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Abstract

In three-dimensional single-molecule localization microscopy (SMLM), emitter positions are
estimated by fitting a model of the microscope’s Point Spread Function (PSF) to measured
data. In practice, PSF models are typically calibrated using bead data acquired near the cov-
erslip, and are assumed to remain valid representations at larger imaging depths. However,
refractive index mismatch between the immersion medium, coverslip, and sample introduces
depth-dependent spherical aberrations, causing the PSF shape to vary with imaging depth.
As a result, a PSF model calibrated at the coverslip leads to degraded lateral localization
precision and substantial axial bias when applied several micrometers deep into the sample.
In this work, we introduce a depth-dependent PSF calibration approach that interpolates
between calibration datasets acquired at multiple imaging depths. Calibration stacks are re-
constructed at arbitrary depths using Catmull-Rom spline interpolation and used to calibrate
cubic spline (cspline) models for localization. Simulations show that a conventional coverslip-
calibrated model results in mean absolute axial biases exceeding 294 nm at an imaging depth
of 5 ym. In contrast, the proposed approach reduces the axial bias up to 99%, consistently
achieving axial bias below 5 nm. In addition, the lateral localization precision improves by
62% and 61% in x and y, respectively. Validation on experimentally acquired bead data
demonstrates an axial bias reduction of 80% compared to coverslip calibration. These results
show that interpolation of calibration data across depth compensates for depth-dependent
PSF mismatch, enabling accurate and precise 3D localization over extended imaging depths
without requiring additional optical hardware.
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Introduction

Many biological questions require visualizing the three-dimensional organization of cellular
structures at the nanometer scale. For example, understanding how proteins assemble at
synapses, how nuclear pores are distributed across the nuclear envelope, or how cytoskeletal
filaments remodel in living cells contributes to our understanding of cellular function and to
identifying treatments in the biology of advanced disease [36, 8].

Conventional light microscopy has been a valuable tool to visualize subcellular struc-
tures [8]. However, its fundamental constraint on spatial resolution due to diffraction means
we cannot resolve structures beyond ~200-300 nm [1]. Single-molecule localization microscopy
(SMLM) is a class of super-resolution imaging techniques that overcomes the diffraction limit
[6, 54, 59]. In SMLM, fluorescent molecules are activated sparsely across many imaging frames
so that their fluorescence spots remain spatially separated. This allows each molecule to be
localized individually with high precision, and the accumulation of these localizations over
time forms a high-resolution image. Accurate localization relies on fitting an appropriate
model of the microscope’s Point Spread Function (PSF). In SMLM, the achievable resolution
is no longer primarily limited by the optical hardware, but strongly depends on the estimation
precision of the localization algorithms.

This chapter introduces the concepts of fluorescence microscopy and SMLM relevant to
this thesis. Section 1.1 discusses the concept of resolution and its fundamental diffraction
limit in optical microscopy. Section 1.2 explains the physical mechanisms underlying fluores-
cence microscopy. Section 1.3 describes the principles of SMLM, and Section 1.4 discusses
how SMLM is typically extended to perform super-resolution imaging in three dimensions.
Section 1.5 introduces the concept of refractive-index mismatch and explains how the result-
ing depth-dependent aberrations distort the PSF, leading to model mismatch between the
calibrated model and the actual PSF in 3D SMLM, which represents the central problem
addressed in this thesis. Lastly, Section 1.6 presents the motivation and outline of this thesis.

1.1 Diffraction-limited resolution

The spatial resolution of an optical microscope is defined as the smallest resolvable distance
between two objects. Physicist Ernst Abbe discovered in 1873 that the resolution of an optical
microscope is fundamentally limited by the diffraction limit of light [1]. The term diffraction
has been defined by Sommerfeld and can be described as the bending of light waves at the
edges of an opening or an obstacle, such as an aperture [38]. Abbe’s discovery meant that
ultimately, it is not the quality of the optical instrument used in an imaging system that

Master of Science Thesis X.Y. Zhang



2 Introduction

determines the resolution, but a combination of the wavelength of light used and the aperture
of the objective lens. Therefore, the smallest resolvable lateral distance d between two objects
by a microscope is limited by

A
d= 35 (1.1)
where ) is the wavelength of the emitted light, NA = nsin « is the numerical aperture (NA)
of the objective lens, n is the refractive index of the immersion medium, and «, the effective
half-angle of light collected by the objective. As a consequence of the diffraction limit, an
infinitesimally small light source imaged using a light microscope does not produce an image

of a point, but a finite-sized spot called a PSF. This principle is visualized in Figure 1.1a.

(a) Simulated Airy disc pat- (b) Simulated Airy disc pat-
tern generated by a single terns generated by light from
ideal point source. two point sources.

Figure 1.1: Simulated Airy disc patterns. (a) The PSF of an ideal point source imaged
through a circular aperture forms a diffraction pattern known as the Airy disc, characterized
by a bright central spot and concentric rings. (b) PSFs generated by two point sources at
varying distances. From top to bottom, the sources get increasingly close together: well-
separated, just barely resolvable, and too close to distinguish. This illustrates the fundamen-
tal resolution limit of optical microscopy, where diffraction causes overlapping patterns that
make it difficult to resolve individual emitters.

In an ideal imaging system with a circular aperture, the PSF forms an Airy pattern. When
two point sources are closer to each other than the resolution limit, their Airy patterns overlap

X.Y. Zhang Master of Science Thesis



1.2 Fluorescence microscopy 3

and appear as a single spot, making it impossible to resolve the image as coming from two
separate sources. This occurrence is illustrated in Figure 1.1b

As seen in Equation 1.1, the resolution limit depends on the wavelength of light and the
NA of the objective. Taking into account that visible light ranges between ~400 — 700 nm
and a typical NA is 1.4 [13], the diffraction limit lies roughly between ~150 — 250 nm.

This range restricts the ability of optical microscopes to resolve the subcellular organization
of individual molecules or molecular complexes, which are often smaller than this limit. For
example, the nuclear pore complex has a diameter of only ~120 nm [18], the viral envelope of
HIV is ~100 nm [81], and biological structures such as microtubules (~25 nm), actin filaments
(~7 nm), and synaptic vesicles (~40 nm) [80, 27] remain obscured by Abbe’s diffraction limit
in conventional microscopy.

1.1.1 Point Spread Function

The PSF describes the response of an imaging system to a point source [24]. An object can
be considered as a collection of point emitters, each producing a shifted copy of the PSF.
The recorded image is then formed by adding these contributions. Assuming a shift-invariant
system, this can be written as a convolution of the object with the PSF [3, 55]:

i(z,y,2) =o(z,y,2) ® h(x,y, 2), (1.2)

where ® denotes convolution, i(z,y,z) is the continuous image intensity distribution,
o(x,y, z) the object being imaged, h(zx,y,z) the PSF, and (z,y,z) are the spatial coordi-
nates.

In the frequency domain, the Fourier transform of the PSF is referred to as the optical
transfer function (OTF), which describes the frequency response of the optical system. In
the frequency domain, Equation 1.2 becomes a multiplication:

I(fxafy’fz) :O(fxafyafz) H(fxafyafz)a (1'3)

where capitals I, O, and H denote the respective Fourier transforms of the image, object,
and PSF respectively, and (fs, fy, f.) are spatial frequency coordinates.

1.2 Fluorescence microscopy

Over the past two decades, several super-resolution microscopy methods have been devel-
oped to overcome the diffraction limit of conventional optical microscopy and enable three-
dimensional imaging of biological structures with nanometer-scale resolution [57]. Among
these methods, fluorescence-based approaches play a central role, as they enable the detec-
tion of individual molecules with high contrast.

Fluorescence microscopy is widely used in the life and biomedical sciences, ranging from
cell biology [21] to neuroscience [77], due to its ability to visualize biological structures and
processes with high specificity, contrast, and sensitivity. It addresses the major challenge of
poor contrast between the imaging sample and background, as biological samples are often
optically transparent [63].

The term “fluorescence” was coined by George Stokes in 1852 [67]. In simple terms, flu-
orescence is the emission of light that occurs within nanoseconds after the absorption of a
shorter wavelength of light. The difference between the excitation and emission wavelengths,
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4 Introduction

called Stokes shift, is a key property that makes fluorescence a powerful contrasting tool. By
filtering out the excitation light while transmitting the emitted fluorescence, it becomes pos-
sible to selectively image fluorescently labeled structures with high contrast. This contrasting
mechanism is superior to that of traditional optical microscopy techniques that rely on ab-
sorption, scattering, or reflection, in which small objects often provide little optical contrast
against the background [42].

A more detailed explanation of the excitation and emission processes can be illustrated
using a Jablonski diagram, such as the one in Figure 1.2. Molecules with fluorescent properties
are called fluorophores. When a fluorophore is illuminated with light of a suitable wavelength,
it absorbs energy and transitions from the ground state Sy to higher energy states, called
excited singlet states (S1,S2,...,Sn)-

singlet (1S) states triplet (7T') states

vibrational relaxation

S =——

internal conversion

T

N —
——

—_— jntﬂl‘syv

SR L
1-- '

* emission 1

Energy level

Figure 1.2: Example of a simple Jablonski diagram illustrating the states and transitions of a
typical fluorophore. Upon absorption of photons, the fluorophore transitions from the ground
state (Sp) to higher singlet states (S,,), followed by non-radiative relaxation to S;. From there,
it can return to Sp via photon emission (fluorescence) or undergo intersystem crossing to a
triplet state (71), potentially leading to phosphorescence or entering non-fluorescent dark
states.

Within a few picoseconds after excitation to an excited singlet state, the fluorophore
undergoes rapid vibrational relaxation to the lowest vibrational level of the first excited
singlet state S7 through non-radiative processes. From this state, it can return to the ground
state Sy either by releasing energy as emitted photons, the process known as fluorescence, or
through non-radiative decay without fluorescence. This emission process forms the basis of
fluorescence microscopy.

In addition to fluorescence, fluorophores can undergo transitions to non-fluorescent states.
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1.3 Single-Molecule Localization Microscopy 5

In some cases, the fluorophore may undergo intersystem crossing to enter a triplet state
(Th,T>,...,T,). From the triplet state, it may relax back to Sp, potentially producing phos-
phorescence, or transition into reversible dark states (D) or long-lived dark states (LLD)
through reactions with thiolate molecules [43]. Recovery to the ground state from these dark
states can be influenced by adjusting the surrounding oxygen concentration.

These transitions between fluorescent and non-fluorescent states are commonly referred
to as switching “ON” and “OFF”. The period during which a fluorophore cycles between the
ground state Sy and the excited state S7 while emitting photons is considered the “ON” state,
whereas transition to dark states is considered the “OFF” state. If the fluorophore enters a
long-lived dark state from which it cannot recover, it is said to be photobleached. Photo-
bleaching results in permanent chemical damage to the fluorophore, preventing fluorescence
even if the molecule continues to be excited.

1.3 Single-Molecule Localization Microscopy

SMLM is a class of super-resolution techniques that overcomes the diffraction limit by lo-
calizing individual fluorescent emitters. When two emitters are located close to each other,
beyond the diffraction limit, their PSFs overlap, making it impossible to distinguish them
as two individual emitters (as illustrated in Figure 1.1b). To address this, SMLM relies on
sparsely activating or switching fluorophores such that only a subset of emitters is active at
any given time. The goal is to image emitters in isolation, avoiding overlapping PSFs and
enabling precise localization of single molecules. By repeating this process over many frames,
the positions of many fluorescent molecules can be reconstructed to form a super-resolved
image.

Most SMLM techniques sequentially image isolated subsets of fluorophores and compute
their position by exploiting the photoswitching properties of fluorescent molecules. How-
ever, these techniques differ in the type of fluorophore used and in the mechanism by which
“ON” and “OFF” switching is induced. The SMLM technique photoactivated localization mi-
croscopy (PALM) was introduced by Betzig et al. [6, 28, 7], and uses photoactivatable fluores-
cent proteins that can be switched on with UV illumination. In contrast, stochastic optical
reconstruction microscopy (STORM) [54] and related techniques, such as direct stochastic
optical reconstruction microscopy (dASTORM) [26], use synthetic fluorophores (dyes) that
undergo photoswitching in the presence of specific buffers. A different approach is point ac-
cumulation in nanoscale topography (PAINT) [59], which achieves sparse emission not by
photoswitching but through fluorophores that switch between free diffusion and immobiliza-
tion by temporarily binding dyes to a target molecule. DNA-PAINT [58] is a prominent
variant, where this transient binding is achieved by short dye-labeled DNA strands that hy-
bridize with complementary target sequences.

Despite the differences in fluorophore type and switching mechanisms, all SMLM tech-
niques rely on the common underlying principle of temporally separating emitters to enable
precise localization. In practice, this requires an optical imaging system to detect fluorescence
and a computational pipeline to extract molecule positions from the recorded data.

1.3.1 Widefield epifluorescence microscopy

To acquire SMLM data, an optical setup is required to excite fluorophores and detect their
emission. This is typically achieved using widefield epifluorescence microscopy, a widely used

Master of Science Thesis X.Y. Zhang



6 Introduction

configuration in fluorescence imaging and many SMLM techniques. In this setup, both the
excitation and emission light paths pass through the same objective lens, as illustrated in
Figure 1.3. The excitation light, typically produced by a high-intensity source such as a
mercury lamp, LED lamp, or laser, is directed onto the sample using a dichroic mirror. This
mirror reflects light at the excitation wavelength while transmitting light at longer wavelengths
corresponding to the emitted fluorescence. Most fluorescence imaging is performed using
epifluorescence microscopy due to its simplicity, wide accessibility, and compatibility with
live-cell imaging [68].

The emitted fluorescence travels back through the same objective and passes through the
dichroic mirror. An emission filter then removes any remaining excitation light before the
fluorescence signal is recorded by a sensitive camera or photodetector. The recorded images
obtained with such a setup serve as input for subsequent processing steps that detect and
localize individual emitters.

Detector

& Objective

Emission Absorption
h.veL h.vans
— —
Specimen

M

Figure 1.3: Schematic of an epifluorescence microscope. Excitation light from a broadband or
laser light source passes through an excitation filter that selects the appropriate wavelength
for fluorophore excitation. The filtered light is reflected by a dichroic mirror and focused onto
the sample through the objective. Fluorescence from the sample travels back through the
same objective and, due to the longer emission wavelength (Stokes shift), it now transmits
through the dichroic mirror. An emission filter removes residual excitation light before the
fluorescence signal is detected by a sensitive camera or photodetector. Source: [34]

1.3.2 Workflow of a single-molecule localization microscopy experiment

From these recorded image sequences, a typical workflow for an SMLM experiment consists
of the following steps [63]: image acquisition, pre-processing, detection, localization, post-
processing, and visualization. These steps are schematically shown in Figure 1.4.

X.Y. Zhang Master of Science Thesis



1.3 Single-Molecule Localization Microscopy 7
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Figure 1.4: Overview of the SMLM image processing pipeline. In the data acquisition step, a
sample labeled with fluorescent emitters is imaged over time, with only a subset of emitters
active in each frame due to blinking or photobleaching. During pre-processing, measured
intensities are converted into photon counts suitable for quantitative analysis. The detection
step identifies regions of interest containing single emitters. In the localization step, the
precise emitter positions are estimated for each detected region. Post-processing includes
quality control, drift correction, and merging of multiple localizations. Finally, the results
are visualized to reconstruct a super-resolution image. Source: [63].

Data acquisition

SMLM experiments typically require imaging millions of fluorophores over 10,000 — 100, 000
camera frames to reconstruct a super-resolution image [63]. The number of fluorophores
active in each frame should be maximized to reduce acquisition time, while remaining low
enough to ensure isolated PSFs suitable for localization.

The isolated subset of fluorophores in each frame is achieved through photoswitching or
binding kinetics, depending on the specific method (e.g., PALM, STORM, PAINT). The
acquisition speed depends on both the switching rate of the fluorophores and the frame rate
of the camera, with frame rates up to approximately 3,200 frames per second reported for
modern systems [32].

The switching rate of fluorescent dyes such as Cyb and Alexa Fluor 647 can be increased
at higher laser powers [26]. Standard continuous-wave lasers provide excitation and activa-
tion, and the emitted photons are detected with high-sensitivity cameras, such as an electron-
multiplying charge-coupled device (EM-CCD) or a scientific complementary metal-oxide semi-
conductor (sCOMS) camera.

Preprocessing

The recorded images contain noise and camera-specific artifacts that must be corrected before
detection and localization can be performed. Unlike EM-CCDs, images acquired with sCOMS
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8 Introduction

cameras exhibit non-negligible and pixel-dependent readout noise. As a result, SMLM algo-
rithms, originally designed for Poisson-distributed and pixel-independent noise in EM-CCDs
[47, 64], cannot provide reliable position estimates without per-pixel calibration. Per-pixel
calibration of offset, gain, and variance is therefore required to avoid systematic localization
errors [32]. Background signal is often removed to reduce heterogeneous background noise
[38], for example, by subtracting the background averaged over the entire image sequence [14].

Detection

Each frame is analyzed to identify regions of interest (ROIs) that potentially contain single
emitters [63]. ROIs can be selected by extracting local intensity maxima using a threshold
relative to the background level. The resulting ROIs often correspond to small pixel regions
that likely contain single molecules and serve as the input for the subsequent localization step.

The performance of the detection algorithm can be described by two quantities [63]: the
detection efficiency (also called sensitivity or recall), defined as the ratio of correctly detected
events to the total number of true events, and the false-positive rate, defined as the ratio of
all false detections over the total number of detections. In practice, both false positives and
false negatives occur due to noise [35].

Localization

For each region of interest (ROI), the position of a single molecule is estimated with sub-
pixel accuracy by fitting an image formation model to the data [63]. Estimation algorithms
in localization microscopy include least-squares fitting and maximum likelihood estimation
(MLE). Under appropriate conditions and with an accurate noise and image formation model,
MLE can approach the theoretical lower bound on the localization precision given by the
Cramer-Rao lower bound (CRLB) [47, 16, 62].

Accurate localization, therefore, depends on the choice of the image formation model
and, in particular, on the PSF model used during fitting. Here, the term PSF refers to the
physical image of a point emitter formed by the microscope, while the PSF model denotes the
mathematical representation used to describe this image during localization. The accuracy of
localization depends on how well this model captures the observed PSF shape. In practice,
Gaussian approximations of the PSF are widely used due to their computational simplicity.
Since this thesis focuses on the localization step, a detailed description of parameter estimation
using an MLE algorithm is given in Chapter 2.

Post-processing

The post-processing step can be divided into three parts [63]. First, quality control is per-
formed, and estimated parameters from the localization step are compared with those from
the detection step to filter out unreliable detections. This ensures a high-quality reconstructed
super-resolution image. Second, drift correction compensates for mechanical or thermal drifts
of the microscope stage or moving emitters during the acquisition process. The final step
combines the individual localizations to construct a super-resolution image. In many SMLM
experiments, a single molecule remains “ON” across several camera frames and therefore can
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1.4 3D Single-molecule localization microscopy using PSF engineering 9

be localized multiple times. Merging multiple localizations of the same molecule can improve
localization precision [63].

a 0,y = 76 NM 0,y =58 nm 0,y =36 M

m = 35,000

500 nm 500 nm

Figure 1.5: Experimental images of microtubules in HeLa cells are shown, illustrating the
influence of localization precision and density of fluorescently labeled molecules on the res-
olution in localization microscopy. In (a), it can be seen that as the localization precision
of the estimated o, , position of the emitter improves (decreasing values of o, ,), the image
results in less blur. In (b), the images show that an increased density of fluorescent labels
(increasing value of the number of localized emitters m) results in many more emitters being
visualized. Source: [16]

Visualization

In the final step, the localized positions are combined to form a super-resolution image. One
common approach is to define a grid with bin sizes similar to the localization precision, count
the number of localizations in each bin, and convert these counts into pixel intensities [38].

Alternatively, each localization can be represented as a two-dimensional Gaussian pro-
file, centered at the estimated position. The width of the Gaussian reflects the localization
precision of that position and is often normalized as a probability density [6, 28, 63].

As a result of super-resolution microscopy techniques such as SMLM, the resolution of an
SMLM image is no longer limited by Abbe’s diffraction limit. Instead, it is determined by the
precision of the localization algorithm and the density of fluorescent labels across the sample
[48]. This relationship can be seen in Figure 1.5.

1.4 3D Single-molecule localization microscopy using PSF en-
gineering

In conventional SMLM, the lateral (x,y) positions of single emitters are estimated from
the recorded images, while information along the optical axis (z-dimension) is not directly
encoded in the image. As a result, emitters located at different axial positions can produce
images with similar PSF shapes, making it difficult to determine their axial position relative
to the focal plane. To overcome this limitation, SMLM was extended early on to estimate
the 3D positions of single-molecule emitters through various microscope modifications. This
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10 Introduction
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L

Figure 1.6: Simulated PSFs. A standard PSF across a z-range of —300 to 300 nm from the
focal plane. The PSF shape is symmetric above and below the focal plane. Astigmatic PSF
simulated with an astigmatism magnitude of 60 nm (rms wavefront amplitude) across the
same z-range. Simulations are carried out with: A = 671 nm, pixel size= 100 nm, NA= 1.43,
Nmed = 1.43, Neoy = 1.51, and 14y, = 1.52. Scale bar = 250 nm.

z (nm)

Standard
PSF

Astigmatic
PSF

thesis focuses on PSF engineering, a common approach for encoding axial position because
it is relatively easy to implement and robust [15]. The principle of PSF engineering relies on
introducing suitable aberrations, such that the z-position of the single molecule is encoded
into the shape of the PSF. Here, z denotes the axial coordinate (along the optical axis)
measured relative to the focal plane (typically at z = 0), and positive z indicates positions
above the focal plane toward the objective. The optical axis is the central axis of the imaging
system, perpendicular to the image plane.

In a standard wide-field epifluorescence microscope, the PSF changes almost symmetrically
above and below the focal plane. This symmetry introduces ambiguity about whether we are
imaging above or below the focal plane [75] and is illustrated in Figure 1.6, which compares
standard and astigmatic PSF shapes across an axial range. This ambiguity can be resolved by
a technique known as PSF engineering, in which the axial position of the emitter is encoded
in deliberate changes to the PSF shape. Various engineered PSF shapes have been proposed
to encode axial information into the PSF. This thesis focuses on astigmatic PSFs. A simple
way to generate an astigmatic PSF is by adding an optical component, such as a cylindrical
lens or a glass wedge [5], to induce astigmatism [29, 30]. This generates PSFs that are circular
in the focal plane, and become elliptical in either the = or y direction as a function of the
axial position, either above or below the focal plane. This ellipticity is visible in the same
figure.

For astigmatic PSFs, the axial position can be estimated by relating measurable PSF
parameters to the emitter’s z-position through a calibration curve [75], which can be derived
by fitting a PSF model to an axial stack of PSF images. These images are obtained by imaging
fluorescent beads embedded in the sample at different focal planes. Imaging is achieved
by changing the distance between the objective and the sample. For astigmatic PSFs, the
calibration curve is typically constructed using the width of the PSF in the x and y directions
(wg and wy ), which vary with the axial position. The z-position can be estimated by matching
the measured pair (wg,w,) to the corresponding value in the calibration curve [31]. Figure
1.7 shows an example of such a calibration curve, illustrating how the PSF widths change as
a function of the axial position and enable estimation of the emitter’s z-position.
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1.5 Refractive index mismatch induced aberrations 11
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Figure 1.7: An example of a calibration curve for an astigmatic PSF. The x and y widths,
Wy, Wy respectively as a function of z-position. Source: [30].

1.5 Refractive index mismatch induced aberrations

Refraction is the bending of light rays when they pass between media with different refractive
indices, due to a change in the propagation speed of light [25, 23]. Most commonly, refraction
occurs at an interface between two optical media. When these media have different refractive
indices, this is referred to as a refractive index mismatch. As illustrated in Figure 1.8, incident
light rays in a medium with refractive index n; are bent at the interface with a second medium
of refractive index no. The angles of incidence and refraction, #; and 6, respectively, are
related by Snell’s law: nq sin 61 = no sin 6s.

Figure 1.8: Illustration of refraction at the interface between two media with refractive indices
n1 and no. In this case, no < n1, and therefore the refracted ray bends away from the normal,
resulting in 6y > 6.

High-resolution fluorescence microscopy, including SMLM, commonly relies on objectives
with a high NA. A higher NA increases the light-gathering ability of the objective and
improves the resolving distance according to Abbe’s expression in Equation (1.1). One way
to achieve high NA is to use immersion objectives, such as oil-immersion lenses, in which the
immersion medium has a higher refractive index than air. However, when the refractive indices
of the objective immersion and sample-mounting media differ, a refractive-index mismatch
occurs within the imaging system. This mismatch introduces optical aberrations that distort
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12 Introduction

the observed PSF. As a result, the measured PSF deviates from the PSF model used for
localization, reducing localization accuracy in 3D imaging.

Figure 1.9 contains two schematic drawings of microscopes with different objective immer-
sion media. In Figure 1.9a, an air objective lens with n = 1.00 collects a smaller fraction of
the emitted light, as high-angle light rays may undergo total internal reflection at the inter-
face between the sample and glass coverslip. For an oil-immersion objective with n = 1.51,
light is collected more efficiently. However, this also introduces a refractive index mismatch
between the immersion and sample-mounting media (typically aqueous-based). Such mis-
matches lead to spherical aberrations, whose effects become more pronounced with increasing
imaging depth, distorting the PSF and introducing a mismatch between the observed PSF
and the model used for localization [11].

Objective Front Lens Objective Front Lens
Immersion Oil

g =

Air | \/
n=1.00 n =151 : !
|
I I
I I

n =151 ‘ Cover Glass ‘ n=1.51 ‘ Cover Glass ‘
n =133 ‘ il n =133 [ ]

‘ Microscopic Slide L Specimen ‘ Microscopic Slide L Specimen
(a) Air objective. (b) Oil immersion objective.

Figure 1.9: Comparison of schematic microscope imaging configurations. (a) When an air
objective is used, no immersion medium is present between the coverslip and the objective
lens. This results in a lower numerical aperture (NA) and reduced light collection efficiency.
(b) With an oil immersion objective, the immersion oil (with refractive index n = 1.51)
approximately matches the refractive index of the coverslip and objective lens.

This effect can be understood by considering how variations in refractive index alter the
optical path length of the emitted wavefront. Light emitted by a single molecule propagates
through the sample and microscope optics before reaching the camera. Variations in refractive
index within the optical system cause the emitted light to experience different optical path
lengths (OPLs) [10, 22]. As light passes through different media, it travels at different speeds
depending on the refractive-index distribution, resulting in phase delays across the wavefront
and, therefore, a distorted wavefront [17].

1.5.1 Zernike polynomials

The phase aberration function, which describes the distortion to the wavefront, can be math-
ematically represented as a weighted sum of basis functions in polar coordinates as

P(p,0) = Zaka(pv 0), (1.4)
k

where ay, are the coefficients that quantify the contribution of the basis functions X (p, 6),
often referred to as modes. In principle, any suitable set of basis functions may be used, but in
optics, these modes are often chosen for mathematical convenience to be Zernike polynomials
introduced by Zernike [78, 23]. Zernike polynomials are defined in polar coordinates (p,#),
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1.5 Refractive index mismatch induced aberrations 13

where p € [0,1] is the normalized radial coordinate and 6 € [0,27) is the azimuthal angle.
They are parametrized by two integers n and m, where |m| < n, and n — |m/| is even. The
corresponding Zernike polynomial is defined as

cos(mf) ifm >0
ZE™(p,0) = R (p)  sin(|m|) ifm < 0. (1.5)
1 iftm=0

Here, the radial polynomial R)"(p) is given by

2 —1)%(n — s)!
Ry(o) =3 (ngﬁn )S()! (n_;n — S)!p"‘ZS. (1.6)

Zernike polynomials form an orthogonal basis on the unit disk and therefore:

2r rl , T
Z™(p,0) Z (p,0) pdpdh = —— Ss Sy 1.7
L[ 226002 0.0 pdpas = 2 (1.7)

Though they are defined in polar coordinates, Zernike polynomials can be expressed as
closed-form polynomials in Cartesian coordinates (see Table 1.1). Each polynomial in the
basis corresponds closely to well-known aberrations such as defocus, astigmatism, coma, or
spherical aberrations [10, 50]. In Figure 1.10a, the Zernike polynomials are depicted with two
indices and arranged in a pyramid structure, traditionally done for presentation purposes [73].

Zo(z,y)
zi'(z,y) Zi(z,y)

Zy(xy) Zo(ay) Zi(z,y) C} @ @ @ Q

25°%(x,y) Z3'(zy) Z3(z,y) Z3(z,y)

ZZ4('T7 ) ZZ2 (z,y) Zg (z,y) Zz (z,y) Zi(ma v) (b) Phase functions of

Zernike polynomials up to

radial degree n,m = 4.

(a) Zernike polynomials in a Adapted from an image by
pyramid up to m,n = 4. Tatoute!.

Figure 1.10: Side-by-side representation of Zernike polynomials: symbolic vs. visual heatmap.

In this thesis, this representation is useful because refractive-index mismatch predomi-
nantly introduces spherical aberration, whose magnitude increases with imaging depth [9, 51].

!Source: Wikimedia Commons, licensed under CC BY-SA 4.0.
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Noll’s Aberration Polar form Cartesian form

ordering () n m name Z;(r,0) Zi(x,y)

1 0 0 Piston 1 1

2 1 1 Tilt 2r cos 6 2x

3 1 -1 Tilt 2rsin @ 2y

4 2 Defocus V3(2r? —1) V3(22% 4+ 2¢y% — 1)

5 2 Astigmatism V612 cos 20 \/6(3:2 — y2)

6 2 -2 Astigmatism V672 sin 20 \/é(Qxy)

7 3 -1 Coma V/8(3r3 — 2r)sin 6 V8(3x2y + 3y° — 29)

8 3 1 Coma V/8(3r3 — 2r) cos b V8(3x3 + 3xy? — 21)

9 3 3 Trefoil V873 cos 36 \/g(m3 — 3a:y2)

10 3 -3 Trefoil V/8r3 sin 30 V8(3x2y — )

11 4 0 Spherical VE(6rt —6r2 +1)  V/5(6(x? 4+ 52)? —6(z? + %) + 1)

Table 1.1: Noll’s single-index ordering of the Zernike polynomials up to j = 11, including
radial degree n, azimuthal frequency m, standard aberration name, and expressions in polar

and Cartesian coordinates.

1.5.2 Spherical aberrations

Spherical aberration occurs when light rays passing through a lens at different distances from
the optical axis do not converge at the same focal point. The optical axis is the central axis
of the imaging system, passing through the optical elements. The z-axis of object and image
space coincides with this axis [56], as illustrated in Figure 1.11. In fluorescence microscopy, the
magnitude of spherical aberration increases with imaging depth when there is a refractive-
index mismatch among the objective immersion medium, coverslip, and sample mounting

medium [51].

Object plane

’ Entrance pupil

Exit pupil

Image plane

l ' _ Optical axis

Figure 1.11: Schematic illustration of the geometric definitions used in optical systems. Light
propagates from the object plane with coordinates (£, 7, z), through the entrance pupil and
exit pupil to the image plane with coordinates (u,v,z). The optical axis is the central line
passing through the system, coinciding with the z-axis in both object and image coordinates.

X.Y. Zhang
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1.6 Thesis motivation 15

1.5.3 Effects of refractive index mismatches

In microscopy, refractive index mismatches commonly occur in two scenarios [17]: either
when an oil-immersion objective is used to image an aqueous live-cell sample, or when an
air-immersion objective is used to image a higher-refractive-index mounting medium or tissue-
clearing solution. In both cases, spherical aberrations arise. As a consequence, the detected
PSF becomes distorted, leading to image blurring and signal loss as the three-dimensional
PSF becomes axially elongated [10].

Additionally, refractive index mismatches introduce a focal shift [17], meaning that the
physical position does not correspond directly to the nominal focal position set by objective
displacement. As a result, the axial scaling of the image becomes distorted. If the refractive
index of the objective immersion medium is higher than that of the sample mounting medium,
the imaged structures appear axially elongated. Conversely, when the immersion medium has
a lower refractive index than the sample, the structures appear axially compressed.

These depth-dependent distortions cause a mismatch between the PSF used during cali-
bration (often measured near the coverslip) and the PSF observed at greater depths within
the sample. Consequently, if not accounted for, this leads to systematic localization errors
(bias) and compromised three-dimensional localization precision in 3D imaging [41, 51].

1.6 Thesis motivation

This section summarizes the challenge of refractive index mismatch-induced aberrations in
3D SMLM that motivates this thesis, with particular focus on their impact on localization
bias and precision. Three-dimensional super-resolution imaging methods based on SMLM
enable nanoscale imaging beyond Abbe’s diffraction limit. As discussed in Subsection 1.3.2,
the localization precision of single emitters is a key factor determining the final image quality
in localization microscopy.

In 3D SMLM with PSF engineering, it is typically assumed that a PSF model calibrated
on data acquired near the coverslip generalizes to data acquired deeper within the sample.
However, biological imaging is largely conducted in aqueous mounting media with a refractive
index of approximately 1.33, whereas the glass coverslip on which samples are mounted, and
the oil in which the objective lens is immersed, typically have refractive indices of approxi-
mately 1.51 and 1.52, respectively. This refractive index mismatch causes emitted fluorescence
to experience different optical path lengths as it propagates through the optical system, re-
sulting in distorted wavefronts that manifest as depth-dependent spherical aberrations.

These depth-dependent spherical aberrations decrease the peak intensity of the PSF as
emitted photons spread over a larger area, effectively elongating the 3D PSF. As a result, the
axial cross-section of the PSF profile becomes increasingly asymmetric with respect to the
focal position at imaging depths of only a few micrometers [41, 51]. Additionally, refractive
index mismatch introduces a focal shift, where the physical distance between an emitter in the
sample and the coverslip (the actual focus position) does not match the displacement required
by the objective to bring the emitter into focus (the nominal focus position). Applying a PSF
model calibrated near the coverslip to such aberrated data results in reduced localization
precision in the lateral coordinates and increased bias in the estimated axial position.

Several approaches have been proposed to mitigate the effects of depth-dependent aber-
rations or to accurately model the PSF. These include active aberration correction using
Adaptive Optics (AO) [12, 46], and physically derived [61] or phase-retrieved PSF models
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[44, 24, 79]. While these methods can accurately model or compensate for aberrations, they
often require specialized optical hardware, dedicated expertise to implement complex AO, or
calibration of numerous optical system parameters, such as objective lens properties, refrac-
tive indices, aberration functions, and emission wavelengths. These requirements can limit
their widespread adoption.

An alternative approach was proposed by Li et al. [41], which used a cubic spline (cspline)
approach to create a look-up-table (LUT) to correct bias in estimated axial positions by in-
terpolating between correction values across different imaging depths. This approach enables
accurate axial localization without requiring hardware modifications. However, since the un-
derlying PSF model remains mismatched to the experimentally observed PSF, the resulting
degradation in localization precision remains uncorrected.

This thesis proposes a depth-dependent calibration approach to address this model mis-
match. By interpolating between calibration data at multiple imaging depths using Catmull-
Rom splines, and evaluating the interpolation at an intermediate depth, we can obtain an
accurate PSF model at arbitrary intermediate depths within this interpolated range. Ad-
ditionally, it investigates how the interpolated calibration performs compared to using the
nearest available calibration to the evaluation depth. This thesis aims to provide a hardware-
free solution that mitigates both localization bias and precision loss arising from a mismatched
model due to refractive-mismatch-induced aberrations.

The remainder of this thesis is organized as follows. Chapter 2 introduces the estimation-
theory concepts underlying localization in SMLM, including MLE and the theoretical lower
bound on achievable variance, the CRLB. Chapter 3 provides an introduction to spline func-
tions and establishes the notation used throughout the remainder of the thesis, as spline mod-
els play a central role in the proposed calibration approach. Chapter 4 presents the proposed
depth-dependent calibration method in the form of a manuscript titled Depth-Dependent
Point Spread Function Calibration via Spline Interpolation in 3D Single-Molecule Localiza-
tion Microscopy, and evaluates the method using simulated and experimental data. The
chapter also includes supplementary material with additional figures and a detailed explana-
tion of the interpolation procedure. Finally, Chapter 5 summarizes the main findings of this
thesis and discusses possible directions for future work.
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Estimation preliminaries for
single-molecule localization

This chapter introduces the estimation concepts required for the thesis. It became clear from
Chapter 1 that the resolution of single-molecule localization microscopy (SMLM) images is
no longer limited by Abbe’s diffraction limit, but instead depends on the precision of the
localization algorithm and the density of the fluorescently labeled molecules [16]. Achieving
this requires a localization algorithm that can estimate the parameters of individual molecules,
such as their positions and the number of photons they emit.

Localization in SMLM can be formulated as an inverse problem: given the recorded signal
on the detector pixels, the task is to estimate the underlying parameters of the single molecule
that generated the observed image [62, 75]. To do so, an image formation model that links
single-molecule parameters to the signal measured by the detector is required. Moreover, an
estimation algorithm is needed that recovers these parameters from noisy measurements.

This chapter begins by describing the image formation model that determines how a single
emitter appears on the camera detector. In Section 2.2 we introduce several approaches for
modeling the Point Spread Function (PSF). Sections 2.3 and 2.4 discuss how a maximum
likelihood estimation (MLE) algorithm can be used in combination with a modified Levenberg-
Marquardt (LM) algorithm to estimate the single-molecule parameters. Lastly, Section 2.5
discusses several metrics for evaluating the localization performance of the estimated single-
molecule parameters.

2.1 Image Formation Model

The estimation of single-molecule parameters is commonly performed by fitting an appropriate
image formation model to the observed signal recorded by the camera pixel [62]. A commonly
used image formation model is given by

p = 0 PSE(7, — 10) + Oy, (2.1)

where 1z, is the expected photon count at the k' pixel, 7y = (6, 6y,0) denotes the spatial
coordinates of the single-molecule emitter, 7, denotes the spatial coordinate of the center of
pixel k, 07 is the total number of photons emitted by the molecule, 6, is the background
photon count per pixel, and PSF is the point spread function of the imaging system. The
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18 Estimation preliminaries for single-molecule localization

emitter parameters to be estimated can be combined into the following parameter vector:
. T
0= (0. 0, 0. 61 6) . (2.2)

The number of photons detected during a camera exposure is typically modeled as a
random variable following a Poisson distribution [45]. Let ¢, denote the observed photon
count in the k*" pixel. The recorded image &= (c1,...,cKk) is therefore a noisy realization of
the expectation predicted by the image formation model, where K denotes the total number of
pixels in the region of interest (ROI), and each pixel value is distributed as ¢, ~ Poisson(py).

This formulation casts single-molecule localization as an inverse problem: given the ob-
served pixelated image ¢, the task is to recover the underlying emitter parameters 0 such that
the expected signal uz(8) best resembles the observed measurement.

2.2 Point Spread Function Models

In the image formation model in Equation 2.1, PSF(7}, — ) represents a model of how
photons emitted by a molecule are distributed over the detector pixels. In practice, this
model approximates the true PSF of the optical system. Differences between the observed
photon counts ¢; and the expected counts uy predicted by the model arise from measurement
noise as well as mismatches between the assumed PSF model and the true PSF [2]. In this
section, we introduce several approaches to approximate the PSF model.

2.2.1 2D Gaussian PSF Model

The PSF of an imaging system can be approximated by a two-dimensional Gaussian distri-
bution

PSF(z,y) =

1 5 exp (_ (1’ — 033)2 _ (y — ey)2) , (23)

2 2
2mog 204 204

where oy denotes the standard deviation of the Gaussian distribution in 2D and (6, 6,)
the spatial coordinates of the emitter. Gaussian PSF models are widely used because of their
conceptual simplicity and computational efficiency, despite being only an approximation to
the physical diffraction-limited PSF [66].

2.2.2 3D Gaussian Astigmatic PSF Model

The Gaussian approximation of the PSF in Equation 2.3 can be extended to enable 3D
localization through PSF engineering. In astigmatic 3D imaging, the PSF becomes elliptical
in the x and y directions depending on the axial position of the emitter. The resulting PSF
model approximated with a Gaussian as follows [64]:

1 (x—6.)%  (y—6y)°
m P < 20,(0,)? B ng(gzy)2> : (2.4)

Here (6.,0y,0.) denote the spatial coordinates of the emitter. The standard deviations
02(0,) and o, (6.) depend on the axial position z as follows:

PSF(z,y) =
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2.2 Point Spread Function Models 19

o(z) = aox\/l n (2 ;27)2 A (2 ;27)3 +BI(Z;2V)47 (2.5)
)2 5 ~)3 5 )4
oy(2) = on\/l Lo d;) +Ay( d;) + Bym, (2.6)

where op, and og, denote the in-focus standard deviations in the x and y directions, d is
the parameter related to the depth of focus that influences the axial dependence of the PSF
widths and must be determined through system identification [64], and A, Ay, B;, and B,
are empirical constants determined experimentally.

2.2.3 Vectorial PSF Model

For imaging systems equipped with high-numerical aperture (NA) objectives, the vector na-
ture of light cannot be neglected, and a vectorial PSF model is required. The vectorial PSF
model accounts for the dipole orientation of a single emitter, the effects of high NA objectives,
interfaces between media, polarization, and optical aberrations [66].

The emitted light can be described by the electric field Egipole. This electric field prop-
agates from the dipole located in the sample mounting medium through the coverslip and
immersion medium with refractive indices nmed, Tcov, and Mimm, respectively. The emitted
field is collected by the objective and mapped to the electric field in the pupil plane, denoted
by Epupil-

The electric field component [ = x,y in the image plane is proportional to the emission
dipole component j = x,¥, z, and can be expressed as the Fourier transform of the electric
field components in the pupil plane [61, 72]:

Epupil,lj(vva ﬁ, d7 Zstage) = A(ﬁ)ql]’ (ﬁ) exXp (ZW(ﬁ) +1 [dk‘z,g (ﬁ) - zstagekzﬂ(ﬁ)b ) (27)

where g = (psz,py) are the normalized pupil coordinates. The term A(p) denotes the
amplitude factor [76, 69], which includes the well-known aplanatic correction factor [61]:

1/4
\/nimm COS(Himm) 1 (n12mm - NA2p2)

Alp) =

_ , (2.8)
1/2
Tmed COS(Qmed) Nmed COS(@med) (n?ned _ NAsz) /

where NA is the numerical aperture of the objective lens. The terms g;;(/) are polarization
vector components defined in [65]. The function W(p) represents the aberration function
expressed as a sum of Zernike polynomials. The parameter d denotes the imaging depth,
defined as the distance between the coverslip and the focal plane, and zsage represents the
position of the objective stage relative to the focal plane.

The wave vector k(p) is a function of the normalized pupil coordinates defined as:

- . N . 2T >
K(5) = 7). 7)., hesl) = - (NAps, Mgy, o -NA2I3),  (29)

where n; denotes the refractive index of medium 7 and A is the wavelength of the emitted
light. Lastly, to obtain the resulting incoherent PSF from emission of a freely-rotating dipole
emitter, the six Fourier transforms of the electric field components in the pupil plane are
quadratically summed:
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H(Tk’ TO > Z Z / / Epupll l] W P d Zstage) €xp [_Zk(ﬁ) (Fk - FO)} d2,0 d2£k7

Wn l=z,y j=2,y,2
(2.10)
where &, is the k' pixel, k(5) = (k.(7), ky(0), kzmed(F)), and wy, is a normalization
factor defined in [69].

Vectorial PSF models provide a physically accurate description of the image formation pro-
cess. In contrast, Gaussian PSF models often appear sufficient when emitters rotate freely,
since the resulting PSF represents an average over all dipole orientations [66]. However, when
the dipole orientation is fixed or when optical aberrations are present, the PSF can become
asymmetric and is no longer well described by a Gaussian approximation [65]. Such mis-
matches can introduce localization biases that may reach several tens of nanometers [66, 19].

Vectorial PSF models capture these effects more accurately, but their evaluation requires
computing Fourier transforms and is therefore computationally more expensive. In this thesis,
the vectorial PSF model is therefore only used in the image formation model to generate
simulated data, as it allows the refractive indices of the optical media and the resulting
spherical aberrations to be explicitly controlled. However, for localization algorithms, the
computational cost of evaluating vectorial PSF's can be high, motivating the use of alternative
PSF representations, such as spline models.

2.2.4 Cubic spline PSF Model

Cubic splines are piecewise polynomial functions defined over a set of connected intervals.
Their function value and first and second derivatives are continuous at the knots, which are
the points at which the polynomial segments connect. Spline functions have also been used to
model the 3D PSF for fitting images of single molecules [4, 40]. Cubic spline (cspline) models
provide a representation of experimentally measured PSF, enabling the modeling of complex
PSF shapes and aberrations that may occur at different imaging depths using calibration
data.
The 3D PSF can be approximated by a cubic spline defined per voxel (i, j, k) as follows:

c—t\" (y—t;\" (2 —up\°
f17]k$y7 ZZZ ,j,k,m,n,o( At) ( At]) < Auk> s (211)

m=0n=00=0
ti <x<tig1,t; <y <tip1,ur <z < Upypr, At =t — b =t — tj, Au = upgpr — ug

where At denotes the voxel size in the lateral (z,y) directions, and Au denotes the voxel
size along the axial (z) direction. The coordinates t;,t;, and u;, define the lower bounds of
the voxel (i, 7, k) along the z, y and z directions, respectively.

To uniquely specify the cspline f; ; (2, y, 2), there are (k+1)¢ cspline coefficients A4; j k.m.n.0
required in each voxel, where k denotes the polynomial order and d the dimensionality of
the spline. For a cubic spline (k = 3) in three dimensions (d = 3), this corresponds to
(k +1)? = 4% = 64 coefficients.
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2.3 Maximum Likelihood Estimation fitting

We have defined an image formation model that predicts the expected photon counts g, and
introduced various approaches to modeling the PSF. To estimate the parameters of a single-
molecule emitter, the image formation model must be fitted to the observed image using an
estimation algorithm.

An estimator is a function that maps the observed data to estimates of the underlying
parameters. Consider the observed data vector ¢ = (ci, ..., cn), where each ¢y is a realization
of an independent photon count in pixel k. Assuming photon detection follows a Poisson
process, each pixel value is modeled as an independent random variable with mean uk(§ ). To
simplify notation, we will continue writing j (5 ) as pg. The likelihood of observing the data
C given the parameters § is therefore:

Ck o~k

N
L0 &) = ] plex; 0) = HM S (2.12)
k=1

where p(cg; g ) is the probability mass function of observing the measurement of ¢ given
the underlying parameters §. The maximum likelihood estimation method determines the
parameter values 9 such that the likelihood function is maximized. The parameter values 0
that maximize the likelihood define the maximum likelihood estimator:

0 = arg mg@xL <§| E’) (2.13)

In practice, it is advantageous to maximize the logarithm of the likelihood. Since the
logarithm converts products into sums while preserving the location of the maximum, and
the logarithm function is monotonous, maximizing the likelihood function over 6 leads to the
same argument as maximizing log L(6 | &) over

Ck o~k

log L(0 | ¢ logH Mk ¢

Ck o=k

= ch —,uk—i—cklog%.
Ck

k

Stirling’s approximation is sometimes used to simplify expressions: log cx! =~ ¢i log ¢, — ¢,
[64]. However, it is not required for the optimization since log(ci!) does not depend on
0. Additionally, since many numerical optimizers in statistical packages usually work by
minimization rather than maximization. Therefore, this expression is often rewritten as the
negative log-likelihood is minimized instead:

—logL<§]5) :Zuk—ck—cklogﬁ—: (2.15)
k

It is also commonplace to express the objective function in terms of the log-likelihood
ratio with respect to the maximum possible likelihood L(¢|¢). Taking the negative logarithm
converts the product in the likelihood function into a sum, and multiplying by a factor of two
yields the objective function:
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Xaee = —2log

L(d2)
@D - Dok —ck) = D crlog(u/ex)| (2.16)
k k,cp>0
where the factor of two is introduced by convention to obtain an objective function that
is comparable to the classical x? statistic used in least-squares fitting [37]. Minimizing the
g vields the maximum likelihood estimate of the underlying parameters g for the noisy
observed image.

2.4 Modified Levenberg-Marquardt optimization algorithm

The objective function in Equation 2.16 was introduced in the context of MLE fitting for
Poisson distributions by Laurence et al. [37]. To minimize this function, they employed a
modified version of the LM algorithm introduced by Nishimura and Tamura [49)].

As the LM algorithm can be viewed as a modification of the Newton—Raphson method,
we first briefly recall this method. Newton—Raphson is an iterative multidimensional root-
finding method that relies on the gradient and the Hessian of the objective function [52]. In
this method, the search direction A#; for the i*" free parameter 6; is given by

Ab; = H;;'Jj, (2.17)

where H;; and J; are the Hessian and Jacobian of the objective function, respectively.
However, the inversion of H;; may become numerically ill-conditioned if the Hessian matrix
is almost singular. Instead, the Levenberg-Marquardt method solves this problem by using
an additional dimensionless damping factor A [52]. In the Levenberg-Marquardt algorithm,
the search direction A6; is now given by

Ab; = (Hij + )\I)_l Jj. (2.18)

If ||[Hij|| >> A, the Levenberg-Marquardt algorithm starts to resemble the Newton-
Raphson method, and if the norm is much smaller than A, the algorithm takes a step in
the steepest descent direction instead [70].

The resulting optimization problem is generally non-convex, and therefore, the algorithm
does not always converge to the global minimum. There are multiple local minima that the
localization scheme can converge to, and as such, the initial conditions 6y are important.
This is especially the case under conditions of model mismatch. In this thesis, a multi-start
optimization strategy was implemented.

In the Levenberg-Marquardt algorithm modified to find the maximum likelihood estimate
for a Poisson process, the Hessian matrix is used without the second partial derivatives term,
as computation of the second derivatives is often quite difficult and can be destabilizing when
the model fits badly or is contaminated by outlier points [40, 52]:

O O ¢
H;: = —_— . (2.19)
The Jacobian J; is defined as
Opg (cr — 1)
J: = _TRJ 2.20
J ; 89] m ( )
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The parameter update A6 is obtained by solving the linear system defined by Equa-
tions (2.19) and (2.20). The parameters are then iteratively updated according to

041 = 0; + AG;. (2.21)

In this thesis, the damping factor A was set to 10, and the algorithm was run for 30
iterations.

2.5 Evaluating localization performance

Once the single-molecule parameters have been estimated using the localization algorithm
described in the previous sections, it is important to quantify the quality of these estimates.
In single-molecule localization microscopy, the performance of a localization algorithm is
typically evaluated in terms of localization bias and localization precision.

2.5.1 Localization bias and precision

The localization bias of the estimated x position 6, can be written as:

Bias(0,) = (0,) — x, (2.22)

where the angled brackets (-) denote statistical averaging, and x is the ground truth z-
position of the single molecule, only known in simulation.

The localization precision is determined by the variance of the estimated position and can
be calculated as follows:

Var(0) = (6 — (62))). (2.23)

In practice, the localization precision is often reported as the standard deviation of the
estimated position rather than the variance, since it has the same physical units as the position
estimate.

2.5.2 Cramér-Rao lower bound

For an unbiased estimator and assuming the likelihood of the data satisfies the regularity
conditions, the Cramer-Rao lower bound (CRLB) provides a theoretical lower bound on the
variance of the estimator [71, 35].

The CRLB is strongly related to a mathematical measure called the Fisher information,
which quantifies the sensitivity of an observable quantity (our noisy SMLM image) to changes
in its underlying parameters (e.g., emitter position). The CRLB provides a lower bound on
the variance for a scalar parameter 6 and is computed as follows [35]

1
~E[ & np(;0)]

where In p(¢; 0) denotes the log-probability density function of observing the data ¢, given
the parameter 6. If 6 is an unbiased estimate of @, the lower bound of the variance cannot
exceed the CRLB

CRLB(f) = (2.24)

A

var(#) > CRLB(6). (2.25)
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24 Estimation preliminaries for single-molecule localization

In the case a vector of parameters g € RPis estimated, the lower bound on the variance
of each parameter 6; is given by the corresponding diagonal element of the inverse Fischer

—

information matrix (FIM) I(6)

—

Var(0;) > [I71(0))us, (2.26)
where the FIM is a p X p matrix defined as

- 82 1n p(¢:0)
10)], =E lae?aejl , (2.27)

for i,7 =1,2,...,p. In the scalar case (2.24), p = 1 and therefore I(f) = E {%} is

a 1 x 1 FIM making it a scalar.
Combining the log of the expression for the likelihood in (2.12) and the expression for the

FIM in (2.27), we obtain the following expression for the FIM applied to SMLM:

o 1 Opk Op
[I(Q)Lj —E lzkj(ck — )" 7 g, %j] . (2.28)

Recall that in (2.1) we defined the image formation model assuming a Poisson process of
for the arrival of photons at pixels, where py is the expected photon count at the &A™ pixel
and ¢; is the observed photon count. For a Poisson distribution, the variance is equal to the
mean, such that E [3, (cx — ux)?] simply becomes py,. Substituting this into (2.28) leads to
the following expression for the FIM:

) =y Lk Ok
1) —ijﬂk 26; 96, (2.29)

)

Given an image formation model, signal-level, background, and noise models, the CRLB
provides the theoretical lower bound on the achievable localization precision. In practice, sev-
eral works have shown that well-designed localization algorithms based on the MLE approach
this bound under ideal conditions [2, 47, 64]. However, this optimal precision can only be
achieved when the assumed image formation model accurately describes the measured data.
Model mismatches, resulting from depth-dependent aberrations caused by refractive-index
mismatches, may therefore lead to localization precision that deviates from the CRLB [62] as
the regularity conditions imposed on the likelihood between the model and data are violated.

2.5.3 y*-test

The y?-test can be used to assess the goodness-of-fit between the observed experimental data,
and the image predicted by the fitted model parameters [61]. The x? statistic is defined as:

: (2.30)

where ¢, is the observed photon count in pixel k, and uk(g) is the expected photon count
predicted by the image formation model evaluated at the estimated parameters 6. Here, K
denotes the total number of pixels in the ROI.
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Spline interpolation preliminaries

This chapter introduces the spline-interpolation principles required for this thesis. In Chap-
ter 2, cubic spline models were introduced as a possible representation of the Point Spread
Function (PSF) in localization algorithms [4, 40]. In this chapter, rather than focusing on
splines as a means to represent the PSF, the focus shifts to spline interpolation itself, which
forms the mathematical basis of the proposed depth-dependent method.

The idea of using splines to create smooth curves dates back centuries to the Middle Ages,
when draftsmen used long, flexible strips of wood to draw smooth lines when designing ship
hulls and bows [74]. By fixing the strip of wood at several points, a smooth curve passing
through those points could be obtained. In modern applications, spline functions follow a
similar principle, but instead of wooden strips, they are now constructed mathematically
using piecewise polynomial functions. Today, splines are widely applied in fields such as
automotive design, medical imaging, system identification, and computer-aided geometric
design [33, 53].

Mathematically, a spline is defined as a piecewise polynomial function that maintains a
degree of smoothness at the boundaries between adjacent polynomial segments (knots). Many
spline functions are constructed by combining simple polynomial curves into a single smooth
function. A well-known example is the Hermite spline, which defines the curve shape through
endpoint positions and tangents. Before introducing such spline constructions in detail, the
polynomial notation used in this thesis will be established, which forms the mathematical
foundation for spline interpolation and is adopted from [60].

3.1 Polynomial representation

Piecewise polynomials are a fundamental tool for representing curves in computer graphics
and geometric modeling. The general form of an n''-degree polynomial is:
f(t) = ao + art + ast® + -+ + apt"™, (3.1)

where t denotes the curve parameter, a; are the coefficients of the polynomial, and n € N
denotes the degree of the polynomial, i.e., the highest power of ¢ for which the corresponding
coefficient a,, # 0. Equation 3.1 can also be written in the canonical form of a polynomial by
using summation notation [60]:

ft) = En: a;t’. (3.2)
=0
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26 Spline interpolation preliminaries

A polynomial can therefore be seen as being either zero or a finite sum of non-zero terms,
where each term consists of a coefficient a; multiplied by a power of the parameter ¢t. The
coefficients determine the shape of the polynomial’s curve.

In many applications, particularly in curve modeling and interpolation, cubic polynomials
(n = 3) are commonly used because they provide sufficient flexibility to represent smooth
curves while remaining computationally efficient. These cubic polynomials form the build-
ing blocks of many spline constructions, including Hermite splines introduced in the next
section [20].

3.2 Cubic Hermite splines

A cubic Hermite spline is constructed by joining multiple cubic Hermite segments defined on
consecutive intervals [t;, t;+1]. Each segment interpolates two points with predefined tangents
at those points.

Consider a spline segment f;(x) defined on the interval [t;,;11]. The segment interpolates
between p; at t; and p;41 at ¢;1; with prescribed tangents p} and p/ 11, respectively. These
interpolation conditions and a smooth transition between adjacent segments are imposed by
the following constraints, written as

fiEU; Di
(0| _ | m
i) || pigr | (33)
fi/(l) P2+1

Hermite segments are typically defined on the unit interval ¢ € [0, 1]. Therefore, f;(0) and
fi(1) correspond to the function values at the start and end of each segment, respectively.
For a cubic Hermite spline, each segment is represented by a cubic polynomial:

filr) = ai® + bir® + cir + d;, (3.4)

where r = (x — t;)/(ti+1 — t;) normalizes the interval [t;,¢;41] to [0,1], and ¢t; < & < ti41.
Substituting these expressions into the constraints yields the following system:

fi(0) Di d; 00 01 a;
(0) P} ¢ 001 0/|]b
. = "= = (3.5)
fi(1) Pit1 ai + b + ¢+ d; 1111 ci
i(1) Pit1 3a; + 2b; + ¢; 321 0] d
C
Solving for the polynomial coefficients yields:
a; Di 2 1 -2 1 Di
bi 1| P -3 -2 3 -1 v
=C @ = ¢ . 3.6
& Pit+1 o 1 0 0 Dit1 (3:6)
d; Pit1 1 0 0 0 ||py

Substituting these coefficients back into Equation 3.4 gives the matrix form of a cubic
Hermite spline segment:
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2 1 -2 1 i
-3 -2 3 -1 Pl
(= [ 3 2 A
fz(r)—[r reor 1} 0 1 0 0 piv1 | (3.7)
1 0 0 0 D

with r = (& — ;) /(ti+1 — t;) and ¢t; < x < t;4;. It can be seen from the interpolation
conditions in Equation 3.3, that adjacent spline segments share both the function value and
the first derivative at their junctions. Therefore, cubic Hermite splines are C'-continuous.

3.3 Catmull-Rom splines

A Catmull-Rom spline can be viewed as a special case of a cubic Hermite spline. Similar
to a Hermite spline, a 1D Catmull-Rom spline f;(z) is defined for a segment [t;,t;11] by
interpolation between p; at t; and pi1 at 41, with prescribed tangents p; and pj,; at
those points. Unlike a Hermite spline, where the tangents are arbitrarily chosen values, a
Catmull-Rom defines the tangents using points p;—; and p;yo consecutive to points p; and
pi+1 respectively. The tangent at p; is determined by the vector p;11 — p;—1, and the tangent
at pj41 from pio — p;.

To ensure a smooth transition between segments f; and f; 11, the following constraints are
imposed:

fi(0) , pip
{(0) B it1—Di—1

fi(L) | pZH ’ (38)
(1) Btz Pi

for each segment 7. f;(0) and f;(1) correspond to the function value at the start and end
of each segment. For a cubic Catmull-Rom spline, each segment is represented by a cubic
polynomial:

filr) = ai® + bir? + cir + d;, (3.9)

where r = (x — t;)/(ti+1 — t;) normalizes the interval [t;,¢;41] to [0,1], and ¢; < & < ti41.
Substituting this polynomial expression into the constraints from Equation 3.8 yields the
following fully determined system of equations to obtain 4 coefficients:

fi(0) d; 00 0 1 a; Di
; i : Pit1—Pi—1
1(0) _ C; . 00 10 bl _ 5 (310)
fz(l) a; +b; +c; +d; 1 1 11 Ci Dit1
1(1) 3a; +2b; + ¢ 3210 d; w
C

To obtain the coefficients a;, b;, ¢; and d;, we solve the system using matrix inversion:
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a; Pi 2 1 —2 1 0 1 0 0 Di—1

b; _ ! % _ -3 -2 3 -1 —-0.5 0 0.5 0 Di

Ci Pi+1 0o 1 0 0 0 0 I 0 Pi+1

d; pit2=pi 1 0 0 0 0 —05 0 05 | pue
H D

(3.11)
where we expressed the tangents through the quadruplet of the points p;—1, pi, Pi+1, Pito2
as follows:

Di 0 1 0 0 Pi—1
Pit1—Pi—1 — '
5 _ 05 0 05 0 i (3.12)
Dit1 0 0 1 0 Di+1
w 0 —-0.5 0 0.5 Pit2

Finally, substituting these coefficients back into Equation 3.9 gives the matrix form of a
cubic Catmull-Rom spline segment:

—0.5 1.5 —-1.5 0.5 Di—1
1 —-25 2 —05 i
—0.5 0 0.5 0 Di+1

0 1 0 0 Dit2

fi(r):[TS r?or 1} (3.13)

where 7 = (x — t;)/(ti+1 — t;) normalizes the interval [t;,t;11] to [0, 1], with ¢; < © < t;41.
The spline segment defined on this interval interpolates the points p; and p;41, such that

f(ti) =pi,  f(tit1) = pis1

An example of a 1D cubic Catmull-Rom spline segment is shown in Figure 3.1. In contrast
to Hermite splines, Catmull-Rom splines do not require the tangents at the endpoints to be
predefined. Instead, the tangents are estimated directly from neighboring data points.

In this thesis, PSF calibration stacks are available only at discrete imaging depths. The
derivatives of the PSF with respect to neighboring depth are not known beforehand. Catmull-
Rom splines therefore provide an appropriate interpolation scheme, as they generate a smooth
depth-dependent PSF model using only the neighboring calibration stacks. In practice, how-
ever, the available calibration depths are not guaranteed to be uniformly spaced. The stan-
dard Catmull-Rom formulation introduced in this chapter therefore serves as the base for
the proposed interpolation method, but will be extended to handle non-uniform parameter
spacing. The non-uniform Catmull-Rom formulation used in the proposed depth-dependent
calibration method is presented in Chapter 4, and its derivation can be found in the appendix
of that chapter.
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Figure 3.1: Example of a 1D Catmull-Rom spline segment defined by the four points
Di—1,Di, Di+1, Pi+2 with values 0.5, 2, 1, and 3, respectively. The corresponding parame-
ter values are uniformly spaced at t;—; = 0.0, t; = 1.0, t;41 = 2.0, and ¢;42 = 3.0. The
spline segment interpolates the points p; and p;;1, and the tangent vectors p; and pj,, are
determined according to the Catmull-Rom spline formulation.
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Calibration via Spline Interpolation in 3D
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Abstract

In three-dimensional single-molecule localization microscopy (SMLM), emitter
positions are estimated by fitting a model of the microscope’s point spread
function (PSF) to measured data. In practice, PSF models are typically cal-
ibrated using bead data acquired near the coverslip, and are assumed to
remain valid representations at larger imaging depths. However, refractive index
mismatch between the immersion medium, coverslip, and sample introduces
depth-dependent spherical aberrations, causing the PSF shape to vary with imag-
ing depth. As a result, a PSF model calibrated at the coverslip leads to degraded
lateral localization precision and substantial axial bias when applied several
micrometers deep into the sample. In this work, we introduce a depth-dependent
PSF calibration approach that interpolates between calibration datasets acquired
at multiple imaging depths. Calibration stacks are reconstrcuted at arbitrary
depths using Catmull-Rom spline interpolation and used to calibrate cspline
models for localization. Simulations show that a conventional coverslip-calibrated
model results in mean absolute axial biases exceeding 294 nm at an imaging
depth of 5 pm. In contrast, the proposed approach reduces the axial bias up to
99%, consistently achieving axial bias below 5 nm. In addition, the lateral local-
ization precision improves by 62% and 61% in x and vy, respectively. Validation
on experimentally acquired bead data demonstrates an axial bias reduction of
80% compared to coverslip calibration. These results show that interpolation of
calibration data across depth compensates for depth-dependent PSF mismatch,
enabling accurate and precise 3D localization over extended imaging depths
without requiring additional optical hardware.



1 Introduction

Single-molecule localization microscopy (SMLM) is a super-resolution imaging method
that enables visualization of biological structures with nanometer-scale precision
beyond the diffraction limit of conventional light microscopy [1-3]. In 3D SMLM,
the axial position of a single molecule is typically inferred from the shape of the
point spread function (PSF), using PSF engineering approaches such as astigmatic
[4], double-helix [5], or tetrapod [6] PSFs.

To estimate single-molecule parameters such as its position, maximum likelihood
estimation (MLE) [7] is commonly employed. Under appropriate conditions, the vari-
ance of the MLE approaches the theoretical lower bound given by the Cramér-Rao
lower bound (CRLB), provided an accurate PSF model is used. PSF models are typ-
ically obtained by calibrating an analytical PSF model to a stack of experimental
bead images acquired by scanning a fluorescent bead immobilized near the coverslip
along the axial direction. The assumption is that the PSF measured near the coverslip
resembles that obtained deeper in the sample.

However, biological imaging is typically conducted in aqueous mounting media with
a refractive index of approximately 1.33, whereas the glass coverslip on which samples
are mounted, and the oil in which the objective lens is immersed, have refractive indices
of approximately 1.51 and 1.52, respectively. This refractive index mismatch causes
light to propagate at different speeds across interfaces, leading to distorted wavefronts
that can be characterized by depth-dependent spherical aberrations [8, 9].

These aberrations reduce peak intensity as emitted photons spread over a larger
area, effectively elongating the 3D PSF. As a result, the axial cross-section of the
PSF profile becomes increasingly asymmetric with respect to the focal position at
depths of only a few micrometers. Additionally, refractive index mismatch introduces
a focal shift, in which the physical distance between an emitter in the sample and
the coverslip (the actual focus position) does not match the displacement required by
the objective to bring the emitter into focus (the nominal focus position). Applying
a PSF model calibrated near the coverslip to such aberrated data, therefore, results
in reduced localization precision and increased bias in the estimated single-molecule
position.

Several approaches have been proposed to mitigate the effects of depth-dependent
aberrations or to accurately model the PSF. These include active aberration correction
using adaptive optics (AO) [10, 11], and physically derived [12] or phase-retrieved
PSF models [13-15]. While these methods can accurately model or compensate for
aberrations, they often require specialized optical hardware, dedicated expertise for
implementing the complex AQO, or calibration of numerous optical system parameters,
such as objective lens properties, refractive indices, aberration functions, and emission
wavelengths. These requirements can limit their widespread adoption.

An alternative approach was proposed by Li et al. [16], who used a cubic spline
(cspline) approach to create a look-up-table (LUT) to correct bias in estimated
axial positions by interpolating between correction values across depth. Although this
approach improves axial bias without hardware modifications, it does not correct
the underlying mismatch between the PSF model and the observed PSF shape, and
therefore does not recover localization precision.



In this work, we introduce a depth-dependent PSF calibration approach that
interpolates between calibration datasets acquired at multiple imaging depths. Using
Catmull-Rom spline interpolation, calibration stacks are reconstructed at arbitrary
depths, and used to calibrate cspline PSF models throughout the imaging volume.
Additionally, we compare this approach to calibration at the nearest available depth,
providing insight into the effect of using interpolated versus locally calibrated PSF
models.

Using both simulated and experimental data, we show that coverslip-calibrated
PSF models lead to degraded lateral localization precision and biased axial localization
at increasing imaging depths. In contrast, the proposed depth-dependent calibration
approach provides an improved PSF representation across depth, reducing localization
bias without degrading precision, while remaining practical to implement without
additional optical hardware.

2 Methods

2.1 Image formation model

To simulate and estimate single-molecule images, we adopt a standard image formation
model describing the expected photon counts detected on the camera sensor. The
expected number of photons j;, detected at the k" camera pixel from a single molecule
is given by [12]:

pr = 07 H(7 — 7o) + 0Oy, (1)

where 6; denotes the total photon count of the emitter, H(7, — 7y) represents

the point spread function (PSF) of the imaging system, 6, denotes the background

photon count per pixel, 7 = (6,,6,,0,) are the emitter coordinates, and 7, denotes

the spatial coordinate of the center of pixel k. The following sections describe the PSF

model used to simulate the data and the algorithm used to estimate the parameter
vector 6 by fitting the image formation model to observed images.

2.2 Vectorial point spread function simulation

To simulate realistic single-molecule images that include astigmatism from 3D
SMLM with PSF engineering and depth-dependent spherical aberrations arising from
refractive-index mismatch, the vectorial PSF model is employed. This model describes
the PSF of a freely rotating dipole, consistent with previous studies [12, 17-20].

The vectorial PSF is obtained by propagating the dipole emission through the
optical system and computing the resulting electric field distribution in the image
plane. The vectorial PSF model accounts for the dipole orientation of a single emitter,
the effects of high NA, media interfaces, polarization, and aberrations [17]. The emit-
ted electric field Egipole propagates from the dipole located in the mounting medium
through the coverslip and immersion medium with refractive indices nyeq, ncov, and
Nimm, respectively. The electric field Fgipole is collected by the objective and trans-
ferred to the electric field in the pupil plane Eypi1. The electric field component [ = z, y
in the image plane is proportional to the emission dipole component j = z,y, z, and



can be expressed as the Fourier transform of the electric field components in the pupil
plane [12, 20]:
Epupitij (W, 7, d; zstage) = A(P) i () exp (iW () + i [dkz,0(0) — Zstagekz2(F)]), (2)

where §' = (pg, py) are the normalized pupil coordinates, A(p) is the amplitude[21
22], including the well-known aplanatic correction factor given by [12]:

A( ) = Mimm COS(eimm) 1 _ ( imm NA2 2)1/4 (3)
p Nimed €08(Pmed) \/Nmed €08 (Omed) (n2,, — NA? 2)1/2 ,

where NA is the numerical aperture of the objective lens. ¢;;(p) are polarization
vector components defined elsewhere [23], W (/) is the aberration function expressed
as a sum of Zernike polynomials, d is the imaging depth, defined as the distance
between the coverslip and the focal plane, zstage is the position of the objective stage
relative to the focal plane. The wave vector k(p) is a function of the normalized pupil
coordinates by:

=, . . . 27 S
E(9) = (5e5). Ky 7). b)) = 5 (NAps, NApy, o2 = Na%131) .

where n; and A are the refractive indices for the mounting medium and the immer-
sion medium, and the wavelength of emitted light. Lastly, to calculate the resulting
incoherent PSF from emission of a freely-rotating dipole, the six Fourier transforms
of the electric field components in the pupil plane are quadratically summed:

H(Tk - TO 3 Z Z / / Epupil,lj (VV, ﬁa d7 Zstage)
Wn lpl<1

l=z,y j=,y,2
- 2
x exp|~ik(7) - (7 — 7o) | d2p 6y

where &, is the k™ pixel, k(7) = (ko (7), ky(0), k2 med(p)), and wy, is a normaliza-
tion factor defined elsewhere [22]. The simulated vectorial point spread functions were
computed using VectorialPSF by van Velde [24]. In this work, the vectorial PSF model
is used to generate simulated calibration stacks that incorporate both astigmatism and
depth-dependent spherical aberrations arising from refractive index mismatch. Com-
pared to scalar PSF models, the vectorial PSF formulation is required to model high
NA effects, polarization, and aberrations, for a realistic simulation of engineered PSF's
in 3D SMLM.

()

2.3 Maximum likelihood estimation for SMLM

Maximum likelihood estimation (MLE) is employed to estimate the parameters of
a single-molecule emitter from observed camera images. The vector containing the
parameters to be estimated is



§= (0, 0, 0. 01 65)" . (6)
The observed photon counts recorded by state-of-the-art EMCCD and sCMOS
cameras can be accurately modeled as realizations of a Poisson process with a mean
equal to the expected photon count given in Equation 1 [7]. Under this model, maxi-
mizing the likelihood corresponds to finding the parameter set 6 for which the expected
image py best explains the observed photon counts.
The log-likelihood of observing an image ¢ = (cy, ..., cx) under the Poisson noise
model is given by:

K
log€(9_'|6’):ch—,uk+cklogﬁ, (7)
k=1 Ck
where K denotes the total amount of pixels in the ROI ¢. The maximum likelihood
estimate 6 is found by minimizing the negative log-likelihood of Equation 7, through a
modified Levenberg-Marquardt method. In the Levenberg-Marquardt algorithm, the
search direction is given by:

AG; = (Hij + M) Jj, (8)

where H;; and J; are the Hessian and Jacobian matrix, respectively, A is the
damping factor, and I is a diagonal matrix containing the diagonal elements of the
Hessian matrix [25]. In the modified Levenberg-Marquardt algorithm, the Hessian
matrix is approximated and used without the second partial derivatives term [25, 26]:

I T o
& 691 89J My
The Jacobian J; is defined as:
O (cr — )
Jy =y kPR 10)
J - aoj e (

The parameter update Af is obtained by solving the linear system defined by
Equations 9 and 10. The parameters are then iteratively updated according to:

041 = 0; + AG;. (11)

The optimization is repeated until convergence or until a maximum number of iter-
ations is reached. In the following section, we describe how the point spread function H
used in the image formation model is constructed using a cubic spline representation.
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Fig. 1 Schematic of the proposed depth-dependent PSF calibration with interpolation.
(a) Schematic of the optical setup. DM: dichroic mirror, OBJ: objective lens, L: lens. Drawing adapted
from [27]. (b) Schematic overview of a conventional cspline calibration. A calibration stack is acquired
at the coverslip and used to construct a cspline model. The PSF is illustrated as an intensity profile in
z (colored), together with a discretized, pixel-sampled representation (black staircase) for visualiza-
tion. (c) Schematic overview of the proposed depth-dependent calibration. PSF stacks are acquired
at multiple depths d; using beads embedded in agarose gel. The intensity profiles show that the PSF
shape changes with imaging depth d. By interpolating between these PSF stacks using a Catmull-
Rom spline (yellow curve), the interpolation can be evaluated at arbitrary depths. (d) Localization
at the coverslip using a coverslip-calibrated cspline model yields no localization bias and precision
approaching the Cramér-Rao lower bound (CRLB), the theoretical lower bound on achievable vari-
ance. (e) At greater depths, the coverslip-calibrated model (blue curves) yields biased estimates and
compromised localization precision. The model obtained through the depth-dependent calibration
approach (yellow curves) exhibits unbiased estimations with precision approaching the CRLB due to
reduced model mismatch.



2.4 Cubic spline calibration at the coverslip

In this section, we describe the construction of a cubic spline (cspline) model for the
3D PSF, in which the PSF is represented as a piecewise third-order polynomial within
each voxel (4,j,k). The PSF modeled as a cubic spline (cspline) can be written as
25, 28]:

3 3 3 m n o
T —t; y—t; 2 — Ug
st = 3233 e () (Y52) (P50
m=0n=0 o=0 (12)

i <o <tig1,t; Sy <tjr1,ur <2< Upg,
At = ti+1 — ti = tj+1 — tj,Au = Ug+1 — Uk.

Here, At and Au denote the voxel size of the PSF along the z,y and z dimensions,
respectively. The coordinates t;,t;, and uy, define the lower bounds of voxel (3, j, k). To
uniquely specify the cspline fi ; (7, y, 2) within each voxel, there are (p + 1) cspline
coefficients A; ; i m n,o needed, where p is the polynomial degree and d is the number
of dimensions. For a cubic spline (p = 3) in three dimensions (d = 3), this results in
(p+1)% = 43 = 64 coefficients.

To calibrate a cspline model at the coverslip, simulated calibration data were first
generated using the image formation model of Equation 1, with the vectorial PSF
model described in Section 2.2. The spline coefficients were computed using the SMAP
software package developed by Ries [29]. A stack of centered emitters was simulated
over an axial range of +800 nm around an imaging depth of d = 0 nm corresponding
to the coverslip, with a z-spacing of 10 nm. Simulations used an emission wavelength
of A = 671 nm, an emitter photon count of 20000 photons, an astigmatic Zernike
coefficient Z2 = 80 m\ (rms), and a uniform background of 5 photons per pixel.
Cspline representations of the PSF are a data-driven approach that allows the model
to capture complex PSF shapes without relying on an explicit analytical model that
depends on precise knowledge of optical parameters. The simulation parameters were
chosen to reproduce realistic imaging conditions in 3D SMLM. The refractive indices,
NA, and emission wavelength were selected to align with the oil-immersion microscopy
configuration reported in the literature [30], ensuring that refractive-index mismatch-
induced aberrations are realistically modeled. The photon count and background level
were chosen to provide a sufficiently high signal-to-noise ratio, allowing the impact of
PSF model mismatch to be isolated from noise-induced localization errors.

2.5 Depth-dependent PSF calibration construction

In this section, we describe the proposed depth-dependent PSF calibration approach.
Conventional cspline model calibration approaches assume that a PSF measured at
a single depth remains valid throughout the imaging volume, which leads to model
mismatch at larger depths. A depth-dependent PSF calibration is constructed by gen-
erating PSF stacks at a discrete set of imaging depths {d;} using the image formation
model described in Section 2.1.



To obtain a calibration stack at an intermediate evaluation depth deya1, we propose
an interpolation scheme between four neighboring calibration stacks using a Catmull—-
Rom spline. Specifically, for an evaluation depth deyar € [d;, di+1], the four neighboring
stacks at depths d;_1,d;,d;11,d;12 are used. The Catmull-Rom formulation enables
local interpolation directly on the sampled PSF data, producing an interpolated 3D
PSF stack at depth deya.

A key property of the proposed approach is that the Catmull-Rom formulation is
adapted to handle non-uniformly spaced calibration depths (see Appendix A). This
is essential in practice, as experimentally acquired calibration stacks are typically
not uniformly distributed in the imaging volume. Compared to global interpolation
approaches, this formulation is computationally efficient due to its local nature and
direct operation on sampled data.

In contrast, a full four-dimensional cubic spline representation over (z,y, z,d)
requires storing polynomial coefficients per voxel that grow exponentially with dimen-
sionality, i.e., O(4%N). In the proposed approach, interpolation is performed only along
the depth dimension for each voxel, using a constant number of neighboring calibration
stacks. As a result, the computational cost and memory requirements scale linearly
with the number of calibration depths, i.e., O(N), as no global coefficient model over
(z,vy, 2,d) is constructed.

The interpolated PSF stack is subsequently converted into a calibration dataset
compatible with the SMAP framework, and cspline coefficients are computed in the
same procedure as described in Section 2.4. This yields a cspline PSF model at the
evaluation depth deya1, enabling PSF fitting at arbitrary depths within the calibrated
range.

To evaluate the proposed depth-dependent calibration approach, localization is
performed on simulated and experimental images using MLE. The negative log-
likelihood is minimized using the modified Levenberg—Marquardt algorithm described
in Section 2.3, using a damping factor of 10 and a maximum of 30 iterations. The
overall workflow of the proposed approach, together with its impact on localization
performance, is illustrated schematically in Figure 1.

2.6 Experimental data processing

In this section, we describe how the experimental data are processed before fitting and
localization. To assess our proposed method on experimental data, we use a dataset
provided by the Ries Group at the European Molecular Biology Laboratory (EMBL).
This dataset was also used by Li et al. [16]. In this section, we describe how the data is
preprocessed to obtain bead stacks ready for interpolation at various imaging depths.

2.6.1 Data preprocessing

Unlike the simulated single-molecule images, experimental images are not reported in
photon counts but in raw camera units, typically expressed as analog-to-digital units
(ADUs). For this dataset, offset correction can be applied directly using the metadata
value of 400 ADU. However, a full conversion to photons cannot be performed because
the ADU-to-electron conversion factor is not provided in the metadata, and the EM



gain was reported as 1. Therefore, all processing is performed on offset-corrected ADU
values.

After correcting the ADU values for the offset, candidate bead locations must be
detected. The dataset contained large-field-of-view (FOV) stacks with a size of 320 x
279 pixels. To detect well-isolated individual beads within these FOVs, we employed
a peak detection algorithm by Huang et al. [31]. This peak detection is described in
detail in Appendix G.

After peaks are detected, a square region-of-interest (ROI) of size 27 x 27 pixels is
cropped around the peak. Next, we align these stacks such that they are centered with
respect to the ROIL. To align each bead stack laterally, the z-plane with the highest
peak intensity was selected as the reference plane. A 2D elliptical Gaussian with a
constant background was fitted to this reference plane using nonlinear least-squares
optimization. The fitted center coordinates were then used to compute the subpixel
shift required to bring the bead center to the geometric center of the ROI. This shift
was applied uniformly to all z-planes using third-order spline interpolation.

2.6.2 Depth assignment

In experimental data, the imaging depth of each processed bead stack must be esti-
mated. To assign an imaging depth to each processed bead stack, the nominal focal
plane of each bead is determined using an approach based on that of Li et al. [25]. Here,
a cspline model calibrated on the bead stack from beads immobilized at the coverslip
is fitted to the processed bead stacks from the deep axial scan after preprocessing.
For each bead, this fitting procedure yields an estimated axial zg as a function of the
objective stage position zstage. The nominal focal position of the bead is defined as the
stage position at which the fitted coordinate returns zg; = 0. This position is deter-
mined with sub stepsize accuracy by linear interpolation between the two neighboring
frames around the sign following Li et al. [16]. This condition corresponds to the sym-
metry plane of the engineered astigmatic PSF and provides a repeated axial reference
through depth even in the presence of depth-dependent spherical aberrations [16].

In practice, the processed bead stacks spanned a large axial range and were fit-
ted with a model calibrated at the coverslip. As such, the fitted curve may contain
discontinuities or multiple sign changes, as illustrated in Figure 114 (see Appendix I).
This behavior arises from using a coverslip-calibrated model across a deep axial scan,
which leads to invalid fits outside the local focal region of a bead, causing the fitter to
converge to different local minima at different stage positions. To account for the mul-
tiple frames at which there is a zero crossing, the nominal focal position is not taken
from the first sign change in the full fitted curve. Instead, the continuous segments
within the fitted axial positions are identified. The continuity of a segment is defined
by subsequent fits not exceeding a predefined threshold. Segments whose axial span is
smaller than a predefined minimum range are discarded. Among these remaining can-
didates, the longest segment that contains a sign change is used for depth assignment.
The stage position at which zg; = 0 within this selected segment is then estimated by
interpolation between the two fitted points surrounding the sign change.



Lastly, the imaging depth of each bead relative to the coverslip is defined as
d= 20 — Zcs

where zg denotes the nominal focal position of the bead obtained from the deep
scan and z. is the coverslip reference position. Following the approach of Li et al.
[16], the coverslip reference position z.s is defined as the lowest nominal focal position
among all processed bead stacks in the dataset. This choice provides a consistent
experimental reference corresponding to the shallowest detected focal plane, which is
assumed to be closest to the physical coverslip. Subtracting z.s expresses all fitted
bead positions relative to a common experimental coverslip reference.

Lastly, each stack is cropped to a local axial interval of [—700, 700] nm around the
assigned depth, yielding a local calibration stack. These depth-assigned calibration
stacks form the control points for the interpolation procedure described in Section 2.5.
The processed bead stacks are subsequently used to construct calibration models and
to generate synthetic datasets for performance evaluation, as described in the following
section.

2.7 Evaluation of localization performance using experimental
calibration data

To evaluate localization performance on experimental data, we perform a hybrid
experimental-simulation approach. While the cspline PSF models are calibrated from
the processed experimental bead stacks, the localization performance cannot be
assessed directly from the experimental data alone. Each bead stack represents only
a single realization of the measured image, which is insufficient to estimate statistical
measures such as localization bias and precision.

To account for this, for each depth-assigned bead stack, a cspline model is first
calibrated as described in Section 2.5. This calibrated model is then used to fit the
same stack using MLE as described in Section 2.3, yielding estimates of the photon
count and background level as functions of axial position.

These fitted photon and background values are subsequently used to generate
synthetic single-molecule image stacks using the image-formation model in Equation 1.
For each axial position, 60 independent realizations are generated by drawing from a
Poisson distribution with a mean equal to the output of the image formation model,
thereby reproducing the stochastic nature of photon detection and shot noise.

This procedure enables the statistical evaluation of localization performance,
specifically the computation of localization bias and precision, which require multiple
independent realizations at each axial position. While such statistics could be obtained
from repeated experimental measurements, such as capturing repeated frames at each
objective stage position, this was not available in the provided dataset. Therefore,
the proposed approach provides a practical alternative by combining experimentally
derived PSF models with simulated photon statistics to enable multiple realizations
for performance evaluation.
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2.8 Evaluation metrics

Localization performance is evaluated by the localization bias, localization precision,
the Cramér—Rao lower bound (CRLB), and the x? statistic.

The localization bias of an estimated parameter is defined as the mean error
between the estimated and ground-truth value. For example, for the lateral coordinate
0., the bias is given by:

Bias(0,) = (0, — 0,), (13)
where (-) denotes averaging. The same definition is used for the y and z-coordinates.
Localization precision is defined as the standard deviation of the localization error,

which is the square root of the variance of the estimated parameters, calculated as
follows:

o(02) = /(02 = (02))?). (14)

The CRLB provides a theoretical lower bound on the achievable variance of an

unbiased estimator, assuming the likelihood of the data satisfies the regularity con-

ditions [32]. Using the log-likelihood function from Equation 7, the CRLB, which

provides a lower bound on the variance of each estimated emitter parameter, is given

by the diagonal elements of the inverse of the Fisher information matrix (FIM). The
FIM is calculated as follows:

21 L Ok O
{I( )LJ B ; 1w, 00, 370] (15)

The derivation of this expression is given in Appendix B. To calculate the CRLB for
a given calibrated cspline model, the analytical expressions for the partial derivative
terms are given in Appendix C.

Model quality is evaluated by the y2-statistic. This statistic is a goodness-of-fit
measure that quantifies the statistical difference between the expected photon count
produced by the model evaluated at the fitted parameters, and the measured photon
count in the observed image [12]. The y2-statistic is calculated as follows:

2= i M (16)
- )
b1 K

where ¢, is the measured photon count of the k' pixel, and py is the expected
photon count of that pixel as predicted by the fitted image formation model. Here,
K denotes the total number of pixel observations, i.e., the number of pixels in the
fitted ROI multiplied by the number of focal slices. Assuming ¢ follows a Poisson
distribution with mean equal to p, the mean and variance of the y2-statistic can be
calculated as:

E[x*] =K, (17)
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and
1
o [X°] =2K+) —, (18)
1 Mk
respectively. Therefore, in Section 3, the mean and variance of the observed y?
values, calculated according to Equation 16 from the fitted results, will be compared
to the theoretical mean and variance.

3 Simulation results

In this section, we evaluate the localization performance of single-molecule localization
with a conventional cspline PSF model calibrated at the coverslip under refractive-
index-mismatch conditions, and our proposed method in simulation.

To provide a baseline for comparison, we first evaluate localization performance
in the absence of model mismatch. This baseline is obtained by calibrating a cspline
model on bead data acquired at the coverslip and subsequently using this model to
fit data simulated at the same imaging depth. Model quality is assessed using pixel-
wise residuals and the x? statistic, while localization performance is quantified by bias
and precision. We then compare this baseline to the case in which the same coverslip-
calibrated model is applied at larger imaging depths, where refractive index mismatch
induces depth-dependent aberrations and model mismatch.

3.1 Localization with a cspline model calibrated at the
coverslip

To evaluate the depth-dependent calibration approach, we first establish a baseline by
assessing the localization performance of a cspline model calibrated and evaluated at
the coverslip. The calibration procedure is described in Section 2.4. Figure 2a shows
the resulting calibration and the PSFs generated by this model at different axial
positions. We evaluate the agreement between the calibrated model and the ground
truth PSF at the evaluation depth using a pixel-wise difference, similar to Babcock et
al. [28]. Figure 2a also shows the corresponding residuals with respect to the ground
truth PSF's at the evaluation depth (coverslip). The maximum pixel-wise difference is
3 x 1073, indicating close agreement between the calibrated model and the ground-
truth PSFs at the evaluation depth. This is expected as the cspline model is calibrated
on data obtained at the same depth as the evaluation depth, as shown in Figure 2b.
Next, localization performance was evaluated using simulated single-molecule
images generated with the image formation model in Equation 1 and the vectorial PSF
model described in Section 2.2. The evaluation depth was set to the coverslip (d = 0
nm), and emitter positions were sampled over an axial range of z € [—600,600] nm
with a step size of 10 nm. The evaluation range was reduced to z € [-600, 600] nm to
avoid convergence issues near the boundaries of the cspline calibration range. For each
axial position, 100 independent noise realizations were generated by drawing Poisson-
distributed photon counts with a mean equal to the expected photon count per pixel.
The emitter photon count was set to 5000 with a uniform background of 5 photons per
pixel. This photon count was chosen such that the localization precision approaches
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Fig. 2 Localization performance of a cspline model calibrated and evaluated at the
coverslip. (a) PSFs of the cspline model calibrated at the coverslip at various axial positions (top).
The ground truth PSFs at the evaluation depth d = 0 nm (middle). The residual between the
calibrated model and data at the evaluation depth is computed as a pixel-wise difference (bottom).
Scale bar: 500 nm; a.u. = arbitrary units. (b) The calibration is obtained from a bead (red circle)
immobilized on the coverslip. The evaluation depth is at the same depth as the bead. (c) Localization
bias in x, y, and z. Black lines and shaded areas in localization plots represent the mean and standard
deviation of the biases. Red lines indicate zero bias. (d) Localization precision in z, y, and z alongside
the Cramér-Rao lower bound (CRLB). The errors are unbiased, and precision reaches the CRLB for
x, y, and z, respectively, indicating optimal performance in the absence of model mismatch.

the CRLB under the given imaging conditions (see Figure E2 in Appendix E). Each
simulated stack consisted of 121 focal slices with an ROI size of 27 x 27 pixels. The
optical parameters were the following: pixel size = 100 nm, NA = 1.43, wavelength
of emitted light A = 671 nm, astigmatic Zernike coefficient Z2 = 80 m\ (rms),
Nimm = 1.51 , neoy = 1.52, and nyeq = 1.33. These parameters were chosen to reflect
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typical experimental conditions in 3D SMLM using oil-immersion microscopy [30].
Emitter parameters were estimated by minimizing the negative log-likelihood using
the modified Levenberg-Marquardt algorithm described in Section 2.3.

As shown in Figure 2c, the bias in the estimated x, y, and z positions remains
centered around zero in the absence of model mismatch. The mean bias across the
evaluated axial range was —0.675 nm, 0.307 nm, and —0.174 nm for z, y, and z,
respectively. Figure 2d shows that the localization precision reaches the Cramér—Rao
lower bound (CRLB) in all dimensions.

The x? value is computed between the model evaluated at the fitted parameters
(ém,éy,éz,é]\l,éb) and the observed data across all pixels. The mean x> was > =
1.346 x 10° with a standard deviation of 5.5 x 103. For the full stack, the total number
of statistically independent measurements is K = 27 x 27 x 121 = 8.8 x 10*. Thus,
the mean observed x? value is approximately 53% higher than the expected value.
This deviation is attributed to the high photon count used in this simulation, which
amplifies the effect of small differences between the fitted and observed photon counts.
As shown in Figure E3 in Appendix E, the x? statistic increasingly deviates from its
expected value for photon counts above 2 x 103.

Having established the baseline performance, we now evaluate the effect of model
mismatch by fitting the coverslip-calibrated cspline model to data simulated at an
imaging depth of 5 pm above the coverslip. At this depth, several micrometers above
the coverslip, refractive index mismatch induces significant spherical aberrations,
resulting in pronounced changes in PSF shape [16]. The simulated single-molecule
images are generated with the same optical parameters. At an imaging depth of 5 pm,
we simulated single-molecule images with an increased emitter photon count of 20000,
whilst maintaining a background count of 5 photons per pixel. At increased imaging
depths, the PSF spreads over a larger spatial footprint, reducing the peak photon
count per pixel and thereby decreasing the signal-to-noise ratio. To isolate the effect
of model mismatch from this reduction in SNR, a higher total photon count was used.

As shown in Figure 3a, the cspline calibration remains the same, namely at the
coverslip. However, it can be seen that the ground truth PSFs at an evaluation depth
of 5 pm above the coverslip have changed compared to the PSFs at the coverslip in
Figure 2. As a result, the pixel-wise residual between the coverslip-calibrated cspline
model and the ground truth PSF at 5 pm increases substantially, with a maximum
pixel-wise difference of 29 x 1072 compared to 3 x 1072 at the coverslip. The ground-
truth PSF at 5 pum is axially elongated and exhibits a change in its orientation. In
particular, for 0 < z < 500 nm, the coverslip-calibrated model is elongated along the
y direction, whereas the ground-truth PSF at 5 pum remains elongated along the z
direction.

Next, we assess the localization performance of the coverslip-calibrated cspline
model at an evaluation depth of 5 pm. As shown in Figure 3c, the localization bias of a
coverslip-calibrated cspline model fitted to images at 5 pm worsens in all dimensions,
compared to fitting at the coverslip case. The maximum value for the absolute bias in x
and y increased from 6.2 nm and 7.4 nm to 15.5 nm and 16.2 nm in  and y. Moreover,
the bias in z has deteriorated substantially, where the mean absolute axial bias across
the evaluated axial range z € [—600, 600] has risen from 7.5 nm to 294 nm. We report
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Fig. 3 Localization performance of a cspline model calibrated at the coverslip and eval-
uated at 5um above the coverslip. (a) PSFs of the cspline model calibrated at the coverslip at
various axial positions (top). The ground truth PSFs at the evaluation depth of d =5 pm above the
coverslip (middle). The residual between the coverslip-calibrated model and data at the evaluation
depth is computed as a pixel-wise difference (bottom). Scale bar: 500 nm; a.u. = arbitrary units. (b)
The calibration is obtained from a bead (red circle) immobilized on the coverslip. The evaluation
depth is 5 pm above the coverslip. (¢) Localization bias in z, y, and z. Black lines and shaded areas
in localization plots represent the mean and standard deviation of the biases. Red lines indicate zero
bias. (d) Localization precision in z, y, and z alongside the CRLB. The errors are significantly biased,
especially in z. Localization precision was also compromised due to the model mismatch.

the mean absolute bias to avoid cancellation effects when positive and negative biases
occur across the evaluated axial range.
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At an evaluation depth of 5 um, the localization precision also degrades. In
Figure 3d, it can be seen that across the entire evaluated axial range, the mean local-
ization precision in z has risen to a value of 10.5 nm compared to 7.9 nm at the
coverslip. The localization precision in y changes to a mean precision of 11.6 nm com-
pared to 10.0 nm at the coverslip. However, between the range z € [—600, —200], the
mean localization precision increased from 8.2 nm to 16.8 nm in y.

Notably, the axial localization precision occasionally appears to surpass the CRLB.
However, the CRLB is only a valid lower bound under the assumption of an unbi-
ased estimator and a correctly specified likelihood model. In this case, the estimator
is biased (see Figure 3c), and the fitted model does not match the data-generating
process. As a result, the regularity conditions underlying the CRLB are violated,
and it no longer represents a valid theoretical bound. Consequently, the comparison
between the observed precision and the CRLB is not meaningful in this setting. Still,
the CRLB is included for reference, illustrating the degradation in performance under
model mismatch.

Lastly, we assess the model quality with the fitted parameters to the data. For the
whole fitted stack, the expected y2-value remains at K = 27 x 27 x 121 = 8.8 x 104,
because this is solely dependent on the number of pixels in the fitted stack. The mean
x2-value is 2.8 x 105 with a standard deviation of 9.8 x 103, which is 222% higher
than the expected value. Since the data at an imaging depth of 5 um differs from
the calibration data at the coverslip, the resulting x? value is significantly increased.
This value will be used as a baseline to assess whether the proposed depth-dependent
calibration method improves the goodness-of-fit.

3.2 Localization with a cspline model calibrated at the nearest
and interpolated depth

In the previous section, we established the performance of the conventional approach
of calibrating a cspline model on data from beads immobilized at the coverslip. We
showed that while performance when fitting at the coverslip is optimal (unbiased and
precision reaching the CRLB), at an imaging depth of 5 um above the coverslip, the
results become substantially biased and lateral localization precision deteriorates. In
this section, we evaluate the calibration results and localization performance from
the proposed method at an imaging depth of 5 pm above the coverslip, using a PSF
model calibrated on interpolated calibration data evaluated at d = 5 pm. Because
the proposed method requires calibration data at four depths around the evaluation
depth, we also evaluate the localization performance of calibrating a PSF model at the
depth nearest to the evaluation depth. Calibration data were simulated at multiple
imaging depths around the evaluation depth of 5 pum. Specifically, calibration bead
stacks were generated at depths of 4.2 ym, 4.6 pm, 5.4 pm, and 5.8 pm above the
coverslip, following the same procedure as described in Section 2.4. For the nearest-
depth calibration, a cspline model was calibrated using the bead data at 4.6 yum, which
is the closest available depth to the evaluation depth. For the interpolated calibration,
a cspline model was constructed as described in Section 2.5 by interpolating between
the calibration data at 4.2 pm, 4.6 pm, 5.4 pm, and 5.8 pm, and evaluating the
resulting interpolation at 5 pum (see Figure 5b).
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Fig. 4 Cspline calibration at 4.6 pum above the coverslip. (a) PSFs of the cspline model
calibrated at the nearest depth to the evaluation depth of d = 4.6 um above the coverslip (top). The
ground truth PSFs at the evaluation depth of d = 5 pum above the coverslip (middle). The residual
between a cspline model calibrated at the nearest depth and data at the evaluation depth is computed
as a pixel-wise difference (bottom). Scale bar: 500 nm; a.u. = arbitrary units. (b) The calibration is
obtained from a bead (red circle) at 4.6 um above the coverslip. The evaluation depth is 5 pm above
the coverslip.
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Fig. 5 Cspline calibration at interpolated calibration evaluated at 5um above the cov-
erslip.(a) PSFs of the cspline model calibrated on interpolated calibration data evaluated at an
imaging depth of 5 um. (top). The ground truth PSFs at the evaluation depth of d = 5 um above
the coverslip (middle). The residual between the cspline model calibrated at the interpolated depth
and the data at the evaluation depth is computed as a pixel-wise difference (bottom). Scale bar: 500
nm; a.u. = arbitrary units. (b) The calibration is obtained by interpolating between bead data from
beads at 4.2 pm, 4.6 pm, 5.4 pm, and 5.8 pm above the coverslip (opaque red beads), and evaluating
the interpolation at an imaging depth of d = 5 pum above the coverslip (red bead).
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First, we evaluate the calibration results for the two proposed methods, as illus-
trated in Figure 4 and Figure 5. Figure 4a shows the PSF's generated by the cspline
model calibrated at 4.6 pym. Compared to the coverslip-calibrated model, the maxi-
mum pixel-wise residual decreases from 29 x 1073 to 17 x 1072, indicating an improved
PSF representation at this depth. Next, we assess the calibration results of the inter-
polated model. The corresponding PSFs are shown in Figure 5a. Compared to the



cspline models calibrated at the coverslip and at the nearest depth of 4.6 pm, the max-
imum pixel-wise residual for the interpolated model is 8 x 1073, which is the lowest
among all evaluated models. In addition, the residual map is spatially more homoge-
neous compared to the nearest-depth calibration. This suggests that the interpolated
calibration provides a more faithful overall representation of the PSF shape at the
evaluation depth.
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Fig. 6 Localization performance of a cspline model calibrated at the nearest depth
of d = 4.6 pym above the coverslip and a cspline model constructed from interpolated
calibration data evaluated at 5 yum above the coverslip. (a) Localization bias in z, y, and z.
Black lines and shaded areas in localization plots represent the mean and standard deviation of the
biases. Red lines indicate zero bias. (b) Localization precision in , y, and z alongside the CRLB.
The errors are significantly biased, especially in z. Compared to the localization performance of a
coverslip-calibrated model at 5 pum above the coverslip, calibration at the nearest and interpolated
depth improves both localization bias and precision.

Next, we evaluate the localization performance of both the cspline model cali-
brated at 4.6 um and the interpolated calibration when fitting to data simulated at an
evaluation depth of 5 ym. As shown in Figure 6a, when fitting with a cspline model
calibrated at the nearest depth, the mean absolute axial bias across the axial range
z € [—600,600] nm is reduced to 43 nm. This corresponds to a reduction of 86% com-
pared to the mean absolute axial bias of 294 nm obtained with the coverslip-calibrated
model. The cspline model calibrated at the interpolated depth reduces the mean abso-
lute bias even more, to a value of 1.8 nm over the same axial range, corresponding to
a reduction of 99%. The mean bias across the evaluated z-range is 0.1 nm, while the

18



mean absolute axial bias is 1.8 nm, indicating that the residual axial bias is nearly
eliminated.

Figure 6b shows that the lateral localization precision of both models improves
compared to the coverslip-calibrated model. The mean precision in x and y decreases
to 4.4 nm and 3.3 nm for the cspline model calibrated at 4.6 pm, corresponding
to improvements of 58% and 59%, respectively, compared to the coverslip-calibrated
model. For the cspline model calibrated at the interpolated depth, the mean localiza-
tion precision is 4.0 nm in z and 3.1 nm in y. This corresponds to an improvement of
62% and 61% relative to the coverslip-calibrated model. Additionally, for the cspline
model calibrated at the interpolated depth, the localization precision of z and y closely
follows the CRLB, with differences not exceeding 2.3 nm and 2.2 nm for x and y. For
localization precision in z, the difference did not exceed 11.6 nm, and was 3.9 nm on
average.

For both models, axial localization precision does not improve compared to the
coverslip-calibrated model. The mean axial localization precision is 9.0 nm and 7.5
nm for the cspline model calibrated at the nearest and interpolated depth, respec-
tively, whereas the coverslip-calibrated model yielded an apparent mean axial precision
of 2.5 nm. At first glance, the axial localization precision of the coverslip-calibrated
model appears to be lower. However, this apparent superior precision of the coverslip-
calibrated model is misleading, as it is accompanied by a substantial axial bias. The
low precision in this case reflects systematic localization error rather than better
localization precision.

Finally, the model quality for both methods was assessed using the x?2 statistic. The
expected value remains at K = 8.8 x 10%. The mean x?2 for the cspline model calibrated
at the nearest depth was 2.5 x 10° with a standard deviation of 1.2 x 10*, correspond-
ing to a difference of 185% to the expected value. This represents an improvement
compared to the coverslip-calibrated model, which showed a difference of 222%, indi-
cating improved agreement between the fitted model and the simulated data. For the
cspline model calibrated at the interpolated depth, the mean x? value was 2.2 x 10°
with a standard deviation of 1.1 x 10%, which is 150% higher than the expected value.
This is an improvement over both the coverslip-calibrated model and the nearest-
depth calibrated model, indicating that the cspline model at the interpolated depth
provides the best fit to the simulated data.

In this section, we have shown that the cspline models calibrated at the interpo-
lated depth and at the corresponding nearest depth perform comparably in terms of
localization precision. In this specific scenario, however, the interpolated calibration
performs substantially better in terms of axial bias, reducing the mean absolute axial
bias from 294 nm to 1.8 nm, whereas the nearest-depth model only reduces it to 43 nm.
In Section 3.3, we therefore investigate how the spacing between calibration depths
affects localization performance, for which conditions nearest-depth calibration may
provide comparable performance, and at what interpolation distances the interpolated
calibration begins to deteriorate.
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3.3 Distance between interpolation depths

In this section, we investigate how the spacing between calibration depths used for
interpolation affects localization performance. In contrast to the previous simulation
experiments, which were held to demonstrate the effect of depth-dependent model
mismatch and the benefit of interpolation at a representative aberration setting,
the purpose of this section is to assess the robustness of the proposed interpola-
tion approach across different calibration spacings and under experimentally fitted
aberration coefficients. For this reason, the simulations in this section use aberra-
tion coefficients based on fitted Zernike aberrations from the experimental bead stack
provided by the Ries Group (see Figure E7 for the fitted aberrations). The Zernike coef-
ficients were obtained by fitting a vectorial PSF model to an experimentally measured
bead stack using the aberration-fitter implemented in VectorialPSF by van Velde [24].
Calibration stacks are generated at depths {d — 24, d — 6, d+ §, d + 20}, interpolated
and evaluated to obtain a PSF at an intermediate evaluation depth. The interpolation
distances were § € [100, 200, 400, 800, 1000, 1500] nm.

In Section 3.2, we showed that interpolation with § = 400 nm at an imaging depth
of d =5 pum above the coverslip already significantly improves localization precision
and reduces axial bias compared to the coverslip-calibrated model. In this section, we
change the evaluation depth to both 4 ym and 6 pum above the coverslip, and the
simulation parameters can be found in Tables E1- E2 in Appendix E. The results
at an evaluation depth of 6 um above the coverslip can be found in Appendix E.
Simultaneously, for each interpolation distance §, we also evaluate the localization
performance of a cspline model calibrated at the nearest depth to the evaluation depth.
For example, for an evaluation depth of d = 4000 nm and § = 100 nm, interpolation
is performed between stacks at depths d; € {3800, 3900,4100, 4200} nm.

Figure 7 summarizes the mean localization precision and mean absolute bias across
the evaluated axial range z € [—600,600] nm for the interpolated model and the
two nearest-depth calibrations, as a function of the interpolation distance §, at an
evaluation depth of 4 um. The corresponding full localization curves as a function of z
are shown in Figures E4-E6 in Appendix E. These results show that the localization
precision remains largely unaffected by the interpolation distance §. Compared to the
corresponding nearest-depth calibrations, the mean precision across the evaluated z-
range remains within approximately 1 nm in x and y, and within 3—4 nm in z, for all
models, with overlapping standard deviations.

In contrast, the mean absolute axial bias is consistently and substantially reduced
when using the interpolated-depth calibration. For interpolation distances § > 200
nm, the interpolated model consistently outperforms both nearest-depth calibrations,
typically by a factor of two or more. At § = 800 nm, the mean absolute axial bias is
reduced from approximately 60 nm for nearest-depth calibration to 7.1 nm for inter-
polated calibration. A similar trend is observed for the lateral bias in y for small to
moderate interpolation distances. For § < 600 nm, the interpolated model yields sub-
stantially lower mean absolute bias compared to both nearest-depth calibrations. For
example, at § = 400 nm, the mean absolute bias in y is reduced from approximately
13 nm (nearest below) and 12 nm (nearest above) to 4.4 nm for the interpolated
model. However, for larger interpolation distances (6 > 800 nm), the lateral bias
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Fig. 7 Mean localization precision and absolute bias in z, y, and z as a function of
the calibration depth offset relative to the evaluation depth of 4 ym. Three models are
plotted alongside each other, the cspline model calibrated at the interpolated depth with interpolation
distance §, and the cspline models calibrated at the nearest depths at 4 ym £6 nm. Lines denote the
mean, and shaded areas denote the standard deviation of the bias and precision across the evaluated
z-range.

increases and becomes comparable to or larger than that of the nearest-depth calibra-
tions. For smaller interpolation distances (6 ~ 100 nm), the axial bias of interpolated
and nearest-depth calibration is comparable, with nearest-depth calibration occasion-
ally yielding slightly lower bias. This trend persists across both evaluated depths of
4 and 6 um above the coverslip, where for an imaging depth of 6 um, the full local-
ization curves are shown in Figures E8-E10, and the summary plot in Figure E11 in
Appendix E.

These results indicate that nearest-depth calibration and interpolated-depth cali-
bration perform similarly in localization precision, with no clear precision advantage
for either approach. The main difference between the two methods is therefore the
axial bias. Interpolation provides lower axial bias than nearest-depth calibration once
the nearest calibration stack is more than about 200 nm away from the evaluation
depth. For smaller offsets, around 6 = 100 nm, nearest-depth calibration and inter-
polation yield comparable results, and nearest-depth calibration can occasionally give
lower axial bias. For § > 200 nm, however, calibration at the interpolated depth con-
sistently outperforms nearest-depth calibration in axial bias, typically by a factor of
two or more.

Lastly, interpolation exhibited low axial bias over a broad range of interpolation
distances. Across the two simulated evaluation depths, the mean absolute axial bias
remained below approximately 5 nm for § < 600 nm, and remained on the order of
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4-10 nm up to approximately 6 = 800 nm. For larger interpolation distances, the
axial bias increased gradually, with clearer degradation observed at 6 = 1000 nm and
substantial degradation at 6 = 1500 nm (21.8 nm at 4 pum and 29.3 nm at 6 pm).
We therefore conclude that interpolation is robust up to approximately 800 nm in the
simulated setting, while § < 600 nm provides a conservative range for consistently
minimal bias.

4 Experimental Results

In this section, we validate the proposed depth-dependent calibration method on
experimentally acquired data provided by the Ries Group (European Molecular
Biology Laboratory, EMBL). After performing the data preprocessing and depth
assignment steps described in Sections 2.6.1-2.6.2, bead stacks at various assigned
depths were obtained (see Table H3 in Appendix H).

Figure 8 shows representative calibration and localization results for beads acquired
at depths d € {1305, 2667,3313,4448,4816} nm. To evaluate the proposed method,
the bead stack at an assigned depth of 3313 nm was excluded from the interpolation
procedure and used as the evaluation dataset. We compare the following calibration
strategies: calibration at the coverslip, calibration at the nearest available depth (2667
nm), and calibration using interpolated calibration data evaluated at 3313 nm.

In Figure 8a, the PSFs of the different cspline models are shown at several axial
positions. The corresponding localization performance is presented in Figure 8b. Con-
sistent with the simulation results, the coverslip-calibrated model exhibits a substantial
axial bias, with a mean absolute bias of approximately 76.4 nm.

Both the cspline models calibrated at the nearest and interpolated depths reduce
the mean absolute axial bias. The mean absolute axial bias is reduced to approximately
15.4 nm and 24.7 nm for the interpolated and nearest-depth calibrations, respectively,
corresponding to reductions of approximately 80% and 68% relative to the coverslip-
calibrated model.

The localization precision remains largely unchanged across calibration strate-
gies (coverslip, nearest, and interpolated). Consistent with the simulation results,
the coverslip-calibrated model appears to yield a lower axial localization precision,
however, this is accompanied by a substantial bias and therefore reflects systematic
localization errors rather than improved localization precision.

To assess the performance across different experimental conditions, multiple evalu-
ation cases were considered, corresponding to different target depths and interpolated
calibration stacks. An overview of all evaluated cases, including the evaluation depth,
interpolated calibrations, and corresponding nearest-depth distance §, is provided in
Table H3 in Appendix H. In the majority of the evaluated cases, interpolation yields
lower axial bias than nearest-depth calibration. This is consistent with the trends
observed in simulation. However, in a small number of cases, nearest-depth calibra-
tion slightly outperformed interpolation. This deviation from the simulation results
is expected, as the experimental setting introduces additional factors that were not
present in the simulation, including non-uniform spacing of calibration depths and
variations in the interpolation distance §. As a result, the experimental cases do not
isolate the effect of § alone.
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A possible explanation for this behavior is that, although Catmull-Rom splines
support non-uniformly spaced control points, their performance depends on the distri-
bution of the available calibration data. When calibration depths are asymmetrically
distributed or contain large gaps, the interpolation may be influenced by calibration
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stacks that are relatively far from the evaluation depth. In such cases, a single nearby
calibration stack can provide a better local approximation of the PSF than interpo-
lation. Because both the interpolation distance  and the spacing between calibration
depths vary across the evaluated cases, the individual contributions of these factors
cannot be disentangled. These results therefore suggest that interpolation performance
depends on both the distance to the nearest calibration depth and the distribution of
the available calibration depths.

For example, in the case with deyvay = 3817 nm and § = 136 nm (using d; €
{3376, 3465, 3953, 5080} nm), nearest-depth calibration yielded a mean absolute axial
bias of 16.0 nm, whereas interpolation resulted in 28.0 nm. This agrees with the simu-
lated results, where calibration stacks within about 100 nm of the evaluation depth can
already provide performance comparable to or better than interpolation. In contrast,
for the case with deya) = 2915 nm and 6 = 540 nm (using d; € {1970, 2375, 3465, 3817}
nm), nearest-depth and interpolated calibration gave 6.3 nm and 9.6 nm, respectively,
showing that nearest-depth can also outperform interpolated calibration at larger
offsets under certain distribution of calibration depths. The remaining exception at
doval = 2883 nm and § = 584 nm (using d; € {1381,2225,3467,4025} nm), where
nearest-depth calibration slightly outperformed interpolation (13.0 nm to 15.2 nm), is
again likely explained by the strongly asymmetric depth distribution of the available
calibration stacks.

These cases highlight that interpolation performance is influenced by both the
distance to the nearest calibration stack and the remaining distribution of the interpo-
lated calibration stacks. In particular, non-uniform spacing between calibration depths
can reduce interpolation accuracy when large gaps exist between neighboring control
points, as the interpolation becomes less local and incorporates information from more
distant depths. For example, in the first case, the spacing between ds = 3953 nm and
d4 = 5080 nm is substantially larger than between d; = 3376 nm and dy = 3465
nm. This uneven spacing causes the interpolation to include the influence of distant
calibration depths.

Overall, the experimental results confirm the trends observed in the simula-
tion: interpolation substantially reduces axial bias while maintaining consistent
localization precision. While nearest-depth calibration may occasionally yield com-
parable or slightly better results in specific configurations, interpolation provides a
robust and generally reliable calibration strategy across varying depths. The remain-
ing localization results for all evaluated cases are provided in Figures F12-F13 in
Appendix F.

5 Conclusion

In this work, we proposed a depth-dependent calibration approach that enables accu-
rate PSF modeling at arbitrary imaging depths by interpolating between calibration
stacks acquired at discrete depths. This approach addresses depth-induced model mis-
match and improves localization performance at depths where a conventional coverslip
calibration fails.
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Using simulated data, we showed that a conventional cspline model calibrated at
the coverslip fails to accurately represent the PSF at larger imaging depths, resulting
in a mean absolute axial bias of 294 nm at 5 um. In contrast, the proposed interpo-
lated calibration approach significantly improved localization performance, reducing
the axial bias by 99% to 1.8 nm and improving lateral precision by over 60%.

We further investigated how the distance between the evaluation depth and
the nearest available calibration stack affects localization performance. The results
showed that interpolation provides stable localization precision across a wide range of
distances, while substantially reducing axial bias as this distance increases.

The method was also validated on experimental data, where interpolation reduced
axial bias by up to 80% compared to coverslip calibration while maintaining consistent
localization precision. In most cases, interpolation also outperformed nearest-depth
calibration. Deviations from this trend were observed in scenarios with both non-
uniform and asymmetric distributions of the calibration stacks, where nearest-depth
calibration occasionally yielded slightly lower bias. These findings indicate that inter-
polation performance depends not only on the distance to the nearest calibration
depth, but also on the distribution of the remaining interpolated calibration stacks.

These results provide a practical guideline for calibration in 3D SMLM with PSF
engineering. When a calibration stack is available within approximately 100-200 nm
of the evaluation depth, nearest-depth calibration is sufficient. For larger offsets, inter-
polation should be preferred. For optimal performance, calibration stacks should be
acquired densely in depth and distributed as uniformly as possible around the imaging
region of interest. When such data are available, interpolation enables accurate and
robust localization across extended imaging depths.

Future work could focus on improving the robustness of the calibration pipeline
by automatically selecting well-distributed calibration subsets from densely sampled
bead stacks based on the evaluation depth. In addition, the Catmull-Rom formulation
provides C''-continuity, which may limit smoothness compared to higher-order spline
methods. Future work could therefore investigate higher-order interpolation schemes,
such as quintic Catmull-Rom splines, to achieve C?-continuity. Lastly, validation on
full SMLM datasets would provide insight into the performance of the method under
realistic experimental conditions.
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Appendix A Spline interpolation

A.1 Uniform Catmull-Rom splines

A 1D Catmull-Rom spline f;(x) is defined on the interval [t;,t;11] by interpolation
between p; at t; and p;;1 at t;41, with prescribed tangents pj and pj, ; at those points.
A Catmull-Rom spline defines the tangents using points p;—1 and p;4o consecutive
to points p; and p;y1 respectively. The tangent at p; is determined by the vector
Pi+1 — Pi—1, and the tangent at Pi+1 from Pi+2 — Di-

For each segment, the spline is constrained to interpolate the endpoints p; and
Di+1, while the endpoint tangents are chosen from neighboring control points:

) [l
2/0 - it1—Pi—1

| T e | (A1)
1) piap

for © = 1,2,..., N, with N being the number of pixels in the image along one
dimension. The values f;(0) and f;(1) correspond to the start and end of the spline
segment, respectively. For a cubic Catmull-Rom spline, each segment is represented
by a cubic polynomial:

fi(r) = air® + br® + cir + d;, (A2)

where r = (z—1t;)/(ti+1 —t;) normalizes the interval [t;, t;11] to [0,1], and t; < z <

t;+1. Substituting this polynomial expression into the constraints from Equation Al
yields the following fully determined system of equations to obtain 4 coefficients:
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O i Clooro| b | | mesee (43)
fz(l) - ai"’bi“‘Ci—Fdi B 1111 C; o Pi+1 ’
£1(1) 3a; + 2b; + ¢; 3210] | d; pii2=pi
—_——
C

To obtain the coefficients a;, b;, ¢; and d;, we solve the system using matrix
inversion:

a; pi 2 1 -2 1 0 1 0 07 [pia
bi| _qor | B | 323 —1| | =05 0 05 0 pi
¢ pit1 01 00 0 0 1 0| |pim]’
d; Pi2—pi 1 0 0 0 0 —0.5 0 0.5 | pite
H D
(A4)

where we expressed the tangents through the quadruplet of the points p;_1, p;,
Di+1, Pi+2 as follows:
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Di 0 1 0 0 Pi—1
Pit1—Pi1 _ ;
5 _ 05 0 05 0 Pi (A5)
Pit1 0 0 1 0 Pi+1
w 0 —-0.5 0 0.5 Di+2

Finally, substituting these coefficients back into Equation A2 gives the matrix form
of a cubic Catmull-Rom spline segment:

-05 1.5 —1.5 0.5 Pi—1
1 =25 2 -05 Di
i — 3 ,.2 )
Ly =01 o5 07 05 0 | | | (46)
0 1 0 0 Dit2
where r = (x — t;)/(t;+1 — t;) normalizes the interval [t;,t;11] to [0,1], with ¢; < z <
ti+1. The spline segment defined on this interval interpolates the points p; and p;41,
such that

f(t) =pi,  f(tiv1) = piv1-

A.2 Non-uniform Catmull-Rom splines

The standard formulation of Catmull-Rom splines introduced in the previous section
implicitly assumes uniform spacing of the parameter values ;. In the context of this
thesis, calibration PSF stacks are not guaranteed to be obtained at uniformly spaced
imaging depths. Therefore, we introduce the formulation proposed by Barry and Gold-
man [33], which allows the construction of Catmull-Rom splines for non-uniformly
spaced parameter values.

Barry and Goldman derive the spline formulation using Neville’s algorithm for
Lagrange interpolation. In this formulation, the tangent at point p; is expressed as a
weighted combination of the slopes of the two neighboring intervals. Specifically, the
tangent is given by:

o= tit1 — U (Pi pi—l) n ti —ti—1 <pz'+1 pi>
tiv1 —ti—1 \ ti —ti1 tiv1 —ti—1 \tit1 — &
tita — i1 <pi+1 - pi) + liy1 — & (pi+2 —Pz‘+1)
livoa — 1t

(A7)

o
Piy1 =

tiy1 —t; tita — b \ tit2 — iyl

Next, we define the following notations to shorten the expression in Equation A7:

Aj=tip1—t;
Aimr=t; —tima
Aiyr =tiya —tiy1 (A8)

N1 =0+ A 1=t —tia
Niir1 =8+ A1 =tipo — 1t
After substituting the notations in Equation A8 into the tangent definition in

Equation A7 and after some rewriting we obtain the following expressions for the
tangents:

31



/ AVER) A AVER) 1 A
P = IAVRIRPAY Pit1 (Ail A ) Ao pi— Aiic1Ai Pimt
, A; AVINEENAY: 1 JAVES] (49)
Pt = N A, P < A, Az’+1> Dot T A AT

The system of equations to obtain the spline coefficients, expressed in a vector
containing the quadruplets of the points p;_1, ps, pit1, Pite is as follows:

a; Di 2 1 -2 1 01 0 0 Pi—1
bi o 1 p'/i o -3-2 3 -1 a1 Qg (3 0 Di
| T pa T lo 1o o0|loo 1o |pal @O
d; Dig1 10 0 0 0 B1 B2 B3| | pig2
where o; and 3; for ¢ € 1,2, 3 are defined as follows
o] [0 —1] [2imt] .
a|=[-1 1| & : (A11)
a 10 L Avint
el L - LA
] o -1 [2]
B = |-1 1] ]| & — (A12)
1 0 v ii4+1
3] - S AVIRS

Lastly, substituting these coefficients into Equation A2 gives the matrix form of a
cubic non-uniform Catmull-Rom spline:

2 1 =21 01 00 Pi—1

-3 -2 3 -1 a1 ag az 0 ;
) _ [,.3 ,.2 1 Qi Q3 Di
@)= 7 0 010 0 1 0] |pasl (A13)

1 0 0 O 0 B1 B2 B3| | pit+2

H D’

where r = (x — t;)/(t;41 — t;) normalizes the interval [t;, ;1] to [0,1], with ¢; < z <
t;+1. The spline segment defined on this interval interpolates the points p; and p;41,
such that

fti) =pi,  f(tiv1) = pit1.

In this formulation, the arbitrary parameter spacing is explicitly taken into account
when determining the interpolation tangents, while the underlying Catmull-Rom
spline is preserved. The matrix formulation of the non-uniform Catmull-Rom spline
in Equation A13 can be written to the following compact expression:
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3 3
Fir) =0 M A g, (A14)

m=0 n=0

T
where A =HD', and ¢ = [pi—1 pi Pit1 Pi+2]

304 :
Pr§+2
2.5 1
2.0 1
X
=
1.5 1
101 ' Pii1
Pién :
i i &~ Control points
059 ¢ Di-1 = Spline segment
ti-1 ti it tiv2
X

Fig. A1 Example of a 1D non-uniform Catmull-Rom spline segment defined by the four points
Pi—1,Pi,Pi+1,Pi+2 with values 0.5, 2, 1, and 3, respectively. The corresponding parameter values
are non-uniformly spaced at ¢;_1 = 0.0, t; = 0.8, t;11 = 2.2, and t;42 = 4.5. The spline segment
interpolates the points p; and p;41, and the tangent vectors p; and p; 4 are determined according
to the non-uniform Catmull-Rom formulation.
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A.3 Catmull-Rom interpolation of PSF stacks along depth

To interpolate between three-dimensional calibration stacks acquired at non-uniformly
spaced imaging depths, Catmull-Rom interpolation is applied along the depth dimen-
sion. Each voxel value is treated as a function of the depth coordinate d, and
interpolated using the non-uniform Catmull-Rom formulation from Equation A13.

Let W; ;. denote the sampled PSF value at voxel (7,7, k) and calibration depth
d;. For each fixed voxel location (4, j, k), interpolation along the depth dimension is
given by:

3.3 74— 4\ 3P
foaw(d) =" ( Ad ) App Wi g4 —1 (A15)
p=0p’=0

where Ad = dj11 — d; with d € [d;,d;41], and A = HD' is the Catmull-Rom
coefficient matrix from Equation A13. This interpolation is performed independently
for each voxel.

Here, (i,j,k) denote the voxel indices in the lateral and axial directions, and I
indexes the calibration depths. The PSF is sampled on a discrete voxel grid in (z, y, 2),
and interpolation is therefore performed only along the depth dimension for each fixed
voxel.

The resulting formulation is local in the depth dimension. To interpolate PSF
stacks between two control depths d; and d; 1, only four neighboring calibration stacks,
namely those at d;_1, dj, dj+1, and dj42, are required. For example, if each calibration
stack is represented by a cropped ROI of size 25 x 25 x 150, then interpolation within
a single depth interval requires access to

4-25-25-150 = 3.75 x 10°

sampled values, corresponding to approximately 1.5 MB in memory in single-precision
floating-point format (4 bytes per value) [34].

In contrast, a full four-dimensional cubic spline representation of the PSF over
(z,y, z,d) requires storing 4* = 256 coefficients per 4D voxel, resulting in

25-25-150-4-256 = 9.6 x 107

coefficients, or approximately 384 MB in memory.

The exponential scaling of the number of coefficients with the spline dimension-
ality for cubic splines can be alleviated when using multivariate B-splines. B-splines
represent the function as a linear combination of shifted basis functions, where each
basis function is associated with a coefficient [35, 36]. In this case, the number of
coefficients scales on the order of the number of sampled voxels.

However, in contrast to Catmull-Rom splines, B-splines do not directly interpolate
the sampled data and typically require a fitting procedure to determine the coeffi-
cients [37]. Furthermore, while B-splines can be defined on non-uniform grids through
the use of non-uniform knot vectors [36], their construction and evaluation become
more involved in this setting. This makes their application less straightforward for
depth-dependent PSF calibration compared to the Catmull-Rom approach.
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Appendix B Cramér-Rao lower bound

For an unbiased estimator and assuming the likelihood of the data satisfies the regu-
larity conditions, the CRLB provides a theoretical lower bound on the variance of the
estimator [32, 38].

The CRLB is related to a mathematical measure called the Fisher information,
which quantifies the sensitivity of an observable quantity (our noisy SMLM image) to
changes in its underlying parameters (e.g., emitter position). The CRLB provides a
lower bound on the variance for a scalar parameter 6 and is computed as follows [32]:

1
—E[ & np(&0)]
where Inp(¢; 0) denotes the log-probability density function of observing the data

¢, given the parameter 6. If # is an unbiased estimate of 6, the lower bound of the
variance cannot exceed the CRLB:

CRLB(6) = (B16)

var(6) > CRLB(6). (B17)

In the case a vector of parameters g € RP is estimated, the lower bound on the
variance of each parameter 6; is given by the corresponding diagonal element of the
inverse of the FIM, I~1(6):

Var(0;) > [I7(0))ii- (B18)
where the FIM is a p X p matrix defined as:

[1(9)} =-E (B19)

17 69186J
for i,57 = 1,2,...,p. In the scalar case (B16), p = 1 and therefore I(f) =
—E [%} isa 1 x 1 FIM making it a scalar.
Combining the log of the expression for the likelihood in Equation 7 and the
expression for the FIM in (B19), we obtain the following expression for the FIM applied
to SMLM:

Wmmaél

@] =-E

)

1 Op Opg
ek — )’ —5 | B20
>l M>@a@6%] (B20)

In Subsection 2.1 we defined the image formation model assuming a Poisson process
of for the arrival of photons at pixels, where puy, is the expected photon count at the
kY™ pixel and ¢, is the observed photon count. For a Poisson distribution, the variance
is equal to the mean, such that E [Zk(ck — uk)Q] simply becomes p. Substituting
this into (B20) leads to the following expression for the FIM:

5 =S L O O
[I(G)Lj o zk: i 00; 00;° (B21)

35



In Appendix C, we provide the analytical expressions for the partial derivatives
of pp w.r.t each emitter parameter. Given an image formation model, signal-level,
background, and noise models, the CRLB provides the theoretical lower bound on
the achievable localization precision. In practice, several works have shown that well-
designed localization algorithms based on the MLE approach this bound under ideal
conditions [7, 39, 40]. However, this optimal precision can only be achieved when
the assumed image formation model accurately describes the measured data. Model
mismatches, resulting from depth-dependent aberrations caused by refractive-index
mismatches, may therefore lead to localization precision that deviates from the CRLB
[41] as the regularity conditions imposed on the likelihood between the model and
data are violated.
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Appendix C Partial derivatives of py

In Subsection 3, the CRLB is calculated from the image formation model described in
Equation 1. The PSF model in the image formation model is given by the cubic spline
model described in Equation 12. Substituting the PSF model into expression for the
image formation model yields:

3 3 3 m n °
(=02~ 1 \" (=0~ t;\" (0~
= 0N Z Z ZAz‘,j,k,m,mo ( At Ayt ’ Au oo
m=0n=0 o=0
(C22)

The partial derivatives of uj, with respect to each emitter parameter in 0 =
(973 0, 0, On 9;,) are as follows [28]:

Partial derivative w.r.t 6,
2 3 3

%_ (m+1) o (x—0,) —t; " (y_ay)_tj " 0. — up ¢
20, ~ N 2. 2.2 Ar Avikmno At At Au

m=0n=0 o=0

(C23)

Partial derivative w.r.t 6,

3 2 3

Our (n+1) , (x—0) =t \" ((y—0,) —t;\" [0, — uy

m=0n=0 o=0

(C24)

Partial derivative w.r.t 0,

Ope _ . (€ —0z) —t:\" ((y=0y) —t;\" (0= —
a0, =N 2 20 TRy Awikmano ( At At Au

(C25)

Partial derivative w.r.t Opn

Opr LR (2 —0.) —t: \" ((y—0,) —t;\" (0. —up\°
% = Z Z ZAz,J,k,m,n,o At At Au

m=0 n=0 0=0

Partial derivative w.r.t 6,
Ok
— =1 c27
26, (C27)
These partial derivatives represent the terms in the expression for the FIM in
Equation B21. The diagonal elements of the inverse of the FIM yields the Cramér-Rao
lower bound to the localization precision for each emitter parameter.
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Appendix D Evaluation of localization on
experimental bead data

In this section, we describe how the localization errors of each cspline model in
Section 4 were computed for the experimental bead data. Since the true lateral bead
position is not known exactly in the experimental dataset, the lateral and axial errors
were evaluated differently.

For the axial direction, the localization error was computed as the difference
between the fitted axial position and the known axial stage position of each slice in
the bead stack:

e:(z) = 2(z) — 2a7(2), (D28)

where 2(z) denotes the fitted axial position and zgT(z) denotes the ground-truth

axial position, taken from the stage position of the corresponding slice. Here, z indexes
the axial slices in the bead stack.

For the lateral directions, the absolute ground-truth position are not available.
Therefore, following Liu et al. [30], the fitted lateral positions were centered by sub-
tracting their median value over the full axial stack. The lateral errors were defined
as

es(2) = #(z) — median (2(z)), ey(z) = §(2) — median (§(z)). (D29)

z z

Here, Z(z) and ¢(z) are the fitted lateral positions obtained by applying MLE to
each image slice in the axial bead stack.
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Appendix E Supplementary Figures
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Fig. E2 Localization precision and Cramér-Rao lower bound (CRLB) in fitted z, y and z position for
a cspline model calibrated at the coverslip as a function of increasing photon count. The fitted images
were simulated with increasing photon counts and a fixed background photon count of 5 photons
per pixel. The magnitude of astigmatic aberration was Z22 = 80 (rms amplitude). The precision is
evaluated across 100 realizations for its fitted results for z = 0. These plots show that the cspline
model reaches the theoretical limit on the uncertainty for a photon count above 4 x 10?2 in estimating
the x-position. When fitting the y-position, the theoretical limit for the uncertainty is reached at a
photon count above ~4 x 102 and for the z-position this is approximately for a photon count of 1 x 103
onwards.
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Fig. E3 The x?2 values of the fit for a cspline model calibrated at the coverslip to simulated images
with increasing photon count at the coverslip. 100 realizations of 27 x 27 pixels single-molecule images
were simulated across an axial range of z € [—600, 600] nm with a step size of 10 nm. The expected
x?2 is equal to the number of statistical independent measures K = 27 x 27 x 121 = 8.8 x 10%. For a
photon count > 103, the mean x2 values start to deviate from the expected x? value.
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E.1 Interpolation and nearest depth evaluation at 4 pm
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Fig. E4 Effect of interpolation distance ¢ on localization performance at an evaluation depth of 4 pm
(evaluated range z € [—600,600] nm). The chosen values are § € [100, 200, 400, 600, 800, 1000, 1500].
(Top) Localization bias in z, y, and z for different §. Shaded areas in the plot indicate the standard
deviation of the calculated z biases (Middle) Localization precision in z, y, and z. The dotted black
curve represents the CRLB obtained from a cspline model calibrated directly at 4 pm. (Bottom)
Mean estimated axial position as a function of the z-position from the focal plane (with zoomed view
of the black box). Shaded areas indicate the standard deviation of the calculated mean estimated

z-positions.
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Fig. E5 Localization performance at an evaluation depth of 4 pm for cspline models calibrated at
increasing nearest depths from the evaluation depth d — ¢ (evaluated range z € [—600,600] nm).
(Top) Localization bias in z, y, and z for different §. Shaded areas in the plot indicate the standard
deviation of the calculated z biases. (Middle) Localization precision in z, y, and z. The dotted black
curve represents the CRLB obtained from a cspline model calibrated directly at 4 pym. (Bottom)
Mean estimated axial position as a function of the z-position from the focal plane (with zoomed view
of the black box). Shaded areas indicate the standard deviation of the calculated mean estimated

z-positions.
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Fig. E6 Localization performance at an evaluation depth of 4 pm for cspline models calibrated at
increasing nearest depths from the evaluation depth d + ¢ (evaluated range z € [—600,600] nm).
(Top) Localization bias in z, y, and z for different §. Shaded areas in the plot indicate the standard
deviation of the calculated z biases (Middle) Localization precision in z, y, and z. The dotted black
curve represents the CRLB obtained from a cspline model calibrated directly at 4 pm. (Bottom)
Mean estimated axial position as a function of the z-position from the focal plane (with zoomed view
of the black box). Shaded areas indicate the standard deviation of the calculated mean estimated

z-positions.
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Table E1 Optical and imaging parameters used in the
simulated experiment at an imaging depth of 4 um above
the coverslip. The parameters are adapted from Li et

al. [16].
Parameter Value
Wavelength A 680 nm
Numerical aperture (NA) 1.43
Refractive index medium nyeq 1.33
Refractive index coverslip ncov 1.52
Refractive index immersion oil njpmm  1.51
Pixel size 100 nm
ROI size 27 X 27 pixels
Emitter photon count 20000 photons
Background count 5 photons/pixel
Focal plane depth in water (FWD) 120000 nm
Pupil sampling (Npupit) 52
Imaging depth 4000 nm
Evaluation range in z [—600, 600] nm
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Fig. E7 Zernike aberration coefficients used in the simulated experiment. The magnitudes and
modes were chosen based on the fitted Zernike aberrations of a bead from an experimental dataset
acquired by the Ries Group at the European Molecular Biology Laboratory (EMBL) also used by Li
et al. [16]. The coefficients are expressed in nanometers of wavefront optical path difference and, due
to the normalization applied in the VectorialPSF implementation by van Velde [24], correspond to
rms-normalized Zernike coefficients.
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E.2 Interpolation and nearest depth evaluation at 6 pm
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Fig. E8 Effect of interpolation distance ¢ on localization performance at an evaluation depth of 6 pm
(evaluated range z € [—600,600] nm). The chosen values are § € [100, 200, 400, 600, 800, 1000, 1500].
(Top) Localization bias in z, y, and z for different §. Shaded areas in the plot indicate the standard
deviation of the calculated z biases (Middle) Localization precision in z, y, and z. The dotted black
curve represents the CRLB obtained from a cspline model calibrated directly at 6 pm. (Bottom)
Mean estimated axial position as a function of the z-position from the focal plane (with zoomed view
of the black box). Shaded areas indicate the standard deviation of the calculated mean estimated
z-positions.
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Fig. E9 Localization performance at an evaluation depth of 6 pm for cspline models calibrated at
increasing nearest depths from the evaluation depth d — ¢ (evaluated range z € [—600,600] nm).
(Top) Localization bias in z, y, and z for different §. Shaded areas in the plot indicate the standard
deviation of the calculated z biases (Middle) Localization precision in z, y, and z. The dotted black
curve represents the CRLB obtained from a cspline model calibrated directly at 6 pm. (Bottom)
Mean estimated axial position as a function of the z-position from the focal plane (with zoomed view
of the black box). Shaded areas indicate the standard deviation of the calculated mean estimated
z-positions.
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Fig. E10 Localization performance at an evaluation depth of 6 pum for cspline models calibrated
at increasing nearest depths from the evaluation depth d + ¢ (evaluated range z € [—600,600] nm).
(Top) Localization bias in z, y, and z for different §. Shaded areas in the plot indicate the standard
deviation of the calculated z biases (Middle) Localization precision in , y, and z. The dotted black
curve represents the CRLB obtained from a cspline model calibrated directly at 6 pm. (Bottom)
Mean estimated axial position as a function of the z-position from the focal plane (with zoomed view
of the black box). Shaded areas indicate the standard deviation of the calculated mean estimated
z-positions.
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Fig. E11 Mean localization precision and absolute bias in x, y, and z as a function of the calibration
depth offset relative to the evaluation depth of 6 um. Three models are plotted alongside each other,
the cspline model calibrated at the interpolated depth with interpolation distance §, and the cspline
models calibrated at the nearest depths at 6 pm £4. Lines denote the mean and shaded areas denote
the standard deviation of the bias and precision across the evaluated z-range. When the interpolation
distance ¢ and subsequently the distance for the nearest-depth calibration to the evaluation depth,
increases localization precision remains largely unaffected. However, for § > 200, the mean absolute
axial bias of the interpolated model is superior to the nearest-depth models by at least 2 fold. Similar
to imaging at 4 um above the coverslip, now at § > 1000 the interpolated approach starts to gradually

degrade.
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Table E2 Optical and imaging parameters used in the
simulated experiment at an imaging depgh of 6 pm.

Parameter Value
Wavelength A 680 nm
Numerical aperture (NA) 1.43

Refractive index medium npyeq 1.33

Refractive index coverslip ncov 1.52

Refractive index immersion oil nimm 1.51

Pixel size 100 nm

ROI size 27 x 27 pixels
Emitter photon count 20000 photons
Background count 5 photons/pixel
Focal plane depth in water (FWD) 120000 nm
Pupil sampling (Npupit) 52

Imaging depth 6000 nm
Evaluation range in z [—600, 600] nm
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Appendix F Localization results of the evaluated
experimentally acquired bead data
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Fig. F12 Boxplots of the axial localization error zg; — ztrue for the first subset of experimentally
evaluated bead cases. For each case, the distributions are shown for the coverslip, nearest-depth, and
interpolated calibrations. Each boxplot is constructed from the axial localization errors over all fitted
axial frames and repeated realizations for each case. The central line indicates the median, the box
spans the interquartile range (IQR), and the whiskers indicate the range of the non-outlier data, with
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Fig. F13 Boxplots of the axial localization error zgy — ztrue for the remaining experimentally eval-
uated bead cases. For each case, the distributions are shown for the coverslip, nearest-depth, and
interpolated calibrations. Each boxplot is constructed from the pooled axial localization errors over
all axial fitted frames and repeated realizations for each case. The central line indicates the median,
the box spans the interquartile range (IQR), and the whiskers indicate the range of the non-outlier
data, with outliers omitted. The red dashed horizontal line marks zero error.
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Appendix G Peak detection algorithm

To detect valid calibration beads in the experimental dataset, we used the local-
maximum detection procedure described by Huang et al. [31]. Detection was performed
on a two-dimensional maximum-intensity projection (MIP) of each experimental bead
stack along the axial (z) dimension, after camera offset correction. Since the cam-
era conversion factor from ADU to photons was not available in the metadata, all
detection steps were performed on offset-corrected ADU values.

Let I denote the MIP image. First, a bandpass-like filtered image A; was computed
as the difference between two uniformly smoothed versions of I:

A; = uniform (I, 20pgr + 1) — uniform (I, 2(20psr + 1)), (G30)
where uniform(7, q) denotes a uniform filter with a square kernel of size ¢ X g,
replacing each pixel value by the average intensity within the corresponding neigh-
bourhood. The filter sizes were chosen based on an estimated lateral PSF width of
opsr = 1.5 pixels.
Next, a second filtering step was applied by computing a maximum filter image
As from A; as follows:

Ay = maxfilter(Ay, q), (G31)

where maxfilter(1, q) assigns to each pixel the maximum value within a ¢ x ¢
neighbourhood. The kernel size was chosen as

q = odd(50psF) , (G32)

where odd(-) denotes rounding to the nearest odd integer, ensuring that the filter-
ing kernel is symmetric and centered around each pixel. For opgr = 1.5 pixels, this
becomes ¢ = 9.

A binary local-maximum mask A3 was then obtained by comparing A; and As
pixelwise in the following manner:

17 Al(x7y) :A2(m7y)7
0, otherwise.

As(z,y) = { (G33)

This Az step identifies pixels that are local maxima in the filtered image A;.
Candidate bead positions were selected from this mask by additionally requiring:

Al (J}, y) > T7 (G34)
where the detection threshold was chosen adaptively as:

T =pa, +2504,, (G35)

with g4, and o4, denoting the mean and standard deviation of A;, respectively.
This step removes low-intensity local maxima, retaining only peaks that are sufficiently
bright to correspond to candidate beads. After this detection step, the candidate
peaks were further filtered. Peaks were discarded if a square ROI of size 27 x 27
pixels centered at the peak would intersect the image boundary. Second, peaks were
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discarded if their center lay within 27 pixels of an already accepted peak, in order to
retain only well-isolated beads for calibration.
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Appendix H Processed beads

Table H3 Overview of the evaluated experimental cases,
including the target evaluation depth, the interpolation depths
used for reconstruction, and the corresponding nearest-depth
distance 9.

Bead deval (nm) Interpolated depths d; (nm) § (nm)

1 2883 1381, 2225, 3467, 4025 584
2 2915 1970, 2375, 3465, 3817 540
3 3313 1305, 2667, 4448, 4816 646
4 3313 1305, 2410, 4448, 4816 903
5 3428 1305, 2667, 4448, 4816 761
6 3428 1305, 2410, 4448, 4816 1018
7 3596 3284, 3400, 3889, 4523 195
8 3817 3376, 3465, 3953, 5080 136
9 3889 2159, 3657, 4036, 4429 147
10 3928 2419, 3794, 4467, 4608 134
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Appendix I Depth assignment
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Fig. I14 Depth assignment procedure for an experimental bead. The fitted axial coordinate zg¢ is
plotted as a function of stage position. The bead stack was acquired at axial stage positions ranging
approximately from z € [64,70] um. The cspline model used to fit this stack was provided by the
experimental dataset. The axial range spans 6 pm, and the calibration spans a range of z € [—650, 640]
nm. As such, this model is mismatched to most of the data it is fitting to. Consequently, mutiple
sign changes are present, and large jumps in the fitted z-values are present. This is due to the fitting
procedure being a nonlinear optimization scheme with multiple local minima per axial position.
Therefore, the longest continuous interval is detected first, before estimating the nominal focal position
by interpolation around the zero crossing. For this simulated bead, zg; = —9.68 nm at a stage position
of 68525 nm, whereas zg; = 0.67 nm at 68545 nm. Linear interpolation between these two values
yields a nominal focal position of zg = 68543 nm for this bead.

55



Conclusion

In this chapter, the thesis is summarized and recommendations for future work are provided.
The goal of this thesis was to investigate whether interpolation through calibration stacks can
yield an accurate calibration for a cspline model at arbitrary imaging depths.

5.1 Summary

In three-dimensional single-molecule localization microscopy (SMLM), the position of a single-
molecule emitter relies on fitting a model of the Point Spread Function (PSF) to the single-
molecule images. When modeling the PSF with cubic splines, conventional approaches cali-
brate the model using bead data acquired at the coverslip and assume that this PSF represen-
tation remains valid at larger imaging depths. However, refractive index mismatches among
the immersion, coverslip, and sample-mounting medium introduce depth-dependent spherical
aberrations, causing the PSF shape to vary with imaging depth. As a result, performing
localization with a coverslip-calibrated model at greater depths leads to model mismatch,
compromising the achieved localization bias and precision.

In this thesis, we investigated whether interpolation between calibration stacks acquired
at different depths can be used to obtain accurate cspline models at arbitrary depths. We
propose a depth-dependent calibration approach based on Catmull-Rom spline interpolation.
By interpolating between calibration stacks and evaluating the interpolation at a desired
depth, an interpolated calibration is obtained, which can subsequently be used to calibrate
a cspline model. This method yields an accurate PSF model at any depth, between those
present in the calibration.

Our simulated results show that a coverslip-calibrated cspline model fails to accurately
represent the PSF at large imaging depths. At an imaging depth of 5 pum, this resulted in a
mean absolute axial bias of 294 nm. In contrast, the proposed interpolation-based calibration
substantially improved localization performance, reducing the axial bias by 99% to 1.8 nm
and improving lateral localization precision by more than 60%. Furthermore, the achieved
precision closely followed the CRLB, with differences of no more than 2.3 nm, 2.2 nm, and
11.6 nm in z, y, and z, respectively.

We further investigated the effect of the distance between the evaluation depth and the
nearest available calibration stack. The results showed that interpolation provides stable
localization precision across a wide range of distances, while still significantly reducing axial
bias as this distance increases. When a calibration stack is available within approximately
100—-200 nm of the evaluation depth, nearest-depth calibration provides comparable or better
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88 Conclusion

performance. For larger offsets, interpolation consistently yields lower axial bias.

The proposed method was also validated on experimentally acquired bead data. Interpo-
lation reduced axial bias by up to 80% compared to coverslip calibration while maintaining
consistent localization precision. In most evaluated cases, interpolation also outperformed
nearest-depth calibration. However, in a small number of cases, nearest-depth calibration
yielded slightly lower bias. These deviations from the simulated results were associated with
non-uniform and asymmetric distributions of the available calibration depths, indicating that
interpolation performance depends not only on the distance to nearby calibration data, but
also on the overall distribution of calibration stacks.

These results provide a practical guideline for calibration in 3D SMLM. When a calibration
stack is available within approximately 100-200 nm of the evaluation depth, nearest-depth
calibration is sufficient. For larger offsets, interpolation should be preferred. For optimal
performance, calibration stacks should be acquired densely in depth and distributed as uni-
formly as possible around the imaging region of interest. Under these conditions, interpolation
enables accurate and robust localization across extended imaging depths without requiring
additional hardware modifications.

5.2 Limitations and recommendations for future work

The proposed method performs interpolation directly on experimentally acquired calibration
stacks. As a result, the interpolated calibration includes not only the PSF shape, but also
background fluorescence signal and Poisson photon shot noise. In this work, these effects were
minimized by using high signal-to-noise ratio (SNR) calibration data, with photon counts on
the order of 10* in simulations and 10° in the experimental data, such that the PSF structure
dominates the observed signal. However, future work could explore the alternative approach
by interpolating processed PSF representations rather than raw calibration stacks. By devel-
oping a preprocessing pipeline that includes background subtraction, intensity normalization,
and smoothening similar to that of Li et al. [41], the microscope’s PSF can be isolated for
interpolation. This may improve the robustness of the method, particularly in the case for
lower SNR calibration data.

Furthermore, the current Catmull-Rom formulation provides C'-continuity, which may
limit smoothness compared to higher-order spline formulations. Future work could aim to
incorporate C2-continuity by employing alternative interpolation schemes such as the quintic
Catmull-Rom spline [39].

Lastly, while the method was validated on simulated data and experimentally acquired
bead stacks, future work could focus on validating the method on SMLM data.

These limitations and recommendations reflect the trade-offs between practical applicabil-
ity and model accuracy in the proposed approach. While the method provides a hardware-
free strategy to address depth-dependent PSF mismatch in 3D single-molecule localization
microscopy, several opportunities for improvement remain. Future research should focus
on developing interpolation schemes with higher-order continuity, reducing the influence of
background and noise through preprocessing of calibration data, and designing an automated
calibration pipeline that extracts well-distributed calibration subsets from a deep and densely
distributed bead stack. Such developments would further improve the applicability of our
proposed depth-dependent calibration method.
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List of Acronyms

EM-CCD
sCOMS
LM
CRLB
PSF

OTF

AO

MLE
ROI
cspline
NA
SMLM
PALM
STORM
dSTORM
PAINT
FIM
SNR

electron-multiplying charge-coupled device
scientific complementary metal-oxide semiconductor
Levenberg-Marquardt

Cramer-Rao lower bound

Point Spread Function

optical transfer function

Adaptive Optics

maximum likelihood estimation

region of interest

cubic spline

numerical aperture

single-molecule localization microscopy
photoactivated localization microscopy

stochastic optical reconstruction microscopy

direct stochastic optical reconstruction microscopy
point accumulation in nanoscale topography
Fischer information matrix

signal-to-noise ratio
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