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INTRODUCTION

In 1953 Korovkin ([9], [7])* introduced the notion “‘linear positive operator’
in approximation theory, although a corresponding idea already occurs in 1952
in a paper by Bouman [3].

DEFINITION
Let V denote the set of all real functions f(x), defined on a set D of points of the real
x-axis. Let L be an operator which maps each element f of V into a set W of real functions
g(x) = L(f(t); x) which are defined on a set E of points of the real x-axis.
Then L is said to be positive if and only if for each f e V with f(x) > 0 on D we
have
g(x) >0 on E.

ExAMPLE
8(#) = L(f; #) = f(—1) (x—#)+£(0) (I —x2) (1) (+2+1).
Here D consists of the three points —1, 0 and 1 of the x-axis and E is the interval [0, 1].

In this introduction we will first give a brief exposition of results from which we
start in this thesis. Next the Chapters 1-4 are summarized.
We remark that from now on the word operator means linear positive operator.

1. Survey of the contents of this thesis
1.1. PRELIMINARIES

For the formulation of a number of theorems concerning operators, we intro-
duce a definition.

DEeFINITION
The set of functions which are bounded on the whole real axis and which are continuous
on the interval [a,b], continuous to the left in x = a and continuous to the right in x = b,
is denoted by Q(a,b).

The set of functions which satisfy the above conditions and, moreover, are periodic with
period 2m will be denoted by Q,,(a,d) in case b—a > 2n.

* Numbers in brackets refer to the references at the end of this thesis.




The following theorem* can be considered as one of the basic theorems
about operators in approximation theory.

Treorem I (Bouman [3], Korovkin [7])

Let f(x) € Q(a,b) and let {Ly}(n = 1,2,...) be a sequence of operators defined on
Q(a,b). If this sequence satisfies on the interval [a,b] the conditions

La(1; %) = I4an(x)

Lu(t; ) = x4 (%) (0 = dollicc o4}

La(; %) = 224-yn(%),
where an(x), fn(x) and yu(x) tend uniformly to zero on the interval [a,b] when n — oo,
then the sequence { Ln(f;x)}(n = 1,2,...) converges uniformly on this interval to f(x).

Using this theorem Korovkin ([7], p. 28-30) has given a new proof of the well-
known approximation theorem of WEIERSTRASS.
The trigonometric analogon of theorem I reads as follows.

Tueorem II (Korovkin [7])

Let f(x) € Qy(a,b) and let {Ln}(n = 1,2,...) be a sequence of operators defined on
Qan(a,b). If this sequence satisfies on the interval [a,b] the conditions

Ly(1;x) = I+an(x)
Ly(cos t; x) = cos x + fn(x) (=2 5)
Ly(sint; x) = sinx 4 ya(x),

where an(x),fn(x) and yu(x) tend uniformly to zero on the interval [a,b] when n — oo,
then the sequence { Lu( f; x)}(n = 1,2,...) converges uniformly on this interval to f (x).**

Theorems I and II give suflicient conditions for a sequence of operators to
converge to a continuous function f(x).*** Moreover, KorovkIN [ 7] shows that
anumber of algebraic and trigonometric polynomials, suitable for the approxim-
ation of functions, can indeed be defined by means of operators.

Baskakov [1] gives a fairly general form of a sequence of operators
{Ln}(n = 1,2,...) which is generated by a sequence of functions {@(x)}

*  For a particular sequence of operators the germ of the theorem can already be found in a
paper by Poroviciu [21a].

** Tn 1957 Vorkov [30] has generalized theorem I in case of the approximation of functions
of many variables, whereas Morozov [17] in 1958 extended theorem II for this purpose
(cf. Chapter 2).

*** The three functions 1, x, x* respectively 1, cos x, sin x cannot be replaced by any two
functions as KorovkiN proved in [7], § 5. But theorems I and IT do hold if the conditions
of the theorems are satisfied for the functions fy(x), fi(x), fo(x) assuming this system
Sr(x) (k= 0,1,2) is a Chebyshev system on [a, b]. This is also a necessary condition

(cf. [7], §5).
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(n =1,2,...) (cf. [5]). It is proved that these operators satisfy the conditions
of theorem I. Moreover an estimation for the difference |Ly(f; x) — f(x)] is
derived in which the modulus of continuity () plays a réle. Because this no-
tion appears frequently in the following pages, we will give here its definition.

DEerintTION
If f(x) is defined on an interval [a,b], then for every 6 > 0

o) = M FErEl @ sindll

¥ —'| <

The modulus of continuity has the property [28] that
(1) < (1+12Dw(3) (4> 0), (1)
where ]A[ is the largest integer being smaller than 4.
In [1] an asymptotic approximation formula is derived for a sequence of
operators belonging to a particular sequence of functions {gx(¥)}(n = 1,2,...),
i.e. information is given about the speed with which the difference

Lu(f; %) — f(x) (2)
tends to zero when n — oo.
By means of a suitable choice of the sequence {@(x)} the well-known Bern-
stein polynomials

o[k
mmw:ZfQ@wwmmumwﬂ>
are generated. o

MawMmepov [12] investigates the speed with which the difference (2) converges
to zero in a certain point Xy € [a,b] when n — oco. We will state here his most
important result.* First we give a definition.

DeFINITION
With Q@) (xo) we denote the subset of Q(a,b) of functions for which the second derivative
at the fixed point xo € [a,b] exists.

TreoreM III (MawMmEDOV [12])
Let f(x) € Q@ (xg). Assume that the sequence of operators { Ln}(n = 1,2,...) has the
property that in xo we have

umm=rwgi)

* [12] contains three theorems without proof. MamMeEpov does not notice that the first two
of them are particular cases of the third one.

Ll




¢(n) ¢(n)

we2(*o) ( =N

¢ (n) ¢ (n)/

where p(n) £ 0 and @(n) — oo when n— oo. If there exists a positive integer m
such that

La(t; %0) = mp + e a(L>
o)

Ln (25 x0) = %02+

Ln{(t—x0)2m+2; xo} = 0(?7(%) (n— o0),

then we have

2u1(x0) f' (%0 2(x0) —2x011(%0) } f " (%0 b
Ll fi Pl = wi(xo)f (x)ﬂL{‘PQ(;’Zn)) xop1(%0)} /" (o) +0<¢(n))‘

Applications of theorem IIT were given by Mamepov for the derivation of
some familiar asymptotic approximation formulae.*

1.2. Survey of the contents of Chapters 1—4 **

CHAPTER 1

Theorem 1 is an extension of theorem I of Bonman-Korovkin. It is a general-
ization in two different ways; first the uniform convergence is replaced by
pointwise convergence and in the second place the class of functions for which
theorem I is valid, is extended. In fact, theorem I deals with the class of real
functions which are bounded on the whole real axis and which are continuous
on a finite interval [a,b]. However, Korovkin’s proof of theorem I is given
([7], p- 14-15) with the aid of two functions f(x) = x and f(x) = 2, which
themselves are not bounded on the real axis. Therefore we consider a class of
functions, called H(xy), containing both x and x2 and for which we prove that
the results of theorem I hold.

Theorem 2 is a somewhat modified version of theorem III in the sense that
the class of functions for which theorem III is valid, is extended. A full proof is
given, because paper [12] furnishes no proof at all. In view of the approxim-
ation of 2n-periodic functions, we state theorem 2 in a way appropriate to this
case. This yields theorem 3.

Next a method is evaluated for the construction of a sequence of operators
with a sequence of functions {@x(x)} (n = 1,2,...). Theorem 4 states that the
considered sequence of operators satisfies the conditions of theorem 1.

* In [12] the formula given for the Fejér operators is false.
*% Some parts of this thesis have been published before in the author’s papers [23], [24],

(25], [26], [27].
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The influence of the function f(x) on the approximation is given by theorem
5 which gives an estimation of the difference

|Lu(f; %0) — f(%0)].
Some applications of the theorems are given. We consider a particular case
of the so defined sequence of operators and write down some sequences of
functions {@n(x)} (n = 1,2,...) suitable for the generation of operators.
Theorems 6 and 7 are derived with the aid of theorem 2. They show the
influence of the sequence {¢x(x)} on the asymptotic approximation.

Korovkin has derived a theorem concerning the asymptotic approximation
for a special type of operators. We state his result here.

TreorEM IV (Korovkin [8])
The operators Ly are defined by

+n "

z 1

Lu(f; %) = = /f(x—i—t) {— oin Z 0" cos /ct} dt (3)
- —n 2 k=1

with

] n

-+ o™ cos kt > 0 (—7 <t < +m).

2+

In order that for a function f(x) € Q@ (xo) the relation
Lu(f; %0) —f (%0) = (1—0{").f" (x0) +o(I—¢f")

is valid, a necessary and sufficient condition is that

. I—ge™
A T Y

At the end of the Chapter, theorems 3 and IV are used to get asymptotic
approximation formulae for some well-known operators such as Jackson’s.

CHAPTER 2

Some results about the approximation of real functions of m real variables are
formulated. For this purpose a generalization (theorem 8) of a theorem of
Vorkov [30] is given. Theorem 9 is in the same way an extension of theorem 2.
A general method is given for the construction of sequences of operators
suitable for the approximation of functions of many variables (cf. [2], [31]).
Generalizations of some theorems of Chapter 1 are stated without proof.
As an example we give some sequences of functions with the corresponding
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operators and the region in which they are defined. Some already known
results (a.0. a generalized theorem of VoroNovskaja) are derived in another
way and in particular we pay attention to a constant » which appears in the
inequality

1Ba( F; X)—fIX)| € wwoln™® couy 871, X = (B35 1005 %m))
where By(f; X) are generalized Bernstein polynomials defined on a certain

simplex. Here w(d1,...,0m) is the generalized modulus of continuity of the
function f(X) in the domain of f(X). This domain is denoted by K.

DEFINITION
If the function f(X) is continuous in a convex domain K in R, then the generalized
modulus of continuity is for every 6; > 0 defined by

®(01y...,0m) = sup |f(X)—f(X")| (X', X" € K). (5)

,"] , < ‘5]
(J= l m)

Stancu [29] has estimated the constant x. We are improving his result. To
that end we first prove a theorem about the generalized modulus of continuity
by sharpening inequality
w(}.lal,...,zmam) < (1 + Z lk) w(al’...,éyn) (lk > O; k == 1,..., m).
k=1

Use is also made of a result of SIkkEMA [28].

Finally a theorem of Stancu is derived in another way and asymptotic ap-
proximation formulae are deduced for some operators.

CHAPTER 3

The operators of FEJER and JacksoN are considered in Chapter 1. These
operators are particular cases of the general sequence of operators of the form

+n
. 1 sin 1/ont\*
Lnp—p(f5 %) = r g L/f(x—l_t) <sin 1/2l) - o
with
sin 1/ont
Anﬂ—p— ] (Sln122t> (ﬂ = 1, 2;.-.-).

Here p is an arbitrary but fixed positive integer; the subscript np—p denotes

sin 1/ont 2 : ’ .
that | — o is an (even) trigonometric polynomial of degree np—p.
Sin /g
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The operators (6) are the object of Chapter 3. The sequence of the form (6)
is a special case of the sequence of operators (3) because
(sin Lont\* ~

1 1%
) =itz Z o coskt >0 (—n < t< +a). (7)

sin 1/sf

A study of (3) was made by Korovkin ([7], [8], [9]) and from his investiga-
tions it follows that the coefficient p{” plays an important réle in the behaviour
of the approximation.

We first establish that the sequence {Lap»(f; x)} satisfies the conditions of
theorem 1.

In order to derive formulae for the operators Ly, ,, we have to consider the
integrals Aup—p(p = 1,2,...). The value of the integral 4np—p, p fixed, is com-
pletely determined by thc coefficient o§” * in expansion (7). With regard to
the asymptotic approximation we have to know (theorem IV) the coeffic-
ients o ” and py? *. The calculation of these coefficients o * (k = 0,1,2)
can be established in an elementary way, one must, however, have at one’s
disposal the coefficients

e VTV (0 <k < n(p—1)—(p—1)).

The coefficients o ~? (0 < k < 2n—2) were first given by SAFRoNOvA [22];
this is sufficient for the calculation of the operators Lyy,-—p up to and including
p =4

In cases p =1 and p = 2 we have the well-known Fejér- and Jackson
operators. The formulae in cases p = 3 and p = 4 were given by MAaTsuoka
([14], [15]), and independently, by the author [26] (cf. [6]). For the sake of

completeness we state the results.*

Lo (f; ) / fx <si.n 1/2nt)2 &,

sin 1/of
3 / sin 1/2nt>4

Lon—2(f; %) = 55— sinlfat ]

-2(f; %) 27 (2n34-n) J e (Sln 12t .

Il 7
o 0 sin 1/ont\6
fan-al3®) = T4 508 ) _/f(x+t) (sin 1/zt) .
315 r [ent\®
sin 1/ont

Lyn-4(f; =

an-4(f; x) 71(302n7 4 140n5 49813+ 90n) [f(x+t) (sin 1/2t> -

* One has a check on the results because 4,,, , = 2z for n = | and p arbitrary.
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Theorem 16 states formulae for the coefficients o * (0 < k < 3n—3) in the

expansion (7) in case p = 3. Using these results we derive in theorem 17 the
form of operators Ls,—5 and Les—6. There is every appearance that the consid-
ered method is not so suitable for the further derivation of the form of the
operators Lyp— (p=7,8,...).

A remarkable property is shown by the form of the above operators. The
values of the integrals 4np—p (p = 1,2,3,4) consist only of odd powers of n. It
turns out that this also holds in cases p = 5 and p = 6.

In order to state the results which follow, we quote a few definitions from
mathematical literature.

DEFINITIONS

1) Z is the class of all functions f(x) € C,, satisfying the inequality
[f(x+8) =2f (%) +f (x—1)| < 24|

Jor all fixed x and all t on the real axis;

2) Zs is the class of all functions f(x) € C,, satisfying the inequality
If(x+0) —2f (%) +f (x—1)| < &2

JSor all fixed x and all t on the real axis;

3) when f(x) € C,, we define the norm of f(x) as
If]l = max {|f(x)]; — < t < +a.

PeTROV [21] established a theorem on the degree of approximation for func-
tions f(x) € Z by the operators Lz,—2. He puts

by = 2n s(t;)p {ll Lan—2(f) —f1l; f(x) € Z}

and proves that
. 121n 2
llm bn = .
n— @ T
Concerning the degree of approximation for functions belonging to the
class Z,, Matsuoka [15] proved the following theorem and derived numerical

results for the operators Ls,—3 and Ly-—4.

TaEOREM V (MATSUOKA)
If Ly is an operator of type (3) and if condition (%) is satisfied, then
i {IZa()—f1l; f (%) € Za} 2 I—¢”,

where an L by, means
lim an/bn — ].

n— co

Following Petrov’s result, theorem 19 is concerned with the degree of approx-
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imation for functions belonging to Z by means of the operators Lz,-3(n=1,2,...).
Moreover some applications of Matsuoka’s theorem are given.

Theorem 21 gives the asymptotic approximation formulae for the operators
Lsn—5 and Lgn—g, using theorem IV (cf. [6], [14], [26]). The order of approx-
imation is equal to 1/n2; Korovkin [10] proved that, concerning the order, it
is in general not possible to get a better approximation with operators.

An asymptotic approximation formula for the operators Ly,y—p for arbitrary

p is derived in theorem 22 by comparing the integrals
+xn

+n
" (sin 1/ont\* . . (sin 1[ont\*
/ 2 (—/2> dt  and / sin2t (—/L> dt
r sin 1/o¢ sin /st
—n —n
Several of the results of this Chapter can be generalized to functions of many
variables. An example of such a generalization concludes this Chapter.

CHAPTER 4

We further investigate the method of Chapter 1, § 2 for the generation of
operators by means of sequences of functions. In particular we pay attention
to the construction of suitable sequences {@x(x)}(n = 1,2,...). One of the condit-
ions which every element of the sequence {@,(x)} has to satisfy, viz.

_(p'(.k)(x) = n‘pfrf"_l)(x)(l—’_ak.ﬂ(x)) (k=12,...), (8)
where ag (%) is a correction term and

lim 2t =1,

n—c n

is taken as the central point.

We restrict ourselves to the case m, = n—c, ¢ being an integer, and
aga(x) =0 (k,n = 1,2,...). Using the concept of starting-function a construc-
tive method is developed for deriving sequences of functions suitable for the
generation of operators.

The second part of the Chapter is devoted to the case where the kt*-derivative
of @u(x) in (8) is a certain combination of all the derivatives of lower order.
Theorem 25 shows that the corresponding sequence of operators satisfies the
conditions of theorem 1.

Cases my, = n—1, my = n and m, = n-1 serve as an illustration.

We particularly consider a sequence of functions of the form

@n(x) = A==l )1 (4 = 1,92,...)

(p being an arbitrary, but fixed, positive integer) corresponding to case
my = n—1. This sequence generates a sequence of operators defined on the
interval [0, 1]. Theorem 26 states that these operators all have the formula of
VORONOVSKAJA as asymptotic approximation formula.
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CHAPTER 1

BASIC THEOREMS WITH APPLICATIONS

This Chapter starts with a generalization of a theorem of Bomman [3] —
Korovkin [7]. Then we prove theorem III of MaMEDOV in a somewhat
modified form. Another theorem of this type is given. Next we introduce a
sequence of operators {Ly}(n = 1,2,...), for which we derive some theorems.
Applications are given with particular examples.

1 Theorems on the approximation of functions with operators
1.1  We will generalize here theorem I of the Introduction.

DEFINITION
By H(xo) we denote the class of all real functions f(x) which are defined on the whole real
axis and which have the properties

1) f(x) is continuous for x = xo;

2) f(x) = O(x2) when |x|— oo.
THEOREM 1
Let f(x) € H(xo) and let {Ly} (n = 1,2,...) be a sequence of operators defined on
H(xo). If we write

Lu(1; x) = 14-an(x)

Lalt: ) =240l 8 = 1,2::.)
B

ol 3) = 2 7(x)
and if an(x), Pu(x) and yn(x) have the property that
lim an(%0) = lim Bu(x0) = lim ya(%0) =0, (9)
then o o o
lim Lyn(f; x0) = f(xo0).-
Proor o

Since f € H(xo), there exists to each ¢ > 0 a positive number é < 1 such that
the inequality
|f(8) =f (%) | < /3¢
holds for each ¢ with [t—x| < 4.
Also there exists a positive number 4 such that for each ¢ with |[t—xo| > 6

|f (&) —f(x0)| < A(t—%0)?
holds.




The above two inequalities imply

)~ lra)| < Yoo + 22 t e (—o0, +o0).

In view of the monotony of the operators L, we can write

Lal £ () —f (30) ; 20}| < ( s - “—‘l )

Using the conditions of theorem 1 and the fact that the operators L, are
linear we have

< [3€ + —(t_xo)z; xo) =

A
= 1/zeLy(1; x0) + 5 { La(t2; x0) —2%0Ln(t; x0) +x02Ln(1; %0)} =

= te(1-+an(x0) + 5 (7a(s0) ~2aBa(re) 20%en(0)}

From this and from (9), it follows that there exists a positive integer N(e)
such that for each n > N;

1/3ean (x0) + (g{Yn(xo)—onﬂn(xo)+x02an(xo)} < 1ze.

Because of the fact that

Lad f(8) =f (x0) ; %0} = La(f(2); %0) —f (%0) La(1; x0) =
. = La(f(t); x0) —f (¥0) —f (xo) @n(%0),
we have

|La(f(8); x0) —f(%0)| < 2[se+|f(%0)||lan(x0)|  (n > N1).

On account of (9) there exists a positive integer Na(e) such that for eachn > N

| f(x0) | Jetn (x0) | < /3.

[La(f(8); %0) —f(%0)| < &
for each n > max (N1, N2).
This proves theorem 1.

Thus

1.2 Asis the case with theorem I of the Introduction, the class of functions for
which theorem III is valid can be extended.

DEFINITION
By H® (x9) we denote the class of all functions C H(xo) of which the second derivative

exists at the point t = xo.

20



file:///Lnifit

THEOREM 2

Let f(x) € H®(x0) and let {Ln}(n = 1,2,...) be a sequence of operators defined on
H(xo). If the operators Ly(n = 1,2,...) have the property that in a fixed point xo

7
L‘n(l, xo) =1 4 o<(p—(’5>
s on ¥1(%o) xR
Ln(t; x0) = %0 + P .3 o((p(n)) (10)
Coy g Wa(xo) K
fnlfhi) =3t Sy ”(¢(n))’
where p(n) 7 0 and ¢(n) — oo when n— oo. If there exists a positive integer m such that
L (122 30} = (ﬁ) (n-> o0), n
then we have
Lod I atg)—F ) = 21p1(xo)f’(xo)—l—{wz(xo)—2x01p1(x0)}f"(x0) i 0(_1_)_
2¢(n) @(n)

Proor

The operators Ly(n = 1,2,...) satisfy the conditions of theorem 1, hence the
sequence { Lx(f; x0)} converges to f(xo). When f(x) € H®(xp), we can write

S (&) —f(x0) =f" (%0) (t—%0) = */o{f" (0) +h{t—20)}(¢—%0)? (12)

with £(0) = 0, A(t—x0) is continuous in ¢ = x¢ and &({—xq) is bounded in ¢ for
—o0 < t < +oo. Hence there exists to each ¢ > 0 a d > 0 such that

|h(t—x0)| < & whenever |t—xo| < 6,
and also there exists a positive number M such that
|h(t—x0)] < M (—o0 < t < +00).
Now we introduce the function 44(¢) defined by

{l‘,(t) = 1 whenever |t—xo| > ¢ (13)
As(t) = 0 whenever |t—xo| < 4.
Then the inequality

[h(t—x0)| < e+ Mhs(t) (14)

holds everywhere on the real ¢-axis.
Since the operators L, are linear it follows from (12) that

Ln(f; %0) —f (%0) Ln(1; x0) —f" (x0) Ln(t—20; x0) —/2.f" (%0) La{(t—%0)2; %o} =
= 1} o Lp{(t—x0)2h(t—x0); %o} =12, ...5%
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Using formulae (10), (14) and the fact that L, is monotone, we have the
inequality

2f" (x0) 1 (x0) +{w2(x0) — 2x0%1(%0) } £ (x0)

Ly( f; x0) — —
(/5 %0) —f (x0) 29(1) <
b (x0)
< HoLa{(t—x0)2(e+M2s(2)) ; %o} + o)’ (15)
where by(x0) > 0 and lim  b,(%) = O.
Using now formulae (10), (11), (13) we can write
b?l
Yo Laf(—n)¥(e-+ Miy(0) 20} + 20
¢ (n)
M bn
— e Laf(t—0)% 20} + o La{(t—m)?he(t); 20} + 20 <
2 ¢ (n)
y2(%0) —2%0y1(x0) =~ M —— Vu(%o)
2¢(n) T T
where m is the positive integer occurring in (11) and lim y,(x9) = 0. Because
of (11), it follows in connection with (15) that e
2f" (%0)p1(x0) +{w2(%0) —2x01(%0) } f" (o) ( 1 )
Ln 5 = = +
el 29(n) "\t

which was to be proved.

The corresponding theorem for the trigonometric case reads as follows.

THEOREM 3

Let f(x) be a bounded, 2n-periodic function which is twice differentiable at the point
t = xg € [—m, +a|. Further suppose that on the interval [—m, 4] the sequence
{La(f; %)} (n = 1,2,...) of operators Ly possesses the properties

g
Ln(], x()) = ] + 0((})@/)
: . y1,x(%0) I
Lu(sin kt; x0) = sin kxo - + o(~— (k= 1,9)
¢(n) ()
y2 .k (X0) 1
Ly(cos kt; x0) = cos kxo + + o{——|,
¢(n) ¢(n)/
where @(n) %~ 0 and ¢(n) — oo when n— oo.
If there exists a positive integer m such that for xo € [ —x, 4]
d
Lu{(t—x0)2™+2; 2o} = 0(\71)(75) (n— o0), (16)
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then we have

La(f; %0) —f(%0) =
- 2f" (x0){cos x0 1.1(x0) —sin xo ya,1(x0) }—f" (x0){cos 2x0 w2 2(%0) +sin 2xoy1,2(X0) }

4¢(n) T

The proof will be omitted since it can be given in a way similar to that of
theorem 2.

2 A method for constructing operators
2.1 In order to construct sequences of operators with the aid of sequences of
functions, we state the following

CONDITIONS :
We assume that in the sequence
{fon(2)} (n=1,2,...)
of real functions g,(x) of the real variable x, each function has the following
properties on the interval [0,5] (b > 0).

I: @u(0) = 13
II: @u(x) is infinitely differentiable on [0,4] and (—1)% ¥ (x) > 0
(k=0,1,2,...);

III: there exists a positive integer m, not depending on £, such that
—@.0 (%) = p(n)gn (O{1+an(x)} (k=12,..)
where

III;: ar a(x) converges to zero uniformly in £ when n — oo}
III5: w(n,x) is such that there exists a positive function y(n), monotonically
increasing to infinity when n — oo, with the property that

¥(n,x)

i 2= a
lim W(;Z;x)zl. (18)

The sequence {@,(x)} generates in the following way a sequence of operators.
Since

(=1Yp®(x) > 0 (k =0,1,2,...; » € [0,8]),
there follows that ¢,(x) is analytic for [x—b| < 4.* Expanding the function
@n(x+k) with x € [0,4] and |k| < x in a Taylor’s series

* Such a function is called completely monotonic.
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©

Pn(x-+h) =

and taking 4 = —x, we have by I

0 (=D ()
- Z ey g (19)
k=0
We define for n = 1,2,... the operator L, by
(=D g0t (& )
Ln ; == e Ny 20
(f; %) Z k! f(M (20)

which is obviously linear. These operators have a meaning for each function
f(x) which is bounded for x > 0 * and they are positive on [0, 5] in view of II.

THEOREM 4

If f(x) € H(xo) and if the sequence {@n(x)} satisfies the conditions I-I11, then the se-
quence { Lu(f; x0)} (n = 1,2,...) defined in (20), converges to f(xo) when n — oo.

If, moreover, in 111y ay n(x) converges also to zero uniformly in x on [0,b] and if the
relations (17) and (18) hold uniformly in x on [0,b], then the sequence { Ln(f; x)}
(n=1,2,...) converges uniformly on [0,b] to f(x) assuming f(x) € H(xo) (0 < xo < b).

Proor

We show that the sequence { Lx(f; x0)} (n = 1,2,...) converges to f(x) when
n— oo in the three cases f(¢f) =1, f(¢f) =t and f(t) = .

The convergence of { L,(f; x0)} to 1 in case f(t) = 1 follows from (19).
When f(f) =t, we consider the series

Z( ke (xo)xdt &
k! x(n)'

Using III we have for /: =>0 0
. <—1>*-(‘k¢§-l';fxo>xs-l . (w}({()) B 1) (1) (‘ill)f o

*  This condition is obviously sufficient. Perhaps it can be weakened, but that depends on

the behaviour of the sequence {(pn(x)}.
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Summation over £ gives

® - k— ltp(k l)( 0)x,k—l
(s 30)— Z ) 0o

o klfrll:l)( Jak1
:x0< )Z '00 L

x(n) — —1) !
Using IT and (19) we thus have
. ?P(”)xo) - \w(n’xO)
Lu(t; x0) —x0 | < %0 e 1|+ xo ) |ak,n(x0)|

On account of III; and III, there exists to each positive ¢ a positive integer
N(e,x0) such that for each n > N(e, x0)

LN

and 4

3b
We assume that e satisfies the inequality

& < min (35, 1).

|aknxo|<

Then we have

€ e\ &€ e & &
n\l; == < = 1 — = < = %(] _>
Enlts o) =0l < 5oy +x°( N Bb) 5 -3 3\ T3 <°

when n > N(e,x0) and hence

lim  Lx(t; x0) = xo.

n— o

When f(¢) = 12 we arrive at the series
V' (=D (vo)ap A2
! 200"
— k! %" (n)
Using III two times (k£ > 2), we can write the t*-term of it in the form
(=)', (x0)x5 k2

k! x%(n)
)y ) (— 1) (20)5
nE ,xx):’(:)nn,m (k—2)! (1+4ak,n(%0)) (1 4-ax—1,ma(%0)) +
’ _l)k 1 (k" 1)( O)xl(;_l
+ %0 w;:(:;) | (k—1) !x (1-+ax a(x0)), o
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from which we easily deduce that
lim L, (2; x0) = xo%

n— o

According to theorem 1 this establishes the first part of theorem 4. Under the
conditions imposed on ek »(x), y(n,x) and y(mn,x) in the second part of theo-
rem 4, the proof of that part follows from the above proof.

3 An estimation of [L,(f; x,) —£(x,)|

3.1 THEOREM 5

If the conditions of the first part of theorem ¢ are satisfied and if in property III ay n(x)

is independent of k, then the following estimation holds in each fixed point xo of [0, b]
xosl(n,xg) +X0282(ﬂ, X())

| La(f; %0) =f(%0)| < (9) 11 + = (23)

0 is an arbitranily chosen positive number and &1(n,xo), €2(n,xo) are defined in (27) and

(28).

Proor
By II and (19) we have
N (— 1)@, (x0)%
[La(f; 20) ~f(30)| < ) | (kfzlm))—f (1) |
k=0 '
The convergence of the series on the right follows from the proof of theorem 4.
Let 6 be an arbitrarily chosen positive number. Then we split up the sum X

into two new sums kel

\
) — +
L Z
k=0 [k/x(n)—xo[<6  [k/x(n) —xo|>0

Using property (1) of the modulus of continuity, we get

|Ln(f; x0) —f(x0)| <

_ 1\, R k o —1)E® £
< w(d) u_?_(@@_f_w(a)Zw_f_l}u%;ﬂ’ﬁ_
|k/x(n) —xo| <6 : k[ (n) — x4 > .

[ = —— 1)k ® k
gt 60((5) i < Ik/x<”5) xOI ( 1) in' (xo)x()] &

T k/x(n) —xo| > 6 :

| (klx(n) —x0)2 (—1)*¢¥ (x0)x5
< w(d) |1+

B Wx(n)an{ >4 o k!

FEELA (—1)*p® (xo)s5
< o(9) .1 - E; (k[ (n) —x0)? e (24)
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Since the ax »(x) do not depend on k, we will write ax(x) instead of ax n(x)
(k= 1,2,...) and we have then by (19), (21) and (22)

)

R () Xo xo n,xo
2. izt e (O GO W) 1 o) o+

- 2% (n) (25)
5 8 (1_2 PIE0) 4 ) PO 20) (1—{—an(xo))(l—|—amn(xo))>.
x(n) x%(n)
Putting
w(n,xo) o 1—|—ﬂ(ﬂ,x0), w(mﬂaxo) = 1+7(n,x0) (26)
x(n) x(n)

we have because of (17) and (18)
lim f(n,x) = lim y(n,x0) = O.

n— o n— o

Denoting by ¢1(n,x9) and es(n,x) the coefficients of xo and x? resp. in formula
(25), we see that

(1+p(n,%0)) (14 an(0))

27
20 @7)

81(72, X()) =

and
&2(n, X0) = —an(%0) — B (n,%0) — &n(x0) B(n,%0) + &my(%0) + &n(%0) @my(%0) +
+B(n,%0) @my (%0) + B (n,%0) an (o) @m, (¥0) 4y (n,%0) +
+(n,%0) an(%0) +y (n,%0) @m, (%0) 4y (n,%0) @n(%0) @my(%0) +  (28)
+B(n,%0)y (n,%0) +-B(n,%0) y (n,%0) @n (x0) +
+B(n,%0) y (n,%0) @m,(%0) +-&u (%0) &m, (%0) B (n,%0) ¥ (7,%0) -

Obviously &1(n,%) and e2(n,x0) converge to zero when n - co. With these nota-
tions (25) can be written in the form (23).

Some applications of theorem 5 are given in section 4.2 of this Chapter.

3.2 SOME REMARKS

1) It is always possible to choose & = d(n, xp) in such a way that
lim d(n,x0) = 0

n— w
and, moreover, that
. xoe1(n, Xo) +xo%e2(n, Xo)
lim =0

n— o 62
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It is also possible to choose 4 such that

. xoe1(n, xo) +xo2e2(n, xo)
lim sup - = oo.
n—>

These two choices are of little interest to us. In many cases, however, it is
possible to choose 6 = d(n, xo) such that

a(xo) = lim Xoe1(n, %0) + *o%ea (n, o)
n—> o 62

exists, where a(xo) is finite and not identical to zero. (See e.g. section 4.2 of
this Chapter). Sometimes such a choice may be

O == \/b (n X())

where ’
ok (n,xo) = Inax (‘]al(n,xo) ‘,(Bz(n,xo) |)

2) In some particular cases the estimation

[Ealfs 50 —f 50| = 00) {1+ 5 Vi) Frdealnm] (29

yields a better result than (23). It can be derived in a similar way as (23),
except that in deducing (24) we now write

Lnlf 20)—F )] < () {1+ & 3 o) —saf LT

|k/x(n) —xo| > 6

o) |1+ 5 Z o) = =L ),

Application of Cauchy-Schwarz’ inequality then yields the estimation

@

1) (o) Y
Eals 5) x| < 00) 1+ 5" bt s 0 O

An example will be given in section 4.2 of this Chapter.

3) Insome casesit may be useful to push one step beyond (24) in the following
way.
I (— 1)g® (xa)e’
Ll 20)—f )] < @) {1+ 5 " (kigtn) —zope LT LY
[k x(n) = 0| > 6

1)kp® (xo) o
< o) {1 4 55 Y (Wate) s 2L o

|/ (n) —xo| > &
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file:///klxin

L & (— 1) (x0) 2"
01+ 5 ) iptm e LT I g
k=0
An example is given in section 4.2 of this Chapter.
4 Applications
4.1 1If y(n) = n, the operators (20) have the form
! (=1’ (1)4 (k)
n = — .= == PPy ) 1
L(fin) = ) ~—H 22 5] =12 (81)

k=0
We also suppose that
W(”:x) = n, Y(Mmn,x) = my
where according to III; we will have
lim %=1,

n— o n

Assuming these conditions, we shall give three sequences of functions {¢x(x)}
and the form of the corresponding operators.

a) @n(x) = (1—x)n+», where x € [0, 1] and p is a positive integer or zero.
It is easily verified that this sequence has the properties I-I1I. The operators
generated by this sequence of functions have the form

n+p

La(f; %) = (1—x)? Zf( )(””) (1 —x)n (x € [0,1]). (32)

For p = 0 we have the well-known Bernstein polynomials

Zf( )( >xk (1—x)»* (e [0, 1].

b) galx) = e % (x € [0,5)(b < o0), p > 0).
This sequence has the properties I-III and the corresponding operators have

the form
La(f; %) = f("ﬂ)xZ () "+p s (x € [o, 8]). (33)

c) @n(x) = (14+2)~"; (x € [0, b](6 < o0), p > 0).
The operators generated by this sequence of functions have the form
Lifin) = _
et N (DN 4L) ofn - HE—1) ( x )k (k)
(14%) Z ) ) e l0D). (39

k!
k=0
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4.2 In case of the operators L, of the form (32), we easily deduce that
mn = n—1 and ag x(x) = p/n. Consequently f(n,x) =0 and y(n,x) = —1/n.
Hence we get from (27) and (28) that

1
e1(n,x0) = - 3 %’
1 T —
Ez(n,xo) e — ; _p_( nzp) )

According to remark 1 of section 3.1, a suitable choice for ¢ in formula (23) is
here

Diem =,
\Vn

We have then by theorem 5

fs 50 —~f 0] = o {100 + 22 (1—sat1—p)}

/n n

For the Bernstein polynomials we get from this inequality

5 1
because
max x(1—x) = 1/, (36)

This result is due to LorenTtz ([11], p. 20).
Using the inequality (30) in remark 3 of section 3.1, we arrive after some
elementary calculations at
n4o4

| Ba(f; x0) —f (%0)| < o(d) ll + —1—{3n(n—2)x02(1—xo)2+nxo(1~xo)} :

For n > 2 the right-hand member takes on its largest value for xg = 1/,
yielding the inequality

B3 9 < o) |1+ (2 — )

which holds on [0, 1] and it is valid for n = 1,2,....

1
Taking in particular 6 = —, we get
\/n

8 1 1 ) 3 < 1 )

n(f5 %) — Sll—=—=]ol—|< l=o|—]

Pl = (1 16 Bn)w<\/n =167\
which is sharper than Lorentz’ result.
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For the operators (23) we have that m, = n, ag.n = p/n, f(n,x) =0 and
y(n,x) = 0. Consequently

b

1
e1(n,x0) = N + 7’

2

Sz(n,xo) — % .

In case b > 1 and xq € [1, b], it is advantageous to use (29) instead of (23)
in deriving an estimation for the difference

| Ln(f5 %0) —f (%0) |-
In fact, with 6 = 1/+/n we then get
1  xoptap?
| La( f; x0) —f (%0) | < w(—) {1 + on uE oL e .
\Vn n
Similar estimations can be given for the operators L, of the form (34).
4.3 We assume that f(x) € H®(x), that the ax »(x) are independent of k£ and

that m, = n-+¢ where ¢ is an integer independent of n. With (19), (21) and
(22) there follows

L"(laxo) = 1:
La(t; x0) = xo(1+an(x0)), (37)

La(t2; %0) = %o (1 5 :) (1+an(%0)) (1 @nse(#0)) + %" (14 an(x0))-

An asymptotic approximation formula for the operators of the form (31) is then
given by

THEOREM 6
If the an(x) possess the property that in a fixed point xo € [0,b]
n
i) = 22 (1), (38)
n n

then we have

La(f; %0) —f (x0) =

2x00(%0).f" (%0) J;f " (%0) (*0+-cxo?) S ( I

Proor

In (11) we take m = 1. Then we have
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Ln{(t—20)*; %0} =
(n+c)(n+2c) (n+3c)

n

— x04

+ (97‘6f — 4’x04) w (1+an(x0))(1+an+c(x0))(l+an+2c(x0)) +

n n?

12x¢3
. ( B - 6xo4) (”;l“) (1 an(0)) (1 +@nse(x0)) +
+ (6—’? - 4x04) (14 (%0)) +x0* + o(%) (40)
Hence
I
Ln{(t—x0)4; xO} = x04(—an(x0)+30n+c(x0)_3an+20(x0)+an+3c(x0)) e 0(;)

From this and from (38) it follows that (11) is satisfied. Application of theo-
rem 2 and (37) completes the proof of theorem 6.

In a similar way we can prove
THEOREM 7
If the an(x) possess the property that in a fixed point xo € [0,5]

__0(xo) I
an (o) = () S O(W),
where t(n) has the properties 1) t(n) #%0; 2) lim t(n) = co; 3) t(n) = o(n),

then we have L

Ln(f s ~flo) = L) o), )

4.4 Next we consider the operators of DE LA VALLEE-PoussiN V,,, which are
defined by *
V(f'x)—L)”— 7}(x+t) 2 t2dt (n = 1,2,...; f(x) € Cyy)
a(f5 _27:(271—1)!!_-” cos = 1,9,::57 (%) -
They possess the property that for each bounded, 2#-periodic function which is
twice differentiable at the point ¢ = xo the asymptotic relation
" X 1
Fatfs ) —Gao) =T 4 o) (42)
holds.

* The expression n!! denotes the product of all positive integers, which are not greater
than n and which are at the same time even or odd when 7 is even or odd.
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Proor
We will prove this relation by applying theorem 3.
Making use of the identity [18], p- 197)

e
cos?n ¢)2 = ” { —I—QZ (n— k)n' (B cos kt},

we can write
Va(f; %) = . 7}(x+t) {1 -+ i ot cos kt} dt
, T a 2 k=1

with
W (n!)2
& T R (k)
It is readily verified that
Vaull; mp) = 1,

(k= 1,...,n). (43)

. g sin x; |
Vau(sin ¢5 x9) = sin xg — > - o(—),
n

4 sin 2xp n 0(1>,

Va(sin 2¢; x9) = sin 2x9 — -

cos X 1
Va(cos t; %o) = cos xg — i + o(—),
n

4 1
Va(cos 2t; x0) = cos 2x9 — CO; 2% + 0(—).

n
Further we have to establish the existence of a positive integer m such that
1
Va{(t—x0)2m+2; x9} = 0(—) (n — o0).
n

Taking m = 1 we have

Va{(t—x0)*; xo} = QW(QQ:)—)—— [t‘l cos®® ¢2 dt —
@)1t [ i y
= SaEnT}T] 0/ sindt cos?n ¢ dt +o/ (1A—sindf) cos?n ¢ dt|. (44)
Using the fact that ([18], p. 9)
- o~}
[comgpar — Zn=DH o,

(2nm) 1!

bt 4
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and the identity

sindt = 1—2 cos?t + cos?t,
we can write
2 7 ((2n—1) 11 (2n+1)11 (2n43) 1!

/ sintcos??t df = —

; 2l @1 T (@2 2)!! T (2n44) !

(2n—1) 1!
(2nt4) 11
(45)

3
= —7
2

For the second integral in the right-hand side of (44) we have
7(2(t4—sin4t) cos2" t dt = letz—}—sinzt)(t—}-sin £)(t—sin t) cos2n t dt. (46)
0 0
Now the expression (£24-sin?)(¢+sin t) is bounded on [0, /2] and in connec-
tion with (cf. [18], p. 187)
7]2(t—sin t) cos?n t dt = O(1/n2),

0
(2n) !}
(2n—1)1!!
we conclude from (44), (45) and (46) that
Va{ (t—x0)%; %0} = o(1/n).
Hence we can apply theorem 3 and thus we get relation (42). This formula is
due to Naranson * ([18], p. 187).

— 0(") (n— o0),

4.5 Jackson’s operators are defined by

8 s sinl/gnt>4
Lonso(f; %) = —————— ) | — t = 19 s} (G N
nealf3 ) = gy [ S0 ><31n1ﬁt &t (n=1,2...;f(x) €Cy)
These operators possess the property that
: 31" (x0) 1
Lon-alf3 )~ o) = LY 1 (1) (47)

where f(x) is a bounded, 2z-periodic function which is twice differentiable
at the point ¢t = x9 € [—7, +x].
For the proof of (47) with the help of theorem 3 ,we need the following

* A somewhat easier way to prove relation (42) is to use theorem IV of Korovkin. This is
allowed because by (43) we have

4n-+2

1
il e e e Y s e T
I—e® =gy and == ryete)

+1
Hence condition (4) is satisfied.
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Lemma (Sarronova [22])
The coefficients o> (k = 0,1,...,2n—2) in the expansion

y 2n 2
sin tznt )\t ol2n—? (2n—2)
(m ! /2t) +3 Z o cos t (48)
are given by the formulae
oy 3K 6k —3k+4n3 12 (0 < k < nt1) (49)
o T bk — (1222 — 1)k+818—2n (n—1 < k < 2n). (50)

Proor or (47)
Using Safronova’s result and ([18], p. 75)

i (sin 1 /sz)‘l 27n(2n2+41)
[ dt = s .

sin /st
we establish
LG_z(l; xo) = 1,

Loy—2(sin t; xo) = sin xg — o sin xo -+ o<ﬁ A

6 1
Lon—o(sin 2t; x0) = sin 2x9 — = sin 2x¢ -+ o(—),
n

3
Lon—o(cos t; xo) = cos xg — o cos xp + o (—),

—
\/

6
Lon—2(cos 2t; x9) = cos 2x9 — — cos 2x9 + o(—
n2
For the application of theorem 3, it is sufficient to prove that

Lon—{ (t—%0)*; %o} = 0(;15) (n— oo).

In fact, we have

3 1 (sin 1/2nt)4
ol (t—x0)4: e — =
Lan-sl (=)t 20} = oo Ty / sin 1t )
7/2n n/2
_ 96 [ /.t4 (sm nt) 4 [ (sm nt) a’t].
an(2n2+1) {4 sin ¢ . \SIDE
Because
[sin nt| < nfsint| (—oo <t < +00) (51)
and
sint>gt (0<t<7—t>, (52)
7 2




—

the right-hand side of the above equality is less than

48 72n 4 7/2 } /1
— [nt [Bdt + — | dt| = —).
nd [n 0/ T 16,![2/" o(nz,,
Applying theorem 3 we get the asymptotic approximation formula (47).
Relation (47) is also due to NaTanson [19]. We remark that theorem IV

can also be used in deriving (47).

4.6 The Fejér operators are defined by
1 in 1/ont\2
Lua(f; %) [P0 (20 0= 12,0570 € ).

2an sin 1/t

We establish that in this case theorems 2, 3 and IV cannot be applied.

Proor
Using the identity ([18], p. 73)
n—1
sin 1/ont\2
- - 53
<sin 1/2t) n+2 Z (n—Fk) cos kt, (53)

k=1
we see that in theorems 2 and 3 we have ¢(n) = n.
We now prove that there does not exist a positive integer m with the property

Luaf (t—x0)2m+2; x} = O(D (n> o0).

For we have

1% s Lont\e 2m+3 2 . B
[ oo (sm /2nt) . 2 [ uemse (sm nu) .

Qnn sin 1/qf an sin u
4 0
But
92m+3 2 sin nu\2 92m+3 72 sin nu\2
/ u2m+2 ——ldp > ——x / u2m+2 | du >
an sin u AN gy sin u
92m-+3 (n>2m+2 7/2 3 1 (n\)2m+1(n— & 1 . 717Z>
= = smeny Ay = —| = — — S1In — |,
an \4 i n\2 8 An 2

The expression on the right side is of the order O(1/n) no matter what positive
integer m we choose. Also theorem IV is not applicable because (4) does not
hold, which follows from (53).

4.7 1In the theory of Bernstein polynomials we encounter the sum ([18], p. 6)

> (k) xt(1—x0)n*  (xo € [0,1]), (54)

(ks 0
of which it is proved that it is o(1/n).
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Here we consider a sum of a more general type of which (54) is a particular
case. In fact we prove that
—1)*p® (x0) x0° 1
ZLM_: ol=) (% €[0,8]), (55)
k! n
[kfn—s| >0
where ¢ is an arbitrary, but fixed, positive number. Moreover we assume that
mn = n+-c, ¢ being an integer independent of #, and moreover, that

axalx) =0 (kn=12...).

Proor
When f(x) € H?(x) we have

£0) = fla) 1 o) =)+ 5 vt -t (56

where lim f(t—xp) = 0 and f(t—=xo) is bounded on the real f-axis.
t—xy

Consequently by using (37)

La(t; x0) —f (%0) = f"(x0)

where L, stands for the operator defined by (31). From this and (39) follows

Xo -cx0?

+ L2 Ln{ (t—x0)2B(t—x0) ; %o},

Laf (t—x0)*B(t—20); 20} = (3) (n— o0)

and this is equal to

i p (l‘c N "0)(5 B "")2 i 0(;11) (n > o0). (57)

n J\n Jil

Now we choose a function f(x) such that g(t—=xo) > 0 when ¢~ xp and
B(t—xo) > 1/ when |t—xo| > 4. If we have moreover

S (%) = —1, f'(x0) =0
we get from (56)
S(8) = f(x0) +1/a(t—2x0)%(—1+p({—x0)). (58)

Taking in particular

1
foitn} = g bb—ita) h t—xp| < 6
B(t—x0) 262( X0) whenever  [t—xo ] (50)
B(t—x0) = 1—1[ze~“"*"*% whenever [t—xo| > 9,

then we see that f(t—xp) is bounded and continuous on the whole real t-axis
and it satisfies the prescribed conditions. Because of (59) and II each partial
sum of (57) is also of the order o(1/z) and therefore
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Sa(E )t~

\k/n—xu|\..(s

Using

T8 (E = )£~ ff S0 0

|kIn—x,)| =6

the result (55) follows from (60).
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CHAPTER 2

APPROXIMATION OF FUNCTIONS OF MANY VARIABLES

Some cf the results of Chapter 1 are generalized to functions of more than one
variable. Further an inequality due to Stancu [29] concerning generalized
Bernstein polynomials is investigated, the constant occurring in it is improved.
Some applications are given.

1 Formulation of two basic theorems

1.1 We will denote with X = X(x1,...,4») a point of the m-dimensional
space Ry,. For a function f(x1,...,4,) defined on a set in Ry, we will write

F(X).

DEFINITION

By H(Xo) we denote the class of all real functions f(X) which are defined in Ry, and
which have the properties

1) f(X) is continuous for X = Xo;

2) X)) = O(Aleﬂ) when |x;] - oo (j = 1,...,m).

First a generalization of a theorem of VoLkov [30] is given.

THEOREM 8

Let f(X) € H(Xy) and let {Ln} (n = 1,2,...) be a sequence of operators defined on
H(X)). If we write

Ly(1; X) = I+an(X)
La(t; X) = %5+-Pug(X) (=1L...m;n=12,...)

L,

—

T2 X) = Z P 4yu(X)
- Pl

I
and if an(X), fn ;(X) and yu(X) have the property that
lim an(Xo) = lim Bn,;(Xo) = lim yu(Xo) =0 (j=1,...,m),

n— o n— o n— o

-

—

then we have

lim Lu(f; Xo) = f(Xo).

n— @
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1.2 DEFINITIONS

a)  The sequence (ny,...,nm) of positive integers ni,...,nm will be denoted by N;
b) By H®(Xy) we denote the class of all real functions f(X) € H(Xo) of which all
the second derivatives exist at the point Xo.

THEOREM 9

Let f(X) € H®(X,) and let { Ly} be a sequence of operators defined on H(Xy).
If the operators Ly have the property that in a fixed point Xo

b
a
(p(Em i ”<<p<1n;>>

Cxy e o Yeia(Xo) g
LN(tj2: XO) o JC()]. + (p(ﬂj) * 0<<P(”f))

21,7 (Xo) 2.7.5(Xo) 1 I
w o ’ ;(n(j) ® 0(<p(n;)> " "(m)

where p(n;) 7 0 and p(n;) — oo when nj— oo (j = 1,...,m). If there exist positive
integers p;(j = 1,...,m) such that

1

Ly(1; Xo) = ]—{—0(

Ly(t; Xo) = x0; +

i f == Lyonm i KB 4]

Ly (trt;; Xo) = xop¥o; +

> (nj— oo0; j=1,...,m),

@(ny)
hen we have
O [pnaf (. — 2x019) frs ]
X X == i Id
L(f; Xo)—f(Xo) 2 ]
i Yo,k j‘xOJ'll)l ko Yo k— KXo, ,} - ( )
+ /2 Z{ + w( j;kx + Z

where the values of all Sunctions p, f" and " are taken in Xy.

2 A generalization of sequence (20)

2.1 For the sake of shortness we will abbreviate

ai, =i & P
I
3 : ox 'm (pnl,...,nm(xl""Jxm) to (pN(X)!
ey
nl—l,nz,...,nm to N—E;,
t1,02—1,23,...5im to /—FE; and so on.

Let the operators be defined in a domain K of the first hyperquadrant of Ry.
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We consider (cf. Chapter 1, § 2) a sequence of real functions
fpstX)l (o= 1,2 ..3 = LM

where each function has the following properties in the domain K.
I: @n(X) can be expanded in a Taylor’s series in a closed region Ki. K1

is the sum (when X runs through K) of the closed spheres with center
in X and radius |X]|;

II : ¢n(0,...,0) = 1;
I ¢ (=dProtoellX) o 0 (G opin =0 12,03
IV : there exist positive integers 7;(j = 1,...,m) not depending on i1,...,im
such that
I—E. 3
—oMX) = eyt O+, (X)) (= L..um)
where
IV1Z L~ p-,
¢ |

n; —> 09,

(X) (j=1,...,m) converges to zero uniformly in i; when

IVy: there exist positive functions y;(n;)(j = 1,...,m), monotonically in-
creasing to infinity when n; — oo, with the property

= 61
R 21L0)) : (&0

gy X
T W(”j, )
RO )
Proceeding in a similar way as in Chapter 1, § 2, the sequence {¢n(X)} gen-
erates a sequence of operators { Ly} of the form *

Balf B Foh R R e g

2 i | (ﬂl),“.’ Xm(nm)

= (62)

=0 ip—0

As an analogue to theorem 4 we have

THaEOREM 10

If f(X) € H(Xy) and if the sequence {¢n(X)} satisfies the above conditions I-IV, then
the sequence {Ln(f; Xo)} (nj = 1,2,...; 7 = 1,...,m) defined in (63) converges to
Sf(Xo) when nj — oo.

If, moreover, in IV; a,rj,,,j(X) converges also to zero uniformly in X in K and if the
These operators are defined by means of a sequence of functions depending on m para-
meters 7, ..., n,. It is possible to construct a sequence of operators, suitable for the

approximation of functions of many variables, which is generated by a sequence of functions
depending on only one parameter n. In section 3 we will give an example to this case.
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relations (61) and (62) hold uniformly in X in K, then the sequence (63) converges
uniformly in K to f(X) assuming f(X) € H(Xo) (Xo runs through K).

Concerning an estimation of the difference |Ly(f; Xo) —f(Xo)| we have as
a generalization of theorem 5

THEOREM 11

If the conditions of the first part of theorem 10 are satisfied and if in property IV aj n;(X)
is independent of 1; (we write wij ni(X) = anj(X)), then the following estimations hold
in each fixed point Xy of K.

|Ln(f5 Xo) —f(Xo)| < @(1,...,0m) {1 + Z — {%0se5.1( ”]>X0)+xgjgi.2(niaX0)}|
(64)

|Lx(f; Xo) —f(Xo)| < w(d1,...,0m) {1 + Z — {x05¢5.1(nj,Xo0) +x5¢5,2(n5,Xo0) } /”}-
(65)
0j(j = 1,...,m) are arbitrarily chosen positive numbers; the quantities ¢, (n;,Xo) and
e7,2(nj, Xo) are respectively defined as (cf. formulae (27) and (28))
(14851, X0)) (1 -+, (K0) -
2i(ns)
€j,2 (ﬂ;,Xo) = —anj(XO) —ﬂ;(n,—,Xo) ik
-« an;(Xo) ani( Xo) B (nj, Xo)ys(ns, Xo). (67)

&j.1(ny, Xo) =

3 Examples of sequences of functions ¢ and some applications

3.1 We restrict ourselves to the particular case in which for N(ni,...,nm)
where n; = 1,2,...(j = 1,...,m), we have

fiy = nj+c; (¢j is an integer),
aij."j(X) = “nj(X), vi(ng, X) = ny, xi(ng) = ny.
Under these conditions the operators (63) have the form

i = 5 SIS () o

1, =0 =0
The following examples 10)-40) of sequences of functions satisfy the conditions
. I-IV of section 2 of this Chapter and they have their origin in Chapter 1.

We give the form of the corresponding operators.

1) on(X) =T] (l—x,-)"f“f(aj(j = 1,...,m) are positive integers or zero).
i=1
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They give rise to

ny+ay Mty m +
n a '. 1
03] PR SSV O
Nm

These operators Ly are defined on the cube 0 < x; < 1 (j = 1,...,m). In the
particular case ¢; =0 (j = 1,...,m), we get the generalized Bernstein poly-

nomials
) (I R S

1, =0 lm—OJ 1
(cf. LoreNTZ [11], p. 51).
20)  @a(X) = (1—x1...—xp)"2 (ais a positive integer or zero).

This is a sequence of functions depending on one parameter n. The correspond-
ing operators L, have the form

Ln(f;X) =
& By AFB =y =i ; i ; ) )
B 721 nin n+a nZ tm—1 (n+a) ! xlll i (1—X1— —xm)n+a—xl...—!mf<ll im
=) ) ..... R S PR T W)
=0 =0 in=0 Bl ctml (pfa—fi—..—ip) ! - "

Z 2 <1 (70)

20 [J=1luum)

Taking @ =0, we get another kind of generalized Bernstein polynomials,
defined on the simplex (70), viz.

n_ —i— 3 i : : 5 .\
ol Kooy (l—x1e.c—xg)" 07T (g im
f,X) Z Z 1. : m . : - : f —,...,—)-

alecim! (n—t1...—1ip) !

1, =0 =

(cf. LorENTZ [11], p. 51 and Stancu [29]).

30) g (X) = e Z ",
e
Then we have

m

ip=07=1
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These operators are defined in the region x; > 0 (j = 1,...,m) and they are
a generalization of the Mirakjan operator (cf. [31]).

m

40) on(X) = ]'[(H—x,) 9,

n=2p

Kisdefingd.-by ;> 0 () = 1,..,7).
Other sequences of functions that can be used for the construction of sequen-
ces of operators are

cn

Im n(ny+1)...(nj+4—1)

Ij.

lm\)'

n m

(73)

()i (2

m

pn(X) = =" T (1—ap)m, (74)

j=2
pn(X) = e (1422) 7 I (1 —25)",
i=3

k

on(X) =T] (1—xf)"f

i=1

on(X) = (14+x1+...+xn) "™ (ais a positive integer or zero). (75)

(14x;)""% when k£ < m,
L%

\.

For an application of theorem 11 we return to the generalized Bernstein
polynomials (69). It is easily deduced that in this case we have 7; = n;—1 and
anj(Xo) = 0. Consequently g;(n;, Xo) =0 and y;(n;, Xo) = —1/n; (j = 1,...,m).
Hence we get from (66) and (67)

Ej.l(nj’ ‘Xvo) == ";9
j
1

&j,2(nj, Xo) = — o
9

and according to remark 1 of section 3, Chapter 1, a suitable choice for d; in
theorem 11 is here

1
(S,' A —— = 1, .. .,m .
i \/ﬂj (J )
Using these results and (36), the second estimation (65) of theorem 11 gives
B3 /0] < (14 Do e~ ) (=12,
I\Js = S | 00 B = — R 3 N = l,44.04).
! \ 2/ \/nl \/ﬂm !

For m = 2 this result was derived by IpaTov (cf. [31]). The first inequality of
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theorem 11 has the advantage that it gives in this case a better estimation.
From (64) we get
m\ [ 1 1
Bu(fs X)—f(X)| < (1 + _> w(i -
l X) )l £ e

When m = 1, this reduces to (35).
In the same way we derive for the Bernstein polynomials (71), defined on the

simplex (70), the inequalities

) fip == 12 e ke

|Balfs X)—f(X)] < (1 4 2@) w(vl vi) (76)
, ! g 1.9
Balfs D)D) < (1+F) ‘“(vl_n vin) a7)

Inequality (76) is due to Stancu [29].

4 Strengthening of estimation (77)

4.1 Now we will prove that inequality (77) can be sharpened further [24].
To that purpose we first derive a property of the generalized modulus of
continuity. We have

THEOREM 12

Defining for a function f(X), continuous in a convex domain of R, the generalized
modulus of continuity o as in (5) we have

0(A101, - oy Ambm) < (14+-max] i) @(01,...,0m), (Ax > 0).
(%)

Here |A[ stands for the largest integer being smaller than A.

Proor

Let X'(x1',...,4n") and X" (x1",...,#n") be two points of the region in which
f(X) is defined with the property that
]xk'—xk”[ < AxOk (k == 1,...,m).

Then we have

kal—xk” < luék
if

Ay = max A.
(k)

This means that the linesegment X’X” can be covered by at most ]i,[+1
congruent closed m-dimensional parallelepipeds with sides parallel to the
X1,...,%n axis and with length éy,...,0n respectively. In each of these parallel-
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epipeds the difference between two values of f(X) does not exceed w(d1,...,0m).
Hence we have

lf(X/) _f(X”) l < (1 +]10Dw(61) o ')6”5),
and as this holds for each couple of points X" and X" with the above property,
theorem 12 is established.
TrEOREM 13

f(X) is a real continuous function defined on the simplex (70). We associate with it the
generalized Bernstein polynomials (71). Then the following inequality is true.

v/ 1
[Ba(f; X)—f(X)| < {{+(x—1)m} w(—t,..., —_) (== L2 e
Vn Vn
where
6
= 0+ = 1,0898873..... (78)
5832
Proor
For the sake of brevity we write
¥ il im . ‘
P NeoXieoXy ' (1_xl_.“_xm)n—zl\...—!m‘

il!...im! (n—ir—...—im) i

Because of properties IT and III of this Chapter we have

n n—i,f...—-im_l

SO =Balfs D)< ) ooy

i, =0

£

e 2

n

Im=

Choosing arbitrary, fixed, positive numbers d; (j = 1,...,m) and a fixed point
B~ vy}

X of the simplex (70), we split the sum X....X into 2m parts in the

following way. B0 =0
IR o e |
XD SRS U SR Y SUUIND o) g
i;=0 i, =0 |xg —ig/n] <Ok |%1—11/n| > 6, | Gin] >0
(k=1,.v.0, m) |¥g —ig/n| gdk |2 — i /n| <O
(k=2,...,m) k=1,...,m—1)
P VA R . ¥
[x}-—ij/n[>6j |xj~i]~/n|>6)~ |xj—ij/n[>6]-
(7=1,2) (7=1,3) (7=L...m)
|k —ig/n| <O |k —ig/n| <O
(k=3,...,m) (k=2,4,...,m)
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Using theorem 12 in a somewhat modified form*, we get

P~ Bal; 201 < 0l0n,eetu) [ 1Y B S S22 il 4

|Rg— ’L/"|<6L |y —11/n| >0,
(k=1,...,m) |xg— lk/n§<6k
(k=2,...,m)
Xm—1 1—21 n lg n
YN o IR F D S W e [N o ST O
Om
[%m —im/n| > O " _’ /n|>t§
| —igin] <Ok () 12
(k=lL;s, um—1) |xk7ik/"’<6k
(k=3,...,m)

......... + ) ”xlgjl/"[ +]’f’”;;m/”[ + 1} P] &

Ixj—djfn| >0
(G=1,...,m)
et 1+ 3w F oo = 2ot Y om = ) <
ooy e - oo X ~
w 1, m 61 . ' 1 1 (Sm : m
 Jo im—1
|x—iy/n| >0, 4"111 ipfn| >0y,
1 ul(n\ iy
a)(él,...,ém) {1—{——6—1 Z xl—; (il)xl(l’xl) +--'
|X1_i1/"|>61
+ 1 Z im (ﬂ) im(l )" ,}
. —_ Yy = — X, —X “
Om " | \im)
[%m = im/n| > Oy
1
===, ‘WeE get

ChOOSiI‘l 612522...6 =
¢ =

|f(X)—=Ba(f; X)| <
1 | e 1 ) it n—iy
1) <7n,..., T/—;){l -+ ; EIXk_iHanwJ Xk — ;zf (Z) xp (1 —x) }

SikkEMA [28] proved that the inequality

T o il
n

|x—i[n|>1[yn

n
and x € [0,1], where x is given by (78). This proves

holds for n = 1,2,...
theorem 13.

* We actually use
w(}‘l(sla $Fady Am’sm) < (1 =} E ]li[)w(él’ UL (Sm))
L)

where the sum is taken over those A’s for which 4; > 1
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5 Asymptotic approximation

5.1 In order to derive asymptotic approximation formulae for the operators
(63) we use theorem 9. First we need the following results.

Ln(1; X)) =1,
Ln(ty; Xo) = x()j(l +anj(X0))>

L0550 = (14 ) (14 0 (X0)) (1 (50) + 22 (1),
i) /]

L (tets; Xo) = xopxo;(14-ani(Xo)) (14-an;(Xo)), (J,k = 1,...,m; ] F#k),

which can be derived in a similar way as formulae (21), (22).
As a generalization of theorems 6 and 7 we have

THEOREM 14
a) Let f(X) € HY(X,) and let the an;(X) possess the property that in a fixed point

Xoe K
ety =2 1)

nj nj

then we have

m

Z 2 (0)f(X0) + ooy +oni) f (X0) | L )
01—
=1 nj

4 nj ;
=l J

b) Let f(X) e HO(Xo). If
~ o(Xo) 1
ool = 53+ o)
where t(n;)(j = 1,...,m) has the properties 1) t(n;) 3£ 0; 2) lim 7(n;) = oo;

n;—> o

3) 7(n;) = o(ny), nj — co, then '

Ly(f; Xo)—f(Xo) = 2%]9(1‘;#@ + ;Zno<r(ij))'

J=

Ly(f; Xo)—f(Xo) =

5.2 Finally we give some applications of this theorem. For the Bernstein
polynomials (69) we have ¢; = —1 (j = 1,....,m) and thus
m xo‘<1 _xo‘) ) m (1 )
By(f; Xo)—f(Xo) = Yy ——f, (X —).
¥ (s Xo)—f(X0) Z e L) Z ol
= =
This is a generalization of the well-known formula of Voronovskaja (cf. [31]).
In the same way we derive that the asymptotic approximation formula for
the operators (72) (¢; =0, j = 1,...,m) has the form
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Lu(f; Xo)~f (Xo) = Z—fﬂ = Z(l_j)

an

whereas for the operators (73) (¢; = 1,7 = 1,...,m) we have
4 - s S ij(1+x0j) ” ¢ (1
Ly(f; Xo)—f(Xo) = Z e T ) Z o)

7= 2727'

Now we consider the sequence of operators corresponding to the sequence of
functions (74). Here we have an application of the second part of theorem 14
and the asymptotic approximation formula for these operators has the simple

form

Lu(f; Xo)—f (%) =20 "(ni/)

nllﬂ
5.3 With theorem 9, used in a slightly modified form *, we can derive asymp-
totic approximation formulae for the Bernstein polynomials (71) and for the
operators L, corresponding to the sequence (75).
We have

5 1, £ (Xo) — B oo f (X0)
Bu(f; Xo)—f (Xo) = =" i to (‘) g

and

n

g xoj{Qaj:j(Xo) +ﬁxj(X0)} —l—. % xoijk.ﬂ:-xk(XO) 1
Ln(f} XO) _f(XO) == on = T 0( )

Formula (79) is due to Stancu [29].

* The Bernstein polynomials (70) and the operators belonging to the sequence of functions
(75) depend on only one parameter n. Hence the sequence N = (ny, . . ., n,) in theorem 9

is replaced by n.
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CHAPTER 3

ON A PARTICULAR SEQUENCE OF OPERATORS

In this Chapter we will prove a theorem on the approximation of functions
belonging to Cj,, by means of the operators Lyp—p (n = 1,2,...) defined by

+n
1 3 sin 1/ont\*
Lap-o(f; %) = y / Sx+1) (sin 1/2t> dt (80)
with
+n
" [sin 1/ont\*
A 3 22 : 1
s = | (Sinl/zt) a (81)

and where p is an arbitrary, but fixed, positive integer.

Moreover, we consider a number of particular examples of sequence (80) of
which we will give some numerical results. For this purpose we use theorems I'V
and V of the Introduction.

1 A general theorem
1.1 TaHEOREM 15

The sequence {Lup—p(f;x)}(n = 1,2,...) defined by (80) converges uniformly on
[—m, +=] to the function f(x) € Cs,.

Proor

We may assume that p is a fixed positive integer > 3 (the cases p = 1 and
p = 2 have already been treated in sections 4.5 and 4.6 of Chapter 1) and we
show that the sequence { Lup—»(f; ¥) } converges on the interval [—z, 4] uni-
formly to f(x) if n — oo in the three cases f(t) =1, f(¢) =t and f (1) =2
The uniform convergence of Lup—»(f; x) to 1 if f(¢) =1 follows from (81).
Further we have
Ewp-wllsx) =n o= 12%:.)

because
+n g
[ (sin 1/ant\*
/t( e ) dt — 0,
 sin 1ot
and B Ty
1 " [sin /ont\%
an—p(tz;x) — x2 + t2 (_‘/2—) dl
Wp—p < \ sin 1 /ot
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+n

sin 1/gnt\*
f t2< : i ) dt converges

sin 1/st

There remains to prove that the expression

to zero when n — oo. L A
We have
+n 5 7t/2n 7 n/2 5
r . . \ p . p
| 2 (S’.n I/Z"t) "t = 16 [ / 2 (“.n "t) dt + / 2 (Sl.n "') dtJ.
J sin 1/ot p sin ¢ sin ¢
—n 0 n[2n
Using (51), (52) there follows
+n -
sin 1/ont 1 '
tZ( ) dt < 3( ——) -, 82
/ sin 1/at 2\t 953 (82)

The integral 4,y is estimated in the following way.

+n

/ (sm 1/2nt)2” e / (sm nt>2’
sin /ot sin ¢

In view of the inequalities

. (nt)3
sin nt > nt — ? i [O, n/2n]
sin ¢t < ¢,
we have
nt/2n . 5 n[2n i 5 nt[2n 2% 2 .
sin nt i p\/net
2 R 2 —1)% .
f(sint> dt>/np(l )dt np/Z( )<k><6)dt'
b § ¢ k=0
Hence
Ffsin 1gnt\2 & (— 1)k (2p\( a2\
on — 2
2p—1 — | = Cpn22-1, 83
_] (sin 1/2t> &3 £ BT <k>(24> ”" (83)
7t/2n

; 242\ 2
The constant Cy is positive because / ( 1 — ﬂ—) dt > 0. Combination of (82)
and (83) gives 6
+n %
sin 1/2nt> 1 1
12 dt
[ (o 25 + 59

—n
Anp—p Cpnz

0

Hence for p = 3,4, ... we have
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e/

+n

T [sin Yont\*?
fofie
o sin 1/sf

lim ———M =0,
n— o Anz)—p

and theorem I of the Introduction proves theorem 15.*

2 Some properties of the operators L;, ;, Ly, 4, L;,_; and Lg,_,

2.1 The relation of SAFRONOVA can be used to calculate the form of the opera-
tors L3y -3 and Lay—4. In order to do the same for the operators Ls, s and Ley s,
we will push one step further and we will derive formulae for the coefficients
0" (k = 0,...,32—3) in the expansion (7) for p = 3.

THEOREM 16

The coefficients 0"~ in the expansion
3n—3

. 1 t\ 6 . b
(sm [an ) U B8 L 1 Z a2 cos Kkt o)
k=1

sin /st

are given by the formulae
3310n8+ 11 [on3+ 11 /5n— 2k +£2( — 3n3 — 41 [on) 421 [ok3 - 11 [onk? —1 [2k5
(0 <k <n+tl) (85)

o — 211 [oon5 451 /an3 — 14/sn+ k(33[and — 111 [4n2+ 1) 4+ k2(— 101 /2n3 463 /4n) +
: =

HE3(Ttan2—11/4) — 21 ankA+-1/4k5  (n—1 < k < 2n+1) (86)
123/90n5 —63/4n3 -3 [sn—+k(— 201 [4nd 4 63 [4n2 —1[5) + k2 (131 [on3 — 21 [4n) +
+R3(—41 [on24-1/4) 43 [ankt —1[20k5  (2n—2 < k < 3n). (87)
Proor
We have
sin 1/2nt 6 n—1 2n—2
. o 1/,(2n—2) (2n—2)
(sin 1/21,‘) = {n—i—? ; (n—k) cos kt” [60¢ + 1/s ; o) cos kt} .

where the coefficients o ?(k = 0,...,2n—2) are given by (49) and (50). It
turns out that the calculation of the coefficients of"" ¥ (k = 0,...,3n—3) breaks

* Considering theorem II of KORrROVKIN, a consequence of the above result is that the

expressions
Qiﬂﬁ*p)
~wo—p k=1,..,np—p),
Qo

derived from expansion (7), tend to | when n— co.
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up into three parts. By performing the above multiplication, we get the fol-
lowing expressions for of*" .
Oiﬁn 3) s Ql(cln —2) ( 1)02211—2)4_ ..... __'_(n_k)g(()'ln—2) +

+ (=)ol + (1—2)eify '+ «oov + Lol +

+ (p=k—=1)o™ L ln—b—2af" ¥ + ..... + 1027,

where 0 <k < n—1;

Bt =age® ok =1 Pt s + Ll +
+ (r—1)e P+ {n—2)el M vees + (k—n+2)0i5",
where n—1 < k< 2n—1;
o % = (Bn—k—2)0l )+ (3n—k—3)el '+ ... + lplits

where 2n—1 < k < 3n—38.

These sums have to be calculated where, depending on the value of £, the
corresponding formula for the p{*" ® of the lemma of SAFroNova has to be
taken. According to this, the calculation of the sum

(n—1)eF TP+ (n—2)ei " + ... + 10252, (88)
is split up into two parts.

For the first n—k—1 terms we have

02" ® = 3k3—6nk2—3k-+4n3+2n,
whereas for the remaining £ terms in (88) formula (50) can be applied.

We will only calculate the coefficients of"» (0 < k < n—1), noticing that
the cases withn—1 < £ < 2n—1 and 2n—1 < k < 3n—3 can be treated in a
similar way.

In case 0 < £ < n—1 we have
0" N = (n—k) (4n3+2n) + (n—k+41) (4n3—6n-12+-3.134-20—3- 1) +.....

+ (n—k-+-k) (4n®—6nk2+3k3+2n—3K) +[n+k— (k+1)]{4n3 —6n(k+1)2+

TR 7 \E I PR 10 B
..... + [nd-k—(n—1)]{4m3 —6n(n—1)2+3(n—1)3+2n—3(n—1)}+

+(n+k—n)(8n3—12n2-n+-6n-n2—n3—2n+n)+ .. .cooviiinnn
+[n+k—(n+k—1)]{8n3—12n2(n+k—1)+...4+ (n+k—1)}+
+(n—k—1)(4n8—6n-124-3-134-2n—3- 1)+ . . e viviininnnnnn

k== {n—k—1)[{ 4P —6n{n—k —1)2+ ~Bl—g—17} =
= (n— ){( 4n3+4-2n) (k1) 321—671212—{—3 vz3]

i=1 i=1 i=1

+ (4n3+2n) iz 3212 6n§_‘_z3+32i4

i=1 1=1 i=1 i=1
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n—1 n—1 n—1

+ (n+k) [(4n3+2n)(n—k—l)—3 i—6n ) 243 i3} +
5;1 s;n i=kZ+l
n—1 n—1 n—1 n—1
— (4n3+2n) 1+3 ) 246n Yy 13—3 ) 4+
:kZ i:;—l i=kZ+1 .'-kZH
n+k—1 nt+k—1 ntk—1
4 {B-4-E) [(8723 —(12r2—1) Zz—}—GnZzz Zz3J
i ntk—1 l:» k=1 k=l
— (8n3— Z (12n2—1) Zzz Zz3+2i4 +
o : n— :’l' nzzkn i
+ (n—k) [(4n3+2n)(n k—1)—3 ) i—6n 22+3 13}
=4 n—k—1  n—k—1

—= (4-n3—f—2n)

—1 n—k

i+3 Zi2+6n 53 Zi4.

1 i 1

M»

i 1 i=1 t=l

By using summation formulae for sums of the type Z ir (r=1,2,3,4), we
arrive at (85).* i=1

2.2 Next we will derive the form of the operators Ls,—5 and Len-¢. Using (48)

and (84) we deduce that
In=2

7
9m—2) (3n—3 Mm—2) (3n—3
Asn—s :§</Q<()n b 9(()n )‘l‘ ZQl(cn )‘ch" ))>
F=1
2n—2
Q{sn—S) _ 7T Z(Q’(‘b_?) (3,, 3)_‘_9(2,, 2 (37— 3))
184545 — ,
2n—2
5n—5 4% 3 -
ofn9) — {an 2 o33 _I_Z{Q(zn 2) 95‘3:23)_*_92" 2) . (3n 3)}},
184515
3n—3
Ot 2(3,—3 2(3n—3
Aon-6 = 5(1/290(" : —+ ZQk( sl >
k=1

3n—4

(6n—6) __ (32n—3) (371——3)
d ),
9A6n#6 i o

* We have a check on the results because formulae (85), (86) and (87) of theorem 16 must
yield zero if n =1 and £ = 1.
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3n=>5

(Gn—6)y .. 2(32—3) 3n—3) (3n—3)
0" == (1/291 ! == Ql(r ot s
k=0 ¢

946n-6

where the o~ and p{>" ¥ are given by (49), (50), (85), (86) and (87). Using
summation formulae for the sums Z o (r=1,...,10), we obtain after some

i=1

elementary calculations the following results.

.
Ao e -1 89
515 18144;6‘21 1n ( )
with
1 = 4‘032
c3 = 4100
¢s = 5187
c; = 7350
c9 = 15619,
(Sn8) _ 7(15619n9— 147017 +0(n7)) -
. 1814445, ’ ()
ns) _ (1561909 —27930n7 +0(n7))
02 = s (91)
18144 A5, 5
6
7
A i e e _1n2i-1 92
-6 = 831600 Z} e (92)
with
c1 = 151200
c3 = 147532
(5 — 175835
c7 = 221991
co = 311465
c11 = 655177,
" (65517711 +0(n?))
o _ () -

. T 8316004g,¢

s  (655177n11—934395n9 4-o(n?)) -
= 8316004676 :

We notice that the value of the integrals 45,5 and Asn—6 is equal to 2z when
n = 1; the coefficients ", 0" %, o"~® and o{"~® satisfy the necessary
condition that they converge to 1 when n — oo.

In view of (89) and (92) we have the following theorem.
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THEOREM 17

Lsn—s(f; x) =

1814‘4’ / <Slﬂ I/Znt)lodt
(1561929 + 735017+ 518715410013 4-4032n) Sl sin 1 ’

Lon-s(f; %) =
831600

- w(655177n11+311465n9 422199107+ 17583515+ 147532n34151200n) .

+m

x [ eera (B

With the aid of a theorem of KorovkiN* ([7], p. 72), we can easily derive an
estimation for the difference |Lap—»(f; x) —f(x)| in cases p = 3, 4, 5, 6. In fact,
we have

TueorEM 18
If f(x) € Cypy then

| Lap—p(f; %) —f (%) | < (1 + %) w(l) (n=1,2,...; p = 3,4,5,6).

Proor

Using (85), (90), (93) and a result of MATsuoka,** the proof of theorem 18 is
immediate.

2.3 In the Introduction we noticed that PETRov [21] established a theorem
on the degree of approximation for functions belonging to the class Z by the
operator La,—2 (Jackson’s operator). As an application of theorem 16 we will
give here an analogous result for the operator Lzs-3.

* It reads:
If f (x) € Con and L, is an operator of type (3), then

i mg
L@ <o L)1+ 25 VIma®) (> 0.
(cf. [16], p. 50).
** Matsuoka proved [14] that
151n%—35n*— 56n*—60
15108+ 70n*+49n2+45

0,(4n—4) = (= 152500
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THEOREM 19

If we put
by = 3n i {[| Lan-3(f)f ;.S (%) € Z},

where ||g|| denotes the Chebyshev norm of g, then

4
bm by = —O— (10t/g In 3 — 12 In 2).
117

n— o

Proor
Because
: 10 Sx+1)—2f (x) +f(x—t) (sin L[ant\6
Lon-s(/3 ) =f(x) = A(T1n4 5051 4) . [ 2 (sin 1/2¢) 3
and f(x) € Z, we have (95)
10 sin 1/ont\6
HLM% f” 7(11n5+5n3+4n) / [ [ (sin 1/2t) - 48)

Ifin (95) we choose f(f) = |¢|, then the sign of equality appears in formula (96).

Consequently
+

30 sin 1/2nt>
i = dt,
: m(11nt+5n24-4) / i (sm 1

and this expression can be written as

- 3n—3
60 {
- 2 S T e = kt} dt,
. n(11n4_|_5n2_|_4)0f foo +ife ZQ e

where the o{*® are given by theorem 16. Performing the integration, we get

3n—3
20 (—1)k—1
b — | (3n—3) i Sl o
n /2717'6 + n(11n4+5n2—1—4) ]; Ok k2

This sum has to be split up into three parts. For the performance of the cal-
culation we introduce the function ([20], p. 100-103)

Then we have
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and

2V (—1) A (—1)k A (—1)k
The sumsZ( k) ,Z( kzl) ,Z( /c) 6 55555 which we encounter, can be

k=n k=n k=2n—1
derived from these expressions. We find e.q.

e
M 1y e,

. — 1%
Y - g e

Moreover, using formulae ([4], p. 305)

Z (—1)k-1f = { —1/om if n is even
el ls(n41) if nis odd,
N (= DEte = (1) (),
k=1
Z (—1)F-143 = { (13 43)m?)  if nis even
k=i

1/gn3+3/4n2—1/4 if n is Odd,
we get
40 1’
by = — (10YsIn 3 — 12In92) + O 4)‘
11z n
This proves theorem 19.

2.4 Next we will give an application of Matsuoka’s theorem V of the Intro-
duction.

TueorREM 20

If we put
Bn = (5n—5)2 sup {||Lsn—s(f) —fl;f(x) € Za}
and n
yn = (6n—6)2 sup {||Len—-s(f) —fl|;f(x) € Z2},
then )
i 5 220500
Am - Pr = 15619 °
. 11212740
g Y» = T6E5177
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Proor

Using (90), (91), (93) and (94), we can easily show that the operators Ls,—5 and
Lgn—s satisfy the conditions of Matsuoka’s theorem. Then the above results
are an easy consequence of his theorem.

3 On asymptotic approximation formulae

3.1 In this section we will give the asymptotic approximation formulae for
the operators Ls,—s and Lgn—g. Next we will derive such a formula in a more
general form for the operators (80) in case of p 7= 1,2. Then it will turn out
that in case of sequence (80), the conditions (11) and (16) in theorems 2 and
3 are equivalent with condition (4) of theorem IV.

THEOREM 21
If f(x) € Cy, and if f(x) is twice differentiable at the point t = xo € [ —n, +7], then

B o ) o] B (1)

15619 n? n2
311465 £ (o) 1
Lou-s(f; #0) =f (%) = 655177 w2 0(55)

Proor

On account of (90), (91), 93) and (94), it is very easy to verify that condition
(4) of theorem IV is satisfied. Using again (90) and (93), the above results
follow immediately from theorem IV of KorovkIN.*

In order to derive an asymptotic approximation formula for the operators
Lup—p(p = 3), we first use theorem 2. For this purpose we need the following
results, which can be deduced in a way similar to that of section 1 of this
Chapter. We have with respect to n — oo

+n
in 1ont\2
1 /‘(51.11 /2nt> d— 0(1),
n2r-1 | \sin1/gt
+7 n
1 sin 1/ont
2 t = 0(1 97
n2p—3 / (sin 1/2t) 4 (1), o
+m "
1 i1 1 /oni\ 22
/ﬂ@?mﬁﬁzom. (98)
n2p-5 sin /ot

* We notice that the results of theorem 21 can be refined with Komleva’s theorem ([6], [14]),
but this demands a complete calculation of several coefficients g,(®7—3) and g, 6n—6), the
number of which depends on n.
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—

Consequently condition (11) is satisfied, and, moreover, the difference
Lup—p(f; %0) —f (x0) is clearly of order O(1/n2) when n tends to infinity.

Evaluating
oy
1 / 2 (si.n 1/2nt>2”dt’
Anp—p J  sin 1/o¢
we have
+n 5 /2 7|2 sy
0 1onf\2 " 1 f\2 i -
[ﬂ (Sl'n /2n> dt — 16/ £ (Sl_nn) dt = 16 / (sin%-} £2—sin2t) (Sl.n”> dt —
sin 1/of ; sin ¢ ; sin ¢
/2 i n‘/z .
—_ e . . (sin nt\*
— 8 [ (1—cos 2f) |1/sol +1/329k Pcos kt dt+16/ (2 —sin?t) () 4t
§ = i sin ¢
722 .
Vi L t 2p
— 2/5(olP P — (") 1-16 / (¢—sin £) (t-+sin t) (51.11 ’i() dt.
sin

0
Because ¢ + sin ¢ is bounded on [0, 7/2] and using
0<t—sint < 3/6,
we have when n — oo

/2 /2
- * e il
16/(t——sint)(t + sin ¢) (Sl.””) dt < 8 / o (S{“”) dt — O(n2w-1).
sin ¢ i sin ¢
o 0
Consequently

{Q((Jnﬂﬂl) _Q(lﬂ,b—ﬁ)} = 0( 1)

n2p-3

and thus
+n

1 in 1onf\2 (np—1) ]
F —_— sin /st g n?

(np—p) 1
. - 0(_2> (n— oo).

where

Hence we have
THEOREM 22
If f(x) € Cy, and if f(x) is twice differentiable at the point t = xo € [—n, +=x], then

(np—p)

Lnp-sl s 0)<flow) = (1= S} o0 + o) (0=2,9,..)

and the o " and o™ are defined by (7).
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The formula (98) makes an application of theorem 3 possible. In this case we

get in connection with theorem 22
(np—p)

Lup5(f; %) — flx) = Ya (1 ~ %)f() o+ (i)

From this and theorem 22 follows

(np—p)
@
)
90
: - 4 when n — oo,
np—p)
-l
(np—p)
o "

in accordance with theorem IV of KorovkiN. Moreover, by writing the inte-
gral in (98) as

+n +n +n
in 1/ont\2? in /ont\2? a in /ont\2?
/ 1 (S‘_“ / 2") df = / sindt (s‘,“ / 2") dt + / (#4—sin%) (sf“ /2”) a,
sin 1/of sin 1/of g sin 1/ot
we easily deduce that in case m = 1 conditions (11) and (16) of the theorems 2
and 3 are equivalent to condition (4) of theorem IV.

3.2 Several of the results of this Chapter can be generalized for the approx-
imation of functions of many variables. We have for instance

THEOREM 23

Let f(X) be a periodic function of m variables which is continuous in the domain
—a<4u < +xn(j=1,...,m). Let {L3n—3} (n = 1,2,...) be a sequence of operators
defined by

+n +n

. B 10 \m [* n m (J‘in 1/2ntj>6
LBn—a(f, X) = (n(lln5+5n3—f—4n)):/ ..... / f(X+ T)H o 1/2tj dty...dtn.

—n =

Then Lsn—3(f; X) converges uniformly in this domain to the function f(X) when
n—> oo.

Moreover, if f(X) has all derivatives of second order in a fixed point Xo, the corres-
ponding asymptotic approximation formula has the form

10 if,;xj(Xo)

|
3 j=1
Lsn-3(f; Xo) f(XO) T llnz— I+ ¢ —nz)»
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CHAPTER 4

ON SEQUENCES OF FUNCTIONS GENERATING SEQUENCES
OF OPERATORS

In Chapter 1, § 2 we considered a general method for the construction of
sequences of operators. Here we recall that the essential point of the method
is to find sequences of functions suitable for the construction of sequences of
operators. Such a sequence of functions we will call a suitable sequence. Further-
more we have given in section 4.1 of Chapter 1 three sequences of such
functions.

In this Chapter we investigate in more detail the possibilities of constructing
suitable sequences of functions. The method of section 2.1 of Chapter 1 is
generalized.

1 Suitable sequences as solution of a system of differential equations

1.1 The proporties I-III of section 2.1 of Chapter 1 are important for the
construction of suitable sequences. If we want to construct such sequences we
may first choose the coefficient m, in property III, which property can be
considered as representing a recursive system of infinitely many differential
equations.

The investigations in this paragraph are devoted to the case my, = n—c¢
where ¢ is an integer. In the following discussion property III is taken as
starting point, assuming

p(n,x) =n b= 1,000}

ag,n(x) =0 R T8 = Ly@sena)s
In view of these assumptions, it will turn out that it is sufficient to consider the
system of differential equations only for £ = 1. Treating this system of differen-
tial equations, we distinguish between the cases ¢ > 0, ¢ = 0 and ¢ < 0. Here
case ¢ = 0 is easy to handle (cf. section 1.3). In case ¢ is a positive integer, prop-
erty I can be satisfied during the process but it is more difficult to meet prop-
erty II. When ¢ is a negative integer, property II causes no difficulties but in
general we cannot meet property I (cf. section 1.4).

In what follows, we restrict ourselves to the operators of the form (31) and
we particularly investigate the cases 1) my = n—1, 2) my = n and 3) my =

=n+1.

1.2 We first consider the case my = n—c¢, ¢ being an arbitrary but fixed
positive integer. From property III we have
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—(pr(:k)(x) - mpf,"_j”(x) (0 = c+1,642,...5k = 1;23"')’

For the infinitely differentiable functions ¢i(x), ¢2(x),..., these relations are
identical with the following independent ¢ systems of differential equations

—@'er1(x) = (c+1Dg(x) ... —@'2e(x) = 2cqe(x)
—@'2e41(%) = 2c+1)@perr(x) ..... —@'3e(x) = 3e@ae(x)
(TILy) § —ofppals) = (Be-+1)gaesa(x) - ... (IL) § —g'ae(x) = 4opse(x)

We introduce the concept of starting-function. This (these) is (are) a (the) func-
tion(s) @ from which the remaining functions ¢ of the sequence {gn(x)} are
derived by means of the differential equations (I1I;)—(IIl.) and properties I, II
of section 2.1 of Chapter 1. According to these properties a starting-function ¢
has to satisfy the following conditions on a certain interval [0, R] (R > 0)

?(0) = 1 -
(—Dkp®(x) > 0 (k=0,1,2,...; x € [0, R]).
In the case which is being considered here, ¢;(x) (j = 1,...,¢) can be chosen

such that they are starting-functions. The remaining functions gn(x) (n = ¢+1,
¢+2,...) can be determined successively from equations (III;)—(III;), where
in accordance with property I the constants of integration ¢, are taken such
that ¢,(0) = 1.

We have the following general theorem.

THEOREM 24
Let gj(x) (j = 1,...,¢) be starting-functions on the intervals [0, R;] (R; > 0;
J=1,...,¢). Then the general element of the sequence {@n(x)} has the form
. n+ife (=D~ 5 n-1 ile
Pen+j(%) = (L—ex)"7° +- B=T1 (ck+j) | (x—)"{es(t) —(1—ct)™}dt (100)
k=l 0 = Limbin=12:.}
The corresponding sequence of operators can be defined* on the interval [0, R] where
1
R = min (—, R;).
1<jge \ I
Proor
Using property I, it follows by integration of (III;)— (IIl;) that we have for
) T

* We notice that the interval [0, R] need not be the largest interval on which the operators
L, of the form (31) can be defined. Cf. some examples following theorem 24.
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x

Pess(®) = —(c+f) [ @ilO)dt+1,

0

grers(%) = (e+4) (2e+) [[ @s(t)dt— (2c+7)x+1,

n

~ (ci )(—1)n-kxn—
gersts) = (=0 ] (k) [ ... ot ”“Z 1 R ANey

k=1

where

% x 123

fun /tp;(t)a’t [ oo [ ost)dtr...dty (G =1,....m)
) 00 0 0
@)

and by definition ” = Iy

i=r
r>s
Using a theorem of CaucHy we have

oo [ oiit)dt = (n_ll) ; [—imigidt (j=1,...,0),

(m)
while the second part of formula (101) consists of the first » terms in the
expansion of (1—cx)""/ into powers of x. This proves the first part of theo-
rem 24.

Now we have to find an interval [0, R] C [0, 1/¢] on which each function
of the sequence {@x(x)} possesses property II. Usmg the systems (III;)—(II1.),
it follows that if there exists such an interval in case £ = 0, the functions
@1(x), @2(x),... will also have property II on this interval in cases k¥ = 1,2,....
Hence we restrict ourselves to the case £ = 0 and it remains to determine an
interval [0, R] on which we have

pa(x) >0 (n=1,2,...).
In formula (100) let = first be odd. We get

2m+1 "

; 1 ,
Pomresf0) = (e — o TT ) [ = n(a) — (1) >
k= (m:0:1’2>)

X

+
2 [l —exffertise ﬂ ck+J) (x—t)2m{1—(1—ct)7}dt, (102)
k=1
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because in view of formula (99) the choice

pi(x) =1 (j=1,...,6)
is possible.
Using (102), we further have

Pameteti(%) = (1—cx)2m+2—c2m+2(2m—+1) (2m-+2) /(x—t)zmt dat  (103)
0
= (1 —cx)2m+2—(gx)2m+2 > (
when ¢x € [0, 1/2] and hence x € [0, 1/2¢].
In deriving (103) from (102), the sign of equality only holds in case j = ¢.
From the above calculations there follows that
Gineieial®) & 0 [w=0,1,% .05 1= Lin:iust)

on the interval [0, R*] where

R* = min (l R,) (104)
1<ji<e 26‘
When in (100) 7 is even we have
Prsit) = (1=t e ﬂ(cm [ ety a0~ 1~y
(i = 1,2,
and hence
2m

Panei(3) > (1—onf il — oy ]'[ €k+J x—1)2= (1 —ct) ¥ dt >

> (1—ex) e —gam(2m) (2m+1) / (x—f)2m-1(1—ct) i dt >

0

> (1—cx)i/‘_l{(l—cx)2m+1—02m(2m)(2m—|—1)f(x—t)zm—l(l——ct)dt} .

= (1—ex) =Y (1 —¢x)2m+1— (2m+1) (cx)2m - (cx)2m+1},

Now it is easily verified that for every arbitrary but fixed positive integer
m the function

pam+1(x) = (1—ex)2m+1—(2m—-1) (cx)2m 4 (cx)2m+l

is decreasing on the interval [0, 1/2¢]. Moreover, we have

( 1 ) (1)2m+1 —— p
— | = |- m+1__ —_ =
Yam+1 3, 3 ( m )

1\2m+1
=2<§) {(143)m—3m—1} >0 (m=1,2,...)
with equality only for m = 1.
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From this and from (104) we get

pn(x) >0 on [0, R]
where
1
R = min (—, R;|
min {50 )
On this interval [0, R] the sequence {g,(x)} (n = 1,2,...) generates a sequence
of operators {L,} (n = 1,2,...) of the form (31). This proves theorem 24.

The case m, = n—1 will now be considered in more detail. Formula (100)
then takes the simple form

x

Pt (x) = (l;x)”“—i—(—l)”n(n—f—l)./ (x— )2 g1 (t) —(1—8)}dt (n = 1,2,...).

. (105)
Applications

a) Thefunction
(791(96) =1—x
is according to (99) a starting-function on the interval [0, 1]. In view of (105)
we have
gnii(x) = (1—x)+1 >0 (n=0,1,2,...)
on the interval [0, 1].

The sequence {@n(x)} generates on [0, 1] the well-known Bernstein operators
B, which have the form

Ba(f; %) = Zf(k><k> ©E(l—x)nk  (xe[0,1]).

REmARK 1

The choice

p1(x) = 1—=x
is for two reasons the best one*. Because the integral expression in formula
(105) vanishes, the form of the sequence {¢,(x)} has a simple character and
this is also true for the corresponding sequence of operators.

* When ¢ # 1, it is not so easy to determine the best choice of the starting-functions ¢;(x)
(=1, ..., ¢) with regard to the size of the interval on which the corresponding operators
can be defined. Now it is not possible to make the integral expression vanish in formula
(100) in cases n = 1,2,...and j = 1, .. ., ¢ by means of a suitable choice of the starting-
functions. In fact, of all the functions

(l—cx)f/‘ (J: 19"'55)3
there is only one which can be taken as a starting-function and this one we get when j = c.
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In the second place we thus get the largest interval on which operators can
be defined in case m, = n—1.
b) More generally we can take as a starting-function
pr(x) = 1l—ax (ea>0, a5 1).
The interval of maximal length on which the corresponding operators can

be defined will be shown to depend on «.
Using formula (105) we deduce that

pa(x) = (1—x)n4(—=1)2-1xn(l—a) (n = 1,2,...).
Examining this sequence, we distinguish between some cases.
1} #==0,
The corresponding operators can be defined on the interval [0, 1/2].
2] O<a<l
@em+1(x) = (1—x)2m+lpg2mtl(] —q) > 0
when x € [0, 1],
pom(x) = (1 —x)2m—y2m(] —qa).
Obviously gom(x) > 0 when x € [0, 1/2]. This interval cannot be enlarged. In

fact, assuming the converse, let gam(x) > 0 on [0, 1/2+4d], 6 > O.
Then we would have

(fo—8)2m > (fa-+8)2m(1—a),
which is obviously not true for large m.
3 l=<xa<2
pam(x) = (1—x)2mfa2m(g—1) > 0
when x € [0, c0),
prmia(x) = (1—x)amsi—samii(a—1) > 0
when x € [0, 1/5].

The corresponding operators can be defined on the interval [0,1/z]. It is
easily seen that this interval cannot be enlarged.

The other ones are not suitable (cf. (99)). As a consequence of this we have that in case
¢ # 1 the interval [0, R] on which the operators can be defined will be contained in the
interval [0, 1/c].
We finally remark that when choosing

piix) =1 (G=1,..,¢)
the corresponding operators can be defined on the interval [0, 1/2¢]. This follows from the
proof of theorem 24.
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4 o> 2,
pam(x) = (l—x)2m4-x2m(g—1) > 0

when x e [0, o),

1 2m+1
¢)2m+1(x) == el {(-— == 1) *((Z—I)} >0

X

when « € [0, 1/a]; the sign of equality occurs when m = 0 and x = 1/e.
The corresponding operators can be defined on the interval [0, 1/a].

REMARK 2

If 0 < @ < 3 theorem 24 gives an interval [0, R] for the operators which is
not of maximal length. But when « > 3, theorem 24 gives the best result for
the interval [0, R].

REMARK 3

If @ 5= 1, then the influence of the integral expression in formula (105) can
be considered as leading to a disturbance of the Bernstein operators.

c) Inour third example we take as a starting-function
@1(x) = e (a> 0 and fixed).

The general element ¢x(x) of the sequence {gn(x)} (n = 1,2,...) can be written
in the form (105). Another representation is

ar—=

n! 5 (n k!
‘pﬂ(x) — 1 g=a% _f" pa <k> <1 = _ak—_1> (_x)ﬂ—k (n i 233,-.-))

which also can be derived from system III; by using mathematical induction.
As a consequence of theorem 24 the corresponding operators can be defined
on the interval [0, 1/3].

REMARK

The above choice of the starting-function for large values of a shows agree-
ment with the choice of the functions ¢;(x) (j = 1,...,¢) which we considered
in the second part of the proof of theorem 24.

Consequently [0, 1/3] is the largest interval on which the operators can be
defined for an arbitrary but fixed value of a.

1.3 In this section we consider the case m, = n.
The corresponding system of differential equations has the form
=0 (%) = npt (%) (mk=1,2,...).
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For the infinitely differentiable functions ¢,(x) (r = 1,2,...) this is identical

with the system ,
¥ —1'(x) = ga(x)

—px'(x) = 292(x)
— 3/ (x) = 3ps(x)

Obviously the equations of this 'system are mutually independent. The

solution is (%) = crem® (n = 1,2,...),

where ¢, =1 according to the condition ¢,(0) =1 (n = 1,2,...).
The corresponding sequence of operators can be defined on the interval
[0, o).

1.4 The case my, = n+c¢ (¢ is an arbitrary but fixed positive integer) will be
treated in this section.
In view of property IIT we have

—p (%) = ngf0(x) (mk=1,2,..).
For the infinitely differentiable functions ¢,(x) (n = 1,2,...) this is identical
with the ¢ systems

—@"1(%) = @era(x) ool —@ (X) = cpae(x)
~(p'c+1(x) — (6+1)(p26+1(x) ......... —(p’zc(x) - 2€(p3c(x)

(L) ) —g'2e1(x) = (204 1)@acta(x) cvvvnnns (L) ) —@'aclx) = Sopac(x)

These systems of differential equations are in general not suitable for a con-
structive approach using sterting-functions ¢;(x) (j = 1,...,¢). Infact, .+1(x) is
completely determined by the choice of ¢1(x) and in general we have

@e+1(0) # L.

Thus property I cannot be satisfied during the process. Considering the
structure of the systems (I1I;")—(III."), it is possible to take @enj+i(x) (j = 1,
..,¢) as starting-functions, where n; (j = 1,...,¢) are arbitrary but fixed
positive integers with n; > 1 (j = 1,...,¢). Then it is always possible to choose
the constants of integration such that gen+35(0) = 1 (n = 1,2,...,n5;7 = 1,...,¢).

However, the following remark must be made. First we are choosing
@enj+i(x) ; then the other functions gen+j(x) (n = ny—1,...,1; j = 1,...,¢) are
determined according to the corresponding equations in systems (I1I;")—(IIL.").
Because of the fact that the approximation becomes better when 7z increases *,
the determination of these functions does not make any sense.

* Under the conditions x(n) = n, w(nx) = n, m, = n—ec, a;_,(x) = 0, this follows from
theorems 5 and 6 of Chapter 1.
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The first choice of the starting-functions is at once the best one, so this
procedure of approximation does not do, only with the exception of those cases
where it is possible to start with ¢;(x) (j = 1,...,¢), where ¢;(x) satisfy (99).
Then it is necessary that the condition ¢,(0) = 1 (n = ¢+1, ¢+2,...) is auto-
matically satisfied during the process. Property II causes no difficulties and the
corresponding sequence of operators can then be defined on the interval [0, R]
where

R = min Rj.

1<i<e

We conclude this section by giving an example to this case.

ExamMpPLE

If we take as starting-functions
pi(x) = (1+cx)*1'/‘ (= l,eamst)s
then the condition ¢,(0) =1 (n = ¢+1,¢+2,...) is automatically satisfied
during the differentiation process of systems (I1I1;")—(IIL.").
The suitable sequence of functions has the form

Pa(x) = (1+cx)_"/‘ (== 152,:0)

and the corresponding sequence of operators can be defined on [0, o).

REMARK

In case my, = n-+1 we get the third example of section 4.1 of Chapter 1, if we
take there p = 0.

2 A generalization of the method of Chapter 1, § 2 with some
applications

2.1 As we have seen the systems of differential equations which we have been
using in § 1 of this Chapter originate from property III of Chapter 1, § 2.
This property is a relation between two derivatives of two functions from the
sequence {@,(x)} (n = 1,2,...). This relation can be generalized in the sense
that from onwards a certain positive integer no the Ath-derivative of ¢n(x)
(n = no, mo+1,...) is a certain linear combination of the preceding k—1
derivatives of some other function from the sequence {@,(x)}.

Again, a sequence of operators can be adjoined to the sequence {¢,(x)} in
such a way that it satisfies the conditions of theorem 1. Moreover, we construct
a general sequence of functions of which the corresponding sequence of opera-
tors has Voronovskaja’s formula as asymptotic approximation formula.

2.2 We assume that in the sequence

{oalal} (p=1,2...
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of real functions of the real variable x, each function ¢,(x) has the following
properties on the interval [0, 4] (b > 0).
I': pu(0) = 1
II': @u(x) is infinitely differentiable on [0, 4] and (—1)¢®(x) = 0
[ =0 L& s} §
IIT': there exists a sequence of functions {g,(x)} (n = 1,2,...) and a positive
integer my not depending on £, such that
L=
o = 3 (7 afont 0w k= 19,0.0, (106)
i=0

where we assume that

(—1)fe®(x) >0 (k=0,1,2,....;n=1,2,...); (107)
lim &0 _ (108)
n— n

(@) 0
im &0 0 i=1,93); (109)
n— n
lim % — 1. (110)
n— n

We adjoin to the sequence {@n(x)} of functions ¢,(x) (n = 1,2,...) a sequence
of operators {Ly} (n = 1,2,...) defined by

i k (k) f(;lz) (111)

k=0

THEOREM 25

If f(x) € H(xo) and if the sequence {@n(x)} satisfies the conditions I'-III', then the
sequence { Ly(f; x0)} (n = 1,2,...) defined in (111) converges to f(xo) when n— oo.

If f(x) € H(x0) (0 < xo < b), then the convergence is uniform on the interval
[0, &].

Proor

We show that the sequence {L,(f; x0)} (n = 1,2,...) converges to f(xo) when
n— oo in the three cases f(¢) =1, f(t) =¢ and f(f) =¢.

In case f(¢f) =1 the convergence of { Ln(f; xo) } to 1 follows from I".
When f(t) =t we have

Sk "(")x)x
tx() ZZ— .
in
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Using IIT" we get*
k—1
<—1)*“( ; ) o) 0 (x0)

(k—D!n
k=0 k=1 1i=0
xogn o) = (—l)k I‘P(k 1)( 0)"371 (—1)x2gn’ (%0) i —l)k . )(xo)x{ﬁ“2+
P h
In view of I and Taylor’s theorem we get
%0\ (—1)g (x0)% _ x0ga(0)
- o s " 112
(t520) =~ Z = : (112)
According to (108) we have
Lu(t; x9) — xo when n— oo.
When f(t) = we have to consider the series
A2 (1)l (x0) 5
Z n? k! '
k=0
Using II1" we get
k—1
B (=Dl ()t & Hk( i )gﬁ”( 0)gi Y (x0)x5
Z_z Kl :ZZ (k—1) ! n2 h
k=0 k=11i=0
B i(~1>“kgn<xo><pﬁf;” Wb $ (— 1)k (o) 2 ()
A (k—1)! 220! - (k—2)! 221! a
Z“’: (—1)*"gn(x0) pss " (x0) %6 5 i (—1)*gn(x0)gm, " (x0)% 3
— (k—2)!n20! — (k—1)!
* If
wk 41kn(k) 0 ok
Z;( )(Pk! (xo) % )
k=0

is a convergent series, it is obviously an absolutely convergent series in view of property II".
We have altered the order of summation and still deal with sequences with positive terms
according to (107). Because the series in formula (112) converges, the original series (1)
also converges.

A similar remark does hold for the series

3 k_ (1 %<k> (e NS (= D), ® (xg)xt
A nt k! ’

k=0
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(—1)*"gn’ (x0) gty (x0) 5 22 (—1)*"gn’ (x0) g, (x0)%
+), k—3)1m 11 k=212 1
k=3 k=2
o R DR e sasrdsseeRasEwERERaweR
Summation of the second column gives
& (—1) i+ Dg? (1) _ xogn(0) _ xa%a’(0) en1)
Z n2il n? n

i=0

Again using III” in the first column, we have

gy ¥ (—l)kﬁz(k i 2) ('>(x0)gn(x0)q><" ) (o) 20"
,ZZZO (k—2)1m 0! o
o 13 (12772 o (ot Gy
+Z_ (k—3) 12 11 T =
k=3 i=0
@ (—1)*"%gm,(x0)gn(%0) Py Z))(’«70)’5'6 = (—1) " 2gm, (%0)gn(x0) pls 3)( 0)%
:; (k—2)1n20!0! ; (k—3)1 n2 011! T
@) (— 1) gma(%0)gn’ (x0) pm, " (®o)%6 & (—1)"“gm,’(x0)gn’ (o) gy, ¥ (x0)%6
+/;s (k—3)!n21!0! +; (k—4)!n21!1! Tave
e T T T P TP A R R R E S e e B R
=y (—1) gn(x0) g (x ) %7 & (1) ga! (x0) gy (%0) %0 P
— n2 0! ! — n21!q!
= 2 (— 1) g (x0) g% (%0) 2+
h j; ; n2iljg! &
_ %0°¢n(0)gm.(0)
n2
Taking into account formula (113) we have
2 2qg. 7
La(t2; x0) = %0%gn(0) gm,(0) + %0gn(0) _ %0°gn (0) ) (114)
n? n2 n?

Using (107), (108), (109) and (110) there follows

Ly (82; %0) — %02

when n— oo.
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According to theorem 1 theorem 25 is established. When f(x) € H(xo)
(0 < x0 < b), the uniform convergence follows from formulae (112) and (114).

2.3 Concerning the construction of suitable sequences of functions {@,(x)}
(n =1,2,...), we will restrict ourselves to the case m, = n—¢, where ¢ is an
integer.

If ¢ is a negative integer, similar remarks can be made as in section 1.4 of this
Chapter. Then no constructive approach with starting- functions is in general
available, because condition 1" cannot be satisfied during the differentiation
process of system (106).

Using ¢ starting-functions in case m, = n—¢, ¢ being a positive integer, we
can, after first choosing the appropriate functions g,(x) (n = 1,2,...), con-
struct a suitable sequence satisfying (106). Obviously property I1” is then
equivalent with

[~ = 0 = Lo b= 0,1%..:xe[0.8]) (115)
pi(x) > 00 =c¢c+1,¢42,...; x €[0,b]). (116)

A constructive approach is thus possible in this case.

2.4 Finally we will give an application in cases m, = n—1, m, = n and
mn = n+1.

a) my =n—I.

The function

o) o= 0047 -2

where p is an arbitrary but fixed positive integer, is a starting-function on the
interval [0, 1].
When we assume
gn(x¥) =n—14+(1—x)? (n=1,2,...), (117)
then it is easy to verify that conditions (107)—(109) are satisfied on [0,1].
Solving system (106), we get
Pu(r) = A== a1 (5 = 1,2,...)
and these functions are not negative on the interval [0,1]. Consequently a
sequence of operators { Ly p} (n = 1,2,...) is generated which can be defined
on [0, 1].
In view of (112), (114) and (117) we have
Ln_,,(l;xo) = 1,
ILn.pu; W o E=lheasied gy,
xo(1l—wx X
an,p<t2;xo) A 0 Lo P o
n n
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In deducing an asymptotic approximation formula for this sequence of
operators we use theorem 2. The condition (11), sufficient for applying this
theorem, is satisfied in case m = 1, for in a way similar to the proof of theorem
25 we derive
%0%¢n(0)gmn(0)8mn,(0) 3x02g4(0)gm, (0 1
Ln(ta;xo) N n( ) m( M, ) + X0 gn( )gm,,( ) & 0(£>,

n3 n3

La(t4; x0) =

%0'gn(0)gma(0)gmm, (0)gmn, (0)  6x03gn(0)gm,(0)gmy, (0) 1
n4 T n* L 0( )

Using this and formulae (112), (114), (108), (109), (110) we have

O (k 4 (— 1)kl (xo) 2k 1
(e = 31 (£ — )t (SIS (1) o,

hence theorem 2 can be applied.
We then get
THEOREM 26
Let f(x) € H® (x0). The sequence of operators {Ln p} (n = 1,2,...), defined on the
interval [0,1] and generated by the sequence of functions of the form

@n(x) = e”"“_")p“”"(l —x)""" (n=1,2,... and p is a fixed positive integer)
has the property

X0 I—x()
Lus(f; 50) ~flxe) = 250 ery 4 ( 1) (%0 € [0,7]).

2n n
REMARK

Voronovskaja’s asymptotic approximation formula is thus valid for this class of sequences
of operators.

Proor
Using theorem 2 the proof follows at once from (118).

b) m, =n.
Assuming
gn(%) = n—2x+x2 (n=1,2,...),
we derive from (106) the suitable sequence {@n(x)} with
pu(i) = e EB (4 — 1,9,...).
The corresponding operators can be defined on the interval [0,1] and there

yields

79




La(1; x0) =1,
’L,L(t;xo) == ¥y,
% 2x¢2
an(tz; Xo) = X% + = = %-
n n

Using this and theorem 2 an asymptotic approximation formula can be given.

c) my=n+l.
The sequence of functions {g(x)} of the form
gn(®) = n=14(1+4+x)-2 (n=1,2,...),
p being an arbitrary but fixed positive integer, satisfies conditions (107)—(109).
Starting with
gi(x) = 9 N (1 € [0, 00))
in system (106), condition I" is automatically satisfied and a suitable sequence
can thus be constructed. We derive

pn(x) = RUARES r I/ﬂ(1+x)—n+1 19 e L2
The corresponding operators can be defined on the interval [0, co) and we
have

Ln,pU; XU) = X0,

[Ln.p(l;xo) =1

xo(1 2
[Ln,p(tz; ) = Ho* 4 M 4 bXo

n n2

76




(1]

(2]

(3]

(5]
(6]

(7]
(8]

(9]

[10]

(11]
[12]

[13]
[14]
[15]
[16]
[17]

(18]

Baskakov, V. A.,

Baskakov, V. A,

Bounman, H.,
Bromwich, T. J.,
KEesava MENoN, P.,

KowMmLEvA, E. A,

Korovkin, P. P.,

Korovkin, P. P.,

Korovkin, P. P.,

Korovkin, P. P.,

Lorentz, G. G.,

Mawmepov, R. G.,

MarTsuoka, Y.,
MarTsuoka, Y.,
MATsUOKA, Y.,
MEmarbus, G.,

Morozov, E. N.,

Naranson, I. P,

REFERENCES

An example of a sequence of linear positive operators in the space
of continuous functions.

Dokl. Akad. Nauk. 113, 249-251, (1957) (in Russian).

On a construction of positive linear operators for functions of two
variables.

Izv. Vyss. Ucebn. Zaved. Matematika 4 (35), 7-14, (1963) (in
Russian).

On approximation of continuous and of analytic functions.

Ark. Mat. 2, 43-57, (1952).

An introduction to the theory of infinite series.

Cambridge 1926.

A class of linear positive operators.

J. Indian Math. Soc. 26, 77-80, (1962).

On an asymptotic property of positive summation methods of
Fourier series.

Izv. Vyss. Utebn. Zaved. Matematika 4, 89-93, (1959) (in
Russian).

Linear operators and approximation theory.

Delhi 1960.

On an asymptotic property of positive summation methods of
Fourier series and on the best approximation of functions € Z,
by linear positive polynomial operators.

Uspehi Mat. Nauk. 13, (1958), no. 6 (84), 99-103 (in Russian).
Convergence of linear positive operators in the space of continuous
functions.

D.A.N. 90, 961-964, (1953) (in Russian).

On the order of approximation of functions by linear positive
operators.

D.AN. 114, 1158-1161, (1957) (in Russian).

Bernstein polynomials.

Toronto 1953.

Asymptotic approximation of differentiable functions with
linear positive operators.

D.A.N. 128, 471-474, (1959) (in Russian).

Asymptotic formula for Vallée-Pousin’s singular integrals.

Sci. Rep. Kagoshima Univ. 9, 25-34, (1960).

Note on Komleva’s theorem.

Sci. Rep. Kagoshima Univ. 9, 17-23, (1960).

On the degree of approximation of functions by some positive
linear operators. Sci. Rep. Kagoshima Univ. 9, 11-16, (1960).
Approximation von Funktionen und ihre numerische Behandlung.
Berlin 1964.

Convergence of sequences of linear positive operators in the
space of continuous 27-periodic functions of two variables. Ka-
linin. Gos. Ped. Inst. Mc.Zap. 26, 129-142, (1958) (in Russian).
Konstruktive Funktionentheorie. Berlin 1955.

17




[19] Naranson, I. P., On the order of approximation of continuous periodic functions
by singular integrals.
D.A.N. 73, 273-276, (1950) (in Russian).

[20] Norvrunp, N. E., Vorlesungen iiber Differenzenrechnung.
Berlin 1924.
[21] PetrOV, I. M., On the order of approximation of functions belonging to the

class Z by some polynomial operators.
Uspehi Mat. Nauk. 13, (1958), no. 6 (84), 127-131 (in Russian).
[21a] Poroviciu, T., A new proof of Weierstrass’ theorem with interpolating polynom-
ials. Lucrdrile sesiunii generale stiintifice, Ed. Acad. R.P.R. 1951
(in Roumanian with french summary).
[22] SarroNova, G. P.,  On a method of summing divergent series connected with the
singular integral of JAackson.
D.A.N. 73, 277-279, (1950) (in Russian).

[23] ScHURER, F., On the approximation of functions of many variables with
linear positive operators. Indagationes Math. 25, 313327, (1963).

[24] ScHURER, F., On the order of approximation with generalized Bernstein
polynomials. Indagationes Math. 24, 484-488, (1962).

[25] ScHURER, F., Some remarks on the approximation of functions by some positive

linear operators.

Monatshefte fiir Math. 67, 353-358, (1963).

[26] ScHURER, F., Linear positive operators in approximation theory.
Math. Institute of the Technological University Delft, Report
1962.

[27] ScHURER, F., On linear positive operators.
On Approximation Theory, 190-199, Basel/Stuttgart 1964.

[28] SikkEma, P. C., Der Wert einiger Konstanten in der Theorie der Approximation

mit Bernstein Polynomen.
Numerische Math. 3, 107-116, (1961).

[29] Srancu, D D On some polynomials of Bernstein type.
Studii Si Cercetari Stiintifice XI (2), 221-233, (1960) (in Rou-
manian with french summary).

[30] Vorkov, V.I., Convergence of sequences of linear positive operators in the space
of continuous functions of two variables.
D.A.N., 115, 17-19, (1957) (in Russian).

[31] Vorkov, V.1, Some sequences of linear positive operators in the space of contin-
uous functions of two variables.
Kalinin. Gos. Ped. Inst. Mc. Zap. 26, 11-26 (1958) (in Russian).

78




SAMENVATTING VAN DE INHOUD

Dit proefschrift handelt over lineaire positieve operatoren in de approximatie-
theorie.

In de inleiding wordt een lineaire positieve operator gedefinieerd, daarna
vermelden wij enkele resultaten waarvan in dit proefschrift wordt uitgegaan.

In hoofdstuk 1 worden enkele fundamentele stellingen afgeleid, waarna wij
ingaan op een methode om lineaire positieve operatoren L, te construeren.
Voor een aldus gevormde rij { L»} (» = 1,2,...) wordt vervolgens een schatting
gegeven van het verschil

| L (5 %0) —f (%0) |-
Verder wordt een aantal methoden om asymptotische approximatieformules
af te leiden met elkaar vergeleken.

Hoofdstuk 2 is gewijd aan de approximatie van functies van meer verander-
lijken. Hier vindt men een aantal resultaten van hoofdstuk 1 gegeneraliseerd.
Daar wordt ook een schatting gegeven van een constante die optreedt in de
theorie van gegeneraliseerde Bernstein polynomen.

Hoofdstuk 3 heeft betrekking op lineaire positieve operatoren Ly, van de

vorm
+n

Lup—(f; %) = +—,,1—— /f(x—}-t)(M)ZPdt (= & 25500y
2p

i in 1/ot
/‘(Sm 1/2nt> ' g sin 1/2
sin 1/of

die van belang zijn bij de approximatie van continue periodieke functies met
periode 2. In de gevallen p = 3,4,5,6 wordt een aantal eigenschappen van
deze operatoren afgeleid.

In hoofdstuk 4 wordt het onderzoek betreffende het genereren van lineaire
positieve operatoren, zoals uitgevoerd in hoofdstuk 1, voortgezet. Uitgaande
van een stelsel recurrente differentiaalvergelijkingen worden met behulp van
z.g. startfuncties rijen van functies geconstrueerd die rijen van lineaire posi-
tieve operatoren voortbrengen.

In de hoofdstukken 1-4 zijn tal van toepassingen van de hier bewezen stel-
lingen opgenomen.
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