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Abstract v

Abstract

This thesis generalises the classical cross-ratio of four projective points in CP1 to a pairing
of two k-dimensional and two (n− k− 1)-dimensional linear subspaces of CPn. We prove
that the absolute values of the generalised cross-ratio determine the local height pairings of
the corresponding cycles. For the Archimedean height, the proof avoids integrating Green’s
forms over high-dimensional subspaces by relating this height, via an incidence correspon-
dence, to an explicit height pairing of points and a principal divisor on a Grassmannian.

We then study degenerating families of these linear subspaces and describe the asymptotic
behaviour of all local height pairings as the cycles intersect. We show that the asymptotics
are governed by the intersection degree of the families of cycles, in any degeneration.

Furthermore, using a global construction, we show that the generalized cross-ratio itself,
rather than its norms, computes a generalised Hodge theoretic height. We do this by
showing that the relative homology group, induced by the two k-planes and two (n−k−1)-
planes, is naturally an extension of mixed Hodge structures of Z(0) by Z(1), and that the
height of this extension equals the generalised cross-ratio.

Finally, using local methods, we can study the regularised limits of local heights, and
interpret these limits using only the central degenerate geometry, together with small per-
turbations. This thesis provides an entirely new class of examples associating geometric
shapes to limits of local heights.





Table of contents vii

Contents
Introduction 1

1 The Archimedean Height Pairing 8
1.1 Push-forward and pull-back of differential forms . . . . . . . . . . . . . . . . . . 8
1.2 Green’s Currents and Green’s Forms . . . . . . . . . . . . . . . . . . . . . . . . . 11
1.3 The Archimedean Height Pairing . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
1.4 Push-Forward and Pull-Back of Green’s Currents . . . . . . . . . . . . . . . . . 15
1.5 Push-Forward and Pull-Back of Green’s Forms . . . . . . . . . . . . . . . . . . . 19
1.6 Push-Pull of Archimedean Heights . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2 The Archimedean Height Pairing in Projective Space and the Gener-
alised Cross-Ratio 22
2.1 Complex Projective Space and the Classical Cross-Ratio . . . . . . . . . . . . . 22
2.2 The Archimedean Height in CP1 . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
2.3 The generalised Cross-Ratio . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
2.4 Grassmannians . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
2.5 The Archimedean Height of Linear Subspaces in CPn . . . . . . . . . . . . . . . . 33

3 Asymptotic Behaviour of Archimedean Heights in Projective Space 36
3.1 Proper Degenerations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
3.2 An Example of Degenerating Families of Lines in CP3

C{t} . . . . . . . . . . . . . . 42
3.3 An Introduction to Intersection Theory . . . . . . . . . . . . . . . . . . . . . . . 43
3.4 Excess Intersection Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
3.5 General Degenerations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

4 The Non-Archimedean Contributions 57
4.1 Local Height Pairing at a Prime p . . . . . . . . . . . . . . . . . . . . . . . . . . 57
4.2 Geometric Interpretation of the Regularized Limit u(0) . . . . . . . . . . . . . . 59

5 Mixed Hodge Structures and the Augmented Height Pairing 69
5.1 Pure Hodge Structures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
5.2 Mixed Hodge Structures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
5.3 Extensions of Mixed Hodge Structures . . . . . . . . . . . . . . . . . . . . . . . . 72
5.4 The Augmented Height of Points in CP1 . . . . . . . . . . . . . . . . . . . . . . . 73
5.5 The Augmented Height of Linear Subspaces in CPn . . . . . . . . . . . . . . . . . 76

References 83



1 Introduction

Introduction
Height pairings are an important tool in modern algebraic geometry. For example, they are used
as a powerful tool in the study of diophantine equations, the field of finding integer solutions
to equations with integer coefficients. These diophantine equations have wide-ranging applica-
tions such as balancing chemical reactions [Cro68], describing the geometric structure of viruses
[GG10] and elliptic curve cryptography [Kob87].

Recently, Gerd Faltings was awarded the Abel prize [Nor26], one of the most prestigious
mathematical awards, for his work in arithmetic geometry and resolving the long-standing dio-
phantine conjectures of Mordell and Lang [Fal83]. Mordell predicted that if a polynomial equa-
tion defines a sufficiently complicated curve, then it has only finitely many rational solutions.
More specifically, any non-singular algebraic curve, defined over Q, of genus g ≥ 2, has at most
finitely many rational points. Faltings’ work is not only spectacular for the result he proved,
which for example implies a weak version of Fermat’s Last Theorem, namely that there are at
most finitely many integer solutions to the equation

an + bn = cn,

for n ≥ 4. His work is also important because it proves that the arithmetic (rational points) is
controlled by topology (geometric complexity of the curve). The main idea of Faltings’ proof is
the comparison between a specific kind of height pairing, the Faltings height, and naive heights
via Siegel modular varieties [Blo84].

Another motivation for studying heights is that they give rise to interesting numbers. Like
familiar constants such as π, these numbers often reappear in different parts of mathematics,
sometimes through constructions that look unrelated at first sight [KZ01, BD21]. In particular,
one may encounter the same invariants in very analytic and purely arithmetic constructions.
Such coincidences suggest that these theories are connected in a deeper way, even when the
methods used to define the numbers are quite different. One way to investigate why the same
numbers appear in different contexts is to study different height pairings.

In this thesis, we will study height pairings in a concrete and classical setting. We prove a
formula that computes the Archimedean height pairing of projective linear subspaces of complex
projective space, which is a complex manifold that we will introduce below. The Archimedean
height will be entirely determined by the generalised cross-ratio which we define in Chapter 2.

Because this formula is so explicit, we are able to prove an instance of a conjecture by Z.
Chen and R. de Jong [Che25, Conjecture 1.5]. This conjecture states that the rate of divergence
of the Archimedean height of certain families of algebraic cycles is controlled by their intersec-
tion degree, in proper degenerations. In [HdJ15, Theorem 2.1] such a result has been proven for
degenerations of curves. We have been able to prove this for degenerating higher-dimensional
projective linear subspaces, not just for proper, but also for general degenerations. This suggests
that the conjecture by Chen and de Jong, could hold in a more general setting.

Using this result, we can renormalize the Archimedean height by subtracting the correct
divergent term and talk about the regularized limit. It is very difficult to study these numbers
themselves, because they lack an obvious structure. An algebraic variety which gives rise to such
numbers is far easier to understand. The limit geometry of curves [BdJS23], and later nodal
degenerations of certain odd-dimensional varieties [Bei25] has been studied. We give a geometric
interpretation of this number and show that it is closely related with the central geometry of the
degeneration. This thesis provides an entirely new class of examples, in arbitrary dimensions
and for all degenerations of linear projective subspaces.
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Complex projective space. A complex manifold, of complex dimension n, can be thought
of as a shape, which locally looks like an open subset of Cn. The transition functions describing
how to change between different local complex coordinates are required to be holomorphic. In
particular, Cn is a complex manifold of complex dimension n, and so is any open subset U ⊂ Cn.
By virtue of being compact, complex projective spaces are important examples. They are the
standard ambient spaces in algebraic geometry and defined by

CPn = {L ⊂ Cn+1 | L is a complex line through the origin},

as discussed in Section 2.1. Similarly to complex space itself, they can be equipped with coor-
dinates. An equivalent definition which makes this apparent is the following

CPn = (Cn+1 \ {0})/ ∼

where we declare (x0, . . . , xn) ∼ (y0, . . . , yn) if there exists a single scalar λ such that yi = λxi
for all i. Such an equivalence class is denoted by [x0 : · · · : xn], and these xi are the homogeneous
coordinates. There is a natural action of invertible matrices M ∈ GLn+1(C) on these elements,
which is invariant under scalar multiples of these matrices. For this reason, we define projective
transformations to be

PGLn+1(C) = GLn+1(C)/ ∼,

where A ∼ B if B = λA for some scalar λ.

Classical cross-ratio. Now, let us specialize to the case where n = 1, CP1, the Riemann
sphere. There are three special points in CP1

0 = [1 : 0], 1 = [1 : 1], ∞ = [0 : 1].

Now, given four distinct points P,Q,R and S in CP1, there exists a unique projective transfor-
mation M , which maps

P 7−→ 0, Q 7−→ 1, R 7−→ ∞.

One classically defines the cross-ratio to be the unique complex number CR(P,Q;R,S) such
that, under the projective transformation M ,

S 7−→ [1 : CR(P,Q;R,S)].

If we assume that the original points P,Q,R and S can be written as

P = [1 : p], Q = [1 : q], R = [1 : r], S = [1 : s], (0.1)

then the cross-ratio is given by

CR(P,Q;R,S) =
(p− r)(q − s)

(q − r)(p− s)
.

The cross-ratio is an important concept, as any projective invariant of four projective points is
a function of the cross-ratio, see [Olv99][Example 8.34]. Furthermore, the moduli space M0,4

parametrizes smooth genus 0 curves with four ordered marked points, up to isomorphism. Since
every smooth genus 0 curve is isomorphic to P1, this is equivalently the moduli space of ordered
configurations of four distinct points on P1, up to projective transformations. Thus, the cross-
ratio is the natural parameter on this moduli space, see [Vak03, p. 5].
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Generalised cross-ratio. Alternatively, the points P,Q,R and S correspond to lines LP , LQ,
LR and LS in C2 that pass through the origin. Let vP , vQ, vR and vS be elements of C2 that
generate the respective lines, i.e., any non-zero vector contained in the line. Because C2 is
a complex vector space of dimension 2, there exists a non-canonical isomorphism of complex
vector spaces between the two-fold exterior product Λ2C2 and the complex numbers themselves.
In Proposition 2.3 we show that regardless of the chosen isomorphism, the value

(vP ∧ vR)(vQ ∧ vS)
(vQ ∧ vR)(vP ∧ vS)

is well-defined, independent of the choice of vectors, and equals the classical cross-ratio. This
definition can now be generalised from four distinct points P,Q,R and S in CP1, to two k-
dimensional linear subspaces YP , YQ and two (n− k− 1)-dimensional linear subspaces YR, YS in
CPn, for which

YP ∩ YR = YP ∩ YS = YQ ∩ YR = YQ ∩ YS = ∅,

which we call a non-degenerate quadruple. These dimensions are chosen in such a way that

dim(YP ) + dim(YR) = dim(CPn)− 1,

similarly to the simpler case of points in CP1. We can choose a basis vP0 , . . . , vPk for YP when
viewed as a (k + 1)-dimensional subspace of Cn+1. Let vP = vP0 ∧ · · · ∧ vPk and similarly for
vQ, vR and vS . We then define, see Definition 2.3, the generalised cross-ratio to be

CRn(YP , YQ;YR, YS) =
(vP ∧ vR)(vQ ∧ vS)
(vQ ∧ vR)(vP ∧ vS)

.

Archimedean heights. With this in mind, we now turn to the Archimedean height pairing.
All these definitions are carefully introduced in Chapter 1. Suppose Z and W are formal sums
of subspaces of a complex manifold X, such that

dim(Z) + dim(W ) = dim(X)− 1.

Then the Archimedean height, denoted by 〈Z,W 〉∞, is a way of describing the complexity of the
subspaces Z and W . For simplicity, assume that Z and W are homologically trivial analytic
subspaces. Then the Archimedean height can be computed as follows. First, we associate to the
subspace Z a Green’s current GZ satisfying

ddcGZ + δZ = 0.

Then, we compute a Green’s form for Z, i.e., a differential form gZ such that the associated
current JgZK = GZ . Lastly

〈Z,W 〉∞ = −
ˆ
W
gZ .

However, note that computing these Green’s forms and then integrating over the possibly high-
dimensional subspace W is hard to do explicitly in general.

Archimedean height in CP1. Since CP1 is a complex manifold of complex dimension 1,
we can only pair points against each other. Because we assume the cycles to be homologically
trivial, we will pair P −Q against R−S, where P,Q,R and S are distinct points in CP1. Again,
let us assume that P,Q,R and S can be written as in Equation 0.1. In Section 2.2, we will show
that a Green’s form for P −Q is given by

gP−Q(z) = − log

∣∣∣∣z − p

z − q

∣∣∣∣ .
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Since integration over points is simply evaluation, we conclude that the Archimedean height is
given by

〈P −Q,R− S〉∞ = log |CR(P,Q;R,S)| , (0.2)

see Proposition 2.5. It is classical, yet remarkable, that the arithmetic complexity of differences
of points, as captured by the Archimedean height, is completely governed by their cross-ratio.

Archimedean height in CPn. The first main result of this thesis is that we extend this
relation to the case where YP , YQ are k-dimensional linear subspaces, and YR, YS are (n−k−1)-
dimensional linear subspaces, non-degenerate in CPn.

Theorem A (Theorem 2.20). Let YP , YQ, YR and YS be as above. Then the Archimedean
height is given by

〈YP − YQ, YR − YS〉∞ = log |CRn(YP , YQ;YR, YS)|.

This formula allows one to easily compute and manipulate the Archimedean height, in higher-
dimensional examples. A formula for a Green’s current associated to a linear subspace of CPn

exists, it was first introduced by H. Levine, see [GS90b, Proposition 5.1]. However, it is very
complicated and integrating it over a high-dimensional analytic subspace seems unpleasant.
Instead, we compute it by relating it to the case of principal divisors and points, in another
ambient space called a Grassmannian, see Lemma 1.23.

Asymptotic behaviour. Throughout this introduction, we have always assumed the objects
of study to be disjoint. The cross-ratio is not well-defined when the points, or higher dimensional
subspaces, intersect and neither is the Archimedean height associated to them. However, it is
interesting to study the asymptotic behaviour of the Archimedean height pairing if the subspaces
are moving, say holomorphically dependent on some complex parameter t.

Theorem B (Theorem 3.5 & Theorem 3.21). Let YP (t) and YQ(t) be moving k-dimensional
linear subspaces of CPn, and let YR(t) and YS(t) be moving (n − k − 1)-dimensional linear
subspaces of CPn, all holomorphically dependent on t. Assume that for all sufficiently small
non-zero t, the linear subspaces are non-degenerate, then

〈YP (t)− YQ(t), YR(t)− YS(t)〉∞ = deg
(
(YP − YQ) · (YR − YS)

)
log |t|+ log |u(t)|, (0.3)

for some nowhere-vanishing holomorphic function u(t).

We denote the families by YP , YQ, YR and YS . Furthermore, · denotes the intersection prod-
uct. Because the families are of complementary dimension, their intersection product will consist
of a formal sum of points, the degree deg(−) simply sums the integral coefficients. In Section
3.3, we will introduce the necessary ingredients from intersection theory, to properly define these
families and the intersection degree.

First, we assume that the intersection is proper, i.e., of expected dimension, when t = 0. For
example, if YP (t) is a line and YR(t) is a plane, for all t, then dim(YP (t)) = 1 and dim(YR(t)) = 2
and as a family dim(YP ) = 2 and dim(YR) = 3. These families are now not just subspaces of CP4

but of CP4
C{t}, which allows them to be viewed as if they are moving, and is now a 5-dimensional

space. All these concepts are introduced in Section 3.1. For a proper intersection, we expect

dim(YP ∩ YR) = dim(YP ) + dim(YR)− dim(CP4
C{t}) = 2 + 3− 5 = 0.

In the next figure we show an example of two different degenerations of YP and YR, one that is
proper and one that is not.
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YP.(0)
YP.(0)

YR.(0)

YR.(0)

Figure 1: Left: Proper intersection. Right: Excess intersection.

When we restrict to proper degenerations, Theorem 3.5 proves a Conjecture by Z. Chen and
R. de Jong [Che25, Conjecture 1.5] for the specific cycles YP −YQ and YR−YS . In Theorem 3.21
we generalize this result to arbitrary degenerations. This provides evidence that their conjecture
might hold in an even more general setting.

Non-Archimedean contributions. Number theory often studies geometric objects not only
over the complex numbers, but also through their reductions modulo primes. Each prime p gives
rise to a different local picture: even when planes are disjoint over the complex numbers, it can
happen that they intersect non-trivially when reduced modulo some prime p. The corresponding
local height at p measures precisely this p-adic contribution to the arithmetic complexity of the
cycles. In Chapter 4 we apply the machinery from Chapter 3 to the ring Zp, for any prime p,
to find the local heights whenever the planes YP , YQ, YR and YS are defined over Z or Zp.

Theorem C (Corollary 4.2). Let p be a prime number. Let YP and YQ be k-dimensional
linear subspaces of CPn and let YR and YS be (n − k − 1)-dimensional linear subspaces of
CPn, non-degenerate and defined over Zp. Then the local height is given by

〈YP − YQ, YR − YS〉p = log |CRn(YP , YQ;YR, YS)|p,

where | · |p denotes the p-adic norm.

Here 〈·, ·〉p denotes the local height at place p. Thus, not only the Archimedean height, but
all local heights are completely determined by the corresponding norms of the cross-ratio.

Regularized cross-ratio. When the k-planes YP and YQ and the (n− k − 1)-planes YR and
YS are defined over the integers we can further extend the definition of the cross-ratio. We now
allow YP and YQ to intersect YR and YS . Let VP , VQ, VR and VS denote the underlying lattices of
the projective linear spaces. Then, when intersection occurs, choose normal tuples which consist
of vectors

r1P,R, . . . , r
m
P,R ∈ Zn+1

(VP + VR)sat

such that the images of r1P,R, . . . , rmP,R form a basis of the normal directions after tensoring with Q.
Let rP,R = (r1P,R, . . . , r

m
P,R and similarly define rP,S , rQ,R and rQ,S . Then we define the regularized

cross-ratio of YP , YQ, YR and YS , together with these normal vectors r = (rP,R, rP,S , rQ,R, rQ,S)
by

|CRn
r (YP , YQ;YR, YS)| =

[
Zn+1 : (VP + VR + rP,R)

]
[Zn+1 : (VQ + VR + rQ,R)]

[
Zn+1 : (VQ + VS + rQ,S)

]
[Zn+1 : (VP + VS + rP,S)]

,

which is well-defined up to sign, see Definition 4.9 for more details and Figure 2.
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Figure 2: An example showing the vectors rP,R, rP,S and rQ,R used to define the regularized
cross-ratio for intersecting YP , YQ, YR and YS .

Regularized limit. In Chapter 4 we also find a geometric interpretation of the remaining
constant u(0) from Equation 3.2, which we call the regularized limit. Unlike the cross-ratio itself,
this constant is well-defined up to sign for the individual intersections YP s ·YRs, YP s ·YSs, YQs ·YRs

and YQs · YSs so, for simplicity, we only focus on a single intersection, and denote the families
by X and Y . When the families of planes X and Y are defined over Z, we show that there
is a canonical Z-basis for the direction in which the planes collide. In the case of an excess
intersection, there are multiple normal directions, see Figure 3.

Figure 3: Left: Proper degeneration. Right: Excess degeneration.

On the left, the unique normal direction is denoted by ξ, and on the right there are two
normal directions spanned by ξ1 and ξ2. The families X and Y induce vectors, one for each
normal direction denoted by r (left) or r1 and r2 (right), which are determined by the rate at
which these families move in these normal directions.

Theorem D (Corollary 4.10). The absolute value of the constant |u(0)|, as in Equation 3.2,
is given by the regularized cross-ratio of YP s, YQs, YRs and YSs together with the induced rate
of collision vectors rP,R, rP,S , rQ,R and rQ,S .

For the precise statement of Theorem D we refer to Theorem 4.8. It is via this interpretation
that we can associate a canonical geometric object to the regularized limit u(0). Finding such a
regularized limit of shapes is in general very hard, and an interesting open problem. The case of
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curves [BdJS23] and nodal degenerations of certain odd-dimensional varieties [Bei25] have been
handled. This thesis shows the that the regularised limit is determined by the central geometry,
also in the case of degenerations of projective linear subspaces in arbitrary dimension.

Augmented height pairing. In some sense, Theorems A and C are evidence that the pro-
posed generalisation of the cross-ratio is a natural choice. We see that the norms of the gen-
eralised complex-valued cross-ratio share the same relation with local heights as the classical
cross-ratio. We will show that not just the norm of the cross-ratio, but also the complex value
itself, is canonical. To do this, we will study the augmented height pairing of YP − YQ and
YR − YS in Chapter 5, which is now not just a real, but a complex number. We will recall some
standard facts, showing that the singular homology group

Hsing
2(n−k)−1(CP

n \ |YP − YQ|, |YR − YS |),

can be equipped with the structure of an integral mixed Hodge structure, denoted by H. After
twisting H(−(n− k− 1)) = H ⊗Z(−(n− k− 1)) fits in a short exact sequence of mixed Hodge
structures

0 → Z(1) → H(−(n− k − 1)) → Z(0) → 0,

in other words, can be interpreted as an element of Ext1MHSZ
(Z(0),Z(1)). In Proposition 5.12

and Corollary 5.13 we recall that this extension group is canonically isomorphic to C×, the non-
zero complex numbers. The height of this extension is called the augmented height of YP − YQ
and YR−YS , denoted by 〈YP −YQ, YR−YS〉aug, which is a non-zero complex number. Similarly
to the local heights, we show in Section 5.4 that

〈P −Q,R− S〉aug = CR(P,Q;R,S),

for distinct points P,Q,R and S in CP1. We then generalise this result in Section 5.5.

Theorem E (Corollary 5.21). Let YP and YQ be k-dimensional linear subspaces of CPn and
let YR and YS be (n− k− 1)-dimensional linear subspaces of CPn, which are non-degenerate.
Then the augmented height is given by

〈YP − YQ, YR − YS〉aug = CRn(YP , YQ;YR, YS).

We would like to remark that (the proof of) Theorem E actually implies both Theorems A
and C, see [Hai90, Proposition 3.3.12]. Nevertheless, we still present the direct proof in Chapter
2, because, although challenging, it is a far more intuitive direction to follow. This proof also
requires far less technical machinery, which allows a broader audience to appreciate its result.

Conclusions. Theorems A and C show that the norms of the cross-ratio satisfy the relations

〈YP − YQ, YR − YS〉∞ = log |CRn(YP , YQ;YR, YS)| ,
〈YP − YQ, YR − YS〉p = log |CRn(YP , YQ;YR, YS)|p , (for all primes p).

Theorem E, which relates the augmented height pairing with the generalised cross-ratio,

〈YP − YQ, YR − YS〉aug = CRn(YP , YQ;YR, YS),

further confirms that the generalised cross-ratio is canonical not only through its norms, but
also as a complex number. It is remarkable that such a simple constant completely governs
the arithmetic complexity of linear subspaces in CPn. The simplicity of the cross-ratio made it
possible to study asymptotics as complex linear subspaces degenerate, Theorem B, proving an
instance of [Che25, Conjecture 1.5]. It also made it possible to to interpret the regularised limit
geometrically, Theorem D, as described in [BdJS23, Bei25].
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Chapter 1: The Archimedean Height Pairing
The main goal of this chapter is to introduce the Archimedean height pairing and prove a new
formula that helps compute it. This chapter is mostly expository and serves to introduce the
relevant notions for the rest of this thesis. In Sections 1.1 and 1.2 we will recall what differential
forms and currents are and introduce a special kind, namely Green’s forms and currents. Using
these Green’s forms we will recall the definition of the Archimedean height pairing in Section
1.3. Computing the Archimedean height explicitly is in general very hard. However, in Example
1.5, we observe that for a specific kind of cycles, it is easy and explicit. Lastly, in Sections
1.4, 1.5 and 1.6, we will work towards Lemma 1.23, which can reduce a priori difficult height
computations to a case where we can compute them easily and explicitly. This is the main result
of this Chapter, and will be used extensively in Chapter 2.

Section 1.1: Push-forward and pull-back of differential forms

In this section, we will recall what the push-forward of differential forms along a suitable map
p is. We expect familiarity with the concepts of (complex) manifolds, their (co)tangent bundles
and differential forms. For additional information on these topics, or an excellent introduction,
we refer to “Introduction to Smooth Manifolds” by J. M. Lee [Lee13], in particular Chapter 14
on differential forms.

Let M be a smooth manifold. Recall that a differential k-form is a smooth section of ∧kT ∗M ,
the bundle of alternating k-tensors on M . We denote the vector space of differential k-forms by

Ωk(M) := Γ(ΛkT ∗M),

and
Ω(M) :=

⊕
k≥0

Ωk(M).

For a k-form ω and an l-form η, we define the wedge product ω ∧ η, an (k + l)-form pointwise,
i.e. (ω ∧ η)p = ωp ∧ ηp. Since we are on a manifold, locally we can write a differential k-form ω
as

ω|U =
∑
|I|=k

ωIdxI ,

where dxI = dxi1 ∧ · · · ∧ dxik , and ωI ∈ C∞(U). Now let f : M → N be a smooth map. The
differential dfp : TpM → Tf(p)N induces a map

f∗ : Ωk(N) → Ωk(M)

given by
(f∗ω)p(v1, ..., vk) := ωf(p)(dfp(v1), ..., dfp(vk)).

This map is R-linear, and f∗(ω ∧ η) = f∗ω ∧ f∗η, see [Lee13, Lemma 14.16]. When working
with a complex manifold, the induced pull-back map is also C-linear.

Remark 1.1. The pull-back map is also C∞(N,R)- or C∞(N,C)-linear, via

f∗(gω) = (g ◦ f)f∗(ω).

There is also a natural differential operator on differential k-forms, called the exterior deriva-
tive d,

d : Ωk(M) → Ωk+1(M).
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It is locally given by

d

∑
|I|=k

ωIdxI

 =
∑
|I|=k

dωI ∧ dxI .

The exterior derivative commutes with respect to pull-back, i.e. f∗(dω) = d(f∗ω), see [Lee13,
Proposition 14.32]. The push-forward of differential forms, also called fiber integration, is only
defined for suitable smooth maps, such as fiber bundles with compact fibers, or for compactly
supported differential forms. For a comprehensive introduction, we refer to “Lecture notes al-
gebraic topology II 2024-2025” by T. Rot and R. Hoekzema [RH24].

We follow Chapter 7 of “Connections, Curvature, and Cohomology” by W. Greub et al.
[GHV72]. Let F → E

π−→ B be a fiber bundle. We say a differential form ω ∈ Ω(E) has
fiber-compact support if for all compact K ⊂ B the intersection π−1(K) ∩ Supp(ω) is compact,
where

Supp(ω) = {p ∈ E | ωp 6= 0}.

Denote those forms by ΩF (E), and let compactly supported forms be denoted by Ωc(E). We
thus have a chain of inclusions

Ωc(E) ⊂ ΩF (E) ⊂ Ω(E).

Now consider a vector bundle over the same base H → M
πM−−→ B. Write B = (F → E

π−→ B)

and ξ = (H → M
πM−−→ B). Let VE ⊂ TE be the vertical subbundle, i.e. VE,x = Vx(E) =

Ker((dπ)x : TxE → TxB). Let r = dimF and let ϑ : ∧rVE → ξ be a bundle map inducing π at
the base, i.e.

∧rVE M

E B

ϑ

πM

π

We define Supp(ϑ) := {z ∈ E | ϑz 6= 0} ⊂ E. We say that ϑ has fiber-compact support if
π−1(K) ∩ Supp(ϑ) is compact for every compact subset K ⊂ B. Now assume B is oriented and
ϑ has fiber-compact support. We will construct a section σ : B →M which is called the integral
over the fiber of ϑ.

For all x ∈ B, ϑ determines an Mx-valued r-form on Ex, namely ϑx ∈ Ωr(Ex,Mx) given by

ϑx(z; η1, ..., ηr) = ϑ(η1 ∧ ... ∧ ηr)

for z ∈ Ex and ηi ∈ TzEx = Vz(E). Then finally, we define

σ(x) =

ˆ
Ex

ϑx ∈Mx,

where we note that this integral is not in general zero because ϑx is a top-degree form on F .
We may write σ =

´
F ϑ, which is smooth, see [GHV72, Proposition VII, p. 299].

In a less general setting, let us observe what happens when we push forward differential
forms. In the same setup, let dim(F ) = r and dim(B) = n. Our goal is to construct a map´
F : ΩF (E) → Ω(B), which is R- (or C-)linear and homogeneous of degree −r. Let ω ∈ Ωr+p

F (E),
for all x ∈ B, ω determines a compactly supported r-form, ωx on Fx with values in ∧pTx(B)∗.
As follows, fix z ∈ Ex and η1, ..., ηr ∈ Vz(E) and ξ1, ..., ξp ∈ Tx(B). Let ζi ∈ Tz(E) satisfy
(dπ)zζi = ξi. Then ωx is defined by

〈ωx(z; η1, ..., ηr), ξ1 ∧ ... ∧ ξp〉 = ω(z; ζ1, ..., ζp, η1, ..., ηr).
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Then we define (ˆ
F
ω

)
(x) =

ˆ
Ex

ωx.

Note that if one chooses another lift ζ ′, then the difference ζ − ζ ′ is an element of Vz(E) which
has dimension r, so this would mean we plug in, at least r+1, tangent vectors from Vz(E) into
ω giving 0 by anti-symmetry.
Example 1.2. Let us apply this to an easy example. Consider the fiber bundle [0, 1] → [0, 1]×
[0, 1]

π1−→ [0, 1]. As before we let E denote the total space [0, 1] × [0, 1], B the base [0, 1] and F
the fiber [0, 1]. Consider the 2-form ω = dx∧ dy ∈ Ω2

F (E) = Ω2(E). We will try to compute the
1-form

´
F ω = F∗ω. In this case r = p = 1. Fix 0 ∈ [0, 1] and z ∈ F0 = {0}× [0, 1] say z = (0, 0).

Now we choose η ∈ Vz(E) to be an arrow of length 1 pointing up, so (0, 1) ∈ R2 ∼= Tz(E),
and ξ an arrow of length 1 pointing to the right, so 1 ∈ R ∼= Tx(B). Now we need to find
ζ ∈ Tz(E) such that (dπ1)zζ = ξ, choose for example an arrow of length 1 pointing to the right,
so (1, 0) ∈ R2 ∼= Tz(E). Then

〈ωx(z; η), ξ〉 = ω(z; ζ, η) = dx

(
∂

∂x

)
dy

(
∂

∂y

)
− dx

(
∂

∂y

)
dy

(
∂

∂x

)
= 1

Finally, we define
´
F ω, a 1-form on [0, 1]. We will show that this 1-form equals dx by testing it

on the tangent vector ξ.(ˆ
F
ω

)
x

(ξ) =

ˆ
Fx

ω(z; ζ,−) =

ˆ
{x}×[0,1]

dy =

ˆ 1

y=0
dy = 1.

Here we note that ω(z; ζ,−) : TzE → R behaves exactly like dy, when we consider the fact that
ω(z; ζ, ∂

∂y ) = 1. Here we use notation slightly abusively, since we do not distinguish between the
variable y in the fiber Fx and in the total space E, but this is a harmless identification.

Lastly, following Chapter 6 of “Differential Forms in Algebraic Topology” by R. Bott and
L.W. Tu [BT82] we will make this concept even more explicit. First, consider a trivial vector
bundle M × Rn π−→ M . We can decompose any ω ∈ Ωk(M × Rn) as parts which contain
dt1 ∧ ...∧ dtn and those which do not. Write ω = (π∗α)f(x, t1, ..., tn)dt1 ∧ ...∧ dtn + β. Then for
x ∈M

(π∗ω)x := αx ·
ˆ
Rn

f(x, t1, ..., tn)dt1...dtn,

where (each) f has compact support for every x. Then, for an arbitrary orientable vector
bundle E

π−→ M we do the above locally, it only remains to check that on the intersections
Uα ∩ Uβ the different forms agree. Let ω be a differential form on Uα. Locally we can express
ω|Uα = (π∗α)f(x, t)dt1 ∧ ...∧ dtn +α′ and ω|Uβ

= (π∗β)g(x, s)ds1 ∧ ...∧ dsn + β′. Then we have
that s = ϕ(x, t) and ds = ∂φ

∂t (x, t)dt+
∂φ
∂x (x, t)dx, hence

ds1 ∧ ... ∧ dsn = det

(
∂ϕ

∂t
(x, t)

)
dt1 ∧ ... ∧ dtn + ε,

where ε is no longer a top-degree form with respect to the coordinates on the fiber. Hence

α(x)f(x, t) = β(x)g(x, ϕ(x, t)) det

(
∂ϕ

∂t
(x, t)

)
.

Then we finally find:

β(x)

ˆ
π−1(x)

g(x, s)ds = β(x)

ˆ
π−1(x)

(
g(x, ϕ(x, t)) det

(
∂ϕ

∂t
(x, t)

)
dt+ ε

)
= α(x)

ˆ
π−1(x)

f(x, t)dt,

and hence the push-forward, integration along the fiber, defines a well-defined global form on the
base. This construction clearly shows that (π1)∗(dx ∧ dy) = dx as in the previous example.
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Section 1.2: Green’s Currents and Green’s Forms

Following the paper “Arithmetic intersection theory” by H. Gillet and C. Soulé [GS90a], we will
define Green’s currents and forms associated to an algebraic cycle Z. These play a particularly
important role in this thesis as they are used to define the Archimedean height pairing. It is in
general very hard to compute these explicitly. However, in the special case where the cycle is a
principal divisor, we can compute it explicitly, as in Example 1.5.

Let X denote a complex manifold of complex dimension n. Let Dk(X) denote the bornolog-
ical dual of Ωk

c (X). This dual space is called the space of currents. We can decompose the
differential k-forms as

Ωk
c (X) =

⊕
p+q=k

Ωp,q
c (X)

where a differential form ω of bidegree (p, q) can locally, in a holomorphic chart with local
coordinates z1, . . . , zn, be written as

ω|U =
∑

|I|=p,|J |=q

ωI,JdzI ∧ dz̄J ,

meaning there are p holomorphic factors dzj ’s and q anti-holomorphic factors dz̄j ’s. This induces
a similar decomposition on the space of currents, denoted by Dp,q(X). We can also decompose
the exterior derivative as d = ∂ + ∂̄.

Example 1.3. Observe that dzj = dxj + idyj and dz̄j = dxj − idyj . Any smooth f can be
differentiated

df = ∂f + ∂̄f =

d∑
j=1

∂f

∂zj
dzj +

d∑
j=1

∂f

∂z̄j
dz̄j ,

where ∂
∂zj

= 1
2(

∂
∂xj

−i ∂
∂yj

) and ∂
∂z̄j

= 1
2(

∂
∂xj

+i ∂
∂yj

). Thus in particular, ∂ : Ωp,q(X) → Ωp+1,q(X)

and ∂̄ : Ωp,q(X) → Ωp,q+1(X). More concretely, if ω = f(z1, z2, z̄1, z̄2)dz1 ∧ dz̄2 ∈ Ω1,1(X), then

∂ω =
∂f

∂z2
dz1 ∧ dz̄2 ∧ dz2 = − ∂f

∂z2
dz1 ∧ dz2 ∧ dz̄2

∂̄ω =
∂f

∂z̄1
dz1 ∧ dz̄2 ∧ dz̄1 = − ∂f

∂z̄1
dz1 ∧ dz̄1 ∧ dz̄2.

In a similar fashion, the dual of d, also denoted by d, decomposes as well.

Now any smooth oriented k-simplex σ : ∆k → X or k-chain c =
∑n

i aiσi defines a current
δc ∈ Dk(X) defined by

δc(ω) =

ˆ
c
ω =

n∑
i

ai

ˆ
∆k

σ∗i ω.

Because of Stokes’ theorem we have d(δc) = δ∂c as

(dδc)(ω) = δc(dω) =

ˆ
c
dω =

n∑
i

ai

ˆ
∆k

σ∗i (dω) =

n∑
i

ai

ˆ
∆k

d(σ∗i ω) =

n∑
i

ai

ˆ
∂∆k

σ∗i ω = δ∂c.

Next up, we will move to analytic subspaces. Endow Ck with coordinates z1, ..., zk, and the
orientation form (

i

2

)k

dz1 ∧ dz̄1 ∧ ... ∧ dzk ∧ dz̄k = dx1 ∧ dy1 ∧ ... ∧ dxk ∧ dyk.
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Then any closed submanifold Z ⊂ X of (complex) dimension k has a canonical induced orien-
tation. Thus, we can associate to any such Z a current δZ ∈ D2k(X) defined by

δZ(ω) =

ˆ
Z
i∗ω,

where i : Z → X is the inclusion and ω ∈ Ω2k
c (X). Observe that δZ ∈ Dk,k(X), as i∗ω = 0

unless ω is a form of bi-degree (k, k). We extend this linearly, so when Z is a smooth analytic
cycle given by Z =

∑
i ni[Zi] then δZ =

∑
i niδZi . By a result of Lelong [GS90a, Le57], we can

extend this to analytic subspaces Z that are not necessarily smooth by setting

δZ(ω) =

ˆ
Zns

i∗ω =

ˆ
Z̃
π∗i∗ω,

where Zns is the dense and open subset of smooth points of Z, and π : Z̃ → Z is a resolution of
singularities of Z.

Let dc = i
2π (∂̄ − ∂), and consequently ddc = i

π∂∂̄ (we use the convention as in [Bos90]). For
notational simplicity we define

Dp,q(X) = Dn−p,n−q(X)

and

Ω̃p,q(X) = Ωp,q(X)/(∂Ωp−1,q(X) + ∂̄Ωp,q−1(X)),

D̃p,q(X) = Dp,q(X)/(∂Dp−1,q(X) + ∂̄Dp,q−1(X)).

We call a current T ∈ Dk,k real if
T (ω) = T (ω̄)

for any ω ∈ Ωk,k
c (X). Note that we have a map

Ωp,q(X) → Dn−p,n−q(X),

ω 7→ [[ω]],

where
[[ω]](η) =

ˆ
X
ω ∧ η

for any η ∈ Ωn−p,n−q
c .

Definition 1.4. Let X be a complex manifold, and Z =
∑n

i=1 ai[Zi] be an analytic cycle on
X of codimension k. We call an element GZ ∈ D̃k−1,k−1(X) a Green’s current for Z if it is the
class of a real current, such that

ddcGZ + δZ = JωK,
where ω is a C∞-form of bidegree (k, k).

As mentioned in the Introduction, for a specific type of cycle we can compute the Green’s
current explicitly, namely a principal divisor. Let X be a connected complex manifold and let
MX denote the sheaf of meromorphic functions on X. For a non-zero meromorphic function
f ∈ MX(X)×, and for each irreducible analytic hypersurface Z ⊂ X (i.e. an irreducible analytic
subset of codimension 1), one defines the order ordZ(f) ∈ Z as follows. Choose a smooth point
z ∈ Z. Then there exists a neighborhood U of z and a holomorphic function g ∈ OX(U) with
Z ∩ U = {g = 0} and dg 6= 0 along Z ∩ U . On U one can write

f = gm u,
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where u ∈ OX(U)× is a nowhere-vanishing holomorphic function (a unit) and m ∈ Z. The
integer m is independent of all choices and is called ordZ(f), with positive values corresponding
to zeros and negative values to poles. The principal divisor associated to f is

Div(f) =
∑
Z

ordZ(f) [Z],

where the sum runs over all irreducible analytic hypersurfaces Z ⊂ X and is locally finite.

Example 1.5. Let X be a connected complex manifold and Z = Div(f) a principal divisor.
We will show that J− log |f |K is a Green’s current for Z, i.e.,

ddcJ− log |f |K + δDiv(f) = JωK,
for some C∞-form ω.

Write Z =
∑

Zi
ordZi(f)[Zi] and locally near each component we can choose coordinates

such that Zi = {z1 = 0} and write
f = z

ordZi
(f)

1 · ui,
where ui is some non-vanishing unit. Then locally log |f | = ordZi(f) · log |z1|+ log |ui|. We now
want to compute ddcJ− log |f |K, but first let us consider an even easier case. In just one variable
z we will compute ddcJ− log |z|K and show that it equals −δ0.

Approximate − log |z| by the functions fε(z) := −1
2 log(|z|

2+ε). Then by explicit calculations
and because fε is smooth for all ε 6= 0,

ddcJfε(z)K = Jddcfε(z)K = s
− i

2π

ε

(|z|2 + ε)2
dz ∧ dz̄

{
=

s
−1

2

ε

(|z|2 + ε)2
dx ∧ dy

{
.

We say that ddcJfεK converges to −δ0 as currents if for all ϕ ∈ C∞
c (R2) we have thatˆ

R2

ddcfε(x, y)ϕ(x, y)
ε→0−−−→

ˆ
R2

−δ0(x, y)ϕ(x, y) = −ϕ(0, 0).

Now let x = r cos θ and y = r sin θ, then the integral above evaluates to

− ε

π

ˆ ∞

0

ˆ 2π

0

ϕ(r cos θ, r sin θ)r

(r2 + ε)2
dθdr,

now let t = r2

ε . Then this becomes

− ε

π

ˆ ∞

0

ˆ 2π

0

ϕ(
√
εt cos θ,

√
εt sin θ)r

(εt+ ε)2
ε

2
dθdt = − 1

2π

ˆ ∞

0

ˆ 2π

0

ϕ(
√
εt cos θ,

√
εt sin θ)r

(t+ 1)2
dθdt

Then using the dominated convergence theorem we get that this converges to

− 1

2π

ˆ ∞

0

ˆ 2π

0

ϕ(0, 0)

t2 + 1
dθdt = −ϕ(0, 0).

So indeed, we have now shown that ddcJ− log |z|K = −δ0 and in similar fashion ddcJ− log |z1|K =
−δ{z1=0} = −δZi . So, to answer our original question

ddcJ− log |f |K =∑
Zi

ordZi(f) · ddcJ− log |z1|K + ddcJ− log |ui|K
=
∑
Zi

ordZi(f) · −δZi + Jddc(− log |ui|)K
= −δZ + JωK.

Here ddcJ− log |ui|K = Jddc(− log |ui|)K because the log |ui| are smooth.
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We would like to stress that in the case of divisors (i.e., codimension 1 cycles) a Green’s
current is the class of a real current in D̃0,0(X). Thus it is often locally given by a distribution.

Example 1.6. Let us make the previous example even more clear. Consider the ambient space
X = C and f : C → C given by

f(z) =
(z − P )(z −Q)

(z −R)3
,

so that Div(f) = [P ]+[Q]−3[R]. Locally near the point P , we can use the change of coordinates
w = z − P and we have that [P ] = {w = 0}. So then f can be written as

f(w) = w1 · w + P −Q

(w + P −R)3
,

so w times a unit. We conclude that locally the Green’s current corresponding to Div(f) is given
by J− log |w|K. Globally we can write

GDiv(f) =

s
− log

|z − P ||z −Q|
|z −R|3

{
= J3 log |z −R| − log |z − P | − log |z −Q|K .

Finally, we get to the definition of a Green’s form. Let Z denote a closed analytic subset of
X. If a form ω is only defined on X \ Z, i.e., ω ∈ Ωp,q(X \ Z), but is locally L1 near Z, we can
define the current on all of X, denoted by JωK given by

JωK(η) = ˆ
X\Z

ω ∧ η, η ∈ Ωn−p,n−q
c (X).

Definition 1.7. Let X be a complex manifold, and Z =
∑n

i=1 ai[Zi] be an analytic cycle on
X of codimension k. A Green’s form for Z is a smooth form gZ ∈ Ω̃k−1,k−1(X \ |Z|), which is
locally L1 integrable near |Z|, such that [[gZ ]] is a Green’s current for Z.

In the situation of Example 1.5, a Green’s form for Div(f) is thus given by

gZ = − log |f |,

which is smooth on X \ |Z|.

Section 1.3: The Archimedean Height Pairing

In this section we will introduce the Archimedean height pairing, which assigns a real number
to a pair of disjoint analytic cycles Z and Y on a complex manifold X. In this thesis we always
work with a compact ambient space X, e.g. complex projective n-space CPn or more generally
complex Grassmannians

Grk(Cn) = {k-dimensional complex linear subspaces of Cn}.

Definition 1.8. An analytic cycle Z ∈ Zk(X), of complex dimension k, determines a homology
class [Z] ∈ H2k(X,Z) and via Poincaré duality a cohomology class [Z] ∈ H2(dimC(X)−k)(X,Z).
We call a cycle Z homologically trivial if [Z] = 0.

Under the assumption that both cycles Z and Y are homologically trivial, we will define
the Archimedean height pairing. There is one more condition, we require Z and Y to be of
sub-complementary dimension, i.e.

dimC(Z) + dimC(Y ) = dimC(X)− 1.
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Definition 1.9. Let X be a compact complex manifold and let Z, Y be disjoint homologically
trivial cycles of sub-complementary dimension. Then the Archimedean height pairing is defined
as

〈Z, Y 〉∞ = −
ˆ
Y
gZ (1.1)

where gZ is a Green’s form for Z on X.

Under the above assumptions, the Archimedean height pairing is symmetric, i.e. 〈Z, Y 〉∞ =
〈Y, Z〉∞, see [Bos90, p. 5]. Furthermore, we might explicitly write 〈Z, Y 〉X∞ to stress that the
cycles Z and Y are in the ambient space X.

In general, it is very hard to compute Green’s currents, Green’s forms and Archimedean
heights explicitly. We will work towards providing a non-trivial, yet explicit, calculation of the
Archimedean height of disjoint differences of linear subspaces of sub-complementary dimension
in complex projective space. The main idea is the fact that we can compute the Green’s form
for principal divisors very easily. From there computing the Archimedean height provides no
additional issues, since integrating over points simply boils down to evaluation.

〈Div(f), P −Q〉∞ = −
ˆ
X
δP−Q ∧ gZ = log |f(P )| − log |f(Q)|.

In the next two sections we will show that Green’s currents and Green’s forms are very well
behaved under push-forward and pull-back along appropriate maps. It is via this construction
that we will then relate the Archimedean height of linear subspaces in projective space to prin-
cipal divisors and points in another ambient space, the Grassmannians. In sections 2.1 and 2.4
we will introduce these spaces briefly.

Section 1.4: Push-Forward and Pull-Back of Green’s Currents

The following two subsections can be viewed as a recollection of standard results, written down
carefully, to be used in the proof of Lemma 1.23. Throughout these sections let X and Y denote
complex manifolds.

Lemma 1.10. Let p : X → Y be a holomorphic map. Let g be a current on X, and let µ denote
∂ or ∂, then

µ(p∗g) = p∗(µg).

Proof. Let w1, ..., wm be local coordinates on Y and z1, ..., zn on X. We can write a general
(p, q)-form ω on Y as

ω =
∑
I,J

gI,JdwI ∧ dw̄J .

Now, by definition

p∗ω =
∑
I,J

(gI,J ◦ p) p∗(dwI) ∧ p∗(dw̄J)
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Then, by the Leibniz rule, we have

∂(p∗ω) =
∑
I,J

∂(gI,J ◦ p) p∗(dwI) ∧ p∗(dw̄J) +
∑
I,J

(gI,J ◦ p) ∂(p∗(dwI)) ∧ p∗(dw̄J)

±
∑
I,J

(gI,J ◦ p) p∗(dwI) ∧ ∂(p∗(dw̄J))

=
∑
I,J

∂(gI,J ◦ p) p∗(dwI) ∧ p∗(dw̄J) +
∑
I,J

(gI,J ◦ p) ∂(p∗(dwI)) ∧ p∗(dw̄J)

=
∑
I,J

(∂gI,J ∧ dwI ∧ dw̄J) ◦ p+
∑
I,J

gI,J ◦ p (∂(dwI) ∧ dw̄J) ◦ p

= p∗(∂ω)

Here ∂(p∗(dw̄j)) = 0 for all j exactly because p is holomorphic. The last equality is justified
because the pull-back along a holomorphic function of a (complex) function commutes with the
∂ operator. This follows simply by the chain rule

∂(g ◦ p) =
n∑

i=1

∂(g ◦ p)
∂zj

dzj =

m∑
j=1

∂g

∂wj
(p(z))

∂(wj ◦ p)
∂zi

+

m∑
j=1

∂g

∂w̄j
(p(z))

∂(wj ◦ p)
∂zi

where the last sum vanishes because p is holomorphic, and hence equals p ◦ ∂g. Now similarly
this works for µ = ∂̄, where now all the ∂̄(p∗(dwj)) terms will vanish. Now we will show equality
of the currents µ(p∗g) and p∗(µg) by showing they are equal when paired with any (suitable)
form ω.

〈µ(p∗g), ω〉 = 〈p∗g, µω〉 = 〈g, p∗(µω)〉 = 〈g, µ(p∗ω)〉 = 〈µg, p∗ω〉 = 〈p∗(µg), ω〉.

This shows the desired equality of currents.

Corollary 1.11. Let p : X → Y be a holomorphic map. Let g be a current on X, then

ddc(p∗g) = p∗(dd
cg).

Proof. Observe that ddc = i
π∂∂̄, hence

ddc(p∗g) =
i

π
∂∂̄(p∗g) =

i

π
∂p∗(∂̄g) =

i

π
p∗(∂∂̄g) = p∗(

i

π
∂∂̄g) = p∗(dd

cg),

as desired.

This shows that the operator ddc commutes with holomorphic push-forward. We will now
show that it also commutes with pull-back along proper surjective submersions.

Lemma 1.12. Let p : X → Y be a proper surjective submersion. Let g be a current on Y , and
let µ denote ∂ or ∂, then

µ(p∗g) = p∗(µg).

Proof. Because p : X → Y is a proper surjective submersion we can apply Ehresmann’s fi-
bration theorem, meaning p is a locally trivial smooth fiber bundle. Thus locally, above some
neighbourhood U ⊂ Y we have a commuting square

p−1(U) U × F

U U

φ

p π1
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where ϕ : p−1(U) → U × F is a diffeomorphism. Thus we may reduce to the case where
p : Y ×F → Y is the projection, with compact fiber F (without boundary). In this case we may
decompose the exterior derivative

µ = µY + µF

where µY takes the derivative in the Y -component and µF only considers the vertical derivative.
Then

p∗(µω) = p∗(µY ω) + p∗(µFω)

=

ˆ
F
µY ω +

ˆ
F
µFω

= µY

ˆ
F
ω +

ˆ
∂F
ω

= µ(p∗ω)

Here we used Stokes’ theorem and the fact that the boundary of F is empty, together with the
dominated convergence theorem to bring the µY operator outside of the integral over the fiber.
Because push-forward and µ commute when applied to differential forms, it follows by duality
that pull-back and µ commute when applied to currents. A partition of unity argument can glue
these local pieces together to show this holds for general p, under the assumed conditions.

Corollary 1.13. Let p : X → Y be a proper surjective submersion. Let g be a current on Y ,
then

ddc(p∗g) = p∗(ddcg).

Proof. Again, ddc = i
π∂∂̄, hence

ddc(p∗g) =
i

π
∂∂̄(p∗g) =

i

π
∂p∗(∂̄g) =

i

π
p∗(∂∂̄g) = p∗(

i

π
∂∂̄g) = p∗(ddcg),

as desired.

Now we will define the pull-back and push-forward of analytic cycles.

Definition 1.14. Let f : X → Y be a holomorphic map. If f is a submersion of relative
dimension r, then f induces a pull-back on the cycle groups

f∗ : Zk(Y ) → Zk+r(X)∑
i

ni[Zi] 7→
∑
i

ni[f
−1(Zi)]

If f is proper, then f induces a push-forward on the cycle groups

f∗ : Zk(X) → Zk(Y )∑
i

ni[Wi] 7→
∑
i

ni deg(Wi/f(Wi))[f(Wi)],

if dim(f(Wi)) = dim(Wi) = k, and otherwise we set f∗[Wi] = 0.

Proposition 1.15. Let p : X → Y be a proper holomorphic map. Let Z =
∑

i ni[Zi] be an
analytic cycle on X, such that p|Zi : Zi → p(Zi) is a biholomorphism of analytic spaces for each
i, then

p∗δZ = δp∗(Z).
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Proof. Let ω be a form on Y , then

〈p∗δZ , ω〉 = 〈δZ , p∗ω〉

=
∑
i

ni

ˆ
Zi

p∗ω

=
∑
i

ni

ˆ
p(Zi)

ω

= 〈δp∗(Z), ω〉.

The only non-trivial step,
´
Zi
p∗ω =

´
p(Zi)

ω, follows from [Lee13, Proposition 16.1], together
with the fact that p|Zi : Zi → p(Zi) is a diffeomorphism on the underlying smooth manifolds,
for all i.

Proposition 1.16. Let p : X → Y be a holomorphic proper surjective submersion. Let Z =∑
i ni[Zi] be an analytic cycle on Y , then

p∗δZ = δp∗Z .

Proof. We first prove the statement under the additional assumption that each component Zi

is smooth. The general case follows from the same argument applied to the regular loci Zreg
i .

Indeed, the integration current associated to an analytic cycle is defined by integration over its
regular locus, and the singular locus has strictly smaller dimension, hence does not contribute
to the current. Because p : X → Y is a proper surjective submersion we can apply Ehresmann’s
fibration theorem, meaning p is a locally trivial smooth fiber bundle. Thus locally, above some
neighbourhood U ⊂ Y we have a commuting square

p−1(U) U × F

U U

φ

p π1

where ϕ : p−1(U) → U × F is a diffeomorphism. Thus we may reduce to the case where
p : Y × F → Y is the projection, with compact fiber F . Let ψ be a form on Y × F , then we
may (locally) write

ψ =
∑
I,J

gI,J(x, y)dxI ∧ dyJ ,

where {x1, ..., xm} denotes the local coordinates on F and {y1, ..., yn} denotes those on Y . Let
g̃J be equal to gI,J in the special case where I = {1, ...,m}. Then (locally)

〈p∗δZ , ψ〉 = 〈δZ , p∗ψ〉

=
∑
i

ni

ˆ
Zi

p∗ψ

=
∑
i

ni

ˆ
Zi

∑
J

(ˆ
p−1(y)

g̃J(x, y)dx

)
dyJ

=
∑
i

ni

ˆ
Zi

∑
J

(ˆ
F
g̃J(x, y)dx

)
dyJ

=
∑
i

ni

ˆ
Zi×F

ψ

=
∑
i

ni

ˆ
p−1(Zi)

ψ

= 〈δp∗(Z), ψ〉.
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Because the integral is defined locally, these local pieces glue together and hence the desired
(global) conclusion follows. This is typically done with a partition of unity type argument.

Proposition 1.17. Let p : X → Y be a holomorphic proper surjective submersion map. Let
Z =

∑
i ni[Zi] be an analytic cycle, such that p|Zi : Zi → p(Zi) is a biholomorphism of analytic

spaces for each i. Let GZ be a Green’s current for Z on X, then p∗(GZ) is a Green’s current
for p∗(Z) on Y .

Proof. This is a direct consequence of Proposition 1.15 and Corollary 1.11.

ddc(p∗(GZ)) = p∗(dd
c(GZ))

= p∗(−δZ + JωZK)
= −δp∗(Z) + p∗(JωZK).

Because ωZ is a smooth form on X, now p∗(JωZK) = Jp∗ωZK comes from a smooth form on Y .
Hence we find that p∗(GZ) satisfies the defining equation for a Green’s current for p∗(Z) on Y ,
i.e.,

ddc(p∗(GZ)) + δp∗(Z) = JηK,
for some smooth form η on Y .

Proposition 1.18. Let p : X → Y be a proper surjective submersion. Let Z =
∑

i ni[Zi] be
an analytic cycle on Y , and let GZ be a Green’s current for Z on Y , then p∗(GZ) is a Green’s
current for p∗(Z) on X.

This proof is analogous to that of Proposition 1.17, where we combine Proposition 1.16 and
Corollary 1.13.

Section 1.5: Push-Forward and Pull-Back of Green’s Forms

Whenever we talk about the Archimedean height pairings we must consider Green’s forms and
not Green’s currents. Recall that for a differential form ω we let [[ω]] denote the associated
current given by

[[ω]](η) =

ˆ
X
ω ∧ η,

for suitable η. Again, let X and Y denote complex manifolds and every map is holomorphic.

Lemma 1.19. Let p : X → Y be a proper surjective submersion. Let η be a differential form
on X, then we have an equality of currents

p∗[[η]] = [[p∗(η)]].

Proof. As before, we can restrict to the case where p : Y × F → Y is the projection map. Let
ω be a suitable test form, then

p∗[[η]](ω) = [[η]](p∗(ω))

=

ˆ
F×Y

η ∧ p∗(ω)

=

ˆ
p−1(Y )

η ∧ p∗(ω)

=

ˆ
Y
p∗(η ∧ p∗(ω))

=

ˆ
Y
p∗(η) ∧ ω

= [[p∗(η)]](ω).

Since the currents agree on any test form ω, they agree as currents.
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Lemma 1.20. Let p : X → Y be a proper surjective submersion. Let η be a form on Y , then

p∗[[η]] = [[p∗(η)]].

Proof. We can do this locally, so assume that p : Y × F → Y is the projection map. Let ω be a
suitable test form, then

p∗[[η]](ω) = [[η]](p∗(ω))

=

ˆ
Y
η ∧ p∗(ω)

=

ˆ
Y
p∗(p

∗η ∧ ω)

=

ˆ
Y×F

p∗(η) ∧ ω

= [[p∗(η)]](ω).

Since the currents agree on any test form ω, they agree as currents.

Proposition 1.21. Let p : X → Y be a proper surjective submersion of complex manifolds.
Let Z ⊂ Y be an analytic subspace, and let gZ be a Green’s form for Z on Y , then p∗(gZ) is a
Green’s form for p∗(Z) on X.

Proof. Because gZ is a Green’s form for Z on Y , we have by definition that [[gZ ]] is a Green’s
current for Z on Y . Then by Proposition 1.18 we have that p∗[[gZ ]] is a Green’s current for
p∗(Z) on X. Moreover, by Lemma 1.20, we note that p∗[[gZ ]] = [[p∗(gZ)]] as currents on
X \ p−1Z. Since gZ is L1 near Z, so is p∗gZ near p−1Z thus we may extend and conclude that
p∗[[gZ ]] = [[p∗(gZ)]] as currents on X. Thus p∗(gZ) is a Green’s form for p∗(Z) on X.

Proposition 1.22. Let p : X → Y be a holomorphic proper surjective submersion. Let W ⊂ X
be an analytic subspace, such that p|W :W → p(W ) is a biholomorphism of analytic spaces. Let
gW be a Green’s form for W on X, then p∗(gW ) is a Green’s form for p∗(W ) on Y .

Proof. Because gW is a Green’s form for W on X, we have by definition that [[gW ]] is a Green’s
current for W on X. Then by Proposition 1.17 we have that p∗[[gW ]] is a Green’s current for
p∗(W ) on Y . Moreover, by Lemma 1.19, we note that p∗[[gW ]] = [[p∗(gW )]] as currents on Y
because gW is L1 near W , we have that p∗gW is L1 near p(W ) and hence the induced currents
agree on Y . Thus, p∗(gW ) is a Green’s form for p∗(W ) on Y .

Section 1.6: Push-Pull of Archimedean Heights

Now we are ready to combine the push-forward and pull-back of Green’s forms, Propositions
1.22 and 1.21 together with Propositions 1.15 and 1.16 to relate the Archimedean height pairings
in different ambient spaces. Consider the following situation

I

X Y

p q

Here X,Y and I are compact complex manifolds, p and q are holomorphic proper surjective
submersions. Furthermore, let Z and W denote disjoint homologically trivial cycles of sub-
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complementary dimension in I. Write

Z =
∑
i

ni[Zi]

W =
∑
j

mj [Wj ]

Lemma 1.23. In the situation as above assume that, for each j, q|Wj : Wj → q(Wj) is
a biholomorphism of analytic spaces. Lastly, suppose that, for all j, p−1(p(Wj)) = Wj and
deg(Wj/p(Wj)) = 1. Then

〈q∗(Z), q∗(W )〉Y∞ = 〈p∗(q∗(q∗(Z))), p∗(W )〉X∞

Proof. Let g be a Green’s form for q∗(Z) on Y , then by Proposition 1.21 q∗(g) is a Green’s form
for q∗q∗(Z) on I. Then, by Proposition 1.22 p∗q∗(g) is a Green’s form for p∗(q∗(q∗(Z))) on X.
Then,

〈q∗(Z), q∗(W )〉Y∞ = −
∑
j

ˆ
q(Wj)

g

= −
∑
j

ˆ
Wj

q∗(g)

= −
∑
j

ˆ
p−1(p(Wj))

q∗(g)

= −
∑
j

ˆ
p(Wj)

p∗(q
∗(g))

= 〈p∗(q∗(q∗(Z))), p∗(W )〉X∞

Note that all the induced maps must send homologically trivial cycles to homologically trivial
cycles, since they are group homomorphisms, and hence the Archimedean heights are well-defined
in the ambient spaces X and Y .

Despite all the required conditions, we are now in an excellent position. We will show
that a special type of correspondence, namely the incidence correspondence between CPn and
Grk(Cn+1) satisfies all conditions of Lemma 1.23, and this will become especially useful as it
can transform one of the cycles Z into a principal divisor p∗(q∗(q∗(Z))) and the other cycle W
into a zero-cycle, i.e., a formal sum of points, p∗(W ).
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Chapter 2: The Archimedean Height Pairing in Projective Space
and the Generalised Cross-Ratio

In Section 2.1, we will introduce the projective space P(V ), the space of lines in a vector space V .
We will focus on complex projective n-space, i.e., the space of complex lines in Cn+1, denoted by
CPn. We call CP1 the (complex) projective line, which is a one-dimensional complex manifold.
In CP1 analytic cycles of sub-complementary dimension simply consist of formal sums of points.

A homologically trivial cycle can be decomposed into differences of points, so when comput-
ing heights in CP1 we have to compute 〈P − Q,R − S〉∞ for distinct points P,Q,R, S ∈ CP1.
We will carry out this computation in Section 2.2 and show that it is related to the cross-
ratio, a number associated to an ordered quadruple of points P,Q,R and S in CP1, denoted by
CR(P,Q;R,S).

In Section 2.3, we will generalise the cross-ratio, i.e., associate a complex number to an
ordered pair of two k-dimensional and two (n − k − 1)-dimensional subspaces which are non-
degenerate in CPn. Our goal is to show that the Archimedean height of these linear sub-
spaces is closely related to the generalised cross-ratio. However, this requires us to compute the
Archimedean height in arbitrary dimension. As hinted at in the previous section, we will do this
using Lemma 1.23 together with the incidence correspondence. For this we need some knowledge
of the space of k-dimensional linear subspaces of Cn+1 denoted by Grk(Cn+1), called a Grass-
mannian. These will be introduced in Section 2.4. Lastly we will combine all the previously
introduced machinery and carry out the computation in Section 2.5 and prove the following
theorem.

Theorem A (Theorem 2.20). Let YP , YQ, YR and YS be as above. Then the Archimedean
height is given by

〈YP − YQ, YR − YS〉∞ = log |CRn(YP , YQ;YR, YS)|.

Using this result, we have an explicit formula for the Archimedean height pairing. The
cross-ratio is easy to compute and manipulate, and we will exploit this heavily in the next
two chapters, first to study the asymptotic behaviour of the Archimedean height as the cycles
degenerate, i.e., intersect, and later to compute the non-Archimedean contributions of the global
height pairing on CPn.

Section 2.1: Complex Projective Space and the Classical Cross-Ratio

There are many equivalent ways to define projective space. We will give a hands-on definition
and describe some properties. First, we will describe projective space as a topological space.
Let V be an (n+ 1)-dimensional vector space, then define

P(V ) = (V \ {0})/ ∼

where we declare (x0, . . . , xn) ∼ (y0, . . . , yn) if there exists some scalar λ ∈ C× such that yi = λxi
for all i. We usually denote an element of P(V ) by [x0 : · · · : xn] with respect to some basis.
Clearly, a vector space has a topology induced by any norm. Then V \ {0} has the subspace
topology and finally P(V ) has the quotient topology. In the special case where V = Cn+1, we
write CPn for P(V ). Now let V be a complex vector space (of complex dimension n+ 1), then
P(V ) is an n-dimensional complex manifold. Fix a basis for V , and define

Ui = {[x0 : · · · : xn] | xi 6= 0}



23 Section 2.1: Complex Projective Space and the Classical Cross-Ratio

then note that Ui
∼= Cn via the map that sends

[x0 : · · · : xn] 7→ (x0/xi, . . . , xi−1/xi, xi+1/xi, . . . , xn/xi).

The transition functions between such opens are given by xi/xj with inverse xj/xi, and this
gives a holomorphic atlas for P(V ) and in particular for CPn. For CP1 in particular, there is an
easy description of all points and we have an equality of sets

CP1 = {[1 : z] | z ∈ C} ∪ {[0 : 1]}.

Via the inclusion C → CP1, which maps z 7→ [1 : z], we can describe the points of CP1 simply
by the complex numbers, together with the point at infinity [0 : 1] denoted by ∞.

Definition 2.1. Let P,Q,R, S ∈ CP1 be distinct points. There exists a unique projective
transformation which maps

P 7−→ 0, Q 7−→ 1, R 7−→ ∞.

Applying this transformation to the point S will give a complex number, which is called the
cross-ratio and is denoted by CR(P,Q;R,S).

A projective transformation is an invertible 2 × 2 matrix, defined up to scaling, which acts
in the usual way on an element [x : y] ∈ CP1. When all points P,Q,R and S are not equal to
∞, i.e., are given by complex numbers, it is well-known that we can compute the cross-ratio via
the formula

CR(P,Q;R,S) =
(P −R)(Q− S)

(P − S)(Q−R)
.

The cross-ratio corresponding to four distinct points depends on the order. A priori, there are
4! = 24 ways to order four points. However, some symmetry does exist.

Proposition 2.2. Let P,Q,R, S ∈ CP1 be distinct, then

CR(P,Q;R,S) = CR(Q,P ;S,R) = CR(R,S;P,Q) = CR(S,R;Q,P ) = λ,

CR(P,Q;S,R) = CR(Q,P ;R,S) = CR(R,S;Q,P ) = CR(S,R;P,Q) =
1

λ
,

CR(P,R;Q,S) = CR(Q,S;P,R) = CR(R,P ;S,Q) = CR(S,Q;R,P ) = 1− λ,

CR(P,R;S,Q) = CR(Q,S;R,P ) = CR(R,P ;Q,S) = CR(S,Q;P,R) =
1

1− λ
,

CR(P, S;Q,R) = CR(Q,R;P, S) = CR(R,Q;S, P ) = CR(S, P ;R,Q) =
λ− 1

λ
,

CR(P, S;R,Q) = CR(Q,R;S, P ) = CR(R,Q;P, S) = CR(S, P ;Q,R) =
λ

λ− 1
.

In a similar fashion, the cross-ratio may be defined over any field. Namely, if k is a field and
V is a two-dimensional k-vector space, then the cross-ratio exists for four distinct points in P(V ).

In Section 2.3 we are going to define a cross-ratio associated to higher-dimensional linear
subspaces of CPn. It is not immediately clear if this is possible using a similar universal property,
as there are many more degrees of freedom in higher-dimensional vector spaces. However, there
is another way to define or interpret the classical cross-ratio, one which does hint at a canonical
generalisation.

As before, let P,Q,R, S ∈ CP1 be distinct points. By definition, these points correspond to
lines lP , lQ, lR, lS ⊂ C2 passing through the origin. For each of these lines, choose a generator,
i.e., a non-zero vector vi ∈ li. Then pick any volume form, i.e., any ω ∈ ∧2(C2)∗ ∼= (∧2C2)∗ ∼= C
which is non-zero.
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Proposition 2.3. With notation as above

CR(P,Q;R,S) =
ω(vP ∧ vR)ω(vQ ∧ vS)
ω(vP ∧ vS)ω(vQ ∧ vR)

,

and consequently, the right-hand side is independent of the choice of representatives vP , vQ, vR, vS
and volume form ω.

Proof. First, we show that the right-hand side expression is independent of the choice of repre-
sentatives vP , vQ, vR and vS . If we replace vi with λivi then, for any scalars λi 6= 0,

ω((λivi) ∧ (λjvj)) = λiλjω(vi ∧ vj),

and so
ω((λP vP ) ∧ (λRvR))ω((λQvQ) ∧ (λSvS))

ω((λP vP ) ∧ (λSvS))ω((λQvQ) ∧ (λRvR))
=
λPλRλQλS
λPλSλQλR

ω(vP ∧ vR)ω(vQ ∧ vS)
ω(vP ∧ vS)ω(vQ ∧ vR)

=
ω(vP ∧ vR)ω(vQ ∧ vS)
ω(vP ∧ vS)ω(vQ ∧ vR)

.

Next, we show that the right-hand side is independent of the choice of volume form ω. Since
(∧2C2)∗ ∼= C, any other volume form ω′ can be written as ω′ = λω. Then

λω(vP ∧ vR)λω(vQ ∧ vS)
λω(vP ∧ vS)λω(vQ ∧ vR)

=
λ2

λ2
ω(vP ∧ vR)ω(vQ ∧ vS)
ω(vP ∧ vS)ω(vQ ∧ vR)

=
ω(vP ∧ vR)ω(vQ ∧ vS)
ω(vP ∧ vS)ω(vQ ∧ vR)

,

and so the right-hand side is well-defined. Finally, we will show that the right-hand side equals
the cross-ratio. Without loss of generality, assume that none of the points is equal to ∞. If this
is not the case, simply apply a projective transformation that moves the point at infinity away.
By abuse of notation, write P = [1 : P ], Q = [1 : Q], R = [1 : R] and S = [1 : S]. Now choose
representatives vP = (1, P ), vQ = (1, Q), vR = (1, R) and vS = (1, S) in C2. Using the standard
volume form, which is simply taking the determinant, we find

ω(vP ∧ vR)ω(vQ ∧ vS)
ω(vP ∧ vS)ω(vQ ∧ vR)

=

∣∣∣∣1 1
P R

∣∣∣∣ ∣∣∣∣1 1
Q S

∣∣∣∣∣∣∣∣1 1
P S

∣∣∣∣ ∣∣∣∣1 1
Q R

∣∣∣∣ =
(P −R)(Q− S)

(P − S)(Q−R)
,

which is exactly the cross-ratio.

Because the choice of volume form is irrelevant, we will denote this expression by

(vP ∧ vR)(vQ ∧ vS)
(vQ ∧ vR)(vP ∧ vS)

.

We would like to give the reader the opportunity to come up with the generalised cross-ratio
themselves, but we will give the formula in Section 2.3.

Section 2.2: The Archimedean Height in CP1

Before moving on to higher dimensions, we would like to compute the Archimedean height of
four distinct points in CP1. We will show that the Archimedean height 〈P − Q,R − S〉∞ is
closely related to the cross-ratio CR(P,Q;R,S).

A Green’s current for P = [a : b] ∈ CP1 is given by

gP (z0, z1) = −1

2
log

(
|bz0 − az1|2

|z0|2 + |z1|2

)
,
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defined on CP1 \ {P}. Let us assume that P 6= ∞. Then, by letting p = b
a , we can write

P = [1 : p]. The Green’s current above reduces to

gP (z) = −1

2
log

(
|z − p|2

1 + |z|2

)
,

up to the irrelevant constant −1
2 log |a|

2. Now observe that

ddcgP (z) = ddc
1

2
log(1 + |z|2)− ddc log |z − p| = i

2π

dz ∧ dz̄
(1 + |z|2)2

− δP .

The first term, which we denote by ωFS , is called the Fubini-Study form on CP1, which is smooth
on CP1. Thus, we can indeed see that gP (z) is a Green’s current corresponding to P .
Remark 2.4. One may ask why the extra 1 + |z|2 term is needed, as in Cn we only needed
log |z−p|. On the affine chart where P = [1 : p] lives this would work, as locally ddc log |z−p| =
δP . However, because we are in projective space there is some point at infinity. In the other
chart, introduce the variable w = 1

z on the overlap. Then we get, in terms of w:

− log |z − p| = − log

∣∣∣∣ 1w − p

∣∣∣∣ = − log

∣∣∣∣1− pw

w

∣∣∣∣ = − log |1− pw|+ log |w|.

Thus we see that at infinity, i.e. where w = 0, our function blows up. The term log(1 + |z|2)
removes this singularity. In the w-coordinate:

1

2
log(1 + |z|2) = 1

2
log

(
1 +

∣∣∣∣ 1w
∣∣∣∣2
)

=
1

2
log

(
1 + |w|2

|w2|

)
=

1

2
log(1 + |w|2)− log |w|,

so they cancel out at the point ∞ = [0 : 1].
To compute the Archimedean height we need to consider a difference of two points P − Q,

and not just the point P itself. By linearity of the operator ddc we conclude that a Green’s
current corresponding to the cycle P −Q is given by

gP−Q(z) = −1

2
log

|z − p|2

1 + |z|2
+

1

2
log

|z − q|2

1 + |z|2
= − log

|z − p|
|z − q|

.

Here we make sure to choose a projective transformation such that both points P and Q lie in
the same affine chart and are given by [1 : p] and [1 : q] respectively.

Computing the Archimedean height is now simple, since the other cycleR−S is 0-dimensional.
Proposition 2.5. Let P,Q,R and S be distinct points in CP1. Then the Archimedean height
of the cycles P −Q and R− S is given by

〈P −Q,R− S〉∞ = log |CR(P,Q;R,S)| .
Proof. The result follows immediately from the definition of the Archimedean height combined
with the explicit formula for the Green’s current. Since P − Q is a divisor this current is the
same as the Green’s form and we are left to integrate over points.

〈P −Q,R− S〉∞ = −
ˆ
CP1

δR−S ∧ gP−Q

= −
ˆ
R
gP−Q +

ˆ
S
gP−Q

= log
|r − p|
|r − q|

− log
|s− p|
|s− q|

= log
|r − p| · |s− q|
|r − q| · |s− p|

= log(|CR(P,Q;R,S)|).
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We will do the same computation again, this time without choosing coordinates. So rather
than working with points in CP1 we will work with lines in a complex vector space of dimension 2.

Let V be a complex vector space of dimension 2, so that P(V ) ∼= CP1. Let P,Q ∈ P(V ) be
two distinct points. Choose non-zero vectors vP , vQ ∈ V representing them. Choose a non-zero
volume form

ω ∈ (Λ2V )∨.

Using ω, we define linear forms ϕP , ϕQ ∈ V ∨ by

ϕP (v) := ω(vP ∧ v), ϕQ(v) := ω(vQ ∧ v).

Since ω is alternating, we have ϕP (vP ) = 0 and ϕQ(vQ) = 0, so ker(ϕP ) = P and ker(ϕQ) = Q.
The ratio of these two linear functionals defines a rational map

ϕP

ϕQ
: P(V ) 99K C,

[v] 7−→ ϕP (v)

ϕQ(v)
,

which is well-defined on P(V ) \Q. Explicitly,

ϕP

ϕQ
([v]) =

ω(vP ∧ v)
ω(vQ ∧ v)

.

Because (Λ2V )∨ ∼= C is one-dimensional, replacing ω by a non-zero scalar multiple does not
change this ratio. Thus, the construction is independent of the choice of volume form.

Moreover, ϕP vanishes precisely at P and ϕQ vanishes precisely at Q. Hence the divisor of
the rational function ϕP /ϕQ is

Div

(
ϕP

ϕQ

)
= P −Q.

As seen previously, we know exactly what the corresponding Green’s form is, namely gP−Q =

− log
∣∣∣φP
φQ

∣∣∣.
Proposition 2.6. Let V be a complex vector space of dimension 2, and let [vP ], [vQ], [vR], [vS ] ∈
P(V ) be distinct elements. Then

〈[vP ]− [vQ], [vR]− [vS ]〉∞ = log

∣∣∣∣(vP ∧ vR)(vQ ∧ vS)
(vQ ∧ vR)(vP ∧ vS)

∣∣∣∣ = log |CR([vP ], [vQ]; [vR], [vS ])| .

Proof. By the observations above, the divisor P−Q is a principal divisor, given by Div(ϕP /ϕQ).
By Example 1.5 we know a Green’s current, and hence form, corresponding to this cycle.〈

Div

(
ϕP

ϕQ

)
, [vR]− [vS ]

〉
∞

= −
ˆ
P(V )

δ[vR]−[vS ] ∧ g
Div

(
φP
φQ

)

= log

∣∣∣∣ϕP

ϕQ
([vR])

∣∣∣∣− log

∣∣∣∣ϕP

ϕQ
([vS ])

∣∣∣∣
= log

(
|vP ∧ vR|
|vQ ∧ vR|

)
− log

(
|vP ∧ vS |
|vQ ∧ vS |

)
= log

(
|vP ∧ vR|
|vQ ∧ vR|

|vQ ∧ vS |
|vP ∧ vS |

)
.

The last equality follows from Proposition 2.3 and the laws of logarithms.
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Section 2.3: The generalised Cross-Ratio

In this section we will extend the cross-ratio to higher dimensions. Throughout this section, let
K denote a field. In [Olv01], Olver introduced the volume cross-ratio as a higher-dimensional
analogue of the classical cross-ratio. Given non-zero vectors v0, . . . , vn−2, vj , vk, vl, vn ∈ Kn+1

he defines

C(v0, . . . , vn−2; vj , vk, vl, vn) =
det(v0, . . . , vn−2, vj , vk) det(v0, . . . , vn−2, vl, vn)

det(v0, . . . , vn−2, vj , vl) det(v0, . . . , vn−2, vk, vn)
.

In [KP81], Kaplenko and Ponomarev introduced a cross-ratio for suitable ordered quadruples
(V ;E1, E2, E3, E4) where V is a finite-dimensional vector space over a field k, and E1, E2, E3 and
E4 are subspaces of V . They call such a quadruple non-degenerate if for all i 6= j, Ei +Ej = V
and Ei ∩ Ej = 0. Let eij denote the projection onto Ei along Ej , they define the cross-ratio
denoted by [

E1 E2

E3 E4

]
= (e14 − e32)

2

which is no longer a number but an operator on V .

We propose a different generalisation, one for which the connection with Archimedean heights
remains clear. The classical cross-ratio takes as input two points P,Q ∈ CP1 together with two
more points R,S ∈ CP1 just like the Archimedean height is defined for P − Q and R − S. In
higher dimensions, say in CPn, one still has the notion of Archimedean height for cycles of sub-
complementary dimensions, i.e., if the analytic cycle YP − YQ has dimension k, then we require
the dimension of YR − YS to be n− k − 1.

So, let V be a K-vector space of dimension n + 1, so that P(V ) has dimension n. Let YP
and YQ denote k-dimensional linear subspaces of P(V ), and let YR and YS denote (n − k − 1)-
dimensional linear subspaces of P(V ), such that each of YP and YQ is disjoint from each of YR
and YS . These are also called k-planes and (n − k − 1)-planes. Let VP , VQ, VR and VS be the
vector subspaces of V corresponding to YP , YQ, YR and YS , so that YP = P(VP ), and similarly
for YQ, YR and YS . Next, choose non-zero vectors in V such that

K〈vP0 , . . . , vPk 〉 = VP ,

K〈vQ0 , . . . , v
Q
k 〉 = VQ,

K〈vR0 , . . . , vRn−k−1〉 = VR,

K〈vS0 , . . . , vSn−k−1〉 = VS .

Let vP = vP0 ∧ · · · ∧ vPk and similarly for vQ, vR and vS . Lastly, choose a non-zero volume form
ω ∈ (Λn+1V )∨. We call a quadruple of two k-planes YP and YQ and two (n− k − 1)-planes YR
and YS non-degenerate if

YP ∩ YR = YP ∩ YS = YQ ∩ YR = YQ ∩ YS = ∅.

The following formula was suggested by Emre Sertöz.

Definition 2.7. We define the generalised cross-ratio of two k-planes YP and YQ, and two
(n− k − 1)-planes YR and YS , which are non-degenerate in P(V ) to be

CRn(YP , YQ;YR, YS) =
ω(vP ∧ vR)
ω(vQ ∧ vR)

ω(vQ ∧ vS)
ω(vP ∧ vS)

.

First, we will show that this definition is well-defined.
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Proposition 2.8. The generalised cross-ratio CRn(YP , YQ;YR, YS) is independent of the choice
of representatives and volume form. Therefore, we will write

CRn(YP , YQ;YR, YS) =
(vP ∧ vR)
(vQ ∧ vR)

(vQ ∧ vS)
(vP ∧ vS)

.

Proof. For notational ease write v1i = vPi , v2i = vQi , v3i = vRi and v4i = vSi for all suitable i. If we
replace vji with λijv

j
i , then ∧

i

λijv
j
i =

∏
i

λij
∧
i

vji

and so

ω
(∧

i λi1v
1
i ∧
∧

i λi3v
3
i

)
ω
(∧

i λi2v
2
i ∧
∧

i λi3v
3
i

) ω (∧i λi2v
2
i ∧
∧

i λi4v
4
i

)
ω
(∧

i λi1v
1
i ∧
∧

i λi4v
4
i

) =

∏
i,j λi,j∏
i,j λi,j

ω(vP ∧ vR)
ω(vQ ∧ vR)

ω(vQ ∧ vS)
ω(vP ∧ vS)

.

The constants will cancel and hence the expression is independent of the chosen representatives.
The fact that this expression is independent of the chosen volume form follows by the same
argument as in the proof of Proposition 2.3.

Thus, when computing the cross-ratio, note that vP ∧ vR is simply given by

det(vP0 , . . . , v
P
k , v

R
0 , . . . , v

R
n−k−1).

We will show that this generalised formula is invariant under projective transformations. This
is well-known about the cross-ratio on P1(C).

Proposition 2.9. The generalised cross-ratio is invariant under projective transformations,
i.e., for two k-planes YP and YQ and two (n−k− 1)-planes YR and YS, non-degenerate in P(V )
and T ∈ PGLn(K) we have

CRn(YP , YQ;YR, YS) = CRn(T (YP ), T (YQ);T (YR), T (YS)).

Proof. Choose a lift T̃ ∈ GL(V ) of T . If vP0 , . . . , vPk are representatives for YP , then T̃ (vP0 ), . . . , T̃ (vPk )
represent T (YP ). This works similarly for YQ, YR and YS . Then

(T̃ (vP ) ∧ T̃ (vR)) = det
(
T̃ (vP0 ), . . . , T̃ (v

P
k ), T̃ (v

R
0 ), . . . , T̃ (v

R
n−k−1)

)
= det

(
T̃
(
vP0 , . . . , v

P
k , v

R
0 , . . . , v

R
n−k−1

))
= det(T̃ ) det

(
vP0 , . . . , v

P
k , v

R
0 , . . . , v

R
n−k−1

)
= det(T̃ )(vP ∧ vR).

Combining this for all terms, we get

CRn
(
T (YP ), T (YQ);T (YR), T (YS)

)
=

(T̃ (vP ) ∧ T̃ (vR))
(T̃ (vQ) ∧ T̃ (vR))

(T̃ (vQ) ∧ T̃ (vS))
(T̃ (vP ) ∧ T̃ (vS))

=
(det T̃ ) (vP ∧ vR)
(det T̃ ) (vQ ∧ vR)

(det T̃ ) (vQ ∧ vS)
(det T̃ ) (vP ∧ vS)

=
(vP ∧ vR)
(vQ ∧ vR)

(vQ ∧ vS)
(vP ∧ vS)

= CRn(YP , YQ;YR, YS).

We conclude that the generalised cross-ratio is invariant under the action of projective transfor-
mations.



29 Section 2.3: The generalised Cross-Ratio

In the same way as for the classical cross-ratio, the generalised cross-ratio also has some
symmetric properties.

Proposition 2.10. Let YP and YQ denote two k-planes, and YR and YS denote two (n−k−1)-
planes, which are non-degenerate in CPn. Then the four expressions

CRn(YP , YQ;YR, YS) = CRn(YQ, YP ;YS , YR) = CRn(YR, YS ;YP , YQ) = CRn(YS , YR;YQ, YP )

are equal. Furthermore,

CRn(YP , YQ;YR, YS) = CRn(YP , YQ;YS , YR)
−1.

Proof. This follows immediately from the symmetry in the definition of the generalised cross-
ratio.

Proposition 2.11. Let YP and YQ denote two k-planes and let YR and YS denote two (n−k−1)-
planes, non-degenerate in CPn. Then we can alternatively define the generalised cross-ratio to
be

CRn(YP , YQ;YR, YS) =
(ϕP ∧ ϕR)(ϕQ ∧ ϕS)

(ϕP ∧ ϕS)(ϕQ ∧ ϕR)
=
ϕR(vP )ϕS(vQ)

ϕR(vQ)ϕS(vP )
.

Here ϕP = ϕP,1 ∧ · · · ∧ ϕP,n−k where ϕP,i are linear functionals on Cn+1 such that VP =
Z(ϕP,1, . . . , ϕP,n−k). Similarly for ϕQ, ϕR and ϕS, and ϕP ∧ ϕR ∈ Λn+1(Cn+1)∨ ∼= C, again
non-canonically, but the expression is well-defined and independent of the choices made.

Proof. First we will show that

CRn(YP , YQ;YR, YS) =
ϕR(vP )ϕS(vQ)

ϕR(vQ)ϕS(vP )
.

Fixing YR, consider the element FR ∈ Λk+1(Cn+1)∨ given by

FR(v1 ∧ · · · ∧ vk+1) = ω(v1 ∧ · · · ∧ vk+1 ∧ vR,1 ∧ · · · ∧ vR,n−k) ∈ C,

for some volume form ω. Note that if any of the vi lies in YR then FR(v1 ∧ · · · ∧ vk+1) = 0 so in
fact FR ∈ Λk+1(YR)

⊥ and Λk+1(YR)
⊥ ∼= C with basis ϕR and so FR = cRϕR. Similarly define

FS and conclude FS = cSϕS and

CRn(YP , YQ;YR, YS) =
FR(vP )FS(vQ)

FR(vQ)FS(vP )
=
cRϕR(vP )cSϕS(vQ)

cRϕR(vQ)cSϕS(vP )
=
ϕR(vP )ϕS(vQ)

ϕR(vQ)ϕS(vP )
.

From the dual standpoint we can analogously show

ϕR(vP )ϕS(vQ)

ϕR(vQ)ϕS(vP )
=

(ϕP ∧ ϕR)(ϕQ ∧ ϕS)

(ϕP ∧ ϕS)(ϕQ ∧ ϕR)
,

which completes the proof.

Remark 2.12. This remark is due to an observation by Richard Kraaij. Suppose we are in the
special case where k = 0, so YP and YQ are complex projective points, and YR and YS are two
(n − 1)-planes, non-degenerate in CPn. Then one can reduce the generalised cross-ratio to the
classical one in the following way. Let L be a projective line passing through the points YP and
YQ. Let A = L ∩ YR and B = L ∩ YS , then the four points YP , YQ, A and B are all elements of
L ∼= CP1 and

CR(YP , YQ;A,B) = CRn(YP , YQ;YR, YS).

It could be that YP , YQ, A and B are not all distinct. In that case the left-hand side still makes
sense using Definition 2.7.
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Proof. Let lP and lQ denote the complex lines in Cn+1 corresponding to YP and YQ and let vP
and vQ be any non-zero vector in lP and lQ respectively. Let VR and VS denote the n-dimensional
linear subspaces corresponding to YR and YS , which are the zero loci of some linear functionals
ϕR and ϕS . Give L coordinates

[x : y] 7→ [xvP + yvQ] ∈ L.

In these coordinates YP = [1 : 0] and YQ = [0 : 1]. Furthermore, A is precisely the point [x : y]
such that

ϕR(xvP + yvQ) = xϕR(vP ) + yϕR(vQ) = 0

so A = [ϕR(vQ) : −ϕR(vP )] and similarly B = [ϕS(vQ) : −ϕS(vP )]. So, we compute the
determinants

YP ∧A = det

[
1 ϕR(vQ)
0 −ϕR(vP )

]
= −ϕR(vP ),

YP ∧B = det

[
1 ϕS(vQ)
0 −ϕS(vP )

]
= −ϕS(vP ),

YQ ∧A = det

[
0 ϕR(vQ)
1 −ϕR(vP )

]
= −ϕR(vQ),

YQ ∧B = det

[
0 ϕS(vQ)
1 −ϕS(vP )

]
= −ϕS(vQ).

Thus
CR(YP , YQ;A,B) =

(−ϕR(vP ))(−ϕS(vQ))

(−ϕS(vP ))(−ϕR(vQ))
=
ϕR(vP )ϕS(vQ)

ϕR(vQ)ϕS(vP )
,

which equals exactly the generalised cross-ratio as in Proposition 2.11.

This statement can even be upgraded slightly to the case where, now for general k, YP and YQ
intersect in a (k− 1)-dimensional subspace of CPn. As before, let VP , VQ, VR and VS denote the
complex vector spaces corresponding to YP , YQ, YR and YS . By assumption VP,Q = VP∩VQ ∼= Ck.
Let

V P = VP /VP,Q ∼= C1,

V Q = VQ/VP,Q ∼= C1,

V R = (VR + VP,Q)/VP,Q ∼= Cn−k,

V S = (VS + VP,Q)/VP,Q ∼= Cn−k.

Then projectivising gives back the situation of two points Y P = P(V P ) and Y Q = P(V Q) and
two hyperplanes Y R = P(V R) and Y S = P(V S) in CPn−k. We leave it as an exercise to the
reader to confirm that

CRn(YP , YQ;YR, YS) = CRn−k(Y P , Y Q;Y R, Y S).

Then we are again in the situation described above, where we can draw a line between the
complex projective points Y P and Y Q and further reduce to the classical cross-ratio.

Section 2.4: Grassmannians

The goal of the remaining part of this chapter is to compute the Archimedean height pairing of
YP −YQ and YR−YS where YP and YQ are k-planes and YR and YS are (n− k− 1)-planes, non-
degenerate in an ambient CPn. By means of Lemma 1.23, we want to relate this height to that of
divisors WP −WQ and points R−S which are related to the original linear subspaces YP , YQ, YR
and YS , and are defined in Section 2.5. These new cycles are elements of a Grassmannian,
another compact complex manifold which we will introduce in this section. We will give a
definition, state and prove some properties and lastly introduce the incidence correspondence.
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Definition 2.13. Let V be a complex vector space of dimension n + 1. The Grassmannian
Grk(V ) is the set

Grk(V ) = {W ⊂ V |W is a complex linear subspace and dimC(W ) = k}.

Our first goal is to show that Grk(V ) is a complex manifold of dimension k(n+ 1− k).

Proposition 2.14. The Grassmannian Grk(V ) admits the structure of a complex manifold of
complex dimension k(n+ 1− k).

Proof. Fix a point W0 ∈ Grk(V ), and let W⊥
0 denote its orthogonal complement with respect

to any (fixed) Hermitian inner product on V . We define

UW0 = {W ∈ Grk(V ) |W ∩W⊥
0 = {0}}.

We claim that UW0 is an open neighbourhood of W0, and that it can be identified with the
complex vector space HomC(W0,W

⊥
0 ). Indeed, let W ∈ UW0 . Since W ∩ W⊥

0 = {0} and
dimW = dimW0 = k, the projection

πW0 : V =W0 ⊕W⊥
0 −→W0

restricts to an isomorphism W
∼−→W0. Hence, there exists a unique linear map

AW : W0 →W⊥
0

such that
W = {w +AW (w) : w ∈W0},

that is, W is the graph of AW . Conversely, given any A ∈ HomC(W0,W
⊥
0 ), its graph

Γ(A) = {w +A(w) : w ∈W0}

is a k-dimensional complex subspace of V satisfying Γ(A) ∩ W⊥
0 = {0}, hence Γ(A) ∈ UW0 .

Thus, we obtain an isomorphism

ϕW0 : UW0 −→ HomC(W0,W
⊥
0 ),

W 7−→ AW .

This is a complex coordinate chart, because

HomC(W0,W
⊥
0 ) ∼= Ck(n+1−k).

It remains to check that the transition maps are holomorphic. Let

V =W0 ⊕W⊥
0 =W1 ⊕W⊥

1

be two decompositions, with corresponding charts

ϕW0 : UW0 → HomC(W0,W
⊥
0 ),

ϕW1 : UW1 → HomC(W1,W
⊥
1 ).

On the intersection UW0 ∩ UW1 , the transition function

ϕW1 ◦ ϕ−1
W0

sends a linear map A ∈ HomC(W0,W
⊥
0 ) to the unique map whose graph equals Γ(A), now

viewed relative to the decomposition V =W1 ⊕W⊥
1 . More concretely, define

iA :W0 → V,

iA(w) = w +A(w),
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so that Γ(A) = im(iA). Let

πW1 : V →W1,

πW⊥
1

: V →W⊥
1

denote the projections associated to the decomposition V =W1⊕W⊥
1 . Since Γ(A)∩W⊥

1 = {0},
the map

πW1 ◦ iA :W0 →W1

is an isomorphism, because it is an injective linear map between vector spaces of the same
dimension. Hence Γ(A) is the graph of the linear map

B = (πW⊥
1
◦ iA) ◦ (πW1 ◦ iA)−1 ∈ HomC(W1,W

⊥
1 ).

Therefore the transition map ϕW1 ◦ϕ−1
W0

is given by A 7−→ (πW⊥
1
◦iA)◦(πW1 ◦iA)−1. This depends

holomorphically on A, since it is obtained from A by linear operations and inversion on the open
set where πW1 ◦ iA is invertible. Thus, the transition functions are holomorphic. Hence, these
charts define a complex manifold structure on Grk(V ), with complex dimension k(n+1−k).

We now turn to the Plücker embedding. Recall that ΛkV is a complex vector space, and
hence one may form the projective space P(ΛkV ).

Definition 2.15. The Plücker embedding is the map

ι : Grk(V ) −→ P(ΛkV )

W 7−→ [w1 ∧ · · · ∧ wk],

where w1, . . . , wk is any basis of W .

Firstly, we will show this map is well-defined. If w′
1, . . . , w

′
k is another basis of W , then there

exists a matrix M ∈ GLk(C) such that

(w′
1, . . . , w

′
k) = (w1, . . . , wk)M.

Hence w′
1 ∧ · · · ∧w′

k = det(M)w1 ∧ · · · ∧wk, and because det(M) 6= 0 these two elements define
the same point in projective space.

Proposition 2.16. The Plücker map ι : Grk(V ) → P(ΛkV ) is a holomorphic embedding.

Proof. We first prove injectivity. Suppose that ι(W ) = ι(W ′). Choose bases w1, . . . , wk of W
and w′

1, . . . , w
′
k of W ′. Then [w1 ∧ · · · ∧ wk] = [w′

1 ∧ · · · ∧ w′
k], so there exists λ ∈ C× such that

w1 ∧ · · · ∧wk = λw′
1 ∧ · · · ∧w′

k, and hence the k-dimensional subspaces generated by w1, . . . , wk

and w′
1, . . . , w

′
k are equal, i.e. W = W ′. To see that ι is holomorphic, work in a chart UW0 .

Choose bases e1, . . . , ek of W0 and f1, . . . , fn+1−k of W⊥
0 . Let A ∈ HomC(W0,W

⊥
0 ), and write

A(ei) =
n+1−k∑
j=1

ajifj .

Then the graph Γ(A) is spanned by

ei +
n+1−k∑
j=1

ajifj , i = 1, . . . , k.

Hence
ι(Γ(A)) =

[(
e1 +

∑
j

aj1fj
)
∧ · · · ∧

(
ek +

∑
j

ajkfj
)]
.

Expanding this wedge product in a basis of ΛkV , we see that the homogeneous coordinates of
ι(Γ(A)) are polynomial functions in the entries aji. Thus, ι is holomorphic. Finally, in these
local coordinates the image uniquely determines the graph, so ι is a holomorphic embedding.
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Choose a basis e0, . . . , en of V . Then the induced basis of ΛkV is

ei1 ∧ · · · ∧ eik , 0 ≤ i1 < · · · < ik ≤ n.

Accordingly, points of P(ΛkV ) have homogeneous coordinates

[pi1,...,ik ]0≤i1<···<ik≤n,

called the Plücker coordinates. The image of the Plücker embedding is cut out by certain
homogeneous quadratic equations in these coordinates, called the Plücker relations. We do not
need their explicit form here. The important point is that the image of the Plücker embedding
in P(ΛkV ) is closed.

Theorem 2.17. The Grassmannian Grk(V ) is compact.

Proof. Since ΛkV is finite-dimensional, the projective space P(ΛkV ) is compact. The image of
the Plücker embedding is defined by homogeneous polynomial equations, namely the Plücker
relations, and is therefore Zariski closed in P(ΛkV ). In particular, it is closed in the usual complex
topology. Hence ι(Grk(V )) is compact. Finally, since ι is an embedding, it is a homeomorphism
from Grk(V ) onto its image and therefore Grk(V ) is compact.

Section 2.5: The Archimedean Height of Linear Subspaces in CPn

At last, we will compute the Archimedean height pairing of YP − YQ and YR − YS , where YP
and YQ are k-planes and YR and YS are (n− k − 1)-planes, non-degenerate in CPn. As before,
choose generators for the corresponding vector subspaces such that

VP = C〈vP1 , . . . , vPk+1〉,

VQ = C〈vQ1 , . . . , v
Q
k+1〉,

VR = C〈vR1 , . . . , vRn−k〉,
VS = C〈vS1 , . . . , vSn−k〉.

Let vP = vP1 ∧· · ·∧vPk+1 and similarly for vQ, vR and vS . Without loss of generality let us assume
k ≥ n− k− 1, so all relevant planes can be parametrised by Grn−k(Cn+1). Let R and S denote
the points in Grn−k(Cn+1) that correspond to the linear subspaces YR and YS . The compact
complex manifolds CPn and Grn−k(Cn+1) are related via the incidence correspondence

I = {(W,x) ∈ Grn−k(Cn+1)× CPn | x ∈W}

Grn−k(Cn+1) CPn

π1 π2

Lastly, consider WP = π1(π
−1
2 (YP )) and WQ = π1(π

−1
2 (YQ)). Next, let IP = π−1

1 (WP ), IQ =
π−1
1 (WQ), IR = π−1

1 (R) and IS = π−1
1 (S). Observe that (π1)

∗([WP ] − [WQ]) = [IP ] − [IQ] and
similarly (π1)

∗([R] − [S]) = [IR] − [IS ]. These will be the cycles we start with in Lemma 1.23.
We will prove some preliminary results about this setup.

Lemma 2.18. (i) The subspaces WP ,WQ ⊂ Grn−k(V ) are divisors, i.e., of codimension 1.

(ii) As divisors we can write
[WP ]− [WQ] = Div(ϕP /ϕQ)

where

ϕP /ϕQ : Grn−k(Cn+1) 99K C,

[x] 7−→ vP ∧ ι(x)
vQ ∧ ι(x)

.
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(iii) Alternatively we can define WP and WQ as follows. Consider the annihilators Y ⊥
P ⊂

(Cn+1)∨ and Y ⊥
Q ⊂ (Cn+1)∨ of YP and YQ, respectively. Because YP and YQ are of codi-

mension n− k, as viewed in Cn+1, we can write

Y ⊥
P = C〈ϕP

1 , . . . , ϕ
P
n−k〉,

Y ⊥
Q = C〈ϕQ

1 , . . . , ϕ
Q
n−k〉.

Then let ϕP = [ϕP
1 ∧ · · · ∧ϕP

n−k] and ϕQ = [ϕQ
1 ∧ · · · ∧ϕQ

n−k] be points in (Grn−k(Cn+1))∨.
Then

ϕP /ϕQ : Grn−k(Cn+1) 99K C

[x] 7−→ ϕP ([x])

ϕQ([x])

is a well-defined map on Grn−k(Cn+1) \WQ and

[WP ]− [WQ] = Div(ϕP /ϕQ).

Proof. The first point follows immediately if we can realise WP = ker(ϕP ). To this end we need
to fix a volume form ω ∈ Λn+1(Cn+1)∨ ∼= C, that is non-zero under the identification with C.
So we can define ϕP : Grn−k(Cn+1) → C by sending [x] 7→ ω(vP ∧ ι(x)), which is well-defined
up to a (non-zero) scalar. Hence, the ratio ϕP /ϕQ is well-defined on Grn−k(V ) \ ker(ϕQ). It
remains to identify ker(ϕP ). It consists of all (n − k)-planes Y in V such that the intersection
Y ∩ YP 6= 0. Thus, we see immediately that ker(ϕP ) = WP and similarly ker(ϕQ) = WQ. We
conclude that Div(ϕP /ϕQ) = [WP ]− [WQ] and that WP and WQ are of codimension 1.
To prove (iii) note that the ratio ϕP /ϕQ is exactly the same map in the descriptions of (ii) and
(iii). Thus we may use either description.

We will verify that we are in a position to apply Lemma 1.23 to the cycles [IP ] − [IQ] and
[IR] − [IS ]. Firstly, note that I, CPn and Grn−k(Cn+1) are all compact complex manifolds.
Furthermore, π1 is a surjective smooth submersion, with fibres that are copies of CPn which
have no boundary, and π2 is holomorphic. Secondly, observe that π2|IP : IP → π2(IP ) = YP and
π2|IQ : IQ → π2(IQ) = YQ are orientation-preserving diffeomorphisms. Lastly, we need to check
that both the cycles [YP ]− [YQ] and [YR]− [YS ] are homologous to zero.
Lemma 2.19. The cycle [YP ]− [YQ] is homologically trivial.

Proof. These are k-planes in CPn. Now note that Hsing
2k (CPn) ∼= Z and any non-zero k-plane is a

generator. Thus, we find that the homology class associated with [YP ]− [YQ] is 1− 1 = 0. Note
that, by the functoriality of the induced maps of π1 and π2 on homology, the divisor [WP ]− [WQ]
is also homologous to zero.

Let us now state the main result of Chapters 1 and 2.
Theorem 2.20. The Archimedean height pairing of the cycles YP − YQ and YR − YS, where YP
and YQ are k-planes and YR and YS are (n− k − 1)-planes, non-degenerate in CPn, is given by

〈[YP ]− [YQ], [YR]− [YS ]〉∞ = log |CRn(YP , YQ;YR, YS)| .

Proof. We apply Lemma 1.23 to the cycles IP − IQ and IR − IS to find

〈[YP ]− [YQ], [YR]− [YS ]〉CP
n

∞ = 〈[WP ]− [WQ], [R]− [S]〉Grn−k(Cn+1)
∞

= log |ϕP /ϕQ([R])| − log |ϕP /ϕQ([S])|

= log

∣∣∣∣vP ∧ vR
vQ ∧ vR

vQ ∧ vS
vP ∧ vS

∣∣∣∣
= log |CRn(YP , YQ;YR, YS)|.
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Remark 2.21. Using the alternative characterisation of [WP ]− [WQ], as described in part (iii)
of Lemma 2.18, we can also write the height pairing as

〈[YP ]− [YQ], [YR]− [YS ]〉CP
n

∞ = 〈[WP ]− [WQ], [R]− [S]〉Grn−k(Cn+1)
∞ = log

(
|ϕP (vR)|
|ϕQ(vR)|

|ϕQ(vS)|
|ϕP (vS)|

)
.
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Chapter 3: Asymptotic Behaviour of Archimedean Heights in
Projective Space

In the previous section, we computed the Archimedean height pairing for disjoint k-planes
YP − YQ and (n − k − 1)-planes YR − YS in CPn. Suppose now that these planes depend on
some parameter t, denoted by YP (t), YQ(t), YR(t) and YS(t) and that when t = 0, the cycles
are no longer disjoint. For example, suppose that YP (0) ∩ YR(0) 6= ∅ in CPn. For fixed t, let
vP (t) = vP0 (t)∧· · ·∧vPk (t) and vR(t) = vR0 (t)∧· · ·∧vRn−k(t) be some generators. As t approaches
zero, note that vP (t) ∧ vR(t) also approaches zero, because of the anti-commutativity of the
wedge product. More specifically, when t = 0, we can choose representatives for YP (0) and
YR(0) that share at least one basis vector, say v0. Then vP (0)∧vR(0) contains v0∧v0 = 0. So, if
the configuration is otherwise non-degenerate, the Archimedean height diverges as t approaches
zero. In this chapter, we will study this asymptotic behaviour. We will show that, for small t,

〈[YP (t)]− [YQ(t)], [YR(t)]− [YS(t)]〉∞ = A log |t|+ log |u(t)|, (3.1)

where u(t) is some nowhere-vanishing holomorphic function and express A as an intersection
degree.

In this chapter, we will first rephrase some of the previous results and definitions in the
language of algebraic geometry. We assume familiarity with commutative algebra and the the-
ory of schemes. For background on commutative algebra, we refer to [AM69], and for algebraic
geometry to [EHKT22, JT23b].

Rephrasing the first part of this introduction we will let T denote a discrete valuation ring
(DVR), such as CJtK, and consider families of k-planes YP , YQ and (n − k − 1)-planes YR, YS
over Spec(T ). This means that, over both the generic point η ∈ Spec(T ) and the special point
s ∈ Spec(T ), all fibres are k- or (n− k− 1)-planes in Pn

K or Pn
κ. In Section 3.1 we treat the case

of proper intersections between the families. In Section 3.2 we show an example of all possible
degenerations of families of lines in CP3. To be able to handle the case of excess intersection we
introduce the necessary machinery in Sections 3.3 and 3.4. Lastly, in Section 3.5 we extend the
result of Section 3.1 to general degenerations.

Theorem B (Theorem 3.5 & Theorem 3.21). Let YP (t) and YQ(t) be moving k-dimensional
linear subspaces of CPn, and let YR(t) and YS(t) be moving (n − k − 1)-dimensional linear
subspaces of CPn, all holomorphically dependent on t. Assume that, for all sufficiently small
t 6= 0, the linear subspaces are non-degenerate in CPn. Then

〈YP (t)− YQ(t), YR(t)− YS(t)〉∞ = deg
(
(YP − YQ) · (YR − YS)

)
log |t|+ log |u(t)|, (3.2)

for some nowhere-vanishing holomorphic function u(t).

In Chapter 4, we will also find a geometric interpretation of the remaining constant u(0), as
in Theorem 4.8.

Section 3.1: Proper Degenerations

Instead of working with complex linear subspaces of Cn+1, we will work with linear subspaces
of free T -modules, where T is a discrete valuation ring. Two important examples of discrete
valuation rings are CJtK and Zp, for any prime p. We will briefly recall why these rings are
discrete valuation rings and what their fraction field and residue fields look like. First, the ring
of formal power series CJtK. Observe that every non-zero element f ∈ CJtK can be written
uniquely in the form

f = tmu
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with m ≥ 0 and u ∈ CJtK× a unit. Thus, the unique maximal ideal is generated by t, so t is a
uniformizer. Its fraction field is the field of Laurent series

C((t)) =

∑
n≥N

ant
n | N ∈ Z, an ∈ C

 ,

and its residue field is given by
CJtK/(t) ∼= C.

The associated valuation
vt : C((t))× → Z

is given by

vt

∑
n≥N

ant
n

 = min{n | an 6= 0 }.

Second, the ring of p-adic integers Zp, for any prime p ∈ Z, is a discrete valuation ring.
Every non-zero element x ∈ Zp can be written uniquely in the form

x = pmu

with m ≥ 0 and u ∈ Z×
p a unit. Hence, the unique maximal ideal is generated by p, so p is a

uniformizer. Its fraction field is the field of p-adic numbers

Qp,

and its residue field is given by
Zp/(p) ∼= Fp.

The associated valuation
vp : Q×

p → Z

is characterized by the property that if

x = pm
a

b
,

with a, b ∈ Z not divisible by p, then
vp(x) = m.

Equivalently, vp(x) is the exponent of p in the prime factorisation of x.
In both cases, the valuation measures the order of vanishing with respect to a chosen uni-

formizer: t in the case of C[[t]], and p in the case of Zp.

We will now properly introduce the objects of study. Let T be a discrete valuation ring with
fraction field K, and residue field κ. Let T = Spec(T ).

Definition 3.1. Let U ⊂ Tn+1 be a direct summand of rank k + 1, and let

U = Ũ ⊂ O⊕n+1
T

be the corresponding locally free sheaf. We define the associated family of k-planes by

Y = ProjT (SymOT (Ũ)∨) ⊂ ProjT (SymOT (O
⊕n+1
T )∨) = Pn

T .

Because U is assumed to be a direct summand this family is flat over T and the fibers

Y η = PK(U ⊗T K) ⊂ Pn
K ,

Y s = Pκ(U ⊗T κ) ⊂ Pn
κ,

are true k-planes, isomorphic to Pk
K and Pk

κ, respectively.
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Equivalently, a family of k-planes in Pn
T is given by a free submodule U ⊂ Tn+1 of rank k+1,

such that the quotient Tn+1/U is free of rank n− k. For such a submodule U , we write

PT (U) = ProjT (SymOT (Ũ)∨).

We will study two families of k-planes, denoted YP and YQ, and two families of (n − k − 1)-
planes, denoted YR and YS . Let UP , UQ ⊂ Tn+1 be direct summands such that YP = PT (UP )
and YQ = PT (UQ). To define YR and YS , it is convenient to work dually. Let

(Tn+1)∨ = HomT (T
n+1, T ),

and choose direct summands
VR, VS ⊂ (Tn+1)∨

of rank k + 1. Each such submodule determines a natural morphism

Tn+1 −→ V ∨
R ,

v 7−→ (ϕ 7→ ϕ(v)),

and similarly for VS . Since VR and VS are direct summands of (Tn+1)∨, these maps are surjective,
and their kernels are direct summands of Tn+1 of rank n− k. We define

YR = PT (ker(T
n+1 → V ∨

R )), YS = PT (ker(T
n+1 → V ∨

S )).

Now choose bases for UP , UQ, VR and VS

UP = T 〈vP0 , . . . , vPk 〉,

UQ = T 〈vQ0 , . . . , v
Q
k 〉,

VR = T 〈ϕR
0 , . . . , ϕ

R
k 〉,

VS = T 〈ϕS
0 , . . . , ϕ

S
k 〉.

Define

vP = vP0 ∧ · · · ∧ vPk ∈
k+1∧

UP ⊂
k+1∧

Tn+1,

vQ = vQ0 ∧ · · · ∧ vQk ∈
k+1∧

UQ ⊂
k+1∧

Tn+1,

ϕR = ϕR
0 ∧ · · · ∧ ϕR

k ∈
k+1∧

VR ⊂
k+1∧

(Tn+1)∨,

ϕS = ϕS
0 ∧ · · · ∧ ϕS

k ∈
k+1∧

VS ⊂
k+1∧

(Tn+1)∨.

The elements ϕR and ϕS define alternating (k + 1)-linear functionals on Tn+1, and hence
induce T -linear maps

k+1∧
Tn+1 −→ T.

In particular, we may evaluate them on vP and vQ. Explicitly,

ϕR(vP ) = det(ϕR
i (v

P
j ))0≤i,j≤k, ϕR(vQ) = det(ϕR

i (v
Q
j ))0≤i,j≤k,

and similarly for ϕS(vP ) and ϕS(vQ). Assume now that the generic fibers,

YP η, YQη, YRη, YSη
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are non-degenerate. Then the above determinants are non-zero in the fraction field K. Then
we may define

CRn(YP η, YQη;YRη, YSη) =
ϕR(vP )

ϕR(vQ)

ϕS(vQ)

ϕS(vP )
∈ K×.

This quantity is independent of the chosen bases of UP , UQ, VR and VS , since a change of basis
multiplies the individual determinants by units, which cancel in the above expression. As in
Proposition 2.11, we can give different equivalent descriptions. Choose generators

vR ∈
n−k∧

ker(Tn+1 → V ∨
R ), vS ∈

n−k∧
ker(Tn+1 → V ∨

S ).

After fixing an isomorphism
n+1∧

Tn+1 ∼= T,

the elements
vP ∧ vR, vQ ∧ vR, vP ∧ vS , vQ ∧ vS

may be viewed as elements of T , well-defined up to a fixed unit. Then we define

CRn(YP η, YQη;YRη, YSη) =
vP ∧ vR
vQ ∧ vR

vQ ∧ vS
vP ∧ vS

∈ K×.

Similarly to the generalised cross-ratio for fields, the ratio is now a well-defined element of the
fraction field K×. Equivalently, we can also do this on the dual side, and find

CRn(YP η, YQη;YRη, YSη) =
ϕP ∧ ϕR

ϕQ ∧ ϕR

ϕQ ∧ ϕS

ϕP ∧ ϕS
∈ K×.

This gives us three different ways to compute the same cross-ratio, associated to these k- and
(n− k − 1)-planes. Lastly, because T is a discrete valuation ring, we can now assign an integer
to the cross-ratio

vT

(
CRn(YP η, YQη;YRη, YSη)

)
,

We will show that this equals

deg
(
(YP − YQ) · (YR − YS)

)
.

To establish this result we will make use of the following fact from linear algebra.

Lemma 3.2 (Smith Normal Form). Let M be a non-zero m × n matrix, with elements in a
principal ideal domain R. Then, there exist invertible m×m and n× n matrices U and V such
that the product UMV is given by

α1 0 0 · · · 0 · · · 0
0 α2 0

0 0
. . . ...

...
... αr

0 · · · 0 · · · 0
...

...
...

0 · · · 0 · · · 0


.

The diagonal elements satisfy αi+1|αi for all 1 ≤ i < r.

Before stating and proving the main theorem of this section we need to recall what a proper
intersection is.
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Definition 3.3. Let X be a nonsingular variety. Let W,V ⊂ X be closed subvarieties with
dim(W ) = s and dim(V ) = r. We say that W and V intersect properly if

dim(V ∩W ) ≤ r + s− dim(X).

In our setting the condition that YP and YR intersect properly means that YP η ∩ YRη = ∅
and

dim(YP s ∩ YRs) ≤ (k + 1) + (n− k)− (n+ 1) = 0.

The reason proper intersection forces disjointness over the generic fiber is because the generic
point η is dense in Spec(T ). More precisely, suppose YP η ∩ YRη 6= ∅. Choose an irreducible
component Z of this intersection. Then the induced structure morphism

Z → Spec(T )

is dominant, i.e. the image is dense. Thus

dim(Z) ≥ dim(Spec(T )) = 1,

which implies that dim(YP ∩ YR) ≥ 1, so the intersection is not proper. We assume familiarity
with the intersection product on algebraic cycles. For a brief review, see Section 3.3. For a more
detailed treatment, see [EH16, Ful98].

Theorem 3.4. Let T be a discrete valuation ring, with valuation vT and uniformizer π. Let
YP and YQ be k-planes and YR and YS be (n− k − 1)-planes in Pn

T . Assume that YP − YQ and
YR − YS intersect properly. Then

deg
(
(YP − YQ) · (YR − YS)

)
= vT

(
CRn(YP η, YQη;YRη, YSη)

)
.

Proof. Because of the linearity of both the degree and the valuation it suffices to show that

deg(YP · YR) = vT (ϕR(vP )). (3.3)

By assumption, YP η and YRη are disjoint, so intersection can only happen in YP s∩YRs. Further-
more, because YP s and YRs are linear subspaces of Pn

κ, together with the fact that they intersect
properly, we can conclude that they intersect in at most one point, call this point ξ. Thus

deg(YP · YR) =
∑
x∈Pn

T

mx(YP , YR;Pn
T ) = mξ(YP , YR;Pn

T ).

Now

mξ(YP , YR;Pn
T ) = l

( OPn
T ,ξ

IP + IR

)

= l

( T [x0, . . . , xn]ξ

(ϕP
0 , . . . , ϕ

P
n−k−1, ϕ

R
0 , . . . , ϕ

R
k )

)deg=0


Here ϕP
i and ϕR

j are such that YP = Z(ϕP
0 , . . . , ϕ

P
n−k−1) and YR = Z(ϕR

0 , . . . , ϕ
R
k ). These are

equations cutting out YP and YR. This notation means that YP is exactly the common zero-locus
of these linear functions ϕP

0 , . . . , ϕ
P
n−k−1. These functions are all linear, and hence they can be

rewritten as 

ϕP
0
...

ϕP
n−k−1

ϕR
0
...
ϕR
k


=M

x0...
xn

 ,
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for some matrix M with elements in T . Now, because T is a discrete valuation ring it is also a
principal ideal domain and hence we can apply Lemma 3.2. So, there exist invertible matrices U
and V and a diagonal matrix D such that M = UDV . Now, because YP η and YRη are assumed
to be disjoint, M becomes invertible over K. Furthermore, because the intersection of YP and
YR is assumed to be proper, the rank of M base changed to κ, denoted by Ms, is at least n. Now,
a priori D = Diag(u0π

α0 , . . . , unπ
αn), where π denotes the uniformizer of T . However, because

the rank of D may drop at most by 1, when base changed to κ = T/(π), we can conclude that
α1 = · · · = αn = 0.

Next, we change coordinates, and let [y0 · · · yn]T = V [x0 · · ·xn]T . Also, let [ϕ0 · · ·ϕn] =
U−1[ϕP

0 · · ·ϕP
n−k−1 ϕ

R
0 · · ·ϕR

k ]
T . Then, because U is invertible, the ideals (ϕ0, . . . , ϕn) and

(ϕP
0 , . . . , ϕ

P
n−k−1, ϕ

R
0 , . . . , ϕ

R
k ) are equal. Furthermore, observe that the point of intersection

ξ becomes
ξ̃ = (π, y1, . . . , yn),

in the new coordinates. Hence

l

( T [x0, . . . , xn]ξ

(ϕP
0 , . . . , ϕ

P
n−k−1, ϕ

R
0 , . . . , ϕ

R
k )

)deg=0
 = l

(T [y0, . . . , yn]ξ̃
(ϕ0, . . . , ϕn)

)deg=0


= l

((
T [y0, . . . , yn](π,y1,...,yn)

(y0πα0 , y1, . . . , yn)

)deg=0
)

= l

(
T

(πα0)

)
= α0

On the other hand, observe that ϕP ∧ ϕR = det(M), up to a unit in K, thus

vT (ϕR(vP )) = vT (ϕP ∧ ϕR)

= vT (det(M))

= vT (det(UDV ))

= vT (det(U) det(D) det(V ))

= vT (det(D))

= vT

(
u0π

α0 ·
n∏

i=1

ui

)
= α0.

So, we have shown that both sides of Equation 3.3 equal α0. This concludes the proof.

Next up, we want to relate this to the asymptotic behaviour of the Archimedean height
pairing. Consider the special case where we take T = C{t}, the ring consisting of convergent
power series, with uniformizer t. Equivalently, it is the ring of germs of holomorphic functions
at 0 ∈ C. Again, let YP and YQ be k-planes and YR and YS be (n−k− 1)-planes in Pn

T . Assume
that YP η, YQη, YRη and YSη are non-degenerate in Pn

K and that the families intersect properly.
We can find equations cutting out these families, i.e., YP = Z(ϕP

0 , . . . , ϕ
P
n−k−1) where each ϕP

i

is a C{t}-linear combination of the homogeneous coordinates x0, . . . , xn. Because the ϕP
i ’s are

convergent power series, on a small enough disc

∆ϵ = {t ∈ C | |t| < ε},
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we can actually evaluate the ϕP
i ’s on t to get equations ϕP

i (t) ∈ C[x0, . . . , xn]. Let YP (t) =
Z(ϕP

0 (t), . . . , ϕ
P
n−k−1(t)) ⊂ CPn, similarly for YQ(t), YR(t) and YS(t). Now, by Theorem 2.20,

we have shown that

〈[YP (t)]− [YQ(t)], [YR(t)]− [YS(t)]〉∞ = log |CRn(YP (t), YQ(t);YR(t), YS(t))|.

Suppose now that the families do intersect over the special fiber, i.e., when t = 0. Then the
cross-ratio could vanish or diverge, exactly with rate vT (CRn(YP η, YQη;YRη, YSη)). So, we can
write

〈[YP (t)]− [YQ(t)], [YR(t)]− [YS(t)]〉∞ = vT (CR
n(YP η, YQη;YRη, YSη)) log |t|+ log |u(t)|,

for some nowhere-vanishing holomorphic function u(t). Lastly, we note that every operation
in the construction of the cross-ratio commutes with base changes. Thus, base changing the
cross-ratio from C{t} to C, i.e., for sufficiently small non-zero t,

CRn(YP , YQ;YR, YS)(t) = CRn(YP (t), YQ(t);YR(t), YS(t)).

Combining this with Theorem 3.4 yields the first result about the asymptotic behaviour of the
Archimedean height pairing, namely in the case of proper degenerations.

Theorem 3.5. With the notation and assumptions as above, the following holds, for t small
enough,

〈[YP (t)]− [YQ(t)], [YR(t)]− [YS(t)]〉∞ = deg
(
(YP − YQ) · (YR − YS)

)
log |t|+ log |u(t)|,

where u : ∆ϵ → C is some nowhere-vanishing holomorphic function.

Remark 3.6. Theorem 3.5 is an instance of a conjecture by Z. Chen and R. de Jong [Che25,
Conjecture 1.5]. This conjecture states that the rate of divergence of the Archimedean height of
certain families of algebraic cycles is controlled by their intersection degree, in proper degener-
ations. In [HdJ15, Theorem 2.1] such a result has been proven for degenerations of curves. We
have now proven this for properly degenerating higher-dimensional projective linear subspaces.
We aim to generalise this result to arbitrary degenerations in the next sections.

Section 3.2: An Example of Degenerating Families of Lines in CP3
C{t}

Let us consider the following example to illustrate the existence of non-proper degenerations.
Again, T = C{t} and we are dealing with four families of 1-planes, i.e., families of lines in P3

T . For
simplicity we assume that the lines YP (t), YQ(t), YR(t) and YS(t), interpreted as YP η, YQη, YRη

and YSη base changed to C, depend linearly on t. Because of this, the valuation vT counts the
dimension of the intersection,

vT (CR
n(YP η, YQη;YRη, YSη) = dim(YP s∩YRs)+dim(YQs∩YSs)−dim(YP s∩YSs)−dim(YQs∩YRs).

This dimension can exceed the expected dimension 0. This is a first example of non-proper
intersections, called excess intersection, which will be treated in Section 3.4. Up to symmetry,
Figure 4 depicts all possible degenerations, together with the value of

A = deg
(
(YP − YQ) · (YR − YS)

)
.

The four lines come with a sign, 1 for YP (0) and YR(0) and −1 for YQ(0) and YS(0). In the figure
the positive lines are coloured in red and the negative lines are coloured in blue. Intersections are
either red or blue, dependent on the product of signs of the two intersecting lines. For example,
when YP (0) intersects YS(0) the intersection is coloured blue, because 1 · (−1) = −1.
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Figure 4: Linear degenerations of families of lines in CP3
C{t}.

We will now start developing the necessary intersection theory to be able to compute the
degree of excess and, more generally, residual intersections.

Section 3.3: An Introduction to Intersection Theory

In the remainder of this chapter we will recall the classical intersection product, between classes
of algebraic cycles which intersect properly. Following Intersection theory by W. Fulton [Ful98],
we will recall the generalised construction to handle non-proper intersections. In Section 3.4 we
will assume that the intersection is defined using regular embeddings. Later, in Section 3.5, we
will treat the most general case.

First, let us recall what the intersection product is. Let X be a smooth variety. Let Zk(X)
denote the cycle group, which consists of formal sums of irreducible closed subvarieties of codi-
mension k. Next up, we define the Chow groups Ak(X) = Zk(X)/ ∼rat, where two irreducible
subvarieties V1 and V2 are said to be rationally equivalent if there exists a flat family W ⊂ X×P1

such that W0 = V1 and W∞ = V2. We leave it as an exercise to the reader to verify that this
is an equivalence relation and extends linearly to the cycle groups Zk(X). We have an obvious
additive group structure on these Chow groups, and we aim to upgrade this to a ring structure.
This is where the intersection product comes in.

First, assume that two irreducible subvarieties V1 and V2 meet transversely, meaning that
for all p ∈ V1 ∩ V2 the tangent spaces of V1 and V2 together span all of the tangent space of X,
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i.e.,
TpV1 + TpV2 = TpX.

There exists a unique intersection product, such that for all transverse intersections V1 and V2
this intersection is given by

Ai(X)×Aj(X) → Ai+j(X)

[V1] · [V2] 7→ [V1 ∩ V2],

see page 19 of [EH16]. We can upgrade this slightly to the case where V1 and V2 meet generically
transversely, i.e. when there is a dense open subset U ⊂ V1 ∩ V2 on which V1 and V2 meet
transversely. Now we will state an important and well-known result.

Lemma 3.7 (Moving Lemma). Let X be a quasi-projective variety. Given α, β ∈ A∗(X) there
exists an α′ rationally equivalent to α such that α′ meets β properly.

There are, however, two important caveats concerning the moving lemma. First of all, it
is unclear whether a complete proof exists, as all classical proofs turned out to contain errors.
Secondly, the Lemma is an existence result and therefore not immediately useful to compute
actual intersections.

Now in the case where X is also smooth, proper intersection implies generically transverse.
Hence for any cycle we can find one that is rationally equivalent, which intersects the other
cycle generically transversely. In that case we also declare [V1] · [V2] = [V1 ∩ V2]. When the
intersection of V1 and V2 is transverse, in particular the subvariety V1∩V2 is reduced, and hence
justifies calling it a subvariety. When we are studying families of varieties we do not want to
move cycles using the moving Lemma and we may need to define an intersection product that
allows non-transverse intersections. We omit the condition that V1 and V2 meet (generically)
transversely, but only require them to intersect in the expected dimension, i.e.,

codim(V1 ∩ V2) = codim(V1) + codim(V2).

In this case we can compute, see [Sta, Section 43.1], the intersection product as follows,

[V1] · [V2] =
∑

Z⊂V1∩V2

mZ(V1, V2;X)[Z], (3.4)

where Z runs over the irreducible components (of expected dimension) of V1 ∩V2. Furthermore,
mZ is given by

mZ =
∑
i

(−1)i lengthOX,Z
(Tor

OX,Z

i (OV1,Z ,OV2,Z)),

this reduces to
mZ = lengthOX,ηZ

(OV1,ηZ ⊗OX,ηZ
OV2,ηZ ) (3.5)

when for example, W is cut out by a regular sequence in OX,Z which also defines a regular
sequence in OV,Z . Here OX denotes the structure sheaf of X, and ηZ denotes the generic point
of the irreducible subscheme Z.

Example 3.8. Consider the following example. Take X = A2 = SpecZ[x, y] with coordinates
x and y. Then we consider the two smooth irreducible subvarieties,

V1 = Z(y − x2),

V2 = Z(y).

Then set-theoretically V1 ∩ V2 = ξ where ξ is the single point given by (0, 0). Unfortunately, V1
and V2 do not meet transversely, or generically transversely. In this example the intersections
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are cut out by regular sequences and we can compute [V1] · [V2] using Equations 3.4 and 3.5.
Observe that the pull-back square of affine schemes,

ξ SpecZ[x, y]/(y − x2)

SpecZ[x, y]/(y) SpecZ[x, y]

y
j

i

corresponds exactly to the push-out square of rings

Oξ(ξ) Z[x, y]/(y − x2)

Z[x, y]/(y) Z[x, y]
y

and we note that

Oξ(ξ) = Z[x, y]/(y)⊗Z[x,y] Z[x, y]/(y − x2) ∼= Z[x]/(x2).

Thus finally we see

[V1] · [V2] =
∑

p∈V1∩V2

mp(V1, V2;X)[p] = lengthZ[x](x)(Z[x](x)/(x
2))[ξ] = 2[ξ].

Remark 3.9. To show that these defining properties agree we have to show that the intersection
multiplicity is always 1 in case of a transverse intersection. This is a standard result in commu-
tative algebra and uses the famous Nakayama lemma (or rather, one of the many formulations
of it), see [EH16, Theorem 1.26].

Section 3.4: Excess Intersection Theory

However, even with this refined definition, we still cannot handle the case where V1 and V2 in-
tersect in a higher dimension than expected. This is called an excess intersection. To be able to
handle this case we require some serious retooling and in this subsection we will go through this
construction, as presented in [Ful98]. First, we will recall the construction in the case of proper
intersections and show that it agrees with the definition as above. Then this will be upgraded
to the case of excess intersections.

The setup is as follows. Let i : X → Y be a closed embedding of codimension d. Let V be
a purely k-dimensional scheme and let f : V → Y be any morphism. Let W = f−1(X) denote
the inverse image scheme of X so that we have a fiber square

W V

X Y

j

g
y

f

i

.

Consider the normal bundle of X in Y , denoted by NXY which is defined via the short exact
sequence of vector bundles over X

0 → TX → i∗TY → NXY → 0.

We let N = g∗NXY , viewed as a vector bundle over W . We can construct this because i is a
regular embedding. However, j need not be a regular embedding so we have to consider the
normal cone of W in V , denoted by CWV and defined by

CWV = Spec
⊕
n≥0

Gn/Gn+1,
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where G denotes the ideal sheaf of W in V . Let C = CWV , we want to realise C as a k-cycle on
N . Let s : W → N denote the zero section of the vector bundle N → W . Since s is a regular
embedding, it has an associated refined Gysin homomorphism

s! : Ak(N) −→ Ak−rkN (W ).

Geometrically, s! is intersection with the zero section. It takes a cycle on the total space of N
and produces its refined intersection with W , viewed as the zero section inside N . Applying this
to the cycle represented by the normal cone CWV ⊂ N , we obtain a cycle

s![CWV ] ∈ Ak−rkN (W ),

which is the desired excess/intersection cycle on W . First, we need the following lemma.

Lemma 3.10. The ideal sheaf F of X in Y generates the ideal sheaf G of W in V .

Proof. Consider the canonical short exact sequence of OY -modules

0 → F → OY → i∗OX → 0.

Then apply f∗, the pull-back of OY -modules as constructed in [JT23a, p. 65]. This is right
exact so we get

f∗F → OV → j∗OW → 0,

where we used that f∗OY = OV and the fact that f∗i∗OX = j∗g
∗OX = j∗OW . Thus we can

construct a surjection f∗F → G because G fits in the short exact sequence of OV modules

0 → G → OV → j∗OW → 0.

This is exactly what it means for F to generate G.

Thus, as a direct consequence there is a surjection⊕
n

f∗(Fn/Fn+1) →
⊕
n

Gn/Gn+1,

and hence a closed immersion

Spec
⊕
n

Gn/Gn+1 → Spec
⊕
n

f∗(Fn/Fn+1).

Thus we obtain a closed immersion C ↪→ N . Here we used the functoriality of pull-backs to
write N as

Spec
⊕
n

j∗f∗(Fn/Fn+1) = Spec
⊕
n

g∗(Fn/Fn+1).

So in particular, we get a commutative diagram

C N

W

πC
πN

Now because V is a purely k-dimensional scheme C = CWV is also a purely k-dimensional
scheme, see [Ful98, Appendix B.6.6]. Thus in particular, C determines a k-cycle on N given by
[C]. Now we may define the intersection product X · V to be the unique class in Ak−d(W ) such
that π∗N (X · V ) = [C] in Ak(N), or equivalently s![C], where s! is the Gysin homomorphism.
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Example 3.11. We will now compute the intersection of families of lines X and V in P3
T , where

T is some discrete valuation ring. Let x, y, z, w denote the homogeneous coordinates on P3 and
let π denote the uniformizer of T . Define the flat families

X = Z(x, y − πm),

V = Z(y, z).

Observe that the set-theoretic intersection X ∩ V = {([0 : 0 : 0 : 1], s)}, again s denotes the
closed point of Spec(T ). Let us switch to the chart where w 6= 0. Then we get that

W = X ×P3
T
V = SpecT [x, y, z]/(x, y, z, y − πm) = SpecT/(πm),

and we get the following fiber square

SpecT/(πm) SpecT [x]

SpecT [y, z]/(y − πm) SpecT [x, y, z]

j

g
y

f

i

Now observe that the ideal sheaf F of X in P3
T , and the ideal sheaf G of W in V are given by

F = (x, y − πm),

G = (x, πm),

f∗F = (x, πm).

Hence, we note that C ∼= N , in particular C determines the class [N ] ∈ A2(N), the fundamental
class. Hence, we need a cycle Z ∈ A0(W ) such that π∗NZ = [C], and the fundamental class of
W satisfies this precisely, thus

X · V = [W ] = m · [ξ] ∈ A0(W ).

So in particular,
deg(X · V ) = m.

We can also compute the intersection using Chern and Segre classes.

Proposition 3.12 (Fulton’s Proposition 6.1). With the notation as above

X · V = {c(N) ∩ s(W,V )}k−d

We will briefly introduce these concepts and quickly specialise to a simple case which will
suffice for our purposes. Let E be a vector bundle of rank r on a scheme X. Then, the total
Chern class is given by

c(E) = 1 + c1(E) + · · ·+ cr(E) ∈ A∗(X),

where each Chern class ci(E) ∈ Ai(X) is determined by the following axioms. For any morphism
of schemes f : Y → X we have f∗c(E) = c(f∗E). Secondly, given an exact sequence of vector
bundles

0 → E′ → E → E′′ → 0,

we have c(E) = c(E′) · c(E′′). Thirdly, c(O(1)) = 1+ [H], for O(1) on Pn and where [H] denotes
the class of a codimension 1 hyperplane. Finally, the Chern classes satisfy the splitting principle.
So if E = L1 ⊕ · · · ⊕ Lr then

c(E) =
r∏

i=1

(1 + c1(Li)).
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The Segre classes measure the deviation of a subscheme Z ⊂ X from being a regular embedding.
Let CZX be the normal cone of Z in X and let π : CZX → X denote the projection. Then

s(Z,X) = π∗

(
[CZX]

c(O(1))

)
,

where O(1) is the tautological line bundle on P(CZ(X)⊕1). However, in our case the subscheme
Z ⊂ X is locally defined by an ideal I. Then the formula reduces to

s(Z,X) = π∗([CZX]).

Example 3.13. We will compute the intersection X · V of example 3.11 again, this time using
Proposition 3.12. For this we need to compute c(N) and s(W,V ). Note that N is just the trivial
vector bundle of rank 2 over W and hence c(N) = 1. Then

{c(N) ∩ s(W,V )}0 = {1 ∩ (πN )∗[C]}0
= {(πN )∗[N ]}0
= {[W ]}0
= {m · [ξ]}0
= m · [ξ].

Now finally we can introduce the Excess Intersection Formula [Ful98]. Consider the fiber
square

X ′ Y ′

X Y

j

g
y

f

i

where i : X → Y is a regular embedding of codimension d. We define homomorphisms

i! : Zk(Y
′) → Ak−d(X

′)∑
i

ni[Vi] 7→
∑
i

niX · Vi

where X ·Vi is the intersection product as constructed in the previous subsection. We state that
these descend to a homomorphism on the Chow groups

i! : Ak(Y
′) → Ak−d(X

′),

see [Ful98, p. 98]. These maps are called the refined Gysin homomorphisms. Now consider the
double fibre diagram

X ′′ Y ′′

X ′ Y ′

X Y

q
y

p

j

g
y

f

i

Here i (resp. j) is a regular embedding of codimension d (resp. d′) with normal bundle N (resp.
N ′). Then, as seen before, there is a closed immersion of N ′ in g∗N , because now both of these
are truly vector bundles we can form the quotient bundle

E = g∗N/N ′,

called the excess normal bundle of the lower fibre square of dimension e = d− d′.
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Theorem 3.14 (Excess intersection formula). For any α ∈ Ak(Y
′′),

i!(α) = ce(q
∗E) ∩ j!(α)

in Ak−d(X
′′).

This formula can help when computing the intersection product in the case of an excess
intersection.

Example 3.15. Consider a slight modification to the example 3.11, where we now let

X = Z(x+ tz, y),

V = Z(x, y + tw).

Observe that over the special fiber, i.e. when t = 0, Xs = Z(x, y) = Vs. Thus, the set-theoretic
intersection

X ∩ V = L× {0} ⊂ P3
T

where L is the line given by {[0 : 0 : z : w] : [z : w] ∈ P1}, which is of dimension 1 and not 0.
This is an excess intersection. Note in this case that d = 2 and d′ = 1 and so the excess bundle
E is of rank e = 2− 1 = 1, i.e. a line bundle. First let us compute NXY , the normal bundle of
X inside Y . For this note that the normal bundle

NXY = HomOX
(IX/I2

X ,OX),

where the ideal sheaf of X in Y is given by

IX = ˜(x+ tz, y) ⊂ OY .

On the affine chart z 6= 0, write u = x/z, v = y/z and s = w/z. Then the defining equations
become

v = 0, u+ t = 0.

Thus, in particular, locally IX/I2
X is free of rank 2 generated by the classes [v] and [u + t]. If

we now switch to the other chart of X, namely w 6= 0, write u′ = x/w, v′ = y/w and r = z/w.
Then the defining equations become

v′ = 0, u′ + tr = 0.

Furthermore, v′ = z
wv and u′ + tr = z

w (u+ t), so the transition function from Uz to Uw is given
by z

w and hence these local pieces glue together to form OX(−1)⊕OX(−1) so in particular the
dual

NXY ∼= OX(1)⊕OX(1).

Now consider the normal bundle of X ′ in Y ′, given by

IX′,Y ′ = ˜(tz, tw) ⊂ OY ′ .

On the chart Uz we have (tz, tw) = (t) and on the chart Uw we also have (tz, tw) = (t) so the
pieces glue together trivially and we note that

NX′Y ′ ∼= OX′(0).

Now we have
E =

g∗NXY

NX′Y ′
∼=

OX′(1)⊕OX′(1)

OX′(0)
∼= OP1(2),
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and so we observe that c1(E) = 2[pt]. Thus, now finally the intersection formula gives us (where
we take Y ′′ = Y ′ and X ′′ = X ′)

i!([Y ′]) = c1(E) ∩ j!([Y ′]) = 2[pt] ∩ [X ′] = 2[pt] ∈ A0(X
′′).

Here we used that j!([Y ′]) = [X ′] · [Y ′] = [X ′] because [X ′] is a principal Cartier divisor. Hence
we note that deg(X · V ) = 2 and this agrees with

vT det


1 0 1 0
0 1 0 1
t 0 0 0
0 0 0 t

 = vT (−t2) = 2.

Remark 3.16. The excess intersection formula gives a very nice and explicit formula for com-
puting the intersection X · V . However, there is a strong condition which is not always satisfied
in our case, namely we require W = V ∩X to be regularly immersed in V (or X). Consider the
following example, in P3

T we have two families of lines X and V such that the intersection of W in
V is given by the ideal (xta, ytb). This closed immersion is a regular immersion, of codimension
1, if and only if a = b and a, b > 0. Of course, when a = b = 0 then W = ∅ and whenever
only a or b is 0, then the intersection is in the expected dimension and the codimension of W
in V is 2, so we will exclude these cases. Now suppose a = b, then locally, the ideal defining W
is given by (ta), we can check this on the two charts of W ∼= P1

C. On the chart where x 6= 0
we have (xta, yta) = (ta, yta) = (ta) and similarly on the other chart. Now on the other hand,
suppose that a < b, then we cannot find a regular sequence of non-zero-divisors of length 1 (or
any length) defining W . Consider the chart where y 6= 0 then the ideal is given by (xta, tb)
which is not principal because a < b. Furthermore, the dimension of W is 1, and the dimension
of V is 2 so if W is regularly immersed in V it would have to be of codimension 1, which is not
possible. Because of this we will resort to the residual intersection formula, which generalises
the excess intersection formula.

Section 3.5: General Degenerations

To handle the case where the ideal defining W in V and X does not define a regular immersion
we must turn to residual intersections. First, we will state the relevant results from [Ful98,
Chapter 9]. Consider the following situation.

R

D W V

X Y

b

a j

g f

i

Here a, b, i, j are closed immersions, and V is a purely k-dimensional variety. Furthermore,
assume i is a regular immersion of codimension d, j ◦ a embeds D as a Cartier divisor in V and
R is the residual scheme to D in W . This means that

W = D ∪R,

and furthermore, the ideal sheaves on V are related by

I(W ) = I(D) · I(R).

Then
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Theorem 3.17 (Residual Intersection Theorem, Fulton 9.2). Let N = g∗NXY and O(−D) =
j∗OV (−D). Define the residual intersection class R in Ak−d(R) by the formula

R = {c(N ⊗O(−D)) ∩ s(R, V )}k−d.

Then
X · V = {c(N) ∩ s(D,V )}k−d + R.

First of all, following Corollary 9.2.1 of [Ful98], note that

{c(N) ∩ s(D,V )}k−d =

{
c(N)

c(O(D))

}
d−1

∩ [D].

With all the machinery as above, we will generalise the result of Theorem 3.4, to the case where
the pairwise intersections need not be proper. As a last preliminary result we will compute
the normal bundle of a regular immersion i : X → Pn

T of codimension d, together with its
total Chern class. We quickly note that in [Ful98] all schemes are assumed to be finite type
over a field. In this case, these are not schemes over a field, but rather over the spectrum of a
discrete valuation ring. Fulton notes that “the residual intersection theorem generalises without
change”, see [Ful98, p. 395], to the case where our schemes are of finite type over the spectrum
of a discrete valuation ring.
Proposition 3.18. Let X = Pn−d

T and Y = Pn
T . Let i : X → Y be a regular immersion of

codimension d, then
NXY ∼= OX(1)⊕d

and furthermore
c(NXY ) = (1 + [H])d,

where
[H] = i∗c1(OY (1)) = c1(OX(1))

the class of a hyperplane on X.
Proof. Now, as in Example 3.2.11 in [Ful98], we have an exact sequence on Pn

0 → OPn → OPn(1)⊕(n+1) → TPn → 0,

and similarly on Pn−d

0 → OPn−d → OPn−d(1)⊕(n−d+1) → TPn−d → 0.

Furthermore, as in Example 3.2.12 in [Ful98], we have an exact sequence on Pn−d

0 → TPn−d → i∗TPn → NPn−dPn → 0.

Then we have

NPn−dPn ∼= i∗TPn/TPn−d

∼=
(
i∗OPn(1)⊕(n+1)/i∗OPn

)
/
(
OPn−d(1)⊕(n−d+1)/OPn−d

)
∼=
(
OPn−d(1)⊕(n+1)/OPn−d

)
/
(
OPn−d(1)⊕(n−d+1)/OPn−d

)
∼= OPn−d(1)⊕(n+1)/OPn−d(1)⊕(n−d+1)

∼= OPn−d(1)⊕d.

Then using the fact that c(OPn−d(1)) = 1 + [H] for [H] as above, together with the standard
properties of Chern classes we have

c(OPn−d(1)⊕d) =
d∏

i=1

c(OPn−d(1)) = (1 + [H])d,

as desired.



Section 3.5: General Degenerations 52

Now let us state the main theorem of this section and in fact, of this thesis.

Theorem 3.19. Let T be a discrete valuation ring, with valuation vT and uniformizer π. Let
YP and YQ be k-planes and YR and YS be (n− k − 1)-planes in Pn

T . Assume that YP η, YQη, YRη

and YSη are non-degenerate in Pn
K . Then

deg
(
(YP − YQ) · (YR − YS)

)
= vT

(
CRn(YP η, YQη;YRη, YSη)

)
.

First, we will prove a convenient lemma, which we will use in the proof of Theorem 3.19.

Lemma 3.20. Let T be a discrete valuation ring, with uniformizer π. Let V be a k-plane, and
let X be an (n− k − 1)-plane in Pn

T . Then, after a change of coordinates, we may assume

V = Z(xk+1, . . . , xn) ⊂ Pn
T .

Furthermore, the scheme-theoretic intersection W of X and V inside V is given by

IW,V = (x0π
α0 , . . . , xkπ

αk),

after possibly changing the first k + 1 coordinates again.

Proof. Write the defining equations for V in an (n − k) × (n + 1)-matrix M , where each row
is given by the coefficients of a T -linear equation in the coordinates x0, . . . , xn. Because V is a
k-plane it is of constant full rank, so when we decompose M = V DU in Smith-Normal form,
see Lemma 3.2, with V, U invertible and D a diagonal matrix, D will be of the form

D =


u0 0 0 · · · 0 0
0 u1 0 · · · 0 0
...

... . . . ...
...

0 0 0 un−k−1 · · · 0

 .
Here uj is a unit for all 0 ≤ j ≤ n− k − 1. After the change of coordinates given by U , we find

V = Z(u0x0, . . . , un−k−1xn−k−1) = Z(x0, . . . , xn−k−1).

We then relabel the coordinates, e.g. xj := xn−j , and conclude

V = Z(xk+1, . . . , xn).

Then, the ideal defining W in V is given by

IW,V = (ϕ0, . . . , ϕk),

with ϕj ∈ T [x0, . . . , xk]
deg=1. We can then apply the Smith normal form again, and after a

change of coordinates we may assume

IW,V = (x0π
α0 , . . . , xkπ

αk).

Note that here we could not assume that the diagonal elements were given by units, as W need
not be flat over Spec(T ).

Now let us prove Theorem 3.19.



53 Section 3.5: General Degenerations

Proof. Similarly to the proof of Theorem 3.4, it suffices to show

deg
(
YP · YR

)
= vT (ϕP ∧ ϕR).

First of all, let Y = Pn
T , X = YR and V = YP . Write W for the scheme-theoretic intersection of

X and V . Let i : X → Y and j :W → V denote the closed immersions of X and V . Note that i
is a regular immersion of codimension k+1 by Corollary 3.14 of [Liu02], as the discrete valuation
ring T is in particular Noetherian. Using Lemma 3.20, find a suitable set of coordinates, such
that V is stationary and given by Z(xk+1, . . . , xn) ⊂ T [x0, . . . , xn] and the ideal defining W
inside V is given by

IW,V = (x0π
α0 , . . . , xkπ

αk).

We will prove

deg(X · V ) =

k∑
i=0

αi = vT (ϕP ∧ ϕR)

by induction on l = #{αi 6= 0} − 1, the excess dimension. First, consider the case where l = 0,
so the ideal defining W in V is, without loss of generality, given by (x0π

α0 , x1, . . . , xk) and so
X and V intersect properly. Then Theorem 3.4 gives that

deg(X · V ) = vT (ϕP ∧ ϕR) = α0 =

k∑
i=0

αi.

Now, suppose that the induction hypothesis holds for all l ≤ l0, then we will show that it also
holds for l0 + 1. So suppose the ideal defining W in V is given by

IW,V = (x0π
α0 , . . . , xl0+1π

αl0+1 , xl0+2, . . . , xk),

where, again without loss of generality, we assume 0 ≤ α0 ≤ · · · ≤ αl0+1. Observe that xj = 0
is a condition for X to intersect V . However, xj need not be zero itself in X. We can find
linear functionals ψj such that ψj(x0, . . . , xk, 0, . . . , 0) = xj , for all l0 + 2 ≤ j ≤ k, and X ⊂
Z(ψl0+2, . . . , ψk). Now change V , call it V ′, to include the conditions ψl0+2 = ψl0+3 = · · · =
ψk = 0, and remove them from X, call that X ′. Note that we cannot do this for the other
coordinates, as then V ′ would no longer be flat over Spec(T ), whereas in this case V remains
flat, i.e., a k-plane. Now we will show that the intersection

[X] · [V ] = [X ′] · [V ′].

To see this, let Hj = {ψj = 0} ⊂ Y for l0 + 2 ≤ j ≤ k. These are Cartier divisors on Y . Let

H = [Hl0+2 ∩Hl0+3 ∩ · · · ∩Hk] = [Hl0+2] · [Hl0+3] · · · [Hk],

Furthermore,
[X] · [V ] = ([X ′] ·H) · [V ] = [X ′] · (H · [V ]) = [X ′] · [V ′],

because neither X nor V is contained in any Hj , and the associativity and commutativity of the
intersection product. Now X ′ is of codimension l0 + 2 inside Y , and the ideal defining W in V ′

is given by

IW,V ′ = (x0π
α0 , . . . , xl0+1π

αl0+1) = (πα0) · (x0, x1πα1−α0 , . . . , xl0+1π
αl0+1−α0).

Now consider the principal Cartier divisor D globally given by Div(πα0). By the above equality,
the residual scheme to D in W is given by

R = Z(x0, x1π
α1−α0 , . . . , xl0+1π

αl0+1−α0).
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Using Theorem 3.17, we find

X ′ · V ′ =

{
c(N)

c(O(D))

}
d−1

∩ [D] + R.

Now, first of all observe that the residual scheme R is given by an ideal with excess dimension
less than or equal to l0. To see this, consider Xnew which is constructed as follows. X ′ is given
by the zero locus of l0 + 2 equations

X ′ = Z(ϕ0, . . . , ϕl0+1),

such that πα0 divides ϕj(x0, . . . , xk, 0, . . . , 0). Thus, in particular

ϕj =

k∑
i=0

πα0aijxi +

n∑
i=k+1

aijxi,

where aij ∈ T . Then define

ϕnew
j =

n∑
i=0

aijxi,

and
Xnew = Z(ϕnew

0 , . . . , ϕnew
k ).

Then

R = {c(N ⊗O(−D)) ∩ s(R, V ′)}0 (by definition)

= {c(N) ∩ s(R, V ′)}0 (as O(−D) ∼= OW )

= {(1 + [H])l0+2 ∩ s(R, V ′)}0 (by Prop3.18)

= {c(g∗NXnewY ) ∩ s(Rnew, V ′)}0 (by Prop3.18 and R = Rnew)

= [Xnew] · [V ′] (by definition).

Here Rnew, the ideal defining the intersection Xnew ∩ V ′ in V ′, is precisely given by R. Further-
more, because −D is a principal Cartier divisor O(−D) is a trivial vector bundle and hence

N ⊗O(−D) ∼= N.

Finally, we used that if g is the inclusion of the intersection W new of Xnew and V ′ in Xnew then
g∗NXnewY ∼= OWnew(1)⊕l0+2 by Proposition 3.18. Hence we may invoke the induction hypothesis
to conclude

deg(R) =
l0+1∑
i=1

(αi − α0) =

l0+1∑
i=1

αi − (l0 + 1)α0.

Now, observe that [D] = α0 · [Pl0+1
k ], where k is the residue field of T , as this is

(πα0) ∩ V ′.

Furthermore, because D is a principal Cartier divisor, O(D) is a trivial vector bundle and hence
c(O(D)) = 1. Lastly, using Proposition 3.18, we observe that N ∼= OW (1)⊕l0+2, because now
i : X → Y is a regular immersion of codimension l0 + 2 and so

c(N) = (1 + [H])l0+2

where [H] is the class of any hyperplane in Pl0+1
k . Then

X ′ · V ′ = {(1 + [H])l0+2}l0+1 ∩ α0[Pl0+1
k ] + R

= (l0 + 2)[H]l0+1 ∩ α0[Pl0+1
k ] + R

= (l0 + 2) · α0[pt] + R.
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Therefore,

deg(X · V ) = deg(X ′ · V ′) = α0 · (l0 + 2) +

l0+1∑
i=1

αi − (l0 + 1) · α0 =

l0+1∑
i=0

αi = vT (ϕP ∧ ϕR).

This concludes the proof that deg(X · V ) = vT (ϕP ∧ ϕR) by induction.

Similarly to Theorem 3.5, when T = C{t} we find

Theorem 3.21. Let YP and YQ be k-planes and YR and YS be (n − k − 1)-planes in Pn
C{t}.

Assume that YP η, YQη, YRη and YSη are non-degenerate in Pn
FracC{t}. Then, for t small enough,

〈[YP (t)]− [YQ(t)], [YR(t)]− [YS(t)]〉∞ = deg
(
(YP − YQ) · (YR − YS)

)
log |t|+ log |u(t)|,

where u : ∆ϵ → C is some nowhere-vanishing holomorphic function.

Remark 3.22. Theorem 3.21 is a generalisation of Theorem 3.5, where non-proper degenera-
tions of the projective linear spaces are now allowed. This result suggests that Chen’s conjecture
[Che25, Conjecture 1.5] could hold in a more general setting.

Remark 3.23. We highlight a simple aspect of the proof of Theorem 3.19. After modifying
the setup in a convenient way, we are counting the exponents of the ideal IW defining W in V .
This ideal is of the form

IW = (πα0y0, . . . , π
αlyl, yl+1, . . . , yk),

where in this case l is the excess dimension. When proving the equality

deg(X · V ) =

l0+1∑
i=0

αi,

the right-hand side counts these exponents in the obvious way, α0 +α1 + · · ·+αl. Interestingly,
the way the left-hand side is computed counts these exponents in a completely different way. I
will highlight this difference by means of a simple example. Suppose the ideal IW is given by
(π2x, π4y, π4z, π5w).

Figure 5: A figure representing the t-exponents of the ideal (π2x, π4y, π4z, π5w).

As stated before, the right-hand side will simply add the number of dots in each column.
The left-hand side takes a different approach. It will count the number of dots in rows, in the
following way.
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Figure 6: First the red dots 2 · 4, then the blue dots 2 · 3 and lastly the green dot.

Of course, counting the columns is the same as counting the rows (where we may count
multiple rows at the same time). In some sense, that is why

α0 · (l0 + 2) +

(
l0+1∑
i=1

αi − α0(l0 + 1)

)
=

l0+1∑
i=0

αi.
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Chapter 4: The Non-Archimedean Contributions
Number theory often studies geometric objects not only over the complex numbers, but also
through their reductions modulo primes. Each prime p gives rise to a different local picture. Even
when planes are non-degenerate over the complex numbers, it can happen that they intersect
non-trivially when reduced modulo some prime p. The corresponding local height at p measures
precisely this p-adic contribution to the arithmetic complexity of the cycles. In this chapter we
apply the machinery from Chapter 3 to the ring Zp, for any prime p, to find the local heights
whenever the planes YP , YQ, YR and YS are defined over Z or Zp. We will prove the following
theorem.

Theorem C (Corollary 4.2). Let p be a prime number. The p-adic local height of sub-
complementary linear subspaces defined over Zp, whose generic fibres are non-degenerate, is
given by

〈YP − YQ, YR − YS〉p = log |CRn(YP , YQ;YR, YS)|p,

where | · |p denotes the p-adic norm.

In the second part of this chapter, we will find a geometric interpretation of the constant u(0)
as in Theorem 3.19, namely a measurement for the rate of collision (or separation) of the moving
planes. We will extend the definition of the generalised cross-ratio to the case where all planes
are allowed to intersect, depending on chosen small perturbations. We call this the regularised
cross-ratio. We will show that a degeneration of planes induces rate-of-collision vectors and
show the following.

Theorem D (Corollary 4.10). The absolute value of the constant u(0) from Theorem 3.19
is given by the regularised cross-ratio of YP , YQ, YR and YS together with the induced rate-
of-collision vectors rP,R, rP,S , rQ,R and rQ,S .

We call u(0) the regularised limit. It is very difficult to study these numbers themselves,
because they lack an obvious structure. An algebraic variety which gives rise to such numbers is
far easier to understand. The limit geometry of curves [BdJS23] and later nodal degenerations
of certain odd-dimensional varieties [Bei25] have been studied. This thesis provides an entirely
new class of examples in arbitrary dimension and for general degenerations of projective linear
subspaces.

Section 4.1: Local Height Pairing at a Prime p

In this section we will consider linear subspaces of Pn
Z, instead of Pn

C. Let YP and YQ be k-
dimensional linear subspaces and let YR and YS be (n − k − 1)-dimensional linear subspaces
of Pn

Z such that they are flat, when viewed as families over SpecZ, and non-degenerate over
the generic fibre. This means that as Q-vector spaces the planes intersect trivially, and the
dimension remains constant when we reduce modulo any prime p. Let YP,p, YQ,p, YR,p and YS,p
denote the base changes of YP , YQ, YR and YS respectively to Zp. Then we can define the local
height pairings.

Definition 4.1. For any prime p, the local height pairing for the prime p is given by

〈YP − YQ, YR − YS〉p = − deg ((YP,p − YQ,p) · (YR,p − YS,p)) log p,

and the global height is given by

〈YP − YQ, YR − YS〉 =
∑

p prime

〈YP − YQ, YR − YS〉p + 〈YP − YQ, YR − YS〉∞.
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Note that, by assumption, the underlying Q-vector spaces of the planes YP , YQ, YR and YS
form a non-degenerate quadruple, but may all intersect over Fp for any prime p. We can apply
Theorem 3.19 to the discrete valuation ring Zp for any prime p, to compute deg ((YP,p − YQ,p) · (YR,p − YS,p)).
Corollary 4.2. In the situation as above, the intersection degree is given by

deg ((YP,p − YQ,p) · (YR,p − YS,p)) = vp (CR
n(YP , YQ;YR, YS))

and hence
〈YP − YQ, YR − YS〉p = log |CRn(YP , YQ;YR, YS)|p .

Proof. The first equality follows immediately from Theorem 3.19. Furthermore, note that for
any x ∈ Q× and any prime p, we have by definition

|x|p = p−vp(x).

The second equality follows immediately.

Corollary 4.3. The global height pairing of differences of linear subspaces of sub-complementary
dimension on Pn vanishes.
Proof. This follows from the fact that, for any x ∈ Q×, we have

log |x|+
∑

p prime

log |x|p = 0.

Because YP , YQ, YR and YS are defined over Q, so is their cross-ratio. Hence

〈YP − YQ, YR − YS〉 =
∑

p prime

〈YP − YQ, YR − YS〉p + 〈YP − YQ, YR − YS〉∞

=
∑

p prime

log |CRn(YP , YQ;YR, YS)|p + log |CRn(YP , YQ;YR, YS)|

= 0.

Here we used Theorem 2.20 to express the Archimedean height pairing in terms of the cross-
ratio.

Example 4.4. We give an example computing both the Archimedean and non-Archimedean
height pairings for lines in P3

Z. Consider the following four lines in P3
Z, given by the following

rank-two submodules of Z4

ŶP = Z〈(1, 0, 0, 0), (0, 1, 0, 0)〉

ŶQ = Z〈(0, 0, 1, 0), (0, 0, 0, 1)〉

ŶR = Z〈(2, 3, 0, 1), (4, 0, 2, 3)〉

ŶS = Z〈(5, 5, 5, 1), (2, 3, 5, 7)〉

We note that these four submodules intersect pairwise trivially, i.e., only in the zero vector,
even when we base change to Q. Furthermore, reduction modulo p for any prime does not
change the dimension of YP , YQ, YR or YS . Therefore, we can compute their Archimedean and
non-Archimedean heights using their cross-ratio.

CRn(YP , YQ;YR, YS) =
(vP ∧ vR)
(vQ ∧ vR)

(vQ ∧ vS)
(vP ∧ vS)

=
−2

−12

5

30

=
1

36

=
1

22
1

32
.
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Hence we find that, after base changing to C for the Archimedean height,

〈YP − YQ, YR − YS〉∞ = −2 log

∣∣∣∣ 136
∣∣∣∣ ,

〈YP − YQ, YR − YS〉2 = log

∣∣∣∣ 136
∣∣∣∣
2

= −2 log 2,

〈YP − YQ, YR − YS〉3 = log

∣∣∣∣ 136
∣∣∣∣
3

= −2 log 3,

〈YP − YQ, YR − YS〉p = log |1| = 0 , p /∈ {2, 3}.

Therefore, we conclude that deg ((YP,2 − YQ,2) · (YR,2 − YS,2)) = 2 and deg ((YP,3 − YQ,3) · (YR,3 − YS,3)) =
2. It is not yet clear from which intersection these degrees appear. As shown before in Section
3.2, there are two possible ways, up to symmetry, in which these four lines can degenerate,
resulting in degree 2. Note that intersections may appear with higher degree here, so there are
more possible degenerations. Let us first treat the case p = 2. To examine the intersection mod
2, we compute the order to which the individual determinants vanish at 2. So, up to a sign,

vP ∧ vR = −2,

vQ ∧ vR = −12 = −1 · 22 · 3,
vQ ∧ vS = 5,

vP ∧ vS = 30 = 2 · 3 · 5.

Thus, we see that modulo 2, YP,2 and YR,2 intersect with multiplicity one, YQ,2 and YR,2 intersect
with multiplicity two, and lastly YP,2 and YS,2 also intersect with multiplicity one. Furthermore,
intersections also occur over Z3 and Z5. In the following figure we have depicted the intersections
and coloured their intersections according to the sign +1 for YP and YR and the sign −1 for YQ
and YR.

Figure 7: Left: intersections over Z2, Middle: intersections over Z3, Right: intersections over
Z5.

An interesting phenomenon is that over Z5 there is an intersection. However, because the
intersection is for both YP and YS and YQ and YS with the same multiplicity, their contributions
cancel each other out.

Section 4.2: Geometric Interpretation of the Regularized Limit u(0)

In this section we will investigate the remaining nowhere-vanishing function u(t) from Theorem
3.19, in particular u(0). We can find a canonical interpretation well-defined up to sign when all
planes are defined over Z. This means that our moving planes now move over a two-dimensional
base SpecZJtK. Since the constant u(0) factors through the four different intersections, i.e.

u(0) =
uP,R(0)uQ,S(0)

uP,S(0)uQ,R(0)
,
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we will focus on a single intersection where X and Y are moving planes. In this setup we let
u(0) denote the following quantity. We can form the (n+1)× (n+1) matrix vX ∧ vY which has
primitive generating vectors for X̂ and Ŷ in ZJtKn+1 as its columns. Then we define u(0) to be

1

m!

∂m

∂tm
det(vX ∧ vY )

∣∣∣∣∣
t=0

where m is the smallest integer such that the expression is non-zero. Let X and Y denote the
families in Pn

T , where T = ZJtK and Spec(T ) is a two-dimensional base. By assumption, both X
and Y are flat over the base SpecZJtK, i.e. when reduced modulo p we have induced families

Xp → SpecFpJtK Y p → SpecFpJtK,
which are families of k-planes, as before. More concretely,

Xp = X ×ZJtK FpJtK, Xp,s = Xp ×FpJtK Fp,

and similarly for Y p and Y p,s. We also have induced families

Xs → SpecZ, Y s → SpecZ, Xη → SpecQJtK, Y η → SpecQJtK.
Lastly, we have a family

Xs ∩ Y s = Xs ×Pn
Z
Y s → SpecZ.

We denote by X̂ and Ŷ the underlying spaces in ZJtKn+1, and X̂s and Ŷs the underlying spaces
at t = 0 in Zn+1. We will first treat the case where Xs ∩ Y s is flat over SpecZ, i.e. the
intersection does not jump rank when further reduced modulo any prime p. We will write down
some preliminary results, and then state and prove the most general case under the flatness
assumption.

Lemma 4.5. Suppose X and Y are moving lines in P3
T , where T = ZJtK. Suppose that Xη and

Y η intersect properly, that Xs ∩ Y s is flat over SpecZ, and lastly that X and Y depend linearly
on t. Then there is, up to sign, a canonical basis for the normal direction in which the planes
X̂s and Ŷs collide, given by ξ ∈ Z4. Furthermore, the rate at which X̂s and Ŷs collide is given
by |u(0)|, a length with respect to this basis.

Proof. First, we will establish this normal basis vector ξ. Since Xη and Y η intersect properly,
they meet in a projective Q-point, i.e. X̂η,s ∩ Ŷη,s = Q · ζ ⊂ Q4, for some generating vector ζ.
Furthermore, since the intersection Xs ∩ Y s is flat over SpecZ, the intersection also happens
over Z. So X̂s ∩ Ŷs = Z · ζ ⊂ Z4, for a primitive basis vector ζ ∈ Z4. Since X̂s ∩ Ŷs ∼= Z the
vector ζ is well-defined up to sign. So, write bases in ZJtKn+1

X̂ = Z〈vX1 (t), vX2 (t)〉, Ŷ = Z〈vY1 (t), vY2 (t)〉.

Now, since these bases share a common generator ζ, when evaluated at t = 0, we can find
invertible matrices UX , UY ∈ GL2(Z) such that after changing the bases for X̂ and Ŷ to

X̂ = Z〈ζX(t), a(t)〉, Ŷ = Z〈ζY (t), b(t)〉,

we have that
ζX(0) = ζY (0) = ζ.

This in turn also gives us bases

X̂s = Z〈ζ, a〉, Ŷs = Z〈ζ, b〉,
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with a = a(0) and b = b(0). Because the intersection Xs ∩ Ys is flat, this means that Z〈ζ, a, b〉
is a direct sum decomposition, i.e.

Z4/Z〈ζ, a, b〉 ∼= Z.

Equivalently, the vectors ζ, a, b can be extended to a basis for Z4, call the additional basis vector
the normal vector ξ, so

Z4 = Z〈ζ, a, b, ξ〉.

Now, the rate of collision (or equivalently separation) is entirely captured by the ξ-direction.
So, consider the class

[ζ ′X(0)− ζ ′Y (0)] ∈ Z4/Z〈ζ, a, b〉 ∼= Z〈ξ〉.

We will show that the class of this difference is well-defined. Suppose we have other moving
bases

X̂ = Z〈ζ̃X(t), ã(t)〉, Ŷ = Z〈ζ̃Y (t), b̃(t)〉,

with
ζ̃X(0) = ζ̃Y (0) = ζ.

Then
ζ̃X(t) = ζX(t) + f(t)a(t), ζ̃Y (t) = ζY (t) + g(t)b(t),

with
f(0) = g(0) = 0.

Now the difference of their derivatives is well-defined.

[ζ̃ ′X(0)− ζ̃ ′Y (0)] = [ζ ′X(0)− ζ ′Y (0) + f ′(0)a(0) + f(0)a′(0)− g′(0)b(0)− g(0)b′(0)]

= [ζ ′X(0)− ζ ′Y (0) + f ′(0)a(0)− g′(0)b(0)]

= [ζ ′X(0)− ζ ′Y (0)].

Next, let M denote the matrix whose columns are vX1 (t), vX2 (t), vY1 (t) and vY2 (t). Then by
definition u(0) is given by ∂

∂t detM |t=0. Now let U be the 4×4 block matrix with UX in the top
left 2× 2 minor and UY in the bottom right 2× 2 minor. Now det(U) = det(UX) det(UY ) = ±1
so

detM = ± det(MU) = ± det
[
ζX(t) a(t) b(t) ζY (t)

]
.

Now, by multi-linearity of the determinant, we have that

∂

∂t
det
[
A1(t) · · ·An(t)

]
= det

[
∂
∂tA1(t) A2(t) · · ·An(t)

]
+ · · ·+det

[
A1(t) · · ·An−1(t)

∂
∂tAn(t)

]
.

Since ζX(0) = ζY (0) = ζ the second and third term in the right-hand sum vanish, after evaluating
at t = 0. So we are left with

∂

∂t
det
[
ζX(t) a(t) b(t) ζY (t)

] ∣∣∣
t=0

= det
[
ζ ′X(0) a b ζ

]
+ det

[
ζ a b ζ ′Y (0)

]
= det

[
ζ ′X(0) a b ζ

]
− det

[
ζ ′Y (0) a b ζ

]
= det

[
ζ ′X(0)− ζ ′Y (0) a b ζ

]
.

Now, ζ ′X(0)− ζ ′Y (0) = c · ξ under the isomorphism as above, modulo the basis Z〈a, b, ζ〉. Hence,

det
[
ζ ′X(0)− ζ ′Y (0) a b ζ

]
= det

[
c · ξ a b ζ

]
= c det

[
ξ a b ζ

]
= ±c,
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since ξ, a, b, ζ is a basis for Z4. Combining all the above, we find that

u(0) =
∂

∂t
detM

∣∣∣
t=0

= ±c,

and under the identification Z4/Z〈ζ, a, b〉 ∼= Z also

[ζ ′X(0)− ζ ′Y (0)] 7−→ c.

Thus, up to sign, the rate of collision [ζ ′X(0)− ζ ′Y (0)] is given by u(0).

Let us illustrate this in Figure 8. In blue we see the lattice X̂s, in red Ŷs and the intersection
X̂s ∩ Ŷs is coloured purple. We have indicated the generating vectors a, b, ζ as well as the
normal direction ξ. Lastly, the rate of this degeneration is the length of the vector |u(0)|, in the
ξ-direction.

Figure 8: Interpreting |u(0)| in a proper degeneration over SpecZJtK.
When X and Y are linearly moving k-planes and (n− k − 1)-planes in Pn

T where T = ZJtK,
the result of Lemma 4.5 can easily be generalised as follows. There is now a canonical normal
direction ξ ∈ Zn+1 and up to sign the rate of collision is still given by |u(0)| with respect to this
basis. We will now extend the result to arbitrary t-dependence. Again, we will prove the case
of moving lines in P3

T and leave the more general proof to the reader.

Corollary 4.6. Suppose X and Y are moving lines in P3
T , where T = ZJtK. Suppose that Xη

and Y η intersect properly and that Xs ∩ Y s is flat over SpecZ. Then there is, up to sign, a
canonical basis for the normal direction in which the planes X̂s and Ŷs collide, given by ξ ∈ Z4.
Furthermore, the rate at which X̂s and Ŷs collide is given by |u(0)|, a length with respect to this
basis.
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Proof. The only difference with respect to the statement and proof of Lemma 4.5 is the step
where we define the element [ζ ′X(0)− ζ ′Y (0)]. The lines will intersect to order m, where m is the
highest power of t which divides detM , with M as before. For this reason, we let[

1

m!

(
ζ
(m)
X (0)− ζ

(m)
Y (0)

)]
∈ Z4/Z〈ζ, a, b〉.

By the same argument this class is well-defined. What remains to show is that

1

m!

∂m

∂tm
detM

∣∣∣
t=0

= ±c,

where c is the element corresponding to[
1

m!

(
ζ
(m)
X (0)− ζ

(m)
Y (0)

)]
.

We will again use the multi-linearity of the determinant,

1

m!

∂m

∂tm
detA

∣∣∣
t=0

=
∑

m1+···+m4=m

det

(
A

(m1)
1 (0)

m1!
, . . . ,

A
(m4)
4 (0)

m4!

)
.

So, when we compute

1

m!

∂m

∂tm
det
[
ζX(t) a(t) b(t) ζY (t)

] ∣∣∣
t=0

=
1

m!

∂m

∂tm
det
[
ζX(t)− ζY (t) a(t) b(t) ζY (t)

] ∣∣∣
t=0

=
∑

m1+···+m4=m

det

(
ζ
(m1)
X (0)− ζ

(m1)
Y (0)

m1!
,
a(m2)(0)

m2!
,
b(m3)(0)

m3!
,
ζ
(m4)
Y (0)

m4!

)

= det

(
ζ
(m)
X (0)− ζ

(m)
Y (0)

m!
, a, b, ζ

)
,

because the m-th derivative, when evaluated at t = 0, is the first time ζ(k)X (0)− ζ
(k)
Y (0) does not

vanish. The final conclusion follows in the same way as in the proof of Lemma 4.5.

As before, generalising this to the case of k and (n−k−1)-planes intersecting in a (projective)
point is left to the reader. What remains is to consider excess intersections.

Proposition 4.7. Let X be a moving k-plane and Y be a moving (n − k − 1)-plane in Pn
T ,

where T = ZJtK. Suppose that Xη and Y η are disjoint over the generic fibre of SpecQJtK
and that Xs ∩ Y s is flat over SpecZ. Let l be the (projective) dimension of the intersection
Xη,s ∩ Y η,s ⊂ Pn

Q. Then, there is up to signs, a canonical basis for the normal directions in
which the planes X̂s and Ŷs collide, given by ξ0, . . . , ξl ∈ Zn+1. There is a canonical (l + 1)-
dimensional volume, determined by the rate of collision in each direction with respect to this
basis. We will show that this volume is given by |u(0)|.

Proof. Choose adapted bases

X̂ = Z〈ζX0 (t), . . . , ζXl (t), al+1(t), . . . , ak(t)〉,
Ŷ = Z〈ζY0 (t), . . . , ζYl (t), bl+1(t), . . . , bn−k−1(t)〉,

such that ζXi (0) = ζYi (0) = ζi where

X̂s ∩ Ŷs = Z〈ζ0, . . . , ζl〉.
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Let ri ≥ 1 be the smallest integer such that (ζXi )(ri)(0) − (ζYi )(ri)(0) 6= 0. Let ξ0, . . . , ξl be the
unique basis, up to signs, of the normal directions

Z〈ξ0, . . . , ξl〉 ∼= Zn+1/Z〈ζ0, . . . , ζl, al+1(0), . . . , ak(0), bl+1(0), . . . , bn−k−1(0)〉.

Because the elements
1

ri!

(
(ζXi )(ri)(0)− (ζYi )(ri)(0)

)
are well-defined classes in the quotient, they can be written in the basis ξ0, . . . , ξl. To this end,
write

1

ri!

(
(ζXi )(ri)(0)− (ζYi )(ri)(0)

)
=

l∑
j=0

ci,jξj .

Define C = (ci,j){0≤i,j≤l}. Then the volume spanned by these l + 1 vectors is exactly given by
| det(C)|. We will now show that this volume is equal to |u(0)|. So, let m be the smallest integer
such that detM (m)|t=0 6= 0, equal to r0 + · · ·+ rl. To suppress all the indices we will denote by
a(t), all vectors al+1(t), . . . , ak(t), and similar for the other vectors b, ζX and ζY .

u(0) =
1

m!

∂m

∂tm
det
(
ζX(t), a(t), ζY (t), b(t)

) ∣∣∣
t=0

=
1

m!

∂m

∂tm
det
(
ζX(t)− ζY (t), a(t), ζY (t), b(t)

) ∣∣∣
t=0

= det

(
(ζXi )(ri)(0)− (ζYi )(ri)(0)

ri!
, a(0), ζY (t), b(0)

)

= det

(
(ζXi )(ri)(0)− (ζYi )(ri)(0)

ri!
, a(0), ζ, b(0)

)
.

The third equality is because the ri are chosen in such a way that this is the only configura-
tion without a zero column, so this is the only determinant that is non-zero. Now, modulo
Z〈a(0), ζ, b(0)〉, we can again express these first l + 1 columns in the ξ = (ξ0, . . . , ξl) basis. So
the above equals

det(C) det (ξ, a(0), ζ, b(0)) = ± det(C),

because ξ, a(0), ζ, b(0) form a basis for Zn+1, and hence must have determinant ±1. Thus we
conclude that |u(0)| = | det(C)|. This finishes the proof.

Again, let us illustrate the situation in Figure 9. Let X̂s and Ŷs be two-dimensional lattices,
which in this excess intersection coincide. We denote their common generators with ζ1 and ζ2.
We let ξ1 and ξ2 span the normal directions. The vectors

ζX
′

1 (0)− ζY
′

1 (0) and ζX
′

2 (0)− ζY
′

2 (0)

depict the rate of collision (or separation) in both the ξ1- and ξ2-directions. Note that we have
assumed the t-dependence to be linear, otherwise these vectors should have been replaced with

(ζX1 )(r1)(0)− (ζY1 )(r1)(0) and (ζX2 )(r2)(0)− (ζY2 )(r2)(0).

Lastly, we want to stress that these vectors need not land in Z〈ξ1〉 or Z〈ξ2〉, but rather somewhere
in their joint span Z〈ξ1, ξ2〉.
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Figure 9: Interpreting |u(0)| in a non-proper degeneration over SpecZJtK.
In the remaining part of this chapter, we want to generalise the result of Proposition 4.7 to

the case where the intersection Xs ∩ Y s is no longer flat over SpecZ. Suppose that X̂s and Ŷs
are given by YP and YS as in Example 4.4. Then we see that

dimQ X̂s,η ∩ Ŷs,η = 0, dimF2 X̂s,2 ∩ Ŷs,2 = dimF3 X̂s,3 ∩ Ŷs,3 = dimF5 X̂s,5 ∩ Ŷs,5 = 1,

and for any prime p > 5
dimFp X̂s,p ∩ Ŷs,p = 0.

This non-flatness is caused by torsion in the quotient Zn+1/
(
X̂s + Ŷs

)
. Let H denote the

submodule X̂s+ Ŷs ⊂ Z4. We can correct for this torsion by passing to the saturated submodule

Hsat = (H ⊗Z Q) ∩ Z4,

or equivalently
Hsat = {x ∈ Z4 | ∃m ∈ N : mx ∈ H}.

In the example above,

X̂s = Z〈(1, 0, 0, 0), (0, 1, 0, 0)〉, Ŷs = Z〈(5, 5, 5, 1), (2, 3, 5, 7)〉

so
H = Z〈e1, e2, 5e3 + e4, 6e4〉,

or after a change of basis (of Z4),

H = Z〈e1, e2, e3, 2 · 3 · 5e4〉.

Clearly, Hsat = Z〈e1, e2, e3, e4〉 and
[Hsat : H] = 30.



Section 4.2: Geometric Interpretation of the Regularized Limit u(0) 66

Now in general Hsat is flat over SpecZ, so we can compute a canonical basis for the normal
directions with respect to this saturated lattice Z4/Hsat. In this quotient, the degenerations X
and Y induce the rate of collision vectors as in Proposition 4.7. Then |u(0)| will be given by
this volume, times the saturation index [Hsat : H].

Theorem 4.8. Let X be a moving k-plane and Y be a moving (n− k − 1)-plane in Pn
T , where

T = ZJtK. Suppose that Xη and Y η are non-degenerate over the generic fibre of SpecQJtK.
Let l be the (projective) dimension of the intersection Xη,s ∩ Y η,s ⊂ Pn

Q. After saturating the
submodule X̂s + Ŷs ⊂ Zn+1, there is up to signs, a canonical basis for the normal directions in
which the planes X̂s and Ŷs collide, given by ξ0, . . . , ξl ∈ Zn+1. There is a canonical (l + 1)-
dimensional volume, determined by the rate of collision in each direction with respect to this
basis, denoted by V . Then

|u(0)| = [(X̂s + Ŷs)
sat : (X̂s + Ŷs)] · V.

Proof. We follow the same steps as in the proof of Proposition 4.7, up to the equality

u(0) = det

(
(ζXi )(ri)(0)− (ζYi )(ri)(0)

ri!
, a(0), ζ, b(0)

)
. (4.1)

Unlike before we now cannot assume that

Zn+1/Z〈al+1(0), . . . , ak(0), ζ0, . . . , ζl, bl+1(0), . . . , bn−k−1(0)〉 ∼= Zl+1,

since there can be torsion elements. Let p1, p2, p3, . . . denote the primes, and let ε1,i be the
largest integer for which the dimension of the intersection jumps rank after reduction modulo
p
ϵ1,i
i , from l + 1 to l + 1 + δ1,i. Then let ε2,i denote the largest integer such that the dimension

further increases after reduction modulo pϵ2,ii , from rank l + 1 + δ1,i to l + 1 + δ1,i + δ2,i. Keep
repeating this process. If the intersection does not jump rank for any power pi, p2i , p3i , . . . , then
εj,i = δj,i = 0 for all j. Then we get

Zn+1/Z〈al+1(0), . . . , ak(0), ζ0, . . . , ζl, bl+1(0), . . . , bn−k−1(0)〉 ∼= Zl+1 ⊕
r⊕

i,j≥1

(Z/(pi)ϵj,iZ)⊕δj,i .

Now the saturation index equals[(
X̂s + Ŷs

)sat
:
(
X̂s + Ŷs

)]
=
∏
i,j≥1

p
δj,iϵj,i
i ,

and in particular we can rewrite Equation 4.1 to

u(0) = ±
∏
i,j≥1

p
δj,iϵj,i
i det

(
(ζXi )(ri)(0)− (ζYi )(ri)(0)

ri!
, v1, . . . , vn−l

)
,

where (
X̂s + Ŷs

)sat
= Z〈v1, . . . , vn−l〉.

Now we can proceed as before. Writing V for the (l + 1)-dimensional volume spanned by the
vectors (ζXi )(ri)(0)−(ζYi )(ri)(0)

ri!
in the normal directions ξ0, . . . , ξl we find that

|u(0)| =
[(
X̂s + Ŷs

)sat
:
(
X̂s + Ŷs

)]
· V.
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Using these techniques, we can define the regularised cross-ratio for possibly intersecting
k-planes YP , YQ and (n− k − 1)-planes YR, YS in Pn

Z.

Definition 4.9. Let YP , YQ, YR and YS be as above. Let VP , VQ, VR and VS denote their under-
lying lattices. Choose vectors r1P,R, . . . , rmP,R ∈ Zn+1 whose images in Zn+1/(VP + VR)

sat form a
basis after tensoring with Q. We write rP,R = (r1P,R, . . . , r

m
P,R). Similarly define rP,S , rQ,R and

rQ,S . Note that, for example, when YP and YR are disjoint over Q, then (VP +VR)
sat = Zn+1, so

rP,R is the empty tuple. Whenever we write VP + VR + rP,R, we mean the submodule generated
by VP +VR together with all components of the tuple rP,R. Let r = (rP,R, rP,S , rQ,R, rQ,S). Then
we define the regularised cross-ratio to be

|CRn
r (YP , YQ;YR, YS)| =

[
Zn+1 : (VP + VR + rP,R)

]
[Zn+1 : (VQ + VR + rQ,R)]

[
Zn+1 : (VQ + VS + rQ,S)

]
[Zn+1 : (VP + VS + rP,S)]

.

When we let lP,R denote the dimension of the intersection of VP and VR over Q, and similarly
for lP,S , lQ,R and lQ,S , this equals[

(VP + VR)
sat : (VP + VR)

] [
ZlP,R : 〈rP,R〉

]
[(VQ + VR)sat : (VQ + VR)]

[
ZlQ,R : 〈rQ,R〉

] [(VQ + VS)
sat : (VQ + VS)

] [
ZlQ,S : 〈rQ,S〉

]
[(VP + VS)sat : (VP + VS)]

[
ZlP,S : 〈rP,S〉

] .

Figure 10: An example showing the vectors rP,R, rP,S and rQ,R used to define the regularised
cross-ratio for intersecting YP , YQ, YR and YS .

Corollary 4.10. Let YP and YQ be two moving k-planes and let YR and YS be two moving
(n− k− 1)-planes in Pn

ZJtK. Suppose that YP η ∪ YQη and YRη ∪ YSη are disjoint over the generic
fibre of SpecQJtK. Let rP,R denote the collection of rate of collision vectors for the (possible)
collision of YP and YR. Similarly define rP,S , rQ,R and rQ,S, and let r = (rP,R, rP,S , rQ,R, rQ,S).
Then

|u(0)| =
∣∣CRn

r (YP s, YQs;YRs, YSs)
∣∣ ,

so the constant u(0) can, up to sign, be computed from the planes at t = 0 together with induced
vectors in the normal directions of all intersections.

Proof. This follows immediately from Definition 4.9 and Theorem 4.8.

Remark 4.11. Note that via the generalised cross-ratio we can associate numbers to shapes,
e.g. the planes in Pn. From Theorem 4.8 it now follows that we can associate a shape to
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the regularised limit |u(0)|, namely the planes at t = 0, YP,s, YQ,s, YR,s and YS,s, together with
induced normal vectors r = (rP,R, rP,S , rQ,R, rQ,S). Finding such a regularised limit of shapes
is in general very hard, and an interesting open problem. The case of curves [BdJS23] and
nodal degenerations of certain odd-dimensional varieties [Bei25] have been handled. This thesis
shows that the regularised limit is determined by the central geometry, also for degenerations of
projective linear subspaces in arbitrary dimension.
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Chapter 5: Mixed Hodge Structures and the Augmented Height
Pairing

In this chapter, we aim to generalise the main result of Chapter 2, namely the Archimedean
height computation of non-degenerate projective linear subspaces of CPn, see Theorem 2.20.
For this, we will briefly introduce Hodge theory, which connects algebraic geometry, algebraic
topology and complex geometry. First, in Section 5.1 we will define pure Hodge structures,
together with an example. Then we will define the category of mixed Hodge structures in
Section 5.2. In Section 5.3 we define the extension group Ext1MHSZ

(Z(0),H) for a torsion-free
integral pure Hodge structure H. In particular we will show

Ext1MHSZ(Z(0),Z(1)) ∼= C×,

and it is via this isomorphism that we will define the height of an extension E , denoted by ht(E).
Then, we will show that if D = [YP ] − [YQ] and E = [YR] − [YS ], where, as before, YP and YQ
are k-dimensional linear subspaces and YR and YS are (n− k− 1)-dimensional linear subspaces,
forming a non-degenerate quadruple in CPn. Then there is a canonical extension associated to
the pair (D,E) given by

H2(n−k)−1(CPn \ |D|, |E|).

We define the augmented height of D and E to be the height of this extension, denoted by

〈D,E〉aug := ht(H2(n−k)−1(CPn \ |D|, |E|)) ∈ C×.

First, in Section 5.4 we assume that YP , YQ, YR and YS are distinct points in CP1 and prove

〈YP − YQ, YR − YS〉aug = CR(YP , YQ;YR, YS).

Finally, in Section 5.5, we remove this assumption and prove the last result of this thesis.

Theorem E (Corollary 5.21). Let YP and YQ be k-dimensional linear subspaces of CPn and
let YR and YS be (n− k− 1)-dimensional linear subspaces of CPn, non-degenerate. Then the
augmented height is given by

〈YP − YQ, YR − YS〉aug = CRn(YP , YQ;YR, YS).

This confirms that the proposed generalisation of the cross-ratio is a very natural choice.

Section 5.1: Pure Hodge Structures

In this section, we will define pure (K,L)-Hodge structures of weight k ∈ Z in two ways, via
a Hodge filtration or equivalently via a Hodge decomposition. We will then explicitly compute
the (Q,Q)-Hodge structure on P1 \ {0,∞}. Let us begin with the definition of an R-Hodge
structure.

Definition 5.1. An R-Hodge structure of weight k ∈ Z on a finite-dimensional C-vector space
V is a decomposition

V =
⊕

p+q=k

V p,q,

such that V p,q = V q,p, for p, q ∈ Z.

For example, when X is a complex Kähler manifold, then we have the decomposition

Ak(X) =
⊕

p+q=k

Ap,q(X),
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where we decompose k-forms into forms of bidegree (p, q). It turns out, via the use of harmonic
forms that this decomposition carries over to the de Rham cohomology groups, i.e. we get a
decomposition

Hk
dR(X) =

⊕
p+q=k

Hp,q,

where Hp,q consists of classes of closed forms of bidegree (p, q).
As mentioned before, we can equivalently define Hodge structures using filtrations. Let V be a
finite-dimensional complex (or more generally L-) vector space.

Definition 5.2. A bounded decreasing filtration on V , denoted by F •, is a decreasing sequence
of subspaces

0 ⊂ · · · ⊂ F p+1V ⊂ F pV ⊂ F p−1V ⊂ · · · ⊂ V.

A morphism of filtered vector spaces f : (V, F •
V ) → (W,F •

W ) is a linear map f : V → W such
that

f(F p
V V ) ⊂ F p

WW.

Then we can equivalently define an R-Hodge structure of weight k ∈ Z, to be a finite
dimensional C-vector space, together with a bounded decreasing filtration F •, such that for
every p ∈ Z:

V = F pV ⊕ F k−p+1V .

To see the equivalence we can construct a filtration from the decomposition by defining

F pV = ⊕r≥pV
r,k−r.

Conversely, given the filtration, we can recover

V p,k−p = F pV ∩ F k−pV .

Let K ⊂ R and L ⊂ C be fields.

Definition 5.3. A (K,L)-Hodge structure of weight k is a tuple

H = (HK , (HL, F
•), ρ : HK ⊗K C → HL ⊗L C),

such that HK is a finite dimensional K-vector space, HL is a finite dimensional L-vector space,
ρ is an isomorphism of complex vector spaces and HC := HK ⊗K C is a R-Hodge structure of
weight k. Morphisms are pairs (f, g) where f : HK → H ′

K and g : HL → H ′
L such that they are

compatible with the isomorphism ρ.

It turns out that the category of (K,L)-Hodge structures of weight k is an Abelian category.
In the next subsection we will give a reference for a stronger theorem, from which this observation
follows. We will now compute two interesting examples.

Example 5.4. Let X = P1
Q\{0,∞}, a smooth quasi-projective variety over Q. We will compute

the (Q,Q)-Hodge structure of H1(X). Consider

H1(X) = (H1
sing(X

an;Q),H1
AdR(X/Q), ρ : H1

AdR(X/Q)⊗Q C → H1
sing(X;Q)⊗Q C).

It remains to compute the first singular cohomology group of Xan = X(C) with coefficients in
Q, the first algebraic de Rham cohomology group of X over Q, and the comparison isomorphism
between them. Now, as (P1

C)
an ∼= CP1 ' S2, we have that Xan is a sphere with two punctures,

i.e. homotopic to the circumference S1, so

H1
sing(X;Q) ∼= Hsing

1 (X;Q)∨ ∼= (Q〈[γ]〉)∨ ∼= Q〈[γ]∨〉.
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Here γ is an oriented loop along the circumference of the punctured sphere Xan. Next, for
algebraic de Rham cohomology, we note that X is an affine scheme, hence the complex of
differential forms Ω•

X/Q is acyclic, hence we can compute the hyper cohomology Hk(X,Ω•
X/Q) =

Hk(ΩX/Q(X)•), and so

H1
AdR(X/Q) ∼=

Ω1
X/Q(X)

Im(d : OX/Q(X) → Ω1
X/Q(X))

∼=
Q[x, 1x ]dx

Im(d : Q[x, 1x ] → Q[x, 1x ]dx)

∼= Q〈
[
dx

x

]
〉.

It remains only to compute the comparison isomorphism. Since we have found bases for both
H1

AdR(X/Q) ∼= Q〈
[
dx
x

]
〉 and H1

sing(X;Q) ∼= Q〈[γ∨]〉, and since we use the perfect pairing between
algebraic cycles and algebraic forms, we conclude that the comparison isomorphism must send

ρ

[
dx

x

]
=

ˆ
γ

dx

x
[γ∨] = 2πi[γ∨],

i.e., it is given by multiplication by 2πi, which is a C-linear isomorphism C → C. It is not true
that any complex variety X admits a (Q,Q)-Hodge structure. A similar result is true if we allow
mixed Hodge structures, as we will define in the next subsection.

Section 5.2: Mixed Hodge Structures

A mixed Hodge structure consists of, in particular, a bi-filtered vector space HC. First, let us
define an increasing (bounded) filtration W• =W−•.

Definition 5.5. Let (V, F •) be a filtered K-vector space. Let W ⊂ V , we get an induced
filtration on W given by

F pW =W ∩ F pV.

If π : V → Q is a surjection, then we get an induced filtration on Q given by

F pQ = Im(F pV → Q).

This allows us now to define a (K,L)-mixed Hodge structure, where, as before, K ⊂ R and
L ⊂ C are subfields. Sometimes we can also take K to be Z, and L = C for integral mixed
Hodge structures.

Definition 5.6. A (K,L)-mixed Hodge structure is a triplet

H = ((HK ,W•), (HL,W•, F
•), ρ : (HK ⊗K C,W•) → (HL ⊗L C,W•)),

where (HK ,W•) is a finite dimensional filtered K-vector space and (HL,W•, F
•) is a finite

dimensional bi-filtered L-vector space, such that, for any k ∈ Z, the graded piece

GrWk H = (GrWk HK , (GrWk HL, F
•),GrWk (ρ))

is a pure (K,L)-Hodge structure of weight k.

Here the functor GrWk is defined as follows, for a bifiltered vector space (V,W•, F
•), we define

GrWk V =
WkV

Wk−1V
,

and GrWk (ρ) is simply ρ restricted to the k-th graded piece. We then let F • be the induced
subquotient filtration on GrWk HL. We recall some celebrated results of Deligne from his papers
[Del71a, Del71b, Del74].
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Theorem 5.7 (Deligne [Del71b]). The category of (K,L)-mixed Hodge structures is an abelian
category.

Theorem 5.8 (Deligne [Del71a]). Let X be a smooth projective complex algebraic variety. Then
for every n ≥ 0, the singular cohomology group

Hn
sing(X

an,Q)

carries a natural pure Hodge structure of weight n.

This result is later generalised to arbitrary complex algebraic varieties.

Theorem 5.9 (Deligne [Del74]). Let X be a complex algebraic variety. Then for every n ≥ 0,
the singular cohomology group

Hn
sing(X

an,Q)

admits a functorial mixed Hodge structure.

Section 5.3: Extensions of Mixed Hodge Structures

From now on we will work with integral mixed Hodge structures. This consists of a finitely
generated Abelian group HZ together with an increasing weight filtration W• on HQ = HZ⊗ZQ,
and a decreasing Hodge filtration F • on HC = HZ ⊗Z C, such that the triple

((HQ,W•), (HC,W•, F
•), idHC)

is a Q-mixed Hodge structure. Before we define the extension classes of integral mixed Hodge
structures we need to define the Tate Hodge structures.

Definition 5.10. For n ∈ Z we define the n-th integral Tate Hodge structure

Z(n) = (Z,C, (2πi)n : C → C),

where the Hodge filtration is simply given by F pZ(n)C = Z(n)C if p ≤ −n and 0 otherwise.
Equivalently, it is the unique rank one pure Hodge structure of weight −2n.

Definition 5.11. Let H be a torsion-free pure Z-Hodge structure of weight k ≤ −1. An
extension of Z(0) by H is a short exact sequence of Z-MHS

0 → H → E → Z(0) → 0.

Two such short exact sequences are said to be isomorphic if there is an isomorphism of the
central pieces extending the identity maps on H and Z(0). We denote the group of isomorphism
classes of extensions by

Ext1MHSZ(Z(0),H).

These are easily classified in this situation. Although classical and well-known, we will give
a constructive proof.

Proposition 5.12. There is a canonical identification

Ext1MHSZ(Z(0),H) ∼=
HC

HZ + F 0HC
.
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Proof. We will construct a morphism in both directions. We leave it to the interested reader to
confirm that these morphisms are each other’s inverses. First, given an extension E, we get a
short exact sequence of Abelian groups

0 → HZ → EZ → Z → 0.

Let eZ ∈ EZ be a lift of 1 ∈ Z. Similarly, we get a short exact sequence

0 → F 0HC → F 0EC → C → 0,

and let eC ∈ F 0EC denote a lift of 1 ∈ C. By abuse of notation, we denote ρ(eZ ⊗ 1) ∈ EC
also by eZ. Then observe that the element eZ − eC ∈ EC maps to 0, so is in the image of HC.
This element [eZ − eC] is well-defined in HC

HZ+F 0HC
. Conversely, given an element [h] ∈ HC

HZ+F 0HC
,

we will construct an extension E. First, we define EZ = HZ ⊕ Z〈e〉 for some formal variable e,
such that the projection to Z maps e 7→ 1. Then EC = EZ ⊗Z C. Then, we specify the Hodge
filtration on E.

F pEC = F pHC ⊕ C〈e〉 for p ≤ −1

F 0EC = F 0HC ⊕ C〈e− h〉
F pEC = F pHC for p ≥ 1.

Then E is an extension of Z(0) by H.

In particular, when choosing H = Z(1) we obtain the following.

Corollary 5.13. We have a canonical identification

Ext1MHSZ(Z(0),Z(1)) ∼= C×.

Proof. Note that the isomorphism of Z(1) is given by multiplication with 2πi, hence we get by
Proposition 5.12

Ext1MHSZ(Z(0),Z(1)) ∼=
C

Z〈2πi〉
∼= C×,

where the second isomorphism is given by the exponential map.

Section 5.4: The Augmented Height of Points in CP1

In this subsection, we will finish with a computation. Consider four distinct points P,Q,R and
S in CP1. We will show that H = Hsing

1 (CP1 \|P −Q|, |R−S|) can be realised as an extension of
Z(0) by Z(1), and thus corresponds to a unique non-zero complex number in C×. This number
is denoted by 〈P −Q,R − S〉Hodge, and we will show that it is equal to CR(P,Q;R,S). Let us
first recall some algebraic topology. Let X be a topological space and let A be a closed subspace
of X. Then we have a short exact sequence of complexes

0 → C•(A) → C•(X) → C•(X)

C•(A)
→ 0.

Here C•(X) denotes the chain complex of X and we define chains in X relative to A as
C•(X,A) = C•(X)

C•(A) . We define the k-th singular homology group of X with coefficients in Z
as

Hsing
k (X) =

Ker(∂ : Ck(X) → Ck−1(X))

Im(∂ : Ck+1(X) → Ck(X))

and similarly we define relative homology

Hsing
k (X,A) =

Ker([∂] : Ck(X,A) → Ck−1(X,A))

Im([∂] : Ck+1(X,A) → Ck(X,A))
.
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A short exact sequence of complexes gives rise to a long exact sequence on homology [Jon24]

· · · → Hk(A) → Hk(X) → Hk(X,A) → Hk−1(A) → . . .

Now let us specialise to (X \ Y,A) where X = CP1, Y = P − Q and A = R − S, where
P,Q,R and S are distinct points in CP1. Throughout this and the following subsection we will
write Hsing

k (X) to mean the Abelian group, and Hk(X) the (mixed) integral Hodge structure.
Furthermore, we will omit the | − | notation to denote the support of the cycles Y and A. We
will start with constructing an extension of Z(0) by Z(1) denoted by EY,A, canonically associated
to the pair (X,Y,A), which allows us to compute

〈D,E〉aug = ht(EY,A).

Consider the tail of the long exact sequence on homology associated to the pair (X \ Y,A),

Hsing
1 (A) → Hsing

1 (X \ Y ) → Hsing
1 (X \ Y,A) → Hsing

0 (A) → Hsing
0 (X \ Y ) → Hsing

0 (X \ Y,A).

As Hsing
0 describes the connected components, we observe that Hsing

0 (A) ∼= Z〈R〉 ⊕ Z〈S〉 and
Hsing

0 (X \ Y ) ∼= Z〈X \ Y 〉 and Hsing
0 (X \ Y,A) = 0. As the dimension of A is 0, Hsing

1 (A) = 0,
so we get

0 → Hsing
1 (X \ Y ) → Hsing

1 (X \ Y,A) → Z〈R〉 ⊕ Z〈S〉 i−→ Z〈X \ Y 〉 → 0.

As the map i : Z ⊕ Z → Z is simply induced from the inclusion of A in X \ Y , this sends
i(a, b) = a+ b. Thus, Ker(i) = Z〈(1,−1)〉 ∼= Z and so we get a short exact sequence

0 → Hsing
1 (X \ Y ) → Hsing

1 (X \ Y,A) ∂−→ Z〈R− S〉 → 0,

where the map ∂ sends a chain γ with boundary ∂γ = n · (R − S) to n ∈ Z. Because the
construction of mixed Hodge structures on varieties is functorial, the induced morphisms on
homology are morphisms of mixed Hodge structures. The group Z〈R−S〉 is isomorphic to Z(0)
in the trivial way. We now identify H1(X \ Y ) with Z(1), and then we have obtained a short
exact sequence of integral mixed Hodge structures

0 → Z(1) → H1(X \ Y,A) → Z(0) → 0,

and conclude that H1(X \ Y,A) can be interpreted as an extension of Z(0) by Z(1). First, as
Abelian groups, note that X \ Y is homotopic to a sphere punctured at P and Q. Thus, we
choose γP , a positively oriented loop around P , as generator for Hsing

1 (X \Y ). Next, we use the
perfect pairing

〈−,−〉 : H1
dR(X \ Y )×Hsing

1 (X \ Y ;C) → C

([ω], [γ]) 7→
ˆ
γ
ω.

Thus we are looking for a differential form ωP,Q such that
ˆ
γP

ωP,Q = 2πi. (5.1)

We present the following form

ωP,Q =
dz

z − P
− dz

z −Q
= d log

(
z − P

z −Q

)
,

where z is a local coordinate on a chart such that P,Q,R and S all lie on that chart. Obviously
ωP,Q is closed, and if we switch to the other chart w = 1

z one can check that this form is globally
well-defined. Furthermore, the form ωP,Q satisfies equation 5.1.
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Remark 5.14. This is the reason we cannot just choose ωP,Q = d log(z−P ). Another beautiful
observation is the following. Let γQ be a positively oriented loop around Q, then one can
compute explicitly ˆ

γQ

ωP,Q = −2πi.

Now this is not a coincidence from the construction of ωP,Q, but rather forced by the equality
[γQ] = −[γP ] in Hsing

1 (X \ Y ), as
ˆ
γQ

ωP,Q = −
ˆ
γP

ωP,Q.

Lastly, from Deligne’s theorem we know that H1(X\Y ) has a pure Hodge structure of weight
2 because X \ Y is smooth, and hence H1(X \ Y ) is pure of weight -2. Since the isomorphism
is given by 2πi we conclude H1(X \ Y ) ∼= Z(1).

Proposition 5.15. Let P,Q,R and S be distinct points in CP1. Then

〈P −Q,R− S〉Hodge = CR(P,Q;R,S).

Proof. We will follow the construction of Proposition 5.12. First, choose an integral lift of 1
coming from the short exact sequence

0 → H1(X \ Y ) → H1(X \ Y,A) ∂−→ Z〈R− S〉 → 0.

This is given by the class of a path γR,S such that ∂γR,S = R− S. Then we construct a Hodge
lift of 1 coming from the short exact sequence

0 → F 0H1(X \ Y ) → F 0H1(X \ Y,A) ∂−→ C → 0.

Since H1(X \ Y ) ∼= Z(1) we note that F 0H1(X \ Y ) = 0, and so we have an isomorphism. We
would like to remark that the unique inverse image of 1, denoted by h is a path with boundary
∂h = R− S such that ˆ

h
ω = 0,

for any holomorphic 1-form ω. This is because the filtration F 1H1(X \ Y,A) on cohomology,
consisting of only the holomorphic 1-forms, has F 0H1(X \Y,A) as its annihilator inside H1(X \
Y,A). So we get a class

[γR,S − h] ∈ H1(X \ Y )C
H1(X \ Y )Z

.

Now we will use the constructed identification H1(X \ Y )C ∼= C, to obtain
ˆ
γR,S−h

ωP,Q =

ˆ
γR,S

ωP,Q −
ˆ
h
ωP,Q

=

ˆ
γR,S

d log

(
z − P

z −Q

)
=

ˆ
R−S

log

(
z − P

z −Q

)
= log(CR(P,Q;R,S)) ∈ C/(2πi)Z.

After exponentiating, we get a well-defined complex number

〈P −Q,R− S〉Hodge = CR(P,Q;R,S).
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Hence, in this situation we see a clear connection between the Hodge height and the Archimedean
height.

Re (log〈P −Q,R− S〉Hodge) = 〈P −Q,R− S〉∞.

This relation between the height of extensions and the Archimedean height is in fact true in a
much broader setting, see [Hai90].

Section 5.5: The Augmented Height of Linear Subspaces in CPn

We will generalise the previous result. As before, let YP and YQ denote k-dimensional linear
subspaces of CPn, and YR and YS denote (n− k − 1)-dimensional linear subspaces of CPn such
that they form a non-degenerate quadruple. We have previously computed

〈YP − YQ, YR − YS〉∞ = log |CRn(YP , YQ;YR, YS)|,

see Theorem 2.20. We now want to compute the Hodge theoretic height, i.e. a complex number.
To do this, first we construct a short exact sequence of mixed integral Hodge structures

0 → Z(1) → H2(n−k)−1(CPn \ |YP − YQ|, |YR − YS |)(−(n− k − 1)) → Z(0) → 0,

i.e., this twisted relative homology group defines an element of Ext1MHSZ
(Z(0),Z(1)) ∼= C×. Then

we show that under this identification the extension corresponds to

CRn(YP , YQ;YR, YS),

the generalised cross-ratio as defined in Definition 2.7. So, let us begin with the relevant part of
the long exact sequence associated to the pair (X \Y,A), where now X = CPn, Y = YP −YQ and
A = YR − YS . We would like to point out that the real dimension of YR and YS is 2(n− k − 1).

Hsing
2(n−k)−1(A) −→ Hsing

2(n−k)−1(X \ Y ) −→ Hsing
2(n−k)−1(X \ Y,A)

−→ Hsing
2(n−k−1)(A)

i−→ Hsing
2(n−k−1)(X \ Y ) −→ · · ·

Some standard facts from algebraic topology now give us thatHsing
2(n−k)−1(A) = 0 as the dimension

of the connected components of A is 2(n−k−1). Furthermore, Hsing
2(n−k−1)(A)

∼= Z〈YR〉⊕Z〈YS〉.
Furthermore, the map denoted by i above has the property that i(1, 0) 6= 0, i(0, 1) 6= 0 and
i(1,−1) = 0. The fact that i(1,−1) = 0 is because the cycle YR − YS is homologically trivial.
So the situation simplifies to

0 → Hsing
2(n−k)−1(X \ Y ) → Hsing

2(n−k)−1(X \ Y,A) → Z〈YR − YS〉 → 0

Next, we use Poincaré-Lefschetz duality for the first term. We have a functorial identification,
compatible with mixed Hodge structures,

H2(n−k)−1(X \ Y ) ∼= H2n−2(n−k)+1(X,Y )(n) = H2k+1(X,Y )(n). (5.2)

This map is given by sending a cycle γ to the functional
´
γ −. Now we will use the long exact

sequence of cohomology associated to the pair (X,Y )

H2k
sing(X)

j−→ H2k
sing(Y ) → H2k+1

sing (X,Y ) → H2k+1
sing (X).

We know the cohomology of X, in particular H2k
sing(X) ∼= Z〈Hk〉 and H2k+1

sing (X) = 0, where H is
a generic hyperplane in X. Since the dimension of the connected components of Y is exactly 2k
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we have H2k
sing(Y ) ∼= Z〈ptP 〉 ⊕ Z〈ptQ〉. Generically, the codimension k-plane will intersect any

codimension (n− k)-plane in a point, hence the map j is generated by 1 7→ (1, 1). Hence,

Hsing
2(n−k)−1(X \ Y ) ∼= H2k+1

sing (X,Y ) ∼= Coker(j) ∼= Z. (5.3)

From this we conclude that the singular homology Hsing
2(n−k)−1(X \ Y ) ∼= Z. Thus far, we have

not ordered the pair YP and YQ in Y . We do this now by choosing [SP ], the class of a linking
sphere around YP as the generator of Hsing

2(n−k)−1(X \ Y ), as opposed to [SQ] = −[SP ]. More
explicitly defined as follows, consider the composition

Hsing
0 (Y ) Hsing

2(n−k)(X,X \ Y ) Hsing
2(n−k)−1(X \ Y ),

∼= ThY ∂

where the first map is the Thom isomorphism. Since Hsing
0 (Y ) = Z〈ptYP

〉 ⊕ Z〈ptYQ
〉 we define

SP = (∂ ◦ ThY )(ptYP
), SQ = (∂ ◦ ThY )(ptYQ

).

From the isomorphism in equation 5.2 we see that H2(n−k)−1(X \ Y ) is a pure Hodge structure
of weight 2k − 2n = 2(k − n), since mixed Hodge structures of rank 1 are automatically pure
Hodge structures. In summary, we have a short exact sequence of Abelian groups

0 → Z〈[SP ]〉 → H2(n−k)−1(X \ Y,A) → Z〈[YR − YS ]〉 → 0.

We have seen that Z〈[SP ]〉 has weight −2(n− k) and similarly we have shown that Z〈[YR−YS ]〉
has weight −2(n−k− 1). If we twist everything by Z(−(n−k− 1)) we have weights -2 and 0 in
the outer rank 1 pure integral Hodge structures. It remains to identify [SP ] with the complex
number 2πi (and to choose the identity as comparison isomorphism for the weight 0 integral
Hodge structure). In that case we get a short exact sequence of mixed Hodge structures E ,

0 → Z(1) → H2(n−k)−1(X \ Y,A)(−(n− k − 1)) → Z(0) → 0.

Remark 5.16. It turns out that this is hard to do explicitly. Functionals on homology are
equivalently given by integration of differential forms, so we are searching for a differential form
ηP,Q such that ˆ

SP

ηP,Q = 2πi.

Furthermore, we also require ηP,Q ∈ Fn−kH2k+1(X \Y,A), which is equivalent to it annihilating
F 0H2(n−k)−1(X \ Y,A)(−(n − k − 1)) = Fn−k−1H2(n−k)−1(X \ Y,A). We want this because of
the following reason, when we compute the height of this extension we find an integral lift, a
path γR,S with ∂γR,S = YR − YS , and a Hodge lift h ∈ F 0H2(n−k)−1(X \ Y,A)(−(n− k − 1)) =

Fn−k−1H2(n−k)−1(X \ Y,A). Then

ht(E) =
ˆ
γR,S−h

ηP,Q =

ˆ
γR,S

ηP,Q.

What we will do instead, is construct an isomorphic extension E ′ associated to the pair (Grn−k−1(Cn+1),WP−
WQ, R−S) where WP ,WQ are the divisors corresponding to p(q−1(YP )) and p(q−1(YQ)) respec-
tively, and R,S are the associated points to YR and YS . Because we are working with divisors
and points here, computing the height ht(E ′) is easier.

We will now construct the extension E ′. As before, from the long exact sequence on homology,
associated to the pair (X \ Y,A), where X = Grn−k(Cn+1), Y = |WP −WQ| and A = |R − S|,
we obtain

0 → Hsing
1 (X \ Y ) → Hsing

1 (X \ Y,A) → Hsing
0 (A)

i−→ Hsing
0 (X \ Y ) → 0.
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When we identify Ker(i) = Z〈R− S〉, this further simplifies to

0 → Hsing
1 (X \ Y ) → Hsing

1 (X \ Y,A) → Z〈R− S〉 → 0.

As before, this is in fact a short exact sequence of integral mixed Hodge structures, we don’t
have to twist here since the end pieces are already of weight −2 and 0 respectively. To see that
Hsing

1 (X \ Y ) is of weight -2 we use Poincaré-Lefschetz again.

Hsing
1 (X \ Y ) ∼= H2N−1

sing (X,Y )(N)

where N = dimC(Grn−k(Cn+1)). Now when we use the long exact sequence on cohomology,
associated to the pair (X,Y ) we find that

H2N−2
sing (X)

j−→ H2N−2
sing (Y ) → H2N−1

sing (X,Y ) → H2N−1
sing (X).

Now we know the cohomology groups of the Grassmannians (see [GH78, Chapter 1, Proposition
on p. 196]), and conclude that H2N−1

sing (X) = 0 and H2N−2
sing (X) ∼= Z. Thus, the desired coho-

mology group H2N−1
sing (X,Y ) is of weight 2N − 2 and so after shifting by N of weight −2. Now

we will construct an explicit representative of the generator [γP ] ∈ H1(X \ Y ), which is again
defined as the image of ptWP

via

Hsing
0 (Y ) Hsing

2 (X,X \ Y ) Hsing
1 (X \ Y ),

∼= ThY ∂

where we note that the Thom isomorphism now only shifts 2 degrees, because the codimension
of Y in X is 1. Let x ∈ WP \WQ, and choose in an open U 3 x local holomorphic coordinates
(z1, . . . , zN ) such that x = (0, . . . , 0) and U ∩ |WP −WQ| = {z1 = 0}. Because WP −WQ =

Div
(
detΘP (−)
detΘQ(−)

)
= Div(f), where detΘP (−) is exactly the map ϕP from Lemma 2.18, we can

choose these holomorphic coordinates such that

f |U (z) = u(z)z1,

for some nowhere-vanishing holomorphic function u. Now consider

∆P = {(z1, . . . , zN ) ∈ U | |z1| ≤ ε, z2 = · · · = zN = 0},

and let γP = ∂∆P , with the orientation coming from C. Thus γP (t) : [0, 1] → X \ Y is given by
γP (t) = (εe2πit, 0, . . . , 0). So Hsing

1 (X \ Y ) ∼= Z〈γP 〉. In this situation we can find a differential
form ηP,Q which satisfies all the mentioned properties above.

Lemma 5.17. The holomorphic 1-form on Grn−k \ |WP −WQ| given by

ηP,Q = d log

(
detΘP (−)

detΘQ(−)

)
satisfies ˆ

γP

ηP,Q = 2πi,

and furthermore, for any h ∈ F 0H1(X \ Y,A)
ˆ
h
ηP,Q = 0.
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Proof. Again we write f for detΘP
detΘQ

, and observe that f is non-zero on X \ Y , and hence holo-
morphic. Furthermore, locally we may write

(f ◦ γP )(t) = (u ◦ γP )(t)εe2πit.

Then ˆ
γP

d log f =

ˆ
γP

df

f

=

ˆ
[0,1]

γ∗P
df

f

=

ˆ
[0,1]

d(f ◦ γP )
f ◦ γP

=

ˆ
[0,1]

d log(f ◦ γP )

=

ˆ
[0,1]

d log((u ◦ γP )(t)εe2πit)

=

ˆ
[0,1]

d

dt
log((u ◦ γP )(t)) + 2πidt = 2πi.

For the second claim we observe that h ∈ F 0H1(X \ Y,A) if and only if
ˆ
h
ω = 0,

for all holomorphic ω. Since ηP,Q is a holomorphic 1-form the conclusion follows immediately.

Now we can identify Z〈γP 〉 with Z(1) by integrating ηP,Q over a path. Thus we obtain the
desired extension E ′ given by

0 → Z(1) → H1(Grn−k(Cn+1) \ |WP −WQ|, |R− S|) → Z(0) → 0.

Proposition 5.18. The height of the extension E ′ is given by

ht(E ′) = CRn(YP , YQ;YR, YS).

Proof. Let γR,S be an integral lift of 1, i.e., a path with ∂γR,S = R − S. We don’t have to
construct a Hodge lift, since integrating ηP,Q over this path will vanish as shown in Lemma 5.17.
Thus, after identifying C/(2πiZ) ∼= C× via the exponential map, we get

ht(E ′) = exp

(ˆ
γR,S

ηP,Q

)
= exp (log(f(R))− log(f(S))) =

f(R)

f(S)
= CRn(YP , YQ;YR, YS).

Theorem 5.19. The extensions E and E ′ are isomorphic as extensions of Z(0) by Z(1). As a
result, ht(E) = ht(E ′).

Proof. First, let us recall what it means for two extensions E and E ′ to be isomorphic. This is
given by an isomorphism ϕ : E → E ′ such that the following diagram commutes:

0 Z(1) E Z(0) 0

0 Z(1) E ′ Z(0) 0

id φ id
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For notational simplicity, define

X = CPn,

G = Grn−k(Cn+1),

W = |WP −WQ|,
L = |R− S|,
Y = |YP − YQ|,
V = |YR − YS |,

q∗Y = |q−1(YP )− q−1(YQ)|,
p∗L = |p−1(R)− p−1(S)|.

First, observe that we have an incidence of pairs given by

(I \ q∗Y, p∗L)

(G \W,L) (X \ Y, V )

p q

We will define a morphism of mixed Hodge structures p! as the composition of

Hi(G \W,L) Hi+2(n−k−1)(I \ q∗Y, p∗L)(−(n− k − 1))

H2m−i(G \ L,W )(m) H2m−i(I \ p∗L, q∗Y )(m)

p!

∼=

p∗

∼=

Here the duality isomorphisms are isomorphisms of mixed Hodge structures ([Ste99] remark on
page 8), and m denotes the complex dimension of Grn−k(Cn+1). Then, let ϕ = q∗ ◦ p!. For
compact K, p![K] = [p−1(K)] (see page 69 of [BT82]). In particular, ϕ(R − S) = YR − YS .
Furthermore, ϕ([γP ]) = [SP ] where γP is the generator for Hsing

1 (Grn−k(Cn+1) \ |WP −WQ|)
and SP is the generator for Hsing

2(n−k)−1(CP
n \ |YP − YQ|), see Lemma 5.20. Let ηGr

P,Q denote the
form which we used to identify loops in the Grassmannians with integer multiples of 2πi. Let
ηCPP,Q be a representative of the unique class of forms, which we cannot write down explicitly,
with the property that ˆ

SP

ηCPP,Q = 2πi.

Then we have a commutative diagram, where we omit the Tate twists in the relevant homology
groups,
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0 Z(1) H1(G \W,L) Z(0) 0

0 Z〈γP 〉 H1(G \W,L) Z〈L〉 0

0 Z〈SP 〉 H2(n−k)−1(X \ Y, V )(−(n− k − 1)) Z〈V 〉 0

0 Z(1) H2(n−k)−1(X \ Y, V )(−(n− k − 1)) Z(0) 0

id
´
− ηGr

P,Q

φ φ

R−S 7→1

φ

´
− ηCP

n

P,Q id YR−YS 7→1

Note that the compositions (ˆ
−
ηCP

n

P,Q

)
◦ ϕ ◦

(ˆ
−
ηGr
P,Q

)−1

= idZ(1),

(YR − YS 7→ 1) ◦ ϕ ◦ (R− S 7→ 1)−1 = idZ(0).

Thus, we can conclude that E and E ′ are isomorphic extensions of Z(0) by Z(1).

Lemma 5.20. With notation as above, [ϕ(γP )] = [SP ].
Proof. Let W denote WP −WQ, let Y denote YP − YQ and let q∗Y denote q−1(YP )− q−1(YQ).
Let G denote the Grassmannian Grn−k(Cn+1), let X denote CPn and lastly let I denote the
incidence correspondence. By functoriality of p! and q∗, we have a commutative diagram

Hsing
0 (W ) Hsing

2 (G,G \W ) Hsing
1 (G \W )

Hsing
0 (q∗Y ) Hsing

2(n−k)(I, I \ q
∗Y ) Hsing

2(n−k)−1(I \ q
∗Y )

Hsing
0 (Y ) Hsing

2(n−k)(X,X \ Y ) Hsing
2(n−k)−1(X \ Y ).

∼= ThW

p!

∂

p! p!

∼= Thq∗Y

q∗

∂

q∗ q∗

∼= ThY ∂

Since [γP ] = (∂ ◦ ThW )([ptWP
]) and [SP ] = (∂ ◦ ThY )([ptYP

]) it suffices to show that

(q∗ ◦ p!)([ptWP
]) = [ptYP

],

since by commutativity it then follows that

(q∗ ◦ p!)([γP ]) = ϕ([γP ]) = [SP ].

Now consider the commutative square

Hsing
0 (W ) Hsing

0 (q∗Y )

HN
sing(W ) HN

sing(q
∗Y ),

p!

∼= ∼=

p∗
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where N = dimR(W ). Since p : q∗Y →W is generically isomorphic, i.e. on the dense open

Σ = {L ∈ G | dimC(L ∩ YP ) = dimC(L ∩ YQ) = 1}

the degree of p is 1. Thus, since the pull-back map on top cohomology classes is given by
multiplication with the degree [Pet, Chapter 3.4], p∗ maps PD([ptWP

]) 7−→ PD([ptq−1(YP )]).
Thus p!([ptWP

]) = [ptq−1(YP )] and q∗[ptq−1(YP )] = [q(ptq−1(YP ))] = [ptYP
] which finishes the

proof.

Finally, we can compute the augmented height pairing of YP − YQ and YR − YS .

Corollary 5.21. Let YP and YQ denote k-dimensional linear subspaces of CPn, and let YR and
YS denote (n−k−1)-dimensional linear subspaces of CPn such that they form a non-degenerate
quadruple. Then

〈YP − YQ, YR − YS〉aug = ht(E) = ht(E ′) = CRn(YP , YQ;YR, YS).

Proof. The first equality is by definition. The second equality follows from Theorem 5.19. The
last equality follows from Proposition 5.18.

Remark 5.22. Theorems 2.20 and 4.2 show that the norms of the cross-ratio satisfy the relations

〈YP − YQ, YR − YS〉∞ = log |CRn(YP , YQ;YR, YS)| ,
〈YP − YQ, YR − YS〉p = log |CRn(YP , YQ;YR, YS)|p , (for all primes p).

Corollary 5.21, which relates the augmented height pairing with the generalised cross-ratio,

〈YP − YQ, YR − YS〉aug = CRn(YP , YQ;YR, YS),

further confirms that the generalised cross-ratio is canonical not only through its norms, but
also as a complex number. It is remarkable that such a simple constant completely governs the
arithmetic complexity of linear subspaces in CPn.
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