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Abstract

In this thesis, we study spectral bias, the tendency of gradient-based training to
learn the low-frequency part of a target before its high-frequency part. We work in a
setting simple enough to analyse explicitly: regression on the unit circle with a shallow
ReLU network. In the infinite-width limit, the residual dynamics are governed by the
Neural Tangent Kernel. Under the uniform measure on the circle this kernel depends
only on the angle between two points, so the associated operator is a convolution and
the Fourier modes are its eigenfunctions, each decaying at a rate set by its eigenvalue,
and the lower the frequency, the larger the eigenvalue, so low frequencies are learned
first.

Away from this idealised limit the picture degrades only gradually. On a fixed
low-frequency subspace, both finite sampling and frozen finite width keep the operator
close to the continuum Fourier prediction, with error of order O(n’l/ 2) in the sample
size n and O(m~'/?) in the width m. The description breaks only once the kernel
is allowed to evolve during training. At small width the evolving kernel reaches a
lower loss by strengthening its lowest-frequency components, even as its alignment
with the Fourier basis fails to improve. This reinforces the low-frequency bias rather
than approximating the fixed-kernel dynamics. A formal theory of this evolving-kernel
regime remains the main open problem.
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Notation

The following list summarizes the notation used throughout this thesis. Symbols are grouped
by theme and, within each group, ordered roughly by first appearance. Page or equation ref-
erences are given where a symbol is formally defined. Throughout, the circle angle is writ-
ten O in the introductory linear-model discussion (Chapter (1) and ¢ from the methodology
onward (Chapters ; the two denote the same angular coordinate on S'.

Sets, spaces, and measures

R, Z

Q

M2 {17 1 lmax

<.
E

)

i

)
P

The real numbers and the integers.
d-dimensional Euclidean space.

The unit circle, identified with the angular domain Q = [0, 27)
and embedded in R? via x(¢) = (cos@,sin@).
The unit sphere in R? (the (d — 1)-sphere).

Input space (X C R?) and target space (e.g. 9 = R” in regres-
sion, 9 ={1,...,C} in classification).

Joint data distribution over X x 9; also used for the uniform
input distribution.

Uniform probability measure on S', du(¢) = do/(27).

Space of square-integrable functions on S! with respect to u,
with inner product (-,-)2(,)-
A reproducing kernel Hilbert space (RKHS).

Tangent parameter space (R? in finite dimension; its limit in
the infinite-width case).

The angular domain [0,27); in the mean-field discussion, the
neuron parameter space R x R,

Euclidean (/%) norm, Frobenius norm, and entrywise max
norm, respectively.

Euclidean / Hilbert-space inner product.

Expectation and probability.
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(Notation, continued)

N(0,6%1,) Gaussian distribution with mean 0 and variance 62; I; denotes
the d x d identity.

Network, data, and training

f(x:0), fo Neural network output at input x with parameter vector 6.

Jm(x:0) One-hidden-layer ReLU network of width m in NTK parame-
terization, fy,(x;0) = ﬁ Y aio(w! x+b;).

0 Parameter vector, 0 € R”; 0 its value at initialization.

p Number of network parameters.

m Network width (number of hidden units); also w as a width
label in figures.

d Input dimension; also the dimension d = 2K + 1 of the trun-
cated Fourier block Hy.

a;, wi, b; Output weight, input weight vector, and bias of hidden unit i;
initialized a; ~ AN(0,1), w; ~ A(0,11), b;(0) = 0.

Vo, Wa Second-layer and first-layer parameters of neuron o in the
generic two-layer network.

G, o(-) Activation function; 6(f) = r; = max{s,0} is ReLU (¢ also
denotes a generic activation, and elsewhere the circle angle).

W, v Hidden-layer weight matrix and output-weight vector of a

two-layer network.

® Hadamard (elementwise) product.

D = {(xi,yi) }1 Training dataset of n i.i.d. samples.

n Number of training samples / sampled points.

X Data matrix (X € R4*", columns x;).

y Vector / function of targets.

0(-,-) Loss function.

L, L Empirical (least-squares) risk; £, denotes the population risk.

n Gradient-descent step size / learning rate.

t, k (subscript) Training time / iteration index.

Vo Gradient with respect to 6; () denotes time derivative under
gradient flow.

0*, w*, f* Minimizers / fixed points of the relevant objective.

AT, A* Moore—Penrose pseudoinverse and adjoint of an opera-
tor/matrix A.

range(-), ker() Range (column space) and kernel (null space) of an operator.

Amax () Largest eigenvalue of a matrix.
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(Notation, continued)

Neural Tangent Kernel and operators

O(x), P, (x) Tangent feature map Vg f(x;0p) (and its time-¢ version).

Op(x,x) Neural Tangent Kernel at initialization,
Vef(x; eo)TVef(xl;e()).

Oy, ®,(m) NTK at training time ¢ (the empirical, width-m kernel).

G)(()m) Finite-width empirical NTK at initialization.

0,0 Limiting (infinite-width) deterministic NTK; also written as
the Gram matrix ® = (@ (x;,x;));. ;-

O(9) Limiting NTK on S' as a function of the angular distance & =
d(e,y) € [0,m].

Ob) Limiting NTK with the trainable hidden-bias contribution re-
moved.

o), v, One-neuron kernel contribution and one-neuron tangent fea-
ture of neuron r.

Jo Jacobian of network outputs w.r.t. parameters at initialization;
0 = JoJ§.

T, T, T Integral operator on L?(u) induced by the limiting kernel; 7., =
Timy oo 7"

7™, To(m) Empirical tangent integral operator at time ¢ and at initializa-
tion (frozen operator).

T One-neuron integral operator; To(m) = %27:1 T,

T, Density-weighted integral operator for a non-uniform input
density p(0).

K The 27-periodic kernel profile with ®(8,0’) = k(6 — @'); also

a uniform kernel bound and (in the conditioning discussion) a
matrix condition number.
re, T Residual f; —y (function or vector).

Fourier basis, spectrum, and subspaces

0, ¢,y Angular coordinate on S'; v is used as the angle variable in
target functions.

dq(8) = e'1® Complex Fourier mode of frequency g € Z.

$o, Ok, Oks Real Fourier basis of L?(u): ¢g = 1, Orc = V2cos(k), Ors =
V2 sin(ke).

|5 Generic orthonormal eigenfunction of an integral operator.

k, q Fourier frequency index; k(p) is the frequency of basis func-
tion ¢,.

K Frequency cutoff defining the retained low-frequency block.
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(Notation, continued)

Hy

Fr

Finite-sample objects
P15, Pn

C/

T Q>

)

byl
=~ T3

A

c, ¢\l

Pth7 Pemp

Bbasea Bth7 Bemp

T

(1)
1

Truncated Fourier subspace span{¢o, xc,Prs : 1 <k <K}, of
dimension d = 2K + 1.

Frequency-k subspace: %y = span{®o}, Fx = span{Qk, Pk}
fork > 1.

Dimension of F: dy=1,dy, =2 fork > 1.

Fourier eigenvalue of T at frequency g (resp. k); A 1= Ay(,)-

Fourier eigenvalue of the no-bias kernel ®(™),

Diagonal matrix of eigenvalues diag(),); in the linear model,
A=QAQ".

Continuum reference
diag(ko,kl,kl, N ,7\.1(,7\,1().
Amplitude of the residual along Fourier mode ¢,; decays as
e Mo, (0).

Coefficient of the residual along eigenfunction y; in the con-
tinuum operator analysis.

block PxT..Px =

Li.d. angles sampled uniformly on [0, 27).

Sampled Fourier feature matrix, ® € R4, &, , = 0,(¢;); @,
its p-th column.
Normalized sampled kernel matrix, A;; = %@((pl- —0)).

Sampled Fourier Gram matrix, G = 1T ®.

Compressed operator matrix, H = 1®TA®; E[H] = AW,

Finite-sample corrected Fourier eigenvalue, (1 — 1), + %.

Diagonal matrix diag(kg,n)) of corrected eigenvalues.

Coefficient-level restricted operator G~'H on the retained
block; compared against A
Theory and empirical Fourier-block preconditioners.

Baseline, theory-preconditioned, and empirically precondi-
tioned sampled operators.
Ridge-regularization parameter for ill-conditioned inverses.

Unit roundoff (machine precision); the floor xu sets the
achievable relative accuracy.
Sampled residual vector.

All-ones vector in R?,

Finite-width objects and diagnostics

5®

m

viii

Frozen finite-width tangent block on Hg, PKTO(m)PK;
E[BY)] = Ag.



(Notation, continued)

c(®)

t

N, GJ-
e (1)

9k7,~(t)
si(*)

0
1 (1)
p<k(t)

Hms M, Sea

Evolving tangent block on #, PKY}(m)PK; C(gK) = B,(nK).

High-to-low frequency coupling
P (1 - Py).

Low- and high-frequency residual components, @, = Pxry, b; =
(I — PK)I"t.

One-neuron matrix entry (¢,,7")¢,).

(leakage) operator,

Orthogonal projection L?(u) — H.

Orthogonal projector onto the grid representation of ¥, P, =
UkUkT , with Uy an orthonormal basis.

Matched empirical eigenspace of the tangent operator, its pro-
jector and orthonormal basis.

Orthonormal eigenvectors of the grid-discretized tangent op-
erator.

Number of uniform grid points and grid angles 0; = 2mj/N,
j=0,....N—1.

Projector error ||Pi(t) — P|| for frequency k (frozen value at
t = 0 written 8,(('?}2).

i-th principal angle between ?k(t) and F; cos Oy = s,~(UkT ﬁk)
i-th largest singular value.

Subspace cosine similarity, root-mean-square of the principal-
angle cosines for frequency k.

Average spectral strength inside Fourier block %,
LR,

Cumulative low-frequency spectral strength over the retained
block.

Empirical neuron measure, its limit, and the Dirac mass at 0,
(mean-field discussion).

Targets and miscellaneous

foriga feqa frev

Aj, ki, O;

R7 ROC

Original, equal-amplitude, and reversed-amplitude target
functions used in the amplitude-variant experiments.
Amplitude, frequency, and phase of the i-th sinusoid in a syn-
thetic Fourier-regression target.

Universal constant in the finite-width concentration bound (il-
lustrative value ¢ = 0.2).

Failure probability in high-probability bounds; also the angu-
lar distance d(@,y) on S'.

Deviation level in concentration inequalities.

Rotation matrix on R? (rotation by angle o).
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Chapter 1

Introduction

Deep neural networks have achieved remarkable empirical success across a wide range of
application domains, most notably in computer vision and natural language processing. In
vision, deep convolutional and residual architectures have led to dramatic improvements
on large-scale benchmarks, establishing deep learning as the dominant paradigm for visual
recognition tasks (Krizhevsky et al, 2012; [He et al., 2016). Similarly, in natural language
processing, attention-based Transformer architectures introduced by [Vaswani et al.| (2023))
have enabled substantial advances in sequence modeling and representation learning, and
now form the foundation of modern large-scale language models. Over the past decade,
this empirical progress has been accompanied by a steady increase in model size, depth,
and computational scale, often resulting in highly overparameterized models that general-
ize well despite their capacity to fit random labels (Zhang et al., [2017; Belkin et al., 2019).
Much of this progress has been driven by empirical experimentation and architectural in-
tuition rather than by a complete theoretical understanding of the mechanisms underlying
training and generalization in deep neural networks.

Despite their practical success, the mechanisms governing the training dynamics and
convergence behavior of neural networks remain only partially understood, even in highly
simplified settings (Jacot et al., 2020; Mei et al., 2018 |Chizat and Bach, 2018)). From an
optimization perspective, neural network training involves high-dimensional, non-convex
objectives whose geometry depends intricately on architectural choices, initialization, and
optimization dynamics (Bottou et al., [2018). Early analyses of neural network loss land-
scapes have highlighted the prevalence of saddle points and complex critical structures,
underscoring the difficulty of directly characterizing training dynamics in parameter space
(Choromanska et al.,|2015)). While more recent theoretical work has made progress in ana-
lyzing overparameterized models under restrictive assumptions such as two-layer networks
or specific scaling regimes these results do not yet provide a unified explanation of neural
network training in general settings (Du et al.| 2019; |Arora et al., [2019). More broadly,
this gap between empirical performance and theoretical understanding has motivated the
study of neural networks through simplified models and asymptotic limits, where training
dynamics can be analyzed more precisely.



1. INTRODUCTION

Structure of the thesis. This thesis aims to contribute to the theoretical study of neural-
network training by focusing on one such simplified setting in which the learning dynamics
can be analyzed explicitly. We begin by introducing the supervised-learning framework and
empirical risk minimization, which provide the basic language for describing how models
are trained from data. We then consider increasingly expressive model classes, moving from
linear models to deep linear networks and nonlinear neural networks, to show where training
dynamics can be characterized cleanly and where this understanding begins to break down.
This progression motivates the use of simplified theoretical regimes: settings that are restric-
tive enough to permit precise analysis, but still rich enough to capture phenomena observed
in neural-network training. After this foundation, we review existing theoretical approaches
for studying wide neural networks. This discussion naturally leads to spectral bias, the em-
pirical and theoretical observation that neural networks often learn smooth, low-frequency
components of a target function before more oscillatory, high-frequency components. Spec-
tral bias is the main object of study in this thesis. The related work then summarizes existing
empirical and theoretical explanations of this phenomenon, leading to the research gap and
the research questions addressed in the remainder of the thesis.

1.1 Problem setup

The statistical learning framework. The fundamental objective in supervised learning
is to identify a functional relationship between an input space X C R? and a target space
9, for instance 9 = R” in regression or 9" = {1,...,C} in classification where C denotes
the number of classes. We assume the existence of a joint probability distribution p over
X x 9. Ideally, one seeks a measurable function f : X — ¢, that minimizes the expected
risk (or population risk):

Lo (f) = Epl(f(x),) (1.1)

where x € X, y€ 9 and £ : Y x 9 — [0,o0] is a loss function quantifying the discrep-
ancy between the prediction and the true target. (Vapnik, [1999; |Shalev-Shwartz and Ben-
David, 2014) In practice, two fundamental constraints prevent the direct minimization of
the equation (I.T)). First, searching over the space of all possible measurable functions is
computationally and analytically intractable, so we usually restrict our search to a specific
hypothesis class which is a family of functions fy parameterized by a vector 0 € R”. Second,
the underlying distribution p is unknown; we only have access to a finite training dataset
D = {(x;,yi)}!_, of n samples drawn i.i.d. from p, where x; € X and y; € .

Empirical risk minimization. The second constraint leads us to the principle of empirical
risk minimization (ERM). Given a training dataset D = {(x;,y;) }',, a measurable function
fo parameterized by 6, and a loss function ¢(-,-), ERM seeks parameters that minimize the
empirical risk,

1 n
* i ), vi). 1.2
0 Eargmeln nizlﬁ(fe(x) i) (1.2)

This formulation isolates the key ingredients that determine the behavior of learning algo-
rithms: the function class induced by the parameterization 0 — fy, the geometry of the loss

2



1.1. Problem setup

landscape, and the optimization procedure used to minimize the empirical risk. In mod-
ern neural network training, the empirical risk is typically minimized using gradient-based
methods (Bottou et al., 2018)), which induce a dynamical system in parameter space whose
properties depend intricately on both the model architecture and the chosen loss function.

Linear models and gradient descent. To build intuition, we first consider the case of
models that are linear in inputs and in parameters. We define a function f,,(x) : R — R,
parameterized by w € R with the prescription f,, (x) = x" w. We specialize the loss function
to the squared error, £(f(x),y) = 1(fw(x) —)%. Let X € R®" denote the data matrix whose
columns are x; € X C RY, and let y € R" denote the vector of targets. With slight abuse of
notation, the ERM problem simplifies to a least-squares objective:

1 n
argmlnL wa xXi)—yi)’ = HXTW_)’H%-

1:1

This objective is convex and differentiable, with gradient
VoLw)=X(X"w—y)=XX"w—Xy. (1.3)
At a stationary point w*, the gradient vanishes, yielding the equations
XX 'w* =Xy, (1.4)

which characterize the set of global minimizers of £ owing to convexity. The structure of
the minimizers depends on the rank of the empirical covariance operator A := XX . If A
is positive definite (equivalently, if X has full row rank), then the minimizer is unique and
given by w* = A~!Xy. In contrast, in the overparameterized regime where rank(X) < d, the
matrix A is singular and the least-squares objective admits infinitely many global minimizers
(Boyd and Vandenberghel |2004;|Golub and Van Loan, |2013). Among these minimizers, the
Moore—Penrose pseudoinverse selects the one with smallest Euclidean norm. Since A is
symmetric, its pseudoinverse A acts as the inverse on range(A) and annihilates ker(A)
(Penrose, (19555 |Golub and Van Loan, 2013)), yielding the minimum-norm least-squares
solution
mm = A+Xy

Here minimum-norm means that w’ . minimizes ||w||, among all global minimizers of £
(Gunasekar et al., [2018)). Gradient descent with step size 1| > 0 takes the explicit form

Wit = we =V L0w) = (1=XXT ) wi +nXy. (15)
Assuming wy = 0, we can write a closed form solution
-1 s
we=nY (I—nXXT> Xy. (1.6)
s=0

Let Amax(A) denote the largest eigenvalue of A. If the step size satisfies 1 € (0, 2/Amax(A)),
then for any least-squares minimizer w* the error ¢; := w; — w* evolves as

er1=(I—mA)e;. (1.7

3



1. INTRODUCTION

Since A is symmetric, it admits an eigendecomposition
T
A=0AQ",

where Q € R9*? is orthogonal (QT Q =1) and A = diag(A, ..., Ay) contains the (real) eigen-
values of A. Moreover, A is positive semidefinite because v' Av = || X "v||3 > 0 for all v,
hence A; > 0 and in particular A; € [0, Amax (A)].

Starting from the error recursion

err1=(I—mA)e,

we express the error in the eigenbasis of A by defining &, := Q"¢;. Left-multiplying by Q
and using e; = Q¢é; gives

&1=0" (I-MA)Q¢& = (I-nQ"AQ)é = (I-nA)é,.
Since A is diagonal, this yields the component-wise dynamics
ét+17i: (I—T]ki)ém', 1= 1,...,d. (18)

If n € (0,2/Amax(A)), then for any A; > 0 we have 0 < NA; < NAmax(A) < 2, hence —1 <
1 —mA; < 1, ie. |l =mA;| < 1. Under the stated condition on 1, we have |1 —mA;| < 1 for
all A; > 0, implying geometric decay of all components of e, in range(A). In particular, if A
is positive definite, then w, — w* as t — co. More generally, if wy € range(A) (for example,
wo = 0), then w; converges to the minimum-norm least-squares solution w* = A*Xy.

The eigen-decomposition above shows that gradient descent acts as a linear dynamical
system whose behavior is governed by the spectrum of the empirical covariance operator
XX ". Directions corresponding to larger eigenvalues converge more rapidly, while com-
ponents in the null space of XX ' remain unchanged. In the overparameterized regime,
where multiple interpolating solutions exist, i.e., solutions satisfying X "'w = y, gradient de-
scent from standard initializations converges to a particular interpolating solution, namely
the minimum-norm solution (Boyd and Vandenberghe, 2004; |Golub and Van Loan), [2013])).
This illustrates how the optimization algorithm induces an implicit bias even in this simplest
linear setting.

This simple example already contains the basic spectral mechanism that will reappear
throughout the thesis: gradient descent does not reduce all components of the error at the
same speed; instead, the decay rate of each component is determined by the eigenvalue of
the operator governing the dynamics. In the linear model above, these eigendirections are
determined by the empirical covariance matrix XX ', so they do not yet have to correspond
to frequencies.

Deep linear network. Even in the absence of nonlinear activation functions, introducing
an additional layer changes the parameterization of the model, even though the resulting
input-output map remains linear. This already leads to substantially more intricate training
dynamics (Saxe et al., 2014). Consider a two-layer linear network with scalar output,

fow (x) ==V Wx, (1.9)



1.1. Problem setup

where W € R™*4_y € R™, and m denotes the width of the hidden layer. The least-squares
empirical risk is

L(v,W) ::%HXTWTv—yHi. (1.10)

Although the resulting function is linear in the input, the loss is no longer convex in the
parameters (v, W) due to their multiplicative coupling.
Let
r=X"Wh—yeR" (1.11)

denote the residual vector. The gradients of L are given by
V.L=WXr, VyL=v(Xr)'. (1.12)

Similar to the linear case, the parameters of this model are updated iteratively using gradient
descent with step sizen > 0

Vir1 = vk =MV L(vi, W), Wicr1 = Wi =V L (v, We).

The analysis of learning dynamics is often simplified by considering the infinitesimal learn-
ing rate limit (] — 0). In this regime, the discrete updates converge to a system of coupled
ordinary differential equations (ODEs) known as gradient flow.

V= VoL, W) = WX (y=X W, v), W= =V L, W) =vi(y—X"W,v) xT.

(1.13)
This coupled system consists of a vector-valued and a matrix-valued ordinary differential
equation and is nonlinear in the parameters, despite the underlying predictor being linear in
the input. As a result, the training dynamics no longer admit a simple spectral characteriza-
tion as in the one-layer case.

Nevertheless, recent work has shown that deep linear networks admit a more structured
description in suitable asymptotic regimes. In particular, |Chizat et al.|(2024)) study gradient
flow for deep linear networks in an infinite-width limit, where the dynamics are described
at the level of a measure-valued evolution. While no closed-form solution of the finite-
dimensional ODE system is obtained, this framework establishes global well-posedness,
convergence to global minimizers, and the emergence of implicit regularization effects in-
duced by depth (Chizat et al., 2024).

Nonlinear networks. The analysis of training dynamics becomes more involved once
nonlinear activation functions are introduced. Consider again a two-layer network of the
form

fuw(x) = v o(W),

where ¢ : R — R is a continuously differentiable activation function applied elementwise.
For the least-squares objective, the continuous-time evolution of the parameters is governed
by the gradient flow system:

b= 0WX) = 0WX) ), W= (owix)© (wly—oWx))T) )X, (L14)
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1. INTRODUCTION

where ©® denotes the Hadamard (elementwise) product. The gradient flow equations involve
both the activations ¢(Wx) and their derivatives ¢'(Wx). In particular, the evolution of the
parameters mixes standard matrix products with elementwise nonlinear operations. As a
consequence, the training dynamics of nonlinear networks do not admit a simple closed-
form or spectral description in general.

Nevertheless, the linear example suggests the kind of structure one would like to re-
cover: an operator-level description in which different components of the error decay at
different rates. For nonlinear neural networks, identifying such an operator and understand-
ing its spectrum is substantially more difficult, because the relevant dynamics depend on the
evolving parameters of the network. This is one reason why studying frequency-dependent
learning, or spectral bias, is non-trivial in general neural networks. The remainder of the
thesis therefore focuses on simplified regimes in which an operator governing the dynam-
ics can be made explicit, allowing the connection between its spectrum and the observed
learning behavior to be analyzed more precisely.

1.2 Thesis motivation

At a high level, this thesis is motivated by the question of how these networks’ training
dynamics can be studied in a mathematically tractable setting without discarding the phe-
nomena one ultimately seeks to understand. The objective is not to provide a complete
description of neural network training in full generality, but rather to identify a setting in
which the dynamics can be analyzed explicitly.

This motivates the study of analytical regimes in which the dynamics become tractable.
Although such regimes necessarily involve simplifications like taking large-width limits,
they can still provide useful insight into mechanisms that are otherwise difficult to access in
the full non-linear parameter dynamics. Two prominent examples of such approaches are
the Neural Tangent Kernel (NTK) and mean-field formulations, which offer complementary
perspectives on the behavior of wide neural networks during training.

In this thesis, that regime is a single-hidden-layer ReLU network with inputs on the unit
circle (1-sphere S'). In the infinite-width limit, the NTK defines a deterministic integral
operator. For the uniform distribution on the circle, this operator is diagonalized by the
Fourier basis (the orthonormal basis of trigonometric functions: sin(k6),cos(k®)). This
gives a clean reference picture for spectral bias: each Fourier mode (specific harmonic i.e.
frequency k) has its own learning rate. The rest of the thesis studies how this picture changes
at finite sample size and finite width.



Chapter 2

Theoretical Background

2.1 Neural Tangent Kernel

As discussed in Chapter |1} for nonlinear neural networks the gradient flow dynamics are
parameter-dependent and do not admit a simple closed-form description. One approach
to recovering a tractable analytical framework is to consider regimes in which the network
behaves approximately linearly around its random initialization. The Neural Tangent Kernel
(NTK), introduced by Jacot et al.|(2020), formalizes this idea by studying training dynamics
through a first-order linearization in parameter space, leading to a kernel-based description
of learning in wide neural networks.

Linearization around initialization Let f(x;0) denote a neural network with parameters
0 € R?, initialized at 6. A first-order Taylor expansion around 6y yields

f(x:0) ~ f(x:80)+ Vo f(x:80) " (6—6y), 2.1)
where f(x;09) is the network output at initialization and
0(x) := Vo f(x;00)

defines the tangent feature map. Locally around initialization, the network thus behaves as
a linear model in parameter space,

f(x:0) & f(x;00) +(x) " (0 —6p). (2.2)

Definition 2.1 (Neural Tangent Kernel (Jacot et al.,[2020)). Given an initialization 0y, the
neural tangent kernel is defined as

Og(x,x') := Vo f(x;00) " Vof(x';00).

The NTK measures how infinitesimal parameter updates couple the network outputs at
different inputs and plays the role of an empirical covariance operator in the tangent feature
space.



2. THEORETICAL BACKGROUND

Training dynamics induced by the NTK We consider training with the squared loss
using gradient descent with step size 1 > 0,

1 n
Z -xl’ 27 el+1:el_nV9L(el)7 t2071727"'

1:1

Define f;(x) := f(x;8,). The gradient of the loss is

VoL(0,) = Y (fi(x)) —;) Vof (x;:6,).

=1
Applying a first-order Taylor expansion of f(+;0) around 8, gives
S+ (xi> ~ fi(xi)+ Vef(xi;et)T(et+1 —6,).

Substituting the gradient descent update 6, — 8, = —mVpL(6,) yields

fer1(x) = fi(x:) nZVMm&)%ﬂ%@NM%)w%

Jj=

which can be written compactly as
fir1(xi) = filxi) n2®m“ (fi(x)) =))s (2.3)

where the iteration-dependent NTK is
O, (x1,x;) := Vo f(x:0,) " Vo f(x:0,).

If we stack predictions into f; := (f;(x1),...,f;(x,))T € R", in vector form, the dynamics
read

Jirr=fi=m6(fi —y). (2.4)

In general, ©, evolves during training, reflecting changes in the network’s tangent features.

One-hidden-layer NTK and infinite-width limit To make the NTK explicit, consider a
two-layer network of width m,

1 m
flx)= ﬁ Z Va(P(W;x+ba)v Vo, ba €R,  wg,x € R (2.5)
o=1

Each neuron is parameterized by 8 = (v, Wq, Po) and randomly initialized as

Vo ~~ N((),G\%); W ~ N(Oyﬁguld) ) bOC ~ N(Oaci)a

independently across o = 1,...,m. @ : R — R is a non-linear activation function.
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2.1. Neural Tangent Kernel

Finite-width NTK at initialization. By direct computation,

1
Vie/ () = —m@(wax+ ba). (2:6)
1
Vi f(x) = NG Va @ (We X+ bo) X, (2.7)
1
Vi f(3) = va ¢/ (wax + ba). 28)
Substituting into the definition of the NTK yields the empirical kernel
@ _1 i (WX +ba) @(wox' +bg)+ L i Ve @ (Wox+bo) @ (WexX +be) (x X' +1).
M o=1 m o=
(2.9)

Infinite-width limit. Each sum in (2.9) is an empirical average of i.i.d. terms. By the
strong law of large numbers,

G)(()m) (x,x) £ O(x,x) as m — oo,
where the limiting NTK is deterministic and given by

O(x,x') = Emb[(p(wa +b)o(w'x' + b)| + o> (xTx’ +1) Emb[(p’(wa +b)o'(w'x' + b)].
(2.10)
This argument extends to deep fully connected networks, where both the forward covariance
kernel and the NTK satisfy recursive layerwise equations in the infinite-width limit (Jacot
et al., [2020; [Lee et al.| 2020).

2.1.1 Constant-kernel regime and spectral dynamics

In the infinite-width limit, the NTK remains constant throughout training, ®; = ©. Equa-
tion (2.4) then reduces to the linear iteration

fivr = fi=MO(fi —y). 2.11)
Letting r; := f; —y, we obtain
It41 = (I_T]@) T
Assuming M < 2/Amax (0), the residual admits the closed form

rn=0I-n®)ry,  fi=y+I-mO)(fo—y). (2.12)

As in the linear setting of Chapter|[I] convergence occurs independently along the eigenvec-
tors of ®, with geometric rates determined by the corresponding eigenvalues.
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NTK dynamics, solution structure, and implicit bias In the constant-kernel (infinite-
width) regime, the NTK prediction dynamics reduce to a linear iteration in prediction space.
Equation (2.11)), admits fixed points f* satisfying

O(f*—y)=0. (2.13)

Equation (2.13) characterizes the set of global minimizers of the squared loss in the NTK
regime. As in linear least squares, the structure of this solution set depends on the rank of
the operator ©.

If @ is strictly positive definite on the training set, the solution is unique and satisfies
f* =y. When O is singular, the loss admits infinitely many interpolating solutions in pre-

diction space, differing by elements of ker(®). In this case, gradient descent converges to a
particular fixed point determined by the initialization.

Tangent features and operator factorization. To formulate the NTK in a way that re-
mains meaningful in the infinite-width limit, it is convenient to view parameter perturba-
tions as elements of a Hilbert space Hy equipped with an inner product (-,-). In the finite-
dimensional case, Hg = R? with the Euclidean inner product; in the infinite-width limit, g
denotes the corresponding limit space of parameter perturbations, often referred to as the
tangent parameter space (Jacot et al., 2020; [Lee et al., 2020).

In this setting, the limiting NTK Gram matrix on the training set can be expressed as

0 = JoJy, (2.14)

where Jy : Hg — R" denotes the Jacobian of the network outputs with respect to parameters
at initialization, viewed as a linear operator,

(Joh)i = <Vef(xi;90)7 h>7

and J; is its adjoint. This representation makes explicit that ® is symmetric and positive
semidefinite, and that it acts as an empirical covariance operator for the tangent features
induced by the network at initialization (Jacot et al., 2020).

Implicit bias and representer viewpoint. When @ is singular, the Moore—Penrose pseu-
doinverse @ acts as the inverse on range(®) and annihilates ker(®). Consequently, constant-

kernel NTK training eliminates only the residual component lying in range(®) while pre-
serving the component in ker(®). This behavior reflects an implicit regularization effect
analogous to linear least squares and can be interpreted as convergence to a minimum-norm
solution in the reproducing kernel space associated with ®, as formalized by representer-

theorem results (Biett: and Mairal, 2019} Bartolucci et al., [2021)).

Limitations of stable kernels and feature learning. Although the NTK framework pro-
vides a clean and tractable description of training dynamics, the stability of the kernel also
introduces inherent limitations. When the kernel does not change during training, learning
is effectively confined to a fixed feature space. Indeed, any positive semidefinite kernel
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admits a representation K (x,x') = (®(x),®(x’)) 4, so that optimization in the NTK regime
corresponds to fitting a linear model in the associated reproducing kernel Hilbert space # .

In contrast, for finite-width networks the NTK typically evolves during training, im-
plying that the tangent features ®;(x) = Vg f(x;6;) also change over time. This evolution
allows the network to adapt its representation to the data, a phenomenon commonly referred
to as feature learning. Such effects are absent in a strictly stable-kernel regime, where only
the coefficients of fixed features are adjusted.

The importance of feature learning is already visible in simplified settings. Even purely
linear networks exhibit nontrivial training dynamics due to the coupling of parameters
across layers, leading to implicit biases that cannot be captured by a fixed kernel model
(Saxe et al.l 2014} Tu et al., 2024). From this viewpoint, the NTK regime can be seen
as a useful but restrictive approximation, which motivates studying regimes where kernel
evolution and feature learning play an explicit role.

2.2 Spectral dynamics on the circle

The constant-kernel NTK regime gives a linear description of training in function space.
We now specialize this viewpoint to the setting used throughout the thesis: inputs on the
unit circle S'. This gives a clean reference model in which the operator governing training
is diagonalized by Fourier modes.

Let S! be parameterized by 8 € [0,27), with embedding

x(8) = (cos,sinB) € R?,

and let p denote the uniform probability measure on S', dp(8) = d8/(2n). Given a limiting
NTK ©(8,8’), define the associated integral operator

2n e/

(Tog)(6) = | ®(6,6)3(6") 7 (2.15)

In the continuum constant-kernel regime, the residual r;(0) = f;(6) — f*(8) evolves accord-
ing to
atr[ — _T(:)rt. (216)

If {y;} j>0 is an orthonormal eigenbasis of Tg, with
ToVy; =AjYj,
then the residual decomposes as

=Y a;j()v;, a;(t) = (resWj)12(p)-

j=0
Substituting this expansion into (2.16) gives
aj(t) = e Ma;(0). (2.17)

11



2. THEORETICAL BACKGROUND

Thus each eigendirection is learned independently, and the decay rate is determined by the
corresponding eigenvalue. Larger eigenvalues correspond to faster decay.

This is the operator form of the NTK training dynamics introduced by Jacot et al.|(2020).
In the context of spectral bias, |Cao et al.| (2020) use this eigenfunction viewpoint to show
that components aligned with larger NTK eigenvalues are learned faster.

For the circle, the Fourier basis appears when the limiting kernel is rotation-invariant.
This is the same symmetry principle used in analyses of NTK spectra on the circle and
sphere, where uniform input distributions lead to Fourier modes on S' and spherical har-
monics on S?~! (Ronen et al., [2019; [Bietti and Mairal, 2019; Cao et al., 2020). Under
isotropic initialization, the distribution of w is invariant under rotations. Using the infinite-
width expression (2.10), this implies

O(Rx,Rx') = O(x,x)

for every rotation R. Since x(0 + o) = Ryx(0), the kernel depends only on the angular
difference:
@(0,0') =x(6—9) (2.18)

for some 27-periodic function K.
With the uniform measure, (2.15)) becomes a circular convolution:

/

2n
(To)®) = [ (0—0)¢(0) 5 = () (0). .19

Therefore the complex Fourier modes
%(9) = eiqev qc Zv

are eigenfunctions of Tg. Indeed,

m - du
] _ ig(6—u) 44
(To0)(©) = [ (e 2 (220)
iq0 o —iqu du
—o /0 K(u)e ™ 5 =2,0,(0), 2.21)
where o J
_ —iqul
Ay = /0 Kwe 2. (2.22)

When the kernel is real and even, one may equivalently use the real Fourier basis
1,  V2cos(kB),  V2sin(k®),  k>1.

In this basis, each Fourier frequency subspace evolves independently under the continuum
infinite-width operator.

This gives the basic spectral picture behind the NTK explanation of frequency-dependent
learning. In the idealized continuum infinite-width setting, the Fourier modes are exact
eigenfunctions of the training operator, and their learning rates are determined by the cor-
responding eigenvalues A,. The next section briefly contrasts this fixed-operator view with
another large-width limit, before the thesis returns to the NTK framework.
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2.3 Another large-width viewpoint: mean-field

The previous section explains why the NTK viewpoint is useful for this thesis. In the
constant-kernel regime, training is described by a fixed operator on functions. On S', this
operator is diagonal in the Fourier basis, so each Fourier mode has a well-defined learning
rate. This is the structure needed for a mode-by-mode analysis of spectral bias.

There is another important large-width viewpoint, usually called the mean-field view-
point. It starts from a different scaling of a two-layer network,

folx) = % Z Vo, (p(ng).
a=1

Here each neuron has parameters
e(x - (V(x,W(x) S Q = R X Rd

Instead of following the m neurons one by one, the mean-field viewpoint tracks how the
neurons are distributed in parameter space. This is done through the empirical measure

)
:um = 89(1’
m =1

where g, places one unit of mass at the parameter value 6, With this notation, the network
output can be written as

fo@) = [ v dun ()

Thus the network is represented by the distribution of its hidden units. During training, this
distribution moves through parameter space.

This gives a different limiting description from the NTK regime. In suitable large-width
limits, the empirical measure u,, converges to a limiting time-dependent measure ;, and
training is described by an evolution equation for t,. This perspective was developed for
two-layer networks by Mei et al.| (2018)), and related interacting-particle descriptions were
studied by [Rotskoff and Vanden-Eijnden|(2022). From an optimization viewpoint, Chizat
and Bach| (2018) studied the corresponding many-particle limit using tools from optimal
transport. Extensions and rigorous frameworks for deeper networks have also been studied
(Nguyen, 2019; |Aragjo et al., 2019; [Sirignano and Spiliopoulos, 2019; [Nguyen and Pham,
2023).

The reason we do not use this viewpoint as the main framework is not that it is unre-
lated to neural-network training. It answers a different kind of question. Mean-field limits
are useful for describing how the hidden units move and how the representation changes
during training. In contrast, the spectral-bias question studied here requires an operator
acting on functions: we want to ask which Fourier modes are eigenfunctions, what their
eigenvalues are, and how the corresponding eigenspaces behave. The NTK viewpoint gives
such an operator directly. The mean-field viewpoint describes the evolution of a parameter
distribution, so the same fixed Fourier-mode picture is not available in the same direct form.

For this reason, the rest of the thesis uses the NTK formulation as the main analytical
framework. The mean-field derivation and its comparison with the NTK scaling are given

in Appendix
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Chapter 3

Related Work

3.1 Convergence theory for overparameterized neural
networks

A central question in the theory of neural-network training is why gradient-based optimiza-
tion can reach small or even zero training loss despite the non-convexity of the parameter-
space objective. A major line of work addresses this question in overparameterized regimes
by proving that gradient descent or stochastic gradient descent can converge to global mini-
mizers when the network is sufficiently wide (Du et al., |2019;|Allen-Zhu et al., 2019; |Arora
et al., 2019). A closely related viewpoint shows that, in large-width regimes, networks can
remain close to their linearization around initialization, so that the tangent kernel stays sta-
ble during training (Jacot et al.,|2020; [Lee et al.,|2020)). In this regime, the training dynamics
can be analyzed as kernel dynamics rather than as a general non-convex optimization prob-
lem.

Infinite-width NTK dynamics. The Neural Tangent Kernel framework of Jacot et al.
(2020) gives one of the cleanest such descriptions. In the infinite-width limit, the NTK
converges to a deterministic limiting kernel and remains constant during training (Jacot
et al., 2020; Lee et al.,|2020). For the squared loss, this reduces the evolution of the network
function to a linear differential equation in function space. Convergence is then controlled
by the spectrum of the limiting kernel, and in particular by its positive-definiteness on the
training data (Jacot et al.l 2020). This provides a direct link between training dynamics,
kernel eigenvalues, and convergence rates.

Finite-width global convergence in the overparameterized regime. A related line of
work proves that sufficiently wide but finite networks can be trained to global minima by
gradient descent or stochastic gradient descent. For example, Du et al.| (2019) show that
gradient descent achieves zero training loss for overparameterized deep networks by con-
trolling the stability of the Gram matrix induced by the network. Similarly, Allen-Zhu et al.
(2019) prove convergence of gradient-based optimization for sufficiently overparameterized
deep networks, with width polynomial in the number of samples and depth under suitable

15



3. RELATED WORK

assumptions on the data. These results show that overparameterization can make the local
geometry around random initialization regular enough for global convergence, even though
the original objective is non-convex.

Optimization and generalization in the NTK regime. Other works refine this kernel-
based view by studying both optimization and generalization. |Arora et al.| (2019) analyze
overparameterized two-layer ReLU networks through a kernel perspective, showing that
the network behaves similarly to kernel regression in the overparameterized regime. Such
results help explain why training can converge rapidly in wide networks, but they also em-
phasize that the conclusions rely on regimes where the tangent features do not move too far
from initialization (Arora et al., 2019; [Lee et al., [2020).

Limits of the fixed-kernel picture. The NTK regime gives a tractable description of train-
ing, but it is also a restrictive approximation. In the infinite-width limit with fixed depth,
the tangent kernel becomes deterministic and stays constant during training, so learning is
described by a fixed feature map (Jacot et al., [2020; [Lee et al., 2020). At finite width, this
picture can fail in two ways: the tangent kernel is random at initialization, and it can also
change during training.

Hanin and Nical(2019) show that finite depth and finite width can produce non-negligible
fluctuations in the NTK at initialization. In particular, they find that the variance of the NTK
depends on the ratio between depth and width, so the infinite-width deterministic-kernel pic-
ture is not automatically accurate when depth and width grow together. They also show that,
in such regimes, the NTK can have non-trivial evolution during training. In other words, the
tangent kernel itself can move during training, not merely fluctuate around its initial value.
This suggests that finite networks need not behave exactly like their frozen infinite-width
kernel counterparts.

Bordelon and Pehlevan|(2023) study the dynamics of finite-width kernel and prediction
fluctuations during training. Their analysis separates the lazy regime, where the kernel is
random but essentially static, from feature learning regimes, where kernel fluctuations and
prediction fluctuations evolve together. This is relevant here because the evolving tangent
kernel can change not only the size of the learning rates, but also the directions in function
space along which learning takes place.

Finally, [Vyas et al.[(2022) give empirical evidence that NTK models can fail to repro-
duce the generalization behavior of finite neural networks on realistic tasks. They also find
that the empirical NTK can continue to evolve during much of training, rather than stabiliz-
ing after a short initial period. This reinforces the point that the fixed-kernel NTK should be
treated as a useful reference model, not as a complete description of finite network training.

These works motivate the comparison made in this thesis. We use the continuum
infinite-width NTK as the reference operator, but we also study the frozen finite-width tan-
gent kernel at initialization and the evolving finite-width tangent kernel during training.
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3.2 Spectral bias

A striking and widely reported phenomenon in neural network training is that gradient-
based optimization does not fit all components of a target function at the same rate. Instead,
networks tend to learn simple, slowly varying structure first and refine fine-scale or highly
oscillatory structure later. This preference is commonly referred to as spectral bias or the
frequency principle. In its classical formulation, spectral bias asserts that, when a target
function is decomposed into Fourier modes, lower-frequency components are learned earlier
and at a faster rate than higher-frequency components (Rahaman et al.,|2019} Xu et al.,|2019;
Zhi-Qin et al., [2020).

In this section, we briefly review empirical evidence for spectral bias and summarize
theoretical viewpoints that relate it to the spectrum of the operator governing training dy-
namics in the kernel (NTK) regime. We also highlight extensions that study how the phe-
nomenon depends on the input distribution and how it manifests outside the training set.

3.2.1 Empirical evidence and the frequency principle

A standard way to empirically probe spectral bias is to choose a target with a controlled
frequency decomposition and to track the frequency content of the network’s prediction f;
during training.

Synthetic Fourier regression. A canonical experiment is 1D regression on a target con-
structed as a sum of sinusoids,

¥(z) = ZAi sin(2mk;z + ¢;), z€[0,1],
i=1

and monitoring the discrete Fourier spectrum of the learned predictor as a function of train-
ing time. Rahaman et al.| (2019) report that, for deep ReLU networks trained by (full-batch)
gradient descent, Fourier coefficients at smaller frequencies k; grow substantially earlier
than those at larger k;, even when the amplitudes are matched or when high-frequency com-
ponents have larger amplitude (Rahaman et al.,[2019). This “frequency-dependent learning
speed” is one of the most direct empirical signatures of spectral bias.

Related work under the name frequency principle reports a similar ordering in the fre-
quency domain: lower frequencies are fitted earlier during training, while higher frequen-
cies are fitted later (Xu et al., 2019; |Zhi-Qin et al., 2020). These observations support the
view that spectral bias is a statement about the training dynamics, not just about which
functions can be represented by the network.

Robustness and perturbation tests. A complementary protocol is to train to near-zero
training error and then apply random perturbations in parameter space, comparing how the
Fourier spectrum of the realized function changes. [Rahaman et al.| (2019) observe that
lower-frequency components of the learned function are substantially more robust to such
perturbations than higher-frequency components, suggesting that the network parameteri-
zation itself represents low frequencies in a more stable manner (Rahaman et al., 2019).
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This matters because the perturbations are applied around the minimizer reached by
training. If the low-frequency part changes little under such local perturbations, then small
movements in parameter space do not strongly affect those components of the learned func-
tion, while higher-frequency components are more sensitive to the same perturbations. This
provides further evidence that gradient-based training learns low-frequency components in
a more stable way than high-frequency components, not only that it learns them earlier.

3.2.2 Theoretical explanations in the NTK regime

The NTK viewpoint connects convergence theory to spectral bias; see Section In
the fixed-kernel regime, the residual evolves under a kernel operator. When this operator is
diagonalized into eigenfunctions, each residual component decays at a rate determined by
the corresponding eigenvalue. (Cao et al.| (2020) make this connection explicit for the NTK
regime by showing that components aligned with larger eigenvalues are learned faster. Spec-
tral bias can therefore be viewed as a refined convergence statement, where some directions
in function space decay faster than others.

This operator viewpoint becomes a frequency statement in settings with enough sym-
metry. Ronen et al.[(2019), |Bietti and Mairal (2019)), and (Cao et al.| (2020) analyze settings
in which one-hidden-layer ReL.U networks and related NTK models are considered on the
circle S' or sphere $¢~!, with isotropic initialization and uniform input distribution. In these
settings, the limiting NTK is rotation-invariant, and the associated operator is diagonal in
a harmonic basisE] On S', the eigenfunctions are Fourier modes. On the sphere, the cor-
responding eigenfunctions are spherical harmonics, which play the same role as Fourier
modes for rotationally invariant operators. In these settings, lower-frequency components
typically correspond to larger eigenvalues, giving a precise kernel-regime explanation of the
low-frequency-first behavior.

The same operator viewpoint also explains why spectral bias is not only a statement
about Fourier frequency. In kernel regimes, the preferred components are the leading eigen-
functions of the operator induced by the architecture, activation, and input distribution (Ja-
cot et al., [2020; [Cao et al., [2020; Bowman and Montufar, 2022). When the architecture,
activation, or input distribution changes, the induced operator changes as well. The relevant
eigenfunctions then need not be Fourier modes, and they may be difficult to characterize
explicitly. The next subsection discusses this issue for non-uniform input distributions.

3.2.3 Uniform vs. non-uniform sampling

The question studied by |Basri et al.|(2020) is what happens when the input distribution is no
longer uniform. If inputs are distributed according to a density p(8) on S', then the relevant
operator as described in equation (2.19) becomes

de’

2n
(T5)(0) = [ (00 2(8) p(6) 5

A harmonic basis is an orthogonal decomposition of L? into eigenspaces of the Laplace—Beltrami operator.
See: https://en.wikipedia.org/wiki/Spherical_harmonics
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Even when x depends only on 6 — @', the factor p(6’) means that 7, is no longer a pure
convolution operator. Its eigenfunctions therefore need not be Fourier modes. As a result,
the components learned first are determined by the leading eigenfunctions of the density-
weighted operator, rather than only by the lowest Fourier frequencies.

Basri et al.|(2020) show that this can make learning spatially dependent. Non-uniform
densities can produce eigenfunctions with localized oscillatory structure, and denser regions
can exhibit faster learning of finer-scale structure.

For practical data distributions, this means that the spectral bias is shaped by both the
model and the distribution of inputs. This is related to the manifold hypothesis, which
says that high-dimensional data often lie near a lower-dimensional structured set (Feffer-
man et al., 2016). Because the integral operator seen earlier is defined with respect to the
data distribution, its eigenfunctions are affected by the geometry of the set where the data
concentrates. In this setting, “low frequency” need not mean low frequency in the ambient
coordinates; it can instead mean slow variation along the data manifold. For instance, on
image data, the ambient input space is the space of all possible pixel arrays, while natural
images occupy only a small and highly structured part of that space. This is consistent with
empirical work by [Fridovich-Keil et al.|(2022)), who measure frequency-dependent behavior
in modern image classifiers and find that the learned function’s frequency content depends
on the structure of the image data. Similar issues arise for audio and time-series data, where
the possible input space contains all sequences, but realistic signals form a much smaller
structured subset. For text, the raw input is a sequence of tokens, and these tokens are often
mapped to high-dimensional embedding vectors; natural language only uses a highly struc-
tured subset of all possible token sequences or embedding patterns (Mikolov et al., [2013)).
This makes the corresponding NTK eigenfunctions harder to describe explicitly than in the
uniform circle or sphere setting. The same operator principle still applies, since training
favours the directions emphasized by the NTK operator under the data distribution (Bow-
man and Montufar, [2022; Basri et al., [2020).

3.2.4 Spectral bias beyond the training set

Most early demonstrations of spectral bias describe what happens on the training samples.
For example, one can track Fourier coefficients computed from sampled predictions, or
project the training residual onto eigenvectors of the empirical NTK matrix. These are
useful diagnostics, but they only describe a finite vector of values on the training set.
Bowman and Montufar (2022)) ask whether the same bias holds for the learned function
itself. Here, “outside the training set” means that we evaluate the residual not only at the
sampled points x1, ..., X,, but as a function over the full input domain. In their notation, this
is measured in L2 (X, p), where X is the set of possible inputs and p is the input distribution.
Their result compares a finite-width network trained on finitely many samples with the
idealized infinite-width, infinite-data kernel dynamics. In the idealized dynamics, the resid-
ual decomposes along eigenfunctions of the NTK integral operator, and each component
decays at a rate determined by its eigenvalue. They show that the finite network stays close
to this idealized trajectory, up to a stopping time. This implies that the network inherits the
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spectral bias of the NTK integral operator as a function-space effect, not only as a pattern
visible on the training samples (Bowman and Montufar, [2022)).

3.2.5 Discussion and connection to feature learning

The operator-spectrum viewpoint gives a clean account of spectral bias in kernelized regimes,
where learning rates are dictated by the spectrum of a fixed or nearly fixed operator. At finite
width, however, the tangent kernel is random at initialization and may also change during
training. The relevant operator is then no longer exactly the continuum NTK operator, and
its eigenvalues and eigenspaces need not match the Fourier reference.

Finite-width corrections to the NTK have been studied by |[Hanin and Nical (2019), while
Bordelon and Pehlevan| (2023)) study finite-width kernel and prediction fluctuations during
training. [Vyas et al.| (2022) further emphasize that the NTK alone may not fully explain
generalization in practical deep networks. These works point to a limitation of the ideal
fixed-kernel picture: it explains spectral bias cleanly when the kernel is fixed, but it does
not by itself describe how the spectral structure changes when the kernel evolves.

3.3 Preliminary experiments across architectures

Before turning to the analysis, we ran preliminary experiments of our own to check whether
the frequency-dependent ordering seen in the literature also appears in the architectures and
finite-width, finite-data setting we care about here.

Target-Mode Residuals Over Time: MLP (1 layer) Target-Mode Residuals Over Time: MLP (2 layers) Target-Mode Residuals Over Time: Attention Block

| 100 | —— cos(ly) —— sin(3y)
cos(2y) —— cos(4y)

Amplitude

10~ —— |
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(a) Single-hidden-layer MLP. (b) Two-layer MLP. (c) Attention block.

Figure 3.1: Preliminary experiments across architectures trained at finite width on finite
data. Each panel shows the residual amplitude of four target modes, cos?, cos 2y, sin 3y, and
cos4y, against training step on a logarithmic scale.

Figure [3.1] shows these experiments. In every case the lowest-frequency mode cosy
collapses first, within the first few hundred steps, while the higher-frequency modes decay
more slowly, so the broad low-frequency-first ordering holds across all three architectures.
The ordering is not strict: in the MLPs cos2y overtakes the higher modes and its coefficient
passes through zero, and in the attention block the modes are more tangled and cos 47y even-
tually decays past the others. Frequency-dependent learning is therefore not specific to the
one-hidden-layer setting, but the precise spectral picture depends on the operator induced
by the architecture, the finite sample, and the finite-width kernel. This is what motivates the
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controlled analysis that follows, where the infinite-width reference operator is explicit and
the effects of finite sampling and finite width can be separated.

3.4 Research gap

The preceding discussion shows that spectral bias has a clean explanation in idealized fixed-
kernel settings. In the infinite-width NTK regime, training is governed by a fixed operator
whose spectrum determines the decay rates of the corresponding components of the residual
(Jacot et al.,[2020;|Cao et al., 2020). In symmetric settings, such as the circle or sphere with
the uniform measure, this operator can be diagonalized by Fourier or harmonic modes,
giving a precise version of the “low frequencies first” phenomenon (Ronen et al., [2019;
Basri et al., [2020; Bietti and Mairall, [2019)).

Bowman and Montufar (2022) prove bounds comparing the trajectory of a finite-width
network trained on finitely many samples with the idealized NTK dynamics obtained at in-
finite width and infinite data. The comparison holds in L? over the input distribution and up
to a finite time horizon, so it describes the learned function away from the training samples
as well. Their result shows that the network can inherit the bias of the NTK integral operator
toward its leading eigenfunctions. However, their analysis is general as it does not focus on
a setting where the eigenfunctions can be written explicitly as Fourier modes, nor does it
separately track how finite sampling and finite width perturb those Fourier eigenspaces.

This motivates studying a setting where the ideal operator is explicit enough that its
perturbations can be inspected directly. The circle S' with the uniform measure provides
such a setting. The limiting NTK is a convolution operator, the Fourier modes are exact
eigendirections, and the corresponding eigenvalues can be computed explicitly. This lets us
separate the effects that are otherwise mixed together: the effect of replacing the continuum
measure by a finite sample, the effect of replacing the infinite-width kernel by a finite-width
random kernel, and the effect of allowing the tangent kernel to evolve during training.

What is still missing is therefore a direct account of how the Fourier description on S'
changes under these perturbations. One would expect the low-frequency Fourier structure to
persist approximately under finite sampling and finite width. In other words, the perturbed
eigenvalues should remain close to their continuum values, and the eigenspaces of the per-
turbed operator should remain close to the corresponding Fourier frequency subspaces. At
the same time, these approximations should become more fragile when eigenvalues are
small, when gaps between eigenvalues are narrow (e.g. in higher frequencies), or when the
kernel evolves during training.

3.5 Research questions
This thesis studies spectral bias on S' by comparing the residual dynamics induced by the

continuum infinite-width NTK operator with those induced by its finite-sample and finite-
width counterparts.
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Since the full operator acts on an infinite-dimensional function space, we make the
comparisons on a finite Fourier subspace. For K > 0, let

Hy = span{1,v2cos(kB),v2sin(kB) : 1 <k < K}.

This subspace contains the constant mode and the first K non-zero Fourier frequencies.
Working on Hy gives a controlled way to test how far the ideal Fourier-mode explanation
of spectral bias survives at finite sample size and finite width.

Main research question. To what extent does the spectral decomposition of the contin-
uum infinite-width NTK operator on S' persist on a fixed low-frequency Fourier subspace
Hy under finite-sample and finite-width perturbations?

Subquestions.

(RQ1) Finite-sample perturbation of the continuum operator. In the infinite-width regime,
how does replacing the uniform measure on S' by n i.i.d. sampled points affect the
action of the continuum NTK operator on the fixed truncated Fourier subspace Hx?
More precisely, how close is the sampled operator to the diagonal Fourier prediction
on this subspace, and what are the consequences for the associated residual dynam-
ics?

(RQ2) Finite-width perturbation in the continuum setting. With the continuum measure
on S' kept fixed, how does finite network width affect the tangent-kernel dynamics
on the fixed truncated Fourier subspace #, both at initialization and during training?
More precisely, how close is the finite-width tangent kernel at initialization to the
infinite-width tangent kernel, and how does the evolution of this tangent kernel dur-
ing training change the decay of Fourier modes, their alignment, and their effective
learning rates?

3.6 Contributions

* We derive the infinite-width reference model for the specific network studied in this
thesis. Closely related two-layer analyses often simplify the NTK by training only the
first-layer weights and biases while keeping the output weights fixed (Ronen et al.,
2019; Basri et al., 2020). Here, we keep the output weights trainable and include their
contribution to the NTK. This gives an explicit kernel on S', explicit Fourier learning
rates, and the baseline used in the rest of the thesis.

* We study how this Fourier-frequency picture changes when the continuum input dis-
tribution is replaced by finitely many sampled points. For a fixed low-frequency sub-
space, we prove non-asymptotic bounds showing that the sampled Fourier structure
remains close to the idealized continuum prediction when the sample size is large
enough.

22



3.6. Contributions

* We support the finite-sample analysis with numerical experiments. These experi-
ments compare the predicted frequency-wise learning rates with the rates observed
on sampled data, and show that the agreement improves as the number of samples
increases.

* We study the effect of finite network width when the tangent kernel is frozen at initial-
ization. On the same low-frequency subspace, we prove that the finite-width operator
concentrates around the infinite-width prediction as width increases, and we verify
this numerically using eigenspace-alignment diagnostics.

* We empirically study the evolving finite-width tangent kernel during training. We
compare frozen and evolving dynamics across widths, and track mode-wise resid-
ual decay, Fourier-subspace alignment, effective decay-rates, and kernel drift. The
experiments suggest that kernel evolution helps at small width mainly by increasing
low-frequency spectral strength, even though it can move some eigenspaces away
from the Fourier reference. This advantage becomes smaller as width increases.

Together, these results show how the clean Fourier description from the infinite-width
model changes when we move to finite data and finite network width. For finite sampling
and frozen finite width, we give explicit non-asymptotic bounds. For the evolving finite-
width kernel during training, we provide an empirical analysis showing how kernel evolu-
tion changes residual decay, Fourier alignment, and spectral strength. Developing compa-
rable theory for this evolving-kernel regime remains the main open direction.
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Chapter 4

Methodology

This chapter defines the operators, projections, and diagnostics used throughout the thesis,
and states what each object measures and how it enters the finite-sample and finite-width
experiments. Detailed derivations are given in the appendices.

4.1 Mathematical setting

4.1.1 Domain and measure

We identify the unit circle S' with the angular domain Q = [0,27), equipped with the uni-
form probability measure

de
d = . 4.1
u(e) = (4.1)
The embedding into R? is given by
x(9) = (cos@,sing) € S' c R%. (4.2)

This parametrization makes the rotational symmetry of the problem explicit and provides
the natural Fourier basis for L*(u).

4.1.2 Network model

We consider a one-hidden-layer ReLLU network in NTK parameterization. For inputs x €
S' c R?,

Sm(x:0) = \/lﬁ 3 aic(w] x+b;), (4.3)
i=1

where 6 = {(a;,w;,b;)}" |, o(t) =t; = max{z,0}, and the parameters are initialized ac-
cording to
a; ~ N(0,1), wi ~ N(0,1), bi(0) =0, (4.4)

independently across i = 1,...,m. The bias parameters are initialized at zero but remain
trainable throughout.
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4.1.3 Least-squares loss and residual dynamics

Let y € L?(u) be the target function, and write

Ji(9) = fin(x(9);8(r))

for the network output at training time . We consider the least-squares loss

1 . ) 1 2 ] 2
£(8) = S 1n(58) =3Iy =5 [ (fn@:0) = 3(0))” dulp). 4.5)
We define the residual
r1(0) = fi(¢) — (o). (4.6)
At finite width, the empirical neural tangent kernel at time 7 is
0" (9.9) = (Vofu(9:0()), Vo fu(:6(r))), 4.7)

and the corresponding integral operator T,(m) (L2 (u) — L*(u) is
(m) 2 o)
(L@ = | O (0. w)f (W) du(y). (4.8)

Under gradient flow, the residual evolves according to

o= —T™r,. (4.9)
Consequently, the loss evolves as
d1

TallrlFagy = =0 1) g, (4.10)

Loss decay therefore depends not only on the eigenspaces of T,(m)

the operator acts on the directions where the residual has mass.

, but also on how strongly

This equation contains both the frozen and evolving regimes. In the frozen regime, T,(m)

is replaced by its initial value

" =7 . (4.11)
whereas in the evolving regime the full time dependence of T,(m) is retained.
4.2 Continuum reference model
4.2.1 Infinite-width tangent operator
The first object studied in the thesis is the infinite-width limiting tangent operator
T..:= lim T,", 4.12)

m—yoo

whose kernel is denoted by ©. Under the initialization (#.4)), the limiting kernel exists and
is deterministic. The explicit formula for ® and the corresponding Fourier eigenvalues are
stated in Chapter [5|and derived in Appendix [B]
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4.2.2 Translation invariance and Fourier diagonalization

Because the input distribution is uniform and the limiting kernel is rotation-invariant, ®(@, y)
depends only on the angular difference. The limiting operator therefore takes the convolu-
tion form

(T.1)(0)= [ Ol0—w)(w)autw) @13)

and is diagonalized by the real Fourier basis of L?(u). Its eigenvalues determine the decay
rates of the Fourier components of the residual in the ideal fixed-kernel continuum model.

This continuum Fourier decomposition serves as the reference point for the finite-sample
and finite-width analyses below.

4.2.3 Real Fourier basis and truncated subspaces
We define the real Fourier basis of L*(u) by
do(@) =1, (4.14)
and, foreach k > 1,
Orc(9) = V2cos(kg),  drs(9) = V2sin(kg). (4.15)

For a fixed cutoff K > 1, we consider the truncated subspace

Hg = span{ 0o, dr.c,0xs : | <k <K}, (4.16)
with dimension
d=2K+1. 4.17)
Let
Py L*(u) — Hy (4.18)

denote the orthogonal projection onto #.

The truncation to #x is used throughout the thesis to reduce the continuum problem
to a finite-dimensional low-frequency block that can be compared across the continuum,
sampled, frozen finite-width, and evolving finite-width settings.

4.3 Finite-sample methodology

4.3.1 Finite-sample question
We first study the effect of replacing the measure u by finitely many sampled points. Let

Q1. ..., P o Unif[0, 27). (4.19)

The main question is whether the diagonal Fourier decomposition of the continuum operator
remains approximately valid after this replacement.
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4.3.2 Sampled objects

To study the sampled operator on Hy, we introduce the feature matrix ® € R"*¢,
D, =0,(0;), 1<i<n, 1<p<d, (4.20)

and the normalized sampled kernel matrix A with

Ajj = %@)((Pi —9)). (4.21)
From these we form the Gram matrix
G= %qﬂb, (4.22)
and the compressed operator matrix
H= %(DTACD. (4.23)
We also introduce the diagonal matrix
AW = diag(\"), (4.24)

whose entries are the finite-sample corrected Fourier eigenvalues defined in Chapter [5

4.3.3 Quantities to be controlled

The finite-sample analysis controls how far three sampled quantities deviate from the values
they would take if the sampled Fourier structure were exact. Each is written as the difference
between the sampled quantity and its ideal value:

G-1; H—A" | AD — DA (4.25)
—— —— —_———
basis vs. orthonormal operator vs. diagonal modes vs. eigenvectors

The first is small when the sampled Fourier basis is close to orthonormal, so its Gram ma-
trix G is close to the identity. The second is small when the sampled operator restricted to
Hy, represented by H, is close to the diagonal finite-sample prediction A®. The third is
small when the sampled Fourier modes are close to being eigenvectors of the sampled op-
erator, i.e. applying the operator A to the modes ® reproduces them scaled by the predicted
eigenvalues. Together these are the quantities needed to answer Q1.

4.4 Fourier-block preconditioning methodology

The finite-sample analysis gives a diagonal reference for the sampled operator on a fixed
Fourier block. We use it to define a preconditioning experiment that tests whether the pre-
dicted Fourier eigenvalues explain the observed rate separation between retained Fourier
modes.
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Fix a retained Fourier block

}[K = Span{q)qu)l,caq)l,Sv cee 7¢K.,L‘7¢K75}7

with dimension d = 2K + 1. Let
® e R

be the sampled Fourier feature matrix, and let A € R"*" be the normalized sampled kernel

operator. Recall that

1 1
G=-0'®, H=-®"Ad. (4.26)
n n

The matrix G is the sampled Fourier Gram matrix, while H records the action of the sampled
operator A on the retained Fourier basis. When G is invertible, define

c®.— G H. (4.27)
This matrix describes what the sampled operator A does to the Fourier coefficients on the
retained block. Indeed, if u = ®z, then z is the coefficient vector of u in the sampled Fourier

basis. After applying A, the least-squares coefficients of Au in the same sampled Fourier
basis are

1 1
G! ;ch (Au) = G ;(IDTACIDZ — o, (4.28)

Thus C,(,K) is the object that should be compared with the diagonal finite-sample prediction

A® = diag(A\"). (4.29)

The finite-sample theory predicts that, on the retained block,

) o A (4.30)

This means that, on the retained Fourier block, the sampled operator is expected to act
mainly by rescaling each Fourier coefficient by its predicted eigenvalue, with only small
mixing between different retained Fourier modes.

We now define two preconditioners from this comparison. First note that, for any sam-
pled vector v € R",

1
G-y
n
gives the least-squares Fourier coefficients of the projection of v onto the sampled span of
the retained modes. Thus, to correct the action of A on the retained block, we first apply
A, then project back onto the retained Fourier span, and finally rescale the resulting Fourier

coefficients.
The theory preconditioner uses the diagonal prediction AW

P = L (A") G T @31
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This operator projects a sampled vector onto the retained Fourier span and rescales each re-
tained Fourier coefficient by the inverse predicted eigenvalue. It uses the analytic prediction
A and therefore does not use the observed matrix C,(,K).

The empirical preconditioner uses the observed retained block:

1 .
Pemp := Ecp(c,i’()) 'GloT. (4.32)

This operator uses the actual sampled matrix C,(,K). It therefore corrects both the diagonal
scaling and the mixing between retained Fourier modes that is present for the particular
sampled points.

We compare three sampled dynamics:

Bpase := A, B := PnA, Bemp = PempA- (4.33)

The baseline Bygse is the original sampled kernel operator. The operators By, and Bepp apply
the sampled kernel operator and then correct its action through the retained Fourier block.
For sampled predictions f; € R”, targets y € R", and residuals

Iy = ﬁ )
we compare the gradient-flow dynamics

dr
7; = —Br,, (4.34)

with
B e {Bbasea BthaBemp}'

The effect is easiest to see on a vector u = Pz in the retained Fourier span. Applying A
and projecting back to the retained block gives the coefficient vector C,SK)z. Therefore

Bu®z = ®(AM) 'z, (4.35)

while
Bemp®z = ®(C¥) ' clFz = 2. (4.36)

Thus on the retained block the empirical preconditioner reduces the action to the identity:
every retained Fourier mode is driven at the same rate, so the frequency-dependent rate

separation is removed, provided C,SK) is invertible. The theory preconditioner achieves this

only insofar as the observed block C,(IK) is close to the diagonal prediction A"; from (@33,

it leaves the residual factor (A("))*IC,(lK), which equals the identity exactly when CflK) =
AD.

In the numerical experiments, ill-conditioned inverses are replaced by small ridge-
regularized inverses when needed, for example (A" 4 1I)~! or (C,(,K) +1I)~! with > 0.
If By, and Bemp behave similarly, the predicted Fourier eigenvalues explain most of the rate
differences on the retained block; if By, is noticeably better, the sampled points introduce

mixing between retained Fourier modes that the diagonal prediction does not capture.
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4.5 Finite-width frozen-kernel methodology

4.5.1 Finite-width question

We next remove sampling randomness and return to the continuum input space S, but keep
the network width finite. The question is then whether the low-frequency block of the frozen
finite-width tangent operator remains close to the continuum Fourier block predicted by the
infinite-width theory.

4.5.2 One-neuron tangent features and operators

For each neuron r, define its tangent feature at initialization by

Y (9) = Vg, (ar6(w, x(9) +b,)). (4.37)

The corresponding one-neuron kernel contribution is

0" (g, ) = . (9) "y, (v), (4.38)

and the associated one-neuron operator is

2n

(T 1) () = 5 O (@, ) () du(y). (4.39)

At initialization, the frozen finite-width tangent operator is the average

m

Yy ). (4.40)

r=1

w1
=1

4.5.3 Projected frozen operator

Let Px : L?(u) — Hi denote the orthogonal projection onto the truncated Fourier subspace
Hg . The low-frequency block of the frozen finite-width operator is

BY) .= PeT™ Py (4.41)
The corresponding continuum reference block is
AK = PKTOQPK = diag()\.(), 7\.1 s 7\.1, Ce ,}\,K, )\'K) (442)

The finite-width frozen analysis asks whether BSnK) remains close to Ag with high probability

as m increases.

4.5.4 Matrix representation of the frozen block

Using the ordered basis

(q)()aq)l,caq)l,sa v 7¢K,C7¢K,S)7
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the projected operator BﬁnK) is represented by the matrix with entries
(Bf(nK))pq = <¢pa T()(m)¢4>L2(,u)' (4.43)
Equivalently,
K 1 & ,
(B'(n ))pq “m Z Erpa: Erpq = (p, T )¢q>> (4.44)
r=1

so that B,(n )is an empirical average of m i.i.d. one-neuron matrices. Because the entries are

averages of independent terms, they concentrate around their mean as m grows, which is
what the finite-width frozen concentration result in the next chapter exploits.

4.5.5 Fourier-plane alignment diagnostics

The continuum operator is diagonal in the Fourier basis. For each frequency k > 1, the
cosine and sine modes have the same continuum eigenvalue A;. Because ¢k and ¢y s share
the eigenvalue Ay, the continuum operator does not single out either one; only the plane
they span is determined. The object to compare against is therefore this two-dimensional
frequency subspace,

Fio=span{Qe, Ok}, k=1,

For the constant mode, we set
Fo := span{Qo}.

Thus, the dimensionality dy = 1 and d;, =2 for k > 1.

We use subspace-alignment diagnostics to compare these reference Fourier subspaces
with matched eigenspaces of the finite-width tangent operator. In the frozen case this oper-
ator is To(m). In the evolving case it is the time-dependent operator T,(m).

The operator is defined on the continuum S', but it cannot be eigen-decomposed in
closed form at finite width, so for the numerical diagnostics we discretise it onto a uniform
grid of N points,

27j
=
and carry out the eigendecomposition and subspace comparisons on this grid.

All vectors and matrices in this diagnostic are therefore finite-dimensional representa-
tions of continuum functions on this grid.

Let Uy, € RV*% be an orthonormal basis for the grid representation of %, and define the
corresponding orthogonal projector

0 j=0,....N—1,

P :=UU, . (4.45)

At each training time ¢, we eigendecompose the grid representation of the tangent oper-
ator, an N x N symmetric matrix, and write its orthonormal eigenvectors as vy (¢),...,vn(?).
For each eigenvector v;(r), the quantity

10 v;(0)]13 € [0,1]
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is the squared length of its projection onto #: it is 1 when v;(¢) lies entirely in % and 0
when it is orthogonal to it. We build the matched empirical subspace ﬁk(t) by taking the dj
eigenvectors with the largest such values, the ones lying closest to ;. If l?k(t) € RVxdk jg
an orthonormal basis of 7(t), define

P(t) == U(0)Ur() 7. (4.46)
The projection error is
p (1) = |1 (t) = Pull. (4.47)

The projectors P, and I%(t) depend only on the subspaces, not on the bases chosen for
them, so this distance is invariant to sign changes of eigenvectors and to rotations of the
cosine-sine basis inside a two-dimensional Fourier plane, neither of which should count as
a mismatch. It therefore measures the geometric distance between the matched eigenspace
and the reference Fourier subspace, and (4.50) below expresses it through the principal
angles. For the frozen operator, we write

e =" (0).

We also report principal angles between ?k(t) and ;. Principal angles are a standard
way to compare finite-dimensional subspaces (Bjorck and Golub), [1973). If Uy and ﬁk(t)
are orthonormal bases for the two subspaces, then the cosines of the principal angles are the
singular values of U, Us(t). We define

0<0i(t) << Bpq(t) <

o a

by
cosOi(1) = ;i (U Uk(1)),  i=1,....d, (4.48)

where s;(+) is the i-th largest singular value, so the cosines of the principal angles are the
singular values of U,;r Ur (1) ordered from largest to smallest.

For k = 0, there is one principal angle because both spaces are one-dimensional. For k >
1, there are two principal angles because both spaces are two-dimensional. The first angle
measures the best aligned direction between the two planes. The second angle measures the
remaining independent direction. Both angles must be small for the full Fourier plane to be
well aligned with the matched empirical eigenspace.

For the evolving-kernel experiments, we also summarize the principal angles by the
subspace cosine similarity

| d 172
s$5(1) == <dk Y cos? Gki(l‘)) : (4.49)
i=1

This quantity is the root-mean-square of the cosines of the principal angles. We use this
aggregation to summarize one-dimensional and two-dimensional Fourier subspaces with a
single score per frequency. The score lies between 0 and 1, with larger values indicating
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better alignment. It equals 1 exactly when the matched empirical subspace is the same as
the reference Fourier subspace.

The projection distance and the principal angles are related by the standard projector
identity (Bjorck and Golub, [1973)

~ dk
|Pe(r) — P||% =2 Y sin 0 ;(t). (4.50)
i=1

Thus the projection error gives one scalar measure of subspace mismatch, while the princi-
pal angles and subspace cosine similarity give more detailed views of the same alignment.

4.6 Finite-width evolving-kernel methodology

4.6.1 Projected evolving operator

To study the actual training dynamics, we retain the time dependence of the empirical tan-

gent operator T,(m). Its block on the same retained subspace #, the frequencies up to K
used throughout, is

c® .= peT\™ py. 4.51)
In the ordered Fourier basis of Hg, this block has entries
K
(C")pg = (05 T " 00) 124 (4.52)
At initialization,
s =By,

If b, = (I — Px)r, is the residual component outside the retained Fourier block, then T,(m)b,
need not remain outside that block. Its projection back into # is

L%, = PeT"™ (1 - Pe)r,. (4.53)

We therefore define
LY = per™ (1 - Py). (4.54)

This operator represents high-to-low frequency coupling. It measures how residual compo-
nents outside the retained block can influence the evolution of the retained Fourier coeffi-
cients after the tangent operator is applied.

4.6.2 Projected residual dynamics

Let
a; ::PI(Vt7 bl‘ = (I*PK)"[ (455)

Projecting the exact residual equation (4.9) gives
dar = —C8a, — L Ep,. (4.56)

Thus the low-frequency dynamics are driven by two terms: the operator restricted to H,
and the contribution from residual components outside H.
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4.6.3 Frozen versus evolving comparison

The frozen and evolving regimes differ only through the time dependence of the operator.
In the frozen regime,
c®) = &) _ pK)

t =409 —Dbm,
whereas in the evolving regime the operator changes during training. This motivates the
decomposition
) = Ag+ () = ag) + (¢ =, (4.57)

which separates three effects:

1. the ideal infinite-width Fourier block A,

2. the finite-width initialization error C§*) — A,

3. the time-dependent kernel drift C,(K) — C(()K).

The frozen-kernel theory studies the second term. The evolving-kernel experiments
study the third term empirically: how much the tangent operator changes during training,
and how these changes affect the Fourier-block structure.

4.6.4 Frequency-wise spectral strength

The subspace-alignment diagnostics measure whether the eigenspaces of the finite-width
tangent operator remain close to the Fourier subspaces. They do not, however, measure
how strongly the operator acts on those subspaces. For the residual dynamics, this distinc-
tion matters because the loss decay is controlled by (r;, Tt(m) re) 2(u)» @s shown in (4.10).
Thus the loss decay depends not only on the orientation of the eigenspaces, but also on the
magnitude of the operator in directions where the residual has mass. For each Fourier fre-
quency subspace F, with orthogonal projector P, and dimension di, we define the average
spectral strength

1 m
g (£) = d—ktr(PkT,( )Pk>. (4.58)

Equivalently, if Uy is an orthonormal basis for ¥, then
_1 T (m)
,uﬂ(t) = de tr|U, T, Uy ) . 4.59)

This quantity is basis-invariant within %;. If % is an invariant eigenspace of the operator,
then uy, (¢) equals the corresponding eigenvalue. In general, it should instead be interpreted
as the average kernel strength inside that Fourier block.

For k < K, the same quantity can be read directly from the low-frequency block C,(K). It
is the average trace of the diagonal block corresponding to F:

1
us(0) = (G )5 (4.60)
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We also use the cumulative low-frequency strength

K

1 mp\_ |
‘LISK(I) = 2K+ 1 tI‘(PKT, P[() = 2K+ 1 k:ZOdk‘ufk(l). 4.61)

This summarizes the average tangent-kernel strength over the retained low-frequency block.

4.7 Summary of the methodology

The methodology consists of three comparisons.

First, the continuum infinite-width operator 7., gives the ideal Fourier-diagonal refer-
ence model on S!. In this model, the Fourier modes are exact eigenfunctions and the eigen-
values determine the residual decay rates.

Second, the finite-sample analysis studies what changes when the continuum measure is
replaced by finitely many sampled points. The main objects are the sampled Fourier Gram
matrix G, the matrix H describing the action of the sampled operator on the retained Fourier
basis, and the difference A® — ®A between the sampled operator action and the diagonal
Fourier prediction. These objects are used to answer Q1. The rate separation between modes
comes from the spread of eigenvalues, so rescaling each mode by its predicted eigenvalue
should cancel it; the preconditioning experiment uses this to test how much of the separation
the eigenvalues explain.

Third, the finite-width analysis studies what changes when the infinite-width operator
is replaced by the tangent operator of a finite-width network. The frozen analysis focuses

on B,(nK) = PKTO(m)PK, the low-frequency block of the tangent operator at initialization. The

evolving analysis tracks the time-dependent block C,(K) = PKT,(m)PK and the high-to-low
coupling L,(K) = PKT,(m) (I —Px).

For the evolving experiments, we use two complementary kinds of diagnostics. Projec-
tion error, principal angles, and subspace cosine similarity measure whether the eigenspaces
of the tangent operator remain close to the Fourier subspaces. Frequency-wise spectral
strength measures how strongly the tangent operator acts on each Fourier block. Together,
these diagnostics separate changes in Fourier geometry from changes in the magnitude of

the kernel on the retained frequency blocks.
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Chapter 5

Results

5.1 Continuum kernel on S!

We first state the explicit form of the limiting neural tangent kernel on the circle and the
corresponding Fourier eigenvalues of the integral operator T introduced in Chapter ] The
calculation uses the standard infinite-width NTK description of Jacot et al.| (2020), together
with the arc-cosine formulas for ReLU Gaussian averages (Cho and Saul, 2009). Related
spectral calculations for ReLU NTKs on the sphere appear in [Ronen et al.| (2019); |Bietti
and Mairal (2019); |Cao et al.|(2020). The derivation in the assumptions used here is given
in Appendix B}

Proposition 5.1 (Limiting NTK on S'). Consider the finite-width network f,, and initializa-
tion from @.3)-@.4). For x(¢) = (cos@,sinQ), define the finite-width NTK at initialization
by

O (@, W) = (Vo /i (x(9);60), VoS (x(W); 60)) -

The limiting NTK is the deterministic kernel
O(¢,y) = lim ©,(9,y),

where the limit is taken pointwise over the random initialization.
Ifd=d(o,y) € [0, 7] denotes the angular distance between x(@) and x(y), then O(@, y)
depends only on b and is given by

®(8):%(sinﬁ—i—Z(n—f))cosB—i—(n—S)). 5.1)

Extending ©(J) to an even 2m-periodic function, the associated integral operator is

2n

(Tf)(e) = A O(¢ — ) f(y)du(y). (5.2)

Since T is a convolution operator, it is diagonalized by the real Fourier basis introduced

in (@.14)-@.15).
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5. RESULTS

Theorem 5.2 (Fourier eigenvalues of the limiting NTK). Let Ay denote the eigenvalue of T
corresponding to the Fourier frequency k introduced in (@.14)—@.13). Then

1 3 1 1
Xo—Z—FP, kl—z—i-?, (5.3)
and for k > 2,
k> 43
7+, k> 2 even,
2 (k2 —1)2
M = . 5.4)
W’ k 2 3 odd.

In particular, the decay rates of the Fourier components of the residual are determined by
these eigenvalues.

The detailed derivation is provided in Appendix

The eigenvalues decrease with frequency. Both even and odd modes satisfy A, = O(k~2)
for large k, so higher-frequency residual components decay more slowly under fixed-kernel
gradient flow. This gives the continuum spectral-bias baseline used in the rest of the chapter.

Corollary 5.3 (Spectrum without the trainable bias). Ler ®™) denote the limiting NTK ob-
tained by removing the trainable hidden-bias contribution, while keeping the output-weight
and input-weight contributions. Then, on S L

o) (§) = %(sin&—i—Z(n—S) cosa). (5.5)

Let l,gnb) denote the corresponding Fourier eigenvalue. Then

nb) 3 mb) 1
A = S MY=g (5.6)
and, for k > 2,
K> +3
—————, k>2even,
A = w (k2 1) (5.7)
0, k>3 odd.

Consequently, comparing with Theorem the trainable bias leaves the even frequencies
k > 2 unchanged, increases the constant and k = 1 eigenvalues, and supplies the nonzero
eigenvalues of all odd modes k > 3. Thus the odd modes k > 3 are absent from the no-bias
fixed-kernel dynamics but present in the model studied here.

The detailed derivation is provided in Appendix

The trainable hidden bias affects the nullspace of the continuum operator. Corollary
shows that, without the bias contribution, the odd modes k > 3 have zero eigenvalue. With
the bias contribution, these modes acquire nonzero but small eigenvalues. Thus, the bias
determines whether these modes can be learned in the fixed-kernel continuum dynamics.
This is consistent with earlier harmonic analyses of two-layer ReLU networks on the sphere
and circle, where bias-free two-layer models do not express odd harmonics beyond the first
frequency (Ronen et al., 2019; [Basri et al., 2020).
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5.1. Continuum kernel on S!

5.1.1 Continuum fixed-kernel dynamics

The eigenvalues in Theorem|[5.2]determine the ideal fixed-kernel dynamics. Write the resid-
ual from Section 4.1.3in the real Fourier basis as

7= Z(x,,(t)(bp.

Here, o, is the amplitude associated with mode p, A, denotes the eigenvalue associated
with the Fourier frequency of ¢, and A = diag(A,,). Since T¢, = A,0,, gradient flow gives

o, (1) = exp(—Apt)o,(0). (5.8)

Thus the normalized amplitude |o,(7)|/|0,(0)] is set by the eigenvalue of the corresponding
Fourier mode.

Figure[5.1|shows this diagonal continuum dynamics for the kernel with and without the
trainable-bias contribution. Low-frequency components decay faster than high-frequency
components.

Kernel with bias Kernel without bias

const
cos(1ly)
cos(2y)
sin(3y)
cos(4y)
sin(5y)
10-2 cos(7y)
sin(10y)
cos(12y)
1072 —— sin(15y)

10°

ap(8)1/]p(0)]

0 25 50 75 100 125 150 175 200 0 25 50 75 100 125 150 175 200
GD step t GD step t

Figure 5.1: Continuum fixed-kernel dynamics for the first 200 gradient descent steps, com-
paring the kernel with and without the trainable-bias contribution. The curves show normal-
ized mode amplitudes of the residual |o,(r)|/|c,(0)| under the diagonal Fourier dynamics.

Figure [5.2] isolates odd Fourier modes. With the bias contribution, these modes have
nonzero eigenvalues. Without the bias contribution, the plotted odd modes have zero eigen-
values and remain constant under the fixed-kernel dynamics.

Together, these calculations and plots give the continuum reference case. Here the
operator is the deterministic infinite-width integral operator 7', defined using the uniform
measure on S'. Thus the Fourier frequency subspaces are exact invariant subspaces of
the dynamics, and each residual component decays at the rate given by the corresponding
eigenvalue. This is the standard NTK spectral mechanism in an explicit setting. Compo-
nents aligned with larger kernel eigenvalues decay faster (Jacot et al., 2020; [Lee et al., 2020;
Cao et al.| 2020). Because the domain and measure are rotationally symmetric, this eigen-
value ordering is also a frequency ordering (Bietti and Mairal, 2019; Ronen et al., 2019;
Basri et al.| [2020).
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Kernel with bias Kernel without bias
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Figure 5.2: Odd-mode continuum fixed-kernel dynamics with and without the trainable-bias
contribution. With the bias contribution, the plotted odd modes have nonzero eigenvalues.
Without it, the plotted odd modes have zero eigenvalues and therefore remain constant under
the fixed-kernel dynamics.

With this continuum baseline in place, we now ask how much of this Fourier structure
survives after replacing the uniform measure by finitely many sampled points.

5.2 Finite-sample control on a truncated Fourier subspace

We now turn to the sampled setting introduced in Section Throughout, K > 1 is fixed,
d = 2K + 1, and the truncated Fourier subspace H is given by (@.16). Recall from Sec-
tionmmat, for a basis function in H, its frequency means its Fourier index. Thus ¢ has
frequency 0, corresponding to the constant mode, while both ¢ . and ¢y ; have frequency k.
The matrices ®@, A, G, and H are defined in (4.20)-(@.23).

For each basis index p, let k(p) denote the frequency of the corresponding basis function
¢,, and write

Proposition 5.4 (Expectation of the restricted sampled operator). Define

n 1 ©(0)
xﬁ,>:<1—n>xp+ p (5.9)
and let
A® = diag(A). (5.10)
Then
E[H] =A™, (5.11)

The detailed proof is provided in Appendix [C.2]
The finite-sample eigenvalue kg,") differs from the continuum value A, by a term of order

@. This correction shrinks with n, so the sampled eigenvalues approach the continuum
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5.2. Finite-sample control on a truncated Fourier subspace

values as the sample size grows. For the kernel values and block dimensions used in the
experiments, this correction is small once 7 is a few hundred.

The next theorem gives explicit concentration bounds for the three sampled quantities
that appear in the methodology chapter.

Theorem 5.5 (Finite-sample concentration on the truncated Fourier subspace). Assume that

K:= sup |O(0)| < eo. (5.12)
0<[0,2m)
Then, for every € > 0,
ne?
P(HG_Idedee)Sd(d_i_l)exp - 4 ) (513)
4+§8
P([|H — A™ || > €) < 242 e’ 5.14
|H— [max > €) < exp "3 ) (5.14)
and, forn > 2,
P(\|A¢—¢A(">|]max>e)<2ndexp e : (5.15)
- )= 2K2 + 2ke

The detailed proofs of the three bounds are provided in Appendix
Combining the preceding concentration bounds gives a single high-probability event on
which all three finite-sample quantities are controlled at once. Namely, with probability at
least 1 — 9,
1G = Il max. ”H_A(H)Hmam HAq)_q)A(n)Hmax

o ( 10g(nd/8)> |

up to logarithmic-over-n terms and constants depending on the kernel bound x. Thus the
same sampled points simultaneously make the sampled Fourier basis nearly orthonormal,
the compressed operator nearly diagonal, and the sampled operator action close to its cor-
rected diagonal form. The explicit version with constants is given in Appendix [C.6]

Theorem [5.5] shows that the sampled operator remains close to the continuum Fourier
decomposition on the truncated subspace #x. To express this directly at the level of the
induced matrix on Fourier coefficients, define

are all of order

C:=G 'H, (5.16)

whenever G is invertible.

The factor G~! appears because the sampled Fourier basis is not exactly orthonormal
under the empirical inner product. Thus, when G is close to I; and H is close to AW,
the coefficient-level restricted operator C = G~'H is close to the diagonal finite-sample
prediction A,
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5. RESULTS

5.2.1 Empirical validation of finite-sample Fourier structure

The finite-sample bounds above give a target-independent test of whether the sampled oper-
ator still preserves the continuum Fourier structure on the truncated subspace Hg. The three
errors have different roles. The Gram error |G — I;||max measures how close the sampled
Fourier basis is to being orthonormal on the sampled points. The compressed-operator er-
ror ||H — A" || max measures how close the sampled operator is to the diagonal finite-sample
prediction on the retained Fourier coordinates. The action error ||A® — ®AM|| . measures
whether applying the sampled operator to sampled Fourier modes produces the predicted
mode-wise action.

Figure[5.3|shows the empirical behavior of these three errors appearing in Theorem[5.5]
All three errors decrease as n increases. The plotted high-probability envelopes are conser-
vative, but they have the same decreasing trend.

~ —e— empirical mean ~. —8— empirical mean
N mean + std ~. mean + std
~. empirical 95% quantile ~. empirical 95% quantile
~ — g5(n), 6=10.05 ~. — =+ &(n), 5=0.05

1H = A max

(a) ”G_Id”max (b) HH_A(n)Hmax

~ —e— empirical mean
N, mean + std

100 ~. empirical 95% quantile

‘~. — &5(n), 6=0.05

IA® = A [ may
-
8

1072

(©) [|[A® — PAM || pax

Figure 5.3: Finite-sample diagnostics for the sampled Fourier approximation. The three
plotted errors decrease with n. The theoretical envelopes are conservative, but they show
the same decreasing trend.

These bounds naturally lead to the question of what finite sampling does to the residual
dynamics. In the continuum setting, (5.8)) shows that Fourier components decay indepen-

42



5.2. Finite-sample control on a truncated Fourier subspace

dently. On the retained subspace, this gives the coefficient system
a(t) = —Aa(r).
After sampling, if the residual is mainly represented in the retained Fourier span, then
7(t) = ®alr),

and the sampled kernel dynamics
r(t) = —Ar(t)

gives
Pa(t) ~ —AdD(r).

Using the finite-sample decomposition
A® = @A™ + (AD — @A™,

we obtain
D(r) ~ —®dAMayr) —(A® — DA™ au(r).
———

finite-sample eigenvalue prediction finite-sample action error

If the action-error term were zero, each retained Fourier component would follow
0, (1) = exp(—A1)at,,(0) (5.17)

The action-error term is small by the finite-sample bounds, but it is not zero. To see
when it can become visible, suppose that the retained coefficients are normalized so that
0,,(0) = 1 for all retained basis indices p in Hg, and suppose initially that they follow the
finite-sample eigenvalue prediction from (5.17). Then

a(t) ~ exp(—A"N)1,

and hence
(1) ~ exp(—AMr)1 = Zexp(—?»g,")t)d)p,
P

where @), is the sampled vector of the p-th retained Fourier basis function and 1 € R is the
vector with all entries equal to one.
Substituting this expression into the action-error term gives

(A® — PAM) (1) = (AP — PA™) exp(—A™1)1.
Therefore

(4 —@A)a(r)| < 4D @AW e Texp(—A).
max >

This is a crude upper bound on the extra motion caused by finite sampling, and gives a scale
at which deviations from the predicted eigenvalue decay become visible.
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For a single retained component p, the eigenvalue prediction gives
op ()] = exp(=A5"0),  [6(1)] = A exp(=2;).

Thus, the predicted movement of component p is 7»;,") exp(—?»ﬁ,n)t). This eigenvalue predic-
tion should therefore be reliable while

1 exp(—25"1) > [A® — DA [y Y exp(—2"1)
" g ——~—"
(Xp(t) (Xq(l‘)

The left-hand side is the motion predicted for component p by its own eigenvalue. This
term becomes small as o, (7) decays. The right-hand side is a bound on the extra motion
coming from the finite-sample action error. This term is small when the action error is small,
but it depends on all retained components, including components that decay more slowly.

The comparison above suggests a two-stage picture. At early times, the retained com-
ponents have not yet decayed much, so the eigenvalue-driven motion is larger than the
finite-sample action error. The sampled curves should therefore follow the finite-sample
eigenvalue prediction. At later times, after some components have decayed substantially,
the same action error can become visible relative to the remaining motion. Figures [5.4]
and [5.5]show these two regimes for n = 4096 uniformly sampled points.

Random sampling: n = 4096, first 200 steps

= Observed === Theory
100 4

= const = sin(3y)
cos(ly) cos(7y)
= c0s(2y)

1014

10724

lep(®)/]co(0)]

1034

S
S
S
=

1074 4 1

0 25 50 75 100 125 150 175 200
GD step t

Figure 5.4: Random sampling with n = 4096, first 200 gradient descent steps. Solid curves
show the observed normalized residual amplitudes |o,(f)|/|c,(0)], while dashed curves

show the diagonal prediction from the finite-sample corrected eigenvalues XE,").

However, the level at which an individual curve starts to flatten cannot be computed di-
rectly from the max-norm bounds in Theorem [5.5| because these bounds control the largest
possible error over the whole retained Fourier block. They are therefore useful for explain-
ing why deviations can appear once the predicted motion becomes small, but they do not
determine the deviation level of each Fourier component separately. That level depends on
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Random sampling: n = 4096, first 2000 steps
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Figure 5.5: Random sampling with n = 4096, higher-frequency retained modes over 2000
gradient descent steps. The diagonal prediction captures the initial decay rates, while small
deviations from this prediction become visible at later times.

the actual sampled operator for the particular draw of training points, and on which other
Fourier components are still present when the component under consideration has already
decayed.

5.2.2 Interpretation of the finite-sample results

The finite-sample results show that the continuum Fourier picture is not only a population-
level statement. For a fixed low-frequency block #y, random sampling perturbs the Fourier
structure in a controlled way. The sampled basis is not exactly orthonormal, and the sampled
Fourier modes are not exact eigenvectors of the sampled operator, but the errors measured
by G—1;, H— A(”), and A® — ®A™ decrease with n.

This supports the usual NTK spectral-bias mechanism in a finite-sample setting. In the
continuum model, the Fourier modes diagonalize the NTK operator and the eigenvalues
determine the decay rates. The results above show that, on a fixed retained block, the
sampled operator remains close to this diagonal Fourier description. This complements the
population-level harmonic analyses of NTK spectra on the sphere and circle (Ronen et al.,
2019; [Bietti and Mairal, 2019; (Cao et al., [2020; Basri et al., | 2020) by making explicit how
the same structure survives after replacing the uniform measure by finitely many sampled
points.

The residual experiments then show the dynamical consequence. The corrected finite-
sample eigenvalues X(p") predict the early decay of the retained Fourier components, while
the finite-sample action error explains why late-time deviations can appear once some com-
ponents have become small. Thus finite sampling does not remove the spectral-bias mech-
anism; it turns the exact continuum diagonal dynamics into an approximate low-frequency
description.
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This suggests a direct test. If the decay of each retained component is mainly governed
by its eigenvalue, then an eigenvalue-based rescaling should remove most of the frequency-
dependent decay. The next experiment tests this prediction directly.

5.3 Preconditioned sampled dynamics

We next apply the Fourier-block preconditioning construction from Section4.4] The goal is
to compare the baseline sampled dynamics with two block-corrected dynamics: one using
the diagonal finite-sample prediction and one using the observed sampled Fourier block.

5.3.1 Experimental setup

The three sampled dynamics are
Bhbase = Aa B = PpA, Bemp = PempA-

Here Py, is defined in (#31) and uses the diagonal prediction A", The empirical precondi-
tioner Pemp, defined in (#.32), uses the observed coefficient-space block c® =6 H.

In this experiment, we use the target
F (y) =140.9cos(y) +0.5cos(2y) — 0.35sin(3y) + 0.25cos(7y). (5.18)

The retained preconditioning block contains all active target frequencies shown in the resid-
ual plots.

5.3.2 Mode-wise residual decay

Figure[5.6]shows the residual amplitudes for the baseline, theory-preconditioned, and empir-
ically preconditioned dynamics. The baseline dynamics show separated decay rates across
retained modes. Both preconditioned dynamics reduce this separation, with the empirical
preconditioner giving the flattest curves.

Figure[5.7|compares the final prediction on a dense probe grid. The baseline fit leaves a
visible residual, while both preconditioned flows more closely match the target.

5.3.3 Theory versus empirical preconditioning

Figure[5.8|shows the spectrum obtained after applying the theory preconditioner to the sam-
pled Fourier block. At the coefficient level, the empirical block is C = G~ H. The empirical
preconditioner would invert this block directly, giving C(;H}pC = I, so all eigenvalues would
be equal to 1. The theory preconditioner instead rescales by the predicted diagonal eigen-
values A" . Thus it is exact only when C = A" The figure shows that, as n increases,
the theory-preconditioned spectrum moves closer to the ideal value 1. This is the empirical
counterpart of the finite-sample bounds above: the sampled block C approaches the diago-
nal prediction A", so the diagonal theory preconditioner becomes a better approximation

to the empirical block inverse.
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5.3. Preconditioned sampled dynamics

Residual mode decay across seeds: mean + std (n=4096, runs=10)

Baseline Theory preconditioned Empirical preconditioned
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Figure 5.6: Preconditioned sampled dynamics at n = 4096. The baseline dynamics shows
separated decay rates across retained Fourier modes. Both preconditioned dynamics make
the retained residual amplitudes decay on more similar time scales. The empirical precondi-
tioner gives the most uniform decay, while the theory preconditioner uses only the predicted
diagonal scaling.

Target vs final prediction on probe grid: mean < std across seeds (n=4096, runs=10)
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Figure 5.7: Final prediction on a dense probe grid for the same experiment as Figure
The baseline fit leaves a visible residual, while both preconditioned dynamics closely match
the target. The theory and empirical preconditioners are nearly indistinguishable at the level
of the final fitted function.

Figure [5.9] compares the theory and empirical constructions at two levels. The precon-
ditioner P is an operator on sampled function values. Given a vector in R”, it projects that
vector onto the retained Fourier block, rescales the retained Fourier coefficients, and maps
the result back to R". Thus, the gap between Py, and Pepp measures how different the two
correction steps are before they are combined with the sampled kernel operator.

The product PA is the operator that is actually used in the residual dynamics. It first
applies the sampled kernel operator A to the residual, and then applies the correction P to
the retained Fourier components of the result. Thus, the gap between By, and Bep measures
how different the resulting training dynamics are. Both gaps decrease with sample size.

The preconditioning experiment gives a second test of the finite-sample interpretation.
The theory preconditioner uses only the predicted diagonal block A", while the empirical
preconditioner uses the observed block C,sK) = G~'H. If most of the rate separation is
caused by the Fourier eigenvalues, then rescaling by A™ should already make the retained
modes decay on more similar time scales. If the remaining finite-sample mixing inside the
retained block is important, then the empirical preconditioner should give a visibly different
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Theory-preconditioned block spectrum
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Figure 5.8: Spectrum of the theory-preconditioned sampled Fourier block as a function of
sample size. If the theory preconditioner exactly inverted the sampled block, all eigenvalues
would be equal to 1. As n increases, the spectrum becomes flatter and moves closer to this
ideal value.
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Figure 5.9: Gap between the theory and empirical preconditioners as sample size increases.
The empirical preconditioner uses the observed block C = G~'H, while the theory precon-
ditioner uses the diagonal approximation A™ . The decreasing gap is consistent with the
finite-sample result C ~ A,
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5.3. Preconditioned sampled dynamics

dynamics.

Figures [5.6] [5.8] and [5.9] show that the theory preconditioner already removes most
of the rate separation on the retained block. The empirical preconditioner is closer to the
ideal flattened dynamics because it also corrects the sample-dependent mixing in C,SK). The
decreasing gap between the two preconditioners as n increases is consistent with the finite-

sample result C,SK) ~ AW,

5.3.4 Conditioning and the numerical floor

The preconditioned curves flatten at a level set by the numerical conditioning of the prob-
lem. The condition number K of a matrix measures how much it amplifies relative errors
when used to solve a linear system: a large ¥ means small input errors can produce large
errors in the solution, while K close to 1 means errors are barely amplified. The relevant
matrix here is the retained Fourier block. Before preconditioning this is C = G~'H, the
block whose deviation from A" we have been tracking; after the theory preconditioner it
becomes Cy, = (A("))*IC, which the preconditioner aims to bring close to the identity.

Table reports both. The uncorrected block C has condition number around 330
across sample sizes. This stays roughly constant because it reflects the conditioning of the
continuum block that C converges to, set largely by the spread of the retained eigenvalues
Ao, --.,Ak, the largest of which is a few hundred times the smallest. This spread does
not depend on n, so only the small finite-sample correction makes k(C) drift slightly as
n grows. After the theory preconditioner, k(Cy,) drops toward 1 as n grows, which is the
conditioning counterpart of C,(IK) — A™: as the sampled block approaches the diagonal
prediction, applying the inverse of that diagonal prediction leaves an operator close to the
identity. We omit the empirical preconditioner, since it inverts the block exactly, Ce_n}pC =1,
giving ¥ = 1 by construction.

Table 5.1: Conditioning of the retained Fourier block and the resulting finite-precision
floors, over 10 runs. x(C) is the condition number of the uncorrected sampled block, k(Ci)
the condition number after the theory preconditioner is applied. The last two columns give
the relative-accuracy floor ku, the condition number times the unit roundoff u, at single and
double precision.

n x(C) «(Cwm) xu(p32)  xu(fp64)

1024 340.8 2273 2.7x1077 50x10°16
2048 3334 1644 19x1077 3.6x10716
4096 3295 1364 1.6x1077 3.0x1071¢
8192 3286 1220 14x1077 2.7x10°16
16384 327.1 1.142 14x1077 2.5x1071¢
32768 3257 1.099 13x1077 24x10°!6

Why conditioning sets the floor is visible in Figure [5.10} which repeats the experiment
in single and double precision. In finite-precision arithmetic, every operation introduces a
relative error of size u, the unit roundoff (z =~ 10~ in single precision, 107'¢ in double).
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Solving with a matrix of condition number x amplifies these errors, so the relative accuracy
of the result cannot be driven below about ku (Trefethen and Baul 2022). Because the
theory preconditioner makes k(Cy,) close to 1, this floor is essentially u itself, and the curves
plateau there. Moving from fp32 to fp64 lowers u by nine orders of magnitude and lowers
the plateaus correspondingly, which confirms the floor is numerical.

Mode decay comparison: fp32 (solid) vs fp64 (dashed), n=4096
— fp32 ==+ fp64

Baseline Theory preconditioned Empirical preconditioned
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step step step

Figure 5.10: Mode decay at n = 4096 in single (solid) and double (dashed) precision, for
the baseline, theory-preconditioned, and empirically preconditioned dynamics. The precon-
ditioned plateaus drop by several orders of magnitude from fp32 to fp64, identifying them
as a finite-precision floor.

5.3.5 Targets with out-of-block frequencies

The experiments so far kept all active target frequencies inside the retained block. Fig-
ure repeats the comparison with a target that also contains frequencies outside the
block, sin(10y) and cos(12y). The preconditioner is still built only on the retained block,
so it accelerates the in-block modes as before but leaves the out-of-block modes near their
initial amplitude.

The in-block modes also plateau higher than in Figure [5.6] This floor is not numer-
ical: the single- and double-precision curves reach nearly the same plateaus, so roundoff
is ruled out. We expect the cause to be coupling from the out-of-block components. The
sampled Fourier modes are only approximate eigenvectors of the sampled operator, so the
uncorrected modes at k = 10 and k = 12 can feed back into the retained coordinates, and the
in-block residuals would then settle at a level set by this coupling. We have not isolated this
mechanism directly, but it is consistent with the modes being only approximate eigenvectors
and with the precision comparison ruling out roundoff.

5.3.6 Discussion

The preconditioning results connect to existing work on modifying NTK training dynamics
by changing the effective kernel spectrum. In particular, |(Geifman et al.| (2024) use precon-
ditioned gradient descent to alter the trajectory of wide-network training by modifying the
spectrum of the associated kernel. Recent work also studies preconditioned methods as a
way to reduce spectral bias and accelerate exploration of the NTK space (Jiang et al., 2026;
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Residual mode decay across seeds (n=4096, runs=10)
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Figure 5.11: Preconditioned sampled dynamics with target frequencies outside the retained
block, sin(10y) and cos(12y), at n = 4096 over 10 runs. The preconditioner accelerates the
in-block modes but leaves the out-of-block modes near their initial amplitude. The in-block
plateaus are higher than when all target modes lie inside the block, reflecting coupling from
the uncorrected out-of-block components.

Yang, 2024). Our setting is more limited, since the preconditioner acts only on a fixed re-
tained Fourier block. The advantage is that the effect is explicit: rescaling by the predicted
eigenvalues directly compensates for the different decay rates of the retained modes.

A practical use of this observation is as a block-level correction when the target is
known, or assumed, to be concentrated on a prescribed low-frequency Fourier range. In
that case, the theory preconditioner does not require estimating the full sampled block in-
verse. It only uses the predicted finite-sample eigenvalues K(pn), and can make the retained
components converge on more similar time scales. The empirical preconditioner gives the
best correction when the sampled block is available, while the theory preconditioner pro-
vides a cheaper approximation whose accuracy improves as the finite-sample Fourier block
becomes closer to diagonal.

Overall, the finite-sample results show that random sampling turns the exact continuum
Fourier dynamics into an approximate low-frequency description. The sampled operator is
no longer exactly diagonal in the Fourier basis, but its deviation from the corrected diagonal
prediction decreases with n and explains the observed residual dynamics.

So far, however, the kernel itself has still been the deterministic infinite-width NTK. In
an actual finite-width network, the tangent kernel at initialization is built from randomly
initialized weights, so even before training it is a random finite-width approximation of
the continuum kernel. The next section therefore asks whether the same Fourier structure
survives this second perturbation: finite width.

5.4 Finite-width control of the frozen tangent operator

We now turn from sampling error to width-induced error. Throughout this section, the input
space remains the continuum S', and the object of interest is the frozen finite-width oper-

ator B,(nK) on the truncated Fourier subspace H, introduced in (#.41). The corresponding
continuum reference block Ax was defined in (4.42)).
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The next theorem shows that, for each fixed K, the frozen finite-width block is a con-
trolled perturbation of the continuum Fourier block.

Theorem 5.6 (Finite-width concentration of the frozen low-mode operator). Fix K > 1, and
letd=2K+ 1. Then
E[BX)] = Ax. (5.19)

Moreover, there exists a universal constant ¢ > 0 such that, for every € > 0,

2
P(HBm AKHmM__s)__Zd exp< <nnnnn(322,32 . (5.20)

Equivalently, for every § € (0, 1), with probability at least 1 — 3§,

1 242\ 1 24?
1B — Ag|lmax < 32max{ | —log( o ), —log( = | b. (5.21)
cm ) cm o
In particular, for fixed K,
logK
HBg”—Ammwzﬂ?( i ). (5.22)

The detailed proof is provided in Appendix

Theorem [5.6] shows that, on a fixed truncated Fourier subspace, the frozen finite-width
tangent block is a random perturbation of the continuum Fourier block. The perturbation
decreases with width at the usual m~!/2 concentration scale, up to logarithmic factors in the
block dimension. However, the theorem contains an unspecified universal constant ¢ > 0.
This constant comes from Bernstein’s inequality for averages of centered sub-exponential
random variables (Vershynin, |2018a)). In explicit proofs of such inequalities, constants of
order 1/4 often appear after converting a y;-norm bound into a moment generating function
bound. We next check this concentration behavior numerically where we use ¢ = 0.2 as a
conservative representative value, not an optimized constant for this problem. Changing
this constant shifts the bound but does not change the predicted rate as m increases.

For each width m, we sample 100 independent initializations and compute

||B}(nK) - AKHmax~

Figure[5.12]shows the median and 95% quantile of this error, together with the rate envelope
suggested by Theorem [5.6] The empirical errors decrease steadily with width. The theoret-
ical envelope is much larger than the observed errors, but it has the correct qualitative trend:
the finite-width block concentrates around the continuum Fourier block as m increases.
This is the finite-width analogue of the finite-sample control from the previous section.
In the finite-sample case, the randomness comes from replacing the uniform measure by
sampled points. Here, the randomness comes from the finite number of hidden units at
initialization. In both cases, on a fixed low-frequency Fourier block, the operator remains
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Figure 5.12: Finite-width concentration of the frozen tangent block. For each width m,
the plot shows the median and 95% quantile of HB,(nK) — Ak||max across 100 independent
initializations. The dashed curve shows the rate envelope from Theorem [5.6| with & = 0.05
and the illustrative constant ¢ = 0.2. The empirical errors decrease with width, while the
explicit envelope is conservative.

close to the deterministic continuum Fourier block, and the deviation decreases as the rele-
vant size parameter (number of samples or width of network) increases.

Thus finite width alone does not destroy the Fourier structure of the frozen tangent
operator. For a particular random initialization, the operator is not exactly diagonal in the
Fourier basis, but Theorem|[5.6|and Figure [5.12]show that this mismatch shrinks with width.
This supports the use of the infinite-width NTK as a baseline, while also showing why finite-
width fluctuations can matter quantitatively (Jacot et al., 2020; [Lee et al., 2020; Bordelon
and Pehlevan, 2023} |Vyas et al.,[2022).

The next question is whether this entrywise concentration also corresponds to geometric
agreement of the frequency subspaces themselves.

5.4.1 Empirical alignment of Fourier frequency subspaces

The block concentration result controls the matrix B,(nK) on the retained Fourier coordinates.

We next examine the corresponding eigenspaces directly. Using the quantities introduced
in Section we compare each Fourier frequency subspace ¥ with a matched empirical
eigenspace ¥ of the frozen finite-width operator.

We first summarize the comparison using the projector error

e = | B — Pl
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This gives one scalar mismatch measure for each frequency subspace. By (@.30), it is equiv-
alent to combining the principal angles between F; and ;.

Figure@ shows the mean and standard deviation of € r across random initializations.
For all displayed frequencies, the projector error decreases as the width increases. Higher
frequencies generally have larger projector error at a fixed width. One exception in this
experiment is k = 2, which has the smallest projector error among the displayed frequencies.
A plausible explanation is the structural role of k = 0 and k = 1 in this chosen architecture.
The constant mode receives a direct eigenvalue contribution from the trainable hidden-bias
term (refer Theorem [5.2)). The first frequency, k = 1, is tied to the coordinate embedding,

x(¢) = (cos@,sin@)

and it is also the only odd frequency present in the no-bias kernel (Corollary [5.3)), with
1
Al = o AM™ =0 forodd k > 3.
These features may make the finite-width perturbation act differently on k =0 and k =1

than on the higher frequency blocks. We do not investigate this mechanism further here, so
the k = 2 behavior is an empirical observation and not a theoretical claim.

Projector error vs width

=8— k=0 =@— k=3
k=1 =@ k=5
-0 k=2 =@— k=10
100_
_
<
|
&3
=
10—1.

> > > > > mn
width

Figure 5.13: Projector error ||P, — P||r between the Fourier frequency subspace % and
the matched empirical eigenspace F; of the frozen finite-width operator at initialization.

The markers show the mean over random initializations and the shaded regions show one
standard deviation. The error decreases with width for all displayed frequencies.

The projector error gives one scalar measure of subspace mismatch. As a complemen-
tary summary, we also report the subspace cosine similarity defined in (4.49). This quantity
averages the squared cosines of the principal angles between 7; and %, and lies between
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0 and 1. Larger values indicate better alignment, with value 1 corresponding to perfect
agreement of the two subspaces.

Figure [5.14] shows this alignment score across widths. The alignment improves with m
for all displayed frequencies, matching the trend in the projector-error plot. Lower frequen-
cies are already well aligned at small width, while higher frequencies require larger widths
to approach the continuum Fourier subspaces. As before, k = 2 is unusually well aligned
compared with neighbouring displayed frequencies.

Frozen kernel subspace cosine similarity vs width
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Figure 5.14: Subspace cosine similarity between the Fourier frequency subspace ; and the
matched empirical eigenspace F; of the frozen finite-width operator at initialization. The
markers show the mean over random initializations and the shaded regions show one stan-
dard deviation. Larger values indicate better subspace alignment, with value 1 correspond-
ing to perfect alignment. The alignment improves with width for all displayed frequencies,
with higher frequencies requiring larger widths to approach the continuum Fourier sub-
spaces.

Taken together, Figures [5.12} [5.13| and [5.14] show the same finite-width trend from
complementary viewpoints. The matrix block B,(nK) approaches the continuum block Ag as
m increases, and the matched empirical eigenspaces become closer to the corresponding
Fourier frequency subspaces. The improvement is strongest at small and moderate widths

for the higher frequencies, which are the most poorly aligned at small width.

The concentration theorem controls the absolute error ]B,(nK) — Ak|max- To interpret its
effect on a particular Fourier component, this error should be compared with the size of the
corresponding continuum eigenvalue. In the continuum fixed-kernel model, mode k decays
at rate A, and Theorem [5.2] gives

M=0k2)  (k—oo),

for both even and odd frequencies. Thus, the same absolute perturbation is less important for
low-frequency modes with larger eigenvalues, and can be more visible for high-frequency
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modes with smaller eigenvalues. This explains why the finite-width perturbation is expected
to matter more for higher frequencies.

Figures and support this interpretation geometrically. For k > 1, each Fourier
frequency corresponds to a two-dimensional plane spanned by the cosine and sine modes.
At finite width, the matched empirical eigenspace need not coincide exactly with this plane.
The projector-error and cosine-similarity plots show that this mismatch decreases with
width. They also show that the amount of alignment can vary substantially across fre-
quencies at the same width. One plausible explanation is that eigenspace stability depends
not only on the size of the finite-width perturbation, but also on the local spectral separa-
tion of the corresponding continuum eigenspace. Since higher-frequency eigenvalues are
smaller and closer together, their eigenspaces may be more sensitive to the same absolute
perturbation.

Overall, the frozen finite-width results show that finite width does not destroy the Fourier
structure at initialization. It introduces a random perturbation of the continuum Fourier op-
erator, and this perturbation decreases with width. The result is, therefore, a frozen-kernel
baseline: before training changes the tangent operator, the continuum Fourier eigenspaces
remain a useful reference, but finite-width fluctuations can already affect higher-frequency
components more strongly. This is consistent with empirical observations that higher-
frequency components are learned later and are more sensitive to the data distribution and
to perturbations (Rahaman et al.,[2019; Ronen et al., 2019; Basri et al.,|[2020).

The part not settled here is the evolving finite-width case. During training, the tangent
operator can change, so the frozen Fourier block structure need not remain fixed. The
finite-width result therefore gives us a frozen-kernel baseline but not a complete theory of
finite-width training (Bordelon and Pehlevan, |2023;Vyas et al., 2022; (Golikov et al., 2022).

5.5 [Evolving finite-width tangent kernel

The previous section studied the frozen tangent operator at initialization. We now compare
this frozen baseline with the tangent operator that evolves during training. Unlike the finite-
width concentration result above, this part is empirical. The goal is to understand how
kernel evolution changes the Fourier picture at finite width.

5.5.1 Loss decay across widths

We first compare the least-squares objective under frozen and evolving finite-width tangent-
kernel dynamics across widths. The cross-width comparison in Figure[5.15|gives the overall
trend, while Figure [5.16] shows the width-by-width frozen versus evolving comparison in
more detail.

In the frozen regime, the objective decreases more quickly as the width increases. In
the evolving regime, the curves are more tightly clustered across widths. At widths 128
and 256, the evolving kernel reaches a lower final objective than the frozen baseline. At
width 512, the difference is smaller. At width 1024, the frozen kernel reaches the lower
final objective.
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Cross-width residual decay
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Figure 5.15: Cross-width comparison of the least-squares objective L(t) = %||r;[|3 under
frozen and evolving tangent-kernel dynamics. In the frozen regime, larger width gives
consistently better residual decay. In the evolving regime, the curves are closer across
widths.
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Figure 5.16: Least-squares objective comparison between frozen and evolving finite-width
tangent-kernel dynamics across widths. The evolving kernel gives a clear improvement at
widths 128 and 256, still improves the final objective at width 512, and loses its advantage
by width 1024, where the frozen kernel reaches the lower final loss.
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This raises the main question for the rest of the section: what changes in the evolving
tangent kernel allow it to help at small width, but not at large width?

5.5.2 Mode-wise decay, Fourier geometry, and spectral strength

To understand the loss comparison above, we examine three quantities together. The mode-
wise residual decay plots show how individual Fourier components are learned over time.
The subspace cosine similarity plots measure how closely the eigenspaces of the evolving
tangent-kernel remain aligned with the Fourier subspaces. The spectral-strength plots mea-
sure the average eigenvalue inside each Fourier block. This quantity can be read as the
average strength with which the current kernel acts on that Fourier subspace: larger spectral
strength means that residual components in that block are pushed down more strongly by
the kernel dynamics.

If the evolving kernel helps because it preserves Fourier geometry better, then one would
expect improved alignment in the subspaces over time. If instead it helps by redistributing
operator strength, then one should expect improved decay of the low-frequency residual
modes together with increased low-frequency spectral strength, even if the Fourier align-
ment worsens.

Figures show three recurring trends. First, the mode-wise residual plots
show that the early training dynamics still largely follows the frequency ordering: lower-
frequency components decay before higher-frequency components. Kernel evolution does
not remove this ordering, but changes the relative decay rates within the retained target
modes. At widths 128 and 256, the evolving dynamics give smaller final residuals for sev-
eral low and intermediate modes, including the constant mode, cos(¢), sin(29), cos(30),
and cos(4¢). At width 512, this advantage is less uniform. At width 1024, the frozen dy-
namics are better on several components with the largest remaining residual amplitudes,
including cos(3@), cos(4¢), sin(5¢), and sin(6¢). Since the least-squares objective is
quadratic in the residual, these larger remaining components have the greatest effect on
the final loss.

Second, the subspace cosine similarity plots show that kernel evolution does not im-
prove Fourier alignment. The low-frequency subspaces, especially k =0, k = 1, and to a
lesser extent k = 2, remain close to their Fourier subspaces during training. In contrast, sev-
eral higher-frequency subspaces lose alignment early in training and only partially recover
later. The frozen alignment improves with width, as expected from the frozen finite-width
results. The evolving alignment, however, reaches a similar range across widths for some
higher frequencies. Thus, at larger width, the evolving kernel can move farther away from
the better-aligned initialization, even though the low-frequency subspaces remain relatively
stable.

Third, the spectral-strength plots show that the largest change in operator strength oc-
curs precisely in the low-frequency blocks that remain well aligned. At width 128, the
average strength in the constant block and the first frequency increases by a large factor
during training, with a smaller increase for k = 2. The same effect is present at width 256,
weaker at width 512, and much smaller at width 1024. The higher-frequency blocks remain
weak in comparison and do not show the same increase in strength.
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Side-by-side residual mode decay (width=128)
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Figure 5.17: Joint diagnostics for the evolving finite-width tangent kernel at width 128.
The top panel compares frozen and evolving residual decay for the target-present modes.
The middle panel measures Fourier-subspace alignment. The bottom panel measures the

average tangent-kernel strength inside each Fourier block.
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Side-by-side residual mode decay (width=256)
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Figure 5.18: Joint diagnostics for the evolving finite-width tangent kernel at width 256.
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Side-by-side residual mode decay (width=512)
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Figure 5.19: Joint diagnostics for the evolving finite-width tangent kernel at width 512.
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Side-by-side residual mode decay (width=1024)
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Figure 5.20: Joint diagnostics for the evolving finite-width tangent kernel at width 1024.
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Taken together, these plots suggest that the small-width benefit of kernel evolution is
not caused by better preservation of Fourier geometry. The alignment either stays similar
for the lowest frequencies or worsens for higher frequencies. The more visible effect is that
kernel evolution increases the operator strength in the low-frequency blocks that are already
well aligned with the Fourier subspaces. At small width, this extra low-frequency strength
can outweigh the loss of alignment elsewhere. At large width, the frozen kernel already has
good Fourier structure, and the additional strength gained from kernel evolution is smaller,
so the evolving dynamics no longer gives a clear advantage.

5.5.3 Width dependence of tangent-kernel drift

The previous plots compare the consequences of frozen and evolving dynamics. We now
measure the kernel movement directly. Recall from Section 4.6 that

M = peT " Py

denotes the low-frequency block of the finite-width tangent operator. We measure its drift

from initialization by

1™ — 1.

Evolving NTK: full-subspace block drift by width
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Figure 5.21: Drift of the projected evolving tangent-kernel block across widths, measured

by ||Ct(K) — C(()K) ||7. The low-frequency block changes substantially at small width and much
less at larger width.

Figure[5.2T|shows the drift of the projected low-frequency tangent block during training.
The drift is largest at widths 128 and 256, and becomes much smaller at widths 512 and
1024. Thus, in these experiments, the finite-width tangent kernel moves less as the width
increases.

This is consistent with the NTK regime, where increasing width makes the training
dynamics closer to the linearized dynamics around initialization and the tangent kernel
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changes less during training (Jacot et al.l 2020; [Lee et al., [2020; |Chizat et al., |2019). In
the present experiments, this also explains why the difference between frozen and evolving
dynamics is most visible at small width.

5.5.4 Effect of target amplitudes on spectral strength

The spectral-strength plots above suggest that the evolving tangent kernel increases its
strength mainly on the low-frequency blocks. One possible concern is that this effect
could be caused by the particular amplitudes in the target function. In the original target,
the lower-frequency components have larger amplitudes than the higher-frequency compo-
nents. To check whether the observed spectral reweighting is tied to this choice, we repeat

the evolving-kernel experiment with two modified targets.
The three targets are

Sorig(¥) = 1.0+ 0.9cos(y) — 0.8sin(2y) + 0.7 cos(3y) + 0.6 cos(4y) — 0.5sin(5y) — 0.4sin(6Y), (5.23)
Seq(7) = 1.04cos(y) — sin(2y) + cos(3y) + cos(4y) — sin(5y) — sin(6Y), (5.24)
Srev(Y) = 0.440.5cos(y) — 0.6sin(2y) 4 0.7 cos(3y) + 0.8 cos(4y) — 0.9sin(5y) — sin(6Y). (5.25)

The equal-amplitude target gives all active non-constant modes the same amplitude.
The reversed-amplitude target gives the largest amplitudes to the higher-frequency modes.

Amplitude target functions

original equal amplitudes reversed amplitudes

fly)

Figure 5.22: Target functions used in the amplitude-variant experiments. The original target
has larger amplitudes on lower frequencies, the equal-amplitude target assigns the same
amplitude to all active non-constant modes, and the reversed-amplitude target gives larger
amplitudes to higher frequencies.

Figure[5.23|shows that the increase in cumulative spectral strength is not specific to the
original target amplitudes. For all widths, the evolving tangent kernel increases the average
strength on the retained low-frequency block relative to the frozen baseline. This increase
is largest for the equal-amplitude target, smaller but still clear for the reversed-amplitude
target, and weakest for the original target.

The effect also decreases with width. At width 128, all evolving curves move well
above the frozen baseline. At width 1024, the same ordering is still visible, but the increase
is smaller. Thus, the low-frequency strength increase persists across all three amplitude
choices. It is not only a consequence of the original target assigning larger amplitudes to
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(a) w = 128. (b) w = 256.
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Figure 5.23: Cumulative low-frequency spectral strength under different target amplitude
choices. The dashed line shows the frozen baseline, while the solid curves show the evolving
tangent kernel for the original, equal-amplitude, and reversed-amplitude targets.

lower frequencies: the increase is also present when all non-constant modes have equal
amplitudes, and when the larger amplitudes are assigned to higher frequencies.

The ordering across targets is also worth noting. In these experiments, the equal-
amplitude target produces the largest increase, the reversed-amplitude target produces a
smaller but still clear increase, and the original target produces the weakest increase. In par-
ticular, the reversed-amplitude target still produces a larger low-frequency strength increase
than the original target, despite putting larger amplitudes on higher-frequency modes.

5.6 Summary of results

This chapter tested how the idealized infinite-width, infinite-data spectral bias picture changes
under realistic constraints in a controlled fashion. Throughout these analyses, the primary
comparisons are made on the retained low-frequency subspace #y, which contains the con-
stant mode and the first K non-zero Fourier frequencies.

The core findings are:

* Ideal continuum setting: Under the limiting NTK, each Fourier component evolves
independently. Lower frequencies possess larger eigenvalues and decay faster. Cru-
cially, the architecture dictates the spectrum: odd modes k > 3 only receive non-zero
eigenvalues if the network includes a trainable hidden bias.
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* Finite sampling: Replacing the continuous measure with n discrete samples destroys
exact Fourier diagonalization. However, on #, the sampled operator deviates from
the ideal Fourier prediction by an error of just O(n_l/ 2) (with fixed confidence, up
to logarithmic factors). The corrected finite-sample eigenvalues (see Proposition [5.4))
accurately predict the dominant early-time residual decay.

* Frozen finite width: When fixing a finite-width () tangent kernel at initialization, it
acts as a random perturbation of the continuum operator. On #, the projected finite-
width operator concentrates around the infinite-width baseline at a rate of O(m_l/ 2).

* Evolving finite width: Allowing the kernel to train empirically breaks the fixed-
kernel assumption. At small widths, training alters the operator to actively increase
low-frequency spectral strength (particularly for k = 0 and k = 1). This advantage
diminishes at larger widths, where the frozen initialization is already tightly concen-
trated around the ideal baseline.



Chapter 6

Discussion and Conclusion

On the circle S, functions can be decomposed into sine and cosine waves, i.e., the Fourier
basis. This makes the circle a useful setting for studying spectral bias. Low frequencies
describe slowly varying structure, while high frequencies describe more oscillatory struc-
ture. The question is whether the training dynamics treat these components differently, and
whether this distinction remains meaningful after moving away from the ideal infinite-width
and infinite-data setting.

In the continuum infinite-width limit, the NTK is exactly rotation-invariant, meaning
its associated operator is perfectly diagonalized by the Fourier basis. Consequently, each
Fourier component of the residual evolves independently:

oy (t) = exp(—Apt ), (0), 6.1)

where o, (¢) is the residual coefficient of the p-th Fourier basis function, and A, is the cor-
responding kernel eigenvalue. For the ReLU NTK studied here, the low-frequency eigen-
values are larger, dictating that low-frequency residual components decay strictly faster.
This constitutes the baseline spectral-bias mechanism (Jacot et al., 2020; |Lee et al., 2020;
Rahaman et al., 2019; |[Ronen et al., 2019; [Biett1 and Mairal, 2019; (Cao et al., 2020).

The continuum calculation also shows the importance of including a trainable bias in
the hidden layer of the network. With the hidden-bias contribution, odd frequencies k > 3
have nonzero eigenvalues. Without this contribution, those frequencies are null directions
of the fixed-kernel dynamics. Thus, the architecture itself affects whether some frequencies
are learned at all by the fixed-kernel operator.

Restricting to H lets us ask how much of the idealized Fourier description holds once
the continuum measure and infinite width are replaced by finite ones. The frozen and sam-
pled cases turn out to be controlled perturbations of the continuum picture; the more inter-
esting departure is the evolving kernel at small width, which does not merely approximate
the fixed-kernel dynamics but reshapes them in a way that strengthens the low-frequency
bias.
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6.1 Answers to the research questions

The overarching inquiry of this thesis asked to what extent the Fourier decomposition of
the infinite-width NTK on S' persists under finite-sample and finite-width perturbations.
We find that the idealized description survives as a controlled approximation for frozen and
sampled networks on low-frequency blocks, with an error that decreases in the sample size
and width. When the kernel is allowed to evolve, this description becomes incomplete:
in our experiments, training improves the loss mainly by reweighting spectral strength to-
ward low frequencies rather than by bringing the eigenspaces into closer alignment with
the Fourier modes, and the alignment can even degrade. The sub-questions are answered as
follows.

Finite-sample perturbation (RQ1). Replacing the uniform continuum measure on S'
with n i.i.d. samples destroys exact Fourier diagonalization. On the low-frequency subspace
Hy, however, the Fourier structure persists approximately: the sampled operator deviates
from the diagonal Fourier prediction by an error of order O(n_l/ 2) on this block, up to
logarithmic factors. The frequency components therefore no longer evolve independently,
but the corrected finite-sample eigenvalues (Proposition[5.4)) still govern the dominant early-
time decay of the retained components. As the results chapter showed, deviations from this
prediction can become visible at later times, once some components have already decayed.

Finite-width perturbation (RQ2). The effect of finite width depends on whether the
tangent kernel is held fixed or allowed to evolve. With the kernel frozen at initialization—
so that training reduces to kernel regression on the initial tangent features—finite width
acts as a controlled random perturbation of the continuum operator. On %, the frozen
finite-width block concentrates around the infinite-width Fourier block at the O(m~'/?) rate.
When the network is trained fully, the kernel evolves during training. At small widths, this
evolution reweights the operator toward larger eigenvalues on the low-frequency blocks,
so the effective per-frequency learning rates change during training beyond what the initial
spectrum predicts. This advantage diminishes with width, where the frozen kernel is already
close to the continuum baseline.

6.2 The robustness of the fixed-kernel approximation

The infinite-width NTK is sometimes treated as a purely asymptotic object whose relevance
to networks of finite width and finite data is unclear, and recent work has examined finite-
width corrections and limitations of the kernel picture (Hanin and Nica, |2019; Bordelon
and Pehlevan, 2023; |Vyas et al., 2022)). The frozen-kernel results in this thesis speak to a
narrower question. On a fixed low-frequency block g, and with the tangent kernel held
fixed, both finite sampling and finite width perturb the continuum Fourier operator in a
controlled way: the deviation concentrates around the continuum block and decreases at
the O(n~'/2) and O(m~"/?) rates. Within this restricted setting, the low-frequency spectral
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structure that underlies spectral bias is not an artifact of the infinite limit but survives as an
approximation whose error we can bound.

The computed continuum eigenvalues decrease quickly with frequency. From Theo-
rem A = O(k™2), and numerically the first few are Ag =~ 0.55, A; ~ 0.35, A, ~ 0.079,
A3 =~ 0.011, with the higher frequencies smaller still. This sets the scale against which the
finite-sample and finite-width perturbations must be read: the bounds control an absolute
error on H, so a given perturbation leaves a mode’s dynamics intact only if it is small
compared to that mode’s eigenvalue. The large low-frequency eigenvalues should therefore
tolerate more sampling or width noise than the small high-frequency ones. For the lowest
frequencies we can be reasonably confident that the continuum prediction still describes the
dynamics at modest sample size or width. At high frequency the eigenvalues are small and
close in size, and the alignment is poor enough that we cannot tell whether an empirical
mode is still following its own eigenvalue or picking up contributions from neighbouring
frequencies. We have not tested this magnitude argument as such, but it is consistent with
the frozen alignment experiments, where low frequencies are well aligned at small width
and higher frequencies need larger widths, and with the broader finding that high-frequency
components are learned later and are more sensitive to model and data distributions (Ra-
haman et al., 2019} Ronen et al.,|2019; Basri et al., 2020).

6.3 Kernel evolution and the limits of fixed dynamics

Once the kernel evolves, the fixed-kernel description no longer accounts for the full dynam-
ics, and our networks sit between the lazy regime, where the tangent kernel barely moves,
and feature learning, where it moves substantially (Chizat et al., 2019; Mei et al., |2018;
Chizat and Bach| 2018). The evolving kernel helps where it moves: it improves on the
frozen kernel in exactly the small-width range where the low-frequency block drifts most
(Figure [5.21).

The improvement does not come from better Fourier alignment, which often degrades at
higher frequencies, but from added spectral strength in the lowest blocks, and the amplitude
variants show this is not just tracking where the target places its mass. Read alongside the
fixed-kernel picture, this looks like a second-order form of the same bias: gradient descent
not only learns low frequencies faster under a fixed spectrum, it also moves the kernel to
strengthen those frequencies further. We have shown this as a correlation with lower loss,
not as its established cause.

Why the added strength favours k = 0 and k = 1 is where the architecture and choice
of input parameterisation suggests an explanation. With inputs x(¢) = (cos@,sin@), the
pre-activation of hidden neuron j is

w]x(@)+bj=wj cosQ+wj,sing+b; = |lw;| cos(¢p— ;) +b;. (6.2)

Frequencies k = 0 and k = 1 are therefore present in the parameterisation itself, through
the bias and the input embedding, while the higher harmonics (including the relatively
well-aligned k = 2) appear only indirectly, once the ReLLU acts on this frequency-one pre-
activation. The network may then strengthen and keep aligned exactly the directions it
represents most directly, since these need the least movement to amplify.
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This is testable with the present machinery. A target with no constant or frequency-one
component would separate the two readings: if the strength increase still concentrates on
k=0 and k = 1, the parameterisation account is favoured; if it follows the lowest frequency
present in the target, then gradient descent is instead amplifying wherever the residual is
largest. These observations come from a single architecture on S' and do not separate cause
from correlation. What they show is that at small width, training reshapes the kernel in a
low-frequency-favouring direction that the fixed-kernel theory does not capture, with the
parameterisation a likely source. A formal account is left to future work.

6.4 Beyond the uniform circle setting

On the uniform circle two things line up: the limiting NTK we derived depends only on the
angle between two points, and the uniform distribution treats every angle the same. When
both hold, the kernel acts as a convolution, and the Fourier modes are its eigenfunctions,
each scaled by its own eigenvalue. Both pieces matter, the kernel’s rotation-invariance and
the uniformity of the distribution.

A non-uniform input density removes the second piece. As shown in Section [3.2.3] the
operator is then no longer a convolution, and the Fourier modes need not be its eigenfunc-
tions. The components learned first are the leading eigenfunctions of this density-weighted
operator rather than the lowest Fourier frequencies, and Basri et al. (2020) show that learn-
ing also speeds up where inputs are more concentrated. Spectral bias persists as a preference
for the leading eigenfunctions of the operator, but these need not be the familiar low fre-
quencies (Basri et al.,|2020; Bowman and Montufar, [2022).

A more realistic input distribution makes the change starker. Real inputs are not con-
fined to a circle but spread through the input space, and the standard model of this is a
Gaussian on R“. The kernel is then no longer a convolution, and its eigenfunctions are not
Fourier modes but Hermite polynomials, the Gaussian counterpart of sines and cosines (Me1
et al., 2022). These form a family of increasing degree, with degree playing the role fre-
quency did: low-degree polynomials are simple and slowly varying, a constant, then a line,
then a parabola, and the coarse, low-degree shape of the target is learned first (Cao et al.,
2020). We expect the spectral-bias mechanism to be unchanged, since eigenvalue size sets
the decay rates regardless of the basis. Our proofs, though, would not transfer directly.
They assume a bounded kernel and use Hoeffding, Bernstein, and McDiarmid inequalities,
all of which rely on bounded or controlled-tail summands, available to us because the cir-
cle is compact. A Gaussian measure has unbounded support, so neither the boundedness
nor these inequalities apply directly, and the bounds would have to be re-derived with tools
suited to unbounded inputs.

We do not expect a smooth activation such as sigmoid or tanh to take us outside the
framework used here. The Fourier basis is the eigenbasis because the operator is a convo-
lution, and the derivation in Appendix [B]shows this follows from the Gaussian distribution
of the parameters rather than from the activation being ReLU. For any pointwise activation
the NTK still depends only on the angle between two inputs, so the Fourier modes re-
main its eigenfunctions and the same concentration inequalities and eigenspace diagnostics
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should apply. What changes is the eigenvalues. ReLU is continuous but not differentiable
at the origin, and this non-smoothness is what limits the eigenvalues to a polynomial decay
rate; our derivation gives Ay = O(k~2) in our setting. Bietti and Mairal (2019) trace this
polynomial decay to the non-smooth part of the ReLU kernel, and Murray et al.| (2023
show more generally that smoother activations have faster-decaying NTK spectra. An ac-
tivation without this non-differentiability, such as sigmoid or tanh, would therefore give
faster-decaying eigenvalues and sharpen the bias toward low frequencies. The fixed-kernel
analysis therefore carries over with only the spectrum recomputed. We are less sure about
the evolving-kernel results. These depend on how the kernel moves during training, which
we did not analyse for other activations and would not expect to behave the same way, so
we leave that case open.

6.5 Limitations and future directions

The concentration results are fixed-block results. They control the prescribed low-frequency
space Hg for fixed K, so they do not give a uniform statement over all Fourier modes,
nor are they designed to stay sharp when K grows with samples (n) or width (m). This
matters because higher frequencies have smaller eigenvalues that sit closer together, where
the same perturbation has more effect. The proofs also use entrywise concentration and
union bounds, which capture the correct decreasing trends but discard matrix structure and
variance information, so the bounds are conservative in absolute magnitude. Sharpening
them with operator-norm bounds (e.g., [Troppl |2015), variance-sensitive concentration, or
tools for U- and V-statistics (Serfling, |1980) would bring them closer to the observed errors.

The finite-sample theory explains the leading behaviour of the sampled fixed-kernel
dynamics but does not give a sharp time-uniform description of every component. Once a
component has decayed close to zero, small operator errors can dominate what is plotted,
so the late-time deviations we observe are expected but not quantified per mode.

The largest gap is the evolving kernel. The finite-width theorem controls the frozen
tangent kernel at initialization but not the kernel as it changes during training, and our
results for that regime are entirely empirical. The fixed-kernel limit is also tied to NTK
scaling: in feature-learning or mean-field regimes the representation moves substantially
during training, and a fixed initial spectrum cannot describe the dynamics (Mei et al., [2018;
Chizat and Bach} 2018]). Controlling how the low-frequency block drifts from initialization,
and what that drift does to the residual dynamics, is the most direct next step.

The alignment diagnostics measure how close the empirical eigenspaces are to the
Fourier subspaces, but alignment is not the same as loss: a well-aligned block can still be
learned slowly if its eigenvalue is small, so these diagnostics describe the geometry of the
operator rather than the convergence directly. A full description of practical training would
need finite sampling, finite width, and training time treated together, which this work does
not attempt. Our results cover the first two with the kernel frozen; the training-time effect is
only studied empirically, and it is not simply additional noise, since at small width the ker-
nel drift changes the dynamics in a structured, low-frequency-favouring way. Combining
all three is the broadest open problem left.
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The analysis also points to a concrete intervention. The fixed-kernel dynamics are a
linear system whose per-mode convergence rate is set by the kernel eigenvalues, and pre-
conditioning is the natural way to flatten that spectrum: rescaling each Fourier mode by its
inverse eigenvalue clusters the effective rates and removes the frequency-dependent slow-
down, as the theory preconditioner does in Section This is available to us because the
operator is known in closed form and diagonalised by a fixed basis, so the preconditioner
can be applied directly to the residual in function space.

A finite-width trained network does not meet either condition. The operator that sets
the rates is the tangent kernel, which has no closed form at finite width and drifts during
training, and gradient descent acts on the parameters rather than on the function values, so
the correction would have to be applied to the parameter-space gradient through this same
evolving, implicitly known kernel. Preconditioning the rates in that setting, with an operator
that is neither fixed nor explicitly available, is the real difficulty and is left to future work.

6.6 Reflection

This thesis sits within the broader line of work that tries to replace empirical intuition about
deep learning with analysable mathematical models. The Neural Tangent Kernel is one of
the most useful instruments in that line: it turns a non-convex training problem into a linear
one whose behaviour can be characterised exactly. The value of the present work is as a
controlled case study of where that reduction holds and where it stops: the fixed kernel is a
useful baseline, but not a full account of training once the network learns features.

Implications, applicability, and stakeholders. Spectral bias has practical consequences
wherever neural networks represent functions with fine detail, through the same NTK spec-
trum studied here. [Wang et al.[(2022)) trace the failure of physics-informed neural networks
to fit high-frequency parts of a PDE solution to a gap in the convergence rates of the different
loss terms, and correct it by rescaling the dynamics with the kernel eigenvalues. This is the
same eigenvalue-based correction used by the preconditioner in Section [5.3] In computer
vision and graphics, Tancik et al.| (2020) and [Sitzmann et al.| (2020) show that coordinate-
based networks (networks that map a raw input coordinate, such as a pixel location or a
3D point, directly to the signal value) blur fine detail for the same reason, and that Fourier-
feature mappings and periodic activations fix this by reshaping the effective kernel spectrum
so high frequencies are no longer suppressed. The mechanism this thesis analyses on the
circle is the one these methods modify in practice.

These methods are built and used by scientific-machine-learning practitioners work-
ing on physical simulation, by people building implicit neural representations for images,
shapes, and audio, and by researchers designing ways to counteract spectral bias. Knowing
why and when a network learns some components before others makes its behavior more
predictable, which matters when these models inform downstream decisions. This work
does not bear directly on the safety, fairness, or societal deployment of machine-learning
systems, but we hope it adds to the understanding of one specific mechanism. However, a
result on the uniform circle is still far from a guarantee about a deployed model.
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6.7 Conclusion

This thesis studied spectral bias in a setting where the ideal dynamics can be written down
explicitly. On the uniform circle the infinite-width NTK is diagonal in the Fourier basis,
each frequency has its own learning rate, and low frequencies are learned faster because
their eigenvalues are larger.

This picture survives finite sampling and frozen finite width on the fixed low-frequency
block: the ideal operator is perturbed, but the perturbation decreases with sample size and
width at the O(n~'/?) and O(m~'/?) rates. The evolving finite-width experiments mark
where the fixed-kernel account stops. Once the kernel moves during training, the Fourier
basis remains useful for measurement, but the dynamics are also shaped by how the operator
itself changes, and at small width that change reinforces the low-frequency bias rather than
following it passively.

The Fourier basis is therefore exact in the continuum model, approximately valid on the
low-frequency block under finite sampling and frozen finite width, and a measurement tool
for the evolving kernel. Turning that last regime into theory is the main problem left open
by this work.
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Chapter 7

Use of Generative Al

In accordance with the TU Delft guidelines on the use of generative Al in end projects, 1
disclose here the tools used in preparing this thesis, their purpose, and the scope of their
application. All ideas, research directions, calculations, and theorems in this work are my
own: the derivations were carried out manually and double-checked with professors who
are experts in the relevant fields, and generative Al was used only as a supporting aid that I
reviewed and verified at every stage. Concretely, ChatGPT 5.3 Thinking was used for brain-
storming and for organizing my thoughts into actionable plans, and ChatGPT Codex 5.3
assisted with coding tasks such as setting up and running experiments and debugging. Gen-
erative Al also assisted in writing the scripts used to produce the plots in this thesis; these
scripts were subsequently read and adjusted manually to ensure correctness. For the written
text, large language model tools were used to improve grammar, spelling, and clarity, to
smooth transitions between sections, and to make the document more coherent. My hand-
written derivations were converted into IATEX with the help of tools such as Mathpix and
LLM-based assistants (ChatGPT, Gemini), which were also used to improve the consistency
of notation throughout; the underlying mathematics is my own. Finally, NotebookLM was
used as a retrieval system to quickly locate specific claims within the literature for citation;
I read all cited papers myself, and this tool served purely for convenient lookup. In all cases
I retain full creative and intellectual responsibility for the content, results, and academic in-
tegrity of this thesis, and I have verified the accuracy, validity, and originality of all material
included. The cover illustration was generated using OpenAI’s ChatGPT image-generation
tool from prompts written and refined by the author and later manually edited. The image is
used as a conceptual visualisation of neural-network training dynamics and Fourier/spectral
structure.
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Appendix A

Mean-Field Viewpoint

The main text uses the NTK viewpoint as its main analytical framework because it gives a
fixed operator on functions. On S!, this operator can be diagonalized in the Fourier basis,
which makes it possible to discuss frequency-dependent learning in terms of eigenvalues
and eigenspaces.

The mean-field viewpoint gives another way to take a large-width limit. It is not used in
the main finite-sample or finite-width analysis, but it is useful context because it describes a
different aspect of wide-network training. In the mean-field scaling, one does not primarily
track a fixed tangent kernel at initialization. Instead, one tracks how the hidden neurons are
distributed in parameter space, and how this distribution changes during training.

This appendix records the corresponding derivation for a two-layer network. The pur-
pose is to keep the comparison available without interrupting the main line of the thesis.

A.1 Overview and relation to the NTK viewpoint

Consider a two-layer network with the mean-field scaling
fox) ==} va@(we). (A1)
mga=

Here each neuron has parameters
eoc - (V(x,W(x) S Q = R X Rd

The key observation is that the network output depends on the collection of neurons only
through their empirical distribution,

: i
Hm = — Jg, -
moczl

Indeed,
fe(x):/gv(p(wa)d,um(v,w).
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A. MEAN-FIELD VIEWPOINT

Thus the state of the network can be described by a probability measure over neuron param-
eters.

In suitable large-width limits, the empirical measure u, converges to a determinis-
tic time-dependent measure y,. Training is then described by the evolution of this mea-
sure. This viewpoint was developed for two-layer networks by Mei et al.| (2018)), and re-
lated interacting-particle descriptions were studied by |Rotskoff and Vanden-Eijnden|(2022).
From an optimization perspective, (Chizat and Bach|(2018)) studied the corresponding many-
particle limit using tools from optimal transport. Extensions and rigorous frameworks for
deeper networks have also been studied (Nguyen, 2019; |Aragjo et al., [2019} Sirignano and
Spiliopoulos, [2019; [Nguyen and Pham, [2023).

This viewpoint is useful because it can describe feature movement in the large-width
limit. In contrast, the strict NTK limit freezes the tangent kernel: the features defined by
the gradients at initialization remain fixed in the limit. For the spectral question studied in
this thesis, however, the NTK viewpoint is more directly useful. The main object here is
an operator on functions whose eigenvalues and eigenspaces can be compared with Fourier
modes on S'. The mean-field viewpoint instead describes the evolution of a probability
measure over parameters, so it does not give a single fixed Fourier-diagonal operator in the
same way.

A.2 Detailed derivation of the mean-field representation

A.2.1 Parameter space and empirical measure

Let Q := R x R denote the parameter space, and let F be its Borel 6-algebra. For each
neuron o, define the Dirac measure 8, on (Q, F), i.e. if A € F then,

1, 64€A,
59u(A)={ ’

0, otherwise.

Define the empirical neuronal measure
1 m
Ium = — Z 86(1‘ (A2)
me=1

By construction, u, > 0 and y,,(Q) = 1, hence u,, € P(Q) where P(Q) is the space of Borel
probability measures on Q.

Integration against Dirac measures. Let )4 denote the indicator function of a measur-
able set A C Q. Then, for any 0, € Q,

- 24(8)d8a,(6) = 80, (4) = 4 (B0,

More generally, if s(0) = Y;_; cxXa, () is a simple function, then

] 5(0)80,(6) = ¥ e (00) = 5(60).

k=1
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A.2. Detailed derivation of the mean-field representation

Any nonnegative measurable function g : Q — R can be approximated by a sequence of
simple functions, {s,},>0. If s, T g and each s, > 0 then by the Monotone Convergence
Theorem,

/ gdde, — / lim 5, d8e, = lim [ sndSg, — lim 5,(8e) = g(8s).  (A3)
Q Qn—o n—soo

n—e o

Integral representation of the network. Consider now the integral of g with respect to
the empirical measure py,:

1 & 1 &
dm:/df ) = — 00,)-
fysone= fea (3 E ) =) £ o

Define
8(00) = g(vor, Wat) := Ve @(wg,x).
Then

_ 1y T —
gt =, X va0r4) = o), (A4

recovering the finite-width network.

A.2.2 [Initialization and weak convergence

Assume that the parameters {0(0) }7_, are initialized i.i.d. according to a probability mea-
sure up on Q. Define the empirical measure at initialization

m

1
Hm0 = — 5%(0)-
m o=

o

Then u,, o converges weakly to uy almost surely as m — o. Indeed, for any bounded con-
tinuous test function Yy : Q — R,

1 e a.s.
Jy o=, Y wl6u(0) "> Eow(0)) = [ wino

where the convergence follows from the strong law of large numbers applied to the i.i.d.
random variables y(64(0)). Since this holds for all bounded continuous y, we conclude
that u,, 0 — uo (Varadarajan, 1958). As a consequence, the network output at initialization
converges pointwise to the deterministic limit

@) = [ vo0wTx)diao(vw)

For instance, under i.i.d. Gaussian initialization of the parameters, i.e. vo ~ A(0,1,) Wy ~
AN (0,1, ® I;), the limiting initial measure yy = N (0,1;11) is a Gaussian measure on a
d + 1-dimensional space.

85



A. MEAN-FIELD VIEWPOINT

A.2.3 Training dynamics and evolution of the empirical measure

Let X = (x1,...,%,) € R and y = (y1,...,y,) € R" denote the training set, and consider
the squared loss

1
Z va -xl yl E”fv,W(X)_yH%v

i=1

I\JM—

where fw (X) := (fow (%))
We study continuous-time gradient flow for a finite-width network with m neurons and
learning rate | > 0,

Vz,oc:_nvvaL(Vt;Wt)7 Wt,oc:_nkuL(VhWt)a a€{177m}

A direct computation yields, for each «,

o= L 0(X i) (5= fo (X)), (A5)
Wro = %X <(P/(XTWt,oc) © (y — fuw (X))>Vt,0c7 (A.6)

where ® denotes elementwise (Hadamard) multiplication.

As seen in (A.5)-(A.6), evolution of each neuron depends on the parameters only
through the current empirical measure w,,; via f,, w,(X). Thus, the particle system (A.5)—
(A.6) induces an evolution of the empirical measure in parameter space (Mei et al., 2018;
Rotskoff and Vanden-Eijnden, 2022).

Hence, the particle system (A.3)—(A.6) can be viewed as an interacting particle system
driven by a measure-dependent velocity field. For any 8 = (v,w) € Q and any u € P(Q),

define
X w) " (y—fulX))

bl whin) = X(¢/X W) (= fulx)) ) v

where
5@ = [ vomw dutew),  £00= ()]

Then the gradient-flow dynamics can be written compactly as
el,d:%b(et,oc;,um,t), oa=1,...,m.

In particular, each particle interacts with the rest of the system only through the current
empirical measure i, , (via f,,,, (X)).

A.2.4 Continuity equation and push-forward formulation

Equivalently, u,,; solves the continuity equation

My )
Ot + Vo (ks b(-3ttm) ) =0, (A7)
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A.3. Comparison with the NTK scaling

in the sense of distributions, i.e. for every test function y € C°(Q),

ZLW(G) d:um.,t(e) = %/Qve\ll(e) ‘b(e;,um,t)dlum,t(e)'

Choosing the mean-field scaling N = m yields a nontrivial O(1) evolution in time and,
as m —» oo, ONe expects u, , — ;, where the limit y; satisfies

ot + Vo (urb(p)) =0, o= N(0,1g41). (A.8)

Push-forward formulation. Recall that if g : X — Z is measurable and u € P(X), then
the push-forward of u by g is the measure g.u € P(2) defined by

(gs11)(A) := ,11(4(1 (A)), A C Z measurable.

Let &, : Q — Q denote the flow map associated with the velocity field %b(.; Um,;). Then the
empirical measure is transported by this flow:

Mg = (D) skt 0-

In particular, for any measurable observable i : Q — R,
[ 1) dins (0) = [ 1(,(6)) dunof®)
so evaluating the network at time ¢ is obtained by taking /,(8) := v@(w'x) and writing

Fros) = [ V@08 0) ditn () = | vQ(wTx)d((@0)atno) (10).

A.3 Comparison with the NTK scaling

The distinction between the mean-field and NTK viewpoints can also be seen from the

tangent kernel. Recall that, in the NTK parameterization used in the main text, the two-

layer network is scaled by 1/+/m. This scaling gives a nontrivial limiting tangent kernel at

initialization, and in the infinite-width NTK regime this kernel remains fixed during training.
In the mean-field parameterization,

1 m
fo(x) =— Z V(x(P(W;x%
m o=1
the empirical tangent kernel is instead
1 m
0" (x) = — Y7 (90w/0x) Q0w o) +17 o (W) (w/ed1x ). (A9)
a=1

This kernel is of order m~'. Under the mean-field time scaling, the effective kernel driving

the output dynamics is the scaled quantity m@t(m). As m — oo, this has the formal limit

m—yoo

lim m@t(m) (x,x') = /Q ((p(wa)(p(wa/) + vchl(wa)(p/(wal)xTx'> du(v,w).
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A. MEAN-FIELD VIEWPOINT

Because the measure y; changes with time, this limiting kernel also changes with time. This
is the sense in which the mean-field viewpoint can retain feature movement in the large-
width limit.

This is useful for studying representation change, but it is less convenient for the spectral
analysis in the main text. There, the central object is a fixed operator on L?(S!), whose
eigenfunctions and eigenvalues can be compared with Fourier modes. In the mean-field
viewpoint, the limiting object is the evolving measure g, and the associated kernel changes
with time. Thus the same fixed Fourier-diagonal picture is not available directly.

There are also technical limitations. The long-time behavior of the limiting measure-
valued dynamics is generally harder to characterize: one may need to ask whether y; con-
verges as t — oo, and which limiting measure is selected. Moreover, the simple empirical-
measure description above is most natural for two-layer networks. For deeper architectures,
one needs more careful mean-field constructions, as studied for example by Nguyen| (2019),
Araujo et al.[(2019), Sirignano and Spiliopoulos|(2019), and [Nguyen and Pham) (2023).

88



Appendix B

Derivation of the limiting kernel on
Sl

This appendix derives the explicit form of the limiting neural tangent kernel on the circle
for the model introduced in Chapter[d] and computes the corresponding Fourier eigenvalues
of the integral operator 7. These derivations justify Proposition[5.1]and Theorem [5.2]

B.1 Decomposition of the empirical neural tangent kernel

Recall the network

f(x;0) = \/1% iilaic(w?x +0b)),

where x € S' C R?, 6(t) =11, and 8 = {(a;,w;,b;)}",. For x,y € S', the empirical neural
tangent kernel is

O (x,y) = (Vo f(x:8),Vof(y:0)). (B.1)

For each hidden unit i, define

u; ;= wl-Tx—l—bi, Vi = wl-Ty+bl-.
Then
aféz 0) \/lﬁc(ui), afa(i:ie) _ \/laaicfw,.)x, aféz” _ \/lﬁaiol(u,-).
Substituting into (B.1) yields
On(x.y) = 01 (x.9) + 03" (x,3) + O (x.), (B.2)
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B. DERIVATION OF THE LIMITING KERNEL ON S

where
(a) I v
On (x,y) = = Y o(ui)o(vi),
ml:l
@(W) 7lm2/‘/.T
m (xay) - aiG (ul)c (vl)'x Y,
m,:1
1 m
o (x,y) = Y ald (u)a' (v).

Il
—

B.2 Infinite-width limit
At initialization, the parameters satisfy

a; ~ N(0,1), wi ~ N(0,1), bi(0) =0,

independently across i. Since the hidden units are independent and identically distributed,
the law of large numbers implies that ®,,(x,y) converges almost surely, as m — oo, to a
deterministic kernel ®(x,y).

Because b;(0) = 0, the limiting kernel is

O(x,y) =E[o(u)o(m)] + (x"y+1)E[c(u)o'(v)], (B.3)
where
u=w'x, v=w'y, w~ N(0,1).
We write
Ko(x,y) :==E[o(u)o(v)], Ki(x,y) :=E[d'(u)d'(v)],
so that

O(x,y) = Ko(x,y) + (x"y+1)Ki(x,y).

B.3 Restriction to the circle

Write
x(@) = (cos @,sin@), x(y) = (cosy,siny),
and let 8 € [0,7] denote the angle between x(¢) and x(y), so that
x(9) "x(y) = cos3.

By rotational invariance of the Gaussian measure, the kernel depends only on 3. We there-
fore write ®(3), Ko(d), and K;(9).
To compute these quantities, we rotate coordinates so that
x=(1,0), y = (co0s9,sind).
If w = (Z,2>) with Zy,Z5 'S A((0, 1), then

u==2, v =Z7;cosd+Z,sind.
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B.4. Fourier coefficients of the limiting kernel

Lemma B.1. Ford € [0,7],

KI(S):IP’(M>O,V>O):%. (B.4)

Proof. Since (u,v) is a centered bivariate Gaussian with correlation cosd, the probabil-
ity that both coordinates are positive is the standard Gaussian quadrant probability, which
equals (m—9)/(2m). O

Lemma B.2. Ford € [0,7],
Ko(8) = E[o(u)o(v)] = % (sin-+ (z—8)cos3). (B.5)

Proof. This is the standard arc-cosine covariance formula for ReLU features in two dimen-
sions. O

Proof of Proposition[5.1} Using (B.3)), (B-4), and (B.5), we obtain

0(8) = ﬁ (sin5+ (n—9) 0055) + 1+2Cn056(n— 8)
- %(sinS—l—Z(n—S)cosé‘H—(n—B)). (B.6)

This is exactly (5.I). The convolution form of the operator follows from the fact that ®
depends only on the angular difference. 0
B.4 Fourier coefficients of the limiting kernel

Because the operator 7 is a convolution operator, it is diagonalized by the real Fourier basis.
If A denotes the eigenvalue associated with frequency k, then

T
i = % / ©(8)cos(k8)ds, k> 0. (B.7)
0
Substituting gives
1o,
h = W/o (5in8+2(r— &) cos3+ (— 8) ) cos(k8) 5.

We first record a basic integration lemma.

Lemma B.3. For every integer m > 1,

1= (=1)"

- (B.8)

m

Iy = /0 " (1 — 8) cos(md) dd =
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B. DERIVATION OF THE LIMITING KERNEL ON S

Proof. Integrating by parts gives

sin(md)

m

Iy = [(n—é‘)) ]:—l—’i/onsin(mﬁ) ds.

The boundary term vanishes, and

l/ﬂsin(ma)dg,: 1 [_COS(mS)r 1_(_1)m‘
m Jo - -

Proof of Theorem For k > 2, write

1
M = 7(Ak+Bk+Ck),

22
where
Y
Ap ::/ sind cos(kd) dJ,
0
Y
By i— / 2(7 — 8) cos Scos (k8) B,
0
Iy
Cpi— / (70— ) cos(kB) db.
0
Using
sindcos(kd) = %(sin((k—i— 1)8) —sin((k—1)3)),
we obtain
A _1 17(71)/(4—1 B 17(71)](—]
T ki k—1 )"
Using

2cosdcos(kd) = cos((k+1)0) +cos((k—1)9),

together with Lemma [B.3] we obtain

1_(_1)k+1 1_(_1)k71
Gr1)? 1

1—(—1)F

By = 2

Ci=

If k > 3 is odd, then k £+ 1 are even, so Ay = By = 0, while C;, = 2/k2. Hence

1
Tk

If k > 2 is even, then k£ 1 are odd, so C;, = 0, and

Ak k >3 odd.

2 4(k*+1)
Mo e
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B.5. Effect of the bias contribution

Therefore 5
2(k=+3)
A +B; =
k+ Bk =12
and so )
k“+3
7\‘](: m, k22even. (B.IO)

It remains to compute k = 0 and k = 1 directly. For k =0,

o= ( [Tsinsas+2 [ (n—8)cosddst [ (m—8)ds) = L+ >
0:2752(/0 sindd +2/0 (t—9)cosdd +/0(7t— )d):4+752'

Fork =1,

1 1

. 1 T T 5 - R
M_27t2</0 sm80056d8+2/0 (r—9)cos 8d8+/0 (T 8)c0s8d8>_4+n2,

This proves (5.3) and (5.4). O

B.5 Effect of the bias contribution

We now isolate the effect of the trainable hidden bias. From the NTK decomposition in
(B.2), the limiting kernel can be written as

®(x7y) = KO(xay) —|—XTyK1 (x,y) +K1 (X,Y)-

The first two terms come from differentiating with respect to the output weights and input
weights. The last term comes from differentiating with respect to the hidden biases. Thus,
if the trainable hidden-bias contribution is removed, the limiting kernel becomes

O (x,y) = Ko(x,y) +x yK (x,).

On the circle, x "'y = cos §, so by (B.3) and (B-4),

0" (§) = % (sinB—i— (m— ) cos 8) —i—cos?)ﬂz_n8
1 /.
= E<31n6+2(n—5)0056). (B.11)

The Fourier eigenvalues of this no-bias kernel are
ORI PN
A 2 / 0™ (8) cos(k8) 8.
TJo
Using (B.TT), this becomes
a1 / " (sind+2(n— 8)cosd) cos(kd) db.
k 21- Jo
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B. DERIVATION OF THE LIMITING KERNEL ON S

In the notation of the proof of Theorem|[5.2]
1
™ = — (Ac+B
k T (Ax+ By),

whereas the full eigenvalue is

1

A = 2752(141( + By +Cy).
Thus the term Cj, which comes from
1
—(m—29
27.: ( )7

is precisely the trainable-bias contribution.
For k = 0, direct integration gives

NG / ~ 8d5—|—2/n(n—6) 545
0 = 27‘(2 0 Sin 0 COS .

Since i i
/ sinddd = 2, / (m—9)cosddd =2,
0 0
we obtain | 3
(nb) _ _
Ay = R(Z—HL) =
Fork=1,

Al = 1 /nsinﬁcosﬁdﬁ—i-Z/n(n—S) cos’8ds ) .
! 212 \ Jo 0

The first integral is zero. For the second, using

1 25
cos?§ = - 0%20) C;S( ),

we get
(L L T
2/ (71— 8)cos>8d5 — / (n—38) d6+/ (71— 8) cos(28) dS.
0 0 0
The second term is zero by Lemma|B.3] since 2 is even. Hence

71:2

T
2/ (m—8)cos?8dd = =,
0 2

and therefore
a0 _ 1

1 —
4
For k > 2, we use the values of Ay and B computed in the proof of Theorem If
k >3 1is odd, then k— 1 and k + 1 are even, so

Ay=0, By=0.
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B.5. Effect of the bias contribution

Therefore
A™ =0, k>3odd. (B.12)
If £ > 2 is even, then
2 B 4(k*+1)
TR r ey
Thus ( ) )
2(k=+3
Ay +By= ———-2
k + k (k2 — 1)2 )
and hence )
k“+3
Al _ + k > 72 even. (B.13)

kT WZ(kZ _ 1)2’

This proves Corollary [5.3] Comparing the no-bias eigenvalues with the full eigenvalues
in Theorem [5.2] the trainable-bias contribution is

b 1 mb) 1
Ao — A = A =t
while for k > 2,
0, k > 2 even,
e — W™ =
W’ k Z 3 odd.

Thus the bias term does not change the even frequencies k > 2, but it is exactly what makes
the odd frequencies k > 3 visible in the fixed-kernel dynamics. The frequency k =1 is
exceptional: it already has eigenvalue 1/4 without the bias, and the bias adds the additional
1/%? contribution.
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Appendix C

Proofs of the finite-sample estimates

This appendix proves the finite-sample results from Section[5.2] We work with the truncated

Fourier subspace H, the feature matrix ®, the sampled kernel matrix A, the Gram matrix
G, and the matrix H defined in (4.20)—(4.23).

C.1 Preliminaries

For each basis function in . 14)-#.13),

0,(0)] <V2  forallge[0,2m), 1<p<d. (C.1)
We also write
K:= sup |O(0)| <eoo. (C2)
0<[0,2m)

For each basis index p, let A, denote the eigenvalue of the operator 7" associated with
0p, so that

T, =2Ap0p.
Define the finite-sample corrected eigenvalues by
Al = <1 - > A+ °0) (C.3)
n n
and let
A® = diag(A").
C.2 Expectation of H
Proof of Proposition By definition,
1 n n
=3 Z Y 0p(9)O(9; — 9,)04(9))- (C4)
i=1j=1
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C. PROOFS OF THE FINITE-SAMPLE ESTIMATES

Split the sum into the cases i # j and i = j:

n

Hpy = niz ;%((Pim((?i —0;)94(9)) + % ; 0, (9:)0(0)0, (7).

For the diagonal terms,

o)

n

E 8p-

= L os(0)00)0,(0)

For the off-diagonal terms, independence of @; and @; gives

27

10, (09000~ 0,)04(0,)] = [ 0,(0) (|00~ w0, )t ) (o)

2m
= 0p(9)(Tg)(9) du(@) = Agdpg-

Since there are n(n — 1) off-diagonal pairs, we conclude that

1 00 n
E[Hpq] = (1 - n) 7"qSM + ,(1)817(1 = 7‘51 )Spq-

Therefore E[H] = A",

C.3 Concentration of the Gram matrix

Proof of (5.13). For fixed p,q,
1
Gpg =~ ZZI' Zi = 0p(9i)0q(9:)-

The variables Z; are independent and identically distributed, with
E[Z] =8,

by orthonormality of the Fourier basis.
Set
Y,' = Z,' — Spq‘

Then E[Y;] = 0 and
1 n
qu—qu: ;ZYi'
i=1

By (C.1),
7| < 2.

If p # g, then §,, =0, so |Y;| = |Z;| <2.If p =g, then
Yi:q)P((Pi)z_lv
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C.3. Concentration of the Gram matrix

and since 0 < (])p((p,-)2 <2, we have |Y;| <1< 2. Thus

Y| <2
for all i.
Next,
Var(¥;) <E[Y?] <E[Z]].
Using again (C.I),

Z7 = 0p(9:)%0q(9:)* <20,(9;)*.

Taking expectations and using orthonormality gives

B(22) <2 [ 0,(¢)du(9) =2.

Hence
Var(Y;) < 2.

We now apply Bernstein’s inequality (Vershynin, [2018a) in the following form: if
Yy,...,Y, are independent, centered random variables such that

Y| <M,  Var(¥)) <o’

> s> <2 < ne” )
> <2exp| —=5—>— |-
2(52 + §M8

Y;| <2, and Var(¥;) < 2. Thus we

for every i, then for every € > 0,

d

In our case, we have already shown that E[Y;] = 0,
may take

n

Yy,

1
=

M=2, o’ =2.
Since

1 n
Gpg—Opq = ;ZYD
i=1

Bernstein’s inequality for the sample mean yields

ne?
P(1Gpg—8pq =€) < 2exp Tarte )
3

Since G — I, is symmetric, it suffices to union bound over the d(d + 1)/2 entries in the
upper triangle. Therefore

2
ne
P(||G —14||max > €) < d(d+1)exp (-4) ,
4+ §8

which proves (5.13). O
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C. PROOFS OF THE FINITE-SAMPLE ESTIMATES

C.4 Concentration of H

Proof of (5.14). Fix p,q, and write H,; = F(@1,...,¢,), Where

n n

1
F(@1,-,00) = -3 Y Y 0,(9:)0(0i —)04(9;).
i=1j=1
We apply McDiarmid’s inequality (Vershynin,2018b) in the following form: if Xj,..., X,
are independent and F (X1, ...,X,) satisfies the bounded-differences condition

[F (15 Xy ey Xn) — F (1, Xy x0)| <o

for each s, then for every € > 0,

P(|F —EF| >¢) < 2e p< 2¢° )
- xXpl —=— |-
- Yiic
It therefore remains to estimate the effect of changing a single sample point, say @y —
¢!, while keeping all others fixed. Only those summands in the double sum with i = s or
Jj = s can change. There are at most 2xn such summands.

By (C.1) and (C.2), each summand satisfies
105(-)O()04(-)] < V2KV2 =2k,

Hence, when ¢ is replaced by @/, a single summand can change by at most 4k.
Because at most 2n summands are affected, the total change in the double sum is
bounded by
(2n) - (4x) = 8xn.

Finally, since F contains the prefactor 1/n2, the change in F itself is bounded by

8kn 8k
n  n’
Thus we may take
8k
Cy = — foralls=1,...,n.
n

Therefore

n (81()2 642
ch =n|— | = .
s=1 n n

McDiarmid’s inequality yields

2¢? ne?
P(|Hpg — E[Hpy]| = &) < 2exp —m =2exp T3 )
A union bound over all 42 entries gives
2
ne
IP’(HH A | > s) <242 exp<—32K2> ,
as claimed. O
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C.5. Control of the difference A® — A

Remark C.1. The entry H,, is a bounded second-order V-statistic, so Bernstein-type re-
finements are in principle available through concentration inequalities for bounded U/V-
statistics. Since the McDiarmid bound already captures the correct n~'/2 concentration
scale and is sufficient for the results in this thesis, we do not pursue this refinement here.

C.5 Control of the difference A® — ®A M

Proof of (5.13). Fix i, p. By definition,
1 n
(AD); , = " Y O(9i—9;)0,(9;).
=1

Split off the diagonal term j = i:

(Aq))i,p Q‘Dp + §,® — 0 ¢p (pJ)
j i

Condition on @;. For j # i, define

Xj:=0(0:—9;)0,(¢;).

Then {X;} ;. are conditionally independent and identically distributed.
Their conditional mean is

B0 0= [ 00— w)0,(w)duw) = (T6,)(01) = 20,00

Therefore

£[(49):, | 0] = 2 g, (9) +

-1 n
0p(00) (@) = 1" 0,(1).

Now set
Y; = X; - E[X; | .

Conditional on @;, the variables {Yj} j+i are independent, centered, and identically dis-
tributed.

We apply Bernstein’s inequality (Vershynin, 2018a) in the following form: if Yy,...,Y,
are independent, centered random variables such that

¥Y;| <M,  Var(Y;) <o
for all j, then for every n > 0,

m

1
Pl =
m =

LY

m 2
2“) = 26""(‘20411%) '
3

We now verify the assumptions conditionally on ¢;.
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C. PROOFS OF THE FINITE-SAMPLE ESTIMATES

First, by (C.1)) and (C.2),

1X;| < KV2 < 2k.

Also,
2n 2n
06 0]l = [ 000w, antw)| < x [0, wlautw) < Koy liz =
Hence
Y;| = 1X; —E[X; | ¢]] <2k +Kk=3k.
Next,

Var(Y; | ;) = Var(X; | ;) <E[X} | ¢i].

Using again (C.I)) and (C.2),

27

2n
BG 0] = [ 00 w2007 du(v) <2 [ 0,0 dy) =
Thus, conditionally on ¢;, Bernstein’s inequality applies with

Let m :=n— 1. Applying Bernstein to the conditional sample mean

—ZY_ Zx — A0, (1),

i "
2
mn
] <2 - .
(p’>_ exP( 2K2+2Kn>

(ACD)LP ¢P ( ZX qu)p (Pl ) .

J#

we obtain

ZX —Ap0p (i)
i

=M

(s

Now

Thus the event

‘(A@),-J, ~170,(91)| >

implies

N

ZX Apop(9:)

i
2
m ()
DE 26"P<—2Kz+21<(;,;g)> '

Removing the conditioning and simplifying gives

8) <2e me
X — .
= 2P\ T — 1) + 2xne

§

Hence

B(|(4), 2 0,(00| 2 ¢

P(‘(A@)i,p—&%p(tpi) >
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C.6. Proof of the simultaneous high-probability bound

Since n — 1 < n, we obtain

P(’(A‘b)i,p - kén)q)p((Pi)’ > 8) < 2exp <—2K2’1_T_22K8> :

Finally, taking a union bound over all nd pairs (i, p) yields

ne?
(HAcb DA [l max >s) <2ndexp< >

2K2 +2Ke
which proves (5.13). O
C.6 Proof of the simultaneous high-probability bound
Corollary C.2 (High-probability bounds). Let d € (0,1), and define
3d(d+1
ul) s == log ((H> , (C.5)
6d>
u, d 5" log( ) (C.6)
and nd
— log (") (C.7)
3
Now set
2u
Oy g5 =2 > 5 (C.8)
Bnds :K\/ d5’ (C.9)
and
2 (4 “(Atgs
Yadd =K\ Sty g5 K (C.10)
Then, with probability at least 1 — 9,
16 ~Tallmax < Ogse IH = A" lnax <Bras, AL = PA [max < Ypa5. (C.1D)

Proof of Corollary Set

L6 3d(d+1) w ., [6d° (4 _
U,a5= 1g< 5 ’ U, 45 =108 S ) U, g5 =108| —

Define
(G) (G)
n 2u
Oy g5 = 2| 42 4 142,
’ 3 n
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C. PROOFS OF THE FINITE-SAMPLE ESTIMATES

(4)
32 (m 2 @ u ,d,0
Bras =K/ 7“£l,d),8’ Ynd s =Ky ;”,(1,[375 +r—

We first recall the standard Bernstein inversion: if
1 & nt?
Pl|-YV|>¢| <2exp| ——>— |,
(‘nlz; - >— p( 202+§Mz>

26%u  Mu
+ -

3n
1 n
P _
n i=1

Y 2t> <2

For the Gram matrix bound (5.13)), the Bernstein proof used

then choosing

=

ensures

6’=2, M=2.

Thus, with
_ (G)
u= un,d,ﬁ’
the choice
. l/t
o, d,0 —
yields
I
P(/|G — Ii|lmax = Opa5) < d(d+1)e “nas = 3

For the compressed operator, the McDiarmid estimate (5.14)) gives

ne?
IP(HH—A(”)”maX > s) < 2d2exp<—32K2> .

Substituting € = B, 4 5 gives

2
and,B _(H)
322 ndd

and therefore

(H) o
(HH An ||mdx>Bnd5) <2d2 nda_g'

For the approximate eigen-action bound (5.13)), the Bernstein proof used
o =X, M =3x.

Hence, with
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C.6. Proof of the simultaneous high-probability bound

the standard Bernstein inversion gives the threshold

2K2u  3Ku 2u u
Vo o =Ky ke
n 3n n n

which is precisely v, 4 5. Therefore

@ o
n,d,8

P([|A® ~ ®A |l > Yoa5) < 2nde™ >
A final union bound gives
IP)(HG*Ideax < Oya5 ||H*A(H)Hmax < Bn,dﬁa [AD — (PA(n)Hmax < Vn,d,&) >1-3,

which is exactly (C.11). 0
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Appendix D

Proofs of the finite-width
frozen-kernel estimates

This appendix proves the finite-width frozen-kernel results stated in Section[5.4] We use the

notation introduced in Chapter@ In particular, To(m) denotes the frozen finite-width tangent
operator at initialization, T, the infinite-width limiting operator, Hy the truncated Fourier
subspace, P the orthogonal projection onto g, and

BYX) = PPy, Agx = PyT.Px.

Since the input space is the continuum S', there is no sampling randomness in this appendix.
The only randomness comes from the finite number of initialized neurons.

D.1 One-neuron tangent feature and kernel

Fix one neuron r, and write
1 (8) :=w x(8) +b,.

At initialization, b, = 0, so u,(8) = w, x(8).
We compute the tangent feature of the r-th neuron contribution

ar6(ur(8))
with respect to the parameter block (a,,w;,b,). First,
3a, (@,0(1,(8))) = 0(u,(6)).
Next, by the chain rule,
Vi, (a,6(ur(8))) = a,6' (ur(0))V,, u(8).

Since
u-(8) =w, x(8) +b,,

r
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D. PROOFS OF THE FINITE-WIDTH FROZEN-KERNEL ESTIMATES

we have

For RelLU,

V,,u(8) = x(8).

G/(Z) = 1{z>0}

away from z = 0, which is sufficient almost surely under the Gaussian initialization. Hence

Similarly,

I, (ar6(u-(8))) = a,0'(1,(8))0p,ur(8) = a1y, (6)>0}-

Vi, (a,6(u,(8))) = a1, (6)>01%().

Thus the one-neuron tangent feature is

I|Ir(e) =

o (ur(6))
arly,,(e)>0y cos6
arl{u,(6)>0} sin®

arL{u,(6)>0)

The corresponding one-neuron kernel is

Substituting (D.1) gives

@(r) (e7n) = Wr(e)TWr(n) :

0" (8,M) = o(u,(8))5(u,(M))

Using

we obtain

0" (8,m) = 6(u,(8))5(u(N)) + a2 114, (6)>0) Lu (>0 (cOS(O —M) + 1).

Let 7" denote the associated one-neuron integral operator,

Then, by (@.40),

108

+Cl%1{u,(e)>o}1{u,(n)>o} (cosecosn +sinBsinm + l) .

cosBcosm +sinBsinm = cos(8 —1),

(Tg)(0):

21

7" =

!
m

") (0,m)g(M)du(n).

Z ()

r

m

=1

e R*.

(D.1)

D.2)

(D.3)

D4

(D.5)



D.2. Projected one-neuron matrices

D.2 Projected one-neuron matrices

Using the ordered basis

(¢O’¢17c>¢17s’ cee u¢K7c>¢K,s)

of Hg, the entries of BﬁnK) are

(Br(nK) )pq = <¢p7 To(m) ¢q>L2 (u)*

Since To(m) =Lym 0,

K 1 & p
B g = — Y. (0. T0,).
r=1
Define
E.vr,pq = <¢p>T(r)¢q>'
Then

(K) Ly
(Bn ") pg = — Z Srpg-
m.2
Equivalently, if Z, denotes the d X d random matrix defined by

(Zr)pq = gr,pqy
then .
k) _ 1
B, =— Z,.
m m ’;1 r

Since the neurons are initialized independently and identically, the matrices Zi, ...

1id.

D.3 Expectation of the projected operator
Proof of (5.19). From (D.9),

fmm:Emy

1
m
The (p,q)-entry is

E[(Z1) pg] = E[&1,pq) = E[(0p, T(])¢q>]-
By linearity of expectation,

E[él,pq] = <¢p7E[T(1)]¢q> = (q)paTooq)q)-

Since T is diagonal in the Fourier basis,

<¢p> T°°¢q> = kqqu'

Therefore

(D.6)

D.7)

(D.8)

(D.9)

L are
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D. PROOFS OF THE FINITE-WIDTH FROZEN-KERNEL ESTIMATES

D.4 Sub-exponential bound for one projected entry

We next control &, ,,. By definition,

g = [ 0,(0)0(0.1)0,(n)du) du(®). .10
0 0

Taking absolute values gives

2n p2m
Boral < [ [ 105(8)100)(8.1)10, ()| du(n) ).
Since every retained Fourier basis function satisfies
195l < V2,

we obtain
2n 21
Bl <2 [ [ 100 du(m) d(o).

We now bound the kernel. Since

u(8) =w/x(8),  [x(®)]| =1,
Cauchy—Schwarz gives
| (B)] < [[wi |-
Therefore
0 <0 (ur(8)) < [ur(8)] < [lwr],
and hence

0 < 6(u(8))0(ur(M)) < [lwel|*.
For the derivative and bias term, we use
Lo, 0)>01 L, ()0 <1

and
0<cos(@8—m)+1<2.

Thus
a7 14, (0)>0) Lu, (m)>0} (c0s(0 —M) + 1) < 2a7.
Using (D.4), we conclude that

101 (8,M)] < [y +2a7.
Since u is a probability measure,
[ [ P+ 262 dumydu®) = i[>+ 2a2.
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D.4. Sub-exponential bound for one projected entry

Therefore
& pg| < 2|lw||* +4a. (D.11)
Define
Y, = 2||w,||* +4a’.
Then

1rpg| < Yr for all p,gq.

We now show that ¥, is sub-exponential with an explicit parameter. Since w, ~ A(0, 1),
its squared Euclidean norm is the sum of two independent standard Gaussian squares, and
therefore ||w, || follows a chi-squared distribution with two degrees of freedom [lw,||> ~ x3.

Similarly, since a, ~ A[(0, 1), its square follows a chi-squared distribution with one
degree of freedom a2 ~ X% and these variables are independent, for ¢ < 1/8,

E[etY,] — E[eszWer]E[e‘LmE]'

If X ~ %2, then
E[e™X] = (1—-25)7V2  s<1/2.
Hence
E[eX ) = (1—4r)~',  E[e*7] = (1—8) V2
Thus

Ele"] = (1—40)"'(1—8)"Y2  1<1/8. (D.12)

Choosing t = 1/16, we obtain

E[e"/1] = (i) h (;) e %fz <2.

Therefore, by the standard definition of the y;-norm,
Y]y, < 16. (D.13)

Since |&;. pg| < Y5,
18 pglly, < 16.

Finally,
1€rpg — El&rpgl i < 1Erpgllys + 1E[Erpq]l-

Using [E[S;,q]| < E[S;pg| and E|X] < [X[ly,, we obtain

187.pg — E[Srpg]llyy < 32. (D.14)
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D. PROOFS OF THE FINITE-WIDTH FROZEN-KERNEL ESTIMATES

D.5 Entrywise and blockwise concentration

Proof of (5.20). Fix p,q, and define
Xrpq = Erpg — ElSrpql-
Then X g, . .., Xm pg are i.i.d., centered, and by (D.14),
[1X5pg w1 < 32.
Moreover,

1 m
(Br(r{{))pq - (AK)pq = m ZXW‘I'

We apply the standard Bernstein inequality for centered i.i.d. sub-exponential random
variables: if Xi,...,X,, satisfy ||X;||y, < L, then there exists a universal constant ¢ > 0 such

that
2
P ! >¢ | <2exp| —cmmin S—,E .
m L2 L

Applying this with L = 32, we obtain

X,
1

m

r=

. (€ €
P(‘(B,Sf))pq— (AK)M‘ >e) < 2exp<—cmm1n<322,32>> . (D.15)

There are d* = (2K + 1)? entries. By the union bound,

P18~ Al =€) < 3 B(|(BE )0~ (hrye] > ¢).

Pq=1
Using (D.15),
2
. € €
IP’(HB,(WK) — Ak ||max > 8) < 2dzt=,xp<—cmmln<3227 32>> .
Since d = 2K + 1, this proves (5.20). O
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Appendix E

Additional Experimental Results

This appendix collects supporting figures that complement the main results but would inter-
rupt the flow of the main text.

E.1 Finite-sample: additional evidence

Figure shows how the normalised mode-1 residual |0 (7)|/|o (0)| evolves across a
wide range of sample sizes. The convergence rate improves steadily with »n and is already
well-behaved at n = 1024, consistent with the finite-sample bounds.

10° 4 — n=128 —— n=4096
n=256 n=8192

\ — n=512 —— n=16384
— n=1024 n=32768

—— n=2048

10-14

laa(8)]/]ax(0)]
=
1)

1073 4

1074+

0 50 100 150 200 250 300 350 400
GD step t

Figure E.1: Normalised residual for mode k = 1 over the first 400 gradient steps, for sample
sizes n € {128,...,32768}. Larger n gives faster effective decay, converging toward the
continuum rate.

Figure [E.2] compares, for a single sample size, the empirical eigenvalues of the com-

pressed operator C = G~'H against the predicted finite-sample eigenvalues 7»5,"). The pre-
dicted values carry the correct Fourier multiplicity: the constant mode contributes a single
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E. ADDITIONAL EXPERIMENTAL RESULTS

eigenvalue, while each frequency k > 1 contributes a degenerate pair, visible as the flat steps
in the figure. The empirical eigenvalues sit on these steps and split only slightly within each
pair, confirming that the sampled operator is close to Fourier-diagonal on the retained block.
The agreement is tightest for the leading (low-frequency) eigenvalues and loosens for the
smallest eigenvalues, which is where the finite-sample action error is relatively largest.

Empirical vs predicted block eigenvalues, n= 4096 (seeds=10, Kmax = 8)

O-: -—- predicted A" (with multiplicity)
"0'“‘0': empirical eig(C) (mean # std)
1
1
i
1
10714 :
Lo--o-;
) i
E 1
S i
s H
& :
[) 1
1
Lo--06-
10724 B "-(\---ﬂ-.
i
1
=~ -
Le--0-
1
[ Y W,
eiio--0
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
rank p

Figure E.2: Empirical versus predicted block eigenvalues at n = 4096, on a logarithmic
scale, averaged over 10 seeds. The dashed step shows the predicted eigenvalues Xgl) with
their correct multiplicity (single for k = 0, degenerate pairs for £ > 1); markers show the
empirical eigenvalues eig(C) (mean =+ standard deviation).

Figure [E3] shows the effect of increasing n on the block-diagonal structure of the sam-
pled Gram matrix. The left panel is the baseline spectrum; the centre and right panels show
how the theory- and empirical-preconditioned spectra flatten toward the identity as n grows,
validating the preconditioner construction.

Effect of increasing sample size n on block spectra

Baseline spectrum

Theory-preconditioned

Empirical-preconditioned

eigenvalue

—r
— n=1024

n=2048
—— n=4096
— n=8192
n=16384
— n=32768

11

eigenvalue
e o o &
I % © o

°
Y

e
n

S

—— n=1024

n=2048
—— n=4096
— n=8192
— n=16384
— n=32768

cigenvalue

1.000000

0.999999

0.999998

0.999997

0.999996

0.999995

0.999994

— n=1024

n=2048
—— n=4096
— n=8192
—— n=16384
— n=32768

rank

Figure E.3: Block spectra of the

114

2 4 6 8 10
rank

12 14

2

4

rank

compressed Gram matrix for n € {1024,...,32768}.
Left: baseline (decaying) spectrum. Centre: theory-preconditioned spectrum approaching
1. Right: empirical-preconditioned spectrum, closely tracking the theory.



E.2. Finite-sample mode decay across sample sizes

Figure shows the same three spectra for a single sample size n = 4096, annotated
with the condition number of each block. The baseline block is badly conditioned (K~ 1.4 x
10%); the theory preconditioner reduces this to k ~ 2.1, and the empirical preconditioner
flattens the block to Kk ~ 1.

Compressed block spectra (n=4096)

Baseline block spectrum Theory-preconditioned Empirical-preconditioned
cond =1.41e+03 £ 9.5 cond = 2.14 + 0.047 cond = 1 + 3.6e-07

-e- A === ideal =1 1.000000
eig(C) \ —o— eig(Cun)
1.0

1999995

0.91

1999990

eigenvalue
>
eigenvalue
o
@
eigenvalue

1999985
- 0.7

.999980 -

(]
- (L]
10724 *%0000e0

—--- ideal =1
—0— €ig(Cemp)

.999975 -

0.54

° ° * 1Srank * * * ° ° * 15rank * * * ° ° * 15rank * * *
Figure E.4: Compressed block spectra at n = 4096 with all active modes inside the precon-
ditioning block. Left: baseline spectrum with a wide spread. Centre: theory-preconditioned
spectrum, reduced spread but a residual slope. Right: empirical-preconditioned spectrum,
essentially flat at 1. Titles report the per-block condition number.

Figures[E.5HE.6|show the normalised residual decay for individual Fourier modes under
the baseline and both preconditioned learning rules. The baseline decay is negligible over
2000 steps for both modes; the preconditioned rules reduce the residual by several orders of
magnitude within the same budget.

E.2 Finite-sample mode decay across sample sizes

The main text shows the observed-versus-predicted mode decay for a single sample size
n = 4096 (Figures [5.4)and [5.5)). Here we repeat the same experiment across the full range
of sample sizes n € {128,...,32768}. For each n, the left panel shows all retained modes
over the first 200 gradient-descent steps, and the right panel isolates the higher-frequency
modes over 2000 steps. Solid curves are the observed normalised residual amplitudes
o, (7)|/]e,(0)]; dashed curves are the diagonal prediction from the finite-sample corrected

eigenvalues 7\,1(,,").

The trend is consistent with the finite-sample theory. At small n, the sampled operator is
a rough approximation, the prediction bands are wide, and the observed curves flatten early
as the finite-sample action error becomes comparable to the remaining motion. As n grows,
the bands tighten and the observed decay tracks the diagonal prediction over an increasingly
long horizon before flattening.

115



E. ADDITIONAL EXPERIMENTAL RESULTS

Normalized residual mode decay: cos_1 (n=4096, seed=0)

10° ~ —— baseline
- theory preconditioned
—— empirical preconditioned
1072 4
3
= 10744
3
g
1076 4
1078 —
\

0 250 500 750 1000 1250 1500 1750 2000
step

Figure E.5: Per-mode residual decay for cos; (n = 4096, seed 0). Baseline (blue) is effec-
tively flat; theory-preconditioned (orange) and empirical-preconditioned (green) converge
rapidly.

Normalized residual mode decay: cos_7 (n=4096, seed=0)

100 o

1071 4
1072 4

10—3 4
—— baseline

—— theory preconditioned
- empirical preconditioned

10—4 4

oo (B)/]ap(0)]

1075 o

1076 4

1078 4 |

0 250 500 750 1000 1250 1500 1750 2000
step

Figure E.6: Per-mode residual decay for cosy (n = 4096, seed 0). The spectral gap for this
higher mode makes the baseline decay even slower; preconditioning recovers roughly six
orders of magnitude of relative residual within 2000 steps.
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E.2. Finite-sample mode decay across sample sizes

Random sampling: n = 128, first 200 steps

Random sampling: n = 128, first 2000 steps
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Figure E.7: Random sampling with n = 128: observed (solid) versus finite-sample eigen-
value prediction (dashed). The prediction bands are wide and the observed curves flatten
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Figure E.8: Random sampling with n = 256:
value prediction (dashed).
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Figure E.9: Random sampling with n = 512:
value prediction (dashed).
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E. ADDITIONAL EXPERIMENTAL RESULTS

Random sampling: n = 1024, first 200 steps Random sampling: n = 1024, first 2000 steps
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(a) All modes, first 200 steps. (b) Higher-frequency modes, 2000 steps.

Figure E.10: Random sampling with n = 1024: observed (solid) versus finite-sample eigen-
value prediction (dashed). The observed decay already tracks the prediction over most of
the early window.
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(a) All modes, first 200 steps. (b) Higher-frequency modes, 2000 steps.

Figure E.11: Random sampling with n = 2048: observed (solid) versus finite-sample eigen-
value prediction (dashed).

Random sampling: n = 8192, first 200 steps Random sampling: n = 8192, first 2000 steps
\\
(a) All modes, first 200 steps. (b) Higher-frequency modes, 2000 steps.

Figure E.12: Random sampling with n = 8192: observed (solid) versus finite-sample eigen-
value prediction (dashed).

118



E.3. Frozen-kernel Fourier eigenspace alignment

Random sampling: n = 16384, first 200 steps Random sampling: n = 16384, first 2000 steps
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Figure E.13: Random sampling with n = 16384: observed (solid) versus finite-sample
eigenvalue prediction (dashed).

Random sampling: n = 32768, first 200 steps Random sampling: n = 32768, first 2000 steps.
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Figure E.14: Random sampling with n = 32768: observed (solid) versus finite-sample
eigenvalue prediction (dashed). At the largest sample size the bands are tight and the agree-
ment with the diagonal prediction is closest.

E.3 Frozen-kernel Fourier eigenspace alignment

The frozen-kernel analysis assumes that the initial finite-width operator already reproduces
the Fourier spectral structure of the infinite-width theory. This section examines how well
that assumption holds frequency by frequency. For each k > 1, the ideal eigenspace is
the two-dimensional Fourier plane F; = span{{ ,$x s}, so the comparison must be made
at the level of subspaces rather than individual eigenvectors: even a perfectly recovered
frequency block has an arbitrary orthonormal basis inside F;. We therefore use two basis-
free diagnostics, the principal angles between the empirical eigenspace and ¥, and the
projector error ||Px — P .

An important caveat is that eigenvalue agreement alone does not certify eigenspace
recovery. Figure [E-T5| shows that the eigenvalue alignment error and the empirical pair-
splitting both decrease quickly with width, yet these quantities can be small at high fre-
quencies while the corresponding eigenspaces are still poorly aligned.

The eigenspace diagnostics show a clear frequency hierarchy. Figure compares
the mean empirical eigenvectors with the Fourier targets at width 256: the low frequencies
are tracked closely, while phase and amplitude distortions grow with k. Figure [E.T7] shows
the same effect in the raw Fourier plane, where the low-frequency clouds lie near the unit
circle and higher frequencies drift inward. Figure [E.T8]summarises this as a projector error
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E. ADDITIONAL EXPERIMENTAL RESULTS

Eigenvalue diagnostics vs frequency
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Figure E.15: Eigenvalue diagnostics for the frozen empirical kernel versus frequency, across
widths. Left: absolute eigenvalue alignment error \ik — Ak|. Right: empirical splitting of
the degenerate k-pair @Ql —5%72\. Both shrink with width, but small eigenvalue error alone
does not imply good eigenspace recovery.

that grows rapidly with k: only the lowest modes are recovered accurately at the widths
considered here.

When the kernel is allowed to evolve, the empirical eigenspaces move away from the
Fourier planes rather than toward them, even as the network optimises better than the frozen
baseline. Figure shows the principal angles increasing during training at width 256,
with the largest drift at k = 5 and k = 6; Figure [E.20|shows the same drift in the raw Fourier
plane. This is consistent with the interpretation that feature learning helps through spectral
reweighting rather than by preserving the Fourier geometry.

E.4 Finite-width frozen: projector stability

The frozen-NTK analysis relies on the eigenspaces of Cy remaining close to those of C;
throughout training. Figureconﬁrms this directly: the absolute projection error || 2 (¢) —
B (0)||F stays close to zero for the frozen network at both widths, while it grows for the
evolving network, especially at the smallest width.

E.5 Finite-width evolving: cross-width summary and
robustness

Figure shows the full per-subspace story—alignment, projection error, and spectral
strength—across all four widths and six target frequencies simultaneously. The pattern is
consistent: alignment is high and grows with width; projection error is moderate and shrinks
with width; spectral strength accumulates at a width-dependent rate.

Figure[E.23|checks that the spectral ordering of mode decay is not an artefact of unequal
target amplitudes. When the target is constructed with equal Fourier coefficients across all
modes, the same low-to-high ordering of convergence is observed, confirming that the effect
is driven by the kernel eigenvalue spectrum and not by initialisation.
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E.5. Finite-width evolving: cross-width summary and robustness
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Figure E.16: Mean empirical eigenvector components (orange) versus the Fourier targets
(black) at width 256, with one-standard-deviation bands over seeds. Low frequencies are
tracked closely; distortion and variability grow with frequency.

Finally, Figure [E24]reports the two geometry diagnostics accumulated over the nested
subspaces #< rather than per frequency. The cumulative RMS-cosine alignment and the
cumulative projection error tell the same story as the per-frequency plots: the evolving
kernel (solid) drifts away from the Fourier reference relative to the frozen baseline (dashed),
with the gap widening as more high-frequency blocks are included.
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E. ADDITIONAL EXPERIMENTAL RESULTS

Raw Fourier-plane coordinates across frequencies (width=256) © comp1seeds
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Figure E.17: Raw Fourier-plane coordinates of the empirical eigenvectors across frequen-
cies at width 256. Points near the unit circle lie mostly inside ¥; inward drift indicates
leakage outside the Fourier plane.
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E.5. Finite-width evolving: cross-width summary and robustness

Projector error vs frequency
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Figure E.18: Projector error ||, — P||r versus frequency for several widths. The error
grows rapidly with k: subspace recovery deteriorates at higher frequencies even when the
lowest modes are well aligned.

123



E. ADDITIONAL EXPERIMENTAL RESULTS

Principal angles vs training step (width=256)
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Figure E.19: Principal angles between the empirical eigenspaces and the Fourier planes
during training at width 256. The frozen branch is constant by construction; the evolving
branch departs immediately, with the largest drift at k = 5 and k = 6.
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E.5. Finite-width evolving: cross-width summary and robustness

Kernel eigenspace raw coordinates: frozen vs evolving (width=256)
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Figure E.20: Raw Fourier-plane coordinates of the empirical eigenspaces for k = 2,5,6,
comparing the frozen baseline with the evolving branch at several training steps (width
256). The frozen and step-O columns coincide; the k = 5 and k = 6 eigenspaces reorganise
away from the initial Fourier pattern.
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Figure E.21: Absolute projection error ||P;(t) — P,(0)||r by frequency k, comparing frozen
(dashed) and evolving (solid) networks at widths 128 and 512. Frozen projectors are stable;
evolving ones drift, increasingly so at low width.
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E. ADDITIONAL EXPERIMENTAL RESULTS

Per-subspace absolute dynamics across widths (k0256 family)
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Figure E.22: Per-subspace dynamics across widths w € {128,256,512,1024} (line colours)
for each of the six target frequencies (rows). Columns show cosine alignment, absolute pro-
jection error, and spectral strength, for both frozen (dashed) and evolving (solid) networks.
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E.5. Finite-width evolving: cross-width summary and robustness

Side-by-side residual mode decay (width=512)
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Figure E.23: Mode residual decay for frozen (left) and evolving (right) networks at w =512,
using a target with equal Fourier amplitudes across all modes. The low-frequency modes
still converge first, ruling out amplitude bias as a confound.
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Figure E.24: Cumulative geometry diagnostics over the nested subspaces F< at width 512,
for frozen (dashed) and evolving (solid) networks. Left: cumulative RMS-cosine alignment
SRS (¢). Right: cumulative projection error ||P<¢(¢) — P<¢||r. The evolving kernel becomes

less Fourier-aligned over training, increasingly so as higher-frequency blocks are included.
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