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1  Introduction

In modern engineering design workflows, numerical 
analysis plays a crucial role in providing insight into the 
performance of engineering components even before fab-
rication. Conceptually, this can be described as the cre-
ation of a digital twin prototype – a virtual representation 
of the physical component that allows for comprehensive 
investigation, evaluation, and optimization prior to manu-
facturing. Conventional numerical methods, such as finite 
element analysis, are often computationally intensive and 
time-consuming, which prevents their integration into real-
time, interactive design processes. By "real-time," we refer 
to timescales compatible with the designer’s workflow, typi-
cally in the order of seconds or less per interaction.

Within this context, this paper introduces IGANet, a 
novel methodology aimed at enabling real-time digital twin 
prototyping with particular emphasis on geometry-driven 
design and varying loading or usage scenarios. The pro-
posed approach empowers designers to obtain immediate 
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Abstract
Fast numerical predictions have become an indispensable component of modern engineering design workflows, whether 
in interactive design within computer-aided design (CAD) environments or in multi-query numerical tasks such as design 
optimization and uncertainty quantification. Depending on the context, “fast” may refer to near real-time predictions 
within a few seconds, or simply to methods that are significantly faster than high-fidelity simulations, for example those 
based on the finite element method (FEM). With the aim of providing a tool that not only enables such accelerated predic-
tions but also integrates seamlessly into established workflows, we introduce the concept of IGANets. IGANets are spline-
based, physics-informed machine learning models that can be integrated naturally between CAD representations and 
numerical analysis tools, particularly those based on isogeometric analysis (IGA). Unlike purely data-driven approaches, 
IGANets do not inherently rely on precomputed training data; instead, they are formulated in a collocation setting directly 
from physical models. In this paper, we present the IGANets concept and demonstrate its feasibility through numerical 
experiments for the Poisson equation and linear elasticity. In addition, we investigate a multi-instance linear-elasticity 
setting with varying I-beam-like geometries and boundary conditions in order to assess the generalization capability of 
the framework. The results show that IGANets can predict solutions for previously unseen problem instances within the 
training range with improved accuracy as the number of training samples increases.
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feedback on the physical behavior of design artifacts as they 
modify geometry or boundary conditions, thereby fostering 
an interactive and informed design process. IGANets com-
bine the mathematical framework of isogeometric analysis 
(IGA) with the concept of physics-informed neural operators. 
Parametric objects (e.g., geometries, boundary conditions, 
materials) are encoded through their coefficients relative to 
fixed spline bases and provided as inputs to a neural net-
work. The network outputs the solution to parametric partial 
differential equations (PPDE) in the form of spline coeffi-
cients. Building on the theory of isogeometric collocation 
methods, IGANets yield converged solutions upon increas-
ing the number of unknowns alongside the sampling points. 
The physics model is implemented in the loss function in 
a least-squares sense, thereby leveraging the higher conti-
nuity of splines to represent higher derivatives without the 
need to introduce auxiliary variables. IGANets are trained 
over a family of inputs that represent relevant instances of 
the expected design space. The training can be performed in 
full self-supervised manner or assisted by available simula-
tion/experimental data, thereby overcoming the major road-
blocks of existing methods. The ultimate goal of this work is 
to bridge the gap between high-fidelity physical simulation 
and real-time interactivity, thereby facilitating both manual 
and automated optimization processes within digital design 
environments. The comparison of IGANets with the state of 
the art is discussed in the following.

A digital twin prototype (DTP) is a virtual representa-
tion or simulation of a physical object, system, or process 
enabled through digital technologies, i.e., computer-aided 
design (CAD) and analysis (CAA). One way in which a 
DTP can be obtained are surrogate modelling techniques. 
The generation of such surrogate models is based on the fast 
generation of accurate and reliable solutions of parametric 
partial differential equations (PPDE), where the considered 
parameters can be geometric shapes, material parameters, 
etc. Surrogate modelling approaches suitable for design pro-
cesses can be grouped as follows ( [1]): (1) dimensional/
analytical model reduction (e.g., 3D-to-2D or 2.5D reduc-
tion by exploiting symmetries, replacement of nonlinear 
by linear model equations); (2) computational/model-order 
reduction (e.g., reduced basis (RB) method or proper 
orthogonal decomposition (POD)); (3) physics-informed 
machine learning (e.g., physics-informed neural networks 
(PINN), deep operator networks (DeepONets)).

IGANets fall into the last category, so in the following, 
we will briefly describe seminal technologies in the field of 
physics-informed machine learning and then give an over-
view over contributions within the frame of linear elasticity. 
Within this domain, one method stands out as a particularly 

natural fusion of machine learning and scientific comput-
ing – physics-informed neural networks (PINNs). Although 
the foundational ideas can be traced back to early work 
in the 1990s [2–4], PINNs only gained widespread atten-
tion and rapid development following their reinvention by 
Raissi, Perdikaris, and Karniadakis in 2017 [5]. The core 
concept of PINNs is to approximate the solution of physi-
cal problems governed by (partial) differential equations. 
In contrast to conventional supervised learning approaches 
that rely solely on input-output data pairs, PINNs incorpo-
rate the governing physical laws directly into the learning 
process by embedding the differential equations into the loss 
function of the neural network. This integration enables the 
model to learn physically consistent solutions, even in the 
absence of extensive labeled data. In the context of linear 
elasticity, PINNs have for example been employed in the 
following works [6–12].

Instead, deep operator networks (DeepONets) are a class 
of neural network architectures designed to learn nonlinear 
operators – that is, mappings between infinite-dimensional 
function spaces. Unlike PINNs that approximate functions, 
DeepONets aim to approximate operators, such as the solu-
tion map of a differential equation. Introduced by Lu et al. 
[13, 14], a DeepONet consists of two subnetworks: a branch 
network, which processes input functions (typically rep-
resented by pointwise evaluations), and a trunk network, 
which handles the evaluation locations. Given their superior 
generalization capabilities as compared to PINNs, DeepO-
Nets are particularly well-suited for solving families of 
parametric PDEs. In the field of linear elasticity, DeepO-
Nets have for example been applied in the following works 
[15, 16].

In addition to these two main variants of physics-
informed machine learning, a wide range of alternative 
approaches has emerged, offering diverse strategies for 
integrating physical knowledge into learning frameworks. 
A comprehensive review of these methods can be found in 
[17].

Another central concept in IGANets  are collocation 
approaches. Collocation methods solve PDEs by enforcing 
the governing equations at a discrete set of points, known 
as collocation points [18]. These methods originated in the 
1960s and 70s as a way to solve boundary value problems 
for ordinary and partial differential equations [19–21], offer-
ing a simpler alternative to weighted residual or Galerkin 
methods by avoiding domain integration. A modern and 
efficient extension is spline-based collocation [22–26], 
which integrates collocation with the spline-based geometry 
representation used in CAD; thereby exploiting the smooth-
ness and geometric exactness of spline basis functions. A 
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further development is least-squares collocation [27–29], 
where the differential equation is not enforced exactly at 
each collocation point but rather in a least-squares sense by 
minimizing the squared residuals over all points. This relax-
ation improves robustness, particularly when dealing with 
noisy data, over-constrained systems, or ill-posed problems.

In the remainder of the paper, the IGANets approach is 
introduced in Section 2, followed by a concept validation 
based on the Poisson equation in Section 3. The application 
of IGANets to linear elasticity is demonstrated in Section 4.

2  The IGANets approach

To introduce the IGANets  approach, we consider the 
abstract boundary-value problem (BVP)

x ∈ Ω : RΩ[u; f, α](x) = 0, � (1)

x ∈ Γ : RΓ[u; g, α](x) = 0, � (2)

where RΩ and RΓ are the differential operators in resid-
ual form acting on the solution u in the domain Ω and its 
boundary Γ = ∂Ω, respectively. Here, f and g denote possi-
ble right-hand sides and boundary values, and α represents 
problem-specific parameters such as the Lamé parameters 
utilized in Section 4.1.3.

Simply put, the task of any numerical method for solving 
BVPs is to find a mapping

M : (Ω, Γ, f, g, α) �→ u� (3)

such that Equations  (1)-(2) are satisfied for all x in the 
domain and its boundary.

Although traditional physics-informed machine learning 
approaches often hardcode the geometry, right-hand sides, 
and boundary values into the loss function and learn over a 
range of problem parameters α, the core idea of IGANets is 
to encode the entire problem set-up in terms of basis coef-
ficients relative to a priori chosen bases. The basis coeffi-
cients are then fed into the neural network as inputs and the 
network outputs are reinterpreted as coefficients of the solu-
tion relative to an again a priori determined basis.

This is in stark contrast to classical PINNs, where the 
network input is a physical coordinate in the domain or at 
its boundary and the network’s task is to predict the point-
wise solution value at that location. Although this concept 
ensures a very small number of network inputs and outputs, 
it makes it nontrivial to provide complex problem set-ups 
(i.e., Ω, Γ, f, g) as network input so that even parameterized 

PINNs are often restricted to learn over only a few problem 
parameters α that can be provided as scalar inputs.

The IGANets approach also differs from the concept of 
DeepONets, where the basis is not determined a priori but 
learned in a separate network (termed branch network). 
Although this concept is particularly interesting when the 
‘optimal’ basis is not known a priori, e.g., when the solu-
tion has sharp localized features such as shock fronts, the 
IGANets approach is designed as a learning-based drop-in 
replacement for classical isogeometric analysis (IGA) and, 
as such, it builds on the idea of representing both the geom-
etry and the solution in compatible spline spaces.

For simplicity, we illustrated the IGANets concept in two 
dimensions and for a scalar BVP but remark that it naturally 
generalizes to higher dimensions, vector-valued problems, 
and even non-tensor-product spline spaces. To begin with, 
let

S = Sp,c(Ξ) ⊗ Sp,c(Ξ)� (4)

denote the space of bivariate B-spline basis functions 
bibj ∈ S, each of degree p and continuity c ≤ p − 1, defined 
on the open knot vector

Ξ = [ξ1 = ξ2 = · · · = ξp+1︸ ︷︷ ︸
p+1 times

, . . . , ξi, . . . , ξn = · · · = ξn+p+1︸ ︷︷ ︸
p+1 times

]
� (5)

consisting of n + p + 1 knots – a sequence of non-decreas-
ing real values from the interval [0, 1] – and, hence, n basis 
functions per dimension, respectively.

The exact geometry Ω ⊂ R2 can then be discretized as

ξ ∈ Ω̂ : x̂h(ξ) =
n∑

i=1

n∑
j=1

bi(ξ(1))bj(ξ(2))xij , xij ∈ R2,� (6)

which maps from the parametric domain Ω̂ = [0, 1]2 to the 
physical domain Ωh and its boundary Γh. If the forward 
mapping defined in (6) is bijective, its inverse, the so-called 
pull-back mapping, is well defined

x ∈ Ωh : ξh(x) = x̂−1
h (x).� (7)

The solution u, the right-hand side f and the boundary values 
g are approximated in the same spline space

x ∈ Ωh : uh(x) =
n∑

i=1

n∑
j=1

bi(ξ(1)
h (x))bj(ξ(2)

h (x))uij , uij ∈ R,� (8)

x ∈ Ωh : fh(x) =
n∑

i=1

n∑
j=1

bi(ξ(1)
h (x))bj(ξ(2)

h (x))fij , fij ∈ R,� (9)
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losspde = ωΩ

NΩ

NΩ∑
k=1

(RΩh
[uh; fh, α](xk))2

, � (15)

lossbdr = ωΓ

NΓ

NΓ∑
k=1

(RΓh
[uh; fh, α](xk))2

, � (16)

where NΩ and NΓ are the number of sampling points xk 
in the domain and on the boundary, respectively, and ωΩ 
and ωΓ are weights to balance between the two components 
of the loss function. Inspired by the isogeometric colloca-
tion method by [23], we choose the sampling points as the 
images of the Greville abscissae

ξ̄k = ξk+1 + · · · + ξk+p

p
� (17)

under the push-forward mapping, i.e., xk = x̂h(ξ̄k), or that 
of a virtually refined spline space leading to a learning-
based counterpart of the isogeometric least-squares colloca-
tion method by [29]. In both cases, some parts of the loss 
function simplify, e.g., the basis functions in Equations (9)-
(10) can be evaluated at ξ̄k directly.

As an alternative to the weak imposition of boundary con-
ditions through residual terms in the loss function, Dirich-
let boundary conditions can be imposed strongly by either 
overwriting the corresponding entries of the network output 
by the coefficients of the Dirichlet values and excluding the 
corresponding terms in the loss functions or by eliminating 
the solution coefficients corresponding to Dirichlet values 
from the network output and augmenting the reduced output 
by the prescribed coefficients afterwards. Both approaches 
overcome the general challenge of physics-enhanced neural 
networks to enforce Dirichlet boundary conditions accu-
rately through the careful tuning of the weighting coeffi-
cient ωΓ, as for example seen for PINNs in [30]. The latter 
approach moreover leads to slightly smaller networks but 
requires some bookkeeping in the reinterpretation of the 
network output as spline function, cf. (13).

It is furthermore possible to augment this purely physics-
informed loss function by a supervised data component, 
e.g.,

lossdata = ωdata

Ndata

Ndata∑
k=1

(uh(xk) − udata(xk))2
.� (18)

The overall working principle of IGANets  is depicted in 
Fig. 1, whereby N = n2.

x ∈ Γh : gγ
h(x) =

n∑
i=1

bi(ξd(γ)
h (x))gi, gi ∈ R,� (10)

where ξ
(d)
h  denotes the dth parametric direction of the 

inverse map defined in (7), γ ∈ Γh is a boundary segment, 
and d(γ) is defined to select the spatial direction that cor-
responds to the boundary segment γ. As an example, a seg-
ment γ located at the upper or lower boundary of the unit 
square would be mapped to the first parametric direction 
ξ

(1)
h , whereas segments at the left and right boundary would 

be mapped to ξ(2)
h . Let us remark that in principle each of 

the above quantities can be defined in a different, not neces-
sarily tensor-product, spline space.

With the above definitions, the task of the IGANets (and 
a puristic IGA solver) is to find a mapping

Mh : ({xij} , {fij} , {gi} , α) �→ {uij}� (11)

such that the discretized counterparts of Equations  (1)-(2) 
are satisfied for a finite set of sampling points xk in the 
domain and its boundary. This can be accomplished by con-
catenating all flattened1 inputs to a single vector2

input := concat (flat {xij} , flat {fij} , flat {gi} , flat (α)) ∈ R3n2+4n+m� (12)

with m being the number of parameters α and feeding it as 
input into a feed-forward neural network. The network’s flat 
output is then reshaped3 into an n × n matrix whose entries 
are the solution coefficients relative to the specified B-spline 
basis:

{uij} := reshape (output, n, n) ∈ Rn2 � (13)

The network’s loss function is defined as

loss = losspde + lossbdr.� (14)

The previous (14) is comprised of the two components

1  Mathematically, the operation flat corresponds to the standard vec-
torization operation for matrix {gij} and its tensorial counterpart for 
the tensor {xij}. Whether row- or column major flattening is per-
formed is irrelevant since the main purpose of flattening is to generate 
a single input vector for the neural network.
2  The term 3n2 comprises the n2 vector-valued coefficients {xij}n

i,j=1 
of the two-dimensional geometry map xh and the scalar coefficients 
{fij}n

i,j=1 of the right-hand side f. The term 4n results from the scalar 
coefficients {gi}n

i=1 representing the boundary values gh at the four 
sides of the boundary Γ.
3  Mathematically, the reshape(·, n, n) operation is the inverse of the 
flat operation as it reinterprets the values of the flat vector as n × n 
matrix.
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vector consisting of n equidistant knots. The coefficients fij  
in (9) are obtained via B-spline interpolation at the Greville 
abscissae {ξ̄k}k.

Putting it all together, the IGANets’ loss function reads

loss = ωΩ

NΩ

NΩ∑
k=1

(
∆uh(ξ̄k) − fh(ξ̄k)

)2 + ωΓ

NΓ

NΓ∑
k=1

(
uh(ξ̄k)

)2
,� (23)

where the homogeneous Dirichlet values simplify the bound-
ary loss term. Since IGANets adopt the classical FEM/IGA 
paradigm for computing derivatives of their outputs with 
respect to physical variables, derivative evaluation reduces 
to the appropriate differentiation of the basis functions, e.g.,

∆uh(ξ) =
n∑

i=1

n∑
j=1

(
b′′

i (ξ(1))bj(ξ(2)) + bi(ξ(1))b′′
j (ξ(2))

)
uij .� (24)

It is worth noting that this stands in contrast to PINNs, 
DeepONets, and other physics-informed machine learning 
approaches for differential equations that compute deriva-
tives of the network outputs with the help of algorithmic 
differentiation (AD). The involved computational costs and 

3  Concept validation for the Poisson 
problem

In this section, we demonstrate the correct functioning of 
the proposed IGANets  concept for the two-dimensional 
Poisson problem solved on the unit square Ω = [0, 1]2 with 
homogeneous Dirichlet boundary conditions, i.e.,

∆u = f in Ω, � (19)

u = 0 on Γ. � (20)

The right-hand side is set to

f(x, y) = −2π2 sin(πx) sin(πy)� (21)

so that the exact solution equals

u(x, y) = sin(πx) sin(πy).� (22)

Let u and f be approximated in the spline space 
Sp,p−1(Ξ) ⊗ Sp,p−1(Ξ), where Ξ is an open uniform knot 

Fig. 1  General working principle of IGANets 
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weights (#weights), the number of epochs until loss-
value stagnation (#epochs), the mean-squared loss value 
(MSEloss), the mean-squared error between the IGANets’ 
solution and the exact solution interpolated in the spline 
space (MSEIGANets), the number of BiCGStab iterations of 
the collocation IGA method (#iter), and the mean-squared 
error between the collocation IGA solution and the exact 
solution interpolated in the spline space (MSEC-IGA). The 
network is initialized with Xavier-uniform (Glorot) weights 
and zero bias and optimized using the L-BFGS optimizer 
with the following configuration: 

memory consumption especially for higher-order deriva-
tives are considered one of the major limitations of AD-
based approaches, whereas the computational costs and 
memory consumption for computing spatial derivatives 
in IGANets are comparable to that of classical FEM/IGA 
formulations.

Consequently, computationally expensive and memory 
consuming algorithmic differentiation is only used for com-
puting the derivatives of the loss function with respect to 
the network weights. As such, the computational costs are 
independent of the order of the differential equations, which 
is not the case in other physics-informed machine learning 
approaches. For an efficient algorithm to evaluate multi-
variate B-spline basis functions and their derivatives, the 
reader is referred to Appendix A.

A direct comparison between IGANets and a regular 
collocation IGA method is given in Tables 1 and 2 for bi-
cubic and bi-quartic tensor-product B-splines, respectively. 
From left to right, the columns indicate the number of coef-
ficients/basis functions (#coeffs), the number of network 

Table 1  Comparison between IGANets and the collocation IGA method for bi-cubic (p = 3) tensor-product B-splines
#coeffs #weights #epochs MSEloss MSEIGANets #iter MSEC-IGA
1 layer, 1 neuron, Sigmoid activation function, ωΩ = 1, ωΓ = 1
4 × 4 73 1 1.37 · 10+1 3.36 · 10−2 1 1.31 · 10−3

8 × 8 233 6 1.37 · 10−3 1.46 · 10−4 86 9.86 · 10−5

16 × 16 841 65 3.19 · 10−6 3.89 · 10−6 297 3.88 · 10−6

32 × 32 3209 930 3.85 · 10−6 3.59 · 10−7 1408 1.96 · 10−7

64 × 64 12553 2340 6.14 · 10−5 1.49 · 10−5 > 10000 1.11 · 10−8

1 layer, 1 neuron, Sigmoid activation function, ωΩ = 1, ωΓ = 103

4 × 4 73 1 1.87 · 10+1 1.09 · 10−2 1 1.31 · 10−3

8 × 8 233 1 1.44 · 10−3 9.79 · 10−5 86 9.86 · 10−5

16 × 16 841 24 3.07 · 10−6 3.88 · 10−6 297 3.88 · 10−6

32 × 32 3209 65 1.79 · 10−8 1.97 · 10−7 1408 1.96 · 10−7

64 × 64 12553 315 3.19 · 10−8 1.26 · 10−8 > 10000 1.11 · 10−8

10 layers, 10 neurons per layer, Sigmoid activation function, ωΩ = 1, ωΓ = 1
4 × 4 1576 3 1.37 · 10+1 3.36 · 10−2 1 1.31 · 10−3

8 × 8 2744 16 1.37 · 10−3 1.46 · 10−4 86 9.86 · 10−5

16 × 16 7096 467 3.08 · 10−6 3.89 · 10−6 297 3.88 · 10−6

32 × 32 23864 1225 1.76 · 10−7 1.27 · 10−7 1408 1.96 · 10−7

64 × 64 89656 4557 2.53 · 10−6 8.09 · 10−7 > 10000 1.11 · 10−8

10 layers, 10 neurons per layer, Sigmoid activation function, ωΩ = 1, ωΓ = 103

4 × 4 1576 2 1.71 · 10+1 1.09 · 10−2 1 1.31 · 10−3

8 × 8 2744 4 1.44 · 10−3 9.79 · 10−5 86 9.86 · 10−5

16 × 16 7096 131 3.07 · 10−6 3.88 · 10−6 297 3.88 · 10−6

32 × 32 23864 285 1.92 · 10−8 1.95 · 10−7 1408 1.96 · 10−7

64 × 64 89656 575 1.91 · 10−8 1.09 · 10−8 > 10000 1.11 · 10−8

Values where both methods yield results with comparable accuracy are marked in bold. From left to right, the columns indicate the number of 
coefficients/basis functions (#coeffs), the number of network weights (#weights), the number of epochs until loss-value stagnation (#epochs), 
the mean-squared loss value (MSEloss), the mean-squared error between the IGANets’ solution and the exact solution interpolated in the spline 
space (MSEIGANets), the number of BiCGStab iterations of the collocation IGA method (#iter), and the mean-squared error between the col-
location IGA solution and the exact solution interpolated in the spline space (MSEC-IGA)
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more epochs to achieve convergence, it enhances the solu-
tion accuracy, especially for the bi-quartic case, cf. Table 2.

4  A model problem towards engineering 
applications

In this section, we demonstrate how IGANets can be used 
in a typical linear structural mechanics scenario, which rep-
resents a common class of PDE problems in engineering. In 
the following sections, we first describe the underlying gov-
erning equations, then present two test cases and conclude 
with a multi-geometry example demonstrating a potential 
future engineering workflow.

4.1  Governing and constitutive equations

The equations in this section describe the material behav-
ior under the following assumptions: linear elasticity, plane 
strain, small strains, isotropic material, homogeneous 

Numerical experiments with alternative optimizers 
have been performed but demonstrated worse convergence 
behavior. The training has been stopped after 5000 epochs, 
which is marked as ’> 5000’ in Tables 1 and 2. Likewise, 
the BiCGStab solver was terminated after 10000 iterations, 
marked as ’> 10000’ in the aforementioned tables.

It is noteworthy that, in certain cases, already very small 
networks – one hidden layer with a single neuron – can cap-
ture the solution with the same accuracy as the collocation 
IGA method. In contrast to collocation IGA, IGANets natu-
rally require the use of an optimization algorithm, which not 
only introduces additional hyperparameters, but also may 
lead to convergence issues, e.g., apparent in Table 2, where 
the mean-squared error does not drop below 10−12. All 
experiments have been repeated for a larger network with 
10 hidden layers and 10 neurons per layer. Next to varying 
the network configuration, we have performed all experi-
ments with equal weighting of the PDE and boundary loss 
(ωΩ = 1, ωΓ = 1) and a much stronger weighting of the 
boundary loss (ωΩ = 1, ωΓ = 103). While the latter requires 

Table 2  Comparison between IGANets and the collocation IGA method for bi-quartic (p = 4) tensor-product B-splines
#coeffs #weights #epochs MSEloss MSEIGANets #iter MSEC-IGA
1 layer, 1 neuron, Sigmoid activation function, ωΩ = 1, ωΓ = 1
5 × 5 104 4 3.29 · 10−2 1.37 · 10−4 12 4.47 · 10−5

10 × 10 349 17 2.78 · 10−5 8.90 · 10−7 48 2.19 · 10−9

20 × 20 1289 99 1.19 · 10−7 3.23 · 10−9 582 3.24 · 10−12

40 × 40 4969 1530 5.11 · 10−6 7.53 · 10−7 1511 7.71 · 10−15

80 × 80 19529 > 5000 2.75 · 10−3 2.17 · 10−4 > 10000 7.69 · 10−11

1 layer, 1 neuron, Sigmoid activation function, ωΩ = 1, ωΓ = 103

5 × 5 104 5 3.29 · 10−2 1.37 · 10−4 10 4.47 · 10−5

10 × 10 349 6 2.60 · 10−5 1.84 · 10−9 48 2.19 · 10−9

20 × 20 1289 2164 4.36 · 10−8 3.04 · 10−12 582 3.24 · 10−12

40 × 40 4969 > 5000 5.33 · 10−9 3.54 · 10−12 1511 7.71 · 10−15

80 × 80 19529 > 5000 7.57 · 10−8 3.14 · 10−11 > 10000 7.69 · 10−11

10 layers, 10 neurons per layer, Sigmoid activation function, ωΩ = 1, ωΓ = 1
5 × 5 1805 4 3.29 · 10−2 1.37 · 10−4 12 4.47 · 10−5

10 × 10 3580 6 2.58 · 10−5 5.40 · 10−8 48 2.19 · 10−9

20 × 20 10280 > 5000 3.11 · 10−7 4.40 · 10−8 582 3.24 · 10−12

40 × 40 36280 > 5000 1.09 · 10−6 2.34 · 10−7 1511 7.71 · 10−15

80 × 80 138680 > 5000 5.34 · 10−4 8.67 · 10−5 > 10000 7.69 · 10−11

10 layers, 10 neurons per layer, Sigmoid activation function, ωΩ = 1, ωΓ = 103

5 × 5 1805 3 3.29 · 10−2 1.37 · 10−4 12 4.47 · 10−5

10 × 10 3580 17 2.60 · 10−5 1.84 · 10−9 48 2.19 · 10−9

20 × 20 10280 1206 4.37 · 10−8 3.26 · 10−12 582 3.24 · 10−12

40 × 40 36280 318 2.92 · 10−8 5.49 · 10−11 1511 7.71 · 10−15

80 × 80 138680 1629 8.12 · 10−7 1.91 · 10−9 > 10000 7.69 · 10−11

Values where both methods yield results with comparable accuracy are marked in bold. From left to right, the columns indicate the number of 
coefficients/basis functions (#coeffs), the number of network weights (#weights), the number of epochs until loss-value stagnation (#epochs), 
the mean-squared loss value (MSEloss), the mean-squared error between the IGANets’ solution and the exact solution interpolated in the spline 
space (MSEIGANets), the number of BiCGStab iterations of the collocation IGA method (#iter), and the mean-squared error between the col-
location IGA solution and the exact solution interpolated in the spline space (MSEC-IGA)
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4.1.3  Constitutive law (Hooke’s law)

For an isotropic, homogeneous, linear elastic material with-
out thermal influence, the stress-strain relationship (Hooke’s 
law) is

σ = λ tr(ε)I + 2µε,� (30)

where λ and µ are the Lamé parameters, and I is the identity 
tensor. The Lamé parameters are material properties and can 
be evaluated via the material’s Young’s modulus E and its 
Poisson’s ratio ν in the following relations

λ = Eν

(1 + ν)(1 − 2ν)
and µ = E

2(1 + ν)
.� (31)

Switching to matrix notation and inserting the values for the 
strain tensor ε brings Hooke’s law of (30) into the follow-
ing form

[
σxx σxy
σxy σyy

]
=

[
(λ + 2µ) ∂ux

∂x + λ
∂uy

∂y µ( ∂ux

∂y + ∂uy

∂x )
µ( ∂ux

∂y + ∂uy

∂x ) (λ + 2µ) ∂uy

∂y + λ ∂ux

∂x

]
.� (32)

4.1.4  Navier-Cauchy equations

The expression previously obtained for the stress tensor σ 
in (32) can now be inserted into the equilibrium condition 
of (25), resulting in
[

(λ + 2µ) ∂2ux

∂x2 + µ ∂2ux

∂y2 + (λ + µ) ∂2uy

∂x∂y

(λ + 2µ) ∂2uy

∂y2 + µ
∂2uy

∂x2 + (λ + µ) ∂2ux

∂x∂y

]
=

[
0
0

]
.� (33)

Now finally, (33) describes the static form of the Navier-
Cauchy Equations, which can be, once reorganized, written 
in compact form as

µ∇2u + (λ + µ)∇(∇ · u) = 0.� (34)

4.2  Boundary conditions

The problem is fully defined by specifying boundary condi-
tions (BCs)

u = uD on ΓD (Dirichlet BC), � (35)

material, isothermal conditions, no body forces and quasi-
static conditions. These simplifications lead to the well-
known linear elastic material behavior. In this work, a 
displacement-based formulation is chosen. Thus, the dis-
placement field u serves as the primary unknown, and the 
corresponding stress distribution is computed during post-
processing via Hooke’s law.

The displacement-based formulation and the above-
mentioned assumptions combined lead to the static form of 
the Navier-Cauchy equations, consisting of the equilibrium 
equations, the kinematic relations, and Hooke’s law as the 
constitutive equation. In the following sections, these indi-
vidual equations are presented in their strong form.

4.1.1  Equilibrium equations

The equilibrium equations for solid mechanics balance 
inner and outer forces and are (under the condition of no 
body forces) given by

∇ · σ = 0,� (25)

where σ is the Cauchy stress tensor. In two dimensions, 
with the stress tensor σ defined as

σ =
[
σxx σxy
σxy σyy

]
,� (26)

the equilibrium equations can be written in matrix form as
[

∂σxx

∂x + ∂σxy

∂y
∂σxy

∂x + ∂σyy

∂y

]
=

[
0
0

]
.� (27)

4.1.2  Kinematic relations

In linear elasticity under the hypothesis of small strains, the 
strain tensor is related to the displacement field u as

ε = 1
2

(
∇u + (∇u)T

)
,� (28)

which results in the following matrix expression for the 
strain tensor ε

[
εxx εxy
εxy εyy

]
=

[
∂ux

∂x
1
2 ( ∂ux

∂y + ∂uy

∂x )
1
2 ( ∂ux

∂y + ∂uy

∂x ) ∂uy

∂y

]
.� (29)
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a displacement of 1.0 units is applied in the x-direction, 
while zero displacement is enforced in the y-direction. This 
set-up is illustrated in Fig. 2a. The expected deformation 
is illustrated in Fig. 2b. The magnitude of the deformation 
was chosen in such a way that clear displacements can be 
observed and the approximation errors when comparing dif-
ferent methods become apparent.

4.3.2  Determining loss function weights: Dirichlet 
boundary condition weight as example

As discussed in Sect. 2, the weighting of individual contri-
butions to the loss function plays a crucial role in the train-
ing process. To illustrate this, we focus on the example of the 
Dirichlet boundary condition term. The influence of varying 
this weighting factor is demonstrated in Fig. 3, where three 
IGANets solutions corresponding to weights of 1, 10, and 
100 are compared. The results indicate that a weighting fac-
tor of at least 100 is required to achieve a visually satisfac-
tory enforcement of the Dirichlet boundary condition.

To further explore the influence of the weight, a series 
of simulations was conducted using weighting factors rang-
ing from 100 to 1010, analyzing their effect on both training 

σ · n = tN on ΓN (Neumann BC), � (36)

where ΓD and ΓN  are the Dirichlet and Neumann boundar-
ies, respectively.

Notice that in collocation methods – in contrast to the 
finite element method – Neumann boundary conditions are 
not naturally satisfied and need to be explicitly imposed 
even in the case of free boundaries [31].

4.3  Single instance example 1: Dirichlet boundary 
conditions

In order to ensure proper training of IGANets, it is impor-
tant that the individual loss terms have comparable magni-
tudes, an issue IGANets share with PINNs. To this end, the 
loss terms must be appropriately weighted. The purpose of 
this section is to investigate such weighting strategies.

4.3.1  Set-up

The computational domain is a unit square with Dirich-
let boundary conditions applied on both the left and right 
edges. On the left edge, the geometry is fixed with zero dis-
placement in both x- and y-directions. On the right edge, 

Fig. 3  Comparison of different values for the weight of the Dirichlet BC term in the loss function

 

Fig. 2  Set-up for numerical example 1 including the reference geometry with Dirichlet BCs in (a) and the expected deformation in (b)
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step. Consequently, degree 2 tends to produce lower loss 
function values in most cases. However, this does not nec-
essarily imply greater accuracy of the resulting solution. 
For example, reducing the number of control points to just 
four per direction would probably decrease the residual 
loss value even further, as a smaller number of collocation 
points makes it easier for the network to satisfy the govern-
ing equations and boundary conditions. Nevertheless, this 
does not imply that the solution obtained with a 4×4 control 
point grid would also be more accurate in a physical or an 
engineering sense.

Overall, the results indicate that the Dirichlet BC weight 
has a substantial influence on both training efficiency and 
solution accuracy. In this case, weighting factors below 104 
tend to result in unstable training behavior, whereas values in 
the range of 106 to 108 appear to be optimal. Increasing the 
weight beyond 108 does not provide further improvements 
– in fact, it even degrades the solution due to the numeri-
cal issues mentioned above. For this reason, a Dirichlet BC 
weight of 107 is used for the following experiment.

4.3.3  Simulation results

In this section, we compare the IGANets results for the 
test case with a Galerkin-based IGA solution computed in 
G+Smo [32] and a standard collocation IGA solution com-
puted with an in-house MATLAB code. In Fig. 5, a first 
visual comparison of the resulting displacement and stress 
fields is provided, based on a test set-up of eight control 
points per direction and a spline degree of 4.

The stresses, visualized in Fig. 5, are limited to a maxi-
mum value of 300 in order to account for mathematical 

performance and solution accuracy (Fig. 4). Note that the 
IGANet was trained on a standard laptop and the implemen-
tation was not optimized. Consequently, the data in Fig. 4 
should only be interpreted as a general indication on how 
the weight influences the training dynamics and final accu-
racy. The comparison was carried out for two spline types: a 
degree-2 spline and a degree-4 spline4.

For both spline degrees, the training time and the number 
of epochs are significantly higher for small weights, particu-
larly in the range from 101 to 104. A distinct peak appears at 
102 for both training time and epochs, especially for degree 
4, indicating a potential instability in the convergence pro-
cess. However, as the weight increases beyond 104, both the 
training time and the number of epochs stabilize and reach a 
minimum around a Dirichlet BC weight of 107.

The loss function values decrease sharply with increas-
ing Dirichlet BC weights and also reach their lowest val-
ues around 106 and 107, for degree 2 and 4, respectively. 
Beyond these BC weights, the residual loss values slightly 
increase again, which may be attributed to the limitations 
of double-precision floating-point arithmetic (FP64). Very 
large BC weights require extremely small loss values to 
balance the equation, potentially approaching the machine 
accuracy limit around 10−16.

When comparing the two spline degrees, degree 4 consis-
tently requires more training time and epochs than degree 2. 
This is expected, since higher-degree splines have a larger 
support and therefore more basis functions are nonzero at 
each collocation point, which increases the cost per training 

4  Notice that even degree splines are more efficient in collocation than 
odd degrees.

Fig. 4  Comparison of the Dirichlet 
BC weight’s influence on the 
training behavior of the IGANet in 
terms of required training time (in 
seconds) and the number of epochs 
needed to reach a stationary solu-
tion. The comparison was carried 
out for a spline of degree 2 (p2) 
and a spline of degree 4 (p4)
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the collocation-based reference solution, which enforces 
the governing equations in strong form and satisfies them 
exactly at each collocation point, the neural network-based 
approach of IGANets offers only approximate fulfillment of 
the physical laws. Consequently, numerical errors can arise 
due to the inherent approximative nature of the network. 
Specifically, IGANets minimize the divergence of the stress 
tensor based on the governing equilibrium equation of lin-
ear elasticity, (25), with the aim of reducing this term as 
close to zero as possible. After training, the residual diver-
gence is evaluated at each collocation point; any nonzero 
value is interpreted as an error, referred to here as the Elas-
ticity Error. The spatial distribution of this error, for various 
control point configurations, is illustrated in Figure 7. The 
results indicate that the maximum elasticity error increases 
with a higher number of control points. This observation 
appears plausible, as it is easier for the network to satisfy 

singularities occurring at the corners of the domain. These 
stress peaks grow with increasing mesh resolution or collo-
cation point density and would otherwise dominate the visu-
alization, rendering most of the plot nearly monochrome. At 
first glance, all three solutions appear visually similar, sug-
gesting that IGANets produce a sufficiently accurate result.

4.3.4  Error analysis

In order to quantitatively assess the solution quality of 
IGANets, in Fig. 6 we plot the absolute error for configu-
rations of 8 and 20 control points per direction and spline 
degree 4 with respect to a very fine Galerkin solution with 
64×64 control points. The absolute error is evaluated on a 
grid of 100×100 evaluation points.

Within the IGANets framework, the various contributions 
to the loss function are minimized during training. Unlike 

Fig. 5  Comparison of different 
simulation methods in terms of 
displacement and von Mises stress. 
Set-up: 8×8 control points and 
degree 4
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solution remains nearly indistinguishable from that of the 
standard collocation solution.

4.3.5  Training behavior

The IGANet was set up in the following way: The neural 
network architecture consists of two hidden layers with 25 
neurons each, using Sigmoid activation functions. A mini-
mum loss threshold of 1 · 10−8 is defined, while the maxi-
mum number of epochs is adjusted individually for each 

the governing equations at fewer collocation points than 
across a denser distribution. However, what is particularly 
noteworthy is the nature of the error distributions. While the 
solution fields in previous analyses exhibited symmetry in 
both horizontal and vertical directions, the elasticity error 
appears non-symmetric across the domain. Despite this, the 
magnitude of the error remains relatively small, ranging 
from 1 · 10−4 to 5 · 10−4 and does not significantly affect 
the overall solution quality. Even in the presence of these 
residual errors, the geometric behavior of the IGANets 

Fig. 6  Absolute error distribution with respect to a fine Galerkin IGA simulation for two refinement levels, namely 8×8 and 20×20 control points 
(CPs)
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Fig. 8  Comparison of the training 
behavior of IGANets for differ-
ent control point configurations. 
The figure illustrates the required 
training time and number of epochs 
needed to reach a stationary solu-
tion. Additionally, the values of the 
loss function at these stationary 
solutions are compared

 

Fig. 7  Elasticity error distributions of IGANets for different control 
point numbers, using a fixed spline degree of p = 4. Notice that the 
maximum elasticity error increases with a higher number of control 
points. While seemingly counter-intuitive, it is in fact plausible, as the 

network architecture does not change during the experiment and it is 
easier for the network to satisfy the governing equations at fewer col-
location points than across a denser distribution
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the spline degree is fixed to 3 in order to show applicability 
also to odd degree splines.

A particular focus of this experiment lies on the effect 
of supervised learning within the IGANets framework. By 
enabling or disabling the supervised component during 
training, its impact on solution accuracy and training time 
can be assessed.

4.4.1  Set-up

The reference geometry in this experiment is subject to a 
zero-displacement Dirichlet BC on the left edge and a trac-
tion Neumann BC on the right edge. The traction magnitude 
is set to 50. As in the previous case, traction-free BCs are 
applied to the remaining top and bottom edges. The set-
up of the experiment is shown in Fig. 9a, and an expected 
deformation result is illustrated in Fig. 9b. Similarly to the 
previous test case, the body force f is set to zero throughout 
the domain.

4.4.2  Simulation results

The simulation results of Galerkin IGA, collocation IGA, 
and IGANets for the test case are presented below. Based 
on numerical experiments similar to Sect.  4.3.2, a Dirichlet 
BC weight of 108 has been chosen for the loss function. 
Figure 10 compares the results obtained by the three simu-
lation methods, including the corresponding stress distri-
butions. Since the traction acts on the right boundary, it is 
particularly relevant to observe the resulting stress values in 
this region. Ideally, the stress distribution should reflect this 
boundary condition and reach values close to 50 near the 
affected edge.

The stress plots in Fig. 10 (d,e,f) clearly demonstrate 
that visually, the traction BC on the right edge is fulfilled. 
Furthermore, the comparison reveals that the results of the 
standard collocation and IGANets simulation are identical 

simulation run. If the IGANet converges to a stationary 
solution before reaching the minimum loss, training contin-
ues until the specified epoch limit is met. The duration and 
convergence behavior of the training process depend signifi-
cantly on the spline degree and the number of control points 
used. This dependency has been systematically investigated 
for spline degree 2 and 4 at control point grids ranging from 
5×5 CPs to 20×20 CPs. Additionally, the value of the loss 
function at the stationary solution was recorded in each 
case. The corresponding results are presented in Figure 8. 
The figure illustrates that the training time increases expo-
nentially with the number of control points. The same trend 
is observed for the number of epochs required to reach a 
stationary solution. For example, considering spline degree 
4, the training time increases from 23 seconds for an 8×8 
control point grid to 373 seconds for a 16×16 configuration 
– representing a sixteen-fold increase in time for a four-fold 
increase in control points. This suggests that the training 
time scales approximately quadratically with the number 
of control points in the case of spline degree 4. In addi-
tion to training time and epoch count, the values of the loss 
function at the stationary solution are also shown. For both 
spline degrees 2 and 4, the plots reveal a general increase 
in residual loss values with a growing number of control 
points – up to 16 per direction. Interestingly, for the 20×20 
CP case, the loss value decreases again, deviating from the 
previous trend.

4.4  Single instance example 2: Traction boundary 
condition

The second experiment within the scope of applying 
IGANets to computational solid mechanics introduces an 
external force acting on one of the domain boundaries. As in 
the previous experiments, the simulation results obtained by 
IGANets are validated by comparison with the established 
Galerkin and collocation implementations. In this set-up, 

Fig. 9  Set-up for numerical 
example 2 including the reference 
geometry with Neumann BC in 
(a) and the expected deformation 
in (b)
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an absolute error of 0.001 corresponds to a deviation of 1 µ
m from the reference solution.

The error plots in Fig. 11 reveal that, for both 8 and 20 
CPs per direction, the collocation-based solutions are more 
accurate than the Galerkin solution computed with G+Smo. 
Additionally, it becomes evident that the IGANet tends to 
lose accuracy as the number of control points increases. In 
the right region of subplot (f), a visible deviation from the 
other two error distributions with 20 CPs per direction (sub-
plots d and e) can be observed. This trend continues in the 
following sections, where the IGANet consistently shows 
slight difficulties in maintaining accuracy for higher con-
trol point counts combined with the traction force boundary 
condition, which might be improved through a more suit-
able choice of hyperparameters.

4.4.4  Simulation results enhanced via supervised learning

In the context of the current traction force experiment, 
supervised learning has been introduced to support the 

in both displacement and stress distribution for the 8×8 CP 
configuration.

4.4.3  Absolute error distribution

As in the previous test case, a Galerkin-based reference 
solution has been computed. For that purpose, a domain 
with now 100×100 CPs is defined, and the correspond-
ing solution is computed. This high-resolution solution 
serves as a reference for evaluating the accuracy of the 
(coarse) Galerkin, collocation, and IGANets simulations. 
To determine the error, a very dense evaluation grid with 
1000 × 1000 points is created. At each of these points, the 
absolute difference between the Galerkin-based reference 
solution and the corresponding solution of the three meth-
ods is calculated. The resulting error distributions are then 
mapped onto the deformed geometries to visualize where 
and how the deviations occur. These results are illustrated in 
Figure 11. The values represent units relative to the domain 
size. For instance, if the domain is assumed to be 1×1 mm, 

Fig. 10  Comparison of the deformation results obtained by a Galerkin-based, a standard collocation, and IGANets simulation (a,b,c), supple-
mented by their respective stress distribution (d,e,f). Set-up: 8×8 CPs and degree 3
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Fig. 12  Comparison of the super-
vised and unsupervised training 
behavior of IGANets for differ-
ent control point configurations. 
The figure illustrates the required 
training time needed to reach a sta-
tionary solution. Additionally, the 
values of the loss function at these 
stationary solutions are compared

 

Fig. 11  Comparison of the absolute error obtained by Galerkin IGA, collocation IGA, and IGANets against the reference solution for spline degree 
3 with 8×8 CPs (a, b, c) and 20×20 CPs (d, e, f)
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the loss value with growing control point numbers, and 
the strong effect of supervised learning on reducing both. 
For instance, while training the IGANet with 20×20 CPs 
in the unsupervised case takes around 2300 seconds, the 
supervised version with a weight of 107 reduces this time 
to only 145 seconds. Despite the typical increase of the 
residual loss value with more collocation points – caused 
by the rising complexity of satisfying all conditions – the 
overall physical solution accuracy still improves with finer 
discretizations. Remarkably, the supervised version consis-
tently shows lower loss values in all cases, meaning that 
the governing equations and boundary conditions are better 
fulfilled compared to the unsupervised set-up.

The use of a relatively high supervised learning weight 
of 107 is what enables this improvement. If the Dirichlet 
BC weight is simultaneously reduced (e.g., to 1) and the 
supervision weight increased further to 109, the training 
time drops drastically to just 24 seconds for the 20×20 CPs 
case. Compared to the simulation with a supervision weight 
of 107, a weight of 109 allows for a further sixfold reduction 
in training time (24 vs. 145 seconds). One might expect this 
gain to come at the cost of accuracy. However, the results 
suggest otherwise as the loss function value also decreases. 
This is not surprising, as the supervised target – the col-
location IGA solution – is already the mathematically best 
solution the IGANet can approximate. Since both methods 
are based on the same numerical formulation (collocation), 
the ideal outcome for the IGANet is to replicate the standard 
collocation IGA result.

Providing this target has multiple advantages: First, the 
training time is reduced significantly. Second, the accuracy 
improves toward the best achievable solution, and third, the 
cost of obtaining the standard collocation solution is cur-
rently negligible, as it can be computed in seconds, even for 
higher control point resolutions. We conclude that offering 

IGANets training. The goal of supervised learning is to 
guide the network by providing a known target solution 
during training. In this case, a standard collocation solution 
with the same control point number as the current IGANet 
geometry serves as supervision data. To incorporate this 
additional information, a supervised loss term is added to 
the overall loss function. It is computed as the mean squared 
error (MSE) between the current IGANet control points and 
those of the collocation-based IGA solution. This term is 
weighted with a factor larger than 1.0 that controls the influ-
ence of the supervised component. A higher weight places 
greater emphasis on matching the known solution, guiding 
the network more strongly toward it. In this experiment, 
the data loss is added alongside the standard components 
of the traction force experiment: the residuals of the elastic-
ity equations, the traction-free BC, the traction BC and the 
Dirichlet BC.

4.4.5  Training behavior

In this particular experiment, supervised learning proves 
especially beneficial, as the unsupervised training process 
is relatively slow. This can be attributed to the additional 
complexity introduced by the traction force loss, which 
requires the network to match the applied traction at each 
collocation point along the right boundary of the domain. 
To accelerate convergence, an arbitrarily chosen super-
vised learning weight of 107 is used, in combination with 
a Dirichlet BC weight of 108. This configuration helps the 
network prioritize the fulfillment of the Dirichlet and super-
vised components of the loss. A comparison between the 
training behavior of supervised and unsupervised runs is 
shown in Figure 12.

Figure  12 illustrates two key aspects – the exponen-
tial increase in training time and the moderate increase of 

Fig. 13  Elasticity error of the unsupervised IGANets solution for spline degree 3 at different control point configurations
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but also increases accuracy. Taking these aspects into con-
sideration, the utilization of supervised learning provides 
significant advantages against the unsupervised IGANet 
training.

4.5  Multi-instance example: Complex multi-
geometry query

To further assess the potential of IGANets for integra-
tion into design-oriented workflows, the framework must 
be evaluated not only on simple benchmark problems but 
also on more challenging geometries and training scenar-
ios. So far, the numerical examples have been restricted 
to square domains and single-instance learning, providing 
a convenient setting to validate the basic methodology. In 
the following, we therefore consider a more advanced two-
dimensional geometry resembling an I-beam. In this set-
ting, particular attention must be paid to the computation of 
normal vectors required for the traction-free boundary con-
ditions, since the boundary segments are no longer exclu-
sively aligned with straight Cartesian directions. Moreover, 
while the previous examples kept all network inputs fixed, 
such that the IGANet effectively acted as solver for a single 
problem instance, the present study extends this setting to 
training across multiple geometries and load cases. This 
allows us to investigate both the approximation accuracy 
for unseen geometries with respect to an IGA collocation 
reference solution and the resulting training behavior in a 
genuine multi-instance setting.

4.5.1  Set-up

In this example, we consider a varying geometry, while all 
instances remain similar to a two-dimensional I-beam. The 

a readily available collocation-based reference during train-
ing substantially boosts the IGANet’s performance in terms 
of both computational effort and solution quality.

To further evaluate the quality of the IGANets solution 
in both supervised and unsupervised settings, its ability to 
satisfy the governing equations is analyzed. Recalling the 
equilibrium condition ∇ · σ = 0, any deviation from zero 
in the divergence of the stress field can be interpreted as 
an error – previously referred to as the Elasticity Error. To 
visualize this error, the divergence of the stress tensor is 
computed at each collocation point. This reveals where and 
to what extent the IGANet struggles to fulfill the equilib-
rium condition. The results are gathered and compared for 
both the supervised and unsupervised simulations, provid-
ing insight into how supervision affects the model’s ability 
to satisfy the underlying physics. The corresponding results 
are shown in Figure 13 and Figure 14.

The unsupervised results in Fig.  13 reveal accuracy 
issues in the right half of the domain, similar to the behavior 
observed in the absolute error plots. As the number of con-
trol points increases, the elasticity error also grows, since 
the IGANet struggles to satisfy the governing equations at a 
higher number of collocation points.

In contrast, the supervised results in Fig. 14 show a simi-
lar trend of increasing error with more control points, but 
at a significantly lower scale. While the unsupervised solu-
tion reaches a maximum elasticity error of approximately 
5 · 10−3 for 20×20 CPs, the supervised version shows 
a much smaller error peak of about 2.5 · 10−4, making it 
roughly 20 times more accurate in this case.

These results highlight the strength of supervised learn-
ing. Guiding the training towards the standard collocation 
solution – which represents the best possible outcome for 
the IGANet – not only reduces training time considerably, 

Fig. 14  Elasticity error of the supervised IGANets solution for spline degree 3 at different control point configurations (supervised learning weight 
of 107)
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compared to the corresponding reference solutions obtained 
by standard IGA collocation.

4.5.3  Simulation results

The considered setting is intended to mimic a simplified 
engineering workflow. A network is first trained on a set 
of geometries and boundary conditions within a prescribed 
range. Afterwards, a new geometry together with new 
boundary conditions, both lying within this range but not 
contained in the training or validation data, is provided as 
input to the trained IGANet. The goal is then to obtain the 
corresponding deformation result directly from the network 
without solving a new collocation problem. To assess the 
quality of this prediction, the resulting deformation is com-
pared to the corresponding standard IGA collocation solu-
tion by evaluating the Cartesian error.

More specifically, the following procedure is carried out. 
First, the network is trained on varying numbers of training 
samples, including the validation process described above. 
Next, previously unseen evaluation geometries are gener-
ated and assigned boundary conditions within the training 
range. These geometry and boundary condition coefficients 
are then provided as inputs to the trained network, yield-
ing a predicted deformation field. Finally, the prediction is 
compared to the corresponding reference solution obtained 
by standard IGA collocation.

Figure 15 shows the results for three different evaluation 
geometries, denoted by A, B, and C, when the network has 
been trained on only a single training sample. It can be seen 
that the predicted deformations and the collocation refer-
ence solutions do not yet coincide perfectly and the network 
struggles to capture the overall deformation behavior appro-
priately for the one-training sample case. However, the 
accuracy improves significantly once the number of training 
samples is increased.

This trend is illustrated further in Fig. 16, now for 
increasing numbers of training samples. For clarity, not all 
training set sizes are displayed for every geometry. Instead, 
the detailed comparison for 10, 100, and 1000 training sam-
ples is shown for geometry A only. Overall, the prediction 
quality remains similar across the considered geometries, 
indicating that the network performance is not restricted to a 
specific individual shape. At the same time, a clear improve-
ment in accuracy can be observed with increasing number 
of training samples. For geometry A, the maximum error is 
of the order of 10−1 when training is performed with only 
one sample, decreases to the order of 10−2 for 10 training 

considered I-beam geometries vary randomly in height and 
width from 1 × 1 to 3 × 3 length units. In this way, a more 
advanced geometric setting is introduced compared to the 
previously considered square domains.

The boundary conditions are chosen consistently for all 
instances. A homogeneous Dirichlet boundary condition is 
imposed on the bottom edge, traction-free boundary condi-
tions are prescribed on the left and right edges, and a fixed 
displacement is applied to the top edge. The prescribed dis-
placement is chosen to be comparatively small in order to 
ensure realistic results within the elastic small-strain regime. 
More specifically, the displacement of the top edge is varied 
in both x- and y-direction within the interval [−0.1, 0.1].

As in the previous examples, the Dirichlet boundary con-
ditions are imposed weakly during training, using a Dirich-
let weight of 106. The collocation points are again chosen 
as Greville abscissae. However, in contrast to the previous 
examples, both the geometry and the solution variable are 
represented using spline spaces of degree 3 with 7 × 7 con-
trol points.

4.5.2  Training method

In this example, the generalization capability of the trained 
IGANet is investigated. While the previous examples dem-
onstrated that the framework performs very well as an equa-
tion solver for a single fixed problem instance, the present 
setting is designed to evaluate its predictive performance on 
unseen data.

To this end, the network is trained on datasets consist-
ing of 1, 10, 100, and 1000 training geometries, respec-
tively. These geometries are generated randomly within 
a prescribed range of geometric variation, yet still living 
in the same spline space. In addition to the geometry, the 
boundary conditions are also varied. More specifically, the 
displacement-based Dirichlet condition on the upper bound-
ary is changed such that the prescribed displacement ranges 
within ∆x, ∆y ∈ [−0.1, 0.1].

During training, a set of 100 validation samples is con-
sidered. At selected stages of the training process, these 
validation samples are passed individually through the cur-
rent IGANet, and the predicted solution coefficients are 
compared to the corresponding reference solutions. Based 
on this validation step, training is continued only as long as 
the network improves its performance on the validation set 
– in this way, overfitting is avoided.

After training, the final model is evaluated on a set of 
25 unseen test samples. The predicted solutions are then 
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Fig. 15  Results of the multi-geometry and multi-boundary condition 
training for three representative geometries A, B, and C. The IGANets 
predictions are compared to the corresponding standard IGA colloca-
tion solutions. The left-hand side shows the deformed configurations 

for visual comparison, while the right-hand side presents the Cartesian 
error. In all cases, the network was trained using only a single training 
sample
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Fig. 16  Results of the multi-geometry and multi-boundary condition 
training for evaluation geometry A. The IGANets predictions are com-
pared to the corresponding standard IGA collocation solutions. The 

left-hand side shows the deformed configurations for visual compari-
son, while the right-hand side presents the corresponding Cartesian 
error. The number of training samples is varied between 10 and 1000
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the right axis shows the corresponding Cartesian errors in 
terms of the maximum and mean error over all 25 evalua-
tion samples. Here, the preparation time denotes the cost of 
setting up the collocation points and evaluating the required 
derivatives for each geometry before training. The training 
time, in contrast, corresponds to the time required to opti-
mize the IGANet on the respective dataset. As expected, 

samples, and reaches the order of 10−3 for both 100 and 
1000 samples.

To further quantify the effect of the training set size, Fig. 
17 summarizes both the computational cost and the predic-
tion accuracy for increasing numbers of training samples. 
The left axis reports the wall-clock time in seconds, distin-
guishing between preparation time and training time, while 

Fig. 18  Training loss (solid lines) and validation error (dashed lines) 
over the epochs for different numbers of training samples in the multi-
geometry and multi-boundary condition setting. Smaller training sets 

lead to faster convergence, while all cases show a substantial loss 
reduction and a later stabilization of the validation error

 

Fig. 17  Influence of the number of training samples on computa-
tional cost and prediction accuracy in the multi-geometry and multi-
boundary condition setting. The left axis shows the wall-clock time 
for preparation and training, while the right axis reports the maximum 

and mean Cartesian error over all 25 evaluation samples. With more 
training samples, the computational cost increases and the prediction 
error decreases.

 

1 3

  102   Page 22 of 26



Engineering with Computers          (2026) 42:102 

explicit use of a spline basis. This choice maintains a direct 
connection to CAD models, facilitates seamless integration 
into the design process, and ensures the smoothness required 
to employ the strong form of the governing PDEs in a col-
location setting. Moreover, IGANets build on the theory of 
IGA collocation, leveraging established results such as the 
optimal placement of collocation points.

We demonstrated the capabilities of IGANets on two rep-
resentative PDE problems – the Poisson equation and linear 
elasticity. Through these examples, we assessed the overall 
performance of the framework, highlighted the importance 
of appropriately weighting the individual loss components 
associated with the PDE and boundary conditions, and 
showed that the inclusion of even small amounts of labeled 
data can significantly reduce training time.

Beyond its use as an equation solver for a single fixed 
problem instance, we further investigated the ability of 
IGANets to generalize across varying geometries and 
boundary conditions. For this purpose, a multi-instance 
linear-elasticity example with I-beam-like geometries was 
considered. The results showed that IGANets can success-
fully predict solutions for previously unseen geometries and 
boundary conditions within the range covered during train-
ing. In particular, increasing the number of training samples 
led to a clear reduction in the prediction error, while naturally 
increasing the offline effort required for data preparation and 
training. These findings support the intended use of IGANets 
in design scenarios in which an offline training phase is fol-
lowed by rapid online evaluation of new design instances.

Overall, IGANets provide a promising direction for 
integrating machine learning into engineering analysis and 
design, combining geometric flexibility with physically 
informed learning. At the same time, the presented results 
indicate that its effectiveness in such applications depends 
strongly on the coverage of the training space in terms of 
geometry and boundary condition variations. This makes 
the framework particularly attractive for parametric design 
studies and digital twin applications, where repeated evalu-
ations within a prescribed design family are required.

Appendix

A Efficient evaluation of B-spline basis 
functions

For the efficient evaluation of multi-variate B-spline basis 
functions (or their derivatives), Algorithm 1 can be applied 
to each univariate B-spline basis independently from which 
the final function value can be computed as follows, e.g.,

both preparation time and training time increase with the 
number of training samples. At the same time, both error 
measures decrease consistently, showing that broader cov-
erage of the geometry and boundary-condition space leads 
to improved predictive accuracy on unseen instances.

A more detailed look at the error measures reveals a clear 
improvement in generalization performance. The maxi-
mum Cartesian error over all evaluation samples decreases 
with the number of training samples, along with the mean 
error, following the same trend with lower magnitudes. This 
indicates that increasing the number of seen geometries 
and loading conditions substantially improves the robust-
ness and accuracy of the network predictions, although this 
comes at the expense of higher offline computational cost.

The training histories shown in Fig. 18 provide addi-
tional insight into this behavior. The solid lines represent 
the training loss, while the dashed lines denote the valida-
tion error, each plotted over the training epochs for train-
ing sets ranging from 1 to 1000 samples. The validation 
error is computed by averaging over all 100 validation 
samples, where for each sample the corresponding maxi-
mum validation error is taken into account. For all cases, 
the loss decreases significantly over the course of training, 
indicating that the network successfully fits the underlying 
problem family. The validation error shows a similar over-
all trend, although small fluctuations can be observed, par-
ticularly during the early stage of training. These variations 
should be interpreted with care, since the validation error is 
evaluated only every three epochs, whereas the training loss 
is recorded at every epoch. Overall, both quantities stabi-
lize at later stages of training, indicating convergence of the 
optimization process.

A further observation is that smaller training sets lead 
to substantially shorter training runs in terms of epochs, 
whereas larger datasets require more epochs before conver-
gence is reached. Together with the results of Fig. 17, this 
indicates that enlarging the training set primarily improves 
the predictive quality on unseen geometries while increas-
ing the offline cost of preparing and training the model.

5  Conclusions

In this work, we presented IGANets as a prototype digi-
tal twin technology that enables rapid evaluation of the 
physical behavior of new engineering designs. Its ability to 
approximate PDE solutions with high accuracy makes it a 
promising tool for both manual use by designers and inte-
gration into automated optimization workflows.

IGANets share conceptual ground with PINNs and 
DeepONets, yet the method distinguishes itself through the 
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f(ξ̄) =
(
b(1)

[i1−p1:i1](ξ̄
(1)) ⊗ · · · ⊗ b(3)

[i3−p3:i3](ξ̄
(3))

)
· c[i−p;i].� (37)

Here, [i· − p· : i·] denotes the selection operator that selects 
the subset of univariate B-spline basis functions ranging 
from i − p to i and [i − p : i] is its multi-dimensional gen-
eralization that extracts the corresponding subset of basis 
coefficients c.

Algorithm 1  Efficient evaluation of univariate B-spline functions	

In a practical implementation, the values of c[i−p:i] are 
typically not stored at contiguous memory positions unless 
the selection operator makes a deep copy. Often, the data is 
contiguous in the leading dimension, say, ξ(1) with offsets 
of n along the second direction, offsets of n2 along the third 
direction, etc. We therefore suggest using Algorithm 993 
[33] for the memory efficient computation of matrix-matrix 

products with matrices composed of Kronecker products. 
Dropping the selection operator for ease of readability, (37) 
can be cast into
(
b(1) ⊗ b(2) ⊗ b(3)

)
· c =

(
I ⊗ I ⊗ b(3)

)
·
(
I ⊗ b(2) ⊗ I

)
·
(
b(1) ⊗ I ⊗ I

)
· c.� (38)

This expression can be evaluated in three steps over the 
number of univariate directions as given in Algorithm 2. The 
reshape operation in line 2 assumes that matrices are stored 
in column-major format, that is, after the transposition in 
line 3, c is a matrix with p + 1 rows. After the successful 
execution of the algorithm, c contains the scalar value of f 
or its derivative in the point ξ̄.
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adaptation, distribution and reproduction in any medium or format, 
as long as you give appropriate credit to the original author(s) and the 
source, provide a link to the Creative Commons licence, and indicate 
if changes were made. The images or other third party material in this 
article are included in the article’s Creative Commons licence, unless 
indicated otherwise in a credit line to the material. If material is not 
included in the article’s Creative Commons licence and your intended 
use is not permitted by statutory regulation or exceeds the permitted 
use, you will need to obtain permission directly from the copyright 
holder. To view a copy of this licence, visit ​h​t​t​p​​:​/​/​​c​r​e​a​​t​i​​v​e​c​​o​m​m​o​​n​s​.​​o​
r​g​​/​l​i​c​e​n​s​e​s​/​b​y​/​4​.​0​/.
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