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Abstract

Recently a new class of continued fraction algorithms, the (N, «)-expansions, was
introduced in Kraaikamp and Langeveld (J Math Anal Appl 454(1):106-126, 2017)
foreach N e NN N > 2and o € (0, VN — 1]. Each of these continued fraction
algorithms has only finitely many possible digits. These (N, o)-expansions ‘behave’
very different from many other (classical) continued fraction algorithms; see also Chen
and Kraaikamp (Matching of orbits of certain n-expansions with a finite set of digits
(2022). To appear in Tohoku Math. J arXiv:2209.08882), de Jonge and Kraaikamp
(Integers 23:17, 2023), de Jonge et al. (Monatsh Math 198(1):79-119, 2022), Nakada
(Tokyo J Math 4(2):399-426, 1981) for examples and results. In this paper we will
show that when all digits in the digit set are co-prime with N, which occurs in specified
intervals of the parameter space, something extraordinary happens. Rational numbers
and certain quadratic irrationals will not have a periodic expansion. Furthermore, there
are no matching intervals in these regions. This contrasts sharply with the regular
continued fraction and more classical parameterised continued fraction algorithms,
for which often matching is shown to hold for almost every parameter. On the other
hand, for & small enough, all rationals have an eventually periodic expansion with
period 1. This happens for all @ when N = 2. We also find infinitely many matching
intervals for N = 2, as well as rationals that are not contained in any matching interval.

Keywords N-continued fractions - (N, a)-continued fractions - Matching -
Periodicity - Quadratic irrationals

Mathematics Subject Classification 37E05 - 37E15 - 37A45

B Niels Langeveld
niels.langeveld @unileoben.ac.at

Cor Kraaikamp
C.Kraaikamp @tudelft.nl

I Delft University of Technology, EWI (DIAM), Mekelweg 4, 2628 CD Delft, The Netherlands

Department Mathematik und Informationstechnologie, Montanuniversitit Leoben, Franz
Josef-Strasse 18, 8700 Leoben, Austria

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s11139-024-00878-7&domain=pdf
http://arxiv.org/abs/2209.08882

1480 C. Kraaikamp, N. Langeveld

Introduction

As avariation on the regular continued fraction, N -continued fractions were introduced
in [3] as continued fractions of the form

d -
1+ N
dr + —

where N € N, N > 2, and the digits d; (aka partial quotients) are positive integers. In
contrast with regular continued fractions (the case N = 1), for N > 2 real numbers
x € (0, N) have infinitely many different expansions of the form (1). This was first
established in [1], and can easily be shown by describing dynamical systems that
generate these continued fractions; see [11]. Of particular interest of study has been
the periodicity of quadratic irrationals (x € R\ Q that are a solution to an equation
ax? + bx +c = 0 with a,b,c € Z). For regular continued fractions we know
that a number is eventually periodic if and only if it is a quadratic irrational. Here
the situation is different. In [3] the authors prove that for every quadratic irrational
number x there exist infinitely many positive integers N for which the NCF expansions
of x is eventually periodic with period-length 1. On the other hand, when using the
greedy map T (x) = % — L%J for generating the continued fraction, the authors of [1]
conjecture there are expansions of quadratic irrationals that are not periodic. This was
further investigated in [11] where this conjecture was further supported by means of
numerical simulation. In this article, we will show that for (N, o)-expansions, which
are another family of N-expansions, we can find quadratic irrationals with no periodic
expansion. In [13] the (N, «)-continued fractions were introduced in the following
way. Let o € (0, VN — 1], and define the map Ty q : [, + 1] = [o, ¢ + 1) as

Let! d)(x) = L% —aJ and d,(x) = dl(T[’\’,’_al(x)) for n > 2. Note that that all
expansions are infinite and unique as 0 ¢ [o, @ + 1]. Now

N
Ty o(x) = < dy(x)

gives

N
Xr=——
di(x) + Ty o (x)

Lyf % —a eNwesetd|(a) = Lﬂ - aJ — 1 to avoid a cylinder consisting of only the point «; cf. [10].

X
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and by using this equation iteratively we find

N
r= N
di(x) +
dr(x) +
d3(x) + .
The digit set is given by Dy o == {| A7 — ], ..., [ & — «]} which is a finite set of

consecutive positive integers. Note that 0 < o < /N — 1 ensures that all digits are
strictly positive.

In [13] it was shown that for certain choices of N and o the absolute continuous
invariant measure associated with the dynamical system does not have full support on
[o, @ + 1]. In these case one or more so-called gaps in the attractor of T, on [or, o + 1)
appear; one or more intervals where the T, -invariant measure is zero. This was further
investigated in [10], where it was shown that 7}, is always gapless when it has at least
five cylinders, i.e., when [N /o] — |[N/(a + 1)| > 4. For four cylinders, there are
certain cases with a large gap. The cases of two, three and four cylinders are studied
in detail, and sufficient conditions for gaplessness are given. In [9] it is shown that for
o = omax = ~/N — 1 the number of gaps is a finite, monotonically non-decreasing
and unbounded function of N.

Starting with [7], recently of lot of attention has been given to the study of match-
ing for parameterized continued fraction algorithms. Examples of such families of
continued fraction algorithms are Nakada’s continued fractions [17], and similarly
defined continued fractions but giving rise to infinite dynamical systems [14], Katok
and Ugarcovici’s continued fractions [15], and Tanaka and Ito’s continued fractions
[18] to name a few. Matching, for our purposes, can be defined as follows.

Definition 1 (Matching) We say that (stable) matching holds for « if there are K, L
such that X (@) = TF(a+1) and there is an ¢ > O such that foralla’ € (¢ —¢, @ +¢)
we also have Tal,( (o) = TaL, (o’ + 1). The numbers K, L are called the matching
exponents, K — L is called the matching index and the largest interval (c, d) such that
forall & € (c, d) we have the same matching exponents is called a matching interval.

For each of the above mentioned families, when « and o + 1 are replaced by
the endpoints of the intervals of the dynamical system under consideration, study
showed that the matching intervals cover the entire parameter space except for a
set of Lebesgue measure zero. In other words, matching holds almost everywhere.
This was shown in [4, 6, 8, 14] respectively. One might start to believe that for any
reasonable parameterized dynamical system that gives rise to continued fractions we
will find matching almost surely. In [13] a matching interval is given for N = 2
and for parameters in this matching interval the natural extension are build. In [5],
matching intervals are found for every N and natural extensions are build. However,
the matching intervals from [5, 13] are such that the matching index is O, and their
total Lebesgue measure is less than v/N — 1. In this article we prove that for many
choices of N > 2 there are regions of the parameter space (0, v/N — 1] where there
are no matching intervals.
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1482 C. Kraaikamp, N. Langeveld

In Sect. 1 we will introduce notation and give some basic properties that hold for all
N and o € (0, v/N —1]. In Sect. 2 we zoom in on the case where N is relatively prime
with any digit from the digit set Dy . As will be shown, this is the situation where
you have no matching intervals and no periodicity of rational numbers as well as the
situation where you can find quadratic irrationals that are not periodic. In Sect.3 we
investigate the case of N = 2 for which all rational numbers are eventually mapped
to 1, and we give infinitely many matching intervals. We also show that for N = 2
there are infinitely many bad rationals; these are rationals that are not in any matching
interval.

1 Preliminary results

FixNe NN >2, a e (0, VN — 1]and x € [«, o + 1]. For readability we suppress
the dependence of the variables N, o and x in the notation. We view matrices as
Mobius transformations so that

a b ax +b
A = <C d) x) = cx+d’

Let us define the following matrices:
0 N
w=(i 3)

Mn = Ma,x,n = Bd] de e Bd,,- (2)

and

Similar to the regular continued fraction case, one can check that

N
Mn(o) = N
d; + e N
2 dy+ Y
3 d
gives the nth convergent c¢,, which will be denoted by [0; dy, ..., d,]n. In fact, M, is
given by
Pn—1  DPn
M, = 3
= () )

where the sequences (p;),>1 and (g,)n>1 satisfy the recurrence relations
p-1=1,po=0, py =dypu—1+ Npy—2, forn>1, 4

@ Springer



On matching and periodicity for... 1483

4-1=0, g0 =1, g» = dngn-1 + Ngn—2, forn > 1, Q)
and we have ¢,, = g—;‘ Moreover, from (2) and (3) it follows that
det(M,) = det(Bg, - - B4,) = pn—19n — Pnqn—1 = (—N)" (6)

so that, in contrast to the regular continued fraction (the case N = 1), p,, and g,, are not
necessarily co-prime (they might both have N or divisors of N as a common divisor).
We also have that

x = My (T} (). ©

Using (4), (5), (6), and (7) one can show now that lim,,_, », ¢;, = x; c.f. [11].

1.1 Periodicity of rational numbers for small a

Proposition 1.1 Let N > 2 and 0 < o < &y — 1, where &y is a positive number
such that &y = N++§N and let ty, so € N be such, that gcd{ty, so} = 1 and ty/sp €
[o, @ + 1]. Set fork > 1,

Ik
- = T/{CJ o (2_0) ’
Sk s 50

where ti, sy € N and ged{ty, s} = 1. Then there exists an n € N, such that t, =
sp = 1, and thus that the (N, o)-expansion of to/sq is (eventually) periodic, with
period-length 1, and where the period consists of only the digit N — 1:

10 _—

_=[0;d17"'9dn’N_1]N;
50

(as usual the bar indicates the period).

Proof Note that &y is a quadratic irrational (as N 244 # [J)and that 1 < &y =

% VN2 +4 < 2.Sif0 < o < & — 1 we have that 0 < o < 1. In case

to/so = 1 and ged{to, so} = 1 (and thus that #p = 1 = s0), we see that Tn (1) =
% — (N — 1) = 1, and therefore 1 = [0; N — 1]y. We will consider the cases
;—‘(’) € o, 1) and 5—((’) € (1, o + 1) separately.

In case z—?) € [, 1) we find that

)

Nso —dt
= Tya(2) = 22

0]

and since gecd{ry, 51} = 1, s1lt0, and tp/so < 1, we find that
s1 <1ty < S0.

@ Springer



1484 C. Kraaikamp, N. Langeveld

By definition of £y we see that one of the N-expansions of £y is given by:

N -
En = =[0; N —2]n.

N-—-24+"".

Hence if « = &x — 1, we see that T, (o + 1) = N/éy — (N — 1) = «, and therefore
forall 0 < o < &y — 1 all partial quotients must be at least N — 1.
If j—g e (l,a+1)thend; = N — 1,since 1 < A’—‘; < &y, and therefore that

_ Nso — (N — Dy
= o .

Also note that ” < 1, since for every x € (1, 4+ 1) we have that Ty o(x) <
Tno(l) =1 Once more applying T, yields that:

——T (m) Nty — da(Nso — (N — 1)tg)
52 N Nso— (N — Dty

’

and since gcd{zp, s2} = 1 and #p > 59, we find that
s2 < Nsog— (N — Dty < sp.

Since (si)k>0 is a sequence of positive integers, and sx > Sk41 in case % ¢ la, 1),
q p g + 5

and s; > s, in case * k € (1, o + 1), there must exist a positive integer n such that
sp = 1. As 1 € [o, @ + 1] we must have that #, = 1, and the expansion of fy/sq is
periodic from that point on, with period length 1 and partial quotient N — 1. O

Corollary 1.2 For N = 2 we have that for all « € (0, VN — 1] all rational numbers
are all eventually periodic, with period-length 1, and where the period consists of only
the digit 1.

This follows from the fact that & = /2.

1.2 Quadraticirrationals

Just like for the regular continued fraction expansion, quadratic irrationals xo will be
mapped to quadratic irrationals under the map Ty . All the points in the orbit of xq
under Ty  are therefore roots of a quadratic equation with integer coefficients. We
will deduce recurrence relations for these coefficients. Let xo € [, o+ 1) be a positive
quadratic irrational that is a solution to

ong + Boxg+Cop =0 8)
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where Ag(# 0), By, Co € Z, ged{Ao, By, Co} = 1, and define x; = Ty o(x0) =
Xﬂo —dj. Then xo = and substituting xg in (8) gives

N \? N
A + B +Co=0 9
O<X1+d1> 0<X1+d1> 0 ®

Cox{ + (N By + 2di Co)x; + N*Ag + N Bod + Codi =0, (10)

x1+d1’

where (10) is found from (9) by multiplying by (x1+d; )2, When setting x, = T]G,a (x0)
we find that x,, is a solution to

Apx2 + Byxy +Cp =0

where for A, (3% 0), By, C, € Z. The following recurrence relations hold

An+l = Cn (11)
Byy1 = NB, + 2dn+lcn (12)
Cps1 = N?Ay + NBydyy1 + Cudyy (13)

For the determinant we calculate

By, —4Ant1Cus1 = (NBy + 2dy1Cp)? — 4Cy(N* Ay + N Bydyyy + Codyy )
= N2(B? — 4A,C,).

Using this iteratively we find

B2 —4A,C, = N*"(B} — 4A0Cy). (14)

From (14) it follows that in case N = 1 and o = 0 (which is the case of the regular
continued fraction (RCF) expansion) we have that B,% —4A,C, is a positive constant
for all n > 0. From this one easily finds Lagrange’s result that a quadratic irrational
number x has an eventually periodic RCF expansion. The converse result by Euler is
even easier to prove. For a proof, see e.g. [12], or [2, 19], where a similar result was
obtained for the backward continued fraction expansion.

2 When N > 2 and each digitd € Dy 4 are relatively prime
In this section we study the cases when gcd{N, d} = 1 for all d € Dy o. Note that
since each (N, o)-expansion has at least two consecutive positive integers as possible

digits, it follows from ged{N, d} = 1 that N must be odd. Let

K = {(N,a) . N € Naa, a € (0, /N — 1] such that ged{N, d} = 1 forall d e DN,a} .
(15)

Note that in particular we have for N > 5 prime and o« > 1 that (N, «a) € K; see
Fig. 1. Let us start with a positive observation.

@ Springer



1486 C. Kraaikamp, N. Langeveld
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Fig.1 The set K, with N on the y-axis and & on the x-axis

Observation 2.1 Forall (N, «) € K and any x € [a, a + 1] we have that p,(x) and
gn(x) are co-prime.

It follows from (6) that the only possible common divisors of p, (x) and g, (x) are
also divisors of N. From (5) we find by an induction argument that ¢,, does not have
any common divisors with N for n > 0. Here we use that each digit is relatively prime
with N.

Since 0 ¢ [«, o 4+ 1] we have that the (N, «)-expansion of any x € [o, o + 1] is
infinite and unique. Note that if there exist k, £ > 0, k # £, and T/\‘, o) = T,f, o),
then the (N, o)-expansion of x is (eventually) periodic. The converse of this also
holds.

Proposition 2.2 Let (N, o) € K with a > 1. Then, no rational number in [a, a + 1]
is periodic.

Proof Let (N,«) € K witha > 1 and x = t9/so € [«, @ + 1] with g, 50 € N be
such, that ged{ro, so} = 1. Now define recursively #,11 and 5,41 for n > 0 by:

thyt = Nspy —dpp1 ()t and s,q1 = 1. (16)

Clearly we have that Tﬁa(z—g) = é—’; € [a,a + 1), and since @ > 1 yields that
th+1 > Sn+1 = 1, it follows that (2,),enN is a strictly increasing sequence. Note that
here we do not demand that #, and s, are co-prime for n > 1. Now if ¢, and s, are
co-prime for every n it immediately follows that the orbit of x = #p/so under Ty ,
cannot be periodic. Left to show is when ¢, and s, = #,,_1 are eventually not co-prime
the (N, a)-expansion of x is still not periodic. To this end, we use the first statement

in (16), reformulated as:
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Nty 1 = tyy1 + dpp1 (01, )

First we let (7, so) be such that N is not a divisor of 7o nor sg. Then by (16) and
the definition of K it immediately follows that N is not a divisor of #; nor sy (in fact,
if N would be a divisor of sy this still would hold as ged{#y, so} = 1 and 51 = 1), and
by induction we find that N is not a divisor of #, nor s, for all n > 1. To see this, note
that from (16) we have that:

the1 Mod N) = Nty — dyy1(X)t, (mod N) = —dy11(x)t, (mod N),

which implies that if 7, is not divisible by N then #,,1 neither since all digits d in our
digit set Dy o are by definition (15) of K co-prime with N.

We will now show that for all n > 1 there is no prime p 1 N that divides #, and s,.
To see this, suppose this is not true. Let k > 0 be the first time that some prime p 1 N
is a divisor of both ;4 and sx41(= ;) (and define 7_; = s¢). Then there exist t,i 41
and #; such that f 1 = pt,i_H and sg1 = t; = pt;. Then (17) yields that

N1 = tip1 + diy 1 (Ot = ptiyy + diey11).

Since p 1 N it follows that #_;(= s¢) must be divisible by p which leads to a
contradiction with the definition of k.

Second, suppose fy has N as a factor; i.e., we can write fy) = N t(’). Then, since
s1 = o,

/ /
Ty (,_0) _ Nso — dity _ Nso —diNt, _ S0 —dlto.
Ao to Nt %

Clearly for k > 1 each #; (and also s;) has N as a factor. In order to keep notation
“lean” we redefine 71 and s1 from (16) as # := 5o — dt, and s := #;, which yields
that t; = 5o — dy t(/) < §0 < tg where the second inequality follows from é—g > 1.Letr
and s be defined as in (16). If #; has N as a factor we find that (after redefining #, and
s> in the same way as we just redefined #; and sy) that , < f;. Repeating this process
yields that (#,),en is a sequence in N for which there must be an k such that (after
suitable re-definitions) #; does not have N as a factor and we are back in the first case
again. Since we defined in (16) 5,41 = t, for all n > 0 we do not need to consider the
case that sg has N as a factor. As ged{ro, so} = 1 we cannot have that N is a factor of
both g and sg. So if N|syp we cannot have that N |fy, and then we see that N is not a
divisor of s1, as s; = fp. But then (16) and the definition of K yield that N does not
divide 1.

Still it is possible that N has a non-trivial factor M which divides 7g (or so): M =
gcd{N, to}, with M ¢ {1, N}. Since x = é—g, where ged{tg, so} = 1, we also have that
X = Ilg—é‘;, where R = N /M. So let us redefine 7o and s¢ in such a way that N is a factor
of ty, that R is a factor of sq, of course that x = i—‘(’), and that ged{ty/R, so/R} = 1,
where R is a non-trivial factor of N. But then the above immediately yields (as we did

not use there that gcd{zg, so} = 1) that (after suitable re-definitions) there must be a
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1488 C. Kraaikamp, N. Langeveld

positive integer k for which #; does not have N as a factor and we are back in the first
case again.

We conclude that for « > 1 and (V, @) € K no rational number in [, « + 1] has a
periodic expansion. O

The assumption & > 1 cannot be dropped. If « < 1then 1 € [o, « + 1] and 1 has
a purely periodic expansion with period 1, having as expansion 1 = [0; N — 1]y. Of
course, all pre-images of 1 are also (eventually) periodic.

Remark 1 In Proposition 1.1 we saw that for small «, rationals are eventually periodic
with period-length 1, and where the period consists of only the digit 1. There are more
rational numbers that are fixed points of the map Ty  for some N, o. For example
2 = [0; 1]¢ = [0; 2]3 (or in general for d € N: 2 = [0; 3]2d+4)~ These are points
that are solutions to the equation % —d = x so of the form =4=Yd"+4N Vz‘leN. A natural
question is: for a fixed pair (N, «), are rationals either eventually periodic with period
1 or non-periodic? This is not the case as other periods can be observed. For example:
for N = 3 and « = 0.73 we have that % is eventually periodic with a pre-period of
length 63 and a period length of 38. This is found by computing the orbit exactly with a
scriptin R. It is also possible to find smaller periods. For N =9wehave?2 = [0; 3, 4]y

and ; = [0; 4, 3]9 which are the expansions of 2 resp. 5 3 when o = 1.49 for example.

Proposition 2.3 Let (N, a) € K such that o = ty/so € Q with ged{tg, so} = 1 and ty
and to + so are not divisible by N. Then there is no matching for a.

+
Proof Define x, = * = Ty ,(2) and x;} = ;? = T o (2 + 1). Suppose that
) . . . ; th .
there is matching. Then there are minimal 7, j such that "L' = ’+—+] =: 2 with
Si+1 it q
N N
gcd{p,q} = 1. We find x; = CMT%HJ and x}" = m. From the proof of

Proposition 2.2 and our assumption on fy and #y + so we find that #; and tf are not
divisible by N. Therefore we must have that '

di+1(@)g + p =0 (modN) (18)
dit1(@+1)g + p =0 (modN). (19)

Now due to the definition of K neither d; 1 («) nord;1(«+1) has adivisor in common
with N; in fact both d; 11 () and d; 1 (o + 1) are smaller than N. By minimality of
i and j we must have that d; (o) # dji1(a + 1), so without loss of generality
we may assume that d;11(a) > djy1(a +1). Thend = di11() —djy1(a+1) €
{1,2,..., N — 2} and by subtracting (19) from (18) we find dg = 0 mod N, which
contradicts with our assumptions since N is relative prime with d and is not a divisor
of q. O

Corollary 2.4 For N > 5 and odd, there are intervals of (0, N — 1] that do not
contain any matching interval.
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Proof For N = 5 and N = 7 we have that if « € (1, /N — 1] then (N, ) € K. The
rationals that satisfy the conditions in Proposition 2 3 are dense in this interval. Now
let N > 9 and odd and £ be such that 0 < £ = S Then for all @ € (£, /N — 1]

the digit set is given by Dy o = {1, 2}. On this 1nterva1 we also have that the rationals
that satisfy the conditions in Proposition 2.3 are dense in this interval and therefore
we cannot find a matching interval in it. O

Proposition 2.5 For (N, o) € K and N odd, for any quadratic irrational xo € o, o +
1] such that gcd{Coy, N} = 1, where C is from (8), we have that x is not (eventualy)
periodic.

Proof Using the recurrence relations (11), (12) and (13) for A,,, B, and C, we prove
that they are co-prime. First we prove that p does not divide A,, B, and C, when
p prime is not equal to N or a divisor of it. Suppose the contrary. Then there is
an n such that Aptl, Bn+1 and C,41 have p as a divisor for the first time. Write
Ant1 = pAnit, Byt = pBut1 and Coiy = pCpy1. Then using (11), (12) and (13)
we find

Ant1 = pAns1 = Cy gives C, =0 (modp),
Byt = P§n+1 = NB, +2d,C, gives B, =0 (modp),
Chrt1 = p6n+1 = N%A, + NB,d, + Cnd,% gives A, =0 (modp).

This is in contradiction with n + 1 being the first time that A+ 1, B,+1 and C,,41 have
p as a divisor. Now let p be equal to N or a divisor of N. When C,, # 0 (mod p) we
find by using (11) that

Any1 # 0 (modp).
By using (12) we find
By4+1 (mod p) = NB,, +2d,C,, # 0 (mod p).

Here we used that N is odd and relatively prime with d, by definition of K. From (13)
we find

Cpy1 (mod p) = N*A, + NB,d, + C,d? # 0 (modp),

again by using that d,, and N are relatively prime. Now by induction and our assump-
tions it follows that p does not divide A,,, B, or C,, for any n > 1. Now by using (14)
we find that the sequences (A;),eN, (Bn)neN or (Cy),enN cannot be all bounded. There-
fore the pigeon hole principle that is used in the proof for the regular continued fraction
fails (cf. [12]), and, in fact, we find that xo does not have a periodic orbit. O
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1490 C. Kraaikamp, N. Langeveld

3 Thecaseof N =2

We will now take a closer look at the case of N = 2. In this case, we know from
Corollary 1.2 that when we take « rational the orbits of o and « 4+ 1 match. We
will investigate when this matching is stable (find a matching interval that contains «
on which we have the same matching exponents). We return to the study of Mobius
transformations. Let M, » x be the Mobius transformation belonging to x when iterated
k times over T3 4 cf. (2). Since the entries of the matrix are not necessarily co-prime we
write M ~ D for two matrices when they represent the same Mobius transformation.

Now let
1 1
(3 Y)

We have the following proposition:

Proposition 3.1 Let x € (0, v/2 — 11N Q. Then x is contained in a matching interval
with exponents K, L if and only if RMy x g ~ My x+1,L; see (2).

Proof (=) Suppose x is contained in a matching interval with exponents K, L. Then
we have RM, , x (T (x)) = My p1.0(Tf (x + 1); cf. (7). For x” sufficiently
close to x, we have M,/ ,» x = My x xk and My ,r41 1 = My x+1,. This holds for
the following reason. Suppose there is no such neighborhood. Then the orbit of x
or x + 1 has hit a discontinuity point before or at matching. If the orbit of x + 1
hits a discontinuity point we find that matching happens with exponents (0, L). In
this case RM, , x = R which can never represent the same Mdobius transformation
as My x+1,1 since it has a zero entry. If the orbit of x hits a discontinuity point we
find that x is purely periodic. But we know that the orbit of x ends up in 1 and that
and that x % 1. We find a contradiction. This is basically the same argument as in
[16] on page 49, but there the contradiction is reached faster since for the ’classical
families’ rationals never have a periodic expansion. Note that we cannot carry over
the argument for N > 2. Now that we have a neighborhood such that for all points in
the neighborhood M,/ v+ k = My x k and M, y41.1 = My x+1,1 and because we are
on a matching interval RM,/ /. K(fo,(x/)) =My i1 L(Tzfx,(x/ + 1)) holds. We
find that RMx,x,K(TZ{(x,(x/)) = Mx,x-i—l,L(T}\L/’x/ (x" + 1)) for all x” sufficiently close,
which is only possible when RMy x k ~ My x+1.L-

(<) Now suppose that RM, » k ~ My x+1,1 then from (7), on the one hand we
have

X+ 1=RM, (T3, (x)
and
X 1= My pr (T (x + D).

Using this, and RMy x x ~ My x+1, we find Tsz(x) = T2Lx(x +1). Now let x’ be
close enough to x such that M+ k = My x x and My 41,1 = My xy1,1. Then we
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also find TZKx’ x = TzLx/ (x" 4+ 1) and therefore, x is contained in a matching interval
with exponents K, L. O

We now show that there are infinitely many rationals that are not in any matching
interval. Note that for Tanaka-Ito continued fractions such rationals also exist but that
matching holds for almost every parameter in that case; see [6]. In the case of Nakada’s
a-continued fractions [17] and Katok and Ugarcovici’s continued fractions [15] they
do not exist, giving that all rationals are contained in some matching interval. We call
rationals that are not in any matching interval bad rationals. First we show that we
have infinitely many of them.

Proposition3.2 For N =2 and o, = zi,,, n > 3, we have that a,, is a bad rational.

Proof We have that o, = [0; 2"+ — 1, 1], and o, +1 =10;1,2,2""1 — 1,3, 1],,.
But then we have that 75 o, () = T24:05n (o + 1),

1 2n+1+1 2n+1 3*2n+1+8
RMy, 00,1 = (1 on+l _ 1) and My, o, +1,4 = on+l _ o 3*2n+1+2 .

This gives

k
0 2 1 1
RMy, a1 (1 1) = (1 1) (mod 2).

~ | ~
Let Mo, a,+1,4 = 3 Ma, a,+1,4 then Mo, o, +1.4 ~ My, a,+1,4 and

k
0 2 0 0
an,ant+l1,4 <1 1) = <1 1) (mOd 2)

We find that for all K and L we have RMy y g »~ My x+1,r. Therefore, o, is bad. O

<)

On the other hand we also find infinitely many matching intervals.

Theorem 3.3 Let k > 0. On the following intervals matching occurs

®

—17 — 8k + /369 + 304k + 64k2 —2 — k + /6 + 5k + k>
10 + 4k ’ 2+k

with matching exponents (3, 5) around o, = ﬁ that matches with exponents
(1, 5).
(ii)

—81 — 32k + /8289 + 5824k + 1024k%2 —10 — 4k + /132 + 92k + 16k2
54 + 20k ’ 8 + 3k
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with matching exponents (5, 5) around oy = 43+L16k that matches with exponents
(2,4).
(iii)

—133 — 52k + +/24033 + 16120k + 2704k2
122 + 44k '

—273 — 104k + +/134/7061 + 4848k + 832k2
166 + 60k

with matching exponents (6, 6) around oy = 72i—326k that matches with exponents
(4, 0).
(iv)

—363 — 120k + /3+/53603 + 32080k + 4800k2
242 + 76k ’

—45 — 15k + +/154/170 + 101k + 15k2
354+ 11k

with matching exponents (7, 7) around oy = 1911% that matches with expo-
nents (4, 6).

Proof We will prove the intervals in (i) and give the characteristics of the others in
Table 1._First we will show that ap = [0; 8 + 4k, 1]y, and oy + 1 =1[0;1,2,k+
1,2,2, 1]y, To see these are some expansions, note that 1 = [0; 1] and therefore we
have

2 2
ak: =
8 + 4k + > 9+
1+
1+ .
and
e 2 4k + 11 2 o
o = = - .
k 2 4k+9  4k+9
1+ 3
24
1+ k+ 5
2 -
T

To see these are the (N, ak)-eyipansions let cij, be the sequence 8 + 4k, 1 and aj + 1
the sequence 1, 2, k + 1, 2, 2, 1. Then, by using the alternating ordering and the shift
map o, we see that
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ay <o (o) <ag + 1.

Therefore we found the expansions of o and o 4+ 1.We could also have used the map
15,4, » which immediately yields the result for o, as

2
———@B+4 =1,
Cawiry

but which is more involved for o + 1. Note that ax and o 4+ 1 match with matching
exponents (1, 5). Now for the matrices My, ,,3 and My, o, +1,5 We have

R _(Me+12 12k432) _ (8k+24 24k 464
w3 =\ gk 410 12k +26) 0 ToewatlS T\gk 420 24k +52)°

We find that My, «,,3 ~ Mg, 0 +1,5- Using Proposition 3.1, we now found a matching
interval. To find the boundaries, we need to identify the largest interval for which all

« in the interval start with the same 3 digits as o in their (N, «)-expansion and « + 1
then starts with the same 5 digits as «x + 1. Let us define

Ay, do, ... d)) ={a € (O, VN —1):a=[0:d1,ds, ... dn..Jo}

The boundaries of A%(dy, da, ..., dy,) are given by the equations:

a1 =[0;di,do, ..., dy + 1,01l =[0;dy,da, ..., dy + 1,
and

[0;di,da, ....dn, 22]as, when d,, > 1,

o =
T 0:dy.do. ... du_t.on + 11ay, whend, =1,

see Fig.2 for an explanation.

When 7 is odd the interval is given by (¢, @p) and given by (a2, 1) whenever n
is even.? In other words, all « that start with the digits d1, da, . . ., dj in their (2, o)-
expansion. Likewise we define

AN d do, . d)={ae O, VN—-1):a+1=[0;d,ds,....dp,..Jo}
Similarly as for «, the boundaries are given by the equations

ay +1=[0;dy,da,....dy + 1, 01]y,,

2 strictly speaking we should include o in the interval but this might lead to degenerate cases which we

wish to avoid.
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Fig.2 When picking o’ a+1
extremely close to « we can

ensure to pick the same branches

% — d as for «. If we pick the

first n — 1 digits the same, the

(N, o’)-expansion of &’ will

start with dq, .. ., dy—1. To get

also the nth digit the same we

need to have that

e <Th e = A
with d the nth digit. This will
give you the boundary cases o

and ap

a—+1

and

[07 dlsd27'-'9dn7a2]a27 Whendn > 19
[0;d1,d2,...,dn_1,6\!2+1]0[2, Whendn=17

Then the matching interval is given by A*(8 4 4k, 1, 1) N A“H(l, 2,k+1,2,2).
Calculating the boundaries we find

—17 — 8k + /369 + 304k + 64k2 —2—k+v6+5k+k2)

A8+ 4k, 1,1) = ,
@+ ) ( 10 + 4k 2+k

and

AT, 2,k +1,2,2)

[ =17 — 8k + /369 + 304k + 64k> —3k — 6 + v/9k? + 42k + 51
- 10 + 4k ’ 2k+5 '

Since A*(8 + 4k, 1,1) € A®T1(1,2,k +1,2,2), the matching interval is given by

—17 — 8k + /369 + 304k + 64k2 —2 — k + /6 + 5k + k2
10 + 4k ’ 24k ’

The proof of the other intervals goes exactly the same. Therefore we omit it and instead
give the characteristic data in Table 1. O

Remark 2 As a final remark, we would like to mention that the matching intervals in
Theorem 3.3 are hard to find since they are extremely small. Moreover, the rationals
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Table 1 The (2, ag)-expansions of oy and o + 1, from Theorem 3.3 and the corresponding matrix for oy

o Expansion of o Expansion of oy + 1 RMeay, oy, K
R _ - . - 4k +12 12k + 32
orar [0; 8 4 4k, 1] [0;1,2,k+1,2,2,1] <4k+]0 12k + 26
8 , - , . 40k + 128 88k + 280
mrer (051044522, 1] 01,2,k +2,10,2,1] (40k+108 88Kk + 236
s A _ A - 120k + 392 296k + 968
e (01044612500 1012,k +2,7,4,2, 1] (120k+332 296k + 820

oo 1001244622221 [0:1.2.k+2,2.2,12,2,T) <3°4k+1‘20656k+24‘6>

304k 4+ 968 656k + 2088

Note that the corresponding matrix for o 4 1 is the same matrix except for the case of oy = 9_‘_% where
the entries of the corresponding matrix are twice as much

in Proposition 3.2 are not the only bad ones. With computer simulations one can find
many more. It would be interesting to find out whether there is an interval that does
not contain any matching interval in the case of N = 2.

Funding Open access funding provided by Montanuniversitéit Leoben.

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Anselm, M., Weintraub, S.H.: A generalization of continued fractions. J. Number Theory 131(12),
2442-2460 (2011)

2. Beltz, E., Fokkink, R., Kraaikamp, C.: A note on binary quadratic forms with positive discriminant
D # [J. Proc. Rom. Acad. Ser. A 16(1), 28-31 (2015)

3. Burger, E.B., Gell-Redman, J., Kravitz, R., Walton, D., Yates, N.: Shrinking the period lengths of
continued fractions while still capturing convergents. J. Number Theory 128(1), 144-153 (2008)

4. Carminati, C., Isola, S., Tiozzo, G.: Continued fractions with SL(2, Z)-branches: combinatorics and
entropy. Trans. Am. Math. Soc. 370(7), 4927-4973 (2018)

5. Chen, Y., Kraaikamp, C.: Matching of orbits of certain n-expansions with a finite set of digits (2022).
To appear in Tohoku Math. J arXiv:2209.08882

6. Carminati, C., Langeveld, N., Steiner, W.: Tanaka-Ito ¢-continued fractions and matching. Nonlinearity
34(6), 3565-3582 (2021)

7. Carminati, C., Marmi, S., Profeti, A., Tiozzo, G.: The entropy of «-continued fractions: numerical
results. Nonlinearity 23(10), 2429-2456 (2010)

8. Carminati, C., Tiozzo, G.: A canonical thickening of Q and the entropy of «-continued fraction trans-
formations. Ergod. Theory Dyn. Syst. 32(4), 1249-1269 (2012)

9. de Jonge, J., Kraaikamp, C.: Gaps in intervals of n-expansions. Integers 23, 17 (2023)

10. de Jonge, J., Kraaikamp, C., Nakada, H.: Orbits of N-expansions with a finite set of digits. Monatsh.

Math. 198(1), 79-119 (2022)

@ Springer


http://creativecommons.org/licenses/by/4.0/
http://arxiv.org/abs/2209.08882

1496

C. Kraaikamp, N. Langeveld

11.

13.

14.

15.

16.
17.

18.

19.

Dajani, K., Kraaikamp, C., van der Wekken, N.: Ergodicity of N-continued fraction expansions. J.
Number Theory 133(9), 3183-3204 (2013)

Hardy, G.H., Wright, EXM.: An Introduction to the Theory of Numbers. Oxford University Press,
Oxford, sixth edition: Revised by D. R. Heath-Brown and J. H, Silverman, With a foreword by Andrew
Wiles (2008)

Kraaikamp, C., Langeveld, N.: Invariant measures for continued fraction algorithms with finitely many
digits. J. Math. Anal. Appl. 454(1), 106-126 (2017)

Kalle, C., Langeveld, N., Maggioni, M., Munday, S.: Matching for a family of infinite measure con-
tinued fraction transformations. Discret. Contin. Dyn. Syst. 40(11), 6309-6330 (2020)

Katok, S., Ugarcovici, I.: Structure of attractors for (a, b)-continued fraction transformations. J. Mod.
Dyn. 4(4), 637-691 (2010)

Langeveld, N.: Matching, entropy, holes and expansions. PhD thesis, Leiden University (2019)
Nakada, H.: Metrical theory for a class of continued fraction transformations and their natural exten-
sions. Tokyo J. Math. 4(2), 399426 (1981)

Tanaka, S., Ito, S.: On a family of continued-fraction transformations and their ergodic properties.
Tokyo J. Math. 4(1), 153-175 (1981)

Zagier, D.B.: Zetafunktionen und quadratische Korper. Hochschultext [University Textbooks].
Springer, New York, Eine Einfiihrung in die hohere Zahlentheorie. [An Introduction to Higher Number
Theory] (1981)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer



