
Leave-Multiple-Out Informal Benchmarking
Understanding the Behavior of Informal Benchmarking for Multivariate Confounding

Nayden Borodjiev1

Supervisor(s): Jesse Krijthe1, Matej Havelka1

1EEMCS, Delft University of Technology, The Netherlands

A Thesis Submitted to EEMCS Faculty Delft University of Technology,
In Partial Fulfilment of the Requirements

For the Bachelor of Computer Science and Engineering
June 21, 2026

Name of the student: Nayden Borodjiev
Final project course: CSE3000 Research Project
Thesis committee: Jesse Krijthe, Matej Havelka, Avishek Anand

An electronic version of this thesis is available at http://repository.tudelft.nl/.



Abstract

Informal benchmarking is a popular approach for
calibrating sensitivity bounds for hidden confound-
ing by treating observed covariates as if they
were unobserved. While leave-one-out (LOO)
benchmarking removes a single covariate, leave-
multiple-out (LMO) benchmarking removes sets of
covariates to approximate multidimensional con-
founding. In this study, we examine whether LMO
benchmarking recovers the confounding strength
as the number of features dropped increases. Us-
ing a synthetic dataset with bounded covariates and
known confounding structure, we compare empiri-
cal bounds with an Oracle-like benchmark and the
true theoretical value. The theoretical bound in-
creases monotonically as more covariates are omit-
ted, but the empirical LMO bound does not fol-
low this pattern - it plateaus and then declines.
The experiments show that this behavior is not ex-
plained by estimation error alone. Rather, it is a
consequence of informal benchmarking being re-
stricted by the given sample: large bounds are ob-
tained from individuals with certain covariate val-
ues. This issue becomes more important as larger
subsets are omitted, because the strongest theoret-
ical benchmarks depend on increasingly specific
patterns in the omitted covariates. As a result,
LMO benchmarking may be more reliable for small
omitted subsets, but should be interpreted with in-
creasing caution for larger ones. We conclude
that LMO informal benchmarking results should be
read as sample-realized benchmarks rather than as
the maximum confounding strength possible over
the full covariate space.

1 Introduction
Causal machine learning has emerged as an important topic
for researchers who seek to go beyond simple statistical cor-
relations and determine cause-and-effect relationships. The
standard method to assess such causal effects has been Ran-
domised Controlled Trials (RCTs), which ensure that the al-
location of treatment is independent of patient characteristics
(Braga et al., 2025). However, RCTs are often too expensive,
time-consuming, or ethically problematic to carry out (Zabor
et al., 2020). This leads to a reliance on observational data in
many domains, where researchers use many diverse sources
such as electronic health records or economic indicators to
estimate causal effects.

The validity of causal conclusions made from such ob-
servational data rests on the ignorability (or unconfounded-
ness) assumption (Baitairian et al., 2026). It demands that
all variables that affect both treatment and outcome are ob-
served and included in the model. This is rarely realistic in
practice and we expect the existence of hidden confounders.
Factors such as socioeconomic status, dietary habits, or envi-
ronmental exposure are rarely measured. Their absence from
the model can severely bias estimated treatment effects, po-

tentially leading researchers to identify false causal relation-
ships.

To address the inevitable presence of unobserved variables,
researchers employ sensitivity analysis (Rosenbaum, 2005).
It relaxes the unconfoundedness assumption to evaluate how
sensitive a causal conclusion is to the existence of an unob-
served confounder. One of the more popular techniques is the
Marginal Sensitivity Model (MSM), proposed by Tan (2006),
that fundamentally relies on the sensitivity parameter Γ. This
parameter is the maximum factor by which units similar on
observed covariates would differ in their odds of treatment
if an unobserved confounder was measured. Researchers can
move from a point estimate to partially identified sets by vary-
ing Γ, which correspond to the range of treatment effects
compatible with a given level of hidden bias.

Although Γ is useful in principle, it is difficult to interpret
in practice. Often, it is not obvious how to decide if a par-
ticular value is a “large” or “small” degree of hidden bias. In
addition, Γ is an unobservable metric, its value is tied to the
covariates that we have not measured.

To fill this interpretative gap, the field has turned to infor-
mal benchmarking (IB), a calibration strategy, as described
by Baitairian et al. (2026), that uses observed data to ground
the choice of Γ. The logic of IB is to treat known covariates as
if they were unobserved, to see how much they would change
the estimated treatment effect. Within this framework, two
primary procedures exist: the leave-one-out approach that in-
vestigates the impact of removing one feature at a time, and
the leave-multiple-out approach, the multi-covariate form of
informal benchmarking that removes sets of features. Both
are conceptually similar but aim to answer different questions
and possibly behave differently under certain conditions.

To our knowledge, there is a gap in the literature regard-
ing the reliability of this multi-covariate benchmarking pro-
cedure. While LOO has been widely used and studied, LMO
is less understood. In this paper we explore the performance
and the limits of the LMO procedure in order to assess its reli-
ability as a validation technique for causal machine learning.
The research questions addressed are:

• How does the empirical LMO informal benchmark be-
have as the number of features dropped increases?

• How does the structure of the data affect the reliability of
LMO informal benchmarking as the number of features
dropped increases?

By investigating these questions through experimental sim-
ulations, we aim to provide practitioners with a clearer un-
derstanding of when LMO benchmarking provides a reliable
estimate of confounding strength and when it may be prone
to statistical artifacts.

The rest of this paper is organised as follows. Section 2 in-
troduces the causal-inference background, including propen-
sity scores, unmeasured confounding and the MSM. Section 3
describes the LMO informal benchmarking framework, simu-
lation design, and evaluation metrics used in the experiments.
Section 4 presents the experimental results, Section 5 dis-
cusses the main findings and their implications, Section 6 re-
flects on responsible research considerations, and Section 7
concludes the research with a summary and key takeaways.



2 Background
This section establishes the theoretical foundations for ad-
dressing unobserved confounding. We first formalize causal
effects and standard assumptions. Then we review propensity
score estimation and finally we introduce the Marginal Sen-
sitivity Model to quantify the robustness of causal estimates
against hidden bias.

2.1 The Neyman-Rubin Potential Outcome
Framework

We use the Neyman-Rubin potential outcome framework
(Splawa-Neyman et al., 1990; Rubin, 1974) to formally de-
scribe causal effects in observational situations. For every
unit/patient i, we have a binary treatment Ti ∈ {0, 1} and
two possible outcomes: Yi(1), which represents the result if
the unit was treated, and Yi(0), which represents the result if
the unit was not treated. This is formalised as:

Y = TY (1) + (1− T )Y (0)

where Y is the observed outcome. Because the individual
treatment effect (Yi(1) − Yi(0)) is unobservable, researchers
focus on population-level estimands, such as the Average
Treatment Effect (ATE):

ATE = E[Y (1)− Y (0)]

which represents the expected difference in outcomes if the
entire population was treated versus if none were treated.

2.2 Assumptions under Unconfoundedness

Because the ATE takes into account unobserved counterfac-
tuals, the estimated effects based on observational data re-
quire specific assumptions (Baitairian et al., 2026). The X-
ignorability assumption asserts that treatment assignment is
independent of possible outcomes after X is taken into ac-
count:

(Y (0), Y (1)) ⊥ T | X

This isolates the causal relationship between treatment and
potential outcomes. Additionally, we assume positivity (or
overlap), requiring that every unit has a non-zero probability
of receiving either treatment state (0 < P (T = 1 | X) <
1). Under these conditions, we can calculate the propensity
score, e(X) = P (T = 1 | X), which represents the con-
ditional probability of treatment given the observed vector
(Rosenbaum and Rubin, 1983). One possible choice for esti-
mating the mean potential outcomes that form the ATE is In-
verse Probability Weighting (IPW) (Hirano et al., 2003). For
example, the mean outcome under treatment can be estimated
as:

θ̂(1) =
1

n

n∑
i=1

TiYi

ê(Xi)

with an analogous estimate for θ̂(0) and the IPW estimate of
the ATE is then θ̂(1)− θ̂(0).

2.3 Estimating Propensity Scores
In practical applications of causal inference, the true propen-
sity score e(X) is rarely known and must be inferred from the
observed data to construct the IPW estimator. This typically
involves training a predictive model to estimate the probabil-
ity of treatment assignment based on the observed covariates
X .

One standard and widely used approach is logistic regres-
sion (Austin, 2011). Under this model, the probability of
treatment is expressed as a linear function of the observed
covariates mapped through the logistic function:

ê(X) =
1

1 + exp(−X⊤β̂)

Logistic regression is favored for its low computational
complexity, interpretability, and well-understood properties.
While highly flexible machine learning algorithms are in-
creasingly popular for capturing complex relationships (Yao
et al., 2021), logistic regression serves as the foundational
baseline and, as shown by Baitairian et al. (2026), it outper-
forms other methods in simpler scenarios.

2.4 The Threat of Unmeasured Confounding
In practice, X-ignorability is often unrealistic. If there are un-
measured confounders U that influence both T and Y , the ig-
norability assumption fails, and standard IPW estimates will
be biased. To account for this, we relax the assumption to
(X,U)-ignorability, acknowledging that treatment is only in-
dependent of potential outcomes when both observed and un-
observed factors are considered:

(Y (0), Y (1)) ⊥ T | (X,U)

Because U is by definition unobserved, it is impossible to
obtain a single point estimate for the treatment effect. In-
stead, researchers use sensitivity analysis to evaluate how ro-
bust their conclusions are to potential hidden bias.

2.5 The Marginal Sensitivity Model
The MSM (Tan, 2006) provides a flexible framework for sen-
sitivity analysis by bounding the influence of U on the treat-
ment assignment mechanism. It assumes that two individuals
who share identical observed covariates X may still differ
in their odds of receiving treatment by at most a factor of Γ
due to the unmeasured confounder U . Formally, the MSM is
defined by the set of possible propensity scores e(x, u) such
that:

Γ−1 ≤ OR(e(x, u), e(x)) ≤ Γ

where the odds ratio function is defined as:

OR(a, b) =
a/(1− a)

b/(1− b)

When Γ = 1, the model reduces to standard unconfound-
edness; as Γ increases, the model allows for progressively
stronger hidden bias.

One of the most important metrics is the critical value Γc,
defined as the minimum confounding strength required for
the sensitivity bounds (or their confidence intervals) to in-
clude the null effect. If Γc is high, the causal findings are



considered robust because it would take a very strong unob-
served confounder to nullify the effect. If Γc is low, the study
is sensitive to hidden bias, and the causal conclusions are less
reliable.

3 Methodology
This section outlines the experimental methodology used to
assess the limits of informal benchmarking. We begin by
defining the extended Leave-Multiple-Out Informal Bench-
marking Framework. Next, we introduce a synthetic Data
Generating Process utilizing three distinct covariate distribu-
tions to isolate the impact of data geometry. Finally, we estab-
lish the theoretical ground-truth benchmark and the metrics
used to validate our findings.

3.1 The Leave-Multiple-Out Informal
Benchmarking Framework

Informal benchmarking addresses the problematic inter-
pretability of unobserved confounding Γ by calculating
an empirical bound Γ̂ based on the observed covariates
(Baitairian et al., 2026). The core idea is to treat known co-
variates as if they were unobserved, to see how much they
would move the estimated treatment effect.

Traditionally, the sensitivity of a treatment effect is calcu-
lated via a leave-one-out procedure, where a single covariate
is dropped to measure the resulting shift in the odds of treat-
ment. However, this limits the benchmarking to a single di-
mension of confounding, which may not capture the true mul-
tidimensional nature of hidden bias. To address this, we use
a generalized LMO framework that systematically evaluates
the confounding strength of all possible subsets of observed
covariates, providing a more comprehensive sensitivity anal-
ysis.

Let X ∈ RN×p represent the fully observed covariate ma-
trix. We define S ⊂ {1, 2, . . . , p} as a specific subset of co-
variates chosen to be omitted, where |S| = m is the size of
the dropped subset. This in turn makes LOO the base case
where m = 1.

For any given individual i, the baseline full-information
odds of receiving treatment Ti = 1 are conditioned on their
complete covariate profile Xi:

Ofull(Xi) =
ê(Xi)

1− ê(Xi)
(1)

To benchmark against the specific feature subset S, those
features are omitted from the dataset, yielding the reduced
covariate profile X

(−S)
i . The reduced-information odds are

conditioned strictly on the remaining observed data:

O
(−S)
reduced(Xi) =

ê(X
(−S)
i )

1− ê(X
(−S)
i )

(2)

The implied confounding strength, Γ̂
(S)
i , represents the

magnitude of the shift in treatment odds for patient i when
the covariates in subset S are treated as unobserved:

Γ̂
(S)
i = max

(
Ofull(Xi)

O
(−S)
reduced(Xi)

,
O

(−S)
reduced(Xi)

Ofull(Xi)

)
(3)

Because the Marginal Sensitivity Model requires bounds
to hold for all units simultaneously, the empirical benchmark
for the subset S is strictly defined as the maximum of these
individual deviations across the entire sample of N individu-
als:

Γ̂(S) = max
i∈{1...N}

Γ̂
(S)
i (4)

To identify the absolute maximum vulnerability of the
study to an unobserved confounder of size m, this maximum
must be evaluated across all

(
p
m

)
possible combinations of

dropped features.
Algorithm 1 provides a computational implementation

of the LMO procedure, which evaluates the confounding
strength of all possible subsets of size m and returns the Γ̂(S)

for each subset S.

3.2 Simulation Design and Data Generating
Process

To explore the behavior of the LMO procedure, we designed
a simulation with a strictly defined Data Generating Pro-
cess (DGP). In real observational data, the true confounding
mechanism is fundamentally unknowable. However, a syn-
thetic DGP allows us to fix the exact weights w that influence
treatment assignment, providing a theoretical sensitivity limit
against which empirical estimates can be benchmarked.

Across the reported experiments, the number of observed
covariates is fixed at p = 10 with structural treatment
weights,

w = (1.0, 0.9, 0.8, . . . , 0.2, 0.1).

Only the absolute values of the weights matter as a negative
weight would simply flip the direction of effect on the treat-
ment assignment, without changing the maximum possible
magnitude of the log-odds shift.

All covariates are chosen to lie in [−1, 1]p, so the sen-
sitivity bound has a strict analytical ceiling. For an omit-
ted subset S, the dropped structural log-odds contribution
is
∑

j∈S Xijwj . Because the covariates are bounded, the
largest possible shift occurs at the signed corners of the co-
variate space, where the omitted covariates are close to either
1 or−1 in the relevant coordinates. Therefore, for subset size
m, the theoretical maximum is

Γ
(m)
theory = exp

(
m∑

k=1

|w|(k)

)
. (5)

where |w|(k) denotes the k-th largest absolute structural
weight. A more detailed derivation of this ceiling is provided
in Appendix A.

The theoretical upper bound is a conservative reference
point: it tells us the largest confounding strength possible un-
der the bounded DGP. It is the largest treatment-odds shift
allowed anywhere, achievable only for certain extreme con-
figurations of the covariates. This motivates the focus on the
geometry of the observed sample: even when the DGP al-
lows such extreme points, the theoretical ceiling is only real-
ized empirically if there are individuals in the sample whose
omitted covariates align near these corners.



Algorithm 1 Computational Implementation of LMO Informal Benchmarking

Require: Covariates X ∈ RN×p, Treatment T ∈ {0, 1}N , Subset size m, Estimator Ê

1: êfull ← Fit and predict propensity scores using Ê(X,T )
2: Ofull ← êfull/(1− êfull) ▷ Vector of full-information odds

3: C ← Set of all
(
p
m

)
possible feature combinations

4: for each subset S ∈ C do
5: X(−S) ← X with features in S removed
6: êred ← Fit and predict reduced propensity scores using Ê(X(−S), T )
7: Ored ← êred/(1− êred)

8: OR← Ofull/Ored ▷ Vector of odds ratios for all N individuals
9: Γdev ← max(OR, 1/OR) ▷ Element-wise maximum deviation

10: Γ̂(S) ← max(Γdev) ▷ Maximum bound for subset S
11: Store (S, Γ̂(S))
12: end for

13: return Stored subsets sorted by Γ̂(S) in descending order

Covariate Distributions To isolate how often these bound-
ary regions are represented in the sample, the covariate matrix
X ∈ RN×p was generated from three independent marginal
distributions. Each feature Xij was drawn independently
based on one of the following distributions:

1. Uniform (Flat Density): Xij ∼ U(−1, 1). Probabil-
ity mass is distributed evenly across the domain. This
serves as the baseline setting; the full hypercube is possi-
ble, but finite samples may still contain few observations
near the aligned corners.

2. Beta U-Shaped (Boundary Mass): To increase the
probability of observing boundary-aligned individuals,
latent variables were drawn from a Beta distribution with
shape parameters α, β < 1, specifically Beta(0.2, 0.2),
and linearly scaled:

Xij = 2 ·Bij − 1, Bij ∼ Beta(0.2, 0.2) (6)

3. Beta Bell-Shaped (Centered Mass): To create the op-
posite geometry, with most observations concentrated
near zero and few near the extremes, latent variables
were drawn using shape parameters α, β > 1, specifi-
cally Beta(5.0, 5.0), scaled identically:

Xij = 2 ·Bij − 1, Bij ∼ Beta(5.0, 5.0) (7)

Treatment Assignment Mechanism Following the gener-
ation of the covariate matrix, treatment assignment was gov-
erned by the fixed structural weight vector defined above. The
true propensity score e(Xi) for each simulated patient was
calculated using the logistic cumulative distribution function:

e(Xi) =
1

1 + exp(−X⊤
i w)

(8)

Finally, the observed binary treatment vector T ∈ {0, 1}N
was generated by drawing from a Bernoulli distribution pa-
rameterized by these exact structural probabilities:

Ti ∼ Bernoulli(e(Xi)) (9)

Thus, the conditional treatment assignment rule e(x) is fixed
across experiments. When the marginal distribution of X is
changed, observations are placed in different regions of the
same bounded covariate space, which may also change the
realized distribution of e(X). This variation is therefore in-
terpreted as a change in covariate geometry, not as a different
treatment mechanism.

Changing p would also change the dimension of the hyper-
cube, the number of possible omitted subsets, and the proba-
bility of observing near-corner points. We want to isolate the
effect of covariate geometry, so we keep p = 10 constant and
only change the marginal distribution of the covariates.

3.3 Evaluation Metrics and Analytical
Benchmarks

To evaluate the behavior of the LMO procedure, we compare
the empirical bound with two reference values: the theoreti-
cal ceiling in Equation 5 and an Oracle structural benchmark.
The theoretical ceiling maximizes over the entire bounded co-
variate domain and asks what confounding strength is pos-
sible in principle. The Oracle benchmark instead uses the
known DGP to ask a different question: if the treatment-
assignment model is known exactly, how much of the log-
odds shift would be visible in the observed sample?

This distinction matters because the Oracle is not a max-
imum over the full covariate space. It is “oracle” only with
respect to the treatment-assignment rule. In the implementa-
tion, the empirical LMO bound is obtained by fitting a full
propensity model, refitting a reduced propensity model after
dropping each subset S, and measuring the largest absolute
difference in their fitted odds. The Oracle removes the es-
timation step: it does not use the sampled treatment labels
or refit any reduced model, but directly computes the known
dropped structural contribution for each observed individual.
Thus, the Oracle separates propensity-model estimation error
from sample-geometry limitations. If the Oracle benchmark



is still far below the theoretical value, then the gap comes
from the geometry of the observed sample, not from estima-
tion error.

For a given omitted subset S, the true dropped log-odds
contribution for individual i is∑

j∈S

Xijwj .

The corresponding Oracle subset benchmark is

Γ
(S)
Oracle = max

i
exp

∣∣∣∣∣∣
∑
j∈S

Xijwj

∣∣∣∣∣∣
 , (10)

and the Oracle benchmark for subset size m is

Γ
(m)
Oracle = max

S:|S|=m
Γ
(S)
Oracle. (11)

Using the theoretical ceiling as the target, we report re-
covery ratios to measure how much of it is realized in the
observed data:

Recovery(m)
emp =

Γ̂(m)

Γ
(m)
theory

, Recovery
(m)
Oracle =

Γ
(m)
Oracle

Γ
(m)
theory

.

(12)
Values below one indicate under-recovery of the theoretical
maximum. Values above one can occur when the empirical
procedure misspecifies the propensity model, leading to an
overestimation of the confounding strength. We also summa-
rize the location and size of the observed peak:

m∗ = argmax
m

Γ̂(m), Drop = 1− Γ̂(p)

Γ̂(m∗)
. (13)

These quantities help us understand how the empirical bound
behaves as more features are dropped, and how much it de-
clines after reaching its maximum, which is a key aspect of
the observed behavior that we seek to explain.

4 Experimental Results
This section reports four experiments on the behavior of
LMO informal benchmarking. We first compare empirical
fitted bounds and Oracle structural benchmarks against the
theoretical ceiling, then examine the individual trajectories
behind the sample-level pattern. We then test the proposed
mechanism by injecting corner observations and, finally, vary
the covariate distribution to study the role of sample geome-
try.

4.1 Experiment 1: Empirical LMO Behavior as
Omitted Subset Size Increases

Experiment 1 investigates how the LMO benchmark evolves
as more covariates are dropped. We expect the theoretical Γ
to give a monotone curve: the confounding effect grows as
more information is hidden. We examine whether this refer-
ence pattern is also observed in the other benchmarks.

Using the uniform DGP, we run the experiment for N ∈
{1,000, 10,000, 100,000} over 10 Monte Carlo repetitions.
For each sample size, we evaluate all subset sizes m ∈

Figure 1: Empirical fitted and Oracle LMO bounds compared with
the theoretical Γ. Observed bounds plateau while the theoretical Γ
keeps increasing.

{1, . . . , p} and compare the mean empirical benchmark with
the Oracle benchmark and the theoretical Γ.

Figure 1 shows that the empirical bound increases at first,
but then reaches a plateau and can slightly decrease for larger
omitted subsets. Table 1 shows the same pattern numerically:
for all three sample sizes, the empirical peak occurs before
m = 10, although the final value remains close to the peak.

Table 1: Empirical peak and final LMO bound in Experiment 1.

N Peak m Peak Γ̂ Γ̂m=10 Rec.m=10

1k 8 41.28 37.30 0.152
10k 9 54.20 52.45 0.214
100k 9 73.63 71.40 0.292

The effect of sample size is also clear. Larger samples pro-
duce larger empirical Γ values and recover a greater fraction
of the theoretical Γ. This supports the geometric interpre-
tation: as N increases, the sample is more likely to con-
tain individuals near the corner regions that generate large
bounds. However, this improvement is limited. Even when
N = 100,000, the empirical recovery at m = 10 is only
0.292, meaning that the observed sample realizes less than
one third of the theoretical maximum.

Figure 2 shows this under-recovery more directly. For
small m, the empirical benchmark can slightly exceed the
theoretical Γ because it is based on ratios between the es-
timated propensity models, which can be wrong. However,
both the empirical and Oracle recovery ratios decline as m
increases. This indicates that the main limitation is not sim-
ply estimation error from the propensity model. Even when
the benchmark is computed directly from the known DGP, the
observed sample does not contain individuals that perfectly
match the extreme corner configurations assumed by the the-
oretical ceiling. The empirical LMO benchmark is therefore
constrained by the geometry of the finite sample, especially
as more covariates are dropped.



Figure 2: Recovery ratio of empirical fitted and Oracle LMO bounds
relative to the theoretical Γ. Recovery declines as m increases, in-
cluding for the Oracle benchmark.

4.2 Experiment 2: Individual Trajectories Behind
the LMO Bound

Experiment 1 showed that the LMO benchmark can plateau
and under-recover the theoretical maximum. Experiment 2
examines the individual-level structure behind this pattern.
Using the same uniform DGP as in Experiment 1, with N =

10,000, we tracked the largest Γ̂ value achieved by each indi-
vidual across all possible subsets of dropped covariates.

Figure 3: Distribution of individual bounds across omitted subset
sizes. Semi-transparent gray lines show the trajectory of each indi-
vidual. The median, 90th percentile, and 99th percentile individual
bounds remain far below the theoretical maximum as m increases.

Figure 3 shows that most individuals remain far below the
theoretical maximum. The maximum Γ̂ found is not represen-
tative of a typical sample member. Instead, it is determined
by a small number of observations in the extreme upper tail.

The mechanism can be seen from the individual dropped
log-odds contribution,

∆i(S) =
∑
j∈S

Xijwj , Γi(S) = exp(|∆i(S)|).

Because the structural weights are positive in this DGP, an
individual’s Γ value is large when the omitted covariates
have large magnitudes and the same sign. In that case, their
weighted contributions reinforce one another. When the omit-
ted covariates have mixed signs, the terms partially cancel in-
side the sum, reducing |∆i(S)| even if more covariates are
omitted.

This explains the shape of the individual trajectories. For
small and intermediate values of m, the best subset for a
boundary individual can often select covariates that point in
the same direction, so the trajectory increases. As m becomes
larger, however, the subset must include more of that individ-
ual’s remaining covariates. These additional covariates may
be weaker or may point in the opposite direction, so they no
longer add to the existing contribution. The resulting trajec-
tory can then plateau or decline.

Experiment 2 therefore provides an individual-level expla-
nation for the pattern observed in Experiment 1. The LMO
benchmark is controlled by rare boundary individuals rather
than by the average sample member. If the sample does not
contain observations close to the required corner configura-
tions, the empirical bound cannot reach the theoretical maxi-
mum.

4.3 Experiment 3: Corner Injection
If the plateau in the empirical curve is caused by missing or
rare corner-aligned individuals, then adding such individuals
should increase the observed LMO bound. Experiment 3 tests
this prediction using the same uniform DGP as before, with
N = 10,000, p = 10, and 10 Monte Carlo repetitions to gen-
erate the mean results. For each repetition, we compare two
samples: a standard uniform sample and a corner-injected
version. The corner-injected sample is the same as the stan-
dard sample, except that two observations are replaced by the
positive and negative corners:

X+ = (1, 1, . . . , 1), X− = (−1,−1, . . . ,−1).
They are the configurations most favorable to producing

large odds-ratio shifts when multiple covariates are omitted,
because their values align across all dimensions. Treatment
assignments for these injected observations are generated us-
ing the same treatment-assignment rule as in the original
DGP.

Figure 4 shows that the samples with injected corner ob-
servations produce larger empirical LMO bounds than the
standard uniform samples. This supports the interpretation
from Experiment 2: the empirical bound is not determined
only by the structural weights w, but also by whether the ob-
served sample contains individuals whose covariate profiles
align with those weights.

The theoretical maximum is therefore attainable in princi-
ple, but only when the sample contains observations near the
relevant geometric extremes. In ordinary finite samples, es-
pecially in higher dimensions, such observations may be rare
or absent.

4.4 Experiment 4: Covariate Geometry
Experiment 4 examines whether the fitted LMO benchmark
changes with the geometry of the covariate distribution. As



Figure 4: Comparison between standard uniform samples and sam-
ples with injected corner observations. Adding extreme corner indi-
viduals increases the empirical LMO bound and moves it closer to
the theoretical maximum.

in previous experiments, we use N = 10,000, p = 10, and
10 Monte Carlo repetitions. We compare the three covari-
ate distributions defined in the methodology: a boundary-
heavy Beta distribution, a uniform distribution, and a center-
heavy Beta distribution. Across these settings, the treatment-
assignment mechanism is kept fixed.

If our previous conclusions hold, then the U-shaped distri-
bution should produce larger fitted bounds because it places
more probability mass near the edges of the covariate space.
By contrast, the bell-shaped distribution should produce
smaller fitted bounds because most observations are concen-
trated near the center.

Figure 5: Fitted and Oracle LMO bounds across three covariate
geometries. Solid lines show fitted benchmarks, dashed colored
lines show Oracle structural benchmarks, and the black dashed line
shows the theoretical maximum. Boundary-heavy covariates yield
the largest bounds, while center-heavy covariates produce the small-
est bounds.

Figure 5 shows the expected ordering for both fitted and
Oracle bounds. The U-shaped Beta distribution produces the

largest bounds, consistent with its greater concentration of
observations near the boundary of the covariate space. The
fitted boundary-heavy curve can exceed the theoretical ceiling
for smaller subset sizes, reflecting the same estimation error
discussed in Experiment 1, as the more extreme values hurt
the logistic regression fit. The Oracle curve instead almost
perfectly tracks the structural contribution represented in the
sample, up to m = 7, and then slightly under-recovers it for
larger subset sizes.

The uniform distribution is as expected in the middle, as
seen in the previous experiments.

The bell-shaped Beta distribution produces the smallest
bounds, since most observations lie near zero and omitted co-
variates therefore generate weaker log-odds shifts.

This experiment shows that the LMO benchmark is sensi-
tive to sample space captured. When the distribution places
sufficient probability mass near the relevant extremes, the fit-
ted benchmark can recover a larger fraction of the theoretical
bound. When the distribution concentrates mass near the cen-
ter, the sample-realized bound can severely under-recover the
theoretical confounding strength.

5 Discussion
The experiments show that LMO informal benchmarking de-
pends not only on the structural strength of the omitted co-
variates, but also on which covariate patterns are present in
the observed sample. The key mechanism is directional align-
ment: confounding is strongest when the omitted covariates
reinforce each other in the treatment-assignment model. In
our DGP, all weights are positive, so this happens when omit-
ted covariates have the same sign and large magnitude. As m
increases, this becomes harder to realize in the sample, which
can cause the empirical benchmark to plateau or decline.

The Oracle benchmark separates this effect from
propensity-model estimation error. Computed directly
from the known DGP, it reflects whether the strongest
confounding configurations are represented in the observed
sample. Declining Oracle recovery shows that the plateau
is not an artifact of propensity-model estimation error, but
rather a consequence of the sample.

The practical implication is that informal benchmarking
should be interpreted as a sample-realized benchmark, not
as a measure of the maximum confounding strength possible
over the full covariate space. There is a difference between
the theoretical Γ that covariates could produce in principle
and the empirical Γ̂ recovered by dropping them in the ob-
served sample. Informal benchmarking treats the empirical
value as a proxy for the theoretical. This matters because
under-recovery can make robustness appear stronger than it
is. If the maximum possible Γ is underestimated, informal
benchmarking may give false reassurance about the stability
of the causal conclusion under MSM.

More generally, IB carries two layers of uncertainty. First,
it relies on the assumption that the confounding implied by
observed covariates is informative about possible hidden con-
founding. Second, even for the observed covariates, the fi-
nite sample may not contain the strongest confounding con-
figuration present in the population. The second uncertainty



becomes increasingly important as the number of covariates
grows. For small values of m, only a few covariates need to
align, so the empirical benchmark is more likely to capture
the maximum confounding. As m grows, however, the theo-
retical maximum depends on increasingly specific combina-
tions of covariates aligning at the same time, which becomes
less likely in a finite sample.

However, the problem with interpreting the plateau as an
indication of underestimation is that the plateau may also re-
flect a genuine decline in confounding strength as more co-
variates are dropped. This is why greater understanding of the
underlying problem is needed to interpret the benchmark. For
example, knowing whether the covariates are bell-shaped or
U-shaped can help determine whether the benchmark under-
estimates the true confounding strength or reflects the lower
importance of certain covariates.

Several limitations follow from the controlled simulation
design. The covariates are independent, bounded, and con-
tinuous, the treatment mechanism is logistic and the struc-
tural weights are fixed and positive. Real observational data
may include correlated features, categorical variables, nonlin-
ear assignment rules, unknown covariate bounds, and proxy
variables. Correlations may make some corner configurations
impossible rather than merely rare, while proxies may create
other forms of alignment not captured here.

6 Responsible Research
This study uses only synthetic data generated from explic-
itly defined data-generating processes. It does not involve
personal data, real patient records, consent issues, or direct
privacy and data-security risks.

The main ethical risk lies in interpretation. Sensitiv-
ity analysis is used in medical, sociological, and policy-
oriented observational research, where causal conclusions
may influence treatment decisions, institutional choices, or
claims about social interventions. If an LMO benchmark
is interpreted as the maximum possible hidden confounding
strength, rather than as the strongest confounding pattern rep-
resented in the observed sample, it may give false reassurance
about the robustness of such conclusions. This risk can per-
sist beyond the original study. Even if the original assump-
tions are stated clearly, later work may cite the result without
them, making the claim appear more general than it is.

Real observational data may include correlated features,
categorical variables, nonlinear assignment, measurement er-
ror, and limited overlap. Therefore, the results of this study
should be interpreted with caution and not treated as univer-
sally applicable. Instead, they should be seen as evidence that
IB can be sensitive to the observed sample, and that its relia-
bility should be examined carefully in each applied setting.

To support reproducibility, the data-generating processes,
structural weights, covariate distributions, sample sizes,
and evaluation metrics are specified in the methodol-
ogy. The experimental scripts use fixed and determin-
istic seeds, and the repository contains the code used
to run the experiments: https://github.com/NaidenBoro/
LMO-Informal-Benchmarking.

AI-assisted tools and LLMs were used during the project

for writing support, LaTeX editing, code generation, debug-
ging, and clarification of explanations. They were not used
as a substitute for methodological decisions or interpretation,
and all code changes, numerical outputs, and scientific claims
were reviewed by the author.

7 Conclusion

This paper addressed a practical problem in informal bench-
marking for sensitivity analysis: when multiple observed co-
variates are removed at once, it is unclear whether the result-
ing LMO benchmark reliably captures the strength of con-
founding implied by those covariates. The research questions
were how the empirical LMO benchmark behaves as the num-
ber of dropped features increases, and how this behavior de-
pends on the structure of the data.

The experiments answer these questions by showing that
the empirical LMO benchmark does not necessarily increase
with the number of omitted covariates, even though the theo-
retical maximum does. Instead, it can plateau and eventually
decline. This means that dropping more covariates does not
necessarily produce a stronger empirical benchmark. Larger
samples improve recovery, but do not remove the gap com-
pletely. As m grows, the theoretical ceiling depends on in-
creasingly specific combinations of covariates, making the
relevant high-shift configurations less likely to appear in a
finite sample.

The main reason is not only propensity-model estimation
error. Even the Oracle benchmark, computed directly from
the known DGP, under-recovers the theoretical Γ when the
observed sample lacks the specific individuals producing that
ceiling. Individual trajectories, corner injection, and alterna-
tive covariate distributions all point to the same mechanism:
the LMO informal benchmark is governed by the extremes
present in the sample.

The main conclusion is therefore interpretive. LMO infor-
mal benchmarking for larger numbers of omitted covariates
should be read as a sample-realized benchmark rather than the
maximum hidden confounding strength truly possible. If the
calibrated Γ comes from a sample-realized benchmark, then
robustness claims under MSM based on that value are most
defensible for the datapoints in the sample. They should not
automatically be read as guarantees for the entire population.
Failing to make this distinction can lead to false reassurance
about the robustness of causal conclusions.

Future work should test this mechanism in less ideal-
ized settings, including correlated covariates, mixed continu-
ous and categorical features, nonlinear treatment-assignment
rules, and unknown covariate bounds. Such work could help
distinguish genuinely weak hidden-confounding benchmarks
from benchmarks that appear weak because the observed data
do not cover the relevant parts of the covariate space.

Overall, the results suggest that LMO informal benchmark-
ing should be interpreted with increasing caution as larger
subsets of covariates are dropped. It may understate the true
strength of hidden confounding, which could lead to overly
optimistic assessments of robustness. It is not a failure of the
method, but rather a reflection of its finite-sample nature.

https://github.com/NaidenBoro/LMO-Informal-Benchmarking
https://github.com/NaidenBoro/LMO-Informal-Benchmarking
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A Appendix: Analytical Derivation of the
Theoretical Maximum Bound

We derive the theoretical maximum confounding bound,
Γ
(m)
theory, under a logistic Data Generating Process where co-

variates are bounded X ∈ [−1, 1]p and w ∈ Rp represents
the true structural weights.

Step 1: Full Odds and Dropped Structural
Contribution
The true propensity score is e(X) = 1/(1 + exp(−X⊤w)).
The full-information odds of treatment are:

Ofull(X) = exp(X⊤w) = exp

 p∑
j=1

Xjwj

 (14)

Let S ⊂ {1, . . . , p} be a subset of omitted features of size m.
The structural log-odds contribution of these omitted features
is:

∆S(X) =
∑
j∈S

Xjwj . (15)

This is not the logit of the true reduced propensity P (T = 1 |
X−S), which would require marginalizing over the omitted
variables. It is the structural contribution removed from the
full linear predictor when the covariates in S are treated as
hidden, and is the quantity used by the Oracle benchmark in
this paper.

Step 2: Individual and Subset Bounds
The Oracle dropped-logit benchmark for individual i is the
odds-ratio shift implied by this removed contribution:

Γ
(S)
i = exp (|∆S(Xi)|)

= exp

∣∣∣∣∣∣
∑
j∈S

Xijwj

∣∣∣∣∣∣
 .

(16)

The global bound Γ(S) is the maximum over the domain
X ∈ [−1, 1]p. This is mathematically maximized when each
Xj takes its extreme value matching the sign of wj (i.e., Xj =
sgn(wj)):

Γ(S) = max
X∈[−1,1]p

exp

∣∣∣∣∣∣
∑
j∈S

Xjwj

∣∣∣∣∣∣


= exp

∑
j∈S

|wj |

 (17)

Step 3: The Multidimensional Maximum
To find the absolute worst-case bound for any subset of size
m, we select the m features with the largest absolute weights.
Sorting the weights such that |w|(1) ≥ · · · ≥ |w|(p) yields the
theoretical analytical ceiling:

Γ
(m)
theory = exp

(
m∑

k=1

|w|(k)

)
(18)
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