
 
 

Delft University of Technology

A systematic approach for the Jacobian analysis of parallel manipulators with two end-
effectors

Hoevenaars, A. G L; Gosselin, C.; Lambert, P.; Herder, J. L.

DOI
10.1016/j.mechmachtheory.2016.10.022
Publication date
2017
Document Version
Final published version
Published in
Mechanism and Machine Theory

Citation (APA)
Hoevenaars, A. G. L., Gosselin, C., Lambert, P., & Herder, J. L. (2017). A systematic approach for the
Jacobian analysis of parallel manipulators with two end-effectors. Mechanism and Machine Theory, 109,
171-194. https://doi.org/10.1016/j.mechmachtheory.2016.10.022

Important note
To cite this publication, please use the final published version (if applicable).
Please check the document version above.

Copyright
Other than for strictly personal use, it is not permitted to download, forward or distribute the text or part of it, without the consent
of the author(s) and/or copyright holder(s), unless the work is under an open content license such as Creative Commons.

Takedown policy
Please contact us and provide details if you believe this document breaches copyrights.
We will remove access to the work immediately and investigate your claim.

This work is downloaded from Delft University of Technology.
For technical reasons the number of authors shown on this cover page is limited to a maximum of 10.

https://doi.org/10.1016/j.mechmachtheory.2016.10.022
https://doi.org/10.1016/j.mechmachtheory.2016.10.022


Contents lists available at ScienceDirect

Mechanism and Machine Theory

journal homepage: www.elsevier.com/locate/mechmachtheory

A Systematic Approach for the Jacobian Analysis of Parallel
Manipulators with Two End-Effectors

A.G.L. Hoevenaarsa,⁎, C. Gosselinb, P. Lamberta, J.L. Herdera

a Faculty of Mechanical, Maritime and Materials Engineering, Delft University of Technology, 2628 CD Delft, The Netherlands
b Department of Mechanical Engineering, Laval University, Québec G1V 0A6, Canada

A R T I C L E I N F O

Keywords:
Parallel manipulators
Gripping
Two end-effectors
Configurable platform
Jacobian analysis
Screw theory

A B S T R A C T

Parallel manipulators with two end-effectors (PM2Es) enable the design of gripping robots with
high dynamic performance. The gripping action is enabled by internal, relative degrees of
freedom (DoFs) between the two end-effectors. Many standard methods for the analysis and
control of parallel manipulators rely on a Jacobian, where a complete Jacobian analysis includes
constraint relations. These constraint relations have not been consistently included in previous
analyses of PM2Es, while they are specifically relevant for PM2Es because constraints play an
important role in the static force analysis of a PM2E. This is because wrenches applied by the
actuators can be transferred to the end-effectors through internal constraints, an effect which is
not captured by kinematic relations alone. This paper presents a systematic approach to perform
the Jacobian analysis of PM2Es, which is based on screw theory, and that takes all constraint
relations into account. The approach is applied to a PM2E with three legs and one internal
closed-loop chain. An example mechanism was built to experimentally validate the resulting
Jacobian analysis using a static force analysis.

1. Introduction

Gripping is an important aspect of many modern robotic systems, such as pick-and-place robots [1,2], microassembly robots
[3,4], and haptic devices [5,6]. An important category of grippers are those which mechanically engage an object in a multi-point
contact [7,8].

For many applications a driving requirement is dynamic performance, which asks for robotic systems with a high stiffness-over-
inertia ratio. Despite their advantageous stiffness-over-inertia ratio, only few mechanically gripping robots are based on parallel
manipulators (PMs). A PM can have all actuators located at the base, which significantly reduces the effective inertia. However, the
standard solution for adding a gripping capability to a PM is to connect an additional, dedicated gripper in series to the end-effector
as, for example, in Ref. [3]. Because of its placement at the end-effector, the inertia of a gripper can significantly degrade the dynamic
performance of the resulting manipulator.

Parallel manipulators with two end-effectors (PM2Es) are a relatively novel class of PMs and form a promising alternative
solution for gripping robots. PM2Es are an interpretation of parallel manipulators with a configurable platform [6,10–14], where a
closed-loop chain replaces the rigid platform of a traditional PM. This architecture enables the design of gripping robots with all
motors located at the base, which is beneficial for the overall dynamic performance. The first example of such gripping robot was
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introduced by Yi et al. [10], where the whole closed-loop chain acts as the gripper. This paper focuses on PMCPs where two specific
bodies of the closed-loop chain interact with the environment, which is illustrated in Fig. 1 for the overactuated 7-DoF haptic master
device introduced by Lambert and Herder [6]. Therefore, the term PM2E is preferred.

For the analysis and control of PMs a Jacobian is used [15–18] and therefore various researchers have focused on the Jacobian
analysis of PM2Es. Yi et al. [10] differentiated the inverse kinematic relations to obtain an expression for the Jacobian. Mohamed
and Gosselin [9] performed a Jacobian analysis based on a set of loop-closure equations that must be solved simultaneously.
Lambert et al. [13] applied a stepwise approach in which they first obtained an expression for the motion of the connection point of
each leg, which is a serial chain that connects the internal closed-loop chain to the base as illustrated in Fig. 2a. They then developed
a Jacobian based on the relations between allowed end-effector motions, motions of the leg connection points and motions of the
actuators. Nabat et al. [12] considered the end-effector velocity state of their manipulator as the combination of a platform twist and
an additional velocity term to represent the internal platform motion.

More recently, Hoevenaars et al. [19] made a first attempt to generalize the Jacobian analysis of PM2Es based on screw theory

Fig. 1. a) A parallel manipulator with two end-effectors (PM2E) interacts with the environment via two specific bodies, where b) wrenches applied by the legs can be
transferred to the end-effectors through internal constraints.

Fig. 2. A planar manipulator as described in Ref. [9], for which are indicated a) the terminal links of the different legs, b) the fact that two terminal links need to be
designated as end-effectors, c) one of the four internal serial chain, and d) one of two end-effector serial chain.
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and using a mapping of a set of twists. The resulting Jacobian analysis expresses the velocity state of a spatial PM2E as a
combination of two twists with respect to the ground, one for each end-effector. As opposed to other analyses, the analysis in Ref.
[19] does include constraint relations, but not those within the internal closed-loop chain.

However, internal constraint relations can be particularly relevant for PM2Es, because wrenches applied by the legs can be
transferred to the end-effectors through internal constraints, as illustrated in Fig. 1b. As such, an incomplete consideration of
constraint relations can make the obtained Jacobian analysis invalid for use in a static force analysis. Because gripping is mainly a
force task, a static force analysis is of particular interest in gripping robots. Therefore, the absence of a Jacobian analysis that is also
valid for use in a static force analysis represents a significant gap in the existing knowledge of PM2Es.

The aim of this paper is to develop a systematic approach for the Jacobian analysis of PM2Es. Special attention will be given to
the analysis of constraints so that the resulting Jacobian can be used in a static force analysis. Constraint relations in a Jacobian can
also be relevant in a stiffness analysis [20,21].

The structure of this paper is as follows. First, definitions and assumptions are introduced, which will be used throughout this
paper. Then, a novel structure for the Jacobian analysis of PM2Es with an internal closed-loop chain is developed, which maps the
set of all terminal link twists on the joint velocities of all serial chains. Next, for the example of a three-legged PM2E with an internal
closed-loop chain the matrix which maps the two end-effector twists on the set of all terminal link twists is developed. An example
Jacobian analysis is performed for a three-legged PM2E by combining the novel structure with the mapping of end-effector twists.
An experimental static force analysis is performed to validate this Jacobian analysis.

2. Definitions and assumptions

This paper focuses on PM2Es with a single internal closed-loop chain. This internal closed-loop chain can impose constraints on
the relative motion between the two end-effectors, while the legs may impose additional constraints. All twists introduced in this
paper are expressed in a Cartesian reference frame attached to the body in question. Each twist is expressed as ω v$ = [ ]t

⊤ ⊤ ⊤, where
ω is the angular velocity vector and v is the velocity vector of the body, expressed in the Cartesian reference frame. The linear
operator that maps $t on the scalar representing power is the transpose of the wrench defined as m f$ = [ ]w

⊤ ⊤ ⊤, where m and f are
the moment and force applied at the point that coincides with the origin of the Cartesian reference frame of the body in question.

A number of additional definitions and related assumptions are used throughout this paper, namely:

• Terminal link. The rigid body of a leg which is also part of the internal closed-loop chain is termed the leg's terminal link, see
Fig. 2a. The terminal link of the leg i is labeled ni.

• Internal serial chain. Each serial chain connecting two adjacent terminal links will be referred to as an internal serial chain.
See Fig. 2c for an example.

• End-effector serial chain. The closed-loop chain of a PM2E can also be considered as two serial chains connecting the two
end-effectors in parallel. Each of these serial chains will be referred to as an end-effector serial chain and contains one or more
internal serial chains. It is assumed that there are no redundant joints in each end-effector serial chain. This concept will be
important for later derivations. See Fig. 2d for an example.

• Connectivity. Similar to Joshi and Tsai [22], it is assumed that the number of degrees of freedom of a serial chain, referred to as
its connectivity C , corresponds to the number of kinematic joints in that serial chain. It is assumed that this also holds for each
end-effector serial chain, so that also within an end-effector serial chain there are no redundant joints.

• Virtual joint. If a serial chain has C < 6, then C6 − basis twists are constrained. Each basis twist represents the motion of a 1-
DoF joint, and since the joints associated to constrained twists are not part of the kinematic chain, they are termed virtual joints.
See Ref. [21] for more details.

3. Structure for novel jacobian analysis of PM2Es

In this section a novel structure for the Jacobian analysis of PM2Es with a single internal closed-loop chain is presented. The
main idea is to organize the partial inverse Jacobian matrices of individual serial chains based on the structure in the graph
representation. The resulting Jacobian analysis is a function of the twists of the various terminal links.

At the basis of existing Jacobian analysis methods for traditional PMs lies the structured combination of inverse Jacobian
matrices of individual legs,
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where N is the number of legs and $t e, is the twist of the end-effector. Also, if the full inverse Jacobian analysis is considered as in Ref.
[23], for each leg i the matrix Ji

−1 is a 6 × 6 inverse Jacobian matrix and each vector q̇i is a six-dimensional vector that contains both
kinematic joint velocities and virtual joint velocities of a leg. Kinematic joint velocities include actuated joints and passive joints. Any
component of $t e, that is mapped onto virtual joint velocities therefore implies that there are deformations in the manipulator.

The inclusion of virtual joints, as well as passive joints, is for example important for singularity analysis [16] and is also used in
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Jacobian-based stiffness analyses [20,21]. Nonetheless, if the mapping onto virtual joints and/or passive joints is not of interest, the
rows responsible for this mapping can be removed from the full inverse Jacobian matrix.

In this paper the full inverse Jacobian analysis as introduced in Ref. [23] is extended to PM2Es. Therefore, it is helpful to look at
the difference between the graph representations of traditional PMs and PM2Es. Fig. 3 shows a three-legged PM and an example of a
three-legged PM2E, both with their respective graphs. For each twist, the arrow points from the reference body to the body moving
relative to it. Overlaid with dotted lines are the known end-effector twists, $t e, in Fig. 3 b and $t e, 1 and in Fig. 3 d$t e, 2, as well as the
twists related to the two end-effector serial chains, $t o, 1 and $t o, 2.

Firstly, in order to compare the associated Jacobian matrices, the twist of the terminal link of each leg i of a traditional PM is
expressed as $t i, instead of $t e, , so that Eq. (1) can be rewritten as
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where for a traditional PM it thus holds that

$ = $t i t e, , (3)

so that Eq. (2) can be simplified to Eq. (1). On the other hand, for a PM2E Eq. (3) does not hold since the twists of the terminal links
are not all the same.

A second difference with traditional PMs is that a PM2E with N legs and a single closed-loop chain in addition has N internal
serial chains. Each internal serial chain connects two terminal links, so that the twist of each internal serial chain can be expressed as

Fig. 3. a) An example of a traditional PM with three legs and b) its graph theory representation, as well as c) an example of a PM2E with three legs as introduced in
Ref. [24] and d) its graph theory representation.
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where $t o, i
i+1 is the twist of the internal serial chain connecting the ith terminal link with the i( + 1) th terminal link. Eq. (4) states that

the Nth terminal link is connected to the first terminal link.
The full Jacobian analysis of a PM2E can therefore be obtained by extending Eq. (2) with the relations described by Eq. (4),
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where q̇oi
i+1 (or q̇oN

1 ) is the six-dimensional joint velocity vector of the i th internal serial chain, and
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where the matrices J
o
−1

i
i+1 (or J

o
−1

N
1 ) are the result of including the mappings from the relative twists of Eq. (4) onto the joint velocities of

the internal serial chains. As in Eq. (1), each of the inverse Jacobian matrices in Eq. (6) is a 6 × 6 matrix and can be obtained using
the reciprocity rules of twists and wrenches as described in Ref. [23]. In short, the complex kinematic structure of a PM2E has been
reduced to an organized combination of serial chains with known twists, which is also at the basis of the inverse Jacobian analysis of
traditional parallel manipulators.

As opposed to a traditional PM, the twist of each terminal link of a PM2E can be different. And because typically only the twists of
the two terminal links that are the end-effectors are directly available as inputs, not all twists in Eq. (5) are directly defined. This is
the topic of the next section.

4. Mapping of twists for three-legged PM2E

In this section the matrix is developed that maps the two end-effector twists onto the complete set of terminal link twists for the
example of a PM2E with three legs, whose graph representation was already introduced in Fig. 3d. Thus, a matrix Mt is developed
such that
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In the example considered in this paper the terminal links of the first and third leg, n1 and n3, are the end-effectors, so that

$ = $ $ = $t t e t t e,1 , ,3 ,1 2 (8)

and the difficulty in developing Mt for this example lies in the mapping of the two end-effector twists onto $t,2.
To enable a mapping of the two end-effector twists onto $t,2, either $t o, 1

2 or $t o, 2
3 needs to be expressed, because from Fig. 3d it can

be established that

$ = $ + $t t t o,2 ,1 , 1
2 (9)

and also

$ = $ − $t t t o,2 ,3 , 2
3 (10)

To express $t o, 1
2 or $t o, 2

3, this paper first develops a set of basis twists to express $t o, 1, which is here defined as the twist of the end-
effector serial chain that connects n1 and n3 via n2, see Fig. 3d. In the remainder of this research, this end-effector serial chain will be
referred to as the first end-effector serial chain (and as a logical consequence, the other end-effector serial chain will be referred to as
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the second end-effector serial chain). It was assumed that the number of kinematic joints in each end-effector serial chain is equal to
its connectivity, where the connectivity of the first end-effector serial chain is labeled Co1. Then it holds that

C C C= +o o o1 1
2

2
3 (11)

where Co1
2 is the connectivity of the internal serial chain connecting n1 and n2, and Co2

3 is the connectivity of the internal serial chain

connecting n2 and n3. The twist $t o, 1 can then be expressed as

∑ ∑ ∑q q q$ = ˙ $̂ + ˙ $̂ + ˙ $̂t o j

C
a o ta

j
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2
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where

j j C* = + o1
2 (13)

is introduced to shorten the notation, and $̂tao j1, is the unit twist of permission associated to the j th joint of the first end-effector

serial chain, with q̇a o, j1, its magnitude. The unit twist of restriction $̂tco j1, represents the motion of the jth virtual joint of the first end-
effector serial chain, with magnitude q̇c o, j1, . These six unit twists together span six-dimensional Cartesian space.

Next, the set of unit twists introduced in Eq. (12) is also used to express $t o, 1
2 and $t o, 2

3. However, each unit twists of permission in
Eq. (12) is constrained in one of the internal serial chains. Therefore, this paper makes a distinction between three types of unit
twists, expressed using their magnitudes:

• Permitted twist magnitudes. The unit twists associated to joints that represent a kinematic DoF of the considered internal
serial chain are given a magnitude q̇a o j, ,i

i+1 .

• Simple constrained internal twist magnitudes. The unit twists associated to joints that represent a constraint in the
considered internal serial chain, but which represent a kinematic DoF in the first end-effector serial chain, are simple constrained
internal twists. These twists are given a magnitude q̇c o j, ,s i

i+1 .

• Multiple constrained internal twist magnitudes. The unit twists associated to joints that represent a constrained DoF in
the first end-effector serial chain necessarily also represent a constrained DoF in both internal serial chains of which it is
constructed. These twists are therefore multiple constrained and in the considered internal serial chain are attributed a magnitude
q̇c o j, ,m i

i+1 .

With the distinction as above, each internal joint velocity vector is then constructed as
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Now, $t o, 1
2 and $t o, 2

3 can be expressed respectively as
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and

∑ ∑ ∑q q q$ = ˙ $̂ + ˙ $̂ + ˙ $̂t o j
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where j* was introduced in Eq. (13). The remaining challenge is to obtain expressions for all twist magnitudes in either Eq. (15) or
Eq. (16).

To express the twist magnitudes in Eqs. (15) and (16) velocity relations are derived from the knowledge that the sum of all twists
in a closed loop is zero. Therefore, as can be observed from Fig. 3d, for a PM2E with three legs it holds among others that

$ + $ + $ = 0t o t o t o, , ,1
2

2
3

3
1 (17)

Additionally, using another loop, $t o, 3
1 can be expressed as

$ = $ − $t o t t, ,1 ,33
1 (18)

and because Eq. (8), it is possible to combine Eqs. (17) and (18) into
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$ − $ = $ + $t e t e t o t o, , , ,2 1 1
2

2
3 (19)

Furthermore, because the first end-effector serial chain was defined as the combination of the internal serial chain connecting n1 and
n2, and the internal serial chain connecting n2 and n3, it also holds that

$ − $ = $t e t e t o, , ,2 1 1 (20)

4.1. Expression for actuated and simple constrained joint velocities in the first end-effector serial chain

In this subsection expressions are derived for q̇a o, 1
2, q̇c o,s 1

2, q̇a o, 2
3, and q̇c o,s 2

3, as introduced in Eq. (14), using the method and notation
as introduced in Ref. [23]. These expressions are necessary for later steps in the proposed analysis and are based on the definition of
the first end-effector serial chain as the series connection of two internal serial. Thus, each of the kinematic joints in the first end-
effector serial chain is part of either the internal serial chain connecting n1 and n2, or the internal serial chain connecting n2 and n3,
and therefore it holds that
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where j* was expressed in Eq. (13). Then, using Eqs. (12) and (21)–(22) can be expressed as
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Alternatively, inserting Eqs. (15) and (16) into Eq. (19) gives
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(24)

Using the methodology presented by Huang et al. [23], for each unit twist of permission a unit wrench of actuation can be defined
which only does work on the considered twist of permission, but that is reciprocal to all other unit twists. Left-multiplication of Eq.

(23) with the transposed unit wrenches of actuation associated to the first Co1
2 unit twists $̂tao j1, leads to

qJ ($ − $ ) = ˙a o t e t e a o,
−1 , , ,

1
2 2 1 1

2 (25)

where

⎡

⎣

⎢⎢⎢⎢⎢⎢⎢⎢

⎤

⎦

⎥⎥⎥⎥⎥⎥⎥⎥

J =

$̂ /($̂ $̂ )

$̂ /($̂ $̂ )
⋮

$̂ /($̂ $̂ )

a o

wa wa ta

wa wa ta

wa wa ta

,
−1

⊤ ⊤

⊤ ⊤

⊤ ⊤

o o o

o o o

o Co
o Co

o Co

1
2

1,1 1,1 1,1

1,2 1,2 1,2

1,
1
2 1,

1
2 1,

1
2

(26)

while left-multiplication of Eq. (24) with the same transposed wrenches results in

q qJ ($ − $ ) = ˙ + ˙a o t e t e a o c o,
−1 , , , ,s1

2 2 1 1
2

2
3 (27)

where Ja o,
−1

1
2 was defined in Eq. (26). Eqs. (25) and (27) can be combined into

q 0˙ =c o,s 2
3 (28)

which confirms that a motion that is kinematically allowed by the internal serial chain connecting n1 and n2, will have zero magnitude
in the internal serial chain connecting n2 and n3, in which this motion is constrained.

Similarly, left-multiplication of Eq. (23) with the transposed unit wrenches of actuation associated to the last Co2
3 twists of

permission of the first end-effector serial chain leads to

qJ ($ − $ ) = ˙a o t e t e a o,
−1 , , ,

2
3 2 1 2

3 (29)

where
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2
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1,1+
1
2 1,1+

1
2 1,1+

1
2

1,2+
1
2 1,2+

1
2 1,2+

1
2

1, 1 1, 1 1, 1 (30)

and left-multiplication of Eq. (24) with those same twists gives

q qJ ($ − $ ) = ˙ + ˙a o t e t e c o a o,
−1 , , , ,s2

3 2 1 1
2

2
3 (31)

where Ja o,
−1

2
3 was defined in Eq. (30). Eqs. (29) and (31) can then be combined into

q 0˙ =c o,s 1
2 (32)

which confirms that the magnitude of the constrained motion in the internal serial chain connecting n1 and n2 is zero for those
motions that are kinematically allowed by the internal serial chain connecting n2 and n3.

Thus, q 0˙ =c o,s 1
2 , q 0˙ =c o,s 2

3 , and Eqs. (25) and (29) respectively express q̇a o, 1
2 and q̇a o, 2

3 as a function of the two end-effector twists

and the kinematics captured by partial Jacobian matrices. What remains in order to define q̇o1
2 and q̇o2

3 as in Eq. (14), is to derive
expressions for q̇c o,m 1

2 and q̇c o,m 2
3.

4.2. Expression for multiple constrained joint velocities in the first end-effector serial chain

Unfortunately, the multiple constrained joint velocities, qc o,m 1
2 and qc o,m 2

3 as part of Eq. (14), cannot be expressed directly as a

function of unit twists and unit wrenches. This becomes clear when the result of left-multiplying Eq. (23) with the C6 − o1 unit
wrenches of constraint of the first end-effector serial chain is compared with the result of left-multiplying Eq. (24) with those same
unit wrenches. Left-multiplication of Eq. (23) with these unit wrenches of constraint gives

qJ ($ − $ ) = ˙c o t e t e c o,
−1

, , ,1 2 1 1 (33)

where

⎡

⎣

⎢⎢⎢⎢⎢⎢⎢

⎤

⎦

⎥⎥⎥⎥⎥⎥⎥

J =

$̂ /($̂ $̂ )

$̂ /($̂ $̂ )
⋮

$̂ /($̂ $̂ )

c o

wc wc tc

wc wc tc

wc wc tc

,
−1

⊤ ⊤

⊤ ⊤

⊤ ⊤

o o o

o o o

o Co o Co o Co

1

1,1 1,1 1,1

1,2 1,2 1,2

1,6− 1 1,6− 1 1,6− 1 (34)

On the other hand, left-multiplying Eq. (24) with the same unit wrenches of constraint gives

q qJ ($ − $ ) = ˙ + ˙c o t e t e c o c o,
−1

, , , ,m m1 2 1 1
2

2
3 (35)

Eqs. (33) and (35) can be combined into

q q q˙ + ˙ = ˙c o c o c o, , ,m m1
2

2
3 1 (36)

where q̇c o, 1 is defined by Eq. (33). Eq. (36) cannot be solved for q̇c o,m 1
2 and q̇c o,m 2

3 directly.
To obtain a closed form expression for q̇c o,m 1

2 and q̇c o,m 2
3, Eq. (36) is complemented with an additional set of equations, which are

based on static force relations. For each node of the PM2E it holds that in a static equilibrium the sum of all wrenches is zero. In a
quasi-static equilibrium, also the derivative with respect to time of this sum is zero, and for body n2 it holds that

d
dt

d

dt

d

dt
$

+
$

−
$

= 0w w o w o,2 , ,1
2

2
3

(37)

In order to complement Eq. (36), only the motions that are multiple constrained by the internal serial chains are of interest. To
simplify the further derivation, it is assumed that the change in wrenches is dominated by stiffness and that along those directions
the stiffness of the second leg is significantly less than the stiffness of the internal serial chains. Then, the term d dt$ /w,2 in Eq. (37)
can be neglected for those directions. Next, because the two internal serial chains share the same joint coordinates, Eq. (37) can be
also expressed in those multiple constrained joint coordinates, so that

q qK K˙ − ˙ = 0q c o q c o, ,cm o m cm o m, 1
2 1

2 , 2
3 2

3 (38)

where Kqcm o, 1
2 is the stiffness matrix of the internal chain connecting n1 to n2 and Kqcm o, 2

3 is the stiffness matrix of the internal chain

connecting n2 to n3, both expressed in the multiple constrained joint space of the first end-effector serial chain.
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Eqs. (36) and (38) can be combined into

⎡
⎣
⎢⎢
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⎦
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⎡
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q q

I I
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1

(39)

in which the identity matrix I C(6− )o1
, and the stiffness matrices Kqcm o, 1

2 and Kqcm o, 2
3 are all of size C C(6 − ) × (6 − )o o1 1 . Eq. (39) can be

written as

⎡
⎣
⎢⎢

⎤
⎦
⎥⎥

⎡
⎣
⎢⎢

⎤
⎦
⎥⎥

⎡
⎣
⎢⎢

⎤
⎦
⎥⎥

q
q q

I I
K K

I
0

˙
˙ = − ˙
c o

c o

C C

q q

C

C
c o

,

,

(6− ) (6− )
−1

(6− )

(6− )
,

m

m

o o

cm o cm o

o

o

1
2

2
3

1 1

, 1
2 , 2

3

1

1
1

(40)

which can be developed using matrix inversion rules into
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cm o cm o cm o
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2
3

, 1
2 , 1

2 , 2
3

, 2
3 , 1

2 , 2
3
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(41)

where q̇c o, 1 was expressed in Eq. (33) as function of the two end-effector twists. As such, Eq. (41) expresses q̇c o,m 1
2 and q̇c o,m 2

3 as a

function of the two end-effector twists and the relative compliance of the two respective internal serial chains.

4.3. Internal mapping of twists

Eqs. (25), (27), (29), (32) and (41) have expressed all joint velocities of the two internal serial chains that make up the first end-
effector serial chain as a function of the two end-effector twists. Then, forward Jacobian mapping can be used to express the twist of
n2 as a function of the two end-effector twists. There are two equivalent options to do so, namely those introduced in Eqs. (9) and
(10). In this paper the representation in Eq. (9) is chosen, but it should be noted that this is an arbitrary choice and does not affect
the results.

The twist of the first internal serial chain was expressed as the sum of six unit twists in Eq. (15), which can also be expressed in
matrix form as

⎡

⎣

⎢⎢⎢⎢

⎤

⎦
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q
q
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,
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1
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where

⎡
⎣⎢

⎤
⎦⎥J = $̂ $̂ … $̂a o ta ta ta, o o o Co1

2
1,1 1,2 1,

1
2 (43)

⎡
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⎤
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⎡
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⎦⎥J = $̂ $̂ … $̂c o tc tc tc, o o o Co1 1,1 1,2 1,(6− 1) (45)

Then, using the part of Eq. (41) that expresses q̇c o,m 1
2, Eq. (42) can be rewritten as
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in which

⎛
⎝⎜

⎞
⎠⎟M K K K= +q q q q

−1 −1 −1
−1

cm o cm o cm o cm o, 1
2 , 1

2 , 1
2 , 2

3 (47)

Next, the expressions for q̇a o, 1
2 and q̇c o, 1 as introduced in Eqs. (25) and (33), and the relation q 0˙ =c o,s 1

2 as introduced in Eq. (32),

allows Eq. (46) to be written as

M M$ = ( + )($ − $ )t o a o c o t t, , , e e1
2

1
2

1
2

2 1 (48)

where
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M J J=a o a o a o, , ,
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1
2

1
2

1
2 (49)

M J M J=c o c o q c o, , ,
−1

cm o1
2 1 , 1

2 1 (50)

Finally, Eqs. (48) and (8) can be inserted in Eq. (9), such that Mt in Eq. (7) is developed as

⎡
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⎥⎥M

I 0
I M M M M

0 I
= ( − − ) ( + )t a o c o a o c o, , , ,1
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1
2

1
2

(51)

where all matrices on the right side of the equal sign are 6 × 6 matrices. Eq. (51) maps the two end-effector twists onto the three
terminal link twists, which can be subsequently mapped onto the complete set of joint velocities as in Eq. (5).

5. Example jacobian analysis of a three-legged PM2E

In this section the inverse Jacobian analysis is performed for the three-legged 2-DoF PM2E shown in Fig. 4, where n1 and n3 are
considered as the end-effectors. The architecture of this PM2E was introduced as part of the kinematic design exercise in Ref. [24]
and is also represented in Fig. 3c. The PM2E has two DoFs, as described in Ref. [24]. The first DoF is a motion along the Z-axis,
shared by both end-effectors, and the second DoF is a relative motion between the end-effectors along the X-axis, i.e., gripping. For
the purpose of experimental validation, the end-effectors are connected to wrench sensors, which measure both force and moment.
Additionally, the second joint of each leg is realized using a compliant joint, so that a pose-dependent wrench is applied on both end-
effectors without the need of an actuation system. All other joints are realized using ball-bearings and are therefore considered as
zero stiffness joints.

The inverse Jacobian matrix J−1, introduced in Eq. (6), for a three-legged PM2E with an internal closed-loop chain is obtained by
combining the results from Sections 3 and 4. Then,

Fig. 4. The example Jacobian analysis was performed for a 2-DoF PM2E where the second joint of each leg was designed as a compliant joint.
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with

J J M= n t
−1 −1 (53)

where the matrix Mt was introduced in Eq. (51) and for a three-legged PM2E with one internal closed-loop chain Jn
−1 in Eq. (53) is

developed as in Eq. (6), namely
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The partial inverse Jacobian matrices in Eq. (54) are introduced in Appendix A, where they are expressed using the unit twists
and unit wrenches for each serial chain. As explained in Section 4, the unit twists and unit wrenches that are identified for the two
end-effector serial chains are also used in the analysis of the three internal serial chains, because they share the same kinematic
structures.

To develop the matrix Mt, which maps the end-effector twists on the full set of terminal link twists, Ma o, 1
2 and Mc o, 1

2 need to be
developed. Because C = 2o1

2 , the matrix Ma o, 1
2 is obtained using Eq. (49), in which Ja o, 1

2 is expressed by Eq. (43) as
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and Ja o,
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1
2 is expressed by Eq. (26) as
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The matrix Mc o, 1
2 is constructed from three matrices: Jc o, 1, Jc o,

−1
1, and Mqcm o, 1

2, as expressed in Eq. (50). Because C = 3o1 , it follows from

Eqs. (45) and (34) that
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To express Mqcm o, 1
2 using Eq. (47), the compliance matrices Kq

−1
cm o, 1

2 and Kqcm o, 2
3 are required, which are the compliance matrices of the

internal serial chains expressed in the multiple constrained joint space, which is spanned by the twists associated to the virtual joints
of the first end-effector serial chain. The compliance in these directions is assumed to originate solely in the links. Each internal
serial chain contains one link, each of which was designed as a rectangular bar. The required compliance matrices are therefore
developed by mapping the relevant link compliance matrix onto the constrained joint space of the first end-effector serial chain,

K J Ad K Ad J=q c o s l c oH H
−1

,
−1

,
−1 ⊤

,
−⊤

cm o lo o lo, 1
2 1 1,1 1,1

1,1
1

(59)

K J Ad K Ad J=q c o s l c oH H
−1

,
−1

,
−1 ⊤

,
−⊤

cm o lo o lo, 2
3 1 1,2 1,2

1,2
1

(60)

where Jc o,
−1

1 was introduced in Eq. (58), and AdHlo i1,
is the Adjoint matrix which transforms a twist expressed in the reference frame

connected to the end of the i th link of the first end-effector serial chain into its equivalent twist expressed in the inertial Cartesian
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reference frame, and Ks l,
−1

o i1,
is the compliance matrix of the i th link of the first end-effector serial chain. Both links were designed

equal, such that
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For the developed mechanism, L = 0.12 mo , E = 1.95·10 N/m9 2, and G = 740·10 N/m6 2 was subsequently calculated using

G E ν= /(2 + 2 ) (62)

with ν = 0.32, where E and ν were determined as the average values of two tensile tests, which were performed on samples of the
material used for the construction of the links, namely Stratasys ABS plus material in combination with a Stratasys Dimension BST
1200es 3D printer. Individual determined values for E had a 4% difference from this value. Furthermore, the area and the area
moments of inertia, respectively, are

A bh I bh h b I bh I b h= = 1/12 ( + ), = 1/12 , = 1/12x y z
2 2 3 3

with b = 3 mm and h = 16 mm.
With the matrices introduced in Eqs. (55)–(61), the matrices Ma o, 1

2 and Mc o, 1
2 are developed according to Eqs. (49) and (50).

Subsequently, Mt was developed using Eq. (51) and Jn
−1 was constructed as in Eq. (54) using the partial inverse Jacobian matrices

developed in Appendix A. Finally, the complete inverse Jacobian matrix of the PM2E presented in Fig. 4 was obtained using Eq. (53).

6. Experimental validation method

To validate the developed Jacobian analysis, an experimental static force analysis was performed for the PM2E introduced in
Section 5. The reason for using a static force analysis is because it is relatively easy to control the pose, which determines the torques
applied by the compliant joints, and measure the resulting six-dimensional reaction wrenches at both end-effectors. On the other
hand, it is considered much more difficult to simultaneously control the end-effector twists and measure the complete set of joint
velocities. This is especially true for the constrained directions.

6.1. Static force analysis

In a static force analysis, the transpose of an inverse Jacobian matrix can be used to map a known joint torque vector onto the
equivalent wrenches applied by the end-effector on the environment. Therefore, if the compliant mechanism with two end-effectors
as introduced in Fig. 4 is fixed in a specific pose through its end-effectors, the interaction wrenches can be predicted as a function of
the pose, namely

⎡
⎣⎢

⎤
⎦⎥ τJ

$
$

=w e

w e

,

,

−⊤1

2 (63)

where $w e, 1 and $w e, 2 are the net wrenches applied by the PM2E on the first and second end-effector respectively, J−⊤ is the transpose
of the full inverse Jacobian and τ is the applied joint torque vector, which is expressed as

⎡
⎣⎢

⎤
⎦⎥τ τ τ τ τ τ τ= 1 2 3 o o o

⊤ ⊤ ⊤ ⊤ ⊤ ⊤
⊤

1
2

2
3 31 (64)

where τ i is the six-dimensional joint torque vector for leg i, and τo 1+ii
(or τ oi

1 if i=N) is the six-dimensional joint torque vector of the
ith internal serial chain.

For the example that was introduced in Section 5, the internal serial chains do not contain any actuated or compliant joints
joints. And although constraint forces may be transferred by the internal serial chains, they are not generated by the internal serial
chains, so that

τ τ τ 0= = =o o o 6×11
2

2
3

3
1 (65)

The only torques generated by the legs are due to the compliant revolute joints, so that

τ τ i= [0 0 0 0 0] , for = 1, 2, 3pf ii ,
⊤ (66)
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where τpf i, is the joint torque resulting from the deflection of the compliant revolute joint that makes up the second joint of each leg,
so that

τ k q q i= − ( − ), for = 1, 2, 3pf i i i i, ,2 ,20 (67)

To express the stiffness ki (Nm/rad) of the designed cross-type compliant revolute joint, the model presented by Trease et al. [25]
was used, namely

⎛
⎝⎜

⎞
⎠⎟k w

t
Gt
L

i= − 0.373 4
3

, for = 1, 2, 3i
j

4

(68)

where the designed cross-type compliant joint has width w = 9 mm, thickness t = 2 mm, length L = 40 mmj , and is made of the same
Stratasys ABS plus material as the links in the end-effector serial chains, so that G = 740·10 N/m6 2 and E = 1.95·10 N/m9 2. The angle
of zero deflection, qi,20 (rad), was designed as

q π i= 3
2

for = 1, 2, 3i,20 (69)

An expression for the angles qi,2 can be found in Appendix B.

6.2. Measurement procedure

The mapping of the applied joint torque vector onto the resulting interaction wrenches was performed in the 18 poses as
introduced in Table 1. These reaction wrenches were measured using an ATI Mini40 wrench sensor with SI-40-2 calibration. The
specified force measurement accuracy of this sensor along the X- and Y-axis is 1/100 N and 1/50 N along the Z-axis. The torque
measurement accuracy is 1/4000 Nm for all three directions. Both wrench sensors were connected in series between one of the end-
effectors and the inertial measurement frame, as can be seen in Fig. 5b. As such, the wrench sensors were displaced together with the
end-effector bodies. Before the start of every measurement series, the wrench sensor was initialized at the pose where the net wrench
on the end-effectors is approximately zero, which is pose a0 as introduced in Table 1. The position of the end-effector within the
measurement frame was controlled manually using a caliper. This was done by moving the attachment beams of the two end-
effectors in the X- and Z-directions, as shown in Figs. 5b and c, where where arrows indicate how the positions px e, 1, px e, 2, pz e, 1, and
pz e, 2 are changed by adjusting the measurement frame.

There are various sources that may influence the measurement precision and accuracy. Firstly, next to the finite resolution of the
wrench sensors, there are inevitable inaccuracies in the manual positioning of the end-effectors. Secondly, the model will not be
perfect, because the change in gravity is not considered, nor is any friction in the ball bearings. Furthermore, the 3D-printed
compliant joints will likely show some variation in their properties, and therefore not perfectly agree with the modeled joints.

6.3. Post-processing

Post-processing of the data was necessary to express all wrenches in the measurement reference frame of either the first or the
second end-effector, so that measured and predicted wrenches could be compared. The wrenches that are expressed using the

Table 1
The 18 poses at which the Jacobian analysis of the example PM2E has been validated using a static force analysis.

Pose px e, 1 [m] pz e, 1 [m] px e, 2 [m] pz e, 2 [m]

a0 −0.0525 0.2165 0.0525 0.2165
a1 −0.0575 0.2165 0.0575 0.2165
a2 −0.0525 0.2215 0.0525 0.2215
b0 −0.070 0.2165 0.070 0.2165
b1 −0.075 0.2165 0.075 0.2165
b2 −0.070 0.2215 0.070 0.2215
c0 −0.065 0.200 0.065 0.200
c1 −0.070 0.200 0.070 0.200
c2 −0.065 0.205 0.065 0.205
d0 −0.055 0.205 0.055 0.205
d1 −0.060 0.205 0.060 0.205
d2 −0.055 0.210 0.055 0.210
e0 −0.055 0.190 0.055 0.190
e1 −0.060 0.190 0.060 0.190
e2 −0.055 0.195 0.055 0.195
f0 −0.060 0.220 0.060 0.220
f1 −0.065 0.220 0.065 0.220
f2 −0.060 0.225 0.060 0.225
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Jacobian-based mapping of the compliant joint torques are all expressed in end-effector body-fixed reference frames collocated with
the inertial reference frame. However, the measurements are made in measurement reference frames, as shown in Fig. 6. The
mapping of the two predicted interaction wrenches onto the measurement reference frames was done using

Fig. 5. The set-up used to validate the developed Jacobian analysis, a) in pose a0, in which the net wrench is approximately zero, b) in pose f0, and c) pose f1.

Fig. 6. The inertial reference frame and the measurement reference frames as used in the example Jacobian analysis.
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where $w e pred, ,1 and $w e pred, ,2 are the predicted interaction wrenches expressed in the inertial reference frame and $w e pred, ,1
1 and $w e pred, ,2

2

are the equivalent wrenches expressed in their respective measurement frames. Matrices AdH 1
and AdH 2

are the adjoint matrices

associated to the homogeneous matrices H 1 and H 2 . These homogeneous matrices were expressed as
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with

p pp p h p p h= [ 0 + ] = [ 0 + ]m x e z e s m x e z e s, ,
⊤

, ,
⊤

1 1 1 2 2 2

where hs=42.6 [mm] was the distance between the end-effector reference frame origins, as shown in Fig. 5, and the measurement
reference frames, as shown in Fig. 6. After mapping as in Eq. (70), the wrenches predicted by Jacobian mapping can be compared
with those measured.

7. Results

This section presents the results of the experimental validation as described in Section 6. The results are visualized in Figs. 7–9.
Fig. 7 plots the predicted interaction force values against those measured for the X- and Z-axis, which are the axes spanned by the
DoFs of the analyzed PM2E. In Fig. 7, the individual measurement are organized by axis as well as by end-effector. Additionally,
linear trend lines are shown for the complete set of measured forces along both the X- and Z-axis.

In Fig. 8 a similar plot is shown for the Y-axis, which represents a constraint of the PM2E for both end-effectors. Finally, the
predicted and measured interaction moments are plotted against each other in Fig. 9, where the example PM2E is constrained in
rotational motion along all three axes. The complete set of measurement data can be obtained from Ref. [26].

To express the percentage of variability in the measurements that has been accounted for by the Jacobian-based predictions, the
coefficients of determination, R2, are used. These coefficients are shown in Table 2 for the data shown in Figs. 7–9. The R2 values

Fig. 7. The correlation between the measured force values and those predicted using J−⊤ at the poses as listed in Table 1 along the axes spanned by the DoFs of the
PM2E.
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express the variability around the linear trend lines which are included in Figs. 7–9. Also, for comparison, the ideal linear trend lines,
namely f fΔ = Δpred meas are also shown.

8. Discussion

The results from the experimental validation of the Jacobian analysis demonstrate that the presented Jacobian analysis is valid
for the analyzed three-legged PM2E with a single internal closed-loop chain. This is concluded from the high coefficients of
determination for the three separately analyzed sets of predicted and measured force and moment values, as presented in Table 2.
Although the coefficient of determination for the angular constraints is somewhat lower, this can be explained by the large number of
values close to zero, which are more affected by measurement errors. Nonetheless, these values are considered sufficiently high to

Fig. 8. The correlation between the measured force values and those predicted using J−⊤ at the poses listed in Table 1 along the axis in which the PM2E is
constrained.

Fig. 9. The correlation between the measured moment values and those predicted using J−⊤ at the poses listed in Table 1 along all three axes, all of which are
constrained directions for the analyzed PM2E.
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conclude that the Jacobian analysis that was used to predict the interaction wrenches is valid.
Although the presented Jacobian analysis was developed based on velocity relations, it was validated using a static force analysis

for three reasons. Firstly, it was considered more practical to control the pose during static wrench measurements than during
velocity measurements. Secondly, it was deemed much simpler to include the constraints in static force measurements than in
velocity measurements. The third reason is that constraint relations are especially important in the static force analysis of PM2Es,
since wrenches applied by the legs can be transferred via the constraints of internal serial chains. The inclusion of these constraint
relations in the matrix Mt, which represents the mapping from the two end-effector twists onto the full set of terminal link twists, has
been one of the main innovations of this paper. Therefore, a static force analysis has allowed a direct validation of this innovation.

It is argued that the example PM2E is a representative example of more general PM2Es with an internal closed-loop chain. The
main difficulty of the analysis was to find an expression for the mapping from the two end-effector twists onto the complete set of
terminal link twists. A combination of velocity relations and static force relations was derived to deal with the internal constraints. As
a result, the obtained expression is a function of the kinematic structure of the mechanism as well as the relative compliance of the
internal serial chains. The proposed systematic approach can be extended to PM2Es with an internal closed-loop chain with more
than three legs, knowing that more, comparable relations will need to be expressed to reflect its corresponding graph representation.

Furthermore, it is expected that the presented systematic approach can be easily adapted to other variations of PM2Es. Because
the analysis relies on a Jacobian interpretation of a PM's graph theory representation, the same approach can also be applied to
other, more complex parallel manipulators, e.g., with more than one internal closed-loop chain or with more than two end-effectors.
Such manipulators will have different graph theory representations, which means that the structures of the corresponding matrices
Jn

−1 would be different than the one presented in Eq. (6). Nonetheless, the approach would be the same. As such, the systematic
approach presented in this paper could be used as a baseline for a wide range of more complex parallel manipulators.

9. Conclusions

This paper introduced a systematic approach for the Jacobian analysis of PM2Es with an internal closed-loop chain, based on two
novel insights. The first insight is that the structure that is revealed by graph theory can be translated into a Jacobian analysis. The
resulting Jacobian analysis consists of a systematic combination of partial Jacobian matrices, which describes how the full set of
terminal link twists is mapped onto the complete set of joint velocities.

However, the full set of terminal link twists is generally not available and cannot be derived based on velocity relations alone.
This was demonstrated for a three-legged PM2E with an internal closed-loop chain. The second insight is that these relations can be
complimented with static force relations so that the full set of terminal link twists can be expressed as a function of the known end-
effector twists. The static force relations, which appear in the expression as compliance ratios, are required to deal with internal
constraints. The possibility for internal constraints is typical for PM2Es and is particularly relevant if the resulting Jacobian is used
in a static force analysis, because wrenches applied by the actuators can be transferred to the end-effectors via the internal
constraints. The resulting dependency of a Jacobian analysis on mechanical properties is unprecedented in the field of parallel
manipulator analysis.

The developed Jacobian analysis was validated using a static force analysis in an example PM2E with three legs and a single
internal closed-loop chain. Compliant joints were implemented so that pose-dependent wrenches were applied to the end-effectors
without the need of an actuation system. The end-effectors were fixed to an inertial frame via wrench sensors, so that the resulting
interaction wrenches could be measured. The interaction wrenches were measured along directions corresponding to the allowed
DoFs as well as along constrained directions. These measurements were compared with predicted interaction wrenches based on the
developed Jacobian analysis. It was shown that the variability in the measured values is predicted for 99.6% along directions
corresponding to the allowed DoFs, and respectively 96.2% and 87.6% for the forces and moments along the constrained directions.
Based on these values it is concluded that the example Jacobian analysis is valid.

This paper presented and validated the first example of a Jacobian analysis of a PM2E that takes internal constraints into
account. Although the Jacobian analysis presented in this paper was developed for PM2Es with a single internal closed-loop chain
and three legs, it was argued that the analysis can be adapted to other PM2Es with relative ease. This is thanks to the structure of the
analysis, which can be directly derived from the graph theory representation of a mechanism. As such, the structured approach
introduced in this paper sets the stage for the Jacobian analysis of more complex PM2Es.

Table 2
The coefficients of determination of the different sets of measured and predicted values.

considered set related figure R2 [-]

DoFs ( fx z/ ) Fig. 7 0.996

linear constraints ( fy) Fig. 8 0.962

angular constraints (mx y z/ / ) Fig. 9 0.876
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Appendix A. Basis twists, basis wrenches and partial inverse jacobian matrices of the analyzed PM2E

All twists and wrenches introduced in this appendix are expressed in a right-handed Cartesian reference frame connected to the
moving body of the serial chain in question, whose origin coincides with the point . This reference frame is an arbitrary choice, but
considered most convenient and logical. Whatever reference frame is chosen, it is important that all vectors are expressed in this
same reference frame.

A.1. Full inverse jacobian for first and third leg

The first and third leg are identical RRR serial chains, and are shown in Fig. A.10. Their linearly independent basis twists of
permission were obtained as
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where $̂tai,1, $̂tai,2, and $̂tai,3 are the basis twists of permission associated to the first, second, and third joints respectively. Furthermore,
s e= −1̂ 2 and s e=3̂ 2, where e2 is the unit vector aligned with the Y-axis. The other vectors are illustrated in Fig. A.10, where ri l, is the
unit vector pointing along the l th link of leg i and ai is the vector pointing from to the center of the third joint.

Next, taking the conditions posed by [27] into account, a set of basis wrenches of constraint were identified,
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Following the methodology described by Huang et al. [23], the set of basis twists of permission described in Eqs. (A.1)–(A.3) and the
set of basis wrenches of constraint presented in Eqs. (A.4)–(A.6) can be used to identify a set of basis wrenches of actuation. Namely,
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and finally also a set of twists of constraint was identified,
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Eqs. (A.1)–(A.13) were then used to obtain the full inverse Jacobian for the first (i = 1) or third leg (i = 3),
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A.2. Full inverse jacobian for 2nd leg, J2
−1

The second leg is an RRRR serial chains, and a set of linearly independent basis twists of permission was obtained as
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where s s s e= = =̂ ̂ ̂2,1 2,2 2,3 1 is the unit vector aligned with the X-axis, and s e=2̂,4 3 is the unit vector aligned with the Z -axis.
Subsequently, a set of basis wrenches of constraint was identified as
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The set of basis twists of permission described in Eqs. (A.15)–(A.18) and the set of basis wrenches of constraint presented in Eqs.
(A.19)–(A.20) enabled the identification of a set of basis wrenches of actuation as
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where f2,2 was already described by Eq. (A.10). A set of twists of constraint was then identified as
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y z

y z,2,2
2, 2,

2 2, 2,
⊤

in which a y2, and a z2, are the elements in the vector a2 aligned with respectively the Y - and Z -axis.
Eqs. (A.15)–(A.27) are then used to obtain the full inverse Jacobian for the second leg,
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A.3. Full inverse jacobian for internal serial chains, J
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where $̂taoi,1, $̂taoi,1, and $̂taoi,1 are the basis twists of permission associated to the first, second, and third joints encountered in each
end-effector serial chain, going from the first to the second end-effector. The vector sô is the unit vector along the Z-axis, e3. This
vector, as well as examples of scalars and other vectors in Eqs. (A.29) and (A.31), are illustrated in Fig. A.12, where lo is the length of
all links in the end-effector serial chains. As such, roi l, is the unit vector pointing along the l th link of the i th end-effector serial chain.

Next, taking the conditions posed by Ref. [27] into account, a set of wrenches of constraint was identified. Namely,
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Following the methodology described by Huang et al. [23], the set of basis twists of permission in Eqs. (A.29)–(A.31) and the set of
basis wrenches of constraint in Eqs. (A.32)–(A.34) enabled the identification of a set of basis wrenches of actuation as
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with

f
r r
r r

l l
l l

=
+
+o

o o o o

o o o o
i

i i

i i
,2

,1 ,2

,1 ,2 (A.38)

and finally also a set of twists of constraint was identified,
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The basis twists and wrenches presented in Eqs. (A.29)–(A.41) were then used to develop J
o
−1

1
2, J

o
−1

2
3, as well as J

o
−1

3
1. With joint

velocity vectors defined as in Eq. (14), and considering that the internal serial chain connecting n1 and n2 contains the first two
kinematic joints of the first end-effector serial chain, then
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where the first and second row of Eq. (A.42) map the relative twist between the two end-effectors onto q̇ao1
2,1

and q̇a o, ,21
2 , the third row

maps that relative twist onto q̇c o, ,1s 1
2 , and rows four to six map it onto q̇c o,m 2

1.
The internal serial chain that connects n2 and n3 contains the third kinematic joint of the first end-effector serial chain, so that
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where the first row maps the relative end-effector twist onto q̇a o, ,12
3 , and the second and third rows map the relative end-effector twist

onto q̇c o, ,1s 2
3 and q̇c o, ,2s 2

3 , while again rows four to six map this twist onto q̇c o,m 2
1.

Finally, because in Eq. (54) the internal chain connecting n1 and n3 is defined in the opposite direction as the twists in Eqs.
(A.29)–(A.31),
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Appendix B. Inverse kinematics of 2-DoF PM2E

The inverse kinematics of the example 2-DoF PM2E are developed for each individual serial chain. First the inverse kinematics of
the legs are developed, where expression for the angles as shown in Figs. A.10 and 11 can be obtained as

Fig. A.10. Legs one and three and examples of all vectors and scalars that are used in the expression of the basis twists, the basis wrenches, and the inverse
kinematics.

Fig. A.11. Leg two and examples of vectors and scalars that are used in the expression of the basis twists, the basis wrenches, and the inverse kinematics.
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where l = 135 mm1 , l = 150 mm2 , and
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where L L= = 187.5 mmB B,1 ,3 , L = 242.5 mmB,2 , l = 120 mmo , h = 24 mmB , and where it is assumed that p p=z e z e, ,1 2. Next the inverse
kinematics of the end-effector serial chains are developed, where expression for the angles as shown in Fig. A.12 can be obtained as
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