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A B S T R A C T

This paper demonstrates how the critical strain energy density in the delamination tip vicinity may be used to
explain the physics of delamination growth under mixed mode I/II. A theory previously proposed to physically
relate mode I and mode II delamination growth is further extended towards describing the onset of mixed mode
I/II delamination. Subsequently, data from the literature is used to demonstrate that this new concept of the
critical strain energy density approach indeed explains, based on the physics of the problem, the strain energy
release rate level at which crack onset occurs. This critical strain energy density for the onset of delamination
appears to be independent of the opening mode. This means that, in order to characterize the fracture behaviour
of a laminate, fracture tests at only one loading mode are necessary. Because the load level at which the physical
delamination onset occurs at the microscopic level is much lower than the traditional engineering definition of
macroscopic onset, further work must reveal the relationship between the macroscopically visible delamination
onset, and the microscopic onset.

1. Introduction

Laminated fibre reinforced polymer composites are increasingly
used in aerospace structures for their high specific strength and stiff-
ness. However, due to the lack of reinforcement in the through-the-
thickness direction, these laminated composites are susceptible to de-
lamination, which is the damage mode most often observed in these
structures [1,2]. Because delamination has a significant impact on both
stiffness and strength, the physics underlying delamination onset and
growth must be well understood in order to safely design reliable la-
minated composite structures.

A substantial amount of papers is available in the literature that
presented experimental and/or theoretical studies on delamination
growth in composite structures [3–5]. The delamination experiments
are generally performed according to available standards [6–9], and the
results are presented and evaluated with respect to the fracture
toughness, expressed either with the critical strain energy release rate
(SERR) from linear elastic fracture mechanics (LEFM), or with the J-
integral [10]. Because for various mode mixities, a gradual increase in
fracture toughness is observed with the crack extension, often crack
growth resistance curves or R-curves are presented that exhibit a

steady-state plateau region after an increase from an initiation fracture
toughness [11].

When it concerns the pure modes, or the mixed mode in delami-
nation, most studies tend to treat the results phenomenologically,
proposing interpolations between the measured fracture toughnesses
for various mode mixities, such as the B-K relation [12]. These relations
phenomenologically relate a total SERR to the SERR for the pure modes.
What these studies illustrate with this approach is the lack of funda-
mental knowledge of the physics involved in delamination growth
[13,14]. Such lack of knowledge of the underlying physics has various
drawbacks: it limits the development of more accurate prediction
models, and with that it forces the application of large safety margins in
design of composite structures [15,16].

In order to shed light on the principles of delamination growth, the
present study proposes to examine quasi-static delamination growth
with physics-based principles, using the well-known strain energy
density (SED) in a novel manner. A first proposal was put forward in a
previous publication [13]. Because the SED approach appears not be-
yond dispute, this proposal has been further studied. As a result, the
current paper presents the entire theory for mixed mode I/II loading
together with validation of this theory with multiple cases from
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literature to demonstrate the wide range of validity.

1.1. Background

1.1.1. Connecting micromechanisms and macroscopic damage growth
Indifferent of whether one adopts LEFM through the use of the SERR

or whether a J-integral approach is used, the onset of quasi-static de-
lamination growth is determined by the load level just before the crack
propagates. This level is then referred to as the fracture toughness for
onset of delamination growth [7]. As pointed out in earlier work
[17,18], there seems to be a gap between this macroscopic description
of delamination through the onset SERR and the micromechanisms
acting during the onset of fracture. Several researchers [19–21] have
tried to relate the observed microscopic damage features with the
macroscopic behaviour of damage growth. Correlating the measured
SERRs with the analyses of fracture surfaces then revealed the effects of
resin toughness, resin layer thickness and loading mode in the re-
sistance to delamination [22,23]. The results of these studies highlight a
difference observed in the resistance to delamination growth under
different loading modes. Hibbs and Bradley [19] pointed out that the
different micromechanisms acting in delamination growth should
connect to the measured fracture toughness for modes I and II. How-
ever, they claimed that there must be more to the story. Until recently,
a satisfying explanation of the physics connecting delamination growth
under different loading modes had not been given.

1.1.2. Connecting mode I, mode II and mixed mode I/II data
In general, the critical SERR, often referred to as fracture toughness,

is determined for the pure modes adopting various test standards [7,8].
To predict the delamination growth under mixed mode I/II, many
empirical failure criteria have been proposed. An example of mixed
mode I/II quasi-static failure criteria is known as the B-K criterion [12]

= +
+

G G G G G
G G

( )cr I II I
II

I II
cr cr cr (1)

Reeder [24] provides an overview on the large amount of state-of-
the-art quasi-static failure criteria. He showed that the B-K criterion can
be extended to incorporate the transverse shear opening mode III, ob-
taining a fracture surface criterion (Fig. 1(a)).

Alternative to these analytical relationships, current development of
predictive capabilities seems primarily driven by the availability of fi-
nite element analysis codes, directing the model development towards
the use of cohesive zone formulations [25,26], and more recently XFEM
solutions based on these formulations [27,28]. Although generally ac-
cepted by the engineering community for providing easy and numeri-
cally robust analyses, these cohesive zone formulations, illustrated in
Fig. 1(b), are not easily related to the physical fracture mechanisms.
What both research approaches have in common is the empirically
linking the pure modes through a fitted relationship at the macroscopic
level. Despite that these relationships allow for predictions, they do not
provide further insight in the underlying physics of these relations.

To address the above-mentioned shortcoming, the work presented
in [13] addresses this relationship between microscopic damage fea-
tures and macroscopic behaviour of damage growth for cracking under
modes I and II. In [13], Amaral et al. discuss the use of the strain energy
density as a key parameter to understand and relate delamination onset
under different opening modes‡ for a given material. With this, a
physics-based relationship between crack growth under modes I and II
is presented, and a proposal is made to estimate mode II fracture
toughness using only material properties and mode I fracture toughness
data. The present study aims at extending the SED concept from [13]
further to mixed mode I/II loading, in order to explain the relationship
between crack growth at different mode mixities and to obtain mixed
mode I/II fracture toughness data from mechanical properties of the
material and its mode I fracture toughness.

1.2. Objectives and research questions

This study aims to understand quasi-static crack growth from a
physics-based perspective, extending the fundamental relationship that
connects mode I and mode II fracture to mixed mode I/II fracture in
different materials. This could enable mixed mode I/II fracture data to
be obtained from mode I fracture data and material properties.
Therefore, the questions addressed in this paper are:

Nomenclature

ASTM American society for testing and materials
DCB double cantilever beam
ENF end notched flexure
MMB mixed mode bending
SED strain energy density
SERR strain energy release rate
SIF stress intensity factor
Cij components of compliance matrix for the plane stress

conditions
Cij components of compliance matrix for the plane strain

conditions
E Young’s moduli of isotropic material

=E i x y z, , ,i Young’s moduli of orthotropic material in the i di-
rection

FI , FII generalized elastic moduli
G shear modulus of isotropic material
Gij shear modulus of orthotropic material in the ij plane
GI , GII mode I and mode II strain energy release rate (SERR)
GIcr, GIIcr , GI IIcr critical SERR for the onset of mode I, mode II and

mixed mode I/II delamination
GI I IIcr

, GII I IIcr
mode I and mode II components of critical SERR for

the onset of mixed mode I/II delamination

G |cr Exp. critical SERR for the onset of delamination growth ob-
tained via experiments

G |cr SED critical SERR for the onset of delamination growth calcu-
lated using the critical SED approach

KI , KII mode I and mode II stress intensity factor (SIF)
K Icr , KIIcr , KI IIcr mode I, mode II and mixed mode I/II fracture

toughness
K I I IIcr

, KII I IIcr
mode I and mode II components of critical SIF

(fracture toughness) under mixed mode I/II loading
M mixed mode ratio
r distance from the crack tip
S strain energy density factor
Scr critical strain energy density factor
V arbitrary volume
W strain energy

Poisson’s ratio of isotropic material
ij Poisson’s ratio of orthotropic material in the ij plane

angle from the crack tip
0 crack initiation angle
0I , 0II , 0I II initial crack growth angle under mode I, mode II and

mixed mode I/II loading
mode mixity angle

‡ Although people speak commonly of loading mode, it effectively refers to
the crack tip opening mode.
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• How can the physics-based relationship between mode I and mode II
fracture be extended to mixed mode I/II cracking?

• How can one estimate mixed mode I/II fracture toughness from
material properties and mode I fracture toughness data?

In order to answer these questions, the present study scrutinizes
quasi static delamination growth under mixed mode I/II loading using
data available in the literature and correlating these with the SED ap-
proach. This is accomplished through an analytical description of the
stresses and the strain energy in the vicinity of the crack tip.

2. Hypotheses

For the purpose of clarity, the basic hypotheses of the SED approach
and the details of the method, presented in [13], are briefly explained
here.

2.1. Fracture and energy

In the current work, the key hypothesis is that all fracture is con-
trolled by energy [29]. Loading a structure implies that potential strain
energy is stored in that structure, while onset of fracture occurs for a
given material at that point where the strain energy reaches a critical

value. This means that fracture is limited by a critical strain energy at
which decohesion occurs for that material [30]. That critical strain
energy represents then a material property, which implies that the
onset of fracture under different opening modes, i.e. shear, tension or
combinations thereof, the same energy density is required. Hence, this
critical strain energy for the onset of fracture is hypothesized to be
independent of the loading mode.

In addition, Neuber [31,32] explained that stresses distributed in
the vicinity of the crack tip provide support to the highly stressed area
at the tip of the crack. Since the stress distribution ahead of the crack
tip, which changes with the loading mode, was shown to determine the
damage mechanisms acting on fracture [19], it is postulated here that
characterizing the energy dissipated in fracture, requires considering
the stress distribution around the crack tip. Physically, this postulation
is in agreement with [33–36] in which prediction methods are proposed
and validated based on dissipated energy. Taking the critical value of
the strain energy density at the onset of fracture, or the corresponding
dissipated strain energy as result of that onset fracture effectively re-
lates to the same material characteristic. Although the dissipated en-
ergy physically relates to intrinsic fracture resistance of material to
specific fracture mechanisms, the specific value at onset might slightly
differ, analogue to for example the physics of movement with static and
kinetic friction. Hence, to predict onset, the SED is used here, while it

Fig. 1. Schematic of (a) 3D fracture critical surface and (b) mixed-mode I/II cohesive zone model.

Fig. 2. (a) Cracked body under pure mode I; (b) Cracked body under pure mode II. Both cracked bodies are from the same material. The strain energy density (S) that
causes fracture is the same for both loading modes (reproduced from [13]).
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will be argued later in the paper, the subsequent process zone devel-
opment after microscopic onset, might be related to energy dissipation
in line with the concepts in [33–36].

2.2. Saint-Venant’s principle

Obviously, one has to make a selection of the volume in which these
stresses are considered. Here, following the Saint-Venant’s principle,
i.e. only the strain energy stored in the direct vicinity of the crack tip
determines the crack increment, the effect on crack growth of the strain
energy stored in areas far away from the crack tip is considered neg-
ligible.

However, one has to assume the same arbitrary volume V when
evaluating fracture in two cracked bodies of the same material loaded
under modes I and II, as illustrated in Fig. 2(a) and (b). The strain
energy in this volume V due to mode I loading is W V( )I , while for mode
II loading it is W V( )II . The critical SED approach hypothesizes that,
when the strain energy at a certain point of the body reaches a critical
value, the onset of fracture occurs, independently of the loading mode.
Mathematically, this can be expressed by equating W V( )I and W V( )II at
the moment of fracture onset. If the volume V at which the strain en-
ergy is evaluated for both cases in Fig. 2 is the same, then the critical
strain energy per volume that causes the onset of mode I crack growth,
SI , is equal to the critical strain energy per volume that causes the onset
of mode II crack growth, SII . This is where the novelty of the present
work lies: the amount of energy in the vicinity of the crack tip necessary
for the onset of delamination is the same for any loading mode! The
reader should note that this hypothesis is different than simply con-
sidering that cracks grow when a critical strain energy is reached. In-
stead, the present study hypothesizes that, not only delamination onset
occurs at a given critical SED, but it always occurs at this same critical
SED for a given laminate under any loading mode.

2.3. Pure mode I fracture

Relating the critical strain energy density to mode I fracture implies
that other dissipation mechanisms are neglected. These mechanisms
may relate to friction, contact with load introduction structures, fixture
compliance and energy dissipation in the process zone ahead of the
main crack tip. These dissipation contributions are regarded to be small
for the onset of mode I fracture. Therefore, the stress intensity factor
(SIF) and the SERR for the onset of mode I crack growth are considered
to include only the effects of energy dissipated in creating a crack
length increment.

3. Concept of the strain energy density

Sih [37] has proposed a theory of fracture based on the local strain
energy density at the crack tip. This energy density theory forms the
basis of the analytical stress/strain solutions developed by Hart-Smith
[38] for double lap joints, and is implemented in the computer program
A4EI [39], which is used to design and assess various aircraft structures
[40] and composite repairs to both composite [41] and metallic air-
frames [42]. In order to develop the physics-based theory for delami-
nation growth under mixed mode I/II loading, at first, the strain energy
density concept is briefly described to provide a general background
needed to use it.

3.1. Isotropic materials

For a linear elastic, isotropic material under a general three-di-
mensional stress field, the strain energy stored in a volume element dV
is defined as [43]:

= + + + + + + +dW
E E G

dV1
2

( ) ( ) 1
2

( )x y z x y y z z x xy xz yz
2 2 2 2 2 2

(2)

where E is Young’s modulus, is Poisson’s ratio and G is the shear
modulus. Assuming that the structure has a through crack that extends
on the xy-plane, the stress field around the crack tip is given by [44]

= +

= + +

= +

=

cos

cos( 2)[1 sin( 2)sin(3 2)] sin( 2)[2 cos( 2)cos(3 2)]

cos( 2)[1 sin( 2)sin(3 2)] sin( 2)cos( 2)cos(3 2)

cos( 2)sin( 2) (3 2) cos( 2)[1 sin( 2)sin(3 2)]

2 cos( 2) 2 sin( 2)

x
KI

r
KII

r

y
KI

r
KII

r

xy
KI

r
KII

r

z
KI

r
KII

r

2 2

2 2

2 2

2 2

(3)

in which the polar components r and are the distance and the angle
from the crack tip, KI and KII are the mode I and II stress intensity
factors. The higher order terms of r in Eq. (3) have been ignored. It
should be noted that the stress in the z–direction has been considered in
this analysis because the crack is locally under plane strain conditions.

Substituting the stresses from Eq. (3) in Eq. (2), we have the fol-
lowing form for the strain energy density:

= + +dW
dV r

a K a K K a K1 [ 2 ]I I II II11
2

12 22
2

(4)

The amplitude or the intensity of the strain energy density field,
known as strain energy density factor, S, around the crack tip is defined
as [30]:

= + +S a K a K K a K2I I II II11
2

12 22
2 (5)

in which

= +

=

= + +

a

a sin

a

[(3 4 cos )(1 cos )]

2 [cos (1 2 )]

[4(1 )(1 cos ) (1 cos )(3 cos 1)]

G

G

G

11
1

16

12
1

16

22
1

16 (6)

3.2. Orthotropic materials

Once again, consider a structure with a through crack that extends
on the xy-plane is made of a linear elastic, orthotropic material. In this
case, the strain energy stored in a volume element dV is given by

= + + +dW
dV E E E G E E E

1
2

x

x

y

y

z

z

xy

xy

xy x y

x

xz x z

x

yz y z

y

2 2 2 2

(7)

The stresses around the crack tip of an orthotropic cracked body are
given by [45]

= +

= +

= +

= + + +

K A K A

K B K B

K C K C

K A K A K B K B

( ( ) ( ))

( ( ) ( ))

( ( ) ( ))

( ( ) ( )) ( ( ) ( ))

x r I I II II

y r I I II II

xy r I I II II

z r I I II II
E

E r I I II II
E

E

1
2
1
2
1
2
1
2

1
2

xz z
x

yz z
y

(8)

where the angular functions A ( )i , B ( )i and C ( )i , for i = I and II, are
defined as follows:

= =

= =

= =

A Re A Re

B Re B Re

C Re C Re

( ) , ( )
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( ) , ( )
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x x x F x F
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where

=
+

=
+

F
Cos x Sin

F
Cos x Sin

1
( )

, 1
( )

1
1

2
2

1
2

1
2 (10)

x1 and x2 are obtained from the conjugate pair of roots of the following
characteristic equation.
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+ + + =C x C x C C x C x C2 (2 ) 2 011
4

16
3

12 66
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26 22 (11)

where the coefficients Cij are obtained from the following stress-strain
relationship = C( )i ij j [46]:

=

E E E
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Under plane strain conditions, the coefficients Cij should be replaced
by Cij as follows:

=C C
C C

Cij ij
i j3 3

33 (13)

By substitution of the stresses from Eq. (8) into Eq. (7):
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Hence, the strain energy density factor, S, is given [45]:
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where the coefficients D1, D2 and D3 are given by
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3.3. Strain energy density criterion

According to the SED criterion, the onset of crack growth occurs in
the direction 0 where the strain energy density factor has its minimum
value. Therefore, the angle 0 is determined from:

=

>
=

0

0

S

S 02
2 (17)

In addition, the onset of crack growth takes place when the value of
strain energy density factor along this angle reaches a critical value.

= =S S atcrmin 0 (18)

4. Critical strain energy density (SED) approach

4.1. Isotropic materials

Following the discussion in Section 2 of the present study, the cri-
tical strain energy density factor, Scr, is independent of loading condi-
tions and crack configuration [30]. So, Scr can be used as a material
constant that serves as an indication of the fracture toughness of the
material. Therefore, it is reasonable to state that the critical SED ne-
cessary for the onset of a pure mode I crack is the same as the critical
SED necessary for the onset of mixed mode I/II crack under a certain
mixed mode ratio:

=S SI I IIcr cr (19)

For the case of pure mode I, Eq. (5) takes the simple form:

= +S K
G16

[(3 4 cos )(1 cos )]I
I
2

(20)

Applying the conditions of Eq. (17) to Eq. (20), it is found that the
solution = 00I yields a minimum value for the SED under pure mode I
loading. The minimum value of SI , known as SIcr , is, then:

=S K
G

(1 2 )
4I I

2
cr cr (21)

In the presence of both mode I and mode II (mixed mode I/II
loading), differentiating S from Eq. (5) with respect to and setting

=S 0, we have:

+ + =a K a K K a K2 0I I II II
11 2 12 22 2

(22)

Inserting the coefficients a11, a12 and a22 from Eq. (6) into Eq. (22):
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The mode mixity angle is defined as

= K
K

tan II

I

1
(24)

which can be range between = 0 for pure mode I to = 90 for pure
mode II. Inserting KII in terms of KI and from Eq. (24) into Eq. (23)
and applying the condition >S 02 2 , the initial crack growth angle

0 can be calculated as a function of only Poisson’s ratio and mode
mixity angle.

= f ( , )0I II (25)

Inserting KII in terms of KI and from Eq. (24) into Eq. (5) and
substituting 0I II into Eq. (5), the critical strain energy density factor
under mixed mode I/II loading is obtained as follows:
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Applying Eqs. (21) and (26) to the condition in Eq. (19), the mode I
and II components of the critical SIF under mixed-mode I/II loading can
be determined from the critical mode I SIF, material properties and
mode mixity angle as follow:
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(3 4 cos )(1 cos ) 4sin (cos (1 2 ))tan

(4(1 )(1 cos ) (1 cos )(3 cos 1))tan

( , )

I I IIcr
Icr

I II I II I II I II

I II I II I II

0 0 0 0

0 0 0 2

1 2

(27)

Therefore,

=
= =

K K g
K K K g

. ( , )
. tan . ( , ). tan

I I

II I I

I IIcr cr

I IIcr I IIcr cr (28)

where K I I IIcr and KII I IIcr are mode I and II components of the critical SIF
in the case of mixed mode I/II loading. It should be noted that Eqs. (27)
and (28) are limited to linear elastic, brittle, isotropic materials. This
method, which is based on the assumption of Eq. (19), is then referred
to as a critical SED approach.

Also, it is noteworthy that in the above equations 90 .
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In this case as pure mode II, similarly, applying the conditions
in Eq. (17) to the simple form of S, =SII

+ +K G( 16 ). [4(1 )(1 cos ) (1 cos )(3 cos 1)]II
2 , the strain

energy density factor is shown to achieve a minimum value at
=cos (1 2 ) 3oII for a linear elastic, isotropic material under pure

mode II loading. So, the critical strain energy density factor is

=S K
G

(8(1 ) 4 )
48II II

2
2

cr cr (29)

The mode II fracture toughness can be determined from mode I
fracture toughness and material properties using the condition in Eq.
(19) as follows:

=K K . 12(1 2 )
(8 8 4 )II I 2

1 2

cr cr (30)

More details of this approach under pure mode II are available in
[13].

4.2. Orthotropic composite materials

The calculation of SIF’s for composite materials is not straightfor-
ward. So, it is better to write the equations in terms of the strain energy
release rate. For composite materials under plane strain [46]

=
=

G F K Mode I
G F K Mode II

( )
( )

I I I

II II II

2

2 (31)

in which

= +

= +

+

+

F

F

I
C C C

C
C C

C

II
C C

C
C C

C

2
2

2

1 2

2
2

2

1 2

11 22 22
11

12 66
11

11
2

22
11

12 66
11 (32)

where the coefficients C11, C22, C12 and C66 are obtained from the stress-
strain relationships in Eqs. (12) and (13).

Substituting SIF’s from Eq. (31) in Eq. (15), the strain energy density
factor obtains

= + +S D G
F

D G
F

D G G
F F

2I

I

II

II

I II

I II
1 2 3

1 2

(33)

According to the critical SED approach described in detail in the
previous section

=S SI I IIcr cr (34)

Eq. (33) takes the simple form in the case of pure mode I:

=S D G
FI

I

I
1 (35)

Applying the conditions of Eq. (17) to Eq. (35), it is found that the
angle in which the function D1 reaches its minimum is the angle pre-
dicted for the first crack propagation under pure mode I delamination
( 0I). The strain energy density factor under pure mode I loading has a
minimum value in this angle as follows:

=S D
G

F
( )I

I

I
1 0cr I

cr

(36)

For mixed mode I/II loading, differentiating S from Eq. (33) with
respect to and setting =S 0

Table 1
Material properties of Plexiglass used for critical SED approach [47].

Poisson’s Ratio Shear Modulus
G GPa, ( )

Mode I Fracture Toughness
K MPa m, ( . )Icr

1 2

±0.3447 0.0254 1.151 0.517

Table 2
Comparison between estimated values of the initial crack growth angle by SED
and available experimental values [48] of Plexiglass samples.

Mode Mixity Angle, (°) Initial Crack Growth Angle, I II0 (°)

|I II SED0 |I II Exp0 .

10 17.79 17.38
20 31.97 30.46
30 41.78 42.51
40 49.84 50.87
50 57.08 56.36
60 63.94 62.05
90 80.06 76.50

Table 3
Comparison of mode I and II components of fracture toughness under mixed
mode I/II loading predicted by the critical SED approach with the available
experimental data [48] of Plexiglass samples.

Mode Mixity Angle,
(°)

KI I IIcr
KIcr SED

KI I IIcr
KIcr Exp.

KII I IIcr
KIcr SED

KII I IIcr
KIcr Exp.

10 0.983 1.080 0.173 0.192
20 0.927 1.019 0.337 0.373
30 0.829 0.873 0.479 0.506
45 0.637 0.649 0.637 0.661
60 0.428 0.416 0.741 0.736
75 0.218 0.217 0.814 0.819
80 0.147 0.149 0.835 0.845
90 0.000 0.000 0.874 0.892

Table 4
Material properties of Westerly granite used for critical SED approach [49].

Poisson’s Ratio Shear Modulus
G, (GPa)

Mode I Fracture Toughness
K , (MPa·m )Icr

1 2

0.21 33.884 2.418

Table 5
Comparison between estimated values of the initial crack growth angle by SED
and available. experimental values [49] of Westerly granite samples.

Mode Mixity Angle, (°) Initial Crack Growth Angle, I II0 (°)

|I II SED0 |I II Exp0 .

0 0.00 0.00
34 41.54 42.37
43 47.81 52.64
55.5 56.18 54.03
63 61.19 62.76
72 67.28 65.37
90 77.85 69.23

Table 6
Comparison of mode I and II components of fracture toughness under mixed
mode I/II loading predicted by the critical SED approach with the available
experimental data [50] of Westerly granite samples.

Mode Mixity Angle,
(°)

KI I IIcr
KIcr SED

KI I IIcr
KIcr Exp.

KII I IIcr
KIcr SED

KII I IIcr
KIcr Exp.

0 1.000 0.995 0.000 0.000
26.5 0.885 0.863 0.439 0.428
40 0.755 0.710 0.615 0.598
44 0.697 0.708 0.673 0.685
51.5 0.597 0.603 0.758 0.765
90 0.000 0.000 1.064 1.048
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+ + =D G
F

D G
F

D G G
F F

2 0I

I

II

II

I II

I II

1 2 3
1 2

(37)

The mixed mode ratio is defined as

=
+

=G
G

G
G G

MII II

I II (38)

which can be range between =M 0 (pure mode I) and =M 1 (pure
mode II). Inserting GII in terms of GI and M from Eq. (38) into Eq. (37)
and applying the condition >S 02 2 , it is found that the angle in
which the function D presented below in Eq. (39) reaches its minimum
is the angle predicted for the first crack propagation under mixed mode
I/II delamination ( 0I II).

= + +D D M
M

F
F

D M
M

F
F

D
1

2
1

I

II

I

II
1 2

1 2 1 2

3
(39)

So, the initial crack growth angle, 0I II , is calculated as a function of
material properties and mixed mode ratio

= =p E G M i j x y z( , , , ) , , ,ij i ij0I II (40)

Inserting GII in terms of GI and M from Eq. (38) into Eq. (33) and
substituting 0I II into Eq. (33), the critical strain energy density factor
under mixed mode I/II loading is

= + +S G
D

F
M

M
D

F
M

M F F
D

( )
1

( )
2

1
1

I IIcr I I IIcr
I II

I

I II

II I II
|

1 0 2 0 1 2 1 2

3

(41)

Applying Eqs. (36) and (41) to the condition in Eq. (34), the mode I
and II components of critical SERR can be determined from mode I
critical SERR, material properties and mixed mode ratio as follow

=
+ +

=

( ) ( )( ) ( )
G

G
D

D D D

q E G M

( )

( ) ( ) 2 ( )

( , , , )

I I IIcr

Icr

I

I II
M

M
FI
FII I II

M
M

FI
FII I II

ij i ij

1 0

1 0 1 2 0 1
1 2 1 2

3 0

(42)

Therefore,

=

= =

= +

( ) ( )
G G q E G M

G G G q E G M
G

G G

. ( , , , )

. . ( , , , ).

I I ij i ij

II I
M

M I ij i ij
M

M
I II

I II

1 1

I IIcr cr

I IIcr I IIcr cr
cr

I IIcr I IIcr (43)

where GI I IIcr and GII I IIcr are mode I and II components of the critical
SERR under mixed mode I/II loading.

It should be noted that in the above equations M 1. In this case as
pure mode II, similarly, applying the conditions in Eq. (17) to the
simple form of S, =S D G F( )II II II2 , the strain energy density factor is
shown to achieve a minimum value at oII in which the function D2
reaches its minimum, for a linear elastic, orthotropic material under
pure mode II loading. So, the critical strain energy density factor is

=S D
G
F

( ).II o
II

II
2cr II

cr

(44)

The mode II critical SERR can be determined from mode I critical
SERR and material properties using the condition in Eq. (34) as

=G G
F D
F D

.
. ( )

. ( )II I
II o

I o

1

2
cr cr

I

II (45)

More details of this approach under pure mode II are available in
[13].

5. Results and discussion

5.1. Brittle isotropic materials

In this section, in order to evaluate the critical SED approach in
mixed mode I/II crack growth of isotropic materials, data from different
references in the literature are obtained and the estimated is compared
with the available experimental data.

5.1.1. Plexiglass
The first brittle, isotropic, linear elastic material analysed is

Plexiglass used by Erdogan et al. [47,48]. The material properties ex-
tracted from [47] are given in Table 1.

The values of initial crack growth angle ( 0I II) in different mode
mixity angles ( ) predicted by the critical SED approach are given in
Table 2. The validity of these predictions has been checked with the
results of the available experiments performed on Plexiglass [48]. The
second column gives the theoretical calculations of Eq. (25) based on
the critical SED approach and the last column is the average initial
crack growth angle of all the measured value obtained from the ex-
periments. As it can be seen the prediction is in a good agreement with
the available experimental data.

The comparison between the predictions of Eqs. (27) and (28) via
SED and experimental data is shown in Table 3. K K( )I I SEDI IIcr cr and
K K( )II I SEDI IIcr cr , shown in column 2 and 4, are the predictions obtained

through Eqs. (27) and (28), respectively. K K( )I I Exp.I IIcr cr and
K K( )II I Exp.I IIcr cr , shown in column 3 and 5, were obtained from ex-

periments described in [48]. It shows the mode I and II components of
fracture toughness at any mixed mode ratio can be calculated with good
accuracy only using pure mode I fracture toughness and material
properties.

5.1.2. Westerly granite
Fracture data from Westerly granite samples were obtained from the

literature [49,50] and analysed using the critical SED approach to
evaluate the validity of Eqs. (27) and (28) for other brittle materials.
The material properties extracted from the literature [49] are listed in
Table 4.

Similarly, the results have been shown in Tables 5 and 6.
One can argue that other methods presented in literature predict the

onset levels and crack initiation angles equally well. However, one

Table 7
Material data of unidirectional IM7/8552 carbon/epoxy laminated composite
used for critical SED approach [51,52].

Ex (GPa) =E Ey z

(GPa)
=G Gxy xz

(GPa)
Gyz (GPa) =xy xz yz GIcr (J m )2

165 11.38 5.12 3.92 0.300 0.487 240

Table 8
Estimation of parameters for initial crack growth angle and mixed mode I/II
critical SERR predicted by the critical SED approach with comparison of the
available experimental data [51] of unidirectional IM7/8552 carbon/epoxy
laminated composite.

Mixed
mode
ratio, M

Angle for
minimum D,

I II0 (°)

G (J m )I IIcr SED 2 G (J m )I IIcr Exp. 2 GI IIcr SED
GI IIcr Exp.

0.0 34.295 240.000 240 1.00
0.2 41.362 198.799 315 0.63
0.4 48.845 179.075 495 0.36
0.6 55.704 169.915 568 0.30
0.8 63.187 170.160 645 0.26
1.0 80.854 215.770 873 0.25
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should keep in mind that these methods make use of empirical re-
lationships against the mode mixity. The results here show that the
critical SED approach can predict fracture toughness at a given mode
mixity for linear elastic, isotropic, brittle materials, while only needing
material properties and mode I fracture toughness. Also, the initial
crack growth angle under mixed mode I/II loading can be estimated
with the critical SED approach as a function of material properties and
mode mixity angle for isotropic materials.

5.2. Orthotropic composite laminates

In the following sections, in order to evaluate the critical SED ap-
proach in mixed mode I/II delamination growth of orthotropic com-
posite materials, data from different references in the literature are
presented and the theory is compared with the available experimental
data.

5.2.1. IM7/8552 carbon/epoxy composite
The first composite material analysed is unidirectional IM7/8552

carbon/epoxy laminated composite used by Williams in [51]. The
material data obtained from the literature [51,52] is summarized in
Table 7.

The results of solving Eqs. (42) and (43) numerically for the mate-
rial properties and GIcr given in Table 7 as estimated critical SERR for
the onset of mixed mode I/II crack growth, as well as the angles in
which the function D is minimum as predicted initial crack growth
angle under mixed mode I/II delamination at different mixed mode
ratios are shown in Table 8. The accuracy of the estimations is eval-
uated by comparison with available experimental data [51] given in
Table 8.

As it can be seen, increasing the mixed mode ratio i.e., increasing
the mode II loading increases the difference between G |I II SEDcr and
G |I II Exp.cr such that the ratio of the critical SERR estimated to the value
obtained in mixed mode bending (MMB) experiments performed by
Williams [51] starts from approximately 63% for the onset of mixed
mode I/II crack growth with =M 0.2 to 25% for the onset of pure mode
II crack growth. This difference in the critical SERR is attributed to the
fact that the value of the critical SERR obtained via MMB experiments
does not refer to the onset of crack growth. In the case of mixed mode I/
II, the presence of mode II loading develops a fracture process zone by
formation of cusps, striations and microcracks ahead of the crack tip.
Only when the microcrack coalescence is reached, the crack growth can
be observed from the edges of the specimen during MMB tests and the
maximum load is used to calculate the value of the critical SERR
[22,53]. Hence, mixed mode I/II critical SERR obtained via MMB tests
refers to the coalescence of microcracks ahead of the crack tip, but the
onset of mixed mode I/II delamination occurs before the specimen
reaches its mixed mode I/II critical SERR determined via MMB tests.
Additional experiments are needed to verify that this onset indeed
happens. This aspect is studied and reported by the authors in another
publication [54].

5.2.2. E-glass/vinyl ester composite
The critical SED approach was also applied to unidirectional E-

glass/vinyl ester composite whose data is found in [55]. The material
data obtained from the literature [55] is given in Table 9.

Similarly, the results have been shown in Table 10.
The results presented in Table 10 show that the onset of mixed mode

I/II delamination growth seems to occur from approximately 30%
(mixed mode I/II with =M 0.2) to 5% (pure mode II) of G |I II Expcr for
glass/epoxy composite materials. Note that the G |I II SEDcr decreases
when the mixed mode ratio increases, while the phenomenological
(macroscopic) facture toughness definition always increases with the
mixed mode ratio.

Comparing the results of glass/epoxy composite with carbon/epoxy
composite, it is found that the value of G G( | | )I II SED I II Exp.cr cr depends on

number of the microcracks in the fracture process zone before coales-
cence. Since carbon fibers are stiffer than glass fibers, in glass/epoxy
composite materials, the resistance to shear deformation in the resin is
smaller. So, the fracture process zone is larger than carbon/epoxy
composite materials and coalescence occurs later. Because of this, the
values of G G( | | )I II SED I II Exp.cr cr for the glass/epoxy composite are
smaller than the values for carbon/epoxy composite at a certain mixed
mode ratio.

6. Engineering application to mixed mode I/II delamination

The current procedure for characterization of delamination growth
under pure mode I, pure mode II and mixed mode I/II involves double
cantilever beam (DCB), End notched flexure (ENF) and MMB tests fol-
lowing the ASTM standards [7–9], respectively. Traditionally, delami-
nation onset is defined as the delamination onset visible at a macro-
scopic level, or an associated point of non-linearity in the load-
displacement curve. This macroscopic level of delamination onset is
different for the various mode-mixities, and can only be related through
an empirical fitted relationship, such as in [12,24]. However, it lacks
any physical explanation.

What was demonstrated in this paper is that physically, delamina-
tion onset occurs at a microscopic level, at the SERR levels lower than
G |cr Exp. obtained via delamination tests. At this microscopic level, the
crack onset is visible as a first crack increment under an angle relative
to the local mixed mode stresses. The developed theory based on the
critical strain energy density, explains both the load level at which this
crack onset occurs, as well as the direction in which the crack increment
is formed. The theory therefore successfully explains the relation be-
tween physical crack onset for any mode mixity in orthotropic lami-
nates. In addition, the theory can be validated by experimental ob-
servations as demonstrated here with cases from literature, and in more
detail in [13]. An advantage of this theory is that once the physical
onset is established with for example quasi-static mode I delamination
tests, more complex mode II delamination tests are no longer required,
because the critical strain energy density is the same for any opening
mode.

According to the results of the critical SED approach for orthotropic
composite materials discussed in Section 5.2, it seems a first estimation
of (G |I II Exp.cr ) is possible by describing the relationship between
G |I II SEDcr and G |I II Exp.cr at a given mode mixity based on the material
properties of the composite materials. To this end, the critical SED
approach is also applied to other orthotropic composite laminates
whose data is found in the literature [51,55–60]. The results are ex-
tracted as G G( | | )I II SED I II Exp.cr cr at different mixed mode ratios for five
carbon/epoxy composites and three glass/epoxy composites. Figs. 3
and 4 indicate the extracted results with a curve fit through them for
carbon/epoxy and glass/epoxy composites, respectively. According to
Figs. 3 and 4, the value of G G( | | )I II SED I II Exp.cr cr is obtained at any ar-
bitrary mixed mode ratio. Since, the value of G |I II SEDcr can be calculated
through the critical SED approach (Eqs. (42) and (43)) only having
mode I SERR, material properties, the first estimation of G |I II Exp.cr can be
easily obtained without the necessity of performing MMB fracture
toughness tests.

What is still required; however, are the relationships between this
critical strain energy density and the fracture toughness for the pure
modes or mixed mode. The authors believe that now the physical crack

Table 9
Material data of unidirectional E-glass/vinyl ester composite used for critical
SED approach [55].

Ex (GPa) =E Ey z

(GPa)
=G Gxy xz

(GPa)
Gyz (GPa) =xy xz yz GIcr (J m )2

31.10 7.96 3.05 2.76 0.33 0.44 204
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onset is explained, such relationship can be obtained through a similar
concept of strain energy dissipation, related to the development of the
fracture process zone beyond the physical crack onset. Superimposing
this energy dissipation in the fracture process zone development onto
the SED component discussed here, will then yield a fully physics based
fracture toughness for any mode mixity, settling earlier disputes on the
validity of the general SED approach. Additionally, as illustrated with

the automated and robotized residual strength characterization in [34],
such concept of strain energy density and energy dissipation will enable
direct assessment of residual strength of delaminations found in op-
erational aircraft.

7. Conclusion

The current paper presents a theory based on physical principles to
explain how physically delamination onset occurs at the crack tip in an
orthotropic laminate. The present study demonstrates how the strain
energy density reaches a critical level in the crack tip vicinity at the
point in which the first onset of crack growth is observed at the mi-
croscopic level. This critical strain energy density appears to be in-
dependent of the opening mode, and once determined for one opening
mode, can be applied to any other mode or combination of modes,
having a possible application on reducing the number of fracture
toughness tests necessary for understanding quasi-static crack growth in
composite structures.

For the engineering practice, where the traditional definition of
delamination onset is used, this theory forms a first basis. A relationship
between the physical crack onset at the microscopic level and the
macroscopic delamination onset is still required and will be the aim of
future studies.

Appendix A. Supplementary material

Supplementary data to this article can be found online at https://
doi.org/10.1016/j.tafmec.2019.102303.
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Angle for
minimum D,
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|
| .
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Fig. 3. The extracted G G( | | )I IIcr SED I IIcr Exp. at different mixed mode ratios with a
curve fitting for five carbon/epoxy composites.

Fig. 4. The extracted G G( | | )I IIcr SED I IIcr Exp. at different mixed mode ratios with a
curve fitting for three glass/epoxy composites.
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