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of the shrinkage estimator becomes smaller than the one of the corresponding sample
estimator. The procedure has shown great advantages especially in the high-dimensional
problems where, in general case, the sample estimators are not consistent without
imposing structural assumptions on model parameters.

In this paper, we review the mostly used shrinkage estimators for the mean vector,
covariance and precision matrices. The application in portfolio theory is provided where
the weights of optimal portfolios are usually determined as functions of the mean vector
and covariance matrix. Furthermore, a test theory on the mean-variance optimality of
a given portfolio based on the shrinkage approach is presented as well.

© 2021 Elsevier Inc. All rights reserved.

Random matrix theory
Shrinkage estimation

1. Introduction

High-dimensional inference procedures play an important role in many fields of science, like in economics, finance,
environmetrics, physics, signal processing, etc., when a statistical model is needed to be fitted to real data. For instance,
high-dimensional optimal portfolios are well motivated by the rapid development of technology, which provides investors
opportunities to construct a portfolio consisting of a large number of assets traded simultaneously across the world.
Moreover, the availability of high-frequency financial data provides a considerable amount of information which can be
used in the construction of optimal portfolios.

It is remarkable that the application of the traditional sample estimators is not recommendable in the high-dimensional
setting. Although the sample estimators work well when the process dimension is fixed and is significantly smaller than
the number of observations, it does not longer hold when the two quantities are comparable. The former case is often
used in statistics and it is called the standard asymptotic regime (see, [63]). Under this asymptotic regime the traditional
sample estimators, like the maximum likelihood estimator or method of moments estimator, are usually consistent under
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some regularity conditions. However, it does not longer hold true when the process dimension is comparable to or even
larger than the sample size. Here, we are in the situation when both the number of assets and the sample size can
tend to infinity. This double asymptotic regime has an interpretation when the ratio between the process dimension and
the sample size, also known as the concentration ratio, tends to a finite value as the sample size tends to infinity. This
asymptotic regime is known as a high-dimensional asymptotics or “Kolmogorov” asymptotics (see, e.g., [33]). Under the
high-dimensional asymptotics the sample estimators behave very unpredictable and they are far from the optimal ones.
In general, the greater the concentration ratio the worse are the sample estimators. This well-known problem in statistics
is called "the curse of dimensionality".

Recently, new estimators came in play which are biased but can significantly reduce the mean square error in
comparison to the traditional estimators. These estimators are known as shrinkage estimators and were introduced in the
seminal paper of Stein (see, [81]). A shrinkage estimator is usually defined as a linear combination of the corresponding
sample estimator and a known target. The corresponding coefficients in the linear combination are often called shrinkage
intensities. It is a very challenging task to find consistent estimators for the shrinkage intensities.

The first shrinkage estimator was developed for the mean vector of a multivariate normal distribution with identity
covariance matrix [58,81] and was extended to the case of an arbitrary covariance matrix in [5,7,8,41,47,50,67,82]. These
results were obtained in the standard asymptotic regime, while a high-dimensional version of the James-Stein type
estimator was proposed by [38]. Recently, an optimal shrinkage estimator obtained by minimizing the expected quadratic
loss function was derived in [85], while a shrinkage estimator of the mean vector shrunk towards an arbitrary target vector
was introduced in [21].

The situation becomes more challenging when the covariance matrix is estimated and, especially, when one needs
to infer its inverse, the precision matrix. There are some significant improvements when the covariance matrix has
a special structure, e.g. sparse, low rank etc. (see, [35,36,75]). The results for the covariance matrix that possesses a
factor structure were derived in [42-44]. In these cases the covariance matrix can consistently be estimated even for
high-dimensional data. However, when no information about a specific structure of the covariance matrix is available,
the shrinkage estimator seems to be the most favorable approach in the high-dimensional setting (cf., [19,65,66]. The
shrinkage estimators for the precision matrix were derived in [20,62,84], among others.

In order to handle the curse of dimensionality in the case of the high-dimensional asymptotic regime the results from
random matrix theory are usually used. Random matrix theory is a very fast growing branch of probability theory with
many applications in statistics and finance. It studies the behavior of the eigenvalues of random matrices under the double
asymptotic regime (see, e.g., [2-4,13,23,28,49,68,76,78]). It is discovered that appropriately transformed random matrix at
infinity has a nonrandom behavior and showed how to find the limiting density of its eigenvalues. In particular, Silverstein
and Bai [78] proved under very general conditions that the Stieltjes transform of the sample covariance matrix tends
almost surely to a nonrandom function which satisfies some equation. This equation was first derived by [68] who showed
how the real covariance matrix and its sample estimator are connected at infinity, while a general form of this equation
was given in [76]. Finally, using the results of random matrix theory statistical tests on the structure of the covariance
matrix were suggested by [14,37,46,52,86,88].

Improved estimators of the model parameters constructed by employing random matrix theory, especially shrinkage-
based estimators, are widely used in many fields of science, like in signal processing and finance (see, [34,40,44,45,55,
83,87]). For instance, an improved calibration of the high-dimensional precision matrix was suggested in [87], while
the applications of random matrix theory to signal processing and portfolio theory was discussed in [45]. Furthermore,
several authors showed that the shrinkage estimators applied to portfolio weights indeed lead to better results (see,
e.g. [22,25,48,51,65]. In particular, the shrinkage estimator for the covariance matrix was applied to construct an improved
estimator of the weights of the global minimum variance portfolio by [65], while the multivariate shrinkage estimator
obtained by shrinking the portfolio weights directly was suggested in [51]. The same idea was also used by [48] who
constructed a feasible shrinkage estimator for the global minimum variance portfolio which dominates the traditional
sample estimator. More recently, the shrinkage estimators based on an arbitrary target vector of portfolio weights were
derived by [25] and [22] in the case of the global minimum variance portfolio and mean-variance portfolio, respectively.
Finally, statistical test theory on the optimality of portfolio weights was developed in [17,18] that is based on the shrinkage
approach, while sequential procedures derived on the weights of optimal portfolios were established in [9,10].

The rest of the paper is organized as follows. In Section 2 we present the shrinkage estimator for the high-dimensional
mean vector, covariance matrix and precision matrix. Recent results of the application of the shrinkage approach in finance
is discussed in Section 3. Discussion of the results is provided in Section 4.

2. Shrinkage estimation of the mean vector and covariance matrix

Let X, = (Xij)ic(1,....p}.je(1,...,ny With x;; be independent and identically distributed with zero mean and variance equal to
one. Throughout the paper it is assumed that the data matrix Y, = [y, ..., ¥»] follows the stochastic model expressed
as

Y, = p1] + ='2X,, (1N
where 1, is the n-dimensional vector of ones and /2 is a square root of the positive definite matrix =. We further assume
that ]E(lx,-j|4+$) < oo for any small number ¢ > 0. No specific distributional assumption is imposed on the element of X,.
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Under model (1) the observation vectors y, ..., y, are independent and identically distributed with E(y;) = p and
Cov(y;) = . The two parameters g and X are unknown quantities which have to be inferred by using the observation
matrix Y,. The most commonly used estimators of p and X are the sample estimators expressed as

n

1 1 1 3 3 1 1
Yn=— ZYn =-Y,1, and S, =—— (Vi — Yn)(¥n _Yn)T = Y, (ln - lnln—r) Y,«,T, (2)
mia n n

n—1F¢4 n—1
i=1
where I, denotes the identity matrix of size n. Under the additional assumption that y; are multivariate normally
distributed, y, and (n — 1)S,/n are also the maximum likelihood estimators for x and = and, consequently, they are
asymptotically efficient when p is finite and n tends to infinity, i.e., in the classical asymptotic regime. However, both the
estimators possess high variability when p becomes comparable to n. As a result, their application to the high-dimensional
problems is not desired and new approaches should be employed instead.

In order to reduce the variability which is present in the traditional sample estimators, for example in y, and S,, the
shrinkage estimators have been developed in statistical literature, which are usually (slightly) biased but, on other side,
they possess considerably smaller variance in comparison to the sample estimators. A shrinkage estimator for a quantity
of interest is not uniquely defined and is obtained by minimizing a risk function, which may depend on the application at
hand. In Section 2.1 we review the existent shrinkage estimators for the mean vector, while Sections 2.2 and 2.3 present
shrinkage estimators for the covariance matrix and the precision matrix. Later, in Section 3 the shrinkage approach is a
applied to infer the weights of optimal portfolios, which are usually present as functions of the mean vector and covariance
(precision) matrix.

2.1. Shrinkage estimation of the mean vector

A shrinkage estimator for the mean vector p is usually derived by minimizing the quadratic loss function expressed
as

L(ﬂn! I'l') = (ﬁ'n - M)Tzil(ﬁ'n - ”‘) (3)
or, its expected value, for an arbitrary estimator f,,,
R(p) =E (o — 1) =7 ity — 1)) - (4)

Depending on the imposed condition on X, n, and p several shrinkage estimators exist in the literature which we
review below.

The James-Stein shrinkage estimator for the mean vector was derived under the assumption that the covariance matrix
X is the identity matrix and that n > p > 2. It is given by

A p—2)\_
= 1-— —— = . 5
M gs ( nynTYn ) Yn (5)

When the concentration ratio ¢ < 1 with ¢ defined by p/n — ¢ as n — oo, a modified version of the James-Stein
estimator for n > p > 3 and an arbitrary covariance matrix is expressed as

o _ (1 p—2 1 ) - (6)
Ponmys = n—p+2 S’nTS;])_/n Yn,
where S, is the sample estimator of = given in (2).

For p > n > 3 and an arbitrary covariance matrix X, a Baranchik type shrinkage estimator for the mean vector was
discussed in [38] and it is given by

i = {I B rS:S;t }37
S R A R
for min{n — 1, p} > 3. The symbol S; denotes the Moore-Penrose inverse of S,. It was proved in [38], that i, ; dominates
the sample estimator y,, under the quadratic less when
2(min{n — 1, p} — 2)
n+p—2min{n—1,p} +2°

Chételat and Wells [38] considered a further generalization of the James-Stein estimator in the case of p > n expressed
as

0<r=<

lln,CW = (lp - Sns;—)yn + [1 - Snsn+9n,

a
AR }+
where b, = max(b, 0). They argued that fi, o, dominates the James-Stein shrinkage estimator when

n—3
pntd
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A further shrinkage estimator for the mean vector was derived in [85] who suggested to shrink the sample estimator
y» to the unity target vector. The corresponding shrinkage coefficients are found by minimizing the expected quadratic
loss (4). This leads to the following shrinkage estimator (see, [85]):

A Zl,n - Z4.n — ZZ,nZ3,n

= 1,, 7
Fnw Zl,n +ZZ,nZ4,nyn ZLn +ZZ,nZ4.n " ( )
with
n
7. - 1 Z TGty 7 — 1 Z Tty L Z T gty .
1,n — yn.isn yn.jv 2,n — Yn,ksn Yn,k yn,isn yn,j 5
p(n—1) oy np \ = n—14
J = i#]
1 u 1
_ § Tg+ - § Tty v &+
Z3.n - Tl'lnTS,Tln 1,1 Sn Yo ks Z4,n = p(n — 1)1;5:1n ln Sn yn,lyn,jsn 1,

k=1 i£j
for p > n. The shrinkage estimator (7) is computationally complicated due to the presence of the double sum over p
and n in its definition. In order to simplify its computation in practice, the application of its asymptotic counterpart was
suggested in [85].

In the case of an arbitrary shrinkage target vector u,, a linear shrinkage estimator that minimizes the quadratic loss
function (3) was developed by [21]. For ¢ < 1, it is given by

Rongop = Gmeanyn + Bmeanﬂo ) (8)

where

(978519 — 2 ) g Sy o — (7S, o)?
Vi S 'Ykt Su io — (97 Sn ' Ko)?

Omean =

and
AR

Bmean = (] - &mean) — .
1o Sa o

2.2. Shrinkage estimation of the covariance matrix

In the derivation of the shrinkage estimation of the covariance matrix several loss functions are considered in the
literature. Below, we review the approaches which are obtained by minimizing the quadratic loss function which is defined
by the Frobenius norm in the matrix case expressed as

L(E, =) =2, — =|} (11)

for a given estimator 3, of = with ||A||§ = tr(AA") for a square matrix A.

At first, Ledoit and Wolf [65] proposed a linear shrinkage estimator of the covariance matrix ¥ which shrinks the
sample covariance matrix S, to the identity matrix and studied its behavior in the high-dimensional setting. This estimator
shrinks the eigenvalues of the sample covariance matrix linearly and is obtained by minimizing the expected quadratic
loss function expressed as

R=)=E (1%, — =II7). (12)

A generalization of the linear shrinkage estimator of [65] was suggested in [ 19] where the shrinkage target was chosen
to be an arbitrary nonrandom matrix Xg. In contrast to the Ledoit and Wolf linear shrinkage estimator of the covariance
matrix, the new shrinkage estimator was derived by minimizing the loss function (11) directly. It is given by

ﬁ\:n;BGP = &covsn + BCOUEOy (13)
with
1
EIISnIIf,HEoII?

&cov =1- P) (14)
ISk 12115012 — (£r(Sa30))

and

N tr(S,>o) N
Beov = % (1 - 0fcov) ) (15)
1Zoll7
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where ||All; = tr [(AAT)]/ 2] denotes for the trace norm and 3, is assumed to possess the bounded trace norm. The

shrinkage estimator (13) was derived under the assumption E( |x,-j|4+$) < 00, while the shrinkage estimator in [65] requires
the existent of 8th moments.
The linear shrinkage estimator of [65] also differs from (13) in its structure. First, it is derived for the specific target

matrix 3o = 1/pl. Second, the expression of &, is different in two approaches. Namely, instead of E”S"”?’ the Ledoit

1
and Wolf shrinkage estimator uses = Zle ||yiyiT - Sn||§ where y; are the ith columns of the observation matrix Y. It is
defined by

. min{h? , d?
Ucov; LW = 1-— %; (16)

cov

where
1 2 11 o
doov = SISally = (1/ptr(S0)"s Doy = o5 > lyiy! = Sall?-
i=1

12
> dCOU

The shrinkage estimator (13) is unconstrained, while the Ledoit and Wolf estimator is constrained. If b?

cov

in (16),
1
then & pw = 0, i.e., the Ledoit and Wolf shrinkage estimator coincides with tr(S,)—I, independently how large p is with

respect to n. In contrast, we always have that 0 < @&, < 1 for (13) with &, = 1 only if c = 0, i.e., the sample covariance
matrix possesses the smallest Frobenius loss only if p is much smaller than n. For ¢ > 0, the sample covariance matrix
is not an optimal estimator for the covariance matrix in terms of minimizing the quadratic loss function (11). Finally, we

note that the Ledoit and Wolf estimator is more computationally intensive than ((13) with q = %I, since the quantity

Bgov has to be calculated by a loop.
Further improved estimators of the covariance matrix were suggested in [39,53,54,77] among others. These estimators
were derived by minimizing the Stein loss given by (see, [39])

Ls(%n, =) = tr (£,57") — log (det (£,57")) —p (17)

or the corresponding risk function Rs(2) = E (Ls(£,, £)), and are defined as orthogonal invariant estimators. The class of
rotation-equivariant estimators of the covariance matrix coincides with the class of estimators which possess the same
eigenvectors as the sample covariance matrix (c.f., [74, Section 5.4]). That is, they are determined as

Sno = HB(DH', (18)
where S, = HDH' is the eigenvalue decomposition of the sample covariance matrix S, with D = diag(d;, ..., dp),
dy > d = --- > d, and (D) = diag(¢1(d4), ..., ¢p(d,)) for continuously differentiable function ¢;, i € (1,...,p}.
Dey and Srinivasan [39] derived the set of functions ¢i(.), i € {1, ..., p} for which the orthogonal invariant estimator (18)

dominates the sample estimator S,,.
The orthogonal invariant estimator 3,0 was generalized to the non-linear shrinkage estimator by [66] in the
high-dimensional setting, which, fori € {1, ..., p}, is given by

S in = Hdiag(d{" dHT, d =] 1-cocdimp(d)®’ ird, >0,
n,LWnonlin = agldy, ..., 4, ’ [ 1 ifdi=0
(G0N e =10

(19)

where mg(z) denotes the limiting Stieltjes transform of the sample covariance matrix defined for a distribution function
G:R— Ras

+00

1

mG(z):/ A—sz(A); zeCt={zeC:3z> 0}
—00

Moreover, for any x € R the quantities mp(x) = lim,_,, mp(z) and mg(x) = lim,_,, mp(z) = lim,_, C;—l + cmp(z) exist
and are finite for c < 1 and ¢ > 1, respectively. The existence of those limits was proven in [64,79]. Albeit the oracle
shrinkage intensities d{” depend on the unknown limiting Stieltjes transform, thanks to the recent paper of Ledoit and
Wolf [66], they can be fast and efficiently estimated using a simple nonparametric procedure.

2.3. Shrinkage estimation of precision matrix

A linear shrinkage estimator for the precision matrix ! was developed in [20] and it is derived by minimizing the
quadratic loss expressed as

({1, =71) = L, — =717 (20)
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for an estimator T, of =~'. The linear shrinkage estimator for the precision matrix for ¢ < 1 is given by
1:In,BGP = &precS;1 + ,BprecHOa (21)
with
112 2
EIISH I Il

&prec =1 —p/n — 5 (22)
IS5 11T (12 — (tr(S5 ' THo))

and

R tr(S; ') R
.Bprec = niz (1 —p/n— Olprec) s (23)
ITLo Iz
where 1/pII, is assumed to have the bounded trace norm.
Another shrinkage estimator of the precision matrix is the scaled standard estimator (SSE) discussed in [62,72,80]. It
is given by
n—p-—2

s =
n—1

_ p
Sy ' S(p<n) + — 1Sn+5(pzn)a (24)
where S is the Moore-Penrose inverse of S, and §.) is a Dirac delta function.
The other two shrinkage estimators for the precision were proposed by [41] and by [62] and they are expressed as

n-p—2_, p*+p-2
n—-1 " (n — Dtr(Sy)

Ty = (25)

and
His = p (n — 1)S, + tr(S)D ', (26)

respectively.
3. Application in portfolio theory

In this section we discuss how the theory of shrinkage estimation can be used in portfolio theory where the weights of
different optimal portfolio can often be expressed as functions of the mean vector and covariance matrix (see, e.g., [ 15,57]).
The practical computation of the considered shrinkage estimators of optimal portfolio weights as well as some shrinkage
estimators for the mean vector and for the covariance matrix presented in the previous section can be performed in the
R-packages, like HDShOP (High-Dimensional Shrinkage Optimal Portfolio, see [16]) and DOSPortfolio (Dynamic Optimal
Shrinkage Portfolio see [27]).

Following the Markowitz theory [69], mean-variance optimal portfolios are obtained by minimizing the portfolio
variance for a given level of the expected return. The solutions of the Markowitz problem lie on a parabola in the mean-
variance space, known as the efficient frontier (see, e.g., [6,11,30,60,71]). Let w = (wq, ..., w,,T)T be the p-dimensional
vector of portfolio weights. Then the expected return of the portfolio with weights w is w' u, while its variance is
w' »w. Markowitz optimal portfolios can also be deduced as solutions of other optimization problems (e.g., [24]), like by
maximizing the expected utility function (see, [57]) expressed as

wip— ngzw — max subjectto w'1, =1, 27

where y > 0 is the coefficient of risk aversion that measures the investor’s attitude towards risk. The solution of (27) is
known as the mean-variance (MV) optimal portfolio and it is given by

w fiﬁf+—bu (28)
My = — Y s
17711,
where
“14 1Tx-1
0oz = '1,1)s
1;="11,

!n the case of the fully risk-averse investor, i.e., y = oo, the optimal portfolio is found by minimizing the portfolio
variance, i.e.,
w'Sw — min subjectto w'1, =1, (29)
and its weights are given by
=11,

—r 30
17x-11, (30)

Wemy =
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The optimal portfolio with the weights wgyy is known in financial literature as the global minimum variance (GMV)
portfolio. This portfolio lies on the vertex of the efficient frontier, whose equation is given by

(R — Rowv)* = s(V — Vewy),
where
p'="11,

.
TTaois s=pu Qu (31)
1,211,

Romv = Romv =

1,211,
are the expected return of the GMV portfolio, the variance of the GMV portfolio, and the slope parameter of the efficient
frontier, respectively.

3.1. Traditional sample estimators of portfolio weights

Optimal portfolios cannot be constructed by using (27) and (29), since both formulas depend on the true value of the
mean vector and the covariance matrix. Markowitz [70] suggested to use historical data of asset returns yi, ..., Yy, to
construct the sample estimators y,, and S, of x and X. This leads to the following traditional sample estimators of the
MV portfolio weights

A S.'1 18 o
MV:S 155511;; Y n
with
-1 Tg—1
0, =5 _ S, 11,8,
—*n —
17s.'1,
and of the GMV portfolio weights given by
. S, '1,
Wemy;s = — 7> (33)
1781,

respectively. The distributional properties of the estimators (32) and (33) were studied by [15,59,73], among others.
3.2. Naive shrinkage approach

Alternatively, one can replace the unknown u and = (or =~ ') in (28) and (30) by any improved estimator as considered
in Section 2 as in the case of the GMV portfolio discussed in [61,65], among others. This leads to

11,

VAVMV;nSh = ‘l—rﬁfliql + V_lQn;nShﬂna (34)
p<mn °p
with
o, S il 3 B S
;nSh = En T P
1,31,
and
. -1
Wemv;nsh = #7_1177 (35)
lp .1,

where fi,, and 3, denote improved estimators of the mean vector and of the covariance matrix, respectively. In the
following, we refer to the optimal portfolios constructed by using (34) and (35) as the naive shrinkage estimator of the
MV portfolio weights and of the GMV portfolio weights.

3.3. Optimal shrinkage approach

Although the estimators Wyy.nsn are Weyy.sn are constructed by using less volatile estimators of the mean vector
and of the covariance matrix, they are not optimal in the sense that they maximize some loss functions. Moreover, it
is also questionable, why one has to estimate p(p + 1)/2-dimensional and p-dimensional objects, while estimators for
(p — 1)-dimensional vector of optimal portfolio weights are needed. We deal with this question in the present section by
presenting shrinkage estimators for wyyy and wgyy, which are directly derived for the portfolio weights.

In case of the MV optimal portfolio, the loss function is determined following the optimization problem used in its
derivation. Namely, the out-of-sample expected utility function is considered which is given by

W, L — =W, SWy, (36)
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where W, denotes a shrinkage estimator of the MV portfolio weights obtained by a linear combination of its sample
estimator Wyy.s and the target vector of portfolio weights b such that b™1, = 1.
The maximization of (36) leads to the formula of the optimal shrinkage estimator of the MV portfolio expressed as [22]

Wiv:osh = Qn:mvWiv:s + (1 — Gy )b (37)
with

~ o N N -1,
y! ((Rcmv;s = Rps) (1+ 75) + ¥(Vois — Vomvic) + %Sc)

Oy = , (38)

Vemy:c A -1 A A 5 N
% -2 (VGMV:C + %(szs — RGMV;S)) +y2 (&C_t;) + Vp.s

where ﬁGMV;S, \A/GMV;C, S, ﬁb; s, and \A/b;g are consistent estimators of the three parameters of the efficient frontier given in
(31), and of the expected return R, = " b and the variance V,, = bT =b of the target portfolio. They are equal to

¥.8.', o

Reyy.s = 2n2n P o= Vomvss, Se=(1—cl—c, Rys=p'b, Vyps=b'S,b
GMV;S 1;5;11;, GMV;c 1— GMV;S c ( ) b;S n b;S n
with
‘7GMV;5 = Teiq §= &Ifwn.
17s,'1,

The out-of-sample variance is considered as a loss function when the investor is fully risk averse, i.e., y = oo, (see,
e.g., [25,48]), that is in the case of the GMV portfolio. It is given by
W, =W, (39)

where W, denotes a shrinkage estimator of the GMV portfolio weights defined obtained by a linear combination of its
sample estimator Weyy.s and the target vector of portfolio weights b such that b 1,=1
The solution of (39) is given by (see, [25])

Womv:osh = @n:omvWamv:s + (1 — Gn:ouv )b (40)
with

~ Vb;S - QGMV;

Anomv = 5— - . (41)

SME — 2Vemvie + Vs
Another shrinkage estimator of the GMV portfolio weights was developed by [48] and it is given by

Womv:im = @n.nWemy:s + (1 — @n;pv )b (42)
with

. p—3 v .

On;iM = s (43)

n—p + 2 bTSnb — Ocmv;s ’
3.4. Tests on mean-variance optimality of portfolios based on the shrinkage approach

In the previous subsection the point shrinkage estimators for the MV portfolio weights and for the GMV portfolio
weights are established. In order to complete this discussion, the interval estimators of the weights of these optimal
portfolios are discussed in this subsection. Using the one-to-one correspondence between the interval estimation and the
test theory (see [1]), we present first high-dimensional asymptotic tests on the weights of optimal portfolios, and then
show how these findings can be used to construct confidence regions for optimal portfolio weights.

Tests for general linear hypotheses imposed on the weights of the MV portfolio and of the GMV portfolio were
suggested under the traditional asymptotic setting in [29] and [32], while they were extended to the high-dimensional
asymptotic setting by [15]. Unfortunately, these approaches cannot be used to test the whole structure of a portfolio in
a single step and allow to make inference only on a finite number of the components of the vector of portfolio weights.
In order to deal with the problem, shrinkage-type tests were developed in [18] for the GMV portfolio and in [17] for the
MV portfolio under the high-dimensional asymptotic regime.

For the MV portfolio, the goal is to test the hypotheses

Hy : wyy = Wy against Hi : Wyy # Wo, (44)
i.e., that the portfolio with weights wy is mean-variance efficient under Hp.

8
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It was shown in [22] that &p.my = apy(b) for p/n — c € [0, 1) as n — oo where
y! ((RGMV —Ry) (14 =) + ¥(Vo — Vowv) + ’1’%15>
foMX -2 (VGMV + %(Rb - RGMV)) +y? ((fjcc)s) + Vb'

Moreover, if wy is mean-variance efficient for the considered risk aversion coefficient y, then apy(wy) = 0, i.e., the
shrinkage intensity computed for the target portfolio wy tends almost surely to zero in the high-dimensional asymptotic
setting. This observation motivates the consideration of the following hypotheses

apy(b) = (45)

Hy : O{Mv(WQ) =0 against H; : Ole(WO) 75 0. (46)

Furthermore, it was proved in [17] that the null hypothesis in (44) implies (46), i.e., the rejection of (46) will ensure that
wy portfolio is not mean-variance efficient.
For testing (46) the following test statistic was suggested in [17], expressed as

Gt mv (Wo )Bn(Wo)
Ty (Wo) = /n “MEROZT0] (47)
dy€2(wo)do
where &, pv (W) is the optimal shrinkage intensity as defined in (45) with b = wy,
A ‘A/GMV'C ~ y ! . A o Sc+c ~
Ba(wo) = ¢ 2 [ Vomysc + ———(Rug:s — Rowvss) ) + + Vs,
n(Wo) 1= GMV ;¢ 1= C( wo:S cMv:s) 14 (1—cp wo;S
-1
v+ =
—1
-2
Y
do = =
-1_ v~
-Y o T i=
1
and
(wo)
VGMV{%(?H) 0 0 Vemvc —2Vemv:c(Rwoss — Rowvis)
2 R
B 0 2-GMe o o A 2V§Mvic 48
- 0 0 %w%fﬂ 2(Rwo:s — Remv:s) —2(Rwy:s — Romv:s)? - (48)
A VAGMV;C . . 0 2(RAwo;s - RAGMV;S) Viwe:s AO
—2Vemv;c(Rwg:s — Romv:s) 2VG2MV;E —2(Rwg:s — Romv:s)? 0 2V‘,2.,0:5

Under the null hypothesis in (46) it holds that for p/n — c € [0, 1) as n — o0
d
Tiv(Wo) — N(0, 1)

and, hence, the hypothesis that wy are the weights of the MV optimal portfolio is rejected as soon as |Tyy(Wo)| > Z1—s/2,
where z;_s,, is the (1 — §/2) quantile of the standard normal distribution.

Finally, using the correspondence between a statistical test and a confidence region (see, [1]), (1—38) confidence region
for mean-variance optimal portfolios corresponding to risk aversion coefficient y is given by

Quvi—s(W) = {WeR": w'l,=1 and [Tw(W)| <2152} . (49)

Similarly, a test on the weights of the GMV portfolio is constructed. For testing the hypothesis that a portfolio with
weights wy coincides with the GMV portfolio, i.e.,

Hp : Wepy = Wy against Hi : wenmy 75 Wo, (50)

we note that &n.guy = acmy(b) for p/n — ¢ € [0, 1) as n — oo with (see, [25])

Vi — Vemv
7 Vomy + (Vo — Vomv)’

and, consequently, agyy(Wp) = 0 as soon as Wy is the GMV portfolio. Hence, the hypotheses in (50) can be rewritten as

acuy(b) = (51)

Hp : OtGM\/(Wo) =0 against H; : acmv(WO) ;ﬁ 0. (52)
9
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For testing (52), the following test statistic was suggested [18]:
(1-o)l
Temv(Wo) = V/n————2—,
C+(1—=0c)Lw,
where

Lwy = (1 — ) wg S,wo1) S, "1, — 1.

Under the null hypothesis in (52) it holds that for p/n — c € [0, 1) as n — o0

1_
Tomv(wo) 4 N(O, 2 . C> .

Then, the null hypothesis that wy is the GMV optimal portfolio, is rejected as soon as |Tgyy(Wg)| > /215;“21_5/2.

Finally, (1 — §) confidence region for mean-variance optimal portfolios corresponding to risk aversion coefficient y is
given by

1—-c
ch\/[v;]_,;(W) = [WE RP : WT1p =1 and |TGM\/(W0)| > /2 c 21_5/2} . (54)

3.5. Dynamic shrinkage approach

Recently, two dynamic shrinkage estimators for the weights of the GMV portfolio were developed in [26]. The first
dynamic shrinkage estimation strategy corresponds to the case where non-overlapping samples are present, while the
second strategy allows overlapping samples. Next, we describe both the approaches.

We consider an investor, who constructs a GMV portfolio at time t; by using the shrinkage estimator (40) with the
target portfolio b. The attention of the investor is to continue investing into the GMV portfolio over next T trading
periods. Namely, the holding portfolio can be reconstructed at time points t; for i € {2,...,T} as new information
arrives on the capital market. This information is presented in this section by the sample of asset returns between t;_;
and t; which is collected into the data matrix Y,. At each time point ; the investor aims to continue investing in the
GMV portfolio and uses the most recent information to update the holding portfolio. Since the transaction costs might
be very large, the investor decides to shrink the traditional estimator of the GMV portfolio constructed by using data
Yo, = [Vn_1+1> Yny_q+425 - - - » Yi;] With ng = 0 (non-overlapping case) and Yy; = [Yp,, Yn,, ..., Yyl With N; = 0y + - - - 4+ 1
(overlapping case) to the weights of the holding portfolio constructed at time t;_1.

Following model (1), it is assumed that

Y, = ;u"Ti + =X, (55)

where X, is a p x n; matrix which consists of independent and identically distributed random variables with zero mean,
unit variance, and finite 4 + ¢, ¢ > 0, moments. No specific distributional assumption is imposed on the element of X,
ie{l,...,T}. Furthermore, Y, i € {1,..., T}, are assumed to independent random matrices.

In the non-overlapping case, the sample of asset returns Y;, is used to construct the traditional sample estimator of
the GMV portfolio at each time t; given by

s, 1 1

- nj T\ yT
Wasin, = — 2§, = Y, (1, — —1,17 ) Y. 56
ST TS, T m— 1 ”’(”' n "') K o

Then, the shrinkage estimator of the weights of the GMV portfolio at time t; is obtained by minimizing the out-of-
sample variance, namely,

W, W, (57)
where Wy, is expressed as linear combination of Ws.,, and the holding portfolio determined at time t;_;, that is Wgsp:n, ,
forie {1,..., T} with Wgsy.n, = b. The solution to the sequence of optimization problems (57) is given by (see, [26])

Waish:n, = Wash:iWs.n; + (1 — Vashsi Washon,_, (58)
with

- (n; — p)fi_

Yashi = > (59)

T (mi—pRii+p
where 7; is computed recursively by
A ~ p ~ A
= wgsh;im + (1 — Pgsnsi) it (60)
P —

10
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with
fy = (1 - 3) 178, '1,b7S, b — 1. (61)
ny

Similarly, in the overlapping case, the matrix of asset returns Yy, is used to construct the traditional sample estimator
of wgyy given by

Sy'1, 1 1
Wsy = ———, Sy = Yy (Iy, — — 1317 ) YL, 62
T s, T N ”’(”’ N ”’) & ©

which is shrunk at time t; to the holding portfolio weights Wy, N;_;- The minimization of the out-of-sample variance at
time t; then leads to

Wash:n, = WashiWs:n; + (1 — Paashi Washn,_ » (63)
forp/Nj - G e (0,1)as Nj = oo,je{1,...,i}and i€ {1,..., T}, where
(Riii +1)—K;

ishii = — =, (64)
Ry +1)+(1 -G =2K
with
Ro=fo, Ri= li/dzsh;iilc + (1 = s Rict + 2%asni(1 — Pasni )(K; — 1), (65)
1
and
i-1
Ki=Bivo+ Y BirDi (66)
=1
where
Boo=1, Biviii =Wsnio1, Biorj = — Yasnio1)Pizjr j € {0,...,i—2} (67)
and
2(1 =G
Dji=1- (1-c) (68)

(1—cj)+(1—cf)%§+\/(1—g)2+4(1—q)%{

Although the dynamic shrinkage estimator of the GMV portfolio weights based on the overlapping sample is more
computationally intensive, it possesses a great advantage with respect to non-overlapping samples since it requires that
only n; > p. All other values of n; can be smaller than p. In contrast, it is needed that all n; > p in the non-overlapping
case. To this end, we note that the practical implementation of both dynamic shrinkage strategies are available in the R
package DOSPortfolio. The presented dynamic approach for the GMV portfolio weights can further be extended to the MV
portfolio with much more involved recursive formulas for the shrinkage intensities Wygy.;.

4. Discussion and future directions of the research

Estimation of high-dimensional model parameters and functions of high-dimensional model parameters is a chal-
lenging task in modern statistical theory. Traditional approaches from frequentist statistics, like the maximum-likelihood
estimation or method of moments estimation, do not provide a good answer to the problem by resulting in estimators
which are very volatile in the high-dimensional setting.

The shrinkage approach has appeared to be a promising tool to reduce high volatility which is present in the traditional
estimators of high-dimensional quantities. This is achieved by shrinking the traditional estimator to deterministic
quantities. Although the procedure introduces bias in new estimators, it also considerably reduces the variance such that
the mean-square error becomes smaller than the one of the corresponding traditional estimator.

In the present paper we review several shrinkage estimators for the mean vector, covariance matrix, precision matrix
and for the weights of optimal portfolios which are functions of the mean-vector and covariance matrix. Although,
most of the theoretical results related to the considered shrinkage estimators were in the high-dimensional asymptotic
setting, they dealt with the case when the model dimension is smaller than the sample size. On the other hand, in
many applications of biostatistics, the sample size is smaller than the model dimension. Under such a setup, the sample
covariance matrix is singular and its inverse does not exist. One of the possible solutions is to replace the inverse of the
sample covariance matrix by, for example, a generalized inverse or Moore-Penrose inverse (see, e.g., [13,23,56]), which
will require the derivation of new asymptotic results that might lead to more complicated formulas of the shrinkage
intensities. Another line of possible future research might be related to the development of sequential control procedures
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for monitoring changes in the high-dimensional parameters of stochastic models, like mean vector [31] or covariance
matrix [12], or for sequential surveillance of optimal portfolio weights [10]. New approaches can be based on the shrinkage
approach and can extend the statistical tests on portfolio weights discussed in the present paper.
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