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ABSTRACT ARTICLE HISTORY
Graph-based semi-supervised learning (G-SSL) methods play Received 16 October 2018
an increasingly important role in machine learning systems. ~ Accepted 9 September 2019

Recently, latent low-rank representation (LatLRR) graph has

X . . KEYWORDS
gained great success in subspace clustering. However, LatLRR

Subspace segmentation;

only considers the global structure, while the local geometric low-rank representation;
information, which is often important to many real applica- graph regularization; image
tions, is ignored. In this paper, we propose a locality regular- clustering

ized LatLRR model (LR-LatLRR) for semi-supervised subspace
clustering problems. This model incorporates two regulariza-
R : . . SUBJECT
tion terms into LatLRR by taking the local structure of data into CLASSIFICATIONS
account. Then, we develop an efficient splitting algorithm for 90C25: 90C90: 62H30
solving LR-LatLRR. In addition, we also prove the global con-
vergence of the proposed algorithm. Furthermore, we extend
the LR-LatLRR model to a case of including the non-negative
constraint. Finally, we conduct experiments on a synthetic
data and several real data sets for the semi-supervised cluster-
ing problems. Experimental results show that our method can
obtain high classification accuracy and outperforms several
state-of-the-art G-SSL methods.

2010 MATHEMATICS

1. Introduction

Semi-supervised learning (SSL) [1] has recently received considerable attention
on computer vision and machine learning. It utilizes limited labelled data and
sufficient unlabelled data to obtain the subspace. Over the past decades, many
SSL methods or models have been proposed, such as self-training [2], co-training
[3], semi-supervised support vector machines [4,5], graph-based methods [6-9].
Among the current SSL methods, graph-based SSL (G-SSL) methods are par-
ticularly appealing because of their empirical success as well as computational
efficiency. The essence of G-SSL methods is to construct a good graph that can
capture the essential data structure.
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According to Wright et al. [10], an informative graph should have three charac-
teristics: high discriminating power, low sparsity, and adaptive neighbourhood.
Inspired by this, many methods have been proposed to construct discrimina-
tive graphs. Yan and Wang [11] proposed an ¢; graph via sparse representation
(SR) [10] by solving an £; optimization problem. Based on the ¢; graph, vari-
ous works were done to construct sparse graphs for many image applications.
Although the ¢; graph is sparse, these methods may be ineffective in capturing
the global structures of data. This drawback can greatly reduce the performance
when data are grossly corrupted. To capture the global structure of the whole
data, Liu et al. [12] proposed the low-rank representation (LRR) method for
subspace clustering. The target of LRR aims at finding the low-rank represen-
tation among all samples. For some applications, data are taken from physical
measurements which must be non-negative. Motivated by this, Zhuang et al. [9]
proposed a non-negative low-rank and sparse graph for SSL by enforcing the
representation to be non-negative. Furthermore, many works [13,14] have also
shown that the non-negative constraint is particularly useful in data representa-
tion and handling image data. However, the standard LRR does not consider the
case of insufficient samples and extremely noisy data. To solve this issue, Liu and
Yan [15] further proposed a latent low-rank representation (LatLRR) approach,
which is an enhanced version of LRR. But it should be noted that both LRR and
LatLRR do not consider the local geometric information of data samples. From
this point of view, Fei et al. [16] proposed a low-rank representation with adaptive
distance penalty (LRRADP) for semi-supervised subspace clustering. By embed-
ding the adaptive distance penalty into the LRR, LRRADP can better preserve
the local neighbour relationship of data. Moreover, Li et al. [17] proposed a uni-
fied optimization framework of semi-supervised method, termed as Self-Taught
Semi-Supervised Learning (STSSL), which learns both the affinity matrix and the
unknown labels simultaneously.

Recently, many studies [18,19] have shown that the local structure is very
important for data clustering [20] and classification [21,22]. For example, Yin
etal. [23] proposed a Non-negative Sparse Laplacian regularized LRR (NSLLRR)
model for data representation by adding a Laplacian regularization term to LRR.
However, many graph-based methods only enforce the nearby points have simi-
lar representation coeflicients. Both the pair-wise distance and label information
were ignored in graph construction. In particular, many problems in subspace
clustering can be formulated as linearly constrained separable convex programs.
A variety of methods have been proposed in the past to solve separable con-
vex programs. For example, He and Yuan [24] proposed a linearized alternating
direction method (LADM) with Gaussian back substitution to solve a convex
model with linear constraints and a general separable objective function. Liu
et al. [25] proposed LADM with parallel splitting and adaptive penalty for solv-
ing multi-block separable convex programs efficiently. Moreover, they established
the convergence rate for their proposed method, respectively. Most recently,
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He et al. [26] proposed a splitting method for solving a general separable con-
vex minimization problem. And they also established the global convergence
and a worst-case convergence rate for the splitting method. However, the split-
ting method requires that each resulting subproblem could easily enough have
closed-form solution.

Motivated by the above works, we propose a locality regularized latent low-
rank representation (LR-LatLRR) for the semi-supervised subspace clustering
problems. The model combines LatLRR with the local geometric information
of data to improve the clustering performance. Specifically, we incorporate two
regularization terms into LatLRR by taking two reasonable assumptions into
account. Besides, LR-LatLRR copes with the case that the observation data are
corrupted by both impulsive and Gaussian noise. Then, we develop an efhi-
cient algorithm for solving LR-LatLRR. In addition, we also prove the global
convergence of the proposed algorithm. Furthermore, we extend LR-LatLRR to
a non-negative model which includes the non-negative constraint. Finally, the
proposed algorithm is applied to the semi-supervised clustering problems on
a synthetic data and several real data sets. Experimental results show that our
method can obtain high classification accuracy and greatly outperforms several
state-of-the-art G-SSL methods.

The paper is organized as follows. In Section 2, we first give a brief review
of the related works and provide some preliminaries that are used in the latter
analysis. Section 3 is dedicated to proposing the locality regularized latent low-
rank representation (LR-LatLRR ) for the semi-supervised subspace clustering
problems. In Section 4, the global convergence of the proposed method is estab-
lished. Section 5 presents experiments that evaluate our method with a synthetic
data and several real datasets. Lastly, we end with some concluding remarks in
Section 6.

2. Related works

Before introducing the proposed model, we first review some well-known nota-
tions and results that are used in the latter analysis. Since our framework is based
on low-rank representation, we also briefly review LRR and LatLRR.

2.1. Notations

For any matrix X € R"*", the nuclear norm || X|| is defined as the sum of all
singular values of X. The spectral norm | X]|| is defined as the largest singular
value of matrix X. The /; norm and the Frobenius norm are respectively defined

as [IXIly = D1, Do Xl IXNle = /2 imy Z’;IXI-ZJ-, where Xj; is the (i, j)-th
component of X. For any vector x, we denote diag(x) as a diagonal matrix which
possesses the components of x on its diagonal. Let diag(A, B, C,...) denote a
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block-diagonal matrix, where A, B, C ... are matrices. For any two matrices X,
Y € R™*" wedefine (X,Y) = Tr(XT Y), where Tr stands for the trace of a matrix.

Lemma 2.1 ([27]): For u > 0and T € R™*", the minimizer of

: 1 2
min - u|Slly + 3118 = Tl
SeRan

is given by S, (T) € R™™", which is defined componentwise by [S,(T)]; =
max{| Tj;| — w, 0} - sign(Tjj), where sign(-) is the sign function.

Lemma 2.2 ([28]): Given T € R™*" of rank r, let T = UTETV¥ and X =
diag(oy,...,0r) be the singular value decomposition of T, where Ur € R™*7,
Y71 € R™", and VT € R"". For each i > 0, the solution of the following problem:
min [ X|« + 31X = TlF
XeRmxn
is given by D, (T) := UrE43 Vi € R™", where T} = diag({o; — u}*) € R™"
and {-}7 = max(0, ).

2.2. Low-rank representation: an overview

Low-rank representation [12] was proposed to segment data drawn from a mix-
ture of several low dimensional subspaces. Given a corrupted training data matrix
X =[X1,...,X,] € R™*" drawn from a union of s subspaces {S;};_,. Each sam-
ple X; is drawn from a low dimensional subspace Si. LRR seeks the lowest rank
representation Z that represent all vectors as the linear combination of the data
themselves. The LRR model in [12] can be formulated as

(P1) rgiEn I1Zll« +AlElle st.X =XZ+E,

where X € R"*" is the given data matrix. Z € R"*" is a low-rank representa-
tion of data X. E € R™*" is the observation noise. A > 0 is a positive weighting
parameter and | - ||, indicates a certain regularization strategy, such as the [;
norm.

However, the standard LRR model (P1) does not consider the case of insuf-
ficient samples and extremely noisy data in its formula. To overcome this
drawback, Liu and Yan [15] proposed the following LatLRR model:

(P2) min 1 Zllx + Ll + AElle - st.X = XZ+LX +E.

Obviously, both (P1) and (P2) are convex. Thus, a number of methods can be
derived for solving them, such as the singular value thresholding method [28],
proximal gradient method [29,30], and augmented Lagrange multiplier method
[31]. Note that both LRR and LatLRR do not consider the local geometric infor-
mation of data samples. However, many previous works [21,22] have shown that
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thelocal geometric information contributes to constructing a discriminative clas-
sifier. Thus, in the next section, we propose LR-LatLRR by considering the local
structure of data into LatLRR.

3. Locality regularized latent low-rank representation

In this section, we propose the locality regularized latent low-rank representa-
tion (LR-LatLRR) for the semi-supervised subspace clustering. We first formulate
LR-LatLRR as a regularized LatLRR problem. To solve this problem, we develop
an efficient algorithm. In addition, we also describe a non-negative extension of
LR-LatLRR.

3.1. Model formulation and optimality

As pointed out in [23], there are two explanations for the low-rank representation
matrix Z. Firstly, the i-th column of Z, i.e. Z;, as a ‘better’ representation of X;
such that the desired subspace structure is more prominent. Secondly, the ij-th
element of Z, i.e. Zj;, reflects the ‘similarity’ between the pair X; and X;. Motivated
by these two explanations, we begin with introducing two regularization terms
on Z by taking local properties of data into account.

In practice, it is reasonable to assume that if two data points X; and X; are close
in the samples space, their representations Z; and Z; in a new space are also close
to each other. To satisfy such assumption, a reasonable choice is to minimize the
following regularization term:

1 n
S 2 NZi— 25w = Tr(zQz"), (1)
ij=1

where Wij; denotes the weight of the edge between X; and X;. Q = D—W is
called as the graph Laplacian matrix. And D is a diagonal matrix whose entries
are given by D;; = Z?:l Wij. Such a regularization term has been shown effec-
tive in machine learning [23,32], also known as Laplacian regularizer. If X;
is among the K-nearest neighbours of X; or vice versa, then the samples X;
and X; are considered as neighbours. In this paper, we define the matrix W' as
Wij = exp (=1 X; — Xj||%/2) if X; and X; share the same label or if X; and X are
neighbours, and Wj; = 0 otherwise.

Furthermore, we also consider another local property that a sample and its
nearest neighbours usually belong to the same class. Therefore, the similarity
between X; and X should vary with the distance between each other.

To achieve this goal, we define a weight matrix H according to the pair-wise
distance and label information. In particular, let Hj; = 0 if X; and X; share the
same label or if X; and X; are neighbours, and Hj; = [|X; — Xj||2 otherwise. Based



1074 (&) RLIANGETAL.

on this weight matrix, in this paper, we impose the following regularizer on Z as

n
> HyZy = Tr(H' 2). (2)
ij=1

Consequently, when the data X; is far from the point X;, the weight H;; will be
assigned to a large value, which will force the term Z;; to be small (or zero). In
contrast, if X; and Xj share the same label or if X; and Xj are neighbours, the
regularization term H;;Z;; will be ignored.

In this paper, we aim at combining the advantages of term (1) and term (2).
Actually, regularization terms (1) and (2) are the second-order and the first-
order penalty on Z, respectively. Incorporating these two regularization terms
into LatLRR, the LR-LatLRR model can be formulated as follows:

. 14
(P3) min = f(E,F,L,Z) = | Z]l« + MLl + 221 EllL + () + EIIFII%
st. X=XZ+LX+E+F,

where g(Z) = (A3/2)Tr(ZQZY) + AyTr(H'Z). 1; > 0 (i = 1,...,4) are the reg-
ulation parameters, which are set empirically. The last term (y/2)||F||% is the
relaxation of the equality constraint X = XZ + LX + E. Indeed, this term copes
with the case that the observation data X may be corrupted by both the impul-
sive noise E and the Gaussian noise F. The parameter y is referred to as a
penalty parameter, which has a large value. In this paper, we set y = 10* for all
experiments. Obviously, (P3) is convex and the objective function is non-smooth.
The Lagrangian function of (P3) is defined as

L(E,F,L,Z,A) = f(E,F,L,Z) + (A, X — XZ —LX —E—F),

where A € R™*" is the Lagrange multiplier associated with the equality con-
straint in (P3). Obviously, (E*, F*,L*, Z*) € R™*" x R™*" x R™™ x R""isa
solution of (P3) if and only if there exists A* € R™*" such that
0 € 0| E*|l1 — A*, 0= yF" — A%, (3a)
0€ MA|IL |« — A*XT, 0 €0 Z*||x + Vg(Z*) — XTA*,
X*=XZ*+ L*X + E* + F*,
where 9(-) denotes the subgradient operator of a convex function and Vg(Z*) =
AMZ*Q + M4H.

3.2. Asplitting method for solving (P3)

In this subsection, we derive a splitting method for solving (P3) based on the
iteration scheme of the method in [26].
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The augmented Lagrangian function of (P3) is
L,(E.F.L.Z,A) = LE.F. L, Z, A) + gnxz FIX+E+F—X|%

where p > 0 is a penalty parameter for the violation of the equality constraint.
Recall that the splitting method in [26] was proposed for solving a general
separable convex minimization problem.

In detail, with the given (EF, Fk, Lk, 7k, AK), the method in [26] generates the
new iterate (EXT!, Fkt1 [kl 7k+1 Ak+1y yig the following scheme:

E1 — arg min L,(E, F*, LK, 7k, AF),
EeRmxn

A= AF— p(XZF 4+ IFX + B 4+ FF— X)),
Ak
.Y on K, A 2
Pl =arg min Z||F|2+ & F - [FF+ — >
g min > I1FIlE 5 | o e
k+1 Pn k AR\
L' =arg min Aq||L)l« + —|ILX — | L"X + — | I, (42)
LeRmxm 2 on

Ak
ZM = arg min ||Z|« + g(2) + @HXZ — (XZk + —) |2, (4b)
ZeRvn 2 o1

Ak+1 — Ak _ p(Fk+1 _ Fk) _ p(Lk+1 _ Lk)X _ ,OX(Zk+1 _ Zk)

It is obvious that the scheme is easily performed in sense that each subproblem is
exactly solved. However, we are no longer able to obtain the exact solutions L<*+1
and Zk*1, Besides, the efficiency of the scheme depends heavily on how to solve
the difficult subproblems (4a) and (4b). Hence, this motivates us to design an efhi-
cient algorithm for solving (P3). In particular, instead of solving (4a) and (4b)
exactly, we solve a respective approximate model at each time as long as the
overall convergence can be guaranteed.

Let H* = —(1/pn)A*X" be the gradient of 1|LX — (L¥X + (A¥/pn))||% at
current L. Then we have

. rn
L' ~arg min Ay||L|ls + pn(H" L — LK) + 2251 — Lk||12:
LeRmxm 2T

—arg min MLl + 2L — IF + cH)2
LeRmm 2

= D(Mr/pn)(Lk - THk)’

where 7 > 0 is a positive scalar which is important to the convergence of our
splitting method.

Similarly, in order to reformulate (4b), we next approximate (13/2) Tr(ZQZT)
and A4 Tr(H'Z) + (on/2)IIXZ — (XZ* + A¥/pn)||3. According to Lemma 2.1 in
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[33], (A3/2)Tr(ZQZ") is upper bounded by its proximal approximation:

As1Ql

A T
fTr(szZk )+ (haZ2kQ,z — ZF) + =z~ Al

where ||Q|| is the spectral norm of matrix Q. Since A4H — XTAFK is the gra-
dient of AyTr(H'Z) + (pn/2)|XZ — (XZk + (Ak/,on))||12; at current Z¥. Thus
MTr(H Z) + (pn/2)|XZ — (XZF + (A¥/pn)) |} can be approximated by

~

A* ~
M2 + ST+ G = XTRE Z = 29 4+ 2017 = 2495,

By replacing (13/2)Tr(ZQZ") and A4Tr(H'Z) + (pn/2)|IXZ — (XZ* + (A¥/
pi) |13 in (4), we have

ZM ~arg min || Z||s 4+ (A3Z¥Q + A4H — XTAK, Z — ZF)
ZeRan

Prn AsllQIl k2
220 Nz =7
(2‘17 2 | I

B . o koo Lok TRk (12
=arg min [[Z], + 2|12 - 2"+ ~(sZ°Q+ AH — XTADIE

5 (Zk A3ZKQ + Ay H — XTI\'k>
= 1/0— - b
o

where o = pn/t + A3]1Q|l.

Since it is nontrivial to choose an optimal fixed p, a dynamic p is preferred
in real application. In this paper, we propose the following adaptive updating
strategy for the penalty parameter p:

o if (7) is satisfied,

1 otherwise.

k+

PF = p* 4 ppaxp® where pf = { (5)

The condition to assign u* = 1o comes from the analysis on the stopping
criterion. In detail, the first stopping criterion is the feasibility

IX — XZFH — I x — P BRI IX ) < e (6)
Furthermore, based on the condition (3a) and the conditions in Lemma 4.1,

we conclude that pkn(FF1 — FK), pkp(L*1 — 1%) /7, and A3(ZFH — Z8Q —
ok (Zk1 — 7% should be small enough when (ERtY pht1 ki1 7k+1) converges
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to (E*, F*,L*, Z*). This leads to the second stopping criterion

max{p® /7IIF! — F¥|lg, pf /AIIL T = L¥| /7, (7)
k
P/t +2x3Qll
124 — ZK |16} < €.
V1

To sum up, instead of solving (4a), we generate the new iterate with adaptive
penalty p¥ via the following scheme:

Ak
EH =5, <X T E XZF — kX — Fk> , (8a)
AF = AR — pF(XZF + 1FX + EF 4 PR — X)), (8b)
4 FFH = (p* P + A% /(oFn + v), (8¢)
k k k
LY =Dy phny @F — THY), (8d)
1ZKQ + agH — XTAK
Zk+1 = Dl/Uk <Zk - O'k > (86)
Ak+1 — ]\k _ ,Ok(Fk+l _ Fk) _ ,Ok(Lk+1 _ Lk)X _ ka(Zk+l _ Zk)) (8f)

where H* = —(1/,0"77)A/’§kXT and 0% = pkn/T + 23] Q].
Now we are ready to describe our algorithm, named the Variant Splitting
Method or VSM, as in Algorithm 1.

Algorithm 1: VSM for solving the problem (P3)

Input Choose parameters €] = 10_4, €) = 10_5, n>01>0, pmax >0,
o = 2.1, the graph Laplacian matrix Q and the weight matrix H. Initial
EO=0,F"=0,1°=0,2° =0, multiplier vector A? =0, penalty
parameter p° = 0. Set the iteration counter k = 0.

Output  An approximate optimal solution (EXt1, FF1 [k+1) zk+1y of
problem (P3).

while (6) or (7) is not satisfied do

Step 1 generate the new iterate (E<+1, FK+1, [ht1) Zk+1 Ak+1) via (8);
Step 2 update the parameter p**! via (5), and k < k + 1.

return EXt1 Fk+1l [k+1anq zk+1.
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Remark 3.1: Note that the authors in [24,25] also proposed LADM for solv-
ing multi-block separable convex programs, respectively. However, they all only
linearized the quadratic penalty term in the subproblems. Then, they assumed
that the resulting subproblems become easy enough to have closed-form solu-
tions. However, since there exists A3/2Tr(ZQZ") and A4Tr(H' Z), only lineariz-
ing the quadratic term || XZ — (XZF + (A%/pn)) |2 does not obtain an easy sub-
problem. Hence, unlike the methods in [24,25], we need to further approximate
the resulting subproblem. Moreover, instead of using Gaussian back substitution
in [24], we prove the convergence without any correction step.

3.3. Non-negative extension

In many applications, data are taken from physical measurements which must
be non-negative. Furthermore, as pointed out in [9], non-negativity is more
consistent with the biological modelling of visual data [34,35], and lead to bet-
ter performance for data representation [35] and graph construction [34]. In
this case, we extend LR-LatLRR to a non-negative case by imposing the non-
negative constraint on the data representation. For simplicity, we call this model
as NLR-LatLRR hereafter.

(P4) min f(EFLZ) stX=XZ+LX+E+F, Z20.

It is straightforward to modify VSM for solving (P3) from (8). We just need an
extra positive projection after updating Z in (8e), i.e. Z*! = max{0, Z1}. We
skip this for conciseness.

4. Convergence analysis

This section is devoted to establishing the global convergence of Algorithm 1.
Before proving our main global convergence theorem, we first discuss several
important properties of the sequence generated by Algorithm 1.

Lemma 4.1: Let {(EX FK LK, ZK, AK,AK)} be the sequence generated by
Algorithm 1. Then the sequence satisfies

Ak e a9 HE"“ H1 AR = pky (F"Jrl _ F") — yFHL (92)

k
AkxT _ PN (Lk+1 _ Lk) € Ad HLk+1
T

; (9b)

*

33 ZKQ — agH + XTAK — o (zk*1 _ z") cd Hz"+1 H . %)
*

Proof: Thelemma can be easily verified by the optimality conditions of (8a), (8c),
(8d) and (8e). |
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Let pit = ARXT — (pkp/o) (L1 — LF) and let pht! = A5(ZF1 — Z5Q +
XTAk — gk(Zk+1 — ZK). Then (9b) and (9¢) imply pkJrl € AMo|ILF 1, and
p?rl € 3| ZFY|, + A3 ZFH1Q + A4H, respectively.

To simplify the notation, we denote, for any F, A € R™*", L € R"™*", Z ¢
RY" YV = {v:v=diag(F,L, Z,A)}, v* = diag(F*, L*, Z*, A™), k= dlag(Fk
Ik, Zk, AK), where F* = Fkt1 Tk = [k+1 7k — ZK+1 Let GF = diag(nI, (1/7)
Lns (0% /001, (1/(0%)?)I,), where I,,, denotes the identity matrix in R”*™.

Throughout this paper, we assume that the solution set of (3) is nonempty.
Thus V* = {v*, (E*, F*,L*, Z*, A*) is a solution of (3)} is also nonempty. With
the above notations, we have the following two lemmas, which are crucial to the
proof of the global convergence. For fluency, we move the proofs of both lemmas
to the Appendix.

Lemma4.2: Let (v} be generated by Algorithm 1 and let v* € V*. Then we obtain
the following inequality:

===
Gk+1 Gk
2 2
P o
_ ik <Zk+l _ Z*’pé-l-l _ XTA*> _ ik <Ek+1 _ E*,Kk _ A*>
P P

o e R G I
2 1 ~1 |12
-(ﬁ—3||X||2—k3'&) 70— 2~ L |k -7
T pktl F (pk) F
(10)
where the G-norm is defined as

v —mllg = (1 — v, G- (v — 1)), Yy, vy €. (11)

Lemma 4.3: Let {v¥} be generated by Algorithm 1 and let v* € V*. Then the
following claims hold:
Based on the assertions in Lemma (4.2) and (12), some properties of the

sequence { vk} can be immediately derived, and we summarize them in the
following lemma.
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Lemma 4.4: If n >3, 0 < 7 < 1/(|X|> + 0), p*' — pF > (A3)1Qll/(n/T =3
X112 — ¢)), where c is any positive number, and (E*, F*, L*, Z*, A*) is any KKT
point of (P3), then the following statements are true.

(1) |kt —v ”Gk+1 is non-increasing.
(2) limgsoo [IFF = FF1p =0, limg oo LK — LK 15 = 0,
limgs o0 125 — ZKFH|p = 0, limgoo(1/pF) AR — AF|lp = 0.

(3) 52, (1/pF) (B — EX, Ak — A%) < 00
See (1 pFY(FHFY — Fr y PR — A% < o0
SR (1 pF) (LR — L*,pﬁk“ A*XT) < oo,
2 (/M) (ZK — z%, pitt — XTA*) < oo

Proof: The assumptions 7 >3, 0 <1 < 1/(|X|>+¢), and prt! —pk >
A30Ql/(n/t = 3)1X|1? = ©)) imply that {p*} is increasing and n/t — 31X —
(A3]1QIl/ (P! — p%)) > ¢. Then all assertions can be easily deduced from
Lemma (4.2) and (12). [ |

In the following, we prove the global convergence for Algorithm 1.

Theorem 4.5: If n > 3,0 < 7 < (||X[? +¢), Y50, (1/p%) = 00, pf+1 — pk >
(A311Ql/(n/T — 3|IX|1? — ¢)), where c is any positive number, then the sequence
{(EK, FX, LK, Z¥)) generated by Algorithm 1 converges to an optimal solution to (P3).

Proof: The proof consists of the following two claims.

(1) Any clustering point of {(E*, Fk, L¥, Z%)} is an optimal solution to (P3).
(2) The sequence {(Ek, Fk Lk Zk)} converges to some (E*°, F>°, L°°, Z°°).

By the first assertion of Lemma 4.4, the sequence { (Fk, Lk, Z%)} is bounded
and hence has at least one accumulation point (F>°, L%, Z*°). Recall that (8b)
implies that EMl = X — xzk — [kx — Fk — (l/pk) (Kk — Ak). Then, by the
second assertion of Lemma 4.4 that limy_, o (1/0%) || AF — Kk“F = 0, we con-
clude that (E®°, F°°,L°°, Z°°) is a feasible solution of (P3), where E® := X —
XZ>® — L°°X — F*.

Since Y po(1/ pF) = 0o and according to the third assertion of Lemma 4.4,
there exists a subsequence {(E%, F%, LK, 7))} such that

(BN —E*, A1 — A%y >0, (FN—F* yF— A*) - 0,
(L5 — 1%, pY — AXTy 0, (76— 2z p —XTAY) > 0. (13)
Recall that
Al g 3,9 HEki

ki _
o Py € M1d HL"!

. pjen|zh
*

+ 23Z85Q + A4H.
*
14)
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The boundedness of {(EF,L¥,ZX)} implies that A2d|E*||;, A19]|IL*||4, and
3| ZF|l« + A3Z¥Q 4+ A4H are bounded. Without loss of generality, we may

. R ) ~7. ko ki
assume that (BN, F%, 1§, 7Y — (E®, F®, 1%, 7°), Ak — A%, (pLJ,pZ]> N
(pfo,p%o). It can be easily proven that A® € A,0(|E®||1, pp° € A19[IL%]4, p5° €
91 Z°%° ||« + A3Z°°Q + AyH.
Taking j — 0o in (13), we have
(L® —1%pP — A*XNy =0, (Z®° —Z"pF —X"A*)=0. (15)

On the other hand, (14) implies
< (BN — B RN 4 (P9 — F*,y F) 4 (L9 — L%, py)) + (25 — Z*.py)).
Using (15) for j — o0, it follows
= (E® — E*, A*) 4+ (F® — F*, A*) + (L™ — L*, XTA*)
(z® — z*, A*XT)
=((EX° —E)+FE®°-FY+L*® - LHX+X(Z*® - Z",A*") =0.

IA

+

Therefore, {(E%, F, L%, Z5)} converges to an optimal solution (E*, F*°, L%,
Z%°). Thus the first claim is proved.

Finally, we prove the second claim by taking v* as v™>° := diag(F*°, L>°, Z*°,
A®°) in Lemma 4.4, where A® is the corresponding Lagrange multiplier.
From (3a) and (9a), we have A® = yF® and AF = pFy(FFt! — F*) + y FFH1,
respectively. Hence, we obtain

2 2
S ] i I L &

Therefore F — F*® and limj_ o [|F¥ — F**!|p =0 in Lemma 4.4 imply
that (1/(p%)?)|AN — A®||2 — 0. Using limy_, oo (1/0%)|A¥ — AK|[p =0 in
Lemma 4.4, we easily obtain

~ 2 ~ 2
H A°°” HAk Al + HA"f _ AOOH 0. (16)
(02 (p"])2 F F
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According to the definition of G-norm (11), we can write

2 2 2
e P R e

A 2
L R (U
T P (pf)2 F
Because of (16) and {(FN,L%,Zk)} — (F®, L™, 7%), we arrive at |[v5 —

> ”ékj — 0. Then the first assertion of Lemma 4.4 gives that || pk — poe ||2Gk —

0. As a consequence, we have (FF, Lk, ZFy — (F>°, L, Z%°). Moreover, EFt! =
X — XZF — kX — Fk — (1/pF) (A% — AF)implieslimy_, oo E¥t! = X — X2 —
L®°X — F*° = E*°. To summarize, we have shown that the whole sequence
{(Ek, Fk Lk Zk)} converges to (E°°, F>°, L°°, Z°°), which is an optimal solution
point of (P3). This completes the proof. |

5. Numerical results

In this section, we evaluate the performance of the proposed LR-LatLRR based
methods, including LR-LatLRR and NLR-LatLRR, on the baseline data sets. Five
data sets are used, including two-moon toy data, COIL20 database, Extended
YaleB database, ORL database, and Isolet5 database. We compare our methods
with LRR [12], LatLRR [15], LRRADP [16], and NSLLRR [23]. Furthermore,
we also compare with the state-of-the-art unified framework of semi-supervised
methods, including NNSG [36] and STSSL [17].

For these state-of-the-art methods, we use the implementations provided by
their authors to construct the affinity graph. Based on the constructed affin-
ity graph, the Gaussian Field and Harmonic Function (GFHF) [8] is used to
propagate the class labels from labelled samples to unlabelled samples. For
each method, different numbers of regularization parameters need to be set
beforehand to balance different terms. Each parameter is selected from the
set {1072,1072,1071,10°,10', 10%,10%}. Then we select the best combination
of parameters for each method. For our method, we choose the parameters
in Algorithm 1 as follows: n = 3.01, ¢ = 0.1, T = 0.99/(|X[?> + ©), Pmax =
A30Qll/(n/t = 3|IX]1? = ¢)). The weight matrices Q and H are constructed with
K = 5 nearest neighbours. All experiments are performed with MATLAB 7.14
and run on a PC (3.20GHz, 8 GB RAM).

We gather data sets for our experiments.

(1) Two-moon toy data. Following the setting in [37,38], we generate a toy data
set that includes two classes, each of which follows a half moon pattern. In
each class, only three data points are selected as labelled set and the remain-
ing as unlabelled set. Figure 2(a) depicts the toy data set consisting of 556
points.
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Figure 1. Some examples of different data sets. (From top to bottom: COIL20 database, YaleB
database, and ORL database.)

(2) COIL20 object database. The COIL20 database! contains 1440 images of
20 objects and each object provides 72 images, which were captured from
varying angles at pose intervals of five degrees.

(3) Extended YaleB face database. The YaleB face database® consists of 2432
human face images of 38 subjects. Each subject contains about 64 images
taken under different illuminations. In our experiment, we only consider the
first 18 subjects.

(4) ORL face database. The ORL database® consists of 400 face images of 40
people. The images were taken at different times, with varying lighting, facial
expressions, and facial details.

(5) Isolet5 voice database. The Isolet5 database* consists of 26 alphabet voice
data from 30 subjects. Each subject spokes the name of each letter twice. In
other words, the Isolet5 contains 26 classes of voice data, each of which has
about 60 samples. Specially, we note that the data of ‘m’ is missing and it has
59 samples. In summary, the feature dimension is 617 and the number of
samples is 1559.

Some examples of data sets (2), (3), and (4) are shown in Figure 1. We resize all
images of data sets (2), (3), and (4) to 32 x 32 pixels. For all compared methods,
we use the same pre-proceeding procedure as in [16,36,39] to improve the com-
putational efficiency. Specifically, the feature dimensions are reduced by using
PCA to preserve 98% energy of data.

5.1. Classification accuracy

We first conduct the semi-supervised clustering experiments on COIL20, YaleB,
and ORL. For each data set, different numbers of images per subject are randomly
selected as labelled samples, where #Tr denotes the number of training samples
selected from each subject. And the remaining images are used as unlabelled sam-
ples. We compare our methods with LRR [12], LatLRR [15], LRRADP [16], and
NSLLRR [23]. Furthermore, we also compare with NNSG [36], which is a unified
framework of SSL method. The parameter values of different methods are shown
in Table 1. The other parameters are fixed to their default values. All experiments
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Table 1. Parameter values of different algorithms on different data sets.

LRR LatLRR NNSG LRRADP NSLLRR LR-LatLRR NLR-LatLRR
Database (1) () @i ) Gar) BN (adadsha) (koA k)
ColL20 0.1 (0.01) (1,0.1,0.1) (1,10) (0.1,10,1) (1,1,100,0.001) (1,1,1,10)
YaleB (10) (10) (10,0.01,0.1) (10,0.1) (1,0.1,10) (1,10,0.01,0.01) (1,1,0.1,0.1)
ORL (1) (0.1) (0.1,0.1,1) (1,0.1) (1,1,10) (100,1,1,0.001) (100,1,1,0.001)
Two-moon (1) (0.1) (1,0.1,1) (1,10) (1,1,1) (1,1,1,1000) (100,1,0.001,100)

Table 2. Classification performance on COIL20 database (mean classification accuracy% =+ stan-
dard deviation%).

#Tr LRR LatLRR NNSG LRRADP NSLLRR LR-LatLRR NLR-LatLRR
2 7093+ 137 7034+178 7240146 7596+289 69.71+£232 7853+152 89.59+1.17
3 7528+225 7275329 7510087 79.14+£270 74451202 81431240 89.49+ 1.11
4 77.10£221  7476+1.12 80.60+1.76 8240+130 7791+3.14 84.01+£191 90.81+£0.46
5 7839+ 144 7579£090 82.03+1.97 85.00+£157 79.16+2.04 86.10+=1.32 91.15£1.21
6 78.92+283 7711283 84.02+271 8523+216 8121190 86.26+2.23 91.91+0.94
7 81.03+£240 7885+£263 8631256 87.89+2.10 8238+255 89.05+265 93.49+1.08
8 82.08+ 154 79.55+143 88.06+£0.68 89.00+0.65 8338+0.77 89.47+£132 92.98+1.03

Table 3. Classification performance on Extended YaleB database (mean classification accuracy%
= standard deviation%).

#Tr LRR LatLRR NNSG LRRADP NSLLRR LR-LatLRR NLR-LatLRR

5 8238+ 156 8230150 71.92+266 75.65+285 63.30+1.62 81.84+185 75344249
7 85.71+£0.74 8571060 7466+143 79.68+£128 6591+224 87.14+:049 80.40+1.35
10  89.451+0.76 89.29+£0.69 7943+1.11 84491142 69.01£127 8973130 8541+1.55
13 91.67£134 9156132 8424+177 8822+140 7244+160 9253+090 89.38+1.17
16 9243+0.84 9246+0.85 8591150 89.65+1.23 74.28+0.65 93.10+£0.67 90.80+0.62

Table 4. Classification performance on ORL database (mean classification accuracy% = standard
deviation%).

#Tr LRR LatLRR NNSG LRRADP NSLLRR LR-LatLRR NLR-LatLRR
4 88.50£268 81.75+3.86 7558+3.62 90.83%£156 90424234 90.92+2.01 93.58+2.07
5 91.40+£230 87304251 84.00+1.97 93.80+£135 92904+2.04 93.30+2.25 95.50+1.32
6 9288+ 130 89.00+2.88 87.50+1.59 93.25£248 93.38+1.14 94.00+1.44 94.63+1.44
7 9433£160 92.00+1.73 90.67+£1.90 95.67+£137 9517+1.60 9583+1.02 97.00+ 0.46
8 96.00+£224 93.75£250 9225+1.05 96.25£198 96.25+0.88 96.50+1.63 96.75+ 1.43

are run five times and the mean classification accuracy and the standard devia-
tion are reported. The detailed results on COIL20, YaleB, and ORL are reported
in Tables 2, 3, and 4, respectively.

From the results shown in Tables 2- 4, we can conclude that LR-LatLRR based
methods, including LR-LatLRR and NLR-LatLRR methods, can achieve higher
classification accuracy than other methods in most cases. For example, Table 2
reports that NLR-LatLRR outperforms others by a large margin on the COIL20
database. This clearly demonstrates that the local structure information coded
in our regularization terms is helpful for semi-supervised subspace clustering.
Interestingly, we observe from Table 3 that the performance of NLR-LatLRR is
reduced on YaleB data set. This may be caused by the fact that the non-negative
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constraint weakens the ability of our method on this data set. Similarly, since
NNSG, LRRADP, and NSLLRR also consider the non-negative constraint, their
performances are also slightly reduced on YaleB data set. Moreover, compared
with LatLRR, LR-LatLRR obtains higher classification accuracies on these three
databases. This demonstrates that the local regularization terms embedded in
LR-LatLRR effectively improves the performance of LatLRR.

5.2. Experiment on a manifold example

In this subsection, we evaluate the clustering performance of our methods on the
two-moon data set, which lies on a manifold. Then, we visualize the clustering
results of our proposed LR-LatLRR based methods, including LR-LatLRR and
NLR-LatLRR. In particular, we compare LR-LatLRR based methods with several
state-of-the-art methods, including LRR [12], LatLRR [15], LRRADP [16], and
NSLLRR [23]. Furthermore, we also compare with two unified SSL methods, i.e.
NNSG [36] and STSSL [17]. For STSSL method, the parameter A is set to 1. For all
the other methods, the parameter values are shown in Table 1. The other param-
eters are fixed to their default values. In this test, the weight matrices Q and H are
constructed with K = 50 nearest neighbours. Figure 2 shows the classification
results of different methods on this toy.

Figure 2(h,i) demonstrates that even though the two-moon data are lying on
a manifold rather than subspaces, LR-LatLRR based methods are also able to
cluster this data set efficiently. From Figure 2(e,h,i), it is observed that LRRADP,
LR-LatLRR, and NLR-LatLRR, which consider the neighbour relationship among
samples, can better separate clusters. While other methods fail to distinguish the
two half moons and the clustering accuracy is only about 60 percent. This demon-
strates that considering the neighbour relationship is helpful for clustering on
this data set. Particularly, NLR-LatLRR yields the ideal clustering results with the
accuracy as high as 100%.

5.3. Extension to unsupervised clustering

Note that both LR-LatLRR and NLR-LatLRR are devoted to constructing the
affinity matrix Z. Therefore, it is easy to extend them for unsupervised clustering.
In this test, we evaluate the efficiency of our methods on unsupervised clustering
task. And we compare with the results of the methods LRR [12], LatLRR [15],
LRRADP [16], and NSLLRR [23]. Specifically, instead of using GFHE, a spec-
tral clustering algorithm [40] is performed to obtain the clustering accuracies for
unsupervised cases. We use the first N € {2,3,4,5,6,7,8} subject classes from
COIL20 data set for the unsupervised clustering. For our methods, the corre-
sponding weight matrix W is computed by Wj; = exp (—||X; — X ||% /2) if X; and
Xj are neighbours, and 0 otherwise. Another weight matrix H is given by H;; = 0
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Figure 2. Classification on the two-moon data: (a) Toy Data; (b) LRR (AC =56.56%); (c) LatLRR
(AC = 56.54%); (d) NNSG (AC = 65.09%); (e) LRRADP(AC = 96.90%); (f) NSLLRR(AC = 56.54%); (g)

STSSL(AC = 56.91%); (h) LR-LatLRR(AC = 92.73%); (i) NLR-LatLRR(AC = 100%).

Table 5. Clustering accuracy for unsupervised clustering on COIL20 database.

LRR LatLRR LRRADP NSLLRR LR-LatLRR NLR-LatLRR
») *) (A1,42) v, B, %) (A, A2, A3, A4) (A1, A2, A3, A4)
#N (1) (1) (1,1) (0.1,10,1) (1,1,100,0.01) (1,0.1,0.1,10)
2 95.14 94.44 100 95.14 100 100
3 96.30 96.30 100 97.22 100 100
4 97.57 97.57 100 97.57 98.26 100
5 96.67 69.17 100 98.06 98.89 100
6 52.31 52.08 75.46 73.38 82.87 98.38
7 58.13 58.13 88.29 58.73 77.98 98.61
8 63.37 63.19 71.01 46.70 79.17 98.09

Note: The top three rows report the choices of regularization parameters for all methods.

if X; and Xj are neighbours, and Hj; = [|X; — Xj||> otherwise. Table 5 reports the

results of applying different methods for unsupervised clustering.

From Table 5, we can see that NLR-LatLRR almost always achieves the highest
accuracy for all these test examples. In short, NLR-LatLRR outperforms other
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Figure 3. Performance of LR-LatLRR and NLR-LatLRR versus different parameters on ORL
database: (a) A1; (b) Ay; (€) A3; (d) Ag.

methods in terms of clustering accuracy. These results clearly show that our
methods are also quite efficient for solving unsupervised clustering problems.

5.4. Parameter sensitivity and ablation study

Both LR-LatLRR and NLR-LatLRR require four regularization parameters, e.g.
A1, A2, A3, and A4, to be set in advance. In this subsection, we study their influ-
ence on the clustering performance. We select ORL, COIL20, and Isolet5 as test
data sets. Indeed, ORL, COIL20, and Isolet5 are face data, object data, and voice
data, respectively. For each database, we only consider the first 10 subjects and
the number of labelled samples is five. We test the sensitivity by selecting each
parameter from {0,0.01,0.1,0.2,0.5,1, 2, 5, 10, 20} while keeping others fixed as
the values given in Table 1. The fixed values for Isolet5 database are (1, 1, 1, 10) for
both LR-LatLRR and NLR-LatLRR. Furthermore, we set a parameter to 0 as the
ablation study. For each setting, we run five times to record the average classifica-
tion accuracies. Figures 3, 4, and 5 display the average accuracies with varying
parameters on ORL, COIL20, and Isolet5, respectively.

As can be seen in Figures 3-5, there exists a wide range of values for each
parameter such that both LR-LatLRR and NLR-LatLRR give good performance.
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Figure 4. Performance of LR-LatLRR and NLR-LatLRR versus different parameters on COIL20
database: (a) A1; (b) Ay; (€) A3; (d) Ag.

In particular, Figure 3(b) shows that both LR-LatLRR and NLR-LatLRR achieve
higher accuracies with some values A, > 0 than with A, = 0. This indicates that
the presence of A, | E|l;improves clustering performance on the ORL database.
Similar results regarding Ay ||L||+, %Tr(ZQZT), and A4 Tr(H*Z) can be observed
from Figures 3(a), 4(c), and 5(d), respectively. On the other hand, as the results
demonstrate, these regularized terms may not be absolutely necessary in some
cases. However, both LR-LatLRR and NLR-LatLRR archive good performance
when the parameter is small. Overall, we can conclude that both LR-LatLRR and
NLR-LatLRR effectively incorporate different terms, each of which improves the
clustering quality.

Moreover, we further verify the benefits of using L in representing the data. In
detail, we analyse the difference between with constraint X = XZ+ LX 4 E and

with constraint X = XZ + E in our models. Therefore, we construct the following
two models:

. 4
(LR-LRR) - min [ Z]}, + A2l|Ell +g(2) + = IFI}

st. X=XZ+E+F,
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Figure 5. Performance of LR-LatLRR and NLR-LatLRR versus different parameters on Isolet5
database: (a) A1; (b) Aa; (€) A3; (d) Ag.

(NLR-LRR)  min  [1ZI]« + %2lElL +(2) + 2 IFI}

>17s.

st. X=XZ+E+4+F, Z=>0.

Then, it is straightforward to modify VSM for solving LR-LRR and NLR-LRR.
In this test, we generate an example on the COIL20 data set. Seven samples of
each subject are selected as labelled samples and the remaining samples are used
as unlabelled samples. Figure 6 illustrates the graph weight matrices produced by
LR-LRR, NLR-LRR, LR-LatLRR, and NLR-LatLRR. Specifically, the graph weight
matrix is given by (|Z| + |ZT])/2.

Figure 6 shows that the block-diagonal structure of the matrices learned
by nonnegative models (NLR-LRR and NLR-LatLRR) are clearer than those
learned by general models (LR-LRR and LR-LatLRR). Besides, Figure 6(a,c)
demonstrate that there are much fewer off-diagonal entries in the matrix learned
by LR-LatLRR than the matrix learned by LR-LRR. This means that using
X = XZ+ LX+E encodes strong discriminative information in the weight
matrix. Furthermore, the accuracies reported in Figure 6 indicate that the pres-
ence of L improves the clustering accuracy.
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Figure 6. Visualization of graph weight matrices produced by different models on COIL20
database: (a) LR-LRR (AC = 87.31%); (b) NLR-LRR (AC = 93.08%); (c) LR-LatLRR (AC = 89.54%); (d)
NLR-LatLRR (AC = 93.69%).

6. Conclusion

In this paper, we proposed a locality regularized LatLRR model (LR-LatLRR)
for the semi-supervised subspace clustering problems. This model incorporates
two regularization terms into LatLRR by taking the local structure of data into
account. Then, we developed a splitting algorithm for solving LR-LatLRR and
proved the global convergence of this algorithm. Furthermore, we extended LR-
LatLRR to a non-negative case for a large class of real-world applications. Finally,
the proposed method was applied to the semi-supervised clustering problems
on a synthetic data and several real data sets. Experimental results show that
our method can obtain high classification accuracy and outperforms several
state-of-the-art G-SSL methods.

Notes

1. http://www.cs.columbia.edu/CAVE/software/softlib/coil-20.php

2. http://www.cad.zju.edu.cn/home/dengcai/Data/FaceData.html

3. http://www.cl.cam.ac.uk/research/dtg/attarchive/facedatabase.html
4. http://archive.ics.uci.edu/ml/datasets/ISOLET
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Appendix

To prove Lemma 4.2, we shall first have the following lemma.

Lemma A.1: Let {vX} be generated by Algorithm 1 and let v* € V*. Then we have

ok (vk—s-l — ¥ Gk (Uk+1 _ vk)>

_<Fk+1 — P,y P A*> _ <Lk+1 _ L*’PIIi_H _ A*XT>

_ (Zk-H _ Z*,pl;rl _ XTA*> _ <Ek+1 _ E*,Kk _ A*)

k 2
4 | - FkHZ 30K ||X|| v - LkH 1 It AkHZ
2 2pk F
-5l =R,
2k
1 3IIQIIp"“ ki1 _ k|2 AslQI A = oy
e e e R
(A1)
Proof: Using the definitions of G* and v¥*!, we obtain
of (Ukﬂ — G (vk+1 _ vk>>
_ pkn<Fk+1 — P PR >+ (Lk+1 L Lk>
1
+ O_k (Zk+l _ Z*,Zk+l > 7 (Ak+1 _ Ak, Ak+1 _ A*> (A2)

P
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Next, we reformulate the first three terms in the right-hand side of (A2), respectively. It follows
from (9a) that p*n(FF+1 — FK)y = —y FK+1 4 AR which implies that

_ _<Fk+1 . F*,yFkH . A*> _ <Fk+1 — P A — T\k>. (A3)
By the definition of p§™! = —(pkn/T) (L1 — L¥) + AkXT and p§™! = —ok(Zk+! — ZF) +-

XTAK 4 2321 — ZKQ, we have (pFn/o)(LF! — LF) = ARXT — pf*t1 and ok (ZF! —
7k = XTAk + A (ZFH — ZhQ — p?'l. Therefore, we get

k
pn <Lk+1 LK IR Lk>
T
— <Lk+1 — ¥, phtt - A*XT> - (L"“ 1 AXT - T\kxT> (A4)
and
0k<Zk+1 A Zk> _ _(Zk+1 _ Z*’p?—l _XTA*>
+ <Zk+l _ Z*,)\.3(Zk+1 _ Zk)Q> _ <Zk+1 _ Z*,XTA* —XTT\k>. (AS)
It follows from (8b) and (8f) that X(Zkt! — z*) 4 (LK1 — L)X 4 (FF! — F*) = —(1/p%)

(AR — ARy — (X1 — E*). Therefore, the terms involving A* — Akin (A3), (A4),and (A5)
can be merged as

(Fk+1 —F* A* — Xk) + (Lk+1 _ L*,A*XT _ KkXT) + (ZkJrl _ Z*,XTA* _XTXk>

1 ~ ~
1%

In addition, we have
(ARFL Ak ARFL A%y (AR Ak A% KRy = (AR Ak ARFL _RKy (A7)
Substituting (A3), (A4), and (A5) into (A2), and using (A6) and (A7), we conclude that
N R ()
— (Pl PR A%y (R —L*,pfﬂ — AT
— (Zk+ —Z*,p];'l — XTA*) — (B¥ — p*, Ak — A%

1 ~
T (2 7% a2 — ZRQ) + 7<Ak+1 — AR AR KRy, (A8)
0

The term (ZKF1 — 7%, x3(ZF! — ZK)Q) is bounded by
<Zk+1 — Z*s (Zk+1 _ Zk) Q)

QI pFt! H 1 k|2
< —— ||z = Z H +
- 2 pk+1 — ,Ok F

2
(A9)

rsllQl pHH — p* |2+ - 22
2 pk+1

For the last term in (A8), we use the relations

2<Ak+1 NG Kk> _ ”Akﬂ _ AkH2 _ HAk _ XkHZ n HAk+1 _ Xk“z
F F F
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and
112 k 2
7k HAk+1 _ AkHF _ % HX (Zk+1 —Zk) i (Lk+1 _ Lk)X—i- (Fk+1 —Fk) H

F
2 k
< 2P (- - ) 2

Then the last term (1/p%)(A¥t! — A%, AKt1 _ Ak} in (A8) is bounded by
k
R R
F 2pk F 2 F
3p%|1X)1?
N M <sz+1 Zk” N HLk+1 LkH ) (A10)

Finally, substituting (A9) and (A10) into (A8), we obtain the inequality in the lemma. |
Now, we are ready to prove Lemma 4.2.

Proof: 1t is easy to derive that

k+1 2 k k+1 kyp2

IV o2, = 0k =)+ R o2,
k 2 k+1 k2 k+1 k k+1 k

= K — 02— IR = DRI, 20k GEL R k),

Based on the result in Lemma A.1, we can write

2 2
H l)k+1 —p* _ H l)k B
Gk Gk
k+1 k 2 2 k+1 * k+1 * 2 k+1 * k41 *v T
5—“\) —v’ ——(F — F,yF —A>——<L — 1, pk AX>
Gk pk pk
_ ik <Zk+1 _ Z*’p§+1 _XTA*> _ ik <Ek+1 _ B Ak A*) +3 “Fk“ _ FkHZ
F
p p
k+1 1k k1 ak|? 1 kK|
] ) R |G e Ll
(0*) F o (p") F
S 4 2l HZHI ZkH + 2alQ prHt — sz+1 e
X% (=) sl Ilik P P
(A11)

Next, we need to deal with the last term A3|| Q| ((,ok'H — ,ok)/(pkak)) | ZKHY — Z* || by
merging into || phtl ”2Gk' In detail, following the definition of G*, we have

2 < kL e Gk (vk+1 _ 1)*)>

H PR
Gk

k 2
U
=7 HFk+1 F* - sz+l _ Z* +
0

77 H Lk+1 L*

‘Ak+1 A*
F

Pt (p")2 ‘
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Using the increment of { 0¥} and the equality

QP e _ g
g 3 ok pkHl

F

AsllQll Pt kAL _
—<n+ . —wenw |z -z
0k+1

(" k3}L|Q|| HZk+1 P HZkH _ |
T pktl F pktl F

k
o
z HZk+1 _ g
p

>

we thus obtain

k+1

2
k+1 * _ k+1 *
= aalal? e Hz -~z

Hvkﬂ o

P

Moreover, recall that

2
_ <vk+1 vk Gk (vk+1 _ vk)>
Gk

2 2 ok 2
= HFk+1 —Fk” i n ”Lk+1 —Lk” +Z sz+1 _ZkH I
F T F p

H DRk

AR AR H .
(p")2 H F
Thus we can simplify (A11) by merging terms containing || F<+! — Fk||2 i |ILk+ — Lk”%’ and
| ZKHY — ZF|12 into [|vFF+! — vk||ék. Consequently,

2

2
Hvk“—v* ‘v —v

‘ k *

Gk+1 Gk

< _ik <Fk+1 ) an A*) _ ik (Zk+1 _ Z*,P}?l _XTA*>
o o

2 2 ~
- = <Lk+1 # kel A*XT> - <Ek+1 Rk A*>

0
el e I R

k k
Y AT (] B sz+1 ZkHZ _ 1 HAk _ XkHz (A12)
ok Pk pktl — pk Fo (pk)? F

In addition, it follows from o* = pkn /T + A3]| Q| that

of _mllQl_ pM sl
ok ok okl _ pk T T T gkl _ pk
Finally, Lemma (4.2) follows from (A12), which completes the proof. |

Proof of Lemma 4.3

Proof: Note that the operator of the subgradient of a convex function is monotone. Hence,
for any convex function g, any two points x and y from the domain of g, the following
inequality (x — y,s; — s2) > 0, Vs; € 3g(x), Vs € 3g(y), is valid. To prove the first inequal-
ity of (12), let us consider a function g;(E) = A2||E||;. From (9a) and (3a), we have Ak e
dg1 (EXT1) = 1,0 ||E*1||; and A* € 8g) (E*) = A,0||E*||1, respectively. Hence, we obtain the
first inequality of (12), i.e. (EFt! — E*, Ak — A*) > 0. [ ]
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