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List of Symbols 
Upper case letters 

Ac  Cross sectional area of concrete 
Asv  Area of the vertical reinforcement 

As  Cross sectional area of tension reinforcement 

A’s   Cross sectional area of compression reinforcement 
Ec,eff   Effective modulus of elasticity of concrete (for long-term loading) 

Ecd   Design value of modulus of elasticity of concrete 

Ecm   Secant modulus of elasticity of concrete (for short-term loading) 
Ef   Fictitious modulus of elasticity  

Es   Design value of modulus of elasticity of reinforcing steel 

E50
ref

   Secant stiffness in standard drained triaxial test  
 

Eoed
ref

   Tangent stiffness for primary oedometer loading   
Eur

ref
   Unloading and reloading stiffness   

 

EA  Normal stiffness 

EI   Bending stiffness 
EI0/ EIuncr Uncracked bending stiffness 

EI∞/ EIcr Fully or totally cracked bending stiffness 

EIvar   Realistic (variable) bending stiffness  

Ig  Moment of inertia of the gross concrete section, neglecting reinforcement 
Icr  Moment of inertia of the fully cracked section  

Ic,eff  Effective moment of inertia 

K  Horizontal soil pressure coefficient    
K0  Neutral horizontal soil coefficient    

Ka    Active horizontal soil pressure coefficient   

Kp  Passive horizontal soil pressure coefficient   

M   Bending moment 
Ma  Maximum bending moment in member 

Me   Yield moment 

MEd  Occurring bending moment 
Mpl   Crushing moment 

Mr  Cracking moment 

Mu   Ultimate moment 

Mx  Arbitrary bending moment 
N'c  Axial compressive force 

Rinter  Strength reduction factor     

W  Section modulus 
 

Lower case letters 

b  Width 
c  Cohesion 

cconcr.  Concrete cover 

d  Diaphragm wall thickness 

deq  Equivalent plate thickness 
fc   Compressive strength of concrete 

fcd   Design value of concrete compressive strength 

fck   Characteristic compressive cylinder strength of concrete at 28 days 
fctm   Mean value of axial tensile strength of concrete 

fyd   Design yield strength of reinforcement 

fyk   Characteristic yield strength of reinforcement 
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kx,y   Soil permeability in x,y-direction  

ks  Modulus of subgrade reaction or soil spring stiffness 

m   Power for stress-level dependency of stiffness   

n  Modular ratio of steel and concrete (Es/Ec) 
p   Porewater pressure      

q  Partially distributed surface loading  

w  Displacement 
wline  Line load due to self-weight diaphragm wall 

x   Height of concrete compression zone  

xe  Height of concrete compression zone when reinforcement starts yielding 

xpl   Height of concrete compression zone when concrete starts to crush  
xu   Maximum height of the concrete compression zone 

xuncr   Height of concrete compression zone in the uncracked phase 

 
Greek lower case letters 

γconcrete   Specific weight concrete 

γdry  Soil unit weight above phreatic level    

γsat  Soil unit weight below phreatic level 
δ  Wall friction angle      

ε’c  Compressive strain in concrete 

εc  Tensile strain in concrete 
ε’s  Compressive strain in steel 

εs  Tensile strain in steel 

εc3 = ε’c,pl  Crushing strain of concrete (compressive strain in concrete at peak stress fc) 
εcu3 = ε’cu Ultimate compressive strain in the concrete 

εs,pl  Yielding strain of reinforcement 

εsu  Ultimate strain of reinforcement 

θ   Inclination of failure plane     
κ  Curvature 

κe  Curvature corresponding to the yield moment  

κpl  Curvature corresponding to the crushing moment  

κr   Curvature corresponding to the cracking moment  

κu  Curvature corresponding to the ultimate moment 

ρ   Radius of curvature  
ρl;min  Minimum reinforcement ratio 

ρl;max  Maximum reinforcement ratio  

σ’c  Compressive stress in concrete 

σc  Tensile stress in concrete 
σ’s  Compressive stress in steel 

σs  Tensile stress in steel 

σ’H  Horizontal effective soil stress  
σ’V  Vertical effective soil stress  

σp  The greatest effective vertical soil stress previously reached  

σ’
0

yy  The in-situ effective vertical soil stress    

τf  Shear strength 

υ   Poisson’s ratio   

φ(∞,t0)  Final value of creep coefficient 

ψ   Dilatancy angle 
ϕ  Internal friction angle  
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1. DIAPHRAGM WALLS 

1.1.  In general  
Diaphragm walls are reinforced in-situ concrete elements formed in the ground, which by placing 

multiple elements in line with each other form a continuous unanchored wall. They have an earth-
retaining, water-retaining and/ or load-bearing function. The excavation work is carried out under the 

supporting pressure of a bentonite slurry, after which the reinforcement is placed. The excavated trench is 

then filled with concrete, while displacing the bentonite slurry. Figure 1 gives a schematic overview of the 
construction of a diaphragm wall.  

 

 
Figure 1: Construction of a diaphragm wall [1] 

The process for the construction of the diaphragm wall is as follows: 
 Guide-wall construction: 

Before starting with the excavation for the panels, guiding beams are placed at surface level. The function 

of the guiding beams is to fix the dimensions of the diaphragm wall, to guide the service crane during 
excavation and to prevent caving in of the surface level. 

 Panel excavation: 

During the excavation, the trench is filled with a bentonite slurry in order to ensure the stability of the 
trench. 

 De-sanding bentonite: 

After the panel has been dug till the required depth, the bentonite slurry is returned to the surface for 

sedimentation and de-sanding. Cleaned bentonite slurry may be re-used. 
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 Placing joint profiles and reinforcement cage: 
Joint profiles are then placed on the head-ends of the panel. These provisions are necessary to achieve 

tight-fitting joints between the panels, which are casted against each other. Subsequently, the 

reinforcement cage is positioned in the excavated trench. 

 Casting the diaphragm wall panels: 
The trench can now be filled with concrete using tremie pipes. The concrete has a specific composition in 

order to be able to displace the contaminated bentonite solution towards the top, and to maintain the 

density and quality of the concrete.  
 

Instead of reinforced concrete, the diaphragm walls can also be executed, totally or partially, in 

prestressed concrete. The application of prestressing would particularly be useful in the SLS 

(Serviceability Limit State), since a more rigid wall can be accounted for (no cracking), which is 
favourable in the case of adjacent buildings. 

 

The wall acts as a cantilever beam which is ‘elastically’ clamped into the soil or as a beam supported at 
both ends (at the bottom the soil and at the top an anchor). At the bottom the support pressure to provide 

equilibrium is mobilized by the passive earth resistance. 

 
An important advantage of the installation of diaphragm walls is the vibration-free execution method. The 

main difference with a single steel sheet pile wall is the difference in the stiffness behaviour and the 

influence of friction on the force distribution. When compared to other wall types, diaphragm walls are  

considered to be very stiff with respect to ground movement control. 
 

The following properties/ advantages can be attributed to the diaphragm wall:  

- The execution is free from vibration and produces less noise; 
- The wall is applicable in almost any soil; 

- The wall can be used as a permanent wall; 

- The wall can also be used as a foundation element; 
- Large depths are possible, up to 100 meters; 

- Large earth-and water-retaining heights are possible; 

- High vertical and horizontal loads can be carried; 

- High bending moment capacity and high bending stiffness; 
- Low soil deformations just behind the wall as a result of the high bending stiffness of the wall;  

- The wall provides structural stiffness which reduces ground movements and settlements 

during excavation; 
- Execution is also possible in case of  hard layers and small obstacles in the subsoil; 

- A higher durability compared to steel sheet piling. 

 

1.1.1. Available standards 
So far, only a few standards are available in The Netherlands for the construction of diaphragm walls.  
The following standards can be listed: 

- CUR Recommendation 76 (“Rekenregels voor diepwanden”) - Additional provisions on  NEN-EN 

1992-1-1; 

- German standard DIN4126 
- NEN-EN-1538: 2000 (“Voorschriften voor de uitvoering van diepwanden”) 

- CUR Publication 189 (“Cement-bentonietschermen”). This publication can also be consulted since 
diaphragm walls have many similarities with cement bentonite screens. 

- CUR166 (“Damwandconstructies”): For loading and stability calculations. 
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1.1.2. Loads, Load Distribution and Failure Mechanisms 
 Loads: 

From the point of view of stability, the diaphragm wall is carried out until the load-bearing (sand) layer. 

The horizontal load can be transferred via the diaphragm wall to the subsoil. In addition to this, the 
diaphragm wall sections are able to transmit large vertical loads to the subsoil (load-bearing layer).  

 
 Load distribution: 

The strength and stability of a diaphragm wall structure are determined by the material (reinforced 
concrete) and the surrounding soil. On the one hand, the soil gives a load on the wall (on the active  side) 

and on the other hand it contributes to the support reaction and equilibrium (on the passive side). Because 

the diaphragm wall generally reaches until the load-bearing (Pleistocene) sand layer, the wall can be 

considered as a cantilever beam clamped into the load-bearing layer, subjected to bending. Depending on 
the cone resistance in the top of the load-bearing layer, hardly any or no settlement of the diaphragm wall 

will occur. 

 
 Failure mechanisms: 

For a diaphragm wall the following failure mechanisms can be distinguished: 

 
- Failure due to insufficient external stability (instability of the slope by a deep (straight or circular) slip 

plane); 

 

 
Figure 2: Simplified illustrations of most common slope failure modes [14] 

- Failure due to insufficient passive earth resistance; 

The active earth pressure is the force that causes the collapse of a retaining wall, while the passive earth 
pressure is the resisting force of the soil. 

 

 
Figure 3: Active and passive earth pressure on retaining wall  

- Failure of the diaphragm wall; 
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- When a reinforced concrete wall is subjected to bending, crack formation will occur in the concrete at 
the tension side for a certain curvature. As a result, the rigidity of the wall will decrease. When the load 

is increased further, the reinforcement may start to yield and the concrete will eventually fail at the 

compression side. The stiffness, which changes as a result of loading and unloading, follows a certain 

pattern which can be displayed by means of the M-(N)-κ diagram representing the bending moment-
curvature-relationship. From this diagram the uncracked and cracked stiffnesses EIuncr and EIcr, as  

shown in Figure 4 can be derived, respectively. More detailed information on the M-(N)-κ diagram will 

be given in chapter 3. 
 

 
Figure 4: M-κ-diagram  

1.1.3. Safety Approach regarding Design and Verification: SLS & ULS 
Diaphragm walls must be designed and checked, such that the required safety is achieved. In the 

Eurocodes distinction is made between the Serviceability Limit State (SLS) and the Ultimate Limit State 
(ULS). 

 

In practice it is important that, in addition to the ULS (namely, failure of the diaphragm wall), also the 
SLS is checked. This implies that it should be checked whether the structure meets the requirements of 

serviceability during its service life. Loss of serviceability may occur when the structure deforms too 

much or loses its water tightness. As a rule, the serviceability limit state is checked by calculating the 

deformation using the so-called "characteristic" values (conservative values for all parameters). In this 
deformation calculation no (partial) safety factors are included. 

 

Practical experience has taught that the SLS is often decisive for the design. In that case, the optimization 
of the design based on strength, is not that relevant. For the stability of the structure the deformation/ 

displacement behaviour is important. 

1.1.4. Reliability class & design approach diaphragm wall 
Considering the consequences of failure or malfunction of a structure, consequence classes (CC) have 

been defined for the purpose of reliability differentiation. According to NEN-EN 1990 retaining structures 
can be distinguished into three reliability classes (RC), of which a description is given in Figure 5. The 

reliability classes may be associated with the consequence classes. For most diaphragm wall structures 

RC2 is applicable. In case the diaphragm wall is part of a primary retaining structure, RC3 must be 
applied. RC1 is almost never applied for diaphragm wall structures.  

 

Three different design approaches  are given in NEN-EN 1997-1 (Eurocode 7). These approaches differ in 

the way allowance is made for uncertainties in modelling the effects of actions and resistances in the ULS 
by means of partial factors. These partial factors are applied to actions or the effects of actions from the 

structure, resistances or ground parameters. For the design of retaining structures in The Netherlands 

‘Design Approach 3’ is applicable for the ULS.  
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Figure 5: Reliability classes of a structure  

1.1.5. The design 
 Thickness of the diaphragm wall: 
The thickness of the diaphragm wall affects the required clamped length; a thicker wall will deform less, 

implying that the clamped length will be less compared to a thinner diaphragm wall. The thickness of the 

diaphragm wall depends on the equipment and can vary from 0.4 to 2.0 m. 
 

 Embedment depth: 

From the point of view of stability the diaphragm wall is generally embedded into the load-bearing layer 
(cantilever beam) and is therefore free of settlement. 

 
 Reinforcement and concrete cover: 

Due to the strongly varying bending moment over the height of the diaphragm wall, it is usually not 

efficient to apply the same reinforcement over the entire height of the diaphragm wall. As a result, the 
bending stiffness over the height is not constant. Depending on the applied reinforcement over the height, 

the diaphragm wall is divided into a number of sections. With the M-κ-diagram the relationship between 

the bending moment and bending stiffness can be determined for each wall section at a certain load case 
or load combination. 

 

The reinforcement cage must have a high dimensional stability with regard to the placement of the  
reinforcement cage over the often large depth of the diaphragm wall. Furthermore, it is important to 

streamline the reinforcement cage as much as possible, such that the upward flowing concrete is 

obstructed by it as little as possible. Since the loading is mainly concentrated perpendicular to the 

diaphragm wall, these cages usually do not have to be linked to each other. The reinforcement ratio 
should, with regard to the execution (in particular, the casting of concrete), be limited to approximately 

0.75%.   

 
The service life of the diaphragm wall is substantially determined by the concrete quality of the cover. 
The cover needs to protect the reinforcement against corrosion. If sufficient care is taken into account 

during the execution, the diaphragm wall will certainly be able to achieve a lifetime of 100 years at a 

concrete cover of 100 to 150 mm.  
 

 Concrete quality: 
For the structural assessment of diaphragm walls no higher strength than is C45/55 must be applied. 

 
 Diaphragm wall panels: 

A diaphragm wall consists of successive wall panels, where a distinction can be made between starter-, 

intermediate- and closure-panels. The panel width depends on the wall layout, the possible rate of 

production, the stability analysis and settlement calculations. From an economic point of view it is chosen 
to make the panels as large as possible (6 to 8 m) and to apply the so-called 3-way corridor panels, see 



 

Realistic bending stiffness of diaphragm walls for structural analysis 

 

 11 APPENDIX A 

 

Figure 6. If a large excavation depth is not possible, it can be chosen to apply 2-way panels (3 to 5 m). In 
case this still results in a too large excavation depth, 1-way panels are opted for in particular situations. 1-

way panels are also used to limit the settlements of adjacent buildings which are very close to the 

diaphragm wall construction. Research has shown that a reduction of the panel width results in a 

reduction of the horizontal displacements. 
 

The use of smaller and therefore more panels leads to a longer construction time and moreover, a large 

number of joints, which in many cases are the critical spots. The joints are in fact unreinforced zones. A 
relatively high number of unreinforced zones leads to a higher reinforcement ratio in the intermediate 

zones, which is disadvantageous for the flow during concreting. The choice for 1-way panels may also be 

based on logistical reasons, concerning mainly the continuous supply of concrete.  

 
Kinks in a diaphragm wall trace are realized by means of corner panels. These should always be executed 

as 2- or 3-way panels. 

 
Figure 6: Panel layout consisting of 1-way and 3-way panels.  The corner panels are executed as 3-way panels in 

order to reduce the risk of leakage at the joints.  

1.2. Deformations and settlements 
For the deformation state of the diaphragm wall, distinction is made between:  

 The settlements; 
 The horizontal deformations of the wall (or: ‘lateral wall deflection’) 

Deformations and settlements are not only important from the perspective of meeting the functional 

requirements of the project, but they can also lead to collapse of the structure. Large deformations of the 
diaphragm wall result in large settlements of the surface level and also of the foundations of adjacent 

buildings. The settlement of the soil in response to the deformation of the diaphragm wall is also highly 

dependent on the soil properties and geological profile. The deformations depend on: 

- The loading; 
- The excavation depth and the draining level; 

- The use of temporary struts and anchors; 

- The bending stiffness of the wall. The stiffness of the diaphragm wall depends on the thickness of 
the diaphragm wall, the applied concrete class and the reinforcement. 
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In the soil, next to the diaphragm wall, deformations can be caused by: 
- Relaxation of the soil; 

- Deflection of the wall as a result of the excavation; 

- Decrease of the water table (groundwater level) which leads to settlement. 

 
In order to determine the lateral wall displacement, one needs to take into account: 

- The deflection of the wall itself; 

-  The deformation of the soil; 
-  The deformation of anchors or struts, if applicable. 

 

In the service state, the deformations can increase due to: 

- Time effects in the soil (creep and consolidation); 
- Changes in the bending stiffness of the concrete wall due to creep and crack formation. 

 

1.2.1. Factors influencing the deformations 
Several factors affect the deformation of the diaphragm wall. The most important factors will be  
mentioned and explained briefly to clarify their impact. 

 Soil properties: The occurring deformations and settlements are highly dependent on the available 

soil properties. Stiff soil is relatively less sensitive to deformations and settlements compared to soft 

soil.  
 

 Water pressure: The difference in water pressure against the diaphragm wall has large effects on the 

deformation of the wall. Higher pressure differences will lead to greater deformations. 
 

 Surface load: Just like deformations of the wall affect the settlements of the surface level, so does the 

loading on the surface level affect the deformations of the wall. The higher the surface load, the 
greater the deformations. 

 

The above-mentioned factors are imposed factors, which can be influenced very limitedly. The following 

factors can be influenced during the design and realization of the project: 
 Wall stiffness: The stiffness of the diaphragm wall has a large impact on the deformations of the 

wall. Here it holds that: the stiffer the wall, the smaller the deformation. The deformations can be 

controlled by means of the thickness of the diaphragm wall, use of temporary struts and prestressing.  

 

 Construction method and construction phases: The construction method and construction phases 

have an effect on the occurring deformations of the wall. Careful construction procedures may result 
in limited deformations.  

 

 Excavation depth: The excavation depth is highly dependent on the design, the construction method 

and the construction phases. The greater the excavation depth, the greater the deformations will be 
due to the greater soil and water pressures. 

 

1.2.2. Relationship deformations and settlements 
In the study conducted by T. Masuda [2] an empirical approach concerning the  lateral wall displacements 

and surface settlements in excavations is given. Figure 7 states the terms related to excavation as used in 
[2]. Figure 8 and Figure 9 show the maximum lateral wall deflection and the maximum surface 

settlements both as a function of the excavation depth (H), respectively for excavations in sands, stiff 

clays and residual soils. The wall types producing the data plotted in these figures are: soldier piles, 
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sheetpiles, diaphragm walls, soil nail walls, drilled pier walls and soil cement walls. Figure 8 and Figure 9 
illustrate that: 

 The maximum lateral wall deflections and maximum surface settlements were usually less than 

0.5%H; 

 The maximum lateral wall deflections tended to average about 0.2%H; 
 The maximum surface settlements tended to average about 0.15%H. 

 

Figure 10 presents typical modes of lateral wall displacements and surface settlements. In Figure 10(a) the 
wall deflects as a cantilever and the adjacent ground surface settles such that the settlements increase with 

a decreasing distance from the edge of the excavation. The settlements behind the wall form a triangular 

shape. The maximum displacement of the wall is located at the top of the wall, while the maximum 

settlement at surface level is found at the wall. When the excavation advances to deeper elevations, the 
upper lateral wall deflection is restrained by an excavation support and the maximum wall displacement is 

located at the excavation level as shown in Figure 10(b). The maximum settlement at surface level is then 

at a certain distance from the wall. The combination of deflections in Figure 10(a) and Figure 10(b) 
results in the cumulative lateral wall defelction and ground surface settlement a depicted in Figure 10(c).  

 

 
Figure 7: Terms related to excavation, according to [2] 
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Figure 8: Maximum lateral wall deflections in Sands, Stiff Clays and Residual Soils [2] 

 

 
Figure 9: Maximum surface settlements in Sands, Stiff Clays and Residual Soils [2] 

 



 

Realistic bending stiffness of diaphragm walls for structural analysis 

 

 15 APPENDIX A 

 

 
Figure 10: Typical  mode of lateral wall displacement and surface settlements: (a)Initial stage of excavation, no 

support, (b)Upper lateral wall displacement restrained by a strut, (c) Combination of deflections of (a) and (b) [2] 
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1.2.3. Reducing deformations and settlements 
The occurring settlements can be reduced by limiting the deformation of the structure. In order to reduce 

the deformations of the diaphragm wall, the following measures can be taken: 

 Apply temporary struts; 
 Increase the bending stiffness of the diaphragm wall by means of:  

- Increasing the wall thickness; 

- Applying more reinforcement; 
- Applying prestressing; 

- Applying steel profiles (e.g. HEM-profiles) in the diaphragm wall. 

 
It is common practice to apply temporary struts and more reinforcement, instead of prestressing  in the 

diaphragm walls.  
 

1.2.4. Calculation software 
In order to determine the interaction between loading, bending stiffness diaphragm wall and occurring 

deformations, the following calculation programs are available: 

 PCSheetPileWall: Determination of force distribution, bending stiffness and deformation diaphragm 
wall; 

 Plaxis 2D: Determination of force distribution, relationship between the deformation of the diaphragm 

wall and the occurring settlement.  
 
In a discrete (spring) model, such as PCSheetPileWall, the soil stiffness has a great influence on the 

deformations, while its impact on the force distribution is much smaller. A better calculation model is the 

finite element model, such as Plaxis 2D. It gives a qualitative good insight into the deformations of the 
wall and the soil. In general, the calculated deformation mainly depends on the chosen soil model and the 

associated soil parameters. 

 

1.3. Soil-structure interaction 
Soil is a complicated material that behaves non-linearly and often shows anisotropic and time-dependent 

behaviour when subjected to stresses. The non-linear behaviour implies that the soil deformations do not 

increase linearly with the increasing soil stresses. In compression soil becomes stiffer. Sand, which at the 
surface shows no cohesion, exhibits an increasing stiffness and strength when subjected to all-sided 

compression. The explanation can be found in the fact that the space between the particles decreases as 

the soil is compressed. This leads to an increase of the forces between the particles, an increase of the 

number of contacts between the particles and an increase of the contact surface between the particles, 
resulting in a higher soil stiffness. Since in general the stresses increase with the depth, it can be expected 

that the soil stiffness increases with the depth. A pile foundation embedded in deep sand for instance, 

extracts a large part of its bearing capacity from the high stiffness of the soil (deep sand) lying under high 
pressure. The upper lying layers cause a high pressure in the deep sand, which now acts as a very stiff 

layer, making it possible to allow very large forces on the pile. It can be concluded that the soil stiffness 

depends significantly on the stress-level; the soil stiffness increases with compression and generally 
increases with the depth (higher stresses).  

 

Diaphragm walls are in direct contact with the soil. When external forces act on the structure, neither the 

structural displacements nor the soil displacements, are independent of each other. The soil-structure 
interaction is a process in which the response of the soil influences the motion of the structure and the 

motion of the structure influences the response of the soil.  
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For the modelling of soil behaviour, several models are available which are based on the material 
behaviour in terms of stiffness and strength. Stiffnesses of soil and structural elements obviously play a 

role in the distribution of forces. On one hand, an accurate determination of the soil stiffnesses is 

important to obtain a proper load distribution in the structure; the stiffness behaviour of the soil mainly 

depends on the stress state present therein. On the other hand, the bending stiffness of the diaphragm wall 
plays an important role in the equilibrium of forces between the soil and the diaphragm wall, because the 

deformation of the diaphragm wall depends on the horizontal soil pressures.  

 
Movements of the wall may lead to relatively large deformations in the soil, which may cause serious 

structural damage in parts of the construction, adjacent structures or facilities. Deformations will be 

judged by the impact they have on surface or underground objects. The deformation criteria for selected 

representative buildings or structures in the vicinity of the underground structure are determined on the 
basis of the deformation capacity. However, the stiffness of the structure will determine the deformation 

behaviour. A rigid structure will tilt; a weak structure can sag. In literature relative rotations of 1: 500 to 

1: 2000 are regarded as permissible. 
 

1.4. Deformation requirements (ProRail) 
For deformations of retaining walls a distinction is made into the limit states: 

- ULS, type B. This is achieved if the deformation of the retaining wall leads to failure of an 
adjacent structure; 

- SLS. This is achieved if the deformation of the retaining wall results in exceeding the maximum 

allowable displacement for the wall and/or for the adjacent structure. 

The ULS, type B does not always apply for retaining structures. For this research the SLS is 
representative, using calculations based on characteristic values of the parameters. 

 

Railways – ProRail requirements 
The CUR166 provides requirements concerning allowable horizontal deformations for retaining structures 

which are loaded by railways. These requirements are based on the design regulations and guidelines of 

ProRail. To reduce the rail maintenance, the deformation of retaining structures along and in the rails 
must be limited. The following requirements hold for the SLS: 

- The horizontal displacement of a retaining structure at the level of the top of the rails may not be 

greater than 10 mm; 

- The total deflection of the retaining wall should not be greater than 1/100 of the depth of 
excavation with a maximum of 40 mm (aesthetic requirement). 
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2. SOIL MODELS 

2.1. Calculation methods 
In general three calculation methods, incorporating the interaction of the soil and the structure, are  

available for retaining walls. The calculation-based approaches can be used to predict stresses, loads, and 
system movements. In the following, these methods will be addressed briefly: 

 Blum’s Equivalent Beam Method 

 Beam on Elastic Foundation Method 
 Finite Element Method 

 

2.1.1. Blum method 
The Blum method assumes a failure situation in the soil in which the deformations are so large that 

maximum shear stresses can develop. This method uses calculations with minimum active and maximum 

passive earth pressures. The magnitudes of the earth pressures are determined and the wall calculation can 

be carried out as a supported beam calculation (the wall can be unanchored, single or multiple anchored, 
freely supported or with fixed ends). The Blum method cannot be used for walls with a very high bending 

stiffness, such as diaphragm walls. The deformations that occur usually remain so limited that no 

minimum active and maximum passive earth pressures can develop [3]. 

 
2.1.2. Beam on Elastic Foundation Method (BEF) 

The soil pressures are modelled with a series of independent spring supports similar to the Winkler elastic 

foundation model. The spring constant is the ratio of stress (p) to displacement (w), which can be 
expressed as follows: 

s

p
k

w
           (Eq. 2.1)  

where the constant sk is called the modulus of subgrade reaction or soil spring constant. The modulus of 

subgrade reaction is not a true soil property, but rather depends on both the soil conditions and the 
geometry of the excavation being modelled. 

 
The Winkler elastic foundation model approximates the wall-soil interaction with a one-dimensional 

model instead of a two-dimensional model that includes the soil mass, and hence does not include the 
effects of arching within the soil mass. The strength of this model is that it greatly simplifies the analysis, 

for it assumes the elements are individually acting without interaction.  

 
Winkler’s idealization represents the soil medium as a system of identical but mutually independent, 
closely spaced, discrete, linearly elastic springs (Figure 11a). In general, the soil behaviour is linear and 

the model lacks continuity among the springs. According to this idealization, deformation of the structure 

due to the applied load is confined to loaded regions only. If the structure is subjected to a partially 
distributed surface loading (q), the springs will not be affected beyond the loaded region. For such a 

situation, an actual foundation is observed to have the surface deformation as shown in Figure 11b. 

Hence, by comparing the behaviour of a theoretical model and an actual structure (Figure 11c), it can be 

seen that this model essentially suffers from a complete lack of continuity in the supporting medium. The 
fundamental problem with the use of this model is to determine the stiffness of  the elastic springs used to 

replace the soil. The predicted wall displacements are very sensitive to the values of subgrade modulus 

used in the analysis. The BEF-method does not directly estimate vertical ground movements behind the 
wall. Ground movements behind the wall are evaluated using the calculated wall displacement from the 
model. An empirical relationship between wall movement and ground movements must then be used 

[4,5,6]. 
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Figure 11: Interaction model: (a) Distribution of soil reactions on the wall; (b) Behaviour according to 

theoretical model; (c) Behaviour of real structure. 

The soil-structure interaction is taken into account by modelling the wall as an elastic beam resting on 

uncoupled springs. Based on the displacement method, the following differential equation needs to be 

solved:  
4

4

d w
EI kw f

dx
           (Eq. 2.2) 

This formula consists of three terms, where: 
- Term 1: Represents the bending stiffness of the wall 

- Term 2: Represents the spring supports for soil and anchors.  

- Term 3: Represents the external load, other than from the subsoil. 

 
 Influence of EI and ks on the wall behaviour 

For the BEF-analysis it is found that the calculated load distribution over the wall is usually closer to 

reality than the calculated displacements. The ks has a lower impact on the bending moments than on the 
displacements. The reason behind it is that the displacement is a direct function of ks, whereas the bending 

moment is proportional to the 4
th

 root of ks. The occurring load distribution and the displacements are not 

only determined by the soil spring stiffness, but are rather a result of the mutual relationship between the 
wall stiffness (EI), the soil spring stiffness (ks) and the spring stiffness of anchors. 

 

Assuming a homogeneous soil profile at an unanchored wall, the magnitude of ks has a negligible 

influence on the maximum moment and a great influence on the deformation. The effect of EI on both the 
moment and the deformation remains small in absolute terms, which is made clear in Figure 12. For an 

anchored wall this interaction between EI, ks, the bending moments and the deformations is not so 

obvious. In Figure 13 the influence of variations of the above-mentioned factors is outlined schematically. 
For anchored walls with a relatively low bending stiffness the deformation pattern of the wall is strongly 

influenced by the anchor stiffness.  
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Figure 12: Influence of the wall stiffness (EI) for an unanchored wall. The occurring moment is equal for both 

cases 

 

 
Figure 13: Influence of the wall stiffness (EI) and the soil stiffness (ks) for an anchored wall 

 
2.1.3. Finite Element Method (FEM) 

The finite element method is based on a model in which the behaviour of soil and structure is integrated. 

The properties of soil are introduced by means of stress-deformation relations. With this method 
fundamental calculations of stresses and deformations of soil and structural members can be made. The 

method can be used to calculate sectional forces of the structural members, verify the global stability of 

the structure and to calculate and verify deformations [7].  

 
In contrast to the BEF-analysis, the FEM-analysis can provide direct information on the ground 

movements outside of and inside the excavation. It can also be used to model the soil-structure interaction 

response of nearby structures to the excavation-induced ground movements. Another difference between 
the FEM- and BEF-methods is that variations in the soil stiffness (modulus) can have a greater effect on 

predicted loadings and movements due to the inclusion of soil arching in the FEM-model [4]. An example 

is shown in Figure 14. 

 
Because the FEM-analysis gives, compared to the BEF-analysis, a more accurate prediction of the soil-

structure interaction, this calculation method will mainly be used throughout this research for determining 

the load distribution and deformations. Herewith, the software package PLAXIS 2D will be used to 

analyse and calculate geotechnical structures. The software package PCSheetPileWall is based on the 
BEF-analysis, and is especially used in order to define the bending stiffness of the diaphragm wall over its 

height. A description of the above-mentioned calculation programs, together with their features, is given 

in section 2.4. 
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Figure 14: Deformed mesh in Plaxis 2D 

2.2. Material models 
This paragraph briefly describes the conventional constitutive soil models in FEM. The description of 
these models will be based on the material models in PLAXIS, as the latter can be considered to be the 

most commonly used FEM in the geotechnical field in the Netherlands. The different material models are 

[7]: 

 The Linear Elastic Model (LE) 

This model represents Hooke’s law of isotropic linear elasticity, which is used to simulate the soil 

behaviour. 

 

 The Mohr-Coulomb Model (MC)   

The Mohr-Coulomb model is characterized by a transition from linear elastic to perfectly plastic, defined 

by the Mohr-Coulomb failure criterion. 

 
 The Hardening Soil Model (HS) 

The Hardening Soil Model also uses the Mohr-Coulomb failure criterion. However, the description of the 

soil stiffness is much more advanced. It includes shear hardening, compression hardening, stress-
dependency of stiffness moduli, it allows for the introduction of pre-consolidation and it distinguishes 

between elastic behaviour during unloading and reloading.  

 

 The Hardening Soil Small Strain Model (HSS) 
This model can be considered to be a modification of the HS-model. It includes an increased stiffness at 

small strains, resulting in more reliable deformations. 

 
 The Soft Soil Creep Model (SSC) 
The Soft Soil Creep Model includes the description of viscous behaviour of soils (e.g. creep), which is 

especially of interest when encountering soft soils. The SSC- model also uses the Mohr-Coulomb failure 

criterion, it includes stress-dependency of stiffness moduli, it allows for the introduction of pre-
consolidation stress and it distinguishes between unload/reload behaviour. For unloading problems the 

SSC-model provides comparable results as the MC-model. 

 

Generally speaking the HS-model (with or without small strain stiffness) is considered to be the most 
suitable model for retaining structures. This model is suitable for all soils, but does not account for 

viscous effects. The LE-model is very limited for the simulation of soil behaviour and it is primarily used 

for stiff structures in the soil. The MC-model should only be used for a relatively quick and simple first 
analysis of the problem considered. When good soil data is lacking, there is no use in further more 
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advanced analyses. The SSC-model should be used whenever time-dependent behaviour becomes 
dominant due to the presence of pre-dominantly soft soils. The HSS-model must be considered especially 

when it is important that deformations are calculated with higher accuracy [7, 8].  

 

In Plaxis 2D (version 8) we also distinguish the Soft Soil Model (SS) and the Jointed Rock Model (JR). 
Although the capabilities of the SS-model are superseded by the HS-model, this model is retained and can 

be used for normally consolidated clay-type soils. The JR-model can be used to simulate the behaviour of 

stratified or jointed rock.  

 

2.3. Soil parameters 
When designing geotechnical structures, it is necessary to know the pertinent parameters controlling the 

soil behaviour. Most of the characteristic soil parameters can be determined based on soil investigation. In 

case it is not feasible to measure the necessary soil parameters directly, these parameters can be derived 
from statistical analyses of test results. The soil parameters used in this research are described in the 

following.  

2.3.1. Horizontal soil pressure coefficients 
Effective stresses: 

When a load is applied to soil, it is carried by the water in the pores as well as the solid grains. The 
increase in pressure within the porewater causes drainage (flow out of the soil), and the load is transferred 

to the solid grains. The rate of drainage depends on the permeability of the soil. The strength and 

compressibility of the soil depend on the stresses within the solid grains called effective stresses. The 

effective stresses are a measure for the forces in the contact points of the grains. Thus, the total stress is a 
summation of the effective stress and the porewater pressure: 

 

' p             (Eq. 2.3) 

 

Where: 
σ Total stress    [kN/m

2
] 

σ’ Effective stress    [kN/m
2
] 

p  Porewater pressure   [kN/m
2
] 

 

It needs to be noted that an important special feature of soil is that it can transfer compressive stresses, but 

no tensile stresses. Furthermore, shear stresses can only be transferred if they are relatively small, 
compared to the normal stresses. 

 
Horizontal soil pressure coefficients: 

The importance of the effective stresses lies in the fact that the soil behaviour is governed by it. The 

horizontal and vertical effective stresses are a assumed to be proportional to each other, expressed in the 
horizontal soil pressure coefficient:  

 

'

'

H

V

K



           (Eq. 2.4) 

 

Where: 

K Horizontal soil pressure coefficient [-] 
σ’H Horizontal effective stress  [kN/m

2
] 

σ’V Vertical effective stress   [kN/m
2
] 
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The horizontal soil pressure coefficient K depends on the physical soil properties φ, c, and δ and the 
sliding plane (straight or curved). In case of no horizontal underground deformation (wall does not move), 

the relationship between the horizontal and vertical effective stress is expressed in terms of the neutral 

horizontal soil coefficient K0. The dimensioning calculations for the wall are based on the active and the 

passive horizontal effective stress. For an active sliding plane the ground wedge moves downwards (wall 
moves away from the soil in horizontal direction). For a passive sliding plane the ground wedge moves 

upwards as a result of the counterpressure  provided by the soil in order to resist the displacement of the 

wall. The active and passive horizontal soil pressure coefficients are expressed as Ka  and Kp, respectively. 
 

For the neutral horizontal soil coefficient K0 the following correlation according to Jaky is applicable for 

cohesionless soils: 

 

0 1 sinK             (Eq. 2.5) 

 
According to the theory of Müller-Breslaue, the active and passive horizontal soil pressure coefficients 

for straight sliding planes are expressed as follows [15, 16]: 
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       (Eq. 2.7) 

Where: 

ϕ Internal friction angle   [ ̊ ] 
δ Wall friction angle   [ ̊ ] 

 

Determination of the horizontal stresses as a result of the effective stresses according to the earth pressure 

theory of Rankine results in the following formulas for  the soil pressure coefficients Ka  and Kp [17]:  

1 sin

1 sin
aK









          (Eq. 2.8) 

 

1 sin

1 sin
pK









          (Eq. 2.9) 

2.3.2. Cohesion (c) and Internal friction (ϕ) 
The shear strength of a soil mass is the internal resistance per unit area that the soil mass can offer to 

resist failure and sliding along any plane inside it. Understanding shear strength is the basis to analyze 
soil stability problems such as bearing capacity, slope stability, and lateral pressure on earth-retaining 

structures. Soil derives its shear strength from two sources: 

- Cohesion between particles (stress independent component).  
 According to soil mechanics the cohesion (c) is defined as the shear strength when the compressive 

stresses are equal to zero. 

- Frictional resistance between particles (stress dependent component). 

The internal friction angle (ϕ) is the measure of the shear strength of soils due to friction [10,11, 13]. 
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Mohr-Coulomb Failure Criterion 
Mohr (1900) presented a theory for rupture in materials that contended that a material fails because of a 

critical combination of normal stress and shearing stress, and not from either maximum normal or shear 

stress alone. Mohr’s failure envelope is a 

curved line. For most soil mechanics 
problems, it is sufficient to approximate the 

shear stress on the failure plane as a linear 

function of the normal stress (Coulomb, 
1776). The functional relationship between 

normal stress and shear stress on a failure 

plane can be expressed by means of the 

Mohr-Coulomb failure criterion (see           
Figure 15) [9, 11]: 

          Figure 15: Failure envelope [9] 

' tanf c              (Eq. 2.10) 

 
Where: 

c Cohesion     [kN/m
2
]  

ϕ Internal friction angle    [ ̊ ]  
σ’  Normal effective stress on the failure plane [kN/m

2
]    

τf Shear strength     [kN/m
2
]  

 

As stated by the Mohr-Coulomb failure criterion, failure from shear will occur when the shear stress on a 

plane reaches the shear strength (τf). The inclination of the failure plane (θ) is determined with the major 

and minor principal plane, see Figure 16, where σ1 and σ3 are the major and minor effective principal 
stresses. To determine the angle θ and the relationship between σ1 and σ3, reference is made to Figure 16 

(b), which is a plot of the Mohr’s circle for the stress-state shown in Figure 16 (a). The soil element does 

not fail if the Mohr circle is contained within the envelope. As the loading progresses, the Mohr circle 
becomes larger and finally failure occurs when Mohr circle touches the envelope [11,12]. 

 

 
Figure 16: (a) Inclination of failure plane in soil with major principal plane; (b) Mohr’s circle and failure 

envelope [10] 
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2.3.3. Wall friction (δ) 
An important parameter in the calculation of the horizontal soil pressure against the wall is the wall 

friction angle δ. This is the angle between the force due 

to the soil pressure and the normal to the plane of the 
wall. The direction of the wall friction angle has a large 

influence on the value of the soil pressure at  both the 

active and the passive side. The wall friction angle δ is 
positive when it is directed counterclockwise. 

 

For an active sliding plane the ground wedge is moving 

downwards resulting in a positive δ, while for a passive 
sliding plane the ground wedge is moving upwards 

resulting in negative δ. This is represented in              

Figure 17. In this figure the straight sliding surfaces are 
used to schematize the situation. The dotted lines 

represent the actual sliding surfaces. A decrease of the 

wall friction angle results in an increase of the active 

and passive soil pressure.  
             Figure 17: Direction of the wall friction angle δ [15] 

For smooth steel sheet pile walls it is assumed that δ = minimum (2/3ϕ, 20º) for straight sliding planes or 

δ = minimum (ϕ – 2.5º, 30º) for curved sliding planes. These values are often also applied for diaphragm 
walls. It is doubted whether this is correct since the rough surface of the concrete may lead to a higher 

wall friction angle. However, the bentonite cake remaining between the wall and the surrounding soil 

could affect the friction properties adversely [18]. 
 

The CUR231 [18] indicates that for calculations with a BEF-model it is advised to use the following: 

 Based on curved sliding planes:  δ = minimum (ϕ, 20º) 

 Based on straight sliding planes:  δ = minimum (2/3ϕ, 13,3 °) 
For FEM calculations, δ = minimum (ϕ, 20 °) must be chosen. 

 

2.3.4. Dilatancy (ψ) 
The dilatancy angle, ψ, determines the plastic volume expansion due to shearing. This tendency of 
compacted granular material to expand in volume occurs because the grains in a compacted state are 

interlocking and therefore do not have the freedom to move around one another. For fine grained, 

cohesive soils, the dilatancy angle tends to be small; it may often be assumed that ψ is equal to zero. 
Apart from heavily overconsolidated layers, clay soils show little dilatancy (ψ ≈ 0). The dilatancy of sand 

depends on both the density and the internal friction angle. For quartz sands the order of magnitude is ψ ≈ 

ϕ - 30̊. For ϕ-values of less than 30̊, however, the dilatancy angle is mostly zero. A small negative value 

for ψ is only realistic for extremely loose sands [8, 19]. 

 

2.3.5. Permeabilities (kx and ky) 
Permeabilities have the dimension of velocity (unit of length per unit of time) and are of main importance 

for consolidation analyses and groundwater flow calculations. Consolidation is the dissipation of excess 

pore pressure with time, accompanied by volume change. The rate of consolidation (volume change with 
seepage) not only depends on the permeability of the soil, but also on the size of the consolidating layer. 

Distinction can be made between a horizontal permeability, kx, and a vertical permeability, ky, since in 

some types of soil (for example peat) there can be a significant difference between horizontal and vertical 

permeability. Sands have a high permeability, while clays have a low permeability [20, 21]. 
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2.3.6. Drained/ undrained loading 
Under drained loading conditions no excess pore pressures are generated. This is clearly the case for dry 

soils and also for full drainage due to high permeability (e.g. in sands and gravels) and/or a low rate of 

loading. Under fully drained conditions the pore pressures do not change. 
Undrained behaviour is used in case of a full development of excess pore pressures. Flow of pore water 

can sometimes be neglected due to a low permeability (e.g. in clays) and/or a high rate of loading. Under 

undrained conditions there can be no volume change, since water cannot escape [20, 21]. 
 

2.3.7. Saturated and unsaturated weight (γsat and γunsat) 
The saturated and the unsatured weight refer to the total unit weight of the soil skeleton including the 

fluid in the pores. The unsaturated weight γunsat applies to all material above the phreatic level, while the 

saturated weight γsat applies to all material below the phreatic level. For sands, for instance, the saturated 
weight is generally around 20 kN/m

3
 whereas the unsaturated weight can be significantly lower, 

depending on the degree of saturation. In practical situations soils are never completely dry. Hence, it is 

advisable not to use the fully dry unit weight for γunsat [21]. 

 

2.3.8. Modulus of subgrade reaction (ks) - Secant 
The modulus of subgrade reaction, ks, is a deformation parameter of the soil and describes the ratio 

between an increment of horizontal stress and an increment of wall displacement (see (Eq. 2.1)). The 

modulus of subgrade reaction, also referred to as the soil spring stiffness, is not a constant value but 

actually depends on the depth in the soil and the magnitude of the deformation. For computer programs 
this soil parameter is usually divided into one, two or three linear branches. The Secant definition based 

on the stress-displacement diagram according to CUR 166 always uses three branches with intersections 

at 50, 80 and 100 % of Ka – Kp, as indicated in Figure 18. This tri-linear relation for the soil stiffness 
gives a better approximation of the real behaviour than the use of a single spring stiffness constant. The 

slope of the different branches is defined indirectly, via the three secant moduli at the intersection points.  

The choice for the size of the spring stiffness constant is mostly of importance for the calculation of the 
displacements of the wall [16, 22, 23]. 

 

 
Figure 18: Non-constant value for the soil spring stiffness - approximation by 3 straight lines (CUR 166).  Input 

via 3 secans values (k1, k2 and k3) [23] 
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2.3.9. Stiffness moduli (E) 
The Young’s modulus is the basic stiffness modulus in an elastic model. Since many soil layers exhibit  

non-linear behaviour in the stress-strain diagram from the very beginning of loading, the soil stiffness is 

described much more accurately by using three different input stiffnesses:  
- The triaxial loading stiffness or secant modulus, E50,  

- The triaxial unloading stiffness, Eur, and  

- The oedometer loading stiffness Eoed.   
As average values for various soil types, we have Eur ≈ 3 E50 and Eoed ≈ E50, but both very soft and very 

stiff soils tend to give other ratios of Eoed/ E50 [8]. These above-mentioned stiffness moduli are explained 

in the following. 

 
In soil mechanics the initial slope is usually indicated as E0 and the secant modulus at 50% strength is 
denoted as E50. For materials with a large linear elastic range it is realistic to use E0, but for loading of 

soils one generally uses E50. Considering unloading problems, as in the case of tunnelling and 

excavations, one needs Eur instead of E50. For soils, both the unloading modulus, Eur, and the first loading 
modulus, E50, tend to increase with the confining pressure. Hence, deep soil layers tend to have greater 

stiffness than shallow layers. Moreover, the observed stiffness depends on the stress path that is followed. 

The stiffness is much higher for unloading and reloading than for primary loading [8]. The stiffness 
moduli E0, E50 and Eur are depicted in the stress-strain diagram of Figure 19.  

 

 
Figure 19: Hyperbolic stress-strain relation in primary loading for a standard drained triaxial test [8] 

The oedometer  modulus Eoed characterizes the soil stiffness in case of one-dimensional compression. The  
oedometer modulus Eoed relates to the Young’s modulus, according to Hooke’s law of isotropic elasticity, 

involving the Poisson’s ratio υ: 

 

(1 )

(1 2 )(1 )
oed

E
E



 




 
         (Eq. 2.11) 

The amount of stress-dependency of the stiffness moduli is taken into account by means of a power law, 

using the parameter m. The formulas, including this power of soil hardening m, will not be dealt with 

further in this report, but instead reference is made to [8]. For a certain stress level the stiffness moduli are 

given as 50 ,ref ref

urE E and 
ref

oedE . This m-value may vary between 0 and 1 (gravel: 0.5; sand: 0.55-0.75; mud: 

0.75; clay: 1.0) [24, 41]. 
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2.3.10. OCR and POP 
In order to determine the soil pressure it is important to take into account the loading history of the soil. 

Higher occurring loads in the past may have caused a reduction of vertical stresses, while the horizontal 

stresses remained significantly higher. This is called overconsolidation. If a material is overconsolidated, 
information is required about the Over-Consolidation Ratio (OCR):  

 

0'

p

yy

OCR



           (Eq. 2.12) 

Where: 
σp The greatest effective vertical stress previously reached  [kN/m

2
]  

σ’
0

yy The in-situ effective vertical stress    [kN/m
2
]  

 
One identifies: 

- Lower consolidated soil if OCR < 1 

- Normally consolidated soil if OCR = 1 and 
- Overconsolidated soil if OCR > 1. 

 

It is also possible to specify the initial stress state using the Pre-Overburden Pressure (POP) as an 

alternative to prescribe the over-consolidation ratio. The Pre-Overburden Pressure is defined by: 
 

0'p yyPOP             (Eq. 2.13) 

These two ways of specifying the vertical pre-consolidation stress are illustrated in Figure 20.   

 

 
Figure 20: Illustration of vertical pre-consolidation stress in relation to the in-situ vertical stress [8] 

2.4. Calculation software 
In order to investigate the soil-structure interaction, two calculation software programs will be used 

during this research, in particular: 

 PCSheetPileWall (Version 1.36) – a discrete model and; 
 Plaxis 2D (Version 8) – a continuous model. 

 

The geometric and physical nonlinearities are taken care of by the software programs. In case of 
geometric nonlinearity the force distribution is influenced by the deformation; here the equilibrium of 

forces is based on the deformed geometry of the structure. The physical nonlinearity concerns a changing 

bending stiffness EI as the load increases. In PCSheetPileWall, both the geometric and physical 
nonlinearity are included by the program itself. However, this is not totally the case with Plaxis 2D. This 
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program takes the geometric nonlinearity automatically into account, but does not allow for the physical 
nonlinearity. In Plaxis 2D the varying bending stiffness for structural elements subjected to bending 

should be implemented manually. The element is divided into parts, where each part is considered to 

behave linear-elastic (with a constant EI). A brief description with the capabilities of both programs will 

be given in the sections 2.4.1 and 2.4.2.  

 

2.4.1. PCSheetPileWall 
PCSheetPileWall is a discrete numerical model based on the BEF-method. The diaphragm wall is 

modelled as a beam supported by uncoupled elastic springs representing the soil stiffness. One of the 

most important features of this program is that it is capable of including the variable bending stiffness of 

the diaphragm wall in the soil-structure interaction. Based on the properties of the reinforced concrete 
diaphragm wall and the occurring bending moment, the cracked bending stiffness is calculated by the 

program. Besides the non-linear behaviour of the soil, the behaviour of the diaphragm wall therefore too 

becomes non-linear.  
 

The diaphragm wall can consist out of more than one section in vertical direction, each with different 

moment of inertia and elastic modulus. For each section the bending moment capacity can be represented 
by an M-(N)-κ diagram for the SLS and ULS. For the determination of the bending stiffness of the 

diaphragm wall the following parameters are of great importance: 

- The wall thickness; 

- The amount of reinforcement; 
- The concrete cover; 

- The concrete quality; 

- The reinforcing steel properties;  
- Inclusion of the normal force due to self-weight of the wall; 

- Inclusion of the reinforcement holes; 

- Inclusion of eccentricity shear forces by soil (due to friction wall-soil). The vertical shear forces along 
the diaphragm wall have an eccentricity related to the heart of the concrete cross-section. Due to this 

eccentricity extra moments are exerted onto the diaphragm wall. 

 

In this program it is only possible to draw one diaphragm wall where at both sides the surface level, 
groundwater level, soil layers, loading, anchors/struts and/or supports (spring supports, fixed supports, 

clamped connection) should be defined for each construction phase. The soil properties of each soil layer 

are defined by: γ, ϕ, δ, c and OCR. The soil stiffness (non-linear spring behaviour) is modelled by means 
of the tri-linear stiffness model as discussed in section 2.3.8 with k1, k2 and k3 (see Figure 18). As stated 

before, the diaphragm wall stiffness is determined as a function of the occurring bending moment. 

 

The output of the calculations consist of the following results for each construction phase: 
- The force distribution in the wall (M- and V-distribution); 

- The lateral wall displacements; 

- The pressures against the wall (waterpressures and (effective) soil stresses); 
- The reinforcement (tensile) stresses; 

- The lateral stiffness over the wall height (EI-distribution); 

- The cracked and uncracked zones over the wall height. See Figure 21. 
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Figure 21: The cracked and uncracked zones over the wall height as determined by PCSheetPileWall 

2.4.2. Plaxis 2D 
Plaxis is a finite element program specifically developed to perform deformation and stability analyses in 

geotechnical engineering projects. It is the most widely used finite element program in the Dutch 

geotechnical engineering field. Through a system of coupled ordinary and partial differential equations, 
one can describe the equilibrium of stresses in and the deformation of the soil. This also holds for the 

bending behaviour of structural elements. With Plaxis 2D the soil displacements can be calculated for any 

loading and geological profile. Real situations may be modelled either by a Plane Strain or an 

Axisymmetric model. A plane strain model is used in case one dimension is relatively long compared to 
the other dimensions, while an axisymmetric model is used for circular structures. The program makes 

use of mesh elements which can be refined. This refinement is especially important in areas where large 

stress concentrations or large deformation gradients are expected. The finer the mesh, the more accurate 
the results. For the simulation of the soil behaviour Plaxis 2D has the following material models: Linear 

elastic, Mohr-Coulomb, Soft Soil, Hardening Soil, Soft Soil Creep, Jointed Rock and User-Defined 

model. For a detailed description of the material models reference is made to the Plaxis manuals [8] and 
[21]. These models have already been described briefly in section 2.2. In the context of this research the 

following material models are used: LE- and HS-model. 

2.4.2.1. Finite element analysis 
The possibilities of the program are discussed systematically based on the following structure: 

 
 Input geometry model & assignation constitutive model 
For the analysis it is important to create a geometry model first, which is a 2D-representation of the real 

three-dimensional problem. The geometry model includes a representative division of the subsoil into 

distinct soil layers, structural objects, construction stages and loading. The dimensions of the model must 

be sufficiently large such that the boundaries do not have any influence on the results of the problem to be 
studied. In order to simulate the behaviour of the soil, a suitable soil model and appropriate material 

parameters must be assigned to the geometry. As mentioned before, it is possible to choose between 

different constitutive models in Plaxis. The difference between these models lies in the manner in which 
the material behaviour is described in terms of stiffness and strength. A choice can be made between 
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simple soil stiffness behaviour by means of the e.g. MC-model or a more complex soil stiffness behaviour 
represented by e.g. the HS-model. 

 
 Mesh generation 

After the creation of the geometry model, the finite element model (or mesh) is generated composed of 

triangular elements. A choice can be made between 15-node and 6-node elements. Meshes composed of 
15-node elements are actually much finer and provide a more accurate calculation of stresses and failure 

loads compared to meshes composed of 6-node elements. If necessary, the mesh can be optimised by 

performing global or local refinements. In addition to the triangular elements, which are generally used to 
model the soil, plate elements and interface elements may be generated to model the structural behaviour 

and soil-structure interaction.  

  
Plate elements are used to simulate the behaviour of structural elements, which are presented as beam 

elements with elastic behaviour. The behaviour of these elements is defined by using a bending stiffness 

(EI) and normal stiffness (EA), from which an equivalent plate thickness can be calculated:  

12eq

EI
d

EA


  
       

Where: 
deq Equivalent plate thickness   [m] 

EI Bending stiffness   [kNm
2
/m’] 

EA  Normal stiffness   [kN/m’] 
 

Interface elements are applied between the soil elements and the plate elements in order to model the soil-

structure interaction. With this the slip behaviour and the load transfer between the soil and the structure 

is described. The characteristics of the interface elements are defined by the structure and the soil. In 
general, for real soil-structure interaction the interface is weaker and more flexible than the associated soil 

layer, implying that the interface strength Rinter should be less than 1. In case the interface should not 

influence the strength of the surrounding soil it holds that Rinter = 1 (no reduced strength properties). In the 
absence of  detailed information the properties of the interface are linked to the adjacent soil, and the 

interface strength is estimated to be: 

- Rinter = 0,50 for clay and peat 

- Rinter = 0,67 for sand 

 
 Finite element calculation: 

The finite element analysis consists of a number of calculation phases. The purpose of these calculation 

phases is to create a stress state which approximates the actual situation as close as possible, thereby 
making a distinction between the pore pressures and the effective (horizontal and vertical) stresses. The 

initial stress state, the so-called K0-procedure, is an important part of the non-linear finite element 

analysis. The building up of the calculation phases is of particular importance for the soil deformations, 
and therefore also affect the structural elements.  

 
 K0-procedure (Initial conditions) 

The K0-procedure for the generation of initial effective stress state does not take external loads and 
weights of structural elements into account. All loads and structural objects which are to be applied in a 

later stage and are not present in the initial situation, are therefore de-activated and have no effect in the 

initial configuration. The initial stresses in a soil body are influenced by the weight of the material and the 

history of its formation. By selecting ΣMweight = 1.0 in Plaxis the full soil weight and water pressures 
are activated for the generation of the initial effective stresses. When using the Hardening Soil model and 

defining a normally consolidated initial stress state it holds that: OCR = 1.0 and POP = 0.0.  
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 Staged construction 
After generation of the finite element model, the actual finite element calculation can be executed. Just 

like in the engineering practice where a project is divided into project phases, similarly the calculation 

process in Plaxis is divided into calculation phases using the Staged Construction. The initial stress 

generation (K0-procedure) is the initial construction phase, which is followed by other defined 
construction phases where the sequence of the types of loading and construction stages are assigned to. 

Staged construction enables an accurate and realistic simulation of various loading, construction and 

excavation processes; by means of the staged construction it is possible to activate or deactivate the 
weight, stiffness and strength of selected components of the finite element model. With this option it is 

also possibe to improve the accuracy of previous computational results. The finite element calculations in 

Plaxis can be distinguished into three basic types of calculations:  

- Plastic calculation: This calculation type is selected to carry out an elastic-plastic deformation analysis 
where it is not necessary to take the decay of excess pore pressures with time into account. This type of 

calculation is appropriate in most practical geotechnical applications. In case of a fully drained analysis, 

an assessment of settlements on the long term is possible. This gives a reasonably accurate prediction of 
the final situation, although the precise loading history is not followed and the process of consolidation 

is not dealt with explicitly.  

- Consolidation analysis: This calculation type is selected when it is necessary to analyse the 
development or dissipation of excess pore pressures in water-saturated clay-type soils as a function of 

time.  

- Phi-c reduction (safety analysis): This calculation type is selected when it is desired to calculate a 

global safety factor for the situation at hand. The safety analysis can be executed by reducing the 
strength parameters of the soil.  

For this research the Plastic Calculation is considered.  

 

 Output 

The output results in Plaxis 2D concern the following for the: 

- Soil: Deformations and stresses; 
- Structural elements: Structural displacements and forces (axial forces, shear forces and bending 

moments); 

- Interfaces: Stresses (effective normal stress, shear stress, pore pressures). 
 

2.4.2.2. Choice of constitutive model 
The choice of a constitutive model depends on many factors but, in general, it is related to the type of 
analysis that needs to be performed, expected precision of predictions and available knowledge of soil. 

Geo-engineering analyses can be distinguished into 2 groups: 

- Bearing capacity and slope/wall stability analyses. These are related to the ULS-analysis, using basic 
linear models e.g. MC-model (but this is not a rule) and; 

- Deformation analyses. These are related to the SLS-analysis, using advanced non-linear constitutive 

models e.g. HS-model.  

 
Deformation analyses or situations where differences in stiffness play a significant role in the distribution 

of forces, e.g. due to incorporation of structural elements in a weir, require a more advanced constitutive 

model. In such cases the HS-model is preferred above the MC-model. It should be noted that the HS-
model requires more detailed data. If these data are not available the MC-model may be applied. In that 

case, however, the uncertainties in the finite element calculation with regard to the bending moments in  

the retaining wall can be quite large.  

  
In this research the emphasis lies mainly on the deformation analysis, where a good prediction of the 

occurring displacements is required. As the soil displacements will affect the bending stiffness and thus 
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the force distribution in the diaphragm wall and vice versa, the urge for a realistic displacement field is of 
great importance. Not only this, but also the fact that the geotechnical profile of this project consists 

mostly of sand layers, led to the choice for the HS-model as representative soil model throughout this 

research. In this research the LE-model will be used for structural elements (foundation and diaphragm 

wall) and will not be described explicitly, whereas the HS-model will be dealt with in more detail in 
section 2.4.2.4. 

2.4.2.3. Linear Elastic Model (LE) 
As stated before the LE-model is very limited for the simulation of soil behaviour. However, it is used for 

stiff structures in the soil. The following model parameters must be applied in case the LE- model is used 

for: 
- Soil: E and ν  

- Structural element: EI, EA, w and ν. 

 

2.4.2.4. Hardening Soil Model (HS) 
The HS-model is an advanced model for simulating the behaviour of different types of soil, both soft soils 

and stiff soils. In this model the primary load creates both elastic (recoverable by unloading) and plastic 

(irrecoverable by unloading) deformations. This elasto-plastic soil model is represented by a hyperbolic 

stress-strain relationship as depicted in Figure 22, resulting in more realistic displacement fields compared 
to for instance the linear-elastic perfectly-plastic MC-model. The MC-model is ideal for a stability test, 

but the displacements obtained are not realistic because of the constant stiffness. Figure 22 represents the 

stress-strain relationship for the MC-model, the HS-model and real soil.  
 

 
Figure 22: Comparison of HS- and MC-model with real soil response [26] 

The advantage of the HS-model over the MC-model is not only the use of a hyperbolic stress-strain curve 

instead of a bi-linear curve, but also the control of stress level dependency. This means that the stiffness 

moduli increase with pressure. For real soils the stiffness depends on the stress level. With the HS-model 

the real soil behaviour is approximated more accurately by incorporating a combination of three different 
stress-dependent stiffness moduli, namely: the triaxial loading stiffness (E50), the triaxial unloading-

reloading stiffness (Eur), and the oedometer loading modulus (Eoed), which have already been dealt with in 

section 2.3.9. 
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The features of the HS-model are [25]: 
- Densification, i.e. a decrease of voids volume in soil due to plastic deformations, 

- Stress dependent soil stiffness, i.e. commonly observed phenomena of increasing stiffness modules with 

increasing confining stress (also related to increasing depth); 

- Soil stress history, i.e. accounting for preconsolidation effects; 
- Plastic yielding, i.e. development of irreversible strains with reaching a yield criterion; 

- Dilatancy, i.e. an occurrence of negative volumetric strains during shearing. 

 
Although the HS model can be considered as an advanced soil model which is able to faithfully 

approximate complex soil behaviour, it includes some limitations related to specific behaviour observed 

for certain soils. These are:  

- The model is not able to reproduce softening effects associated with soil dilatancy and soil 
destructuration which can be observed, for instance, in sensitive soils. 

- The model is not capable to reproduce hysteretic soil behaviour observed during cycling loading [25]. 

 
The soil model parameters applicable for the HS-model can be distinguished into: 

- The stiffness parameters: 

50

refE  : Secant modulus 50% strength    [kN/m
2
] 

ref

oedE  : Oedometric modulus    [kN/m
2
] 

ref

urE  : Unloading-reloading modulus   [kN/m
2
] 

m  : Power for stress-level dependency of stiffness  [-] 

 

- The strength parameters: 

c : Cohesion     [kN/m
2
]  

ϕ : Internal friction angle    [ ̊ ] 
ψ : Dilatancy angle     [ ̊ ] 

 

A reasonable assumption for sand is that ref

oedE =
50

refE . For clay ref

oedE  is much lower than 
50

refE . 
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3. THE M-(N)-κ DIAGRAM 

3.1. Introduction 
A structure must provide sufficient resistance to stresses and deformations which may occur during its 

lifetime. The resistance to loads and deformations, are expressed in terms of the strength and the stiffness, 
respectively. 

 

The bending stiffness EI is the resistance to a curvature (κ) when a structural component is loaded with a 
bending moment (M) and possibly an axial compressive force (N'c). The relationship between M and κ, 

whether or not combined with an axial compressive force, is expressed by means of M-(N)-κ diagrams 

where it holds that tan
M

EI


  . The determination of the M-(N)-κ diagram is based on the nonlinear 

theory of elasticity, assuming a nonlinear relationship between moment and curvature, or stress and strain. 
As stated in [38], simple piece-wise linear (bilinear or trilinear) bending moment-curvature relationships 

have been used to idealize the actual nonlinear 

relationship for various concrete elements: 
beams, columns, walls (see Figure 23). In order 

to determine the bending stiffness of a 

reinforced concrete structure, knowledge of the 
structural behaviour in the different loading 

phases is required. For reinforced concrete the 

bending stiffness can vary considerably. There 

appears to be a large difference in the bending 
stiffness of an uncracked and a cracked 

concrete cross-section. As soon as the concrete 

has cracked, the bending stiffness decreases 
with increasing deformation! Due to a varying 

bending moment, the structure contains a 

variable bending stiffness (EIvar) over its length; 

every bending moment has a different EI 

belonging to it.      
 

To put it briefly, the M-(N)-κ diagram is a simplified representation of the varying bending stiffness of a 

reinforced concrete structure, or in other words the resistance of a concrete cross-section to deformation 

in the different loading phases. To determine the force distribution EI-values of structural elements loaded 
in the ULS are applied. For deformation calculations the EI-values of structural elements loaded in the 

SLS are applicable. The basic assumptions for calculating M-(N)-κ diagrams for the SLS are different 

from those used for the ULS; the material and load factors play a major role. The M-(N)-κ diagram in the 
ULS is based on 4 loading phases, while for the SLS it usually suffices to consider only 2 loading phases.  

The full derivation of the M-(N)-κ diagram is very laborious. In order to provide insight the successive 

phases in an M-(N)-κ diagram are dealt with by means of the stress and strain diagrams, without the 
corresponding formulas. For more detailed information reference is made to [42] and [43]. To determine 

the M-(N)-κ diagram, the following data are required:   

 The dimensions of the cross-section; 

 The reinforcement ratio; 
 The concrete quality; 

 The reinforcing steel grade. 

 

Figure 23: Idealization of the actual nonlinear bending 

moment – curvature relationship [38] 
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The presence of N'c has a favourable influence on the EI. Because of N'c the concrete cross-section is less 
likely to crack, resulting in a greater EI. A higher stiffness leads to lower deformations. Therefore, it is a 

better criterion to consider an M-κ diagram instead of an M-N-κ diagram for EI-distributions required for 

deformation calculations.  

 

3.2. Relation Moment – Curvature 
The relation between the moment (M) and the curvature (κ) is the bending stiffness (EI). From mechanics 

it is known that κ is the reciproque value of the radius of curvature (ρ), in formula: 

1 M

EI



            (Eq. 3.1) 

 
The derivation of this formula is done based on Figure 24, showing a random beam-element loaded in 

bending. The cross-section is subject to the Bernoulli beam theory (“plane sections remain plane after 

bending”) and the moment is constant over the length v. Because of the curvature the element will shorten 

at the top side and extend at the bottom.  
 

 
Figure 24: Beam loaded in bending with an enlarged view of a random beam-element 

Similarity of triangles results in: 

1
, with (specific elongation of bottom fibre) and 

h x v v h x

v v h x


  

  

   
     


 

 

In a similar way the curvature for the top fibre can be deduced, so over height x: 

1 '

x





   

 

Since both curvatures are the same, it holds that: 

1 '

h

 





   

 
The bending stress in the bottom fibre becomes:  

( )b
b

M eM M h x

W I I
 

  
     
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Considering Hooke’s law with 
E


   and b , it can be derived that the curvature is equal to: 

1 ( )

( ) ( )

M h x M

h x E h x EI h x EI

 





    

  
 

  

With this, the relation between moment and curvature has been proven.   

 

3.3. The loading phases 
In concrete structures the bending stiffness EI is very important. Just like with other materials it is used to 

determine the deformation and deflection (SLS). For statically indeterminate structures (ULS) the 

stiffness ratio of the connecting parts is of more importance than the absolute value of EI. Unlike steel, 
the EI is not constant for concrete. In a reinforced concrete structure that is loaded to failure, the 

following parts can be distinguished: uncracked parts, cracked parts, parts where the steel yields, parts 

where concrete crushes and parts that have failed. The connecting parts thus have an EI which varies! In 

order to have a good prediction of the structural behaviour, the material behaviour of the concrete and the 
reinforcement in terms of the σ-ɛ diagrams is of importance. The required σ-ɛ diagrams in case of the 

ULS are given in Figure 25. 

 

 
Figure 25: σ-ɛ diagrams for concrete (compression and tension) and reinforcement steel in the ULS (Note: The 

diagrams are not on scale) 

To determine the M-(N)-κ diagram 4 loading phases are considered from the moment of loading till the 

moment of failure of the reinforced concrete structure. The 4 corresponding critical points P1, P2, P3 and 

P4 are indicated in each of the σ-ɛ diagrams of the reinforcing steel and the concrete as depicted in Figure 
25. The following 4 loading phases are distinguished in the M-(N)-κ diagram: 

 

1. The cracking moment Mr, with the accompanying curvature κr. 
The (mean) tensile strength of the concrete has been reached and the first crack appears (σc = fctm). 

 

2. The yield moment Me, with the accompanying curvature κe. 
The (tensile) reinforcement starts to yield (σs = fyd). 

 

3. The crushing moment Mpl, with the accompanying curvature κpl. 

The concrete in the compression zone starts to crush (ε’c,pl = 1,75‰). 



 

Realistic bending stiffness of diaphragm walls for structural analysis 

 

 38 APPENDIX A 

 

4. The ultimate moment Mu, with the accompanying curvature κu. 
The concrete has reached its ultimate compressive strain (ε’cu = 3.5‰). 

 

This order of the loading phases is common. However, the points P2 and P3 can appear in reversed order; 

the reinforcement does not necessarily have to yield before the concrete starts to crush. This depends on 
the applied amount of reinforcement. Howbeit, for a ductile failure it is necessary that the reinforcement 

yields before the concrete compression zone fails, thus before reaching point P4. This can be achieved by 

applying the maximum reinforcement ratio (ρl;max).  
 

A short description of the 4 loading phases is given in the following, with reference to Figure 25, Figure 

27 and Figure 28: 

 P1: In this phase the structure behaves in a linear elastic manner. The neutral axis is situated just below 
the centre of the concrete cross-section, because steel has a higher E-modulus than concrete. Upon 

reaching the cracking moment Mr, the concrete at the tension side starts to crack. Here the maximum 

tensile strength of concrete has been reached: σc = fctm. 
 

 P2: As the load increases, the structure will crack further at the tension side. At the cracks the tensile 

force is transferred into the steel because the concrete is no longer able to take up the tensile stresses. 
However, in between the cracks the tensile force can be transferred from the steel to the concrete. The 

influence of the uncracked stiff concrete parts, in between the cracks, on the stiffness of the structure is 

the so-called tension-stiffening. These uncracked concrete parts have a substantial influence on the 

stiffness of the structure. Upon further loading the reinforcing steel will start to yield: σs = fyd. The 

corresponding strain in for instance reinforcing steel B500 is: 
,s pl yd sf E 

5435 2 10 2.175   ‰ for 

the ULS. Since fctm has already been exceeded and the concrete is cracked, being unable to transfer 

tensile stresses, the σ-ɛ diagram for concrete in tension is no longer needed. Because the concrete at the 

tension side is considered to be cracked and only the reinforcement takes up the tensile force, the 

neutral axis will shift upwards. This results in a decrease of the concrete compression zone height (x) 
compared to phase P1.  

 

 P3: As the load is increased further, the concrete will start crushing in the outmost compression fibres, 
where the maximum concrete compressive stress has been reached (σ’c = fcd) with a corresponding 

concrete compressive strain: εc3 = ε’c,pl = 1,75‰ for normal concrete, thus ≤ C50/60. This does not 

imply that the structure has failed already. The reinforcing steel was already yielding and this will 
remain like this. The steel stress will not become greater than fyd, but the strain will increase (P3 lies 

further than P2 on the horizontal branch in the σ-ɛ diagram of the reinforcing steel in Figure 25). The 

steel undergoes a plastic deformation and the strain in the steel can increase up to about 3% (≈ 30‰). 

The concrete compressive zone is reduced further, because the cracks are going ‘deeper’, resulting in a 
lower x compared to phase P2. 

 

 P4: Increasing the load even more results in crushing of many more concrete fibres at the outer 
compression side and in the layers just below it. The reinforcing steel, which has been yielding for a 

while, will obviously remain yielding, whereas the strain in the steel increases further. As soon as the 

ultimate concrete compressive strain εcu3 = ε’cu = 3.5‰ (for normal concrete, thus ≤ C50/60) is reached 
in the outmost compression fibre, a structural failure is considered. Here one finds fcd acting over ½ x. 

The limit load bearing capacity Mu is reached. Further increase of the load, while maintaining a proper 

construction, is impossible. So, this is the final stage. The calculation of the flexural tensile 

reinforcement in a structure is based on this stage. The distance x has decreased further compared to 
phase P3.  
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3.4. M-(N)-κ diagram ULS: principle 
In this section the principle for determining the M-κ diagram and the M-N-κ diagram in the ULS is 

treated. The 4 loading phases for the M-κ diagram and the M-N-κ diagram are depicted in Figure 27 and 
Figure 28, respectively. The ɛ- and σ-diagrams in each of the loading phases are depicted in these figures 

and commentated on by means of Table 1. In Figure 27 one has considered only tension reinforcement in 

determining the M-κ diagram, whereas in Figure 28 the determination of the M-N-κ diagram is based on 

two-sided reinforcement (tension reinforcement and compression reinforcement). In case of the 
combination bending and axial compressive force it is usual to apply symmetrical reinforcement out of 

practical considerations. This prevents errors on the construction site (improper placement of the 

reinforcement cage) which could lead to safety issues.  
 

In general, the procedure for determining the M-(N)-κ diagram consists of calculating the internal 

bending moment and the corresponding curvature for each loading phase. The procedure for each critical 

phase P1, P2, P3 and P4 is as follows: 
 Determine x: The height of the concrete compression zone (x) is determined from the equilibrium of 

horizontal forces: ΣH = 0. It can be noted that x will decrease with each loading phase: 

.uncr e pl ux x x x   ; 

 Determine ɛ and κ: If x is known, the strains ɛ in the steel and concrete can be calculated by using the 

similarity of triangles theorem. With the calculated strains the curvature κ can now be determined, see 

Figure 26; 
 Determine M: The internal bending moment in 

each phase is determined by the product of the 

internal forces in the steel and concrete, and if 
applicable the external compressive force N’c, 

with their corresponding distances to the neutral 

axis. Note that the bending moment will increase 
in each phase. The cracked zone progresses 

upwards into the concrete compression zone 

during this process resulting in an upward shift of 

the neutral axis. Because of this the internal lever 
arm will increase leading to a higher internal 

bending moment.               

 

 
Table 1: The occurring strains and stresses in the 4 loading phases 

Figure 26: Determining the curvature using the ɛ-diagram 
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Figure 27: The 4 loading phases to determine the M-κ diagram in the ULS, with the occurring strains and 

stresses 

 
Figure 28: The 4 loading phases to determine the M-N-κ diagram in the ULS, with the occurring strains and 

stresses 
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Figure 29:  The M-(N)-κ diagram for the ULS  

After calculating the bending moments with their corresponding curvatures in each of the 4 loading 

phases, these can be plotted in the M-(N)-κ diagram. See Figure 29. From the moment of loading till the 

moment of failure of the structure, the M-(N)-κ diagram can be well approximated by means of 4 straight 
lines which connect the points Mr, Me, Mpl and Mu. By means of the M-(N)-κ diagram one can determine 

the bending stiffness EI of a reinforced concrete structure at an arbitrary bending moment (Mx). From the 

origin a line is drawn to Mx and the corresponding curvature κx is read off. The bending stiffness (EI)x, 
which is the slope of the line, can now be determined. For an arbitrary moment the bending stiffness 

becomes: ( ) tan( ) x
x x

x

M
EI 


  . By definition the slope is taken from the line that starts from the 

origin and not from, for instance the line in the M-(N)-κ diagram with an angle of inclination αe. 

Otherwise, the EI would be constant for the branch P1-P2, implying that every cracked part of the structure 
has the same EI which is not very likely. The EI derived for the branch P3-P4, between Mpl and Mu, would  

in that case be reduced to an absolute minimum (αu). Of course, it is obvious that as long as the moment 

has not reached Mr, the bending stiffness EI remains constant for the uncracked concrete cross-section. 
Logically, in the uncracked phase the EI is also the largest. From Figure 29 it is clear that the bending 

stiffness EI decreases as the load is increased. The reason behind this phenomenon is the increasing crack 

formation and the yielding of the reinforcement from a certain point onward.  

 
Once again, the points P2 and P3 can appear in reversed order. This implies that concrete crushing (Mpl) 

can occur before yielding of the reinforcement (Me). Therefore, it is important to calculate and check the 

strains of the steel and the concrete for each loading phase (see Table 1). At a relatively low 
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reinforcement ratio it is usual that yielding of the steel (Me) occurs before the concrete crushing (Mpl), 
while at a high reinforcement ratio Mpl is obtained before Me. In determining the M-N-κ diagram, 

yielding of the tension reinforcement will occur first in case of small compressive forces and relatively 

large bending moments, while in case of large compressive forces and relatively small bending moments 

crushing of the concrete will be obtained before yielding of the steel.  
 

As an alternative to determine EI with the M-(N)-κ diagram it is also possible for sections with a 

rectangular cross-section to determine EI in the ULS from: 
31

12
( )fEI E I I bh   , where Ef is the 

fictitious modulus of elasticity according to Table NB-1 of the National Annex to NEN-EN 1992-1-1 [40]. 
In this table one does not only find Ef  for elements subjected to pure bending, but also for elements 

loaded by both a bending moment and an axial force. Since in reality the cross-section is cracked, Ef is 

just a ‘calculation tool’, a fictitious number. 

 
In this research the influence of tension-stiffening (the positive contribution of the stiff uncracked 

concrete parts between the cracks) on the overall bending stiffness of the structure is taken into account. 

This implies that according to Figure 30 the path to follow starts from the origin to ①-③. If the tension-
stiffening (shaded area) is not considered, this signifies that as soon as the first crack occurs the tension 

reinforcement takes over the total tensile force and the contribution of the tensile strength of the concrete 

in the stiff uncracked concrete sections is totally neglected. In that case the path from the origin to ①-②-

③ has to be followed. Since this is not very realistic in practice (and it has also not been established by 
research) that after the first crack the curvature increases excessively, it is more likely to apply the 

diagram with tension stiffening. For a clear understanding Figure 30 shows a beam subjected to bending, 

where due to crack formation one can distinguish sections with an uncracked stiffness and sections with a 
cracked stiffness with or without the contribution of tension-stiffening.  

 

 
Figure 30: The influence of tension-stiffening on the bending stiffness  
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3.5. M-(N)-κ diagram SLS: principle 
For 1

st
-order calculations in the ULS it is often not important what the absolute value of EI is. The ratio of 

the bending stiffnesses of the connecting parts is usually more important, and therefore in that case the EI 
of the uncracked section may be applied. However, if the absolute value of the EI plays an important role, 

such as for deformations and 2
nd

-order effects then the "real" EI obtained from the M-(N)-κ diagram must 

be taken into account. The 2
nd

-order effect, also referred to as "geometric nonlinearity", occurs when 

structural deformations influence the load distribution causing additional stresses. If the element also 
cracks, the rigidity will decrease causing even greater deformations. So, in addition to the geometric 

nonlinearity, one also has to deal with the physical nonlinearity of the structure. 

 
The previous section dealt with the situation in the ULS, so for calculations on strength and the associated 

bending stiffness EI. If the bending stiffness EI is required to determine displacements and deformations, 

M-(N)-κ diagrams can be made for the SLS. The absolute value of EI will then be of greater importance 

than the ratio of bending stiffnesses of connecting parts. Constructing an M-(N)-κ diagram for the SLS 
goes in a similar way as for the ULS, with the difference that for the SLS characteristic values are to be 

used. In the SLS the material and load factors are equal to 1.0, as for the ULS these are > 1.0. For 

instance, for the concrete fcd is replaced by fck and for the reinforcing steel fyd is replaced by fyk in the SLS.  
 

The required σ-ɛ diagrams in case of the SLS are given in Figure 31. In the SLS distinction is made 

between short-term and long-term loading, where for the long-term loading the effect of creep (i.e. the 
increasing deformation of concrete in time at a constant load) is included. According to NEN-EN 1992-1-

1(EC2), clause 7.4.3 (5) the total deformation, including creep may be calculated using an effective 

modulus of elasticity: 
, ;

01 ( , )

cm
c eff cm

E
E E

t
 

 
[36, 37]. The creep coefficient 

0( , )t  has to be 

obtained from EC2, Figure 3.1.  

 

 
Figure 31: σ - ε – diagrams for concrete in SLS (short-term and lon-term) and for reinforcing steel in SLS 

For strength calculations in the ULS ɛ’c,pl is an invariable (1.75‰ for normal concrete, thus ≤ C50/60). In 

the SLS, this value depends on the E-modulus of the concrete (Ecm in EC2, Table 3.1). The crushing strain 

of concrete can be derived for: 

 Short-term loading:  
,' ( ) ck

c pl

cm

f
short

E
  ; 
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 Long-term loading: 
, 0 ,

;

' ( ) (1 ( , )) ' ( )ck
c pl c pl

cm

f
long t short

E
  



     . In case of creep the crushing 

strain of concrete is enlarged by the term 
0(1 ( , ))t  . 

 

For the SLS reinforcing steel B500 will yield at a strain: 
,s pl yk sf E 

5500 2 10 2.5   ‰. 

 

See Figure 32: It is worth mentioning that according to the now withdrawn standard NEN6720 (VBC 

1995), the E-modulus of concrete, including creep, was determined by: '
'

3
1

4

b
b

E
E


 



with a maximum 

value for the creep coefficient 
max conformable to NEN6720, Table 8.  

 

 
Figure 32: The E-modulus of concrete on long-term (creep) according to withdrawn standard NEN6720 (VBC 

1995) 

The M-(N)-κ diagram for the ULS consists of 4 points. For the SLS this is not sufficient, because due to 

the influence of creep the deformation will increase in the long term. Therefore, an M-(N)-κ diagram for 
both the short-and long-term are made for the SLS. The diagrams for short-term loading and long-term 

loading are used to determine the instantaneous deformations and the deformation in the final state, 

respectively. Both diagrams are shown schematically in Figure 33. For each of these diagrams it  suffices 

to consider 2 points, namely the cracking moment Mr and the yield moment Me (or, as already mentioned 
earlier, in case of a high reinforcement ratio the crushing moment Mpl can occur before the yield moment 

Me). In general these 2 points are enough, but in case this proves to be insufficient, the M-(N)-κ diagram 

must be extended. In Figure 33 the cracking moment and yield moment on short-term are referred to as 
Mr and Me, respectively. For the long-term loading these are referred to as Mrt and Met. Usually the 

ultimate moment Mu in the ULS is smaller than the yield moment Me or Met in the SLS.  

 

In Figure 33 one accordingly distinguishes the bending stiffnesses: 
,0 ,0 , ,( ) ,( ) , ( ) and( )EI EI EI EI     

for 

the SLS, where the following subscripts have been used: 

Ι = uncracked stage 

ΙΙ = cracked stage 

0 = short-term loading 
∞ = long-term loading 
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Figure 33: The M-(N)-κ diagram for the SLS  

In this research the deformations of the structure are determined by considering : 
- An uncracked structure with constant bending stiffness:   EIuncr 

- A fully cracked structure with constant bending stiffness:   EIcr  (= 1/3 x EIuncr) 

- A structure with variable bending stiffness over the entire span:  EIvar  
 

The instantaneous deformations are determined based on EIvar obtained from the M-(N)-κ diagram for the 

SLS short-term loading (so, 
,0( )EI 

and 
,0( )EI 

). As described in section 3.5, determination of 

instantaneous deformations due to the fully cracked stiffness EIcr is based on EC2, Equation (7.20): 

,

01 ( , )

cm
c eff

E
E

t


 
. With a practical creep coefficient 

0( , ) 2t    the bending stiffness of a fully cracked 

cross-section is estimated to be 1/3 of the uncracked stiffness. It should be clear that this formula is 

defined for calculating the total deformation including creep, thus for long-term loading. So, it can be 

stated that for deformation calculations based on the fully cracked stiffness EIcr, the effect of creep 

on the structure has been taken into account.  
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3.6. Characteristics in M-(N)-κ diagram  
As discussed before there are 4 important points in an M-(N)-κ diagram: Mr, Me, Mpl and Mu. In this 

section both the influence of the reinforcement ratio (ρl) and an axial compressive force (N’c) on the M-
(N)-κ diagram are dealt with.  

 

Influence reinforcement ratio (ρl) 

Depending on the reinforcement ratio Me and Mpl can appear in reversed order. For reinforced concrete 
elements a minimum and a maximum reinforcement ratio are prescribed in the standards:  

 The minimum reinforcement ratio (ρl;min) is required to prevent brittle failure of concrete by steel 

rupture (brittle fracture). After cracking of the concrete the reinforcing steel should be able to take up 
the total tensile force. Insufficient reinforcement will otherwise lead to a sudden and brittle failure. 

With ρl;min it is ensured that Mr in the governing cross-section is taken up, it holds that: Mr ≤ Mu; 

 The maximum reinforcement ratio (ρl;max) is required to ensure ductile failure, thus yielding of the steel 

before compression failure of the concrete, ensuring sufficient rotation capacity at ULS (ductile 
fracture). The ductility, however, is reduced by increasing the amount of reinforcement. Increasing the 

reinforcement ratio decidedly stiffens the section against rotation, which can lead to failure of the 

concrete compression zone without occurrence of preceding (large) deformations or cracks (‘no 
warning of imminent collapse’). The upper limit is also required to avoid congestion of reinforcement, 

which may cause insufficient compaction or poor bond between reinforcement and concrete. 

 
Figure 34 depicts an M-κ diagram for a reinforced concrete section with ρl as the only variable. The first 

branch, the uncracked section, goes until the (fictitious) cracking moment Mr. For convenience’s sake this 

point is kept constant as starting point for the next phase at every ρl. In reality, there are (minor) 

differences between the cracking moments, since the calculation takes place with an n-weighted cross-
section (n = Es/Ec) taking the influence of the reinforcement into account. More reinforcement results in  a 

higher moment of inertia, but compared to Me, Mpl and Mu the differences in Mr can be neglected.  

 

 
Figure 34: The M-(N)-κ diagram with reinforcement ratio (ρl) as variable 
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The following details can be noted in the diagram of Figure 34: 
 With a decreasing ρl, the difference between Mu and Mr becomes smaller. To avoid brittle fracture, it is 

therefore necessary to define a ρl;min; 

 With an increasing ρl, the 'horizontal' branch between Me/Mpl and Mu becomes smaller. The yield path 

becomes smaller and at a very high reinforcement ratio there will be no yielding at all. This form of 
failure is also undesirable and therefore a ρl;max must be defined; 

 With an increasing ρl, the tension-stiffening effect reduces. Eventually, the points origin-①-③ as 

shown in Figure 30 are lying approximately on one line and there is no shaded area anymore; 
 The ability to deform plastically increases with a decreasing ρl. 

 
In Figure 34 the (almost) horizontal branch represents the curvature distance between Me - Mu or between 

Mpl - Mu. The dividing line is shown in the middle of the diagram; on this line it holds that Me = Mpl. 
Below this line the yielding of the reinforcement will always occur before the crushing of concrete, so Me 

< Mpl. While above this line the opposite holds; the concrete will crush before the reinforcement yields, so 

Mpl < Me. Often M-κ diagrams are based on the situation where yielding of the reinforcement occurs first, 

but this only holds for relatively low reinforcement ratios.  
 

The "horizontal" branch in the M-κ diagram actually determines the reserve that the structure possesses 

before collapsing, the so-called "rotational capacity" (the ability to deform). The longer this branch, the 
more a structure  can deform. After all, the horizontal branch represents an increase in the curvature. The 

longest branch is found at the bottom of the diagram, where the reinforcement ratio is minimal (ρ l;min). It 

is precisely enough to take up the cracking moment. 

 
At the top of the diagram one finds a point without a horizontal branch. This is the point where at the 

same time the reinforcement yields and the bending moment capacity of the structure is reached, so Me = 

Mu. One of the principles in the safety philosophy of concrete structures is that the reinforcement should 
yield (deform) before compression failure of the concrete occurs. This condition can be expressed in a 

limit for the maximum height xu of the concrete compression zone and the maximum reinforcement ratio 

ρl;max ensuing from this height. For normal concrete (thus ≤ C50/60) and reinforcing steel B500, the 
maximum compressive zone xu = 0.448 d according to [42]. 

 

Influence axial compressive force (N’c) 

An axial compressive force (N’c) causes a reduction of the tensile stress in the concrete cross-section. The 
compressive stress (indirectly) provides for an increase in the stiffness of the element. This is clearly seen 

in Figure 35, when comparing the case N = 0 with N ≠ 0 kN. The presence of an axial compressive force 

in the cracked cross-section leads to an increased bending stiffness EI, which is clearly reflected by the 

steepening of the slope of branches ①-② and ②-③ with increasing N. The "enlarged view" in Figure 

35 also shows that an increased N leads to an increased cracking moment Mr and a shorter yield path. The 

presence of a higher N shows more brittle behaviour, reflected by a shorter ‘horizontal branch’(③-④). 

The stiffness of the uncracked cross-section remains constant, regardless of whether or not the element is 
loaded by an axial compressive force. For deformation calculations it is safer to assume a lower bending 

stiffness. Therefore, it is preferred to use M-κ diagrams (N’c = 0) above M-N-κ diagrams in calculating 

deformations.  
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Figure 35: The M-N-κ diagram with normal compressive force (N =N’c) as variable 

 

3.7. EC2: Minimum and maximum reinforcement ratio diaphragm walls 
In order to prevent brittle failure by steel rupture and to ensure sufficient ductility, a minimum 

reinforcement ratio (ρl;min) and a maximum reinforcement ratio (ρl;max) are required, respectively.  
EC2, clause 9.6.2 states the following for the vertical reinforcement applied in reinforced concrete walls 

with a length to thickness ratio of 4 or more:  

 The maximum area of reinforcement for walls outside laps is: 
,max 0.04sv cA A . However, this area can 

be increased provided that the concrete can be placed and compacted sufficiently; 

 The minimum area of vertical reinforcement in walls is given by: 
,min 0.002sv cA A . Half of this area 

should be located at each face. The distance between two adjacent vertical bars should not exceed the 
lesser of either three times the wall thickness or 400 mm. 

 

Ac represents the total cross-sectional area of concrete. If the reinforcement ratio is defined based on  

Ac one finds
,min ,max0.2% and 4%l l   for a diaphragm wall.  

 

3.8. Software programs using M-N-к diagram: PCSheetPileWall 
The bending stiffness EI of diaphragm walls is not constant over the height, but it varies as a function of 
the magnitude of the occurring bending moment and the amount of reinforcement. As soon as the 

cracking moment Mr has been exceeded, the wall stiffness decreases at an increasing bending moment. 

The stiffness which is reached in each stage of construction depends on the calculated moment. However, 
if the wall stiffness is adjusted, this in its turn influences the calculated moment again. In order to gain a 

clear insight into the actual occurring moment distribution of the wall, it is necessary to apply the reduced 

bending stiffness following from an M-N-к diagram, based on the amount of reinforcement.  

 
Currently, there are almost no retaining wall calculation programs available in which the reinforced 

concrete wall stiffness is included based on the bending moment. The only known exception is formed by 

the program PCSheetPileWall, where the use of M-к diagrams is supported with or without an axial force. 
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Optionally, creep effects can be considered while effects of unloading with respect to a previous 
construction phase are taken into account automatically. 

 

It is most realistic to calculate the bending moment in a diaphragm wall using an "interaction" model in 

which the soil behaviour is also taken into account. The wall deformation depends on both the soil 
stiffness (ks) and the wall stiffness (EI). A reduced wall stiffness results in greater wall deformations, but 

on the other hand the deformations on their turn influence the wall stiffness. For geotechnical structures 

the influence of the soil behaviour on the M and EI of the wall is accounted for by means of the: 
 Elastic foundation model, representing the soil stiffness using elastic springs. PCSheetPileWall is based 

on this model; 

 Finite element model, which gives a very realistic representation of the soil behaviour. In this research 

the program Plaxis 2D will be used. This model gives a more accurate prediction of the soil-wall 
interaction. The only drawback of this program is that the variable stiffness over the wall height can not 

be taken into account automatically, thus it is not based on the M-N-к diagram. The varying stiffnesses 

(cracked and uncracked stiffnesses) must be entered manually for the various sections.  
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4. DESIGN STANDARDS: CRACKED VS. UNCRACKED BENDING 

STIFFNESS 

4.1. EC2: Behaviour of not fully cracked member 
As long as the occurring moment in a reinforced concrete member does not exceed the cracking moment 

(Mr), the member is in the uncracked condition behaving in a linear elastic manner represented by the 
uncracked stiffness (EIuncr). When the bending moment in a cross-section reaches Mr, flexural cracks form 

in the outermost layers of the tension zone. As the bending moment increases the cracks start propagating. 

The section becomes fully cracked, when the flexural cracks reach the neutral axis, rendering the entire 
tension zone ineffective in resisting the bending moment. Due to cracking the bending stiffness has 

decreased to the so-called cracked bending stiffness (EIcr), which is assumed to be 1/3EIuncr. The 

background concerning this approach for the cracked bending stiffness is explained in section 4.2. In 

practice it is more common to find members consisting of cracked and uncracked zones instead of a 
totally uncracked or fully cracked member. This implies the existence of an actual variable bending 

stiffness (EIvar) along the reinforced concrete member. The decreased bending stiffnesses in the cracked 

zones will lead to greater deformations of the concrete member as a whole.  
 

In structural design deformation calculations are complicated by the non-linear behaviour of concrete. 

The deformation calculations in Eurocode 2 (EC2) are based on the determination of the curvatures and 
deflections of a concrete beam corresponding to its uncracked and fully-cracked conditions. EC2 states in 

clause 7.4.3 that:  

 

“Members which are expected to crack, but may not be fully cracked, will behave in a manner 

intermediate between the uncracked and fully cracked conditions”. 

 

EC2, Equation (7.18) requires the calculation of a deformation value which is a weighted average of the 

uncracked and fully-cracked state of the member: 

 

(1 )                (Eq. 4.1) 

Where: 

   The considered deformation parameter, e.g. a strain, curvature, rotation or deflection 

,    Values of the deformation parameter calculated for the uncracked and fully cracked 

conditions, respectively 

  Distribution coefficient allowing tension stiffening, where in case of pure bending it 

holds: 
2

1 rM

M
 

 
   

 
       (Eq. 4.2) 

With: 

0 for uncracked sections

is a coefficient taking account of the duration loading or repeated loading

1.0 for short-term (instantaneous) loading

0.5 for sustained loads or many cycles of repeated loadin









 g

M is the cracking moment

M is the maximum service moment

r
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Figure 36 represents the moment-curvature relation in a reinforced concrete section under pure bending 
just before yielding of the reinforcement. The curvature is given by κ = 1/r. The slope of the 1/r I – and 

1/rII – curve represent the stiffnesses EIuncr and EIcr, respectively. 

 

According to EC2 the actual EIvar along the reinforced concrete member can be calculated by 
interpolating between the two extremes, namely the  uncracked stiffness (EIuncr) and the fully cracked 

stiffness (EIcr). Analogous to (Eq. 4.1), the actual varying bending stiffness for a cracked structure can be 

found from: 

 

var ( ) (1 ) ( )cr uncrEI EI EI             (Eq. 4.3) 

 
Figure 36: Moment-curvature relation in a reinforced concrete section under pure bending before reinforcement 

yielding [34] 

4.2. EC2 & ACI 318-05: Fully cracked bending stiffness 
The in-plane bending stiffness (EI) of a concrete element is the product of two variables, which are 
subject to change during the course of loading. These are: 

1. The in-plane moment of inertia (I), reflecting the cross-sectional resistance to loading. The variation 

in the moment of inertia is associated with the cracking of concrete due to the tensile strains being 

greater than the cracking strain of concrete. 
2. The modulus of elasticity (Ec), reflecting the material resistance to loading. The variation in the 

modulus of elasticity with the increasing load is caused by the non-linear stress-strain behaviour of 

concrete beyond the elastic limits. 
 

In a finite element analysis the bending stiffness is basically expressed in terms of the product of the 

modulus of elasticity of concrete and the moment of inertia of the gross concrete section (EcIg). Instead of 
modifying cracked sections with the proper effective moment of inertia (Ic,eff), it is easier to modify the 

corresponding Ec - value by assigning an effective modulus of elasticity for concrete (Ec,eff) and keeping Ig 

constant in the analytical models. Thus, the product of Ec,eff and Ig still reflects the same amount of 

reduction in stiffness due to cracking. In addition, the modification of Ec instead of Ig provides the 
flexibility in using any finite element software. 

 

The bending stiffness (EIcr) of a fully cracked cross-section can be approached in 2 ways, namely by 
means of: 
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1. “
,c effE -approach”, defined in the EC2 (NEN-EN 1992-1-1); 

2. “
,c effI -approach”, defined in the ACI 318-05 and different research articles (see [28], [29], [32], [33]) 

 

 The Ec,eff – approach 
In this approach the effective concrete modulus (Ec,eff) is determined as a result of the non-linear 

behaviour and creep, while the moment of inertia of the concrete cross-section remains constant. The 

moment of inertia is considered to be equal to that of the uncracked section. With the exception of beams 

with heavy reinforcement, the gross moment of inertia (Ig) gives close values to the uncracked moment of 
inertia (Iuncr). Because of the reinforcement Iuncr is somewhat higher than Ig. Ig, which neglects the 

contribution of the reinforcement, is obtained from the following equation: 

31

12
g uncrI I bh 

         (Eq. 4.4)
 

 

The uncracked stiffness is defined as: 

uncr c gEI E I           (Eq. 4.5) 

 

According to NEN-EN 1992-1-1+C2:2011(EC2), clause 5.8.7.2 (4) and 7.4.3 (5) the unfavourable effect 

of cracking on the bending stiffness of statically indeterminate structures can be simplified by assuming a 
fully cracked section. The total deformation, including creep, can be calculated using the effective 

modulus of elasticity for concrete as represented by EC2, Equation (7.20): 

,

01 ( , )

cm
c eff

E
E

t


 
         (Eq. 4.6) 

 
Where:  

0( , )t   The final value of the creep coefficient depending on the relative humidity (R.H), age 

loading time, concrete quality, cross-sectional dimensions and load duration 

 
The creep coefficient can be derived using EC2, 3.1.4, Figure 3.1. As a rule of thumb the creep coefficient 

is assumed to be 0( , ) 2t    in engineering practice. Based on this assumption the bending stiffness of 

a fully cracked cross-section becomes: 

 

,

1 1

1 2 3 3

c
cr c eff g g c g cr uncr

E
EI E I I E I EI EI      


     (Eq. 4.7) 

 

 

 The Ic,eff – approach 

In this approach the elasticity modulus of concrete is considered to be constant, while the moment of 
inertia is varying along the reinforced concrete member. The overall moment of inertia of a concrete 

member decreases gradually from the uncracked moment of inertia (Iuncr) to the fully cracked moment of 

inertia (Icr), as flexural cracks form at discrete locations along the span. Figure 37 depicts the transformed 

section of a cracked rectangular section. Based on this, the moment of inertia of a section in the fully 
cracked condition is determined from (Eq. 4.8), which assumes that the concrete in the compression zone 

has a linear elastic behaviour up to the yielding of the tension reinforcement. 

 

3 21
( )

12
cr sI bc nA d c           (Eq. 4.8) 
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Where: 

b The width 

c The neutral axis depth of the fully-cracked section 

d The effective depth of the tension reinforcement 
n The modular ratio of steel to concrete (Es/Ec) 

As The total cross-sectional area of longitudinal reinforcement 

 

 
Figure 37: Gross and cracked transformed section of a rectangular beam (without compression reinforcement) 

[35] 

To simplify the deformation calculations of not fully cracked flexural members, the concept of effective 

bending stiffness (EIeff) is used. As the applied load or moment is increased more cracks are formed, 

resulting in a decrease of the tension stiffening effect (the tensile contribution of the concrete between the 

cracks). The decrease in the tension-stiffening of concrete leads to the gradual decrease in the moment of 
inertia of the concrete member. This gradual decrease is taken into consideration by the effective moment 

of inertia (Ic,eff) approach. If the elasticity modulus of concrete is considered constant, the effective 

moment of inertia can be considered uniform along the member. Ic,eff will be a function of the moment of 
inertia of the uncracked section (Iuncr) and the moment of inertia of the cracked section (Icr). 

 

ACI 318-05, Equation (9-8) concerns the effective moment of inertia expression - also known as the 
Branson expression (1965) - which averages the moments of inertia of the uncracked and fully-cracked 

portions of a concrete flexural member: 

 
3 3

, 1 ,r r
c eff g cr

a a

or
M M

I I I
M M

    
        
     

      (Eq. 4.9) 

3

, ,( ) ,r
c eff cr g cr cr c eff g

a

where
M

I I I I I I I
M

 
      

 
    (Eq. 4.10) 

  
Where: 

Ig   The moment of inertia of the gross concrete section, neglecting reinforcement 

Icr The moment of inertia of the fully cracked section  

Mr   The cracking moment 
Ma  The maximum bending moment in the member 

‘Power 3’ A constant proposed by Branson for simply supported beams to include tension stiffening 

of concrete and also the variations in the stiffness along beams. 
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Branson’s expression provides accurate estimates for reinforced concrete beams with reinforcement ratios 
greater than 1%, which corresponds to an Ig/Icr ratio of 3. For lower reinforcement ratios (Ig/Icr>3), the 

member response estimated by Branson’s approach is stiffer than the actual response, resulting in the 

underprediction of the deflections. A plot of the bending moment and deflections, as the EI decreases 

from the uncracked condition (EcIg) to the fully cracked condition (EcIcr), is shown in Figure 38. 
 

 
Figure 38: Increasing deflections and decreasing EI as cracking progresses [30] 

The Ic,eff provides a transition between the upper and lower limits of Ig and Icr as a function of the level of 

cracking represented by Ma/Mcr. This relation is shown in Figure 39: 

 If Ma/Mcr < 1, no cracking is likely and Ic,eff = Ig 
 If Ma/Mcr > 3, the cracking will be extensive and Ic,eff = Icr 

 

 
Figure 39: Variation in effective moment of inertia with occurring bending moment [31] 

Branson’s approach is applicable for Ig/Icr = 3. This relation is proven to be true if substituted in the Ic,eff-
formula (Eq. 4.10).  In the uncracked situation with Ic,eff = Ig, one needs to find that  

Ma/Mcr = 1: 

,

3 3

1,
;

3

3 3

1 1
( ) ( )

3 3

2 2
1 1 !

3 3

c eff g cr g

Uncracked conditionr r
c eff cr g cr g g g g

I I I I
a a

ar r
g g

a a r

M M
I I I I I I I I

M M

MM M
I I OK

M M M

 

   
           

   

   
         

   
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The bending stiffness of a fully cracked cross-section becomes: 

,

1,

3

1 1 1

3 3 3c eff cr g

Fully cracked

cr c c eff c g c g cr uncr
I I I

EI E I E I E I EI EI
 

         (Eq. 4.11) 

 

Conclusion: From both the “
,c effE -approach” as the “

,c effI -approach” it is found that 
1

3
cr uncrEI EI ; 

see (Eq. 4.7) and (Eq. 4.11). In the FEM-analysis it is easier to apply a constant moment of inertia and 

modify the modulus of elasticity.  
 

4.3. Bending stiffnesses: EI0, EIvar and EI∞ 
In this research the bending stiffness EI for the uncracked and fully cracked condition is calculated as the 

product of moment of inertia of the gross concrete section (Ig) and the modulus of elasticity of concrete 
(Ec), where according to [39] Ec is applied as follows in the design process: 

- For SLS-calculations the mean value Ecm is used; 

- For ULS-calculations a partial safety factor, γcE, is used to give a design value for the modulus, Ecd = 

Ecm/γcE (where γcE is 1.2). 
- For long-term deflection calculations Ecm is modified by creep to give an effective modulus, Ec,eff. This 

is calculated using the expression Ec,eff = Ecm/(1 + φ) where φ is the creep coefficient with a value 

typically between 1 and 3. 
 

Because of the deformation calculations (SLS) considered in this research, it is obvious that Ecm has to be 

applied. From this point forward the bending stiffnesses considered in this report will be addressed as 

follows: 

 0EI : the uncracked bending stiffness, where 
0 cm gEI E I  ; 

 EI : the cracked bending stiffness, where 
1

3
cm gEI E I   ; 

 varEI : the variable bending stiffness, which will be determined from the M-(N)-κ diagram generated by 

the program PCSheetPileWall.  
 

4.4. Additional information 
Although seismic analysis is out of scope for this research, some similarity can be found with regard to 

approximating the cracked stiffness of the reinforced concrete walls. Mostly seismic analysis and design 
of reinforced concrete structures are performed based on linear response, not taking the influence of 

cracking and effective stiffness into account. For the design codes that do recognize the influence of 

cracking, the stiffness of the cracked section (EIe) is considered to be proportional to the stiffness of the 
gross uncracked section (EIg), specifying reduction factors to be applied to the stiffness of the uncracked 

cross section. According to Table 2 the stiffness of cracked walls should be taken as 0.35 Ig which is 

about the 1/3 Ig mentioned in section 4.2 for flexural concrete members. 
 

 
Table 2: Reduction factors for the cracked bending stiffness used in seismic design [27] 
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Line of direction 2 
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ITERATION PROCESS RIGHT WALL 

 

“WALLS ONLY; HINGED” 

Case a: EI (κ) 
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M-κ diagram diaphragm walls: 

 
 

 
 

 

Overview iteration steps right wall (see next pages): 
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ITERATION PROCESS RIGHT WALL 

 

“WALLS ONLY; HINGED” 

Case b: EI (κ, N) 
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M-N-κ diagram diaphragm walls: 

 
 

 
 

 

Overview iteration steps right wall (see next pages): 
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ITERATION PROCESS RIGHT WALL 

 

“WALLS ONLY; CLAMPED” 

Case a: EI (κ) 
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M-κ diagram diaphragm wall for Stiffened Region (Ι) and Field (ΙΙ): 
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Overview iteration steps right wall (see next pages): 
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ITERATION PROCESS RIGHT WALL 

 

“WALLS ONLY; CLAMPED” 

Case b: EI (κ, N) 
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M-N-κ diagram diaphragm wall for Stiffened Region (Ι) and Field (ΙΙ): 
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Overview iteration steps right wall (see next pages): 
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PROPERTIES STIFF STRUCTURE 
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The stiff structure above the diaphragm walls is used to simulate the clamped connection in the Plaxis 2D 

–Total Model. The stiff structure consists of rigid plates connected by struts. For the Half Model in 

PCSheetPileWall only the rigid plate was applicable. 

 

 Properties rigid plate in PCSheetPileWall 

 

In PCSheetPileWall the rigid plate above the real diaphragm wall is realized by choosing a very thick 
plate with the following properties: 

  
 

 Properties rigid plate & strut in Plaxis 2D 

 
The EI and EA of the rigid plate following from PCSheetPileWall are used as input in Plaxis 2D: 

 
 

Consider the normal stiffness EA of the beam (roof structure) with EA= 33E+07 [kN/m
2
] * 0.9 [m

2
] = 

29.7 E6 ≈ 3E+07 kN/m' 
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VARIATION HINGED CONNECTION 1 

 

ρl,tot = 1% 

Case a: EI (κ) 
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M-κ diagram diaphragm walls:  

 
 
Iteration procedure 2 – Results: 
The aimed results (MEd, δv and Ux) are determined based on iteration procedure 2 for EIvar. According to 

iteration procedure 2: 

1. Determine the M-line and the (imaginary) cracked zones for EI0 and EI∞. The cracked zones are 
defined where M > Mr (Mr = 1190 kNm); 

2. Determine the ‘average result’, implying that for both walls the average M-line and the average 

cracked zone are determined based on the results for EI0 and EI∞; 

3. The average M-line is used to determine the EI-distribution of both walls. Based on the average 
bending moment, the EI and EA are determined for the average lcracked. The EI is determined by means 

of interpolation in the M-κ diagram; 

4. The EI-distribution of both walls is used as input in the Plaxis 2D – Total Model to find the final 
result for EIvar. 
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 Step 1 & 2: Determining the ‘average result’ 
 

 
Figure E.1(1): The ‘average result’ based on EI0 and EI∞ 

 

 Step 3: Input in Plaxis – Total Model 

 

 
Table E.1(1): EI-distribution for both walls used as input in Plaxis 2D – Total Model for iteration procedure 2 
 

 Step 4: Final result EIvar 

 

 
Figure E.1(2): Final result EIvar according to iteration procedure 2 in Plaxis 2D – Total Model.  

(Note: Bending moment values in kNm and levels with regard to NAP are placed between brackets) 
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Table E.1(2): Final results for EI0, EI∞ and EIvar for N= 0 kN at ρl,tot = 1% 
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VARIATION HINGED CONNECTION 1 

 

ρl,tot = 1% 

Case b: EI (κ, N) 
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M-N-κ diagram diaphragm walls: 

 
 
Iteration procedure 2 – Results: 
The aimed results (MEd, δv and Ux) are determined based on iteration procedure 2 for EIvar. According to 

iteration procedure 2: 

1. Determine the M-line and the (imaginary) cracked zones for EI0 and EI∞. The cracked zones are 
defined where M > Mr (Mr = 1389 kNm); 

2. Determine the ‘average result’, implying that for both walls the average M-line and the average 

cracked zone are determined based on the results for EI0 and EI∞; 

3. The average M-line is used to determine the EI-distribution of both walls. Based on the average 
bending moment, the EI and EA are determined for the average lcracked. The EI is determined by means 

of interpolation in the M-κ diagram; 

4. The EI-distribution of both walls is used as input in the Plaxis 2D – Total Model to find the final 
result for EIvar. 

  



 

Realistic bending stiffness of diaphragm walls for structural analysis 

 

 3 APPENDIX E2 

 

 Step 1 & 2: Determining the ‘average result’ 

 

 
Figure E.2(1): The ‘average result’ based on EI0 and EI∞ 

 

 Step 3: Input in Plaxis – Total Model 

 
Table E.2(1): EI-distribution for both walls used as input in Plaxis 2D – Total Model for iteration procedure 2 
 

 Step 4: Final result EIvar 

 

 
Figure E.2(2): Final result EIvar according to iteration procedure 2 in Plaxis 2D – Total Model.  

(Note: Bending moment values in kNm and levels with regard to NAP are placed between brackets) 
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Table E.2(2): Final results for EI0, EI∞ and EIvar for N≠ 0 kN at ρl,tot = 1% 
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VARIATION HINGED CONNECTION 2 

 

SOIL TYPE 2 

Case a: EI (κ) 
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M-κ diagram diaphragm walls: 

 
 
Iteration procedure 2 – Results: 

The aimed results (MEd, δv and Ux) are determined based on iteration procedure 2 for EIvar. According to 

iteration procedure 2: 

1. Determine the M-line and the (imaginary) cracked zones for EI0 and EI∞. The cracked zones are 
defined where M > Mr (Mr = 1150 kNm); 

2. Determine the ‘average result’, implying that for both walls the average M-line and the average 

cracked zone are determined based on the results for EI0 and EI∞; 
3. The average M-line is used to determine the EI-distribution of both walls. Based on the average 

bending moment, the EI and EA are determined for the average lcracked. The EI is determined by means 

of interpolation in the M-κ diagram; 

4. The EI-distribution of both walls is used as input in the Plaxis 2D – Total Model to find the final 
result for EIvar. 
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 Step 1 & 2: Determining the ‘average result’ 
 

 
Figure F.1(1): The ‘average result’ based on EI0 and EI∞ 

 

 Step 3: Input in Plaxis – Total Model 

 
Table F.1(1): EI-distribution for both walls used as input in Plaxis 2D – Total Model for iteration procedure 2 
 

 Step 4: Final result EIvar 

 

 
Figure F.1(2): Final result EIvar according to iteration procedure 2 in Plaxis 2D – Total Model.  

(Note: Bending moment values in kNm and levels with regard to NAP are placed between brackets) 
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Table F.1(2): Final results for EI0, EI∞ and EIvar for N= 0 kN at Soil Type 2 
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VARIATION HINGED CONNECTION 2 

 

SOIL TYPE 2 

Case b: EI (κ, N) 
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M-N-κ diagram diaphragm walls: 

 
 
Iteration procedure 2 – Results: 

The aimed results (MEd, δv and Ux) are determined based on iteration procedure 2 for EIvar. According to 
iteration procedure 2: 

1. Determine the M-line and the (imaginary) cracked zones for EI0 and EI∞. The cracked zones are 

defined where M > Mr (Mr = 1351 kNm); 

2. Determine the ‘average result’, implying that for both walls the average M-line and the average 
cracked zone are determined based on the results for EI0 and EI∞; 

3. The average M-line is used to determine the EI-distribution of both walls. Based on the average 

bending moment, the EI and EA are determined for the average lcracked. The EI is determined by means 
of interpolation in the M-κ diagram; 

4. The EI-distribution of both walls is used as input in the Plaxis 2D – Total Model to find the final 

result for EIvar. 
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 Step 1 & 2: Determining the ‘average result’ 

 

 
Figure F.2(1): The ‘average result’ based on EI0 and EI∞ 

 

 Step 3: Input in Plaxis – Total Model 

 
Table F.2(1): EI-distribution for both walls used as input in Plaxis 2D – Total Model for iteration procedure 2 
 

 Step 4: Final result EIvar 

 

 
Figure F.2(2): Final result EIvar according to iteration procedure 2 in Plaxis 2D – Total Model.  

(Note: Bending moment values in kNm and levels with regard to NAP are placed between brackets) 
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Table F.2(2): Final results for EI0, EI∞ and EIvar for N≠0 kN at Soil Type 2 
 


