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tran51tion regmon for an airfoil section by calculatlng the
‘am@llfmcatlon of unstable oscillations and assuning that tran31t10n

‘actual magnltude of the oscillations cannot be calculated the-
| magnitude . at the beginnlng of the unstable region being unknown

.

A SUGGESTED SEMI—@MPIRICAL hETHOD FOR T%E CALCULATION
OF THE BGUNDARY LAYER TRANSITION REGION. *

by J.L.van Ingen ‘_"')

P §E§§§£I
The suggested method will be restricted to 1ncompressmble o

;twoudimensional flow and is based on the theory of boundary 1ayer
, ~stabllity, which is due to Tollmlen, Schlichtlng and- cther '
=‘_investigators. v - :
_For the flat plate the ampliflcatlon of unstable oscillations -
‘in the lamlnar boundary layer was calculated. The results of this

calculatian were compared with the experimental determination of the
transxtion region. It was found that at the beginnzng of the '
transltlon reglon the amplitude of the oscillatlons with maximum

,amplificatlon is 97’8;(#2500)‘t;mes the amplltude.of the neutral

oaqillatlons ,
In some cases for the airfoil section EC 1440 the same

vampllflcatlon ratio at transition was found as for the -flat plate.

“1In other cases, however, differences exist. between the results for
‘the flat plate and for the airfoil sectlon. These dlfferences nay be
;caused by lack of suff1c1ent numerlcal results of the stabillty

theory (sectmon 2).
- Therexore it seems possible to calculate the position of the_

begins as soon as. the ampllflcation ratio has reached the value e7’8'
For this calculatlon only the pressure dlstrlbutlon hae to be known.

From’ ths stability theory only the relation between the ,
amplltude of the oscillations at a given moment and the amplitude o
at the beglnning of the unstable region is found. Therefore the .

S Communlcatlon presented at the Second LurOpean Aeronautical
‘ Congrass, Scheveningen, Netherlands, September 25th~29th, 1956.

) Department of Aeronautlcal Lnglneerlng, Technologlcal Unlvorsity,
Delft. =
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In this’?aper it will be shown; that knowledge df'the

ampllflcatlan ratlo is probably suff1c1ent for the suggested eemiu'
empirical method . It is not quite clear why the actual magnltude

of the amplitude should not be 1mnortant, poesibly the initial
amplitudes where about the same in all cases because of’ equal stream,'
} turbulence, surface roughness ete. ' '

The described invesﬁlgations, of which a more complete account 1

is given in [1] , cannot be considared as’ conclusive, as only a few
-cases have been analysea.» L .

H g oo

> 8

| L:Ls'b of Sym‘bcls N

amplltude of oscillatlan.

~airfoil chord.

oscillation frequency
x-Reynolds number for flat plate (~p~ )

chord=. Reynolds number for airfoil section. (XL—)

’,neynolds number, based on displacement tﬁlckness )

L distance to leadmng~edge of airfoil sectxon, measured along
conﬁcur
tine.

velocity at outer edge boundary layer.
wind veloclty . : '
distance to leading-edge of flat plate, also: distance

~ to leading~edge of airfoil sectlon (meaaured along chord).

2%

angle of incidence;- also 7: .

wave length; also volacity~nr0file~shape parameter '
according to Pohlhausen.

B velocity—profxle~shape parameter accor@ing to Hartree.

ﬁi ampllflcatlon coefficient.
By 2mt

s* dlsplace%en$ ﬁhlﬁkn@SS.“
Y kinematic visccsmty
- ¢ amplification facton, ﬁ<ﬁ' amplification ratio=rat o-

- of amplltudes of 050111atlon at times t and t , |

, };sufflx o rezers Yo conditions at beginning of unstable region. -
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1. Inuroduc ibn

Although the knowledge of the mechanics of boundary layer
tran81tlon, is rather extensive [2 Syl 5}, it has not been possible
- to. calculate the pcsxtion of the tr ultha‘rcg;ea by pure theoretical]
methods. -

© The exlstmng theory concernxng the ﬂnstabilmty of the. leaminar
;boundary layer, in which 15 shown that emall disturbances may grow
‘and thus cause transition, ( [6], chapter XVI) is a linear one and
ﬁhus cannot describe the transition process com@letely. For thms
reason 1t is necessary to rely'on.semlnem@irlcal methods for the
calculatlon of the transition region mosmtlon, which has to be known
1fcr the caleulation of profile drag.

These semiuemplrlcal methods should take into account all qhe
.factors which 1nf1uence “the tran51tion. Suoh factors are: - shape of
the bcundary 1ayer veloeity proflle and the Reynolds number R&*
(whlch depend on the pressure dlstrlbutlon), free streanm uurbulence
: and?”urface roughness Turbulence and surfaceé roughness may be
nég{,cted if they are sufficiently small. | e
: Sémi~empmrica1 methods based on Ré* alone are not unxversally
valid f_?In [7] e.g. 4t is shown that tmqsmion on an NACA 65(215)-114

.alrfoil sechlon beg gins, as soon as the Reynolds nunber 5Q;qz has
reached the ‘value 8000; 80,707 being the distance from the’ wall to thq
poznt in the boundary layer where the velocluy equals 0,707 U. For
the smmple case of the boundary layer along a flat. plate{f_zﬂé 80C0.

. corresaonds to Ré* = 5850. From experiments [2] it is known, however,
| that trensition of the flat-plate boundary layer negins at R =2, 80xlda_
iwhich ls equivalent to Ré*~ 2900. This value does not agree Wlth the

, valne 58§O mentioned . for the HACA 65(215)— 114 section. ‘

- In the present paper it will be shown thaﬁ a semlmemplrlcal
,meti'é, based on stability theory gives a better correlation between
| tr tion on the flat plate and on an airfoil section. Although

‘st ;ty theory is not wvalid near the tran31ticn region.due to thei”
1i 1satlon, it might be a sound basis for deve?cping a seml~-
em cal method. : R
1 the suggested method the stabllity ﬁheory wzll be used o -
,;lmpertant factors as shape of the veloclty proflle an@_ B B
| 1ds number distribution into one single parameter g, which ' f'3
'.dete mlnes the amplification of unstable escxllations R S
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Thzs ampllflcation factor will be calculatea for the boundary
layer along a. flat plate and on the EO 1440 airfoil section. By
comparing the results of these calculations with +the results of
transition measurements the value of the ampllficatlon factor at
which transition oceurs can be found. If this factor would have
the same value in all cases, it can be used to calculate the
tran31tion région position, by aesuming that transltlon begins, as |
soon asg the calculateé ampllflcatlon ratlo has reached this specific
.value. ' ‘

2 Stablllty theory

In this section a shert descriptlon of the. stabllity thacry will
be given. A detailed survey can be found in [2] chapter XVI.

In the stablllty theory a glven laminar main flow is subjected
to small dlsﬁurbances of which ‘the ampllfication or damping can be
’calculated. The stability depends on such factors ass shape of the

ve1001ty praflle and Reynolds number Rs*a Qué. (Which depend on the

pressure dlstrlbutlan) and wave 1ength QY frequency of the

| éisturbances.
In stablllty theory a perlcdic dlsturbance 19 assumed with stream
functlon. - - . o
| >u <9 eﬂ-(‘“{ -8%) (1)

where W(y) represents the 1n1t1a1 amplitude, dependlng only on

]

¥y; & = %f wherelkis the wave 1ength and t is the time. Slnce B is
generally a complex quantlty =vﬁ + iBl (1) may be wrxtten.»

S cv(:s') eﬁit ‘i(“x"‘ﬁ £ (@

Br anf where f is the ;requency; a ls the ceefflclent of
ampllficatlon or damping, depending on whather 1t is p051t1ve or
i

negative. The wave veloc1ty is equal to Cp 'E’*‘

From (2) it can be found thet the relation between the
amplitudes a and a ofy/at tines t and t is given by.

Zai at

(o]

&

T The same relation can be shown to hold for the disturbance velocitiaa.

The quantlty tjfaidt will be ‘called the ampliflcatlon factor o

, (t‘ 15 the time at whmch the . dis*urbance enters the unstable region)
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The ampllflcatlon ratlo is then equal to Eﬁ" = e%. With ¢, = %%
| the expre531on for o can be wrltten as o - éj’a“ ds and can be

: o °'r ,
calculétéd fcr oscillation of dszerent frequencles 5 as soon as

ci is Lnown as a functlon of s.

g
_ To flnd ; for a glven value of S, it is necessary t0 abtain
Cr b
numerical results of stability theory for the boundary layer veloczty

profile at that statlon This work, which is very labourious, was done f
by Pretsch for the Hartree velocity profiles; (8] and(é}. For the
"'ve10c1ty profiles of the method of Pohlhausén, howevery which was used

- }in this paper for the calculatlon of the laminar bouadary layer no

complete stabllity calculaulons are available. Therefore the results
of Pretsch have been used for the calculation of ¢ by transferring the
stability characterldnics af the Hartree pTGLllGS to the Pohlhausen
proflles. ‘ ’

| The relatlon between the shape parametermsXamd.ﬁ of the
Pohlhausen and nartree profiles, which can be used for this. purpose,
according to [8] ; is shown in fig.l. This relation cennot be
completely. righﬁ however, due “to the fact that Lhe geparation
profiles X~ <12 and 8 = =0,198 of the two famllies don't match.

The value B=-04 198 ig reached forA‘~-7 already, so that at small
values ofykthe value of 5 xrom fig.l is too. low. As the instability
increases as)\decreases, the calculated iﬂstabllltj will be too hlgh
for negatlve values of A. For positive values of Aand g the
corresmondence is better,,A = 7,052 corresponds exactly with a=1,
which give the stagnation proflles. The abovementioned inaccuracy
in the)\-a relation will be the cause of certain discrepancies in
the results of the calculations, described in section 4. B

The calculatlon of the amplification of unstable disturbances is
: performed as follows. From meaaurements or calculations the velocity
U is known as a funetion of the co-ordinate s. The boundary layer
calculatlons give the values of 6 . Ré*and ve1001t profjle shape

parameter (= ‘Kfor the ?ohlhausen nethod Whlch is used in thls paper)
With the aid of fig.l and the results of [9] it is “‘then possible to
find, for different values of the reduced frequency ¥ the values
e | L
\lcf *ﬁ- and aﬁ as & functlon of 8. The.ampllflcatlgn factor

o= ,{% ét can then bve calculated with:
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- 'v-‘"f,'ﬁnot change Wlth the ﬂistance x to the leading-—edge
' Due to the fact that for the flat plate, U is independent of x,
g"eq (4) can be wmmen for this ease ast

[ B oy o /ﬁ‘ §* U v afUx ) 7(/@ st U o"(R.;)_“‘v‘;:_i-!_:(69ﬁ‘

— Car ”8* Tr RA*
By aid of the results of [9] the quantity 828" & &, con be found
.. r *5

' v_‘;_as a function of R:S* y. and as for the flat plate R:S* = 11, 73|/

'v:‘this quantwy is also k:novm as a f;}nctmn of R « For differen’t ,
g-:.-values of the reduced frequency "'E the reault is shown: in fig 5

v'FBy integration accordmg to (6) ‘che amplificationfactor 0. is fmmd Y
‘as’'a functlon of R (flg.#) From the figures 3 and 4 it can 'be
P-Zseen, that for 8. disturbance W;Lth a given frequency ‘the ampll'cude ‘
-increases ({3 >O) until ‘& maximum is reached, then the dzsturbance
.-becomes stable agaln and 't;he ‘amplitude decreaseées. (ﬁi< 0).

The envelope of the curves for o from fig. 4 gives the maxlmum ~

vamplificationfactor Opax 88 @ function of R » The value cof a -

_1ncreases contlnuously from o at R = 0,154. 106. Below this value

' of R there are no unstable oscn.llations, that means R = 0 154 x 106...
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which‘corresponds to Ré* s 680, is the critlcal Reynolds number fcr
‘ ate boundary layer. :
s Fo”vthe caloulation of the ampllflcatiﬁnfactor the stability
theory was used which is not valid at large amplifications. For the
-suggested method, however, this is not a serious draw-back, because:>;
_ the amplificatlonfactor is only uaed as a parameter in which saveral
'factcrs, which are known to ve important for transition are '
correlated It mighﬁ be hoped that ¢ can be used as a basis for
_ developing a semi-empirical method for. the calculatlon of the
zboundary 1ayer transition region. ' o
'; According to linearised stability theory the amplified
vaseillations are still regular. From experiments it is known,
fhawever, that suddenly the irregular turbulent motion appears. ,
'Accarding te fig. 2 the transition region begins at R = 2,80 x 106
‘and ends. at R = 3,90 x 106 if the stream turbulence 1s less than -
" about Oy Oaﬁ, which is the case in the atmosphere and in modern
"‘1ow~speed wind tunnels From fig. 4 it is seen, that the two mentlon~-
ed values of R ccrr&spond with values 7,8 and 10 for the
ampllflcationfactar. This means, that at the beginning and end of
»the transition reglon the amplltude of the asc1llations is e7 8 .
= 2500 and *© = 22500 times the smplitude at R = 0,154 x 10°. As
f~for all flat plate experiments the same value of the x»Deynolds
 number for transition is found, the values 7,8 and 10 for tne
‘ampllficationfactor at transitlon apply to all flat plate ‘
 experiments. , ,
it these values can be shown to be valid also for boundary
'layers with & pressure gradlent, the position of the tran31tlon
'-region can be calculated by assumlng that transition begins as
.500n &8s the amplificatlcnfactor has reached the value 7,8 and ends
~at a value of this factor equal to 10. '
In the next section the amplificationfactor at transxtlon for
the boundary layer,on an EC 1440 alrf011 section will be calculated. :

4, Determlnacion of the maximum amgllflcaticnfactor at transxtion
of_ the bounﬂary layer on the EC 1440 airfoil sectlon

”n‘mm*-—b”mm e M WM e s s e WA W

and calculation of the laminar boundarz_laggr

u-‘-m—-unm“u——nm—nmn-*ma‘-—‘—-u—

, | In the 1ow-turbulence windtunnel of the Aeronautical Department
of the Technologlcal University of Delft(}ﬁ]the pressure -
distrlbuticn and the transition region were measured for the EC 1440

| TECHNVISCHEI HOGESCHOOL RAPPORT 74
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'*function of s

?airfoil sectlon wzth 0, 60 m chord at Reynolds numbers up to .
5,35 x 10°. : ok

1 j’ The tran31tlon reglon, which was measured with a small total»'-
'[head tube on ‘the surface of the model, is given in- fig. 5as &
'_function of a for Rs4, §5x106. The results for ether values of‘ he
Reynolas number are similar. '
. The presaure distribution was measured by means of pressure
:holes in the ‘model surface. From this pressure~distribution‘thw_
,velocity U at the edge of the boundary 1ayer was found as a‘ o

_ The laminar boundary layer was calculatea by the methad of';g;
'Pohlhausen (Qa], chapter XII). The veloclty U and the results of
_the ‘boundary layer calculation (&% R *a —7-, the velccity P ofile
'shape parameter‘A and the eritical ﬁaynelds number Rgx

erdit
vshown as a function of the co-ordinate s for a~0° at R = 4 55 X 106

-in fig 6 The results for other values of a and R are similar. .

4. 2 Calculation of the maximum amplificatlonfactor at transitlon

w‘.a-.—-.---“-—c—s-—omuqﬁnm”—n-n—.uﬁwmwc‘-m*mm-nﬁ

for R = 4,_55 x 107

The ampliflcatmonfactor was calculated as deacribad in sectionzz

| g
The values of Ei are shown in fig. 7 for a=0 . From this figure it
T
is seen, that the instabillty becomes very large for negatlve
values of A , due to the negatlve pressure gradient over the rear
part of the airfoll section.

The amplificationfactor for a:O is shown in fig. 8 The envelope
ﬁ Y
of the curves fcr different values of —~§ @ives the maximum

ampliflcatlonfactor cmax as a function of 8. For the other values

of @ similar calculations were performed. From these calculations
fig.9 has been cemposed in which curves for constant values of amax
are drawn, together with the measured transition region of flg; 5+
- The curve for aﬁax*O gives the position on the chordlwhere,the
-boundary layer becomes unstable. This instability point moves -
_upstream as is 1ncreased Just as the transition region. Transitién ;
'-cccurs at a great distence behind this instabillty~point however
-~ This" means, ‘the dlsturbanceshave to travel a long way before. the j'
‘amplification is large enough to cause transition. .a_;“
Special attention should be given to the curves for o, 7 8

nax™
'and 10, whlch for the flat plate boundary 1ayer were shown to
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correspand with the beglﬂnlng and end of the transition regiom. If
these values should also apply to airfoil sections, the curves

Ifor Gmax 7 & and 10 should coinclde with the beglnnlng and end of

. ﬁhe transztion reglon. For values of a near 0° a good: corresPQndence

_ is shown, for other values of a, however, differences exist. As a
»‘eonsequense, usxng the factors 7 8 and 10 for estlmating the posmtion
lof thﬁ trans;tlen region, the result would be somewhat in error. The
magnitude of these errors is glven in the upper part of table I for
different values of a. The errars 1ncrease with o 1ncraasing or
‘»dscreasing from zero. o e
In £ig.10 the value of @ O at the beginning of the transition
region is plotted agalnst the value of Afor all cases which have

»‘been analyaed From this figure 1t is geen, that o generally

max
'increased when)\decreases, w:.th the exceptlon oi’ the cases no 4 and 5

,(a=+2° and 3° for R = 4,35 x 10°). -
Al%hough it is not imposslble, that o at tf&nsition should

dépegd Oa)\,.it is more likely that the’ errors (except fer a= +2° and
3%y are caused by the inaccuracy of the relation between the shape
pabahéﬁeﬁs,Kand 8 of the Pohlhéusen and Hartree velocity profiles.
(sectidﬁ’?) By ‘this inaccuracy the 1nstabllity is increased, so that
a’ particular value of Gmax is reached for too small a value of x/c.
This explains why the curves for o Cpax = 7,8 and 10 lie too low for
negatlve values of o in fig.9: To reduce these errors it is necessary
to obtain a better relation between”Xand,ﬁ, or even to make such a
relatlon superfluous by p@rformlng stability calculatlons for the
*same ve1001ty proflles as are used in the boundary layer calculatxon.

' For @ = +2 and +§ the differences between the curves.for

max . 7 8 (10) and the beglnning (end) of the neasured transition
region. are rather large . This is caused for a great deal by
‘inaccuraciea in the c¢alculation of the laminar boundary layer, which
'was per;ormed by an appr0x1mailon to Pohlhausen's method ( [6], p 1994
In thls ~approximation the labourlcus process of numerlcally solv1ng
a dlfferential equation is replaced by numerlcally evaluating a
definite integral. Thls approxlmat on might be 1nvalid however, for.
1arge values of a. .
. Also some measurements and calculations were nerformed for the
:EC 1440 airfoil section at lower Reynolds numbers, for a=0°. Due to
the. inaccuracy in the X~8 relatlon, mentioned above, no good
agreement is found with the results for the flat Dlate, as is shown
in the lower part of table I
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1 at transition has been found in some cases as for the flat plate. For |

, In_order to reduce the errors in the calculation of %mas f‘rﬁfvﬁ_
as 429 and 3° at R = 4,35 x 10° the investigations are being refined
by calculatlng the 1aminar boundary layer by the exact method éfy,_iaf
Preliminary results of these calculations show the distance between .
the curves for Opag = 748 (10) and the beginning (end) of the o
}transition region to be reduced to about half the values of fig. 9
and table I for positive @+ For negative &y the recalculateﬁ posi
of Gﬁaﬁ = 7,8 and 10 are nearly the same as before. This is due ﬁ
the fact, that alse in the improved calculation a relation similar
to that of. fig. 1, had to be used with the same type of inaccuracy .
It is not yet known, whether calculation of the laminar boundaryA
layer by the exact method of Pohlhausén would. have resulted in the
same reduction of the errors in the position of Opax ‘e 7,8 and 10. -

.Géncluéicn‘s‘- L :

l For the boundary layer along a flat plate transition atarta '
as soon as the calculated amplification ratio of unstable o
disturbances ‘has reached the value e7’ (#2500) and ends‘at anf
amplmficatlon ratze of el .(aaasoO) , : o

‘2. For the EC 1440 airfoll section the same amplificaticn ratio .

other cases, no good agreement with the results for the flat plate '
has- been obtalned. - . : : L '

, 3 To improve the accuracy of the suggested sem1~empir1cal
method for the calculation of the boundary layer transition region, .
-stability calculations ‘should be performed for the same velocity |
proflles ag are used for the boundary layer calculations. As the
method of - E;i] is thought to be better than Pohlhausen' s,especially
in the regian of retaréed flow; it would be desirable to have such

calculations performed for the veloeity profiles of [}ﬂ
' 4 In order to make pasaible g finsal conclusion concerning the :
‘ ceuracy and usefulness af the suggested method, further .
investigaticns are required, especially at higher Reynolds numbers.
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