation e�ects violate some of the fundamental assumptions
made for (I)NDI. Actuator lag can be addressed by careful tuning of the natural fre-
quency of the reference model. Pseudo Control Hedging (PCH) is currently the most
promising solution to actuator saturation e�ects. PCH aims to compensate for actuator
limitations by means of modi�cation of the reference model dynamics

• The following sensor deviations were found to result in performance loss within (I)NDI
control laws: delay and lag, noise, bias and quantization errors. Especially delays have
a detrimental e�ect on the controller performance and require careful o�ine analysis.
Noise in sensor measurements can in general be reduced via �ltering at the cost of the
dynamic behavior of the sensor. Steady errors in the control variables due to biased
measurements can be addressed via outer linear controllers with integral action.

• Low sampling frequencies violate the very small time increments assumption made for
INDI, reducing controller performance. For the current application, the �ight control
computer samples the control laws with 100 Hz. This should be su�cient according to
the currently available literature.

• Atmospheric disturbances may result in performance loss within (I)NDI. Careful o�ine
assessment of wind and turbulence e�ects is key in addressing this issue. Note that the
air data sensors pick up atmospheric turbulence that may propagate through the control
laws. Air data measurements therefore need to be complemented with inertial mixing.

The following conclusions and recommendations are made with respect to the speci�c imple-
mentation aspects of INDI:

• A novel method based on the complimentary �ltering technique has been proposed
as a means to obtain more accurate angular acceleration estimates from angular rate
measurements. The method has no additional dependencies other than the control
surface de�ection and control e�ectiveness, both already required for INDI. Closed loop
simulations demonstrated that this �lter performs well in comparison to conventional
washout �lters.

• INDI displays high sensitivity to time di�erences between state derivative and control
de�ection feedback. A surplus of state derivative delay results relatively fast in oscil-
lations and system instability. For practical applications this sensitivity is somewhat
reduced due to actuator and �lter lag. It was shown mathematically and in a stability
analysis that faster actuators may reduce stability under certain conditions in presence
of unsynchronized signal feedback. This stresses the importance of synchronization for
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systems with fast actuators. Robustness analysis against synchronization mismatches
should be an integral part of INDI control law design.

• It has been shown mathematically that the size of the inversion error of INDI due to
neglecting the so-called system dynamics increment scales with the combined delay of
actuators, sensor, and sampling. This result conforms to observations made in simula-
tions in previous research and stresses the importance of minimizing actuator, sensor
and sampling delay.
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Chapter 4

PH-LAB Fly-By-Wire system

Modern �ight control systems use Fly-By-Wire (FBW) to operate the aircraft actuators via
computer-generated commands. The full-authority FBW systems of modern passenger aircraft
allow the aircraft dynamics to be tailored to a wide range of desired performance characteristics
and handling qualities [49].

In recent years, the conventional mechanical �ight control system of the PH-LAB has been
supplemented with an electric FBW system [73, 45]. To reduce certi�cation complexity and
cost, the FBW system was designed with minimal impact on the original �ight controls.
By making use of the analog autopilot of the aircraft, only minor modi�cations to the control
system were required. Nevertheless, this means that all limitations associated with the original
autopilot are inherited by the FBW system as well. In Chapter 3, the physical limitations of
actuators were identi�ed as an important constraint to the design of dynamic inversion control
laws. The focus of this chapter will therefore be on quantifying the limitations imposed on
the input response by the FBW system, from which actuator models can be developed.

This chapter is structured as follows. In Section 4-1 a brief description of the original manual
and automatic control system of the Cessna Citation II is provided. Section 4-2 discusses the
design of the FBW system. In Section 4-3 the performance limitations of the FBW system
will be assessed. Finally, in Section 4-4 some conclusions and recommendations are provided.

4-1 Manual and automatic control system [73, 45]

The �ight control system of the PH-LAB is of a conventional reversible type meaning control
column and rudder pedals are mechanically connected to ailerons, elevator and rudder via
cables and bellcranks. The aircraft features a mechanical trim system in all three axis actuated
from the cockpit, eliminating sustained control forces. The rudder trim tab also acts as a
balancing tab de�ecting in opposite direction at half the rate of the rudder when actuated.
The elevator and rudder are of a horn-balanced design reducing the required control forces
during actuation. High-lift devices in the form of electric Fowler �aps provide increased lift
when extended (up to 40◦). The aircraft is also �tted with hydraulic speedbrakes in the form
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of slotted panels on top and bottom wing, these provide lift destruction and increased drag
when activated.

The PH-LAB is �tted with a Honeywell SPZ-500c Integrated Flight Control System provid-
ing three axis automatic control. Important functionalities include the yaw damper which
automatically applies rudder against transient motion in the yaw channel and the automatic
elevator trim. The main components of the system are a �ight director, autopilot computer
and electric servo motors for ailerons, elevator, rudder and elevator trim tab. The servos are
mechanically linked to the cable system via a drum and friction clutch. The latter disconnects
the servo motors from the drum when the autopilot is disengaged allowing the drum to spin
freely while the servo motors return to a zero position. The friction clutch also serves as a
torque limiter allowing manual override of the autopilot via the control column, an important
safety feature of the system. The autopilot computer is located in the nose compartment of
the aircraft forming the control laws and the servo ampli�ers. The servo ampli�ers employ
a current limiter restricting the amount of power that can be delivered to the servo motors.
Data from the �ight director and the aircraft sensor systems serve as input to the autopilot
computer. The automatic elevator trim is activated when the servo torque is above a certain
threshold for 1 or 2.5 seconds for upward or downward torque, respectively. The elevator trim
tab is automatically adjusted such that excessive torque is removed above this threshold.

4-2 Fly-By-Wire system [73, 45]

The FBW system of the PH-LAB uses a modi�ed autopilot computer allowing the system
to accept control signals from an experimental FBW computer. Analog switches inserted
between the autopilot control laws and servo ampli�ers allow switching between the signals
of the autopilot and the FBW computer, this way the functionality of the original autopilot
is retained. The automatic elevator trim remains however always under the control of the
autopilot. A useful property of this setup is that each control channel can be separately con-
trolled by either the autopilot or the FBW computer. A dedicated cockpit control panel allows
individual selection of the channels to be controlled by the FBW system. As a safety feature,
the FBW system is only engaged if a match exists between the control channels selected on the
control panel and in the experimental software. Furthermore, the autopilot computer requires
a watchdog signal from the experimental software, in case of an interruption of this signal due
to for example a software crash, the autopilot will be automatically disengaged.

Servo position controller

The FBW system employs a proportional controller that allows direct control over the de-
�ection angle of the control surfaces δ, see Figure 4-1. The servo motor position δs is used
as feedback signal. The input signal us consists of a constant part for trimming the aircraft
δs0 and a varying part for maneuvering ∆u. The latter is the control signal computed by
the FBW computer. Note that the dynamic inversion control laws compute the total control
de�ections. For implementation it is thus required to subtract the static part from the control
inputs. The former are obtained by setting the virtual control input equal to zero at the initial
computation [41]. By subtracting this value from the control inputs, only the de�ections with
respect to the trim condition are obtained. This implementation also prevents transient be-
havior at initialization of the experimental controller as the computed static part is typically
slightly incorrect due to model uncertainties.
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Figure 4-1: FBW system control laws [73]

Flight Test Instrumentation System

The PH-LAB is equipped with a custom-build Flight Test Instrumentation System (FTIS)
[64, 52]. The FTIS acts as the communication hub between the various components of the
FBW system and provides real-time monitoring, recording and processing capabilities. The
main components of the FTIS include a real-time dSPACE computer and multiple analog and
digital data acquisition boards interfacing to the available sensor systems. The FTIS is located
in an instrumentation rack in the aft most position of the aircraft cabin. Data logging is either
performed by the dSPACE computer or via an external computer connected to the system.
The FBW computer is connected to the FTIS allowing access to all sensory data which can
be used to compute a control signal. Synchronisation and communication between FTIS and
the various software is obtained via the Delft University Environment for Communication and
Activation (DUECA) [67].

Sidestick

A force-sensing sidestick positioned in the experimental pilot station allows manual control
over the FBW system, see Figure 4-2. This manipulator is limited to 2-axis control i.e. pitch
and roll for conventional control tasks. The sidestick output signal is proportional to the
amount of force applied on the manipulator and is made available to the FBW computer via
the FTIS. The sidestick features an autopilot disengage switch similar as found on the control
column. Currently there is no manipulator available to manually augment the third control
axis via the FBW system.

Experimental display

The experimental pilot station is equipped with a programmable display providing visualiza-
tion of the primary �ight instruments and task speci�c information. The display is connected
to the FBW computer from which the visuals of the display are available as well.

4-3 Performance limitations [73]

The FBW system of the PH-LAB is a limited-authority system, meaning that the servo motors
can only de�ect the control surfaces to a limited degree. The components associated with the
FBW system also have dynamic limitations. A speci�c point of attention is the stretch in
the actuator cables due to aerodynamic loading of the control surfaces. This may reduce
control e�ectiveness if not properly taken into account. This section will quantify the above
limitations and proposes strategies to minimize performance loss.
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Figure 4-2: Experimental pilot station PH-LAB

4-3-1 Actuator position

As mentioned in previous section, the FBW system employs two devices that limit the servo
motor torque and subsequent force that can be applied to the cable system. With increasing
de�ection angle, aerodynamic forces on the control surfaces will increase accordingly. The
limit torque of the servo motor therefore implies a limit control de�ection, see Table 4-1. The
values provided here are not "hard" limits as the aerodynamic forces on the control surfaces
are a function of the �ight and trim condition. Nevertheless, the corresponding limit values for
the angular rates are indicative of the performance under typical �ight conditions. Notice that
the pitch authority is especially limited considering that typical short term steering tasks for
passenger aircraft are executed with sustained pitch and roll rates of approximately 2.5◦/s and
5◦/s, respectively. The reduced de�ection limits result in relatively fast actuator saturation,
see Figure 4-3. Notice the current limiter being activated around 5288 s and 5290 s.

Table 4-1: Maximum change in control de�ection and maximum sustained angular rates PH-LAB

∆δa [deg] ∆δe [deg] ∆δr [deg] p [deg/s] q [deg/s]

160 KIAS FL170 [73] ±2.0 +1.0/−0.5 +2.5/−3.0 ±10 +1.5/−1.0
175 KIAS FL90 ±3.5 +2.0/−1.0 - ±14 -

The current limiter of the servo ampli�er employs a switching mechanism that lowers the
current limit above barometric pressure altitudes of 13, 400 ± 1, 100 ft. To maximize perfor-
mance, �ight tests should ideally be executed below this altitude. The pitch authority of the
FBW system can be increased by using the automatic elevator trim. The usefulness of this
functionality is however limited for closed loop control due to the signi�cant delay, e�ectively
acting as an additional actuator system delay. To reduce the likelihood and severity of ac-
tuator saturation several measures can be taken. The sensitivity of the control manipulators
should be relatively low such that maximum control input does not far exceed the capabilities
of the FBW system. This also minimizes the signal noise of the manipulator and allows for
more precise control within the limited control envelope. Furthermore, the pilots have to be
made well aware of the limited authority and should modify their input behavior accordingly.
Performance degradation due to actuator saturation can be prevented using adaptive control
techniques.
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Figure 4-3: FBW system actuator saturation aileron

4-3-2 Actuator rate

The rate of de�ection of the control surfaces are limited by the supplied voltage to the servo
motors from the autopilot. This voltage is proportional to the rate of de�ection of the control
surfaces. The autopilot voltage is limited by the supplied input voltage of the FTIS and
sidestick. These are ±10 V and ±2.5 V respectively hence the sidestick dictates the maximum
supplied voltage to the servo motors, see Figure 4-3. The maximum rate of de�ection of the
actuators is estimated at 20◦/s, see Section 6-5.

4-3-3 Actuator dynamics

The intput-output response of the FBW system (us → δ) has been modelled by Zaal et al.
[73] as a time delay and a small gain. The corresponding delay and gain values are 100 ms
and 0.075 for the aileron channel and 60 ms and 0.045 for the elevator channel, respectively.

4-3-4 Actuator cable stretch

The transmission ratio between servo motor position and control surface de�ection is not static
due to the actuator cable system. Aerodynamic loading of the control surfaces and subsequent
forces on the actuator cables may result in cable stretch [45]. It was however shown by Zaal
et al. [73] that the transmission ratio (i.e. FBW input-output gain) could be modeled as a
constant. The modeling data was however limited to a single airspeed and altitude.

The �ight experiments in this research will be primarily limited to attitude tracking tasks
with limited variations in airspeed and altitude. To this end, the FBW input-output gain is
assumed constant during the individual experiments. Variations might nevertheless occur if
the experiments are repeated for di�erent �ight conditions. A small error in the estimated
FBW input-output gain is not considered critical at this stage of the development, this will
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result in a minor increase/decrease in control e�ectiveness. For future applications it may be
bene�cial to include the cable system dynamics into the FBW control law by means of control
surface de�ection feedback. This will not only mitigate the issue of actuator cable stretch, the
control law will regulate any other o�sets between input and control surface de�ection as well.

As the rudder channel was not modeled in [73], the FBW input-output gain Ffbw was de-
termined from recent �ight test data, see Figure 4-4 and Table 4-2. The �ight data includes
responses to a series of 3211 and doublet autopilot commands applied on the elevator and
aileron. To remove any steady-state e�ects due to initial o�sets between servo motor position
and control surface de�ection, the time derivatives of the control surface de�ections were used.
Observe that a constant gain provides a fairly good �t. Note that the values obtained by Zaal
et al. [73] are signi�cantly smaller. The reason for this large di�erence is unclear but might be
attributed to di�erent gain settings for Kap and Ks or improper conversion of the raw synchro
measurements.

Table 4-2: FBW system input-output gain (175 KIAS FL90)

Aileron Eevator Rudder

Kfbw 0.70 0.60 0.55

4-4 Conclusions and recommendations

In this chapter the performance limitations of the PH-LAB FBW system have been quanti�ed.
The FBW system is not full-authority as typically found in modern passenger aircraft. This
imposes several limitations on the input response and limits the control envelope in which the
experimental controller has to operate. The control authority proofed to be especially limiting
in the pitch axis, with maximum pitch rates below values typically used for maneuvering.

Several measures can be taken to maximize performance of the FBW system. First, �ight tests
should preferably be conducted below barometric altitudes of 13,400 ft. Above this altitude,
the servo motors operate in a lower torque regime. Usage of the automatic elevator trim to
improve authority is not considered bene�cial for closed-loop control due to substantial time
delays in this system. Low manipulator gains and proper pilot instruction could limit the
likelihood and severity of actuator saturation. Control law adaptation to reduce performance
degradation in presence of actuator saturation is considered speci�cally appropriate to include
in the control setup.

The control laws currently implemented in the PH-LAB FBW system use the servo motor
positions as feedback signal. The transmission ratio between servo motor position and control
surface de�ection varies due to actuator cable stretch. For quasi-steady airspeed and altitude
conditions, this ratio can be assumed constant. A small estimation error of the transmission
ratio is not considered critical, acting as a minor increase/decrease in control e�ectiveness.
For future applications it is nevertheless advisable to change the feedback signal to the control
surface de�ections.
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fbw

(a) Aileron

fbw

(b) Elevator

fbw

(c) Rudder

Figure 4-4: FBW input-output response (175 KIAS FL90)
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Chapter 5

PH-LAB sensors

Augmented aircraft rely to a high degree on sensor measurements for stability and controllabil-
ity [49]. The quality and accuracy of these sensors have a signi�cant e�ect on the performance
of the �ight control system. Insu�cient knowledge of the sensor deviations may result in
serious setbacks [62, 40].

The PH-LAB is equipped with various sensors providing amongst others inertial and air data
measurements [45]. Accurate air�ow direction measurements can be obtained from the op-
tional air data boom. Of particular interest to this research are the control surface de�ection
sensors, consdidering the control de�ection feedback requirement for INDI. All sensors are
connected to the Flight Test Instrumentation System (FTIS) [64, 52] allowing in-�ight pro-
cessing. In Chapter 3 the sensor deviations detrimental to (I)NDI were identi�ed. The focus
of this chapter is to quantify the relevant measurement errors of the PH-LAB sensors, from
which sensor models can be developed.

The following sensor systems will be analyzed: Attitude and Heading Reference System (Sec-
tion 5-1), Digital Air Data Computer (Section 5-2), air�ow direction sensors (Section 5-3)
and control de�ection sensors (Section 5-4). Section 5-5 will provide some conclusions and
recommendations. An overview of the sensor characteristics and relevant sensor positions can
be found in Tables 5-2 and 5-3, respectively.

5-1 Attitude and Heading Reference System

The PH-LAB is equipped with two Rockwell Collins AHS-3000 Attitude and Heading Refer-
ence Systems (AHRS), providing processed inertial observations over the ARINC 429 data bus
[55]. The system features solid-state digital quartz microelectromechanical systems (MEMS)
sensors. Both AHRS are located side-by-side in the nose compartment of the aircraft.

Delay and lag

The AHRS signals are �ltered in both the Attitude and Heading Computer and the ARINC
data bus (8 Hz cut-o� frequency). The nominal delay is speci�ed at 117 ms and 110 ms for
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the speci�c force and the attitude/angular rate signals, respectively. The angular rate delay
has also been determined in �ight data anlysis [68]. The time di�erence between autopilot
input command and subsequent response of the angular rate signal served as estimate for the
measurement delay. The validity of this approach is however uncertain considering that time
delays in the actuator system were implicitly assumed zero, see also Section 5-4

Noise and Bias

The noise and bias characteristics of the AHRS signals have also been determined in [68].
The AHRS �ight data was processed using a weighted two-sided moving average �lter and
subtracted from the equivalent pre-�ltered data. The variance of the remaining data served
as an estimate for the noise variance. An estimate for the bias was obtained by subtracting
the averaged �ight data of the �rst AHRS, from the equivalent data of the second AHRS.
The analysis was performed over two relatively stationary parts of the �ight and the worst
case values were selected as �nal estimates. Note that the angular rate signals will require
additional low-pass �ltering to reduce sensor noise before the di�erentiation operation.

Position errors

During maneuvering �ight, the measured speci�c forces might not correspond to the speci�c
forces at the center of gravity of the aircraft [34]. Kinematic position errors arise due to
position di�erences between sensors and aircraft center of gravity. These can be compensated
for by applying the following correction:

Axcg = Axahrs +
(xcg − xahrs)(q2 + r2)− (ycg − yahrs)(pq − ṙ)− (zcg − zahrs)(pr + q̇)

g

Aycg = Ayahrs +
(ycg − yahrs)(r2 + p2)− (zcg − zahrs)(qr − ṗ)− (xcg − xahrs)(qp+ ṙ)

g

Azcg = Azahrs +
(zcg − zahrs)(p2 + q2)− (xcg − xahrs)(rp− q̇)− (ycg − yahrs)(rq + ṗ)

g

(5-1)

Note that this correction will in general reduce the accuracy of the observation. Errors as-
sociated with the additional required measurements will propagate through the observation
of interest as well. Considering the �exible layout of the PH-LAB, it might be bene�cial
to relocate the AHRS to the instrumentation rack positioned close to the aircraft center of
gravity.

5-2 Digital Air Data Computer

Air data observations are obtained via two Digital Air Data Computers (DADC) of di�er-
ent type. These are located in the nose compartment as well. The air data system uses a
conventional pitot-static arrangement with a mirrored pair of pressure probes.

Delay and lag

Pitot-static systems are under in�uence of pneumatic lag due to tubing used to carry the sensed
pressure at the pressure probes to the pressure transducers [34]. No technical speci�cations
are available for the DADC, the dynamic response of the air data sensors is therefore assumed
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equal to a �rst order lag with a time constant of 0.3 s. Note that this value is obtained from
the ATTAS model [54], a similar twin-jet aircraft adapted for research.

Noise and bias

The noise and bias characteristics of the air data measurements of interest were determined
following similar procedure as described in Section 5-1. Notice the particularly large bias of
Vtas in Table 5-2, indicating erroneous calculation of Vtas in one of the DADC.

Position errors

Position errors can arise due to misalignment of the pitot tube relative to the local air�ow but
also due to aircraft induced �ow perturbations [34]. The former tend to be insigni�cant below
10◦ angle of attack [72]. Errors due to aircraft induced �ow perturbations are signi�cant but
cannot be easily compensated for. Similar as for the speci�c force measurements, position
di�erences between sensor and aircraft center of gravity induce kinematic position errors. The
PH-LAB pressure probes are located relatively close to the aircraft center of gravity (in lateral
and vertical axis), errors induced by this small position o�set were found to be insigni�cant,
see Figure 5-1. In addition, the errors induced by the lateral o�set could be accounted for by
averaging the measurement of the �rst and second DADC, as these are individually connected
to port and starboard pressure probes.

(a) Errors due to vertical sensor o�set (b) Errors due to lateral sensor o�set

Figure 5-1: Kinematic position error airspeed (for α = β = 0)

5-3 Air�ow direction sensors

The angle of attack and angle of sidelip are comparatively di�cult to measure accurately [34].
Current generation passenger aircraft are equipped with dedicated angle of attack sensors
but sideslip sensors are less common. The PH-LAB only features an angle of attack sensor
of limited accuracy, used by the stall warning device [7]. As the angle of attack and angle
of sideslip are important quantities in the aerodynamic model, use will be made of the PH-
LAB air data boom. This option allows measurements relatively free of aircraft induced �ow
perturbations.

Dynamic Inversion Flight Control Law Design for Fixed-Wing Aircraft Fabian Grondman



68 PH-LAB sensors

The PH-LAB air data boom is �tted with vane-type air�ow direction sensors directly mounted
on synchro transducers, see Figure 5-2. No internal signal �ltering is applied. The body-
mounted angle of attack sensor is of a similar vane-type but paired with a potentiometer. The
device is positioned on the starboard side of the fuselage near the leading edge of the wing.
The signal is internally �ltered, �lter type and bandwidth are however unknown.

Figure 5-2: PH-LAB air data boom sensors

Delay and lag

The vanes are of a mass-balanced design, reducing the e�ect of accelerations and biases on the
air�ow direction measurements [34]. Due to the �nite inertial characteristics of this design,
the response cannot be considered instantaneous. The dynamic response is assumed equal to
a �rst-order lag with a time constant of 0.1 s. Note that this value is taken from the ATTAS
model [54]. From �ight data analysis, a time di�erence was observed between the body angle
of attack measurement and the equivalent boom measurement. A value for this di�erence was
obtained via the argument maximum of the normalized cross-correlation function of the two
signals (see Equation 5-2). The corresponding time di�erence equates to 0.18 s.

τ = arg max
t

(
1

σαboomσαbody

∫ (
αboom(t)− µαboom

)∗ ·
(
αbody(t+ τ)− µαbody

)
dt

)
(5-2)

Noise and Bias

The noise characteristics of the air�ow direction signals were obtained in similar manner as
described in Section 5-1. As expected, the body angle of attack measurement is considerably
less noisy compared to the equivalent boom measurement due to internal �ltering of the
former, see Table 5-2. The boom air�ow sensors are calibrated relative to the nose boom. The
boom points approximately 0.1◦ upwards compared to the waterline of the aircraft inducing
a steady-state o�set. It is advisable to compensate for this o�set within the FTIS, for now
this value is taken as a bias. Note that is not uncommon that steady-state o�sets in the angle
of sideslip measurement arise due to a non-straight fuselage [42]. The body mounted angle of
attack sensor is calibrated using �ight data of the AHRS, hence any bias associated with the
AHRS is propagated through the angle of attack measurement as well.

Position errors

The air�ow direction measurements are strongly e�ected by aircraft induced �ow pertubations
[34]. These can be signi�cantly reduced by measuring the �ow angles at a su�cient distance
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in front of the aircraft. To get an idea of the magnitude of this e�ect, Figure 8-7a provides
the response of the boom and body angle of attack measurement near the stall region. The
di�erence between the two signals equates to more than 1.5◦ at high angles of attack. The
e�ect is less pronounced in the normal �ight regime but remains signi�cant deeming the body
angle of attack measurements unsuited for use without error correction. Kinematic position
errors can be compensated for by using the following correction:

αcg = αvane − q
xvane − xcg

Vtas
(5-3)

βcg = βvane + r
xvane − xcg

Vtas
− pzvane − zcg

Vtas
(5-4)

Note that during maneuvering elastic deformation of fuselage and air data boom may also
result in position errors [34]. This does not only result in static errors, disturbances due to
excitation of the boom structural eigenmodes will propagate through the air�ow measurements
as well. Analysis of �ight data reveals that the PH-LAB boom also su�ers from this problem,
as visualized in Figure 5-3. For visualization purposes the response near the stall is provided
where the boom is excitated by the bu�et. The eigenmodes center around 10 Hz and a
clear sinusoidal disturbance is visible in the time response of the angle of attack. In normal
�ight regimes the disturbances remain visible in the periodagram albeit with lower intensity.
These disturbances can be reduced by complementing the air�ow direction measurements with
inertial mixing [43].

(a) Time response (b) Periodogram

Figure 5-3: Angle of attack measurement near stall

5-4 Control surface de�ection sensors

The PH-LAB is equipped with sensors that measure the de�ection angle of the control sur-
faces. The control surfaces are indirectly connected to synchro-type transducers via multiple
linkage rods, resulting in a trigonometric relationship between measured and actual de�ection.
Conversion between the two is performed within FTIS by means of a polynomial regressor,
which coe�cients were determined via calibration. No internal signal �ltering is applied.
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The measurement of the aileron de�ection follows from a single, starboard aileron synchro only.
The control laws developed in this thesis require however observations of the total aileron de-
�ection i.e. port plus starboard aileron de�ection in the case of the PH-LAB. Furthermore,
the relationship between port and starboard aileron de�ection is nonlinear, a conversion poly-
nomial has been determined via calibration as well. The relationship between total (δatot) and
starboard (δastbd) aileron de�ection can subsequently be derived, see Equation (5-5) and Table
5-1.

δatot = c0 + c1δastbd + c2δ
2
astbd

+ c3δ
3
astbd

(5-5)

Table 5-1: Coe�cients conversion polynomial (for de�ections in degrees)

c0 c1 c2 c3

−1.366792 · 10−1 2.025277 1.146134 · 10−2 1.257941 · 10−4

Delay and lag

The measurement delay of the control de�ection signals was determined in [68]. The time
di�erence between autopilot input command and the subsequent signal response of the control
de�ections served as a measure for the delay. This approach does however not account for
possible delays in the actuator system nor does it allow to di�erentiate between actuator
and sensor delay. This approach is therefore only valid for determining the relative time
delay between angular rate and control de�ection measurement (corresponding to 90 ms).
Considering the absence of signal �ltering, high sampling frequency and minimal delay inherent
to synchro-type transducers [34], the control de�ection measurement delay is assumed zero.
For synchronization, the surplus of delay of the angular rate signals should be arti�cially added
to the control de�ection signals.

Noise and bias

The noise characteristics of the control de�ection signals were determined in [68] as well.
Notice in Equation (5-5) that for zero starboard aileron de�ection the total (i.e. port) aileron
de�ection is non-zero, the subsequent o�set c0 is taken as a value for the bias.

5-5 Conclusion and recommendations

In this chapter the measurement deviations of the PH-LAB sensors have been quanti�ed (see
Table 5-2). The following measures are proposed to minimize performance degradation within
(I)NDI controllers:

• Signi�cant di�erences in time delay exist between angular rate and control surface de-
�ection measurement. The incremental control method requires synchronous feedback
of these two quantities. To this end, the surplus of angular rate delay needs to be
arti�cially added to the control surface de�ection measurement.

• Low-pass �ltering is required to remove sensor glitches and minimize the amount of
noise being propagated through the control laws. This is in particular important for the
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unprocessed measurement signals (i.e. synchros) and the angular rates, the latter being
di�erentiated to obtain angular accelerations.

• The PH-LAB sensors are not located in the vicinity of the aircraft center of gravity. Kine-
matic position errors in the speci�c force and air�ow direction measurements therefore
need to be compensated for. Errors in the airspeed measurement due to maneuvering
proofed to be minor.

• The structural eigenmodes of the PH-LAB air data boom are excitated in �ight. This
results in a 10 Hz disturbance signal in the air�ow direction measurements. These distur-
bances can be e�ectively reduced by complementing the air�ow direction measurements
with inertial mixing.

• The body angle of attack sensor was found to be of insu�cient accuracy. The o�set
induced by aircraft induced �ow perturbations has to be modeled if the body angle of
attack sensor is to be used in future applications.

• The PH-LAB only features a starboard aileron de�ection sensor. The incremental control
method requires however feedback of the total aileron de�ection. The nonlinear relation
between port and starboard aileron de�ection has been determined in calibration. From
this relation the total aileron de�ection could be derived.
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Table 5-2: Sensor characteristics PH-LAB [68, 55]

Source Signal Noise (σ2) Bias Resolution Delay [ms] Lag [ms] Sampling freq. [Hz]

AHRS
p, q, r, θ̇, φ̇, ψ̇ [rad/s] 4.0 · 10−7 3.0 · 10−5 6.8 · 10−7 90 - 52

θ, φ [rad] 1.0 · 10−9 4.0 · 10−3 9.6 · 10−7 90 - 52
Ax, Ay, Az [g] 1.5 · 10−5 2.5 · 10−3 1.2 · 10−4 117 - 52

DADC

Vtas, Vcas [m/s] 8.5 · 10−4 2.5 3.2 · 10−2 - 300 8, 16†

h [m] 4.5 · 10−3 8.0 · 10−3 3.0 · 10−1 - 300 16

ḣ [m/s] 5.5 · 10−4 4.5 · 10−2 8.1 · 10−2 - 300 16
M [-] 1.0 · 10−8 7.0 · 10−7 6.3 · 10−5 - 300 8

FMS
Vground [m/s] 7.0 · 10−4 2.0 · 10−1 - - - 2

ψ [rad] 5.5 · 10−8 7.0 · 10−4 - - - 10
χ [rad] 7.0 · 10−9 6.0 · 10−4 - - - 2

synchro
δa, δe, δr [rad] 5.5 · 10−7 2.4 · 10−3 - ∼0 - 100

αboom, βboom [rad] 7.5 · 10−8 1.8 · 10−3 9.6 · 10−5 - 100 100

analog αbody [rad] 4.0 · 10−10 - 1.0 · 10−5 180 100 1000
† DADC No. 1 (Vtas only)

Table 5-3: Location relevant sensors in Fd [12]

Ax, Ay, Az αboom βboom αbody ptot

x [m] 1.6256 -0.6985 -0.4140 4.4069 -
y [m] ±0.3810 - - - ±0.2972
z [m] 2.6670 - 3.2639 - 2.3114
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Chapter 6

Aircraft model

The availability of mathematical models describing the aircraft and its subsystems is the
prerequisite for the analysis and synthesis of �ight control laws [49]. The accuracy and quality
of these models have a considerable impact on the overall controller performance. This chapter
covers the modeling of the aircraft and relevant subsystems and prepares the models for the
assessment of the numerical design criteria (de�ned in Chapter 8).

The aircraft model is a high �delity 6-DOF nonlinear model of the Cessna Citation I. The
model was developed in the Delft University Aircraft Simulation Model and Analysis Tool
(DASMAT) [36]. Note that the Citation II is a more recent iteration of the Citation I with
increased seating capacity and improved �ight performance [20]. The Citation II features more
powerful engines, a longer fuselage and longer wings. Despite these di�erences, the Citation
I model �ts reasonably well to �ight data of the Citation II [65]. The Relative Root Mean
Square Error (RRMSE) for the longitudinal force and moment coe�cients equate to 9% and
13% respectively. For the lateral force and moment coe�cients the RRMSE equals 7% and
9% respectively.

The chapter is structured as follows. In Section 6-1 the reference frames used for the derivation
of the model equations will be brie�y discussed. The model equations will be derived in
Section 6-2. In Sections 6-3 and 6-4 the aerodynamic and mass model will be discussed,
respectively. Following the results obtained in Chapters 4 and 5, actuator and sensor models
will be developed in Sections 6-5 and 6-6, respectively.

6-1 Reference frames [36]

Multiple reference frames are used to describe the aircraft motion and the forces and moments
on the aircraft. In addition, a separate reference frame is used to describe the locations of
the aircraft components.
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Table 6-1: PH-LAB operating limitations [13]

Symbol Minimum Nominal Maximum Unit

m 3765 (BEW) - 6622 (MTOW) kg
xcg 7.013 (0.18c̄) - 7.259 (0.3c̄) m
T 208.15 219.15 339.15 K
h −304.8 10670 13106 m
Vcas 39 121 142 m/s
n −1.32 - 3.3 g
δa −19,−34† - 15, 34† deg
δe −17 - 15 deg
δr −22 - 22 deg

† Total aileron de�ection

Earth-�xed reference frame FE
The earth-�xed reference frame or North-East-Down (NED) reference frame is a right-handed,
rectangular Cartesian reference frame with the origin located in the aircraft center of gravity.
The x-axis points towards North, the y-axis towards East and the z-axis points downwards
parallel to the local direction of the gravitation. The NED reference frame is used as an
inertial reference frame.

Body reference frame Fb
The body reference frame is a right-handed, rectangular Cartesian reference frame with the
origin located in the aircraft center of gravity. The orientation is �xed relative to the aircraft
body with the xy-plane coinciding with the aircraft's plane of symmetry. The x-axis points
forward in the direction of �ight, the y-axis points starboard and the z-axis points downward
under normal �ight. The body reference frame is used for the derivation of the force and
moment equations of motion. The transformation from Fb to FE requires three consecutive
Euler angle rotations: φ→ θ → ψ. The resulting transformation matrix is de�ned as:

TbE =




cos(θ)cos(ψ) cos(θ)sin(ψ) −sin(θ)(
sin(φ)sin(θ)cos(ψ)−

cos(φ)sin(ψ)

) (
sin(φ)sin(θ)sin(ψ)+

cos(φ)cos(ψ)

)
sin(φ)cos(θ)

(
cos(φ)sin(θ)cos(ψ)+

sin(φ)sin(ψ)

) (
cos(φ)sin(θ)sin(ψ)−

sin(φ)cos(ψ)

)
cos(φ)cos(θ)




(6-1)

Stability reference frame Fs
The stability reference frame is a right-handed, rectangular Cartesian reference frame with
the origin located in the aircraft center of gravity. The y-axis coincides with the equivalent
axis of the body �xed reference frame. The x- and z-axis are de�ned by performing a plane
rotation about the negative body y-axis over the angle of attack. The x-axis is parallel to the
projection of the air-mass referenced velocity vector on the aircraft plane of symmetry. The
stability reference frame is used to express the aerodynamic force and moment coe�cients.
The transformation matrix from Fb to Fs is de�ned as:
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Tsb =




cos(α) 0 sin(α)
0 1 0

−sin(α) 0 cos(α)


 (6-2)

Aerodynamic reference frame Fa
The aerodynamic reference frame is a right-handed, rectangular Cartesian reference frame
with the origin located in the aircraft center of gravity. The x-axis is directed along the air-
mass referenced velocity vector. The z-axis coincides with the equivalent axis of the stability
�xed reference frame. The x- and y-axis are de�ned by performing a plane rotation about the
positive stability z-axis over the angle of sideslip. The transformation matrix from Fs to Fa
is de�ned as:

Tas =




cos(β) sin(β) 0
−sin(β) cos(β) 0

0 0 1


 (6-3)

Datum reference frame Fd
The datum reference frame is a left-handed, rectangular Cartesian reference frame. The origin
is located in the aircraft plane of symmetry, 2.39 m (94.0 in) forward and 0.381 m (15.0 in)
below the front face of the forward pressure bulkhead [12]. The x-axis is in the plane of
symmetry, the y-axis is perpendicular to this plane of symmetry and points to port, the z-axis
points upwards under normal �ight. The datum axis are anti-parallel to the body axes. This
reference frame is used to de�ne locations of characteristic points relative to the aircraft such
as the center of gravity and the sensor positions.

6-2 Model equations

The combined translational and rotational dynamics of a rigid-body aircraft over a �at non-
rotating earth are described by the Newton-Euler equations:

V̇ = m−1
(
FA(x,u,p) + FT (x,uo,p)

)
− ω × V + TbE

[
0 0 g

]T
(6-4)

ω̇ = J(p)
(
MA(x,u,p) +MT (x,uo,p)− ω × J(p)ω

)
(6-5)

Where V = [u, v, w]T are the inertial translational velocities and ω = [p, q, r]T the angular
rates, both in body axis. FA and MA are the aerodynamic forces and moments respectively,
FT andMT are the forces and moments induced by the thrust. The vectors u, uo, x and p are
the aerodynamic controls, the throttle settings, the air-mass referenced aircraft states and the
model parameters, respectively. TbE is the transformation matrix from the NED frame to the
body frame. The aircraft mass is denoted by m and assumed constant, g is the gravitational
constant and J the inertia tensor:
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J(p) =



Jxx 0 −Jxz
0 Jyy 0
−Jxz 0 Jzz


 (6-6)

Note that it is assumed that the aircraft is symmetrical in the xy-plane i.e. Jxy = Jyz = 0.
The rotational kinematic motion can be expressed in terms of the Euler angular rates following
transformation of the body angular rates:



φ̇

θ̇

ψ̇


 = TΦb



p
q
r


 (6-7)

Where TΦb is the corresponding transformation matrix:

TΦb =




1 sin(φ)tan(θ) cos(φ)tan(θ)
0 cos(φ) −sin(φ)
0 sin(φ)sec(θ) cos(φ)sec(θ)


 (6-8)

The aerodynamic forces and moments are de�ned in terms of their respective coe�cients in
the stability reference frame:

F
s,cgref
A (x,u,p) =

1

2
ρV 2

tasS



−CD
CY
−CL


 (6-9)

M
s,cgref
A (x,u,p) =

1

2
ρV 2

tasS



bCl
cCm
bCn


 (6-10)

Where ρ is the air density, Vtas the true airspeed, b the wing span, c̄ the mean aerodynamic
chord and S the wing surface area. CD, CY and CL are the non-dimensional drag, side
force and lift coe�cients respectively and Cl, Cm and Cn are the non-dimensional moment
coe�cients. The aerodynamic coe�cients are de�ned in the stability reference frame with
cgref as origin, the aft limit of the aircraft center of gravity. The force and moment equations
in body axis with the center of gravity cg as origin are de�ned as follows:

F b,cg
A (x,u,p) = T−1

sb F
s,cgref
A (x,u,p) (6-11)

M b,cg
A (x,u,p) = T−1

sb M
s,cgref
A (x,u,p) + (rcgref − rcg)× F b,cg

A (x,u,p) (6-12)

Where Tsb is the rotation matrix from the body to the stability reference frame, rcgref and
rcg are the reference and actual position of the center of gravity, respectively.
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6-3 Aerodynamic model

The non-dimensional aerodynamic force and moment coe�cients are modeled as ordinary
polynomials. The force coe�cients are parametrized as follows:

CD = CD0 + CDδe δe + CD
δ2r
δ2
r + CDq

qc̄

Vtas
(6-13)

CY = CYββ + CYδa δa + CYδr δr + CYr
rb

2Vtas
(6-14)

CL = CL0 + CLδe δe + CLq
qc̄

Vtas
(6-15)

The moment coe�cients are parametrized in similar fashion:

Cl = Clββ + Clδa δa + Clδr δr + Clδta
δta + Clp

pb

2Vtas
+ Clr

rb

2Vtas
(6-16)

Cm = Cm0 + Cmδe δe + Cmδte
δte + Cmq

qc̄

Vtas
(6-17)

Cn = Cnββ + Cnδa δa + Cnδr δr + Cnδtr
δtr + Cnp

pb

2Vtas
+ Cnr

rb

2Vtas
(6-18)

Note that due to space restrictions, less important coe�cients (e.g. ground e�ect) have been
left out. Terms like CY0 may in turn depend on the angle of attack, Mach number, altitude
etc. Note that for the inverse model, terms associated with the trim de�ections are assumed
zero as are higher order control e�ector terms.

Multiplicative uncertainties are added to the aerodynamic coe�cients and the rotational in-
ertia. As an example, the perturbed side force coe�cient C̃Y is de�ned as follows:

C̃Y = CY (1 + ∆CY ) (6-19)

Where CY is the nominal value of the side force coe�cient and ∆CY the corresponding
tolerance parameter. These are up to 10% for the longitudinal coe�cients and up to 30% for
the lateral coe�cients following standard practice, see Table 6-2.

6-4 Mass model

The aircraft mass, rotational inertia and center of gravity di�er to a signi�cant degree between
the Citation I and the Citation II [20]. To this end, a highly accurate mass model of the
Citation II was adopted from De Visser [17]. The model is based on the weight and balance
calculation procedure of the Citation II and takes into account the mass and position of
passengers, payload and fuel. The contribution of the fuel mass is updated by means of
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Table 6-2: PH-LAB parameter uncertainty ranges

Symbol Minimum Nominal Maximum

∆τsync −0.3 0 0.3
∆Jxx −0.1 0 0.1
∆Jyy −0.1 0 0.1
∆Jyy −0.1 0 0.1
∆Jxz −0.3 0 0.3
∆CD −0.1 0 0.1
∆CL −0.3 0 0.3
∆CY −0.1 0 0.1
∆Clβ −0.3 0 0.3

∆Cm0 −0.1 0 0.1
∆Cnβ −0.3 0 0.3

∆Clp −0.3 0 0.3
∆Clr −0.3 0 0.3
∆Cmq −0.1 0 0.1
∆Cnp −0.3 0 0.3
∆Cnr −0.3 0 0.3
∆Clδa −0.3 0 0.3

∆Clδr −0.3 0 0.3

∆Cmδe −0.1 0 0.1
∆Cnδa −0.3 0 0.3
∆Cnδr −0.3 0 0.3

feedback of the used fuel and a model of the geometry of the fuel tanks. The model requires
initial values for the usable fuel mass, the mass and position of passengers and payload, and
the aircraft Basic Empty Weight (BEW) and corresponding rotational inertia (see Table 6-3).
The output of the model consists of the current aircraft mass, center of gravity position and
the rotational inertia.

Table 6-3: PH-LAB geometry, rotational inertia and center of gravity position [13, 17]

Symbol Quantity Unit

S 30 m2

b 13.35 m
c̄ 2.0569 m

Jxx (BEW) 12392.2 kg·m2

Jyy (BEW) 31501.1 kg·m2

Jzz (BEW) 41908.4 kg·m2

Jxz (BEW) 2252.2 kg·m2

xcgref 7.259 m

ycgref 0 m

zcgref 3 m
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6-5 Actuator model

To assess the e�ect of actuators on the closed loop performance, actuator models are included
in the simulation environment. Furthermore, INDI requires feedback of the de�ection angle
of the control surfaces. In case these are not available as measurement or model dependency
is preferred over sensor dependency, accurate actuator models are required for estimation.

Actuator dynamics are typically modeled as �rst or second order systems [36]. The original
Citation I actuator model is �rst-order. The �ight control system of the Citation II is similar
to the Citation I nevertheless, di�erences still exist [50]. Furthermore, the dynamics and
limitations associated with the FBW system are not included in this model. The input-output
response of the FBW system has been previously modeled as an equivalent time delay and
gain [73]. This model does however not include actuator position or rate limits. A component-
level model of the FBW system has been developed by Lubbers [45]. The rudder channel was
however not included in this model. Use of an actuator model with this degree of complexity
would also not fare conceptually with the model-independent nature of INDI.

Considering the above, it was chosen to develop a �rst-order model of the PH-LAB actuator
system using available �ight test data. The �ight test data used in the modeling process
contains responses to a series of open loop 3211 and doublet commands applied by the autopilot
on elevator and aileron, this way any dynamics of the FBW system are included as well. This
approach also allows to make a clear distinction between lag and delay components. Besides a
�rst-order lag component, the model includes actuator position and rate limits, and a transport
delay:

δ̇(t) = Sδ̇

(
Kfbwωactu(t− τact)− ωactSδ

(
δ(t)

))
(6-20)

Sδ(x) =




δmax if x > δmax
x if δmin ≤ x ≤ δmax

δmin if x < δmin

(6-21)

Sδ̇(x) =




δ̇max if x > δ̇max
x if |x| ≤ δ̇max

−δ̇max if x < −δ̇max
(6-22)

Where Kfbw is the FBW input-output gain, δ is the de�ection angle of the control e�ector, u
the input, ωact the actuator bandwidth and τact the transport delay. The saturation functions
for actuator position and rate are Sδ and Sδ̇, respectively.

The actuator bandwidth is determined by �tting the measured de�ection angle to the general
step input time response of a �rst-order system:

δ(t+ τact) = δ0 +Kfbwustep(1− e−tωact) (6-23)

Where ustep is the step input size and δ0 is the initial de�ection angle. A nonlinear least
square curve-�tting method is selected to �nd the optimum �t for ωact for each step input
command. The average value is taken as �nal estimate. Note that not all data proofed to be
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usefull for modeling as during some maneuvers the actuators were saturated. The actuator
bandwidth proofed to be very similar to the actuator model of the Citation I. The transport
delay has been determined in previous research [68] although misidenti�ed as sensor delay, see
also Section 5-4.

For each step input command the maximum rate of de�ection δ̇max is determined as well, the
average is taken as a �nal estimate. Note that the actuator model does not include speed
dependent position limiting.

Figure 6-1: Response aileron de�ection to 3211 input command (175 KIAS FL90)

Table 6-4: Actuator model parameters

δmax [deg] δmin [deg] Kfbw [-] δ̇max [deg/s] τact [ms] ωact [rad/s]

Aileron 15 -19 0.70
19.7

(σ = 4.81)
39.8

(σ = 7.91)
12.4

(σ = 2.30)
Elevator 15 -17 0.60
Rudder 22 -22 0.55

6-6 Sensor models

The following sensor characteristics are modeled: noise, bias, delay, lag and quantization
e�ects (see Table 5-2). The noise is modeled as a zero-mean Gaussian process. In addition,
kinematic position errors are applied on the speci�c force and air�ow direction signals. The
disturbances induced by the �exibility of the air data boom are modeled as a 10 Hz sinusoidal
signal.
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Chapter 7

Control law design

This chapter covers the design and integration of the individual controller functions. This in-
cludes the construction of the actual synthesis of the controller components and signal process-
ing algorithms. The individual functions are integrated in a standard controller architecture.
These have been developed over the years at the institute of System Dynamics and Control
(SR) of the German Aerospace Institute (DLR). For implementation the MATLAB/Simulink
environment is used.

The controller is designed as a manual control system proving command augmentation and
stabilization. The design is based upon earlier manual control functions developed for the
VFW-614 ATTTAS [37] but uses Incremental Nonlinear Dynamic Inversion for the inner
rate-loop. The objective of the controller is two-fold: Rate Control Attitude Hold (RCAH)
and Attitude Control (AC). RCAH is governed between ±27◦ and ±15◦ for roll and pitch,
respectively. AC is governed outside this range up to ±35◦ and ±20◦ for roll and pitch,
respectively. The lateral tracking task includes the angle of sideslip as well. An important
functionality of this controller is Pseudo Control Hedging (PCH), used for adaptation of the
reference model output in case of actuator saturation

The chapter is structured as follows. Section 7-1 presents the design of the dynamic inversion
inner rate-loop. The design of the outer loop is presented in Section 7-2. Finally in Section
7-3, the signal processing design will be presented.

7-1 Inner loop

This section will discuss the design of the inner loop, see Figure 7-1. (I)NDI is applied to
the rotational dynamics of the aircraft. The control variables y are set equal to the body
angular rates ω = [p, q, r]T. The aileron, elevator and rudder de�ection are selected as input,
i.e. u = [δa, δe, δr]

T.
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Figure 7-1: General controller structure

7-1-1 Angular rate NDI

The analytic relationship between the body angular rates and control surface de�ections arises
directly from Euler's rotation equations, see Equation (6-5). Neglecting the moment induced
by the thrustMT , the aerodynamic momentMA can be split into into an airframe dependent
part Ma and a part dependent on the control e�ectors Mc. These are assumed to be of the
following form:

Ma(x,p) =
1

2
ρV 2

tasS



bCla
c̄Cma
bCna


 (7-1)

∂Mc(x,p,u)

∂u
= Mcδ(x,p) =

1

2
ρV 2

tasS



bClδa 0 bClδr

0 c̄Cmδe 0
bCnδa 0 bCnδr


 (7-2)

Where ρ is the air density, Vtas the true airspeed, S the wing surface area, b the wing span, c̄
the mean aerodynamic chord, x the aircraft states and p the model parameters. Note that it
is assumed that Mc is linear in u. Equation (6-5) can be rewritten as follows:

ω̇ = J−1(p)
(
Ma(x,p) +Mcδ(x,p)u− ω × J(p)ω

)
(7-3)

Applying dynamic inversion to Equation (7-3), the following control law is obtained:

u = M−1
cδ

(x̂,p∗)J(p∗)︸ ︷︷ ︸
(LGh)−1

(
ν − J−1(p∗)

(
Ma(x̂,p

∗)− ω × J(p∗)ω
)

︸ ︷︷ ︸
Lfh

)
(7-4)
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7-1-2 Angular rate INDI

The incremental form of Euler's rotation equation is obtained following a �rst-order Taylor
expansion of Equation (7-3) around the current point in time '0':

ω̇ ≈ ω̇0 +
∂

∂ω

(
J−1(p)

(
Ma(x,p) +Mcδ(x,p)u− ω × J(p)ω

))∣∣∣∣ω=ω0
u=u0

(ω − ω0)︸ ︷︷ ︸
∆ω

+
∂

∂u

(
J−1(p)

(
Ma(x,p) +Mcδ(x,p)u− ω × J(p)ω

))∣∣∣∣ω=ω0
u=u0

(u− u0)︸ ︷︷ ︸
∆u

(7-5)

Again assuming ω − ω0 = 0, Equation (7-5) reduces to:

ω̇ ≈ ω̇0 + J−1(p)Mcδ(x0,p)∆u (7-6)

Applying dynamic inversion to Equation (7-6) and adding the current control surface de�ec-
tions δ0, the following control law is obtained:

u = M−1
cδ

(x̂0,p
∗)J(p∗)︸ ︷︷ ︸

G−1

(ν − ˆ̇ω0︸︷︷︸
ẋ0

) + δ̂0 (7-7)

7-2 Outer loop [37]

This section will discuss the design of the outer loop, see Figure 7-1. The outer loop consists
of the following components: command module & reference model, sideslip controller, Turn
Compensation (TC), linear controllers and Pseudo Control Hedging (PCH).

7-2-1 Command module & reference model

The command module and reference model serve as attitude �ight envelope protection and
command �lter, respectively. Furthermore, the command module blends two di�erent control
methods: rate control attitude hold (RCAH) and attitude control (AC). RCAH is active
between 27◦ and −27◦ for roll and between 15◦ and −15◦ for pitch. When these limits are
reached the feedforward term is deactivated and the pilot command signal is directly added to
the saturated signal, see Figure 7-2. This way the attitude angles are directly governed by the
pilot command input. AC is active up to ±35◦ for roll and ±20◦ for pitch, these are the limit
values of the system. Note that for zero pilot input command in AC mode, the system will
always command the aircraft back to the RCAH attitude limits. The purpose of this setup
is to reduce violent behavior when the roll and pitch limits of the system are reached. The
gain K2 in the command module is required to achieve a smooth transition between AC and
RACH. The reference model is a conventional second-order system smoothing the command
signals to values achievable by the aircraft, see Equation (7-8).
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Href (s) =
K1K2

s2 +K1s+K1K2
=

ω2
nref

s2 + 2ζrefωnref s+ ω2
nref

(7-8)
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
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Figure 7-2: Command module & reference model [37]

7-2-2 Sideslip controller

For manual control, the angle of sideslip is preferred as outer loop control variable. Further-
more, as there is no means to manually control the yaw axis due to absence of a yaw input
device, coordinated �ight is only possible by means of direct sideslip augmentation. The
control setup therefore includes a sideslip controller:

rcom =
1

Vtas
(wp−Ay)−

(
1

s
KβI (βplt − β)−Kββ

)
(7-9)

The following approximation for w is used in absence of a direct measurement:

w = Vtassin(α) ≈ Vtasα (7-10)

7-2-3 Turn Compensation

The control setup includes a turn compensation (TC) module with the following control law:

θtc =
(

cos
(
D(φref )

)
− 1
) mg

1
2ρ0V 2

casSCLα
(7-11)

Where D is the deadband function:

D(x) =

{
φref if |x| > π

180
0 if |x| ≤ π

180

(7-12)
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7-2-4 Linear controllers

The linear controllers are de�ned in Equations (7-13) to (7-15). For the pitch and roll channel,
the controllers operate up to the 2nd order time derivative.

νφ̇ =

(
Kφ +

KφI

s

)
(φref − φ) +Kφ̇(φ̇ref − φ̇) +Kφ̈φ̈ref (7-13)

νθ̇ =

(
Kθ +

KθI

s

)
(θref + θtc − θ) +Kθ̇(θ̇ref − θ̇) +Kθ̈θ̈ref (7-14)

νr = Kr(rcom − r) (7-15)

Kinematic inversion of Equations (7-13) and (7-14) immediately results in:



νp
νq
νr


 = T−1

Φb



νφ̇
νθ̇
νψ̇


− ṪΦb



p
q
r


 (7-16)

7-2-5 Pseudo Control Hedging

Pseudo Control Hedging is implemented slightly di�erently as in [37], where hedging was only
activated upon saturation of the actuator model. As the PH-LAB actuator model does not
include speed dependent position limiting, activation upon model saturation is not desirable.
In this setup, upon manual activation, compensation will be provided irrespective of actuator
saturation.

Consider again Equation (2-17), substituting the results obtained in Section 7-1 for G, the
virtual control hedge νh is obtained as follows:

νh = Mcδ(x̂0,p
∗)J−1(p∗)︸ ︷︷ ︸
G

(u− δ̂) (7-17)

Kinematic inversion of Equation (7-17) immediately results in:



νφ̇
νθ̇
νψ̇




h

= TΦb



νp
νq
νr



h

+ ṪΦb



p
q
r


 (7-18)

The compensation signal is subtracted from the reference signal [φ̈ref , θ̈ref ]T, see Figure 7-
2. The command module also requires hedging as the commanded attitude [φcom, θcom]T

is obtained via integration of the pilot rate command [φ̇plt, θ̇plt]
T, leaving the commanded

attitude unhedged would lead to undesired overshoot.
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7-3 State estimation, �ltering and synchronization

Good quality sensor signals are imperative to (I)NDI control. Not all signals provided by the
PH-LAB sensor systems are processed and might contain disturbances that would propagate
through the control laws without �ltering. Inertial sensors are sensitive to structural vibrations
while air data sensors pick up atmospheric turbulence. The �exibility of the PH-LAB air data
boom also adds a 10 Hz disturbance to the air�ow direction signals. The �ltering techniques
proposed here are in part taken from Looye and Joos [41].

The angular acceleration signals require additional attention as these are obtained via dif-
ferentiation. Careful �ltering of the angular rates is necessary to reduce sensor noise. The
angular rate and control de�ection signals also require synchronization.

7-3-1 Inertial data

The angular rates are �ltered with a second-order low-pass �lter [3]:

Hfil(s) =
ω2
nfil

s2 + 2ζfilωnfil + ω2
nfil

(7-19)

The natural frequency ωnfil is set equal to 20 rad/s and the damping ratio ζfil is unity.
The remainder of the inertial signals are �ltered using �rst-order low-pass �lters with a time
constant of 50 ms.

7-3-2 Air data

All DADC and air�ow direction signals (see Table 5-2) are combined with inertial measure-
ments using a �rst-order complementary �lter:

x̂ =
1

τfils+ 1
x+

τfils

τfils+ 1
xi (7-20)

Where xi is the inertial equivalent of air data signal x. The �lter time constant τfil is set
equal to 1 s. Note that for some signals the derivative of the inertial signal is used as high-pass
signal (i.e. substitute ẋi for sxi in Equation 7-20).

The inertial speed V̇i is calculated from the linear accelerations (Fb → Fa):

V̇i =
[
ax ay az

]



cos(α)cos(β)
sin(β)

sin(α)cos(β)


 (7-21)

The linear accelerations are obtained from the speci�c force measurements by addition of the
gravitational component (FE → Fb):
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

ax
ay
az


 = g





Ax
Ay
Az


+



−sin(θ)

cos(θ)sin(φ)
cos(θ)cos(φ)




 (7-22)

The derivative of the inertial vertical speed ḧi is obtained from the linear accelerations (Fb →
FE):

ḧi =
[
ax ay az

]



sin(θ)
−cos(θ)sin(φ)
−cos(θ)cos(φ)


 (7-23)

The altitude h is complemented with the complementary �ltered vertical speed
ˆ̇
h. An approx-

imation is used for the inertial Mach number Mi:

Mi ≈
Vtas

20.05
√

(288.2− 0.0065h)
(7-24)

The inertial angle of attack αi is computed as follows:

αi = θ − γa (7-25)

Where γa is the air-mass referenced �ight path angle:

γa = sin

(
ḣ

Vtas

)
≈ ḣ

Vtas
(7-26)

The derivative of the inertial angle of sideslip β̇i is obtained as follows:

β̇i =
Ayg + gsin(φ)cos(θ)

Vtas
− rcos(α) + psin(α) (7-27)

For comparative reasons the angle of sideslip is estimated as well. The estimated angle of
sideslip βest is obtained as follows:

βest =
1

CYβ

(
Aymg

1
2ρ0V 2

casS
− CYrest

)
(7-28)

Where CYrest and CYβ are determined by rearranging the side force equation of the aerody-
namic model into the following form:

CY = CYβ (M,α, ...)β + CYrest(M,α, δr, ...) (7-29)

A second-order complementary �lter is used to prevent bias in case of long duration cross
wind shear:
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β̂est =
K1s+K2

s2 +K1s+K2
βest +

s

s2 +K1s+K2
β̇i (7-30)

The �ltering gains K1 and K2 are set equal to 1 and 0.2, respectively.

7-3-3 Control de�ection

Synchronization between control de�ection and angular acceleration feedback is achieved by
applying equivalent �ltering and arti�cially adding the surplus of angular rate delay to the
control de�ection signal [61, 69]:

δ̂0 = Hfil(s)Hsync(s)δ (7-31)

Where Hsync is the frequency-domain equivalent of a pure time delay τsync corresponding
to the surplus of angular rate delay. To account for variations in delay (e.g. due to sam-
pling or unmodeled delays), a multiplicative uncertainty is added to τsync. Alternatively, the
synchronized control de�ections may be estimated using actuator models:

δ̂0est =
z−1Hact(s)Hfil(s)Hsync(s)

1− z−1Hact(s)Hfil(s)Hsync(s)
∆u (7-32)

WhereHact represents the actuator dynamics i.e. the frequency-domain equivalent of Equation
(6-20). Note that z−1 is the increment delay, strictly this term is required as ∆u is one
incremental time step ahead of δ0.
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Chapter 8

Design optimization

This chapter covers the formulation of the design speci�cations and overall optimization of
the integrated control system developed in Chapter 7. For the tuning of the control laws
multi-objective optimization is used. The Institute of System Dynamics and Control (SR) of
the German Aerospace Institute (DLR) developed the Multi-Objective Parameter Synthesis
(MOPS) tool speci�cally for this purpose [32].

Multi-objective optimization allows a large set of criteria to be simultaneously addressed and
aims to locate the best-compromise solution [43]. Scaling functions are used to assign relative
importance to the criteria. Looye and Joos [41] developed a structured approach to multi-
objective control law design whereby robustness is addressed using a multi-model approach
in combination with local robustness criteria. The former is used to achieve robustness to
parametric uncertainties in the synthesis model, the latter to unspeci�ed uncertainties. This
approach will be closely followed and adapted to the needs of the current project. Note that
the optimization is performed separately for the longitudinal and lateral aircraft dynamics.

This chapter is structured as follows. In Section 8-1 the design speci�cations will be formulated
and translated to numerical evaluable criteria. In Sections 8-2 and 8-3 the robustness and
handling quality criteria will be further elaborated on. The tuning of the synthesis parameters
is performed in Section 8-4. The resulting NDI and INDI design will be compered in Section
8-5. Finally in Section 8-6 some conclusions and recommendations are provided.

8-1 Design criteria [41]

Multi-objective optimization requires a set of computable criteria that can be used for opti-
mization. The design criteria for the longitudinal and lateral synthesis parameters are de�ned
in Tables 8-1 and 8-2, respectively. These are computed from nonlinear simulations and a
linear analysis of the closed-loop system. The former are used to evaluate the reference track-
ing with criteria concerning overshoot, rise time, settling time and control e�ort. A second
simulation is used to assess the disturbance rejection by means of a (cross)-wind step.

Dynamic Inversion Flight Control Law Design for Fixed-Wing Aircraft Fabian Grondman



90 Design optimization

The criteria are formulated as min-max optimization problems and scaled such that a value
smaller than 1 is considered satisfactory. The criteria corresponding to the nonlinear simula-
tions are scaled by division of the corresponding demand value:

ĉj,k(T ) =
cj,k(T )

dj
(8-1)

Where cj,k is the computed value of criterion j and model case k, and dj the corresponding
demand value. The tuning parameters are contained in T , these are the linear controller
gains and reference model parameters, see Equations (7-13) to (7-15) and Equation (7-8),
respectively. The criteria corresponding to the linear analysis are scaled using 'good-bad'
values [32]. With this scaling type, it is demanded that the criterion is at least equal to the
'bad-low' ('bad-high') value. The region between 'bad-low' ('good-high') and 'good-low' ('bad-
high') is considered acceptable with linearly decreasing (increasing) scaling. Values larger
(smaller) than 'good low' ('good high') are considered equally good and are subsequently
scaled to 0. Notice that for some of the criteria in Tables 8-1 and 8-2 an inequality constraint
is used such that no further optimization is performed after the demand value is obtained.

Table 8-1: Design criteria MOPS, longitudinal part. All simulations: symmetrical horizontal
�ight; Vtas = 123 m/s

Name Description Calculation
Bad-low/
good-high

Good-low/
bad-high

Demand Type

Simulation 1: Box-cart: θ̇plt = 2.5◦/s at t = 1 till t = 6 s

osdthe [-] Overshoot θ̇ - - 0.5 c

rtdthe [s] Rise time θ̇ 0%→100% - - 0.75 c

stdthe [s] Settling time θ̇ 0.1◦ - - 4 m
osthe [-] Overshoot θ - - 0.1 c

dbratio [s] Dropb. r. DB
qss

0/0 0/0.1 - m

stthe [s] Settling time θ 0.1◦ - - 4 m

maxdde [deg/s] Maximum δ̇e max|δ̇e| - - 20 m

Simulation 2: Wind step wwind = 16 m/s at t = 1 s

maxthe [deg] Maximum θ max|θ − θ0| - - 3.35 m
maxde [deg] Maximum δe max|δe| - - 15 m

Linear analysis:

gmde [dB] Gain margin δe 4/- 6/- - m
pmde [deg] Phase margin δe 40/- 60/- - c
gmq [dB] Gain margin q 4/- 6/- - m
pmq [deg] Phase margin q 40/- 60/- - c

m=minimize, c=inequality constraint

8-2 Robustness [41]

The robustness of the control law is addressed in two ways. A multi-model approach is used to
achieve robustness to parametric uncertainties. The multi-model setup is created by adding
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Table 8-2: Design criteria MOPS, lateral part. All simulations: symmetrical horizontal �ight;
Vtas = 123 m/s

Name Description Calculation Bad-low Good-low Demand Type

Simulation 1: Box-cart: φ̇plt = 5 ◦/s at t = 1 till t = 6 s

osdphi [-] Overshoot φ̇ - - 0.5 c

rtdphi [s] Rise time φ̇ 0%→100% - - 0.75 c

stdphi [s] Settling time φ̇ 0.1◦ - - 4 m
osphi [-] Overshoot φ - - 0.1 c
rtphi [s] Rise time φ 0%→100% - - 5 c
stphi [s] Settling time φ 0.1◦ - - 4 m

maxdda [deg/s] Maximum δ̇a max|δ̇a| - - 40 m

errbeta [deg] Error β
∫ T

0 |β|dt/T - - 0.5 m

Simulation 2: Step βplt = 5◦ at t = 1 s

osbeta [-] Overshoot β - - 0.01 c
rtbeta [s] Rise time β 10%→90% - - 4 m
stbeta [s] Settling time β 0.1◦ - - 5 m

maxddr [deg/s] Maximum δ̇r max|δ̇r| - - 20 m

errphi [deg] Error φ
∫ T

0 |φ|dt/T - - 0.5 m

Simulation 3: Wind step vwind = 16 m/s at t = 1 s

maxphi [deg] Maximum φ max|φ| - - 6.7 m
maxdr [deg] Maximum δr max|δr| - - 22 m

Linear analysis:

gmda [dB] Gain margin δa 4 6 - m
pmda [deg] Phase margin δa 30 60 - c
gmdr [dB] Gain margin δr 4 6 - m
pmdr [deg] Phase margin δr 30 60 - c
gmp [dB] Gain margin p 4 6 - m
pmp [deg] Phase margin p 30 60 - c
gmr [dB] Gain margin r 4 6 - m
pmr [deg] Phase margin r 30 60 - c

m=minimize, c=inequality constraint

a number of model cases with worst-case parameter combinations to the nominal case. These
worst-cases are de�ned with respect to one of the design criteria de�ned in Tables 8-1 and 8-2.
The optimization process addresses the criteria simultaneously for all model cases allowing for
trade-o� between criteria under worst-case and nominal parameter conditions. Note that this
approach implicitly assumes that the controller is also robust to model cases in between those
addressed. To this end also local robustness margins are included as optimization criteria.
These are the minimum phase and gain margins at the sensor and actuator positions listed
in Tables 8-1 and 8-2. Note that the local robustness criteria are also intended to achieve
robustness to unspeci�ed uncertainties (e.g. unmodeled dynamics and time delays).
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8-3 Handling qualities

The controller is designed as an augmented manual control system, handling qualities are
therefore an important design consideration. To optimize the longitudinal response for man-
ual tracking tasks, the Gibson dropback criterion [22] (included in MIL-STD-1797A) and its
updated version [48] are included as optimization criteria. A secondary goal of these criteria
is to limit the risk of Pilot Induced Oscillations (PIO).

The Gibson dropback criterion is based on the analysis of the aircraft response to a positive
box-car input on the pitch rate. The parameters involved in the criterion include the peak
pitch rate, qpeak, and the attitude dropback, both normalized to the steady state pitch rate
qss. The dropback DB is de�ned as the di�erence between the pitch attitude at the instance
the input is removed θout and the steady state pitch attitude θss, i.e. DB = θout − θss. Note
that a negative value of this di�erence is termed overshoot. The updated Gibson criterion
uses a di�erent dropback de�nition, focusing more on the mid-frequency range of the attitude
response. The updated dropback ∆θ is de�ned as the di�erence between the peak pitch
attitude θpeak and the steady state pitch attitude, i.e. ∆θ = θpeak − θss. The acceptable
ranges for these parameters are visualized in Figure 8-8.

The most optimal tracking behavior is obtained with a dropback ratio DB
qss

of 0 s with values
up to 0.1 s considered good, these are subsequently used as 'good-high' and 'bad-high' demand
values, respectively. Satisfaction of dbratio and the pitch attitude overshoot criterion osphi
also implies that the updated dropback ratio ∆θ

qss
falls within the desired region. This also

applies to the pitch rate overshoot criterion osdphi and the pitch rate overshoot ratio
qpeak
qss

.

8-4 Parameter synthesis [41]

The parameter synthesis was performed in three successive steps. First the linear controller
gains and reference model parameters were optimized. With the resulting tuning parameter
set, a worst-case analyses was performed. Note that it was assumed that the worst-cases are
to be found at the extremities of the parameter space. To this end, minimum or maximum
values were selected for the parametric model uncertainties. The criteria were evaluated for
all parameter combinations. To limit the number of combinations for NDI, tolerances on the
moment of inertia and less relevant aerodynamic coe�cients were left out.

The two criteria that proofed most sensitive to parameter variations were added as separate
model cases to the nominal model to form a multi-model set. An additional parameter syn-
thesis was performed for this set of model-cases. The results can be found in Tables 8-3 and
8-4. Note that the maximum uncertainty on the lateral moment coe�cients has been slightly
relieved to 20%, else a satisfactory design for the NDI controller could not be realized.

8-5 Assessment

The best-compromise solution for INDI and NDI will now be compared. Notice in Table 8-4
that for INDI a signi�cantly lower integrator gain KφI was selected by the optimizer compared
to NDI. This behaviour can be attributed to the incremental nature of INDI as the calculated
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Table 8-3: Controller synthesis parameters longitudinal part

Tuning
parameter

INDI NDI

Linear controller gains:

Kθ 7.76 8.99
KθI 0.500 3.73
Kθ̇ 3.02 5.18
Kθ̈ 0.524 0.534

Reference model parameters:

ζref 1.00 0.998
ωnref 2.99 1.13

Uncertain model parameters:

nominal
worst
pmde

worst
pmq

nominal
worst
pmde

worst
pmq

∆τsync 0 -0.3 -0.3 0 0 0
∆Jyy 0 0.1 -0.1 0 0.1 -0.1
∆CL 0 0.1 -0.1 0 -0.1 0.1
∆CD 0 0.1 0.1 0 -0.1 -0.1
∆Cm0 0 0 0 0 -0.1 0.1
∆Cmδe 0 -0.1 0.1 0 0.1 0.1
∆Cmq 0 0 0 0 -0.1 -0.1

increment is added to the current input, basically acting as an integral term. Further notice
that for the worst cases the optimizer pushed the synchronization uncertainty ∆τsync to its
minimum value. This behaviour was expected considering that a surplus of state derivative
delay results in relatively fast system instability [68]. Steady-state o�sets in the angular rate
tracking were e�ectively regulated by the linear controllers. The steady errors in the sideslip
tracking are the result of measurement bias. The settling time calculation was subsequently
relieved to 0.2◦. Note that the noise was deactivated during the optimization as this would
cause inconsistencies between the di�erent evaluations.

The values of the scaled criteria corresponding to the synthesis parameters de�ned in Tables 8-
3 and 8-4 are visualized in Figures 8-1 and 8-2. Note that values smaller than 1 are considered
satisfactory. Observe that for INDI all criteria are satis�ed under nominal and worst case
conditions. For NDI, some criteria could not be satis�ed for the worst model cases. These
include stdthe and stthe for the longitudinal part and stdphi, stphi, osbeta and errphi for the
lateral part. Relieving the a�ected criteria under worst case parameters would be required to
yield a satisfactory NDI design. For comparative reasons, this step was not undertaken. To
assess the overall performance of the two designs, the mean and variance of the scaled criteria
ĉj,k were determined over the three model cases. The average of these values over all design
criteria is found in Table 8-5.

Observe that INDI provides an average improvement of 5% (longitudinal case) and 7% (lateral
case) over NDI with respect to the design criteria. Further notice the much lower variance for
INDI, indicating smaller di�erences between the model cases and subsequent lower sensitivity
to model mismatches.
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Table 8-4: Controller synthesis parameters lateral part

Tuning
parameter

INDI NDI

Linear controller gains:

Kφ 5.51 7.91
KφI 1.34 7.02
Kφ̇ 4.80 6.48

Kφ̈ 1.05 0.941

Kr 1.62 3.22
Kβ 1.93 1.55
KβI 0.977 0.709

Reference model parameters:

ζref 1.00 0.741
ωnref 1.35 1.27

Uncertain model parameters:

nominal
worst
gmda

worst
pmp

nominal
worst
gmda

worst
gmp

∆τsync 0 -0.3 -0.3 0 0 0
∆Jxx 0 -0.1 -0.1 0 0 0
∆Jzz 0 -0.1 -0.1 0 0 0
∆Jxz 0 0.3 -0.3 0 0 0
∆CY 0 0.3 -0.3 0 0.3 0.3
∆Clβ 0 0 0 0 -0.2 -0.2

∆Clδa 0 -0.2 0.2 0 0.2 0.2

∆Clδr 0 0.2 0.2 0 0 0

∆Clp 0 0 0 0 -0.2 0.2
∆Clr 0 0 0 0 -0.2 -0.2
∆Cnβ 0 0 0 0 -0.2 -0.2

∆Cnδr 0 0.2 0.2 0 0.2 0.2
∆Cnδa 0 0.2 0.2 0 0 0
∆Cnp 0 0 0 0 -0.2 -0.2
∆Cnr 0 0 0 0 0.2 -0.2

Longitudinal case Lateral case
INDI NDI INDI NDI

E(ĉ) 0.62 0.67 0.43 0.50
E(Var(ĉj)) 0.030 0.039 0.081 0.24

Table 8-5: Overall control law performance

The responses corresponding to the nonlinear simulations can be found in Figures 8-5 to 8-7.
Note that the blue lines represent the responses of the nominal case and the grey area contains
the responses of the worst cases. This area should be interpreted as the design uncertainty. As
expected, the responses corresponding to the INDI controller show less sensitivity to parameter
variations, with smaller deviations between the cases. The di�erence is most prominent in
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Figure 8-6. The NDI controller is unable to regulate the roll angle error under sideslip for
uncertain parameter conditions, with errors up to 1.4◦.

The incremental controller displays superior disturbance rejection compared to NDI, with
faster attenuation and lower overshoot in the attitude response, see Figures 8-4 and 8-7. This
result conforms to observations made by Acquentella et al. [1].

8-6 Conclusion and recommendations

This chapter presented the design optimization of the integrated control system developed
in Chapter 7. Multi-objective optimization was used for the tuning of the free control law
parameters. Robustness to parametric and unspeci�ed uncertainties was achieved using a
multi-model approach in combination with local robustness criteria. Inclusion of the Gibson
Dropback criterion ensured good handling qualities. Under the combined e�ect of actuators,
sensors, �lters, wind disturbance and model and synchronization mismatches, INDI provided
a better compromise between command response, disturbance rejection and robustness com-
pared to classical NDI.

Multi-objective optimization proofed to be very useful for comparing di�erent control tech-
niques. This method allows direct incorporation of a large set of robustness and performance
criteria in the tuning process of the controller parameters. It was demonstrated that the
method can be straightforwardly tailored for use with INDI by including additional criteria
to address robustness to feedback signal synchronization mismatch. By comparing the best-
compromise solution of INDI and NDI, the improved performance and robustness of INDI
could be demonstrated from a more industry-like perspective.

Dynamic Inversion Flight Control Law Design for Fixed-Wing Aircraft Fabian Grondman



96 Design optimization

0.5

1

1.5

osdthe

rtdthe

stdthe

osthe

dbratio

stthe

maxdde

maxthe

maxde

gmde

pmde

gmq

pmq

damp Worst pmde
Worst pmq

Nominal

0.5

1

1.5

osdthe

rtdthe

stdthe

osthe

dbratio

stthe

maxdde

maxthe

maxde

gmde

pmde

gmq

pmq

damp Worst pmde
Worst pmq

Nominal

Figure 8-1: Performance diagram scaled criteria longitudinal part INDI (upper) and NDI (lower)
(solid line = inequality constraint, dashed line = minimize)
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Figure 8-2: Performance diagram scaled criteria lateral part, INDI (upper) and NDI (lower) (solid
line = inequality constraint, dashed line = minimize)
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(a) INDI (b) NDI

Figure 8-3: Simulation 1 longitudinal part: tracking response to 2.5◦/s pitch rate box-cart

(a) INDI (b) NDI

Figure 8-4: Simulation 2 longitudinal part: tracking response to 16 m/s wind step
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(a) INDI (b) NDI

Figure 8-5: Simulation 1 lateral part: tracking response to 5◦/s roll rate box-cart

(a) INDI (b) NDI

Figure 8-6: Simulation 2 lateral part: tracking response to 5◦ sideslip step
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(a) INDI (b) NDI

Figure 8-7: Simulation 3 lateral part: tracking response to 16 m/s cross-wind step
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Figure 8-8: Gibson dropback criteria [22] (upper) & updated Gibson dropback criteria [48]
(lower)
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Chapter 9

Conclusions and recommendations

This chapter presents the conclusions and recommendations corresponding to the Master
of Science Thesis: Dynamic Inversion Flight Control Law Design for Fixed-Wing Aircraft:
Design and Flight Testing of Incremental Nonlinear Dynamic Inversion based Control Laws
for a Passenger Aircraft. The research objective formulated for this thesis is to proof the
concept of Incremental Nonlinear Dynamic Inversion (INDI) on a CS-25 certi�ed aircraft in
�ight. INDI compares commanded and measured accelerations to compute increments on
the current control de�ections. This results in highly robust control solutions with respect
to model uncertainties as well as changes in aircraft dynamic characteristics of failure cases
during �ight. At the same time, the complexity of the algorithms is similar to classical ones.
By presenting the design and validation of manual attitude control functions based on INDI for
a Cessna Citation II research aircraft, this thesis demonstrated that INDI can be successfully
applied to a passenger aircraft and outperform classical Nonlinear Dynamic Inversion (NDI).
Based on the preliminary studies, the following conclusions and recommendations can be
made:

• Due to the angular acceleration feedback requirement, the INDI control signals are typi-
cally noisier compared to NDI, especially when using conventional estimation techniques.
Noisy control signals may cause excessive wear on the actuators. Dedicated angular
accelerometers, pairs of linear accelerometers or complimentary �ltering are therefore
proposed to obtain more noise free angular acceleration estimates. It was demonstrated
that the linear accelerometer pair of the PH-LAB can be successfully used to obtain
observations of the lateral angular accelerations with less phase lag and noise compared
to conventional washout �lters.

• A novel method based on the complimentary �ltering technique has been proposed
as a means to obtain more accurate angular acceleration estimates from angular rate
measurements. The method has no additional dependencies other than the control
surface de�ection and control e�ectiveness, both already required for INDI. Closed loop
simulations demonstrated that this �lter performs well in comparison to conventional
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washout �lters. The results are also valuable for other control techniques that rely on
angular acceleration feedback such as Incremental Backstepping (IBS).

• INDI displays high sensitivity to time di�erences between state derivative and control
de�ection feedback. A surplus of state derivative feedback delay results relatively fast in
oscillations and system instability. For practical applications this sensitivity is somewhat
reduced due to actuator and �lter lag. It was shown mathematically and in a stability
analysis that faster actuators may reduce stability under certain conditions in presence
of unsynchronized signal feedback. This stresses the importance of synchronization for
systems with fast actuators. Robustness analysis against synchronization mismatches
should be an integral part of INDI control law design.

• It has been shown mathematically that the size of the inversion error of INDI due to
neglecting the so-called system dynamics increment scales with the combined delay of
actuators, sensor, and sampling. This result conforms to observations made in simula-
tions in previous research and stresses the importance of minimizing actuator, sensor
and sampling delay.

• Extensive robustness analysis revealed that INDI provides a highly robust control so-
lution with respect to model uncertainties compared to classical NDI, even in pres-
ence of unsynchronized angular acceleration and control de�ection feedback. Under the
combined e�ect of actuators, sensors, �lters, wind disturbance and model and synchro-
nization mismatches, INDI provided a better compromise between command response,
disturbance rejection and robustness compared to classical NDI.

• Multi-objective optimization proofed to be very useful for comparing di�erent control
techniques. This method allows direct incorporation of a large set of robustness and per-
formance criteria in the tuning process of the controller parameters. It was demonstrated
that the method can be straightforwardly tailored for use with INDI by including ad-
ditional criteria to address robustness to feedback signal synchronization mismatch. By
comparing the best-compromise solution of INDI and NDI, the improved performance
and robustness of INDI could be demonstrated from a more industry-like perspective.

In addition to the o�ine design, the research paper presented the assessment and clearance,
rig testing and �ight testing. Based on results obtained in these steps, the following conclusions
and recommendations can be made:

• Qualitative �ight test with the INDI and NDI attitude control laws were performed on
the Cessna Citation II PH-LAB, marking the �rst successful demonstration of INDI on a
CS-25 certi�ed aircraft. In presence of limited authority, uncertain control e�ectiveness
and simulated engine failures, the system dynamics were canceled well by both con-
trollers. The imposed reference dynamics were accurately tracked with nominal control
e�ectiveness parameters, validating the simulation results.

• Pseudo Control Hedging (PCH) is a valuable addition to INDI in presence of actuator
saturation. The �ight test revealed that PCH was e�ective in reducing the saturation
e�ect of the actuators. The use of PCH did however result in more noisy control re-
sponses. For future implementations it is advised to activate PCH only upon saturation.
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This can for example be achieved via a simple algorithm that detects a mis�t between
commanded and actual control de�ection. For control de�ection feedback, models might
in certain cases be preferred over measurements as PCH adapts the reference model to
any bias between commanded and actual control de�ection.

• In addition to engine failures, future �ight test should focus on testing realistic failure
scenarios such as jammed control surfaces or changes in mass distribution. Changes in
dynamic behavior can be simulated by extending the �aps/gear or by activation of the
spoilers. These are particularly valuable in showing the applicability of INDI as a fault
tolerant �ight control system.

• The theoretical advantage of nonlinear control techniques over linear methods should
clearly manifest itself in the nonlinear �ight regime. For future applications, �ight
tests at high angle of attack �ight are considered speci�cally appropriate to include as
experiment case.

• Due to the limited authority of the FBW system and nature of the Rate Control Attitude
Hold and Attitude Control functions, it is important that the pilot has situational aware-
ness what attitude is commanded to reduce the likelihood of saturating the system. The
bene�t of a roll angle marker was already demonstrated in �ight. An additional marker
on the primary �ight display displaying the commanded pitch attitude is considered
highly bene�cial to improve input accuracy.

• It turned out to be di�cult for the pilots to limit inputs on the force sidestick to one
axis only. For future �ight experiments it is therefore recommended to use computer-
generated input signals in addition to pilot-generated input signals. The former have an
advantage in terms of frequency-content and repeatability. This would allow for a better
comparison of �ight test results from di�erent control laws and simulation results.

• For safety reasons and operational constraints, the �ight test in this thesis were con-
ducted at relatively high speed and altitude. It might be bene�cial in future applications
to conduct �ight test below 13,400 ft and at lower airspeeds to maximize the authority
of the FBW system.

• The servo position controller of the FBW system is responsible for perceived changes in
control e�ectiveness due to actuator cable stretch. For future applications it might be
bene�cial to adjust this control law for control surface de�ection feedback. This would
mitigate the issues observed during the �ight test with varying control e�ectiveness.

• The authority of the FBW system might be improved by relieving the (electronic) torque
limitations on the servo motors, especially for the pitch channel. This would be highly
valuable for future testing of advanced �ight control laws, allowing more aggressive
maneuvers and evaluation of the control laws over a wider performance envelope of the
aircraft.
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Flight test cards Flight #2
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Flight test cards Flight #3
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122 Flight test cards Flight #3

Fabian Grondman Dynamic Inversion Flight Control Law Design for Fixed-Wing Aircraft



Appendix C

Flight test results Flight #2
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124 Flight test results Flight #2

Figure C-1: Case #: 2.1.1 #1 Figure C-2: Case #: 2.1.1 #2

Figure C-3: Case #: 2.1.1 #3 Figure C-4: Case #: 2.1.1 #4
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Figure C-5: Case #: 2.1.3 #1 Figure C-6: Case #: 2.1.3 #2

Figure C-7: Case #: 2.1.4 #1 Figure C-8: Case #: 2.1.4 #2
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Figure C-9: Case #: 2.1.4 #3 Figure C-10: Case #: 2.1.4 #4

Figure C-11: Case #: 2.1.5 Figure C-12: Case #: 2.1.6
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Figure C-13: Case #: 2.1.8 #1 Figure C-14: Case #: 2.1.8 #2

Figure C-15: Case #: 2.1.8 #3 Figure C-16: Case #: 2.1.10 #1
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Figure C-17: Case #: 2.1.10 #2 Figure C-18: Case #: 2.2.1

Figure C-19: Case #: 2.2.4 Figure C-20: Case #: 2.2.7 #1
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Figure C-21: Case #: 2.2.14 #1 Figure C-22: Case #: 2.2.14 #2

Figure C-23: Case #: 2.2.14 #3 Figure C-24: Case #: 2.2.17 #1
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Figure C-25: Case #: 2.2.17 #2 Figure C-26: Case #: 2.2.17 #3

Figure C-27: Case #: 2.2.14 #4 Figure C-28: Case #: 2.2.17 #5
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Figure C-29: Case #: 2.2.17 #6 Figure C-30: Case #: 2.3.2 #1

Figure C-31: Case #: 2.3.2 #2 Figure C-32: Case #: 3.2.1 #1
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Figure C-33: Case #: 3.1.2 #2 Figure C-34: Case #: 3.2.1 #3

Figure C-35: Case #: 3.2.1 #4 Figure C-36: Case #: 3.1.3
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Figure C-37: Case #: 3.1.4 Figure C-38: Case #: 3.1.6 #1

Figure C-39: Case #: 3.1.6 #2 Figure C-40: Case #: 3.1.7
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Figure C-41: Case #: 3.1.8 Figure C-42: Case #: 3.1.9 #1

Figure C-43: Case #: 3.1.11 #1 Figure C-44: Case #: 3.1.11 #2

Fabian Grondman Dynamic Inversion Flight Control Law Design for Fixed-Wing Aircraft



135

Figure C-45: Case #: 3.1.11 #2 Figure C-46: Case #: 3.1.11 #3

Figure C-47: Case #: 3.1.11 #4 Figure C-48: Case #: 3.1.11 #5
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Figure C-49: Case #: 3.1.11 #6 Figure C-50: Case #: 3.1.11 #7

Figure C-51: Case #: 3.1.11 #8 Figure C-52: Case #: 3.1.12
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Figure C-53: Case #: 3.1.14
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Flight test results Flight #3
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Figure D-1: Case #: 3.1.2 #1 Figure D-2: Case #: 3.1.2 #2

Figure D-3: Case #: 3.1.2 #3 Figure D-4: Case #: 3.1.2 #4
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Figure D-5: Case #: 3.1.3 Figure D-6: Case #: 3.1.4

Figure D-7: Case #: 3.1.6 #1 Figure D-8: Case #: 3.1.6 #2
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Figure D-9: Case #: 3.1.9 Figure D-10: Case #: 3.1.8

Figure D-11: Case #: 3.1.11 #1 Figure D-12: Case #: 3.1.11 #2
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Figure D-13: Case #: 3.1.11 #3 Figure D-14: Case #: 3.1.11 #4

Figure D-15: Case #: 3.1.11 #5 Figure D-16: Case #: 3.1.11 #6
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Figure D-17: Case #: 3.1.11 #7 Figure D-18: Case #: 3.1.11 #8

Figure D-19: Case #: 3.1.14 Figure D-20: Case #: 3.1.7
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Figure D-21: Case #: 3.1.12
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