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Abstract

Heating from geothermal doublets might contribute to the adaptation from fossil energy into greener
methods for a CO,-neutral future. Recently, P. van Nieuwkerk (2022) has demonstrated how a new
upscaling method developed by Tang et al. (2022) produces more accurate predictions of production
temperature over time when an increase in the vertical thermal conductivity parameter (k) is
implemented in simulations. The results of Van Nieuwkerk's research might be used in optimising
geothermal doublet performance. This thesis explores whether a justified physical reason for increasing
k. exists. Concretely, this study compares analytical solutions and modelled solutions, based on a
simplified layer-cake model, of a situation of conductive heat transfer for which analytical solutions
already exist. A technique called superposition has been applied to both solutions in order to match the
in situ situation more accurately. Results of the most realistic cases that have been investigated show
that the modelled and analytical solutions do not vary considerably in temperature predictions over time.
Therefore, this research has not identified any physical grounds that justify an increase in k..
Nevertheless, since this report has only considered a simplified model that bears limited resemblance to
the in situ situation, it does not mean that there is none. Based on these results, future research is
necessary to make more specific evidentiary claims.



Table of Contents

I (oo (U1 1T o ISP 5
2. RESEArCh DACKOIOUNG .......coiii ettt e e e s r e s r e sre e s neeeneeeneeeneesneeannean 6
2.1 Geothermal energy in the Netherlands...........c.ooiiioiii e 6
2.2 The principle behind geothermal dOUDIETS..........ccooiiiiiiii e 6
2.3 The lifespan of a geothermal dOUDIEt............cc.coviiiiiiic e 7
2.4 Modelling geothermal dOUDBIELS..........cocviiiiiccc e 7
2.5  Temperature distribution from Introductory Transport Phenomena...........cccceeevvivevieviesnenne. 9
2.6 Thermal decay from Transport Phenomena Data Companion............ccccceeeveveveseeniesiesveennns 10

K T\ 1= 1 oo [o] [0 Y/ SRR 14
3.1 Finite difference modelling — one temperature Change..........ccovevee e veenec s 14
3.1.1 RECOGNIZING SYMIMELIY .....uiiiiirieiieiiete ittt ettt bbb r e b e 15
3.1.2 DefiNiNg the SYSTEM......c.iiiitiieiei ittt bttt 16
3.1.3 Applying an energy balance to the grid BIOCK............ccooiiiiiiiiii 16
3.1.4 The equations for the energy DalanCe...........ccocuoiriiiiinie e 17
3.1.5 BOUNAAIY CONTITIONS ....veiviiiiiieciieic ettt s ae e e ae s besne e e e srenreenes 17

3.2 ANAIYEICAI SOIULIONS........coviiiiiiiic ettt e b e s beere e bestesreenean 17
3.3 Finite Difference Modelling — Five Temperature Changes .........ccccevvveveeveevieeveesiee e seesne e 18
3.4 Analytical Solution - Five Temperature ChangesS.......cccoeieerieeiieesieeseeseesee e seeseeseeseeeseeeseeeens 18
3.4.1 Application of superposition on analytical SOIULIONS .............ccceiiiiiireiiine e 18

3.5 ComMPAING SOIUTIONS.......cuiiiiiiiiieiei sttt bt sn b 19

Z RESUILS ...ttt ettt ettt et et e Ee R e Rt eteeRe Rt e tenReeRe et e ReaReentenreeteenbentenreenes 19
4.1 Finite difference modelling — one temperature Change.........cccvevevereiiieiie e 19
4.1.1 Deriving an equation for steady-state temperature of the grid block over time.................... 19
4.1.2 Translation to dimensionIess FOrM. ..o s 20
4.1.3 Analytical Solutions — One Temperature Change.........ccccevveiieiie v 20
4.2 Comparison With Case 1 SOIUTION .........ccveiviiiiiiiiecee e 21
4.2.1 Centre temperature COMPAITSON .........oivereeeerierrerreseeeete et e e ss s e anennenes 21

4.3 Finite Difference Modelling — Five Temperature Changes ..........cccoovirenereiinineneneseesesie e 22
4.3.1 Superposition at ach tiMe STAMP........cueiiiii i e e 23

4.4 Analytical Solution - Five Temperature ChangesS.........cccvveieviiierieiisieiee e sre e sre s 24
4.4.1 SUPEIPOSITION FESUILS ....veiviiiiiteciieie ettt st ettt b ae e e sreereenes 24

4.5 Realistic Estimating realistic heating rates..........ccccieiiiiii e e 25
4.6 FINding the Optimal fit.........coovviiiiie e e esr e ree e 26

5. RESEAICH LIMITALIONS. .....iiuiiieiiiiieies ettt sttt e s testeententesreeneeteneeaneens 29
T O] Tod 111 To ] o PSP 29



Literature ......ccooveeveeeveeeeenn,

Appendix 1 — Tables ............

Appendix 2- Semi Log Plots



1. Introduction

The end of the lifetime of a geothermal doublet is marked by a drop in production temperature of the
well. When the water that the geothermal production well produces falls deeply below the original
production temperature, the process becomes unviable and must end. As geothermal heat production
requires substantial initial investments, it is of major importance to be able to make the most accurate
possible predictions about the lifespan of a geothermal doublet (Milieu Centraal, 2020). With more
accurate predictions of the performance of potential future geothermal doublets, governments and the
industry will be able to better predict the most efficient location for potential geothermal doublets,
thereby minimizing energy costs (Daniilidis et al., 2021). But since geological reservoirs are often very
heterogeneous, modelling heat dissipation in geothermal doublets is computationally expensive (Voskov
et al., 2019). To bypass this issue, simulators must use big heterogeneous grid blocks for functioning
efficiently. Therefore, modelling geothermal doublet performance requires upscaling techniques.
However, when using bigger grid blocks, there are concerns about accuracy. This thesis will address
one of them.

Recently, J. Tang et al. (2022) have submitted to journal a paper that presents a new method that can be
used to upscale rock conductivities in the flow direction of geothermal doublets. In research that is still
in preparation, P. van Nieuwkerk (2022) has investigated whether Tang et al.’s new upscaling technique
outperforms the conventional upscaling method when modelling the temperature development in
geothermal doublets over time. To do so, Van Nieuwkerk performed fine-grid simulations on a reservoir
and then compared its results to those obtained from the two upscaling methods. Results show that Tang
etal.”s new upscaling technique produces results that resemble the fine-grid simulations more accurately
than results obtained with conventional upscaling. However, Tang et al.’s upscaling results do not
quantitatively fit the fine-grid simulation when predicting the initial drop in produced water temperature
that is crucial to the closing of a project. Despite not having found any valid physical explanation, Van
Nieuwkerk also discovered that increasing the vertical thermal conductivity parameter (k;) resulted in a
much better fit.

As no valid physical reason has yet been found, the aim of this thesis is to investigate whether increasing
k. is justified or if increasing the k; value is just a cover for imperfections in upscaling techniques. This
is done through considering a simplified model with a set of two alternating layers with identical
properties, where only the initial temperatures of the two layers are different. In the model, both for
simplicity and to allow comparisons with analytical solutions, the only heat transfer mechanism
considered is conduction. Conduction in a heterogeneous reservoir is the mechanism that mitigates the
spreading of the cold waterfront caused by forced convection taking place in the fast-moving flow layers
(Tang etal., 2022).

The report is structured as follows. In Chapter 2, the theoretical knowledge behind this research will be
provided. Chapter 3 will be about the methods used in this thesis, and Chapter 4 will present the results
obtained in this thesis. Then, Chapter 5 will discuss limitations of this study. Finally, Chapter 6 will
present the findings from this research.



2. Research background

2.1 Geothermal energy in the Netherlands

The world has a global -crisis on its hands. Of the 193 countries that have made a pledge under the Paris
Agreement to half their greenhouse gas emissions by 2030, experts say that even if every country would
abide by the plans that have been set forth, only thirty-six members would accomplish their vowed goals
(Watson et al., 2019). In their report, Watson et al. warn that by 2030, the economic losses due to
cataclysmic weather events caused by the failure of governments to constrict greenhouse gas emissions
will be at a minimum of almost $2 billion dollars per day. One of the countries that is still not on track
to achieve their part of the Paris Agreement is The Netherlands (Hammingh et al., 2020). To accomplish
their climate goals, the Dutch would have to have reduced their CO, emissions by 95% by 2050,
compared to 2015. It is for this reason that it is ever more crucial for the government in the Netherlands
to explore and consider all means of greenhouse gas emission reductions.

40% of the CO; budget in the Netherlands is accounted for by heat consumption (EBN, 2018). To
transition towards a CO; neutral form of heat generation, the Dutch government will minimize social
costs by making use of a variety of renewable sources and techniques. One of the most promising
methods of sustainable heat generation is the application of geothermal doublets. By 2050, geothermal
energy is forecasted to contribute to 23% of the total Dutch heat production (EBN, 2018).

2.2 The principle behind geothermal doublets

A geothermal doublet produces energy by extracting heat from the Earth’s hot subsurface. Figure 1 is a
schematic representation of such a doublet. A geothermal doublet works by producing hot resident water
and, after harvesting the heat, injecting the cooled down water back into an aquifer. A heat exchanger
on the surface is used to extract the heat from the hot water. Eventually however, the cold temperature
starts to break through to the production well, forcing the closure of the project. Even though geothermal
doublets can be deployed as a very sustainable and reliable source of energy, as of now, very few
geothermal doublets exist in the Netherlands (Dijkstra et al., 2020). The reason for this is that geothermal
energy requires large upfront investments caused by expensive drilling operations. In the Netherlands,
the main targets for geothermal doublets are at depths of between 2 and 2.5 km with a temperature
between 70 and 90 °C (Bonté et al., 2012).
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Figure 1. A schematic representation of a geothermal doublet (Mijnlieff, 2020)

2.3 The lifespan of a geothermal doublet

At the end of the lifespan of a geothermal doublet, the injected cold water has flowed through the
reservoir rock long enough to cool down the reservoir until the water being produced gets too cold to be
an economically viable process. The rate at which the production temperature of a geological doublet
cools down is dependent on multiple aspects, including injection temperature, well spacing, flow rate,
reservoir thickness, reservoir permeability and porosity, and the heterogeneity of the reservoir rock
(Daniilidis et al., 2020; Wang et al., 2021). Typically, shutdown happens shortly after the first decline
in temperature of the reservoir rock at the production well (Daniilidis et al., 2021). For most commercial
doublets, the lifespan ranges anywhere from 25 to 40 years (Mahbaz et al., 2021).

The first significant drop in produced water temperature of geothermal doublets occurs when a cold-
water temperature front has penetrated the reservoir rock surrounding the production well. In
heterogeneous reservoirs, the reservoir will cool down quickest in the layers with the highest
permeability. The reason for this is that layers of high permeability experience a significant increase in
cold water flow rates. Consequently, higher rates of convection make the reservoir rock that surrounds
the pathway of increased cold-water flow cool down quicker. This effect of increased thermal dispersion
in the reservoir caused by variations in flow rates between geological layers is mitigated through
conduction (Tang et al., 2022).

2.4 Modelling geothermal doublets

One method that can be used to bring down energy costs of geothermal doublets would be for operators
to choose well locations with the longest cumulative lifespan production output. As subsurface
information is limited, accurate modelling of doublet performance is key. The modelling of complex
heterogeneous reservoirs, though, is very computationally inefficient. To solve this, upscaling
techniques with big heterogeneous grid blocks are necessary (Tang et al., 2022).

Recently, J. Tang et al. (2022) have developed a new upscaling technique that can be used to upscale
rock conductivities in the flow direction of geothermal doublets. This new upscaling technique has been
assessed on a reservoir model by P. van Nieuwkerk. Figure 2 below shows the temperature distribution
after 10 years of production generated by a fine-grid simulation of the reservoir model. Figure 3 displays
the same situation, but now modelled with Tang et al.’s upscaling technique with just 12 layers. In his
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research that is still in preparation, P. van Nieuwkerk has found that Tang et al.’s new ‘Taylor’ upscaling
technique outperforms the conventional ‘arithmetic’ upscaling method when modelling the temperature
development in geothermal wells over time.
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Figure 2. An example of a fine-grid simulation after 10 years of production (Van Nieuwkerk, 2022)
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Figure 3. An example of Tang et al.’s upscaling technique with the original k, with 12 layers after 10 years of production (Van
Nieuwkerk, 2022)

Van Nieuwkerk also discovered that the upscaling results did not give a quantitative fit for the initial
drop in the produced water temperature. This is problematic, considering how a geothermal doublet
typically is shut down only shortly after the initial decline in temperature at the production well
(Daniilidis et al., 2021). But when Van Nieuwkerk increased the vertical thermal conductivity parameter
ks, the production temperature predictions of the upscaled simulations improved significantly. Figure 4
shows how the fine-grid simulator’s predictions in production temperature development are matched
more accurately by Tang et al.”’s new upscaling technique when k; is doubled. In the figure, the upscaling
method of Tang et al. with its normal thermal conductivity parameter is labelled ‘Taylor’ upscaling. The
upscaled simulation with the increased thermal conductivity is labelled ‘Taylor k,=2k,’ and the
conventional upscaling technique is labelled ‘Arithmetic’. To find out whether increasing the vertical
thermal conductivity parameter is justified from a physical perspective, a simplified model of heat
dissipation will be investigated in this thesis.
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Figure 4. A plot that shows the drop in production temperature at the production well over time. Fine-grid results are
compared to conventional arithmetic upscaling techniques, as well as Tang et al.'s Taylor upscaling techniques with the
original k, = k,; and k, = 2k,; (Van Nieuwkerk, 2022).

2.5 Temperature distribution from Introductory Transport Phenomena

A layer-cake model will be considered in this thesis that imitates a fast-moving cold front through a
geothermal reservoir. The model contains an infinite alternating set of hot and cold layers with identical
properties and dimensions. In the model, conduction is assumed to be the only mechanism that transfers
heat from the hot to the cold layers. This model is analogous to solutions from existing literature. In
Example 11.5-2 found in Introductory Transport Phenomena by Bird et al. (2013), the authors derive a
solution for temperature decay over time in a ‘Finite Width Slab’. The finite width slab has constant
physical properties and width ‘2b’. At t < 0, the temperature is constant at T = T, all throughout the
slab. Then at t = 0, both the top and the bottom of the slab are suddenly heated and maintained at a
fixed temperature T = T, forall t > 0.

Bird et al. have plotted the solution that arises from the infinite Fourier series that provides the
temperature profile throughout the slab. The results can be seen in Figure 5. The authors made the

solution as applicable as possible by translating the equation into dimensionless form. In the figure, y/b
indicates the dimensionless position coordinate in the slab. The temperature at y/b = 0 represents the
temperature in the centre of the slab. But, although the thickness of the slab is ‘2b’, the figure only
shows a maximum dimensionless position of y/b = 1. The reason for this is that the finite width slab

that the authors solve for has a symmetrical temperature distribution, which means that only half the
cross-sectional area of the slab is required to still know the temperature at any position.
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represents the thermal diffusivity parameter a = p% with k being the thermal conductivity parameter,
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p the density and C, the heat capacity of the slab. With a higher value for 7 = Z—;, temperature will be
more evenly distributed throughout the slab.
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Figure 5. Temperature profiles for unsteady-state conduction in a slab of finite thickness 2b (Bird et al., 1987)

The mathematical function used to make this graph starts with a shell balance on an element of
differential width. The authors then obtain the following infinite series for dimensionless temperature
as a function of time and position:
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2.6 Thermal decay from Transport Phenomena Data Companion

Another publication that displays the temperature loss over time for the same problem is shown in
Section 2.5 can be found in the book Transport Phenomena Data Companion by Janssen &
Warmoeskerken (1987). The solutions that are provided in this book solve for the temperature decay
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over time for a ‘plate.” The plate that the authors refer to is identical to the ‘finite width slab’ as solved
for by Bird et al. (2013).

Similar to the solutions provided by Bird et al., dimensionless variables are used. Figure 3 shows a plot
of the average temperature throughout the slab decaying over time. The dimensionless time variable that
T, —<T>

T,—Ty '
over the entire volume of the slab. Secondly, a plot of the centre temperature of the plate decaying over
time is shown in Figure 6. Here, the dimensionless temperature that is used is M = % where T,

1~ 1o

Janssen & Warmoeskerken use is < M > =

where < T > represents the average temperature

represents the centre temperature of the slab. For the dimensionless time scale, the authors use Fo = Z—i,

where «a represents the diffusivity parameter, t the time since initial heating and d the entire thickness
of the plate.

Although the ‘plate’ from Transport Phenomena Data Companion is identical to the ‘finite width slab’
from Introductory Transport Phenomena, there is one difference. Instead of using a thickness of ‘2b’
as was done for the finite width slab, Janssen & Warmoeskerken define the problem as a plate of
thickness ‘d’ that is heated from both sides, meaning that for the same problem d = 2 * b. However,

since the tabulated plate solutions from Figures 6 and 7 uses the time scale Fo = 2 in contrast to Bird

dZ
etal’s Tt = Z—E. Because of this difference in dimensionless scales, the solutions of the slab cannot
directly be compared to that of the plate. Because d? = 4 * b?, the dimensionless time unit in the plate
plot in Figures 6 and Figure 7 is moving four times quicker than that of the slab of Figure 2. Therefore,

to fit results from Figure 5 in the same graph and adjust it to the Fo plate timescale, its slope will have
to be four times as large.
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3. Methodology

To investigate whether a valid physical reason exists for increasing the vertical hydraulic conductivity,
four different cases will be considered. In Case 1, an energy balance will be derived for a model of a
fast-moving cold front where the temperature at the boundary is suddenly raised to a new temperature
in one step. From the energy balance, a dimensionless equation for temperature over time will be able
to be derived by solving a first order ordinary differential equation. This equation will then be compared
to existing analytical solutions in Case 2. In Case 3, the model from Case 1 will be used. However, in
this scenario, the temperature at the boundary of the grid block will be raised in several steps to match
reality more accurately using a technique from Transport Phenomena called ‘superposition’. With
superposition, instead of applying just one temperature change, the total temperature change takes place
more gradually in multiple steps. Then in Case 4, superposition will be applied on the analytical
solutions to find the temperature over stepwise temperature increments. Finally, in the last section, a
method will be proposed that can be used to provide a rough estimate of the rate of heating caused by
the progression of the cold front.

3.1 Case 1: Finite difference modelling — one temperature change

This thesis utilises a layer-cake model to represent a fast-moving cold front in a geothermal doublet with
warmer layers above and below is represented as an infinite series of alternating warm and cold layers
with identical thicknesses and thermal properties. A schematic representation of a section of these
alternating hot and cold layers is shown in Figure 8. Each layer in the model is assumed to always be at
a uniform temperature. Initially, the cold layers are at uniform temperature T, and the hot ones are at
uniform temperature T,. Each layer has a thickness 2H, length L, width W. The cold layers represent
the high permeability zones in the reservoir where the rock has cooled down. The reservoir rock used in
this model has thermal conductivity k, density p and heat capacity C,,.

This model will only consider heat conduction as a mechanism of heat transfer, meaning that possible
effects of convection and heat generation will be neglected. Simplifying the model in this way allows
us to compare the temperature of the layers directly to analytical solutions. Case 1 considers a single
temperature increment, where the block is initially at T, and then suddenly brought into contact with the
hot layer, thereby heating up at the boundary to the new temperature, which will be the exact average of
T, and T,. In this case, an energy balance will be applied to half the original layer. This equation will be
translated into dimensionless form to allow for simple comparison with the analytical solutions. Each
layer in the model of Figure 5 resembles a ‘finite width slab’ of Section 2.5 and the “plate’ of Section
2.6.

14
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Figure 8. A section of an infinite series of two geological layers with identical dimensions and thermal properties, but with
different uniform starting temperature

3.1.1 Recognizing symmetry

As can be seen in Figure 8, all layers are symmetric about their middle planes. At the middle of each
layer, the same amount of heat is flowing from the top down as from the bottom up. This means that no
heat will flow through the middle of each layer. Physically, a no heat flow boundary can be treated
identically to a perfectly insulated boundary (Ohio University, 2015). Furthermore, because the model
is symmetric, all boundaries between layers will immediately jump to the average of the two initial

temperatures; T; = @ . Eventually, when conduction continues as time goes on, the entire layer
package will approach the same temperature T;.

Because of the symmetrical nature of this model, each layer can be subdivided into two grid blocks with
half the original thickness. Then, the block of half the original layer will have thickness H, length L and
width W. A schematic representation of such a grid block is shown in Figure 9. Compared to the
analytical solution from Introductory Transport Phenomena presented in Section 2.5, Figure 5’s ‘centre

of slab’ at position y/b = 0 would be analogous to the temperature at the fully insulated top in Figure
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9. However, whereas Bird et al. calculate the finite width slab with variations in temperature within the
grid block, the model as shown in Figure 6 treats the block as steady state.

Fully insulated top,

— < =0
H
-..t.
W L Heated bottom,

q=k(T1-T)/H
Figure 9. A schematic representation of the steady-state grid block model

3.1.2 Defining the system
Since the middle of each layer from Figure 8 is a zone boundary of no heat flow, each of the grid blocks
has a boundary that can be treated as fully insulated. The other boundary of each half is a grid block

boundary. The temperature at the boundary is knowntobe T; = ot

ZTZ. Attime t = 0, the bottom surface

of the block is instantly changed to temperature T = T1, and heat is conducted into the bottom surface
of the block according to Fourier’s law. Through Fourier’s law of thermal conduction, heat flux g,
coming in from the grid block boundaries can be calculated with the following equation (University of
Ottowa, 2007):

k(T —T)
qdz,conduction = T (2)

In this equation, H is the thickness of the grid block half, T is the temperature, and k represents the
thermal conductivity parameter.

3.1.3 Applying an energy balance to the grid block
The general form of the energy balance is as follows:

[Transport of thermal energy into system]

[Transport of thermal energy out of system]
+
[Amount of net release of thermal energy generated in the system]

[Amount of thermal energy accumulated in the system]

Heat flows from high temperature to low temperature. This means that in the grid block model of Figure
6, thermal energy will flow from the heated bottom towards the top surface. Because the top surface of
the grid block is treated as fully insulated, there will be no transport of thermal energy out of this system.
Furthermore, since this model neglects generation of thermal energy within the grid block, the third

16



thermal energy generation term drops out of the equation. Then, as only conduction is taken into account
in this model, the energy balance used in Case 1 can be reduced to the following:

[Conduction into the system]

[Amount of thermal energy accumulated in the system]

3.1.4 The equations for the energy balance
Conduction into the system can be approximated by multiplying heat flux q with the surface area A that
the flux is applied on:

Q=Ax qz,conduction (33)

In this equation, Q represents the total amount of heat energy conducted into the block. After having
substituted in the equation for the surface area of the bottom A = length * width, along with Eq. 2,
Eq. 3 becomes:

k«(T,—=T)

o (44)

Accumulation of heat in the system can be approximated with the heat storage equation (Wu, 2010), as
follows:

6T
Q:V*p*CP*E (55)
In (5), Q represents the thermal capacity of the block and V its volume. The combined density p for the
grid block can be found by p = ppasrix * (1 — @) + Ppore fiuia * @, and the combined heat capacity is
obtained with the equation C, = Cp matrix * (1 — @) + Cp pore riuia * ¢ - Here, ¢ indicates the total
porosity of the grid block.

The last term of (5), % , shows the temperature change of the grid block over time. Next, after

substitution of the volume V = length = width = height,the equation of heat accumulation
transforms into the following:

6T
Q:L*W*H*p*Cp*E (66)

3.1.5 Boundary conditions

Two boundary conditions are required to obtain an equation that can be used to derive the temperature
of the grid block over time. The following boundary conditions will be used in the application of the
energy balance:

1. The initial temperature at t = 0: T=Tyatt=0
2. The top surface is fully insulated: q=0ath=H

3.2 Case 2: Analytical solutions
As the first significant decline of production temperature of geothermal doublets is most fundamental
for their commercial use, this thesis focuses on the differences between the grid block model and the
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analytical solution in the first 40% temperature decline. In Case 2, a direct comparison will be made
between the temperature development equation that has been derived in Case 1 and the analytical
solution as displayed in Figure 3 of Section 2.6. From this comparison, the factor of increase of the
thermal conductivity parameter will be calculated that will make the rate of change as predicted by the
grid block model from Case 1 optimally fit the analytical solution for the first 40% of the total
temperature loss. This process of calculating the factor of increase required of k. will be repeated when
comparing the superposition Cases 3 & 4 solutions. Additionally, in this section, a comparison will be
made between the analytical centre temperature development that the two solutions from Sections 2.5
and 2.6 solve for. Here, the centre temperature results from Figure 5 of Section 2.5 will be plotted onto
the centre temperature graph shown in Figure 7 of Section 2.6 to rule out the possibility of errors in the
literature.

3.3 Case 3: Finite Difference Modelling — Five Temperature Changes

The grid block of Case 1 was ‘suddenly’ brought into contact with a hotter grid block at ¢ = 0. However,
this does not accurately resemble reality. As cold-front breakthrough in a geothermal well happens over
the span of many years, the temperature difference between the cold and hot layers increases only slowly
with continued thermal dispersion. Initially, the high permeability layers only have a slightly different
temperature from its surrounding rock. However, as forced convection in the high permeability layers
continues, thermal dispersion slowly becomes larger. Therefore, it would be more realistic to model
Case 1 with several temperature increments. In Case 3, this is done through the application of the
principle of ‘superposition” from Transport Phenomena. When deriving an equation using superposition,

the dimensionless time scale 8* = TT_TT" must be used (W.R. Rossen, personal communication, July 1,
1~ 10
2022). Translating 6 = % to 8" can be done easily,as 8" =1 — 6.
1~ 1o

Using the equations derived in Case 3, the temperature at any interval between temperature increments
can be obtained. Therefore, the temperature behaviour of the superposition solutions will be investigated

for different dimensionless heating intervals t; = 0;1—21 When the rate of heating is happening at speed,

solutions of the superposition results will converge towards the results obtained from Case 1. On the
other hand, when the rate of heating is taking place very slowly, each temperature increment will already
have heated up the block evenly by the time the next temperature increment takes place. In this thesis,
a variety of heating intervals will be calculated. Intervals between temperature increments that will be
plotted for are 7; = 0.025, 0.05, 0.1, 0.2, 0.4, 0.8, 1.6, 3.2, 4.

3.4 Case 4: Analytical Solution - Five Temperature Changes

The principle of superposition is also used in Case 4, but now applied to the analytical solutions. This is
done as to find out whether a stepwise change in temperature will make the finite difference solution
from Case 3 match the analytical solution more accurately. The same set of temperature increase
intervals will be used as in Case 3 to best compare the two solutions. Results of both cases will be plotted
with the use of Microsoft Excel. Both the average and the centre temperature will be displayed in these
plots. Additionally, a separate graph will be included that shows the absolute difference between the
analytical and the finite difference solutions. The values required for the application of superposition to
the analytical solution will be derived from a digital enlargement of Figure 6 from Section 2.5. The
advantage of using a digitalized version of Figure 6 is that reading errors can be reduced to a minimum.
Centre temperatures will be derived from Figure 5.

3.4.1 Application of superposition on analytical solutions

Applying superposition on analytical solutions works by reading off the changes produced by
temperature increments that have taken place at different points in time. For example, to determine the
average analytical superposition simultaneously as the last heating step has been applied, temperature
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values will have to be read off at T =0, 1t,, 274, 314, 47,. Therefore, after five temperature
increments, the five different temperatures need to be used to find the superposition temperature.

3.5 Comparing Solutions

In this section, the rate of heating will be estimated on the basis of a real-life case taken from the
manuscript by Tang et al. (2022) a superposition graph for comparison between Cases 3 & 4 at this
apparent real-life heating rate will also be included. The rate of heating will be estimated by tracking
the time it takes for the temperature of the fast-moving cold front to decrease 20% of the difference
between T, and T;. If the real-life heating rate corresponds to superposition results where the finite
difference solution is not far off from the analytical solution, this would mean there would be no apparent
reason as to why increasing k. would be valid. But, if the real-life rate of heating resembles a situation
where the finite difference solution and the analytical solution are still very different, this indicates that
there could be a valid physical reason as to why increasing k, would be justified.

4 Results

In this chapter, the results of all four cases will be discussed. Finally, a heating rate estimate will be
made in the last section on a fast-moving cold front from a simulation provided by P. van Nieuwkerk.

4.1 Case 1: Finite difference modelling — one temperature change

This section addresses the results obtained from the Case 1 model. Section 4.1.1 will provide the
derivation of the equation that shows the temperature over time in the grid block model. Section
4.1.2 will then translate this equation into a dimensionless form. The manner in which the Case 1
results would need to be converted to make the modelled results directly comparable to analytical
temperature development results from the existing literature, will ultimately be discussed in Section
4.1.3.

4.1.1 Deriving an equation for steady-state temperature of the grid block over time

For the purpose of finding an equation that shows the temperature of the geological layer over time, the
energy balance can be turned into a simple differential equation that can be solved by hand
mathematically. As has been discussed in the methodology, the energy balance of the grid block model
used in Case 1 can be reduced to just two terms:

[Conduction into the system]

[Amount of thermal energy accumulated in the system]

Equating the previously derived Eq. 4 for conduction into the system with the equation for thermal
energy accumulation Eq. 7 gives:

k«(Ty—T 6T
L*W*#=L*W*H*p*6 *— (7)

P st

By dividing both sides by —L « W = k % 6T, Eq. 7 turns into the following:

r-1)_ _H+p:G ®)
oT k = 8t

Eqg. 8 can now be rewritten so that a differential equation is obtained that can be solved easily:
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6T k 6t

T-T) HZep=G, ®)
Then, integrate on both sides:
R - — 10
T~ Hoeg, (19
Solving this integral gives:
(T —T) = ——m ot ¢
n(T — 1)——Hz*—p*cp+ (11)

Here, C represents the integration constant. Consequently, Eq. 11 is rewritten into:

Gt
(T—T,) =Ce F7PCp (12)

In Eq. 12, C is the integration constant. Simplifying this leads to the equation can be obtained for
temperature as a function of time:

—( kxt )
T=T,+ Ce H*PCp (13)

The thermal diffusivity parameter a = p% can be substituted to obtain a more simplified version of Eq.
14
13:

at
T =T, + Ce”®? (14)

The integration constant ¢ can be found by using the boundary condition that states that T = T, at t =
0. The resulting final equation then becomes:

at
T =T, + (T~ Te #? (15)

4.1.2 Translation to dimensionless form
The final temperature Eq. 15 can be translated into dimensionless form with dimensionless time t = g—z

. . T.-T . .

and dimensionless temperature 6 = Tl— Translated to dimensionless temperature, T, becomes 6, =
1~ 1o

T, =T, . . .

ﬁ = 1. T; translated to dimensionless temperature gives zero, as 6; =

140

translated to dimensionless form becomes:

L-Ty
T1-To

= 0. Thus, Eq. 15

g =e" (16)

4.1.3 Analytical Solutions — One Temperature Change

As has been discussed in Section 2.5, the temperature values from Figure 5 must be multiplied by four
to translate them to the scale used in Figure of section 2.6. This also applies to results from the model
of Case 1, as Case 1’s ‘H' translates directly to the ‘b’ from Bird et al.. Therefore, the temperature results
from Case 1 Eq. 15 will need to be multiplied by four to be translated correctly onto the time scale used
in Figure 6.
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4.2 Case 2: Comparison with Case 1 solution

From the MSc thesis in preparation by P. van Nieuwkerk it has been found that increasing the thermal
conductivity value k; has led to more accurate modelling results. In this first section of the temperature
distribution graph, the slope of the Case 1 solution is diverging the most from the analytical plate-
solution. In the first 40% of heat loss, which this thesis is focused on, the analytical plate solution has
an even steeper slope than in its later temperature development sections. Figure 10 shows the results of
Eg. 16 plotted onto the analytical solution graph of Section 2.6 with a red line.

If one wanted to make the solution from Case 1 fit the plate solution from Transport Phenomena Data
Companion better, an adjustment to the k, parameter can be made. If, for instance, the k-exponent from
Eqg. 1 would be doubled, the Case 1 solution Eq. 15 exponent would increase accordingly. For the first
40% loss in temperature, the solution from Case 1 takes a dimensionless time Fo = 0.128. Meanwhile,
the analytical plate solution only takes up dimensionless time Fo = 0.031to have lost 40% of its heat.
Therefore, to fit the plate solution, k; should be adjusted to a value 0.128/0.031 = 4.1 times as large
as the original. The blue line in Figure 8 displays the Case 1 solution Eq. 15 with this increased k;
parameter.

\\

0.6

R
N
+ \ Plate \\ Case 1

N "\

10—1[‘" X X X\

Figure 10. The finite-difference solution derived in Case 1 plotted with a red line onto the analytical plate solution from
Section 2.6. The blue line shows how an increase in the thermal conductivity of Eq. 15 can produce a better fit (Adapted
from: Janssen & Warmoeskerken, 1987).

Py

4.2.1 Centre temperature comparison

Two different analytical solutions have been used in this thesis. Figure 11 displays how the two
analytical solutions relate. Centre temperature results of Section Figure 5 from Introductory Transport
Phenomena by Bird et al. have been plotted onto the centre temperature semi log plot of Section 2.6
Figure 4 from Transport Phenomena Data Companion by Janssen & Warmoeskerken. Both authors find
the same temperature development for the same problem, as both solutions almost completely overlap.
Therefore, the possibility of flaws in the analytical solutions highly unlikely.
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Figure 11. A comparison that displays the centre temperatures over time from Bird et al. mapped onto the centre
temperature plot from Section 2.6. Both publications predict an almost identical temperature development (Adapted from
Janssen & Warmoeskerken, 1987).

4.3 Case 3: Finite Difference Modelling — Five Temperature Changes

Instead of one sudden temperature increment at the bottom of the grid block from temperature T, to Ty,
temperature in Case 3 is now raised in n steps at an interval 7. Since the final temperature difference
that will be reached is (T; — Ty), this means that each step will raise the temperature at the bottom
surface by% * (Ty — Ty). To adapt the model from Case 1 to a situation with multiple heating steps, the
principle of superposition can be used. Superposition can only be used with dimensionless form 8* =

T_:f’ . Translating Eq. 16 into 8" gives the following equation:
0

=

* _ 1 _ ,—T
0*=1—e (17)

In this application of superposition, the entire stepwise heating process is taking place in n = 5 steps.
Consequently, starting at 7 = 0, temperature is raised with§ or 20% of the temperature difference (T; —

Ty). Then, at T = 74, the temperature is raised with another 20% and becomes 40% (T; — Ty). At the
third temperature increase at T = 27, temperature at the bottom surface will be raised from the initial
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temperature with 60% of (T; — Ty). At t = 374, temperature at the bottom surface will be heated with
80% of the temperature difference (T, — Tj). Finally, temperature at the bottom surface will be raised
and maintained at 100% T, at T = 47;. The temperature at the bottom of the grid block is shown in
Figure 12 below.

#
9Et:rttc:m
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Figure 12. Temperature at the heated bottom of the model shown in Figure 3 increasing in n = 5 steps

4.3.1 Superposition at each time stamp

The effect of each heating step can be found through adapting Eq. 17 with time convolution. For
instance, when the second temperature increment is initiated at T = 7, the first temperature increment
will already have had its effect during the entirety of t,. At any point in time, the resulting temperature

0" can be calculated with the summation 6* = %Z 0; that contains the effect of each temperature

increment that has set in at that time. The effect of each temperature increment at different time steps
can be calculated with the following adaptation of Eq. 17:

0 =1—e7"
Witht; =7t—-(— 11y (18)
Andi={1,..,n}

Then, the temperature can be calculated for each interval with the following equations:

0" =02+x1—-e77) (19)
ForO>t>1

0" =02x((1—e)+02x(1-e ")) (20)
Fort; >t > 214

0" =02x(1—e")+02*(1—e ™) 4+0.2x(1— e 2m) (21)
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For 27, > 7 > 314

0" =02+x(1—e ) +02x(1—e ™) +02x(1—e 2%) (22)
+0.2 x (1 — e~ (F=3™)
For 3ty > v > 414

0*=02x(1—-e")+0.2* (1 — e‘(T—Tl)) +0.2 % (1 _ e—(T—Z‘rl)) (23)
+0.2 % (1 — e C737)) + 0.2 (1 — e~~470)
Fort > 41

4.4 Case 4: Analytical Solution - Five Temperature Changes
The application of superposition to the analytical solutions works according to the same principle as has

been used in Case 3. To find the resulting superposition temperature 8* = 12 6; can again been used.
n

Only this time, the temperature effects of the different temperature increments 6; have been found
through reading off the values from the analytical solution of Figure 5 from Transport Phenomena Data
Companion. Again, the interval between heating intervals 7; has been changed to compare analytical
and finite-difference superposition behaviour. Superposition temperature results for both the analytical
as the grid block Case 3 solution are discussed in the section below for 7; =
0.025,0.05,0.1,0.2,0.4,0.8,1.6, 3.2, 4.

4.4.1 Superposition results

The results from having applied superposition to both the grid block solution and the analytical solutions
are shown in Appendices 1 & 2. The temperature values that have been derived from Figure 5 are shown
in separate tables in Appendix 1. Each table represents a different heating rate. Appendix 2 displays the
semi log plots that result from Cases 3 & 4 for all superposition heating intervals. The semi log plots
from Appendix 2 show a clear trend: the bigger the heating interval, the more the temperature predictions
of the two different solutions converge.

For smaller z, values, the last temperature increment happens really soon after the first. The
consequence of this is that the average temperature has only decreased by less than 10% of the final
temperature difference when the last heating step is applied. Therefore, these graphs have been extended
to the point where at least half of the final temperature difference has been reached.

Compared to the Case 1 & 2 solutions, the superposition grid block results do a much better job at
matching the analytical solutions. Consequently, the factor of increase in k; that produces an optimal fit
in the first 40% temperature decrease now is much lower than the factor of 4.1 found from the
comparison of Cases 1 & 2 in Section 4.2. At the time interval T; = 0.1, time interval, the best fit of the
grid block solution to the analytical superposition solution can be found by increasing k; by a factor of
2.5. At a heating interval t; = 0.8, the incongruence between solutions has decreased significantly.
Now, the factor of increase required of k; to produce an optimal fit has been reduced to a factor of 1.4.
When the time interval between heating steps becomes longer, the factor of increase required of k;,
becomes even lower. When the rate of heating is stretched to t; = 4, the two different solutions become
virtually indistinguishable.

The reason for the two different solutions converging when the heating rate is lowered significantly is
as follows. When the heating rate is exceptionally low, the interval between heating steps will be
stretched out over time. As a consequence of stretching the heating steps out over a very long interval,
the effect of the previous heating step will have already set in completely when the new heating
increment is applied. Physically, this means that the previous heating step has now already distributed
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its temperature everywhere throughout the grid block. Considering that even if the analytical solution
and the grid block solution are a factor of magnitude off from each other, they will then both predict that
with long enough time, the temperature reached in the grid block will reach an equilibrium temperature
that is equal to the bottom heating temperature. Consequently, when the time between heating steps
becomes maximally large, both solutions will predict indistinguishable temperatures.

4.5 Estimating realistic heating rates

Figure 13 below shows a 12 layered simulation of a geothermal reservoir after 20 years of production.
From this simulation, the heating rates of the two fast-moving cold temperature fronts, marked by the
two white arrows, will be investigated. Although the top and the bottom layers of this simulation also
appear to be a fast-moving cold front, their lower temperatures are controlled by the under- and
overburden. As the influence of the under- and overburden is not taken into consideration in the model
used in this thesis, these layers will not be used to estimate the heating rates.

0

0 200 400 600 800 1000
X, m

Figure 13. A simulation based on Tang et al.’s upscaling technique with the original k, with 12 layers, after 20 years of
production (Van Nieuwkerk, 2022)

In Cases 3 & 4, the grid block was heated in five steps that each raised the temperature with 20% of the
difference between initial and final temperatures. Therefore, estimates of a realistic heating rate can be
made by finding the time it would take for the fast-moving cold front to have cooled down by 20% of

the difference between the initial and final temperatures. In Cases 3 & 4, one heating interval 7, = 'L—tzl
represents 20% temperature difference. Therefore, to estimate the heating interval 7, from a reservoir
simulation, the layer thickness H and the thermal diffusivity parameter a are needed, as well as t; . The
time t; signifies the amount of time it takes for the fast-moving cold front to have heated up by 20%.
From the simulation, the thermal diffusivity parameter « is known to be a = 1.15 * 107¢ /.. The

layer thicknesses H of the top fast-moving front is 10 meters, and that of the bottom one is 18 meters.

To find the time t,, the time it takes the cold front to heat up by 20% is needed. In Figure 13, both fast-
moving layers have a temperature of approximately 65°C at X = 750m. At X = 900m, both fast
moving-layers have a temperature of approximately 75 °C. This means that the fast-moving front takes
up 150 meters to heat up by 20% of the temperature difference between the initial and final reservoir
temperatures. Then, assuming that thermal dispersion of each layer takes place at a constant rate, the
velocity of the layer can be estimated by dividing the distance that the fast-moving section has moved
from the origin by the total amount of time it took to move from the origin. The distance that is used to

estimate the velocity of this section is taken at X = 7504990 _ 825m , as this marks the distance from
the origin to the middle of the section. Since the time that it took for this fast-moving section to travel
2= _3m om M /year- This means that as the fast-

there is 20 years, velocity is estimated at v == =
t 20 years
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moving front heats up 20% in 150 meters, t; = % = % ~ 3.7 years, or t; ~ 1.17 = 108 seconds.

Therefore, T, estimates for both of the fast-moving cases are the following:

at; 1.15%107°% 1.7 x 108
T1,top layer — ﬁ ~ 102 ~ 1.35

and

at; 115 107 % 1.17 = 108
T1,bottom layer — m = 182 ~ 0.4

4.6 Finding the optimal fit

Figures 14 and 15 display the Cases 3 & 4 solution with the rough estimates of two heating rates, found
as described in the previous section. The plots in the first 40% of temperature drop-off of the analytical
results contain additional data points compared to the other plots from Appendix 2 in order to include
more detail. This has been done to increase the validity of the analytical superposition results, as more
data points in the first section of temperature drop-off will ensure that the non-linear temperature
behaviour of the analytical solutions from Figures 6 and 7 is incorporated.

The figures show how the highest rate of temperature change takes place immediately after each heating
step has been applied. This can be explained using the initial high rates of temperature change. Since
the centre temperature plot from Figure 7 shows a slope that goes down more gently at the initial
decrease in temperature, the average temperature plot shows a steeper initial decline than the centre
temperature plot does. At the higher heating rate of Figure 15, both the analytical centre temperature
and average temperature show almost identical development over time. The reason for this is that at
longer spans of dimensionless time, the end temperature of each heating step has nearly been reached
already when the next heating step starts.

For the 7; = 0.4 scenario, the factor of increase for k; that would be required to optimally fit the steady-
state grid block solution to the first 40% temperature drop-off of the analytical solution would be 1.79.
For t; = 1.35, this factor of increase for k, would only be 1.18. In either case, the required factor of
increase in the thermal conductivity remains much lower than the original factor of 4.1 from Cases 1 &
2.
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Superposition Temperature Development (at,/H? = 0.4)
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Figure 15. A plot that compares modelled superposition results with temperature increments at a heating interval of T, =
ats

o7 = 0.4 against the analytical superposition solution from Transport Phenomena Data Companion
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Superposition Temperature Development (at,/H? = 1.35)
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Figure 14. A plot that compares modelled superposition results with temperature increments at a heating interval of T, =
at,

> = 1.35 against the analytical superposition solution from Transport Phenomena Data Companion
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5. Research Limitations

Several of the results obtained from this thesis remain to be investigated in more detail. For this thesis,
a simplified model of fast-moving cold fronts was considered. This was done deliberately, as analytical
solutions for such a problem already exist. In the model, only conduction was considered as a mechanism
of heat transfer. This means that effects caused by convection were left out when determining the results.

The model of a fast-moving cold front was derived from a situation that was made up of an infinite
series of alternating high and low temperature layers with identical constant properties and thicknesses.
However, such a model is by no means fully representative of the physical situation as found in the
actual subsurface. Reservoirs are often heterogeneous and do not have constant thermal properties.
Simulations that were run by P. van Nieuwkerk show that the small amount of fast-moving cold
temperature layers in a geothermal doublet simulation are oftentimes surrounded by a much thicker
section of hot layers. Consequently, the hot reservoir rock that surrounds a fast-moving cold layer does
in actuality show any significant signs of cooldown. This is in large contrast to what the model of infinite
alternating layers of equal thickness shows. In this model, the hot layers cool down by the same amount
that the cold layers heat up with.

Another shortcoming of this investigation is the fact that for establishing the analytical solutions in Case
4, a relatively low-resolution plot of temperature decay was used, which potentially resulted in reading
errors. To counter this in future research, it is recommended to use the computer simulations of Eq. 1
from Introductory Transport Phenomena by Bird et al. (2013) to find the average temperature over time
more precisely. In addition to this, the accuracy of the Case 4 result plots could be improved by adding
additional data points to the analytical superposition solutions.

Furthermore, in Section 4.5, the heating rates of the fast-moving layers were estimated on the basis of
one example of a geothermal doublet thermal dispersion simulation. The results of this specific
simulation possibly do not represent a typical heating rate of fast-moving layers in geothermal wells. If
results are invalid, it could also be the consequence of reading errors from Figure 13. Adding onto that,
in the estimation of the heating rate, it was assumed that the fast-moving cold temperature layers move
at a constant velocity over a span of several years, despite it being unknown whether this is the case.

6. Conclusions

Models of thermal dispersion in geothermal doublets that employ upscaling techniques have been found
to give a poor quantitative fit for the first significant drop in produced water temperature. Yet in recent
investigation, it has been shown that a manner in which the modelling accuracy can be enhanced is to
increase the vertical thermal conductivity parameter k,. Therefore, the objective for writing this report
has been to investigate whether a valid physical reason exists for increasing k;, or whether an increase
of k; effectively just acts as a cover for model imperfections. In pursuit of the correct answer to this
question, a simplified model of heat dissipation, for which analytical solutions from previous works
exist, was considered. The model is made up of a grid block derived from a layer-cake model comprised
of an infinite series of two alternating layers with identical constant properties and dimensions, but
different initial temperatures. In this research, the factor of increase in k; that produces the highest
attainable similarity of the grid block solution with the analytical solution has been calculated to
investigate the discrepancy between solutions. Consequently, a technique called ‘superposition’ was
applied to both the analytical and superposition solutions in an attempt to increase their similarity to the
physical situation.
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Results from the models described show that when the rate of heating is altered to be more realistic, the
differences between the grid block and analytical solutions are significantly smaller than when using
one single temperature increment. As elaborated in Cases 1 & 2, when temperature change takes place
instantaneously, the optimal factor of increase of k; so that the two different solutions are most similar
has been found to be 4.1. However, raising the temperature gradually, as done in Cases 3 & 4, results in
a much better resemblance between the grid block temperatures and the analytical temperature
development. Results show that the lower the implemented rate of heating is, the more the results
collected by running the model based on a finite-difference solution resemble the analytical results.

The temperature development of two fast-moving cold temperature layers was tracked in Section 4.5
using a thermal dispersion simulation, in an attempt to determine a realistic heating rate in actual
geothermal doublets. At the heating rates that have been derived by tracking these two layers, the grid
block solutions showed only insignificant deviations from the analytical solutions. The application of
heating at these realistic rates resulted in most effectual factors of increase for k, of 1.19 and 1.79. This
suggests that there indeed might be a physically grounded reason to implement an increase in k.., though
the factor would be reasonably small. Nonetheless, implementing these factors of increase would only
bring about minor changes when implemented in simulations and would not fully rectify the failure to
quantitively fit the initial drop in produced water temperature.

Although this investigation has not found a physically justified reason for increasing the vertical thermal
conductivity parameter k; by any significant amount, this does not imply that there is none. The reason
for this is that this research only investigated a much-simplified layer-cake model which bears limited
resemblance to the thermal dispersion taking place in situ. On top of that, at a minimum slightly
influential effects, including heat convection and thermal generation within the reservoir have not been
accounted for. Therefore, further research into this issue is required to address the problem in all its
complexities.
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Appendix 1 — Tables

H — * *
Time Step 71 = 0.025 T1,Converted Data Companion eTop 9Top eAveTage eAverage
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0 0 0 1 0 1 0

Ty 0.025 0.00625 1 0 0.86 0.14
274 0.05 0.0125 1 0 0.76 0.24
3t 0.075 0.01875 0.97 0.03 0.68 0.32
474 0.1 0.025 0.95 0.05 0.64 0.36
51, 0.125 0.03125 0.91 0.09 0.6 0.4
67, 0.15 0.0375 0.89 0.11 0.56 0.44
71, 0.175 0.04375 0.85 0.15 0.53 0.47
81, 0.2 0.05 0.80 0.20 0.49 0.51
914 0.225 0.05625 0.77 0.23 0.467 0.533
10714 0.25 0.0625 0.72 0.28 0.44 0.56

at,

Table 1. Dimensionless temperature values at different times for t; = = 0.025, from Transport Phenomena Data

Companion (Janssen & Warmoeskerken, 1987)

Time Step 71 = 0.05 T1,Converted Data Companion 9Top e;op eAveTage QZverage

0 1 0 1 0
0 0

7 1 0 0.76 0.24
0.05 0.0125

274 0.95 0.05 0.64 0.36
0.1 0.025

314 0.15 0.0375 0.89 0.11 0.56 0.44

41, 0.80 0.20 0.49 0.51
0.2 0.05

51, 0.72 0.28 0.44 0.56
0.25 0.0625

6T, 0.63 0.37 0.39 0.61
0.3 0.075

7741 0.56 0.44 0.35 0.65
0.35 0.0875
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Table 2. Dimensionless temperature values at different times for T, = =00 5, from Transport Phenomena Data

Companion (Janssen & Warmoeskerken, 1987) .
Time Step | 7; = 0.1 T1,Converted Data Companion| OTop O70p Oaverage | Oaverage
0 0 0 1 0 1 0
Tq 0.1 0.025 0.95 0.05 0.64 0.36
274 0.2 0.05 0.80 0.20 0.49 0.51
374 0.3 0.075 0.63 0.37 0.38 0.62
41, 0.4 0.1 0.49 0.51 0.31 0.69
e 0 0125 0.44 0.56 0.27 0.73

Table 3. Dimensionless temperature values at different times for t; = Z—tz' = 0.1, from Transport Phenomena Data

Companion (Janssen & Warmoeskerken, 1987)

Time Step | 7y = 0.2 | T4, converted Data Companion Orop O70p Baverage | Oaverage
0 0 0 1 0 1 0
(2] 0.2 0.05 0.80 0.20 0.49 0.51
274 04 0.1 0.49 0.51 0.31 0.69
314 0.6 0.15 0.29 0.71 0.187 0.813
41, 0.8 0.2 0.20 0.80 0.116 0.884

] ; . . t
Table 4. Dimensionless temperature values at different times for T, = % = 0.2, from Transport Phenomena Data

Companion (Janssen & Warmoeskerken, 1987)

Time Step | 7y = 0.4 | T4 converted Data companion | OTop OTop Oaverage | Oaverage
0 0 0 1 0 1 0
0.174 0.04 0.01 1 0 0.77 0.23
0.274 0.08 0.02 0.97 0.03 0.67 0.33
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0.374 0.12 0.03 0.94 0.06 0.60 0.40
0.474 0.16 0.04 0.86 0.14 0.54 0.46
0.674 0.24 0.06 0.74 0.26 0.44 0.56
0.874 0.32 0.08 0.60 0.4 0.36 0.64
T1 0.4 0.1 0.49 0.51 0.31 0.69
1.214 0.48 0.12 0.45 0.55 0.25 0.75
1.47, 0.56 0.14 0.40 0.6 0.20 0.8
1.674 0.64 0.16 0.37 0.63 0.172 0.828
1.874 0.72 0.18 0.34 0.66 0.144 0.856
274 0.8 0.2 0.19 0.81 0.116 0.884
3t 1.2 0.3 0.067 0.933 0.042 0.958
414 1.6 0.4 0.026 0.974 0.017 0.983

Table 5. Dimensionless temperature values at different times for t; =

Companion (Janssen & Warmoeskerken, 1987)

at,

— = 0.4, from Transport Phenomena Data
H

Time Step | 74 = 0.8 | 71 converted bata companion | OTop OTop Oaverage | Oaverage
0 0 0 1 0 1 0
T 0.8 0.2 0.19 0.81 0.154 0.846
274 1.6 04 0.067 0.933 0.017 0.983
3, |24 0.6 0 1 0 1
4, |32 0.8 0 1 0 1

Table 6. Dimensionless temperature values at different times for T, =

Companion (Janssen & Warmoeskerken, 1987)
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— = 0.8, from Transport Phenomena Data
H




Time Step | 74 = 1.35 | Ty converted Data companion | OTop OTop Oaverage | Oaverage
0 0 0 1 0 1 0
0.1, 0.135 0.0338 0.89 0.11 0.582 0.418
0.274 0.27 0.065 0.69 0.31 0.416 0.584
0.37; 0.405 0.1013 0.49 0.51 0.31 0.69
0.41; 0.54 0.135 0.37 0.63 0.218 0.782
0.67; 0.81 0.203 0.19 0.81 0.154 0.846
0.87; 1.08 0.27 0.097 0.903 0.056 0.944
T 1.35 0.338 0.046 0.954 0.028 0.972
1.214 1.62 0.405 0.026 0.974 0.016 0.984
1474 1.89 0.4725 0.01 0.99 0 1
1.61, 2.16 0.54 0 1 0 1
1.874 2.43 0.608 0 1 0 1
274 2.7 0.675 0 1 0 1
314 4.05 1.0125 0 1 0 1
414 54 1.35 0 1 0 1

at

1

Table 7. Dimensionless temperature values at different times for T, = o= 1.35, from Transport Phenomena Data

Companion (Janssen & Warmoeskerken, 1987)

Time Step T1 = 1.6 T1,converted Data Companion 9Top 9'7"01) HAverage QZverage
0 0 0 1 0 1 0
T1 1.6 0.4 0.026 0.974 0.017 0.983
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274 3.2 0.8 0 1 0 1
31, 6.4 1.2 0 1 0 1
474 12.8 2.4 0 1 0 1

Table 8. Dimensionless temperature values at different times for t4

Companion (Janssen & Warmoeskerken, 1987)

t
) from Transport Phenomena Data
HZ

Time Step | 7y = 2 T1,converted Data Companion Orop OTop Oaverage | Oaverage
0 0 0 1 0 1 0
1 2 0.5 0.009 0.991 0.006 0.994
274 4 1 0 1 0 1
374 6 15 0 1 0 1
4ty 8 2 0 1 0 1

Table 9. Dimensionless temperature values at different times for t; = a—tzl = 2, from Transport Phenomena Data Companion

(Janssen & Warmoeskerken, 1987) !
Time Step | 7y =4 | T1,converted Data companion | OTop OTop Oaverage | Oaverage
0 0 0 1 0 1 0
1 4 1 0.009 0.991 0.006 0.994
21 8 2 0 1 0 1
37, 12 3 0 1 0 1
4t, 16 4 0 1 0 1
Table 10. Dimensionless temperature values at different times for T, = ‘Z—t = 4, from Transport Phenomena Data

Companion (Janssen & Warmoeskerken, 1987)

Appendix 2- Semi Log Plots
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Superposition Temperature Development (at,/H? = 0.025)
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Dimensionless Temperature

—@— Analytical Average Temperature
Superposition Solution

—&— Analytical Top Surface Temperature
Superposition Solution

—@— Grid Block Solution

0.1

Dimensionless Time

Figure 16. A plot that compares modelled superposition results with temperature increments at a heating interval of T, =
aty

oz = 0.025 against the analytical solution from Transport Phenomena Data Companion
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Superposition Temperature Development (at;/H? = 0.05)
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Dimensionless Temperature

—@— Analytical Average Temperature
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—@— Analytical Top Surface Temperature
Superposition Solution
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0.1
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Figure 17. A plot that compares modelled superposition results with temperature increments at a heating interval of T, =
aty

oz = 0.05 against the analytical solution from Transport Phenomena Data Companion
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Superposition Temperature Development (at,/H? = 0.1)
0 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9
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—@— Analytical Average Temperature
Superposition Solution

—@— Analytical Top Surface Temperature
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0.1
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Figure 18. A plot that compares modelled superposition results with temperature increments at a heating interval of T, =
aty

= 0.1 against the analytical solution from Transport Phenomena Data Companion
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Superposition Temperature Development (at,/H? = 0.2)
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
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—@— Analytical Average Temperature
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—@— Analytical Top Surface Temperature
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0.1

Dimensionless Time

Figure 19. A plot that compares modelled superposition results with temperature increments at a heating interval of T, =
ats

o7 = 0.2 against the analytical solution from Transport Phenomena Data Companion
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Superposition Temperature Development (at,/H? = 0.8)
0 1 2 3 4 5

Dimensionless Temperature

—@— Analytical Average
Temperature Superposition
Solution

—@— Analytical Top Surface
Temperature Superposition
Solution

—@— Grid Block Solution

0.1

Dimensionless Time

Figure 20. A plot that compares modelled superposition results with temperature increments at a heating interval of T, =
aty

pz = 0.8 against the analytical solution from Transport Phenomena Data Companion
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Superposition Temperature Development (at,/H? = 1.6)
0 2 4 6 8 10 12 14 16 18

Dimensionless Temperature

20

—@— Grid Block Solution

—@— Analytical Average Temperature
Superposition Solution

—@— Analytical Top Surface Temperature
Superposition Solution

0.1
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Figure 21. A plot that compares modelled superposition results with temperature increments at a heating interval of T; =

O;—tzl = 1.6 against the analytical solution from Transport Phenomena Data Companion
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Superposition Temperature Development (at,/H? = 2)
0 2 4 6 8 10 12 14 16 18

Dimensionless Temperature

20

—@— Grid Block Solution
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Superposition Solution

—@— Analytical Top Surface
Temperature Superposition
Solution

0.1

Dimensionless Time

Figure 22. A plot that compares modelled superposition results with temperature increments at a heating interval of T; =
at,

w7 = 2 against the analytical solution from Transport Phenomena Data Companion
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Superposition Temperature Development (at,/H? = 4)

0 2 4 6 8 10 12 14 16 18

Dimensionless Temperature

—@— Grid Block Solution

—@— Analytical Average Temperature
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—@— Analytical Top Surface Temperature
Superposition Solution

0.1

Dimensionless Time

Figure 23. A plot that compares modelled superposition results with temperature increments at a heating interval of T; =
aty

oz = 4 against the analytical solution from Transport Phenomena Data Companion
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