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Chapter 1 ®)
City Size Distributions G

Clémentine Cottineau-Mugadza

Abstract Despite high levels of diversity and contingency in the creation and his-
torical development of cities, the distribution of their sizes in a given area presents a
surprisingly robust and simple pattern, known as Zipf’s law or the rank-size curve.
This chapter offers an overview of this regularity in city size distribution. Starting
from a short history of early findings, it goes on to present Zipf’s contribution, the
plethora of empirical material which can be interpreted as a confirmation of the law
and some models generating such a regular distribution. The deviations from the law
highlighted in the literature are presented along with the theories to explain them.
The last section of the chapter reviews recent propositions to advance the study of
urbanisation “beyond Zipf’s law”, namely by using more sophisticated statistical
tools or by reintegrating space in the analysis of urban population.

1.1 Introduction

Cities are complex organisations which have emerged independently at several points
in human history. Where there was sufficient surplus in agriculture to fund the
activity of non-farmers, the concentration of people has allowed a positive feed-
back loop between the specialisation and complementarity of social groups to pro-
duce larger populations and a growing array of functions performed at city level.
Depending on their access to resources (from food to tax payers), cities have been
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able to reach significant sizes' quite early on, between half a million and a mil-
lion inhabitants in Ancient Rome [2], over a million in Baghdad in the 8th century
and between 150,000 and 200,000 inhabitants in Potosi (South America) around
1560 [3]. Nowadays, depending on city definitions, the largest cities on Earth can
sustain thirty to forty million inhabitants, as in Tokyo, Delhi and the Pearl River
Delta (Guangzhou/Shenzhen) [4, 5].

Simultaneously, systems of cities have emerged as a higher level of organisation
of human settlement, from the interactions between interdependent cities of the
territorial organisation [6]. While larger cities have concentrated social, political
and economic functions of command and representation, the entire system relies
on the presence and interaction with cities of smaller sizes, spatially distributed
across territories and serving the basic local functions of socializing, trade, spiritual
gatherings, service and production. Systems of cities thus rely on a diversity of city
sizes. This is the case even for city-states, which were and are parts of wider networks
of cities, as exemplified by Venice and Genoa then (whose trade networks extended
to Northern Africa, Central and Eastern Asia) to Dubai and Singapore now (whose
airport departure boards reflect the diversity of connexions they have with other cities
worldwide).

More than a mere diversity of city sizes, multidisciplinary research over the past
hundred years has pointed to the fact that city sizes tend to be distributed very
regularly, with a few large cities and many small cities (i.e. fat-tailed distributions).
Furthermore, the main parameters of these distributions have been claimed to be
quite regular and universal since Auerbach [7]’s contribution. His discovery, the
subsequent work done by Lotka [8] and Zipf [9] and the reactions it generated have
since fueled a plethora of literature aimed at “confronting the mystery of urban
hierarchy” [10]. The Auerbach-Lotka-Zipf (ALZ) law (wrongly attributed to Zipf
alone in most cases) is taught in mainstream urban studies degrees and is used in
many planning and policy reports. Yet, there is still no consensus as to why most
urban systems verify the ALZ law (also known as the “rank-size rule”), why some
deviate from it, and what this knowledge can be useful for. In this chapter, I try
to provide a critical presentation of the recent multidisciplinary debates over city
size distributions, by tracing the origins of the ALZ law to earlier models of urban
hierarchy (Sect. 1.2), presenting the empirical, methodological and interdisciplinary
discussions it sparks (Sect. 1.3), the attempts to deviate from this model (Sect. 1.4)
and the aporia of Zipf’s law as a policy tool (Sect. 1.5).

! In this chapter, we use population, rather than surface or wealth, as the measuring unit of city size.
Indeed, population is the most widely comparable quantity across countries and time periods, and
it summarizes a significant number of other urban quantities, such as wealth produced, number of
dwellings, jobs etc. [1].
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1.2 Early Findings About Regularities in City Size
Distribution

G.K. Zipf has become the reference name for describing the regularity of city
size distributions in general, and using a power law of exponent of -1 in the dis-
tribution of city rank with city size in particular. However, these regularities had
already been observed, analysed and modelled by mathematicians and physicists
since 1913 at least [7]. Additionally, the contributions of Reynaud [11], Gibrat [12]
and Christaller [13] on cities’ geographical locations and growth had concluded that
systems of cities produced regular (spatial) distributions of cities following a fat-
tailed distribution of sizes. Finally, contributions to urban primacy and optimal city
size contributed to the scientific understanding of urban hierarchy long before Zipf’s
seminal publications in the 1940s. In this section, I therefore aim to contextualize
Zipf’s contribution within the study of city size distribution and to recall the main
theoretical conclusions on city size regularity.

1.2.1 Formalisation of a Regular Relationship Between City
Sizes and Ranks

The earliest scholarly publication known to address the rank-size distribution of cities
is Auerbach [7]’s article: Das Gesetz der Bevolkerungskonzentration.” This short
study (translated recently from German to English [14]) starts from the observation
that Germany in 1910 counted about 50 big cities, around 200 small cities, roughly
2,000 towns and nearly 100,000 villages, thus a distribution approaching a geometric
progression of the number of settlements with decreasing size. Auerbach noted that
if you multiplied the size s of cities by their rank r in the distribution, you obtained
a quantity which was a “characteristic product” because it remained more or less
constant for German cities order by decreasing size (after some variations for the
largest cities)

pi-ri =AK. (1.1)

He called this constant AK for Absolute Concentration and used it to construct
another measure of population concentration: the specific concentration index (SpK),
which corresponds to AK divided by the total population P of the country. He argues
with international examples that this index can complement the analysis of population
density by giving an idea of the hierarchical organisation of settlements according to
their size. Auerbach’s formulation Eq. (1.1) was later rewritten by Singer [15]° as

repl =4, B=1.

2 “The law of population concentration”.
3 According to Guérin-Pace [16] (I was never able to access this reference myself).



4 C. Cottineau-Mugadza

-~ POPULAYION
(izns of thousends)
600,
soof =
R N [T Hundred Largest Cities
in the United States,

300
\ 1920, According to Renk '
200 ~
\ ¥

&>—
80 —9q
70

Z

<

ee ™

log P= log 5000000-083 log R \
PR®3 = 5000000 "\n%
I -

i Y]
- I B
) = 2 3 4 5 678910 0 30 40 50 O TO&2K0
RANK

[ =Y. ¥ Te)
|

Fig. 1.1 Law of Urban Concentration. Source: [8], cited by Rybski and Ciccone [17]

This formalisation is equivalent (assuming o >~ 1/8) to the law which we currently
know as Zipf’s
pi~ri, ax~l. (1.2)

The earliest scholarly publication known to visualise the rank-size distribution of
cities on a log-log plot and to use the power law formulation of Eq. (1.2) is Lotka [8]’s
article [17]. In this figure (cf. Fig. 1.1), Lotka [8] uses the visual representation of
cities to estimate the value of the associated exponent « (= 0.9 using the 100 largest
cities of the United States in 1920).

The earliest scholarly publication known to connect the power law formulation
of Eq. (1.2) with the work of Pareto on income distributions is Saibante [18]. In
his political economics course at the University of Lausanne, Pareto [19] famously
suggested that income distributions follow a pattern best described by
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where the probability for a person picked at random to earn more than x is an inverse
function of x to the power —«, when x is over the minimum income x,.

Building on Lotka’s work, Saibante [18] “focused on the exponent [...] and
thereby laid the foundation of modern empirical investigations” [17, p. 603].

The mathematical formulation chosen by Zipf relates to other disciplinary prece-
dents such as [20] and [21]. The bibliometric works of mathematician Lotka [20]
and librarian Bradford [21] had produced similar expressions to describe the fre-
quency distribution of publishing authors, and were popularised and generalised by
the linguist and philologist Zipf [22, 23]. Although he did not come up first with
these results, Zipf became one of the first to establish a science of language, working
extensively on empirical as well as theoretical matters and trying to explain the reg-
ularities observed systematically with quantitative methods [24]. We can explain the
reason why his work is remembered today (rather than other scholars’ contributions
that pre-date his) by the fact that it is accessible (being written in English in a book
format rather than more scattered publications) and because it spanned across fields
to the social sciences.*

After analysing the regularity of word frequency in texts with power laws in
earlier publications, G.K. Zipf turned his attention, among other topics in the social
sciences, to city sizes, in particular with the books *National Unity and Disunity’ [9]
and "Human Behavior and the Principle of Least Effort’ [22]. In these publications,
Zipf offers both a formulation of the rank-size regularity, visual representation of
empirical data, but also suggests an explanation of this relation with the idea of
the “least effort” principle. In a model of economic geography [17], he shows that
the optimal spatial distribution of labour in a system of settlement is affected by
two opposite forces: the “force of diversification” which brings people to flock to
production centers to reduce transport costs, and the “force of unification” which
sees goods being transported to smaller towns where labour costs are minimised. In
a situation of high transport costs, the “force of diversification” takes precedence and
the populations are distributed very unevenly (@ > 1). In a situation of low transport
costs, the “force of unification” takes precedence and the populations are distributed
very evenly (¢ < 1). In empirical situations, the two forces are counter-balanced and
we find that o =~ 1. This explanation has clear similarities to earlier spatial models
of urban settlements, although Christaller [13] is not properly referenced in [17, 22].

4 For an analysis of the circulation of analytical models in urban studies, see [25].
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1.2.2 Formalisation of a Regular Relationship Between City
Sizes, Functions and Locations

The most famous spatial model for the distribution of cities is Christaller [13]’s
Central Place Theory, later refined by Losch [26]; although, as shown by Robic [27],
an earlier version of the theory was written 100 years earlier in a French encyclopedia
by Reynaud [11]. Central Place Theory explains the number, location, function and
size of cities of a given region by the combined principles of economic rationality
and spatial constraints (such as distance). It predicts that a first level of central places
will service population locally by offering frequently needed goods and services.
The spatial optimisation of circular catchment areas for these first level cities in an
idealised isotropic plain gives way to a hexagon mesh. For goods and services of
higher value and less frequent use, a smaller group of higher level cities are picked
from lower level central places, whose catchment areas create an additional layer of
larger nested hexagons. The resulting distribution of city sizes is therefore fat tailed
in that the model creates classes of cities of identical sizes. Its rank-size graphical
representation, as in Harris [28], shows a decreasing suite of steps or plateaus where
Zipf’s law expects a straight line.

Despite the difference in size predictions between Zipf’s law and Central Place
Theory, Berry and Garrison [29] find two areas of convergence. First, their predic-
tions match in terms of classes of size. Second, the guiding principle behind Zipf’s law
(unification and diversification) is related to Christaller’s catchment areas of goods
in a Weberian localization scheme. Zipf’s law represents an equilibrium between
these two forces, in a similar way the hierarchy of nested hexagons in Central Place
Theory represents a spatial equilibrium between servicing population with a diver-
sity of services (in the larger cities) while keeping transport costs low (for frequently
used services in smaller centres). An important difference between the models is
that Zipf’s law is a more generic and simple pattern to generate. Power laws are
present in multiple fields of science. Indeed, there exists a wide diversity of genera-
tive models which produce a power law, from preferential attachment (e.g. [30] and
multiplicative effects (e.g. [12]) to random walks and Yule [31]’s process [32, 33].

To summarize, the Auerbach-Lotka-Zipf law (subsequently ALZ) originates from
a multidisciplinary background and finds precedents in the statistical work of earlier
polymaths. Part of the explanation behind this regularity in urban studies stems from
early models of spatial distribution of cities. Interestingly Rybski and Ciccone [17]
found a disconnect between two strands of early research on city size, based on the
citation patterns of early authors: the works cited by Zipf [22] which include [7,
8] and [12] and the works cited by Losch [26] in an economics tradition (i.e. [12,
19] and [13]). Following these authors, although “Works citing Auerbach (1913) to
a large extent also cite Zipf [...] typically 20 % of the works citing Zipf [...] also
cite Auerbach (1913)” [17, p. 606]. Additionally, in recent years, Zipf’s law has
become so much part of the common knowledge of urban studies that a review of 66
English-speaking journal articles reporting an empirical estimation of the exponent
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of the ALZ law for cities showed that only 5 of them cited [9], 37 cited [22], and a
significant proportion did not cite Zipf at all [34].

1.3 Scientific Cacophony Over Zipf’s Law for Cities

Despite the wide recognition of the ALZ law in geography, planning, sociophysics
and urban studies, there is no consensus regarding the adequacy and opportunity
of this law in describing the distribution of city sizes. Three areas of debate persist
to this day. The first debate revolves around the empirical observations gathered
and their contribution to corroborating or rejecting the “law”. The second ongoing
debate is methodological and regards the definition of the observations and the fitting
techniques used to evaluate the law. Finally an interdisciplinary debate is still ongoing
about the universality of the ALZ law for cities, opposing those who find more value
in the model to those who find its deviations more interesting.

1.3.1 Empirical Discussions

Despite final claims of empirical validity (such as [35] and [36] based on roughly 150
US cities), seventy years of rank-size rule estimation have produced a strong disparity
of results on empirical distributions of city size, and a large pool of quantitative
material to compare and analyse. A first array of studies have compared results
across the world, identifying countries where the city-size distribution conforms to
the ALZ law and countries where it does not. A second strand of research has focused
on temporal evolution, identifying when urban systems conform to the law and when
they do not. A third way of analysing the diversity of empirical estimations has been
through a meta-analysis.

Comparison of Countries

The first available systematic international comparison of the ALZ is Rosen and
Resnick [37]’s article in the 1980s. Until the development of systematic recording of
urban statistics, the international comparison of rank-size distribution was restricted
to a handful of countries only: the United States [15, 20, 39], the USSR [39, 40],
Japan [15, 41], France and the UK [15, 42], Germany and Hungary [15] and The
Netherlands [7, 43].

In their 1980 paper, economists Rosen and Resnick [37] analyse city size distri-
butions in 44 countries (including “developing” nations at the time such as Brazil,

5 With the exception of Allen [38]’s study of 58 countries, which is cited in the literature (e.g. in
[16]) but which I have never been able to access.
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Indonesia, Zaire and Mexico). Their contribution lies in the estimation of the power
law exponent of the rank size distribution of cities over 50,000 inhabitants in 1970
for these urban systems. Additionally, they tested the impact of using alternative city
definitions for 6 countries and provided some explanations of the deviation. They
use the Pareto form of estimation, Eq. (1.3), where the Pareto exponent corresponds
to B >~ 1/« in Eq. (1.2)

ri~p’. (1.3)

Empirically, the parameters of this equation are estimated using its equivalent
log(ri) = B — B - log(pi) - (1.4

They find that the estimated value of f varies between 0.809 for Morocco and
1.963 for Australia, with an average of 1.136 and 75 % of countries having urban
populations distributed more evenly than predicted by the ALZ law (8 > 1). Accord-
ing to them, this meant that “the rank-size rule should be reconsidered” [37, p. 168].

Providing updated evidence on a larger sample of countries (75), Soo [44] relies
on the citypopulation.de website® to estimate Zipf’s law on cities and agglomerations
(although the precise delineation used in the website is unknown) of at least 10,000
inhabitants between 1990 and 2001. He finds that, using the Ordinal Least Square
(OLS) estimation methods, such empirical data leads to rejecting the ALZ law in
most countries, firstly because the distribution does not follow a Pareto/power law
distribution, and secondly because “when it does, the Pareto exponent is frequently
statistically different from 1, with over half the countries exhibiting values of the
Pareto exponent significantly greater than 1.” [44, p. 240]. An innovative aspect of
his work is to compare two methods of estimation: the OLS method with the more
robust Hill estimator. Using both methods as empirical evidence, Soo [44] shows
that the ALZ law is rejected in most cases, in terms of significance of the exponent
estimated and its value with relation to 1.

Pumain et al. [45] compared the size distribution of urban agglomerations of more
than 10,000 inhabitants in BRICS countries between the 1960s and 2010s using
harmonised databases built for comparative purposes. They find a large diversity
of values estimated for Zipf’s law in these countries around 2010, using Eq. (1.2),
from o = 0.8 in China, i.e. city sizes more evenly distributed than predicted by the
ALZ law, to 1.23 in the United States, i.e. city sizes more unevenly distributed than
predicted. According to these authors [45, 46], such variations are better explained
when looked at dynamically (i.e. over long time periods of time).

6 www.citypopulation.de, last accessed: 27 November 2023.
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Evolution Over Time

One argument used to explain the discrepancy between the ALZ law and the kind of
empirical results reported below is that the law represents an equilibrium state for a
mature system of cities [35]. Until maturity is reached, a system would not exhibit
a power law fit with a unity exponent. By contrast, following the predictions from
Evolutionary Urban Geography [47, 48] and the New Economic Geography [49],
higher economies of scale and lower transportation costs should benefit larger cities
and thus increase city size unevenness (i.e. increase « or reduce f), see also Chap. 3.
Given recent economic trends (drastic lowering of transportation costs and higher
economies of scale in innovative goods and services due to first-mover advantages in
larger cities), one would therefore expect a monotonic evolution of the ALZ exponent
towards greater unevenness.’

Using municipality data (rather than more systematically defined morphological
or functional city definitions), Parr [50] tracked the evolution of Pareto’s exponent
over several decades in a dozen of countries at different stages of economic develop-
ment. He identified several types of evolution: a monotonic decrease of 8 in Turkey,
India or Egypt; a decrease followed by a “slight upturn” in Brazil, Japan, Spain, and
the USSR; a clear U-shape in Sweden, France, Austria and the USA. This suggested
a U-shape evolution of the Pareto exponent (or an inverse U-shape evolution of the
Zipf exponent) over time within a country throughout its economic development.

Using French “urban units” with a consistent threshold over 161 years, Guérin-
Pace [16] highlighted a different pattern: “when the entire system is used [threshold
of 2,000 inhabitants], inequality in city size has been accentuated over time. Inversely,
when only the top of the hierarchy is considered [threshold of 100,000 inhabitants],
the city size inequality has been reduced.” [16, p. 557]. Fifteen years later, Gonzélez-
Val [51]’s systematic estimation of the Pareto exponent on US “incorporated places”
points to a similar conclusion. Inequality in city sizes increases between 1900 and
2000 when the 19,000+ places are taken into account, yet there is convergence in
size among the 1,000 biggest places. This suggests that the ALZ model of city size
distribution does not fit empirical systems’ evolution over time.

Using large harmonized databases on BRICS cities over the past 50 years, Cura et
al. [46] observed two remarkable patterns: 1/ the strong persistence of the peculiari-
ties of the rank-size curve (e.g. its shape or primacy) and 2/ no single trend regarding
the evolution of city size inequalities. Indeed, between 1960 and 2010, they find a
monotonic increase of « for Brazil and India, a monotonic decrease for China and
no clear trend for South Africa and the Former Soviet Union.

Any regular temporal evolution of Zipf’s exponent is thus still undemonstrated in
empirical studies. One way of resolving discrepancies between national case studies
is by pulling all studies together in a meta-analysis.

7 The same conclusion was apparently reached by Allen [38], according to Guérin-Pace [16].
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Meta-Analyses

A meta-analysis is an analytical tool aimed at summarizing the quantitative effect
of systematically recorded factors on a value of interest. Developed originally to
analyse randomized clinical trials in medical research, meta-analyses are now used
to pool results from various empirical studies also in social sciences, in order to
go beyond the limits of particular studies and samples and generate more general
conclusions. To this end, it contextualises the production of empirical results reported
in the literature by taking into account the different choices and constraints affecting
the production and reporting of the quantitative value of interest. In the case of the
ALZ law for cities, context refers to three broad elements: the territorial context (in
which country was the law estimated? At which date?), the statistical context (how
was the regression estimated? What is the definition of cities used? Which threshold
of population applies?) and the study context (was the estimation reported on its own,
as part of a sensitivity analysis or a comparative study?). Theoretical authors have
provided plenty of explanations as to why the exponent of the ALZ law might vary
over time and across nations (cf. Sects. 1.3.1 and 1.3.1), but meta-analyses tend to
show that the statistical context is more important in determining the values of the
exponent reported in the literature.

Nitsch [52] conducted the first meta-analysis of the ALZ law for cities. Select-
ing 29 references from the EconLit database, he was able to quantify the effect of
estimation specifications on reported 515 values of Pareto exponents. He concluded
that “the estimated exponent in a Zipf regression is on average not 1.0.” [52, 97].
Furthermore, he noted that the value of the estimated exponent tended to vary with
the type of city definition used in the study (i.e. metropolitan areas vs. built-up areas
or municipalities), the year of the estimation and the number of other ALZ exponents
estimated in the study. Rather than a picture of universal law, the work of Nitsch [52]
pointed to a broad regularity of size distribution whose exponent is very sensitive to
the technical specifications of its estimation.

More recently, Cottineau [53] extended the meta-analysis to include 1962 esti-
mations from 86 studies and added more variables to test the effect of the territorial
context and to control for the regression method (OLS, Maximum Likelihood, etc.).
She finds that “no iron Zipf’s law exists for cities” [53, p. 20] and estimates the
role of technical specifications in the variation of reported exponent values to about
40 %, i.e. much more than the variation attributable to territorial, temporal and urban
differences between countries. Technical specifications pertains to methodological
choices made during data collection and statistical implementation of the regression.
They represent the bulk of the methodological discussions on-going around the ALZ
law for cities.
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1.3.2 Methodological Discussions

‘We highlight four methodological elements to which recent debates attribute an effect
on the estimation of the ALZ exponent: the scale of the system of cities analysed, the
city definition chosen, the population cutoffs for including cities and the estimation
methods selected.

What Scale for the System?

Identifying systems of cities is not straightforward. It means following multi-faceted
inter-city interactions and tracing a limit where reciprocal links become stronger
within the limit than with cities outside the limit [47]. Because national boundaries
facilitate interurban circulations and data collection, most authors default to that
scale to estimate the ALZ law. In the MetaZipf database [53],% estimations of the
rank-size curve with cities selected at the country level represent 80 % of all 2188 esti-
mations. The remaining estimations represent city systems at the sub-national (18 %)
or continental (2 %) level. The sub-national scale can be justified in continental-sized
countries, for example in Brazil [54]. It seems less appropriate when it results from
data collection constraints, such as England and Wales—that is, without Scotland [15].
On the other hand, the continental scale can be justified when interurban interactions
are found to exceed national borders, as in Europe or the former Soviet Union [46].
In any case, an appropriate delineation of the city system is important because only
an internally consistent system should lead to a strict adherence to the ALZ law for
large elements, as demonstrated by Cristelli, Batty, and Pietronero [55]. A correlated
issue to that of the system scale is the issue of city delineation.

What is a City?

Delineating cities is not straightforward either. It means favouring one or more
features of cities (political power, morphology, functional integration—depending on
whether one focuses on people or the built environment) and tracing a limit where
the concentration of urbanity seems to drop according to the criterion used.

Along with Rosen and Resnick [37], I would argue that the “entire metropolitan
area is the most desirable choice for an urban unit as it represents an integrated eco-
nomic unit.” [37, p. 170]. However, many national statistical bodies do not provide
such delineations and offer only municipal level data (the improperly named ’city
proper’). Therefore many authors default to that delineation to estimate the ALZ law.
In the previously cited MetaZipf database, estimations of the rank-size curve with
cities delineated as municipalities rather than morphological or functional agglom-
erations represent 58 % of all estimations. The remaining estimations represent cities

8 https://github.com/ClementineCttn/MetaZipf .
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defined as morphological agglomerations (24 %), as functionally integrated units—
metropolitan areas for instance—(6 %) or a mix of those (12 %). The municipal delin-
eation could be justified for historical periods when municipalities still contained
most of the urban footprint and activity. It seems less appropriate nowadays, espe-
cially when other definitions are available (or possible to construct, by aggregating
municipal data based on morphological and/or functional criteria). In any case, an
appropriate delineation of the city system is important because it affects the value of
the power law exponent measured [44, 53, 56].

Population Cutoff and Sample Size

Another aspect of city definition pertains to the minimum population size for an
urban aggregate to be considered a city. This minimum population (i.e. cutoff point
of the distribution) has a mechanistic impact on the number of cities considered to
examine the ALZ law: with low population cutoffs (from a few hundred to a few
thousand people), many small settlements are considered as cities and the number of
observations is large; when high population cutoffs are applied (hundred of thousands
or million people), only a handful of cities are considered in the regression for most
countries. The issue with this cutoff point was already mentioned by Auerbach [7]
but remains relevant because there is no absolute justification for a given cutoff (no
magic number distinguishes cities from non-urban settlements everywhere and at all
times), yet the value of the cutoff chosen has a strong impact on regressed value of
the ALZ exponent [37, 51, 53]. Using Monte Carlo simulations of US cities with
a random rolling sample method, Nota and Song [57] found that “in 1980, 1990,
and 2000, an increase of approximately one percent in the number of urban areas
used in regression would cause a 0.16 percent reduction in the value of the estimated
exponent. [...] In other words, the rank-size rule is not necessarily an economic
regularity and may in fact be a statistical phenomenon” [57, p. 30].

As noted by Rosen and Resnick [37], the population cutoff and sample size used
to estimate the ALZ law would not be important if the power law fit was perfect.
“But since deviations from the Pareto curve occur, our choice of sample size becomes
important” [37, p. 171]. The question of deviations and their meaning is analysed in
Sect. 1.4.

Fitting Technique and Estimation Methods

Finally, the fitting technique used to examine the ALZ law empirically has been
found to play a role in the value of the exponent estimated. Soo [44] compares the
results of the regression of the ALZ law for a variety of countries with the Ordinary
Least Squares (OLS) and the Hill estimator. In the first case, the best fitting line is
found heuristically, whereas in the second case, a Pareto distribution is assumed in
the first place. The author concludes that “the results we obtain depend on the esti-
mation method used, and in turn, the preferred estimation method would depend on
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our sample size and on our theoretical priors—whether or not we believe that Zipf’s
Law holds” [44, p. 261]. In a meta-analysis of empirical estimates of the ALZ law for
cities, Cottineau [53] considers the four dominant estimation methods present in the
literature: OLS, the likelihood method (which includes the Hill estimator), Gabaix
and Ibragimov [58]’s modification of the traditional OLS regression (which simply
replaces R; by R; — 0.5) and Markov chains. She finds that the likelihood method is
indeed significantly associated with a lower Pareto estimate’ (OLS meta-analysis)
and that Gabaix and Ibragimov [58]’s estimation method leads to estimate systemat-
ically higher Pareto exponents on average (fixed-effect meta-analysis). These effects
add significant, unnecessary (and usually overlooked) noise to the interpretation of
the ALZ law for cities and its deviation.

1.3.3 Disciplinary Angles

An important aspect of the multidisciplinary interest in the ALZ law (including
biology, sociology, physics and economics [59]) is that it reflects different attitudes
towards modelling, residuals and deviations (cf. Sect. 1.4). In fields such as eco-
nomics and physics, the model takes the centre stage, and its status is either val-
idated or rejected. By contrast, geographers will use the model as a “generality”
filter and will focus on understanding the local deviations to the model. In a “meta-
“meta-analysis, Cottineau [34] tested the influence of this potential disciplinary bias
on the reporting of estimation results in empirical studies of Zipf’s law by authors
from various disciplines. She hypothesised that the usual publication bias, whereby
“positive” results (i.e. validating an hypothesis) get more easily published than “neg-
ative” results (i.e. the absence of significant evidence), play differently for different
disciplines, since positive results in physics and economics consist in validating the
ALZ law whereas positive results in geography can mean rejecting the model in
favour of its deviations. She computed similarity matrices between 66 empirical
articles estimating a coefficient for Zipf’s law, in terms of their wording, the ref-
erences cited, and the disciplines of the journals cited (cf. Fig. 1.2). She shows 1/
that similar wording between pairs of articles is significantly associated with similar
values of estimated coefficient (average and dispersion) and 2/ that similar citation
patterns between pairs of articles is significantly associated with similar values of
estimated coefficient (average only). “These results point towards the existence of a
combined publication and reporting bias [...] Indeed, despite the fact that city sizes
could be observed identically by all researchers using the same specifications, I find
that different authors tend to delineate cities and report Zipf estimations differently
depending on the field they come from, which translates into the words they use and
the citations they mobilise” [34, p. 1459].

9 In the original article, the coefficient of this regression is positive since the regression of Zipf’s
law uses the Lotka equation form, with the population expressed as a function of the rank, unlike
Eq. (1.4).



14 C. Cottineau-Mugadza

“spatial”, “population”, @
urban”, “size”,

P les”, “distribution” g
@ Lo@ieo
@ Economics
Kal@ou
mm’,"@”“
P
aon | @
8.
“cities”, “model”, >
s, & W
b x
@ 2 i
o RV @~
s Z oo
i@ Geography LB Lo
P . A
e L
P Mo@res
“cities”, “growth” & o b G
“distribution”, Do =
“urban”, “size” @ s @ Regional
@ s PopSor Science
“pareto”, “cities”, Anklyiel
“exponent”, “countries”,
@ “distribution”, @
“sample”, “size” ].1\

Fig. 1.2 Wording and citation similarity between articles reporting an empirical estimation of the
ALZ law for cities. Source: [34, Figs. 4-6] distributed under the terms of the Creative Commons
CC BY license

1.4 Deviating from the ALZ Law

Beyond the variation of value of the § coefficient discussed above, some analyse the
poor fit to a power law model in terms of meaningful curve deviations. This section
reviews the theoretical propositions to explain both the deviation from the value of
1 for the B coefficient and the deviation from a power law distribution.

There are two main sets of explanation of empirical deviation to the ALZ law
for cities. The first one relates to theories of socioeconomic development and their
consequence in terms of population settlement (Sect. 1.4.1). This type of top-down
explanations is in line with Zipf’s original take on why city sizes are so regularly
distributed. The second set of explanations (Sect. 1.4.2) corresponds more directly to
urbanisation processes. This type of bottom-up explanation emanates from the study
of cities themselves and their evolution.

1.4.1 Socioeconomic Developments

A first strand of explanations for the deviation from the ALZ law suggests that
if a system of cities does not fit a power law distribution of their sizes, or if the
exponent of this power law differs from 1, it means that the system has not reached
maturity and is therefore on its way there. This type of explanation encompasses
both theories of economic development (whereby “wealthier countries [...] have
more evenly distributed populations [... because] high income allows a country to
support a network of intermediate-sized cities as demand thresholds are passed”
[37, p. 182]) as well as theories of territorial integration (whereby newly integrated
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federal states tend to duplicate small to medium-sized cities which were the heads
of previously independent systems of cities, as 19th century India and China [60]
or the Soviet Union [28]). The lack of integration is supposed to produce rank-
size curves which are convex instead of linear in a log-log plot, whereas the lag in
socioeconomic development can lead to convex curves (when small cities merge with
one another through spatial growth [61]), to concave curves (when urban growth rates
are autocorrelated over time [62]) when the primate cities are larger than expected),
or simply to different exponent values.

Finally, Pumain [47] suggests that systems of cities tend to be more uneven over
time because larger cities grow faster on average, due to first-mover advantages in
innovations. This is another illustration of the autocorrelation of growth rates which
would lead to a deviation from the ALZ law in terms of the value of its coefficient.

1.4.2 Urbanisation Patterns

The explanations related to urbanisation processes are the most powerful in predicting
the deviation of the empirical exponent to its theoretical value of 1 [53]. One of them
relates to the coevolution of urban systems and transportation systems. Therefore,
recently urbanised systems are expected to be more unequal than ancient ones because
the transportation networks available at the time of urbanisation were slower in old
systems, a larger amount of small cities were necessary. In areas urbanised with
railroads and highways, these small cities tend to have been short-circuited [47, 63].
According to Morrill [64], small territories have more uneven distribution of city
sizes than large countries because the concentration of power in the largest cities is
not balanced by a sufficiently large set of secondary cities, which is seconded by
Rosen and Resnick [37]’s empirical inquiry. Finally, the spatial dependence of urban
growth (or the positive autocorrelation of growth rates), which contrary to Gibrat’s
model assumptions,' can produce empirical deviations from the ALZ law [65, 66].

1.5 Beyond Zipf’s Law

The doubt formulated around the ALZ law and the reduction of city systems to a single
value lead many authors to consider new paths to better describe city size distributions
and the regularities of urban systems more generally. The first approach is to consider
other distributions than power laws. The second is to reintegrate geographical space
in the analysis of city sizes.

10 Gibrat’s model being the model most commonly accepted to generate Zipf’s regularity [35].
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1.5.1 From Power Laws to Other Distributions

The most frequent distribution preferred to the power law is the lognormal distribution
[67—69]. There are two main reasons for this. Firstly, these distributions belong to
the same type of mathematical distributions, i.e. skewed distributions [70]. Empirical
data such as city populations are usually not sufficient to detect and distinguish
significantly between these distributions [71]. Secondly, the lognormal distributions
is usually preferred to a power law when analysing city sizes because the generative
mechanisms suggested to explain them tend to produce lognormal distributions rather
than power laws. This is the case of [30]’s preferential attachment model or Gibrat’s
stochastic model [35].

Other distributions have been suggested, like the Beta or Lavalette distributions
[72], or hybrid forms of distributions [73-75], for instance a Pareto upper tail com-
bined with a lognormal lower tail [76]. This strand of research trades the simplicity
of the ALZ model for a more accurate representation of city size distribution. It must
be noted that this quest can only achieve significant results if it relies of carefully
delineated and harmonised urban data, since the quality of any statistical fit depends
heavily on the quality of the underlying data [46].

1.5.2 From Power Laws to Spatial Models

A more radical improvement of the model involves the consideration of geographical
space and spatial relations in the study of city size distributions. For instance, Gallo
and Chasco [65] consider spatial dependence in their estimation of Zipf’s law, using a
spatial autoregressive model with spatially autocorrelated errors. They find statistical
evidence that considering spatial dependence in urban growth impacts the estimated
value of the ALZ law for cities. Bergs [75] demonstrates the necessity for economic
approaches to analyse the ALZ law spatially, both with theoretical and empirical
datasets.

The consideration of spatial dependence in empirical estimations goes hand in
hand with the focus on spatial models to generate and potentially explain the emer-
gence and stability of city size distributions. Such models range from social physics
models (for instance [77]) with their call for simplicity, to more complex agent-based
models involving non-deterministic interactions (for instance [78]).

1.6 Conclusion

Despite the early discovery, the quest for a robust theoretical model to explain such an
empirical distribution of cities remains elusive; starting with Christaller (1933) who described
Auerbach’s finding as ‘a most incredible law,” yet essentially was ‘nothing more than just
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playing with numbers’. The view that the Zipf’s Law is ‘atheoretical’ carries on to the present
date. [79, p. 2439]

More than a century since the first attempts at summarizing city size distributions
with an elegant and simple mathematical expression, urban studies scholars can be
left with a demoralising impression regarding the rank-size regularity and the ALZ
law. Past the initial sense of mystery and pleasing simplicity, many question the
future of this model. Is the law pointless? What should we do with this statistical
relationship? Since much empirical evidence rejects the law and numerous self-
reinforcing process can generate a power law distribution, can we really use the ALZ
law to validate our theories on how cities grow and why urbanisation differ from
country to country? Does it have any value as a policy tool?

This short review of the recent literature on the ALZ law suggests that the rank-size
curve is still a popular model to analyse urbanisation patterns and to explain national
differences. However, the cacophony of interpretations derives from the wide vari-
ations in urban definitions and estimation techniques. Until these differences are
accounted for across disciplines and academic traditions, theoretical models will be
challenging to validate empirically. Until theoretical models are validated empiri-
cally, it seems adventurous to try to use the ALZ law as a policy tool, let alone as a
policy objective.
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