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Abstract

Kernel machines are a class of machine learning models which are powerful in terms of predic-
tive power, but are limited to low dimensional data, as their computational complexity scales
according to O(N3). Kernel methods are able to reduce this computational scaling to be
linear in D by assuming a low rank structure on the weights vector. Existing tensor network
kernel machines operate mostly in a deterministic setting and lack uncertainty quantification.
On top of this, hyperparameter tuning for these types of models can be costly and complex.
A fully Bayesian kernel machine, employing a CP decomposition has been shown to perform
well on regression and classification tasks without additional computational cost. hyperpa-
rameter tuning was aided for this model through the introduction of ARD priors. This model
is still limited to a relatively small data dimension D, due to numerical instabilities caused
by repeated Hadamard products in the CPD formulation. Alternative tensor decompositions
such as the tensor train decomposition exist that do not rely on Hadamard products in their
formulation and may therefore be more numerically stable.

This thesis proposes a Bayesian Tensor Train Kernel Machine, a fully Bayesian tensor train de-
composed kernel machine. The proposed model will include ARD hyperpriors to aid in model
selection, these priors allow for automatic inference of model complexity, as well as increasing
model interpretability. Mean-field variational inference is used to approximate posterior dis-
tributions of all model parameters and hyperparameters. Experiments on synthetic datasets
show the functioning of the ARD hyperpriors, and the increased numerical stability compared
to the CP based model. Experiments on real world datasets showcases the performance of
the proposed model in terms of prediction accuracy and uncertainty quantification compared
to currently available models.
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Chapter 1

Introduction

In recent years, the interest in Artificial Intelligence (AI) has increased drastically. Kernel
machines are universal function estimators, which in many settings meet or exceed the per-
formance of state-of-the-art neural networks [14, 17, 32, 33, 39]. Kernel machines such as
Support Vector Machine (SVM) [8] models have broad applications ranging from medical
image classification [34], text classification [16] and EMG classification [2]. Kernel models
such as Kernel Ridge Regression (KRR) [23] and Gaussian Process (GP) [43] are used for
regression tasks and have applications in the prediction of material properties from molecular
and chemical descriptors [48], and prediction of exoplanet characteristics [1] to non-linear
system identification [11].

Kernel machines simplify the learning of high dimensional, highly non-linear datamodels, by
employing the kernel trick. Within the kernel trick we employ a kernel function k(x, x′) =
⟨φ(x), φ(x′)⟩ to implicitly map input data into a Reproducing Kernel Hilbert Space (RKHS)
[4], where initially non-linear problems can be solved using linear techniques. Traditional ma-
chine learning methods, often suffer from the curse of dimensionality, which is the exponential
increase of storage and training complexity with respect to data dimension D. Although this
kernel trick effectively circumvents the curse of dimensionality, they instead scale poorly with
the data size N . Kernel machines scale according to O(N2) in memory and O(N3) in training
complexity [46]. This limits their use to relatively small datasets [13].

Numerous techniques exist to approximate kernel machines in order to reduce their complex-
ity, however, each of these come with their own drawbacks. Sampling techniques are popular
due to their simplicity. They work by projecting training data onto finite dimensional basis
functions, reducing the complexity to O(NM2), where M is the dimensionality of the basis
functions. The number of basis functions can be chosen to be far fewer than the number of
datapoints M ≪ N without a major loss in performance [12, 41, 51]. While these techniques
are able to reduce the computational complexity, they are slow to converge. Due to the nature
of sampling techniques they converge at the Monte Carlo rate of O(1/

√
M). This introduces

a trade-off between training complexity and convergence time.

Deterministic approaches that do not require random sampling exist [9, 37, 21, 45], and are
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2 Introduction

able to converge much faster. These however, cause M to grow exponentially with the data
dimensionality D, and are therefore limited to low-dimensional applications.

Tensor decompositions such as Tensor Train (TT) [40] and Canonical Polyadic Decomposition
(CPD) [19, 6] (explained in detail in Chapter 1-2) are able to reduce the complexity without
compromising on the convergence rate, While offering greater freedom in the dimensionality
of the basis functions. These models are able to reduce the number of parameters to be
learned, from MD to DMR2 or DMR depending on the decomposition used, where R is a
rank parameter, and M and R can be chosen so that M,R ≪ N,D.

Tensor Network Kernel Machine (TNKM) models consider a datamodel

f(xn) = φ(xn)⊺w, (1-1)

where w is a weights vector with learnable weights. And φ(·): RD → RMD is a feature map,
restricted to a Kronecker product form

φ(xn) = φ(1)(x(1)
n ) ⊗ φ(2)(x(2)

n ) ⊗ · · · ⊗ φ(D)(x(D)
n ). (1-2)

Here each φ(d) ∈ RMd , ∀d ∈ [1, D] is a feature vector. A low rank constraint is placed on the
feature vector w, allowing it to be decomposed into a Tensor Network (TN). The Kronecker
product form limits the choice of kernels to the family of product kernels, which include
common kernels such as the polynomial and Gaussian kernels. The Kronecker structure in
the feature map φ(·) and low rank assumption on the weights vector w allow the weights to be
learned via an Alternating Least Squares (ALS) algorithm, with computational complexity
of O(NM2R2 + DM3R3) or O(NM2R4 + DM3R6) depending on the decomposition used
[27]. Currently, a number of TNKMs exist [44, 20, 47, 58, 18, 24, 51, 41, 50, 49] that have
shown that efficient learning via TNs is possible. One drawback of tensor networks is that
they require specifying model complexity and rank in advance through hyperparameters such
as the feature dimension M and tensor ranks R.

Most of the existing models operate in a deterministic setting, and lack methods to quantify
uncertainty. Uncertainty quantification can give crucial confidence metrics when dealing with
parameter uncertainty [22], or real world uncertainty [10]. Bayesian Inference provides a
principled method for handling model and data uncertainty and allows for the incorporation
of prior knowledge. Furthermore, it aids in limiting the complexity of the model and can
promote sparsity, further reducing the model size. Within tensor network kernel machines,
the incorporation of a probabilistic framework remains largely unexplored.

The extension into a probabilistic setting also allows the incorporation of Automatic Rele-
vance Detection (ARD) priors that aid in determining the model’s hyperparameters. ARD
priors penalize irrelevant components to shrink towards zero during training, allowing for
automatic inference of the tensor rank and feature dimension. Additionally, the sparsity
parameter placed on the feature dimension highlights the most relevant features, aiding in
model interpretability. These priors are based on the work by Neal [38] and MacKay [35],
who introduced them in the setting of neural networks.

Currently one model exists that employs a fully Bayesian tensor network kernel machine with
ARD priors for both rank and feature dimension inference. This Bayesian Tensor Network
(BTN)-Kernels model, by Kilic et al. [27], employs a CPD with its parameters learned via
mean field variational inference. While this model is shown to be computationally efficient and
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1-1 Research Questions 3

reduces the computational complexity to O(NM2R2 +DM3R3), it is susceptible to numerical
over and underflow issues at high data dimensionality D. For probabilistic tensor network
kernel machines to become a viable and scalable machine learning model, a more numerically
robust tensor network kernel machine is required, which will be explored in this thesis.

1-1 Research Questions

In summary, the aim of this thesis will be to create a scalable probabilistic tensor network
kernel machine, through the use of a TT decomposition, incorporating ARD priors to aid in
hyperparameter tuning as well as increasing model interpretability. This goal is summarised
in the main research question of this thesis:

Can we construct a scalable, fully Bayesian, tensor train decomposed kernel machine
including ARD priors that automatically infers both tensor ranks and feature dimensions?

In order to answer this question and evaluate the proposed model against existing models,
we will break it into three sub-questions. These are formulated as:

1. Can ARD priors automatically infer TT-ranks Rd and feature dimensions Md of a
tensor train kernel machine for all d ∈ [1, D] of a groundtruth datamodel?

2. Is a Bayesian TT kernel machine more robust to over and underflow issues than a
comparable model using a CP decomposed model weights vector?

3. Can a Bayesian TT kernel machine achieve predictive accuracy and uncertainty quan-
tification performance comparable to currently available models?

In order to answer these questions, in the next chapter we will first introduce some required
mathematical background in Chapter 1-2, before exploring existing probabilistic TNKMs in
Chapter 1-3. Chapter 2 will describe the proposed model, with its construction and priors in
Chapter 2-1, as well as the learning algorithm that is used in Chapter 2-2. In Chapter 2-3 a
description is given how this model has been implemented, as well as an exploration into the
robustness to over and underflow issues. The three sub-questions are investigated in order in
Chapter 3, where three experiments are described and their results are shown and discussed.
The first of these is an experiment that explores the TT-rank and feature dimension recovery
of the ARD priors in Chapter 3-1. The numerical robustness is further explored in Chapter
3-2. Lastly, the model is benchmarked against existing models on six UCI datasets in Chapter
3-3. Finally, Chapter 4 concludes this thesis and discusses possible future work.

1-2 Mathematical Background

Many mathematical operations that exist for matrices can be extended to work for tensors,
on top of this some operations exist that are unique for tensors. In the following section,
some of the mathematical notation and operations that are used in this paper will briefly be
explained.

Master of Science Thesis D.A.G. van Haasteren



4 Introduction

1-2-1 Preliminaries and Notation

A tensor is a multilinear collection of numbers, where the order of the tensor is the number
of ways or modes in which the numbers are organised. A scalar, a single number, denoted
by a lowercase letter, a is a 0th order tensor. A vector, which is a collection of numbers
usually ordered into a column, is denoted by a bold lowercase letter a, equivalently is a 1-st
order tensor. A matrix, a collection of numbers ordered into rows and columns, is denoted
by an uppercase bold letter A is a 2-nd order tensor. Stacking a number of matrices back to
back, over an extra dimension results in a 3-rd order tensor. A three or more way ordering of
numbers is called a tensor and is denoted by an uppercase calligraphic boldface letter A. For
a D-th order tensor A ∈ RI1×I2×···×ID , the (i1, i2, . . . , iD)-th element is denoted by ai1,i2,...,iD .

Tensor diagrams can be used to express a tensor network graphically. A tensor is denoted as
a node, with edges equal to the order of the tensor.

a

(a) a scalar

a

I

(b) a vector

A

I1 I2

(c) a matrix

A

I1 I2

· · ·
IN

(d) an N order
tensor

Figure 1-1: (a) Graphical representations of a scalar denoted as a lowercase letter a and graph-
ically as a node with no edges. (b) A vector (boldface lowercase a) is a node with a single edge,
with size I. (c) A matrix (boldface uppercase A) is denoted by a node with two edges, with sizes
I1 and I2. (d) A tensor denoted as a boldface, calligraphic uppercase letter A, or graphically by
a node with N edges, with sizes I1, I2, . . . IN .

The vectorization operator vec(·), applied to a tensor Dth order A ∈ RI1×···×ID returns a
vector a ∈ RI1...ID , containing the same elements as A where the relationship between the
indices of the elements in the matrix and those of the tensor are given by

i = i1 +
D∑

d=2
(id − 1)

d−1∏
k=1

Ik. (1-3)

A subset of a tensor can be extracted by fixing one or more indices and collecting all the
elements with that particular index. For a three dimensional tensor the objects resulting from
fixing all but the first, second and third index are called rows, columns and tubes respectively.
Similarly, fixing all but two of the indices results in a matrix. The resulting 2-nd order
subtensors are also called slices. The slices created from a 3-rd order tensor by fixing its first
second and third indices are called horizontal, lateral and frontal slices [29]. These are
shown graphically in Figure 1-2.

D.A.G. van Haasteren Master of Science Thesis



1-2 Mathematical Background 5

Xi,:,:
I1

I2

I3

i

(a) A horizontal slice

X :,j,:
I1

I2

I3

j

(b) A lateral slice

X :,:,k
I1

I2

I3
k

(c) A frontal slice

Figure 1-2: Visual representation of the slices of a three way tensor.

The Frobenius Norm of a tensor, denoted as || · ||F is defined as the square root of the sum of
the absolute squares of its elements.

While many mathematical operations are defined for tensor objects, in implementation these
are often performed by transforming tensors into matrices, performing a matrix-matrix oper-
ation and transforming the product back into a tensor. This transformation is achieved by an
n-mode unfolding. An n-mode unfolding is constructed by stacking all the slices of a tensor
A ∈ RI1×I2×I3 by fixing the n-th index such that [28]

A(n) ∈ RIn×
∏

m̸=n
Im . (1-4)

More general transformations, such as the permutation of matrix rows or columns can be
performed by tensorizing a matrix, and unfolding it in a different order. These types of
operations are denoted by the reshape operator R {·}I×J . This operation reshapes a tensor
into the shape I × J while maintaining the column-wise ordering consistent with the vec(·)
operation. The diagonal operator diag(·), when applied to a matrix, will return the values
on the main diagonal of the matrix, while when applied to a vector, it will return a diagonal
matrix, with the values of the vector on the main diagonal of the matrix. The diagonal of a
tensor of all elements for which all indices are equal. A diagonal slice of a three way tensor
with at least two sides with equal dimensions, is all elements for which those two indices are
equal.

A Kronecker product between two matrices A ∈ RI×J ,B ∈ RK×L is denoted as (A ⊗ B) ∈
RKI×LJ and defined as the block matrix

A ⊗ B =

a1,1B · · · a1,JB
... . . . ...

aI,1B · · · aI,JB

 .
The Khatri-Rao product, which is a column-wise Kronecker product, between two matrices
A ∈ RI×J ,B ∈ RK×J is denoted as A ⊙ B ∈ RJI×J [26]. Similarly, a row-wise Khatri-
Rao product exists, as a row-wise Kronecker product with A ∈ RI×J ,B ∈ RI×K resulting in
A⊙R B ∈ RI×KJ . A Hadamard product between two matrices A ∈ RI×J ,B ∈ RI×J denoted
by A ⊛ B ∈ RI×J is the element-wise multiplication between A and B.

Master of Science Thesis D.A.G. van Haasteren



6 Introduction

X

(I × J ×K)

∼=
λ1

a1

b1

c1

+ . . . +
λR

aR

bR

cR

=
A

ar
(I ×R)

. . .Λ

(R×R×R)

B⊺

br

(R× J)

C
cr

(K ×R)

Figure 1-3: A 3-way Tensor, can be decomposed into a sum of rank-1 terms via a Canonical
Polyadic Decomposition. The rank-1 terms can be collected into a core tensor and three factor
matrices.

1-2-2 Tensor Decompositions

While tensors can be a logical format for some multidimensional data, decomposing a tensor
into a tensor network can be advantageous as it might lead to better interpretability and
lower storage and computational cost. Many Tensor Decompositions exist with their own
uses and advantages and disadvantages. In this section the CPD and TT decomposition will
be introduced and their advantages and disadvantages discussed.

Canonical Polyadic Decomposition

A Canonical Polyadic Decomposition (CPD) decomposes a D-way tensor W ∈ RM1×... MD

into a summation of R rank one terms. These rank one terms can be collected into D factor
matrices W(d)∈ RMd×R such that

W = W(1) ×1 W(2) ×2 · · · ×D W(D) =
R∑

r=1
w(1)

r ◦ w(2)
r ◦ · · · ◦ w(D)

r . (1-5)

Here ′◦′ denotes a vector outer product, and w(d)
r denotes the r-th column of the d-th factor

matrix. This reduces the storage complexity of the decomposed tensor from O(MD) to
O(MRD). A CPD is unique under mild conditions [7]. That is to say, they are unique up to
scaling and permutation ambiguities.

Tensor Train Decomposition

A Tensor Train (TT) decomposes a tensor W ∈ RM1×···×MD into D 3-way tensors W(d)∈
RRd×Md×Rd+1 such that the elements of W can be expressed as

wi1,m2,...,iD =
R1∑

r1=1
· · ·

RD+1∑
rD+1=1

w(1)
r1m1r2 . . . w

(D)
rDmDrD+1 .

The constituent tensors of the tensor train are called TT-cores and their ranks R1, R2, . . . , RD

are called TT-ranks. In order to ensure that the decomposed tensor has the same dimensions
as the original tensor, boundary conditions R1 = RD+1 = 1 are enforced. TT-decompositions
are non-unique, and have a storage complexity of O(R2MD) [40].

D.A.G. van Haasteren Master of Science Thesis



1-3 Existing Probabilistic Tensor Network Kernel Machines 7

W(1) W(2) · · · W(d) · · · W(D)

M1 M2 Md MD

R2 R3 Rd−1 Rd RD−1

Figure 1-4: Tensor Network representation of a Tensor Train with D cores, each with dimension
Rd ×Md ×Rd+1, resulting in a reconstructed tensor W ∈ RM1M2...MD .

1-3 Existing Probabilistic Tensor Network Kernel Machines

Several tensor network kernel machine models exist that operate in a probabilistic setting.
Xiong et al. employed tensor factorization for the completion of temporal relational incom-
plete data, specifically using a CP decomposition. They formulated a Maximum A Posterior
(MAP) scheme for factor estimation, and use Gibbs sampling for posterior estimation, thus
limiting scalability [54]. Similarly Rai et al. employed Gibbs sampling in a probabilistic tensor
decomposition, using it to learn the factors of a CP decomposition [42]. Zhao et al. employed
variational Bayesian inference to learn the factors of a CP decomposed model [57]. Konstan-
tinidis et al. proposed the Structured Posterior Bayesian Tensor Network (SP-BTN) model,
improving upon the previous CP based models by imposing a low-rank structure on the mean
of the weight tensor, thereby reducing the parameter complexity. Additionally, they impose
a Kronecker structure on the local covariances. While this model has been shown to achieve
a high degree of accuracy on standard datasets, it is limited in uncertainty quantification by
the diagonal structure of the covariance matrices.

Kilic and Batselier proposed a fully bayesian CP based model learned via mean field vari-
ational Bayes and incorporating ARD priors. This model achieves high accuracy, and in-
corporates uncertainty quantification at no extra cost compared to both deterministic and
other probabilistic models. The incorporation of ARD priors reduces the complexity of hy-
perparameter selection, and is shown to be able to reduce the rank of a model to the true
rank of the underlying data on synthetic data. This model achieves high prediction accuracy
and reduces the computational strain compared to existing models. However, at large D,
the model is sensitive to numerical issues. These issues originate from the construction of
the CPD decomposed weights vector w. Construction of the CP decomposed model requires
performing D Hadamard products for each training iteration. This causes the elements of the
factor matrices to scale according to |a|D, where a is an element in the factor matrices and
D is the dimension of the model.

Other tensor decompositions that do not rely on Hadamard products for their construction
exist that are able to achieve comparable reductions in parameters to be learned, and have
previously been shown to be able to perform efficient parameter learning. One such decom-
position is the TT decomposition. Kernel machines with tensor train decomposed weights
vectors w have previously been shown to reduce the computational complexity of traditional
kernel machines in a similar way to the previously discussed CPD based models.

Three relevant TT based probabilistic models were identified. Hinrich and Mørup introduced a

Master of Science Thesis D.A.G. van Haasteren



8 Introduction

probabilistic tensor train decomposition, with its parameters learned using variational Bayes,
and estimating the TT-ranks via the ELBO [22]. Xu et al. introduced a similar TT de-
composed model with sparsity inducing hyperpriors for automatic rank inference [55]. These
model however, focus on learning from tensor type data. Mezen et al. introduced a tensor
network approximation of a GP. This model learns the parameters of all but one of the cores
via a standard alternating linear scheme. The last core is then learned via Bayesian infer-
ence in order to enable uncertainty quantification. As only one core is learned via Bayesian
inference, this model cannot be considered to be a fully probabilistic model [36].

1-3-1 BTN-Kernel Machine

The most relevant of the discussed models is the BTN-Kernels model by Kilic et al. [27], due
to the similarity between it and the proposed TT based model. The BTN-Kernel machine
model by Kilic et al. [27] assumes a datamodel

y = Φw + e (1-6)

where y ∈ RN denotes the observations vector and e ∼ N (0, τ−1IN ) is a noise vector con-
taining zero mean Gaussian noise. The feature map Φ ∈ RMD×N is constructed such that
its n-th column contains φ(xn), and can be constructed as Φ = Φ(1) ⊙ Φ(2) ⊙ · · · ⊙ Φ(D).
The columns of the component matrices Φ(d) are the feature vectors φ(d), for all d ∈ [1, D].
Furthermore, the weight vector w is decomposed into a CPD form, allowing formulation of
the likelihood of the observed outputs as

p(y|
{

W(d)
}D

d=1
, τ) =

N∏
n=1

N
(
yn|φ(xn)⊺w, τ−1

)
, (1-7)

where τ denotes the noise precision. The elements in w are learned via mean field varia-
tional inference. The factor matrix rank Rd and feature dimensions Md are hyperparameters
that can be tuned to control the model complexity. Finding appropriate values for these
hyperparameters can be complex and computationally expensive. In order to aid in finding
values for these hyperparameters, sparsity inducing hyperpriors, or ARD priors are intro-
duced. These ARD priors control the variance of the rows and columns of the factor matrices
W(d). This pushes unnecessary components towards zero, promoting simpler models during
training without requiring prior knowledge about the complexity of the model. These ARD
priors have been introduced by Neal [38] and MacKay [35], and have previously been shown
to work for Bayesian CP decomposed models by Zhao et al. [57].
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Chapter 2

Probabilistic Tensor Train Kernel
Machines

In this chapter we will introduce the Bayesian Tensor Train Kernel Machine (BTTKM) model.
This model employs a tensor train decomposed weights vector, as well as a Khatri-Rao struc-
tured feature map. The construction of the datamodel, and the likelihood of the observations
are shown in Section 2-1. This section also introduces the noise precision parameter τ , and
the precision parameters λd and δd, that are used as the ARD parameters. The prior distri-
butions for all the parameters of the datamodel are also given in Section 2-1. Using all these
parameters and variables, the log-joint distribution is derived in section 2-1-3. In Section 2-2,
we describe mean field variational inference, which is the method of inference that is used
to estimate the model parameters. Sections 2-2-1 to 2-2-4 derive the update equations for
each parameter, with the updates for the tensor cores in Section 2-2-1. The updates for the
ARD factors are shown in Sections 2-2-2 and 2-2-3. Lastly, update for the noise precision
parameter τ in Section 2-2-4.
Section 2-3 gives more information about how this model is implemented, and gives informa-
tion about how the different hyperparameters can be used for model tuning.
In order to evaluate the scalability of the proposed model, Section 2-4-1 reasons about the
numerical robustness of the TT based model compared to the CPD based model by Kilic et al.
[27]. And lastly, Section 2-4-2 gives the computational complexity of the training algorithm
described.

2-1 Bayesian Tensor Train Kernel Machine Model

Much like the BTN-Kernels model by Afra Kilic, a BTTKM considers a datamodel

y = Φw + e, (2-1)

Where w denotes the model weights vector, and e is a zero-mean Gaussian noise vector
∼ N (0,Σ). The feature map Φ ∈ RN×MD is constructed such that its columns contain
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10 Probabilistic Tensor Train Kernel Machines

Φ(d)
N1

MD

N2

N

(a) Visualisation of a diagonal three-way
tensor, with values placed along the diag-
onal slice (shown in red) where N1 = N2.

Φ(d)

(b) A tensor network diagram of diagonal
tensor is shown as a node with a diagonal
line.

Figure 2-1: Graphical representation of component matrix Φ(d) placed inside an N1 ×Md ×N2
tensor, with values along the diagonal where N1 = N2 = N and zeros elsewhere.

φ(xn). From the product form previously defined in Chapter 1-2, the matrix Φ can be
expressed as a series of row-wise Khatri-Rao products of component matrices

Φ = Φ(1) ⊙R Φ(2) ⊙R · · · ⊙R Φ(D). (2-2)

From here on, mainly the row-wise Khatri-Rao product will be used, so for brevity of notation,
the row-wise prefix, as well as the R subscript will be dropped, and instead column-wise
Khatri-Rao products will be explicitly referenced. The columns of the component matrices
Φ(d) ∈ RN×Md contain the feature vectors φ. In order to fit the component matrices of the
feature map into the tensor train model, they must be transformed into three-way tensors.
This is done by constructing a tensor in RN1×Md×N2 and placing the columns of Φ(d) along the
columns where N1 = N2. Since this results in a tensor with values only along the diagonal
slice where N1 = N2, these two separate indices are redundant, and the subscript can be
dropped. This is shown graphically in Figure 2-1.

The weights vector w is decomposed into a tensor train composed of tensor cores
{

W(d)
}D

d=1
∈

RRd×Md×Rd+1 . Combined with the feature map expressed as a TT, we can graphically express
our model as a tensor network as in Figure 2-2.

Additionally, we can then express the likelihood of the observed data as a function of the
decomposed weights vector. Assuming the Gaussian noise model from Equation (2-1), we can
express the likelihood of the observed data as

p

(
y
∣∣∣ {W(d)

}D

d=1
, τ

)
=

N∏
n=1

N
(
yn|φ(xn)⊺w, τ−1

)
, (2-3)

where τ is a noise precision parameter.

The datamodel Φw can be constructed from its component tensors according to the ziplining
technique. Figure 2-3 graphically shows the ziplining procedure.
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2-1 Bayesian Tensor Train Kernel Machine Model 11

W(1) W(2) W(D)

Φ(1) Φ(2) Φ(D)

y = ϵ+M1

R2

N

M2

R3

N

. . .

...

RD−1

MD

N

N

N N

Figure 2-2: Graphical representation of the datamodel given in Equation (2-1). Due to the
construction of the tensors Φ(d), Φ(1) can be thought of as a matrix, in order to maintain the
correct dimensionality of the inner product Φw.

Figure 2-3: Ziplining technique for calculating the inner product between two vectors represented
as tensor trains.

Starting from one side, we contract over the edge connecting the two trains, reshape the
resulting tensor into a matrix, and absorb it into the next core of one of the TTs, before
repeating for what is now the last core.
For the computation of the inner product between the feature map Φ and the weights vector w,
we define a recursive accumulator G<d ∈ RN×Rd+1 that collects the contributions of the TT-
cores

{
W(k)

}
k<d

and the component feature matrices
{

Φ(k)
}

k<d
. From the definition of the

feature map given in Equation (2-2), component matrix Φ(k+1) can be collected into the accu-
mulator G<k via a Khatri-Rao product. The TT-core W(k+1) ∈ RRk+1×Mk+1×Rk+2 can be col-
lected via a matrix multiplication with the mode-3 unfolded view W(k+1)

(3) ∈ RRk+2×Rk+1Mk+1 .
With initial condition G<1 := 1 ∈ RN , we define the recursive accumulator G<d as

G<k :=
(
G<k−1 ⊙ Φ(k−1)

)
W(k−1)⊺

(3) , k = 2, . . . , d. (2-4)

Where W(k)
(3) ∈ RRk+1×(RkMk) is the mode-3 unfolded view as defined in Chapter 1-2.

The same procedure can be performed from right to left. Starting at d = D with initial
condition G>D := 1 ∈ RN we can define G>d ∈ RN×Rd as

G>k :=
(
G>k+1 ⊙ Φ(k+1)

)
W(k+1)⊺

(1) , k = D − 1, . . . , d, (2-5)

where W(k)
(1) ∈ RRk×(Rk+1Md) is constructed by permuting the dimensions of W(k) before

performing a mode-1 unfolding.
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12 Probabilistic Tensor Train Kernel Machines

2-1-1 ARD Factors

As mentioned previously, the hyperparameter tuning of the feature dimensions Md and TT-
ranks Rd can be complex and computationally expensive to perform. To aid in this process,
we introduce sparsity-inducing hierarchical priors over the tensor cores {W(d)}D

d=1. Two sets
of precision parameters are introduced for each core W(d), δd ∈ RMd and λd ∈ RRd , governing
the precision of the three modes of the tensor cores {W(d)}D

d=1. The first set of parameters
λd governs the TT-ranks Rd. Due to the shared nature of the TT-ranks, each λd has an
influence on two consecutive cores. We define λd := [λ1d

, λ2d
, . . . , λRd

]. Each factor λrd
∈ λd

governs the strength of the frontal slice (see Figure 1-2c) of the d-th core, as well as the
horizontal slice (see Figure 1-2a) of the (d+ 1)-th core. Due to the boundary condition that
R1 = RD+1 = 1, the λd parameter runs from d = 2 to d = D. The second set of parameters
δd are related to the feature dimension Md. We define δd := [δ1d

, δ2d
, . . . , δMd

], where each
δmd

regulates the strength of the m-th lateral slice (see Figure 1-2b) of the d-th core. A larger
λrd

or δrd
value means that the r-th slice of the d-th core is less relevant, meaning it carries

less predictive power. When the relevance of a specific slice falls below some boundary, it can
be truncated in order to reduce the size and computational complexity of the model.

2-1-2 Prior Distributions

In order to enable us to employ a Bayesian learning technique to infer the parameters
[W(d),λd, δd, τ ] and enable us to perform uncertainty quantification, we must define prior
distributions over each of these parameters.
The prior of the TT-cores {W(d)}D

d=1 are defined for their vectorized view as a zero-mean
Gaussian prior as

p(vec(W(d))|λd, δd,λd+1) = N
(
vec(W(d))|0,Λ−1

d+1 ⊗ ∆−1
d ⊗ Λ−1

d

)
, ∀ d ∈ [1, D] (2-6)

where Λd = diag(λd) and ∆d = diag(δd), and the Kronecker product (Λ−1
d+1 ⊗ ∆−1

d ⊗ Λ−1
d )

gives the covariance matrix.
For the sparsity parameters {λd}D−1

d=2 , {δd}D
d=1, gamma priors are chosen. These are chosen

as it is a continuous non-negative distribution in the exponential family of probability distri-
butions. These characteristics make it a suitable choice for a hierarchical hyperprior. The
hyperprior over the rank sparsity parameter λd is factorized across the rank components as

p(λd) =
Rd∏

rd=1
Ga(λrd

|c0, d0), (2-7)

while the feature sparsity parameter δd has a hyperprior factorized over the feature dimensions

p(δd) =
Md∏

md=1
Ga(δmd

|g0, h0), (2-8)

where Ga(x|a, b) = baxa−1e−bx/Γ(a) is a Gamma distribution and Γ(a) =
∫∞

0 e−tta−1dt is a
Gamma function.
Lastly, a Gamma hyperprior is placed over the noise precision parameter τ as

p(τ) = Ga(τ |a0, b0). (2-9)

D.A.G. van Haasteren Master of Science Thesis



2-1 Bayesian Tensor Train Kernel Machine Model 13

W(1)

δM1

GM1 hM1

λR1

cR1 dR1

W(d)

δMd

GMd hMd

λRd−1

cRd−1 dRd−1

λRd

cRd
dRd

W(D)

δMD

GMD hMD

λRD−1

cRD−1dRD−1

y τ

a b

. . . . . .

Figure 2-4: Representation of the TT decomposed Bayesian Kernel machine, showing the influ-
ences between parameters. Note how the parameters {λR} influence two consecutive W nodes,
not all cores are shown for simplicity.

2-1-3 Log Joint Distribution

Gathering all the latent variables and hyperparameters into the set

Θ :=
{{

W(d)
}D

d=1
, {δd}D

d=1 , {λd}D
d=2 , τ

}
,

Figure 2-4 shows the probabilistic graph model from which we can derive the joint distribution
p(y,Θ) as

p (y,Θ) = p

(
y|
{

W(d)
}D

d=1
, τ

) D∏
d=1

p
(
W(d)|λd, δd

)
p(δd)p(λd)p(τ). (2-10)

Leading to the log-joint distribution

l(Θ) =τ

2 ||y − Φw||2F − 1
2

D∑
d=1

Rd∑
rd=1

Md∑
md=1

(
w(d)

rdmdrd+1λ
d
rd
δd

md
λd

rd+1w
(d)
rdmdrd+1

)
+
(
N

2 + a0 − 1
)

ln τ − b0τ

+
D∑

d=1

Rd∑
rd=1

((
MdRd+1

2 + (Cdrd
0 − 1)

)
lnλd

rd
+ MdRd

2 lnλd+1
rd+1 − ddrd

0 λd
rd

)

+
D∑

d=1

Md∑
md=1

((
RdRd+1

2 + (gdrr
0 − 1)

)
ln δd

md
− hdmd

0 δd
md

)
.

(2-11)

The derivation of this distribution can be found in Appendix A-1.
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14 Probabilistic Tensor Train Kernel Machines

2-2 Model Learning

From the joint distribution p(y,Θ) we can find the full posterior distribution over all variables
and the data using Bayesian inference. We can find the posterior distribution as

p(Θ|y) = p(y,Θ)∫
p(y,Θ)dΘ . (2-12)

Using this posterior distribution, we can find the predictive distribution over previously un-
seen data y∗

i , allowing us to predict the output of previously unseen inputs. The predictive
distribution is defined as

p(y∗
i |y) =

∫
p(y∗

i |Θ)p(Θ|y)dΘ. (2-13)

Finding this distribution via exact Bayesian inference, as described above, would require
explicit integration over all latent variables. Since the number of latent variables, especially
for high dimensional data or for a high dimensional feature space can grow very large, this
becomes infeasible.

Instead we approximate the posterior distribution p(Θ|y). In order to approximate the pos-
terior distribution, mean-field variational inference [52] is used.

Within variational inference we aim to approximate the true (complex) posterior distribution
p(Θ|y) with a (simpler) variational distribution q(Θ). We therefore want to find the best
variational distribution, to most closely approximate the true distribution.

In order to optimize this variational distribution, we introduce the Kullback-Leibler (KL)
divergence [31]

KL(q(x)||p(x)) =
∫
q(x) ln q(x)

p(x)dx = Eq(x)

[
ln q(x)
p(x)

]
. (2-14)

This is an asymmetric measure of dissimilarity between two distributions. Logically, minimis-
ing this KL divergence, will cause the two distributions to be maximally similar. Substituting
our true posterior and variational distributions into Equation 2-14 yields the KL divergence
between the true posterior distribution p(Θ|y), and our approximation q(Θ). Formulated as

KL(q(Θ)||p(Θ|y)) =
∫
q(Θ) ln q(Θ)

p(Θ|y)dx = Eq(Θ)

[
ln q(Θ)
p(Θ|y)

]
. (2-15)

This formulation of the KL divergence still relies on the unknown posterior distribution. As
calculation of this distribution is still intractable, we rewrite the KL divergence into

KL (q(Θ)||p(Θ|y)) = ln p(y) − (E [ln p(Θ,y)] − E [ln q(Θ)]) . (2-16)

Notice that this formulation no longer relies on the intractable posterior distribution. We are
left with three distinct terms. The ln p(y) term, called the evidence, is solely dependent on
the data and will thus remain constant. It can therefore be disregarded in minimising the
KL divergence. The other two terms together are called the Evidence Lower Bound (ELBO),
denoted as

L(q) = E [ln p(Θ,y)] − E [ln q(Θ)] . (2-17)
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2-2 Model Learning 15

We can minimise the KL divergence, by maximizing this lower bound, without having to
calculate the exact posterior distribution. From this formulation we can see that the maxi-
mum of the lower bound occurs when q(Θ) = p(Θ|y). Which is to say that the variational
distribution exactly coincides with the posterior distribution we aim to approximate.

In order to perform mean-field variational inference, we make the mean-field assumption that
all the variables θj ∈ Θ are independent. This means that the variational distribution q(Θ)
factorizes across the variables in Θ as

q(Θ) =
D∏

d=1
qW(d)qδd

qλd
qτ . (2-18)

It is important to note that this factorization assumption is the only assumption placed on
the variational distributions. The specific functional forms qj(θj) for each variable θj ∈ Θ
follow from the joint distribution given in Equation (2-11), and will be derived in turn in
Chapters 2-2-1 to 2-2-4.

Because of their assumed independence, the posterior distribution of each variational distri-
bution can be calculated in turn. The optimal solution for each θj ∈ Θ occurs when the lower
bound L(q) is at its maximum. This occurs when

ln qj(θj) = Eq(Θ\θj)[ln p(y,Θ)] + C, (2-19)

where Eq(Θ\θj) denotes the expectation taken with respect to all variables excluding θj . This
means that, for a variable θj ∈ Θ, the expectation of the log-joint distribution, taken with
respect to the variable θj is the optimal distribution of that variable θj . As this solution is
optimal for one θj , given all other (possibly suboptimal) variables θk ̸=j , we must iteratively
update each variable in Θ in turn, repeating this until some convergence criterion is reached,
in order to move towards a more global optimum.

In the following sections, we will derive optimal posterior distributions for all the parameters
in Θ in turn, using the log-joint distribution given in Equation (2-11), and the optimal lower
bound given in Equation (2-19).

2-2-1 Posterior Distribution of Tensor Cores
{
W (d)

}D

d=1

As can be seen in Figure 2-4, the posterior update for each core W(d) ∈ RRd×Md×Rd+1 for all
d ∈ [1, D] takes information from the observed data and related variables, namely all other
factor matrices W(k) for k ̸= d, and the noise precision parameter τ , as well as the sparsity
parameters λd, δd and λd+1. In order to collect the contribution of all other TT-cores, we
define the matricized, partially constructed model G\d ∈ RN×(RdMdRd+1). The construction of
this employs the left hand and right hand accumulators G<d and G>d defined in Equations
(2-5) and (2-4) to collect the contributions of all cores smaller than d and larger than d
respectively. Combined with the component feature map Φ(d) corresponding to the d-th core,
we formulate G\d as

G\d = G<d ⊙ Φ(d) ⊙ G>d. (2-20)
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16 Probabilistic Tensor Train Kernel Machines

G\d

W(1) W(d−1) W(d) W(d+1) W(D)

Φ(1) Φ(d−1) Φ(d) Φ(d+1) Φ(D)

. . . . . .

. . . . . .

G<d G>d

Figure 2-5: Partially constructed model, excluding W(d), resulting in the G\d tensor. Con-
structed from the contribution of all cores preceding d, W(k), k < d, and all cores following d,
W(k), k > d.

The construction of G\d is shown graphically in Figure 2-5. From the construction of G\d, we
can construct the full datamodel by incorporating the excluded d-th core into the datamodel,
or by performing the recursion over all cores

Φw = vec
(
W(d)

)
G\d = G<D+1 = G>0. (2-21)

From the log-joint distribution given in Equation (2-11), combined with the optimal distri-
bution from Equation (2-19), we can find the optimal posterior distribution of core W(d). by
collecting all terms of the joint distribution dependent on W(d) and completing the square,
we find the optimal posterior is a Gaussian distribution

q(vec(W(d))) = N
(
vec(W(d))|vec(W̃(d)),Σ(d)

)
. (2-22)

With optimal mean and covariance calculated as

Σ(d) =
(
Eq[τ ]Eq[G\dG⊺

\d] + Eq[ΛRd+1 ] ⊗ Eq[∆d] ⊗ Eq[ΛRd
]
)−1

,

vec
(
W̃(d)) = Eq[τ ]Σ(d)Eq

[
G⊺

\d

]
y, (2-23)

where W̃(d) ∈ RRd×Md×Rd+1 is the estimated mean of the d-th core, and Σ(d) ∈ R(RdMdRd+1)×(RdMdRd+1)

is the covariance matrix corresponding to the d-th core. Intuitively, the matrix G\d ∈
RN×RdMdRd+1 can be interpreted as the design matrix corresponding to the d-th core W(d).
The design matrix, together with the covariance matrix and the noise precision term update
the estimated mean of the core. The covariance matrix in turn is updated in part by the
matrix Eq[G\dG\d] ∈ R(RdMdRd+1)×(RdMdRd+1) representing the expected Gram matrix of the
model, excluding core W(d), and weighted by the noise precision τ . The other contribution
comes from the hierarchical hyperpriors λd and δd. The derivation of these results is found
in Appendix A-2.

The expected Gram matrix Eq[G\dG\d] is not trivial to calculate directly. In order to calculate
Eq[G\dG\d] we define recursive accumulators H<d ∈ RN×Rd+1Rd+1 and H>d ∈ RN×RdRd in a
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Figure 2-6: Construction of accumulator H<d. The two identical W(1) cores are contracted
together by a Kronecker product, while the feature map component matrices Φ(1) are contracted
via a Khatri-Rao product. The two resulting tensors are contracted by matrix multiplication over
their unfoldings.

similar procedure to the ziplining technique. Starting from initial conditions H<1 := 1 ∈ RN

and H>D := 1 ∈ RN we define

H<k =
((

Φ(k−1) ⊙ Φ(k−1)
)

⊙ H<k−1
)
Eq

[
W(k−1)⊺

(3) ⊗ W(k−1)⊺
(3)

]
, k = 2, . . . , d,

H>k =
((

Φ(k+1) ⊙ Φ(k+1)
)

⊙ H>k+1
)
Eq

[
W(k+1)⊺

(1) ⊗ W(k+1)⊺
(1)

]
, k = D − 1, . . . , d,

(2-24)

with W(k)
(3) and W(k)

(1) as previously used in Equations (2-5) and (2-4) respectively. The different
products in one step of this accumulator are shown graphically in Figure 2-6.

The expectation terms Eq

[
W(k−1)⊺

(3) ⊗ W(k−1)⊺
(3)

]
and Eq

[
W(k+1)⊺

(1) ⊗ W(k+1)⊺
(1)

]
can be calcu-

lated as

Eq

[
W(k)⊺

(3) ⊗ W(k)⊺
(3)

]
= R

{
Eq

[
W(k)⊺

(3)

]
⊗ Eq

[
W(k)⊺

(3)

]
+ Σ(k)

}
(RdRdMdMd)×(Rd+1Rd+1)

(2-25)

and

Eq

[
W(k)⊺

(1) ⊗ W(k)⊺
(1)

]
= R

{
Eq

[
W(k)⊺

(1)

]
⊗ Eq

[
W(k)⊺

(1)

]
+ Σ(k)

}
(Rd+1Rd+1MdMd)×(RdRd)

. (2-26)

As shown in Appendix A-3. By employing the recursions H<d and H>d, we can construct
the full expected Gram matrix excluding the d-th core Eq

[
G\dG⊺

\d

]
as

Eq

[
G\dG⊺

\d

]
= R

{(
H<d ⊙ Φ(d)

)⊺ (
Φ(d) ⊙ H>d

)}
(RdMdRd+1)×(RdMdRd+1)

. (2-27)

2-2-2 Posterior Distribution of λd

As can be seen in Figure 2-4, the update for the λd parameter takes information from two
subsequent cores W(d−1) and W(d), as well as its prior. We can calculate the optimal posterior
distribution of the TT-rank precision parameter λd from the log-joint distribution given in
Equation (2-11) and Equation 2-19. By gathering all terms of the log-joint distribution
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18 Probabilistic Tensor Train Kernel Machines

dependent on λd, we gather that the distributions for all λd, d ∈ [2, D − 1] are independent
Gamma distributions

qλd
(λd) =

Rd∏
rd=1

Ga(λrd
|crd

N , d
rd
N ), (2-28)

where crd
N and drd

N are the shape and rate parameter of the Gamma distribution, respectively.
The parameters crd

N and drd
N are updated by

cd
N = cd

0 + 1
2(Rd−1Md−1 +MdRd),

dd
N = dd

0 + 1
2
(
Eq

[
W(d−1)

(3) (∆d−1 ⊗ Λd−1)W(d−1)⊺
(3)

]
+ Eq

[
W(d)

(1)(Λd+1 ⊗ ∆d)W(d)⊺
(1)

])
.

(2-29)

This means that the parameter dd
N , is updated by its prior, the L2 norm of the (d − 1)th

core, weighted by δd−1 and λd−1, and the L2 norm of the d-th core, weighted by λd+1 and δd.
Derivations of these results can be found in Appendix A-4. The two expectation terms left
in this result can be further simplified as explained in Appendix A-3. The first expectation
term can be computed as

Eq

[
W(d−1)

(3) (∆d−1 ⊗ Λd−1)W(d−1)⊺
(3)

]
=diag

(
W̃(d−1)

(3) (∆d−1 ⊗ Λd−1)W̃(d−1⊺)
(3)

)
+ V(d−1)

(3) (δd−1 ⊗ λd−1).
(2-30)

In order to reach this result we define a tensor

V(d) := R
{

diag(Σ(d))
}

Rd×Md×Rd+1
, (2-31)

which is to say V(d) contains the main diagonal of the covariance matrix Σ corresponding to
the d-th TT core, reshaped into an Rd ×Md ×Rd+1 tensor. The matrix V(d)

(3) ∈ RRd+1×(RdMd)

is the mode-3 unfolding of this tensor as described in Equation (1-4).

Similarly, the second expectation term can be calculated as

Eq

[
W(d)

(1)(Λd+1 ⊗ ∆d)W(d)⊺
(1)

]
=diag

(
W̃(d)

(1)(Λd+1 ⊗ ∆d)W̃(d)⊺
(1)

)
+ V(d)

(1)(λd+1 ⊗ δd),
(2-32)

with a similar definition for V(1) ∈ RRd×MdRd+1 .

2-2-3 Posterior Distribution of δd

As seen in the information model in Figure 2-4, the update of the feature dimension sparsity
inducing posterior δd takes information from the d-th TT core, as well as its hyperprior.
From the optimal solution for the ELBO, given in Equation (2-19), we find that the posterior
distribution of each δd ∈ δd, d ∈ [1, D] by gathering all the terms in the log-joint distribution
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2-2 Model Learning 19

given in Equation (2-11), that are dependent on δd. We find that the optimal posterior is an
independent gamma distribution

qδd
(δd) =

Md∏
md=1

Ga(δmd
|gmd

N , hmd
N ), (2-33)

where the parameters gmd
N , hmd

N are updated according to

gd
N = gd

0 + 1
2(RdRd+1)

hd
N = hd

0 + 1
2Eq

[
W(d)⊺

(2) (Λd+1 ⊗ Λd)W(d)
(2)

]
.

(2-34)

Thus, the factor hd
N is updated by its prior, plus the L2 norm of the d-th TT-core, weighted

by λd and λd+1. Derivations of these equations can be found in Appendix A-5.

The expectation term of the inner product of the lateral slices can be computed similarly to
the expectation terms in the previous section as

Eq

[
W(d)⊺

(2) (∆d+1 ⊗ Λd)W(d)
(2)

]
=diag

(
W̃(d)⊺

(2) (Λd+1 ⊗ Λd)W̃(d)
(2)

)
+ V(d)

(2)(λd+1 ⊗ λd).
(2-35)

The updates for the TT-ranks precision parameter λd and feature dimension precision pa-
rameter δd given in Equations (2-28) and (2-33) respectively, result in a negative correlation
between the two. This is illustrated using an example.

Consider the update for δmd
. This factor is updated by the L2 norm of its corresponding core,

weighted by the relevance of its horizontal and frontal slices. If the m-th lateral slice (the
relevance of which is governed by δmd

) contains large non-zero entries, while the corresponding
λrd

and λrd+1 values are also large, these entries are heavily penalized by the large λ values.
This will cause the rate parameter hd

N , to also become large, in turn causing δmd
to become

small.

This mechanism enables the model to compensate for penalization imposed by other factors,
enabling it to preserve the influence of important slices, allowing for more flexibility. However,
as the update for the precision variables λd, is again dependent on the value of δd, the now
shrunken δd value causes the values of λd and λd+1 to grow again. If left unchecked, this
could cause the precision values to alternately grow and shrink unbounded. A method to
prevent this is discussed in Section 2-3.

2-2-4 Posterior Distribution of Noise Precision

The noise precision parameter τ is inferred from information from the observed data and all
factor matrices, as well as their hyperpriors, as can be seen in Figure 2-4. Using Equation
(2-19), we can find the optimal posterior distribution of the noise precision parameter τ . By
collecting the terms of the log-joint distribution given in Equation (2-11), that are dependent
on τ , we can see that the optimal posterior distribution qτ (τ) is a Gamma distribution

qτ (τ) = Ga(τ |aN , bN ). (2-36)
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20 Probabilistic Tensor Train Kernel Machines

With the parameters aN and bN updated by

aN = a0 + N

2
bN = b0 + 1

2Eq

[
||y − Φw||2F

]
,

(2-37)

as derived in Appendix A-6. The posterior expectation of the model residuals Eq
[
||y − Φw||2F

]
is constructed from several parts, as calculating it directly is challenging. The posterior
expectation of the model residuals can be expanded to

Eq

[
||y − Φw||2F

]
= ||y||2F − 2y⊺Eq [Φw] + Eq [(Φw)⊺(Φw)] . (2-38)

The accumulator previously defined in Equation (2-5) can be used to substitute the term Φw,
as gathering the entire model, results in the fully constructed model

G<D+1 = Φw ∈ RN , (2-39)

resulting in

Eq

[
||y − Φw||2F

]
= ||y||2F − 2y⊺Eq [G<D+1] + Eq

[
G⊺

<D+1G<D+1
]
. (2-40)

The last term can be substituted by the the H accumulator defined in Equation (2-24),
without excluding any cores as

Eq

[
G⊺

<D+1G<D+1
]

= 1⊺Eq [G<D+1 ⊙ G<D+1] = H<D+1. (2-41)

2-2-5 Lower Bound Model Evidence

The update equations presented above maximize the ELBO given in Equation (2-19), with
respect to each variable in turn. Since the posterior distributions found by these update
equations converge to a (local) maximum, the ELBO can be used as a convergence criteria.
The expanded version of the ELBO given in Equation (2-17) is

L(q) =E
[
||y − Φw||2F

]
− −1

2Tr
{

D∑
d=1

(
Λ̃d+1 ⊗ ∆̃d ⊗ Λ̃d

)(
vec

(
W̃(d)) vec

(
W̃(d))⊺ + V(d)

)}

+
D∑

d=1

{
Rd∑

rd=1

{
ln Γ(crd

N ) + crd
N

(
1 − ln drd

N − drd
0
drd

N

)}
+

Md∑
md=1

{
ln Γ(gmd

N ) + gmd
N

(
1 − ln hmd

N − hmd
0
hmd

N

)}}

+
D∑

d=1

{1
2 ln |V(d)|

}
+ ln Γ(aN ) + aN

(
1 − ln bN − b0

bN

)
+ C.

(2-42)

The residual error Eq

[
||y − Φw||2F

]
can be found using Equation (2-40). The first term

captures the model residual, and penalizes predictions that differ from the dataset. The
second term penalizes the L2

2 norm of the tensor cores, including their uncertainty. The
last terms measure the KL divergence between the posterior and prior distributions for all
hyperparameters. Details of this derivation can be found in Appendix A-7.
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2-2-6 Predictive Distribution

Having approximated the posterior distribution p(Θ|y), we can now find the predictive dis-
tribution over unseen inputs, given the training data p(y∗

i |X,y). Using the posterior distri-
butions we have determined, we find

p(y∗
i |y) =

∫
p(yi|Θ)p(Θ|y)dΘ

=
∫ ∫

p
(
y∗

i |
{

W(d)
}
, τ−1

)
q
({

W(d)
})

q(τ)d
{

W(d)
}
dτ.

(2-43)

Substituting the posterior distributions found and integrating over
{

W(d)
}D

d=1
and τ yields

a Student’s t-distribution p(yi|y) ∼ T (y∗
i ,Si, νy) with

y∗
i = Φw, νy = 2aN ,

Si =
{
bN

aN

D∑
d=1

G(d)(xn)⊺Σ(d)G(d)(xn)
}−1

.
(2-44)

This results in a predictive variance of Var(yi) = νy

νy−2Si. Derivations of these results can be
found in Appendix A-8.

2-3 Implementation

Model initialization

Since mean field variational inference is only guaranteed to converge to a local minima, it
is important to choose appropriate initializations for the model parameters to avoid getting
stuck in local minima far removed from the global minimum. In order to promote convergence
to a global minimum, uninformative priors are often chosen as initialization hyperparameters.

In general, all cd
0, d

d
0, g

d
0 , h

d
0 are initialized as 10−6 for all d ∈ [1, D]. This means that all λrd

and
δmd

initialize to 1, while the prior will have little influence of the updates of the parameters
λd and δd.

The factor τ is dependent on aN and bN . The aN term in turn is dependent only on its
prior a0 and datasize N , as both of these are constant, aN will also remain constant after
the first update. Meanwhile, as bN is dependent on the residual error, it tends to shrink
during training. This would cause τ to grow very large during training, causing more and
more weight to be given to the data, potentially causing the model to overfit and cause over
or underflow. In order to avoid this, a0 and b0 are initialized slightly larger at 10−3, which
still causes τ to initialize to 1, but will prevent τ from shrinking to 0. Additionally, τ is
kept constant during the training process and is only updated after the final full sweep of the
model for the purpose of uncertainty quantification.

A smaller τ makes the priors more dominant in the training process, while increasing τ will
increase the weight given to the likelihood during training. Larger initial values for δd and λd

more strongly promote sparsity in the tensor cores. As the values within a slice are shrunk by
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22 Probabilistic Tensor Train Kernel Machines

the precision parameters, they may become so small that they are essentially 0. At this point
the core can be truncated, in order to reduce the complexity of the model. In the current
implementation, only TT-rank pruning is implemented. Once the variance explained of a
certain slice falls below a threshold, set to 10−4, the slice is removed. While it is currently
not implemented for the feature dimensions Md, this could also be implemented, so long as
the corresponding row in the feature map is also removed. This would also require storing
which rows are removed, as the feature map is recalculated when performing predictions over
unseen data.
The TT-cores W(d) are initialized by drawing its elements from a standard normal distribution
N (0, I), which can be scaled depending on the dataset in order to prevent numerical issues.
The covariance matrices Σ(d) are initialized as σ2I with σ2 = 0.1.

Learning Algorithm

During the learning process, updates are performed in order: TT-cores, feature dimension
precision parameter, TT-rank precision parameter, as summarized in Algorithm 1. This
is done in an order from most local effect to most global, as feature sparsity promoting
factors only affect the corresponding core, while the rank sparsity promoting factors affect
two consecutive cores. Performing the updates in this order increases stability, as a more
stable input is provided to the more global updates.
In order to limit the computational load of one full sweep of updates, at the cost of memory
usage, the backward accumulators H>d and G>d are precomputed and saved for all d before
performing the updates of the TT-cores. The backward accumulators are initialized as a
vector of ones, then for each successive core update, only one accumulator step needs to be
performed.
In order to combat the boundless growth or shrinkage of sparsity parameters λ and δ, they are
lower bounded to 10−5. Placing a lower bound on these parameters also prevents continuous
growth, due to their inverse relationship.

2-4 Scalability

In order for the proposed BTTKM to be considered scalable, we must evaluate its robustness
against over and underflow errors, as well as the computational complexity.

2-4-1 Over/Underflow Errors

In order to evaluate the robustness of the BTTKM model against finite precision related
errors, upper and lower bounds on the magnitude of the tensor core updates were calculated.
In order to perform this calculation, two assumptions have to be made. The first assumption
is that all the columns of all the component feature matrices are normalized to have unit
norms. The second assumption, is that both the mode-1 as mode-2 unfoldings of the TT-
cores in the BTTKM model, as well as the factor matrices in the BTKM model, have identical
singular values

σ(W(1)
(1)) = σ(W(1)

(3)) = σ(W(2)
(1)) = · · · = σ(W(D)

(1) ) = σ(W(D)
(3) ) := σ(W).
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Algorithm 1 Learning algorithm
Require: input data X ∈ RN×D, output data y ∈ RN

Initialize W(d),Σ(d), a0, b0, c(d)
0 ,d(d)

0 ,G(d)
0 ,h(d)

0 ∀d ∈ [1, D]
set τ = a0/b0, λ(d) = c(d)

0 /d(d)
0 and δ = G(d)

0 /h(d)
0 ∀d ∈ [1, D]

while not converged do
calculate [G>1,G>2, . . . ,G>D]
set G<d = 1 ∈ RN

for d ∈ [1, D] do
update posterior distribution q

(
vec

(
W(d)

))
using Equation (2-22)

set G<d using Equation (2-5)
end for
for d ∈ [1, D] do

update posterior distribution q(δ(d)) using Equation (2-33)
if truncation criteria met then

truncate Md

end if
end for
for d ∈ [1, D] do

update posterior distribution q(λ(d)) using Equation (2-28)
if truncation criteria met then

truncate Rd

end if
end for
Calculate ELBO via Equation (2-42)
Check if convergence criteria reached

end while
update posterior distribution q(τ) using Equation (2-36)
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From the formulation of the matrix G\d in the BTN-Kernels model

G(d)
CP D := Φ(d) ⊙

(
⊛k ̸=d W(k)⊺Φ(k)

)
, (2-45)

we find that G(d)
CP D is bounded by

σmax(W(k))D−1 ≤ ||G(d)
m || ≤ σmin(W(k))D−1. (2-46)

Likewise, from the BTN-Kernels formulation for Eq

[
G\dG⊺

\d

]
Eq

[
G\dG⊺

\d

]
=
(
Φ(d) ⊙ Φ(d)

) D
⊛

k ̸=d

(
Φ(k) ⊙ Φ(k)

)⊺
Eq

[
W(k) ⊗ W(k)

]
, (2-47)

The bounds on Eq

[
G\dG⊺

\d

]
can be calculated as

σmin(W)2(D−1) ≤ Eq
[
G(d)G(d)⊺] ≤ σmax(W)2(D−1). (2-48)

These result are derived in Appendix A-9. As all the matrices in these formulations are
not necessarily square, there exists an edge condition where the columns of the component
matrices of the feature map, lie within the null space of the factor matrix W(d), or the
unfolded core W(d). From the formulations of G\d and Eq[G\dG⊺

\d] we find the exact same
bounds, suggesting that the behaviour is the same.

As the upper and lower bounds of the scaling are identical, we get no improvement on these
bounds between a CPD model or a TT model. However, these bounds tell us nothing about
how the cores will behave between those bounds, and the bounds only give us any information
about possible over or underflow issues, when σmin(W) > 1, or σmax(W) < 1. Even when this
is found to be the case for any particular core, the previously made assumption that these
values will be identical for all cores, will not hold, giving us very little information about the
behaviour of the cores in a TT-model. For a CPD model, we know that due to the repeated
Hadamard product between the factor matrices, an element ai,j will scale roughly according
to ||ai,j ||D, under the assumption that the value ai,j will be the same for the (i, j)th element
of each factor matrix. While this assumption will also not hold in the real world, we can see
that when all the elements in the (i, j)th position have a magnitude greater than one, the
model will tend to suffer from overflow issues, and if the magnitude is less than one, it will
lead to underflow issues, for sufficiently large D.

2-4-2 Computational Complexity

The update of the TT-cores is limited by the inversion of the covariance matrix update, which
is an inversion of a RdMdRd+1 ×RdMdRd+1 matrix, performed for D number of cores, as well
as the matrix multiplications Σ(d)Eq

[
G\d

]⊺
y. This results in a computational complexity of

the order O(DM3R6 +DR2MN), meaning that it is extremely important for our TT-ranks
to be small, while it scales linearly with dimension D and data size N . The λd and δd updates
scale according to O(DM2R3) and O(DMR4 + DM2R2). This yields a final complexity of
O(DM3R6+DR2MN), in terms of data size this is significantly down with respect to datasize
N from traditional kernel machines with complexity O(N3). The high complexity has been
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moved from this data dependent parameter N to a model dependent parameter R, which we
can control and choose to be significantly smaller than N . This allows us to train models on
significantly larger datasets both in term of dimension D as well as number of datapoints N ,
as long as we choose sufficiently small tensor ranks Rd.

Note this is seemingly a worse complexity than that of the BTN-Kernels model, which has
a complexity of O(DNM2R2 +DM3R3) [27], however, it is also important to note that the
number of parameters for the CPD based model scales according to O(DMR), while that
of the TT based model scales roughly according to O(DMR2), meaning that for a roughly
equal number of model parameters, the complexity scaling will be equal.

These calculations exclude the computational cost of the reshape operations performed in
training the BTTKM. While the np.reshape and np.transpose are themselves not very
costly operations as they return a view of the tensor or matrix, performing operations with
them is more costly as memory needs to be allocated.
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Chapter 3

Experiments

Three sets of experiments were performed in order to evaluate the model’s functioning and
performance and compare it to other existing models. The first experiment investigates
the ability of the ARD priors to infer the TT-ranks and feature dimensions of a synthetic
ground truth datamodel with fewer TT-ranks and feature dimensions than the BTTKM
model. The second experiment tested whether the BTTKM model was indeed less prone
to over or underflow issues than the BTNKM model introduced by Kilic [27]. Finally, the
model is compared to existing state-of-the-art models: T-KRR [49], SP-BTN [30], GP [43],
and BTNKM [27] on a number of standard UCI datasets.

3-1 Feature Dimension and Tensor-Rank Recovery

3-1-1 Experimental Design

The first experiment was designed in order to validate that the ARD factors λd and δd are
able to find the true TT-ranks and feature dimensions of a ground truth datamodel. In
order to test this, a synthetic ground truth datamodel is generated with TT-ranks Rd and
feature dimensions Md lower than the BTTKM we will train on it. In Figure, 3-1 the trained
parameters λd and δd are shown, with a clear difference in precision parameters.

A synthetic training dataset Xtrain ∈ RN×D and a test dataset Xtest ∈ RN×D with N =
100, D = 3 was created by drawing elements from a standard normal distribution ∼ N (0, 1).
Training and validation labels were generated from them as y = Φw + e, where the feature
map Φ is created using using a polynomial feature mapping, and the noise term e ∈ RN is
drawn from a Gaussian distribution N (0,Σ) with Σ = 0.001I.

The ground-truth datamodel w was created by constructing a tensor train with 3 cores with
TT-ranks {Rd}3

d=2 {Md}3
d=1 being chosen randomly between 2 and 4. For the feature map, a

same number of columns is selected as Md. The resulting ground truth datamodel dimensions
are Rd = [1, 3, 3, 1], Md = [4, 4, 3].
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Figure 3-1: Posterior means of δ and λ distributions, for cores W(d) for d ∈ [1, 3]. As the
λ parameter is shared between consecutive cores, there are 2 λ distributions that carry any
information, while δ is unique for all three cores.

The elements of the cores were drawn from a normal distribution N (0, 10). The variance
is set to 10 in order to increase the chance of non-zero elements. The labels y ∈ RN are
calculated using the relationship (2-39) before the noise vector is added to it.

A larger prediction model with TT-ranks Rpred = [1, 5, 5, 1] and feature ranks M = [5, 5, 5]
is initialized, by drawing its elements from a normal distribution ∼ N (0, 1). The sparsity
inducing hyperparameters λd and δd are initialized with crd

0 , g
md
0 = 10−5 for all crd

0 ∈ cd
0, g

rd
0 ∈

gd
0 for all cores d ∈ [1, D] and drd

0 , h
rd
0 = 10−6 for all drd

0 ∈ dd
0, h

md
0 ∈ hd

0 for all cores d ∈ [1, D].
This results in λd = 10, δd = 10 ∀d ∈ [1, D], these initialisations are chosen in order to
promote sparsity. This model is then trained on the training set {Xtrain,ytrain}. Figure 3-1
shows the results of this training process

3-1-2 Results

Figure 3-1 shows the outer product between λd and δd for d ∈ [1, 3]. Since R1 = R3 = 1, this
causes the first outer product to result in a vector, with the other two products taking the
form of matrices. The final λ4 is also excluded W(3) only contains one frontal slice.

The resulting factors δ1 shows extremely clear differentiation between relevant and irrelevant
features with a difference of ∼ 5 orders of magnitude between relevant and irrelevant features.
In the third slice, the difference is slightly less, but still very clear with roughly 4 orders of
magnitude difference between the relevant and irrelevant slices. For the middle slice, the
difference is far less pronounced, with the value δ2

5 , corresponding to the irrelevant feature
dimension, only being ∼ 1.5 times larger than the relevant slice with the highest precision
value.

The δd values also show clear differentiation between relevant and irrelevant slices. Within λ2,
the difference between relevant and irrelevant tensor ranks is around one order of magnitude.
Within λ3, the difference is again less pronounced with the difference only being around 2.7
times.

These results indicate that the ARD factors λd and δd are able to recover the true rank and
feature dimension of ground truth datamodels. It is interesting to note that the difference

D.A.G. van Haasteren Master of Science Thesis



3-2 Numerical Over and Underflow 29

between relevant and irrelevant features can differ by quite a lot between cores. This is
possibly due to inverse relationship between the factors λd and δd described in Section 2-2-3.
Where the ARD factors described in the BTN-Kernels model only need to compensate for
the relevance of one other factor, the ARD factors in the BTTKM model must compensate
for two other factors.

Another possible explanation is that the model converged with the effect of the moel dispersed
over two slices. Due to the training data being made by a relatively simplistic datamodel, the
BTTKM is able to approximate this model within only a few sweeps of posterior updates. As
the relative difference of the TT-cores between sweeps is one of the convergence criteria used
for early stopping of the training procedure, the model might have exited the training loop
before the precision variables λd and δd had fully converged.

3-2 Numerical Over and Underflow

3-2-1 Experimental Design

In order to test whether the TT-model is undeed less susceptible to over and underflow prob-
lems an experiment was designed where a TN-BKM model and a BTTKM model were trained
on identical datasets, with identical initializations, with increasing data dimensionality.

For each D in [80, 100, 105, 110], a training set X ∈ RN×D was created with N = 100 data
points, by drawing from a normal distribution ∼ N (0, 1).

These data points were then transformed into the feature space through the kernel function
φ using a polynomial kernel with maximum power M = 3. The resultant feature map Φ,
was vectorized and labels y were generated by taking the inner product of the vectorized
feature map with a ground truth weights vector w ∈ RDM , with its elements also drawn from
a normal distribution ∼ N (0, 1).

Due to the correspondence between the CPD and TT decomposition, the BTTKM was able
to be initialized in the identical initial point. This was done by first initializing a CPD
according to the description in chapter 3.2.5 of the ’Interpretable Bayesian Tensor Network
Kernel Machines with Automatic Rank and Feature Selection’ paper by Afra Kilic [27]. The
first and last TT-cores were then initialized as the factor matrices W(1) and W(1), and
intermediate TT-cores were initialized with the corresponding factor matrices placed on the
diagonal where Rd = Rd+1.

Both models have a hyperparameter δd unique to all the factor matrices or TT-cores re-
spectively. This hyperparameter is characterized by the parameters gd

0 and hd
0. These are

initialized identically to 10−6 for all gd
0 ∈ gd

0 and hd
0 ∈ hd

0 for all d ∈ [1, D].

The hyperparameter λ is shared across all factor matrices in the BTN-Kernels model, while
it is unique to each core in the BTTKM model. This parameter is initialized with λ0 = 10−6

for all λ0 ∈ λ0 in the BTN-Kernels model, and λd
0 = 10−6 for all λd

0 ∈ λd
0 for all d ∈ [1, D] in

the BTTKM model.
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(a) Number of occurrences of over and under-
flow issues for TN-BKM and BTTKM models,
with D = 80, 100, 105, 110, showing that the
BTTKM is more robust against these issues.

(b) Upper and lower bounds as calculated by
Equation 2-48, with the magnitude of the con-
structed models staying within these bounds,
when no over or underflow occurs.

Figure 3-2: Occurrences of over and underflow errors for models of varying sizes, as well as
boundaries on their magnitude.

3-2-2 Results

As can be seen in Figure 3-2a, the number of occurrences of over and underflow issues grows
gradually from 2 at D = 60 to 20 at D = 110 for the TT based BTN-Kernels model.
Meanwhile, for the TT based BTTKM, no over or underflow issues occur until D > 110,
after which the number of occurrences increases rapidly to 18 at D = 150. This suggests
that the BTTKM is indeed somewhat more stable than the BTN-Kernels model. On top
of this, Figure 3-2b shows that when no over or underflow issues occur, the magnitude of
the constructed model stays within the calculated bounds. This figure also show that these
bounds are quite loose, as even for the smallest models, the bounds span from 10−28 to 1020,
nearly 50 orders of magnitude. At larger dimensions D, over and underflow errors can occur
within these bounds, as single precision floating point numbers can only represent numbers
with a magnitude up to ∼ 1038, with a precision of ∼ 10−38. The precise mechanism that
decides the magnitude of the elements within the bounds is still unknown, and requires further
investigation in order to increase the stability further.

Almost all the over and underflow errors occurred during the first sweep of updates, pointing
to the fact that the initial point is extremely important in preventing these issues. Due to
this, it is not too computationally expensive to try several initial points for one itteration.
A simple search algorithm might be to try some initial point, if an underflow error occurs
within the first training sweep, scale all the elements in the initial cores {W(d)}D

d=1 by some
increment larger than one, and if an overflow error occurs, scale them by some increment
smaller than one. If no error occurs, one can proceed with the rest of the training algorithm.

From these results we can see that while the BTTKM model is indeed somewhat more stable
than the BTN-Kernels model, there is more research needed in order to improve the stability
further.
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3-3 UCI Datasets

3-3-1 Experimental Design

BTTKM BTN-Kernels [27]
Dataset Mmax Rmax a0 c0 Rmax a0 c0

Yacht 20 5 5 10−5 25 110−2 10−5

Energy 20 5 0.1 10−5 25 10−2 10−5

Concrete 20 5 10−2 10−5 25 10−3 10−5

Airfoil 20 5 10−2 10−5 25 10−3 10−5

spambase 30 5 0.1 10−5 25 10−2 10−5

Adult 40 3 10−2 10−6 10 10−2 10−6

Table 3-1: Tuning parameters used for BTN-Kernels and BTTKM on different datasets. Some
parameters are excluded as they are identical for every dataset.

The BTTKM model was tested on 6 UCI datasets in order to compare its performance
against existing models. These datasets included 4 popular regression datasets: yacht (N =
308, D = 6) [15], energy (N = 768, D = 9) [53], concrete (N = 1030, D = 8) [56] and airfoil
(N = 1503, D = 5) [5]. As well as 2 classification task: spambase (N = 4601, D = 57) [25]
and the adult data set (N = 48842, D = 96) [3].

For each of these datasets, the data was split into 90% training data and 10% test data.
For each dataset, 10 models were trained and evaluated, and their Root Mean Square Error
(RMSE) (for regression) or their misclassification score (for classification), as well as their
Negative Log-Likelihood (NLL) scores were recorded, and the covariance in their scores. For
the Adult dataset, only one BTTKM model was trained, due to the long training time.
For each dataset their features are normalized prior to training and evaluation, and for the
classification tasks their labels were normalized as well. For the regression task, their labels
were mapped to positive and negative one, and predictions were performed based on the sign
of the model response.

The existing models that the BTTKM is compared to are: a tensorized GP model and a
T-KRR model by Wesel and Batselier [49], the SP-BTN model by Konstantinidis et al. [30],
and the BTN-Kernels model by Kilic. The results for the SP-BTN model are taken directly
from their original paper, while all other scores are taken as reported by Kilic [27]. As the
T-KRR model does not provide uncertainty quantification, it has no NLL score. While the
SP-BTN model is able to perform uncertainty quantification, there are no NLL scores reported
in their original paper. As their model is not publicly available, there is also no NLL score
reported here for the SP-BTN model.

In order to compare these models to each other, all model uses a polynomial feature mapping
with unit norm. For all regression models, the feature space dimensionality is set to M =
20. Two classification tasks have a much higher data dimensionality, therefore the feature
dimensionality was increased to M = 30 for the spambase dataset, and M = 40 for the adult
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RMSE/Misclassification Rate NLL

Dataset GP [49] BTN-Kernels [27] T-KRR [49] SP-BTN [30] BTTKM GP BTN-Kernels BTTKM

Yacht 0.402 ± 0.131 0.379 ± 0.132 0.894 ± 0.478 0.506 ± 0.091 0.121 ± 0.039 0.105 ± 0.336 0.598 ± 0.782 0.066 ± 0.855
Energy 1.296 ± 0.290 0.456 ± 0.069 0.641 ± 0.135 0.549 ± 0.200 0.243 ± 0.062 1.680 ± 0.223 1.530 ± 0.271 0.788 ± 0.045

Concrete 5.565 ± 0.520 5.452 ± 1.242 4.959 ± 0.620 5.500 ± 0.230 1.944 ± 0.401 3.078 ± 0.080 3.387 ± 0.171 2.59 ± 0.060
Airfoil 2.293 ± 0.199 1.723 ± 0.151 1.806 ± 0.144 − 0.555 ± 0.055 2.281 ± 0.084 2.865 ± 0.152 1.45 ± 0.007

Spambase 0.095 ± 0.016 0.075 ± 0.015 0.066 ± 0.012 − 0.141 ± 0.215 0.720 ± 0.146 0.499 ± 0.047 0.868 ± 0.524
Adult N/A 0.144 ± 0.005 0.1658 ± 0.007 − 0.153 N/A 0.674 ± 0.003 0.862

Table 3-2: Average RMSE or misclassification scores as well as NLL with standard deviation, best
scores for a given dataset are shown in bold. For all the regression tasks, the BTTKM achieves
the best scores, both in terms of RMSE and NLL. On the larger classification models, T-KRR
and BTN-Kernels perform better.

dataset. For the T-KRR model whose scores are reported here, the rank is set to R = 10
for all datasets. The BTN-Kernels model uses an initial rank R = 25, which may get pruned
during the training process. In order for the BTTKM model to have a roughly equal number
of parameters, it is initialized with Rd = 5 for d ∈ [2, D − 1], as the the boundary condition
prescribes R1 = RD = 1. Due to their respective structures, this results in an BTTKM model
with slightly fewer initial parameters than the BTN-Kernels model. the BTN-Kernels model
and BTTKM have very similar tuning parameters, with Rmax setting the maximal feature
matrix rank for BTN-Kernels and the TT-rank for the BTTKM, describing the complexity of
the model, and Mmax setting the maximum power for the polynomial kernel. The parameters
a0 and b0 together decide the noise parameter τ , b0 is set to 10−3 for all datasets, in order
to be non-informative without being dominant in the posterior distribution. The values c0
and d0 are the shape and scale parameters of the Gamma prior over the sparsity inducing
λd hyperprior, d0 is set to 10−6 for all datasets to be uninformative. The hyperprior δd is
initialized with g0 and h0, both of which are set to 10−6 for both models for all datasets. The
other variables Mmax, Rmax, a0, c0, differ per dataset. Table 3-1 shows the values used for
all other hyperparameters.

3-3-2 Results

BTN-Kernels [27] BTTKM

nr. features time [s] mean RMSE mean NLL nr. features time [s] mean RMSE mean NLL
Yacht 540 1.45 0.532 0.971 354 51 0.107 0.110

Concrete 800 4.39 5.522 3.38 1838 190 2.04 2.53
Airfoil 820 4.46 1.76 2.05 998 1662 0.562 1.57
Energy 1665 7.61 0.761 1.65 2912 232 0.312 0.789

Spambase 2970 328 0.137 0.361 15030 1464 0.141 0.868
Adult 3840 3670 0.144 0.674 33840 471029 0.153 0.863

Table 3-3: Diferences in timing between BTN-Kernels and BTTKM. While the BTTKM model
is able to perform better in terms of RMSE and NLL, it does so at the cost of significantly longer
training durations. The last column shows what the factor that the BTTKM is slower than the
BTN-Kernels. All training times reported are for 10 repetitions, except for the Adult dataset.
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Figure 3-3: Training durations of BTTKM and BTN-Kernels models plotted against number of
features in the actual model.

As can be seen in table 3-2, the BTTKM model significantly outperforms the existing models
on the four regression tasks, both in terms of RMSE and NLL. The BTTKM model con-
sistently reaches an RMSE score 50% to 70% lower than the BTN-Kernels model and the
T-KRR model, which in turn consistently outperform the GP model. In terms of NLL, the
BTTKM model also far outperform both the BTN-Kernels model and the TT-decomposed
GP model.

On the larger classification tasks however, the BTTKM model is not able to exceed the
performance of existing models. Reaching an avarage missclassification rate almost twice as
high for the spambase dataset, and landing in between the T-KRR model and BTN-Kernels
model for the adult dataset. A part of this difference in performance might be attributed
to differences in tuning parameters and model initialization. Which were found to be very
influential in both training duration and final prediction performance.

Two other possible reasons for the increased performance on the regression tasks is the in-
creased model freedom granted by the sparsity parameter λd being specific to each core,
rather than shared across all factor matrices. Another possible explanation is a difference in
the number of parameters in the trained model.

In order to further investigate the differences between the BTN-Kernels model, and the
BTTKM model, the number of model parameters of the trained model and the training
time for the training procedure was recorded. The results of this are summarized in table 3-3.

As can be seen in table 3-3, the current BTTKM takes significantly longer to train than
the BTN-Kernels model, taking between 130 − 4 times longer to train. At the same time,
most of the trained BTTKM models have significantly more features than the trained BTN-
Kernels model. Only for the Yacht dataset does the BTTKM model reduce the number of
features in the prediction model further than the BTN-Kernels model. This is likely due
to the less pronounced difference between relevant and irrelevant features in the sparsity
inducing parameters λd and δd, in the BTTKM model than in the BTN-Kernels model. On
op of this, the BTN-Kernels model, truncates columns of the factor matrices, of which there
are 25, while the BTTKM model truncates slices of the TT-cores, of which there are only 5.
This means that the BTN-Kernels model is able to prune ranks more aggressively, and earlier,
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significantly speeding up the model training. With their respective complexities being roughly
equal per trainable parameter. This accounts for a portion of the increase in computational
time. On top of this, the current implementation of the BTTKM may not be optimal. Figure
3-3 shows how the training time for both the BTTKM model and the BTN-Kernels increases
as a function of the total number of feature parameters. From this graph, we can see that
while the training duration for the BTTKM is initially longer for small models, the training
time grows slower for the BTTKM than for the BTN model. This means that there is a
tipping point, at around ∼ 2500 model parameters, that the BTTKM is faster to train than
the BTN-Kernels model. Most of the increased training time for the BTTKM model can
therefore be attributed to the larger number of model parameters, as well as a higher fixed
cost. However, for the larger models, this increased number of parameters does not seem to
translate to an increase in performance.

While the BTTKM is able to match or exceed the performance of existing Bayesian Tensor
Network Kernel Machines, in its current form, the training procedure results in extremely
large models, leading to extremely long training times. Further optimization of the current
implementation, as well as research into better rank pruning is required to enable the model
to be used on larger datasets.
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Chapter 4

Conclusions

We have presented a Bayesian Tensor Train Kernel Machine (BTTKM), a fully bayesian ten-
sor network kernel machine, employing a tensor train decomposition. Automatic relevance
detection priors are used to automatically infer the true TT-rank and feature space dimension-
ality of an underlying data model, and are shown to be able to differentiate between relevant
and irrelevant data. This ARD framework helps in reducing computational cost and aids
in model interpretability. Employing the TT-decomposition makes the BTTKM somewhat
less prone to over and underflow errors than existing models employing CP decompositions,
although the exact mechanism by which this takes place needs more research. Experiments
show that while the BTTKM model scales better with model size and is competitive with
existing models in terms of predictive accuracy and uncertainty quantification, the number of
model features that are needed to accomplish this is so large that training these larger models
is costly.

At the start of this thesis, a research question was presented as

Can we construct a scalable fully Bayesian Tensor Train kernel machine including ARD
priors that automatically infers both tensor ranks and feature dimensions?

With three subquestions formulated in order to aid in answering the main research question.

1. Can ARD priors automatically infer TT-ranks Rd and feature dimensions Md of a
tensor train kernel machine for all d ∈ [1, D] of a groundtruth datamodel?

2. Is a Bayesian Tensor Train (TT) kernel machine more robust to over and underflow
issues than a comparable model using a CP decomposed model weights vector?

3. Can a Bayesian TT kernel machine achieve predictive accuracy and uncertainty quan-
tification comparable to currently available models?

We will now aim to answer these questions.
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In Chapter 3-1, we have shown that the ARD priors are indeed able to differentiate between
relevant and irrelevant feature dimensions and TT-ranks. However, the difference in magni-
tude between relevant slices and irrelevant slices, differs wildly between cores, this limits the
our ability to prune irrelevant slices in the TT-cores, leading to extremely large models. On
top of this, currently there is no feature dimension pruning implemented. Implementing this
could further reduce the size, and with it computational complexity of the training procedure.
The removal of irrelevant features could in turn also decrease the degree to which the sparsity
parameter λd must compensate for variations in δd, perhaps increasing the ability to perform
rank pruning. Thus further decreasing model size and training complexity.

Chapter 3-2 has shown that the BTTKM model is indeed more robust to numerical issues
than the previous BTN-Kernels model. Although the increased robustness increases the
scalability of the BTTKM model, under certain conditions, the proposed model does suffer
from these issues, limiting the scalability of the model. A tuning mechanism to avoid this is
proposed, although not tested. Further research is required to test this mechanism, as well
as investigating the precise behaviour of the cores, within their magnitude bounds. Increased
knowledge into this mechanism could aid in avoiding these issues.

Lastly, chapter 3-3 compares the predictive accuracy in terms of RMSE, misclassification rate,
and NLL against existing models. From these experiments, we can see that the proposed
model is capable of meeting and in many cases exceeding the predictive accuracy of existing
models. This may in part be due to the fact that less rank pruning occurs in the training
procedure of the BTTKM model than the BTN-Kernels model, resulting in a larger and more
complex model. This increased model size is also reflected in the training duration for the
proposed model, which far exceeds the training time for the BTN-Kernels model on the same
datasets.

All in all, we can conclude that a fully Bayesian tensor train kernel machine with ARD priors,
can be constructed, and the ARD priors are indeed able to infer the correct tensor ranks and
feature dimensions. While the model displays increased robustness to numerical issues over
the comparable BTN-Kernels model, it cannot be considered more scalable than existing
models, due to the time required to train the model, with an increased number of model
parameters.

4-1 Limitations and Future Work

A number of improvements can be made on this model in order to increase the scalability of
the current model. Currently, the largest bottleneck is the time required for model training.
The current implementation of the model is most likely far from optimal, and improvements
can be made within the code to improve its efficiency. In the estimation of the computational
complexity, the many reshape operations are neglected. These operations likely contribute
heavily to the actual computational complexity of the current version of the model. Future
research into reformulation of the model to not require performing as many reshape operations
could greatly increase the speed of the training procedure of the current model. On top of this,
further research into pruning of the TT-cores and feature dimensions, could help reduce the
number of parameters after one or two sweeps of the posterior updates, and in turn reducing
the training complexity.
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If this was to be successful, the next greatest bottleneck is the remaining vulnerability to
numerical over and underflow issues. Research into the exact mechanism behind this could
aid in mitigating these issues. Furthermore, it was noted that the initialization of the model
greatly determined the likelihood of the model to experience these errors. Further research
into this, and a framework to automatically find appropriate initializations could already
increase the scalability of the proposed BTTKM.
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Appendix

A-1 Derivation of Log-Joint Distribution

We find the log joint distribution by taking the natural logarithm of the joint distribution

p (y,Θ) = p
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Substituting the probability density of the respective distributions gives the complete form
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We can simplify this further by expanding the first two terms
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and gathering like terms
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(A-1)

A-2 Update Rule W (d)

From the local optimum of the ELBO with respect to the core W(d) in Equation 2-19, we
find
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Summing over D,Rd and Md
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and expanding the first term
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We find the log posterior distribution as
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From this form, we can see that the posterior distribution for the TT-cores is a Gaussian
distribution. By completing the square, we can find the mean and covariance updated as
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A-3 Expectation of W ⊗ W
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A-4 Update Rule λd

From Equation 2-19 we find
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We can simplify this by gathering like terms
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This can then be shortened by summing over Rd and Md
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Finally, the expectation can be distributed, giving us
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From this it can be seen that the posterior is also a Gamma distribution, with updated
parameters c and d
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A-5 Update Rule δd

The update for the other sparsity parameter δd can be found in a similar fashion to λd. From
Equation 2-19, we find

ln q(∆d) =Eq(Θ\δ)[ln p(y,Θ)] + C

=E
[

Rd∑
rd=1

Md∑
md=1

w(d)
rdmdrd−1λ

d
rd
δd

md
λd

rd+1w
(d)
rdmdrd−1 +

Md∑
md=1

(
RdRd+1

2 + (gdmd
0 − 1)

)
ln δd

md
−

Md∑
md=1

hdmd
0 δd

md

]
+ C.

Which can be simplified by gathering like terms, summing over Md and Rd, and distributing
the expectation, giving

=E
[

− 1
2

Md∑
md=1

 Rd∑
rd=1

w(d)
rdmdrd−1λ

d
rd
λd

rd+1w
(d)
rdmdrd−1 − hdmd

0

 δd
md

+
Md∑

md=1

(
RdRd+1

2 + gdmd
0 − 1

)
ln δd

md

]
+ C

=E
[

− 1
2
(
vec

(
W(d)

)⊺
(Λd ⊗ Λd+1) vec

(
W(d)

)
− hd

0

)
δd +

(
RdRd+1

2 + Gd
0 − 1

)
ln δd

]
+ C

= − 1
2
(
E
[
vec

(
W(d)

)⊺
(Λd ⊗ Λd+1) vec

(
W(d)

)]
− hd

0

)
δd +

(
RdRd+1

2 + Gd
0 − 1

)
ln δd + C.

From this it can be seen that the posterior is also a Gamma distribution, with updated
parameters g and h.

gd
N = gd

0 + 1
2(RdRd+1)

hd
N = hd

0 + 1
2Eq

[
W(d)⊺

(2) (Λd+1 ⊗ Λd)W(d)
(2)

]
.

(A-7)

D.A.G. van Haasteren Master of Science Thesis



A-6 Update Rule Noise Precision 43

A-6 Update Rule τ

From equation 2-19, we find the optimal variational posterior distribution of the hyperparam-
eter τ as

ln q(τ) = Eq(Θ\τ)[ln p(yΘ)] + C

= E
[
τ

2 ||y − Φw||2F +
(
N

2 + a0 − 1
)

ln τ − b0τ

]
+ C.

The term ||y − Φw||2F , is the only distribution in this equation, it can therefore be rewritten
as

ln q(τ) =
(
N

2 − a0 − 1
)

ln τ − b0τ + E
[
τ

2 ||y − Φw||2F
]

+ C,

Which can be simplified by gathering like terms

ln q(τ) =
(
N

2 − a0 − 1
)

ln τ +
(
E
[1

2 ||y − Φw||2F
]

− b0

)
τ + C. (A-8)

From this form, we can see that the variational posterior distribution of hyperparameter is a
Gamma distribution, with shape and scale parameters aN , bN given as

aN = a0 + N

2
bN = b0 + 1

2Eq

[
||y − Φw||2F

]
.

(A-9)

A-7 Lower Bound Model Evidence

The Evidence Lower Bound (ELBO) given in equation 2-17 can be expanded as

L(q) =Eq(Θ)[ln p(y,Θ)] +H(q(Θ))

=Eq({W(d)},τ−1)

[
ln p(y

∣∣ {W(d)
}D

d=1
, τ−1

]
+ Eq({W(d)},{λd},{δd})

[
D∑

d=1
ln p(W(d)∣∣λd, δd,λd+1)

]

+ Eq({λ})

[
D∑

d=1
ln p(λd)

]
+ Eq({δ})

[
D∑

d=1
ln p(δd)

]
+ Eq(τ)[p(τ)] − Eq({W(d)})

[
D∑

d=1
ln q(W(d))

]

− Eq({λd})

[
D∑

d=1
ln q(λd)

]
− Eq({δd})

[
D∑

d=1
ln q(δd)

]
− Eq(τ)[ln q(τ)]

(A-10)

Where all the expectations are taken with respect to the posterior distribution q. The first
term represents the expected log-likelihood. The next four terms correspond to the expected
log-priors over the set of parameters Θ. The final four terms represent the entropies of
the posterior distributions of all parameters. Each term can be computed separately before
combining them all.

Master of Science Thesis D.A.G. van Haasteren



44 Appendix

A-7-1 Expected Log-Likelihood

The form of the expected log-likelihood follows from the form of the Gaussian and Gamma
distributions of the tensor cores {W(d)}D

d=1 and

Eq({W(d)},τ−1)

[
ln p(y

∣∣ {W(d)
}D

d=1
, τ−1

]
= − N

2 ln(2π) + N

2 Eq[ln τ ] − 1
2E
[
||y − Φw||2F

]
= − N

2 ln(2π) + N

2 (ψ(aN ) − ln bN ) − aN

2bN
− 1

2E[||y − Φw||2F ]

(A-11)

Where N is the number of training points and ψ(·) denotes the digamma function
ψ(z) = d

dz ln Γ(z) = Γ′(z)
Γ(z) . The residual error E[||y − Φw||2F ] can be found using Equation

(2-40).

A-7-2 Expected Log-Prior over
{
W (d)

}D

d=1

From the Gaussian distribution of the prior p(W(d)∣∣λd, δd,λd+1), we find the expected log-
prior as

Eq({W(d)},{λd},{δd})

[
D∑

d=1
ln p(W(d)∣∣λd, δd,λd+1)

]

=Eq

 D∑
d=1

Rd∑
rd=1

Md∑
md=1

Rd+1∑
rd+1

(
− ln 2π

2 + 1
2
(
ln |λd

rd
δd

rd
λd+1

rd+1 |
)

− 1
2w

(d)
rdmdrd+1λ

d
rd
δd

rd
λd

rd+1w
(d)
rdmdrd+1

)
=Eq

[
D∑

d=1

Rd∑
rd=1

Md∑
md=1

Rd+1∑
rd+1

(
− ln 2π

2 + 1
2
(
ln |λd

rd
| + ln |δd

rd
| + ln |λd+1

rd+1 |
)

− 1
2w

(d)
rdmdrd+1λ

d
rd
δd

rd
λd

rd+1w
(d)
rdmdrd+1

)]

Distributing the summations, and summing the final term over Rd, Md and Rd+1 we find

=
D∑

d=1

{
− RdMdRd+1

2 ln(2π) + MdRd+1
2

Rd∑
rd=1

Eq

[
lnλd

rd

]
+

Md∑
md=1

RdRd+1
2 E

[
ln δd

md

]

+ RdMd

2

Rd+1∑
rd+1

Eq

[
lnλd+1

rd+1

]
− 1

2Eq

[
vec(W(d))⊺(Λd+1 ⊗ ∆d ⊗ Λd)vec(W(d))

]}
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The last term can then be expanded as

= −
∑D

d=1RdMdRd+1
2 ln(2π) +

∑D
d=1MdRd+1

2

Rd∑
rd=1

Eq

[
lnλd

rd

]
+

Md∑
md=1

∑D
d=1RdRd+1

2 E
[
ln δd

md

]

+
∑D

d=1RdMd

2

Rd+1∑
rd+1

Eq

[
lnλd+1

rd+1

]
− 1

2

D∑
d=1

{
Tr
((

Λ̃d+1 ⊗ ∆̃d ⊗ Λ̃d

)
Var

(
vec(W(d))

))

+ Eq

[
vec(W(d))⊺

]
(Eq[Λd+1] ⊗ Eq[∆d] ⊗ Eq[Λd])Eq

[
vec(W(d))

]}

= −
∑D

d=1RdMdRd+1
2 ln(2π) +

∑D
d=1MdRd+1

2

Rd∑
rd=1

Eq

[
lnλd

rd

]
+

Md∑
md=1

∑D
d=1RdRd+1

2 E
[
ln δd

md

]

+
∑D

d=1RdMd

2

Rd+1∑
rd+1

Eq

[
lnλd+1

rd+1

]
− 1

2

D∑
d=1

{
Tr
((

Λ̃d+1 ⊗ ∆̃d ⊗ Λ̃d

)
V(d)

)}

− 1
2

D∑
d=1

{
Tr
(

vec
(
W̃(d))⊺ (Λ̃d+1 ⊗ ∆̃d ⊗ Λ̃d

)
vec

(
W̃(d)))}

= −
∑D

d=1RdMdRd+1
2 ln(2π) +

∑D
d=1MdRd+1

2

Rd∑
rd=1

Eq

[
lnλd

rd

]
+

Md∑
md=1

∑D
d=1RdRd+1

2 E
[
ln δd

md

]

− 1
2Tr

{
D∑

d=1

(
Λ̃d+1 ⊗ ∆̃d ⊗ Λ̃d

)(
vec

(
W̃(d)) vec

(
W̃(d))⊺ + V(d)

)}

The expectations of the hyperpriors λ, δ can then be expanded further as.

= −
∑D

d=1RdMdRd+1
2 ln(2π) +

∑D
d=1Rd+1Md

2

Rd∑
rd=1

(ψ(crd
N ) − ln drd

N )

+
∑D

d=1Rd+1Rd

2

Md∑
md=1

(ψ(grd
N ) − ln hrd

N ) +
∑D

d=1MdRd

2

Rd+1∑
rd+1=1

(
ψ(crd+1

N ) − ln drd+1
N

)

− 1
2Tr

{
D∑

d=1

(
Λ̃d+1 ⊗ ∆̃d ⊗ Λ̃d

)(
vec

(
W̃(d)) vec

(
W̃(d))⊺ + V(d)

)}
.

(A-12)

Due to the boundary conditions that R1 = RD+1 = 1, the terms corresponding to rd+1 and
rd can be combined, resulting in

= −
∑D

d=1RdMdRd+1
2 ln(2π) +

D∑
d=1

Rd+1Md

Rd∑
rd=1

(ψ(crd
N ) − ln drd

N )

+
∑D

d=1Rd+1Rd

2

Md∑
md=1

(ψ(grd
N ) − ln hrd

N )

− 1
2Tr

{
D∑

d=1

(
Λ̃d+1 ⊗ ∆̃d ⊗ Λ̃d

)(
vec

(
W̃(d)) vec

(
W̃(d))⊺ + V(d)

)}
.

(A-13)

With V(d) = Var
(
vec(W(d))

)
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A-7-3 Expected Log-Prior over {λrd
}D

d=1

From the Gamma form of the prior distribution λ it follows that

Eq[ln p(λrd
)] =

D∑
d=1

Rd∑
rd=1

{
ln Γ(crd

0 ) + crd
0 ln drd

0 + (crd
0 − 1)Eq[lnλd

rd
] − drd

0 Eq[λd
rd

]
}

=
D∑

d=1

Rd∑
rd=1

{
ln Γ(crd

0 ) + crd
0 ln drd

0 + (crd
0 − 1)(ψ(crd

N ) − ln drd
N ) − drd

0
crd

N

drd
N

} (A-14)

A-7-4 Expected Log-Prior over {δrd
}D

d=1

From the Gamma form of the prior distribution δ it follows that

Eq[ln p(δmd
)] =

D∑
d=1

Md∑
md=1

{
ln Γ(gmd

0 ) + gmd
0 ln hmd

0 + (gmd
0 − 1)Eq[ln δd

md
] − hmd

0 Eq[δd
md

]
}

=
D∑

d=1

Md∑
md=1

{
ln Γ(gmd

0 ) + gmd
0 ln hmd

0 + (gmd
0 − 1)(ψ(gmd

N ) − ln hmd
N ) − hmd

0
gmd

N

hmd
N

}
(A-15)

A-7-5 Expected Log-Prior over τ

From the Gamma form of the prior distribution τ it follows that

Eq[ln p(τ)] = − ln Γ(a0) + a0 ln b0 + (a0 − 1)Eq[ln τ ] − b0E1[τ ]

= − ln Γ(a0) + a0 ln b0 + (a0 − 1)(ψ(aN ) − ln bN ) − b0
aN

bN

(A-16)

A-7-6 Entropy of posterior distributions

From the Gaussian form of the variational posterior distribution over the tensor cores q(W(d))

−E
[

D∑
d=1

ln q(W(d))
]

=
D∑

d=1

Rd∑
rd=1

Md∑
md=1

D∑
rd+1=1

Eq

[
ln q(w(d)

rdmdrd+1)
]

=
D∑

d=1

{1
2 ln |V(d)|

}
+
∑D

d=1Rd+1MdRd

2 [1 + ln(2π)].

(A-17)

While from the Gamma form of the variational posterior distributions q(λd), q(δd), q(τ) we
find

−Eq[ln q(λd)] =
D∑

d=1

Rd∑
rd=1

{ln Γ(crd
N ) − (crd

N − 1)ψ(crd
N ) − ln drd

N + crd
N }

−Eq[ln q(δd)] =
D∑

d=1

Md∑
md=1

{ln Γ(gmd
N ) − (gmd

N − 1)ψ(gmd
N ) − ln hmd

N + grd
N }

−Eq[ln q(τ)] = ln Γ(aN ) − (aN − 1)ψ(aN ) − ln bN + aN

(A-18)
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The terms in Equations (A-11) to (A-18) can then all be combined into the evidence lower
bound. Excluding all constants, we find

L(q) =N

2 (ψ(aN ) − ln bN ) − aN

2bN
− 1

2E[||y − Φw||2F ] +
D∑

d=1
Rd+1Md

Rd∑
rd=1

(ψ(crd
N ) − ln drd

N )

+
∑D

d=1Rd+1Rd

2

Md∑
md=1

(ψ(grd
N ) − ln hrd

N ) +
D∑

d=1

Rd∑
rd=1

Md∑
md=1

D∑
rd+1=1

Eq

[
ln q(w(d)

rdmdrd+1)
]

− 1
2Tr

{
D∑

d=1

(
Λ̃d+1 ⊗ ∆̃d ⊗ Λ̃d

)(
vec

(
W̃(d)) vec

(
W̃(d))⊺ + V(d)

)}

+
D∑

d=1

Rd∑
rd=1

{
ln Γ(crd

0 ) + crd
0 ln drd

0 + (crd
0 − 1)(ψ(crd

N ) − ln drd
N ) − drd

0
crd

N

drd
N

}

+
D∑

d=1

Md∑
md=1

{
ln Γ(gmd

0 ) + gmd
0 ln hmd

0 + (gmd
0 − 1)(ψ(gmd

N ) − ln hmd
N ) − hmd

0
gmd

N

hmd
N

}

+
D∑

d=1

Rd∑
rd=1

{ln Γ(crd
N ) − (crd

N − 1)ψ(crd
N ) − ln drd

N + crd
N }

+
D∑

d=1

Md∑
md=1

{ln Γ(gmd
N ) − (gmd

N − 1)ψ(gmd
N ) − ln hmd

N + grd
N } + ln Γ(aN ) − (aN − 1)ψ(aN )

− ln bN + aN − ln Γ(a0) + a0 ln b0 + (a0 − 1)(ψ(aN ) − ln bN ) − b0
aN

bN

Gathering like terms we find

L(q) =
(
N

2 + a0 − aN

)
ψ(aN ) −

(
N

2 + a0

)
ln bN − aN

2bN
− 1

2E
[
||y − Φw||2F

]
− 1

2Tr
{

D∑
d=1

(
Λ̃d+1 ⊗ ∆̃d ⊗ Λ̃d

)(
vec

(
W̃(d)) vec

(
W̃(d))⊺ + V(d)

)}
+

D∑
d=1

{1
2 ln |V(d)|

}

+
D∑

d=1

{
Rd∑

rd=1
{(Rd+1Md + crd

0 − crd
N )ψ(crd

N ) − (Rd+1Md + crd
0 ) ln drd

N }

+
Md∑

md=1

{(
Rd+1Rd

2 + gmd
0 − grd

N

)
ψ(grd

N ) −
(
Rd+1Rd

2 + gmd
0

)
ln hmd

N

}

+
Rd∑

rd=1

{
ln Γ(crd

N + crd
N − drd

0
crd

N

drd
N

}
+

Md∑
md=1

{
ln Γ(gmd

N + gmd
N − hmd

o

gmd
N

hmd
N

}}

− b0
aN

bN
+ ln Γ(an) + aN + C.

Using the relationship that E[ln q] = ψ(a) − ln b, where q is a digamma function with shape

Master of Science Thesis D.A.G. van Haasteren



48 Appendix

and scale parameters a and b we find the distribution

L(q) =E
[
||y − Φw||2F

]
− −1

2Tr
{

D∑
d=1

(
Λ̃d+1 ⊗ ∆̃d ⊗ Λ̃d

)(
vec

(
W̃(d)) vec

(
W̃(d))⊺ + V(d)

)}

+
D∑

d=1

{
Rd∑

rd=1

{
ln Γ(crd

N ) + crd
N

(
1 − ln drd

N − drd
0
drd

N

)}
+

Md∑
md=1

{
ln Γ(gmd

N ) + gmd
N

(
1 − ln hmd

N − hmd
0
hmd

N

)}}

+
D∑

d=1

{1
2 ln |V(d)|

}
+ ln Γ(aN ) + aN

(
1 − ln bN − b0

bN

)
+ C.

(A-19)

A-8 Derivation of Predictive Distribution

The predictive distribution over unseen datapoints

p(y∗
i |y) =

∫
p(y∗|Θ)p(Θ|y)dΘ,

can be approximated by using the variational distributions q(θj), ∀θj ∈ Θ as

p(y∗
i |y) ≃

∫ ∫
p

(
y∗

i

∣∣∣ {W(d)
}D

d=1
, τ−1

)
q

({
W(d)

}D

d=1

)
q(τ)d

{
W(d)

}
dτ

=
∫ ∫

N
(
y∗

i

∣∣∣Φw, τ−1
) D∏

d=1
N
(
vec

(
W(d)

) ∣∣∣vec
(
W̃(d))

,Σ(d)
)
q(τ)d

{
W(d)

}
dτ.

As the variational distributions are independent, they can each be integrated over individually
as

p(y∗
i |y) =

∫ ∫
N
(
y∗

i

∣∣∣Φw, τ−1
)

N
(
vec

(
W(1)

) ∣∣∣vec
(
W̃(1))

,Σ(1)
)
dvec

(
W(1)

)
. . .

· · ·
∏
d̸=1

N
(
vec

(
W(d)

) ∣∣∣vec
(
W̃(d))

,Σ(d)
)
q(τ)d

{
W(d)

}
d̸=1

dτ

Now, integrating over each core {W(d)}D
d=1, we can incorporate their posterior distribution

q(W(d)) into the distribution of the unseen data as

p(y∗
i |y) =

∫ ∫
N
(
y∗

i

∣∣∣vec
(
W̃(1))⊺ G\1(xi), τ−1 + G⊺

\1(xi)V(1)G\1

)
. . .

· · ·
∏
d̸=1

(
vec

(
W(d)

) ∣∣∣vec
(
W̃(d))

,Σ(d)
)
q(τ)d

{
W(d)

}
d̸=1

dτ

...
=
∫

N
(
y∗

i

∣∣∣Φw, τ−1 +
D∑

d=1
G\d(xi)⊺Σ(d)G\d(xi)

)
q(τ)dτ

Now substituting the posterior distribution of τ , we find

p(y∗
i |y) =

∫
N
(
y∗

i

∣∣∣Φw, τ−1 +
D∑

d=1
G\d(xi)⊺Σ(d)G\d(xi)

)
Ga(τ |aN , bN )dτ,
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yielding a Student’s t-distribution

p(y∗
i |y) ≃ T

y∗
i

∣∣∣Φw,
{
bN

aN
+

D∑
d=1

G\d(xi)⊺Σ(d)G\d(xi)
}−1

, 2aN

 . (A-20)

That is to say, it is a Student’s t-distribution T (y∗
i ,Si, νy), with parameters

y∗
i = Φw, νy = 2aN

Si =
{
aN

bN
+

D∑
d=1

G\d(xi)⊺Σ(d)G\d(xi)
}−1 (A-21)

With its predictive variance Var(yi) = νy

νy−2Si.

A-9 Upper and Lower Bounds on Core Updates

A-9-1 Matrix G

The column m, and with it the elements of the matrix-matrix product W(k)⊺Φ(k) are bounded
by

σmin(W(k)⊺)||Φ(k)
:,m|| ≤ ||(W(k)⊺Φ(k)):,m|| ≤ σmax(W(k)⊺)||Φ(k)

:,m||

. Repeating this over D − 1 Hadamard products, the bounds for the elements of G(d) are
given by

σmin(W⊺)D−1||Φ:,m||D−1 ≤ ||G:,m|| ≤ σmax(W⊺)D−1||Φ:,m||D−1,

With unit norm columns of Φ(k), we find

σmin(W⊺) ≤ ||G:,m|| ≤ σmax(W⊺).

For the TT-formulation of G\d, we can see that the bounds for the forward and backward
accumulators are identical. The magnitude of the columns over a row-wise Khatri-Rao prod-
uct, will be the multiplication of the columns of both matrices. Starting from G<2, we can
find it’s columns bounded by

||Φ(1)
m ||σmin(W(1)

(3)) ≤ ||G<2:,m|| ≤ ||Φ(1)
m ||σmin(W(1)

(3)).

Under the assumption of unit norm columns of ||Φ(k) and identical singular values for all W ,
this simplifies to

σmin(W) ≤ ||G<2:,m|| ≤ σmin(W).

Continuing to the second core we find

σmin(W)2 ≤ ||G<2:,m|| ≤ σmin(W)2.

And generalizing to all cores we find

σmin(W)D−1 ≤ ||G<2:,m|| ≤ σmin(W)D−1.
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A-9-2 matrix G\dG⊺
\d

From the CPD formulation given in (2-47), we can see for one step, the magnitude of the
product is bounded by

σmin(W)2 ≤ Eq[G<1G⊺
<1] ≤ σmax(W)2. (A-22)

Repeating this over D − 1 hadamard products, we find the bounds on Eq[GG⊺] as

σmin(W)2(D−1) ≤ Eq[G\dG⊺
\] ≤ σmax(W)2(D−1) (A-23)

in the CPD formulation.

For the TT formulation, starting at k = 2, we find the bounds on the first step of the
accumulator H<d as

σmin(W)2 ≤ H<1 ≤ σmax(W)2, (A-24)

Incorporating the assumptions made previously. Repeating this for D− 1 matrix multiplica-
tions, we find the same bounds as the CPD case

σmin(W)2(D−1) ≤ H<D−1 ≤ σmax(W)2(D−1) (A-25)
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Glossary

List of Acronyms

AI Artificial Intelligence
ALS Alternating Least Squares
ARD Automatic Relevance Detection
BTN Bayesian Tensor Network
BTTKM Bayesian Tensor Train Kernel Machine
CPD Canonical Polyadic Decomposition
ELBO Evidence Lower Bound
GP Gaussian Process
KL Kullback-Leibler
KRR Kernel Ridge Regression
NLL Negative Log-Likelihood
RMSE Root Mean Square Error
RKHS Reproducing Kernel Hilbert Space
SP-BTN Structured Posterior Bayesian Tensor Network
SVM Support Vector Machine
T-KRR Tensor Kernel Ridge Regression
TN Tensor Network
TNKM Tensor Network Kernel Machine
TT Tensor Train
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58 Glossary

List of Symbols

δd Feature dimension precision parameter
λd Tensor rank precision parameter
Σ(d) Covariance matrix corresponding to d-th core
Φ Feature map
Φ(d) Component matrix
Γ(a) Gamma function
τ Noise precision
Θ Set of latent variables and hyperparameters
φ(·) Feature map

G<d Forward recursive accumulator
G>d Backward recursive accumulator
e Noise vector
H<d Forward recursive accumulator expected Gram matrix
H>d Backward recursive accumulator expected Gram matrix
w Weights vector
W(d) Factor matrix
y Observations
L(q) Evidence Lower Bound
V(d) Variance tensor
W Tensor
W(d) TT-core
W̃(d) Mean estimation of d-th core
D Data dimension
M Feature dimension
N Data size
R TT-Rank
y∗

i Unseen data

(n) Mode-n unfolding

◦ Outer product
⊛ Hadamard product
R {·}I×J Reshape operator
⊙ (row-wise) Khatri-Rao product
⊗ Kronecker product
diag(·) Diagonal operator
vec(·) Vectorization operator
l(Θ) Log-joint distribution
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