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 A B S T R A C T

Hydrogen combustion is gaining attention for its potential to enable low-emission energy conversion in gas 
turbines. Since hydrogen is carbon-free, it produces no carbon-based pollutants and primarily forms water 
vapor. However, due to its higher adiabatic flame temperature with respect to hydrocarbons, hydrogen 
combustion is more prone to increased nitrogen oxides (NO𝑥) formation. Accurately predicting NO𝑥 formation 
remains a major challenge, particularly when scaling from laboratory experiments to industrial applications. 
While scaling laws are widely used in fluid dynamics, their application to NO𝑥 emissions is challenging due 
to the complex nature of NO𝑥 formation. This study develops a semi-empirical, physics-based correlation 
to estimate NO𝑥 emissions in swirl-stabilized, partially premixed lean hydrogen–air burners. The proposed 
correlation expresses the Emission Index of NO𝑥 (EINO𝑥) as a function of key operating and design parameters, 
including fuel mass flow rate, pressure, adiabatic flame temperature, equivalence ratio, residence time and 
swirl number. It builds upon Westenberg’s NO𝑥 formation rate equation, incorporating composition-dependent 
effects via equivalence ratio. The slow formation nature of NO𝑥 is accounted for via the combustor mean 
residence time. Additionally, the influence of swirl on the mixing process is modeled through a swirl-modified 
effective equivalence ratio, acknowledging that while partial premixing is a design choice, swirl intensity can 
either enhance or disrupt the degree of premixing before combustion. The model’s parameters were calibrated 
using experimental data from published literature. By providing a predictive tool for NO𝑥 scaling across 
different operating conditions, this model supports the development and design of experiments and devices 
for hydrogen–air combustion.

1. Introduction

The climate crisis, driven by industrialization, has led to rising 
greenhouse gas concentrations, causing global warming and environ-
mental instability. The growing demand for fossil fuels worsens these 
effects, particularly in gas-fired power plants, which are major CO2
emitters. Hydrogen offers a promising alternative for decarbonizing 
power generation, as its combustion produces mostly water vapor, elim-
inating direct CO2 emissions. If produced renewably, hydrogen could 
contribute to a more sustainable energy future [1]. Additionally, its 
higher gravimetric energy density allows for reduced fuel consumption 
compared to fossil fuels.

Despite these advantages, hydrogen combustion poses important 
challenges, most notably the formation of nitrogen oxides (NO𝑥) due 
to the high combustion temperatures [2]. Hydrogen generally has a 
higher combustion temperature than that hydrocarbons, therefore, if 
it is poorly mixed with air, NO𝑥 emissions can be much higher. NO𝑥
emissions are a societal concern since they contribute to air pollution, 
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ozone formation, and acid rain, and are strictly regulated by agencies 
such as International Civil Aviation Organization (ICAO) and the U.S. 
Environmental Protection Agency (EPA).

Accurate prediction methods are therefore essential for both ad-
vancing research and ensuring compliance with emission standards [3]. 
In response, both industry and academia are intensifying efforts to 
study hydrogen combustion, aiming to better understand its processes 
and to develop effective emission control strategies. Laboratory-scale 
research plays a key role in uncovering the fundamental mechanisms 
of hydrogen combustion. However, translating these insights into in-
dustrial applications remains complex due to the numerous interacting 
parameters involved [4].

Traditional similarity theory, widely used in fluid mechanics, is 
limited when applied to reactive flows, as it requires maintaining 
numerous similarity parameters [4]. Spalding [4] proposed a partial 
modeling approach, which focuses on the most critical parameters, 
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Nomenclature

𝑅gas Specific gas constant (J kg−1 K−1)
𝑃op Operating pressure (bar)
𝑃0 Reference pressure (bar)
𝑇ad Adiabatic flame temperature (K)
𝑇in Inlet (preheat) temperature (K)
𝑇0 Reference temperature (K)
𝑚̇fu Fuel mass flow rate (kg s−1)
𝑚̇air Air mass flow rate (kg s−1)
𝑉𝑐𝑐 Combustion chamber volume (m3)
𝑉𝑓 Flame volume (m3)
𝑆𝑔 Geometric swirl number
𝜙 Global equivalence ratio
𝜙max Maximum equivalence ratio
[𝑋]eq Equilibrium concentration of X (molm−3)
EINO𝑥 Emission index of NO𝑥 (g kg−1)
MWNO Molecular weight of NO (kgmol−1)
LHVH2

Lower heating value of hydrogen (kJ kg−1)
𝜏 Mean residence time (s)
𝑇 Random variable of residence time (s)
𝑃𝑇 (𝑡) PDF of residence time 𝑇  (s−1)
𝜎 Standard deviation of 𝑇  (s)
E[⋅] Expected value operator
𝐾 Overall model constant (lumped parame-

ter)
𝑎 Exponent of fuel mass flow rate
𝑏 Exponent of pressure
𝑐 Exponent of swirl number
𝑑 Exponent of adiabatic flame temperature
𝛼 Residence-time exponent
𝜂 Swirl sensitivity coefficient
𝛾 Equivalence-ratio sensitivity coefficient

leading to several scaling laws for combustion, such as Constant Ve-
locity (CV) or Constant Residence Time (CRT) approaches, which were 
developed focusing on geometry and power of the burner [5]. Despite 
these advances, few scaling laws have been developed for pollutant 
emissions, particularly for hydrogen combustion. Some laws have been 
proposed for NO𝑥 in natural-gas systems [5] and, more recently, in 
hydrogen systems [6–8]. However, some of these scaling laws, such as 
the one developed by Marragou et al. [6], were derived from exper-
iments in a single combustor configuration, and it remains uncertain 
whether they remain valid when applied to different burner geometries, 
swirl intensities, or operating conditions. Consequently, empirical and 
semi-empirical correlations remain the main predictive tools for NO𝑥
emissions in hydrogen combustion. Among the best known are the 
correlation by Lefebvre [9], developed from extensive experimental 
data in aeroengine combustors, and the correlation by Odgers and 
Kretschmer [10], derived from a rate equation with empirical modi-
fications. Although these correlations are still widely used, they were 
originally developed for hydrocarbon liquid fuels. Their accuracy, and 
even validity, for hydrogen combustion is therefore uncertain.

Most modern aeroengines work with swirl-stabilized combustors. 
Swirl combustion uses guiding vanes or helical blades in a burner to 
create a rotational motion (swirl) in the fuel and air mixture, leading 
to improved flame stability and better mixing of reactants. However, 
the complex flow fields produced by swirlers create strong recirculation 
zones and multiple flame regimes which make NO𝑥 prediction partic-
ularly challenging [11]. Despite their practical relevance, predictive 
tools specifically developed for swirl-stabilized hydrogen flames are 

lacking. This gap highlights the need for new scaling laws and analyt-
ical correlations tailored to hydrogen-fueled, swirl-stabilized combus-
tors. These models are crucial to the design of more environmentally 
friendly combustion systems.

In this study, a physics-based, semi-empirical analytical correlation 
is developed to predict NO𝑥 emissions in partially premixed swirl-
stabilized lean H2-air burners, bridging the gap between empirical 
correlations and purely fundamental scaling laws. To the best of our 
knowledge, this is the first attempt to develop and validate a physics-
based, semi-empirical correlation for NO𝑥 emissions in swirl-stabilized 
lean hydrogen–air combustion. The model, grounded in physical prin-
ciples, incorporates semi-empirical corrections and is calibrated with 
experimental data. A key objective is to provide a tool that is easy 
to apply in practice, requiring only a minimal set of operating pa-
rameters without detailed testing of the burner itself. In this way, the 
correlation can serve as a plug-and-play first-order prediction method, 
supporting burner design, experimental planning, and exploration of 
the parametric space before more detailed investigations are pursued. 
The derivation of the model, including assumptions and simplifica-
tions, is presented in Section 2. Details on the experimental data and 
pre-processing steps are provided in Section 3, followed by the method-
ology for fitting the model in Section 4. Results of the model fitting 
are discussed in Section 5, with further interpretation of the model’s 
accuracy, physical significance, and statistical description in Section 6. 
The study concludes with a summary of the research outcomes in 
Section 7.

2. Model derivation

This section presents the step-by-step derivation of an analytical 
model to predict the emissions index of nitrogen oxides, EINO𝑥 (grams 
of NO𝑥 produced per kg of fuel burnt), in swirl-stabilized, partially pre-
mixed, lean hydrogen–air combustors. The following discussion details 
this derivation, culminating in a unified expression for EINO𝑥.

The objective of the analytical tool is to establish a relationship 
between EINO𝑥 and key predictor variables: (1) the fuel mass flow 
rate 𝑚̇fu (which is equivalent to thermal power for a given fuel); 
(2) the operating pressure of the combustor 𝑃op; (3) the adiabatic 
flame temperature 𝑇ad considering the inlet or pre-heating temperature 
𝑇in and operating pressure 𝑃op; (4) the equivalence ratio 𝜙; (5) the 
mean residence time of the combustor 𝜏; and (6) the geometrical swirl 
number 𝑆𝑔 . Other effects, such as, but not limited to, heat losses, 
detailed injector geometry, or specific fuel–air mixing methods are not 
considered. This relationship can be expressed in the general functional 
form of Eq. (1), which will be progressively simplified in the following 
sections 
EINO𝑥 = 𝑓

[

𝑚̇fu, 𝑃op, 𝑇ad(𝑇in, 𝑃op, 𝜙), 𝜏, 𝑆𝑔
]

(1)

The mean residence time 𝜏 can be defined as the average duration 
over which the burnt gases remain in the combustion chamber [12,13]. 
Considering gas expansion, the average residence time is mathemat-
ically expressed in Eq. (2), where 𝑉𝑐𝑐 is the combustion chamber 
volume, 𝑇ad is the adiabatic flame temperature, and 𝑅gas is the specific 
gas constant. 𝑇ad and 𝑅gas were computed for a given inlet temperature 
𝑇in, operating pressure 𝑃op, and equivalence ratio 𝜙 using Cantera (San 
Diego mechanism with N2 chemistry [14]). 

𝜏 =
𝑉𝑐𝑐𝑃op

(𝑚̇𝑎𝑖𝑟 + 𝑚̇fu)𝑇ad𝑅gas
(2)

It is acknowledged that in swirl-stabilized combustors, recirculation 
zones and vortex breakdown cause deviations from an ideal plug-flow 
assumption. Consequently, the flow fields would be better represented 
by a residence-time distribution (RTD) rather than a single value. 
However, previous studies have shown that the mean residence time 
defined in Eq. (2) provides a reliable approximation of the average of 
the full distribution at the combustor outlet [15]. The error associated 
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with neglecting the full distribution is estimated and discussed in 
Section 5.1.

To simplify the model and reduce its complexity, two main assump-
tions are made: (1) only NO is considered, as its concentration typically 
exceeds that of NO2 and N2O by orders of magnitude in most practical 
hydrogen combustion systems [16,17]; and (2) only NO formation via 
the thermal pathway (Zeldovich mechanism) is accounted for. It is rec-
ognized that additional mechanisms may become relevant at elevated 
pressures [18]. The applicability of the model at elevated pressures is 
discussed in Section 6.

The derivation considers the total NO production within a homo-
geneous reactive volume, such that spatially averaged thermochemical 
quantities represent the flame. The total production rate is obtained by 
integrating the molar source term over the flame volume and multi-
plying by the molecular mass of NO, yielding the corresponding mass 
flow rate. For analytical tractability, a uniform volumetric NO pro-
duction rate is initially assumed. However, NO formation is inherently 
spatially non-uniform, it is characterized by peak production in high-
temperature flame zones and sustained growth in the post-flame region. 
This simplification is corrected through the introduction of a factor 
depending on residence-time, 𝑓 (𝜏), as shown in Eq. (3). The factor 
𝑓 (𝜏) provides a first-order representation of post-flame thermal NO 
growth but does not resolve spatial inhomogeneities in temperature or 
equivalence ratio. Consequently, the model predicts globally integrated 
exhaust NOx rather than spatially distributed NO formation.

For the remainder of this paper, NO will be referred to as NOx for 
simplicity. 

𝑚̇𝑁𝑂𝑥
= MWNO ∫𝑉

̇[NO𝑥] 𝑑𝑣 = MWNO ̇[NO𝑥]𝑉𝑓 𝑓 (𝜏) (3)

By limiting NO𝑥 formation to only the one produced via the ther-
mal pathway, an Arrhenius-like expression can be used to describe 
its production rate. This functional form arises from the analytical 
manipulation of the extended Zeldovich mechanism focused on the 
rate-limiting step, i.e., N2 + O ←←←←←←←←←←←←←←←←←→ NO + N, which leads to Eq. (4), 
as derived in [19,20]. 

̇[NO𝑥] = 𝐴𝑇
− 1

2
ad 𝑒

− 69,460
𝑇ad [O2]

1
2
eq[N2]eq (4)

where 𝐴 is a constant coefficient, 𝑇ad is the adiabatic flame tempera-
ture, and [𝑋]eq is the concentration of molecule 𝑋 at thermochemical 
equilibrium conditions. This expression relies on the adiabatic flame 
temperature, which is assumed to be the flame temperature at given 
values of 𝑇in, 𝑃op, and 𝜙

Here, equilibrium species concentrations were computed with Can-
tera (San Diego mechanism with N2 chemistry [14]), assuming ideal gas 
and complete chemical equilibrium. A parametric study was conducted 
to analyze the dependence of [O2]

1∕2
eq [N2]eq on the equivalence ratio 

𝜙 and operating pressure 𝑃op. This dependency is shown in Fig.  1(a). 
The behavior of this quantity can be approximated using an analytical 
expression. As illustrated in Fig.  1(b), the product [O2]

1∕2
eq [N2]eq can be 

expressed as: [O2]
1∕2
eq [N2]eq = 𝐾1𝑃

𝑏1
op exp (−𝛾𝜙), where 𝐾1, 𝑏1, and 𝛾 are 

free parameters fitted to Cantera results using non-linear least squares 
regression. By incorporating this fitted expression into Eqs.  (3) and (4), 
and combining the constant coefficients 𝐴, 𝐾1, and MWNO into a single 
constant 𝐾, Eq. (5) is obtained. While the pressure exponent 𝑏1 will 
be discussed later, the equivalence ratio coefficient retains the value 
determined from regression, with 𝛾 = 3.7738. 

𝑚̇𝑁𝑂𝑥
= 𝐾𝑃 𝑏1

op𝑇
− 1

2
ad 𝑒

−
(

69,460
𝑇ad

+3.7738𝜙
)

𝑉𝑓𝑓 (𝜏) (5)

Analytically modeling the flame volume 𝑉𝑓  remains challenging, as 
the relationships between flame morphology and operating parameters 
are not fully understood for swirling flames, particularly for pure 
hydrogen combustion. Nevertheless, several phenomenological trends 
have been reported in the literature for hydrocarbon and hydrogen-
enriched flames. A study on flame size, shape, and volume at elevated 

Fig. 1. (a) [O2]
1
2
eq[N2]eq dependence on 𝜙 and 𝑃op. (b) Fitted analytical expres-

sion (𝐾1 = 28.671, 𝑏1 = 1.5, 𝛾 = 3.7738).

pressures by Xi et al. [21] for non-premixed methane–air flames showed 
that both flame length and width increased with fuel mass flow rate 
𝑚̇fu, while increasing swirl intensity reduced flame length and overall 
volume. Increasing operating pressure reduced flame length, whereas 
flame width exhibited a weaker dependence. Flame volume appeared 
largely independent of injection velocity. Similarly, experiments on a 
100 kW swirled burner operating with premixed and non-premixed 
natural gas by Valera-Medina et al. [22] demonstrated strong sensitivity 
of flame size to equivalence ratio and swirl intensity, with flame volume 
decreasing with increasing swirl intensity and equivalence ratio. A 
weak dependence on Reynolds number was also reported, support-
ing the limited influence of injection velocity. For hydrogen-enriched 
methane–air swirling flames, Kim et al. [23] observed that increasing 
swirl intensity widened the flame while shortening its length, leading 
to an overall reduction in flame volume.

While these studies primarily concern methane or hydrogen-enriched 
methane flames, they consistently suggest monotonic dependencies of 
flame volume on fuel flow rate, pressure, and swirl intensity. Pure 
hydrogen flames differ in laminar burning velocity, thermo-diffusive 
behavior, and instability sensitivity; therefore, the numerical scaling 
exponents cannot be assumed identical. However, the general power-
law structure provides a flexible semi-empirical framework capable 
of capturing these monotonic trends, with hydrogen-specific effects 
embedded in the fitted exponents.

Based on these phenomenological observations, a scaling for the 
flame volume of swirled hydrogen flames is proposed as given by Eq. 
(6). In this equation the flame volume 𝑉𝑓  is related through a power 
law to fuel mass flow rate 𝑚̇fu, operating pressure 𝑃op, geometric swirl 
number 𝑆𝑔 (which is a simplified approximated description of the swirl 
intensity) and adiabatic flame temperature 𝑇ad
𝑉𝑓 ∝ 𝑚̇𝑎1

fu𝑃
𝑏2
op𝑆

𝑐
𝑔𝑇

𝑑
ad, (6)

where the exponents 𝑎1, 𝑏2, 𝑐, and 𝑑 are determined through regression 
using hydrogen combustion data.

Regarding the residence time correction, it has been commonly 
observed that NO𝑥 emissions follow a linear or power-law trend for 
residence time [6,10,12,24]. Given its simplicity, the same functional 
form was adopted, i.e., 𝑓 (𝜏) = 𝜏𝛼 .
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By combining all the expressions derived so far and dividing the 
resulting equation by the fuel mass flow rate, an expression for the 
Emissions Index of NO𝑥 (EINO𝑥) is obtained, as shown in Eq. (7). 

EINO𝑥 = 𝐾𝑚̇𝑎
fu𝑃

𝑏
op𝑆

𝑐
𝑔𝑇

𝑑
ad𝑒

−
(

69,460
𝑇ad

+3.7738𝜙
)

𝜏𝛼 (7)

Notably, the pressure exponents from the modeling of O2 and N2
equilibrium concentrations (𝑏1) and from the flame volume (𝑏2) are 
merged into a single exponent 𝑏. Similarly, the negative half exponent 
of the adiabatic flame temperature coming from the Arrhenius-like 
equation is combined with the exponent arising from the flame volume, 
resulting in a single exponent 𝑑. Finally, the mass flow rate exponent 
𝑎 is lumping the flame volume effects (𝑎1) and the fuel mass flow rate 
normalization in the definition of EINO𝑥 as 𝑎 = 𝑎1 − 1.

The final step in deriving this model involves incorporating the swirl 
intensity to account for varying degrees of fuel–air mixing in different 
burners. As previously mentioned, this model is specifically designed 
for partially premixed hydrogen–air burners, where the level of mixing 
can differ between systems. Experimental studies have shown that swirl 
intensity affects the mixing quality of the injection process, which in 
turn influences NO𝑥 emissions [7,11,23,25].

Quantifying the degree of mixing analytically remains challenging, 
and its direct relationship with swirl intensity adds further complexity. 
In this model, imperfect mixing is accounted for by modifying the 
global equivalence ratio based on the swirl intensity. The swirl number 
is a key indicator of the swirl intensity of a flow. However, it is often 
challenging to measure the effective swirl number precisely. For this 
reason, it is often approximated by a simplified swirl number based 
on geometrical features of the swirler [26] commonly known as the 
geometric swirl number 𝑆𝑔 . In this study, the geometrical swirl number 
𝑆𝑔 is used as a parameter to describe the swirl intensity.

In the model, this effect of imperfect mixing is made explicit: locally 
richer regions can lead to higher flame temperatures and thus en-
hanced thermal NO𝑥 production. By incorporating this approach, areas 
with higher NO𝑥 production are given greater mathematical weight, 
ensuring that the global effective equivalence ratio more accurately 
reflects the overall combustion process. This effective equivalence ratio 
is expressed as the swirl number correction given by Eq. (8), where 
𝜙eff represents the global effective equivalence ratio, which is the 
adjusted equivalence ratio that accounts for mixing by assigning greater 
weight to richer zones. In this formulation, 𝜙 is the nominal global 
equivalence ratio, while 𝜙max and 𝜂 are free parameters. Specifically, 
𝜙max defines the upper bound of 𝜙eff, and 𝜂 controls the sensitivity of 
𝜙eff to variations in swirl intensity, as characterized by the geometric 
swirl number. 
𝜙eff = (𝜙max − 𝜙)𝑒−𝜂𝑆𝑔 + 𝜙 (8)

The proposed formulation is phenomenological and is constructed 
to satisfy two physically consistent asymptotic limits. In the limit of 
vanishing swirl intensity (𝑆𝑔 → 0), mixing is minimal and the effec-
tive equivalence ratio approaches an upper bound 𝜙max, representing 
maximum mixture stratification. In the opposite limit of very high 
swirl intensity (𝑆𝑔 → ∞), enhanced mixing leads 𝜙eff to approach the 
nominal global equivalence ratio 𝜙, corresponding to perfect premix-
ing. The exponential form ensures a smooth and monotonic transition 
between these limits and captures the diminishing sensitivity of mixing 
enhancement at higher swirl numbers.

The parameter 𝜙max should therefore be interpreted as a phe-
nomenological upper asymptote within the model structure rather than 
a physically realized flame condition. The majority of the swirled 
flames included in the dataset have 𝑆𝑔 ≥ 0.6. Therefore, the 𝑆𝑔 →
0 limit lies outside the calibration range, and 𝜙max represents an 
extrapolated bound rather than a directly observable operating state.

When using the effective global equivalence ratio, all quantities that 
originally depended on the equivalence ratio must be adjusted accord-
ingly, namely, the adiabatic flame temperature 𝑇ad and the residence 

time 𝜏. First, the adiabatic flame temperature is recalculated based on 
the effective global equivalence ratio: 𝑇ad,eff(𝑇in, 𝑃op, 𝜙eff). Then, the 
residence time is modified as described in Eq. (9). 

𝜏eff = 𝜏
𝑇ad(𝜙)𝑅gas(𝜙)
𝑇ad,eff𝑅gas(𝜙eff)

(9)

With these adjustments, the final form of the model is given by 
Eq. (10) together with Eq. (8). The final form requires 6 predictor 
variables and it has 8 free parameters (𝐾, 𝑎, 𝑏, 𝑐, 𝑑, 𝛼, 𝜂, 𝜙𝑚𝑎𝑥) that could 
be adjusted to experimental data. 

EINO𝑥 = 𝐾𝑚̇𝑎
fu𝑃

𝑏
op𝑆

𝑐
𝑔𝑇

𝑑
ad, eff𝑒

−
(

69,460
𝑇ad,eff

+3.7738𝜙eff

)

𝜏𝛼eff (10)

The constant 𝐾 serves as a dimensional balancing parameter ab-
sorbing unresolved physical effects. Its compound dimensions ensure 
correct output units but are not shown explicitly in figures. Quantities 
involving 𝐾 are therefore reported in balanced units (b.u.).

3. Data mining

Publicly available NO𝑥 emission data for swirl-stabilized partially-
premixed hydrogen–air burners are scarce. Despite this, a dataset was 
compiled from seven burners to determine the model’s free parameters 
for H2-air swirl-stabilized combustion. The analyzed studies include: 
(1) a 12 kW combustor using a dual-swirl dual-fuel (DSDF) injec-
tor, considering only pure hydrogen data [27]; (2) HYLON burner 
tests with a DSDF injector at constant equivalence ratios and thermal 
power [13]; (3) HYLON burner experiments with varying pre-heating 
temperatures [12]; (4) high-pressure HYLON burner tests with the 
DSDF injector [6]; (5) a 10 kW combustor study with a dual swirler, 
testing different injector geometries and swirl intensities [7]; (6) a 
100 kW combustor with a radial swirler and axial air injection [25]; and 
(7) a 12 kW combustor with an axial swirler and axial air injection [11]. 
The final dataset comprises 262 points and a summary of the operating 
conditions ranges for each dataset is given in Table  1.

NO𝑥 emission data from the literature required pre-processing for 
consistency. Values were reported either as Emission Index (EINO𝑥) or 
in parts per million (ppm) with varying oxygen reference percentages, 
in which case they were converted to EINO𝑥 for uniformity.

Most predictor variables were directly extracted from the literature, 
except for the geometric swirl number, which varies based on different 
formulations [26]. For double-swirl injectors, an effective swirl number 
was calculated by weighting each swirler’s geometric swirl number 
according to its axial momentum flux. Some burners used axial air 
injection, which affects swirl intensity, but since no analytical models 
exist to account for this effect, the geometric swirl number was used 
unmodified, potentially introducing prediction errors. The complete 
dataset and preprocessing scripts are available as described in Section 
‘‘Data availability’’.

4. Model fitting methodology

An optimization procedure was performed to determine the free 
parameters that best fit the model to experimental data. The cost 
function minimized the squared errors between the predicted and 
measured EINO𝑥 values, normalized by the number of measurements 𝑛, 
as shown in Eq. (11), where 𝑦𝑖 represents the measured EINO𝑥 value, 
and EINO𝑥,𝑖(𝑥̄) is the predicted value for the corresponding vector of 
free parameters 𝑥̄ = [𝐾, 𝑎, 𝑏, 𝑐, 𝑑, 𝛼, 𝜂, 𝜙𝑚𝑎𝑥]. 

min
𝑥̄

𝑓 (𝑥̄) = 1
𝑛

𝑛
∑

𝑖=1

(

EINO𝑥,𝑖(𝑥̄) − 𝑦𝑖
)2 (11)

The optimization used a differential evolution algorithm with dither-
ing for fast convergence. The mutation constant ranged from 0.5 to 1, 
and the recombination constant was 0.7. A population size dependence 
study led to a population size of 100. The DE/best/1/bin strategy was 
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Table 1
Ranges of operating conditions for the gathered data.
 Study Power [kW] Equivalence Ratio [-] Pre-Heat

Temperature [K]
Pressure [bar] Swirl Number [-] # Datapoints 

 Marragou, et. al. 2022 [27] 3.9–12.9 0.45–0.62 293 1 0.67 12  
 Marragou 2023 [13] 3.6–12.7 0.2–0.8 293 1 0.67 30  
 Magnes, et. al. 2023 [12] 2.0–21.0 0.3–0.4 293–673 1 0.67 52  
 Marragou, et. al. 2025 [6] 5.7–51.2 0.2–0.6 293 2–8 0.67 97  
 Leroy, et. al. 2024 [7] 7.5–12.4 0.35 293 1 0.02–0.9 29  
 Reichel, et. al. 2018 [25] 87.4–122.4 0.5–0.7 450–620 1 0.7–0.9 29  
 Link, et. al. 2025 [11] 7.0–13.0 0.39–0.73 298 1 0.7–1.10 13  

chosen for its strong performance [28]. Parameter constraints, given 
in Eq. (12), ensured flexibility while preventing unphysical solutions, 
with some bounds derived from previous NO𝑥 correlations [29–31] 
−3 ≤ 𝑎 ≤ 3 1010 ≤𝐾 ≤ 1030

−3 ≤ 𝑏 ≤ 3 0 ≤ 𝛼 ≤ 5

−3 ≤ 𝑐 ≤ 3 0 ≤ 𝜂 ≤ 10

−5 ≤ 𝑑 ≤ 5 0.8 ≤𝜙max ≤ 2.0

(12)

To stabilize optimization, terms in Eq. (10) influenced by the free 
parameters 𝑎, 𝑏, and 𝑑 were normalized to balance the model’s sen-
sitivity as shown in Eq. (13). The fuel mass flow rate was scaled by 
the hydrogen low heating value, LHV𝐻2

= 119.96 × 103 kJ/kg, making 
thermal power in kW the driving parameter. Operating pressure and 
the (effective) adiabatic flame temperature were normalized to ambient 
conditions (𝑃0 = 1 bar, 𝑇0 = 298 K). 

EINO𝑥 = 𝐾(𝑚̇fuLHV𝐻2
)𝑎
(𝑃op

𝑃0

)𝑏

𝑆𝑐
𝑔

(𝑇ad, eff
𝑇0

)𝑑

𝑒
−
(

69,460
𝑇ad,eff

+3.7738𝜙eff

)

𝜏𝛼eff

(13)

To validate the model, the dataset was split into 75% training and 
25% validation subsets. To ensure that the training and validation 
subsets captured the full variability of the operating space, k-means 
clustering was applied to the predictor variables and burner identity. 
This approach groups data into clusters based on similarity. The num-
ber of clusters is given by the size of the training sample, leaving the 
remainder for validation. Compared to random splitting, this approach 
reduces over-representation of densely sampled regions (e.g., atmo-
spheric pressure or same burner) and ensures that less frequently 
reported but relevant operating regimes are represented in both subsets. 
As a result, the fitted parameters are exposed to a broader and more 
balanced range of flame conditions, improving robustness and limit-
ing overfitting to localized portions of the dataset. Nevertheless, the 
clustering strategy cannot fully compensate for the uneven availability 
of literature data. Burners with a larger number of reported operating 
points inevitably contribute more samples, which may influence the 
fitted correlations. This is acknowledged as an inherent limitation of 
the present study. The data and the model are publicly available (see 
Section ‘‘Data availability’’). Therefore, if new data is released in the 
literature the model can be re-calibrated to accommodate for additional 
burner configurations.

5. Model performance and uncertainty

This section evaluates the model’s performance in predicting EINO𝑥
values and quantifies the associated uncertainties. To determine the 
optimal free parameters and their uncertainties, the optimization pro-
cedure was run 1000 times, storing the free parameter vector from 
each run for statistical analysis. A typical optimization run yields an 
average predictive error of ±0.57(0.69) g/kg or ±53.1(46.9)% in EINO𝑥
prediction, with a determination coefficient of 𝑅2 = 0.44(0.74) for 
validation (training). Fig.  3.a shows the parity plot of measured versus 
predicted EINO𝑥 values for the training dataset, while Fig.  3.b shows 
the corresponding plot for the validation dataset. To assess the stability 

Table 2
Statistics of the free parameter values.
 16th Percentile Median (50th) 84th Percentile 
 𝐾 1018.819957 1019.174242 1019.468171  
 𝑎 0.340918 0.341781 0.342289  
 𝑏 0.379393 0.380467 0.382460  
 𝑐 −0.618658 −0.616796 −0.612322  
 𝑑 −5.000000 −4.673504 −4.275361  
 𝛼 0.736562 0.741203 0.746653  
 𝜂 0.447910 0.454375 0.458263  
 𝜙max 1.157742 1.159688 1.160024  

of the fitting procedure, the distributions of the resulting 𝑅2 scores and 
Mean Absolute Error (MAE) values over all 1000 optimization runs 
are shown in Fig.  2. The histograms exhibit a very narrow spread, 
indicating that the optimization algorithm consistently converges to 
nearly identical objective-function. The limited variability in both 𝑅2

and MAE confirms that the fitting process is robust and that the 
predictive performance is not sensitive to initialization or local minima.

Table  2 presents the obtained free parameter values and uncer-
tainties, expressed as percentiles (16-50-84) due to their asymmetric 
distribution.

To estimate uncertainties in EINO𝑥 predictions, a Monte Carlo sim-
ulation with 10,000 samples was performed on the entire dataset. The 
mean and standard deviation were computed to obtain error bars for 
each data point. Since some free parameters exhibited high correlation 
and no clear parametric distribution, Gaussian Kernel Density Estima-
tion (KDE) was used for Monte Carlo sampling. The resulting prediction 
uncertainties are shown in Fig.  3.c.

5.1. Mean residence time error estimation

As discussed earlier, the model developed in this study prioritizes 
simplicity and practical applicability. However, it remains important 
to quantify the error introduced by approximating the Residence Time 
Distribution (RTD) with a single mean value.

The mean residence time defined in Eq. (2) has been shown to 
provide a reliable approximation of the average of the RTD at the 
combustor outlet [15]. Let 𝑇  be a random variable describing the RTD 
with probability density function 𝑃𝑇 (𝑡). Then the mean residence time 
is the expected value, 𝜏 = E[𝑇 ] = ∫ ∞

−∞ 𝑡𝑃𝑇 (𝑡) 𝑑𝑡, while the variance is 
𝜎2 = Var(𝑇 ) = ∫ ∞

−∞(𝑡 − 𝜏)2𝑃𝑇 (𝑡) 𝑑𝑡.
In the present model, the RTD is considered only through the 

correction factor 𝑓 (𝜏) = 𝜏𝛼 . Using the mean residence time thus implies 
𝑓 (𝜏) = E[𝑇 ]𝛼 , whereas the more accurate formulation would be given 
by Eq. (14), which accounts for the full RTD. 

E[𝑇 𝛼] = ∫

∞

−∞
𝑡𝛼𝑃𝑇 (𝑡) 𝑑𝑡 (14)

To estimate the error introduced by replacing Eq. (14) with 𝑓 (𝜏), a 
second-order Taylor expansion of 𝑓 (𝑇 ) around 𝜏 is considered, as shown 
in Eq. (15). 
𝑓 (𝑇 ) ≈ 𝑓 (𝜏) + 𝑓 ′(𝜏)(𝑇 − 𝜏) + 1

2𝑓
′′(𝜏)(𝑇 − 𝜏)2 (15)
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Fig. 2. Histograms of 𝑅2 score and Mean Absolute Error (MAE).

Fig. 3. (a) Model performance on the training dataset (Error: ±0.69 g/kg, 𝑅2 = 0.74). (b) Model performance on the validation dataset (Error: ±0.57 g/kg, 
𝑅2 = 0.44). (c) Predicted vs. measured EINO𝑥 considering uncertainty from the free parameters.

Taking expectations yields Eq. (16). 
E[𝑓 (𝑇 )] ≈ 𝜏𝛼 + 1

2𝑓
′′(𝜏)𝜎2 (16)

Since 𝑓 ′′(𝜏) = 𝛼(𝛼 − 1)𝜏𝛼−2, Eq. (16) becomes Eq. (17). 
E[𝑓 (𝑇 )] ≈ 𝜏𝛼 + 1

2𝛼(𝛼 − 1)𝜏𝛼−2𝜎2 (17)

The relative error (R.E.) introduced by the mean-value approxima-
tion is then expressed by Eq. (18). 

R.E. = E[𝑇 𝛼] − E[𝑇 ]𝛼

E[𝑇 ]𝛼
≈ 1

2𝛼(𝛼 − 1)
(

𝜎
𝜏

)2
(18)

For the present model with 𝛼 = 0.74, the factor 𝛼(𝛼 − 1) is negative, 
implying R.E. < 0. Thus, the mean-value approximation systematically 
overestimates the influence of residence time. The magnitude of this 
conservatism scales with (𝜎∕𝜏)2, and therefore depends on the width of 
the RTD.

Reported numerical and experimental RTD measurements in swirl 
combustion systems show (𝜎∕𝜏)2 values typically in the range of 0.4–
0.85 [32–34]. Substituting this range into Eq.  (18) yields predicted 
relative errors between approximately 4% and 8%.

These results indicate that the mean-value approximation intro-
duces a moderate but bounded conservatism. Given the overall model-
ing uncertainties and the global nature of the present formulation, this 
level of error remains acceptable for the intended predictive scope.

6. Discussion

This section evaluates the model’s quality and performance. Sec-
tion 6.1 discusses accuracy and compares it to similar models. The 
physical significance of the free parameters and their uncertainties 

is examined in Section 6.2, while Section 6.3 addresses statistical 
properties and their impact on model performance.

6.1. Model accuracy

As shown in Fig.  3.c, despite uncertainties in the optimized free 
parameters, the propagation of this uncertainty into the predictions is 
relatively small, as indicated by the narrow error bars. This suggests 
that the model achieves high precision, even though its overall accu-
racy remains moderate. Predicting NO𝑥 is inherently challenging, with 
reported errors exceeding 100% in some models and datasets [9,10,
29–31]. When limited information about combustor geometry or op-
erating conditions is available, predictions often provide only order-of-
magnitude estimates [35]. For instance, an RMS error of 173% has been 
reported in a gas turbine correlation [10]. Even widely used correla-
tions demonstrate significant errors, particularly when applied outside 
their original development range [9]. More accurate approaches exist, 
such as the scaling law of Marragou et al. [6] (𝑅2 = 0.91) and the corre-
lation of Wang et al. [36] (𝑅2 = 0.96), but their performance is strongly 
tied to the specific combustor configurations and operating conditions 
on which they were developed. In this context, while the present model 
shows only moderate accuracy, its performance is comparable to or 
better than several established models.

It is worth noting the pronounced prediction scatter at low NO𝑥
levels in Fig.  3. Such behavior is common across correlations due to the 
inherent difficulty of estimating emissions in this regime. Several fac-
tors may contribute: (1) low emissions approach the detection limits of 
measurement instruments, increasing relative uncertainty; (2) in low-
emission regimes, multiple formation pathways may contribute with 
similar importance, in contrast to high-load conditions where thermal 
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Fig. 4. (a) Probability density of residuals obtained via Kernel Density Estimation (KDE), with dashed vertical lines marking mean residuals for different models 
in the literature. (b) Residuals plotted against experimentally measured EINO𝑥 values, with LOWESS curves showing residual trends.  (For interpretation of the 
references to color in this figure legend, the reader is referred to the web version of this article.)

NO dominates. This complicates prediction based on a ‘‘thermal-only’’ 
assumption.; and (3) prediction scatter at low emissions appears more 
pronounced on linear scales, while logarithmic scaling, which is com-
monly used in other studies, tends to compress high values and reduce 
its visual impact.

To assess accuracy quantitatively, the model was benchmarked 
against three references: two widely used gas turbine correlations 
(Lefebvre [9] and Odgers and Kretschmer [10]) and the recent scaling 
law of Marragou et al. [6]. For a fair comparison, each model was 
re-calibrated to the present dataset by adjusting the multiplicative 
constant in its formulation. Since the Lefebvre and Odgers correlations 
were originally expressed in terms of EINO𝑥, no further modifica-
tion was needed; however, Marragou’s model was developed in terms 
of concentration (ppm) and was therefore converted to EINO𝑥 for 
consistency.

Residuals were computed for each model using the same dataset as 
in the present study. The probability density functions of these residu-
als, obtained using Kernel Density Estimation (KDE), are presented in 
Fig.  4.a. The Lefebvre and Odgers correlations yield higher mean resid-
uals compared to both Marragou’s scaling law and the present model. 
Moreover, the distributions of Marragou’s and the current model’s 
residuals are more sharply centered around lower values, indicating a 
greater ability to predict NO𝑥 with reduced error. The mean residual for 
the model of this study is lower than that of Marragou et al. potentially 
reflecting the fact that the present model explicitly accounts for mixing 
effects, which were neglected in their study.

A complementary perspective is given in Fig.  4.b, where the resid-
uals of each datapoint are plotted against the experimentally mea-
sured values of EINO𝑥. LOWESS (LOcally WEighted Scatterplot Smooth-
ing) curves highlight the trends of residuals across different emission 
levels. The results show that the Lefebvre and Odgers correlations 
exhibit residuals that grow in magnitude with increasing NO𝑥, re-
flecting a systematic bias at higher emission levels. By contrast, both 
Marragou’s scaling law and the present model display residuals that 
converge asymptotically toward lower values, suggesting more uniform 
predictive capability across a broad range of operating conditions.

Taken together, these results demonstrate that the proposed model 
is superior to traditional correlations and, in some cases, performs on 
par with state-of-the-art models, such as that developed by Marragou 
et al. [6]. While both models achieve similar accuracy, the present 
model is applicable to a wider variety of burners and is not limited 
to a single configuration. Its robustness across a range of conditions 
underscores its potential for practical use, where both generality and 
reliable accuracy are required.

An additional note must be made on the applicability of this model. 
Although the present formulation assumes thermal NO formation as the 
governing mechanism, detailed kinetic studies of lean hydrogen and 
hydrocarbon combustion [37–39] indicate that the N2O-intermediate 
pathway contributes non-negligibly even at atmospheric pressure and 

increases markedly with pressure up to approximately 6–10 bar. Be-
yond this range, the N2O pathway often becomes dominant, although 
its relative contribution tends to plateau with further pressure increase.

Since the semi-empirical model is calibrated using literature data 
spanning atmospheric conditions up to approximately 8 bar, it in-
herently captures much of this transition regime in which the N2O 
contribution rises rapidly with pressure. Consequently, within the in-
vestigated pressure range, the observed pressure sensitivity of total 
NO is effectively embedded in the fitted correlations, even though 
individual pathways are not explicitly resolved.

At pressures substantially exceeding the calibration range, where 
the N2O pathway may dominate, the model may exhibit systematic 
deviations. However, because the parameters were derived from total 
NO data rather than pathway-resolved kinetics, the isolated contribu-
tion of the N2O route cannot be separated and a quantitative error 
specifically attributable to this mechanism cannot be directly estimated. 
The magnitude of any deviation would depend on how strongly the 
pressure scaling of NO formation departs from that represented in 
the calibration dataset and therefore cannot be rigorously quantified 
without additional high-pressure validation data which is currently 
scarce in the literature.

6.2. Physical significance of the free parameters

Providing a physical interpretation of the free parameters derived 
from the optimization process is essential to understand the fundamen-
tal mechanisms that contribute to NO𝑥 production and their relative 
importance.

The fuel mass flow rate exponent, 𝑎 = 0.38, suggests that EINO𝑥 has 
low sensitivity to changes in thermal power. This exponent represents 
both the flame volume and the normalization by fuel mass flow rate to 
align with the EINO𝑥 definition. From the flame volume perspective, 
𝑎1 = 𝑎 + 1 = 1.38 (see Eq. (6)), indicates that flame volume increases 
with fuel mass flow rate. This aligns with [21], who observed a nearly 
linear increase in flame volume with fuel mass flow rate.

The operating pressure exponent, 𝑏 = 0.38, shows that NO𝑥 produc-
tion is slightly sensitive to pressure changes. This exponent captures 
two effects: one related to the equilibrium of O2 and N2 molecules (see 
Fig.  1), affecting the chemical reaction rate in Eq. (4), and another 
related to flame volume (see Eq. (6)), so that 𝑏 = 𝑏1 + 𝑏2. The fitted 
expression of the O2 and N2 equilibrium effect (see Fig.  1) yielded 𝑏1 ≈
1.50, implying that the pure effect of flame volume is 𝑏2 ≈ −1.12. This 
finding matches phenomenological descriptions from [21], who noted 
that flame volume decreases with pressure. Thus, NO𝑥 is positively 
affected by pressure through increased O2 and N2 concentrations (𝑏1 >
0) but negatively affected by the reduced flame volume (𝑏2 < 0).

The residence time exponent, 𝛼 = 0.74, is consistent with previous 
studies that show a linear relationship between NO𝑥 and residence 
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Fig. 5. Joint probability density distributions of highly correlated parameter pairs (𝑟 > 0.7), obtained using Gaussian Kernel Density Estimation (KDE) normalized 
with their respective maximum value. Each subfigure (a–i) represents a pair of free parameters, with their possible values on the x- and y-axes, constrained within 
the 16th and 84th percentiles. The Pearson correlation coefficient (𝑟) for each pair is displayed in a box below the corresponding subfigure.

time [40]. The value is also similar to the reported exponent for 
residence time in [6,12], which has a value of 1∕3. Differences in the 
definition of residence time and inclusion of mixing effects may explain 
the variation in value, but the general agreement in sign and order of 
magnitude supports the results and well known behavior of NO𝑥 with 
respect to residence time.

The swirl number exponent, 𝑐 = −0.61, indicates that NO𝑥 emissions 
decrease with swirl intensity. This also suggests that flame volume is 
inversely proportional to swirl intensity, consistent with previous stud-
ies [21–23]. While NO𝑥 is known to be temperature-dependent [41], 
this study includes an additional effect through flame volume (see 
Eq. (6)), reflected in the exponent 𝑑 = −4.67. However, this parameter 
has the highest uncertainty among the free parameters, which may limit 
its physical interpretation, as discussed in Section 6.3.

Regarding the swirl intensity correction, the maximum effective 
equivalence ratio, 𝜙max = 1.15, and the swirl sensitivity parameter, 
𝜂 = 0.45, were obtained. The parameter 𝜙max should be interpreted as a 
phenomenological upper asymptote representing the maximum degree 
of mixture stratification within the model structure. It reflects the upper 
bound of local enrichment effects that increase thermal NO𝑥 formation.

From Eq. (8), increasing swirl intensity progressively reduces the 
effective enrichment, driving 𝜙eff toward the nominal global equiva-
lence ratio 𝜙. This behavior is consistent with the physical expectation 
that stronger swirl enhances mixing and reduces large-scale stratifi-
cation [42]. The moderate value of 𝜂 indicates that this reduction 
occurs gradually, implying that even at elevated swirl numbers some 
degree of mixture inhomogeneity persists. This observation aligns with 
the partial-premixing hydrogen injection strategy used in the burners 
considered.

The constant multiplier 𝐾 at the front of the model is challenging 
to interpret, as it absorbs all neglected effects, likely making it a 
significant source of error in the predictions.

6.3. Statistical properties of the free parameters

Beyond their physical interpretation, it is important to assess the 
statistical properties of the optimized free parameters, since their dis-
tribution directly affects uncertainty propagation, parameter identi-
fiability, and the robustness of the model calibration. In particular, 
testing for normality provides a first indication of whether standard 
confidence intervals and error estimates are appropriate, or whether the 
parameter space is skewed or multimodal, which could suggest over-
parameterization or compensation effects between variables. Although 
this analysis is not central to the main objectives of the study, it offers 
complementary insight into the stability and reliability of the parameter 
set obtained.

A statistical analysis was conducted on the free parameters obtained 
from 1000 optimization runs to evaluate the robustness and interde-
pendence of the fitted coefficients. The conditions of the optimization 
runs are given in Section 4. To assess whether conventional uncertainty 
metrics (e.g. mean and standard deviation) adequately describe the 
parameter space, a test for normality was conducted. The Shapiro–
Wilk test was applied for univariate distributions, while multivariate 
normality was tested by examining whether the Mahalanobis distances 
followed a 𝜒2 distribution [43]. Both tests indicated deviations from 
normality, implying that the parameter space is structured and poten-
tially shaped by strong correlations rather than random variation. A 
strong correlation was observed between certain parameter pairs, as 
determined from their Pearson correlation matrix (not shown here). 
To better capture these structured relationships, joint probability dis-
tributions were generated using Gaussian Kernel Density Estimation 
(KDE) for parameter pairs with Pearson correlation coefficient values 
exceeding 𝑟 > 0.7. The results are presented in Fig.  5, where each 
subfigure (a–i) displays a joint KDE plot for a specific parameter pair. 
The x- and y-axes represent the range of each parameter, constrained 
within their 16th and 84th percentiles. Below each plot, the Pearson 
correlation coefficient quantifies the strength of the correlation.

Several key observations can be drawn from Fig.  5. A strong neg-
ative correlation is evident between 𝐾 and 𝑑 (Fig.  5.a), 𝐾 and 𝛼 (Fig. 
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5.b) and, to a lesser extent, 𝐾 and 𝑏 (Fig.  5.i). Notably, the correlation 
between 𝐾 and 𝑑, the global constant coefficient and the (effective) 
adiabatic flame temperature exponent, respectively, stands out. Their 
density distribution is both narrow and diagonal, indicating an almost 
perfect inverse relationship.

This behavior can be understood by considering the logarithmic 
form of the model. The temperature contribution can be written as in 
Eq.  (19)

log10 EINO𝑥 = 𝐾 + 𝑑 log10

(𝑇ad,eff
𝑇0

)

+… (19)

where 𝐾 acts as an intercept and 𝑑 as a slope parameter. For models 
of the type 𝑦 = 𝐾 + 𝑑𝑥, regression theory predicts strong negative 
intercept–slope correlation when the predictor 𝑥 has a large nonzero 
mean relative to its variance. In the present dataset, the normalized 
temperature 𝑇 ∕𝑇0 spans a narrow interval, resulting in log10(𝑇 ∕𝑇0)
having a substantial positive mean compared to its standard deviation. 
Under these conditions, variations in 𝑑 produce nearly uniform shifts 
in the model response, which are compensated by opposite variations 
in 𝐾, leading to the observed near-perfect inverse correlation.

To evaluate whether this indicates parameter redundancy, the model 
was re-assessed with 𝑑 = 0. This simplification led to a substantial 
deterioration in predictive accuracy, demonstrating that the temper-
ature exponent is structurally required. Therefore, the strong 𝐾–𝑑
correlation reflects geometric intercept–slope coupling rather than 
over-parameterization.

Furthermore, Fig.  5.c and 5.h show correlations between 𝑑 and the 
residence time exponent 𝛼, and between 𝑑 and the pressure exponent 
𝑏. However, these correlations occur within a relatively narrow uncer-
tainty band and do not lead to significant degradation in predictive 
capability. They are thus interpreted as practical parameter interactions 
rather than evidence of structural redundancy.

Another notable observation is the relationship between 𝜙max and 
other parameters. This parameter exhibits high correlation with 𝜂
(Fig.  5.d), the geometric swirl number exponent 𝑐 (Fig.  5.f), and the 
pressure exponent 𝑏 (Fig.  5.g), indicating its strong coupling to these 
parameters. Unlike the previously discussed case, these correlations 
are weaker, and the associated parameter uncertainties are relatively 
low. The interdependence of 𝜙max with multiple parameters reflects the 
model’s flexibility in capturing several physical effects simultaneously, 
due to the chosen analytical form for swirl intensity correction and the 
artificial nature of 𝜙max. While this suggests opportunities for explor-
ing alternative formulations to potentially simplify the representation, 
it also underscores the model’s capability to accommodate complex 
interactions in swirl combustion.

7. Conclusion

This study presents a semi-empirical analytical model for predicting 
NO𝑥 emissions in partially-premixed, swirl-stabilized lean hydrogen 
combustors. The main findings and contributions can be summarized 
as follows:

• Unlike existing correlations largely developed for hydrocarbon or 
non-swirling flames, the present model is calibrated exclusively 
on hydrogen combustion data. The resulting scaling exponents 
therefore reflect hydrogen-specific flame characteristics.

• A phenomenological swirl correction is introduced to account 
for imperfect premixing through an effective equivalence ra-
tio formulation. While semi-empirical, this approach provides a 
physically interpretable mechanism to represent how local near-
stoichiometric zones can dominate thermal NO𝑥 formation. Such 
a correction is absent in traditional non-swirled correlations.

• The model captures the governing mechanisms of NO𝑥 produc-
tion:

– Fuel mass flow rate exhibits a weak influence.

– Pressure affects emissions through competing mechanisms 
(enhanced reactant concentrations versus reduced flame 
volume).

– Increased swirl intensity suppresses NO𝑥, consistent with 
enhanced mixing and reduced effective flame volume.

– Residence time strongly influences NO𝑥 production.

• Although the mean relative error is approximately 50%, the 
absolute prediction errors remain within a practically relevant 
range across multiple hydrogen burner designs, demonstrating 
robustness despite dataset heterogeneity.

• In contrast to CFD-based simulations, chemical reactor network 
models, or data-driven approaches, which require detailed geo-
metric, flow-field, or measured thermochemical inputs, the
present formulation relies solely on global operating parame-
ters. This enables rapid estimation of NO𝑥 emissions prior to 
combustor fabrication or high-fidelity numerical analysis.

• Future work should aim to refine the swirl-mixing representation 
and validate its structure through targeted experimental investi-
gations. Expanding high-quality hydrogen emission datasets will 
further strengthen predictive accuracy.
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