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Sununary 

The flow resulting from the passage of a shock wave through a dusty
air layer is studied analytically and numerically. For the cases treated 
here, a shock wave is always reflected at the first contact surface 
separating the pure gas from the dusty layer and a shock wave is trans
mitted into the dusty layer. The transmitted shock wave is stronger. 
The criteria for the reflected wave in terms of the properties of the 
air and dusty layer are obtained based on an idealized equilibrium-gas 
approximation. Working curves are presented showing the effects of the 
suspended particles on the resulting flow. Similarly, at the second 
contact front of the dusty layer, a rarefaction wave is reflected and 
the transmitted shock wave transmitted into the air is weakened by this 
nonlinear interaction. The rarefaction wave reflects at the first con
tact front as a compression wave and proceeds through the layer to 
refract at the second contact surface where it reflects as a rarefaction 
wave and a transmitted compression wave. This wave overtakes the trans
mitted shock wave in air and produces the final transmitted wave, a new 
contact surface and a weak refiected rarefaction wave. This final 
emergent shock wave from the dusty air has almost the same strength as 
the original shock wave entering the layer. A particular case for an 
initial shock wave pressure ratio of 5 has been chosen to illustrate 
this type of interaction in detail. 

Finally, the time-dependent transition properties through the shock 
waves, contact surfaces and rarefaction waves were found by solving the 
equations of mot ion numerically using a modified random-choice method 
with an operator-splitting technique. This provides the details for the 
formation of the idealized equilibrium flows in the dusty-air layer and 
the reflected and transmitted shock waves in the air surrounding the 
dusty-air layer. 
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Notation 

a e equilibrium speed of sound 

Cm specific heat of solid material 

Cp gas specific heat at constant pressure 

Cv gas specific heat at constant volume 

Cve specific heat at constant volume of idealized equilibrium gas 

D drag force acting on a particle 

d particle diameter 

k gas thermal conductivity 

m mass of a particle 

p gas pressure 

Q rate of heat transfer to a particle 

R gas constant 

T gas temperature 

t time from shock penetration across a contact surface 

u gas velocity 

u propagation velocity of shock wave s 

v velocity' of particles 

x space coordinate measured from a contact surface 

5 shock transition thickness 

8 temperature of particles 

~ gas viscosity 

p gas density 

Pp density of solid material 

~ mass concentration of particles 
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Dimensionless Quantities 

CD drag coefficient of apartiele 

Ms shock Mach number 

Nu Nusselt number of apartiele 

P normalized pressure 

Pr gas Prandtl number 

Re particle Reynolds number 

T normalized temperature 

U normalized velocity 

X normalized spaee coordinate 

a mass coneentration ratio ~/p 
I, 

~ speeific heat ratio of two phases CrrlCv 

I gas specifie heat ratio 

Ie specific heat ratio of idealized equilibrium gas 

r normalized mass eoncentration 
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1. INrRODUCTION 

High-speed flows of a mixture of a gas and small solid particles 
are encountered in several branches of engineering and science (Refs. 
1-6). Shock waves in such a dusty gas exhibit relaxation features 
typical of two-phase flow. For sufficiently strong shock waves, a 
discontinuous jump in the gas phase precedes a thick transition region. 
A nonequilibrium state of the mixture gives way gradually to an equili
brium transition through the transfer of momentum and heat between the 
gas and the particles. This feature was utilized in experimental studies, 
using a shock tube, for an understanding of the basic mechanisms of the 
interaction between the two phases (Refs. 7-9). For example, effective 
drag coefficients of the particles were deduced from the experimental 
results,but their values cannot as yet be considered as definitive. 

Some experiments used a shock tube in which only a limited portion 
of the channel was filled with a dusty gas (Refs. 10-14). Apparently 
a uniform dusty gas is easier to produce in such a configuration. It 
also OOs the advantage that disturbances arising from diaphragm rupture 
are avoided. In this case, a shock wave initially propagating in a 
pure gas then penetrates the dusty-gas layer and gives rise to a refrac
tion prob lem. 

A numerical analysis of this type of flow was done by Outa, Tajima 
and Morii (Ref. 12), using the method of characteristics. However, they 
made an error in calculating the dusty-gas flow by assuming that the mass 
concentration of the particles vanishes a10ng the boundary particle path. 
There mus·t be a discontinuity in the mass concentration at the boundary 
of the particles, since diffusion was not considered. Recently, Marconi, 
Rudman and Calia (Ref. 15) so1ved a problem of shock induced flow in a 
dusty-gas layer using a characteristic-based finite-difference methode 
This was a less practical case since the incident shock wave was produced 
by a moving piston and a subsequent reflected shock wave at the piston 
affected the flow. 

In the present analysis the basic features are studied of the flow 
induced by a shoc~ wave as it penetrates into a dusty-air layer. The 

,I transient-flow behaviour is clarified by solving the equations of motion 
using a modified random-choice method (Ref. 16) together with an operator
splitting technique. Discussions based upon the idealized-equilibrium-gas 
approximation are also made for a more complete understanding of the flow 
characteristics. The inverse problem is also considered as the shock wave 
leaves the dusty-air layer again into free air. The strengths of the 
initial shock wave as it penetrates the layer and the emergent shock wave 
as it leaves the layer are compared and discussed. It is shown that the 
analysis reduces to the case of a gaseous layer eIDbedded in air in a 
shock-tube channel, very similar to the case studied by Glass and co-
workers (Refs. 17-20) nearly three decades ago. The case of a shock wave 
passing through a helium layer eIDbedded in a channel containing air is 
illustrated in the time-distance plane on Plate 1 and its explanatory 
sketch. In this case a rarefaction wave is reflected at the first contact 
surface and a shock wave at the second contact surface, unlike the passage 
through a dusty 1ayer where the reverse happens. Had argon or carbon-dioxide 
been used, then it would hgve been similar to the dusty-gas layer. 
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Finally, it is worth noting that in the present analysis the over
taking of the emergent shock wave by the refracted compression wave is 
also considered in order to give a definite answer as to whether or not 
the emergent shock wave is weaker than the initial shock wave entering 
the dusty-qir layer. In the particular illustrative examples treated 
here for an incident shock pressure ratio of 5, the fina1 transmitted 
shock wave af ter the nonlinear wave int er ac ti ons ultimate1y comes out 
with almost the same strength as .the incident one. Of course, other 
examples may be treated by the reader following the methods outlined in 
this report. 

2. REFRACTION OF A SHOCK WAVE Kr AN AIR!DUSTY-AIR CONl'ACT FRONl' FOR 
EQUILIBRIUM FLOWS 

In this section, we consider the variation of a shock wave when it 
passes across the contact surface separating a pure gas and a dusty gas 
of semi-infinite length. This corresponds to the case when the thickness 
of the dusty-gas layer is much longer than a characteristic relaxation 
length. As time elapses af ter the shock wave passes across the contact 
surface, the particles become in equilibrium with the gas except for the 
transition region of the shock wave. The dusty gas can be treated effec
tively as a perfect gas if we neglect, from a 1arge-sca1e point of view, 
this nonequilibrium region together with a contact region of finite thick
ness, which may arise as in the case of a dusty-gas shock tube (Ref. 16). 
The specific heat at constant volume, the specific heat ratio and the 
speed of sound of the idealized equilibrium gas are given by (Ref. 4) 

C ve 

_j y+C43 
a e - . (1-1a)(l-tQt3) 

E 
p 

( 1) 

(2) 

A shock wave or a rarefaction wave is reflected at the contact surface 
separating perfect gases of different kinds when an incident shock wave is 
transmitted (Ref. 19, see Fig. 1). The type of ref1ected wave, i.e., 
shock wave, Mach wave or rarefaction wave, is determined according to the 
conditions (Ref. 17), 

( 
7 1+

1 
. P4 + 1) ( 75 + 

1 
• P4 + 1 )-1 _ C v1 T 1 > 0 

Y1-1 P5 75-1 P5 · Cv5T5 < (4) 

I respecti ve1y. This is identica1 to P2!P4 .~ 1. 

I 

gas. 
First, we consider a shock wave transmitted from a pure gas to a dusty 

For this case, we have (see Fig. 1), 
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Y 1 = Ye' 
(5) 

If we assume that the temperatures are the same in bath gases, the left
hand side of Eq. (4) is calculated as follows: 

ex (Y+1 P4 )-1 ~( 20$ 'Y+l ) P4 } = - _. - + 1 - + .L.-.:;. - ~ - - (~-l) 
l~ y-l P5 y-l y-l P5 

(6) 

Three cases can be found fr om the above expression according to the 
value of ~: 

(i) For ~ < y/(y-l), the right-hand si de of Eq. (6) is positive inde
pendent of the va1ues of ex and P4/P5. Therefore, the reflected 
wave is a shock wave. 

(ii) For (y+l)/(y-l) > ~ > y/(y-l), two cases exist depending on the 
value of ex: -

( a) 

(b) 

For ex >y-l-y/~, the last factor of Eq. (6) is positive 
because P4/P5 is greater than unity. Therefore, the reflected 
wave is a shock wave independent of the strength of the inci
dent shock wave. 

For ex < y-l-y/~, there exists a critical ~ressure ratio 
P4/P5 = (~-1)[(2ex~/y-l) + (Y+l/y-l) - ~J- for which the 
last factor of Eq. (6) vanishes. If the incident shock wave 
is stronger than this critical one, the reflected wave is a 
shock w~ve. On the other hand, a rarefaction wave is re
flected if the incident shock wave is weaker than the 
critical one. 

(iii) For ~ > (y+l)/(y-l), three cases exist depending on the value of 
ex: 

(a) For ex > y-l-y/~, the reflected wave is a shock wave independent 
of the- strength of the incident shock wave as in (iia). 

(b) For y-l-y/~ > ex > (y-l)/2-(y*1)/2~, a critical pressure exists 
as in (iib). A Shock wave or a rarefaction wave is reflected 
according to the strength of the incident shock wave. 

(c) For ex < (y-l)/2-(y+l)/2~, the last factor of Eq. (6) is negative 
independent of P4/P5. Therefore, the reflected wave is a rare
faction wave for any incident shock wave. 
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When a shock wave is transmitted into the dusty gas, the gas is 
dece1erated by the particles of large inertia. This deceleration 
tends to raise the pressure. On the other hand, the particles absorb 
heat from the gas at high temperature. This absorption of heat or 
coo1ing of the gas reduces the pressure. Thus, if the specific heat 
of the particles is so small that the absorbed heat is sufficiently 
sma11 , the pressure of the dusty gas becomes higher than that of the 
pure gas. As a result, a reflected shock wave is induced, for examp1e, 
as for case (i). Conversely, for particles of large specific heat, a 
rarefaction wave appears as for case (iiic). 

Generally, the specific heat ratio of the two phases ~ is not so 
high and case (i) becomes practical, that is, a shock wave is reflected 
at the contact surface in most cases. However, case (iii) can exist. 
For examp1e, consider a mixture of argon and polystyrene-partic1es, 
for which "I = 1.67 and ~ = 4.4. For this mixture, we can have the 
three cases: (iiia) for a > 0.29, (iiib) for 0.29 > a L 0.032, and 
(iiic) for a < 0.032. Although the' case of a ref1ected rarefaction 
wave is interesting, we have found that the rarefaction wave is very 
weak for this mixture and it wi11 not be discussed further. 

For the case of a reflected shock wave, the pressure behind the 
wave P3(=P2) is given by (Refs. 17, 19) 

(
"11+1 +P5)(1_ P5)-2("I5+

1
• P5 + 1)("15+

1 
+P5)-1 

"11- 1 P3 P3 "15-1 P4 "15- 1 P4 

1) ( "15:
1 

+ P4 )-~J 2 
'5 1 P3 

Severa1 working curves for the mixture of air (, = 1.4) and glass 
particles (~ = 1) are presented i11ustrating the effect of the exis
tence of particles upon the uniform states between the .transmitted 
shock wave, the contact surface and the reflected shock wave. Figure 
2 shows the variations of P3/P5(=P2/P1) with the pressure ratio of 
the incident shock wave P4/P5 for va1ues of a over the range 0 < a < 2. 
The pressure P3 increases with a for a fixed P4/P5' that is, the 
ref1ected shock wave and transmi tted shock wave are stronger for larger 
mass concentration of particles. 

Other flow quantities are ca1cu1ated from the Rankine-Hugoniot 
re1ations (see Appendix A). The variations of the velocity of the 
f1uid between the ref1ected and transmitted shock waves U2/a5 with 
the incident shock pressure ratio are shown in Fig. 3. The particles 
dece1erate the gas and therefore the mixture velocity reduces with a 
for a fixed P4/P5' The temperature behind the transmi tted shock wave 
T2 decreases as a resu1t of absorption of energy by the particles 
(Fig. 4), but the pure gas is heated by the.ref1ected shock wave 
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(Fig. 5). The density ratios PalP5(=rral~1) and PylP5 are raised by 
the deceleration of the gas due to the existence of the particles 
and by the induced reflected shock wave, respectively (Figs. 6, 7). 
The former is larger than the latter, as expected. A contact region 
separates these layers of different densities and temperatures. 

Figure 8 shows the variations of the transmi tted shock Mach 
number based on the frozen speed of sound equal to a5. The presence 
of the particles reduces the speed of propagation of the transmitted 
shock wave. For sufficiently high mass concentration of the particles, 
the transmitted shock wave propagates at a lower velocity than the 
frozen speed of sound so that it must be fully dispersed. 

3. REFRACTION OF A SHOCK WAVE AT A DUSTY-AIR!AIR CONI'ACT FRONT FOR 
EQUILIBRIUM FLOWS 

Next, we consider a shock wave transmitted from a dusty gas to a 
pure gas. For this case, we have 

)', 

( 8) 

The left-hand side of Eq. (4) is calculated with these values in a 
similar way to Eq. (6). The same factor as the last one on the right
hand side of Eq. (6) also appears, but with a changed sign. Therefore, 
the criteria (i), (ii) and (iii) explained above still holds for this 
case, although the reflected shock wave should now read as the ref1ected 
rarefaction wave and vice versa. Thus, a rarefaction wave is reflected 
generally at the contact surface. 

When a rarefaction wave is reflected at the contact surface, the 
pressure behind the wave P3(=P2) is given by (Refs. 17, 19) 

)' -1 . 
5 +1 1 +1 1 

( 
P3 ) 2)'5 + ( ~ + P5 )2 (~ . P5 + 1 )-2 (P3 _ P5 ) 
P4 )'5-1 P4 )'5- 1 P4 P4 P4 

- 1 = 0 

We now present the working curves showing the variations of the 
flow quantities with the incident shock pressure ratio P4!P5 for the 
mixture of air and glass-particles. The pressure behind the trans
mitted shock wave P2 is smaller than P4 behind the incident shock 
wave in the dusty gas (see Fig. 9) and a rarefaction wave is reflected. 
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Variations of the velocity in the region between the transmitted 
and the ref1ected waves normalized by the frozen speed of sound 
equal to al are shown in Fig. 10. The values of the velocity u4 of 
the dusty gas behind the incident shock wave are a1so shown by the 
thin 1ines for comparison. The gas in state (3) is accelerated to 
a higher velocity af ter it is re1eased from the restraints of the 
dust particles. The temperature of the gas behind the transmitted 
shock wave becomes higher than that behind the incident shock wave 
(Fig. 11). On the other hand, the dusty gas coo1s af ter the reflected 
rarefaction wave passes through (Fig. 12). Larger changes in temper
ature are produced for 1arger mass concentrations of particles. The 
densities of the gases behind the transmitted and the reflected waves 
are smaller than that behind the incident shock wave (Figs. 13, 14). 
Comparing these two figures, we see that the gas behind the ref1ected 
rarefaction wave is denser than the gas behind the transmitted shock 
wave. 

Variations of the transmitted shock Mach number with the incident 
shock pressure ratio are shown in Fig. 15. It is seen that the trans
mitted shock wave propagates at higher speed than the prapagation 
velocity of the incident shock wave in the dusty gas. It is seen 
that there is a region where a fu11y dispersed shock wave in the 
dusty gas can eventual1y become a sharp fronted transition in air. 
That is the reverse of the case of refraction from air into a dusty 
gas. 

4. TIME-DEPENDENT NONEQUILIBRIUM REFRACTION AT AN AIR/DUSTY-AIR 
CONTACT FRONl' 

The transient flow induced af ter a shock wave passes across a 
contact surface is discussed in this section. The dusty gas is assumed 
to consist of a perfect gas and a lot of solid spheres of uniform size. 
The viscosity and thermal conductivity of the gas are taken into account 
only for the interaction between the gas and the particles. We consider 
the cases when the mass concentration of the particles is comparable to 
the density of thegas. The volume occupied by the particles is neg1igib1e 
because the density of the solid particle is much larger than that of the 
gas. 

The equations of continuity, momentum and energy for either the gas 
or the particles are given by (Refs. 1-6) 

dP + d (pu)::;: 0 dt di 

6 

(10) 

( 11) 

~D 
m (12) 



! 
1 ! 

( 13) 

~ (vD+Q) (14) 

~ (VD+Q) (15) 

where p, p, T, u are the pressure, density, temperature and velocity 
of the gas and ~, 8, vare the mass concentration, temperature and 
velocity of the particles, respective1y. The equation of state for the 
therma11y perfect gas is given by 

p = pRT (16 ) 

The gas and the particles interact with each other through the 
drag force D and the heat transfer rate Q experienced by a partic1e 
in nonequilibrium with the gas. We take in the present study (Refs. 
21, 22) 

D = É d2
p(u-v)/u-v/CD 

= É d2
p(u_v) /u-v/(0.48 + 28Re-O. 85 ) (17) 

( 18) 

where Re is the Reyno1ds number based upon the diameter of the partiele 
and the re1ative velocity of the partic1e to the gas, 

Re = p /u-v /d/J.! 

and Pr is the Prandt1 number of the gas, 

Pr :;: J.!C /k 
p 

(19) 

(20) 

The viscosity and the thermal conductivity of the gas vary with 
the temperature. We consider air in this section, for which (Ref. 23) 

-4 (T )0.77 
J.! = 1.7lx10 x 273 poise (21) 

and 

Pr = 0.75 (22) 
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While the equations governing the motion of the dusty gas have been 
described, the pure gas obeys Eqs. (10), (12) and (14) with ~ = 0, 
and Eq. (16). 

The numerical method applied to the present problem is the same 
as in Ref. 16, that is, a modified random-choice method together with 
an operator-splitting technique as follows. Two sets of equations 
derived from Eqs. (10)-(15) are considered. One set is obtained by 
omitting the inhomogeneous terms on the right-hand sides. The other 
set is obtained by omitting the terms differentiated with respect to 
x. Solving these two sets of equations alternately for each time step 
results in the solution of the problem. 

The former set of homogeneous equations is solved by the random
choice method (Refs. 16, 24-27). In this method discontinuities can 
be described definitive1y, as artificial viscosity is not required . 
The elementary calculation of the random-choice method is to determine 
by random sampling the solutions at the mid-point between two adjacent 
points, where the solution is known at a previous time. The equations 
for the gas are not coupled with those for the particles in this set 
of equations. Taking step-like initial conditions for the gas phase 
in the e1ementary calculation, one obtains classical shock-tube solu
tions (Refs. 25-27). On the other hand, one assumes initially a 
linear distribution of particles in order to avoid the difficulty 
that the solution becomes multivalued for step-1ike conditions. A 
step-like initial condition is taken on1y at a boundary of the particles 
for the boundary to be definite. Further details are given in Ref. 16. 

Numerical calculations were done for the mixture of air (y = 1.4) 
and glass-particles (~ = 1) of 10 ~m diameter with a mass concentration 
ratio a = 1. A space mesh size of ~ = 0.1 was used in most cases and 
a time step was taken as the Courant-Friedrichs-Lewy condition allowed. 

The transition of the flow occurring when the incident shock wave 
of P4/P5 = 5 in a pure gas penetrates into a semi-infinite dusty-gas 
region is shown in Figs. 16-19. The dusty gas was assumed initially 
to be at atmospheric pressure and room temperature. In all figures, 
the distance from the initial contact surface is measured in units of 
4ppd/3Pl = 2.72 cm. Thermodynamic quantities are normalized by the 
corresponding values of the dusty gas before the shock transmission. 
The veloçities are measured in the speed of sound for the pure gas 
(YP1/P1) 2 = 350 m/sec. 

Flow structures arlslng when a small time (t = 0.78xlO-4 sec) has 
elapsed af ter the shock penetrates the dusty layer are shown in Fig. 16. 
The particles cannot respond quickly enough to the abrupt change in 
the state of the gas at the shock front, but are gradually acce1erated 
and heated by the gas around them (Figs. 16c, d). On the other hand, the 
temperature and velocity of the gas in ·the dusty-gas region are reduced 
from the va1ues for the incident shock wave. This interaction of the 
two phases reduces the frozen shock jump at the shock front. The gas 
is compressed as a result of deceleration. Figures 16a and b show that 
the pressure and density of the gas in the dusty-gas region are raised 
higher than the incident va1ues. They take on maxima at the boundary 
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of the particles at this stage. The compression of the gas results 
in a shock wave that is reflected back into the pure gas. lts initial 
format ion can be seen in Fig. 16. lt is noted in Fig. l6b that the 
particle concentration rises gradua~ly behind the shock front, reaches 
a maximum and then drops suddenly to zero. 

Subsequent transitional behaviours of the flow are shown in Fig. 
17 (t = 1.56xlO-4 sec) and Fig. 18 (t = 3.12xlO-4 sec). The differ
ences in temperature and velocity between the gas and the particles 
behind the transmitted shock wave diminish with time. While the dis
continuous jump in the gas phase at the transmitted shock front decays, 
the formation of the reflected shock wave in the pure gas becomes more 
distinguished. lt can be seen from Figs. l7b and c that a contact region 
including the boundary of theparticles begins to form. 

The variations of flow quantities at t = 2.81xlO-3 sec are shown 
in Fig. 19. The exact solution for the idealized equilibrium gas is 
also presented for comparison. The present results agree well with the 
idealized solution. The reflected shock wave in the pure gas is a1most 
steady, although it is still followed by a weak compressive part. lts 
position is a little behind that for the idealized solution. This 
difference is brought about by a delay in response of the particles when 
the incident shock wave penetrated into a dusty gas. The reflected 
shock wave moves at a small speed in the laboratory frame, since the 
induced velocity of the gas behind the incident shock wave is fairly 
large. A stationary structure of the contact region is seen in Figs. 
19b and c, where the particles are in equilibrium with the gas. The 
mass concentrations and temperatures of the two phases vary smoothly in 
the region and change discontinuously at the boundary of the particles. 
The structure of the contact region reflects the history of the inter
action which the particles experienced so faro An almost stationary 
structure of the transmitted shock wave in the dusty gas has developed, 
which consists of an initial frozen shock front followed by the relaxa
tion region. The particles are in nonequilibrium with the gas in the 
transition region. The particles and the gas interact with each other 
to establish an equilibrium profile. 

The shock pressure ratio P2/Pl is found to be 6.09, from Eq. (7). 
The stationary structure of the transmitted shock wave can be obtained 
separately by sOlving the set of ordinary differential equations for 
a coordinate system moving steadily with the shock wave. Figure 20 
shows the results for the transition region obtained by making use of 
the Runge-Kutta methode Comparing Figs. 19 and 20, we see the structure 
of the transmitted shock wave in the nonstationary solution is close to 
that of the stationary shock wave. lt should be noted that the temper
ature of the gas exhibits an avershoot in the transition region. 

Next, we consider a case when the incident shock pressure ratio is 
so small that a fully dispersed shock wave may arise in the dusty-gas 
layer. Developments of the flow af ter the incident shock wave with 
P4/P5 = 1.5 penetrates into a dusty-gas region of semi-infinite length 
are shown in Figs. 21, 22 and 23. The flow structure at t = 3.l2xlO-4 
sec is given in Fig. 21. The frozen jump at the shock front is seen 
to decrease but the formation of the reflected shock wave in the pure 
gas is very gradual in comparison with the case of a strong shock wave 
(see Fig. 18). 
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The variations of flow quantities at t = 2.8lxlO-3 sec are shown 
in Fig. 22. The solution for the idealized equilibrium gas is also 
illustrated by the dashed lines far comparison. The present results 
agree fairly well with it, but the flow is still developing. The flow 
quantities vary gradually in the reflected wave and a discontinuous 
jump does not form as yet. The frozen front of the transmi tted shock 
wave has almost decayed. 

The flow structure at a later time, t = 5.30xlO-3 sec, is shown in 
Fig. 23. It can be seen that the compressive reflected wave has further 
steepened. An almost stationary contact region has formed, which exhibits 
discontinuities in density and temperature at the boundary of the particles 
It should be noted that the transmitted shock wave has dispersed much more 
since t = 2.8lxlO-3 sec (note that different scales of distance are used in 
Figs. 22 and 23). The stationary structure of the fully dispersed shock 
wave, for which the shock pressure ratio is 1.584 corresponding to the 
present nonstationary case, was solved by means of the Runge-Kutta methcd 
and is presented in Fig. 24. A comparison of the shock structures in Figs. 
23 and 24 shows that the flow over the transition region in Fig. 23 does not 
attain the final stationary state. Further dispersion through the inter
action between the gas and the particles must follow. Thus, much time is 
needed for the flow to become stationary even af ter the frozen shock front 
has decayed (see Appendix B) • 

5. TIME-DEPENDENr NONEQUILIBRIUM REFRACTION AT A DUSTY -AIR! AIR CONTACT 
FRONr 

The inverse problem will be considered for the case when a station-
ary shock wave in a dusty gas is transmitted into a pure gas of semi-infinite 
length. We take the stationary shock transition shown in Fig. 20 as the 
initial condition for the incident shock wave. The flow structure at 
t = 0.78xlO-4 sec af ter the shock penetration is shown in Fig. 25. The gas 
ahead of the particles moves at a higher velocity than it moved in the 
relaxation region of the incident shock wave, since the gas is not restrained 
by the particles (Fig. 25d). This increases the discontinuous jump at the 
shock front transmi t ted into the pure gas. Concurrently, an expansion of 
the gas is inducedin the downstream region behind the discontinuous shock 
front. The pressure, density and temperature o~ the gas decrease from the 
values for the incident shock wave. The early formation of the reflected 
rarefaction wave can be seen in Fig. 25. The particles are overtaken by 
the gas of higher velocity and temperature to be accelerated and heated 
(Figs. 25c, d). 

The flow behaviour at t = 1.56xlO-4 and 3.l2xlO-4 sec are shown in 
Figs. 26 and 27, respectively. The discontinuous transmitted shock wave 
increases in strength. The rarefaction wave reflected into the dusty gas 
continues to develop. The temperature and velocity of the particles are 
increased further. It should be noted in Fig. 27c that the temperature of 
the particles is higher than the gas temperature af ter the rarefaction wave 
has passed owing to their thermal inertias. Note also that a contact region 
begins to form ahead of the boundary of the particles (Fig. 27b). 

F1ITther development of the flow is shown in Fig. 28 for t = 2.8lxlO-3 
sec. The exact solution for the idealized equilibrium gas is also shown 
by the dashed lines for comparison. The transmitted wave can be seen to be 
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quite stationary. The difference in its position between the present result 
and the idealized solution is due to the delay time required for its forma
tion. It is also seen from Figs. 28b and c that a stationary contact region 
has formed around the boundary of the particles. This contact region has 
no discontinuity in the density and temperature of the gas. The reflected 
rarefaction wave in the dusty gas is still developing. It should be noted 
that the rarefaction wave is carried by the dusty gas flow to the right 
against its direction of propagation owing to the high dust velocity. While 
its position agrees well with that of the idealized solution, the rarefac
tion wave is considerably extended by comparison with the idealized solution 
owing to the differences in temperature and velocity between the two phases. 
The calculations were done up to t ; 5.9xlO-3 sec. Although at later time 
the flow structure exhibited almost similar characteristics, the degree of 
extension of the rarefaction wave diminishes relatively. Since the head 
and tail af the rarefaction wave must ultimately propagate at the equilibrium 
speed of sound, the extent of the wave will approach that of the idealized 
solution af ter a long time. 

The transmission of a fully dispersed shock wave from a dusty gas to 
a pure gas is solved taking the stationary shock structure shown in Fig. 24 
as the initial condition for the calculation. The flow ,behaviour at t =: 

1.87xlO-3 sec af ter the shock penetration into the pure gas is shown in 
Fig. 29. Only small changes in pressure, density and velocity can be seen. 
The temperature of the gas ahead of the boundary of the particles is raised 
and a sharp peak in temperatur'e is observed (Fig. 29c). Figure 30 shows 
the flow structure at t ; 3.74xlO-3 sec. The flow has changed considerably, 
but is still far from the idealized equilibrium-gas flow illustrated by the 
dashed lines. The variation of the pressure does not exhibit any definite 
structures of the transmitted and reflected waves. The temperature and 
velocity of the gas ahead of the particles are raised to the values higher 
than the incident values. However, the variations of flow quantities there 
are very graduale Steep changes in density and temperature near the boundary 
of the particles indicate the formation of a contact region. 

The flow structure at a later time, t = 6.86xlO-3 sec, is shown in Fig. 
31. Although the variation of the flow is still gradual, we can distinguish 
the formations of the transmitted shock wave and the reflected rarefaction 
wave. The form ofthe transmitted shock wave in the pure gas becomes very 
steep. Nonlinear effects will make this wave discontinuous in time. The 
temperature and velocity of the particles have approached those of the gas 
and a structure of the reflected rarefaction wave in the dusty gas can be 
seen in the figures. The width of the rarefaction wave is much larger than 
that of the idealized solution as in the case of a strong incident shock 
wave. The structure of the contact region can also be distinguished. The 
uniform states of the flow separated by the transmitted shock wave, the 
contact region and the reflected wave are almost attained. Their positions, 
however, are much different from those of the idealized equilibrium gas. 
This means that much time is needed for the relaxation of the two phases 
to be accomplished when the change of the flow is smalle 

6. NONEQUILIBRIUM PASSAGE OF A SHOOK WAVE THROUGH A DUSTY-GAS LAYER 

The transmission of a shock wave by a dusty gas layer of finite thickness 
is studied next. Figure 32 shows the flow structure at t ; 2.18xlO-3 sec 
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af ter the shock penetration into the dusty-gas layer of 27.2 cm initial 
thickness. (The dusty gas has filled initially the region of 0 < X < 10 
in the figures.) Other conditions were the same as those of the semi
infinite case considered in Figs. 16-19. It is seen in Fig. 32 that the 
shock wave has passed through the layer. The thickness of the layer is so 
thin that the transmitted shock wave, when it was in the dusty-gas layer, 
could 'not attain its stationary value. The reflected shock wave arising 
when the incident shock wave passed across the contact surface can be seen 
to propagate in the pure gas to the left in the figures. Af ter the trans
mitted shock wave passed through the dusty-gas layer, a rarefaction wave 
is induced to propagate in the layer. This rarefaction wave penetrates 
into the pure gas upstream. The wave is seen to lie between the reflected 
shock wave and the boundary of the particles in Fig. 32. Although the 
rarefaction wave does not overtake the reflected shock wave as yet in the 
figures, the latter will almost vanish af ter being overtaken by the former. 

The magnitude of the discontinuities in the flow variables at the 
frozen shock front diminishes while the shock wave propagates in the dusty
gas layeras in Figs. 16-18. Af ter it comes out of the dusty-gas layer, 
its magnitude recovers with time. It can be seen from Fig. 32 that the 
values of flow quantities immediately behind the transmitted shock front 
are very close to those behind the incident shock wave. A weak compression 
wave, CW, is seen to follow the shock front in Fig. 32a, arising when the 
reflected rarefaction wave passes across the upstream contact surface of 
the dusty-gas layer, C (Fig. 34). This compressive wave is transmitted out 
of the layer and overtakes the preceding shock front 5t2. Their subsequent 
overtaking cause the shock wave to achieve almost its original incident 
strength. 

The dusty-gas layer has been compressed to be 9.2 cm thick as is seen 
from Fig. 32b. The pressure and the velocity are almost uniform over the 
layer. Only the mass concentration and the temperature vary across the 
layer, but the particles are almost in equilibrium with the gas (see Figs. 
32c and d). It can be seen from Figs. 32b and c that the nonuniform state 
of the gas protrudes downstream of the layer. These nonuniform conditions 
of the flow around the dusty-gas layer are the remains from the passage of 
the shock wave through the layer. The nonuniform state wiU last until the 
viscous and thermal' diffusion of the gas, as well as the particle diffusion, 
remove it. 

Figure 33 shows the flow structure at t = 4.99xlO-3 sec af ter the shock 
penetration into a dusty-gas layer of the 136 cm initial thickness. (The 
initial position of the dusty gas was over 0 < X ~ 50 in Fig. 33). A re
flected rarefaction wave coming out of the dusty-gas layer is clearly seen 
to follow the reflected shock wave. The transmitted shock wave is not 
affected yet by a compression produced when the reflected rarefaction wave 
passed across the upstream boundary of the particles • The thickness of 
the dusty-gas layer is fairly large so that the downstream flow structure is 
close to that of the semi-infinite case (see Fig. 28). 

When the thickness of the dusty-gas layer is very large (say 4 meters), 
we will find the reflected shock wave in the pure gas is like that shown in 
Fig. 19. The reflected rarefaction wave in the dusty-gas layer and the 
transmitted shock wave in the pure gas, on the other hand, will be as shown 
in Fig. 28. Thus the strength of the transmitted shock wave (shock pressure 
ratio = 4.83) is weaker than that of the incident shock wave (shock pressure 
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ratio = 5.0) if we neglect the overtaking compression wave that can result 
from the refraction of the induced rarefaction wave at C~ (see Fig. 34). 
The transmitted shock wave will be strengthened when it lS overtaken by a 
shock wave developing from the compression wave, as in Fig. 34. The shock 
pressure ratio of this final transmitted shock wave can be calculated on 
the equilibrium-flow approximation and is found to be 5.005 for the present 
case. Thus, its strength for all intents is almost the same as that of the 
incident shock wave. 

7. CONCLUSIONS 

The passage of a shock wave into a dusty-air layer was solved on the 
basis of an idealized equilibrium gas which ignores the transition zones. 
Using the full time-dependent equations of motion, it was shown how the 
shock wave and contact region transitions develop to their equilibrium 
transitions. The idealized equilibrium-gas analysis provided the criteria 
for the type of reflected wave which occurs at the contact surface separating 
a pure gas from a dusty gas. In the present case, a shock wave is reflected 
wh en the incident shock wave advances from airinto a dusty-air layer and 
a rarefaction wave is reflected when the shock wave again comes out of the 
dusty layer into air. Working curves showing the effects of the presence 
of the dusty-gas layer on the uniform flow states formed af ter a shock wave 
passes through the first and second contact surfaces were obtained for a 
dusty gas with / = 1.4 and ~ = 1. The strength of the shock wave coming 
out of a dusty-air layer of large thickness can be found from these curves 
as a function of the incident shock-pressure ratio. The effects of the 
subsequent wave interaction by the overtaking compression wave was also 
analysed for one particular case for illustrative purposes. 

The transitions of the flow are studied numerically by means of a 
modified random-choice method with an operator-splitting technique. Cal
culations were done for the propagation of a shock wave through a layer 
with a semi-infinite or finite thickness of dusty air containing 10 ~m 
glass particles. When the shock wave penetrates into the dusty gas, its 
frozen front decreases as a result of the absorption of energy by the par
ticles. Consequently, the pressure of the gas at some distance behind the 
shock front increases beyond its initial value owing to the deceleration 
of the flow caused by the particles. Similar transition effects occur for all 
physical quantities. A shock wave is reflected from the first contact region 
into the pure air and a rarefaction wave from the second contact region 
into the dusty gas. When the shock wave comes out of the dusty-gas layer, 
the gas is released from the restraint of having particles to accelerate 
and the shock wave recovers much of its strength. An expansion of the gas 
occurs downstream as a result of its acceleration and a rarefaction wave 
forms and is reflected back into the dusty air. The contact regions have 
finite transition thicknesses. For a dusty-air layer of finite thickness, 
the reflected rarefaction wave interacts with the first contact region and 
reflects as a compression wave, which is transmitted at the second contact 
region and then overtakes the emergent shock wave and causes it to recover 
more of its original strength. For the particular case of an incident shock 
strength of pressure ratio of 5.000 the final transmitted wave strength is 
for all intents the same (5.005). Only the variations of mass concentrations 
and temperatures of the mixture remain in the dusty-air layer as remnants of 
the shock-wave passage. For a weak incident shock wave, the transmitted 
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shock wave in the dusty gas can be fully dispersed. Here the formation 
of the reflected shock and rarefaction waves at the contact transmission 
fronts are found to take a long time. 

Experimental verification of this analysis will be done in the near 
future at urIAS. Of course, different layers and gases can be used and 
analysed. However, the present study will provide important insight into 
the forthcoming experimental studies and into the practical field cases 
of blast waves passing through dusty-air layers. 
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PLATE 1 (a) REFRAC'l'ION OF A PLANE SHOCK WAVE IN AIR THROUGH A LAYER 

OF HELIUM. 

Cornposite photograph of two (x,t)-plane schlieren records 
showing the double refraction of a plane shock wave at a 
helium layer and the resulting subsequent overtaking of two 
shock waves rooving in the same direction. 
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PLATE 1 (b) REFRACTION OF A PLANE SHOCK WIWE IN AIR THROUGH A LAYER 

OF HELIUM. 

Explanatory line diagram of (a). The gases are at rest 
and at atmospheric pressure initially. The incident shock 
wave SI, in air, refracts into helium at the microfilm 
contact surface C2, causing a transmitted shock wave ST, 
and a reflected rarefaction wave Rl. The transmitted shock 
wave ST refracts into air at the microfilm contact surface 
Cl, generating an emerging shock wave SE, and a reflected 
shock wave S, which refracts at C2, producing a reflected 
shock wave So; whi9h overtakes SE. This gives rise to the 
final shock wave SE, a perfect contact surface C3, and a 
very weak reflected rarefaction wave R2. The initial re
fraction at C2 causes shock SI to attenuate in pressure 
ratio in the helium layer. The second refraction at Cl 
arnplifies the pressure ratio of SE in air. However, owing 
to the nonlinear nature of the refractions SE is weaker than 
SI. The overtaking of So and SE now amplify SE so that it 
is nearly the same strength as SI. Note the rapid diffusion 
of the helium-air contact surfaces at Cl and C2 and the very 
stable contact surface C3 in air, Mach numbers of SI = 1.70, 

I • 
SE = 1.65 and SE = 1.69, pressure ratlo across R2 = 0.97. 
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FIG. 1 SCHENATIC DIAGRAM OF TRANSMISSION AND REFLECTION OF A SHOCK VIAVE AT A 
DUSTY-GAS CONTACT SURFACE. 
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~i = INCIDENT SHOCK WAVE; St = TP~NSMITTED SHOCK WAVEi C = CONTACT SURFACEi 
Sr = REFLECTED SHOCK WAVE; Rr = REFLECTED RAREFACTION WAVE. 
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FIG. 4 VARIATION OF FLOW TEMPERATURE RATIO T2 /TS WITH 
INCIDENT SHOCK PRESSURE RATIO P4/PS. 
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FIG. 5 VARIATION OF FLOW TEMPERATURE RATIO T3/TS WITH 
INCIDENT SHOCK PRESSURE RATIO P4/P S. 
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FIG. 6. VARIATION OF FLOW DENSITY RATIO P2/ PS (= 02/01) 
WITH INCIDENT SHOCK PRESSURE RATIO P4/PS. 
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FIG. 9 VARIATION OF FLOW PRESSURE RATIO P3/Ps (= P2/Pl) 
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(i) THE BEGINNING OF FORMATION OF A CONTACT REGION. 
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APPENDIX A 

RANKINE-IIDGONICYl' AND ISENl'ROPIC RELATIONS 

We can find the pressure P3 = P2 in the region between the transmitted 
shock wave and the reflected wave for a given incident shock pressure ratio 
P4/P5 by solving the algebraic equations (7) or (9). The other flow quanti
ties behind the transmitted shock wave can be obtained then from the Rankine
Hugoniot relations as follows: 

P2 I + (yl+l)/(yl-l) x (P2/Pl ) 

PI (Yl+I)!(YI-1) + P2!Pl 
(Al) 

T2 P2 (YI+I)/(yl-l) + P2/PI -- I + (y1+1)!(y l -l) x (P2!Pl ) Tl P l 
(A2) 

(A3) 

(A4) 

When a shock wave is reflected at the contact surface, the flow quantities 
behind the reflected shock wave are calculated in a similar way. If the 
reflected wave is a rarefaction wave, the isentropic relations across the 
rarefaction wave are given by 

Y4- 1 

T3 = ( P3 )~ (A5) 
T4 P4 

(A6) 

Using these relations, we can express the values of the flow quantities in 
the uniform flow regions behind the transmitted shock wave, the contact 
surfaces and the reflected wave in terms of the incident shock pressure 
ratio or shock Mach number. 



APPENDIX B 

FORMATION OF FULLY-DISPERSED SHOCK WAVES 

The variation of the thickness of the shock transition region with 
time is shown in Fig. B1 for the case of a fully-dispersed shock wave 
(Figs.21-23). The shock thickness was defined as the 1ength of the region 
over which the pressure varies from 10% to 90% of the total pressure jump 
of the stationary shock wave (Fig. 24). The final thickness is also shawn 
by the dashed 1ine. It can be seen that the transition thickness increases 
very gradua11y. It is estimated from Fig. Bl that a stationary shock wave 
will require a formation time in excess of 11xlO-3 sec. 
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