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Abstract
Recently a new class of continued fraction algorithms, the (N , α)-expansions, was
introduced in Kraaikamp and Langeveld (J Math Anal Appl 454(1):106–126, 2017)
for each N ∈ N, N ≥ 2 and α ∈ (0,

√
N − 1]. Each of these continued fraction

algorithms has only finitely many possible digits. These (N , α)-expansions ‘behave’
very different frommany other (classical) continued fraction algorithms; see alsoChen
and Kraaikamp (Matching of orbits of certain n-expansions with a finite set of digits
(2022). To appear in Tohoku Math. J arXiv:2209.08882), de Jonge and Kraaikamp
(Integers 23:17, 2023), de Jonge et al. (Monatsh Math 198(1):79–119, 2022), Nakada
(Tokyo J Math 4(2):399–426, 1981) for examples and results. In this paper we will
show that when all digits in the digit set are co-primewith N , which occurs in specified
intervals of the parameter space, something extraordinary happens. Rational numbers
and certain quadratic irrationals will not have a periodic expansion. Furthermore, there
are no matching intervals in these regions. This contrasts sharply with the regular
continued fraction and more classical parameterised continued fraction algorithms,
for which often matching is shown to hold for almost every parameter. On the other
hand, for α small enough, all rationals have an eventually periodic expansion with
period 1. This happens for all α when N = 2. We also find infinitely many matching
intervals for N = 2, as well as rationals that are not contained in anymatching interval.
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1480 C. Kraaikamp, N. Langeveld

Introduction

Asavariation on the regular continued fraction, N -continued fractionswere introduced
in [3] as continued fractions of the form

x = N

d1 + N

d2 + N

. . .

, (1)

where N ∈ N, N ≥ 2, and the digits di (aka partial quotients) are positive integers. In
contrast with regular continued fractions (the case N = 1), for N ≥ 2 real numbers
x ∈ (0, N ) have infinitely many different expansions of the form (1). This was first
established in [1], and can easily be shown by describing dynamical systems that
generate these continued fractions; see [11]. Of particular interest of study has been
the periodicity of quadratic irrationals (x ∈ R \ Q that are a solution to an equation
ax2 + bx + c = 0 with a, b, c ∈ Z). For regular continued fractions we know
that a number is eventually periodic if and only if it is a quadratic irrational. Here
the situation is different. In [3] the authors prove that for every quadratic irrational
number x there exist infinitelymany positive integers N for which theNCF expansions
of x is eventually periodic with period-length 1. On the other hand, when using the
greedy map T (x) = N

x −� N
x � for generating the continued fraction, the authors of [1]

conjecture there are expansions of quadratic irrationals that are not periodic. This was
further investigated in [11] where this conjecture was further supported by means of
numerical simulation. In this article, we will show that for (N , α)-expansions, which
are another family of N -expansions, we can find quadratic irrationals with no periodic
expansion. In [13] the (N , α)-continued fractions were introduced in the following
way. Let α ∈ (0,

√
N − 1], and define the map TN ,α : [α, α + 1] → [α, α + 1) as

TN ,α(x) = N

x
−

⌊
N

x
− α

⌋
.

Let1 d1(x) = ⌊ N
x − α

⌋
and dn(x) = d1(T

n−1
N ,α (x)) for n ≥ 2. Note that that all

expansions are infinite and unique as 0 /∈ [α, α + 1]. Now

TN ,α(x) = N

x
− d1(x)

gives

x = N

d1(x) + TN ,α(x)

1 If N
α − α ∈ N we set d1(α) =

⌊
N
x − α

⌋
− 1 to avoid a cylinder consisting of only the point α; cf. [10].
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Onmatching and periodicity for... 1481

and by using this equation iteratively we find

x = N

d1(x) + N

d2(x) + N

d3(x) + . . .

.

The digit set is given by DN ,α := {� N
α+1 − α�, . . . , � N

α
− α�} which is a finite set of

consecutive positive integers. Note that 0 < α ≤ √
N − 1 ensures that all digits are

strictly positive.
In [13] it was shown that for certain choices of N and α the absolute continuous

invariant measure associated with the dynamical system does not have full support on
[α, α +1]. In these case one or more so-called gaps in the attractor of Tα on [α, α +1)
appear; one or more intervals where the Tα-invariant measure is zero. This was further
investigated in [10], where it was shown that Tα is always gapless when it has at least
five cylinders, i.e., when �N/α� − �N/(α + 1)� ≥ 4. For four cylinders, there are
certain cases with a large gap. The cases of two, three and four cylinders are studied
in detail, and sufficient conditions for gaplessness are given. In [9] it is shown that for
α = αmax = √

N − 1 the number of gaps is a finite, monotonically non-decreasing
and unbounded function of N .

Starting with [7], recently of lot of attention has been given to the study of match-
ing for parameterized continued fraction algorithms. Examples of such families of
continued fraction algorithms are Nakada’s continued fractions [17], and similarly
defined continued fractions but giving rise to infinite dynamical systems [14], Katok
and Ugarcovici’s continued fractions [15], and Tanaka and Ito’s continued fractions
[18] to name a few. Matching, for our purposes, can be defined as follows.

Definition 1 (Matching) We say that (stable) matching holds for α if there are K , L
such that T K

α (α) = T L
α (α+1) and there is an ε > 0 such that for all α′ ∈ (α−ε, α+ε)

we also have T K
α′ (α′) = T L

α′ (α′ + 1). The numbers K , L are called the matching
exponents, K − L is called the matching index and the largest interval (c, d) such that
for all α ∈ (c, d) we have the same matching exponents is called a matching interval.

For each of the above mentioned families, when α and α + 1 are replaced by
the endpoints of the intervals of the dynamical system under consideration, study
showed that the matching intervals cover the entire parameter space except for a
set of Lebesgue measure zero. In other words, matching holds almost everywhere.
This was shown in [4, 6, 8, 14] respectively. One might start to believe that for any
reasonable parameterized dynamical system that gives rise to continued fractions we
will find matching almost surely. In [13] a matching interval is given for N = 2
and for parameters in this matching interval the natural extension are build. In [5],
matching intervals are found for every N and natural extensions are build. However,
the matching intervals from [5, 13] are such that the matching index is 0, and their
total Lebesgue measure is less than

√
N − 1. In this article we prove that for many

choices of N ≥ 2 there are regions of the parameter space (0,
√
N − 1] where there

are no matching intervals.
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1482 C. Kraaikamp, N. Langeveld

In Sect. 1 we will introduce notation and give some basic properties that hold for all
N and α ∈ (0,

√
N −1]. In Sect. 2 we zoom in on the case where N is relatively prime

with any digit from the digit set DN ,α . As will be shown, this is the situation where
you have no matching intervals and no periodicity of rational numbers as well as the
situation where you can find quadratic irrationals that are not periodic. In Sect. 3 we
investigate the case of N = 2 for which all rational numbers are eventually mapped
to 1, and we give infinitely many matching intervals. We also show that for N = 2
there are infinitely many bad rationals; these are rationals that are not in any matching
interval.

1 Preliminary results

Fix N ∈ N, N ≥ 2, α ∈ (0,
√
N − 1] and x ∈ [α, α + 1]. For readability we suppress

the dependence of the variables N , α and x in the notation. We view matrices as
Möbius transformations so that

A(x) =
(
a b
c d

)
(x) = ax + b

cx + d
.

Let us define the following matrices:

Bd =
(
0 N
1 d

)

and

Mn = Mα,x,n = Bd1Bd2 · · · Bdn . (2)

Similar to the regular continued fraction case, one can check that

Mn(0) = N

d1 + N

d2 + N

d3 + . . .
N

dn

gives the nth convergent cn , which will be denoted by [0; d1, . . . , dn]N . In fact, Mn is
given by

Mn =
(
pn−1 pn
qn−1 qn

)
(3)

where the sequences (pn)n≥1 and (qn)n≥1 satisfy the recurrence relations

p−1 = 1, p0 = 0, pn = dn pn−1 + Npn−2, for n ≥ 1, (4)
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Onmatching and periodicity for... 1483

q−1 = 0, q0 = 1, qn = dnqn−1 + Nqn−2, for n ≥ 1, (5)

and we have cn = pn
qn
. Moreover, from (2) and (3) it follows that

det(Mn) = det(Bd1 · · · Bdn ) = pn−1qn − pnqn−1 = (−N )n (6)

so that, in contrast to the regular continued fraction (the case N = 1), pn and qn are not
necessarily co-prime (they might both have N or divisors of N as a common divisor).
We also have that

x = Mn(T
n
N ,α(x)). (7)

Using (4), (5), (6), and (7) one can show now that limn→∞ cn = x ; c.f. [11].

1.1 Periodicity of rational numbers for small˛

Proposition 1.1 Let N ≥ 2 and 0 < α ≤ ξN − 1, where ξN is a positive number
such that ξN = N

N−2+ξN
and let t0, s0 ∈ N be such, that gcd{t0, s0} = 1 and t0/s0 ∈

[α, α + 1]. Set for k ≥ 1,

tk
sk

= T k
N ,α

(
t0
s0

)
,

where tk, sk ∈ N and gcd{tk, sk} = 1. Then there exists an n ∈ N, such that tn =
sn = 1, and thus that the (N , α)-expansion of t0/s0 is (eventually) periodic, with
period-length 1, and where the period consists of only the digit N − 1:

t0
s0

= [0; d1, . . . , dn, N − 1]N ;

(as usual the bar indicates the period).

Proof Note that ξN is a quadratic irrational (as N 2 + 4 �= �) and that 1 < ξN =
−(N−2)+√

N2+4
2 < 2. So if 0 < α ≤ ξN − 1 we have that 0 < α < 1. In case

t0/s0 = 1 and gcd{t0, s0} = 1 (and thus that t0 = 1 = s0), we see that TN ,α(1) =
N
1 − (N − 1) = 1, and therefore 1 = [0; N − 1]N . We will consider the cases
t0
s0

∈ [α, 1) and t0
s0

∈ (1, α + 1) separately.

In case t0
s0

∈ [α, 1) we find that

t1
s1

= TN ,α

( t0
s0

) = Ns0 − d1t0
t0

,

and since gcd{t1, s1} = 1, s1|t0, and t0/s0 < 1, we find that

s1 ≤ t0 < s0.
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1484 C. Kraaikamp, N. Langeveld

By definition of ξN we see that one of the N -expansions of ξN is given by:

ξN = N

N − 2 + N

N − 2 + N

N − 2 + . . .

= [0; N − 2]N .

Hence if α = ξN − 1, we see that Tα(α + 1) = N/ξN − (N − 1) = α, and therefore
for all 0 < α ≤ ξN − 1 all partial quotients must be at least N − 1.

If t0
s0

∈ (1, α + 1) then d1 = N − 1, since 1 < t0
s0

< ξN , and therefore that

t1
s1

= TN ,α

( t0
s0

) = Ns0 − (N − 1)t0
t0

.

Also note that t1
s1

< 1, since for every x ∈ (1, α + 1) we have that TN ,α(x) <

TN ,α(1) = 1. Once more applying Tα yields that:

t2
s2

= T 2
N ,α( t0s0

) = Nt0 − d2(Ns0 − (N − 1)t0)

Ns0 − (N − 1)t0
,

and since gcd{t2, s2} = 1 and t0 > s0, we find that

s2 ≤ Ns0 − (N − 1)t0 < s0.

Since (sk)k≥0 is a sequence of positive integers, and sk > sk+1 in case tk
sk

∈ [α, 1),

and sk > sk+2 in case tk
sk

∈ (1, α + 1), there must exist a positive integer n such that
sn = 1. As 1 ∈ [α, α + 1] we must have that tn = 1, and the expansion of t0/s0 is
periodic from that point on, with period length 1 and partial quotient N − 1. �

Corollary 1.2 For N = 2 we have that for all α ∈ (0,

√
N − 1] all rational numbers

are all eventually periodic, with period-length 1, and where the period consists of only
the digit 1.

This follows from the fact that ξ2 = √
2.

1.2 Quadratic irrationals

Just like for the regular continued fraction expansion, quadratic irrationals x0 will be
mapped to quadratic irrationals under the map TN ,α . All the points in the orbit of x0
under TN ,α are therefore roots of a quadratic equation with integer coefficients. We
will deduce recurrence relations for these coefficients. Let x0 ∈ [α, α+1) be a positive
quadratic irrational that is a solution to

A0x
2
0 + B0x0 + C0 = 0 (8)
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Onmatching and periodicity for... 1485

where A0( �= 0), B0,C0 ∈ Z, gcd{A0, B0,C0} = 1, and define x1 = TN ,α(x0) =
N
x0

− d1. Then x0 = N
x1+d1

, and substituting x0 in (8) gives

A0

(
N

x1 + d1

)2

+ B0

(
N

x1 + d1

)
+ C0 = 0 (9)

C0x
2
1 + (N B0 + 2d1C0)x1 + N 2A0 + N B0d1 + C0d

2
1 = 0, (10)

where (10) is found from (9) bymultiplying by (x1+d1)2.When setting xn = T n
N ,α(x0)

we find that xn is a solution to

Anx
2
n + Bnxn + Cn = 0

where for An( �= 0), Bn,Cn ∈ Z. The following recurrence relations hold

An+1 = Cn (11)

Bn+1 = N Bn + 2dn+1Cn (12)

Cn+1 = N 2An + N Bndn+1 + Cnd
2
n+1 (13)

For the determinant we calculate

B2
n+1 − 4An+1Cn+1 = (N Bn + 2dn+1Cn)

2 − 4Cn(N
2An + N Bndn+1 + Cnd

2
n+1)

= N 2(B2
n − 4AnCn).

Using this iteratively we find

B2
n − 4AnCn = N 2n(B2

0 − 4A0C0). (14)

From (14) it follows that in case N = 1 and α = 0 (which is the case of the regular
continued fraction (RCF) expansion) we have that B2

n − 4AnCn is a positive constant
for all n ≥ 0. From this one easily finds Lagrange’s result that a quadratic irrational
number x has an eventually periodic RCF expansion. The converse result by Euler is
even easier to prove. For a proof, see e.g. [12], or [2, 19], where a similar result was
obtained for the backward continued fraction expansion.

2 When N ≥ 2 and each digit d ∈ DN,˛ are relatively prime

In this section we study the cases when gcd{N , d} = 1 for all d ∈ DN ,α . Note that
since each (N , α)-expansion has at least two consecutive positive integers as possible
digits, it follows from gcd{N , d} = 1 that N must be odd. Let

K =
{
(N , α) : N ∈ N≥2, α ∈ (0,

√
N − 1] such that gcd{N , d} = 1 for all d ∈ DN ,α

}
.

(15)

Note that in particular we have for N ≥ 5 prime and α > 1 that (N , α) ∈ K ; see
Fig. 1. Let us start with a positive observation.
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1486 C. Kraaikamp, N. Langeveld

Fig. 1 The set K , with N on the y-axis and α on the x-axis

Observation 2.1 For all (N , α) ∈ K and any x ∈ [α, α + 1] we have that pn(x) and
qn(x) are co-prime.

It follows from (6) that the only possible common divisors of pn(x) and qn(x) are
also divisors of N . From (5) we find by an induction argument that qn does not have
any common divisors with N for n ≥ 0. Here we use that each digit is relatively prime
with N .

Since 0 /∈ [α, α + 1] we have that the (N , α)-expansion of any x ∈ [α, α + 1] is
infinite and unique. Note that if there exist k, � ≥ 0, k �= �, and T k

N ,α(x) = T �
N ,α(x),

then the (N , α)-expansion of x is (eventually) periodic. The converse of this also
holds.

Proposition 2.2 Let (N , α) ∈ K with α > 1. Then, no rational number in [α, α + 1]
is periodic.

Proof Let (N , α) ∈ K with α > 1 and x = t0/s0 ∈ [α, α + 1] with t0, s0 ∈ N be
such, that gcd{t0, s0} = 1. Now define recursively tn+1 and sn+1 for n ≥ 0 by:

tn+1 = Nsn − dn+1(x)tn and sn+1 = tn . (16)

Clearly we have that T n
N ,α

( t0
s0

) = tn
sn

∈ [α, α + 1), and since α > 1 yields that
tn+1 > sn+1 = tn , it follows that (tn)n∈N is a strictly increasing sequence. Note that
here we do not demand that tn and sn are co-prime for n ≥ 1. Now if tn and sn are
co-prime for every n it immediately follows that the orbit of x = t0/s0 under TN ,α

cannot be periodic. Left to show is when tn and sn = tn−1 are eventually not co-prime
the (N , α)-expansion of x is still not periodic. To this end, we use the first statement
in (16), reformulated as:
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Ntn−1 = tn+1 + dn+1(x)tn . (17)

First we let (t0, s0) be such that N is not a divisor of t0 nor s0. Then by (16) and
the definition of K it immediately follows that N is not a divisor of t1 nor s1 (in fact,
if N would be a divisor of s0 this still would hold as gcd{t0, s0} = 1 and s1 = t0), and
by induction we find that N is not a divisor of tn nor sn for all n ≥ 1. To see this, note
that from (16) we have that:

tn+1 (mod N ) ≡ Ntn−1 − dn+1(x)tn (mod N ) ≡ −dn+1(x)tn (mod N ),

which implies that if tn is not divisible by N then tn+1 neither since all digits d in our
digit set DN ,α are by definition (15) of K co-prime with N .

We will now show that for all n ≥ 1 there is no prime p � N that divides tn and sn .
To see this, suppose this is not true. Let k ≥ 0 be the first time that some prime p � N
is a divisor of both tk+1 and sk+1(= tk) (and define t−1 = s0). Then there exist t ′k+1
and t ′k such that tk+1 = pt ′k+1 and sk+1 = tk = pt ′k . Then (17) yields that

Ntk−1 = tk+1 + dk+1(x)tk = p(t ′k+1 + dk+1t
′
k).

Since p � N it follows that tk−1(= sk) must be divisible by p which leads to a
contradiction with the definition of k.

Second, suppose t0 has N as a factor; i.e., we can write t0 = Nt ′0. Then, since
s1 = t0,

TN ,α

(
t0
s0

)
= Ns0 − d1t0

t0
= Ns0 − d1Nt ′0

Nt ′0
= s0 − d1t ′0

t ′0
.

Clearly for k ≥ 1 each tk (and also sk) has N as a factor. In order to keep notation
“lean” we redefine t1 and s1 from (16) as t1 := s0 − d1t ′0 and s1 := t ′0, which yields
that t1 = s0 − d1t ′0 < s0 < t0 where the second inequality follows from

t0
s0

> 1. Let t2
and s2 be defined as in (16). If t1 has N as a factor we find that (after redefining t2 and
s2 in the same way as we just redefined t1 and s1) that t2 < t1. Repeating this process
yields that (tn)n∈N is a sequence in N for which there must be an k such that (after
suitable re-definitions) tk does not have N as a factor and we are back in the first case
again. Since we defined in (16) sn+1 = tn for all n ≥ 0 we do not need to consider the
case that s0 has N as a factor. As gcd{t0, s0} = 1 we cannot have that N is a factor of
both t0 and s0. So if N |s0 we cannot have that N |t0, and then we see that N is not a
divisor of s1, as s1 = t0. But then (16) and the definition of K yield that N does not
divide t1.

Still it is possible that N has a non-trivial factor M which divides t0 (or s0): M =
gcd{N , t0}, with M /∈ {1, N }. Since x = t0

s0
, where gcd{t0, s0} = 1, we also have that

x = Rt0
Rs0

, where R = N/M . So let us redefine t0 and s0 in such a way that N is a factor

of t0, that R is a factor of s0, of course that x = t0
s0
, and that gcd{t0/R, s0/R} = 1,

where R is a non-trivial factor of N . But then the above immediately yields (as we did
not use there that gcd{t0, s0} = 1) that (after suitable re-definitions) there must be a
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1488 C. Kraaikamp, N. Langeveld

positive integer k for which tk does not have N as a factor and we are back in the first
case again.

We conclude that for α > 1 and (N , α) ∈ K no rational number in [α, α + 1] has a
periodic expansion. �


The assumption α > 1 cannot be dropped. If α ≤ 1 then 1 ∈ [α, α + 1] and 1 has
a purely periodic expansion with period 1, having as expansion 1 = [0; N − 1]N . Of
course, all pre-images of 1 are also (eventually) periodic.

Remark 1 In Proposition 1.1 we saw that for small α, rationals are eventually periodic
with period-length 1, and where the period consists of only the digit 1. There are more
rational numbers that are fixed points of the map TN ,α for some N , α. For example
2 = [0; 1]6 = [0; 2]8 (or in general for d ∈ N: 2 = [0; d]2d+4). These are points

that are solutions to the equation N
x − d = x so of the form −d+√

d2+4N
2 . A natural

question is: for a fixed pair (N , α), are rationals either eventually periodic with period
1 or non-periodic? This is not the case as other periods can be observed. For example:
for N = 3 and α = 0.73 we have that 40

33 is eventually periodic with a pre-period of
length 63 and a period length of 38. This is found by computing the orbit exactly with a
script in R. It is also possible to find smaller periods. For N = 9 we have 2 = [0; 3, 4]9
and 3

2 = [0; 4, 3]9 which are the expansions of 2 resp. 3
2 when α = 1.49 for example.

Proposition 2.3 Let (N , α) ∈ K such that α = t0/s0 ∈ Q with gcd{t0, s0} = 1 and t0
and t0 + s0 are not divisible by N. Then there is no matching for α.

Proof Define xn = tn
sn

= T n
N ,α

( t0
s0

)
and x+

n = t+n
s+n

= T n
N ,α( t0s0

+ 1). Suppose that

there is matching. Then there are minimal i, j such that ti+1
si+1

= t+j+1

s+j+1
=: p

q , with

gcd{p, q} = 1. We find xi = Nq
di+1(α)q+p and x+

j = Nq
d j+1(α+1)q+p . From the proof of

Proposition 2.2 and our assumption on t0 and t0 + s0 we find that ti and t+j are not
divisible by N . Therefore we must have that

di+1(α)q + p ≡ 0 (modN ) (18)

d j+1(α + 1)q + p ≡ 0 (modN ). (19)

Nowdue to the definition of K neither di+1(α) nor d j+1(α+1) has a divisor in common
with N ; in fact both di+1(α) and d j+1(α + 1) are smaller than N . By minimality of
i and j we must have that di+1(α) �= d j+1(α + 1), so without loss of generality
we may assume that di+1(α) > d j+1(α + 1). Then d = di+1(α) − d j+1(α + 1) ∈
{1, 2, . . . , N − 2} and by subtracting (19) from (18) we find dq ≡ 0 mod N , which
contradicts with our assumptions since N is relative prime with d and is not a divisor
of q. �

Corollary 2.4 For N ≥ 5 and odd, there are intervals of (0,

√
N − 1] that do not

contain any matching interval.
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Proof For N = 5 and N = 7 we have that if α ∈ (1,
√
N − 1] then (N , α) ∈ K . The

rationals that satisfy the conditions in Proposition 2.3 are dense in this interval. Now
let N ≥ 9 and odd and ξ be such that 0 < ξ = N

3+ξ
. Then for all α ∈ (ξ,

√
N − 1]

the digit set is given byDN ,α = {1, 2}. On this interval we also have that the rationals
that satisfy the conditions in Proposition 2.3 are dense in this interval and therefore
we cannot find a matching interval in it. �


Proposition 2.5 For (N , α) ∈ K and N odd, for any quadratic irrational x0 ∈ [α, α+
1] such that gcd{C0, N } = 1, where C0 is from (8), we have that x0 is not (eventualy)
periodic.

Proof Using the recurrence relations (11), (12) and (13) for An, Bn and Cn we prove
that they are co-prime. First we prove that p does not divide An, Bn and Cn when
p prime is not equal to N or a divisor of it. Suppose the contrary. Then there is
an n such that An+1, Bn+1 and Cn+1 have p as a divisor for the first time. Write
An+1 = p Ân+1, Bn+1 = pB̂n+1 and Cn+1 = pĈn+1. Then using (11), (12) and (13)
we find

An+1 = p Ân+1 = Cn gives Cn ≡ 0 (modp),

Bn+1 = pB̂n+1 = N Bn + 2dnCn gives Bn ≡ 0 (modp),

Cn+1 = pĈn+1 = N 2An + N Bndn + Cnd
2
n gives An ≡ 0 (modp).

This is in contradiction with n+1 being the first time that An+1, Bn+1 and Cn+1 have
p as a divisor. Now let p be equal to N or a divisor of N . When Cn �≡ 0 (mod p) we
find by using (11) that

An+1 �≡ 0 (modp).

By using (12) we find

Bn+1 (mod p) ≡ N Bn + 2dnCn �≡ 0 (mod p).

Here we used that N is odd and relatively prime with dn by definition of K . From (13)
we find

Cn+1 (mod p) ≡ N 2An + N Bndn + Cnd
2
n �≡ 0 (modp),

again by using that dn and N are relatively prime. Now by induction and our assump-
tions it follows that p does not divide An, Bn or Cn for any n ≥ 1. Now by using (14)
wefind that the sequences (An)n∈N, (Bn)n∈N or (Cn)n∈N cannot be all bounded. There-
fore the pigeon hole principle that is used in the proof for the regular continued fraction
fails (cf. [12]), and, in fact, we find that x0 does not have a periodic orbit. �
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3 The case of N = 2

We will now take a closer look at the case of N = 2. In this case, we know from
Corollary 1.2 that when we take α rational the orbits of α and α + 1 match. We
will investigate when this matching is stable (find a matching interval that contains α

on which we have the same matching exponents). We return to the study of Möbius
transformations. LetMα,x,k be theMöbius transformation belonging to x when iterated
k times over T2,α; cf. (2). Since the entries of thematrix are not necessarily co-primewe
write M ∼ D for two matrices when they represent the same Möbius transformation.
Now let

R =
(
1 1
0 1

)
.

We have the following proposition:

Proposition 3.1 Let x ∈ (0,
√
2− 1] ∩ Q. Then x is contained in a matching interval

with exponents K , L if and only if RMx,x,K ∼ Mx,x+1,L; see (2).

Proof (⇒) Suppose x is contained in a matching interval with exponents K , L . Then
we have RMx,x,K (T K

2,x (x)) = Mx,x+1,L(T L
2,x (x + 1)); cf. (7). For x ′ sufficiently

close to x , we have Mx ′,x ′,K = Mx,x,K and Mx ′,x ′+1,L = Mx,x+1,L . This holds for
the following reason. Suppose there is no such neighborhood. Then the orbit of x
or x + 1 has hit a discontinuity point before or at matching. If the orbit of x + 1
hits a discontinuity point we find that matching happens with exponents (0, L). In
this case RMx,x,K = R which can never represent the same Möbius transformation
as Mx,x+1,L since it has a zero entry. If the orbit of x hits a discontinuity point we
find that x is purely periodic. But we know that the orbit of x ends up in 1 and that
and that x �= 1. We find a contradiction. This is basically the same argument as in
[16] on page 49, but there the contradiction is reached faster since for the ’classical
families’ rationals never have a periodic expansion. Note that we cannot carry over
the argument for N > 2. Now that we have a neighborhood such that for all points in
the neighborhood Mx ′,x ′,K = Mx,x,K and Mx ′,x ′+1,L = Mx,x+1,L and because we are
on a matching interval RMx ′,x ′,K (T K

2,x ′(x ′)) = Mx ′,x ′+1,L(T L
2,x ′(x ′ + 1)) holds. We

find that RMx,x,K (T K
2,x ′(x ′)) = Mx,x+1,L(T L

N ,x ′(x ′ + 1)) for all x ′ sufficiently close,
which is only possible when RMx,x,K ∼ Mx,x+1,L .

(⇐) Now suppose that RMx,x,K ∼ Mx,x+1,L then from (7), on the one hand we
have

x + 1 = RMx,x,K (T K
2,x (x))

and

x + 1 = Mx,x+1,L(T L
2,x (x + 1)).

Using this, and RMx,x,K ∼ Mx,x+1,L we find T K
2,x (x) = T L

2,x (x + 1). Now let x ′ be
close enough to x such that Mx ′,x ′,K = Mx,x,K and Mx ′,x ′+1,L = Mx,x+1,L . Then we
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also find T K
2,x ′(x ′) = T L

2,x ′(x ′ + 1) and therefore, x is contained in a matching interval
with exponents K , L . �


We now show that there are infinitely many rationals that are not in any matching
interval. Note that for Tanaka-Ito continued fractions such rationals also exist but that
matching holds for almost every parameter in that case; see [6]. In the case of Nakada’s
α-continued fractions [17] and Katok and Ugarcovici’s continued fractions [15] they
do not exist, giving that all rationals are contained in some matching interval. We call
rationals that are not in any matching interval bad rationals. First we show that we
have infinitely many of them.

Proposition 3.2 For N = 2 and αn = 1
2n , n ≥ 3, we have that αn is a bad rational.

Proof We have that αn = [0; 2n+1 − 1, 1]αn and αn + 1 = [0; 1, 2, 2n−1 − 1, 3, 1]αn .
But then we have that T2,αn (αn) = T 4

2,αn
(αn + 1),

RMαn ,αn ,1 =
(
1 2n+1 + 1
1 2n+1 − 1

)
, and Mαn ,αn+1,4 =

(
2n+1 3 ∗ 2n+1 + 8

2n+1 − 2 3 ∗ 2n+1 + 2

)
.

This gives

RMαn ,αn ,1

(
0 2
1 1

)k

≡
(
1 1
1 1

)
(mod 2).

Let M̂αn ,αn+1,4 = 1
2Mαn ,αn+1,4 then M̂αn ,αn+1,4 ∼ Mαn ,αn+1,4 and

M̂αn ,αn+1,4

(
0 2
1 1

)k

≡
(
0 0
1 1

)
(mod 2).

We find that for all K and L we have RMx,x,K � Mx,x+1,L . Therefore, αn is bad. �

On the other hand we also find infinitely many matching intervals.

Theorem 3.3 Let k ≥ 0. On the following intervals matching occurs

(i)

(
−17 − 8k + √

369 + 304k + 64k2

10 + 4k
,
−2 − k + √

6 + 5k + k2

2 + k

)

with matching exponents (3, 5) around αk = 2
9+4k that matches with exponents

(1, 5).
(ii)

(
−81 − 32k + √

8289 + 5824k + 1024k2

54 + 20k
,
−10 − 4k + √

132 + 92k + 16k2

8 + 3k

)
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withmatching exponents (5, 5) aroundαk = 8
43+16k thatmatcheswith exponents

(2, 4).
(iii)

(
−133 − 52k + √

24033 + 16120k + 2704k2

122 + 44k
,

−273 − 104k + √
13

√
7061 + 4848k + 832k2

166 + 60k

)

withmatching exponents (6, 6) aroundαk = 13
72+26k thatmatcheswith exponents

(4, 6).
(iv)

(
−363 − 120k + √

3
√
53603 + 32080k + 4800k2

242 + 76k
,

−45 − 15k + √
15

√
170 + 101k + 15k2

35 + 11k

)

with matching exponents (7, 7) around αk = 30
191+60k that matches with expo-

nents (4, 6).

Proof We will prove the intervals in (i) and give the characteristics of the others in
Table 1. First we will show that αk = [0; 8 + 4k, 1]αk and αk + 1 = [0; 1, 2, k +
1, 2, 2, 1]αk . To see these are some expansions, note that 1 = [0; 1] and therefore we
have

αk = 2

8 + 4k + 2

1 + 2

1 + . . .

= 2

9 + 4k

and

αk + 1 = 2

1 + 2

2 + 2

1 + k + 2

2 + 2

2 + 1

= 4k + 11

4k + 9
= 2

4k + 9
+ 1.

To see these are the (N , αk)-expansions let α̃k be the sequence 8 + 4k, 1 and α̃k + 1
the sequence 1, 2, k + 1, 2, 2, 1. Then, by using the alternating ordering and the shift
map σ , we see that
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α̃k � σ n(α̃k) ≺ α̃k + 1.

Therefore we found the expansions of αk and αk +1.We could also have used the map
T2,αk , which immediately yields the result for αk , as

2
2

9+4k

− (8 + 4k) = 1,

but which is more involved for αk + 1. Note that αk and αk + 1 match with matching
exponents (1, 5). Now for the matrices Mαk ,αk ,3 and Mαk ,αk+1,5 we have

RMαk ,αk ,3 =
(
4k + 12 12k + 32
4k + 10 12k + 26

)
, Mαk ,αk+1,5 =

(
8k + 24 24k + 64
8k + 20 24k + 52

)
.

We find that Mαk ,αk ,3 ∼ Mαk ,αk+1,5. Using Proposition 3.1, we now found a matching
interval. To find the boundaries, we need to identify the largest interval for which all
α in the interval start with the same 3 digits as αk in their (N , α)-expansion and α + 1
then starts with the same 5 digits as αk + 1. Let us define

�α(d1, d2, . . . , dn) = {α ∈ (0,
√
N − 1) : α = [0; d1, d2, . . . , dn, . . .]α}.

The boundaries of �α(d1, d2, . . . , dn) are given by the equations:

α1 = [0; d1, d2, . . . , dn + 1, α1]α1 = [0; d1, d2, . . . , dn + 1]α1,

and

α2 =
{

[0; d1, d2, . . . , dn, α2]α2 , when dn > 1,

[0; d1, d2, . . . , dn−1, α2 + 1]α2 , when dn = 1,

see Fig. 2 for an explanation.
When n is odd the interval is given by (α1, α2) and given by (α2, α1) whenever n

is even.2 In other words, all α that start with the digits d1, d2, . . . , dn in their (2, α)-
expansion. Likewise we define

�α+1(d1, d2, . . . , dn) = {α ∈ (0,
√
N − 1) : α + 1 = [0; d1, d2, . . . , dn, . . .]α}.

Similarly as for α, the boundaries are given by the equations

α1 + 1 = [0; d1, d2, . . . , dn + 1, α1]α1 ,

2 strictly speaking we should include α2 in the interval but this might lead to degenerate cases which we
wish to avoid.
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Fig. 2 When picking α′
extremely close to α we can
ensure to pick the same branches
N
x − d as for α. If we pick the
first n − 1 digits the same, the
(N , α′)-expansion of α′ will
start with d1, . . . , dn−1. To get
also the nth digit the same we
need to have that

N
d+1+α′ < T n−1

α′ (α′) ≤ N
d+α′

with d the nth digit. This will
give you the boundary cases α1
and α2

and

α2 + 1 =
{

[0; d1, d2, . . . , dn, α2]α2 , when dn > 1,

[0; d1, d2, . . . , dn−1, α2 + 1]α2 , when dn = 1,

Then the matching interval is given by �α(8 + 4k, 1, 1) ∩ �α+1(1, 2, k + 1, 2, 2).
Calculating the boundaries we find

�α(8 + 4k, 1, 1) =
(

−17 − 8k + √
369 + 304k + 64k2

10 + 4k
,
−2 − k + √

6 + 5k + k2

2 + k

)

and

�α+1(1, 2, k + 1, 2, 2)

=
(

−17 − 8k + √
369 + 304k + 64k2

10 + 4k
,
−3k − 6 + √

9k2 + 42k + 51

2k + 5

)
.

Since �α(8 + 4k, 1, 1) ⊂ �α+1(1, 2, k + 1, 2, 2), the matching interval is given by

(
−17 − 8k + √

369 + 304k + 64k2

10 + 4k
,
−2 − k + √

6 + 5k + k2

2 + k

)
.

The proof of the other intervals goes exactly the same. Therefore we omit it and instead
give the characteristic data in Table 1. �


Remark 2 As a final remark, we would like to mention that the matching intervals in
Theorem 3.3 are hard to find since they are extremely small. Moreover, the rationals
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Table 1 The (2, αk )-expansions of αk and αk + 1, from Theorem 3.3 and the corresponding matrix for αk

αk Expansion of αk Expansion of αk + 1 RMαk ,αk ,K

2
9+4k [0; 8 + 4k, 1] [0; 1, 2, k + 1, 2, 2, 1]

(
4k + 12 12k + 32
4k + 10 12k + 26

)

8
43+16k [0; 10 + 4k, 2, 2, 1] [0; 1, 2, k + 2, 10, 2, 1]

(
40k + 128 88k + 280
40k + 108 88k + 236

)

13
72+26k [0; 10 + 4k, 1, 2, 5, 1] [0; 1, 2, k + 2, 7, 4, 2, 1]

(
120k + 392 296k + 968
120k + 332 296k + 820

)

30
191+60k [0; 12 + 4k, 2, 2, 2, 2, 1] [0; 1, 2, k + 2, 2, 2, 12, 2, 1]

(
304k + 1120 656k + 2416
304k + 968 656k + 2088

)

Note that the corresponding matrix for αk + 1 is the same matrix except for the case of αk = 2
9+4k where

the entries of the corresponding matrix are twice as much

in Proposition 3.2 are not the only bad ones. With computer simulations one can find
many more. It would be interesting to find out whether there is an interval that does
not contain any matching interval in the case of N = 2.
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