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Direct Bayesian ldentification of Inverse
Linear Systems

Rikuto Suzuki*, Tom Oomen™, Senior Member, IEEE, and Rodrigo A. Gonzalez

Abstract—The kernel-based inverse system identifica-
tion framework enables accurate identification of systems
with non-minimum phase dynamics, greatly expanding the
potential of non-causal system identification approaches.
The existing kernel-based inverse system identification
method performs the estimation assuming noisy input data,
while in practice noise is typically present only in the
output measurements. To address this impracticality, we
propose a Bayesian identification method that employs the
Expectation-Maximization algorithm and the Markov chain
Monte Carlo method to enable direct identification of the
inverse system using the available data. Through numerical
simulations, we found that the proposed method allows for
an accurate estimation of inverse models, and outperforms
an indirect approach in both model fit and variance. The
proposed method can be used to develop enhanced data-
driven feedforward control methods that allow for flexible
design while incorporating design specifications.

Index Terms—Identification, inverse systems, identifica-
tion for control.

[. INTRODUCTION

EEDFORWARD control is essential in motion systems

to effectively compensate for known disturbances and
enhance reference tracking [1]. Since the optimal feedforward
controller is given by the inverse of the true plant, substantial
effort has been dedicated to deriving the inverse system
dynamics through first principle modeling, grey box model-
based approaches, or data-driven learning of the control law.
Data-driven feedforward control has been explored through
iterative approaches that learn the user-specified model param-
eters, e.g., see [2] and [3]. Since a poor choice of model
order can lead to large model errors, these approaches have
been further extended towards non-parametric modeling to
cope with more complex dynamics including unknown nonlin-
earities [4], parameter-varying systems [5], and state variable

Received 17 March 2025; revised 14 May 2025; accepted 3
June 2025. Date of publication 10 June 2025; date of current ver-
sion 11 July 2025. Recommended by Senior Editor A. P. Aguiar.
(Corresponding author: Rikuto Suzuki.)

Rikuto Suzuki is with the Department of Electrical Engineering and
Information Systems, The University of Tokyo, 7-3-1 Hongo, Bunkyo-ku,
Tokyo, Japan (e-mail: r.suzuki@ctl.t.u-tokyo.ac.jp).

Tom Oomen is with the Department of Mechanical Engineering,
Eindhoven University of Technology, P.O. Box 513, 5600 MB Eindhoven,
The Netherlands, and also with the Delft Center for Systems and
Control, Delft University of Technology, Mekelweg 2, Delft, 2628 CN, The
Netherlands.

Rodrigo A. Gonzdlez is with the Department of Mechanical
Engineering, Eindhoven University of Technology, P.O. Box 513, 5600
MB Eindhoven, The Netherlands.

Digital Object Identifier 10.1109/LCSYS.2025.3578480

dependent disturbances [6]. In these data-driven approaches,
system identification methods that estimate a model that
captures the system dynamics are incorporated in the form of
inverse system identification [7].

From a system identification perspective, recent studies on
inverse model estimation suggest that estimating an inverse
model directly from data may pose advantages over first esti-
mating a forward model and subsequently inverting it [2], [8].
This is because the accuracy of the latter two-step approach is
highly dependent on both the quality of the forward model and
the accuracy of the model inversion [9]. To address these chal-
lenges, direct inverse system identification methods have been
explored, based on kernel-based techniques [10], [11]. These
methods effectively incorporate various system properties and
balance the bias-variance tradeoff, especially in small-sample
scenarios. From a Bayesian perspective, prior distributions
allow for the effective integration of prior knowledge into the
identification process [12], [13]. For instance, in the inverse
system identification method developed in [14], [15], unstable
inverse systems due to the non-minimum phase dynamics of
the forward systems are viewed as non-causal and bounded
operators. This approach has demonstrated that integrating
such type of prior knowledge of the inverse system further
enhances the accuracy of the inverse model. Additionally,
kernel-based methods have been implemented in the form
of Gaussian process-based feedforward control [4], [5], [6].
However, these methods require the optimal feedforward
signal beforehand to generate a mapping from the refer-
ence to the corresponding optimal feedforward signal, and
the optimality from the perspective of system identification
such as consistency, e.g., see [16], is generally overlooked.
Furthermore, the kernel-based inverse system identification
method presented in [14], which leads to analytical solutions,
may lack practicality in its formulation, as it is assumed
that the input of the inverse system, i.e., the output signal,
is perfectly known. Typically the opposite situation occurs,
where the data is collected from the forward system and its
output is known up to noisy measurements.

In contrast to the identification problem formulation in [14],
inverse system identification using noisy output data of the
forward system is computationally challenging. The main
difficulty is due to the fact that the system inversion entails
a transformation of random variables between forward and
inverse system parameters, making it impossible to express
the probabilistic relationship between the inverse system
and observed data in a closed-form analytical expression.
Addressing this intractability problem and enabling the direct
identification of the inverse system in a practical manner
is expected to further enhance the accuracy of the inverse
model. This, in turn, introduces a new perspective on inverse
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Fig. 1. Open-loop system with output measurement noise.

model estimation methods and contributes to improving
the marginal performance of data-driven feedforward
control.

In this letter, a direct Bayesian identification method for
inverse systems in the forward open-loop setting is developed,
where the intractability of the hyperparameter optimization
problem is addressed via Markov chain Monte Carlo (MCMC)
techniques [17] and the Expectation Maximization (EM) algo-
rithm [18]. The main contributions of this letter are as follows.

C1 A kernel-based identification approach that allows for
the direct identification of the inverse system from the
data collected from a forward system is introduced.
To this end, a procedure to optimize the hyperpa-
rameters associated with the inverse model via the
Expectation-Maximization (EM) algorithm in conjunc-
tion with MCMC techniques is formalized to solve the
computational intractability of the E-step.

C2 The performance of this estimator is compared against
1) the kernel-based approach in [14], and 2) the tradi-
tional two-step approach, in which the forward system is
identified first and subsequently its inverse is computed.

This letter is organized as follows. In Section II the system
setup and problem statement are described. In Section III we
derive the proposed direct identification method for inverse
linear systems. In Section IV, simulation results are presented,
and we provide concluding remarks in Section V.

Notation: The shift operator g satisfies gx(¥) = x(t + 1).
All vectors and matrices are written in bold, and matrices are
denoted with capital letters. [A]; ; denotes the i, j element of a
matrix A, and single subscripts are used for vectors, e.g., [X];.
The probability density function (pdf) of a random variable x is
denoted as px(-; -). Here, the known or deterministic terms are
placed after the semicolon. or notational simplicity, we omit
the explicit dependency on the input vector uy. For instance,
the likelihood can be expressed as pyy (yn; p) instead of the
more detailed form p(yy; uy, p).

Il. PRELIMINARIES AND PROBLEM FORMULATION

A. System Description

Consider a single-input single-output (SISO), discrete-time,
linear time-invariant (LTI), causal and asymptotically stable
system G(q) in Figure 1, with input signal u(#), output signal
x(#), and impulse response &(¢). The measured output signal
y(¢) is contaminated by i.i.d. zero mean Gaussian-distributed
noise sequence v(¢) with variance ayz, ie., v(t) ~ N(O, cryz),
uncorrelated with the input signal u(f). That is,

YO =Y E(@u(t — )+ v(). )

=0

B. Non-Causal Impulse Response Interpretation

Within the context of feedforward control, our interest is
centered in the inverse relationship between the input and
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Fig. 2. Bayesian network considered in the proposed inverse system
identification method. Each solid node represents a random variable,
and solid links express probabilistic relationships between these vari-
ables. The dotted nodes represent hyperparameters specified for the
group of random variables connected by the dotted links. Node yy is
shaded to indicate that such node corresponds to the observed data.
For background on the Bayesian network, see [20].

output sequences in (1). An inverse system is non-causal if
the corresponding forward system is strictly proper, i.e., if the
relative degree is greater than zero, or if it has a non-minimum
phase zero that becomes an unstable pole when inverted. In the
standard (causal) interpretation, the presence of poles outside
the unit disk on the complex plane indicates that the associated
impulse response of the system is unbounded, often calling the
system unstable. On the other hand, a non-causal interpretation
of the system is also possible by selecting a different region
of convergence for the z-transform, which is used to calculate
the impulse response [14, Th. 1].

Theorem 1 (Non-Causal Exact Inversion [14, Th. 1]): Let
a system G(z) be given such that G~!(z) belongs to the set of
real, rational, discrete-time systems without poles on the unit
circle T := {z € C : |z] = 1}. Then, there exists a non-causal
sequence 0 € £1(Z) such that, for any signal x(¢) € €2(Z), the
signal

e¢]

u@y= ) 6(0x(—1) € o(Z) @

T=—00

leads to exact inversion x(¢) = G(q)u(?).

This theorem is particularly useful for identifying unstable
systems [19] and facilitates inverse model estimation when
the inverse system is unstable due to the non-minimum phase
dynamics of the forward system. By interpreting the unstable
inverse system as a non-causal but bounded operator, a kernel-
based approach can incorporate this property through an
appropriate choice of kernel [14].

C. Problem Formulation

Based on the forward open-loop setting in Figure 1 and
the available data {u(7), y(t)}ﬁv= |» we aim to develop a direct
Bayesian identification method for the inverse system G~!(g),
incorporating prior information directly into the identification

problem.

[1l. DIRECT BAYESIAN IDENTIFICATION OF
INVERSE LINEAR SYSTEMS

In this section, a direct Bayesian identification method for
inverse linear systems is developed. The forward impulse
response & is viewed as a function of the impulse response of
the inverse system, 0, i.e., & = &(6@), which yields the prob-
abilistic relationship shown in Figure 2 to perform Bayesian
estimation.

A. Bayesian Approach to Inverse System Identification

The Bayesian approach uses the posterior distribution as
a measure for quantifying all the information that can be
extracted from the observed data combined with the prior
information [17]. Using Bayes’ rule, the posterior distribution
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of the impulse response of the inverse model given the
available data can be written as

Pyy (yNIO; oyz)po(f); B)
[pyn,0; p)d0

where py, (yn10; ayz) is a likelihood function of the measured
output vector yy = [y(1),...,y(N)]T given the inverse
impulse response 0, pg(0; p) denotes the prior distribution
of @, and the denominator term is the normalizing factor
of the pdf These distributions may depend on parameters

= [02, B"], known as hyperparameters, which define the
prObablf,lStIC properties of the random variables within the
associated user-defined probabilistic structure. The maximum
a posteriori estimate of the impulse response can be obtained
via maximization of the log of the posterior distribution, i.e.,

pe(@lyn; p) = 3)

~

0 = argmaxlogpyy (yw16: o7) +logpe®: ). ()
Let us consider a finite impulse response (FIR) model estimate
0 € R™ and a prior distribution described by

0 ~ Ny (0,Kq(B)), (&)

with the covariance matrix Ky (B8) € R">*"_ Then, under the

assumption that the noise is Gaussian, the likelihood function
. 2 . . . . .

Pyy (YN 103 oy) admits the following Gaussian description

ywl0 ~ Ny (®1£©), 071y ), (©)

where the lower triangular Toeplitz matrix ®, € RV*" that
considers the order ng of the forward FIR £(#) has as entries

[®,];; = {8“ D

Thus, the optimization problem in (4) can be written as

2
0= arg min Z <y(t) — Z E@, Du(t — r))

=1 =0
+o70 KB (®)

O<i—j+1=<ne
otherwise.

)

As in standard kernel-based methods for forward system
identification, desired model properties such as smoothness
and stability can be enforced by structuring the covariance
matrix Kg () through carefully chosen kernels. These kernels
constrain the estimate to an induced reproducing kernel Hilbert
space. To impose smoothness and exponential decay in the
non-causal impulse response, the non-causal stable spline
kernel [14] can be used, given by

. N\ 2
k(l,l,) = M

where

At if
b) = {A?C it
C

with the hyperparameters B = [, Ac, Anc]' for the kernel,
in which « > 0 is a scaling factor and Ac, Anc € (0, 1)
denote decay rates for + > 0 and r < O respectively. We
use this probabilistic interpretation of kernels to specify the
prior distribution and to impose prior information into the
identification problem. For more information on kernel-based
methods and their relation to Bayesian estimation, we refer
to [10], [13], [21], [22].

t<0

>0, (10)

B. Hyperparameter Estimation Using the EM Algorithm

The hyperparameters p used to specify the prior distribu-
tion and noise variance need to be estimated to solve the
optimization problem in (8). We consider the maximization of
the marginal likelihood function of the measured output yy,
ie.,

p = argmax log py, (yn: p), (11)
P

which is known as the Empirical Bayes method [23]. This
marginal likelihood function does not admit a closed-form
expression because the function depends on the impulse
response @, which we cannot directly observe from the data.
To deal with this issue, we incorporate these latent variables
by marginalizing over 6, i.e.,
p = arg max log/p(yN, 0; p)de. (12)
p

The maximum likelihood problem above can be solved using
the EM algorithm [18], which iteratively refines parameter
estimates by alternating between an expectation step (E-step)
and a maximization step (M-step). This iterative procedure
guarantees monotonic convergence to a stationary point of the
marginal likelihood function in (12), which often corresponds
to the global optimum if the initialization is appropriate [24]. A
straightforward and common approach for initialization, used
in our simulation, is a grid search over several initialization
candidates and retain the one that yields the maximum value
of the cost function [25]. The E and M steps are described as
follows.

E-step: Compute the conditional expectation of the log-
likelihood of the joint distribution with respect to the posterior
joint distribution given estimates i)(k)

0(s: ") = [ 10epty. 0: ppa (B13: 5©)06. 13)

M-step: Update the estimates p(k+1)

Ak+1) _ .~ (k)
x (3max(b(1), b(£)) — min(b(®), b(r'))), (9) P _arg,',“axQ(””’ ) 19
Q(p; i)(")) = /1ogpyN(yN|0 o )po(olyzv, )d0 +/10gp9(0;ﬂ)P0<0|YN; i)(’")do
1 . . .
= -5 2Eo{||yN @ ED) | yn; pY) - tr{K "BYEA 00" | yw: pV)) - 1ogo
—% logdetKg(B) — Nlog2m (15)
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The conditional expectation Q(p; f)(k)) in (13) is taken with
respect to the posterior distribution pg (0|yy; ,fJ(k)), which can
be rewritten as (15), shown at the bottom of the next page,
Thus, in the M-step, the hyperparameter estimate karl can be
updated by maximizing the conditional expectation Q(p; p( )
with respect to each hyperparameter. This can be done by
solving the optimization problem given by

~(k+1) 1 - A
BT = arg;mnztr{K(, BB 807 | yi: 501
+logdetKy(B), (16)
and the update of the noise variance cryszrl
E _ <I)T 0 2 (k)
a6t _ Eplllyn E@)I" | yn; o } (17

Y N
In order to compute the conditional expectations in (16)
and (17), the prior on the inverse FIR # must be transformed to
the prior on the forward FIR &. However, since this transforma-
tion of random variables involves a nonlinear transformation
and numerical computation of poles of the corresponding
forward model, the posterior distribution pg(0|yy; i)(k)) and
hence the conditional expectation Q(p; f)(k)) does not have
an analytic expression and must be approximated. In the
next section, an approach used to approximate the posterior
distribution pg (0 |yn; i)(k)) is explained, which permits the
computation of (16) and (17).

C. Approximating the Posterior Distribution Using the
Metropolis-Hastings (MH) Algorithm

The maximum of Q(p; ,i)(k)) in (13) depends on conditional
expectations of functions of @, which are not computable
in closed form. To address this, we approximate these
expectations by sampling from the posterior distribution
po(0yn; ,f)(k)). As seen in (3), this posterior is proportional to
the product of two Gaussian distributions, making it suitable
for sampling via the Metropolis-Hastings (MH) algorithm, a
Markov Chain Monte Carlo (MCMC) method [17], [26]. The
MH algorithm consists of sampling and evaluation steps; at
each iteration j, the algorlthm uses a user-defined Gaussian

proposal distribution q(0|0 ) centered at a previous sample

0(]) to draw a next sample 6". The drawn sample is compared
to the previous sample by computing the acceptance probabil-
ity, which is used to decide whether the sample is accepted or
rejected. This value is given by

[ 7@ 9078
o = min 1, —0) T—(/) ,
708") 416"

where )7(6_?(/)) is the unnormalized posterior distribution, i.e.,

7(07) = pyx (w187 5 )po (67 5°).

The MH algorithm requires several iterations before the
obtained samples converge to represent the target posterior
distribution. The period untll convergence is called the burn-

in period, and samples {0 ] e {1,..., Mpymn.in}} obtained
during this period Mpym-in must be dlscarded. The length of
the burn-in period depends on the initial conditions and the
dimensions of the target posterior distribution, and it needs to
be adjusted by trial and error.

(18)

19)

Algorithm 1 Direct Bayesian Inverse System Identification
initial hyperparameter

Require: Input uy, measured output yy,

20 — 3O 6201

estimate , initial sample 8 of the

impulse response, proposal distribution q(0|0(/)) unnormalized

target distribution y(ﬂ(] ) = Dpyy (yN|0(1) (k))p (0(1) (k))
number of samples My to draw and burn-in period Mpypmp.in in
the MH algorithm, maximum number of EM iteration Mgm

1: for k=1,2,..., Mgy do

2: forj=1,2,..., Myyg do )

3: Draw a sample 6" from q(0|§(/))

4: Compute « from (18)

5: Sample b from a uniform distribution on [0, 1]

6: Accept the sample 9*, ie., 6_’(/+1) = 6*, if b < a,
otherwise reject, i.e., 6_’(/+1) = é(/)

7: end for

8: Compute p(k) from (16), (17)

9: Update 6 M
10: end for

11: Compute 6 from ().,
Ensure: Estimated FIR @ of the inverse system.

using (20)

Given a sufficiently large number of samples {0(/) J €
{Mpurp-in + 1, . .., Mpu}} drawn from the approximated pos-
terior distribution pg (0 |yy; f)(k)), the conditional expectation
for the E-step in (13) of the EM algorithm can be executed
by approximating the expectation terms:

k 1 50
a7 20(07)
j=1

where f(-) is a function of 6, given by, e.g., the arguments of
the expectations in (16) and (17). With an appropriate choice
of proposal distribution, the MH algorithm yields sample
means of the form (20) that converge to the true expectations
as M — oo by the law of large numbers, under mild conditions
(see, e.g., [17]). We summarize the proposed identification
procedure in Algorithm 1.

Eg{£0) | yn; p" (20)

V. SIMULATION EXAMPLE

In this section, the proposed direct Bayesian identification
method for inverse systems is validated in simulation. The
considered data-generating system is described by y(r)
G(q)u(t) + v(r) as depicted in Figure 1, with

0.004(z — 0.75)(z — 0.6)(z* — 30z + 225.9)

G(z) =
® (22— 1.224 0.4) (2> — 1.5z + 0.5725)

. (2D

The true system G(z) is asymptotically stable but has a
conjugate pair of non-minimum phase zeros at z = 15+£i0.96,
thus its inverse system is unstable. The corresponding forward
and inverse impulse responses are shown in Figure 3. The
impulse response of the inverse system quickly decays to 0,
while that of the forward system decays slower. This implies
that fewer parameters are required to estimate the FIR model
of the inverse system than that of the forward system. We
generate 100 datasets {u(t), y(t)} ,—1» Where in each dataset, the
input u(f) and output noise v(¢) are uncorrelated, i.i.d., zero-
mean, normally distributed sequences of length N = 60. The
output signal-to-noise ratio is 14dB.
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A. Existing Approaches

In addition to the proposed method, we implement and
compare two alternative feasible approaches. Firstly, the reg-
ularized least-squares approach [14] yields an inverse FIR
model estimate 6 via

N
6 = arg min Z (u(t) —
0

t=1

2

me—1
Y. 0y — r))

T=—Mnc
+y0 'K, (B)6,

where y denotes a regularization constant, mp. and m. denote
the number of non-causal and causal parameters, and Kg(8)
is a kernel or regularization matrix used to incorporate desired
model properties into the optimization problem. In addition to
the regularization-induced bias, the method in [14] introduces
additional bias, as the identification framework cannot be
tailored to the correct noise statistics when output noise is
considered [27, Ch. 3].

An alternative to the aforementioned approach is the tra-
ditional two-step method, where the forward model is first
estimated and then inverted to obtain the inverse model.
Using the kernel-based approach, a consistent estimator can
be proposed under mild conditions [28], leading to a forward
FIR model estimate & obtained via the optimization problem

(22)

2
N mg—1
£ = arg;ninZ Yty = Y E@u(t—1)
t=1 =0

+7E 'K (s (23)

However, since the inversion is performed outside the
optimization process, the accuracy of the inverse model for
finite samples is not guaranteed. Moreover, prior information
about the inverse system cannot be directly incorporated into
this identification framework, which could otherwise improve
the accuracy of the inverse model [14]. All kernel based
identification methods used in this study exhibit a bias variance
tradeoff that depends on the number of estimated parameters:
increasing the number of coefficients reduces bias but leads
to higher variance in the resulting model [29]. Furthermore,
the number of estimated parameters needs to be chosen in
such a way that the resulting model is capable of capturing
the dominant system dynamics.

B. Experimental Settings of Compared Identification
Methods

The non-causal inverse system is identified using the FIR
model structure given by

me—1
Gz = Z 6(t)z 7.

T=—Minc

(24)

We estimate the model using 4 different methods, whose
specifications are detailed below.

o Proposal: The proposed direct Bayesian inverse system
identification method with numbers of causal and anti-
causal parameters m, = 2, my, = 4, respectively, for the
inverse model with the non-causal stable spline kernel
introduced in [14]. A total of 1 x 10° samples are drawn
in the MCMC algorithm with 1 x 10* samples for the
burn-in period. The magnitude of the covariance of the
proposal distribution is tuned so that the acceptance rate
is in between 25% and 35%.

1 Tﬁ
E &OT TM measnssad E OT T
G <
-1
0 10 20 30 ) 0 5
delay 7 delay 7
Fig. 3. The true impulse responses of the forward system G(z) (left

figure) and the inverse system G~1(z) (right figure) in (21).

o Naive: Implementation of the kernel-based approach
in [14] with the cost function in (22). The number of
causal and anti-causal parameters is given by m. = 2 and
mpc = 4 respectively, and the non-causal stable spline
kernel is considered.

o Two-step: The two-step approach in which the forward
system is identified via (23) first with a number of
parameters m¢ = 25 using the stable spline kernel [30] and
subsequently the corresponding inverse system is computed
using Theorem 1 with number of causal and anti-causal
parameters m, = 2, myc = 4 for the inverse model.

o Oracle: The kernel-based identification of inverse systems
as in [14] using the artificial data {x(?), [t(t)}ﬁ\’: | where
u(t) is the noise-corrupted input signal, i.e., u(t) = u(t) +
w(t) with white noise signal w(r).

Each identification method is initialized using the hyperpa-

~(0
rameters f8 © of the kernel corresponding to the minimum of
the cost function in (13) among the hyperparameter candidates,

given the variance 6y2 of the output noise and the impulse

~(0
response ‘;‘< ) of the forward system estimated by the standard
regularized least-squares method. To evaluate the methods, the
following measure for performance is used:

N a2
Fit = 100 1—[25\7””(” L_‘(’”} .5
Yoy lu(® —u@)?
with
me—1 A 1 N
an =y G(I)x(t—t),ﬁ(t):ﬁZu(t). (26)
T=—Mnc t=1

C. Simulation Results

The resulting box plots for the 100 fits corresponding to
the proposed, and conventional two-step and naive method for
the system in (21) are depicted in Figure 4, with average fits
shown in Table I. While the conventional two-step approach
estimates the forward model reasonably well (left box plot in
Fig. 4), small forward model inaccuracies can lead to larger
errors in the inverse model. The two-step method also suffers
from high variance in the inverse model, despite the true inverse
FIR being representable with fewer parameters. In contrast, the
proposed method achieves lower variance and higher accuracy.
These results show that the proposed method outperforms the
conventional two-step approach, offering greater accuracy and
stability for inverse model estimation at the cost of higher
computation. While the proposed method requires a greater
computational cost, taking approximately one hour per model
compared to a few seconds for the conventional approach, both
are performed offline, making this cost acceptable in many
applications.
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