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1 Introduction

The analysis of integrated front ends operated in the high-frequency regimes is
addressed in this work. The analysis of these problems has been a critical bottleneck for
decades due to the difficulties arising in adopting full-wave techniques. Assuming, as
typical at lower frequencies, that the structures are planar leads to the inaccurate
representation of some characteristic reactive behaviors. As a case in point, the
characteristic impedance of transmission lines, whose thickness is comparable to the
width, is not well represented by planar tools. Moreover, existing analytic formulas based
on quasi-static approximations for the surrounding fields typically fail when the dynamic
components of the fields are also affected by the stratifications.

In this thesis, planar stratified media with transmission lines and radiators are considered
to be part of the front end, with this latter being integrated (or in package) thanks to the
systematic presence of a dielectric lens antenna. The state of the art of analysing these
structures usually resorts to Physical Optics for studying the lenses. Here, state-of-the-
art is pushed by introducing the use of the Method of Moments for both the circuitry and
the lens, significantly improving the capacity to describe radiation patterns and input
impedances well.

While full-wave analysis with commercial tools is already possible, i.e., CST [1], the tool
developed here leads to comparable, if not lower, calculation times for realistic antenna
configurations. Given the Volumetric Method of Moments (V-MoM) [2] developed in
house, this is a significant achievement. To obtain these results, a strategy of “divide et
impera” [Filippo Il di Macedonia] has been adopted. The analysis of the lens antenna is
performed with the V-MoM. It adopts a coarse discretization which is sufficient to
describe the low spectral components of the propagating fields within the lens. Next, the
antennas feeding the lens are studied separately, assuming the antennas operate in the
presence of an infinite dielectric instead of a finite lens. The latter can be evaluated in
different ways: with a commercial full-wave solver, with the V-MoM using the appropriate
mesh required to represent well the higher spectral components of the near fields, or, in
the case of a dipole, with an analytical method also proposed in this work. Finally, the
two problems, the feed in the presence of the infinite dielectric and the finite lens, are
united to derive the input impedance of the feed of the integrated lens antenna.

This strategy requires the capability to neatly separate the low and high spectral
components of the fields of the feed. To this goal, a procedure to evaluate and isolate
the mentioned spectral components of the field is proposed. The current on a finite dipole
is studied in depth first, and it is shown that it can be separated in the two mentioned
spectra for the first time.

The “divide et impera” procedure, is applied not only to a single dipole but to an array of
dipoles, with thickness accounted for, operating both in focus or out of the focus of a
dielectric lens.

The thesis is structured as follows.

Chapter 2 provides a background on the V-MoM. First, the Volume Equivalence
Theorem [3] is used to set an Electric Field Integral Equations (EFIE) and how it can be
written in a matrix form with the method of moments [4]. Secondly, it is explained how
the 6-D integrals of the EFIE are reduced to 4-D integrals. Next, the Conjugate Gradient
method [5] together with the Fast Fourier Transform is used to solve the linear system.



Chapter 3, the main core of this work, explains how to separate the analysis of the feed
radiating in the absence of the lens from the interaction between the feed and the lens.
This method has been called ‘the auxiliary sources method’ as an auxiliary feed is used
to estimate the reflections from the lens surface.

Chapter 4 proposes a novel analytical method to study the input impedance and the
current distribution of a dipole exited with a §-gap generator embedded in a stratified
media. This method is based on the Green’s function of an infinite dipole introduced in
[6]. The strength of this method is that it allows a deep understanding of the different
spectral components of the current: the lower part of the spectrum, which is responsible
for radiation, and the higher part, which is associated with capacitive effects.

Chapter 5 concludes the thesis with a summary and proposes some improvements for
the V-MoM and for the analytical analysis of the feed.



2 Background on the
Volumetric Method of
Moments

In this chapter, an overview of the Volumetric Method of Moments (V-MoM), developed
for the first time in [2] and [14] and optimized in [7], will be provided. The V-MoM aims to
find the equivalent currents of the Volume Equivalence Theorem [3] by solving an electric
field integral equation (EFIE). For this purpose, the domain is discretized into a structured
grid (i.e., a grid whose points can be ordered in a regular Cartesian structure), and the
equivalent currents are represented as constant piece-wise basis functions on the voxels
of the grid. The EFIE can then be rewritten in a matrix form, and the unknown equivalent
currents can be found by solving a linear system. Due to the many unknowns, the linear
system cannot be solved by factorizing the matrix. Thus, the Conjugate Gradient (CG)
iterative method [5] is used. Moreover, the matrix product needed in the CG can be
calculated for the structured grid using the Fast Fourier Transform (FFT).

The structured grid, together with the piece-wise basis functions, leads to several
advantages. First, the reaction integrals of the EFIE can be reused for different problems
as they do not depend on the unknowns. Secondly, the number of integrals to be
computed and stored is reduced significantly as the linear system matrix has a Toeplitz
structure. Finally, the matrix product can be calculated with the help of the FFT, which
decreases the computational time.

This Chapter is organized as follows. In Section 2.1, the Volume Equivalence Theorem
is applied to derive the EFIE. In Section 2.2, the EFIE is converted into a linear system
by expanding the equivalent currents in piece-wise basis functions. In Section 2.3, it is
explained how the 6D integral of the EFIE can be reduced to a 4D integral by invoking
the equivalence theorem and the appropriate differential relations. In Section 2.4, it is
explained how the linear system is solved using the CG method, how the matrix product
can be evaluated with the FFT, and how the reaction integrals are computed.



2.1 Derivation of the Volume Integral Equation
Ji(7) Ji(#)
b -7

Ho, Sbg o, gbg

Fig. 2.1. lllustration of the volume equivalence theorem. The obstacle (green body) is replaced by equivalent
currents radiating in a homogenous medium

This section explains how to derive the Volume Integral Equation for a scenario when a
set of arbitrary sources radiate in the presence of an obstacle. This is achieved by
applying the Volume Equivalence Theorem [3], which states that the field disturbances
caused by the obstacle can be replaced by equivalent currents radiating in a
homogenous space.

Let us introduce a set of arbitrary sources fi(F) immersed in a homogenous medium of
permittivity &,, and permeability u;,4, which radiate in the presence of an obstacle of
volume V and characterized by permittivity £(#) and relative permeability u(#). This
scenario is depicted in Fig. 2.1.

By using the superposition principle, the total field can be written as follows:

G

) = E(#) + E;(P) (2.1)
() = H,

E
H i) + Hy(®) (2.2)
where Ei(?), ﬁi(F) are the fields radiated in the absence of the obstacle by the sources
J:(®), and E(#), H(%) are the total fields, and E(#), Hy(7) are the scattered fields.
As the incident fields are defined in absence of the scatterer, they satisfy the following
equations
VX Hi(F) = Ji() + joepgEi () (23)
VX Ey(P) = —joppgHi(7) (2.4)

while the total fields satisfy the equations

Vx HF) =J;(#) + jwe@E®) (2.5)
VX E®#) = —jou(@H®) (2.6)

By subtracting (2.3) from (2.5) and (2.4) from (2.6) and making use of (2.1)-(2.2) we can
write the following identities for the scattered fields



VX Hy(#) = jw(e(®) — epy )EF) + jwepyEs(P) (2.7)
VX Es(®) = —jo(u®) — ppg ) HF) — jopygHs () (2.8)

Next, a set of electric and magnetic equivalent currents is introduced

Jeq @) = joo(e(P) — eg)E @) (2.9)
Meq(®) = joo(p(P) — pug)H(@) (2.10)

which are defined only on the volume V' enclosing the obstacle. By substituting (2.9) in
(2.7) and (2.10) in (2.8), we obtain the Ampere-maxwell Law and Faraday’s Law for the
scattered fields

VX Hy(#) = Joq(P) + jwepg Es(7) (2.11)
VX E(F) = —Meq(F) — jwtpg Hs(P) (2.12)

By comparing (2.7)-(2.8) with (2.3)-(2.4), the scattered fields can be seen as the fields
radiated by the sources feq(F), Meq(F) in the homogenous media with permittivity &,
and permeability ;4. As in this thesis, only non-magnetic materials (i.e., characterized
by permeability u(7) = Upg = Ho) are considered, (2.10) vanishes, and therefore, only
the electric currents feq (#) are used. Next, by using the dyadic Green’s functions of the
homogenous media, the electric scattered field can be written as follows

o 1
E,(#) =
S =

(kig + V") f f f & —F)]eq () ¥’ (2.13)
14
where kg is the wavenumber in the background medium and the scalar Green'’s function

9pg () is defined as follows

. e~ JkbglT|

By substituting (2.13) and (2.9) in (2.1) one obtains the following integral equation

= o feq(F)
Ei(r) =- > —-
@ ]a)(s(r) - sbg) JWepg

(kg +VV") f f f g = )]oq (7)) dF. (2.15)
%4
With the help of the following identity [8]
(kb +VV) f f f g = F)]oq () d7*’
|74

=UxVx ||| g& =7y @) dF — J,o(7) (2.16)
[[fs=ronarar i



the integral equation in (2.15) becomes

j0esy () — & e B}
20D =2 3y = - ”vxvxjﬂg@ e a7

(2.17)

Where the unknown function is feq ().

2.2 Solving the Integral Equation with the MoM

2.2.1 Expansion of the equivalent currents and Galerkin’s projection

the integral equation (2.17) can be solved with the method of moments [4], where the
unknown is expanded in a set of N; basis functions b, (), b, (#), b3(7), ... as follows

N¢

Jea® =) nn(@. (2.18)

n=1

Each basis function Bn(F) has a unit of [1/m?] and it is weighted by a value i,, [A], so
that the equivalent currentsfeq (#) have a dimension of [A/m?]. For the sake of simplicity,
constant piecewise functions are employed. The domain is discretized into Ny = N;/3
cuboids where the current is oriented along %, 7, Z. En(F) is defined as follows

b, (?) = rect (x _Axm) rect (y —AYm) rect (Z —AZm) Dns (2.19)

where p,, € {%,9,2}. We define the inner product as follows
(F@, gD = f f f F@® - g @®dr (2.20)
14

which yields orthogonality properties between the basis functions.
Then, by substituting (2.18) into (2.17) the integral equation becomes as follows

M%Mﬂswau_zlbw_m)

o) ”VXVXjUgu—rm(wm

(2.21)

Q)

where the weights i,, must be determined. By applying Galerkin’s method, test functions
£, () = Bm(i*’) are projected into (2.21), which becomes as follows



ngbg(g(F) bg)

E; (), b Py

(¥
N¢
(T') bg i 34 -/ 7 —>
= in [Ba® - P [ 9G =782 | BP0
(2.22)
This latter can be written in the following matrix form
I
v= (Z - zmatzrad) i (2.23)
where v is the excitation vector whose entries are defined as follows
jwsbg(s(F) — ) ]webg(e(r) ebg)
Uy, = = E, b YW= E; 7)A
m =P i), by (D) = = () P ()
ngbg(g(F) - <":bg)
= 2.24
8(?) emA ( )
where e, is the average value of ﬁi in the basis function.
Where Z™3at js the following diagonal matrix
& — & Ey — & En, — &
Zmat — dlag< L b9 7z by M ”g> (2.25)
&1 &2 EN,

with &, &, ..., ey, being the electric permittivities of the voxels and finally the radiation
matrix Z.,q Whose entries are given by the following 6D-integral

grad M B - Vx| 7 x fff 9@ = 7)by () dF” (2.26)

where 1}, and V}, are the supports of the test and basis functions, respectively.
As the ba5|s functlons are ordered as follows

bn(F) = Dm F)
= by (), .., b, (), by, 41(P), e, bow, (F) Doy 1 (), oo, bay =i, (F) (2.27)
X—polarized y—polarized Z—polarized

(2.23) can expanded in the following form

ZXx ny Xz

Vy I rad “rad “rad iy

— | = _ 7mat|5YX yy yz ;
Yyl = A Z Zrad Ziaa Zraa ly (2.28)
Ve rad Zzy Zrad 1z




where each ZX!, term is a square matrix, whose entries are projections between the k-
polarized test functions and the [-polarized basis functions.

2.3 Reaction Integrals

2.3.1 Reduction from a 6D integral to a 4D integral

The operation "V x V x " on the Green'’s function g(# — #') in (2.26) leads to a singularity
of the order 1/73 which is difficult to treat numerically. In this subsection it is explained
how the singularity 1/r3 can be reduced to a singularity of the kind 1/7.

By applying one of the differential relations b -V x d = —V - (d x 5) — G-V x b, the right
hand side of (2.26) becomes as follows

_va. Bm(F)xVxl{fg(F—?’)I;n(F’)dFdF’

—fﬂ V X b, (7) - | V x jﬂ g(# — )b, (7)) d7d7' (2.29)
Vn

Vm

where second term vanishes, being Em(F) a piecewise constant function. By applying
the divergence theorem to the first term of (2.29), the volume integral on V;, can be
transformed in the flux through S,,,, which is the surface enclosing V,,. Therefore, (2.29)
becomes as follows

—# b, (7) X VXﬂfg(?—f')Bn(F')dF' - fis, dSm (2.30)
Vn

Sm

where 7 is the outwardly oriented normal unit vector of S,,. By permuting the vectors

in the triple product, and by taking the operator "V x " inside the volume integral, (2.30)
is rewritten as follows:

_ # (5, X Bu(®) - f f f Vx (g = #)Ba ) dF dSp. (2.31)
Sm Vn

Resorting to the well-known differential relation V x (a b) = aV x b + Va x b, (2.31) can
be written as follows

- # (s, X b ()

Sm

' fff (9@ = #IV X by () + Vg (F = #) X by (*)]dF dSp.  (2:32)
Vn

10



And, as the differential operator "V x " is calculated with respect to #, V x En(F’) vanishes
and (2.32) becomes as follows

_ # (g, X B () - f f f Vg — ) X by (7)dF' dSp. (2.33)
Sm Vn

Since Em(F) and En(F) are piecewise constant functions with polarization p,, and p,,
respectively, (2.33) can be rewritten in the following manner

1 = SN 7230
o #(ﬁsm X ﬁm) | P X fff —Vg(r —7r)dr' |dS,,. (2.34)
Sm Vn

By making use of the relation Vg(7¥ — ") = —=V'g(# — 7"), where V' is the differentiation
with respect to 7/, (2.34) becomes as follows

1 - >/ =7
e #(ﬁsm X Prm) - | Pn X -Uf Vig(r —7)dr' |dSp,. (2.35)
Sm Vn

Finally, by applying to (2.35) one of the corollaries* of the divergence theorem, the
volume Integral in (2.35) can be reduced to a surface integral and each entry of the
radiation matrix can be calculated as follows

1 - =7
zrad — — 1 #(ﬁsm X Pm) - # Pn X fis, g(F — 7)dS, | dS,. (2.36)
Sm Sn

Thanks to the divergence theorem and the properties of the differential operators, the
volume integrals can be transformed into surface integrals. The singularities 1/r3 of
(2.26) are converted to 1/r, which are easier to treat numerically.

The integrals over S,, and S,,, in (2.36) can be written as the sum of the integrals between
the faces of the cube enclosed by §,, and S,, as follows

6 6
238 == || G xom) | D[] (X i) 9 = 0dS01 | dSms (23)
k=1 Sm,k =1 Sn,l

1 By applying the divergence theorem to one of the differential identities one obtains

fvﬂawdv:ffaf-ﬁds—fvf £V-édv.
fﬂ-Vde=fﬁf~ﬁdS

If ¢ is a constant

11



where S, . is face k of S,,, and S, ; is face [ of S,,; and #,,, , and 71, are the normal unit
vectors of S, . and S, ;, respectively. As p, X fi,,; is a constant, it can be taken out of
the integral and (2.37) can be written as follows

6 6
2 = = D (% ) (o X DI, (2.38)
k=11=1

where the reaction integral I, is as follows

Ik = f f f f g(F@ —7)dSm 1 dSn- (2.39)

Sm,k Sn,l

Fig. 2.2 shows a representation of the integral between face S, ; (the face of the m,,
test function with normal X) and face S,, ; (the face of the n.;, basis function with normal
2). Due to the reciprocity it is sufficient to calculate only the entries of Z}7; and ng of
(2.28), while the remaining submatrices can be obtained by a proper permutation of the
elements. Moreover, it is clear from (2.39) that the entries of Z"4 do not depend on the
absolute location of the test and basis function but only on their relative position and
orientation. Consequently, only few elements of Z'4 should be calculated. How to exploit
the symmetries of the structured grid to reduce the number of the integrals to calculate
is explained in Section 2.4.

z B Test Function
. _ I Basis Function
x 9 L=y

Fig. 2.2. Reaction integral between the face S, ; of the test function and face S,, , of the basis function.

2.4 Solution

2.4.1 lterative solver

To calculate the unknowns i of (2.23), (I/A — Z™atZ™4) must be factorized, but, due its
large dimension, this operation is computationally expensive or even prohibitive. Thus,
the linear system in (2.23) is solved iteratively by using the CG method[5], one of the
most popular method to solve linear system of the form

b = Ax. (2.40)
The fundamental idea behind iterative solvers, such as the Steepest Descent (SD) or

CG methods, is that the solution of a system of the kind in (2.40) coincides with the
minimum of the quadratic form

12



f(x) = %(AT +A)x—b (2.41)

when the matrix A is positive-definite. The method chosen for the tool is the CG as it
needs fewer iterations to converge and it is more accurate than the SD: without
considering rounding errors, the CG needs n = rank(A) steps to find min f(x), while the
rate of convergence of the SD depends on the condition number of A. The CG method
starts with an initial guess at the point x(0) and the next points are iteratively chosen
accordingly to

x(i + 1) = x@0) + a()d() (2.42)

where the scalar (i) tells how long one should travel along the search direction d(i)
starting from the point x(i) in order to find the next point x(i + 1). In the SD the search
direction d(i) corresponds to the residual r(i) = —Vf’(x(i)) and each search direction is
orthogonal to the previous one. The concepts behind the CG are that the search
directions are A-orthogonal® between each other’s and that the search direction d(i) is
A-orthogonal to the error e(i + 1) = x(i) — x, where x is the exact solution. The most
computationally expensive operation of the algorithm, whose flowchart is illustrated in
Fig. 2.3, is the matrix product

Ad(l) = (I/A - Zmatzl‘ad)d(i) = d(l)/A - Zmat (Zradd(i)).
— (2.43)
2

Product 1 requires the storage of N? elements and to perform N? operations as Z™4 is a
full matrix. On the other hand, product 2 requires to store only N; elements and to perform
only N, operations as Z™3! is the diagonal matrix defined in (2.25).Fortunately, thanks to
the symmetry of the geometry and the translation invariance of the homogeneous space
Green’s function, Z'4 assumes a Toeplitz (or a block Toeplitz) configuration. This allows
us to reduce the number of stored elements and to accelerate product 1 with the help of
the FFT.

X(0)
A\ 4
de) =r(g)
v
T
Fi+n) = Ty — 40RO ®
i i T i
dHAd,

X@i+1) =X t

no

l‘(Ti+1)1‘(z+1)
Ay =Taepy +———dg

T
HONO)

Fig. 2.3. Flowchart of the CG method

13



2.4.2 Matrix Product with FFT

In this subsection it is explained how to exploit the properties of the Toeplitz or block
Toeplitz matrixes to compute a vector product by using the FFT.

List of operations

The followings are three simple operations which are needed to comprehend the content
of the subsection

B =[Alg, a,b,:b,c:c,~ When A is a matrix or a tensor, B is the submatrix (or
subtensor) of A, obtained selecting the elements from a, to a, of the first
dimension, from b, to b, of the second dimension and from ¢, to ¢, of the third
dimension

e B= reShape{A}Nx,Ny,Nz_) when A is a matrix or a tensor composed of NN, N,

element, B is a Ny X N, X N, matrix or tensor where the elements of A are
rearranged. The ordering of the elements is carried out along the first dimensions
before shifting to the others.

e B =1flip(A) - when A is a 2-dimensional matrix, B is a 2-dimensional matrix
obtained by rotating A clockwise by 180°.

One Dimensional Geometry

A
<~
- - - -
n ) 3 N,
o { { {

(
(

Fig. 2.4. Geometry of N, equi-spaced basis functions distributed along x-axis.

To make the explanation simpler, one can start by considering a linear problem
consisting of N, equi-spaced elements as shown in Fig. 2.4. For this explanation, the
polarization of the basis functions is not relevant and it will be introduced later in this
section. The associated radiation matrix can be written as

Z11 Z12 Zyz v 21Ny
Zy1  Zyp  Zyz e Z2ny

Zl'ad — Z31 Z32 Z33 Z3Nx (244)
ZNy1 ZNy2  ZNy3 ... Znn,

where z;, is the entry representing the field generated by the j,, basis function (source)
and projected on the i, test function (observation). Because of the space invariance of
the homogenous space Green’s function, the interaction between basis and test
functions depends on their relative position. It follows, for example, that the interaction
between the source in r; and the observation in r, is equal to the interaction between
the source in r, and the observation in ;. Each entry can then be written as

14



Zij = Zj—i Vl,] (245)

By using the results in (2.45) the radiation matrix becomes as follows

ZO Z]. ZZ ZNx—l
Z_q Zp Zy e ZNy-2
Zrad = z_, Z_1q Zy = ZN,-3 (246)
Z1-N, Z22-N, Z3-N, .. Zy

which is a Toeplitz matrix, i.e., a matrix where each descending diagonal from left to right
is constant. As a Toeplitz matrix is uniquely determined by its first row and first column,
it can be characterized by a vector with 2N, — 1 entries as follows

7z = [Zy. 1 Zny—2 - Zy Zg Z_q - Z2-Ny Z1-Ny] (2.47)

which reduces the memory requirements from N2 to 2N, — 1. To understand how the
DFT and the vector z"4 can replace the matrix product, it is useful to expressed explicitly
the product Z"4j as follows

=

yogradg = | 77470 ZNx-Z Zgly +2oly + o+ 2y, oy,

ZO Z i ZNx—l ZOil + ZliZ + -4 ZNx—liNx
H \ .

Zl_Nx ZZ_Nx lzl—inl + Zz_inz + e+ ZOiNxJ
One notices that the first element of v can be obtained by multiplying the first N, elements
of z"4 with the elements of i, but with the order reversed:

ZNy-1 ZNy-2 -+ Z1 Zo Z-1 - Z2-Ny Z1-Ny

le le—l R 11

The second element of v can be obtained by multiplying the elements of 224 from Zy,—2
to z_, with the reversed vector i as shown below

ZNx_l ZNx_Z ZNx_3 s ZO Z_l s ZZ_Nx Zl_Nx

le le_l o 12 ll

Similarly, the remaining entries of v can be obtained by shifting each time the reversed
vector i on the right by one bin. One can recognize this operation as the convolution
between 224 and i and the entries of v can be obtained by selecting the correct number
of elements:
_ d. _ . d - _ . d -

V=177 = [Zra * l]NX:ZNX—l - [Zm ® lp]Nx:ZNx—l (2.49)
where = and ® denote the convolution and the circular convolutions, respectively, and
the vector iP is the vector i padded with N, — 1 at the end
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iP = [iy iy i3 . iy, O ?V._..l 01". (2.50)

By recurring to the properties of the circular convolution and the Discrtete Fourier
Transform (DFT) the convolution in (2.49) can be calculated as follows

v =27 = [IDFT (DFT(z"*%) © DFTGP))| (2.51)

Nyi2Ny—1

where O denoted the element-wise multiplication. The DFT can be conveniently
calculated with the FFT scaling the computational complexity from O(N2) to O(N,logN,).

Two-Dimensional Geometry

A
<>
- - -
151 Tz 7"3
o ®
x
A
o o o,
T'4 r5 r6

A~

y

Fig. 2.5. Planar geometry of N,, = 3 equi-spaced basis functions along the x-axis and N,, = 2 equispaced
along the y-axis.

The same approach adopted in the one-dimensional case can be extended to two-
dimensions. For the sake of the explanation, let us consider 6 basis functions displaced
as shown in Fig. 2.5, with N, = 3 and N,, = 2 and with the element numbering carried
out along x- before shifting to the next y-coordinate.

As before, the interaction between the test function (observation) and the basis function
(source) depends only on their relative position and, for example, z;; (field generated by
the source located in 7 and observed at 7;) is equal to z,, (field generated by the source
located in 7, and observed at #,). Each entry of the radiation matrix can then be rewritten
as follows

Zmn = Zny—myn,—m, (2.52)

where (m,,m,) and (n,,n,) are the coordinates of the observation and the source,

respectively, relative to the vector space {AX, Ay}. For the simple geometry in Fig. 2.4,
the radiation matrix can be written as follows

20,1 Z11 221

Z-11 201 Z11

Zo21 Z-11 Zoa| [Zoy Z4 (2.53)
Zoo Z10 Z20| |Z_4 ZO]

Z-1,0 200 21,0

Z-20 Z-10 Z0,0

20,0 21,0 22,0

Z_1,0 20,0 21,0

grad _ Z-20 Z-10 Zoo
{ Zo—1  Z1,-1  Z21

Z-1,-1 Zo~1 Z1,-1
Z-2-1 Z-1-1 Zp-1
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Z™4 is a block-Toeplitz matrix because is composed of 4 Toeplitz submatrices Z,,
arranged in a Toeplitz fashion. In each block Zj the pair (m,,n, ) is fixed as Z; represents

the interactions within the same y coordinate. Therefore, the subscript k of each block
Z, indicates the difference in y between the source and the observation point (i.e. Z; =
Zy,-m,). With an element numbering carried out along the x- coordinate and
subsequently along the y-coordinate, the radiation matrix for a planar geometry is
composed of N, X N, Toeplitz submatrices with size N, X N,. Zrd s then fully
determined if the first column and its first row of blocks (i.e.,2N, — 1 blocks) are known
and each block is fully characterized if its first column and its first row are known
(i.e., 2N, — 1 elements). It follows that the radiation matrix of a two-dimensional
geometry is fully determined by (2N, —1)(2N, — 1) elements and not by (NxNy)Z.
Therefore a (2N, — 1)(2N, — 1) matrix containing all the elements sufficient to
characterize Z™4 is introduced and it is given by

[ZNg=1,Ny—1 = ZNy—=1,1 ZNy-1,0 ZNy—-1,-1 =+ ZNy—1,1-Ny]
Z1,Ny-1 w211 21,0 Z1,-1 - Z11-N,
yrad _ ZO,Ny—l Zy1 Zy,0 Zo,—1 ZO,1—Ny . (2.54)
Z-1Ny-1 - Z-11 Z-1,0 Z-1,-1 = Z-11-N,
[Z1-Ny,Ny—1 = Z1-Ny1  Z1-Ny0  Z1-Ny—1 = Z1-Ny1-Ny |

For the geometry in Fig. 2.5 the 24 js as follows

221 220 221

[21,1 Z1,0 21,1 ]

7 =201  Zoo Zo-1 (2.55)
Z-11 Z2-10 Z-1,-1

Z-21 Z-20 Z-2-1

where each column characterizes a specific submatrix Z;.In particular, the j;;, column of

7" represents the submatrix ZNy_,-th.The way each column of 24 is constructed from

its associated submatrix Z, is the same as z"4 is built from Z™4 in the one-dimensional
geometry as explained in (2.46) and (2.47).The product between Z™4 and i is as follows

Zo0 Z10 Zy0  Zox  Z11 Z217[l
Z-1,0 20,0 Z10 Z-11 Zo1 “Z11l]iy
Z_20 Z-10 Zoo Z-21 Z-11 Zo1l|i3
Zo-1  Z1-1 Z2-1 Zoo Zi0 Z20||ia
Z_1-1 Zo-1 Z1-1 Z-10 Zoo Z10||ig
Z-2-1 Z-1,-1 Zo~1 Z2-20 Z-10 Zo,0llig
[ Zooly tZ10lp 23003 + Zp1ls + 21105 + 22106

Z_q,0l1 + Zo,0l2 + Z10l3 + 21104 Zo 105 + 21116
_ Z_p0l1 +2Z_10l2 + Zoolz +Z_21ls + 21115 + Zp 116 (2.56)
Zo—1ly + 21,10y + 23 113 + Zg oly + 21 9l5 + 23006 '

Z_q,-1ly + Zg—1lp + 21103 + Z_19lq + Zgols + Z1 9l

1Z_p-1l1 +Z_q, 1l + 2o 103 + Z_30l4 + Z_10l5 + Zg ol

v=172rdj =
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which can be calculated in a convolutional manner. In the first place, the vector i must
be reshaped into the following N, x N,, matrix

P11 P12 i1 iy
p= reshape{i}Nx,Ny = |P21 Pz,z] = [iz is|. (2.57)
P31 P32 iz g
In general, for arbitrary values of N, and N,, the entries of p are defined as
Dij = l(j-1)Ny+i- (2.58)

In this example, by applying the flipping operation to (2.57), the flipped vector p becomes

_ L g lg I3
piliP = flip(p) = flip| [iz is]|]|=|is i) (2.59)
i3 g iy Iy

The first element of the vector v defined in (2.56) is calculated as the element-wise
product between the elements of 24 selected by the sliding window indicated in red and
the vector p'P as illustrated in the scheme below

221 Z20| 221

Z11 Z1,0 Z1,-1 |[lg I3
V1= (20,1 Zoo| Zo-1 [iS iy

Z-11 Z-10 Z-1,-1|liy i

Z-21 Z-20 Z-2,-1

To calculate the second and third elements, the same operation is performed but the
sliding window must be shifted one and two positions down, respectively:

221 220 Z2,-1 [ 22,1 22,0 Z2,-1

Z11 Zio| Zi-1 |[lg I3 Z11  Zi0  Z1-1 |[lg
U2 2 ||%201  Z0,0| Zo,-1 [is in] V3™ |Z0,1 Zoo| Zo-1 [iS [

Z-11 Z-10 Z-1-1|liy 14 Z_11 Z-10 Z-1-1|liy 14

Z 21 Z-20 Z-2-1 Z_21 Z-200 Z-2-1

For the fourth element of v, the sliding window is moved up to the top-right and finally,
for the fifth and sixth entries, the sliding window is moved down by one and two positions

Z21  |Z20 @ Z2,-1
Z11 Z1,0 Z1,-1| Tl I3
Vg 2 1 201 |Z00  Zo-1 !i5 iy
Z_11 Z-10 Z-1,-1|liy 4
Z21 Z2-20 Z-2-1
Z21 220 Z2-1 Z21  Z20  Z2,-117
Z11 | Z10  Z1-1||[lg i3 Z11 Z10 Z1,-1
Vs = | Zo1 Zo,0 Zo—1||]|is Iy Ve = | Zo1 20,0 Z0,-1
Z11 |%-1,0 Z-1-1|liy iy Z_11 Z-10 Z-1-1
Z-21 Z-20 Z-2,-1 Z_ 31 Z_30 Z_3-1
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As this operation is the convolution between matrix p and the matrix 2724 the product
in (2.56) can be written as follows

V= reshape{[irad * ij]Nx:ZNx—l,Ny:ZNy—l}l NoNo (2.60)
MNxlNy

Next, a new (2N, — 1) x (2N,, — 1) matrix pP is built from the matrix p by adding N, — 1
zeros in the first dimension and N, — 1 zeros in the second dimension as follows

[ P11 P2 - Pin, . 07
P21 P22 - DP2n, -0
: : : : 0 .. 0
PP = PNy1 PNyz o+ PN, .0 (2.61)
0 0 o0 0 .. 0
L 0 0 o0 0 0 .. o

Finally, by exploiting the DFT properties, the convolution in (2.60) can be written as a
product in the frequency domain

v= reshape{IFFT[FFT(zmd) ©) FFT(]’)‘p)]Nx:ZNx_LNy:ZNy_l}lN . (2.62)
W Ny

Three-Dimensional Geometry

The two-dimensional case can be extended to a three-dimensional one without any
major effort. The numbering of the basis function is carried out in the xy-plane as in the
two-dimensional geometry before shifting to the next z-coordinate.

In this case, the radiation matrix can be written as follows

ZO Z1 e ZNZ_l
Z_ Z v Ly _
Zzrad — :1 :0 . N:Z 2 . (2.63)
Zl_I\,z ZZ_NZ e ZO

It consists of (2N, — 1) submatrices Z, arranged in a Toeplitz fashion. Each block Z,
contains the interaction between sources and observations with a fixed distance along
the z-axis and it is constructed in the same way Z™4 is constructed in the two-
dimensional case. In this case, a two-dimensional matrix is not sufficient to fully
determine the radiation matrix but a (2N, — 1) X (2Ny — 1) x (2N, — 1) tensor z™4 js
needed. To have an expression for the tensor, each element of the radiation matrix must

be rewritten as follows

Zmn = Zny—myny,—my,n,—m, (2.64)

where (m,,m,,m;) and (n,,n,n,) are the coordinates of the observation and the
source, respectively, relative to the vector space {Ax, Ay, AZ}.
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The tensor 74 consists of (2N, — 1) ‘pages’, where, due to the ordering of the elements,
each ‘page’ is filled with the interactions between the source and the observations with
the same distance along the z-direction. Each z534 . is defined as follows

pagek
[ZNyg—=1,Ny—1, = ZNy=1,1 ZNy-1,0 ZNy-1,-1 - ZNy-1,1-N,]
Z1,Ny-1 w211 21,0 Z1,-1 21,1-N,
;rad Zo N — z z Zy — Zy1—
Zpagek 0.Ny—1 0,1 0,0 0,-1 0,1-Ny |. (2.65)
Z-1Ny-1 = Z-11 Z-1,0 Z-1,-1 = Z-11-N,
[Z1-Ny,Ny—1 =+ Z1-N,, 1 Z1-Ny 0 Z21-Ny—1 =+ Z1-Ny,1-N,, |

As each page is characterized by a fixed distance between source and observations
along the z-direction, the third index in the matrix in (2.65) has been omitted. In particular,
for the k., page, this distance is k — N,. Next, the vector i is reshaped to build the
N, X N,, X N, tensor p

p = reshape{i}y, v, (2.66)
and each entry of p are defined as:
Pijjk = Lk=1)NgNy+(j—~ 1Ny +i- (2.67)
As for the one- and two- dimensional cases, a new tensor pP is built by padding with

zeros the tensor p in order to have the same dimension of the tensor 24, The zeros are
added at the end of the each dimension so that

[ﬁp]l:Nx,l:Ny,l:Ny =p. (2.68)

Finally, once that all the necessary components have been defined, the product Z"24j
can be calculated with the FFT as follows

v = reshape {[IFFT (FFT(z729) © FFT(PP) )]

Nx:2Nx—1,Ny:2Ny—1,Nz:2Nz—1}1'NxNyNZ (2.69)

2.4.3 Polarization of the test and basis functions

Once that the procedure on how the treat Toeplitz or block-Toeplitz matrixes with the
DFT has been explained, the polarization of the basis and test functions has to be
considered. The product 1 in (2.43) can be expanded as follows

7Xx ny xy Xz
rad “rad rad (l) rad rad rad
— yy yz y
Zradd(l’) Zrad Zrad Zrad (l) rad (l) rad d([) rad d(1) (2.70)
Zrad Zrad rad d(l) rad f;/d 1%:d
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Where ZX , is the radiation matrix of the interaction between k-polarized basis functions
and [-polarized test functions and the entries of ZX, are calculated as in (2.38). Each
matrix product ZX, - d’(‘i) is calculated with the FFT as explained earlier. Moreover, if a
rectangular grid is considered, due to the symmetry and reciprocity, not all the matrixes
Zk 4 have to be computed: by knowing the entries of ZX%, Z>>, and ZZZ, con be calculated
as follows

Z)’)’ — 7XX_
rad,i,j,k — “rad,jik
zZ _ 7XX
rad,i,jk — Zrad,k,i,j (2-71)

where the inversion of the subscripts on the right hand side indicates a permutation of

the elements. The remaining submatrices can be obtained from Z;?; as follows

yx _ Xy
Zrad,i,j,k - Zrad,i,j,k
zx _ 7XZ — 77Xy
Zradijk = Zradijk = Lrad,ik,j»
zy _ 5yz Xy
Zrad,i,j,k - Zrad,i,j,k - Zrad,k,i,j' (2-72)

2.4.4 Construction of the coupling tensors

Source

| VW W
Ouoration | A AN

mmm.” 4

y

Fig. 2.6. Construction of the tensor by fixing the test function on the first voxel in the grid and sweeping the
basis function over all of the voxels within the grid.

The number of entries each tensor is composed of is (2N, — 1)(2Ny — 1)(2NZ —1),-but
the number of integrals can be reduced to NN, N,. As the magnitude of the reaction

integrals depends only on the absolute distance between the test and basis function, the
tensor entries in (2.65) follow this relation

ves d I (XX d
2 4k = | el - (2.73)

One can then fix the source (basis function) on the first voxel and sweep the observation
(test function) to all the cuboids within the grid a shown in Fig. 2.6. It means that only the
entries with 1< i< N,,1<j<N,, 1<k <N, in (2.73) should be computed and the
remaining entries can be obtained from the calculated ones by correcting the sign.
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For the sake of the explanation, one can consider the simple two-dimensional geometry
in Fig. 2.5. The associated tensor 2724 is

Z21  Z20 Z2-1
Z11 Z1,0 Z1,-1
zrad — [ zy1  Zoo| Zo-1
Z-11 Z-10 Z-1,-1
1Z21 Z-20 Z-2-1

and only the entries encircled in red should be calculated as:

Z,-1 221 Z_11 Z11 Z_21 Z21
Z1,-1| =|211] ,| Z-10 | =| Z10 |,| Z-20 | =] 220
Zp,—1 Z0,1 Z_1,-1 Z1,-1] 1Z2-2,-1 Z2,-1
for zradx* gng
Zy,-1 Z21 Z_11 Z11 Z_21 Z21
Z1,-1|=—|%11]| ,| Z-10 | = —| Z10 |,| Z2-20 | = —| 22,0
Z0,—1 Z0,1 Z_1,-1 Z1,-1) 1Z-2,-1 Z2,-1

for zradxy

Let us focus on the construction on the tensor Z"4*%* By substituting p,, = p, = £ in
(2.38) we obtain the following expression

6 6
zrad _ _ Z Z(ﬁk X ) - (& X ADIKL (2.74)
k=11=1

where only the 8 terms associated with 71, and 7; are either +y or +Z are non-zero. To
avoid performing the same integral IX, multiple times, a tensor zs*"%Z js defined, and it
is obtained by fixing the observation on the face with 7, = Z of the first voxel and
sweeping the source over all the faces with 7i; = Z of the other voxels within the domain
as shown in Fig. 2.7. Then, the tensor 7radxx can he calculated as follows

radxx _ surfzz _ _surfzz _ _surfzz surfzz _ _surfzz _ _surfzz
Zijk =2Zijk Z; v — Zijx-1 t 2% k1)~ Zik-1) (2.75)
Source A A A
> A/

Observation m 1A
.A.A.A.’

Fig. 2.7. Fixing the observation on the face with i, = Z of the first voxel and sweeping the source over all
the faces with 71; = Z of the other voxels within the domain.
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Let us now consider the tensor z"29*Y By substituting p,, = £ and p,, = y in (2.38) we
obtain the following expression

6 6
Zid == " (e x D) O X Al (2.76)
k=11=1

Only 4 terms in the summation do not vanishes as they are nonzero whenever 1, and
fi, are oriented along +% and +9, respectively. Similar to before, a tensor zS“f* js
calculated by fixing the observation on the face with 7, =y of the first voxel and
sweeping the source over all the faces with i; = X of the other voxels. Then, the tensor
74Xy can be calculated as follows

wradxy _  surfyx

surf,yx surf,yx surf,yx
ik = "Zijk TZ +z z (2.77)

i,j+1,k i-1,j,k ~ %i-1,j+1k

To calculate the tensors zs%%Z and zs"* we need to evaluate the corresponding
reaction integrals I{7; and Ily]xk The integrals can be divided into 4 groups:

1. Non adjacent faces [Fig. 2.8(a)]: the faces are separated and the double integral
can be calculated with the desired quadrature. In this case the singularity of the
of g(¥ — #") is not in the domain of integration.

2. Coinciding faces [Fig. 2.8(b)]: in this case the singularity of g(#—7") is
encountered whenever 7 — 7',

3. Vertex-adjacent faces [Fig. 2.8(c)]: in this case the singularity of g(7 —7') is
encountered at the vertex the faces have in common.

4. Edge-adjacent faces [Fig. 2.8(d)]: in this case the singularity of g(# —7') is
encountered at the coinciding edge.

The integrals of group 2,3,4 is calculated with DIRECTFN, introduced in [9], [10], where
the integral is calculated in polar coordinates so that singularity 1/r is cancelled by the
Jacobian.

4 4
40 4N

Fig. 2.8. Reaction integral between (a) non-adjacent faces, (b) coinciding faces, (c) vertex-adjacent faces
and (d) edge-adjacent faces.
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2.5 Validation

2.5.1 Mie Series

mmmnm Mie

|E| [V/m]

-0.5 -0.25 0 0.25 0.5
Z/)\o

Fig. 2.9. (a) lllustration of a multi-layer sphere consisting of an inner sphere with R; = 4,/4 and ¢, = 8 and
of an external sphere with R, = 4,/4 and ¢, = 4. (b) Total field along 2 inside the multi-layer sphere
obtained with the Mie series, V-MoM and CST.

The V-MoM has been validated against the Mie Series [11], by simulating a multi-layer
sphere consisting of an inner sphere with R; = 4,/4 and &, = 8 surrounded by an
external sphere with R; = 1,/4 and &, =4 as shown in Fig. 2.9(a). The body is
illuminated by a plane wave with amplitude EO = 1V/m coming from the negative z-
direction and with the field oriented along x£.The body is discretized into basis function
with A = 4,/80. Moreover, the V-MoM has been compared with CST in terms of accuracy
and computational time. The accuracy of the two numerical solvers is given by the
relative error, which is defined as follows

|Esolver| - |EMie|
€solver — ‘ = (2.78)
|Ewie
where ||-|| is the Euclidean Norm. The performance of the two numerical solvers are

reported in Table 1. The time to calculate the integrals (34 sec) has not been included In
the computational time of the V-MoM, as they can be reused. The V-MoM slightly
outperform CST in terms of accuracy and it is also faster as it takes 35 sec to solve the
linear system while CST takes almost one minute.

Esolver Computation Time
V-MoM 2.87 % 35 sec
CST 3.73% 53 sec

Table 1: Performance comparison between CST and the V-MoM, CPU: Intel® Core™ i5-12500 3.00GHz,
RAM: 16GB.
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2.5.2 Input Impedance Dipole

(b)

Fig. 2.10. (a) lllustration of the dipole which has been simulated. (b) How the dipole has been modelled with
the MoM: the cross section on the arms are empty on the middle while the ones on the gap are completely
filled.

-
o
o

Impedance [Q)]
Impedance [(]

-150 _ —_
200 225 250 275 300 325 350 200 225 250 275 300 325 350
Frequency [GHz| Frequency [GHz]
(@ (b)

Fig. 2.11. Input impedance of the dipole when exited by a §-gap generator (a) 2.5um and (a) 10um long
calculated with V-MoM and CST.

The input impedance of a dipole made of a homogenous media of resistivity p = 107Qm
radiating in free space is simulated with the V-MoM and with CST. The dipole is 500um
long, with a square cross-section 20um x 20um and with a §-gap generator A long as
shown in Fig. 2.10(a). The length of the basis functions is 2.5um so a 200 x 8 x 8 grid is
needed to model the dipole with the V-MoM. As, due to the skin effect, the currents are
concentrated near the surface, the dipole in the V-MoM has been modelled as in Fig.
2.10(b): while the gap is completely filled with basis functions (i.e., 64 basis functions per
cross-section), in the arms of the dipole only the external basis functions are considered
(i.e., 28 basis functions per cross section). Thanks to this choice, the stability and the
number of iterations is reduced significantly. The volumetric excitation has been
modelled in CST with 4 discrete ports between the vertexes of the feeding gap. The Input
impedances calculated with CST and with the V-MoM for A = 2.5pm and 10um are
illustrated in Fig. 2.11 showing a good agreement.

This example well highlights the flexibility of the V-MoM: once the calculation of the
integrals is completed, the V-MoM is very fast to converge. This allows us to quickly
study, for example, different gap lengths or dipoles with smaller dimensions by using the
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same integrals. The performance of CST and the V-MoM in terms of time are compared
in Table 2 for the calculation of the impedance at 300GHz.

A =2.5um A = 10pm
V-MoM
+254s for the integrals s s
CST 229 s 224 s

Table 2. Comparison between CST and the V-MoM in terms of computational time for calculating the input
impedance at 300GHz. CPU: Intel® Core™ i5-12500 3.00GHz, RAM: 16GB.
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3 Reflection Extraction with the
Auxiliary Sources Method

3.1 Introduction

Original problem

Synthesis of the auxiliary dipole

‘:1"1_55"; — S
(b)

Auxiliary
problem

O]

Fig. 3.1: (a) the original problem consists in a lens illuminated by a thin dipole (i.e. the original dipole),
characterized by fine details. (b) An auxiliary thicker dipole is synthetized in order to have the same dynamic
currents of the original one. (c) The interaction between the lens and the feed can be studied by means of
the auxiliary dipole.

In the sub-mm wave domain, some of the most successful examples of front-end
integration resort to antennas distributed on the focal planes of dielectric lenses. The
analysis and design of such antennas typically require the accurate modeling of the input
impedance, mutual coupling, and radiation patterns. Most often, the designers use
commercial full-wave solvers, which allow for the flexibility to investigate different
geometries. However, general-purpose commercial solvers suffer from computation
overhead and long simulation times. For these reasons, high-frequency technigues, such
as Physical Optics (PO), have played a major role in easing the analysis of quasi-optical
systems.

Recently, small-size lens antennas have gained popularity due to their employment
flexibility and scanning performance. These have been used as elements for coherent
arrays [12] or as the core in the core-shell lens [13]. In these cases, the ray tracing via
the Geometrical Optics (GO) or the PO integrals becomes inaccurate because the
curvature of the surfaces is small with respect to the wavelength. These limitations call
for developing techniques that allow for efficient analysis without compromising
accuracy.

For these reasons, the Volumetric Method of Moments explained in Chapter 1 has been
developed to study dielectric lenses. A discretization of at most 1,;/10 is required to
analyze lenses with dimensions in the order of a few wavelengths, where 1; = 1,/¢,,
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Ao is the free space wavelength and e, the relative dielectric permittivity. For instance, to
simulate a lens having a leading dimension of 24, = 31, with a fixed step of 1,;/10
Nyom = 3 X [314/(A4/10)]3 = 10° unknowns are required. However, the majority of the
lens feeds are characterized by dimensions that are much smaller than 1,;/10.
Specifically, depending on the technology, the characteristic dimensions of the dipoles
and transmission lines can be micrometric or even nanometric. As a case in integrated
technology, the metal thickness is = 0.2 — 2 um, while the width = 1 — 10 um.
Consequently, if one had to use a 10um resolution for a lens with a leading dimension of
2mm, the number of unknowns would be Nyu = 24 - 10°. Problems of such scale are
not expected to be solved efficiently shortly. To circumvent this problem, a strategy to
decouple the analysis of the feed from the lens is developed. To simulate a dielectric
lens together with its feed [see Fig. 3.1(a)], this latter, characterized by fine details, can
be replaced by an auxiliary one that maintains the same dynamic (i.e., radiating
currents), but has a much coarser representation [see Fig. 3.1(b)]. The analysis of the
auxiliary feed can be easily performed together with the lens [see Fig. 3.1(c)], for which
a coarse discretization suffices. The interaction between the lens and the feed occurs
only via the dynamic spectral components. As these have been synthesized to be
equivalent for the original and auxiliary dipole, the two problems share the same
interaction with the lens.

Correspondingly, the impedance in the presence of the lens can be expressed as the
sum of the contribution due to the feed operating without reflections and the one due to
the reflections from the lens. These can be extracted from the auxiliary dipole simulation
and can then be complemented with the impedance of the finely discretized feed to
obtain its original input impedance. This concept is independent of the specific numerical
technique used. It finds its largest benefit when structured meshes are employed, but it
can also be applied for unstructured mesh when a large imbalance between the feed
size and its surroundings is present.

This Chapter is organized as follows. In Section 3.2, the input impedance of the lens
antenna is represented with an equivalent circuit where three different contributions are
highlighted: the reactive effects, the feed radiation in absence of the lens and the
reflection from the lens surface. In Section 3.3, it is explained how the reflection from the
lens surface can be estimated by replacing the original feed with an auxiliary one with
the same radiation characteristics. Finally, in Section 3.4, this method is validated with a
dipole-fed lens antenna and with a double-dipole-fed lens antenna by showing the input
impedances and radiation patterns.
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3.2 Equivalent Circuit of a Dipole llluminating a Dielectric

Lens
Zreﬂ
Zign
Series ’_, g
/ Zin,dyn
in, Zin,dyn
Param
(a) Zprcﬂ 7 dc;n
Zin,dyn
(b)
7.

in 7 refl

Fig. 3.2. Equivalent circuit representation of the (a) input impedance Z;, in terms of the dynamic Z, 4y, and
quasi-static Zqs component, (b) dynamic component Zi, 4 With the reflections added in series or in parallel
to the dynamic component calculated without the reflections Z@n, and (c) input impedance Z;, calculated
with the auxiliary sources method.

3.2.1 Dynamic and Quasi-static Components

As shown in Fig. 3.2(a), the input impedance Z;,, of a dipole can be approximated as the
parallel between the quasi-static component Z s, associated with the capacitance of the
gap and the dynamic impedance Zgy,,, associated with a wave propagating on the dipole
and causing the radiation [6]. In the spectral domain, Zgy, corresponds to the low part of
the spectrum, which is dominated by a pole, while Z, is associated with the high part of
the plane-wave spectrum.

3.2.2 The Reflection Component of the Input Impedance

Any input impedance of an antenna is defined as the ratio between integrals on the input
ports of the electric field and the magnetic field when one of the two fields is assumed to
be the excitation and the other is the unknown of the problem. If a dielectric body is
present, a fraction of the radiated fields are reflected by the dielectric-air interface back
to the feeding ports, changing the impedance (or the admittance) with respect to the
case without the reflections. As the reflections are due to radiative phenomena, these
are associated with the dynamic component of the impedance (or the admittance). As
the antenna input port can be arbitrarily represented with a series or parallel equivalent
circuit [see Fig. 3.2(b)], the correction due to the reflections can be added to the dynamic
component calculated in the absence of the reflections. Consequently, the dynamic
component of the input impedance or admittance can be expressed as follows

Zin,dyn = Zg;/n + deﬂ (31)
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Yin,dyn = Ydo;n + Ygeﬂ (3.2)

where Zg;, and Ygy,, are the dynamic components of the impedance and the admittance,

respectively, calculated without the reflections and ZZ¢l and Yy efl are the impedance and
admittance, respectively, associated with the reflections. It is worth mentioning that the
values of the impedances added in series or parallel are generally different (i.e.,
Ypreﬂ # 1/z:°M). As in the following, we intend to work with impedances, and for the sake
of simplicity, we always refer to the series model (3.1). Because of this, to avoid a
redundant notation, the subscript “s” is, from now on, omitted.

All the quantities required for the evaluation of the impedances are calculated at the point
r located in the gap, starting from sources located at r’ always located on the dipole.
The field in the absence of the reflections, i.e., the one associated with Z%, is evaluated
in the near field of the dipole, and it has a fast space variability being calculated with a
Green'’s function o |r — 7’| 73 [see Fig. 3.3(a)]. On the contrary, if the boundaries of the
dielectric are sufficiently distant from the dipole, the field associated with the reflections
is much less rapidly varying as the field propagates from the dipole to the boundaries
and backward, with a pathlength D [see Fig. 3.3(b)]. Therefore, the Green’s function of
the reflections is dominated by the |[r — ' + D|~! term. Due to its fast space variability,
the impedance calculated without the reflections highly depends on the specific
geometry. In contrast, the impedance associated with the reflections depends mainly on
the dynamic component of the currents and not on the particular shape.

(b)

Fig. 3.3. Sketch of a dipole radiating inside a lens, highlighting (a) the near field component and (b) the
waves reflected by the discontinuities to the feed.

3.3 Input Impedance with the Auxiliary Sources Method

3.3.1 Synthesis of the Auxiliary Dipole

Instead of simulating the dipole feeding the lens directly, one can synthesize an auxiliary
dipole, characterized by a discretization much larger than the original one but which
equally radiates without the reflections. This is expressed by the following condition

Re{Z3x} =~ Re{Zg,} (3.3)

where Zg,x is the dynamic component of the auxiliary dipole without the reflections. The
auxiliary dipole has a discretization much larger than the original one, which implies a
much larger feeding gap. Consequently, its quasi-static component is negligible. The
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synthesis (3.3) is imposed only on the dynamic part of the impedance as the far-field
radiation is independent of the quasi-static part Z,s, which can be added to the auxiliary

dipole in post-processing. The advantage of having extracted the quasi-static component
is that it makes the simulation of the dipole with a coarse discretization independent of
the feeding gap, which would require a high level of detail. Following (3.3), the dynamic
impedance of the original dipole can be expressed as follows

Zgyn ~ Re{Z30} + jXaife (3.4)
where X ;s is defined as follows

Xaiee = Im{Zg,} — Im{Z3}. (3.5)

Thanks to the coarse mesh, the dipole with the finite dielectric can be simulated, and the
input impedance, according to (3.1), can be split as follows

Zaux = Zaux + Z;SQ (3.6)
and using (3.4) in (3.6) follows that

Zaux = Zgyn + Z55% — jXaitr- (3.7

3.3.2 Estimation of the Reflections

By comparing (3.4) with (3.7), the input impedance of the original dipole in the finite
problem can be equal to the one of the auxiliary dipole only if

zrefl ~ grefl (3.8)
Since the two dipoles radiate equivalently, this is a reasonable assumption as the
reflections are a slow-varying term associated with a long propagation path, and these
can be extracted from (3.6) as follows

Z;ﬁf)} = Zin,aux - Zgilx- (39)

Then, the dynamic input impedance of the original dipole in the finite medium can be
estimated as follows

Zindyn ~ Zgyn + Zhek (3.10)

Finally, the input impedance can be obtained by adding Z in parallel
Zin = Zindyn Il Zgs- (3.11)
zg;n is calculated with the extraction of Z,, from the input impedance of the original dipole
radiating in the absence of the reflections. There are no constraints on the methods used

to derive this latter, which can be evaluated with a commercial solver, a spectral domain
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representation, or with the V-MoM used to extract the reflections. The final steps (3.10)
and (3.11) can be represented by the equivalent circuit in Fig. 3.2(c).

3.4 Results

3.4.1 Single Dipole

2 mm

(@)
Fig. 3.4. (a) Sketch of the dipole fed lens, (b) details of the original and auxiliary dipole.
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Fig. 3.5. Input impedance calculated without the reflections for (a) the original dipole, and (b) the auxiliary
dipole compared with the dynamic component of the original one.
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Fig. 3.6. (a) Input impedance of the dipole fed lens calculated via direct simulation and with the auxiliary
sources method, and (b) reflections extracted with the direct simulation and the auxiliary problem.

We aim to simulate with the V-MoM explained in Chapter 2 a dipole long ¢ = 0.5 mm
placed on the focus of an elliptical lens with a diameter 2 mm and dielectric permittivity
& = 2.34. The dipole has a square cross-section with a side w,, = w, = 0.010 mm, and
itis fed by a A-gap generator A = 0.02 mm long, as shown in Fig. 3.4. A structured mesh
would require a discretization of at least 0.010 mm, i.e., the side of the cross-section,
yielding 16 x 10 unknowns. With the proposed method, it is possible to use the
volumetric method of moments and a structured mesh and achieve comparable results
by using an auxiliary dipole 0.05 mm (see Fig. 3.4), and 141x 103 unknowns.

The original dipole is first simulated with the method of moments when radiating at the
interface between free space and an infinite homogeneous medium with permittivity
g = 2.34, and its impedance in the absence of reflections is calculated. This condition
is realized with the V-MoM, by adding a matching layer over the dielectric. The quasi-
static impedance Z is then isolated, and the dynamic component Zgy, is shown in
Fig. 3.5(a), where it is compared with the total input impedance. Then, the auxiliary dipole
is synthesized with the V-MoM, and its impedance is shown in Fig. 3.5(b). The auxiliary
dipole radiating into the lens is efficiently simulated, thanks to the coarse discretization.
The corresponding input impedance and the reflections extracted with (3.9) are shown
in Fig. 3.6(a) and (b), respectively. Finally, the input impedance of the original dipole is
estimated with (3.11), and its values are shown in Fig. 3.6(a), and compared with the
direct simulation, which is possible to calculate due to the relatively small size of the
problem. In Fig. 3.6(b), the reflections from the lens extracted with the original dipole
are compared with those extracted with the auxiliary one, verifying that the specific
geometry of the feed does not affect the interaction with the lens if the auxiliary and
original dipole equivalently radiate in the far field.

In Fig. 3.7(a), the directivity patterns of the auxiliary and original problems are compared
on the E- and H-planes.
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Fig. 3.7. Directivity on the E- and the H-plane at 250 GHz for the dipole-fed lens (a) calculated with the MoM
for the original and the auxiliary problem, and (b) calculated with CST, the PO, and the MoM (auxiliary).

Due to the condition (3.3) and the fact that the details of the feed do not affect the far
field, the original and auxiliary dipoles have the same pattern. In Fig. 3.7(b), the directivity
patterns of the lens fed by the auxiliary dipole are shown at 250 GHz, and the values
obtained with the proposed method are compared with CST and the Physical Optics
(PO) [15]. As the PO fields have been calculated for 6 € [0°,90°], to obtain an objective
comparison of the directivity, the normalization for the method of moments and CST is
done with respect to the power radiated in the upper hemisphere only. The patterns
obtained by the proposed method are validated with CST. The patterns also highlight
the inaccuracy of the PO for the study of small lens antennas.

To show the validity of this procedure for off-focus dipoles, the feed of the previous
geometry is shifted by 0.75 mm on the H-plane, i.e., an extreme configuration with the
dipole still entirely underneath the lens, as shown in Fig. 3.8(a). As the synthesis does
not depend on the geometry of the surrounding dielectric, the synthesized auxiliary
dipole is the one of Fig. 3.5(b). The input impedance is compared in Fig. 3.8(b) with the
standard simulation of the dipole displaced under the lens, showing an excellent
agreement due to the accurate extraction of the reflections Fig. 3.8(c). The patterns on
the H-plane at 250 GHz are shown in Fig. 3.8(d), where the directivity calculated with
this method is compared with CST and the PO. As before, the directivity is calculated by
considering only the power radiated in the upper hemisphere. Despite the scanning
configuration, the directivity results are higher than at broadside because of a lower
radiated power in the upper hemisphere due to the scanning. While the patterns
calculated with the auxiliary sources maintain a good accuracy also in off-focus
configurations, the PO commits larger errors.
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Fig. 3.8. (a) Geometry of the off-focus dipole, shifted by 0.75 mm in the H-Plane, (b) Input impedance of the
dipole fed lens calculated via direct simulation and with the auxiliary sources method, (b) reflections
extracted with the direct simulation and the auxiliary problem, and (d) comparison of the directivity patterns
on the H-plane at 250 GHz with an off-focus offset 0.75 mm.

3.4.2 Double Dipole

The procedure can be extended to the analysis of a double-dipole fed lens, as shown in
Fig. 3.9(a)
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@ ()
Fig. 3.9. Sketch of (a) the original and (b) the auxiliary double dipole.
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Fig. 3.10. Active impedance of the original and auxiliary double dipole (a) without the reflections and (b) with
the dielectric lens.
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Fig. 3.11. Patterns at 500 GHz (a) in the E- and (b) the H-plane calculated with the MoM (auxiliary), CST,
and the PO.
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Fig. 3.12. Active impedance of element (a) 1, (b) 2, and (c) directivity patterns on the H-plane at 500 GHz
calculated with the V-MoM (auxiliary), CST, and the PO.

In this case, the synthesis of the auxiliary feed is carried out on the active impedances,
i.e., the impedances when both dipoles are excited. The original double-dipole radiating
in the semi-infinite medium is obtained with a CST simulation, as the level of detail
implies a computational burden that is too heavy for the V-MoM. The quasi-static
component is extracted from a single dipole as it is only due to the capacitive effects
around the gap, which does impact the mutual coupling between the dipoles.

The two auxiliary dipoles in an array configuration are synthesized with the V-MoM,
where the side of each dipole is 0.023 mm, the length is 0.230 mm, the gap is 0.046 mm
long, and the spacing is 0.184 mm, as shown in Fig. 3.9(b). The comparison between
the input impedance of the real and auxiliary dipoles is shown in Fig. 3.10(a). The input
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impedance calculated with the auxiliary sources is compared with the direct CST
simulation in Fig. 3.10(b), showing a good agreement.

D = 1mm D = 2.5mm
V-MoM 5s 677 sec
CST 72s 311 sec

Table 3. Computational time of CST and the V-MoM to calculate the active input impedance at 300GHz of
the double dipole for different lens diameter in the on-focus case. CPU: Intel® Core™ i5-12500 3.00GHz,
RAM: 16GB

This example shows that the auxiliary sources method can also be extended to the
analysis of realistic feeds. Moreover, it also proves the strength and flexibility of the
method, as it shows that the simulation of any radiator close to a dielectric body can be
simplified by separating the feed from the interaction with the body, where these two
contributions can be simulated with different techniques.

Fig 3.12 shows the active input impedances of the two elements and the pattern of the
lens antenna at 500GHz when the array is shifted by 0.139 mm from the focus. In the
off-focus case, due to the asymmetry of the problem, two simulations must be carried
out with the V-MoM to calculate the active impedances. However, this is not a limiting
factor, as the time required by a single V-MoM simulation is much less than CST.

To test the potential of this method, the same feed of Fig. 3.9 and Fig. 3.10(a) is used
to illuminate a larger lens with a diameter of 2.5 mm. The results in terms of the input
impedance and the patterns are shown in Fig. 3.13 for the double dipole placed in the
focus and in Fig. 3.14 for the dipole shifted by 0.139 mm from the focus. Table 3 shows
the comparison in terms of computational time between the V-MoM and CST. While the
V-MoM outperforms CST for D = 1 mm, when the number of unknowns is 173862, the
increase of the unknowns for D = 25mm (2621946 unknowns) affects the
computational speed excessively. Therefore, this calls for the use of a preconditioner to
stabilize the number of iterations with respect to the geometry.
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Fig. 3.13. (a) Active impedance calculated with the auxiliary sources method and with direct simulation (CST)
and (b) directivity patterns in the E- and H-plane at 500 GHz calculated with the V-MoM (auxiliary), CST,
and the PO.
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4 Layered Media Analysis of
Lossy and Non-zero
Thickness Metal Dipole

In this Chapter, we will introduce a novel method to study the current distribution on a
dipole embedded in a layered media when excited by a §-gap generator. This method
starts from the Green’s Function of an infinite dipole presented in [6] where, differently
from the previous analysis [16], the thickness of the conductor is also considered. Then,
similarly to what has been done for the slots in [17], the field located on the termination
of the dipole is included to take into account the fitness of the geometry. In Chapter 3, it
was explained that, to synthetize the equivalent dipole with the V-MoM, the input
impedance of the original dipole radiating in the absence of the reflections is needed.
This latter can be found with a full wave solver such as CST, but the time required for
the simulation becomes significant for dipoles with dimensions much smaller than the
wavelength. Therefore, the method proposed in this Chapter aims to replace the full-
wave simulation with a faster and more flexible analytical formulation.

Moreover, this formulation gives insight into the different spectral components of the
currents by distinguishing the ones responsible for radiation and the ones for reactive
effects. The Chapter is structured as follows. In Section 4.1, a background on the Green’s
function for the infinite dipole is provided. Next, in Section 4.2. the formulation for the
finite dipole is explained. Finally, Section 4.3 consists of a validation, where the input
impedances and current distributions of dipoles with different geometries calculated with
our method and with CST are compared.

4.1 Background on the Dipole Green's Function

Fig. 4.1. lllustration of an infinite dipole oriented along x, w, wide and w, thick, and excited by a §-gap
generator A long.

In this section, the theoretical background of the Dipole Green’s Function, which is
necessary to understand the formulation of the current distribution of a finite dipole, is
provided. Let us consider an infinite dipole embedded in an arbitrary stratification,
oriented along the x-axis as shown in Fig. 4.1. The dipole is made of a homogenous
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material with a resistivity p, a rectangular cross-section 4, w,, wide and w, thick and fed

by A-gap generator of length A where the field is assumed to be uniform.
Let us start with Ohm’s Law, which is as follows

1, ..
§==(5+8%) (4.1)

Q|
©

where the total field € is expressed as the sum of the incident and the scattered field &*
and e°, respectively. Only the x- component of the current is considered due to the
elongated geometry. Due to the rectangular cross-section, the separation of variables
can be applied, and (4.1) can be rewritten as follows

pi(x)j:(y,z) = v(x)ef(y,z) + e (x,y,2) (4.2)

where i(x) and j;(x) are the longitudinal and transverse currents distributions, v(x) and
el(y,z) are the longitudinal and transverse components of the incident field, and
ex(x,y,z) is the x-component of the scattered field. As the incident field is modelled as
a A-gap generator, it can be written as follows

v(x) = %rect (%) (4.3)
i _ Y Zz
et(y,z) =rect <Wy) rect <Wz> (4.4)

where rect(x) is defined as follows

1 if |x] < 0.5
rect(x) = {0.5 if|[x| = 0.5 (4.5)
0 if |x| > 0.5

and V, /A is the magnitude of the incident field on the gap. By substituting (4.3) and (4.4)

in (4.2) and by expressing the scattered field as the convolution between the stratified
media Green'’s function and the currents, (4.2) becomes as follows

v
—Orect( ) et(y,z) = pl(x)]t(Y: z)

A
+00 2 wy
J ffgxx(x—x y—y,z—-2z)i(x")j(y',z")dx'dy'dz".
-0 (4.6)

Next, gx](x —x',y—y',z—z") can be written as the inverse Fourier transform of the
spectral domain stratified media Green’s function as follows

gax—x',y—y',z—2")

+00 +00
4772_[ f B (ky, kyo 2,2 )e T =iy~ g dk,  (47)

—00 —00
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Fig. 4.2. (a) Vertical section of a dipole embedded in an arbitrary stratification and (b) transmission line
equivalent representation of the stackup

where Gzi (ky ky, 2z 2") has the following analytical expression

UTM(Z, Z’)k% + UTE(Z, Z,)ka/

EJ N —
Gz (K, ky,z z )= K21 I (4.8)

where vy (z,z") and vpg(z, z") are the voltage solutions at z of the TE and TM equivalent
transmission lines problems when the source is located at z', as illustrated in Fig. 4.2.
Thanks to the rectangular cross-section, one can assume that the separation of variables
can be applied to the transverse current distribution j;(y, z) which becomes as follows

Jje (v, 2) :jt,y(y)jt,z(z)- (4.9)

By substituting (4.7) and (4.9) in (4.6), one obtains the following equation

Vo
Krect( )et(y, z) = pi(x)j: (v, 2)
wy
+ o0 Wy 400 400
f f 47'[2 f f (kx’ ky’ Z'Z,)e_ij(X—x/)e_jky(y—y/) dkxdky
-0 Wyo —0 —00
2

X i(x")je,y Ve z(2)|dz'dy'dx".
(4.10)

The integral in x" and in y’ can be closed into the Fourier transform of i(x") and j;, (y")
as follows

Vo
rect(3) ef0,2) = pix)j 0, 2)

Wz 400 +o0

f f f (kx, ky, 2,2 ) (ky)]ey(ky)je (2 e K% e Ty dk dk,dz’.

—00 —00

(4.11)

42



The longitudinal incident field and the longitudinal current distribution can be written with
their inverse Fourier transform and (4.11) becomes as follows

+00

; kel i —Jjkxx
Vysinc (T) et(y,z)e /" x*dk,
+00 - Wz +00 +o0

. 1
=p f 1(k) je (v, 2)e Ko by — —— f f f (G (ke ey, 2,2") 1)
0

— 00 —00 —00

X Jey(ky)je(z)e *x*e ThyY |dk,dkydz'.  (4.12)

As the dipole is considered to be infinite along x, the equality in (4.12) holds for ever x
and the spectra in k,, can be equated

_ kA ; .
Vysinc (T) et(y,z) = pl(ky)j: (v, 2)

Wz 400

1 .
_E.f f Gf’{(kx'ky’Z’Z,)I(kx)]tIY(ky)jt,z(Z')e_Jkyydkydz’
¢ (4.13)

where sinc := sin (x)/x is the Fourier transform of the rect function. Then, one can define
the following projection operator on the cross-section of the dipole

f, g = f f fO,2)g° v, 2)dydz (4.14)
A

to project the left and right-hand side of (4.13) on the test function j;, which is expressed
as follows

J: . 2) = Joy V)i, (2). (4.15)

As the test function is defined to have an unitary integral flux on the cross-section, i.e.
(j. el)4 = 1, after the projection of (4.15) on both sides of (4.13), the Fourier transform
of the current I along the dipole can be evaluated as follows

I(k,) = %I':")A/Z) (4.16)

where D(k,) is the transverse Green’s function of the dipole, defined in the following

manner
Wz Wz 40

1 )
Do) = pGuriita=3= [ [ [ 165 (kurkyr2) iy (1 Vo (1)
0 0 -
X jez(2)jt,(2)]dkydz'dz.  (4.17)

By taking advantage of the formulation in [18] for vty (2, z") and vyg(z, z") in (4.8) and for
suitable choices of j; and j, the integrals in z and z' can be closed analytically.
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y
Fig. 4.3. Sketch of the current distributions on the dipole where j , is the y-dependent distribution, j, , are
the z-dependent distributions and i is the currents along the x-axis.

The current distribution along y in (4.9) is chosen to have an edge singular behavior

2 1
]t,y(Y)—nWy Wrect(J’/Wy) (4.18)
y

And the test function j;,,(v) in (4.15) is as follows

1
Jey ) = W—rect(y/ wy) (4.19)
y

On the other hand, the choice of j, ,(z) in (4.9) and j, ,(2) in (4.15) must take into account
the stratification where the dipole is embedded in, which causes an imbalance between
the currents flowing on the top and the one flowing on the bottom. Without going into
detail, which can be found in [6], the current distribution j.,(z) is chosen to be
asymmetric with respect the center of the dipole and it is given by the following
expression

1+ V(Re~(1+Nz/8p 4 o(1+))(z-w;)/6p y—w./2
Jt2(2) = Jiz(2) = @+ )) I‘ect( .

26,(R + 1)9—(1+j)wz/6p(e(1+j)wz/6p 1 ) (4.20)

z

where 6, is the penetration depth and R is a scalar which takes into account the
asymmetries on the current on the top and on the bottom of the dipole. Thanks to this
choice of j, ,(z), the current flowing on the dipole is a superposition of the 2 dominant
modes of the stratification and it takes into account the difference between the current
flowing on top and below the dipole. Fig. 4.3 shows a schematic illustration of the current
distributions on the dipole.

Finally, the current distribution in the space domain can be written as the inverse Fourier

transform of (4.16) as follows

+00
W sinc(k,A/2)
C2m D(k,)

— 0o

i(x) dk,. (4.21)

In the case of a dominant polar contribution, such as in a microstrip or in along dipole,
the current spectrum in (4.16) can be approximated with its Laurent series about the pole
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k., whose values is found by solving the dispersion equation D(k,) = 0. This part of the

current spectrum constitutes the dynamic component of the current and it is expressed
as follows

2k psinc (I{E—A)
D’(kxp)(kJ% - kJ%p)

I(ky) = Idyn(kx) = (4.22)

for ky = kyp-

By performing the inverse Fourier transform of (4.22), the dynamic component of the
current can be written as a travelling wave outside the feeding gap

_sinc(k,A/2) ok

tayn(Ix] > A/2) = —j D (k) xplx| (4.23)
X
and as a standing wave inside the gap
1- cos(kxpx) .
igyn(Ix] < A/2) = 2—————F 2 e~ Tkmph/2, (4.24)
dyn kD' (k)

The dynamic part of the current is a good approximation of the total current when it is
evaluated away from the gap or for large gap size (i.e. A > A,/10). However, closer to
the gap or for small gap size, the high spectrum of the current must be also considered.
This latter is associated with the quasi-static component of the current which can be
approximated with the following asymptotic expression for D (k,.)

Je,y(0)

D(kx) ~ Doo(kx) = p(it!jt)A - 2T

w, Wy
[ [ 68002200 102
(V1]

fork, —» o0. (4.25)

The next step is to define the admittances associated with the dynamic and the quasi-
static component of the current. The former can be calculated by extending to the dipoles
the procedure presented for the slots in [19]

o]

+
1 f 2kypsinc(k,A/2)

Ygyn = — 75— (4.26)
T ) (k) (K= k)
and the latter is defined by the following expression
+00
1 sinc?(kyA/2) — sinc?(kyAjarge/2)
=— 4.27
Yas = on Do (k) dkx (4.27)

— 00

where A6 is a feeding gap much larger than the original gap A, typically in the order
of 40/10. The admittance Y, represents the capacitive effect of the feeding gap. The
subtraction of sincz(kxAlarge /2) aims at removing the lower part of the spectrum while
untouching the higher part, which, for large gap size, it is negligible.
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4.2 Formulation

4.2.1 The Integral Equation and the Current Spectrum

fA(X) ; Jx = 0ey

x=4/2
Fig. 4.1. Sketch of a dipole of length £, width w,,, and thickness w,, and the representation of the longitudinal
distributions on the gap and after the endpoints.

Let us consider a dipole oriented along the x-axis, imagined embedded in arbitrary
stratified media, and constituted by a material of conductivity ¢ (or equivalently resistivity
p = 1/0),as shown in Fig. 4.1. Itis fed with a voltage V, by a A-gap generator of length
A located at the center. The dipole is w,, wide and w, thick and its length is distributed
between x = —¢/2 and x = £/2. Due to its elongated geometry and the rectangular
cross-section, only the x-component of the electric field is considered to be significant,
and the separation of variables can be applied. The x-component of the incident field el
can be written as follows

ex(x,y,2) = Vof* (e, (v, 2) (4.28)

where f2 and e, are the excitation's longitudinal and transverse distributions. The x-
component of the total electric field e, can be expressed by resorting to the local form of
Ohm's law as follows

ex(x%,y,2) = pi(0)je (v, 2)Xaip (%) + Venaf " (X)er (v, 2) (4.29)

where i is the longitudinal current distribution along the dipole, j; is the transverse current
distribution and y;p, is the characteristic function of the dipole (i.e., xqip, = 1 for x located
in the dipole, and x4, = 0 elsewhere). The functions fe"d and e, model the longitudinal
and transverse field distribution after the dipole's endpoints, as sketched in Fig. 4.1 and
V. is the amplitude at x = +#/2, which is assumed to be the same for either sides, due
to the excitation placed in the center of the dipole. The x-component of the scattered
field ey can be expressed by the following convolution

ef(1,7,2) = gz (,3,2) * [1(X)xeip ()je 0, 2)] (4.30)
with g~/ being the xx-component of the Green's function providing the electric field from

the electric currents and * denoting the convolution operator. Finally, by enforcing
e, = el+ e, one can write the following integral equation
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Vof2 (e, 2) = Venaf ™ (¥)ec (v, 2)
= (p8Cr,y,2) = g5t (6,3, 2) ) * [ xaip () (7,2)] (4.31)

where § is the Dirac delta. By projecting (4.31) on j,(y, z) defined in (4.20) over the cross-
section A by using the inner product in (4.14), the right-hand side of can be written as

HA U;OOIL (p5(x—x’,y—y’,Z—Z’)—gffc(x—x’,y—y’,z—Z’))

!

Ji(y, z)dydz. (4.32)

X 1(x) Xaip(x)je(x", y)dx'dy'dz
By switching the integration order, and by closing the integrals in the cross section, one
can define the transverse Green’s function as follows
+00

j+°°d(x —x") i(x")xaip(x)dx’ = j

— 00

—~ ff ﬂ g —x"y —y',z—2"j,(x",y")
A A

x dy'dz' j; (y, z)dydz} i(x") xaip(x)dx'. (4.33)

{PS(X = x")e Je)a

By equating (4.33) to the projected left-hand side of (4.31), one can write as follows

VofCe)ee Jida — Venaf " (0)er Jida = f dCc — xD[i(xaip(x]dx’.  (4.34)

By performing the Fourier transform of (4.34) with respect to x, one can write the
following expression

VOFA(kx)(etJj;)A - VgapFend(kx)(etJj;)A = D(kx)[Xdip(kx) * I(kx)] (4.35)

where FA, I, Xdip» Fend and D are the Fourier transforms of A1, Xdip» fend, and d,

respectively. By assuming that e, has a unitary integral on the cross-section, the
spectrum of the current can be finally written as follows

VOFA(kx) - VendFend(kx)
D(ky)

Xdip(kx) *1(ky) = (4.36)

4.2.2 Field Representation

The modelling of the incident field and of the transverse current distribution are congruent
with those of [6], allowing to calculate the transverse Green's function with the
procedures of [6]. These use the spectral domain Green's function, which allows the
efficient handling of dipoles in layered media.
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Fig. 4.4, show that the x-component of electric field decays along x for |x| > £/2.
Accordingly the two-sided longitudinal field distribution are assumed, for the sake of
simplicity, to have the following exponential behaviour

x—1/2 x+£/2

fend(x) = %(e_T/u(x —¢/2)+e ¢ u(—x-— f/Z)) (4.37)

with u being the unitary step function and ¢ the decay rate, whose value has been
determined empirically from CST simulations. For dipoles in free space or located
between free space and a dielectric, ¢ = 1,/40 (where 4, is the free-space wavelength
at each operating frequency) provides accurate results regardless of the specific the
geometry. By calculating the Fourier transform of (4.37), one obtains the following
spectrum

(4.38)

. 1/ elkxt/2 e~ Jkxt/2
Fend(k,) == +
(ex) 2(1—jkxc 1+jkx)

which is used to calculate the current spectrum with (4.36).

1
0.8
0.6

0.4
0.2

Norm. field

0
-04 03 -02 -0.1 O 0.1 02 03 04
x [mm]

Fig. 4.4. Normalized x-component of the electric filed after the endpoints of the dipole obtained with a CST
simulation.

4.2.3 Method of Moments Solution

The spectrum (4.36) has only been formally defined as the weight V.4, given the
excitation V,,, has still to be determined to calculate the current spectrum of each specific
problem. The current distribution i(x) can be obtained from (4.36). with the following
inverse Fourier transform

+00
1 ik
E f [Xdip(kx) *I(kx)]e JHx dky

+00
_ 1 VOFA(kx) - VendFend(kx)
C2m D (k)

— 0o

e Tl df. (4.39)

The left- and right-hand side of (4.39) can be projected on t(x) as follows
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+00 +00

j % j [Xaip (ks) * I(ky)] e ™7 *x¥dkey, o t*(x)dx

o) +o00
1 VOFA(kx) - VendFend(kx) i
= — —JkxXdlk St (x)dx. 4.40
f 2 f D(k,) ¢ x (7 (0)dx (4.40)

and by exchanging the integration order, (4.40) can be written as follows

+ 00 + 00

1 .

— f f (e % dx | [Xgp () % 10ky)]dky
1 [ VoFA(ky) — Vg Fe™(ky)

_ % —jkyx 0 x/) — Vend X 4.41
o f t e dx D(ky) aes (@40

where the integrals in brackets can be recognized as the Fourier transforms of t*, and
yielding

1
21 f [Xaip () * 1 (ko) ]T (k) dky

FA(k,
=V lz f Tk Gy

end(kx)
end[z f T (o) g d (4.42)

where T is the Fourier transform of t. By considering t either f2 or f¢"4, the following
two unknown linear system can be obtained

{ VOYA,A - VendYA,end =1 (4.43)

VOYA,end - VendYend,end = lend’

where I, and I.,q are the average currents on the gap and on the space after the dipole
terminations. The admittances are defined as follows

_ 1 +00Fm(kx)Fn(_kx)
=27, T D)
with m and n being either “A” or “end”. After having imposed an open-circuit condition
outside the dipole, i.e., I.,q = 0, Iy and V.4 can be analytically calculated as follows

dex (4.44)

Yaend
Vend - VO Y. =
end,end
Y en
Iy =V, (YA,A — hend dd) (4.45)
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The expression of V,,q can be used to calculate the current spectrum in (4.36), and I,
can be used to calculate the input impedance, starting from its definition and calculated
as follows

VO Yend end
Zin =+ =

= : 4.46
IO YA,AYend,end - YAZ,end ( )
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4.3 Validation and Results

The spectral domain formulation allows the efficient analysis of dipoles having cross-
sections that are small in terms of the dimensions of the surrounding dielectrics and also
A-gaps, which are in the order of hundredths of wavelengths. Moreover, as the
transverse Green's function D(k,) depends only on the transverse geometry, dipoles
having different lengths ¢ and different gap sizes A can be studied from the same
integrals over the cross-section. Within this work, we present the validation and the
results, in terms of the input impedance and current distribution.

4.3.1 Input Impedance

The input impedance can be calculated using (4.46), and an example is shown in Fig.
4.5(a) and in Fig. 4.5(b), where a fair agreement with CST is obtained. However, when
the capacitance of the gap becomes significant, i.e. the cross section is much wider than
the feeding gap, the present method starts to become accurate at high frequencies. In
these cases, the capacitance if the gap is underestimated in Y, 5, because the transverse
current distribution j;(y, z) is distributed only on the edges of the two faces of the feeding
gap instead of being uniform. Therefore, an additional parallel capacitance is needed to
compensate for this effect. This can be simply calculated as a parallel plate as
C = go&eiiWyW,/A. This compensation is used in Fig. 4.5(c), improving the comparison
with CST. It is worth mentioning that, as the added capacitance does not affect the
interaction between the dipole and the lens, it is irrelevant for the synthesis of the
auxiliary dipole in the auxiliary source method explained in Chapter 3.

W,
% N . x=—0/2
= || =W, “,,
x={/2
+  Spectral (4.46)
—— Real
—— Spectral (4.46)+ C ea )
— Imaginary
s CST
300 300
200 w,=w,=12.5 ym 200 W, =w, =3 um ;gg w,=w,=12.5 um
A=12.5 ym A=1pm A=2pm
— 100 — 100 — 100 .+
G G G
= 0 = 0 = 0]
N —100 N —100 N —100
—200 —200 -200
—-300 —-300 —-300
100 150 200 250 100 150 200 250 100 150 200 250
Frequency [GHz] Frequency [GHz] Frequency [GHz]
(a) (b) (c)

Fig. 4.5. Input impedance of a dipole having length [ = 500 um, printed between free space and a dielectric
of permittivity &, = 4 and (a) width w;, = 12.5um, thickness w, = 12.5um, fed by a gap long A = 12.5um, (b)
width w,, = 3um, thickness w, = 3um, fed by a gap long A = 1um, and (c) width w,, = 12.5um, thickness
w, = 12.5um, fed by a gap long A = 2pm.
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4.3.2 Current Distribution

— A =2um sanen A =125um
(4.47) — (4.36)
1072 20
E _ 15 Re
< [
-~ =1
ey = 0
= =
X <5
5 ©
& 0
<
-5
-02 -0.1 0 01 02
x [mm)]
(b)

Fig. 4.6. (a) Spectrum of and (b) Spatial distribution of the current at 180 GHz of a dipole having length
[ = 500um, width and thickness w;,, = w, = 12.5um, printed between free-space and a semi-infinite

dielectric with relative permittivity &, = 4, and excited with V, = 1V by a A-gap generator

As the capacitor has an impact on the current distribution and its spectrum, (4.36) has
to be corrected with an additional term as follows

VOFA(kx) - VendFend(kx) ijVOFA(kx)

D) + - (4.47)

Xdip(kx) *1(ky) =

Where jwCV, models the current flowing on the capacitor given the excitation V,. The
function F24 models the confinement of the displacement currents within the source
region, assuming them to be uniformly distributed. An example of the spectrum is given
in Fig. 4.6(a), where the spectra (4.36) and (4.47) are compared at 180GHz for dipoles
l = 500um, having a cross-section w,, = w, = 12.5um, printed between free-space and
a semi-infinite media of relative permittivity &, = 4 and excited with V, = 1V. The effect
of the capacitance C in (4.47) is to place an high frequency component, depending on A,
while leaving untouched the spectrum around k,. The current distribution in the spatial
domain is calculated by performing the inverse Fourier transform of (4.47), and an
example related with the previous study case is shown in Fig. 4.6(b). One notices that
the real part results unaffected by the different size of the feeding gap, the imaginary part
peaks in correspondence of the source region when reducing A.

The farfield patterns on the upper hemisphere at 180 GHz for the case Fig. 4.5(a) are
shown in Fig. 4.7. These are calculated with the following far-field asymptotic evaluation

e—]kr

E(Tobs' gobs' ¢obs) ~ jkzd,obsf(kxd,obs)]ty(kyd,obs)

Wz

X _[ jtz(Z’) EE](kxd,obs: kyd,obs:Z: Z,) -xXdz’ (4'48)
0

21r
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Differently form the standard case, the metal thickness is included considering the
superposition of current layers at different heights, having an amplitude profile given by
je.z(z"). The spectrum [ in k, has been windowed starting from (4.47) as in [20].

Norm. pattern [dB]

—— Spectral

0 15 30 45 60 75 90

0 [deg]
Fig. 4.7. Farfield patterns at 180 GHz of a dipole having length [ = 500 um, printed between free space and
a dielectric of permittivity e. = 4 and (a) width w,, = 12.5um, thickness w, = 12.5um, fed by a gap long A =
12.5um.
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5 Conclusions

5.1 Summary

The core of the thesis is Chapter 3, where a novel method to study integrated lens
antenna is proposed. As the feed of the antenna is characterized by fine details, much
smaller than its surroundings, the use of a full-wave solver makes the analysis
excessively long. Moreover, if the solver is based on a structured mesh, the simulation
becomes prohibitive due to excessive unknowns. The main idea behind the method
proposed in this thesis is to decouple the analysis of the feed from the interaction
between the feed and the lens. For this purpose, the reflection from the lens can be
extracted by using an auxiliary feed, which has the same radiating currents as the original
feed but has a coarser representation. Once the reflections from the lens have been
extracted and the input impedance of the original feed in the absence of the reflections
is known, the total input impedance of the original feed illuminating the lens can be
reconstructed. The synthesis of the auxiliary feed and the extraction of the reflection is
carried out with the Volumetric Method of Moments (V-MoM), while the analysis of the
original feed in the absence of the reflections can be conducted with different techniques,
such as CST or, in the case of a dipole, in the spectral domain.

As one of the main tools used in this thesis is the V-MoM developed in the THz sensing
group, an overview of this full-wave solver is given in Chapter 2. The V-MoM solves the
Electric Filed Integral Equation (EFIE), obtained with the volume equivalence theorem,
by decomposing the incident and scattered field with piece-wise constant basis functions
organized in a structured grid. The EFIE is then converted into a linear system, whose
solution is found with the conjugate gradient (CG) iterative method. Thanks to the
structured grid, the matrix of the linear system assumes a Toeplitz form, which allows us
to calculate the matrix product with the FFT by reducing the computational time and the
number of stored elements.

In the case of a dipole-fed lens, the feed embedded in a stratified media can be analyzed
in the spectral domain. For this purpose, an analytical method to calculate the input
impedance and the current distribution of a finite dipole is proposed in Chapter 4. This
method is based on the Green’s function of an infinite dipole where, differently from
previous analysis, the dipole is not assumed to be infinitesimally thick, and the actual
geometry of the conductor is considered. The finiteness of the dipole is taken into
account with an additional incident field at the terminations of the dipole, and an extra
term is added to the input impedance to represent the capacitance of the feeding gap.
The advantages of this method are multiple: not only it gives a solution much faster than
the common full-wave solvers such as CST, but it also provides insight into the different
spectral components of the currents flowing on the dipole.

5.2 Future Work

5.2.1 Improvement of the V-MoM

The theoretical background of the extraction of the reflections with the auxiliary source
method has been proposed, but it has been applied to a simplified stratification consisting
of a feed radiating at the interface between free-space and a homogeneous media.
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However, integrated lens antennas are based on more complicated stratifications, which
also include a ground plane. This means that the synthesis of the auxiliary feed, which
is carried out with the V-MoM, should be extended to more complex stratification.
Moreover, the computation time increases with the permittivity and the size of the
dielectric (see Table 3). To address this issue, the number of iterations required by the
iterative solvers can be reduced by applying a preconditioner to the linear system.

5.2.2 Improvement of the Spectral Dipole

In Chapter 4, it is shown that the transverse current distribution chosen to build the dipole
Green’s function fails to represent the capacitive feeding gap, underestimating its value.
To compensate for this deficiency, a parallel plate capacitor with the same dimension as
the feeding gap has been added to the input impedance. A deeper analysis of the
behaviour of the current near the feeding gap should be conducted by, for example,
including a different transverse distributions on the feeding gap.

On top of that, the spectral analysis of a dipole should be extended to an array of dipoles,
as they are commonly used to illuminate the lens.
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