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Executive Summary

Truss lattice metamaterials have attracted growing interest because their effective mechanical response
can be tailored through architecture rather than through constituent material alone. This makes
them promising candidates for lightweight structural design, energy absorption, and multifunctional
aerospace applications. Within this broad field, low-relative-density lattices are especially attractive
because they offer high stiffness- and strength-to-weight potential. However, they are also difficult to
model reliably: as relative density decreases, the members become more slender, geometric instability
becomes more important, and the response becomes increasingly sensitive to local geometric details
such as the shape of the lattice joints.

Existing modeling approaches reflect a persistent trade-off. Pure beam and truss models are compu-
tationally efficient and scale well to large specimens, but they idealize the joint regions and therefore
struggle to capture joint-sensitive mechanics. Fully resolved solid finite element models provide high
geometric fidelity and can represent local stress concentrations, contact, and nonlinear material behavior,
but they quickly become computationally prohibitive for low-density finite-sized lattice problems. The
literature review in this thesis therefore identifies a methodological gap: there is a need for modeling
strategies that retain local fidelity at the joints while remaining scalable enough for systematic studies
of nonlinear lattice behavior.

To address this problem, this thesis develops a nonlinear-compatible hybrid beam–3D continuum
modeling approach for truss lattice metamaterials. In the proposed framework, the joint regions are
discretized with three-dimensional continuum elements, while the connecting struts are represented
with beam elements. The coupling between both submodels is formulated as an interface-equilibrium
problem, in which beam-end kinematics are mapped to solid-face motion and reaction resultants are ex-
changed iteratively between the subdomains. This partitioned formulation preserves a clear separation
between beam and solid solvers and is designed to remain compatible with geometric nonlinearity and
elastoplastic extensions.

A second contribution of the thesis is algorithmic. Because the hybrid formulation leads to a non-
linear interface problem, dedicated iterative solution procedures are developed and discussed. These
include fixed-point methods, Anderson acceleration, preconditioned residual descent, full-Jacobian
Newton strategies, and Jacobian-free Newton–Krylov methods. Their purpose is not only to achieve
convergence, but also to preserve the modular and parallel character of the hybrid modeling framework.
In that sense, the thesis treats the hybrid approach not merely as a discretization choice, but as a coupled
computational architecture.

The results show that the hybrid beam–3D continuum formulation provides a useful intermediate
modeling strategy between pure beam models and fully resolved solid finite element models. Compared
with pure beam discretizations, the hybrid model retains an explicit representation of the joint regions
and is therefore better suited to studying joint-geometry effects. Compared with fully solid models, it
substantially reduces the number of three-dimensional continuum degrees of freedom by concentrating
solid discretization in the joint regions. Across the investigated accuracy cases, the hybrid formulation
reduces the degree-of-freedom count by approximately 54–94% relative to the corresponding solid
element references, while the available simulation logs show peak-memory reductions of approximately
95–99%. The scaling study further indicates that the cost of the hybrid method is governed mainly by
the repeated local solid-joint solves, the chosen joint resolution, and the number of residual evaluations
required by the staggered nonlinear coupling, while parallel execution can reduce wall time when
enough independent subproblems are available.

The accuracy results show that the hybrid model is most valuable in regimes where pure beam
idealization removes mechanically important joint geometry. In slender stretching-dominated octet
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lattices, the beam-only models can reproduce the initial effective stiffness reasonably well, but they
delay the apparent onset of nonlinear softening and overpredict the post-buckling stress. In these cases,
the hybrid model remains closer to the solid element reference in the nonlinear response because it
retains the finite joint geometry. In bending-dominated pyramidal lattices, the hybrid model recovers
a substantial part of the stiffness and energy absorption missing from the beam-only models, but its
absolute agreement with the solid reference remains less controlled and can include overprediction.
The hybrid formulation should therefore not be interpreted as a uniformly conservative or uniformly
exact replacement for full solid finite element modeling. Its main contribution is instead to provide a
nonlinear-compatible, joint-sensitive, and computationally reduced framework for comparative lattice
studies, while keeping the remaining case-dependent modeling error explicit. Within these limits, the
proposed framework provides a practical basis for further investigation of joint-geometry design in
architected truss metamaterials.
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1
Introduction

Architected truss metamaterials derive their mechanical response not only from the properties of the
parent material, but also from the geometry of a repeated structural network. This ability to tune
stiffness, strength, anisotropy, and collapse behavior through architecture has made truss metamateri-
als increasingly attractive for lightweight structural design, energy absorption, and multifunctional
aerospace components. In particular, low-relative-density trusses are of strong interest because they
offer access to combinations of mass efficiency and mechanical performance that are difficult to achieve
with conventional monolithic materials. At the same time, this regime is also one of the most difficult to
analyze reliably, since deformation becomes increasingly sensitive to member slenderness, instability,
imperfections, and local geometric detail.

In idealized beam descriptions, joints are treated as zero-volume points, which is often sufficient for
first-order predictions in slender architectures. However, real truss metamaterials contain finite joint
regions whose geometry can alter stiffness, stress redistribution, and the onset of nonlinear deformation.
The local geometry of the joints cannot always be neglected. This issue becomes especially relevant
when studying non-slender geometries, modified joint shapes, or nonlinear response under large
deformation and plasticity. Literature indicates both that joint geometry can materially influence truss
metamaterial behavior and that current modeling strategies struggle to capture these effects while
remaining computationally scalable.

This thesis addresses this gap through the development of a nonlinear-compatible hybrid beam–3D
continuum modeling framework for truss metamaterials. The underlying idea is to retain three-
dimensional continuum fidelity where it matters most, namely in the joint regions, while representing
the slender struts with beam elements in order to preserve tractability for larger models. In contrast
to reduced-order linear strategies based on static condensation, the present approach is formulated to
remain compatible with geometric nonlinearity and, ultimately, with elastoplastic response. Within
the current formulation, the method is posed as a partitioned interface-equilibrium problem in which
solid-node and beam-strut submodels are coupled iteratively through interface displacements, rotations,
forces, and moments.

The scientific objective of this thesis is therefore twofold. First, it seeks to establish whether a hybrid
beam–3D continuum discretization can provide a mechanically credible and computationally attractive
alternative to purely beam-based or fully solid finite element models for truss metamaterials. Second, it
seeks to use that framework to enable systematic investigation of how joint geometry influences the
nonlinear response of low-relative-density truss metamaterials. Special attention is given to the role
of modified joint cross-sections, to the interaction between joint effects and architecture type, and to
the question of whether improved joint modeling can reveal trends that are inaccessible to simpler
discretizations.

To support these objectives, the thesis is structured as follows. Chapter 2 reviews the literature on
truss metamaterials, low-relative-density behavior, joint geometry effects, and modeling trade-offs.
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Chapter 3 introduces the governing equations, geometric parameter definitions, periodic solid-element
reference models, and the hybrid beam–3D continuum formulation. Chapter 4 presents the iterative
coupling algorithms used to solve the interface equilibrium problem, and discusses the scalability
of the method; including small-scale scaling experiments. Chapter 5 validates the solid, beam, and
hybrid models through mesh convergence studies and comparisons against reference solid-element
simulations, followed by an accuracy sweep across different geometries comparing the three modeling
approaches. This chapter contains the main results motivating the contribution of the thesis. Finally,
Chapter 6 summarizes the main conclusions, and chapter 7 gives recommendations for future work.

The contribution of this thesis is therefore the development and assessment of a nonlinear-compatible,
joint-sensitive modeling framework for architected truss metamaterials. The framework is evaluated as
an intermediate approach between pure beam and fully solid finite element models. Its usefulness is
judged by its ability to reproduce solid-reference trends, preserve joint-geometry effects, and reduce
computational cost.



2
Literature Review

Although the term “metamaterial” became prominent through the study of materials with engineered
electromagnetic properties, it has since been adopted more broadly to describe materials whose unusual
properties arise from internal architecture rather than from composition alone. In mechanics, this
includes negative Poisson’s ratio, or auxetic, materials and, more recently, architected cellular and
lattice materials. A foundational early example is the work of Lakes [1], which demonstrated negative
Poisson’s ratio behavior in a foam structure. The broader field of architected mechanical metamaterials
gained substantial momentum in the 2000s and 2010s, driven by advances in microfabrication and
additive manufacturing that made increasingly complex cellular and lattice architectures experimentally
realizable [2–7].

This chapter reviews the literature on architected lattice metamaterials and modeling approaches
in order to position the present work. Particular emphasis is placed on the mechanical behavior of
low-relative-density truss lattices, the role of joint geometry, and the limitations of current modeling
methods when these effects must be studied systematically.

The chapter is organized as follows. Section 2.1 introduces lattice metamaterials as architected
mechanical systems and reviews the main architecture–property relationships used to describe them.
Section 2.2 then explains why the low-relative-density regime is especially attractive, but also especially
difficult to analyze and predict. Section 2.3 discusses why joint geometry can act as an important
secondary design variable beyond topology and relative density alone. Section 2.4 reviews the main
modeling approaches used in the literature, including beam and truss idealizations, full solid finite
element models, and hybrid beam–3D continuum or reduced-order joint-resolving strategies. Finally,
section 2.5 identifies the research gap addressed in this thesis and positions the contribution of the
present work within that context.

2.1. Lattice Metamaterials: Architecture and Mechanical Behavior
Architected lattice metamaterials are cellular solids in which the macroscopic mechanical response is
governed primarily by an intentionally designed internal geometry rather than by the parent material
alone [2–4, 6, 8]. Unlike stochastic foams, such materials are typically based on a repeatable unit cell
and can therefore be tuned in a controlled way through topology, member dimensions, and spatial
arrangement [6, 8, 9].

This section first defines lattice metamaterials and situates them among related architected cellular
materials in subsection 2.1.1. It then introduces relative density as a central design variable in subsec-
tion 2.1.2, before reviewing the architecture–property scaling relations commonly used in the literature
in subsection 2.1.3. Finally, subsection 2.1.4 discusses the distinction between bending-dominated and
stretching-dominated topologies, which is essential for understanding why some lattice families are
especially promising for lightweight structural applications.

3



2.1. Lattice Metamaterials: Architecture and Mechanical Behavior 4

2.1.1. Definition and Classification of Lattice Metamaterials
Architected lattice metamaterials, also referred to in the literature as architected cellular materials, are
solids whose effective properties arise primarily from geometry [4, 6, 7]. In contrast to conventional bulk
solids, their stiffness, strength, anisotropy, and deformation behavior are not determined only by the
parent material, but also by the topology and dimensions of a repeated structural network [2–4]. Typical
lattice families include body-centered cubic (BCC), face-centered cubic (FCC), octet-truss, Kelvin, and
pyramidal topologies, among many others [6, 8, 10, 11].

Representative examples of common lattice families are shown in Figure 2.1, together with their
broad classification into bending-dominated and stretching-dominated architectures. This classification
is based on whether the dominant load-transfer mechanism is member bending or axial stretching and
compression [10, 11].
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Figure 2.1: Representative lattice topologies used throughout the literature. The figure distinguishes bending-dominated

architectures, namely pyramidal, Kelvin, and BCC, from stretching-dominated architectures, namely octet and octahedron. The
classification follows the common distinction between bending-dominated and stretching-dominated cellular architectures [8, 10,

11].

These lattices may be arranged periodically, graded spatially, or otherwise modified in order to tailor
the resulting mechanical response [2, 3, 6, 9]. This design freedom is one of the main reasons for the
strong research interest in these materials, especially in applications where weight efficiency is critical.
In such applications, architected lattices offer the possibility to design specific stiffness, specific strength,
anisotropy, and nonlinear collapse behavior more directly than would be possible with a homogeneous
material alone [2–6].

The appeal of such architectures lies in the fact that they can occupy regions of mechanical property
space that are difficult or impossible to achieve using conventional monolithic materials. Portela et al.
[12] showed that three-dimensional truss lattice architectures can exhibit combinations of mechanical
properties that are difficult to obtain in homogeneous solids, while Zheng et al. [13] and Meza et al.
[14] demonstrated that carefully designed micro- and nanolattice architectures can achieve exceptional
stiffness- and strength-to-weight performance at extremely low density. In particular, the combination
of low weight and topology-controlled load paths makes lattice metamaterials attractive for stiffness-
critical structures, energy absorbers, and multifunctional components [2, 3, 5, 15, 16].
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2.1.2. Relative Density as a Governing Design Parameter
A convenient macroscopic parameter linking lattice architecture to performance is the relative density
given by Equation 2.1,

𝜌̄ =
𝜌∗

𝜌𝑠
, (2.1)

where 𝜌∗ is the apparent density of the lattice material, defined as mass divided by envelope volume,
and 𝜌𝑠 is the density of the parent solid. Gibson and Ashby [8] established relative density as a central
descriptor in cellular solids because it simultaneously captures weight efficiency and provides the
natural independent variable for scaling relations of effective stiffness and strength.

Because relative density depends directly on the amount of solid material distributed within the
lattice envelope, it is also an intuitive way to compare different topologies at approximately equal
mass [8, 10, 11]. This makes it especially useful in lightweight design, where the central question is not
only absolute performance, but performance at a given structural weight. For this reason, much of the
mechanical lattice literature is organized around the effect of changing 𝜌̄, either within a given topology
or when comparing different topologies [4, 6, 8].

Relative density is also the parameter that most clearly exposes the design trade-off at the heart of
lattice metamaterials. Decreasing 𝜌̄ improves weight efficiency, but it also tends to increase member
slenderness and reduce the margin to instability [8, 10, 17]. The resulting behavior is therefore not
captured by mass alone: two lattices with the same relative density may differ substantially in stiffness,
failure mode, and energy absorption depending on the underlying architecture and on the geometry of
the strut–joint transitions [10–12, 18, 19].

2.1.3. Architecture–Property Scaling Laws
A large fraction of the lattice metamaterials literature rationalizes effective properties through power-law
relationships in relative density [8, 10, 11], commonly written as

𝐸∗

𝐸𝑠
= 𝐶𝐸𝜌̄

𝑛𝐸 ,
𝜎∗

𝜎𝑠
= 𝐶𝜎𝜌̄

𝑛𝜎 ,

where 𝐸∗ and 𝜎∗ denote effective elastic and strength measures of the lattice, 𝐸𝑠 and 𝜎𝑠 are the corre-
sponding properties of the parent material, and 𝐶𝐸, 𝑛𝐸, 𝐶𝜎, and 𝑛𝜎 are constants that depend on the
lattice architecture.

Within the classical cellular-solids framework, Gibson and Ashby [8] showed that the exponent 𝑛𝐸
is strongly linked to the dominant deformation mechanism. Stretching-dominated lattices typically
show stiffness scaling closer to 𝑛𝐸 ≈ 1, whereas bending-dominated lattices more often exhibit 𝑛𝐸 ≈ 2,
with analogous distinctions commonly reported for strength scaling. Deshpande et al. [10] further
formalized the importance of this distinction by relating deformation mode to structural connectivity
and to the resulting efficiency of the architecture. Hutchinson and Fleck [11] extended this line of
reasoning for periodic trusses by showing that structural performance depends strongly on topology
and load-transfer mechanism, thereby reinforcing the central role of architecture in determining stiffness
and strength at low weight.

At the same time, these scaling laws are idealizations. Glaesener et al. [17] demonstrated that geo-
metric imperfections can significantly alter the mechanical response of periodic trusses, while Portela
et al. [12] noted that simple analytical and computational descriptions lose predictive power once joint
effects and non-slender geometries become important. As a consequence, topology and relative density
remain the dominant first-order descriptors, but they are not always sufficient to explain the nonlinear
response of real lattice specimens.

This observation is important for the present thesis because it motivates moving beyond architecture-
level descriptors alone. If the response of slender or low-density lattices deviates from ideal scaling due
to imperfections, instability, or local geometric effects, then modeling approaches able to capture those
effects become valuable even when the global architecture remains unchanged [12, 17].
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2.1.4. Deformation Regimes: Bending-dominated and Stretching-dominated Topolo-
gies

A central distinction in the mechanics of lattice metamaterials is whether global deformation is dom-
inated by member bending and rotation or by axial stretching and compression [8, 10, 11]. This
distinction is largely topological. Networks that admit mechanism-like motions can accommodate
macroscopic strain with limited axial member strain, leading to bending-dominated behavior. By
contrast, networks that suppress such mechanisms enforce axial load transfer more directly and tend to
behave in a stretching-dominated manner [10, 11, 20].

Deshpande et al. [10] showed that this distinction can be understood through connectivity arguments
and that stretching-dominated cellular architectures are generally more weight-efficient for structural
applications than bending-dominated ones. This is a central reason why stretching-dominated truss
topologies remain attractive for lightweight engineering applications.

This classification is important because it directly influences the architecture–property scaling intro-
duced in subsection 2.1.3. Stretching-dominated lattices are often favored for lightweight load-bearing
applications because they can retain stiffness more effectively as relative density decreases [10, 11].
However, this apparent advantage also comes with increased sensitivity to slenderness, instability, and
local geometric effects once the structure enters nonlinear regimes [17, 21]. This makes the deformation
mode distinction central not only for understanding performance, but also for understanding where
idealized modeling approaches may become insufficient.

This distinction between bending-dominated and stretching-dominated behavior is also supported
by later work on periodic trusses. Hutchinson and Fleck [11] showed that the structural performance of
periodic truss architectures depends strongly on topology and on the extent to which loads are carried
through axial member action rather than bending. This further supports the use of deformation regime
as a central organizing concept in the mechanics of truss lattice metamaterials.

For the argument developed in this thesis, the stretching-dominated regime is especially relevant. It
is the regime in which topology offers very attractive stiffness-to-weight performance, but it is also the
regime in which localized buckling and geometric imperfections can quickly become decisive [10, 11,
17]. This combination makes it a natural target for improved modeling strategies.

2.2. Why Low-relative-density Metamaterial Behavior is Especially
Interesting

For many attractive engineering applications of lattice metamaterials, the regime of greatest interest is
low relative density. It is in this regime that the greatest mass savings can be achieved, but it is also
where the mechanical response becomes especially sensitive to instability, imperfections, and local
geometric details [2–4, 8, 17].

This section explains why low relative density is attractive from a structural design perspective
in subsection 2.2.1, and why it is simultaneously difficult to analyze and predict in subsection 2.2.2.
Together, these arguments motivate the need to go beyond idealized first-order descriptors and consider
more carefully the local mechanisms that govern nonlinear response.

2.2.1. Why Low Relative Density is Attractive
For high-performance applications, and especially in aerospace engineering, the most compelling
regime for lattice materials is often the low-relative-density regime [2–4, 15]. Reducing 𝜌̄ can lead to
major mass savings for a given stiffness target, or to improved energy absorption per unit mass in
applications involving controlled collapse [3, 8, 21, 22]. Because the mechanical response of a lattice is
architecture-dependent, the possibility of maintaining useful stiffness, strength, or crashworthiness at
low density is one of the main attractions of these materials [5, 10, 11, 13, 14].

A useful nonlinear performance measure in this context is the energy absorption per unit volume or
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per unit mass given by Equation 2.2,

𝑊(𝜀) =
∫ 𝜀

0
𝜎(𝜀̃) 𝑑𝜀̃, 𝑤(𝜀) = 𝑊(𝜀)

𝜌∗
, (2.2)

where 𝜎(𝜀) is the macroscopic stress–strain response. This metric makes clear that both the shape of the
stress–strain curve and the density contribute to the usefulness of a lattice in crashworthiness or energy
absorption applications [21, 22].

Yin et al. [22] reviewed the use of lattice structures for energy absorption and showed that lightweight
architected lattices constitute an important design class for crashworthiness applications. Sun et al. [21]
further demonstrated that topology can strongly affect the deformation and energy absorption character-
istics of additively manufactured lattice structures. Beyond this application-driven perspective, Zheng
et al. [13] showed that ultralight microarchitected materials can retain remarkable stiffness efficiency at
very low density, while Meza et al. [14] demonstrated that three-dimensional nanolattice architectures
can combine low weight with high strength, recoverability, and substantial energy absorption. In that
sense, the low-density regime is attractive not only because it reduces mass, but because it opens ac-
cess to a mechanical property space that is difficult to realize using conventional bulk materials [4–6, 23].

This broader motivation is illustrated in Figure 2.2, adapted from Bauer et al. [23]. The left panel is
a compressive strength–density material-property chart comparing nano-, micro-, and macrolattices
with stochastic nanoporous foams and commercial bulk materials. In this representation, diagonal
lines correspond to constant specific strength, so data lying further toward the upper left indicate
materials combining low density with high strength. Bauer et al. [23] uses this figure to show that many
architected materials, especially at small length scale, extend into the low-density/high-strength “white
space” that is inaccessible to conventional bulk materials.

The right panel replots the data in terms of normalized strength, 𝜎eff/𝐸𝑠 , as a function of relative
density, 𝜌̄. This removes much of the trivial influence of the constituent material stiffness and makes
the role of architecture clearer. Bauer et al. [23] shows that in this representation the data can be inter-
preted relative to classical scaling laws associated with stretching-, bending-, and buckling-governed
behavior. A central conclusion is that, at very low relative density, the influence of architecture becomes
increasingly important: rigid topologies outperform non-rigid ones, and the performance gap between
stretching-dominated and bending-dominated architectures becomes much more significant.

The literature on energy-absorbing and ultralight lattice structures therefore suggests that low-
density truss metamaterials are interesting not merely as lighter versions of dense cellular materials, but
as a distinct design class with tunable collapse behavior and unusual specific mechanical performance [5,
13, 14, 21–23]. In particular, Figure 2.2 supports the view that the low-relative-density regime is attractive
not only because of mass reduction, but because it amplifies the mechanical consequences of topology
and architecture.

2.2.2. Why Low Relative Density is Difficult
The same geometric features that make low-relative-density lattices attractive also make them difficult
to model and predict. As 𝜌̄ decreases, the struts become more slender and the governing response
mechanisms shift away from simple material yield and toward a coupled combination of geometric
nonlinearity, buckling, localization, and post-yield collapse [8, 10, 17, 21]. In this regime, relatively
small geometric imperfections or local compliance changes can strongly influence where instability
begins and how deformation propagates [12, 17, 18].

This difficulty is especially relevant for stretching-dominated truss lattices. Although their linear
scaling behavior is often favorable, their nonlinear response can be governed by localized buckling
or failure events that depend on specimen size, boundary conditions, and local geometry [10, 11, 17,
21]. As a result, idealized models that capture only topology and strut slenderness may not remain
sufficiently predictive once the structure enters the strongly nonlinear regime [12, 21].
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Plate Based Architected
Metamaterials

Truss (Lattice) Based 
Architected Metamaterials

Figure 2.2: Low-density architected materials in mechanical property space, adapted from Bauer et al. [23]. Panel (a) shows
compressive strength as a function of density for nano-, micro-, and macrolattices, stochastic nanoporous foams, and commercial

bulk materials; the diagonal guidelines indicate constant specific strength, and the figure highlights the
low-density/high-strength “white space” reached by some architected materials. Panel (b) shows normalized compressive

strength, 𝜎eff/𝐸𝑠 , as a function of relative density, 𝜌̄, allowing the data to be interpreted relative to classical stretching-, bending-,
and buckling-type scaling trends. Together, the two panels show both that architected materials can access property regimes

unavailable to conventional bulk solids and that architecture becomes increasingly decisive as relative density decreases.

Sun et al. [21] reported architecture-dependent crushing and energy absorption behavior in ad-
ditively manufactured lattices, while Glaesener et al. [17] showed that geometric imperfections can
have a marked influence on the response of both 2D and 3D periodic trusses. The low-relative-density
regime is therefore not only mechanically attractive, but also particularly demanding from both an
experimental and computational perspective.

This increasing sensitivity to local geometry is one reason why the low-relative-density regime
forms a natural motivation for the present thesis. It suggests that effects originating at the joints may
become disproportionately important, even when topology and relative density remain the dominant
first-order descriptors [12, 18, 19].

2.3. Joint Geometry as a Secondary but Potentially Decisive Design
Variable

Although topology and relative density are the dominant first-order descriptors of lattice metamaterials,
they do not fully determine the nonlinear response of real structures [8, 10–12, 17]. In idealized truss
theory and beam-based lattice modeling, a joint is often treated as a mathematical point that transfers
force without additional compliance or stress concentration [10–12]. In real lattice structures, however,
joints are finite-volume geometric regions whose shape can influence stiffness, stress redistribution, and
the initiation of instability or plasticity [12, 18, 19, 24].

This section first contrasts idealized and real joint representations in subsection 2.3.1. It then
discusses the physical mechanisms by which joint geometry can influence lattice response in subsec-
tion 2.3.2. Section 2.3.3 summarizes the relevant literature on this topic, and subsection 2.3.4 identifies
the unresolved questions that most directly motivate the present work.
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2.3.1. Idealized Joints versus Real Joint Regions
In analytical truss theory and in many beam-based lattice models, joints are idealized as zero-volume
points connecting one-dimensional members [10–12, 25]. This abstraction is highly useful, and often
sufficient for first-order predictions of global stiffness or topology-dependent behavior. However,
real manufactured lattices do not contain such ideal joints. Instead, the connection between struts
occupies a finite region of material whose geometry depends on both design intent and manufacturing
constraints [5, 6, 9].

In additively manufactured lattices in particular, the joint region can deviate from nominal CAD
(computer-aided design) geometry through over-thickening, blending, rounding, roughness, or local
defects [6, 9]. These deviations can alter not only the local stress field, but also the local bending stiffness
and effective rotational compliance of the connection [12, 18, 24]. As a result, the joint is not simply a
geometric detail; it may actively influence the way load is redistributed between neighboring struts.

Portela et al. [12] introduced a simple beam-and-rotational-spring analogy to isolate the mechanical
role of the joint in the most reduced possible setting. In their construction, Euler–Bernoulli beam
elements of radius 𝑟, length 𝑙, and modulus 𝐸 are connected through rotational springs of stiffness 𝑘𝜃,
so that the effect of the joint can be varied independently of the strut slenderness ratio 𝑟/𝑙. This allows
the nodal contribution to stiffness to be studied without yet committing to a full three-dimensional
lattice model.

The conceptual role of local joint compliance is illustrated in Figure 2.3, adapted directly from Portela
et al. [12]. The figure compares two representative cases: a rigid geometry in panel (a), and a non-rigid
geometry in panel (b). In the rigid case, varying the rotational spring stiffness 𝑘𝜃 produces only small
changes in the reduced structural stiffness, indicating that joint compliance has a limited influence
on the overall response. In the non-rigid case, by contrast, the reduced stiffness depends strongly on
𝑘𝜃, and in the limit of vanishing rotational stiffness the structure activates a zero-energy mechanism
and loses stiffness entirely. In this way, Portela et al. [12] show that joint stiffness can be interpreted
as a measure of nodal influence, and that this influence is expected to be much more pronounced in
non-rigid than in rigid architectures.

Figure 2.3: Effective structural stiffness of simple beam-theory models with rotational springs at the joints, adapted from Fig. 1 of
Portela et al. [12]. Panel (a) shows a rigid geometry, for which varying the joint rotational stiffness 𝑘𝜃 has only a minor effect on
the reduced stiffness. Panel (b) shows a non-rigid geometry, for which the reduced stiffness depends strongly on 𝑘𝜃 , because soft
joints activate a zero-energy mechanism. The figure therefore illustrates a central point of this thesis: the mechanical importance

of finite joint behavior depends strongly on the rigidity class of the underlying architecture.

As shown in Figure 2.3, the relevance of finite joint geometry is not uniform across lattice types.
Rather, the Portela construction suggests that joint effects are expected to be weak in rigid architectures
but potentially decisive in non-rigid architectures, which provides a useful conceptual foundation for
the more detailed lattice studies discussed in the following subsections.

2.3.2. Mechanisms by which Joint Geometry Affects Response
There are several mechanisms by which joint geometry may affect the mechanical response of a truss
lattice. First, the local transition shape between strut and joint influences stress concentration and
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therefore the initiation of yielding or damage. Second, the amount of material concentrated near the
joint modifies local bending and torsional stiffness, which can alter the effective compliance of the con-
nection. Third, at fixed relative density, any increase in material allocated to the joints is accompanied
by a corresponding redistribution of material away from the struts, which may reduce strut buckling
resistance even if local stress concentrations are reduced [12, 18, 19, 24].

This trade-off is particularly important in low-relative-density lattices. In that regime, the nonlinear
response can be controlled by the competition between local yielding near the joints and instability in
the slender struts [17, 18, 21]. Joint geometry can therefore affect not only strength or initial stiffness, but
also collapse mode selection, deformation localization, and energy absorption [12, 18, 19, 24]. Portela
et al. [12] demonstrated that changes in joint geometry can significantly affect the effective stiffness of
three-dimensional truss architectures, while Casata et al. [24] further confirmed the practical importance
of joint-shape design in additively manufactured thin lattice structures. These studies support the view
that joint geometry should be regarded as a secondary but potentially decisive design variable within a
fixed topology and relative density.

2.3.3. Literature on Joint Geometry Effects
A growing body of literature suggests that joint geometry can significantly influence the behavior of
lattice metamaterials, particularly when local bending, stress concentration, and nonlinear deformation
are important [12, 18, 19, 24]. Studies introducing fillets, smoother transitions, or locally thickened
connection regions have reported modified stiffness, delayed yielding, or altered collapse behavior
compared to sharp or idealized geometries [18, 19, 24]. Latture et al. [18] showed, for an octet truss
under compression, that nodal fillets modify the compressive response and that these effects interact
with external boundary conditions. This is important because it demonstrates that joint-shape modi-
fications are not merely local geometric refinements: they can influence the response of the full specimen.

Representative examples of joint-shape modification are shown in Figure 2.4, ranging from sharp
and filleted joints to expanded and locally modified joint geometries.

a) Sharp Joint c) Expanded/Rounded
Joint

b) Filleted Joint d) Modified cross-section at the joint
square, star

[Casata] [Portela]Figure 2.4: Representative joint-geometry modifications used in lattice design studies. (a) Sharp joint, author’s schematic. (b)
Filleted joint adapted from Casata et al. [24]. (c) Expanded/rounded joint, author’s schematic. (d) Modified cross-section at the

joint inspired partly by Portela et al. [12], showing examples such as square and star-like local joint sections. Together, these
examples illustrate that joint geometry can be modified in several qualitatively different ways even when the surrounding lattice

topology remains unchanged.

This constant-relative-density condition is also important. If the total amount of material increases
together with joint smoothing or thickening, then an apparent performance improvement may simply
reflect a heavier structure rather than a more efficient geometry. For this reason, studies that redistribute
material between joints and struts while keeping 𝜌̄ fixed are especially valuable, because they isolate the
geometric effect more cleanly [12, 19, 24]. Portela et al. [12] showed that local geometric modifications in
lattice connections can meaningfully affect the effective stiffness of three-dimensional truss architectures,
while Casata et al. [24] demonstrated that nodal geometry optimization remains an active topic in
additively manufactured metallic lattices. Doutre et al. [19] further showed that the effect of fillets in
octet-truss lattices can change when mass is kept fixed, emphasizing the importance of distinguishing
geometric improvement from simple material addition. Taken together, this literature indicates that
connection geometry is not merely a secondary CAD detail, but a legitimate design variable whose
effects can become comparable to other geometric parameters in some regimes.
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Representative literature examples are summarized in Table 2.1, which highlights that the reported
consequences of joint modification range from stiffness changes to altered specimen-level compressive
response and substantial gains in modulus or yield strength under fixed-relative-density constraints.

Table 2.1: Representative literature examples showing how joint-geometry modification influences lattice response.

Reference Topology Joint modification 𝜌̄ controlled? Response met-
ric

Main reported effect

Portela et al.
[12]

Octahedron,
octet,
tetrakaidec-
ahedron,
pyramidal

Circle / square / star
node-contributing re-
gions with constant
strut area

Yes (ap-
proximately,
within
±0.7%)

Effective stiff-
ness

Joint geometry alters stiff-
ness scaling; effect de-
pends on rigid vs. non-
rigid architecture

Latture et al.
[18]

Octet truss Nodal fillets Not the pri-
mary focus

Compressive
response

Fillets modify compres-
sive behavior and inter-
act with external bound-
ary conditions

Casata et al.
[24]

BCC; prelimi-
nary SC valida-
tion

Node rounding / fil-
let radius with reduced
strut diameter

Yes Elastic mod-
ulus; yield
strength

Elastic modulus in-
creased by 50.4–103.5%;
yield strength increased
by 26.4–45.7%; lower
impact at low relative
density

Doutre et al.
[19]

Octet truss Nodal fillets under
identical-mass con-
straints

Yes Effective mod-
ulus; yield
strength; max-
imum stress

Fillets did not necessar-
ily improve performance
when the mass was kept
fixed, because the struts
had to be thinned to com-
pensate for added fillet
material

The existing body of work also suggests a methodological implication: if joint geometry is to be
studied seriously as a design parameter, then the modeling framework must resolve the joint region
with sufficient fidelity [12, 26, 27]. This immediately raises the question of how such fidelity can be
retained without sacrificing the computational tractability needed for large-scale parametric studies.

2.3.4. Open Questions for Low-density Lattices
The motivation for this thesis arises from the hypothesis that joint geometry may remain an important
design variable even in low-relative-density, stretching-dominated truss lattices, provided that its
influence is studied under suitable geometric constraints. In particular, the present work investigates
whether modifying the local cross-sectional stiffness near the joints, while preserving the global relative
density and controlling the slenderness of the struts, can significantly alter the onset and development
of nonlinear deformation.

Although prior work has shown that connection geometry can influence lattice response, important
gaps remain. First, much of the existing literature focuses on density ranges, topologies, or loading
conditions in which joint effects are easier to observe experimentally or numerically, while very low-
relative-density regimes remain comparatively less explored. Second, systematic studies that isolate the
influence of joint geometry at fixed relative density remain limited. Third, the specific combination of
very low relative density, stretching-dominated truss architecture, fixed-density joint-geometry varia-
tion, nonlinear compression, and energy absorption remains only sparsely addressed in the available
literature [12, 18, 19, 21, 24].

These open questions are difficult to address because both experiment and simulation become
challenging in precisely the regime of interest. Glaesener et al. [17] showed that the response of periodic
trusses is sensitive to geometric imperfections, while Portela et al. [26] argued for efficient modeling
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strategies precisely because detailed resolution of complex truss architectures becomes computationally
demanding. This combination of physical relevance and computational difficulty is a major part of the
motivation for the modeling strategy developed in this thesis.

2.4. Modeling Approaches for Lattice Metamaterials
The literature reflects a persistent modeling trade-off. On one end, full solid-element models can
represent local geometry, stress gradients, and joint-driven nonlinear mechanisms with high fidelity.
On the other, beam and truss models enable much larger simulations and broader parameter studies,
but at the cost of idealizing the very regions where joint geometry is expected to matter most. Between
these two extremes, a smaller body of work has explored mixed or reduced-order approaches that
attempt to preserve local fidelity in the connection regions while keeping the remainder of the structure
computationally affordable [12, 21, 24, 26, 27].

This section reviews beam- and truss-based idealizations in subsection 2.4.1, then full solid finite
element approaches in subsection 2.4.2. Section 2.4.3 then discusses hybrid beam–3D continuum or
reduced-order approaches that explicitly address the joint-resolution problem. Section 2.4.4 considers
specimen size, localization, and boundary sensitivity in relation to model fidelity, before subsection 2.4.5
synthesizes the resulting trade-off between local accuracy and global scalability.

The three principal modeling families relevant to the present work are summarized schematically in
Figure 2.5: beam/truss idealization, fully resolved solid finite element modeling, and hybrid beam–3D
continuum discretization.

a) Beam/Truss idealisation c) Hybrid beam - 3D continuumb) Full solid FE

[Portela][Glaesener]

Figure 2.5: Schematic comparison of the principal modeling families discussed in this chapter. (a) Beam/truss idealization,
author’s own schematic. (b) Fully resolved solid finite element discretization, author’s own schematic. (c) Hybrid beam–3D
continuum discretization adapted from Portela et al. [12]. The figure highlights the central modeling trade-off of the present

literature review: local geometric fidelity increases from left to right, while computational economy typically decreases.

Figure 2.5 provides a useful map for the following subsections, in which these three modeling
families are compared in terms of accuracy, computational burden, and suitability for studying joint
geometry.

2.4.1. Beam and Truss Idealizations
Beam and truss models are widely used in the simulation of lattice metamaterials because they reduce
the structure to one-dimensional members connected through idealized joints [8, 10–12, 25]. This
makes them computationally efficient and therefore well suited to large samples, parametric studies,
topology screening, and studies where the dominant behavior is governed mainly by member-level
mechanics [12, 25, 26].

Even when enriched with geometric nonlinearity, plasticity, or more advanced constitutive behavior,
such models still rely on assumptions that become questionable when local connection geometry is ex-
pected to influence the response. In most beam-based descriptions, the joint behavior is either idealized
as rigid or pinned, or represented through a prescribed effective stiffness rather than arising directly
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from geometry. Local stress concentrations, detailed transition shapes, and realistic joint-induced
redistribution of stress are therefore not naturally resolved [12, 18, 21, 25].

Portela et al. [12] explicitly argued that simple beam-like and homogenized descriptions are effective
mainly for slender architectures and do not capture the physics of non-slender truss architectures when
junction effects become important. In parallel, Dong and Zhao [25] proposed a joint stiffening element
to account for the influence of additively manufactured lattice joints on structural stiffness, thereby
improving a beam-type representation without abandoning its one-dimensional character.

A further limitation of beam-only approaches in the present context is that they may fail specifically
in the large-deformation regime of interest. Sun et al. [21] compared beam-element and solid-element
simulations of additively manufactured lattice compression and found that the beam models did not
converge under beam refinement, underpredicted post-yield stress levels, and delayed the onset of
densification. They attributed these deficiencies in part to the inability of beam formulations to capture
the true interconnection volumes at strut junctions and to represent contact between interconnected
members accurately.

Taken together, these studies show that beam and truss models should not be regarded as universally
inaccurate, but as limited in a specific and important way: their accuracy deteriorates when the response
depends strongly on joint-region geometry, stress concentration, contact, or non-slender strut–joint
transitions. In the present thesis context, this means that beam-only models remain valuable as a
reference class and as a route to scalability, but they are not by themselves sufficient for answering the
central research question on joint geometry effects.

2.4.2. Full Solid Finite Element Modeling
Full solid finite element models represent the actual three-dimensional geometry of both struts and
joints. This allows them to capture local stress gradients, realistic transition shapes, buckling modes
influenced by geometry, and the development of yielding or localization in the joint region [12, 21, 24].
For studies focused on local mechanics, they therefore offer a much higher level of physical fidelity than
beam-based idealizations.

However, this fidelity comes at significant computational cost. Low-relative-density lattices contain
slender struts that require sufficiently fine meshes to capture bending, instability, and stress gradients.
The joints require additional local refinement to resolve the geometric transitions where stress concentra-
tions occur. Moreover, a representative specimen may require many repeated unit cells, especially when
nonlinear localization or boundary effects are important. As a result, full solid models often become too
expensive for broad parametric sweeps across relative density, topology, and joint design [12, 21, 24, 26].

Portela et al. [12] used fully resolved three-dimensional finite element unit-cell models as reference
solutions when quantifying the effect of joint geometry on stiffness scaling. Casata et al. [24] employed
detailed finite element analysis on 3 × 3 × 4 lattice specimens using quadratic tetrahedral elements to
investigate the elasto-plastic response of node-rounded lattices. Sun et al. [21] meshed full 5 × 5 × 5
lattice assemblies with second-order tetrahedral solid elements (C3D10M), after a mesh convergence
study that led to a 0.5 mm mesh size, and noted explicitly that this resulted in a large number of
elements and high computation cost.

The computational burden of fully resolved continuum modeling is driven by the combined need
to discretize every strut and joint in three dimensions, to refine the mesh through slender members
sufficiently to capture bending and instability, and to increase specimen size when finite-boundary or
localization-sensitive behavior is of interest [12, 21, 24, 26]. As a result, the number of global unknowns,
the memory usage, and the solution time all increase rapidly in precisely the parameter regime most
relevant to this thesis. Fully solid models are therefore best understood as a high-fidelity benchmark
class: indispensable when local mechanics must be resolved in detail, but often poorly suited to wide
nonlinear parametric studies of large low-density lattice tessellations.

Illustrative examples from the current literature are compiled in Table 2.2. Even this small set is
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enough to show that higher-fidelity continuum modeling rapidly becomes demanding when either full
unit-cell resolution or finite multi-cell specimens are considered.

A simple order-of-magnitude extrapolation further clarifies why this matters. Portela et al. [12]
reported that the fully resolved validation unit cells required approximately 106 to 5 × 106 DOFs
depending on node geometry, whereas the corresponding reduced-order unit cells reproduced the
fully resolved stiffness to within 3% while reducing the problem size to only 0.02% to 0.3% of the
original. If one were to extend a fully resolved unit-cell discretization of that type to a finite 5 × 5 × 5
tessellation by naive replication, the total problem size would grow by roughly a factor of 125, leading
to an order-of-magnitude estimate of 1.25 × 108 to 6.25 × 108 DOFs. Although such a calculation ignores
differences in meshing strategy and solver implementation, it captures the essential point: explicit
three-dimensional resolution of every strut and joint quickly becomes prohibitive at the specimen sizes
relevant for finite-boundary and localization-sensitive studies.

2.4.3. Hybrid and Reduced-order Joint-resolving Approaches
Between beam-only and fully solid discretizations lies a smaller but particularly relevant class of meth-
ods: approaches that attempt to preserve high fidelity in the joint regions while avoiding a uniformly
three-dimensional discretization of the entire lattice [12, 26, 27]. These methods are of direct interest
to the present thesis because they address the same central tension between local accuracy and global
scalability.

A notable contribution in this direction is the work of Portela et al. [12], who introduced reduced-
order models for non-slender truss lattices in which the mechanically complex joint regions are repre-
sented by three-dimensional solid substructures, while the connecting gauge sections are modeled with
Timoshenko beam elements. The motivation is explicit: a pure beam model fails to capture the response
of non-slender lattices, while a full continuum model is too expensive to apply to finite tessellations of
practical interest. Portela et al. [26] later extended this line of work and positioned it within a broader
strategy for efficient simulation of complex periodic truss architectures.

The essential idea is to treat each joint as a local three-dimensional substructure and then reduce
its internal degrees of freedom before assembling the full lattice model. If the degrees of freedom of a
node substructure are partitioned into retained interface DOFs 𝑢𝑟 and internal DOFs 𝑢𝑖 , then the linear
equilibrium system of the substructure can be written in block form as[

𝐾𝑟𝑟 𝐾𝑟𝑖
𝐾𝑖𝑟 𝐾𝑖𝑖

] [
𝑢𝑟
𝑢𝑖

]
=

[
𝑓𝑟
0

]
. (2.3)

Eliminating the internal DOFs by static condensation gives the reduced relation(
𝐾𝑟𝑟 − 𝐾𝑟𝑖𝐾−1

𝑖𝑖 𝐾𝑖𝑟
)
𝑢𝑟 = 𝑓𝑟 , (2.4)

so that only the interface behavior of the solid node needs to be retained at the global level. In the Portela
formulation, six DOFs are retained at each beam–node connection face, namely three translations and
three rotations, so that a node connected to 𝑧 struts becomes an effective 6𝑧-DOF element instead of a
tetrahedral mesh with thousands of internal DOFs.

This construction preserves the local three-dimensional stiffness of the joint while allowing the
struts to remain one-dimensional beam members. The retained interface DOFs are then coupled to the
beam DOFs in an averaged sense at each connecting face. For the octahedron and tetrakaidecahedron
architectures studied by Portela et al. [12], this strategy reduced the problem size to 0.02%–0.3% of the
fully resolved problem while keeping the maximum unit-cell stiffness error within 3%. This makes
the reduced-order formulation attractive not only as a computational device, but as evidence that
joint-resolving discretizations can remain mechanically credible at much lower cost than full solid
models.

Conceptually, this type of discretization is attractive because the mechanically complex part of the
architecture, namely the joint region, is given higher fidelity, while the more slender strut-like portions
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are treated in a reduced way. This idea is especially important for low-relative-density lattices. In a uni-
formly solid discretization, decreasing relative density leads to thinner and more slender struts, which
tends to increase mesh-resolution demands and therefore computational cost. In contrast, a hybrid
beam–3D continuum discretization can avoid meshing the entire strut volume with solid elements, so
the overall number of degrees of freedom does not grow in the same way as relative density decreases.
Even before considering additional model-order reduction, the discretization choice itself therefore
offers a potentially favorable scaling behavior.

The quantitative benefit of this strategy is already visible in the linear studies of Portela et al. [12].
In their reduced-order formulation, node substructures with many thousands of internal DOFs were
statically condensed to a small set of interface DOFs, giving each node an effective 6𝑧-DOF description,
where 𝑧 is the nodal connectivity. For the geometries considered, the condensed models remained
within a maximum stiffness error of 3% relative to the fully meshed unit-cell problem while reducing
the problem size to 0.02% to 0.3% of the original one. This strongly suggests that the underlying
discretization philosophy is not only computationally attractive but also mechanically credible, and
therefore worth extending toward the nonlinear regime addressed in this thesis.

Related joint-resolving model-reduction strategies have also been proposed. For example, De Weer
et al. [27] introduced a parametrized superelement approach for lattice joint modeling and simulation,
which similarly reflects the need to retain joint-level fidelity without resolving the full lattice as a
monolithic continuum model.

From the perspective of the present thesis, this type of approach is appealing for two reasons. First,
it is more physically compatible with the hypothesis that joint geometry matters, because it resolves the
region where that effect originates. Second, it remains closer in spirit to scalable lattice analysis than
a fully solid model. This makes it a natural methodological starting point for a nonlinear-compatible
study of joint geometry in very low-relative-density truss lattices.

This also distinguishes hybrid beam–3D continuum approaches from reduced beam formulations
with equivalent joint corrections, such as the joint stiffening element proposed by Dong and Zhao [25],
where joint effects are incorporated indirectly rather than through an explicitly discretized continuum
joint region.

2.4.4. Representative Specimen Size, Localization, and Boundary Effects
The question of model fidelity is not limited to element type or local geometry representation. It also
depends on specimen size. In lattice metamaterials, the number of unit cells included in a simulation
can directly influence the observed response, especially once the focus shifts from effective elastic
properties to progressive collapse, localization, and boundary-sensitive nonlinear behavior [12, 21, 24,
26].

At one end of the spectrum, single unit-cell models with periodic boundary conditions are highly
useful for extracting effective properties and for studying idealized architecture-dependent scaling
trends [8, 10–12]. However, they remove free-boundary effects and cannot represent finite-size localiza-
tion patterns or specimen-level collapse modes. For this reason, they are insufficient when the research
question concerns the development of local failure within a finite lattice specimen [12, 21, 24].

The difference between periodic unit-cell analysis and finite-specimen analysis is illustrated in
Figure 2.6.

Several studies therefore use finite tessellations rather than single-cell periodic models. Portela
et al. [12] used finite lattice samples to capture boundary-sensitive behavior, while Portela et al. [26]
continued this direction in the context of efficient modeling of complex periodic truss architectures. Sun
et al. [21] also studied finite lattice specimens and showed that the deformation response can be linked
to the number of cell layers in the sample; in particular, the octet response exhibited five stress peaks
corresponding to the five cell layers of the 5 × 5 × 5 specimen. Casata et al. [24] likewise used finite
specimens for comparative analysis of joint modifications in thin lattice structures. These examples are
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a) 1 Unit Cell with periodic BC’s b) Finite 5x5x5 bending-dominated specimen
Figure 2.6: Comparison between periodic unit-cell analysis and finite-specimen analysis. (a) Periodic unit-cell stress field under

linear compression, adapted from Fig. C.7(a) of Portela et al. [12]. (b) Element plastic dissipation field in a finite 5 × 5 × 5
bending-dominated specimen under localized crushing, adapted from Fig. 20 of Sun et al. [21]. The figure highlights that periodic

unit-cell models are appropriate for extracting idealized effective response, whereas finite specimens are required to capture
localization and specimen-scale failure patterns.

summarized in Table 2.3.

Table 2.3: Representative specimen sizes and modeling roles reported in the literature.

Reference Topology Model class Specimen
size

Periodic / fi-
nite

Main phenomenon studied

Portela et al. [12] Octahedron,
tetrakaideca-
hedron

Hybrid reduced-
order FE (3D node
substructures +
beam struts)

5 × 5 × 5 Finite Effective stiffness of typ-
ical experimental samples;
boundary effects retained

Portela et al. [26] Non-slender
truss archi-
tectures

Reduced-order
nodes + QC
(quasicontinuum)
framework (out-
lined)

5 × 5 × 5
example
samples;
larger QC
lattices dis-
cussed

Finite and
large-scale
periodic QC
setting

Efficient modeling of non-
slender lattices and path to-
ward larger nonlinear tessel-
lations

Sun et al. [21] Octet, RD,
HS

FE cell assemblies
+ experiments

5 × 5 × 5 Finite Compression, progres-
sive layer-wise crushing,
deformation-mode depen-
dence on loading direction

Casata et al. [24] BCC; SC val-
idation

Full specimen 3D
FE + experiments

3 × 3 × 4 Finite Elasto-plastic compression
and comparative effect of
node rounding

The correct conclusion is therefore not that there exists one universal minimum specimen size,
but rather that model size must be chosen in relation to the phenomenon being studied. Effective-
property extraction, first instability, progressive crushing, and localization propagation may all require
different specimen extents. For the present thesis, this point is important because joint-driven nonlinear
mechanisms are inherently local, while the resulting collapse behavior is expressed at the specimen
scale. A meaningful modeling framework must therefore be able to represent both [12, 21, 24].

2.4.5. The Modeling Trade-off: Scalability versus Local Fidelity
The practical modeling gap is therefore not simply one of “accuracy versus speed”, but more specifically
one of capturing joint-driven nonlinear mechanisms at a cost that still allows systematic design-space
exploration. The regions of the structure that matter most for the present research question are exactly
those that beam and truss models simplify most aggressively, while the approaches that resolve those
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regions most faithfully are often too expensive to use on large, low-density lattice samples [12, 21, 24,
26, 27].

This issue becomes particularly severe in low-relative-density truss metamaterials. As the relative
density decreases, the struts become more slender, the response becomes more sensitive to instability
and localization, and the number of unit cells required to observe representative structural behavior
may increase [8, 10, 17, 21]. The regime in which joint effects are most interesting is therefore also the
regime in which model size and computational cost increase most rapidly [12, 21, 24, 26].

This tension is reflected directly in the literature. Sun et al. [21] and Casata et al. [24] illustrate
the value of high-fidelity continuum modeling for nonlinear and joint-sensitive problems, but also
the natural computational burden of such analyses. Portela et al. [26] argued for efficient modeling
approaches precisely because complex periodic truss architectures become computationally demanding
to analyze in detail, while Portela et al. [12] showed that carefully condensed joint-aware models can
preserve high accuracy in the linear regime at vastly reduced problem size. Taken together, these works
highlight the central methodological tension addressed in this thesis.

Hybrid beam–3D continuum approaches are therefore attractive not merely because they sit midway
between two classical modeling extremes, but because they align more closely with the spatial structure
of the physical problem itself. The joint regions, where local geometric detail matters most, can be
treated with higher fidelity, while the struts, which mainly transmit load over longer distances, can be
represented more economically.

These observations motivate the search for a modeling framework that retains sufficient local fidelity
in the joint regions while remaining scalable enough for broader nonlinear parametric studies. This is
the methodological gap that the present thesis seeks to address.

2.5. Research Gap and Thesis Positioning
The literature reviewed above suggests that low-relative-density truss lattices are an especially attractive
but difficult class of architected metamaterials. Their performance is strongly shaped by topology
and relative density, yet their nonlinear response may also depend in important ways on local joint
geometry. At the same time, the computational approaches best suited to large-scale parametric studies
tend to idealize the joints, while the approaches best suited to resolving joint geometry remain difficult
to scale to the specimen sizes and parameter ranges of interest [12, 21, 24, 26, 27].

This final section summarizes the resulting gap in subsection 2.5.1 and then positions the contribution
of the present thesis in subsection 2.5.2.

2.5.1. Gap in the Literature
A clear gap emerges at the intersection of three observations. First, the low-relative-density regime
is one of the most attractive for lightweight structural applications and therefore one of the most
important to understand. Deshpande et al. [10] established the particular structural efficiency of
stretching-dominated architectures, while Zheng et al. [13] and Meza et al. [14] showed that architected
materials can achieve exceptional specific mechanical performance at very low density. Yin et al. [22]
further highlighted the continuing relevance of lattice structures in the energy absorption literature.

Second, this same regime is particularly sensitive to local geometric effects, instability, and nonlinear
deformation, which suggests that joint geometry may act as a practically relevant design variable.
Portela et al. [12] demonstrated that joint geometry can influence the effective stiffness of truss lattices,
while Latture et al. [18], Casata et al. [24], and Doutre et al. [19] showed that changes in joint or nodal
geometry can influence compressive response, stiffness, strength, or the interpretation of performance
under fixed-density constraints. In addition, Glaesener et al. [17] showed that geometric imperfections
can significantly alter periodic truss response.

Third, the available modeling approaches do not easily allow systematic investigation of these
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effects. Beam-based models scale well but simplify the joints, whereas full solid models resolve the
joints but scale poorly. Portela et al. [26] therefore proposed efficient modeling approaches for complex
periodic truss architectures, highlighting the practical need for methods that balance fidelity and cost.
The quantitative examples in Table 2.2 and Table 2.3 make this tension more explicit: the relevant finite-
specimen problems are large enough to expose boundary-sensitive and localization-driven behavior,
but this is precisely what makes full continuum modeling difficult to scale.

A more specific methodological gap follows from this. Existing literature indicates that joint geome-
try matters, that fixed-relative-density treatment is important when interpreting joint modifications, and
that approaches resolving the joint region can be substantially more informative than pure beam ideal-
izations in joint-sensitive architecture classes [12, 18, 19, 24]. However, scalable nonlinear-compatible
frameworks for systematically studying how joint geometry affects the response of low-relative-density
truss metamaterials under controlled geometric constraints remain limited.

In other words, the gap is not merely a lack of data on joint design. It is a lack of modeling capability
suited to generating such data efficiently and credibly, while keeping the remaining model error explicit.

2.5.2. Scope and Contribution of this Thesis
Motivated by this gap, this thesis focuses on the computational investigation of low-relative-density
truss metamaterials with explicit attention to joint geometry. The central aim is not merely to reproduce
known topology-dependent trends, but to enable systematic study of how modified joint regions influ-
ence nonlinear response in regimes where instability, localization, and post-yield behavior are important.

To address this need, this thesis develops and evaluates a nonlinear-compatible hybrid beam–3D
continuum modeling approach for truss lattice metamaterials. In this strategy, the joint regions are
discretized with three-dimensional continuum elements in order to retain local geometric fidelity, while
the slender struts are represented with beam elements to preserve computational scalability. The
method is positioned between the two dominant modeling classes identified in the literature: fully solid
finite element models, which provide high local fidelity but are expensive to scale, and beam-based
lattice models, which are computationally efficient but idealize the joint regions.

The main contribution of the thesis is methodological. It investigates whether a joint-resolving
hybrid discretization can provide a practical intermediate modeling strategy for studying joint-geometry
effects in low-relative-density truss lattices without resorting to a uniformly solid discretization of
the entire specimen. In doing so, the thesis establishes the formulation, solver strategy, validation
procedure, and accuracy assessment needed to judge the usefulness and limitations of this approach.



3
Governing Equations and Modeling

Assumptions

Lattice metamaterials across different architectures, length scales, and geometric parameter variations
share a common structural feature: they are composed of slender members connected through joints.
This common topology has motivated a wide range of modeling approaches that reduce computational
cost while retaining the mechanical accuracy needed to describe member deformation, joint effects, and
their interaction. These approaches range from pure beam models with different beam formulations to
hybrid or reduced-order methods that incorporate a more explicit representation of the joint regions [12,
26].

This chapter presents the computational framework developed and used in this thesis. Section 3.1
defines the material assumptions, modeling scope, and non-dimensional unit system used throughout
the thesis. Section 3.2 introduces the lattice architectures relevant to this work, while section 3.3 defines
the geometrical parameters used to describe them. Section 3.4 then introduces the element types
used in the thesis, namely beam elements and solid continuum elements, together with the assembly
strategy and solver choices used for standalone beam and solid unit-cell models. The hybrid beam–3D
continuum modeling approach is developed in section 3.5, including the interface coupling strategy
and main implementation design.

3.1. Modeling Scope, Non-Dimensionalization and Material Assump-
tions

The simulations in this thesis are formulated in a non-dimensional unit system. The unit-cell length
is taken as the reference length, so geometric dimensions are expressed relative to 𝐿UC = 1, and strut
thickness is controlled through the ratio 𝑟/𝑙. This choice removes dependence on a particular physical
specimen size and allows direct comparison between lattice architectures, joint geometries, and model-
ing approaches. Reported unitless effective stresses, moduli, and energy-like quantities should therefore
be interpreted as normalized comparative quantities rather than dimensional material properties.

A single isotropic elastic material is used throughout the report, with Young’s modulus 𝐸 = 10000
and Poisson’s ratio 𝜈 = 0.3 in the non-dimensional unit system. Since the same material parameters are
used consistently across the solid, hybrid, and beam-only models, the absolute choice of stiffness scale
does not affect the relative comparison between modeling approaches. The quantities reported in later
sections are therefore used to compare model and metamaterial geometry behavior.

The main simulations use an elastic material model with geometrically nonlinear kinematics. The
nonlinear response studied in the validation and accuracy chapters therefore arises from large defor-
mation, large rotation, buckling, post-buckling deformation, and load-path redistribution, rather than

20
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from plasticity, damage, fracture, or material degradation. The models are thus materially elastic but
geometrically nonlinear.

This modeling scope is intentional. By excluding irreversible constitutive effects from the main
validation and accuracy studies, the influence of joint geometry and modeling idealization can be
isolated more clearly. The resulting effective stress–strain nonlinearity should therefore be interpreted
as the nonlinear structural response of elastic lattices, not as a prediction of permanent material failure.

3.2. Lattice Architectures Relevant to This Work
This section identifies the lattice architectures used in the remainder of this thesis and explains why
they were selected. The general distinction between bending-dominated and stretching-dominated ar-
chitectures, together with representative unit-cell schematics, has already been introduced in chapter 2;
in particular, the relevant topologies are shown in Figure 2.1. The purpose of the present section is to
specify which architectures are used in the modeling framework developed in this work and what role
each of them plays in the later chapters.

The selected architectures span both bending-dominated and stretching-dominated deformation
regimes. This is important because the sensitivity of lattice response to joint modeling is expected to
depend not only on relative density and nonlinearity, but also on the rigidity class of the underlying
topology. By considering multiple architectures, the later studies can therefore distinguish between
effects that are topology-specific and effects that are more general to the hybrid beam–3D continuum
modeling approach.

The architectures considered in this thesis are summarized in Table 3.1. In all cases, the lattice is
constructed by periodic repetition of a unit cell composed of straight struts meeting at joints. The
specific arrangement and connectivity of those struts determine whether the architecture is primarily
bending-dominated or stretching-dominated.

Table 3.1: Lattice architectures considered in this thesis and their role in the subsequent chapters.

Architecture Deformation
class

Unit-cell construction Role in this thesis

BCC Bending-
dominated

The body-centered cubic unit cell
is formed by struts connecting the
cube corners to a central joint. The
load path is therefore not purely
axial, and the architecture admits
significant bending contributions
under macroscopic loading.

Used as a representative bending-
dominated architecture for study-
ing how joint modeling affects stiff-
ness, instability, and nonlinear re-
sponse in a topology that is sensi-
tive to local geometric detail.

Pyramidal Bending-
dominated

The pyramidal unit cell is formed
by inclined struts connecting a base
plane to an apex joint, creating a
topology with lower connectivity
and strong bending contributions
under compression or shear.

Used as an additional bending-
dominated comparison case, allow-
ing the influence of joint geometry
to be examined in a topology struc-
turally distinct from BCC while re-
maining non-rigid in the sense dis-
cussed in chapter 2.

Octet Stretching-
dominated

The octet-truss unit cell is formed
by a highly connected network of
diagonal and edge-aligned struts
arranged so that loads are trans-
ferred primarily through axial
stretching and compression rather
than member bending.

Used as a representative stretching-
dominated architecture, providing
a contrast with BCC and pyramidal
lattices and allowing assessment of
whether joint-sensitive effects re-
main important in a topology with
efficient axial load paths.

The selection of BCC, pyramidal, and octet lattices therefore provides a compact but mechani-
cally meaningful set of case studies. Bending-dominated and stretching-dominated behavior are both
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represented, while the underlying unit-cell constructions remain simple enough to be parameterized
consistently within the modeling framework. This makes the set well suited for later validation, com-
parison, and nonlinear studies of joint geometry effects.

3.3. Definitions of Geometrical Parameters for 3D Lattices
As explained previously, the geometry is described using non-dimensional parameters. For each ar-
chitecture, the unit-cell side length is denoted by 𝐿, while 𝑙 denotes the characteristic strut length. In
architectures where all struts have equal length, 𝑙 is simply that common member length. Architectures
with multiple strut lengths 𝑙 are not considered in this work.

The global lattice size is defined by the number of repeated unit cells in the three coordinate
directions,

𝑁𝑥 , 𝑁𝑦 , 𝑁𝑧 .

The main local slenderness parameter is the strut radius-to-length ratio,

𝑟

𝑙
,

where 𝑟 is the radius of the circular strut cross-section away from the joint region. This ratio is used
throughout the thesis as the primary geometric proxy for relative density and strut slenderness.

These parameters are illustrated in Figure 3.1, where a 5 × 5 × 5 BCC lattice is shown together with
the 𝑁𝑥 , 𝑁𝑦 , and 𝑁𝑧 directions. Figure 3.3 shows pyramidal unit cells over a range of 𝑟/𝑙 values.

Multi-Unit Cell Metamaterial

L
L Γ Nx

L Γ Ny

L Γ Nz

Unit Cell

Figure 3.1: Render of a 5 × 5 × 5 BCC lattice metamaterial, showing the 𝑁𝑥 , 𝑁𝑦 , and 𝑁𝑧 unit-cell count parameters.

In addition to these global lattice parameters, the local parameters are required to describe the
modified joint geometries used in this thesis. Figure 3.2 shows a detail of a single strut within a
BCC unit cell, including the joint geometry generation parameters 𝑙, 𝑑, 𝑙mod, and 𝑙trans, where 𝑑 is the
strut diameter. These parameters define geometries that vary the moment of inertia along the strut
axis near the joint while keeping the modified cross-sectional area constant. This allows the effect
of local cross-sectional shape to be studied as independently as possible from changes in relative density.

To remain consistent with the approach of Portela [12], two geometries are retained: a circular
baseline geometry and a square modified geometry. In both cases, a region of the strut near the joint is
assigned a modified cross-section before transitioning back to the circular strut geometry away from
the joint. The local joint geometry is described by the following parameters:

• modified cross-section length from the joint center along the strut axis: 𝑙mod,
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Single construction strut3D solid element node

d

l

L lmod

ltrans

Figure 3.2: Detail of a single strut within a BCC unit cell, showing the strut length 𝑙, diameter 𝑑, modified-section length 𝑙mod,
and transition length 𝑙trans used to design the modified square joint geometry.
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Figure 3.3: Pyramidal unit cells with circular joint geometry over a range of 𝑟/𝑙 values from 0.20 to 0.03.
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• length of the transition region from the modified cross-section to the circular strut cross-section:
𝑙trans,

• modified cross-section shape, defined by the parameters specific to each geometry.

To keep the joint-geometry definition consistent across different 𝑟/𝑙 ratios, these lengths are non-
dimensionalized by the strut radius 𝑟 = 𝑑/2, giving

𝑙mod

𝑟
,

𝑙trans

𝑟
.

The joint geometries are shown in Figure 3.4. The upper renders show the local modified cross-
section and transition region on an individual strut, while the lower renders show the corresponding
pyramidal joint geometry. The circular geometry is used as the baseline case, and the square geometry
is used as the modified case. The square modified section is defined so that its area matches that of the
circular baseline section, and both cross-sections share the same centroid on the strut axis.

Following the choice made by Portela[12], the non-dimensional modified cross-section length is
set to 𝑙mod/𝑟 = 1, and the non-dimensional transition length is set to 𝑙trans/𝑟 = 1.5 for both geometries.
This choice ensures that the non-circular modified section does not occupy more than 75% of the strut
length in the least slender hybrid-model case considered in this work, namely 𝑟/𝑙 = 0.15. The transition
between the modified section and the circular strut was generated in FreeCAD using the makeLoft
routine, which creates a face, shell, or solid by interpolating between two or more cross-sectional
profiles. As a result, the circular and square geometries were designed to be equal in volume, but the
final CAD geometries are only approximately so.

Circular Joint 
Cross-Section

Square Joint 
Cross-Section

Figure 3.4: Joint geometries retained from Portela [12] in this thesis. Left: circular baseline geometry. Right: square modified
geometry. The upper renders show the local modified strut cross-section and transition region next to the corresponding

pyramidal joint geometry.

To quantify the remaining CAD-level mismatch, the solid volumes of pyramidal unit-cell models
were compared for the circular and square joint geometries at two representative values of 𝑟/𝑙. The
results are given in Table 3.2.

Table 3.2: CAD volume comparison between circular and square joint geometries for pyramidal unit-cell models.

Model 𝑟/𝑙 𝑉circ 𝑉sq 𝑉sq/𝑉circ
Pyramidal unit cell 0.03 0.02641810 0.02643819 1.000760
Pyramidal unit cell 0.10 0.34395439 0.34469823 1.002163

As shown in Table 3.2, the square-to-circular volume ratio deviates from 1 by less than 0.22% for
the cases examined here. These differences are considered insignificant in the present work, since
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FEA (finite element analysis) meshing ultimately modifies the exact geometries further. No additional
geometry-generation correction was introduced to enforce exact volume equality. The circular and
square joint geometries are therefore treated as effectively equal-volume cases, representative of the
same relative-density class of lattice metamaterial.

As discussed in chapter 2, several alternative joint geometries have been studied in the literature.
Geometries containing internal voids are excluded from the present thesis because their behavior can
depend on the manufacturing method given residual material remains trapped inside the voids. Ex-
cluding these cases keeps the study focused on joint geometries that can be interpreted more generally
across manufacturing processes.

Filleted joint geometries are also excluded from the main parameter set. Fillets are important in
practical design because they reduce local stress concentrations at sharp transitions. However, the
purpose of this thesis is to isolate the effect of cross-sectional shape and moment-of-inertia variation
near the joint. Including fillet radius as an additional design parameter would make it harder to separate
this effect from the broader influence of stress-concentration reduction. Since no attention is paid to
stress concentrations, or material models with stress concentration sensitivity in this thesis, the lack of
sharp-corner refinement is not expected to affect the main conclusions about the influence of local joint
shape on the global elastic response.

The hybrid modeling framework developed in section 3.5 is nevertheless more general than the
two joint geometries studied explicitly. Once a lattice architecture is defined, any joint geometry can
be introduced provided that a parametric CAD model and finite element mesh can be generated for
the joint region. The circular and square geometries therefore serve both as physically motivated case
studies and as demonstrations of the ability of the method to incorporate geometry-specific joint models.

3.4. Element Types in this Thesis
The modeling framework used in this thesis combines two finite element idealizations. Beam elements
are used to represent slender lattice struts efficiently, while solid continuum elements are used where
three-dimensional joint deformation must be resolved. Additionally, beam-only element and solid-only
element models are used for baseline comparisons. This section introduces both element types and
explains how pure beam and pure solid models are assembled before the hybrid coupling formulation
is introduced in section 3.5.

3.4.1. Beam Elements
Beam elements are used throughout this thesis to represent the slender struts of lattice metamaterials at
low computational cost. In all beam-based formulations, each beam node carries six degrees of freedom:
three translations and three rotations, ordered as

q𝑎 = [𝑢𝑥 , 𝑢𝑦 , 𝑢𝑧 ,𝜃𝑥 ,𝜃𝑦 ,𝜃𝑧]T𝑎 .

A two-node beam element therefore carries a 12-component nodal state vector.

For the pure beam lattice models used as the main reduced-order baseline in this thesis, and for the
beam submodels used in the hybrid simulations, the formulation is the corotational beam implementa-
tion available in the Summit solver [28]. The solver supports both Euler–Bernoulli and Timoshenko
beam theory. Both formulations are used in the pure beam comparisons, while the hybrid beam–3D
continuum models use the Timoshenko formulation so that shear deformation can be represented in
the beam struts.

In the corotational framework, rigid-body motion is separated from deformational motion by
introducing a moving element frame based on the current nodal positions. The element kinematics are
expressed in this corotated frame, where strains remain small even when the structure undergoes large
global rotations. Internal element resultants are then evaluated in the corotated frame and rotated back
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to the global frame for assembly. In compact form,

fint = R𝑒 f̂int(q̂), q̂ = RT
𝑒 q,

where R𝑒 is the element corotational transformation. This is the main reason why the beam formulation
remains effective for lattice deformation problems involving large rigid-body rotations of the struts.

The beam models developed in the present work use six-DOF beam end states and transmit axial
forces, shear forces, bending moments, and torsional moments through the lattice network. Since the
hybrid coupling formulation only requires consistent six-DOF end kinematics and six-component end
resultants, the interface formulation developed later in this chapter is intentionally written indepen-
dently of the internal beam weak form.

Some of the pure beam unit-cell models later introduced in this report were modeled in the
OpenSeesPy Python finite element framework [29], which also provides beam-column formulations
suitable for geometrically nonlinear structural analysis. The OpenSeesPy and Summit beam models
used here represent the same intended beam idealization, so the pure beam models and the beam
submodels in the hybrid simulations are compared at the level of the same reduced-order structural
description.

3.4.2. Solid Continuum Elements
The joint regions are discretized with three-dimensional solid continuum elements using first-order
continuous tetrahedral elements, denoted Tet1CG in Summit [28]. Unlike the beam formulation, the
solid discretization carries only translational nodal degrees of freedom. Rotational interface quantities
are introduced later only as rigid-face parameters used to prescribe or recover averaged motions on
selected interface faces.

The tetrahedral meshes are generated from CAD joint geometries using Gmsh. In practice, the
meshing process first discretizes the boundary surfaces of the joint and then fills the enclosed volume
with unstructured tetrahedral elements subject to the chosen target element size and local geomet-
ric constraints. This makes the approach flexible for complex joint shapes, transition regions, and
architecture-specific connection geometries, while preserving a straightforward export path to Summit-
readable mesh files.

Two classes of boundary conditions are relevant in this thesis. Dirichlet boundary conditions pre-
scribe kinematic quantities, such as displacements on solid nodes or rigid-face motions on classified
solid faces. Neumann boundary conditions prescribe generalized surface actions, such as tractions or,
after face integration, force and moment resultants. In the current hybrid implementation, coupled joint
faces are driven kinematically, while unconstrained faces remain natural Neumann boundaries unless
specific load-case prescriptions are applied.

The pure solid unit-cell simulations used later in this thesis are solved as monolithic geometrically
nonlinear continuum problems with nodal displacements as the unknowns. At each load increment,
the global residual and tangent stiffness are assembled over the full solid mesh and the equilibrium
condition is enforced iteratively. For standard displacement-controlled unit-cell simulations, a damped
Newton–Raphson strategy is used, with adaptive cutbacks of the imposed increment when a trial
state fails to satisfy the acceptance criteria. When the response contains a limit point or a descending
equilibrium branch, an arc-length scheme is used instead so that the solution path can be followed
through the onset of instability and into the post-buckling regime.

3.4.3. Assembly of Pure Beam-Element Lattices
Pure beam models provide the baseline for all lattice simulations in this thesis. Each strut is represented
by a number of equal-length beam elements, and the lattice is assembled as a network of beams con-
nected at joints. At strut–strut connections, the model assumes full rigidity: beams meeting at a joint
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share the same translational and rotational degrees of freedom. This enforces displacement and rotation
continuity and allows transfer of bending moments across the joint. Although alternate methods like
torsional springs could be used to represent partial joint stiffness, the rigid-joint assumption is retained
here for simplicity and most importantly, physical interpretability.

Global equilibrium of the beam lattice is enforced through a nonlinear solve. The assembled system
may be written as

Rbeam(q) = fint(q) − fext = 0,

and is solved in Summit using the Newton–Raphson solver. At each iteration, element residuals and
tangent contributions are assembled, boundary conditions are applied, and the nodal displacement and
rotation field is updated until the residual norm falls below the prescribed tolerance. Finer load stepping
is used when necessary to improve robustness under strongly nonlinear structural response. The full
unit-cell beam models are solved in OpenSeesPy using a similar strategy, with the Newton-Raphson
solver and same convergence criteria.

3.5. The Hybrid Beam–3D Continuum Modeling Approach
Solid element models can provide accurate predictions of local joint response and naturally accommo-
date complex constitutive behavior such as plasticity, fracture, viscoelasticity, and dynamics. However,
their cost grows rapidly when large non-periodic lattice specimens must be resolved in full three
dimensions. As the strut diameter-to-length ratio decreases, increasingly fine solid meshes are required
to resolve the slender members, and the resulting global models become prohibitively expensive for
large architectures.

Beam element models, presented in subsection 3.4.3, are computationally efficient and scale well
to large structures, but they do not resolve the three-dimensional stress and deformation fields that
develop inside lattice joints. Reduced-order approaches, such as those proposed by Portela, Greer et
al. [12] and discussed in section 2.4, provide an attractive compromise by enriching beam models with
precomputed nodal information. Their main limitation is that the precomputed reduction may cease to
be valid once strong nonlinearities are introduced at the joint level. For geometric nonlinearity, plasticity,
or fracture, the joint response must instead be recomputed on the current deformed configuration,
together with the associated equilibrium iterations and constitutive updates.

The approach proposed in this thesis combines the accuracy of solid joint models with the efficiency
of beam strut models while preserving compatibility with nonlinear modeling. Instead of replacing
the joint by a precomputed linear reduced model, each joint remains a finite element subproblem that
can be solved at the current state. The resulting hybrid model preserves a clear separation between
submodels. This modularity makes surrogate replacement possible in principle, although surrogate
construction and validation are outside the scope of the present thesis. This section presents the nota-
tion, coupling strategy, and formulation choices developed in this work. Section 3.5.1 introduces the
solid–beam interface variables and kinematics, while Section 3.5.3 motivates the partitioned iterative
strategy adopted later in the chapter. Table 3.3 repeats a summary of the principal symbols used in this
section for reference.

3.5.1. Interface Coupling Strategy Between Solid and Beam Elements
The interface between a three-dimensional solid joint and a one-dimensional beam strut is treated as a
low-dimensional coupling surface on which only a small set of generalized variables is exchanged. In
this work, each coupling interface is denoted by Γ𝑖 and consists of one classified solid face patch paired
with one beam end. On the beam side, the end motion is described by a 6-component vector

q(𝑏)
Γ𝑖

=

[
t(𝑏)
Γ𝑖

𝜽(𝑏)
Γ𝑖

]
=
[
𝑢𝑥 𝑢𝑦 𝑢𝑧 𝜃𝑥 𝜃𝑦 𝜃𝑧

]T
Γ𝑖

,
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Table 3.3: Principal notation used throughout the hybrid formulation section

Symbol Meaning
Ω𝑠 Solid-joint domain.
Ω𝑏 Beam-strut domain.
Γ𝑖 Coupling interface 𝑖, pairing one solid face patch with one beam end.
u(𝑠)(x) Solid displacement field at position x on a joint.
q𝑎 Six-component beam nodal degree-of-freedom vector at beam node 𝑎.
q(𝑠)
Γ𝑖

Six-component rigid-face motion used to describe interface Γ𝑖 on the
solid side.

q(𝑏)
Γ𝑖

Six-component beam-end motion at interface Γ𝑖 .
qΓ𝑖 Common interface motion once compatibility is imposed.
f(𝑠)
Γ𝑖

, f(𝑏)
Γ𝑖

Six-component interface resultants returned by the solid and beam
submodels.

rΓ𝑖 Interface residual at Γ𝑖 .
q Global stacked interface vector.

where t(𝑏)
Γ𝑖

contains the three beam-end translations and 𝜽(𝑏)
Γ𝑖

contains the three beam-end rotations.
Figure 3.5 shows the role of this interface state within the hybrid lattice decomposition.

qΓi

f(s)
Γi f(b)

Γi

interface Γi

beam strutsolid joint

Figure 3.5: Hybrid decomposition around one interface Γ𝑖 . The common interface motion qΓ𝑖 is exchanged between the solid
joint and the beam strut, while each submodel returns its own interface resultant, f(𝑠)

Γ𝑖
or f(𝑏)

Γ𝑖
. Equilibrium is enforced by driving

the residual rΓ𝑖 = f(𝑠)
Γ𝑖

+ f(𝑏)
Γ𝑖

to zero.

Also seen in figure 3.5, on the joint side, the same interface is represented by a rigid-face motion
applied over the solid element patch Γ𝑖 . Let x ∈ Γ𝑖 denote the position of a point on that face, and let x𝑐,𝑖
denote the centroid of the face. The displacement field imposed on the face is written as

u(𝑠)(x) = t(𝑠)
Γ𝑖

+ 𝜽(𝑠)
Γ𝑖

× (x − x𝑐,𝑖), x ∈ Γ𝑖 ,

where t(𝑠)
Γ𝑖

is the translational part of the rigid-face motion and 𝜽(𝑠)
Γ𝑖

is its rotational part. The correspond-
ing 6-component solid-side interface vector is

q(𝑠)
Γ𝑖

=

[
t(𝑠)
Γ𝑖

𝜽(𝑠)
Γ𝑖

]
.

Figure 3.6 illustrates this rigid-face kinematic description.
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interface Γi

xc,i

x

r = x − xc,i

t(s)
Γi θ(s)

Γi

+ =

u(s)(x)
Figure 3.6: Rigid-face kinematics used on a solid interface patch Γ𝑖 . The solid displacement field on the face is restricted to the

form u(𝑠)(x) = t(𝑠)
Γ𝑖

+ 𝜽(𝑠)
Γ𝑖

× (x − x𝑐,𝑖), where x𝑐,𝑖 is the face centroid and x is a point on the interface.

This is a kinematic rigid-face coupling: the solid face is restricted to a rigid motion compatible with
the six beam-end degrees of freedom. Higher-order face warping and non-rigid in-plane deformation
are discarded in order to keep the interface low-dimensional while preserving a clean exchange format
between the solid and beam submodels.

Once the solid subproblem has been solved, nodal reactions are summed over the face to obtain a
resultant force and resultant moment,

F(𝑠)
Γ𝑖

=

∑
𝑎∈Γ𝑖

f𝑎 , M(𝑠)
Γ𝑖

=

∑
𝑎∈Γ𝑖

(x𝑎 − x𝑐,𝑖) × f𝑎 .

These are assembled into the 6-component solid-side interface resultant

f(𝑠)
Γ𝑖

=

[
F(𝑠)
Γ𝑖

M(𝑠)
Γ𝑖

]
.

analogously to the beam submodels.

A number of alternative beam–solid interface coupling strategies could in principle be used in
place of the rigid-face approach adopted here. These strategies differ mainly in how strongly com-
patibility is enforced, whether additional interface unknowns are introduced, and how naturally they
accommodate non-matching discretizations. Table 3.4 summarizes representative coupling families and
their principal trade-offs and motivation to stick to the rigid-face MPC (multi-point constraint) approach.

In this thesis, the rigid-face MPC strategy is retained primarily because it matches the beam–solid
coupling concept used by Portela, Greer et al. [12], enabling a more direct comparison between the
precomputed reduced-order nodal approach of that work and the fully coupled hybrid formulation
developed here. Beyond this methodological consistency, the rigid-face MPC constraint also provides a
small and well-conditioned interface system, matches the natural translational and rotational beam-end
degrees of freedom, and yields a direct interpretation of interface resultants in terms of forces and
moments. The price paid is that detailed face compliance is not transmitted across the interface. This is
a limitation of this choice, possibly at the origin of part of the modeling errors.
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Table 3.4: Common interface coupling strategies and their trade-offs.

Advantages Disadvantages
Rigid-face MPC (multi-
point constraint) [30, 31]
(this work)

Small effective interface when tied
to a beam reference node; sim-
ple implementation; direct map-
ping to beam translational and rota-
tional DOFs; robust in legacy finite-
element codes.

Constrains the interface patch to
beam-like rigid-section kinematics;
neglects face warping and higher-
order deformation; accuracy depends
on the size and location of the con-
strained patch.

Penalty method [32] Easy to implement; no additional
unknowns; can preserve matrix
symmetry when formulated consis-
tently.

Constraint enforcement is approxi-
mate; penalty parameter tuning is
required; overly large penalties can
cause ill-conditioning.

Lagrange multiplier
method [33]

Exact constraint enforcement; no
penalty tuning; physically inter-
pretable interface forces.

Introduces additional unknowns;
leads to saddle-point systems; stabil-
ity may depend on the choice of mul-
tiplier space.

Nitsche’s method [34, 35] Consistent weak enforcement with-
out multiplier DOFs; suitable for
non-matching meshes; can preserve
variational consistency.

Requires stabilization parameters;
formulation and implementation are
more complex than direct MPC or
penalty coupling.

Mortar method [36] Well suited for non-matching
meshes; accurate and conservative
interface transfer; flexible for con-
tact and domain decomposition.

Requires interface projection/integra-
tion machinery; implementation is
more involved; may introduce addi-
tional interface variables depending
on formulation.

RBE3 / averaged MPC
(Rigid Body Element,
type 3 / averaged multi-
point constraint) [37]

Distributes forces and moments
over an interface patch without
imposing fully rigid face motion;
reduces local over-stiffening com-
pared with rigid MPCs.

Still an approximate engineering con-
straint; accuracy depends on weight-
ing and patch selection; not generally
derived from a fully variational inter-
face formulation.

3.5.2. Interface Equilibrium and Coupling Conditions
Let Ω𝑠 denote the solid-joint domain and Ω𝑏 the beam-strut domain. Their interaction occurs through
the set of interfaces Γ𝑖 . At each interface, the coupled problem is governed by two conditions:

1. Kinematic compatibility, which enforces consistency between the beam-end motion and the rigid-
face motion imposed on the solid patch.

2. Interface equilibrium, which enforces balance of the force and moment resultants exchanged by the
two submodels.

also written as
q(𝑠)
Γ𝑖

− q(𝑏)
Γ𝑖

= 0, f(𝑠)
Γ𝑖

+ f(𝑏)
Γ𝑖

= 0,

where q(𝑠)
Γ𝑖

and q(𝑏)
Γ𝑖

are the solid-side and beam-side descriptions of the interface motion, and f(𝑠)
Γ𝑖

and

f(𝑏)
Γ𝑖

are the associated 6-component interface resultants. Once compatibility is enforced, the common
interface motion is denoted by

q(𝑠)
Γ𝑖

= q(𝑏)
Γ𝑖

= qΓ𝑖 .

The nonlinear coupling problem solved later in this chapter is an interface equilibrium problem posed
on these common interface vectors.

3.5.3. Monolithic and Staggered Coupling Strategies
Hybrid beam–solid modeling can be formulated either as a monolithic problem, where all degrees
of freedom are assembled into a single global nonlinear system, or as a partitioned problem where
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each submodel is solved independently and coupled through an interface iteration. A monolithic
formulation offers the strongest algebraic consistency because the solid, beam, and coupling terms are
solved simultaneously. However, it requires intrusive modifications to the solver infrastructure and a
unified treatment of element kinematics and constitutive updates in implementation. Given the nature
of the Summit framework and the different kinematic descriptions of solid and beam elements, such an
approach was deemed impractical and too complex on the implementation side for this thesis.

The staggered approach provides an important practical advantage: the beam and solid components
remain separate black-box submodels from the perspective of the interface solver. This modularity
makes it possible to combine heterogeneous model types, evaluate independent joint and beam solves
in parallel, and replace individual joint models in the future by reduced or data-driven alternatives.
These properties are particularly relevant for the long-term goal of studying nonlinear joint physics
without resolving every strut and joint as one monolithic three-dimensional model.

Conceptually, in a monolithic formulation, the solid and beam subproblems are not solved separately.
Instead, their equilibrium equations are assembled into a single global residual system, in which
interface equilibrium is enforced directly at the algebraic level. Denoting the full algebraic unknown
vectors of the solid and beam subproblems by d(𝑠) and d(𝑏), and the interface resultants contributed by
the solid and beam sides by f(𝑠)

Γ
and f(𝑏)

Γ
, the coupling condition is

f(𝑠)
Γ

+ f(𝑏)
Γ

= 0.

This condition is not imposed as an outer iteration, but is embedded directly into the global residual
through the coupled solid and beam equilibrium equations. At the subdomain level, one may write

Rint
s (d(𝑠)) − Rext

s + C𝑇
s f(𝑠)

Γ
= 0,

Rint
b (d(𝑏)) − Rext

b + C𝑇
b f(𝑏)

Γ
= 0,

where Cs and Cb denote the operators that distribute the interface actions to the solid and beam degrees
of freedom. Since interface equilibrium requires f(𝑠)

Γ
= −f(𝑏)

Γ
, the coupled problem can be assembled into

one nonlinear residual

Rmono(d) =
[
Rs(d(𝑠), d(𝑏))
Rb(d(𝑏), d(𝑠))

]
= 0, d =

[
d(𝑠)

d(𝑏)

]
,

where the dependence of Rs on d(𝑏) and of Rb on d(𝑠) arises through the interface coupling terms.

Linearization in a Newton–Raphson scheme then gives the coupled tangent system[
Kss Ksb
Kbs Kbb

] [
Δd(𝑠)

Δd(𝑏)

]
= −

[
Rs
Rb

]
,

where Kss contains the solid tangent stiffness, Kbb the beam tangent stiffness, and Ksb, Kbs the coupling
sensitivities arising from the interface terms. This approach is typically the most robust for strong cou-
pling and highly nonlinear material behavior, provided that consistent tangent operators are available.

The Schur complement offers a useful view: eliminating Δd(𝑠) gives(
Kbb − KbsK−1

ss Ksb
)
Δd(𝑏) = −Rb + KbsK−1

ss Rs,

which shows that monolithic coupling implicitly accounts for the solid joint compliance as a (generally
dense) correction to the beam-level tangent. This is advantageous for accuracy and convergence, but it
can increase implementation complexity and may impact solver scalability in preconditionning and
task automation.

In the partitioned, or staggered approach, which is the one adopted in this work, the solid and beam
submodels are solved independently and coupled through an interface-level iteration. The interface
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degrees of freedom are collected in a reduced vector q obtained by stacking the interface states qΓ𝑖 , and
the coupled problem is recast as the nonlinear interface equilibrium condition

R(q) = f(𝑠)(q) + f(𝑏)(q) = 0.

For a given interface state q(𝑘), the solid and beam solvers are executed independently to compute
interface reactions, and the residual R(q(𝑘)) is evaluated. An updated interface state is then obtained
through an iterative correction,

q(𝑘+1) = q(𝑘) +Δq(𝑘),

where the correction Δq(𝑘) is computed using one of the numerical strategies described in section 3.6.

In summary, a monolithic strategy maximizes coupled consistency and is attractive when robust
tangent operators are available for all element and interface contributions. Its main drawback is imple-
mentation complexity. The partitioned strategy adopted here sacrifices some monolithic consistency
but preserves modularity: solid joints, beam struts, and future surrogate joint models can be treated as
separate operators coupled only through interface kinematics and resultants. This modularity is central
to the method developed in this thesis.

Demonstrating this approach is relevant for larger high-fidelity metamaterial simulations, particu-
larly in cases where local instability, post-buckling deformation, or low strut aspect-ratio make pure
beam-element models insufficient. The hybrid formulation therefore targets applications in which
joint-related parameters must be modeled more accurately than in a beam-only idealization, while still
avoiding the cost of a fully solid lattice model. This is especially relevant for stretching-dominated
failure studies, where localized instability and boundary-condition sensitivity can strongly influence
the observed response, and beam-only models are only sufficiently exact for linear elastic behavior
modeling, as discussed in chapter 2.

3.6. Implementation of the Hybrid Element Staggered Model
The objective of the hybrid coupling algorithm is to determine interface motions such that all solid-joint
and beam-strut submodels satisfy equilibrium at every coupling interface. The solid and beam models
are solved independently using the existing Summit solver infrastructure and are treated as black-box
operators that map prescribed interface kinematics to interface reaction resultants. The coupling prob-
lem is therefore expressed and solved entirely at the interface level. This section introduces the global
interface formulation and the implemented coupling loop. The numerical solution methods used to
update the interface state are discussed in detail in chapter 4.

The solver implementation is designed primarily for robust convergence across the models tested
in this thesis, with reasonable scaling as the number of interfaces increases. Detailed optimization of
convergence speed, iteration count, and solver parameter tuning is outside the main scope of this work.

3.6.1. Global Interface Unknown Vector
The first step is the construction of the global interface unknown vector. Let 𝑁Γ denote the number of
coupled interfaces, that is, the number of beam ends attached to solid faces in the network. For each
interface Γ𝑖 , the rigid-face coupling strategy of subsection 3.5.1 defines the six-component interface state

qΓ𝑖 =
[
𝑢𝑥 𝑢𝑦 𝑢𝑧 𝜃𝑥 𝜃𝑦 𝜃𝑧

]T
Γ𝑖
∈ R6,

where (𝑢𝑥 , 𝑢𝑦 , 𝑢𝑧) are translations and (𝜃𝑥 ,𝜃𝑦 ,𝜃𝑧) are rotation-vector components. The global interface
vector is assembled by stacking all interface states,

q =


qΓ1
qΓ2

...
qΓ𝑁Γ

 ∈ R𝑛 , 𝑛 = 6𝑁Γ.
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For each joint model, the classified faces fall into three mutually exclusive categories. First, coupled
faces are those listed in the beam–joint connectivity. Each coupled face defines one coupling interface Γ𝑖
and therefore contributes one six-component interface state qΓ𝑖 to the global interface vector q. Second,
prescribed load-case faces are those listed in the load case but not in the connectivity. These faces are
used to apply supports or imposed rigid-face motions through ramp-scaled Dirichlet data and do not
contribute unknowns to q. Third, any remaining classified faces are neither coupled nor prescribed and
therefore remain free, acting as natural Neumann boundaries in the joint solve. This categorization is
illustrated in Figure 3.7.

coupled faces Γi

q̄f

free facesprescribed load-case faces

Figure 3.7: Classification of solid faces in the hybrid formulation. Blue faces are coupled faces, each associated with a beam end
and an interface state qΓ𝑖 . Red faces are prescribed load-case faces, on which Dirichlet data such as fixed supports or imposed
rigid-face motions q̄ 𝑓 may be applied. Green faces are free faces and therefore act as natural Neumann boundaries in the joint

solve.

With this classification established, for each joint solve a face motion vector qfaces ∈ R6𝑁 𝑓 is assem-
bled in three steps. First, the ramp-scaled prescribed values are written to the prescribed load-case
faces. Second, the coupled faces are overwritten by the current interface states qΓ𝑖 . Third, the remaining
classified faces are left free and therefore act as natural Neumann boundaries. The face vector uses the
ordering [𝑇𝑥 ,𝑇𝑦 ,𝑇𝑧 ,𝑅𝑥 ,𝑅𝑦 ,𝑅𝑧] per face, so rigid rotations are prescribed through the face kinematics
even though the solid model itself carries only translational nodal degrees of freedom.

Boundary conditions on the joint model are enforced through a per-face translation mask. During
each ramp step, the code uses a two-stage masking strategy on load-case faces: at iteration 0 all three
translations are clamped to anchor the configuration, while for later iterations only the prescribed
translation components remain clamped, for example fixed 𝑧 with free 𝑥 and 𝑦. This avoids over-
constraining tangential motion during the interface iterations while keeping the independently solved
submodels properly anchored at the start of each load increment. In the present implementation,
coupled faces do not simultaneously carry additional load-case entries. If interface Neumann loading is
to be added in future, the natural insertion point is the interface residual assembly discussed in the next
subsection.

3.6.2. Interface Reactions and Global Residual
For a given q, each solid model is solved with Dirichlet boundary conditions assembled from: (i)
prescribed external boundary conditions from the load case, and (ii) the current interface states qΓ𝑖 for
faces coupled to beams. The solid solve returns nodal reactions, which are integrated on each coupled
face to yield a six-component resultant vector,

f(𝑠)
Γ𝑖
(q) =

[
𝐹𝑥 𝐹𝑦 𝐹𝑧 𝑀𝑥 𝑀𝑦 𝑀𝑧

]T
Γ𝑖

.

Similarly, each beam model is solved with Dirichlet end conditions extracted from the corresponding
displacement interface states at its two ends. The beam solve returns end reactions (forces and moments)
mapped consistently to the same six-component space:

f(𝑏)
Γ𝑖
(q).

The interface residual for Γ𝑖 is defined as the equilibrium mismatch

rΓ𝑖(q) = f(𝑠)
Γ𝑖
(q) + f(𝑏)

Γ𝑖
(q) ∈ R6.
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Neumann boundary conditions on selected interfaces can be incorporated in the same interface-level
formulation by adding a prescribed resultant f(𝑁)

Γ𝑖
to the residual. For those interfaces, the equilibrium

condition becomes
rΓ𝑖 = f(𝑠)

Γ𝑖
+ f(𝑏)

Γ𝑖
− f(𝑁)

Γ𝑖
,

that is, a direct offset of the residual entries associated with the affected interfaces, scaled by 𝜆𝑘 when
load stepping is used. This was not implemented in the current codebase, but it is a relatively straight-
forward extension because the residual is already assembled interface by interface.

The global interface residual is assembled by stacking all interface residuals,

R(q) =


rΓ1(q)
...

rΓ𝑁Γ
(q)

 ∈ R𝑛 .

The coupled hybrid equilibrium problem is therefore the nonlinear system

R(q) = 0.

3.6.3. Outer Load Stepping and Inner Coupling Iterations
The network solve is performed incrementally using a scalar ramp parameter 𝜆 ∈ [0, 1] that scales ap-
plied loads or prescribed kinematics. Let 𝜆𝑘 denote the ramp value at load step 𝑘. For each 𝜆𝑘 , an inner
interface-equilibrium iteration is executed until convergence or until the maximum number of coupling
iterations is reached. The overall structure of this algorithm is summarized in the flowchart in Figure 3.8.

For a fixed interface state q(𝑚), the expensive part of one coupling iteration is the evaluation of all
submodels. This phase is detailed in the flowchart in Figure 3.9. First, iteration data are prepared from
the current interface state together with the ramp-scaled prescribed values. The joint and beam branches
are then evaluated independently. On the joint side, the face motion vectors q(𝑗)

faces are assembled, the

face masks are applied, and each solid joint model returns its interface resultants f(𝑠)
Γ𝑖

. On the beam side,
the end states are extracted from the same interface vector q(𝑚), and each beam model returns its end
resultants f(𝑏)

Γ𝑖
. Only after these independent subproblems have been solved are the resultants returned

to the global residual assembly.

This evaluation phase is also the natural location for parallelization in the hybrid staggered model.
Algorithmically, all joint subproblems and all beam subproblems are independent for fixed interface
kinematics and may therefore be evaluated concurrently. In the present implementation, this property
is exploited primarily through the independent joint solves, which dominate the computational cost,
while the beam branch remains comparatively lightweight. The staggered coupling itself, however,
remains serial at the outer iteration level: residual assembly, convergence checks, and interface-state
updates are carried out only after the submodel evaluations for the current iterate have been completed.

The masking logic applied on the joint side is part of this same evaluation phase. At iteration 𝑚 = 0
of each load step, all three translations on the prescribed load-case faces are clamped to anchor the
independently solved joint models. For later iterations, only the prescribed translational components
remain clamped. Coupled faces are overwritten by the current interface states q(𝑚)

Γ𝑖
, while the remaining

faces act as natural Neumann boundaries. Once both solid and beam resultants have been recovered,
the interface residuals rΓ𝑖 are assembled, the global norm ∥R∥2 is checked against the tolerance, and a
new interface correction Δq(𝑚) is computed when required.

Why incremental ramping is kept even with Newton-type methods.
Although the Newton or JFNK (Jacobian-free Newton-Krylov) methods introduced in the following
chapter 4 can converge in few iterations when started sufficiently close to the solution, ramping im-
proves robustness under strong geometric nonlinearity and becomes essential in a conceptual material



3.6. Implementation of the Hybrid Element Staggered Model 35

2. Select load step k, set ramp factor  λk

3. Initialise interface guess  
Note: first step from undeformed state, later 

steps from previous converged load step

q(0)

4. Set coupling iteration counter m = 0

5. Evaluate all Sub-models at the current interface state q(m)

6. Assemble global residual R(q(m))

7. Convergence 
check: tol?ΓRΓ2 ∥

9. Compute interface correction ≤q(m)

10. Update interface state 
q(m+1) = q(m) + ≤q(m)

11. Increment iteration counter  
m Δ m + 1

12. Maximum 
iterations reached?

Yes

No

Yes13. No 14. Report non-convergence and 
current , store current state, 

write outputs
ΓRΓ2

8. Store converged state, 
write outputs

1. Start hybrid solve

15. advance to load step k + 1

Figure 3.8: Overall flowchart of the hybrid coupling algorithm. For each load step 𝑘, a ramp factor 𝜆𝑘 is applied and an inner
interface-equilibrium iteration is performed until convergence or until the maximum number of iterations is reached. The light

blue boxes highlight the main interface-level operations, while the yellow box marks the interface-state update step.
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5.2. Joint tasks

5.2.1 Assemble q( j)
faces

Solve joint 
model

Solve joint 
model

…

5.2.3 Extract f(s)
Γi

5.3. Beam tasks

5.3.1 Extract end 
states from  q(m)

Solve beam 
models

5.3.2 Extract f(b)
Γi

5.1. Prepare iteration data for fixed  
Includes ramp-scaled prescribed values and 

current interface states

q(m)

5.4. Return interface resultants to 
residual assembly

Masking on externally loaded 
interfaces

Iteration m = 0: clamp all three 
translations for anchoring

Iteration m > 0: clamp only 
prescribed translational 
components

Coupled faces are overwritten by 

Remaining faces are natural 
Neumann BCs

q(m)
Γi

5.2.2 Apply face masks

Figure 3.9: Detailed view of Step 5 from Figure 3.8: evaluation of all submodels for a fixed interface state q(𝑚). The turquoise and
red blocks distinguish the joint and beam evaluation branches. Since these branches are independent for fixed q(𝑚), they define

the natural parallelization point of the hybrid algorithm.

plasticity introduction. Plasticity is path-dependent, and equilibrium must be enforced at each incre-
ment to maintain consistent internal variables (plastic strains, yield status). In that regime, the coupling
algorithm operates inside each load increment, using the converged state at 𝜆𝑘 as the initial guess for
all inner iterations of the loadstep 𝜆𝑘+1.

The inclusion of incremental ramping also provides a natural way to generate stress–strain-style
curves with multiple converged data points. In this way, interface equilibrium is enforced at every
reported load increment. Adaptive ramp sizing could further improve efficiency by using smaller
increments in strongly nonlinear regimes and larger increments in nearly linear regimes. This was not
implemented in the present work, but is a useful direction for future performance improvement.



4
Nonlinear Solution Methods for

Staggered Hybrid Coupling

The hybrid beam-3D continuum coupling problem leads to a nonlinear interface equilibrium system
in which residual evaluations are provided by black-box beam and solid solvers. Achieving robust
convergence under strong nonlinearity, while keeping the number of residual evaluations low, requires
a careful balance between globally convergent methods and fast local accelerators. This chapter collects
the numerical tools used to strike that balance and motivates the algorithmic choices made in this work.

This chapter presents the numerical algorithms used to solve the staggered nonlinear hybrid
coupling problem introduced in chapter 3. Starting with section 4.1, a case is made for the approach
necessary to solve a problem of the nature of this interface problem. Section 4.2 introduces baseline
fixed-point iteration and Anderson acceleration methods, considered in the thesis but ultimately
underperforming compared to other approaches. Section 4.3 describes the scaling and preconditioning
strategies used across solvers to improve convergence. Section 4.4 details the preconditioned residual
descent method, while section 4.5 covers Newton-based methods, including full-Jacobian and Jacobian-
free Newton–Krylov approaches. The key methodology section of this chapter is section 4.6. It details
and motivates the two-stage preconditioned residual descent to Jacobian free Newton-Krylov (PRD–
JFNK) switching strategy, the final solver design used throughout the large metamaterial simulations in
this report. Table 4.1 presents all solvers considered and used in this thesis and is a useful summary of
all previous sections of the chapter. Finally, section 4.7 provides computational cost models based on
the influence of different model parameters, building up expected scaling trends further motivated by
small-scale experimental data.

4.1. Nature of the Nonlinear Interface Problem and Solver Design
Strategy

The nature of the nonlinear problem of the staggered approach is not a conventional monolithic finite
element equilibrium solve. In a monolithic formulation, the global displacement vector, internal forces,
tangent stiffness matrix, and boundary conditions all belong to one assembled system. In the staggered
formulation used in this thesis, the unknowns solved by the coupling algorithm are instead the interface
translations and rotations that connect beam struts to three-dimensional solid joint regions. For a model
with 𝑁Γ beam–solid interfaces, the coupling vector is

qΓ ∈ R6𝑁Γ ,

where each interface contributes three translational and three rotational degrees of freedom.

For a given trial interface state qΓ, the beam and solid submodels are solved separately. The coupling
residual is then constructed from the mismatch of the interface reactions predicted by the two sides of
each coupling boundary. The nonlinear interface problem can therefore be written abstractly as

R(qΓ) = 0, R : R6𝑁Γ → R6𝑁Γ .

37
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The residual vector contains force and moment equilibrium components, while the unknown vector
contains translations and rotations. This mixture of physical units makes the raw Euclidean norm of the
residual a poor measure unless the problem is scaled (as done for the convergence metric used in the
implementation) or preconditioned.

A residual evaluation is expensive. Each call to R(qΓ) requires applying the current interface state to
the beam and solid submodels, solving those submodels, extracting the resulting interface reactions,
and assembling the imbalance into a global residual vector. The coupling solver therefore operates on a
black-box nonlinear residual: the residual can be evaluated, but the full interface Jacobian

J(qΓ) =
𝜕R
𝜕qΓ

is not naturally available from one assembled global tangent matrix.

This black-box structure strongly influences the solver design. A full Newton method is attractive
because it can provide fast local convergence, but forming J by finite differences requires many residual
evaluations. Since the interface dimension is 6𝑁Γ, a dense finite-difference Jacobian would require at
least 6𝑁Γ + 1 residual evaluations per rebuild if each degree of freedom is perturbed separately, and
even more considering the complex coupling of all interfaces through lattice connectivity. This cost
becomes prohibitive as the number of interfaces grows. On the other hand, methods that require only
residual evaluations, such as fixed-point iterations or residual descent, are cheaper per iteration but
may converge slowly or stagnate in strongly coupled nonlinear cases.

The interface problem is also scale-heterogeneous. Translational interface degrees of freedom are
measured in units of length, while rotational degrees of freedom are dimensionless angles. Their conju-
gate residual components are forces and moments, respectively. These quantities can differ by orders of
magnitude and do not have the same mechanical sensitivity. Without scaling, a solver may reduce one
part of the residual while neglecting another, or choose step lengths that are appropriate for translations
but inappropriate for rotations. This is why preconditioning is also a necessary unit-balancing operation.

The nonlinearities encountered in the models ran further complicate the interface solve. The lattice
models can undergo large rotations, geometric softening, snap-through-like behavior, and post-buckling
deformation. In such regimes, the local linearization used by Newton or Krylov methods can be unreli-
able if the current iteration step is still far from equilibrium. On the other hand, purely residual-based
fixed-point methods may be robust initially but inefficient near convergence. This creates a division of
solver roles. Firtsly, a global residual-reduction method is useful for reaching a reasonable neighbour-
hood of equilibrium, then, a Newton–Krylov method is useful once the residual is sufficiently smooth
and informative.

The solver strategy developed in this chapter follows directly from these properties. Fixed-point
and Anderson-type methods are first considered because they require only residual evaluations and are
useful baselines that can converge almost-linear small problem sizes. Preconditioned residual descent
is then introduced as a more robust global residual-reduction method. Newton and Jacobian-free
Newton–Krylov methods are considered for faster local convergence, with the Jacobian action approxi-
mated by finite differences of the black-box residual. The final solver design in section 4.6 reflects these
points: PRD is used to obtain robust initial progress within each load step, and JFNK is used as a local
accelerator once the interface state is suitable for Newton-type correction.

4.2. Baseline Fixed-Point and Anderson-Type Methods
The simplest class of nonlinear solvers considered in this work uses only residual evaluations of the
interface equilibrium problem. For these methods, no global tangent matrix is required, and the beam
and solid submodels only need to provide interface reactions for a prescribed interface state. They
provide useful baseline algorithms and motivate the scaling and preconditioning strategies used by the
final solver.
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However, residual-only methods must be treated with caution. The interface vector contains both
translations and rotations, while the residual contains both forces and moments. A direct update
based on the unscaled residual is therefore not meaningful unless the residual components are first
balanced by a physically motivated scaling or approximate inverse Jacobian action. For this reason,
the fixed-point and Anderson-type methods below are written in terms of a preconditioned residual
correction.

4.2.1. Fixed-Point Iteration with Aitken Relaxation
A basic residual-correction iteration updates the interface state according to

q(𝑘+1) = q(𝑘) − 𝜔(𝑘)PR(q(𝑘)), (4.1)

where R(q(𝑘)) is the current interface residual, P is a scaling or approximate inverse Jacobian operator,
and 𝜔(𝑘) is a relaxation factor, with 𝑘 the current iteration step. 𝜔(𝑘)controls "how much" of the correction
is applied. The product PR(q(𝑘)) represents the correction direction predicted from the current residual,
while the minus sign means the update is taken in the direction that reduces this residual.

In this form, the method is still a fixed-point iteration because the next state q(𝑘+1) is computed
directly from the current state q(𝑘), without solving a linearized Newton system.

For conservative values of 𝜔(𝑘), the method can provide robust initial progress, even robust conver-
gence in simple small-scale problems. The main limitation is slow asymptotic convergence, especially
when the interface coupling is strong or when the effective fixed-point map is less accurate in a specific
problem. This behavior is common in partitioned coupling algorithms, where the subproblems are
solved separately and equilibrium is enforced iteratively at the interface. Dynamic relaxation, includ-
ing Aitken-type relaxation, is therefore often used to improve the behavior of fixed-point coupling
schemes [38].

Aitken relaxation updates the scalar relaxation factor using information from the previous iteration
of residual corrections. Let

z(𝑘) = PR(q(𝑘))
denote the preconditioned residual correction before multiplication by the scalar relaxation factor. The
vector z(𝑘) is therefore the residual after applying the preconditioner or scaling operator. It has the same
dimension as the interface state update and can be interpreted as the unrelaxed correction proposed at
iteration 𝑘. With this definition, the actual update in Equation 4.1 uses −𝜔(𝑘)z(𝑘).

A common dynamic Aitken update [38], written here within the context of the preconditioned
residual corrections used in this implementation, is

Δz(𝑘) = z(𝑘) − z(𝑘−1), 𝜔(𝑘) = −𝜔(𝑘−1)
(
z(𝑘−1))T Δz(𝑘)

Δz(𝑘)



2
2

,

The vector Δz(𝑘) measures how the preconditioned residual correction changed between two consecu-
tive iterations. Aitken relaxation uses this change to estimate whether the previous relaxation factor
was too small, too large, or had the wrong sign for the local fixed-point behavior. The numerator is an
inner product between the previous correction z(𝑘−1) and the change in correction Δz(𝑘). It measures
how strongly the correction direction is changing relative to the previous step. The notation ∥ · ∥2 is the
Euclidean norm.

This correction ensures the resulting value of 𝜔(𝑘) is an estimate of the relaxation factor that would
minimize the residual along the recent sequence of fixed-point corrections. In implementation, 𝜔(𝑘) is
additionally constrained with

𝜔min ≤ 𝜔(𝑘) ≤ 𝜔max.

, a reasonable minimum 𝜔min and maximum 𝜔max cutoff bounds are important in nonlinear problems
because the Aitken update alone can otherwise produce aggressive steps if the residual direction
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changes rapidly (changes sign in some values) between successive iterations.

In this thesis, fixed-point iteration with Aitken relaxation is implemented primarily as a baseline
and as a useful conceptual reference. It requires only residual evaluations and minimal memory, but it
is not sufficiently reliable as the main nonlinear solver for the strongly nonlinear, large-scale problems
of interest. In particular, it leads to stagnation or to relaxation factors that must become very small for
stability, rendering the method very slow.

4.2.2. Anderson Acceleration
Anderson acceleration is a residual-only method for accelerating fixed-point iterations. Originally
introduced by Anderson [39], it has since become a widely used method for improving the convergence
of nonlinear fixed-point methods [40]. Compared with Aitken relaxation, which adapts a single scalar
relaxation factor, Anderson acceleration uses a short history of previous iterations and residuals to
construct a better update direction.

Again, consider the preconditioned fixed-point form

q = G(q), G(q) = q − z(q), z(q) = PR(q).

Here, G denotes one full, unrelaxed fixed-point update. The vector z(q) is the preconditioned residual
correction introduced in the previous subsection, and P is again a scaling or approximate inverse-
Jacobian operator. The corresponding fixed-point residual is

F(q) = G(q) − q = −z(q) = −PR(q).

Thus, F(q) measures how much one full fixed-point step would change the current state. With the sign
convention, it is the negative of the preconditioned residual correction. At iteration 𝑘, this relation is
written as

z(𝑘) = PR(q(𝑘)), F(𝑘) = F(q(𝑘)) = −z(𝑘).

The history enters through the changes in the iterations and fixed-point residuals over the most
recent iterations. With 𝑚 being the maximum history length, at iteration 𝑘, the number of available
history vectors is

𝑚𝑘 = min(𝑚, 𝑘),
because fewer than 𝑚 previous changes are available during the first iterations. The stored differences
are

Δq(𝑗) = q(𝑗) − q(𝑗−1), ΔF(𝑗) = F(𝑗) − F(𝑗−1), 𝑗 = 𝑘 −𝑚𝑘 + 1, . . . , 𝑘.

Here, Δq(𝑗) measures how the interface state changed between two successive iterations and ΔF(𝑗)

measures the corresponding change in the fixed-point residual.

These difference vectors are collected in the history matrices

Δq(𝑘)
𝑚 =

[
Δq(𝑘−𝑚𝑘+1) · · · Δq(𝑘)] , ΔF(𝑘)

𝑚 =
[
ΔF(𝑘−𝑚𝑘+1) · · · ΔF(𝑘)] .

Each column of Δq(𝑘)
𝑚 contains one previous change in the solution vector, and each column of ΔF(𝑘)

𝑚 con-
tains the corresponding change in the fixed-point residual. Anderson acceleration uses these matrices
to estimate how changes at a previous iteration affect changes in the residual over the recent iteration
history.

A mixing vector, denoted 𝜸(𝑘) is obtained from the (relatively) small least-squares problem

𝜸(𝑘) = arg min
𝜸




F(𝑘) −ΔF(𝑘)
𝑚 𝜸





2

.
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The vector 𝜸(𝑘) contains the coefficients that best approximate the current fixed-point residual using the
residual changes stored in the history matrix. This least-squares problem is much smaller than the full
nonlinear system because 𝑚 is small.

The accelerated update is then formed by correcting the current fixed-point step with the same
history coefficients,

q(𝑘+1) = G(q(𝑘)) −
(
Δq(𝑘)

𝑚 +ΔF(𝑘)
𝑚

)
𝜸(𝑘).

This update is no longer based only on the latest fixed-point correction. Instead, it combines information
from several recent residual changes to reduce the fixed-point residual more effectively. In this sense,
Anderson acceleration can be interpreted as a multisecant quasi-Newton-type correction in the subspace
spanned by the stored history [40]. The history length 𝑚 was kept at a length of 5 to 10 iterations in
small problems (up to 4 interfaces) and resulted in good behavior.

Anderson acceleration seems like a natural candidate for black-box partitioned coupling problems.
It substantially improves over simple fixed-point iteration while avoiding explicit Jacobian assembly.
However, it is not automatically robust. Careful tuning of parameter like damping, a restart policy,
and scaling are needed in practice for the nonlinear simulations in this thesis. Anderson acceleration is
thus an intermediate residual-only accelerator, with as main limitation easy applicability in a range of
different problems.

The main conclusion from the fixed-point family is that residual-only methods are attractive but
insufficient on their own. They motivate the need for a solver that preserves black-box residual evalua-
tions while adding stronger globalization and local acceleration. This leads first to the preconditioning
strategies introduced in section 4.3, then to preconditioned residual descent in section 4.4, and finally to
the hybrid PRD–JFNK strategy adopted in section 4.6.

4.3. Scaling and Interface Preconditioning
A said in section 4.2, preconditioning is central to the nonlinear interface solvers used in this thesis. The
interface unknowns contain translational and rotational degrees of freedom, while the corresponding
residual components contain forces and moments. These quantities have different physical units and
can differ by several orders of magnitude. A solver that acts directly on the unscaled residual can
therefore choose update directions that are dominated by only one subset of interface components.
Preconditioning is a requirement for constructing meaningful residual corrections in this interface
residual minimization problem.

Repeating here, the interface equilibrium problem is written as

R(q) = 0, R : R𝑛 → R𝑛 , 𝑛 = 6𝑁Γ,

where q collects all interface translations and rotations. Linearizing about a current iteration gives

J(q(𝑘)) = 𝜕R
𝜕q

(q(𝑘)) ∈ R𝑛×𝑛 ,

and a pure Newton correction would look like

J(q(𝑘))Δq(𝑘) = −R(q(𝑘)).

At large scale, this Jacobian cannot be fully assembled exactly. Instead, the solvers use preconditioners
that approximate the dominant stiffness scales of the interface problem.

As stated previously, P is the preconditioner, an approximate inverse Jacobian operator,

P ≈ J−1.

The product PR has the dimension and interpretation of an interface displacement correction. The
preconditioner may be as simple as representative diagonal scaling, or it may be constructed from
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finite-difference approximations of local interface Jacobian blocks.

Preconditioning enters the implementation in three related ways. In fixed-point and Anderson-type
methods, it defines the fixed-point map

G(q) = q − PR(q).

In PRD (Preconditioned Residual Descent), it defines the residual-correction direction

Δq(𝑘) = −PR(q(𝑘)).

In right-preconditioned JFNK (Jacobian-free Newton-Krylov), the Newton correction is written as

J(q(𝑘))Py = −R(q(𝑘)), Δq(𝑘) = Py.

where the Krylov solver operates on the operator JP. If P is a good approximation of J−1, GMRES
requires fewer iterations to solve the linearized Newton system[41], and the overall JFNK method
converges faster.

4.3.1. Notation and Role of the Preconditioner
The preconditioners used in this thesis are designed to satisfy two requirements. First, they must
balance the physical units and stiffness scales of translations, rotations, forces, and moments. Second,
they must be cheap enough to build and apply within a black-box staggered solver. A preconditioner
that is too expensive to compute removes the benefit of avoiding a full Jacobian, while a preconditioner
that is too simple can lead to slow convergence or GMRES failure.

The preconditioners are therefore organized in increasing levels of complexity. Representative-value
diagonal scaling uses analytical stiffness estimates and is almost free to apply. Jacobi diagonal scaling
estimates the diagonal of the interface Jacobian numerically. Per-interface block-Jacobi preconditioning
captures the local coupling between the six degrees of freedom on one interface. Finally, the block-
connectivity-Jacobi preconditioner retains selected off-diagonal couplings implied by the physical beam
and joint connectivity of the lattice. Note that these are problem-specific preconditioners.

This hierarchy reflects the computational trade-off of the whole solver. More informative precon-
ditioners require additional residual evaluations to build, but they can reduce the number of PRD
iterations and reduce GMRES iteration counts in JFNK. The most appropriate choice for a specific
problem depends on the nonlinearity of the load step, the number of interfaces, and the expected cost
of one residual evaluation.

4.3.2. Representative-value Diagonal Scaling
The simplest preconditioner exploits the known block structure of each interface. For interface Γ𝑖 , a
6 × 6 diagonal approximate inverse stiffness is defined as

Prep
𝑖

=



1
𝑘𝑡

0 0 0 0 0
0 1

𝑘𝑡
0 0 0 0

0 0 1
𝑘𝑡

0 0 0
0 0 0 1

𝑘𝑟
0 0

0 0 0 0 1
𝑘𝑟

0
0 0 0 0 0 1

𝑘𝑟


,

where 𝑘𝑡 and 𝑘𝑟 are representative translational and rotational stiffnesses. The corresponding global
preconditioner is block diagonal,

Prep = diag
(
Prep

1 , . . . , Prep
𝑁Γ

)
. (4.2)
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This matrix is not intended to approximate every coupling term in the full Jacobian, but to imitate
translational and rotational corrections that have comparable mechanical properties.

The representative stiffnesses are estimated from simple beam-theory scaling laws. For a strut with
Young’s modulus 𝐸, cross-sectional area 𝐴, second moment of area 𝐼, and reference length ℓref, the
translational and rotational stiffnesses used are

𝑘𝑡 ∼
𝐸𝐴

ℓref
, 𝑘𝑟 ∼

𝐸𝐼

ℓref
.

These estimates are simple, but they are inexpensive and already remove the most severe scale imbal-
ance in the residual. The cost of applying Prep is negligible.

4.3.3. Jacobian Diagonal Preconditioner
A more problem-specific diagonal preconditioner can be constructed by estimating the diagonal entries
of the interface Jacobian using finite differences. For each degree-of-freedom index 𝑗 = 1, . . . , 𝑛, let e𝑗 be
the corresponding basis vector. The 𝑗th diagonal entry of the Jacobian is approximated as

𝐽𝑗 𝑗 ≈
𝑅 𝑗(q + 𝜀e𝑗) − 𝑅 𝑗(q)

𝜀
,

where 𝜀 is a finite-difference perturbation. The diagonal approximate Jacobian inverse is calculated as

Pdiag = diag
(

1
𝐽11

, . . . ,
1
𝐽𝑛𝑛

)
,

where additionally, clipping is applied if a diagonal entry is too small or large.

This preconditioner requires one baseline residual evaluation and one perturbed residual evaluation
per interface degree of freedom when being computed. Its construction cost is therefore larger than
representative-value scaling. The advantage is that it captures the actual stiffness scale of each interface
component at the current nonlinear state, which can be important when different interfaces of a meta-
material model experience very different local deformation states.

4.3.4. Per-Interface Block-Jacobian Preconditioner
The diagonal Jacobian preconditioner ignores coupling between translations and rotations on the
same interface. A richer approximation is obtained by constructing a 6 × 6 local Jacobian block for
each interface. For interface 𝑖, e𝑖,𝛼, where 𝛼 = 1, . . . , 6, is a perturbation of the 𝛼th local degree of
freedom of that interface. The local residual vector on the same interface is written r𝑖 . The local block is
approximated by

J𝑖𝑖 ≈
[

r𝑖 (q+𝜀e𝑖,1)−r𝑖 (q)
𝜀 · · · r𝑖 (q+𝜀e𝑖,6)−r𝑖 (q)

𝜀

]
∈ R6×6.

The corresponding interface-preconditioner block is the inverse of this local Jacobian,

Pblock
𝑖 ≈ J−1

𝑖𝑖 .

The global preconditioner is again assembled to be block diagonal,

Pblock = diag
(
Pblock

1 , . . . , Pblock
𝑁Γ

)
.

This preconditioner captures the coupling between translational and rotational degrees of freedom
on the same coupling face. That coupling is mechanically important in bending-dominated deformation,
where a force residual can imply both translational and rotational corrections, and a moment residual
can imply both rotational and translational changes. The cost of one preconditioner computation is
one baseline residual evaluation plus six perturbations per interface. The resulting improvement in
nonlinear step quality and GMRES convergence is noticeable. In fact, it is the preconditioner of choice
for the pyramidal 𝑟/𝑙 = 0.1 unit cell models ran in chapter 5.
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4.3.5. Block-Connectivity-Jacobian Preconditioner
The per-interface block-Jacobi preconditioner still neglects off-diagonal coupling between different
interfaces. In the hybrid lattice problem, the most important off-diagonal couplings result from physical
connectivity. Two interfaces can be coupled because they are attached to the same solid joint region,
or because they lie at opposite ends of the same beam strut. The block-connectivity-Jacobian precon-
ditioner exploits this structure coming from the underlying lattice architecture while still avoiding
construction of a full dense interface Jacobian.

For each interface Γ𝑖 , we find the local neighbour set

NΓ𝑖 = {Γ𝑖}∪{interfaces connected to the same solid joint}∪{interface at the other end of the same beam}.

For each Γ𝑗 ∈ NΓ𝑖 , a 6 × 6 block J𝑖 𝑗 is approximated by perturbing the degrees of freedom of interface 𝑗
and measuring the residual response on interface 𝑖. This produces a sparse block approximation J̃ of
the true interface Jacobian. For example, for a simple three-interface construction, it may have the form

J̃ =

J11 J12 0
J21 J22 J23
0 J32 J33

 ,

where again, each entry is a 6 × 6 block.

The preconditioner is computed step by step, for each interface, contributions from already updated
neighbouring interfaces are subtracted, and the remaining local correction is computed using the inverse
of the resulting J̄.

This preconditioner is tailored to the hybrid beam–solid lattice problem. It is more expensive to build
than representative-value or diagonal scaling, but it captures the local connectivity that dominates many
difficult nonlinear load steps. In practice, it is particularly useful for cases involving snap-through-like
behavior or sudden post-buckling changes, like the octet 𝑟/𝑙 = 0.03 unit cell models ran in chapter 5,
where other preconditioners failed to let the more nonlinear loadsteps converge.

4.4. Preconditioned Residual Descent
Preconditioned residual descent (PRD) is used in this work as a global residual-reduction method for
the nonlinear interface problem. Its purpose is to produce robust progress when the current interface
state is still far from equilibrium. This is especially important at the beginning of a load step, where the
residual may be large, sparse, or poorly aligned with the local Newton correction.

Given the current interface state q(𝑘), PRD forms the correction direction

Δq(𝑘) = −PR(q(𝑘)),

where P ≈ J−1 is the approximate inverse Jacobian action introduced earlier. The interface state is then
updated as

q(𝑘+1) = q(𝑘) + 𝛼(𝑘)Δq(𝑘),

where 𝛼(𝑘) is a step length.

The residual vector norm, scaled using Equation 4.2, is used as a value for step acceptance. Starting
from an initial trial step length, a backtracking line search reduces 𝛼(𝑘) until a sufficient residual decrease
condition is satisfied, 


R

(
q(𝑘) + 𝛼(𝑘)Δq(𝑘)

)



2
≤

(
1 − 𝑐𝛼(𝑘)

) 

R(q(𝑘))




2 ,

with 𝑐 ∈ (0, 1). This condition plays the same practical role as sufficient-decrease line searches in
globalized nonlinear solvers: the step length is reduced until the step acceptance measure decreases
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sufficiently, as introduced by [42].

To interpret PRD, The method uses the residual as a correction-driving quantity and uses the
residual norm as the quantity to be reduced. However, it is not a true steepest-descent method for
the objective 1

2∥R(q)∥2
2, since the exact gradient of that objective is defined as J(q)TR(q). PRD should

therefore be interpreted as a preconditioned residual-correction method rather than as an exact gradient
approximation method. The role of the line search is to ensure that the chosen correction still reduces
the nonlinear interface imbalance.

The strength of PRD is robustness. Since it only requires residual evaluations and preconditioner
multiplications (preconditioner computed once), it is hybrid beam–solid coupling problem by avoiding
the need for unnecessary residual evaluations. It can also tolerate imperfect preconditioners, since the
line search rejects steps that fail to reduce the residual norm. Its weakness is slow local convergence.
Once the iterate is close to equilibrium, residual-correction methods tend to reduce the error only
gradually [42], especially when the interface Jacobian has strong off-diagonal coupling or when the
residual is poorly scaled, both issues in the metamaterial models.

For this reason, PRD is not used as the only nonlinear solver in the final algorithm. Instead, it serves
as a globalization stage by reducing the residual from a poor initial state and producing an interface
configuration from which a Newton–Krylov correction becomes more reliable. That is an interface
state, where the residuals are shared throughout the residual vector. This division of roles motivates the
two-stage PRD–JFNK strategy introduced in section 4.6.

4.5. Newton and Jacobian-free Newton–Krylov Methods
Newton-type methods are attractive because they use local linearization of the nonlinear residual and
can converge rapidly once the iterate is sufficiently close to a solution. For the interface equilibrium
problem,

R(q) = 0,

Newton’s method computes a correction by solving

J(q(𝑘))Δq(𝑘) = −R(q(𝑘)), (4.3)

followed by the update
q(𝑘+1) = q(𝑘) + 𝛼(𝑘)Δq(𝑘).

Here J = 𝜕R/𝜕q is the interface Jacobian and 𝛼(𝑘) is a line-search factor used for globalization.

4.5.1. Full-Jacobian Newton–Raphson Method
The most direct Newton approach is to assemble the interface Jacobian fully by finite differences. For
each pair of interface degree of freedom, a pair of perturbations is applied, the residual is re-evaluated,
and one column of the Jacobian is approximated. This produces a full numerical Jacobian that can be
used in Equation 4.3.

For small interface systems, like a strut with two joints, this method is useful and very effective in
practice. It provides a strong local linear model and gives fast convergence when the finite-difference
Jacobian is accurate. In this thesis, full-Jacobian Newton solves are therefore useful for small validation
problems and for checking the behavior of the interface formulation in the validation experiments of
section 5.1.1.

The limitation is cost. For an interface vector of size 𝑛 = 6𝑁Γ, a column-wise finite-difference
Jacobian requires at least 𝑛 + 1 residual evaluations per computation, with more residual evaluations in
more complex interface systems. Since each residual evaluation involves solving the beam and solid
submodels, this cost grows rapidly with the number of interfaces. In addition, storing and solving with
the full Jacobian becomes increasingly expensive as the interface system grows. Full-Jacobian Newton
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is therefore not a feasible method for larger nonlinear lattice simulations.

4.5.2. Jacobian-Free Newton–Krylov Method
Jacobian-free Newton–Krylov methods avoid explicit Jacobian assembly by combining Newton lin-
earization with a Krylov solver for the Newton correction equation [41]. Instead of forming J, the Krylov
method only requires products of the form Jv, v being a Krylov search direction. These products can be
approximated by finite differences of the nonlinear residual,

J(q)v ≈ R(q + ℎv) − R(q)
ℎ

, (4.4)

where ℎ is a finite-difference perturbation size.

This formulation is well suited for the hybrid staggered problem. The residual is available as a
black-box function of the interface state, but not the full Jacobian. JFNK retains the main advantage of
Newton’s method, local linearization, while avoiding the construction and storage of the full interface
Jacobian.

In practice, the finite-difference perturbation size ℎ is important. If ℎ is too small, subtraction cancel-
lation and solver noise can dominate the directional derivative. If ℎ is too large, truncation error makes
the finite-difference approximation inconsistent with the local linearization. In the implementation used
here, the base finite-difference scale is adapted using the size of the current iterate and the Krylov vector,
together with lower and upper bounds to avoid excessively small or excessively large perturbations.
This follows the JFNK requirement that Jacobian–vector products must be accurate enough to support
the Krylov solve without requiring explicit Jacobian assembly [41].

GMRES Linear Solve
The Krylov method used in this work is GMRES, the generalized minimal residual method for nonsym-
metric linear systems [43]. For a general linear system

Ax = b,

GMRES builds the Krylov subspace

K𝑚(A, r0) = span
{
r0, Ar0, . . . , A𝑚−1r0

}
,

where r0 is the initial linear residual. It then chooses the approximate solution in this subspace that
minimizes the linear residual norm. 𝑚 is the dimension of the Krylov subspace, a larger 𝑚 gives the
solver a larger search space but increases computational memory and time.

In JFNK, the matrix A is the local Newton Jacobian, and each Krylov matrix–vector product is
replaced by the finite-difference operation in Equation 4.4. Restarting is used to bound memory and
orthogonalization cost, so the practical performance depends on the restart length, the GMRES tolerance,
and the quality of the preconditioner.

Because the Newton correction is solved only approximately by GMRES, the method is best inter-
preted as an inexact Newton method. The linear-solver tolerance controls how accurately the Newton
equation is solved at each nonlinear iteration, and therefore affects both robustness and convergence
rate [44]. Solving the linear system too accurately can waste residual evaluations, while solving it too
loosely can produce ineffective nonlinear corrections.

Preconditioning in JFNK
Preconditioning is essential for JFNK in the hybrid interface problem. With the convention introduced
in section 4.3, P denotes an approximate inverse Jacobian action. The right-preconditioned Newton
correction is therefore written as

J(q(𝑘))Py = −R(q(𝑘)), Δq(𝑘) = Py.
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GMRES is then applied to the operator JP rather than to J directly.

If P captures the dominant inverse stiffness scales of the interface problem, the spectrum of JP is
more favorable and fewer GMRES iterations are needed. This is particularly important because every
Krylov iteration requires at least one additional residual evaluation. Poor preconditioning can therefore
make JFNK prohibitively expensive or lead to GMRES failure before a useful Newton correction is
obtained.

The same preconditioner hierarchy described in section 4.3 can be reused in JFNK: representative-
value scaling, diagonal Jacobian, per-interface block-Jacobian, and block-connectivity-Jacobian. Al-
though the more informative preconditioners are more expensive to construct, but they can reduce the
number of Krylov iterations and improve robustness in strongly nonlinear load steps.

4.5.3. Role of Newton-Based Methods in the Implementation
The Newton-based methods occupy two different roles in the implementation. Full-Jacobian Newton is
mainly a small-system or diagnostic method. It is useful when the interface dimension is small enough
that finite-difference Jacobian construction is affordable. JFNK is the scalable Newton-type method used
for larger systems, because it requires only Jacobian–vector products and fully preserves the black-box
nature of the residual evaluation.

In the implementation, JFNK is treated as a local accelerator. It assumes that the current iterate is
close enough to equilibrium for the finite-difference linearization to be informative. In early iterations
of a load step, especially when the interface displacement vector is sparse or the residual is highly
localized, the Krylov subspace may not contain useful correction directions. This motivates combining
JFNK with PRD: PRD first produces robust global residual reduction, and JFNK is then activated once
the interface state is suitable for Newton–Krylov acceleration.

4.6. Final Hybrid PRD–JFNK Solver Design
The final nonlinear solver used in this thesis combines PRD and JFNK. The design follows directly from
the strengths and weaknesses identified in previous sections. PRD is robust when the current iteration
is far from equilibrium, but it is slow near convergence. JFNK can converge rapidly near equilibrium,
but it is sensitive to the quality of the linearization, the finite-difference Jacobian–vector products, and
the preconditioner. The hybrid strategy uses PRD as the global stage and JFNK as the local acceleration
stage.

At the beginning of each load step, the solver starts with PRD. This stage reduces the residual norm
using the preconditioned residual direction and a line search. It also spreads nonzero interface correc-
tions through the coupled lattice, which is important because the initial residual may be concentrated
only on the loaded or constrained faces. When sufficient residual reduction or stagnation is detected,
the solver switches to JFNK.

The moment to switch is motivated by two reasons. If PRD is still reducing the residual efficiently,
there is no reason to pay the additional cost of Krylov iterations. If PRD begins to stagnate, the residual
direction is no longer an efficient correction direction, and a Newton–Krylov correction becomes more
attractive. The switching criterion monitors the residual reduction history and activates JFNK when the
residual is either sufficiently small or no longer decreasing efficiently under PRD.

This approach is also important for implementation robustness. At iteration zero of a load step,
many interface displacement components can be exactly zero, and only a subset of interfaces may
experience nonzero residuals. If JFNK is applied immediately, finite-difference Jacobian–vector products
can be uninformative, and the Krylov solver may produce poor correction directions. A short PRD stage
regularizes this situation by producing a more distributed interface state before the Newton–Krylov
linearization is attempted.
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To illustrate why the initial PRD stage is useful before activating JFNK, Figure 4.1 shows the
evolution of the residual norm at each interface of a 3 × 3 × 4, 𝑟/𝑙 = 0.15 BCC specimen under axial
compression with top and bottom faces additionally constrained in x and y-displacement. Each curve
represents

∥rΓ𝑖∥2,

where rΓ𝑖 ∈ R6 collects the force and moment residual components associated with interface Γ𝑖 . At
the beginning of the solve, the residual is concentrated near the loaded top boundary, while many
deeper interface layers remain close to the numerical floor. During the PRD stage, this initially localized
interface imbalance becomes distributed through progressively deeper layers of the connected model
Although the layers are only illustrated on one column of the model, they represent full horizontal
layers of interfaces. Once a broader set of interfaces carries non-negligible residual, the JFNK stage can
reduce the interface residual norms rapidly across the full specimen.

(a) Evolution of per-interface residual norms across the specimen during coupling iterations (b) 3x3x4 BCC specimen under axial 
compression with layer numbering
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Figure 4.1: Evolution of per-interface residual norms during the hybrid PRD–JFNK solution of a 3 × 3 × 4 BCC specimen under
axial compression. (a) Residual norm ∥rΓ𝑖 ∥2 at each interface Γ𝑖 as a function of load step and coupling iteration. Interfaces near
the loaded top boundary, represented by layers 1–2, become active first, while deeper layers remain close to the numerical floor
during the early PRD iterations. As the PRD stage proceeds, residual activity becomes distributed through progressively deeper

interface layers. The vertical dashed line marks the switch from PRD to JFNK, after which the interface residual norms are
reduced rapidly across the full specimen. (b) Layer numbering used to identify interfaces through the depth of the 3 × 3 × 4 BCC

specimen.

The behavior shown in Figure 4.1 supports the role expected from PRD in the final solver design.
PRD is not used only to reduce the global residual norm, but also to move the interface state away
from a highly localized initial imbalance. This produces a more informative nonlinear state for the
subsequent JFNK stage. The figure complements the global residual history in Figure 4.2. This figure
shows the rate of convergence during the two stages, while the per-interface residual plot shows how
the residual activity becomes distributed through the specimen before Newton–Krylov acceleration
becomes effective. Figure 4.2 shows, in one loadstep, that during the initial PRD stage, preconditioned
by a representative value diagonal preconditioner, the residual norm decreases slowly but robustly.
After the switch, the per-interface block-Jacobian preconditioner is computed, and the JFNK stage
rapidly reduces the residual. The dashed line indicates the convergence tolerance. In this case, the
tolerance corresponds to a 10−6 mismatch in global model external reaction force equilibrium.

The solvers described in this chapter are summarised in Table 4.1. The table is not intended to rank
the methods, but to summarise the role each method plays in the present hybrid coupling framework,
where robustness from poor initial states, compatibility with black-box residual evaluations, and fast
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Figure 4.2: Residual history for a nonlinear load step using the hybrid PRD–JFNK solver. PRD provides robust initial residual
reduction, while JFNK provides rapid final convergence after block-based preconditioner setup. The dashed line indicates the

convergence tolerance.

local convergence are all requirements.

4.7. Computational Cost Model and Expected Scaling
For the purposes of this thesis, the scaling question is how the chosen discretization changes the size
and number of nonlinear subproblems that must be solved affect the performance of the approach. The
two main modeling questions are therefore, how does solid joint model meshing, size of a metamaterial
sample modeled, and connectivity interface count affect computational time and memory?

4.7.1. Fully Solid Element Models
The joint subproblems of the hybrid approach, but also fully solid element lattice models, used as
modeling benchmarks are monolithic solid element FE models. Let 𝑁sol

dof be the total number of
displacement degrees of freedom in a fully solid lattice model. Let 𝑁step be the number of load steps,
and let 𝑁̄NR be the average number of Newton iterations per step. The total wall time of a nonlinear
quasi-static solid analysis can be approximated as

𝑇solid ≈ 𝑁step𝑁̄NR

[
𝑇asm

(
𝑁sol

dof

)
+𝑇lin

(
𝑁sol

dof

)]
,

where 𝑇asm is the cost of element integration and matrix assembly, and 𝑇lin is the cost of one linearized
tangent solve.

For standard low-order three-dimensional solid discretizations, 𝑇asm and the assembled sparse-
matrix storage are both close to linear in 𝑁sol

dof[45]:

𝑇asm

(
𝑁sol

dof

)
= O

(
𝑁sol

dof

)
, 𝑀sol

𝐾 ≈ 𝑐𝐾𝑁
sol
dof,

where 𝑀sol
𝐾

is the memory needed to store the assembled tangent matrix and 𝑐𝐾 is a storage constant.
This is the standard sparse-storage picture described by Davis [45]: the assembled matrix inherits the
local connectivity of the finite-element mesh, so the number of stored coefficients remains proportional
to the number of unknowns, up to a mesh-dependent constant.
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Table 4.1: Roles of the nonlinear solvers considered for the hybrid interface problem.

Method Role in this thesis Main strength Main limitation
Fixed-point with
Aitken relaxation

Baseline residual-only
coupling method.

Very simple; requires
only residual evalua-
tions; low memory.

Slow or stagnant for
strongly coupled non-
linear cases; sensitive
to scaling.

Anderson accelera-
tion

History-based fixed-
point accelerator.

Can accelerate residual-
only iterations without
explicit Jacobians.

Requires damp-
ing/restarts; can be
unstable for noisy or
strongly nonlinear
residuals.

Preconditioned
residual descent

Global residual-
reduction stage.

Robust from poor initial
states; compatible with
black-box residuals.

Slow local conver-
gence near equilib-
rium.

Full-Jacobian
Newton–Raphson

Small-system and diag-
nostic method.

Strong local convergence
when a reliable Jacobian
is affordable.

Finite-difference Jaco-
bian construction is ex-
pensive for many inter-
faces.

Jacobian-free
Newton–Krylov

Local acceleration stage. Avoids full Jacobian as-
sembly; fast near conver-
gence with good precon-
ditioning.

Sensitive to initial
state, finite-difference
step size, GMRES
tolerance, and precon-
ditioner quality.

Hybrid PRD–JFNK Final solver design used
for difficult nonlinear
simulations.

Combines robust global
progress with fast local
Newton–Krylov conver-
gence.

Requires switching
logic and several
solver parameters.
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The linear solve is typically the dominant term. For sparse direct solvers, the factorization cost is
generally superlinear in 𝑁sol

dof. This can be written as:

𝑇lin

(
𝑁sol

dof

)
≈ 𝑐𝑇

(
𝑁sol

dof

)𝑝
, 𝑀lin

(
𝑁sol

dof

)
≈ 𝑐𝑀

(
𝑁sol

dof

) 𝑞
,

where 𝑝 is the time-scaling exponent and 𝑞 is the peak-memory exponent. The reason for introducing
these exponents explicitly is that the sparse direct-solver literature does not support a globally linear
law in general. George [46] showed for a regular two-dimensional finite-element mesh that nested
dissection reduces the factorization cost to O(𝑛3) arithmetic operations and O(𝑛2 log 𝑛) storage; since
such a mesh has 𝑁 ∼ 𝑛2 unknowns, these bounds correspond to O(𝑁3/2) work and approximately
O(𝑁 log𝑁) storage. Gilbert and Tarjan [47] extended this result to planar and two-dimensional finite-
element graphs, proving O(𝑁3/2) operation counts and O(𝑁 log𝑁) fill for that class. For more general
sparse graphs, Lipton, Rose, and Tarjan [48] developed generalized nested dissection, and Miller,
Teng, Thurston, and Vavasis [49] showed that well-shaped 𝑑-dimensional finite-element meshes admit
separators of size O(𝑁 (𝑑−1)/𝑑). Taken together, these results support the standard bulk three-dimensional
rule of thumb used in this thesis: representative direct-solver exponents are 𝑝 ≈ 2 for factorization time
and 𝑞 ≈ 4/3 for factorization memory, while effectively lower-dimensional or more slender graphs can
exhibit somewhat smaller exponents.

The iterative-solver picture is different. Brandt [50] showed that multilevel methods can achieve
O(𝑁) complexity in the ideal setting, and Stüben [51] reviewed how algebraic multigrid transfers this
idea to large unstructured problems. Cleary et al. [52] discuss robustness and scalability of AMG on
large unstructured grids, and Griebel, Oeltz, and Schweitzer [53] show that this viewpoint extends to
linear elasticity. The appropriate conclusion for the present thesis is therefore a cautious one: iterative
solvers can approach linear complexity per Newton step, but only if the preconditioner is strong enough
that the iteration count does not itself grow severely with problem size. This caveat matters for slender
and low-bulk geometries in particular, because Mishra and Suresh [54] report that iterative performance
for thin three-dimensional structures can degrade a lot with increasing aspect ratio.

The corresponding total memory may therefore be written as

𝑀solid ≈ 𝑀sol
𝐾 +𝑀lin

(
𝑁sol

dof

)
.

The important consequence is that, in a fully solid model, any increase in the global solid DOF count
affects every Newton iteration and every load step.

4.7.2. Savings from Reducing the Total Solid DOF Count
Starting with the definition of a reduced-DOF ratio

𝛼 =
𝑁

hyb,mono
dof

𝑁sol
dof

,

where 𝑁hyb,mono
dof is the total number of degrees of freedom that a hypothetical monolithic hybrid-

equivalent discretization would contain, and 𝑁sol
dof is the total DOF count of the fully solid reference

model. If 𝛼 < 1, then even before any parallelisation benefit is considered, the reduced DOF count
already implies a lower monolithic cost.

Under the direct-solver model above, the corresponding time and memory ratios are typically
approximated in the following literature as

𝑇
hyb,mono

lin

𝑇sol
lin

≈ 𝛼𝑝 ,
𝑀

hyb,mono
lin

𝑀sol
lin

≈ 𝛼𝑞 .

The exponents 𝑝 and 𝑞 are intended to represent the superlinear direct-solver behavior discussed above,
namely the nested-dissection-based scaling picture established for two-dimensional finite-element
graphs by George [46] and Gilbert and Tarjan [47], and then extended to well-shaped higher-dimensional
finite-element meshes from results of Miller et al. [49]. In other words, the monolithic comparison
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developed in this subsection should be read as a model-based estimate that is consistent with the sparse
direct-solver literature.

As a concrete example, if the hybrid-equivalent model has only 30% of the DOFs of the solid
reference, then 𝛼 = 0.3. In that case the above-mentionned literature predicts

𝛼 = 0.3, 𝛼3/2 ≈ 0.16, 𝛼2 = 0.09, 𝛼4/3 ≈ 0.20.

A 30%-DOF model would still require about 30% of the assembled-matrix storage, but only about 20%
of the direct-solver memory under a 𝑞 = 4/3 memory law, and roughly 9% to 16% of the direct-solver
time under 𝑝 = 3 to 2, 2. These numbers are interpreted as order-of-magnitude estimates consistent with
the direct-solver scaling discussed above, rather than as exact solver benchmarks. When the monolithic
solid solve is superlinear, reducing the global solid DOF count yields disproportionately large savings
in both wall time and peak memory.

A second effect is also important. Supposing the solid problem with a total of 𝑁 solid DOFs is
decomposed into 𝑘 independent subproblems of equal size 𝑁/𝑘, and supposing the local solve cost is
𝑇(𝑁) = 𝑐𝑁𝑝 with 𝑝 > 1. Then the total serial cost becomes

𝑘 𝑐

(
𝑁

𝑘

)𝑝
=
𝑐𝑁𝑝

𝑘𝑝−1 ,

which is smaller than the cost of one monolithic solve. This observation follows directly from the
superlinear law 𝑇(𝑁) = 𝑐𝑁𝑝 assumption. It is relevant because the sparse-direct-solver references
above suggest 𝑝 > 1 for large finite-element solid problems [46–49]. Even if the total solid DOF count
was unchanged, many smaller solid solves can still be cheaper than one large solve whenever the local
linear solver scales superlinearly. The hybrid model combines both effects: the struts are reduced from
3D solids to beam models, which lowers the total DOF count, and the remaining 3D solves are localized
to separate joint problems.

4.7.3. Partitioned Hybrid Beam–3D Continuum Model
In the hybrid formulation used here, the joints are represented by local three-dimensional solid sub-
models, while the struts are represented by beam submodels. Let 𝑁𝐽 be the number of joint submodels,
let 𝑁𝐵 be the number of beam submodels, and let 𝑁Γ be the number of beam–joint interfaces. Let 𝑛𝐽,𝑗 be
the internal solid DOF count of joint model 𝑗. In the present implementation each interface contributes
six coupling DOFs, so the global interface vector contains

𝑛Γ = 6𝑁Γ

unknowns. Because each beam has two coupled-interface ends, the formulation also gives

𝑁Γ = 2𝑁𝐵.

This separation between internal joint DOFs and interface DOFs underlines the fact that refining the
mesh inside one joint changes 𝑛𝐽,𝑗 , and therefore changes the cost of that local 3D solve, but it does not
enlarge the global interface vector 𝑛Γ.

Let 𝑇𝐽(𝑛𝐽,𝑗) and 𝑀𝐽(𝑛𝐽,𝑗) be the wall time and memory of one local joint solve with 𝑛𝐽,𝑗 internal DOFs.
Let 𝑇𝐵 and 𝑀𝐵 be the corresponding beam-model costs. One serial residual evaluation of the staggered
hybrid problem may then be written as

𝑇
hyb

eval,ser ≈
𝑁𝐽∑
𝑗=1

𝑇𝐽(𝑛𝐽,𝑗) +
𝑁𝐵∑
𝑏=1

𝑇𝐵 + 𝑐Γ𝑁Γ,

𝑀hyb ≈
𝑁𝐽∑
𝑗=1

𝑀𝐽(𝑛𝐽,𝑗) +
𝑁𝐵∑
𝑏=1

𝑀𝐵 + 𝑐𝑢𝑁Γ,

where the constants 𝑐Γ and 𝑐𝑢 sum up interface assembly, residual construction, vector storage, and
similar coupling-level costs.
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If 𝑃 processor cores are used and the local joint solves are distributed across them, then the residual-
evaluation time should decrease toward the ideal bound

𝑇
hyb

eval,par(𝑃) ≲
1
𝑃

𝑁𝐽∑
𝑗=1

𝑇𝐽(𝑛𝐽,𝑗) +
𝑁𝐵∑
𝑏=1

𝑇𝐵 + 𝑐Γ𝑁Γ,

until load imbalance between cores and the non-parallel part of the algorithm become dominant. The
total wall time of the hybrid solve can then be written as

𝑇hyb ≈ 𝑁𝑅𝑇
hyb

eval ,

where 𝑁𝑅 is the total number of residual evaluations required by the staggered nonlinear interface
solver.

The direct-solver literature discussed above explains why smaller local solid problems are attractive,
while the literature shows that local elasticity solves need not inherit the same severe scaling as a
monolithic direct factorization if effective preconditioning is available [50–53]. However, the present
hybrid implementation is not simply a collection of independent local solves; it is a staggered nonlinear
coupled problem. Parallelisation reduces the cost of one residual evaluation, but the staggered coupling
can partially offset this gain if it increases the number of residual evaluations needed for convergence.
For that reason, the conclusion of these observation is limited to: the hybrid model is expected to benefit
from both DOF reduction and parallel local solves, but the final gain must be verified experimentally
for the coupled formulation used here.

4.7.4. Effect of Joint Resolution and Surrogate Replacement
To make the previous conclusion more explicit, consider the case in which all joint models share the
same internal DOF count 𝑛𝐽 and nonlinear solve iterations. The leading dependence of one hybrid
residual evaluation on joint resolution is

𝑇
hyb

eval,ser ∼ 𝑁𝐽𝑇𝐽(𝑛𝐽), 𝑀hyb ∼ 𝑁𝐽𝑀𝐽(𝑛𝐽),

if beam and interface costs are secondary. This makes the joint model a repeated cost driver: increasing
the resolution of one joint is not a local decision at the whole-model level, because that same cost is
paid at every joint.

The same reasoning gives the benefit of replacing a solid joint model by a reduced or statistical
surrogate. If one surrogate call requires wall time 𝑇stat and memory 𝑀stat, then the approximate serial
savings are

Δ𝑇ser ≈ 𝑁𝑅𝑁𝐽

[
𝑇𝐽(𝑛𝐽) −𝑇stat

]
, Δ𝑀 ≈ 𝑁𝐽

[
𝑀𝐽(𝑛𝐽) −𝑀stat

]
.

In the parallel case the time saving is bounded by the reduction in the slowest per-core workload rather
than by the full serial sum, but the memory saving still accumulates over all replaced joint models.

4.7.5. Effect of Increasing the Number of Unit Cells and Interfaces
Increasing the specimen size changes both the number of repeated subproblems and the number of
interfaces. For a BCC lattice, with 𝑁𝑥 , 𝑁𝑦 , and 𝑁𝑧 being the numbers of unit cells in the three coordinate
directions. The number of joint models in the metamaterial model is

𝑁𝐽 = (𝑁𝑥 + 1)(𝑁𝑦 + 1)(𝑁𝑧 + 1) +𝑁𝑥𝑁𝑦𝑁𝑧 ,

because the corner joints are shared between neighboring cells, whereas each cell contributes one
body-centered joint. The number of beam submodels is

𝑁𝐵 = 8𝑁𝑥𝑁𝑦𝑁𝑧 ,

and the number of interfaces becomes

𝑁Γ = 2𝑁𝐵 = 16𝑁𝑥𝑁𝑦𝑁𝑧 .
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Since each interface contributes six coupling DOFs, the interface vector size is

𝑛Γ = 6𝑁Γ = 96𝑁𝑥𝑁𝑦𝑁𝑧 .

For a cubic 𝑁 ×𝑁 ×𝑁 BCC specimen this simplifies to

𝑁𝐽 = (𝑁 + 1)3 +𝑁3, 𝑁𝐵 = 8𝑁3, 𝑁Γ = 16𝑁3, 𝑛Γ = 96𝑁3.

The first few cubic specimen cases are

𝑁 unit cells 𝑁𝐽 𝑁𝐵 𝑁Γ

1 1 9 8 16
2 8 35 64 128
3 27 91 216 432
4 64 189 512 1024

The important point is not only that 𝑁Γ grows cubically with specimen size, but that the coupling
model still grows only linearly with 𝑁Γ. The stronger cost increase usually comes indirectly, because
more unit cells also mean more beams and more joint subproblems. For fixed local beam and joint
templates, specimen-size growth therefore acts primarily through repeated local solves rather than
through a large global interface system.

4.7.6. Qualitative Experimental Verification
Three small numerical studies were carried out to check whether the qualitative scaling arguments
above are reflected by the implemented hybrid solver. All models considered in these studies were BCC
lattices with 𝑟/𝑙 = 0.15, circular nodes, and a prescribed compressive strain of 0.1 in the 𝑧-direction.
The outward-facing interfaces were assigned Dirichlet conditions on 𝑧-displacement and all rotations,
while the 𝑥- and 𝑦-displacements remained free; in addition, the interface attached to the (0, 0, 0) joint
was fully constrained. The purpose of these runs is not to fit an exact scaling law, but to verify which
quantities appear to control wall time and memory in practice. In the discussion below, the reported
interface-DOF count refers to the size of the free interface-position matrix after boundary conditions
have been applied. Likewise, the reported numbers of joints and interfaces should be interpreted as
the active submodels and active coupling quantities in the constrained problem that is actually solved,
rather than as the purely topological counts of an unconstrained lattice generator.

The first study examined parallelism on the same one-unit-cell model, with 8 joint solves, 8 beam
elements, and 16 interfaces, while increasing the CPU core count available from 1 to 5 to 10. The data
is summarized in Table 4.2. The wall time decreased from 528 s in serial to 202 s on 5 cores and 171 s
on 10 cores. This confirms the expected benefit of solving the local subproblems in parallel. At the
same time, the speedup is clearly sub-ideal, which is also consistent with the analytical discussion.
In this model there are only nine computational tasks available, namely eight joint solves and one
grouped beam solve, so a tenth CPU core cannot provide further concurrency. In addition, the stag-
gered nonlinear coupling and interface bookkeeping introduce serial work. The experiment therefore
supports the statement that the hybrid decomposition is computationally attractive, but also shows that
the attainable speedup is limited by task count, load balance, and the residual-based coupling procedure.

The second study examined joint refinement at fixed geometry and fixed parallelism. The model
was run on 10 cores with the same 8 joints, 8 beams, 16 interfaces, and 112 free interface-position DOFs,
while the joint mesh was refined from 124 mesh nodes (372 joint DOFs) to 274 mesh nodes (822 joint
DOFs). The data are summarized in Table 4.3. The wall time increased from 171 s to 1041 s, while the
peak memory increased from 0.18 GB to 0.28 GB. This is the clearest experimental confirmation of the
analytical model developed earlier in the section. The coupling size remained unchanged, but the cost
still increased dramatically because each repeated local three-dimensional joint solve became more
expensive. In fact, the joint DOF count increased by a factor of

822
372

≈ 2.21,
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Table 4.2: Parallelism study for the one-unit-cell BCC model.

Quantity 1 core 5 cores 10 cores
Joint mesh nodes 124 124 124
Joint DOFs 372 372 372
Active interfaces 16 16 16
Free interface-position DOFs 112 112 112
Active joints 8 8 8
Beams 8 8 8
Wall time [s] 528 202 171
Peak memory [GB] 0.15 0.11 0.18

while the wall time increased by a factor of

1041
171

≈ 6.09.

This increase is therefore much stronger than linear. If the local cost law introduced earlier in the section,

𝑇𝐽(𝑛𝐽) ∼ 𝑛
𝑝

𝐽
,

is used as a model for this comparison, the observed data correspond to an effective exponent

𝑝eff ≈
log(1041/171)
log(822/372) ≈ 2.3.

This value should not be interpreted as a universal fitted scaling exponent for the solver, since it is
inferred from only two runs and from total wall time rather than isolated local solve time. However,
it is fully consistent with the earlier thesis argument that local three-dimensional joint resolution is a
dominant cost driver and that the repeated solid subproblems can exhibit strongly superlinear cost
growth. In other words, the experiment supports the claim that joint resolution enters the whole-model
cost primarily through repeated local solid solves, rather than through growth of the global interface
vector.

Table 4.3: Joint-refinement study at fixed geometry on 10 cores.

Quantity Coarse mesh Fine mesh
Joint mesh nodes 124 274
Joint DOFs 372 822
Active interfaces 16 16
Free interface-position DOFs 112 112
Active joints 8 8
Beams 8 8
Wall time [s] 171 1041
Peak memory [GB] 0.18 0.28

Note also that the use of a simple Newton-Raphson nonlinear solver for the individual black-box
solid element joint solves is impacted by larger DoF count models, because the linearized tangent solves
become more expensive and because the nonlinear convergence can degrade with increasing resolution.
An added number of necessary iterations can have an effect on wall time that is not captured by the
simple cost model above. This makes solver choice in these black-box solves a impactful parameter for
wall-time that was not optimised in this work.

The third study examined specimen-size growth while keeping the local joint discretization fixed.
Here the model was increased from a single unit cell to a 1 × 1 × 3 stack of three unit cells, still using 10
cores and the same per-joint mesh resolution. The compared model geometries are shown in Figure 4.3,
and the numerical data are summarized in Table 4.4. Over this change, the number of joints increased
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from 9 to 19, the number of beams increased from 8 to 24, the number of interfaces increased from 16 to
48, and the number of free interface-position DOFs increased from 112 to 304. The wall time increased
from 171 s to 233 s, while the peak memory increased from 0.18 GB to 0.44 GB. The time increase is
therefore relatively mild compared with the growth in active interfaces, beams, and joints, whereas
the memory increase is more pronounced. Qualitatively, this supports the view that interface growth
by itself is not the dominant wall-time contribution for the present small models; rather, the main
computational burden still appears to lie in the repeated local solves and in the nonlinear coupling
procedure. At the same time, enlarging the specimen clearly increases the total amount of model state
that must be stored, which is reflected in the memory growth.

(a) 1-unit cell model (b) 3-unit cell model
Figure 4.3: BCC models used in the specimen-size study: (a): a single unit cell and (b): a 1 × 1 × 3 stack with identical local joint
discretization both at final deformed state. The beam element struts are not shown to scale for visual clarity in separation of the

subdomains.

Table 4.4: Specimen-size study at fixed local discretization on 10 cores.

Quantity 1 unit cell 1 × 1 × 3 unit cells
Joint mesh nodes 124 124
Joint DOFs 372 372
Active interfaces 16 48
Free interface-position DOFs 112 304
Active joints 9 19
Beams 8 24
Wall time [s] 171 233
Peak memory [GB] 0.18 0.44

This specimen-size study should also be interpreted carefully relative to the analytical counting
formulas given earlier. Those formulas were written for nominal lattice counts in structured BCC
assemblies, whereas the experimental model here is a constrained 1 × 1 × 3 stack and the tabulated
interface-position DOFs correspond only to free coupling quantities after boundary conditions. The
experiment should therefore be read as validation of the qualitative trend that more unit cells produce
more repeated subproblems and more coupling work, rather than as a point-by-point verification of the
nominal unconstrained counting formulas.

Figure 4.4 summarizes the relative changes in wall time and peak memory across the three studies.
Each panel corresponds to one experiment: parallelism, joint refinement, and specimen size. Within
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each panel, the values are normalized by the baseline case of that experiment, namely the 1-core run,
the coarse joint mesh, and the single-unit-cell model, respectively. This normalization is useful because
it allows the three experiments to be compared visually despite their different absolute scales.
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Figure 4.4: Normalized wall time and peak memory for the three qualitative scaling studies on the staggered hybrid element
model. Panel (a) compares parallelism, panel (b) compares joint refinement, and panel (c) compares specimen size. In each panel,

all values are normalized by the baseline case of that experiment.

Taken together, the three studies align well with the intended scaling picture of the hybrid model.
First, local joint resolution is a strong cost driver. Second, parallel execution is beneficial, but its gain
is bounded by the finite number of independent tasks and by the outer nonlinear coupling. Third,
increasing the specimen size increases both total work and memory use, but in the present runs the
interface number growth does not appear to be the dominant source of wall time. Since only total wall
time and peak memory were recorded here, these observations are used as qualitative validation of the
earlier analytical arguments rather than as a fitted predictive scaling law.

4.7.7. Main Implications
The analytical discussion and the qualitative experiments above lead to four scaling observations that
are central for the remainder of this thesis:

1. In fully solid nonlinear lattice models, the total solid DOF count 𝑁sol
dof remains the natural analytical

cost driver, because it affects every assembly step, every Newton iteration, and the size of every
linear solve. The monolithic scaling arguments in this section should therefore still be read as the
main motivation for replacing large solid domains by a hybrid description.

2. The strongest experimental result obtained here is that joint resolution is a dominant repeated
cost driver in the partitioned hybrid model. Refining the solid joint mesh increased wall time
strongly even though the free interface-position vector was unchanged, which supports the claim
that local three-dimensional joint solves, rather than the interface vector size by itself, control a
large part of the total computational cost.

3. Parallel execution of the local submodels clearly improves wall time, but the gain is limited by
the finite number of available tasks and by the staggered nonlinear coupling. In the present
one-unit-cell test case, there were only nine tasks in total, namely eight joint solves and one
grouped beam solve, so adding a tenth core could not produce ideal additional speedup.

4. Increasing specimen size increases both memory usage and total computational work, but in the
present small-scale experiments the growth of interface quantities did not appear to dominate
wall time. The data therefore support a qualitative picture in which larger specimens mainly
increase cost through more repeated local subproblems and more stored model state, while the
precise balance between interface work and local solve work remains problem-dependent.

Note this section deliberately focused on discretization-level cost drivers, as the different interface
solvers discussed earlier in this chapter mainly determine how many residual evaluations 𝑁𝑅 are
required; the study and points made here determine how expensive each of those evaluations is
expected to be.



5
Mesh Convergence, Validation and

Accuracy

Reduced-order modeling is introduced in this thesis to reduce the computational cost of nonlinear
lattice simulations while retaining the influence of finite joint geometry. This reduction necessarily
introduces modeling error, because the full three-dimensional continuum description of the lattice is
replaced either partly, in the hybrid model, or entirely, in the beam-only models, by one-dimensional
beam elements. The purpose of this chapter is therefore to establish the numerical credibility and
practical accuracy of the modeling approaches before they are used to interpret joint-geometry effects.

The chapter distinguishes three levels of evidence. First, numerical convergence studies are used
to verify that the selected solid-joint meshes and beam discretizations do not dominate the reported
responses. Second, controlled validation cases are used to check the hybrid beam–3D continuum
coupling against solid element references. Third, the complete hybrid formulation is assessed across
the representative parameter space used in this thesis by comparing it with full solid element and pure
beam element unit-cell models.

The main quantities used for comparison are the initial effective Young’s modulus, 𝐸∗
0, the effective

elastic energy absorption, and, where instability dominates the response, an apparent softening-onset
strain. These metrics separate agreement in the near-linear regime from agreement in the nonlinear
and post-buckling response. This distinction is important because a model may reproduce the initial
stiffness while still predicting an inaccurate softening onset or post-buckling load level.

The structure of this chapter is as follows. Section 5.1 presents the interface validation, the solid-joint
mesh convergence studies, and the beam discretization convergence studies. These checks establish
that the later differences between modeling approaches are not dominated by obvious numerical
discretization errors. Section 5.2 then evaluates the accuracy of the hybrid element model across
architecture type, 𝑟/𝑙, and joint geometry. The chapter concludes by identifying the regimes in which
the hybrid model is most reliable, the cases where caution is required, and the extent to which it
preserves joint-geometry trends at reduced computational cost.

5.1. Validation and Mesh Convergence of the Hybrid Element Model
This section establishes the numerical reliability of the hybrid formulation before the broader accuracy
study. The interface validation checks the beam–solid coupling in a controlled single-strut problem.
The convergence studies then determine the solid-joint and beam-strut discretizations needed to make
the hybrid unit-cell response insensitive to numerical refinement. Separate convergence studies are
also performed for the solid-element only and beam element only lattice unit cell models used in the
accuracy as benchmarks Finally, a high-relative-density BCC unit-cell case is compared directly against
a solid element reference under large deformation.

58
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5.1.1. Single-Strut Interface Validation
The hybrid formulation couples continuum joint regions to beam elements through reduced interface
degrees of freedom. This coupling introduces a modeling assumption: the deformation of the solid
cross-section at the joint-side interface is not resolved freely, but is instead represented through the
reduced kinematic description used to connect the joint to the beam strut. Since this constraint can
introduce artificial stiffness, the interface treatment must be checked before the method is applied to
full unit-cell simulations.

A single-strut interface validation problem is therefore used as a controlled comparison between a
hybrid model and an equivalent solid element reference. The model consists of two octet-type joint
regions connected by one strut. A geometrically equivalent solid element model is generated in CAD
and meshed with tetrahedral elements. Both the hybrid and solid models are generated for 𝑟/𝑙 = 0.10
and 𝑟/𝑙 = 0.03 using circular joint geometry. The solid reference mesh is refined more strongly than the
joint meshes used in the hybrid model, so that the comparison primarily evaluates the hybrid interface
idealization rather than the solid mesh density.

One joint interface is fully clamped, while the opposite joint interface is prescribed a transverse
displacement of 𝑢𝑧 = −0.2 and constrained in the remaining degrees of freedom. The strut lies in the
𝑥𝑦 plane, so the imposed displacement creates a shear- and bending-dominated deformation of the
single-strut system. The models and boundary conditions are shown in Figure 5.1. The hybrid variants
are solved using the full-Jacobian Newton interface-equilibrium solver, which is feasible because of the
small problem size.
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Figure 5.1: Single-strut interface validation against solid element reference models for 𝑟/𝑙 = 0.10 on the left and 𝑟/𝑙 = 0.03 on the
right. From top to bottom: CAD geometry of the solid reference model, deformed solid element result with visible mesh, hybrid

element setup, and deformed hybrid element result under imposed transverse displacement.

The comparison metric is the reaction force at the clamped side of the single-strut system. The
results are summarized in Table 5.1. For the 𝑟/𝑙 = 0.10 model, the differences between the hybrid and
solid reactions are 9.2%, 9.32%, and 19.07% for 𝑅𝑥 , 𝑅𝑦 , and 𝑅𝑧 , respectively. For the 𝑟/𝑙 = 0.03 model,
the corresponding differences are 10.48%, 10.48%, and 9.09%.

These differences are non-negligible, but the imposed displacement of 𝑢𝑧 = −0.2 is intentionally large
and drives the single-strut system into a strongly nonlinear deformation state. In the small-displacement
regime, using an imposed displacement of 𝑢𝑧 = −0.01, the largest disagreement between the hybrid
and solid models is 0.31%. The interface validation therefore shows that the hybrid coupling behaves
consistently in the low-strain regime, while larger deviations may appear under strong geometric
nonlinearity. The full unit-cell accuracy studies later in this chapter are therefore required to quantify
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Table 5.1: Reaction forces at the clamped side of the single-strut interface validation models.

Model 𝑅𝑥 𝑅𝑦 𝑅𝑧
𝑟/𝑙 = 0.10 solid element -1.631 -1.631 1.694
𝑟/𝑙 = 0.10 hybrid element -1.781 -1.783 2.017
𝑟/𝑙 = 0.03 solid element -0.315 -0.315 0.143
𝑟/𝑙 = 0.03 hybrid element -0.348 -0.348 0.156

the modeling error at the deformation levels used in this thesis.

5.1.2. Mesh and Beam Discretization Convergence in the Hybrid Formulation
Within the hybrid formulation, the solid joint mesh must be converged because the joint regions are
the only continuum parts of the reduced model and are also the regions where joint-geometry effects
are introduced. The mesh convergence study is therefore performed before the full accuracy compar-
ison, so that the later differences between modeling approaches are not dominated by joint mesh density.

Two demanding cases are selected for the joint mesh convergence study. The first is a stretching-
dominated octet unit cell with circular joint geometry and 𝑟/𝑙 = 0.03. This case uses the smallest 𝑟/𝑙
considered in this thesis and is loaded into the geometrically nonlinear regime. The second is a bending-
dominated pyramidal unit cell with circular joint geometry and 𝑟/𝑙 = 0.10. This case is included because
the finite joint region occupies a larger fraction of the unit-cell geometry and is therefore expected to be
particularly sensitive to the joint discretization.

The octet unit cell is subjected to an axial compressive strain of 𝜀𝑧 = −0.1. Dirichlet boundary
conditions are applied to the reduced interface degrees of freedom. Interfaces on the 𝑧+ face that
are not coupled to struts are prescribed 𝑢𝑧 = −0.1, while their remaining degrees of freedom remain
free. Corresponding free interfaces on the 𝑧− face are prescribed 𝑢𝑧 = 0. One interface at the origin,
oriented in the (−1,−1, 0) direction, is fully constrained to remove rigid-body motion. These boundary
conditions are illustrated in Figure 5.2. All stress–strain results in this section are reported using positive
compressive magnitudes. The simulations are performed under axial compression, but the plotted
strain and stress values are therefore presented as positive quantities to simplify comparison between
the different modeling approaches.

The beam sections of the hybrid model are discretized with 10 elements along each strut, so that
the influence of the solid joint mesh refinement can be isolated. The joint meshes used in the octet con-
vergence study are summarized in Table 5.2. The Gmsh clscale parameter controls the characteristic
element size in the generated unstructured mesh. The corresponding CAD model and representative
meshes are shown in Figure 5.3.

Table 5.2: Models used for the solid joint mesh convergence study of the octet architecture with circular joint geometry and
𝑟/𝑙 = 0.03.

Gmsh clscale parameter Number of mesh nodes Number of elements
2 203 1089
1.5 219 1160
1.3 267 1452
1.2 280 1521
1 316 1741
0.9 382 2035

The simulations are run using 20 equal loading steps. The resulting effective engineering stress–
strain curves are shown in Figure 5.4. The effective engineering stress is computed as

𝜎∗
𝑧 =

𝐹𝑧

𝐴𝑈𝐶
,
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uz = -0.1

anchor interface

uz = 0

Figure 5.2: Boundary conditions applied to the reduced interfaces of the octet unit-cell models used for the hybrid joint mesh
convergence study. The beam sections are shown schematically and are not drawn to scale.

(a) Original CAD Model (b) Mesh with 1089 Elements (c) Mesh with 1741 Elements

Figure 5.3: Parametric CAD model and representative joint meshes used for the octet joint mesh convergence study.
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where 𝐹𝑧 is the reaction force in the 𝑧 direction at the loading face and 𝐴𝑈𝐶 is the reference side area of
the unit cell.
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Figure 5.4: Joint mesh convergence study for the octet architecture with circular joint geometry and 𝑟/𝑙 = 0.03: effective
engineering stress–strain curves for different joint mesh refinements. The results are reported using positive compressive

magnitudes.

Table 5.3: Mesh convergence metrics for the octet unit cell with circular joint geometry and 𝑟/𝑙 = 0.03. The effective elastic energy
absorption is computed by trapezoidal integration of the effective engineering stress–strain curve, while 𝐸∗0 is computed from the

first nonzero loading step.

Number of mesh nodes Effective elastic energy absorption Initial effective Young’s modulus, 𝐸∗
0

203 0.106628 43.0289
316 0.106551 43.0697

The effective engineering stress–strain curves in Figure 5.4 are nearly mesh-independent over the
full loading path. This is confirmed by the scalar metrics in Table 5.3. The difference in 𝐸∗

0 between the
coarsest and finer mesh is 0.07%, which indicates that the near-linear response is insensitive to the joint
mesh refinement. Only the first nonzero load step is used for this modulus calculation in order to avoid
including the onset of nonlinear response.

The nonlinear part of the response is assessed using the effective elastic energy absorption, computed
as the area under the effective engineering stress–strain curve. This quantity is used because it measures
the path-integrated mechanical work absorbed by the unit cell under the prescribed deformation,
including the effect of geometrically nonlinear deformation. Since the material model used in this
chapter is elastic, the quantity should be interpreted as elastic work along the prescribed deformation
path rather than as plastic energy dissipation. Table 5.3 shows a difference of only 0.095% between the
two meshes, confirming that the 203-node joint mesh is sufficient for the octet case. Deformed results
obtained using this mesh are shown in Figure 5.5.

A second mesh convergence study is performed on a pyramidal unit cell with circular joint geometry
and 𝑟/𝑙 = 0.10. This case provides a complementary bending-dominated validation problem in which
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(a) loadstep 0 (b) loadstep 7 (c) loadstep 20

Figure 5.5: Deformed simulation results for the octet unit cell with 𝑟/𝑙 = 0.03 using the 203-node joint mesh. The configurations
are shown at load step 0, load step 7 immediately after the stress–strain curve kink, and load step 20 at the final strain 𝜀𝑧 = −0.1.

the joint region constitutes a larger fraction of the unit-cell volume. Since the pyramidal architecture
exhibits a less abrupt nonlinear response than the octet case, the model is loaded to an axial compressive
strain of 𝜀𝑧 = −0.4. The joint meshes used in this study are summarized in Table 5.4, and representative
meshes are shown in Figure 5.6.

Table 5.4: Models used for the solid joint mesh convergence study of the pyramidal architecture with circular joint geometry and
𝑟/𝑙 = 0.10.

Gmsh clscale parameter Number of mesh nodes Number of elements
1.5 155 779
1.3 176 890
1 276 1435
0.9 317 1629

(a) Original CAD Model (b) Mesh with 779 Elements (c) Mesh with 890 Elements

(d) Mesh with 1435 Elements (d) Mesh with 1629 Elements

Figure 5.6: Parametric CAD model and representative joint meshes used for the pyramidal joint mesh convergence study.

The effective engineering stress–strain curves for the pyramidal mesh convergence study are shown
in Figure 5.7. The curves remain close over the full loading path, indicating that the joint mesh refine-
ment has a limited influence on the global response for the range of meshes tested.

Deformed results of the selected coarse-mesh simulation are shown in Figure 5.8 at three load steps.

The largest difference in effective elastic energy absorption between the finest mesh and the three
coarser meshes is 1.56%. For 𝐸∗

0, the largest difference is 2.73%, while the difference between the two
finest meshes is 1.46%. These differences indicate near convergence, and the mesh consisting of 276



5.1. Validation and Mesh Convergence of the Hybrid Element Model 64

0.400.350.300.250.200.150.100.050.00
Strain

0

10

20

30

40

Ef
fe

ct
iv

e 
st

re
ss

 
* z
 [P

a]

155 Nodes, 779 Elem.
176 Nodes, 890 Elem.
276 Nodes, 1435 Elem.
317 Nodes, 1629 Elem.

Figure 5.7: Joint mesh convergence study for the pyramidal architecture with circular joint geometry and 𝑟/𝑙 = 0.10: effective
engineering stress–strain curves for different joint mesh refinements. The results are reported using positive compressive

magnitudes.

(a) loadstep 0 (b) loadstep 5 (c) loadstep 10

Figure 5.8: Deformed simulation results for the pyramidal unit cell with 𝑟/𝑙 = 0.10 using the 276-node joint mesh. The
configurations are shown at load step 0, load step 5 at 𝜀𝑧 = −0.2, and load step 10 at the final strain 𝜀𝑧 = −0.4.
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nodes and 1435 elements is therefore considered sufficient for the following validation and accuracy
studies. This mesh refinement point is extended to the square-joint meshes, where a similar or higher
number of degrees of freedom is used for all cases.

Finally, the discretization of the beam elements forming the connecting struts is considered. In the
previous convergence studies, all beam struts were discretized using 10 elements along the member
length. To verify that this discretization does not influence the results significantly, the converged octet
and pyramidal models are rerun using different numbers of beam elements per strut. The results are
summarized in Table 5.5.

Table 5.5: Beam discretization convergence metrics for the octet and pyramidal hybrid models. The effective elastic energy
absorption is computed by trapezoidal integration of the effective engineering stress–strain curve, while the Initial effective

Young’s modulus, 𝐸∗0 is computed from the first nonzero loading step.

Model Number of beam elements per strut Effective elastic energy absorption 𝐸∗
0

Octet 40 0.104885 42.3507
Octet 20 0.105057 42.5741
Octet 10 0.106628 43.0289
Octet 5 0.105398 43.9652
Pyramidal 10 10.2206 156.5304
Pyramidal 5 10.2364 156.6764

For the pyramidal case, 5 beam elements per strut are sufficient: the change from 10 to 5 elements is
0.15% in effective elastic energy absorption and 0.09% in 𝐸∗

0. The octet case is more sensitive to beam
discretization. A reasonable level of mesh independence is obtained at 20 beam elements per strut, with
a 0.16% change in effective elastic energy absorption and a 0.52% change in 𝐸∗

0 relative to the 40-element
result.

The following validation and accuracy studies therefore use the converged solid joint meshes
identified above and a beam discretization of 20 elements per strut for all hybrid formulation models.

5.1.3. Beam Discretization Convergence in Pure Beam Element Models
The accuracy study in Section 5.2 uses pure beam element models as lower-fidelity references. These
models are not hybrid models: the finite joint regions are collapsed into zero-volume beam-network
nodes, and the complete unit cell is represented by beam elements. A separate convergence check
is therefore required to ensure that the beam-only results are not controlled by the number of beam
elements used along each strut.

Two representative Timoshenko beam cases are selected. The first is the pyramidal unit cell with
𝑟/𝑙 = 0.10, which is bending-dominated and later shows the largest difference between beam-only and
joint-resolved models. The second is the octet unit cell with 𝑟/𝑙 = 0.03, which is stretching-dominated
and exhibits an instability-dominated nonlinear response. Both cases are analyzed using the same
boundary conditions as the corresponding pure beam models in the accuracy study.

Table 5.6 shows that the initial effective Young’s modulus of the pure beam models is essentially
insensitive to the number of beam elements per strut for both representative cases. For the pyramidal
𝑟/𝑙 = 0.10 case, the effective elastic energy absorption changes by only approximately 0.03% between 2
and 20 elements per strut. The pure beam response of this bending-dominated unit cell is therefore
already converged for the global scalar metrics at the coarsest tested discretization.

The octet 𝑟/𝑙 = 0.03 case shows a different behavior. The initial effective Young’s modulus is again
mesh-independent, but the apparent buckling onset strain changes from 𝜀onset = 0.078 with 2 elements
per strut to 𝜀onset = 0.050 with 5 or more elements per strut. The apparent onset strain used 𝜀onset
is the strain at which the effective engineering stress falls 10% below the initial linear extrapolation
𝜎∗ = 𝐸∗

0𝜖. This indicates that 2 elements per strut are sufficient for the near-linear stiffness, but not for
the instability-related metric. Since the onset strain and initial stiffness are unchanged for 5, 10, and



5.1. Validation and Mesh Convergence of the Hybrid Element Model 66

Table 5.6: Beam discretization convergence for representative pure Timoshenko beam element unit-cell models. The pyramidal
𝑟/𝑙 = 0.10 case is evaluated using 𝐸∗0 and effective elastic energy absorption. The octet 𝑟/𝑙 = 0.03 case is evaluated using 𝐸∗0 and

the apparent softening-onset strain 𝜀onset

Case Elements per strut 𝐸∗0 Effective elastic energy absorption 𝜀onset
Pyramidal, 𝑟/𝑙 = 0.10 2 71.131183 1.244423 –
Pyramidal, 𝑟/𝑙 = 0.10 5 71.131178 1.244108 –
Pyramidal, 𝑟/𝑙 = 0.10 10 71.131178 1.244071 –
Pyramidal, 𝑟/𝑙 = 0.10 20 71.131178 1.244062 –
Octet, 𝑟/𝑙 = 0.03 2 40.216434 – 0.078
Octet, 𝑟/𝑙 = 0.03 5 40.216387 – 0.050
Octet, 𝑟/𝑙 = 0.03 10 40.216384 – 0.050
Octet, 𝑟/𝑙 = 0.03 20 40.216384 – 0.050

20 elements per strut, 5 elements per strut are used for all pure beam element unit-cell models in the
accuracy study.

The convergence check is performed for the Timoshenko formulation, however, the same element
count is extended to the Euler–Bernoulli beam references in the accuracy study.

5.1.4. Mesh Convergence in Pure Solid Element Models
The pure solid element models are used as reference solutions in the accuracy study. Their mesh
convergence must therefore be checked separately, so that the reported differences between the solid,
hybrid, and beam-only models are not dominated by unresolved solid mesh refinement. Since fully
solid unit-cell simulations are substantially more expensive than the reduced models, the convergence
study is limited to two representative solid element cases and focuses on the initial effective Young’s
modulus.

The first case is the pyramidal unit cell with circular joints and 𝑟/𝑙 = 0.03. This case is selected
because it represents a slender bending-dominated architecture, for which the solid mesh must resolve
both thin struts and finite joint regions. The second case is the octet unit cell with square joints and
𝑟/𝑙 = 0.10. This case is selected because it represents a thicker stretching-dominated architecture with a
modified joint geometry. Both convergence studies are performed using the same boundary-condition
strategy as the corresponding solid element models in the accuracy study.

Table 5.7: Mesh convergence of representative pure solid element unit-cell models. The Gmsh clscale parameter controls the
characteristic element size used for mesh generation. The convergence ratio is computed relative to the finest mesh available for
each case. The reported 𝐸∗ values are obtained from a linear initial-stiffness calculation and may therefore differ slightly from the

initial stiffness values reported in the nonlinear accuracy study.

Case Gmsh clscale Number of mesh nodes Number of DOFs 𝐸∗

Pyramidal, 𝑟/𝑙 = 0.03, circular 0.04 78035 234105 0.851
Pyramidal, 𝑟/𝑙 = 0.03, circular 0.05 46479 139437 0.874
Pyramidal, 𝑟/𝑙 = 0.03, circular 0.07 21755 65265 0.953095
Octet, 𝑟/𝑙 = 0.10, square 0.15 28053 84159 567.70555
Octet, 𝑟/𝑙 = 0.10, square 0.20 18026 54078 572.32800

Table 5.7 shows that the pyramidal 𝑟/𝑙 = 0.03 circular-joint model is more sensitive to solid mesh
refinement than the octet 𝑟/𝑙 = 0.10 square-joint model. For the pyramidal case, the intermediate mesh
with clscale= 0.05 differs from the finest mesh by approximately 2.7% in initial stiffness, whereas
the coarsest mesh differs by approximately 12.0%. The intermediate mesh is therefore selected as the
converged reference for this case. For the octet 𝑟/𝑙 = 0.10 square-joint case, the coarser clscale= 0.20
mesh differs from the finer clscale= 0.15 mesh by approximately 0.8%, and is therefore considered
sufficient for the global initial-stiffness comparison.

The convergence tolerances used here are broader than those used for the reduced beam discretiza-
tion because the fully solid models are considerably more expensive. The purpose of this check is
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therefore not to establish exact mesh-independent continuum solutions, but to verify that the selected
solid references are sufficiently resolved for the global comparison metrics used in this thesis. More
refined solid-element convergence studies would be required to extract more precise absolute accuracy
errors for the hybrid formulation given larger computational resources.

The remaining solid reference models in the accuracy study are meshed at comparable or higher
degrees of freedom than the selected converged meshes for cases with similar 𝑟/𝑙 and joint geometry
complexity. This limits the number of full solid convergence studies required while still ensuring that
the solid references used in the model comparison are not based on obviously under-resolved meshes.
Consequently, the accuracy differences reported later in this chapter should be interpreted primarily as
modelling and boundary-condition differences between the solid, hybrid, and beam-only formulations,
rather than as artifacts of gross solid mesh under-resolution.

5.1.5. Validation of the Hybrid Formulation against Solid Element Models
Before the broader parametric accuracy study is performed, a high-relative-density unit-cell validation
case is used to compare the hybrid model directly against a solid element reference under large defor-
mation. This validation case is a body-centered cubic lattice unit cell with 𝑟/𝑙 = 0.15. At this value,
the joint regions occupy up to 75% of each strut length, making it a demanding case for the hybrid
formulation.

The boundary conditions are similar to those described in Figure 5.2, but rotations are additionally
constrained on the prescribed boundary interfaces. The validation metrics are the average reaction
force in the 𝑧 direction, 𝑅𝑧 , and the maximum displacement differences in the 𝑥 and 𝑦 directions, which
provide a measure of the lateral deformation response. These quantities are evaluated at four levels of
applied compressive strain: 𝑢𝑧 = −0.01, 𝑢𝑧 = −0.1, 𝑢𝑧 = −0.16, and 𝑢𝑧 = −0.3. The simulation results are
presented in Table 5.8.

Table 5.8: Validation metrics 𝑅𝑧 , 𝑢𝑥 , and 𝑢𝑦 obtained from the solid element model (sol.) and hybrid element model (hyb.) of a
BCC unit cell under different prescribed axial compressive strains.

Applied 𝑢𝑧 strain 𝑅𝑧 hyb. 𝑅𝑧 sol. 𝑢𝑥 hyb. 𝑢𝑥 sol. 𝑢𝑦 hyb. 𝑢𝑦 sol.
-0.01 0.7262 0.7626 7.0 e-3 6.7 e-3 7.0 e-3 6.7 e-3
-0.1 6.4106 6.7412 7.1 e-2 6.7 e-2 7.0 e-2 6.8 e-2
-0.16 9.4479 9.8701 1.12 e-1 1.07 e-1 1.10 e-1 1.10 e-1
-0.3 14.6817 14.5843 2.01 e-1 2.04 e-1 1.99 e-1 2.14 e-1

The BCC validation case shows close agreement between the hybrid and solid element models over
the deformation range considered. The reaction force agreement remains good even at the largest ap-
plied strain, where the hybrid model gives 𝑅𝑧 = 14.6817 and the solid element model gives 𝑅𝑧 = 14.5843.
The lateral displacement measures are also comparable, although they should be interpreted with
the same caution as the later unit-cell comparisons because the solid and hybrid formulations do not
impose rotational constraints in exactly the same way.

This validation case also illustrates the computational motivation for the hybrid approach. The
solid element model requires a peak memory usage of 30.52 GB, while the corresponding hybrid model
requires 1.43 GB. The broader performance implications were discussed in section 4.7. In this chapter,
this result motivates the more systematic accuracy study against solid element references.

5.2. Accuracy of the Hybrid Element Model across the Parametric
Space

The preceding sections establish that the hybrid formulation is mesh-converged and that the beam–
solid interface behaves consistently in controlled validation cases. The remaining question is whether
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the method remains accurate when applied to the nonlinear unit-cell simulations of interest in this
thesis. This section therefore compares hybrid models against mesh-converged solid element references
across a limited but representative parameter space: two architectures, two values of 𝑟/𝑙, and two joint
geometries.

The comparison is not intended as a full parametric sweep. Instead, it targets the main regimes en-
countered in the following chapters: slender versus thick struts, stretching- versus bending-dominated
deformation, and circular versus square joint transitions. Beam-only Euler–Bernoulli and Timoshenko
models are included as lower-fidelity references, so that the improvement obtained by retaining contin-
uum joint regions in the hybrid model can be assessed directly. In total, 24 models are compared: 12
octet models and 12 pyramidal models.
This section first presents the modeling and boundary-condition strategies used for the comparison,
then shows the resulting stress–strain curves and scalar accuracy metrics for all cases. Finally, the
results are interpreted in terms of the relative influence of modeling idealizations, boundary-condition
differences, and discretization errors on the observed discrepancies between the solid, hybrid, and
beam-only models.

5.2.1. Models, Boundary Conditions and Loading Conditions
The model-accuracy study compares solid element, hybrid element, and beam-only representations of
the same lattice unit-cell configurations. Two architectures are considered: an octet unit cell, represent-
ing a stretching-dominated architecture, and a pyramidal unit cell, representing a bending-dominated
architecture. Each architecture is evaluated at 𝑟/𝑙 = 0.03 and 𝑟/𝑙 = 0.10, with both circular and square
joint geometries.

All simulations are performed under axial compression. Similarly to the previous section, the stress–
strain curves and scalar accuracy metrics in this section are reported using positive compressive stress
and strain magnitudes. The octet models are loaded to a compressive strain magnitude of 0.1, while
the pyramidal models are loaded to a compressive strain magnitude of 0.2. The effective engineering
stress is computed from the total reaction force in the 𝑧 direction divided by the undeformed unit-cell
footprint area. Since the footprint is 1 × 1, this is numerically equal to the total reaction force. The
resulting values are therefore intended for comparison between modeling approaches, rather than as
fully periodic homogenized material properties.

The hybrid beam–3D continuum model defines the target interface-level loading case, as shown
in Figure 5.9(a). The hybrid unit cells extend beyond the nominal 1 × 1 × 1 domain because the solid
joint regions protrude past the unit-cell boundaries. Compression is applied through the outer joint
interfaces on the 𝑧+ face, while the corresponding interfaces on the 𝑧− face are constrained with 𝑢𝑧 = 0.
All prescribed boundary interfaces are also constrained in rotation. One lower boundary interface is
fully fixed and acts as an anchor point to remove rigid-body motion.

The beam-only models use the same reduced kinematic prescription as the hybrid model, as shown
in Figure 5.9(c), but apply it to an idealized lattice skeleton. Since the beam-only models do not include
finite joint volumes extending past the unit-cell boundaries, the displacement and rotational constraints
are applied directly at the boundary joint nodes of the 1×1×1 beam network. The beam-only and hybrid
boundary conditions are therefore equivalent only in a reduced kinematic sense: the same nominal joint
motions are imposed, but the local boundary stiffness and effective load-transfer length are not identical.

The solid element models retain the same external geometry as the hybrid models, including the
joint regions extending beyond the nominal unit-cell boundaries. The same boundary joint faces are
selected for loading, as shown in Figure 5.9(b). However, the solid formulation has only translational
degrees of freedom at each mesh node, (𝑢𝑥 , 𝑢𝑦 , 𝑢𝑧), and no rotational degrees of freedom. As a result, the
rotational constraints used in the hybrid and beam-only models cannot be imposed explicitly. Instead,
the compression test is approximated by prescribing uniform 𝑢𝑧 values on the selected boundary face
patches, together with one fully fixed anchor face. Additional in-plane constraints are introduced on
selected boundary joint faces on the 𝑥− and 𝑦− sides to reduce residual global twisting of the specimen.
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(a) hybrid element model (b) solid element model (c) beam element model

(z-) face (z-) face

uz, rx, ry, rz = 0

ux, uy, uz, rx, ry, rz = 0

rx, ry, rz = 0 ;  uz = -0.1

(z-) face

uz = 0

ux, uy, uz = 0
uz = -0.1

uy = 0

ux, uy = 0
ux = 0

uz , rx, ry, rz = 0
ux, uy, uz, rx, ry, rz = 0
rx, ry, rz = 0, uz = -0.1

Figure 5.9: Boundary conditions used in the accuracy study for (a) the hybrid element model, (b) the solid element model, and (c)
the beam-only model. The colored markers indicate constrained boundary joints or boundary joint faces. The imposed

compressive displacement shown schematically as 𝑢𝑧 = −0.1 corresponds to the octet cases; for the pyramidal cases, the same
loading pattern is used with 𝑢𝑧 = −0.2.

The three model classes are therefore compared under boundary conditions that are deliberately
made as similar as possible, but are not mathematically identical. The hybrid model defines the target
interface-level loading case, because it naturally prescribes six-component interface motions containing
both translations and rotations. The beam-only model reproduces this loading case on an idealized
zero-volume lattice skeleton. The solid element model, however, has only translational nodal degrees
of freedom and must approximate the same loading case through prescribed displacements on finite
boundary face patches. Rotational constraints and boundary-joint motions are therefore not represented
in exactly the same way in the solid, hybrid, and beam-only models.

Consequently, the discrepancies reported in the accuracy study should not be interpreted as pure
discretization errors of the hybrid formulation alone. They combine several effects: beam/solid
modeling idealization, rigid-face interface assumptions, finite joint representation, and non-identical
boundary-condition implementation. This distinction is especially important because the comparison is
performed under geometrically nonlinear compression, where small differences in boundary rotation,
local constraint stiffness, and effective load-transfer length can affect not only the absolute force level,
but also the apparent softening onset and post-buckling path.

5.2.2. Results of the Model Accuracy Study
Figure 5.10 compares the effective engineering stress–strain response of the solid element, hybrid
element, and beam-only models for the four representative validation cases. The agreement between
the modeling approaches depends strongly on both architecture type and 𝑟/𝑙. The thin cases, with
𝑟/𝑙 = 0.03, generally show better agreement in the initial regime because the struts have higher as-
pect ratio and the assumptions of beam theory are more appropriate. In contrast, the thick cases, with
𝑟/𝑙 = 0.10, show larger differences because the finite joint regions occupy a larger fraction of the unit-cell
geometry. Some curves do not reach the target end strain because of nonlinear solver non-convergence.
The non-smooth portions of some curves are shown in the figure for qualitative comparison, but are not
completely converged (GMRES iteration timeout close to convergence) and not counted towards the
accuracy metrics.

The octet case with 𝑟/𝑙 = 0.03, shown in Figure 5.10(a), is the clearest example of why agreement
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a) Octet r/l = 0.03 b) Octet r/l = 0.10

c) Pyramidal r/l = 0.03 d) Pyramidal r/l = 0.10

Figure 5.10: Effective engineering stress–strain curves for the four unit-cell validation cases used in the accuracy study, plotted
using positive compressive stress and strain magnitudes: (a) octet, 𝑟/𝑙 = 0.03; (b) octet, 𝑟/𝑙 = 0.10; (c) pyramidal, 𝑟/𝑙 = 0.03; and
(d) pyramidal, 𝑟/𝑙 = 0.10. Solid element, hybrid element, Timoshenko beam, and Euler–Bernoulli beam models are compared for

each case.
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in the initial effective Young’s modulus alone is not sufficient to validate a model for nonlinear lattice
response. All modeling approaches begin with similar initial slopes, indicating reasonable agreement
in the near-linear regime. However, the curves diverge after the onset of geometric softening. The
beam-only models delay the apparent softening onset and carry higher stresses into the post-buckling
regime, whereas the hybrid models remain closer to the corresponding solid element references. This
indicates that the hybrid description is more capable of capturing the nonlinear influence of finite joint
geometry in this slender, stretching-dominated architecture.

The deformed configurations in Figure 5.11 indicate that, after the onset of softening, the initially
stretching-dominated octet response involves large rotations and bending of individual struts. This
change in local deformation mode helps explain why agreement in the initial axial-stiffness regime does
not carry directly into the post-buckling response. This interpretation is consistent with the expected
mechanics of local strut buckling, where axial load transfer gives way to large rotations and bending of
individual members after instability.

The octet case with 𝑟/𝑙 = 0.10, shown in Figure 5.10(b), exhibits a different trend. The hybrid
models are stiffer than the solid element references over the full loading path, while the beam-only
models remain softer. This suggests that the hybrid interface and solid-joint idealization recover much
of the stiffness lost by the beam-only representation, but can also overconstrain or over-stiffen the
response in thick-strut cases. The discrepancy should therefore not be interpreted only as a material or
strut-discretization error, but also as a consequence of the finite joint idealization and the non-identical
boundary-condition implementation between the solid and hybrid models.

The pyramidal cases show the strongest dependence on bending-dominated deformation. For
𝑟/𝑙 = 0.03, shown in Figure 5.10(c), the ordering of the curves is generally solid element, hybrid ele-
ment, and then beam-only. The hybrid model therefore remains closer to the solid reference than the
beam-only idealization, but still underestimates the effective response. This is consistent with the fact
that the finite joint geometry still contributes to the stiffness of the bending-dominated unit cell, even
though the struts are relatively slender.

The pyramidal case with 𝑟/𝑙 = 0.10, shown in Figure 5.10(d), is the clearest bending-dominated and
joint-sensitive case. Here, the beam-only models recover only about half of the solid and hybrid initial
response. This large discrepancy is consistent with the low aspect ratio of the struts and the increased
relative size of the joint regions. A beam-only model idealises the lattice as line elements connected
at zero-volume nodes, which removes the local stiffening and load-transfer effects of the finite joint
geometry. The hybrid model reduces this error by retaining a continuum description of the joints while
replacing only the connecting struts by beam elements.

The generally softer response of the beam-only models can also be interpreted in terms of the
effective bending span. In the solid and hybrid models, finite joint regions reduce the length of the
strut segment that deforms as a slender member. This is especially important in bending-dominated
mechanisms, because the transverse stiffness of a beam segment scales strongly with its free length. For
example, for a cantilever beam with end force 𝐹,

𝛿 =
𝐹𝐿3

3𝐸𝐼
, 𝑘𝑏 =

𝐹

𝛿
=

3𝐸𝐼
𝐿3 ,

where 𝐿 is the effective bending span, 𝐸 is Young’s modulus, and 𝐼 is the second moment of area. The
cubic dependence on 𝐿 means that even a moderate reduction in effective free span can significantly
increase bending stiffness. The pure beam model instead represents the lattice as a skeleton of members
connected at zero-volume nodes, so it does not retain the effective shortening and local rotational stiff-
ening introduced by the finite joint geometry. This explains why the beam-only models are particularly
soft in the pyramidal 𝑟/𝑙 = 0.10 case, where joint regions occupy a large fraction of the unit-cell geometry.

The similarity between the Euler–Bernoulli and Timoshenko beam results in Figure 5.10 and the
data in Table 5.9 supports this interpretation. In most cases, both beam formulations give comparable
values of 𝐸∗

0 and effective elastic energy absorption. Even in the pyramidal 𝑟/𝑙 = 0.10 case, where their
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difference is largest, both beam-only models remain far below the solid and hybrid responses. This
indicates that the main limitation of the pure beam models is not the absence of shear deformation, but
the representation of finite joint regions as zero-volume nodes.

In addition to the effective stress–strain comparisons, representative deformed configurations are
shown to clarify the modeling idealizations used in the accuracy study. Figure 5.11 illustrates how the
same class of lattice response is represented at three levels of fidelity. In the solid element model, both
joints and struts are resolved with continuum elements; in the hybrid model, the joint regions remain
solid while the connecting struts are represented by beam elements; and in the beam-only model, the
unit cell is reduced to a skeletal beam network. The selected octet and pyramidal cases provide visual
references for the two architectures and span the range from a slender circular-joint configuration to a
thicker square-joint configuration.
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Figure 5.11: Representative deformed configurations of the finite element models used in the accuracy study. The columns
distinguish the three modeling approaches: solid element models, hybrid solid-joint/beam-strut models, and beam-only models.
The upper row shows the octet unit cell with circular joints and 𝑟/𝑙 = 0.03, while the lower row shows the pyramidal unit cell
with square joints and 𝑟/𝑙 = 0.10. Panels (a) and (d) show the solid element models, panels (b) and (e) show the corresponding

hybrid models, and panels (c) and (f) show the beam-only models. The octet beam-only model in panel (c) is based on
Euler–Bernoulli beam theory, whereas the pyramidal beam-only model in panel (f) is based on Timoshenko beam theory. The

color maps indicate displacement magnitude; separate color scales are used for the two rows.

The stress–strain curves in Figure 5.10 provide a qualitative comparison of the model responses. To
quantify these differences more clearly, two scalar measures are extracted. The first is the initial effective
Young’s modulus, 𝐸∗

0, computed from the slope between the origin and the first nonzero plotted point.
This quantity measures agreement in the near-linear effective response of the unit cell. The second is the
effective elastic energy absorption, computed as the area under the effective engineering stress–strain
curve using trapezoidal integration. Since the material model is elastic throughout this chapter, this
quantity represents the path-integrated mechanical work absorbed by the unit cell under the prescribed
deformation path, including geometrically nonlinear effects.

Table 5.9 confirms the main trends visible in Figure 5.10. For the octet unit cell with 𝑟/𝑙 = 0.03, all
models predict similar values of 𝐸∗

0, which confirms that the early response of this slender architecture
is captured reasonably well even by the beam-only models. However, this agreement does not extend
to the nonlinear response, as shown by the delayed softening of the beam-only curves in Figure 5.10(a).

For the thick octet and thick pyramidal cases, the hybrid models overpredict 𝐸∗
0 relative to the solid
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Table 5.9: Initial effective Young’s modulus, 𝐸∗0, obtained from the effective engineering stress–strain curves in Figure 5.10. The
value is computed as the slope from the origin to the first nonzero plotted point of each curve. Positive compressive stress and

strain magnitudes are used.

Case Solid circ. Solid sq. Hybrid circ. Hybrid sq. Beam Tim. Beam EB
Octet, 𝑟/𝑙 = 0.03 39.9149 37.2765 42.3507 42.6583 40.2377 40.1977
Octet, 𝑟/𝑙 = 0.10 569.1000 569.2680 623.2190 646.2460 476.0780 478.7960
Pyramidal, 𝑟/𝑙 = 0.03 0.9342 1.0008 0.8001 0.8306 0.6388 0.6434
Pyramidal, 𝑟/𝑙 = 0.10 140.6870 143.1060 163.3210 166.6770 71.1312 77.3911

element references, while the beam-only models underpredict it. The largest beam-only discrepancy
is observed for the pyramidal unit cell with 𝑟/𝑙 = 0.10, where the beam models recover only about
half of the solid and hybrid initial response. In contrast, for the pyramidal unit cell with 𝑟/𝑙 = 0.03,
the hybrid models remain closer to the solid references than the beam-only models, but still underpre-
dict 𝐸∗

0. These trends indicate that the hybrid model does not behave as a uniformly softer or stiffer
approximation; instead, its error depends on architecture type, relative joint size, and deformation mode.

Table 5.10: Effective elastic energy absorption obtained by trapezoidal integration of the effective engineering stress–strain curves
in Figure 5.10. Positive compressive stress and strain magnitudes are used. The octet 𝑟/𝑙 = 0.03 case is omitted because the curves

do not remain equally comparable over the full post-buckling strain range.

Case Solid circ. Solid sq. Hybrid circ. Hybrid sq. Beam Tim. Beam EB
Octet, 𝑟/𝑙 = 0.10 2.66125 2.66056 2.89652 3.00426 2.22613 2.17069
Pyramidal, 𝑟/𝑙 = 0.03 0.01566 0.01681 0.01357 0.01375 0.01108 0.01069
Pyramidal, 𝑟/𝑙 = 0.10 2.41585 2.45812 2.81831 2.87229 1.24406 1.30361

The same ordering is reflected in the effective elastic energy absorption values reported in Table 5.10.
For the thick octet and thick pyramidal cases, the hybrid models absorb more energy than the cor-
responding solid element references, while the beam-only models remain below both. For the thin
pyramidal case, the ordering becomes solid element, hybrid element, and then beam-only, indicating
that the hybrid model captures part of the stiffness and energy absorption missing from the beam-only
idealization, but does not fully recover the solid element response.

The octet unit cell with 𝑟/𝑙 = 0.03 is treated separately because several models enter a clear instability
regime and some simulations do not converge sufficiently far beyond that point for a full-curve energy
comparison to be meaningful. Instead of comparing effective elastic energy absorption, Table 5.11
quantifies the onset of geometric softening through the strain 𝜀onset at which the effective engineering
stress first falls 10% below the initial linear extrapolation 𝜎∗ = 𝐸∗

0𝜀. This quantity is used as an apparent
softening-onset measure and should not be interpreted as an exact bifurcation strain.

Table 5.11: Softening-onset comparison for the octet unit cell with 𝑟/𝑙 = 0.03. Positive compressive stress and strain magnitudes
are used. The softening-onset strain 𝜀onset is defined as the first strain at which the effective engineering stress falls 10% below
the initial linear extrapolation 𝜎∗ = 𝐸∗0𝜀. The quantities 𝜀max and 𝜎∗max denote the strain and stress at the maximum converged

point of the plotted curve.

Model 𝜀onset 𝜎∗onset 𝜀max 𝜎∗max
Solid circular joints 0.0278 0.9979 0.0341 1.0079
Solid square joints 0.0273 0.9154 0.0307 0.9237
Hybrid circular joints 0.0322 1.2234 0.0400 1.2504
Hybrid square joints 0.0288 1.1047 0.0650 1.1651
Beam Timoshenko 0.0485 1.7561 0.0495 1.7625
Beam EB 0.0434 1.5710 0.0500 1.7030

The softening-onset results reinforce the interpretation of Figure 5.10(a). The solid element models
soften at 𝜀onset = 0.0278 for circular joints and 0.0273 for square joints. The corresponding hybrid values
are 0.0322 and 0.0288, while the beam-only models soften much later. The hybrid model therefore
captures the onset of nonlinear softening more closely than the beam-only idealization, particularly for
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the square-joint case. The circular-joint hybrid model still delays the softening onset relative to the solid
reference, but remains much closer to the solid response than either beam-only model.

The post-buckling response also shows a clear joint-geometry dependence. In the octet 𝑟/𝑙 = 0.03
case, the circular-joint models retain a higher effective stress than the square-joint models after softening.
A plausible explanation is that the square joint geometry creates a locally stiffer joint–strut transition,
which shifts curvature and deformation into the adjacent strut region and promotes earlier localization.
The circular joint geometry appears to distribute this transition more smoothly, delaying localization and
retaining a higher post-buckling load level. Since this explanation is based on the observed deformation
response rather than a separate stress- or curvature-localization study, it should be interpreted as a
qualitative mechanism.

For the purposes of the later joint-geometry studies, the most important result is not only the
absolute agreement with the solid element reference, but also whether the model preserves the influence
of joint geometry. Beam-only models collapse the joint region into a zero-volume node and therefore
cannot directly represent the difference between circular and square joint transitions. The hybrid
model retains these geometric differences in the solid joint subdomains, which allows it to reproduce
joint-geometry trends more consistently than the beam-only idealization.

5.2.3. Observed Computational Cost Reduction
The accuracy improvements of the hybrid model are meaningful only if they are obtained at substan-
tially lower computational cost than the corresponding solid element simulations. Table 5.12 therefore
compares the degree-of-freedom and peak-memory reductions of the hybrid models relative to their
solid element references. The table also reports the signed hybrid error in 𝐸∗

0 and in effective elastic
energy absorption, where the latter is available. Positive error indicates that the hybrid model over-
predicts the corresponding solid element value, while negative error indicates underprediction. It is
defined as

𝛿𝑄 = 100
𝑄model −𝑄solid

𝑄solid
.

where 𝑄 is the quantity of interest, which is either 𝐸∗
0 or the effective elastic energy absorption. The

same error metric is also applied to the beam-only models for comparison.

Table 5.12: Computational cost reduction and signed accuracy errors relative to the corresponding solid element reference. The
degree-of-freedom and peak-memory reductions are computed from the solid and hybrid simulations of the same architecture,
𝑟/𝑙, and joint geometry. Accuracy errors are reported for the hybrid, Timoshenko beam, and Euler–Bernoulli beam models.

Positive error indicates overprediction relative to the corresponding solid element value, while negative error indicates
underprediction. Peak-memory reductions are reported only where simulation-log data were available. The effective elastic

energy absorption error is omitted for the octet 𝑟/𝑙 = 0.03 cases because those curves are treated using the softening-onset metric
in Table 5.11.

Case Joint DOF red. Mem. red. Hybrid err. Tim. err. EB err.
[%] [%] 𝐸∗

0 [%] Energy [%] 𝐸∗
0 [%] Energy [%] 𝐸∗

0 [%] Energy [%]
Octet, 𝑟/𝑙 = 0.03 Circular 93.6 – 6.1 – 0.8 – 0.7 –
Octet, 𝑟/𝑙 = 0.03 Square 87.7 – 14.4 – 7.9 – 7.8 –
Octet, 𝑟/𝑙 = 0.10 Circular 73.9 94.6 9.5 8.8 -16.3 -16.4 -15.9 -18.4
Octet, 𝑟/𝑙 = 0.10 Square 59.4 94.5 13.5 12.9 -16.4 -16.3 -15.9 -18.4
Pyramidal, 𝑟/𝑙 = 0.03 Circular 91.2 99.3 -14.4 -13.3 -31.6 -29.2 -31.1 -31.7
Pyramidal, 𝑟/𝑙 = 0.03 Square 88.2 99.2 -17.0 -18.2 -36.2 -34.1 -35.7 -36.4
Pyramidal, 𝑟/𝑙 = 0.10 Circular 53.5 94.6 16.1 16.7 -49.4 -48.5 -45.0 -46.0
Pyramidal, 𝑟/𝑙 = 0.10 Square 58.5 96.4 16.5 16.8 -50.3 -49.4 -45.9 -47.0

Across the studied cases, the hybrid formulation reduces the number of degrees of freedom by
approximately 54–94%. For the cases where memory data were available, the peak-memory reduction
is approximately 95–99%. These reductions are obtained while retaining the solid description of the
joint regions, which are the primary geometric feature of interest in this thesis.

The accuracy columns in Table 5.12 show that the hybrid model should be interpreted relative to
the beam-only alternatives rather than only relative to the solid element reference. In the thick octet
and thick pyramidal cases, the hybrid model overpredicts the solid response, while both beam-only
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models underpredict it. This is especially clear for the pyramidal 𝑟/𝑙 = 0.10 case, where the beam-
only errors are approximately 45–50%, compared with hybrid errors of approximately 16–17%. In
the 𝑟/𝑙 = 0.03 pyramidal case, all reduced models underpredict the solid reference, but the hybrid
model remains substantially closer than either beam-only formulation. Part of this offset may originate
from the non-identical boundary-condition implementation, particularly because the hybrid model
constrains rotational interface degrees of freedom explicitly, whereas the solid element reference can
only approximate the same constraint through translational restrictions on boundary face patches.

The magnitude of these errors should be interpreted differently from the small stiffness errors
reported in linear reduced-order studies such as Portela et al. [12]. In that work, the reduced and fully
resolved models were constructed to represent a closely matched linear interface problem, with the solid
joint response condensed into an equivalent reduced description. In the present work, the comparison
involves geometrically nonlinear compression, rigid-face beam–solid coupling, pure beam idealizations,
and boundary conditions that cannot be imposed identically across all three model classes. The accuracy
values in Table 5.12 therefore measure practical model-equivalence error under approximately matched
nonlinear compression, rather than the isolated condensation error of a linear reduced-order node
model.

A further distinction is that the validation evidence reported by Portela et al. [12] is concentrated
on a linear octahedron unit-cell case over 𝑟/𝑙 = 0.07–0.15. That case is stretching-dominated, and the
reported error is lowest for the most slender geometry (at 1%) before increasing with 𝑟/𝑙 up to 6%. The
present results show a consistent trend: the best initial-stiffness agreement is obtained for the most
slender stretching-dominated case considered here, namely the octet unit cell with 𝑟/𝑙 = 0.03. However,
this is also the regime in which pure beam models already reproduce 𝐸∗

0 reasonably well. Initial-stiffness
accuracy alone therefore does not demonstrate the added value of the hybrid discretization.

All hybrid simulations reported in Table 5.12 were run on 10 shared-memory CPU cores. The
memory values should therefore be interpreted as implementation-level measurements rather than
hardware-independent complexity estimates. Nevertheless, the reductions are large enough to demon-
strate the practical motivation for the hybrid approach: it enables joint-sensitive simulations at a fraction
of the computational cost of fully solid unit-cell models.

For the joint-geometry studies developed later in this thesis, the relative response of circular and
square joint geometries is as important as the absolute error relative to the solid element reference. To
assess whether the hybrid model preserves this effect, the circular-to-square response ratio is defined as

𝜂𝑄 =
𝑄circ

𝑄sq
, (5.1)

where 𝑄 denotes either the initial effective Young’s modulus, 𝐸∗
0, or the effective elastic energy ab-

sorption. A value of 𝜂𝑄 > 1 indicates that the circular-joint model gives a larger response than the
square-joint model, while 𝜂𝑄 < 1 indicates the opposite. This ratio is useful because it measures
whether the reduced model preserves the trend caused by changing joint geometry, independently of
any common overprediction or underprediction of the absolute response.

Table 5.13: Circular-to-square response ratios for the solid and hybrid models. The ratio is defined as 𝜂𝑄 = 𝑄circ/𝑄sq, where 𝑄 is
either the initial effective Young’s modulus, 𝐸∗0, or the effective elastic energy absorption. Values close to one indicate a small

joint-geometry effect, while agreement between the solid and hybrid ratios indicates that the hybrid model preserves the relative
circular-to-square trend.

Case 𝜂solid
𝐸∗

0
𝜂

hybrid
𝐸∗

0
𝜂solid

energy 𝜂
hybrid
energy

Octet, 𝑟/𝑙 = 0.03 1.071 0.993 – –
Octet, 𝑟/𝑙 = 0.10 1.000 0.964 1.000 0.964
Pyramidal, 𝑟/𝑙 = 0.03 0.933 0.963 0.932 0.987
Pyramidal, 𝑟/𝑙 = 0.10 0.983 0.980 0.983 0.981

Table 5.13 shows that the hybrid model captures the circular-to-square trend most clearly in the
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pyramidal 𝑟/𝑙 = 0.10 case. For this bending-dominated thick-strut case, the solid and hybrid models
give nearly identical ratios. For 𝐸∗

0, the solid ratio is approximately 0.983, while the hybrid ratio is
approximately 0.980. For effective elastic energy absorption, the corresponding ratios are approximately
0.983 and 0.981. This indicates that, although the hybrid model overpredicts the absolute response in
this case, it preserves the relative influence of circular and square joint geometry very well.

The agreement of the circular-to-square ratio is less uniform in the thinner cases. For the pyramidal
𝑟/𝑙 = 0.03 case, the solid model predicts a larger response for the square-joint geometry than for the
circular-joint geometry, and the hybrid model preserves this ordering. However, the hybrid model
predicts a smaller difference between the two joint geometries, especially for effective elastic energy
absorption. This suggests that the hybrid model still captures the direction of the joint-geometry effect
in this case, but underestimates its magnitude.

The octet cases require more careful interpretation. For the octet 𝑟/𝑙 = 0.10 case, the solid element
reference predicts almost no difference between circular and square joints in either 𝐸∗

0 or effective elastic
energy absorption, while the hybrid model predicts a modestly larger response for the square-joint case.
For the octet 𝑟/𝑙 = 0.03 case, the initial-modulus ratio is not preserved as well: the solid model predicts a
higher 𝐸∗

0 for circular joints, whereas the hybrid model gives nearly equal initial moduli for the two joint
geometries. However, this case is dominated by geometric softening and post-buckling behavior rather
than by the initial slope alone, so the circular-to-square comparison should be interpreted together with
the softening-onset data in Table 5.11.

Overall, the circular-to-square ratio supports the main interpretation of the accuracy study. The
hybrid model is not uniformly exact in absolute stiffness or energy absorption, but it can preserve the
relative effect of joint geometry in the cases where finite joint geometry is mechanically important. This
is especially clear for the pyramidal 𝑟/𝑙 = 0.10 case, which is also the case where beam-only models
show the largest loss of accuracy. The ratio comparison therefore strengthens the argument that the
hybrid formulation is useful for comparative joint-geometry studies, even when a residual absolute
offset relative to the solid element reference remains.

5.2.4. Conclusions and Observations on Modeling Accuracy
The accuracy study shows that the hybrid element model is most useful in regimes where pure beam
idealization removes mechanically important joint geometry. In slender stretching-dominated cases,
especially the octet unit cell with 𝑟/𝑙 = 0.03, the beam-only models reproduce the initial effective
Young’s modulus reasonably well because the struts have high aspect ratio and the early response is
close to the assumptions of beam theory. However, initial-stiffness accuracy alone does not demonstrate
nonlinear accuracy. In the same octet case, the beam-only models delay the apparent onset of softening
and overpredict the post-buckling stress, whereas the hybrid models remain closer to the solid element
references.

This observation clarifies the main benefit of the hybrid discretization in slender stretching-dominated
lattices. In the initial linear regime, finite joint geometry has only a limited influence on the effective
stiffness, so the added value of the hybrid model becomes most evident once the response enters
the geometrically nonlinear regime. For the octet 𝑟/𝑙 = 0.03 case, the hybrid formulation extends
the usefulness of the Portela-type solid-joint/beam-strut discretization [12] beyond linear stiffness
prediction into a regime where joint geometry affects nonlinear stability and post-buckling response.

The post-buckling response also helps explain why the hybrid model is not exact even in the slender
stretching-dominated case. Before instability, the octet response is governed primarily by axial load
transfer through slender struts. After local buckling, however, part of the deformation is carried by
struts undergoing large rotations and bending-dominated deformation. The local mechanics of these
buckled struts therefore become closer to the bending-dominated regimes where the hybrid model
shows larger absolute errors. This suggests that part of the remaining post-buckling discrepancy may
arise because the deformation mechanism changes after instability, even though the initial architecture
is stretching-dominated.
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The bending-dominated pyramidal cases show that the accuracy of the hybrid discretization does
not transfer uniformly across all architectures. In the pyramidal 𝑟/𝑙 = 0.10 case, pure beam models
strongly underpredict the solid response, while the hybrid models recover a substantial part of the
missing stiffness and energy absorption. At the same time, the hybrid models overpredict the solid ref-
erences by approximately 16–17%. This indicates that the solid-joint/beam-strut discretization remains
useful in joint-sensitive bending-dominated cases, but its absolute accuracy is less controlled than in the
slender stretching-dominated case. Part of this discrepancy may be associated with the stronger role of
boundary-condition mismatch, rigid-face constraint assumptions, and bending-dominated deformation
modes.

This interpretation should be viewed alongside the validation evidence reported by Portela et
al. [12]. Their linear validation case is stretching-dominated, with errors ranging from approximately
1% for the most slender geometry to approximately 6% at larger 𝑟/𝑙. Those results show that the solid-
joint/beam-strut discretization can be highly accurate when the reduced and fully resolved models
are closely matched linear problems. The larger errors reported here should therefore be interpreted in
the context of the more demanding comparison considered in this thesis: geometrically nonlinear com-
pression, post-buckling response, rigid-face coupling, and approximately matched boundary conditions.

The results also show that the hybrid model should not be described as a uniformly conservative or
uniformly more compliant approximation. Depending on architecture and 𝑟/𝑙, it may overpredict or
underpredict the solid element reference. This behavior is expected because the comparison combines
differences in structural idealization, finite joint representation, beam kinematics, rigid-face coupling,
and boundary-condition implementation. The solid, hybrid, and beam-only models are therefore closely
related compression tests rather than perfectly identical kinematic problems.

The most important conclusion is that the hybrid model preserves the geometric distinction between
circular and square joints while reducing the computational cost by one to two orders of magnitude
in the cases studied. It is therefore a suitable modeling approach for studying joint-geometry effects
across nonlinear deformation regimes, provided that its remaining case-dependent error relative to
solid element references is kept in view. The hybrid model should consequently be interpreted not as a
complete replacement for solid element validation in its present form, but as a computationally efficient
joint-sensitive model that is sufficiently informative for the comparative physics studies performed
in this work. At the same time, the lower errors reported for closely matched linear reduced-order
models in the literature suggest that more exact boundary-condition matching and validation on larger
representative lattice samples could further reduce the observed error. Such validation is recommended
before the method is used as a quantitative replacement for fully solid element models in design-critical
applications.



6
Conclusion

This thesis developed and assessed a nonlinear-compatible hybrid beam–3D continuum modeling
framework for architected truss metamaterials with explicit attention to joint geometry. The motivation
for this work was the modeling gap between pure beam models and fully resolved solid finite element
models. Beam models are computationally efficient and suitable for large lattice specimens, but they
idealize the finite joint regions where important geometric effects may originate. Fully solid models
resolve these regions directly, but their computational cost becomes prohibitive for low-relative-density
lattices, especially when finite specimens, nonlinear deformation, and mesh refinement are required.
The central objective of this thesis was therefore to investigate whether a hybrid formulation can provide
a useful intermediate strategy: retaining three-dimensional fidelity in the joints while representing the
connecting struts with beam elements.

The developed formulation treats the lattice as a coupled system of solid-joint and beam-strut
submodels. Each beam–solid connection is represented by a six-degree-of-freedom interface state
containing translations and rotations. On the solid side, this state is imposed through a rigid-face
kinematic description; on the beam side, it corresponds to the beam-end motion. Coupling is enforced
by requiring equilibrium between the force and moment resultants returned by the solid and beam
submodels. This leads to a nonlinear interface residual problem, solved through a staggered partitioned
strategy. The formulation preserves a clear separation between beam and solid solvers and therefore
provides a modular computational structure that can, in principle, be extended to more advanced joint
models, surrogate descriptions, or elastoplastic material behavior.

A significant part of the thesis was devoted to the solution strategy for this nonlinear interface prob-
lem. Several residual-based and Newton-type methods were considered, including fixed-point iteration
with Aitken relaxation, Anderson acceleration, preconditioned residual descent, full-Jacobian Newton
methods, and Jacobian-free Newton–Krylov methods. The final solver design combines preconditioned
residual descent with Jacobian-free Newton–Krylov acceleration. In this strategy, preconditioned resid-
ual descent provides robust initial residual reduction and distributes the interface imbalance through
the coupled lattice, while the Newton–Krylov stage provides faster local convergence once the interface
state is sufficiently informative. This two-stage strategy proved important for making the staggered
hybrid formulation practical for the nonlinear lattice cases considered in this work.

The computational cost analysis confirms the main motivation for the hybrid approach. In fully
solid nonlinear lattice simulations, the total number of solid degrees of freedom remains the dominant
analytical cost driver because it affects assembly, nonlinear iterations, linear solves, memory usage,
and mesh refinement requirements. The hybrid formulation reduces this burden by replacing most of
the strut volume with beam elements and restricting solid discretization to the joint regions. Across
the accuracy cases studied in this thesis, the hybrid models reduced the degree-of-freedom count by
approximately 54–94% relative to the corresponding solid element references. Where simulation-log
data were available, peak-memory reductions were approximately 95–99%. These reductions demon-
strate that the hybrid formulation can substantially lower the computational size of the problem while
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retaining explicit joint geometry.

At the same time, the cost study also showed that the hybrid model does not remove computational
cost altogether; it changes where that cost is concentrated. The repeated local solid-joint solves are
the dominant cost driver in the partitioned formulation. Refining the joint mesh increased wall time
strongly even when the size of the global interface vector remained unchanged. Parallel execution of
independent joint and beam submodels can reduce wall time, but the attainable speedup is bounded
by the number of available tasks, load imbalance, and the serial outer coupling iterations. Increasing
the number of unit cells increases both stored model state and total computational work, although
in the small-scale tests performed here, interface-vector growth alone did not appear to dominate
wall time. The practical implication is that future efficiency improvements should focus not only on
interface solvers, but also on joint model resolution, local solver performance, and possible surrogate or
reduced-order replacement of repeated joint solves.

The validation and accuracy studies show that the hybrid formulation is most useful in regimes
where pure beam idealization removes mechanically important joint information. For slender stretching-
dominated octet lattices, the beam-only models were able to reproduce the initial effective stiffness
reasonably well, but they delayed the apparent onset of nonlinear softening and overpredicted the
post-buckling stress. In these cases, the hybrid model remained closer to the solid reference in the
nonlinear response because it retained finite joint geometry. For bending-dominated pyramidal lat-
tices, the hybrid model recovered a substantial part of the stiffness and energy absorption that was
missing from the pure beam models. However, its absolute agreement with the solid reference was
less controlled and could include overprediction. The hybrid formulation should therefore not be inter-
preted as a uniformly conservative or uniformly exact replacement for full solid finite element modeling.

The main conclusion is that the hybrid beam–3D continuum formulation provides a useful joint-
sensitive intermediate modeling strategy for comparative studies of architected truss metamaterials.
Its value lies in combining explicit representation of joint geometry with a substantially reduced com-
putational model size. It is particularly useful for identifying trends, comparing joint geometries, and
studying cases where pure beam models are too idealized but fully solid models are too expensive for
systematic investigation. At the same time, the remaining modeling errors are case-dependent and must
remain visible. Full solid reference models are still necessary for case-specific validation, especially in
strongly nonlinear, instability-dominated, or quantitatively critical regimes.

Within these limits, the thesis demonstrates that nonlinear-compatible hybrid modeling is a promis-
ing direction for studying joint-geometry effects in low-relative-density truss lattices. The framework
developed here establishes the formulation, solver structure, validation procedure, and a first accuracy
assessment for that purpose. It provides a practical basis for future work on improved interface coupling,
adaptive joint resolution, surrogate joint models, larger finite specimens, and material nonlinearities.
Most importantly, it shows that joint geometry can be retained as an explicit modeling variable without
requiring the entire lattice to be discretized as a fully three-dimensional continuum model.



7
Recommendations for Future Work

The hybrid beam–3D continuum formulation developed in this thesis provides a promising intermediate
modeling strategy for joint-sensitive lattice simulations, but several aspects should be developed further
before the method can be used as a general predictive tool. The most important recommendations
concern solver formulation, accuracy assessment, nonlinear material behavior, and validation against
experiments.

A first recommendation is to investigate a monolithic implementation of the hybrid beam–3D
continuum formulation. The staggered formulation used in this thesis preserves modularity and allows
the beam and solid solvers to remain separate, but it also leads to a nonlinear interface-equilibrium
problem that requires specialized residual-based and Newton–Krylov solution strategies. A monolithic
formulation would assemble the beam, solid, and interface equations into one coupled nonlinear sys-
tem. This may reduce the need for complex outer interface iterations and could improve robustness in
strongly nonlinear regimes. The main challenge is implementation complexity, since consistent tangent
contributions and interface coupling terms must be assembled within a unified solver framework.
Nevertheless, such a formulation would provide an important benchmark for judging whether the
observed computational cost is mainly caused by the hybrid discretization itself or by the staggered
coupling strategy.

A second recommendation is to further optimize the staggered interface solver. If the partitioned
framework is retained, future work should investigate more systematic preconditioner construction,
adaptive switching between residual descent and Newton–Krylov stages, adaptive load-step control,
preconditioner reuse between nearby load steps, and improved line-search criteria. The present work
showed that the number of residual evaluations can strongly influence wall time, while each residual
evaluation requires repeated local joint and beam solves. Reducing the number of failed or weakly
productive residual evaluations is therefore a direct pathway to improving computational efficiency.
More advanced connectivity-based preconditioners, inexact Newton forcing terms, and better parallel
scheduling of independent joint solves are especially relevant directions.

A third recommendation is to explore surrogate or reduced-order descriptions of nonlinear joint
response within the staggered framework. The cost study showed that repeated local solid-joint solves
are a dominant computational cost driver. This makes the joint submodel a natural target for surrogate
replacement. A future framework could train or construct nonlinear joint operators that map rigid-face
interface motions to force and moment resultants, while retaining the same interface residual structure
used in this thesis. Such surrogates would need careful validation over the relevant deformation range,
especially near buckling, yielding, or other nonlinear transitions. If successful, this would preserve
the modular advantage of the staggered hybrid formulation while substantially reducing the cost of
repeated joint evaluations.

A fourth recommendation is to repeat the accuracy study with more closely matched boundary
conditions between the beam, hybrid, and solid models. In the present work, the comparison between
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model classes is affected by unavoidable differences in how boundary conditions are imposed on
beam ends, rigid faces, and fully resolved solid surfaces. This means that the reported accuracy values
measure practical model-equivalence error under approximately matched compression, rather than
the isolated error of the hybrid discretization alone. A future study should design benchmark cases
in which boundary conditions, loading definitions, strain measures, and reaction-force extraction are
matched as closely as possible across all model classes. This would allow more precise error metrics for
stiffness, softening onset, post-buckling stress, and energy absorption.

A fifth recommendation is to extend the material modeling beyond elastic geometric nonlinearity.
The present thesis focuses on materially elastic lattices, so the nonlinear response arises from large
deformation, rotation, instability, and load-path redistribution. However, many experimentally relevant
additively manufactured lattices undergo plasticity, damage, fracture, and contact during compression.
Implementing elastoplastic material models in the solid joint regions would be the most important next
step, because it would allow the hybrid formulation to be compared against real large-deformation
compression experiments on printed lattices. Further extensions could include fracture, contact between
collapsing members, viscoelasticity, or damage models, although these should be introduced only after
the elastoplastic case has been validated.

A sixth recommendation is to investigate alternative interface coupling strategies. The rigid-face
MPC used in this thesis provides a simple and robust six-degree-of-freedom coupling between beam
ends and solid faces, but it also suppresses face warping and higher-order deformation at the interface.
This may contribute to some of the observed modeling error. Future work should compare the present
rigid-face coupling with averaged MPC or RBE3-type coupling, mortar-type transfer, penalty methods,
Nitsche-type coupling, or other weak interface formulations. Such a comparison would help determine
how much of the accuracy limitation lies in the hybrid beam–solid concept itself or in the specific
rigid-face kinematic assumption used at the interface.

Finally, the method should be tested on a broader set of lattice architectures, joint geometries, and
specimen sizes. The present work focuses on selected circular and square joint geometries and a limited
set of topology and slenderness cases. Future studies should include additional joint modifications
such as fillets, rounded nodes, star-like sections, and density-preserving shape transitions. Larger
finite specimens should also be considered to assess whether the conclusions remain valid when
localization, boundary effects, and layer-wise collapse become more pronounced. Combined with
experimental validation, this broader parameter study would clarify where the hybrid beam–3D
continuum formulation is most reliable and where full solid modeling remains necessary.
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