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I N T R O D U C T I O N 

In 1953 KoROVKiN ([9], [7])* introduced the notion "linear positive operator" 
in approximation theory, although a corresponding idea already occurs in 1952 
in a paper by BOHMAN [3]. 

DEFINITION 

Let V denote the set of all real functions f [x], defined on a set D of points of the real 
X-axis. Let L he an operator which maps each element f of V into a set W of real functions 
g[x) = L(f{t); x) which are defined on a set E of points of the real x-axis. 

Then L is said to be positive if and only if for each f G V with f {x) '^ 0 on D we 
have 

g{x) ^ 0 on E. 

EXAMPLE 

gix) = L{f-x) =f{-l) {x^x^)+fiO)i]-x^)+fil){x^+x). 

Here D consists of the three points —1,0 and 1 of the x-axis and E is the interval \0, l'\. 

In this introduction we will first give a brief exposition of results from which we 
start in this thesis. Next the Chapters 1-4 are summarized. 

We remark that from now on the word operator means linear positive operator. 

1. Survey of the contents of this thes is 

1.1. PRELIMINARIES 

For the formulation of a number of theorems concerning operators, we intro­
duce a definition. 

DEFINITION 

The set of functions which are bounded on the whole real axis and which are continuous 
on the interval [a, b'\, continuous to the left in x = a and continuous to the right in x = b, 
is denoted by Q {a, b). 

The set of functions which satisfy the above conditions and, moreover, are periodic with 
period 27i will be denoted by Q2„{a, b) in case b—a > 2n. 

* Numbers in brackets refer to the references at the end of this thesis. 

9 



The following theorem* can be considered as one of the basic theorems 
about operators in approximation theory. 

THEOREM I (BOHMAN [3], KOROVKIN [7]) 

Let f[x) 6 Q{a,b) and let {/,„}(« = 1,2,...) be a sequence of operators defined on 
Q{a,b). If this sequence satisfies on the interval [a, è] the conditions 

L„{1; x) = l + ajx) 
Ln{t;x) = x+Pn{x) {n = l,2,...) 
L„{t^; x) = x^ + yn{x), 

where an{x), fin{x) and yn{x) tend uniformly to zero on the interval [a, é] when n -> oo, 
then the sequence {Ln{f',x)}{n = 1,2,...) converges uniformly on this interval tof{x). 

Using this theorem KOROVKIN ([7], p. 28-30) has given a new proof of the well-
known approximation theorem of WEIERSTRASS. 

The trigonometric analogon of theorem I reads as follows. 

THEOREM II (KOROVKIN [7]) 

Let f[x) 6 Q2„{a,b) and let {Ln}{n = 1,2,...) be a sequence of operators defined on 
Q2„[a,b). If this sequence satisfies on the interval [a, é] the conditions 

Ln{l; x) = l + an[x) 
Ln{cos t; x) = cos X -{- fin{x) (n = 1,2,...) 
Ln{sin t; x) = sin x + yn{x), 

where an{x),fin{x) and yn{x) tend uniformly to zero on the interval \a,b'\ when n -^ oo, 
then the sequence {Ln{f; x)}{n = 1,2,...) converges uniformly on this interval to f [x) .'^* 

Theorems I and I I give sufficient conditions for a sequence of operators to 
converge to a continuous function ƒ (x).*** Moreover, KOROVKIN [7] shows that 
a number of algebraic and trigonometric polynomials, suitable for the approxim­
ation of functions, can indeed be defined by means of operators. 

BASKAKOV [1] gives a fairly general form of a sequence of operators 
(Z„}(w = 1,2,...) which is generated by a sequence of functions {(pn{x)} 

* For a particular sequence of operators the germ of the theorem can already be found in a 
paper by Popoviciu [21a]. 

** In 1957 VoLKOV [30] has generalized theorem I in case of the approximation of functions 
of many variables, whereas M O R O Z O V [17] in 1958 extended theorem II for this purpose 
(cf. Chapter 2). 

* * * T h e three functions \, x, x'' respectively 1, cos A:, sin X cannot be replaced by any two 
functions as KOROVKIN proved in [7], § 5. But theorems I and I I do hold if the conditions 
of the theorems are satisfied for the functions fo{x), fi{x), f^{x) assuming this system 

ƒ^.(x) (A; = 0, 1, 2) is a Chebyshev system on [a, b ] . This is also a necessary condition 
(cf. [7], §5). 
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{n — 1,2,...) (cf. [5]). It is proved that these operators satisfy the conditions 
of theorem I. Moreover an estimation for the difference \Ln[f; x) — f{x)\ is 
derived in which the modulus of continuity u>{è) plays a role. Because this no­
tion appears frequently in the following pages, we will give here its definition. 

DEFINITION 

Iff(x) is defined on an interval [a, i ] , then for every d > 0 

co{d)= sup \f[x')-f{x")\ [x',x"e{a,b]). 
\x'-x"\ < iS 

The modulus of continuity has the property [28] that 

a>(ló) < (l+]A[)co((5) ( A > 0 ) , (1) 

where ]A[ is the largest integer being smaller than 1. 
In [1] an asymptotic approximation formula is derived for a sequence of 

operators belonging to a particular sequence of functions {(pn{x)]{n = 1,2,...), 
i.e. information is given about the speed with which the difference 

Ln{f;x)-f{x) (2) 

tends to zero when ;z -> oo. 
By means of a suitable choice of the sequence {(pn[x)} the well-known Bern­

stein polynomials 

Bnif; X) = 1^ / Q Q X A : ( 1 - X ) - * (X e [0,1]) 

are generated. 

MAMEDOV [12] investigates the speed with which the difference (2) converges 
to zero in a certain point xo e \a, é] when n -> oo. We will state here his most 
important result.* First we give a definition. 

DEFINITION 

With Q<̂ *(xo) we denote the subset of Q{a,b) of functions for which the second derivative 
at the fixed point XQ e [a, ^] exists. 

THEOREM I I I (MAMEDOV [12]) 

Let f[x) e Q'2)(̂ p̂̂ _ Assume that the sequence of operators {Z„}(/2 = 1,2,...) has the 
property that in xo we have 

L„{l;xo) = 1 + o\——] 

* [12] contains three theorems without proof. MAMEDOV does not notice that the first two 
of them are particular cases of the third one. 
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r , , ^ , Vi(^o) , / 1 
Ln[t; Xo) = Xo H —— + o I 

95 (w) \cp{n) 

r f,2 \ 2 1 ^2(^0) / / 
L„{t^; Xo) = xô  H —- + o| (p{n) \<p{n)f 

where (p[n) ^ 0 and (p[n) ^ 00 wA r̂e w -^ 00. 7/" <A«r« exwij a positive integer m 

such that 

/.4(<-^o)2'»+2;xo} = o - - - ) ( K ^ 00), 
V(re)/ 

then we have 

2v)i(xo)./'(xo)+1^2(^0)-2x0^)1 (xo)} ƒ "(xo) / 1 
Ln{f; Xo)—f{Xo) = -—-r h O 29?(n) \<pin)j 

Applications of theorem I I I were given by MAMEDOV for the derivation of 
some familiar asymptotic approximation formulae.* 

1.2. Survey of the contents of Chapters 1—4 ** 

CHAPTER 1 

Theorem 1 is an extension of theorem I of BOHMAN-KOROVKIN. It is a general­
ization in two different ways; first the uniform convergence is replaced by 
pointwise convergence and in the second place the class of functions for which 
theorem I is valid, is extended. In fact, theorem I deals with the class of real 
functions which are bounded on the whole real axis and which are continuous 
on a finite interval [a,b]. However, Korovkin's proof of theorem I is given 
([7], p. 14-15) with the aid of two functions ƒ (x) = x and ƒ (x) = x'^, which 
themselves are not bounded on the real axis. Therefore we consider a class of 
functions, called / /(XQ), containing both x and x̂  and for which we prove that 
the results of theorem I hold. 

Theorem 2 is a somewhat modified version of theorem I I I in the sense that 
the class of functions for which theorem I I I is valid, is extended. A full proof is 
given, because paper [12] furnishes no proof at all. In view of the approxim­
ation of 2:/T-periodic functions, we state theorem 2 in a way appropriate to this 
case. This yields theorem 3. 

Next a method is evaluated for the construction of a sequence of operators 
with a sequence of functions {'p«(x)} (re = 1,2,...). Theorem 4 states that the 
considered sequence of operators satisfies the conditions of theorem 1. 

* In [12] the formula given for the Fejér operators is false. 
** Some parts of this thesis have been published before in the author's papers [23], [24], 

[25], [26], [27]. 
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The influence of the function ƒ (x) on the approximation is given by theorem 
5 which gives an estimation of the difference 

\Ln{f;Xo) - / ( X o ) | . 

Some applications of the theorems are given. We consider a particular case 
of the so defined sequence of operators and write down some sequences of 
functions {(pn{x)} [n = 1,2,...) suitable for the generation of operators. 

Theorems 6 and 7 are derived with the aid of theorem 2. They show the 
influence of the sequence {(pn{x)] on the asymptotic approximation. 

KOROVKIN has derived a theorem concerning the asymptotic approximation 
for a special type of operators. We state his result here. 

THEOREM IV (KOROVKIN [8]) 

The operators Ln are defined by 

+ 71 

Ln[f X) = ^ jf{x^-t) {̂  + 2^ et' COS kt dt (3) 

with 

- + y e["' COskt > 0 {—7T<t<, +7l) 
2 

k=l 

In order that for a function f {x) e Q*2'(xo) the relation 

Lnif,xo)-f{xo) = ( i - e « ) / " W + o ( i - e f ' ) 

is valid, a necessary and sufficient condition is that 

Urn - ^ - = 4. (4) 

At the end of the Chapter, theorems 3 and IV are used to get asymptotic 
approximation formulae for some well-known operators such as Jackson's. 

CHAPTER 2 

Some results about the approximation of real functions of m real variables are 
formulated. For this purpose a generalization (theorem 8) of a theorem of 
VoLKOv [30] is given. Theorem 9 is in the same way an extension of theorem 2. 

A general method is given for the construction of sequences of operators 
suitable for the approximation of functions of many variables (cf. [2], [31]). 
Generalizations of some theorems of Chapter 1 are stated without proof. 

As an example we give some sequences of functions with the corresponding 
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operators and the region in which they are defined. Some already known 
results (a.o. a generalized theorem of VORONOVSKAJA) are derived in another 
way and in particular we pay attention to a constant x which appears in the 
inequality 

\Bn{f, X)-f{X) 1 < K «,(«-''% . . . , n''l'), X = (xi, . . ., X»), 

where J5„(/; X) are generalized Bernstein polynomials defined on a certain 
simplex. Here u>{di,...,dm) is the generalized modulus of continuity of the 
function ƒ (X) in the domain oif{X). This domain is denoted by K. 

DEFINITION 

If the function f{X) is continuous in a convex domain K in Rm, then the generalized 
modulus of continuity is f or every dj > 0 defined by 

<o{du...,dm)= sup \f[X')-ƒ(Z")I {X',X" eK). (5) 
\xj'-xj"\ s; öj 
{j=\....,m) 

STANCU [29] has estimated the constant x. We are improving his result. To 
that end we first prove a theorem about the generalized modulus of continuity 
by sharpening inequality 

(y(liói,...,Ami3m) < (1 + \ Aftj o){ói,...,óm) [h > 0; A = \,...,m). 
A — 1 

Use is also made of a result of S I K K E M A [28]. 
Finally a theorem of STANCU is derived in another way and asymptotic ap­

proximation formulae are deduced for some operators. 

CHAPTER 3 

The operators of FEJÉR and JACKSON are considered in Chapter 1. These 
operators are particular cases of the general sequence of operators of the form 

+» 

Lnv-v{f; X) = -. / f{x + t) ^ r — f - dt 
Anp-v J \ Sin Va' / 

(6) 

with 

An.-,= [(^Tdt (re =1,2,....). 
J \ sm i/2« / 

Here/) is an arbitrary but fixed positive integer; the subscript np~p denotes 

that I —. — j is an (even) trigonometric polynomial of degree np —p. 
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The operators (6) are the object of Chapter 3. The sequence of the form (6) 
is a special case of the sequence of operators (3) because 

A study of (3) was made by KOROVKIN ([7], [8], [9]) and from his investiga­
tions it follows that the coefficient pj"* plays an important role in the behaviour 
of the approximation. 

We first establish that the sequence {L„p^p{f; x)} satisfies the conditions of 
theorem 1. 

In order to derive formulae for the operators Lnp^p, we have to consider the 
integrals Anp-viP = 1)2,. . .) . The value of the integral Anp-p, p fixed, is com­
pletely determined by the coefficient po"'' ''' in expansion (7). With regard to 
the asymptotic approximation we have to know (theorem IV) the coeffic­
ients QI""-"^ and p^"^'"'. The calculation of these coefficients Qi""'"' {k = 0,1,2) 
can be established in an elementary way, one must, however, have at one's 
disposal the coefficients 

p„(^-i)-(p-i) (0 < A; < n{p-\)-{p-\)). 

The coefficients pf""^' (0 < ^ < 2re—2) were first given by SAFRONOVA [22]; 
this is sufficient for the calculation of the operators L„p-p up to and including 
/» = 4. 

In cases p = 1 and /> = 2 we have the well-known Fejér- and Jackson 
operators. The formulae in cases p = 3 and /> = 4 were given by MATSUOKA 

([14], [15]), and independently, by the author [26] (cf. [6]). For the sake of 
completeness we state the results.* 

— 71 

, r ^ 3 F /sini/2reA4 

2n[2n^-\-n) J \sm i/2< / 

r /r ^ 10 l\^ /sini/2reA6^ 
Lsn-aif, x) = / f(x+t) — dt, 

•̂̂ ' ^ 7r(llre5 + 5re3+4re) 7 -̂ ^ ^ ^ \s inV2</ 
—n 

315 f /sini/2?zA« 

'""•'^^' '' ~ ;^(302rev+140re5+98re3+90rej ./ -^^'+^' U ^ ^ l '^^^ 

* One has a check on the results because ^„j , - j , = 2JI for n = 1 and p arbitrary. 
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Theorem 16 states formulae for the coefficients QJ^"~^\0 < A; < 3re—3) in the 
expansion (7) in case/» = 3. Using these results we derive in theorem 17 the 
form of operators L^n-s and L^n-e- There is every appearance that the consid­
ered method is not so suitable for the further derivation of the form of the 
operators Lnp-p [p = 7 ,8, . . . ) . 

A remarkable property is shown by the form of the above operators. The 
values of the integrals Anp^p {p = 1,2,3,4) consist only of odd powers of re. It 
turns out that this also holds in cases p = 5 and p = 6. 

In order to state the results which follow, we quote a few definitions from 
mathematical literature. 

DEFINITIONS 

1) Z is the class of all functions f [x) e C2„ satisfying the inequality 

\f[x+t)-2f{x)+f[x-t)\ <2\t\ 

for all fixed x and all t on the real axis; 

2) Z2 is the class of all functions f [x) e C^^ satisfying the inequality 

\f{x+t)-2f{x)+f{x-t)\<t^ 

for all fixed x and all t on the real axis; 
3) when f [x) e C.^^ we define the norm off{x) as 

II ƒII = max {|/(x)|; —TT < < < +7t}. 

PETROV [21] established a theorem on the degree of approximation for func­
tions ƒ (x) e Z by the operators Z,2«-2- He puts 

bn = 2re sup {\\L2nMf)-f\\;f{^) ^ Z} 
(ƒ) 

and proves that 
,. , 121n2 
lim bn = . 

Concerning the degree of approximation for functions belonging to the 
class Z2, MATSUOKA [15] proved the following theorem and derived numerical 
results for the operators Lzn-a and Lin-i-

THEOREM V (MATSUOKA) 

If Ln is an operator of type {3) and if condition {4) is satisfied, then 

sup {\\Ln{f)~f\\;f{x) GZ2} m l-Qf, 
(ƒ) 

where a„ ^ bn means 
lim a-nlbn = 1-
n—> c» 

Following Petrov's result, theorem 19 is concerned with the degree of approx-
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imation for functions belonging to Z by means of the operators L3n-3{n=l,2,...). 
Moreover some applications of Matsuoka's theorem are given. 

Theorem 21 gives the asymptotic approximation formulae for the operators 
Lsn-b and Lsn-e, using theorem IV (cf. [6], [14], [26]). The order of approx­
imation is equal to l/re^; KOROVKIN [10] proved that, concerning the order, it 
is in general not possible to get a better approximation with operators. 

An asymptotic approximation formula for the operators Lnp-p for arbitrary 
p is derived in theorem 22 by comparing the integrals 

? /sinl/2reA2^ , T. „ /sinV2reA'^ 
\ f^\ . ' ] dt and sin^f . ' , ] dt. 

J \ s i nV2 i / J \ smV2</ 
— 71 —31 

Several of the results of this Chapter can be generalized to functions of many 
variables. An example of such a generalization concludes this Chapter. 

CHAPTER 4 

We further investigate the method of Chapter 1, § 2 for the generation of 
operators by means of sequences of functions. In particular we pay attention 
to the construction of suitable sequences {q>n{x)}{n = 1,2,...). One of the condit­
ions which every element of the sequence {^n{x)} has to satisfy, viz. 

-9>f (x) = » < - " ( x ) ( l + « . . „ ( x ) ) {k = 1,2,...), (8) 

where ak,n{x) is a correction term and 

is taken as the central point. 
We restrict ourselves to the case rez» = n—c, c being an integer, and 

ak.nix) = 0 {k,n = 1,2,...). Using the concept of starting-function a construc­
tive method is developed for deriving sequences of functions suitable for the 
generation of operators. 

The second part of the Chapter is devoted to the case where the A;'*-derivative 
of 9'n(x) in (8) is a certain combination of all the derivatives of lower order. 
Theorem 25 shows that the corresponding sequence of operators satisfies the 
conditions of theorem 1. 

Cases mn = n— I, mn = n and mn = n-\-1 serve as an illustration. 
We particularly consider a sequence of functions of the form 

cpn{x) = «'*( '-*) '- '*(!-x)"-> (re = 1,2,...) 

[p being an arbitrary, but fixed, positive integer) corresponding to case 
mn = n—1. This sequence generates a sequence of operators defined on the 
interval [0, 1]. Theorem 26 states that these operators all have the formula of 
VORONOVSKAJA as asymptotic approximation formula. 
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CHAPTER 1 

BASIC T H E O R E M S W I T H APPLICATIONS 

This Chapter starts with a generalization of a theorem of BOHMAN [3] -
KOROVKIN [7]. Then we prove theorem I I I of MAMEDOV in a somewhat 
modified form. Another theorem of this type is given. Next we introduce a 
sequence of operators {Ln}{n = 1,2,...), for which we derive some theorems. 
Applications are given with particular examples. 

1 Theorems on the approximat ion of functions wi th operators 

1.1 We will generalize here theorem I of the Introduction. 

DEFINITION 

By H{xo) we denote the class of all realfunctionsf{x) which are defined on the whole real 

axis and which have the properties 

1) f[x) is continuous for x = xo; 

2) f{x) = 0(x2) when |x| -> oo. 

THEOREM 1 

Let f[x) e / / (XQ) and let {-i»} (re = 1,2,...) be a sequence of operators defined on 
II[x(,). If we write 

Ln{l; x) = l+a„ (x ) 
Ln{t; x) = x+Pnix) [n = l,2,...) 
L„{t^; x) = x2+y„(x) 

andifan{x), fin{x) and yn{x) have the property that 

lim an{xo) = Hm (5„(xo) = lim yn{xo) = 0, (9) 
n—> CO n—> CO n ^ c» 

then 
lim Ln{f; xo) =f{xo). 

n—>o3 

PROOF 

Since ƒ e i/(xo), there exists to each £ > 0 a positive number ó < 1 such that 
the inequality 

holds for each t with |i—Xo| < d. 
Also there exists a positive number A such that for each t with |<—xo| > d 

\f{t)-f{xo)\<A{t-xo)^ 
holds. 



The above two inequalities imply 

A(t — Xn)^ 

\m-f[xo)\ < 'he + ^ ̂ , ' t e {-^, +CX,). 

In view of the monotony of the operators L„ we can write 

\Ln{f{t)-f{xo); xo}| < Ln ('las + ^^^^P^; Xo 

Using the conditions of theorem 1 and the fact that the operators Ln are 
linear we have 

Ln(y'lzs + ^^^^=p^;xoj = 

= i/3eL«(l;xo) +--{Z,„(^2. ^Q)_2xoZ,„(i; xo)+xo2Z,„(l; XQ)} = 

= I /3£(1+«M(.^O)) + TT {y»(^o)—2xoiS»(xo)+xo2a„(xo)}. 

From this and from (9), it follows that there exists a positive integer Ni{e) 
such that for each n > Ni 

'laeanixo) + — {rn(^o)—2xo/S„(xo)+xo2a„(xo)} 
0'^ 

< Vse-

Because of the fact that 

^n{f{i) —fi^o); Xo} = Ln[f[t); Xo) —/(xo)Z,„(l; Xo) = 

= Ln{f{t) ; Xo) —ƒ(xo) —ƒ(.̂ o)an(Xfl), 
we have 

\Lnifit) ; Xo) -f{Xo) I < 2/36+ I/(Xo) I |«„(xo) | [n > Ni). 

On account of (9) there exists a positive integer iV2(e) such that for each n > N2 

|/(^o)||a»(xo)| < Vse-
Thus 

\Ln{f{t);xo)-f{xo)\ <e 

for each re > max (A î, A 2̂). 

This proves theorem 1. 

1.2 As is the case with theorem I of the Introduction, the class of functions for 
which theorem I I I is valid can be extended. 

DEFINITION 

By //<2'(xo) we denote the class of all functions c II[xo) of which the second derivative 
exists at the point t = Xo. 

20 
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THEOREM 2 

Let f{x) e//<2>(xo) and let {L„}[n = 1,2,...) be a sequence of operators defined on 
H[xo). If the operators Ln{n = 1,2,...) have the property that in a fixed point Xo 

1 
Ln{l; Xo) =1 + 0 

<p[n; 

Ln{t; Xo) = xo + ^ ^ + o [ ^ \ (10) 
9?(re) \(p{n)l 

Ln{t^; Xo) = Xo^ -\ -—- + 0 \ 
<p{n) \(p{n) 

where <p{n) ^0 and (p{n)-> oo when n^> oo . If there exists a positive integer m such that 

Ln{{t-xo)^^+^; Xo} = oi--^ ( r e ^ o o ) , (11) 

then we have 
2fi{xo)f'{xo)+{xp2{xo)-2xoWi{xo)}f"{xo) ( 1 

Ln{j; Xo)—J{Xo) = r - ^ V 0\ 2cp{n) \<p{n) 

PROOF 

The operators Ln{n = 1,2,...) satisfy the conditions of theorem 1, hence the 
sequence {Ln{f; xo)} converges to/(xo). When ƒ (x) e H^'^'i[xo), we can write 

/ ( O - / ( ^o ) - / ' (xo ) (/-Xo) = V2{/"(^o) +h[t-xo)}{t-xo)^ (12) 

with h{0) = 0, h{t—Xo) is continuous in / = xo and h{t—Xo) is bounded in / for 
— CO < ; < + 0 0 . Hence there exists to each s > 0 a (5 > 0 such that 

|A(/—xo)| < £ whenever |<—xo| < ö, 

and also there exists a positive number M such that 

\h{t—xo)\ < M {—oo < t < +oo ) . 

Now we introduce the function ^^{t) defined by 

( IgU) = 1 whenever U—xo| > 6 
' ' (13) 

Xs{t) = 0 whenever |<—xo| < <5. 
Then the inequality 

\h{t-xo)\ < e + Mks{t) (14) 

holds everywhere on the real /-axis. 
Since the operators Z,„ are linear it follows from (12) that 

Ln{f, Xo) —f{xo)Ln{\; Xo) —/'(xo)Z,„(/—Xo; xo) — V2/"(^o)/.«{(/—^o)2; xo} = 

= 'l2Ln{{t-Xo)^h{t-xo);xo} (re = 1 , 2 , . . . ) . 
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Using formulae (10), (14) and the fact that Ln is monotone, we have the 
inequality 

2/'(xo)vi(^o) +{V2(^o) — 2x0̂ 1̂ (xo)}/"(xo) 
Ln{f; Xo) - / (xo) — 

< 'l2Ln{{t-xo)^{e + M?.s{t)); Xo} + 

where S„(xo) > 0 and lim bn{xo) = 0. 

2<p{n) 

bn{xo) 

(p{n) ' 
:i5) 

Using now formulae (10), (11), (13) we can write 

bn{xo) 
'l2Ln{{t-xo)^{e + M^t));xo} + 

vW 
M bn(Xo) 

= ^l2eLn{{t-xo)^; Xo} + - Ln{{t-Xo)n,{t);xo} + - ^ < 
2 (p{n) 

< e ̂ -^^°^-f7-^^°) + ^ L 4 ( / - x o ) - - ; xo} + ^ , 
293(re) 20^™ (p[n) 

where m is the positive integer occurring in (11) and lim ^«(xo) = 0. Because 
of (11), it follows in connection with (15) that ""*" 

2/'(XO)VI(XO)+{V'2(A;O)-2XOT/^I(XO)}/"(XO) / 1 
Ln[j; Xo) —j[Xo) = ^^^- h 0 I 29'(re) ' ' V(re)/ 

which was to be proved. 

The corresponding theorem for the trigonometric case reads as follows. 

THEOREM 3 

Let f{x) be a bounded, 2n-periodic function which is twice differentiable at the point 

t = Xo e [—71, + J r ] . Further suppose that on the interval [—TT, + J I ] the sequence 

{Ln{f; x)} (re = 1,2,...) of operators Ln possesses the properties 

1 
Ln{l; Xo) =1 + 0 

?>(«; 

T , • , X - 7 , Wl.kiXo) , / 1 
Lnisin kt; xo) = sin kxo -\ —r h o 

q>{n) \(p{n) 
T ! u \ I A V2.fc(^o) / 1 
Lnicos kt; Xo) = cos kxo -\ ~. h o —-— 

(p[n) \(p{n)i 
where (p[n) ^ 0 and q>{n) -> oo when re -^ oo. 

If there exists a positive integer m such that for xo e [ — n, +Ji\ 

[k = 1,2) 

Ln{{t-xo)^^+^; xo} = 0 re -> oo (16) 
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then we have 

Ln{f; Xo)-f{Xo) = 

2f'{xo){cosxo wi.i{xo)—sin xo ip2,i{xo)}—f"(xo){cos2xo rp2,2{xo)+sin 2xo^i,2(xo)} 

4^5 (re) 

\<p{n] 

The proof will be omitted since it can be given in a way similar to that of 
theorem 2. 

2 A method for constructing operators 

2.1 In order to construct sequences of operators with the aid of sequences of 
functions, we state the following 

CONDITIONS : 

We assume that in the sequence 

{<pn{x)} (re = 1 , 2 , . . . ) 
of real functions q>n{x) of the real variable x, each function has the following 
properties on the interval [0,b] {b > 0). 

I : 9'„(0) = 1; 
II: (pn[x) is infinitely differentiable on [0,é] and {—\)''(p''J^^x) > 0 

(/t = 0 ,1 ,2 , . . . ) ; __ 
I I I : there exists a positive integer rez» not depending on k, such that 

-cpi'\x) = w[n,x)cpt;'\x)[\+ak.n[^)} (^ = 1,2,...) 
where 

n i l : ak,n{x) converges to zero uniformly in k when re -> oo; 
III2: ip{n,x) is such that there exists a positive function x{^)> monotonically 

increasing to infinity when re -~> 00, with the property that 

hm —-— = 1, (17) 
" - " XW 

lim f^^^^=l. (18) 
"-co x{n) 

The sequence {fnix)} generates in the following way a sequence of operators. 
Since 

( - l ) V f ( ^ ) > 0 (yt = 0 ,1 ,2 , . . . ; xE[0,b]), 
there follows that fn{x) is analytic for \x—b\ < b.* Expanding the function 
<Pn{x+h) with X e [0,b] and \h\ < x in a Taylor's series 

+ 

* Such a function is called completely monotonie. 
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, ^ , , ^f'-:\x)h' 

(p„[x+h) = 2_^ —^^— 

and taking A = —x, we have by I 

•i)Vi*'W^' 
jt = 0 

We define for re = 1,2,... the operator Ln by 

•W:\x)x' J_k_ 

i = yi^ii>™^. (19) 

.,,„.^Hip*V(_^), 
which is obviously linear. These operators have a meaning for each function 

/ (x ) which is bounded for x > 0 * and they are positive on [0, b\ in view of I I . 

THEOREM 4 

Iff{x) e H[xo) and if the sequence {(pn{x)} satisfies the conditions I-III, then the se­
quence {Ln{f; Xo)} (re = 1,2,...) defined in (20), converges tof{xo) when n-^ oo. 

If, moreover, in Ilh ak,n{x) converges also to zero uniformly in x on [0,b] and if the 
relations (17) and (18) hold uniformly in x on [0,b], then the sequence {/-«(/; x)} 
{n = 1,2,...) converges uniformly on [0, b~\ tof{x) assuming f (x) eII{xo) (0 < xo < 6). 

PROOF 

We show that the sequence {Ln{f, xo)} (re = 1,2,...) converges to/(xo) when 
n -» oo in the three cases/(/) ; s ! ,ƒ(/) = t a.ndf[t) s^ t^. 

The convergence of {Z„(/ ; xo)} to 1 in case / (0 = 1 follows from (19). 
When / ( i ) = t, we consider the series 

y (-l)Vi^)(xo)xo* k 

ZJ k\ x{n)' 

Using I I I we have for ^ > 0 

(-l)VW(xo)xS k v.(re,XoX-"(xo)4 
Ti T\^^^^' Tui—iVi (i+«fc,«(^ojJ = 
k\ x{n) x{n){k~\)\ 
( - 1 ) * ' ' < - " W 4 - ' ly,[n,xo) \ ( - l ) * - ' < - ' > W x ^ 

= Xo jz —, h Xo — 1 
[k-\)\ "\x{n) J {k-l)\ 

V.(re,Xo) ( - l ) ^ - ' < - " ( ^ o ) 4 ^ ' 
+ xo^^^ ^ 3 1 ) 1 «*-(^°)- (21) 

* This condition is obviously sufficient. Perhaps it can be weakened, but that depends on 
the behaviour of the sequence {(p„(x)}. 
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Summation over k gives 

, , , f.(-i)*-K""w^o-' 
Ln{t; xo) -Xo 2^ j ^ — ^ ^ 

Xo 
w{n,xo) 

X{n) f - 'Z 
[k-l) 

( - l )^-ViV'>(xo) /o- ' 

{k-\)\ 

, w{n,Xo) f . ( - l ) * - ' < - " W 4 - ' ^ ^ 
+ ."̂o 7^— > 71 7T-; ak,n(xo) 

XW ^^ {k-\)\ 

Using I I and (19) we thus have 

Ln\t', Xo) —Xo < Xo 
f{n,xo) 

X{n) 
1 + Xo 

y(re,xo) 

X{n) 
|a*,re(xo)|-

On account of I I I i and III2 there exists to each positive £ a positive integer 
iV(£,xo) such that for each n > 7V(£,xo) 

y){n,xo) 

and 
z(«) 

1 < 3b 

|afc,„(xo)| < —- {k = 1,2,...) 
Ob 

We assume that e satisfies the inequality 

s < min {3b, 1). 
Then we have 

£ I £ \ £ 

|Z,„(/;xo)—xo| < •̂ 0 07 + •^or + ï l ) ^ < 

when n > A''(£,xo) and hence 

lim Ln{t; xo) = xo. 
n^' CD 

When/ ( i ) = t^ we arrive at the series 

•l)V.'\xo)x', k^ 

£ \ £ £ £ / £ , 

k = 0 
k\ X\n) 

Using I I I two times {k > 2), we can write the k'-^-itrm of it in the form 

(-i)Vf(^o)4 k^ 
k\ X^{n) 

= Xo^ 
^(re,xo)v'(m„,xo) ( - l ) * ^ K " ; ' W ^ o -

X^in) {k-2) ! 
{l+ak.n{Xo)){l+ak-l.m„{Xo)) + 

+ Xo 
rp{n,Xo) ( - l ) ^ - V i V " W ^ o - ' 

X^{n) {k-\)\ 
l+a*.«(xo)), (22) 
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from which we easily deduce that 

lim Ln{t'^; Xo) = xo .̂ 
n—> CO 

According to theorem 1 this establishes the first part of theorem 4. Under the 
conditions imposed on ak,n{x), v(re,x) and xp{mn,x) in the second part of theo­
rem 4, the proof of that part follows from the above proof 

3 An est imation of |L„(f; XQ)—f(xo)| 

3.1 THEOREM 5 

If the conditions of the first part of theorem 4 are satisfied and if in property III «^.«(x) 
is independent of k, then the following estimation holds in each fixed point xo of [Ö, i ] 

Xo£i(re,xo)+Xo2£2(re,xo)l 

î 1- (23) 
6 is an arbitrarily chosen positive number and £i(re,xo), £2(re,xo) are defined in {27) and 
{28). 

\Ln{f;Xo)-f{xo)\ < f/>(ó)[l + 

PROOF 

By I I and (19) we have 

\Ln{f;xo)-f{xo)\ < ^ \f{klx{n))~f{xo) 
k = 0 

(-l)Vl*'(^o)^o 
k\ 

The convergence of the series on the right follows from the proof of theorem 4. 
CO 

Let d be an arbitrarily chosen positive number. Then we split up the sum S 
into two new sums *°° 

00 

2 - Z + z-
*=0 \klx{n)-x„\g,6 \klx{n)-x,\>d 

Using property (1) of the modulus of continuity, we get 

\Ln{f,Xo)-f{Xo)\ < 

{-l)V:\^o)x'o , „ , , , y[\klx{n)-xo 

\tlx{n)-x,\i:6 
k\ 

>{d) 
/-J I d 

\klxln)-x„\>d 
A:^(*)/.. \..k-\ 

+ 1 
-l)Vl*'(xo)x* 

k\ 

= co{d) 11 + y l^/^("^-^°l (-i)V:'(^o)4 
\klx(n)-x„\>S 

k\ 

< o>(ó) 1 + > 
\klx{'>)-x,\>i 

1 

(52 

V <co{d)\l + -^{klx{n)-xo)^ 
k=0 

k\ 

-l)Vl*'(xo)^^ 

k\ 
(24) 
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Since the ak,n{x) do not depend on k, we will write a»(x) instead of ak.n{x) 
{k = 1,2,...) and we have then by (19), (21) and (22) 

V fi-i f \ 2̂ - i > W^o" y>[n,xo 
} [klxW-Xo)^ = Xo {\+an{xo)) + 

ti ^- Ŵ (25) 
1 v2/ ' l o^( '^ '^o)n , / ^̂  , W{n,X^Xf{mn,Xo) \ 

-t- Xo2 1—2 — — - l + a „ Xo)) H — (l+a«(^o))(l+am„(xo)) . 
\ Z(") Z^W / 

Putting 

— - — - = l+/3(re,xo), - r — = l+y(re,xo) (26) 
X{n) x{n) 

we have because of (17) and (18) 

lim p{n,xo) = lim y(re,xo) = 0. 
n—>-oo n—>• a> 

Denoting by £i(re,xo) and £2(re,xo) the coefficients of xo and xô  resp. in formula 
(25), we see that 

(l+^(re,xo))(l+«„(xo)) 
£i(re,xo) = — (27) 

X{n) 
and 

£2{n,Xo) = —a„{xo)—P{n,Xo)—a„{xo)P{n,Xo)+amn{xo)+an{xo)am„{xo) + 

+(i{n,Xo)amn{xo) +P{n,Xo)a„{xo)am„{xo) +y{n,Xo) + 

+ y{n,Xo)an{xo) +y{n,Xo)am„{xo) +y{n,Xo)an{xo)am„{xo) + (28) 

+/9(re,Xo)y(re,xo) +/S(re,Xo)y(re,xo)««(xo) + 

+/?(re,Xo)>'(re,xo)aTO„(xo) +a«(xo)am„(.^o)/?(re,xo)y(rc,Xo). 

Obviously £i(re,Xo) and £2(re,xo) converge to zero when re ->• oo. With these nota­
tions (25) can be written in the form (23). 

Some applications of theorem 5 are given in section 4.2 of this Chapter. 

3.2 SOME REMARKS 

1) It is always possible to choose d = d{n, xo) in such a way that 

lim ó(re,xo) = 0 

and, moreover, that 

Xo£l(re,Xo)+Xo2£2(re,Xo) 
hm = 0. 
n—>oo ^ 
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It is also possible to choose d such that 

xo£i(re,xo) +xo2£2(re,xo) 
lim sup 

(52 

These two choices are of little interest to us. In many cases, however, it is 
possible to choose d = ö{n,xo) such that 

, , ,. Xo£l(re,Xo)+Xo2£2(re,Xo) 
a{xo) = hm 

n—> CO 0 

exists, where a(xo) is finite and not identical to zero. (See e.g. section 4.2 of 
this Chapter). Sometimes such a choice may be 

(5 = Ve*{n,xo) 
where 

e*(re,Xo) = max (|£i(re,xo)|,|£2(re,xo)|j. 

2) In some particular cases the estimation 

|-^ra(/;-^o)—/(xo)| < w((5) {l + -, Vxo£i(re,xo)+xo2£2(re,xo) (29) 

yields a better result than (23). It can be derived in a similar way as (23), 
except that in deducing (24) we now write 

\Mfl ^o)- / (xo) | < co(Ó) j l + ^ ^ \klxin)- -Xo\ 
•i)v:\^o) Xo 

\klx{n)-x„\->S 

<co{d)\l + ~Y^\klx{n)-xo\ 
k = 0 

k\ 

•l)Vf(^o)xo* 

< 

k\ 

Application of Cauchy-Schwarz' inequality then yields the estimation 

\J^n{f;Xo)—f{xo)\ < m{d) 1 + 
1 

CO 

^(^ / ; . ( re ) -Xo) 
•l)Vi*'(xo)xo^ 

k\ 

*)'/.! 

An example will be given in section 4.2 of this Chapter. 

3) In some cases it may be useful to push one step beyond (24) in the following 
way. 

(-l)Vi*'(xo)V' 
\Ln{f, xo)-f{xo)\ < «>('5) jl + ^ J^ {klx{n)-

| t/zW-*o|><s 

-^o) 

<a>{d)\^l + ^^Y,Wx{n)-Xo)^ 

k\ 

•\)v:\xo)xo'-
k\ < 

\klx{n)-x„\>6 
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< <«(̂ ) p + ^ 2 J ^^("^^ ' 'O) ü̂ r 
4=0 

(30) 

An example is given in section 4.2 of this Chapter. 

4 Applications 

4.1 If ;t(re) = re, the operators (20) have the form 

Ln{f;x)=2_^ —^ / l - l (re = 1 , 2 , . . . ) . (31) 
t = 0 

We also suppose that 
^(re,x) = re, f{m„,x) = mn 

where according to III2 we will have 

,. mn 
lim — = 1. 
n—> 00 If-

Assuming these conditions, we shall give three sequences of functions {q>n{x)} 
and the form of the corresponding operators. 

a) q)n{x) = (1—x)"+2', where x e [0, 1] and p is a positive integer or zero. 
It is easily verified that this sequence has the properties I-III. The operators 
generated by this sequence of functions have the form 

k\n+p 
Ln{f;x) = {l-x)vY^f[-J^^/y'c{\-x)-^ ( x e [ 0 , l ] ) . (32) 

For /» = 0 we have the well-known Bernstein polynomials 

Bn{f; x) = | ^ / ( ~ ) Q x^{l-x)»->' (x e [0, 1]. 

b) <pn{x) = «-("+*)'; (x e [0,b]{b <oo),p>0). 

This sequence has the properties I-III and the corresponding operators have 
the form 

Ln{f; X) = . - ' - ^ ) ' l ^ / Q i ^ ^ ^ (X e \p, b]). (33) 
yt=0 

c) < „̂(x) = ( l+x)- ' "+^ ' ; (x e [0, b]{b <oo),p> 0). 

The operators generated by this sequence of functions have the form 

i = 0 
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4.2 In case of the operators Ln of the form (32), we easily deduce that 
Mn = re—1 and at,»(x) = pjn. Consequently (i{n,x) ^^0 and y(re,x) = —1/re. 
Hence we get from (27) and (28) that 

£i{n,xo) = - + - - , 
re n^ 

e2{n,Xo) = ; — . 
re re^ 

According to remark 1 of section 3.1, a suitable choice for ö in formula (23) is 
here 

1 
d = . 

We have then by theorem 5 

\Ln{f;Xo)-f{Xo)\ < Co( -^ ){ l+Xo( l -Xo) + ^ " ( 1-Xo(l-/>)) j . 

For the Bernstein polynomials we get from this inequality 

\Bn{f;x)-f{x)\<j<»i^] (re=l,2,...) (35) 

4 \ \/n/ 
because 

max x(l—x) = 1/4. (36) 

This result is due to LORENTZ ([11], p. 20). 
Using the inequality (30) in remark 3 of section 3.1, we arrive after some 

elementary calculations at 

\Bn{f;xo)—f{xo)\ < a){d) 1 + ---{3re(re-2)xo2(l-xo)2+rexo(l-xo)} 
n^o* 

For re > 2 the right-hand member takes on its largest value for xo = 'I2, 
yielding the inequality 

|i).(/;«)-/W|<»w|l + ^ ( ^ - ^ | 

which holds on [0, 1] and it is valid for re = 1,2, 

Taking in particular ö = , we get 
\/re 

|5.(/;,)-/Wl <(l 1 - i ) . (A.) < l l « ( i „ 

which is sharper than Lorentz' result. 
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For the operators (23) we have that m« = re, «*,„ ^Pln, P{n,x) i^ 0 and 
y(re,x) ^ 0 . Consequently 

1 , P £i(re,Xo) = - + 
2 • re re 

/)2 
£2(re,xo) = —. 

n^ 

In case i > 1 and xo 6 [1, é], it is advantageous to use (29) instead of (23) 
in deriving an estimation for the difference 

l^«(/;xo)-/(xo)|. 

In fact, with d = \l\/n we then get 

\T If ^ f, ^\^ (" M i l . l / , ^o/' + ^O^n 
\Ln{f, Xo) -f{xo) I < ft> l~r ) r + [/ 0̂ H • 

Similar estimations can be given for the operators Z.» of the form (34). 

4.3 We assume tha t / (x) e //*^'(xo), that the ak,n{x) are independent of ^ and 
that mn = n + c where c is an integer independent of re. With (19), (21) and 
(22) there follows 

Ln{\;xo) = 1, 

Ln{t;xo) = xo(l+ö«(xo)), (37) 

/ c\ Xo 
Ln{t^; Xo) = Xo2 1 + - (l+a„(xo))(l+a„+c(xo)) H ( l+a„(xo)) . 

\ re/ re 
An asymptotic approximation formula for the operators of the form (31) is then 
given by 

THEOREM 6 

If the an{x) possess the property that in a fixed point xo G \0, b} 

an{xo)='-^ + o ( \ (38) 
re \nl 

then we have 

L.lf, «) -/(«.) = ^>«^(>»)/'M+/-M(-'°+"o') + , (1). ,39) 
2re \n/ 

PROOF 

In (11) we take m = \. Then we have 
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Ln{{t—xo)'^;xo} = 

^Xo* 
(re+c) (re+2c) (re+3c) 
^̂  ~ (l+a»(xo))(l+a„+c(^o))(l+««+2c(.»^o))(l+a„+3c(^o)) 

/6xo3 \ {n+c){n + 2c) 
+ - ^ - 4 X o H ^ ^ , — (l+«»(Xo))(l+(X„+e(^o))(l+«»+2c(^o)) + 

\ re / n^ 
12xo^ \ {n + c) 

6x0* (l+a„(xo))(l+a„+c(xo)) + 
re / r e 

+ \ ^ - 4^0^] (1 + «»(^o)) +xo4 + o Q . (40) 

Hence 

Ln{{t—xo)'^;xo} = xo*( —a»(xo)+3a„+c(xo)—3a„+2c(.«o)+a»+3c(.Vo) 1 + oi-

From this and from (38) it follows that (11) is satisfied. Application of theo­
rem 2 and (37) completes the proof of theorem 6. 

In a similar way we can prove 

THEOREM 7 

If the an{x) possess the property that in a fixed point xo e [0, b] 

, s e W / 1 
an{Xo) = —y-. h o\ r{n) \T(re)y 

where r{n) has the properties 1) T(re) ^ 0; 2) lim T(re) = oo; 3) r{n) = o{n), 
then we have "'* " 

T ff ^ ff ^ xog{xo)f'{xo) , / 1 \ ,... 
Ln{f; Xo) - / Xo = - — h 0[--r\. 41 

r{n) \r{n)/ 

4.4 Next we consider the operators of D E LA VALLÉE-POUSSIN F „ , which are 
defined by * 

^» ( / ; ^) = oL :,n ffi^+t) cos2« tl2 dt (re = l , 2 , . . . ; / ( x ) 6 C^J. " 
27t(2re—1) !! _4 

They possess the property that for each bounded, 27i-periodic function which is 
twice differentiable at the point t = xo the asymptotic relation 

Vn{f; xo) -/(xo) = - ^ ^ + 0 {-] (42) 
re \n/ 

holds. 

* The expression n!! denotes the product of all positive integers, which are not greater 
than n and which are at the same time even or odd when n is even or odd. 
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PROOF 

We will prove this relation by applying theorem 3. 

Making use of the identity ([18], p. 197) 

( 2 r e - l ) ! ! ( ^ (re!)2 
cos2»</2 = \ „ , . . - { 1 + 2 ^ ^ cos kt 

we can write 

with 

(2re)!! ( A J (re-A;)! (re+A)! 

Vn{f; x)=^ ff{x+t) \l + ï] e f cos kt\ dt 
^ ^^ k=l 

(re!)2 
ei"' = 

{n-k) ! {n+k) ! 

It is readily verified that 

F„(l;xo) = 1, 

{k = l,...,re) (43) 

„ . . , , . sinxo / I 
K„(sin t;xo) = sin xo h e ­

re \n 

TT , • r. X • rv 4 Sin 2xo / I 
K„(sin 2t; Xo) = sin 2xo h o -

re \re 
TT / ^ c o s Xo / 1 \ 
K„(cos t; xo) = cos xo \- o - , 

re \re/ 
T̂  / r. N r. 4 COS 2xo (I 
K » ( c o s 2 / ; Xo) = c o s 2xo \- o\~ 

re \re 
Further we have to establish the existence of a positive integer m such that 

F4(/-Xo)2'»+2;xo} = 0 

Taking rez = 1 we have 

(2re)'' r 
Vn{{t-Xo)*; Xo} = , ' ' ' ' . . /1^ cos2» tl2 dt = 

Zn{2n—\)\\ _-̂  

(2re) ! ! 

27r(2re-l)!! 

Using the fact that ([18], p. 9) 

Ji/2 7tl2 

js\nH cos2» tdt +1 {f^-sin^t) cos2» t dt (44) 

r" f2re—1")" 
i cos2» //2 <// = '-^^^ 2n 
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and the identity 
sin4< = 1 — 2 cos2< + cos^i, 

we can write 

f s i n W " . dt = ^ | ( ^ ^ ^ ^ - 2 ( ^ ^ ± ^ + i ^ ^ ± ^ | = 3 . ( 2 r e - l ) ! ! 
ó' 2 I (2re)!! (2re+2)!! (2re+4)!!| 2 (2re+4) !! 

(45) 
For the second integral in the right-hand side of (44) we have 

7il2 ji/2 

/ {f^-sixxH) cos2« tdt=l (i2-f-sin2<) (< + sin t) {t—sin t) cos^" / dt. (46) 
Ó 0 

Now the expression (f2-(-sin2<)(^+sin t) is bounded on [0,7i/2] and in connec­
tion with (cf. [18], p. 187) 

Ji/2 

j (/—sin t) cos2« t dt = 0(l/re2), 
Ó 

(2n) 11 

(2re—1) !! 

we conclude from (44), (45) and (46) that 

F4( i -xo) ' ' ;xo} = o(l/re). 

Hence we can apply theorem 3 and thus we get relation (42). This formula is 
due to NATANSON * ([18], p. 187). 

4.5 Jackson's operators are defined by 

3 } " ^ ^ (sin^hntV 
i:2„-2(/X) = — - — - — lf{x+t){^^\dt (re= l , 2 , . . . ; / ( x ) e C , J . 

27ire(2re2+l) -̂  \siw-l2t/ 

These operators possess the property that 

L2n-2{f; Ô) -f{Xo) = ^ ^ + 0 ( i ] , (47) 

where/(x) is a bounded, 27r-periodic function which is twice differentiable 
at the point / = xo e [—TT, +7r]. 

For the proof of (47) with the help of theorem 3 ,we need the following 

A somewhat easier way to prove relation (42) is to use theorem IV of KOROVKIN. This is 
allowed because by (43) we have 

1 , 4« + 2 
1—gj(") = ——- and 1—ga*") n+l '̂ ^ {n+\){n + 2)' 

Hence condition (4) is satisfied. 
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LEMMA (SAFRONOVA [22]) 

The coefficients Qf''~'\k = 0,l,...,2n—2) in the expansion 

(sin i/2ren4 1 

sin 1/2/ / 6 '̂ ^ ^ 3 

2.-2 

1 y .(^"-2) Qr~'^ cos kt 

are given by the formulae 

(2«-2) _ |3A:3-6reA:2-3/t+4re3 + 2re (0 < )t < re+1) 

-^2»-2(l; Xo) = 1, 

. , • ^ • 3 . /I 
iv2«-2(sin t; Xo) = s i n xo — - - - s in xo + 0 — 

/re'^ \re' 
6 /I 

J^2»-2(sin 2/; xo) = sin 2xo sin 2xo + 0 — 
re2 \re' 

3 /I 
. ^ 2 B - 2 ( C O S t; Xo) = COS Xo — - — cos Xo + o\ — 

2re2 \re2; 

6 / I 
i2n-2(cOS 2t; Xo) = COS 2Xo COS 2xo + 0 

n2 

For the application of theorem 3, it is sufficient to prove that 
L2n-2{{t—Xo)'^;xo} = o l — I (re-> 00) 

In fact, we have 

L2n-2{{t—Xo)*;Xo} = 
3 t^,/sini/2re/V 

27rre(2re2+l) _.[ \ s in 1/2̂  

96 
7rre(2re2+l) 

f" /sin niV^ f /sin ntY 
/ < 4 | _ _ - | dt + /<4(- - \dt 

Sin t 

Because 

and 

7il2n Sin t 

|sin re^l < re|sin t\ ( — 00 < t < +00) 

2 /^ 7r\ 
sin f > - < 0 < i < - , 

TT \ 2 / ' 

(48) 

(49) 

^' |-A:3 + 6reA:2-(12re2-l)A;+8re3-2re (re-1 < A; < 2re). (50) 

PROOF OF (47) 

Using Safronova's result and ([18], p. 75) 

l^/sini/zreA" _ 2jrre(2re2+l) 

i I sin 1/2 J ^~ 3 ' 
we establish 

(51) 

(52) 
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the right-hand side of the above equality is less than 

/ I 48 

nrP' 

r 71 
re4 / tHt + jf,ldt 0 

\re' 
Applying theorem 3 we get the asymptotic approximation formula (47). 

Relation (47) is also due to NATANSON [19]. We remark that theorem IV 
can also be used in deriving (47). 

4.6 The Fejér operators are defined by 

1 }" , ^ /sin ^hntV 
Ln-i{f;x)=— \f{x + t ) [ - ^ \ d t ( r e = l , 2 , . . . ; / ( x ) 6 Q J . 

27in -̂  \ s in 1/2^ 

We establish that in this case theorems 2, 3 and IV cannot be applied. 

PROOF 

Using the identity ([18], p. 73) 

'^^"t = n + 2 f {n-k) cos kt, (53) 
s m ^ 2t / ^—-i 

' k=l 

we see that in theorems 2 and 3 we have (p{n) = re. 
We now prove that there does not exist a positive integer m with the property 

L„_i{(/-Xo)2'™+2;xo} = o( 

For we have 

1 +•" /sini/2reA2 22'«+3 7'̂  /sinreM\2, 
/2m+2 _ [ (It = / „2m+2 _ du. 

27in _-̂  \ sin 1/2/ / Tin ^ \ sin u / 

22m+3 f /sin nuY 22'«+3 f /sin rere\2 , 
I M2m+2 _ (III > j n2m+2 I _ (/„ > 

Sin u 7in ;, \ sm u 
22m+3 (n\2m+2 "j:^ _ 1 /ji\2m+lU 1 . UTl 

But 

> T / sin2reM du = -\-\ I - + - - sin „ 
Ttn \ 4 / J n\2l \8 4re 2 

The expression on the right side is of the order 0(1/re) no matter what positive 
integer m we choose. Also theorem IV is not applicable because (4) does not 
hold, which follows from (53). 

4.7 In the theory of Bernstein polynomials we encounter the sum ([18], p . 6) 

^ ( ^ ) x o M l - x o ) ' - « = (xoe [0 , l ] ) , (54) 

\kin-x„\;!,e 

of which it is proved that it is (j(l/re). 
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Here we consider a sum of a more general type of which (54) is a particular 
case. In fact we prove that 

Y.(-l)Vf(^o)xo* (l\ 
0 (xoE[0,é]), (55) 

ZJ k\ \nl 
\kln-x,\:>d 

where 6 is an arbitrary, but fixed, positive number. Moreover we assume that 
mn = n+c, c being an integer independent of re, and moreover, that 

ak.n{x) B^O {k,n = 1,2,...). 

PROOF 

When/ (x ) e //'^'(xo) we have 

fit) =fixo) +f'{xo) {t-xo) + [ ^ ^ + V2i3(/-Xo)} (*-xo)2, (56) 

where lim P{t—xo) = 0 and fi{t—xo) is bounded on the real ^axis. 

Consequently by using (37) 

Ln{t;xo)—f{xo) =f"{xo) — r h 'l2Ln{{t—Xo)^fi{t—Xo); Xo}, 
4re 

where L„ stands for the operator defined by (31). From this and (39) follows 

Ln{{t—xo)^P{t—xo); Xo} = oi-j ( r e^ oo) 

and this is equal to 

Z ^ re - "̂ re - 'V Tl = " Ire ^"^ ̂  "^^^ ^''^ 
*=o 

Now we choose a function / (x ) such that (i{t—Xo) > 0 when t ̂  xo and 
P{t—Xo) > 1/2 when |<—Xo| > d. If we have moreover 

/"(xo) = - l , / ' ( x o ) = 0 
we get from (56) 

fit) =f{xo)+'l2{t-xo)^-l+(i{t-xo)). (58) 

Taking in particular 

fi{t—xo) = —7 (<—Xo)2 whenever \t—xo| < ó 
2(52 (59) 

p{t-xo) = 1—1/2^"''"'"''+''' whenever |<—xo| > d, 

then we see that p{t—xo) is bounded and continuous on the whole real /-axis 
and it satisfies the prescribed conditions. Because of (59) and I I each partial 
sum of (57) is also of the order o{\jn) and therefore 
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Using 

7.^ 
\kln-x„\^i 

the result 

V. (k 

L-i \n 
It/n-XolS,* 

\re l\n 

\{k 
- Xo 

/\re 

\2 ( - 1 

/ 

(55) follows from (60). 

xo 

)Vf(^o) 
A! 

1)V<* 

'l> 

{Xü)X0 

'i26^ y^ 
l*/n-«ol 

»(-;)• 

(-l)Vi*'Wxo* 
A! 

&« 
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CHAPTER 2 

A P P R O X I M A T I O N O F FUNCTIONS O F MANY VARIABLES 

Some of the results of Chapter 1 are generalized to functions of more than one 
variable. Further an inequality due to STANCU [29] concerning generalized 
Bernstein polynomials is investigated, the constant occurring in it is improved. 
Some applications are given. 

1 Formulation of two basic theorems 

1.1 We will denote with X = X{xi,...,Xm) a point of the m-dimensional 
space Rm. For a function/(xi,...,Xm) defined on a set in Rra we will write 

fi^-

DEFINITION 

By H{Xo) we denote the class of all real functions f {X) which are defined in Rm and 
which have the properties 

1) f{X) is continuous for X = Xo; 

2) f{X) = o(l.xAwhen \xj\^ oo {j = l,...,m). 

First a generalization of a theorem of VOLKOV [30] is given. 

THEOREM 8 

Let f{X) e H{Xo) and let {Ln} (re = 1,2,...) be a sequence of operators defined on 
H{Xo). If we write 

Ln{l; X) = l+an{X) 

Ln{h; X) = Xi + Pn.i{X) {j =l,...,m;n = 1,2,...) 
m m 

Ln{^ tj^- Z) = S x / + y„(Z) 

andifan{X), f)n.i{X) and yn{X) have the property that 

lim an{Xo) = lim Pn.i{Xo) = Hm /„(Xo) = 0 (j = l,...,m), 

then we have 
lim L„{f;Xo) =f{Xo). 

n-*- 00 
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1.2 DEFINITIONS 

a) The sequence (rei,..., re^) of positive integers rei,..., re^ 'uoill be denoted by N; 
b) By //(2)(Zo) we denote the class of all real functions f {X) e H{Xo) of which all 

the second derivatives exist at the point Xo. 

THEOREM 9 

Letf{X) e //'(2)^Xo) and let {Lj^} be a sequence of operators defined on H{XQ). 

If the operators L^ have the property that in a fixed point Xo 

L^{l;Xo) =l+o(^^ 
\(p{nj) 

T (, Y\ 1 Vl;K-^0) ( 1 
LN{tj; Xo) = Xoy -{ r—. h o' 

'^""^^ ^"^"^^^ ik,J = l,...,m;k^J) 
2 , w^-jAXo) . / 1 

L^itj^; Xo) = XQ H ^^—7 h 0 
(p{nj) \(p{nj) 

r lit Y\ I V2;*,K^o) W2.j.k{Xo) I 1 \ , J 1 
LN{tktj; Xo) = XôXoy H ~- \ T— h o I ——r \ + o\ 

(p{nk) (p{nj) \(p{nij/ \<p{nk 

where cp{nj) ^ 0 and (p{nj) -> oo when nj-^ oo (j = l,...,m). If there exist positive 
integers pj{j = l,...,m) such that 

Z,iv{(<;—xoy)̂ ''j+ -̂ Xo} = o ( - ^ ) (re;-> oo; j = l,...,m), 

hen we have 

LN{f Xo)-f{Xo) = 2^ ^ + 
7 = 1 

, , , V(-V2;*,:/ —^0;Vl;fc , W2;l.k--X0ky>h.i\ r" , V ( ^ \ 

+ i\L\ cp{nk) + --^(^Ï;)—F-^- + 2 . n ^ j ' 
j i K — 1 J — 1 

züÂ re iAe ÜÖ/MM of all functions y),f' andf" are taken in Xo. 

2 A generalization of sequence (20) 

2.1 For the sake of shortness we will abbreviate 
gti I •• • + •„, 

-TVn,,...,n„ixU--;Xm) to (f'^iX), 
dx'\.. 3x,̂  

rei—l,re2,...,reTO to N~E\, 

ii,i2~l,iz,---,im to I—E2 and so on. 

Let the operators be defined in a domain K of the first hyperquadrant of Rm-
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We consider (cf. Chapter 1, § 2) a sequence of real functions 

{cpNiX)} {uj = 1,2,...; j = \,...,m), 

where each function has the following properties in the domain K. 

I : rpNiX) can be expanded in a Taylor's series in a closed region Ki. Ki 
is the sum (when X runs through K) of the closed spheres with center 
in X and radius \X\; 

II : (PN{0,...,0) = 1; 

H I : ( - l ) ' ' + - - ' - S U ^ ) > 0 {ii,...,im = 0 ,1 ,2 , . . . ) ; 
IV : there exist positive integers hj{j = l,...,m) not depending on ii,...,im 

such that 

-q,UX) = Wjinj,X)cp';_l^_-^^^iX){l+a,.„^{X)} {j = l,...,m) 

where 

IVj : a,.„.(.Y) {j = l,...,m) converges to zero uniformly in ij when 

rey —̂  o o ; 

IV2: there exist positive functions Xiinj)ij = \,...,m), monotonically in­
creasing to infinity when rey -> 00, with the property 

hm —— = 1 (61) 
ny-oo Xm) 

{j = \,...,m) 

lim ^ J ^ = x, (62) 

Proceeding in a similar way as in Chapter 1, § 2, the sequence {(PN{X)} gen­
erates a sequence of operators {LN} of the form * 

i)|'+-+>;(z),v...i- / ii i 
f:-J, . ^ „ Z l ! . . .Zm! \ Z l ( « l ) Xm{nm)l 

As an analogue to theorem 4 we have 

THEOREM 10 

Iff{X) G H{Xo) and if the sequence {(pti{X)} satisfies the above conditions I-IV, then 
the sequence {LN{f; Xo)} (rey = 1,2,...; j = l,...,m) defined in (63) converges to 

f{Xo) when nj ̂ - 00. 
If, moreover, in IVi a,.„.(X) converges also to zero uniformly in X in K and if the 

* These operators are defined by means of a sequence of functions depending on m para­
meters «1, . . ., n„,. It is possible to construct a sequence of operators, suitable for the 
approximation of functions of many variables, which is generated by a sequence of functions 
depending on only one parameter n. In section 3 we will give an example to this case. 
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relations (61) and (62) hold uniformly in X in K, then the sequence (63) converges 
uniformly in K to f{X) assuming f{X) e H{Xo) {Xo runs through K). 

Concerning an estimation of the difference \LN{f, Xo)—f{Xo)\ we have as 
a generalization of theorem 5 

THEOREM 11 

If the conditions of the first part of theorem 10 are satisfied and if in property IV aijnj{X) 
is independent of ij {we write aij^nj{X) = anj{X)), then the following estimations hold 
in each fixed point Xo of K. 

)) { in 

1 + 2_^Y^{xojej.iini,Xo)+xljej,2{nj,Xo 

" ' ' ^^^^ 

\LN{f;Xo)-f{Xo)\ < w{ö,,...,dm)\l + ^^W-fy,i(«;,^o)+<Ê^.2(rey,Zo)}' '•}. 

(65) 

öi{j = l,...,m) are arbitrarily chosen positive numbers; the quantities £y,i(rey,Xo) and 
ey,2(rey,Xo) are respectively defined as {cf formulae (27) and (28)) 

(i+^j(rey,Zo))(l+«„y(Zo)) 
ey.i rey, Xo) = J— , (66) 

ey,2(rey,Zo) = —anj{Xo)—fij{n},Xo)... 

... + anj{Xo)anj{Xo)(ij{nuXo)yMuXo). (67) 

3 Examples of sequences of functions 97 and s o m e applications 

3.1 We restrict ourselves to the particular case in which for N{ni,...,nm) 
where rey = 1,2,... ( j = l,...,re2), we have 

rëy = nj+Cj {cj is an integer), 

atj.njiX) = anj{X), fj{nj, X) = nj, Xi{nj) = rey. 

Under these conditions the operators (63) have the form 

f. (-i)'-+-+SM^;---- î"' ./ji i 
ll\...lm'. \ni Hm LJ Z_J li\...lml \»1 rim/ 

'1=0 !,„=0 

The following examples lo)-4o) of sequences of functions satisfy the conditions 
I - I V of section 2 of this Chapter and they have their origin in Chapter 1. 
We give the form of the corresponding operators. 

lo) (PN{X) = J[ (1 —xy)"j+°Wü;y(j = l,...,m) are positive integers or zeroj. 
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They give rise to 

n,\a, "tin 

: , = 0 . „ = 0 j = \ 

These operators LN are defined on the cube 0 < xy < 1 {j = 1,. . . ,OT). In the 
particular case ay —0 {j = l,...,m), we get the generalized Bernstein poly­
nomials 

i i=0 " „ - O j - l 

(69) 

(cf LORENTZ [11], p. 51). 

2°) (p„{X) = {l—xi...—Xm)"+'^ (fl is a positive integer or zero). 
This is a sequence of functions depending on one parameter re. The correspond­
ing operators L„ have the form 

Ln{f; X) = 
n+a n + a — ii n + a — I'l . . . —1',„_ ] 

ii = 0 i,=0 i„ = 0 

[n + a) ! x- , ' . . .x: ;"( l-xi- . . . -x^)"+"- ' ' - --—•" /n im\ 

iil...im\{n+a—ii—...—im)l \n ' r e / 

The region K is defined by the simplex 

y Xy < 1 
; = i 

(70) 

Xy > 0 {j = l,...,m). 

Taking a ^0, we get another kind of generalized Bernstein polynomials, 
defined on the simplex (70), viz. 

n n - i , - . . . - > „ 

5 „ ( / ; Z ) = ^ . . . . ^ 
re!xV...x;„"(l-xi...-x^)"---

ii\...im\ {n — ii... — im) 
.-1=0 .-,„ = 0 

(cf. LORENTZ [11], p. 51 and STANCU [29]) 

m 

30) <PN{X) = « - . J w . 

Then we have 

' re re 

(71) 

CO 00 

^»</̂ -)-i-i:n^4 -̂
••.=0 •„,=o/=i 

2m 
(72) 

43 



These operators are defined in the region xy > O {j = l,...,m) and they are 
a generalization of the Mirakjan operator (cf [31]). 

40) <pN{X)=\]il+Xj)-''^, 

.-,=0 ; „ ,=o j = i 

(73) 
A'is defined by xy > 0 {j = \,...,m). 

Other sequences of functions that can be used for the construction of sequen­
ces of operators are 

m 

<PN{X)=e-^"'^">^'J]{l-xj)n, (74) 
y-2 

in 

CPN{X) = , - "* ( i+^2) - " 'n (1-^^-)% 

k m 

(PN{X) = J] il—Xj)"i\] (l+xy)""j when k < m, 

(PN{X) = ( l + x i + ...+Xm)^*"^''* (a is a positive integer or zero). (75) 

For an application of theorem 11 we return to the generalized Bernstein 
polynomials (69). It is easily deduced that in this case we have rëy = rey—1 and 
anj{Xo) E^O. Consequently/^y(rey, Zo) = 0 and yy(rey, Zo) = — 1/rey (j = \,...,m). 
Hence we get from (66) and (67) 

1 
£y.l(rey, Xo) = 

ejA^h Xo) = 
1 

and according to remark 1 of section 3, Chapter 1, a suitable choice for (5y in 
theorem 11 is here 

ój = —= {j = \,...,m). 
Vuj 

Using these results and (36), the second estimation (65) of theorem 11 gives 

\BNif;X)-f{X)\ <{\ + ^ j « > ( ^ - L , . . . , _ L ) („. = 1,2,...). 

For rei = 2 this result was derived by IPATOV (cf [31]). The first inequality of 
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theorem 11 has the advantage that it gives in this case a better estimation. 
From (64) we get 

| 5 A . ( / Z ) - / ( Z ) I < ( l + ^ ) CO [ - ) = , . . . , - i . ) (rey = 1 , 2 , . . . ) . 

When m = 1, this reduces to (35). 
In the same way we derive for the Bernstein polynomials (71), defined on the 
simplex (70), the inequalities 

\Bn{f; X) -f{X) I < ( l + ^ j c ( ^ , . . . , i = j , (76) 

" " ( ^ = 1 , 2 , . . . ) 

\Bn{fX)-f{X)\<[l + -).[^,...,-^^. {11) 

Inequality (76) is due to STANCU [29]. 

4 Strengthening of es t imat ion (77) 

4.1 Now we will prove that inequality (77) can be sharpened further [24]. 
To that purpose we first derive a property of the generalized modulus of 
continuity. We have 

THEOREM 12 

Defining for a function f {X), continuous in a convex domain of Rm, the generalized 
modulus of continuity co as in (5) we have 

m{Xièi,...,Xm&m) < {\+max'\Xk\)(o{6i,...,öm), {h> 0). 

Here ]A[ stands for the largest integer being smaller than X. 

PROOF 

Let X'{x\',...,Xm') and X"{xi",...,Xm") be two points of the region in which 
f{X) is defined with the property that 

\xk'—Xk"\ < Xkdk {k = \,...,m). 
Then we have 

\xk'—Xk"\ < X^dk 
if 

A„ = max Xk. 
W 

This means that the linesegment X'X" can be covered by at most ]A„[H-1 
congruent closed wz-dimensional parallelepipeds with sides parallel to the 
xi,...,Xm axis and with length öi,...,dm respectively. In each of these parallel-
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epipeds the difference between two values o f / (Z) does not exceed a){êi,...,dm)-
Hence we have 

\f{X')~f{X")\ < {\+]X„[)w{öi,...,dm), 

and as this holds for each couple of points X' and X" with the above property, 
theorem 12 is established. 

THEOREM 13 

f{X) is a real continuous function defined on the simplex (70). We associate with it the 
generalized Bernstein polynomials (71). Then the following inequality is true. 

\Bn{f,X)-f{X)\<{l + {x-l)m}oy[~,...,^\ {n=l,2,...), 
Vvre Vn' 

where 

4 3 0 6 + 8 3 7 V 6 ^ 3 _ 

5832 

PROOF 

For the sake of brevity we write 

re' xV x"'" 
P=., . , ' • . • ' " ry^ ( l - X t - . . . - X m ) " - — - ' « . 

ll\...lm\ (re —tl —. . .—Zm) ! 

Because of properties I I and I I I of this Chapter we have 

\f{X)~Bn{f;X)\<y... 
n n - l , - . . - - " , n - l 

i,=0 ;„,=o 

f{X)-f\K..:^ 
re re 

Choosing arbitrary, fixed, positive numbers 6] {j = l,...,m) and a fixed point 
" " - ' • • • • - ' m - l 

X of the simplex (70), we split the sum E . . . . 2 into 2™ parts in the 
following way. ''"^ ''""° 

Z--Z = L-Z + L-Z + L-Z + 
••=0 'm=0 \xk-'kl"\'i^k \x,-i,l''\>S, |Ar„-:„/n|>d„ 

(i = l,...,m) \xi,-ii,ln\^d^ lïyt-ii/nKiSt 
{t = 2 m) (*;=1 m-1) 

+ z-i: + z-z + i-i-
\xj~ljln\>öj |»y-ly/n|>«y |ïy-ly/n|>ay 

(y=l,2) 0 = 1,3) ( j = l m) 
kit-'t/nl^** l»*-'V«K''* 
(* = 3 m) (i = 2,4 m) 
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Using theorem 12 in a somewhat modified form*, we get 

lf{X)-Bn{f; X)\ < co{du...,Sm)[y...y^P + y . . . y ] ^ ' ^ ^ [ + l\p + 

z\ 
l ' t~'V"K'' i |*i-'i/n|>''i 
( * = 1 "1) \xk~'kl''l^^k 

(k = 2,...,m) 

Xm Imjfl 

\'m-'ml''\>^m 
l*jt-'*/"l<''* 
(t = l , . . . ,m-l) 

(5« 
\\p + 

V V p i — ̂ V^ 

\xj-ij!n\>dj 

0=1.2) 

( i = 3 ra) 

X2 —«g/ re 
+ l i ^ + ^ 

-Z-Zlm-
|A:y-Iy/n|>(Sy 

0=1.. ••,"') 

Xm Imjii 

< o,{d,,...,dm)\\ + - Y s - L \ ' ' - ' n p + z 
< (ï)(Ól,...,Óm) jl + 

'2 Vn 
|.»;i-'i/n|><'i 

X i 

(5m . ^ 
' i ' m - 1 
km-'m/"l>''m 

. JxV(l-xi)"-+.. . 

Z' < 

+ 
1 

/ Xm 
L^ n 

Choosing di = 82 = ...ö 

\xm-'m!><\>^m 

1 
m — —=, we get 

Vre 

Im 
Xm i 1 •*'" 

| / (Z) -5„( / ;Z) |< 

< CO 
1 1 

Vre' ' Vn. z 1 v̂  
Xk 

Ik 

Ik 
x ; * ( i - x t ) ' - * 

Vre - ^ I 

SIKKEMA [28] proved that the inequality 

1 V^ I 2 
_ \ X — — 

Vre ^ I n 
|j:-l7n|> l/)'n 

holds for re = 1,2,... and x e [0,1], where x is given by (78). This proves 
theorem 13. 

. X*(l—X)«-* < H—\ 

* We actually use 

a>(Ai^„ . . ., A,„(5„,) < (1 + 2 ]A,[)a)(öi, . . ., <5J, 
t 

where the sum is taken over those A's for which A, > 1. 
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5 Asymptot ic approximation 

5.1 In order to derive asymptotic approximation formulae for the operators 
(63) we use theorem 9. First we need the following results. 

LN{1;XO) = 1 , 

LN{tj;Xo) = Xoj{l+anj{Xo)), 

LN{ti^; Xo) = xl\\ + ^ ) {\+an,{Xo)){\+ani^c,{Xo)) + ^ (l+a„,.(Zo)), 

LN{tktj;Xo) = xokXo,{l+ank{Xo)){l+an,{Xo)), ij,k = I,.. .,m;j ^ k), 

which can be derived in a similar way as formulae (21), (22). 
As a generalization of theorems 6 and 7 we have 

THEOREM 14 

a) Letf{X) 6 H^^'>{Xo) and let the anj{X) possess the property that in a fixed point 
XOEK 

UnAXo) = \- 0\ — 
rey \rey 

then we have 

r ,r Y. r,^^ f l ^Oye(^o)/^.(Xo)+l/2(Xoy + Cyxg)/' .(Zo) ^ l\ 
LN{J; Ao)—j[Xo) = > ^ /_i°\. 

b) Letf{X)em-^\Xo). If 

anj{Xo) = ——- + 0 —— 
T(rey) \T(rey) 

where f ( r e y ) ( _ ; ' = l,...,m) has the properties 1) T(rey) ^ 0 ; 2 ) lim T{nj) = CXD; 

3 ) T(rey) = 0(rey), rey ̂  o o , then ">" '" 

y i ''OjQ{Xo)f.{Xo) 
L«(/; X.)̂ /(Zo) = 2. ^+:f^ + Z "(^)-

5.2 Finally we give some applications of this theorem. For the Bernstein 
polynomials (69) we have cy = — 1 (j = 1, ,m) and thus 

; = i ^ y = i '' 

This is a generalization of the well-known formula of VORONOVSKAJA (cf. [31]). 
In the same way we derive that the asymptotic approximation formula for 

the operators (72) (cy = 0 , j = l,...,m) has the form 
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>=i ' y=i ' 

whereas for the operators (73) (cy = l , i = l,...,rez) we have 
m m 

W;X.)-/(x.,^2^^/-,(X.) + ^ , ( i 
J = l 7 = 1 

Now we consider the sequence of operators corresponding to the sequence of 
functions (74). Here we have an application of the second part of theorem 14 
and the asymptotic approximation formula for these operators has the simple 
form 

L.if;Xo)-f{Xo)=^-^+o[\^. 

5.3 With theorem 9, used in a slightly modified form *, we can derive asymp­
totic approximation formulae for the Bernstein polynomials (71) and for the 
operators Ln corresponding to the sequence (75). 

We have 
m ffl 

2 xojfjxjiXo) — S xojXoi,f^.^^{Xo) , . 
Bnif Xo)-f{Xo) = '-^ ^ + o(-) (79) 

2re \re/ 
and 

m m 

S xoj{2aX.{Xo) +f'j..iXo)} + 2 A:oyXoi/̂ ,̂ (Xo) , . 
Lnif; Xo)-f{Xo) = '-^ ' ^ + o(-J. 

Formula (79) is due to STANCU [29]. 

* The Bernstein polynomials (70) and the operators belonging to the sequence of functions 
(75) depend on only one parameter n. Hence the sequence N = («i, . . ., n„) in theorem 9 
is replaced by n. 
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CHAPTER 3 

ON A PARTICULAR SEQUENCE OF OPERATORS 

In this Chapter we will prove a theorem on the approximation of functions 
belonging to Cj^ by means of the operators Lnp-p (re = 1,2,...) defined by 

1 r (sin ^UntV" 
Lnp-p{f; x) = / ( x+0 \-^^] dt (80) 

Anp-p J \ Sin i/2i / 
—Jl 

with 
+11 

/ • /s in i/2reA^'', 

—ji 

and where p is an arbitrary, but fixed, positive integer. 
Moreover, we consider a number of particular examples of sequence (80) of 

which we will give some numerical results. For this purpose we use theorems IV 
and V of the Introduction. 

1 A general theorem 

1.1 THEOREM 15 

The sequence {Lnp~p{f; x)}{n ^ 1,2,...) defined by (80) converges uniformly on 
[—7i,+7t] to the function f {x) e C.,„. 

PROOF 

We may assume that p is a. fixed positive integer > 3 (the cases p = 1 and 
p = 2 have already been treated in sections 4.5 and 4.6 of Chapter 1) and we 
show that the sequence {Lnp-p{f; x)} converges on the interval [—TT, +7i\ uni­
formly to / (x) if re ̂ - oo in the three cases ƒ(<) = l ) / ( 0 = t and/(^) = f^. 

The uniform convergence of Lnp-p{f, x) to 1 i f / (0 = 1 follows from (81). 
Further we have 

^np~p\t',Xj = X yn = i,Z,...j 

because 

and 

+j i 

/" /sin ^kntV" , 
t[ . , dt = 0, 

J \sin^2t 

I f /sin i/2reA^̂  , 
Lnp-pit'';x) = X2 + 2̂ I Z ^ dt. 

Anp-p J \ sin 1/2* ' 
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+n 
1 / /sin^/2ren''' 

There remains to prove that the expression / t^\—.—--—I (z< converges 
i-n '7f^rr\ \kr\-i(^Tr\ n ^ /-^^\ np—p J \ i^ > to zero when re -^ oo. 

We have 

'wf* 

,J»^*«f„,,, 
, s i n i/2< / 

—n 

Using (51), (52) there follows 

+11 

in l/o»/\2'' 

3i/2n nl2 

/sin ni\^^ f /sin ntV" , 
<2 dt + / <2 - , dt 

\ sin < / J \sin t / 
0 JI /2B 

^ /sin i/2re<\ 

I sin ^l9.t / \ sin V2< / \3 2/)-3 
«2p-i (82) 

The integral Anp-p is estimated in the following way. 
+JI 7i/2n 

/sin V2reA '̂' 

, sin i/2< 
— 71 

In view of the inequalities 

sin nt > nt 

sin / < /, 
we have 

Ji/2n ^ ji/2n 

/sin re/ 

dt> i I 
6 

/sin re<\^'' 

\ sin / 
</«. 

(reO^ 
3! t 6 [0,7c/2re] 

0 

Hence 

sin t 
\>/:.(,-^f.=».;^(-.)-f/)(^)'. 

0 k = 0 

s in i/owA^/-

sin ir---'|ë?f/)©'—'• <-) 
Ji/2n 

The constant Cp is positive because / I 1 1 dt > 0. Combination of (82) 
and (83) gives ô  ^ ^ ^ 

+« 
/ s h i i M \ \ „ „ / I 1 

0 < 
K^n^l- 2 . 3 3 + ^ 

< 
^np—p Cpn^ 

Hence for j!> = 3, 4, . . . we have 
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\ sm 1/2/ / 
lim 

and theorem I of the Introduction proves theorem 15.* 

2 Some properties of the operators L3„_3, 1--4„_i, i^sn-i ***d Ls^_5 

2.1 The relation of SAFRONOVA can be used to calculate the form of the opera­
tors Lsn-a and L^n-i. In order to do the same for the operators L^n-^ and Len-e, 
we will push one step further and we will derive formulae for the coefficients 
^(3.-3) (^j. _ o,...,3n — 3) in the expansion (7) [orp = 3. 

THEOREM 16 

The coefficients gf "~ '̂ in the expansion 

(sin i/2reA® 
'leQ'6 

(3n-3) 

3 n - 3 

o V n(3n-3) 
sljQk 

i = l 

COS kt (84) 
sin 1/2^, 

are given by the formulae 

33/iore5+lV2re3+li/5re-2^+^2(_3„3_4i/2„)+2V2A:3+lV2reA;4-i/2^5 

( 0 < A : < r e + l ) (85) 

2iV2ore5 + 5V4re3- 14/5re+A(33/4re4-1 li/4re2+1) +k^{-Wl2n3 + 63l4n) + 
+A;3(7V2re2-li/4)-2V4reA:4 + V4^5 ( „ _ i < ^ < 2re+l) (86) 

123/2ore5-63/4re3+3/5re+/;(-20V4re4 + 63/4re2-V5)+A2(i3i/2„3_2i/4„) + 

t+A;3(-4V2re2 +1/4)+3/4reA;4-1/20^5 {2n-2 < k < 3n). (87) 

PROOF 

We have 

(3n-3) _ 
Qk — 

'^~JI= {« + 2 ]] in-k) cos kh^Q^-'' + Va ^ ér'' cos k^ , 
'^ k=i t = i 

where the coefficients ej^"''^\k = 0,...,2re —2) are given by (49) and (50). It 
turns out that the calculation of the coefficients ef""^'(^ = 0,...,3re —3) breaks 

* Considering theorem I I of KOROVKIN, a consequence of the above result is that the 
expressions 

3 ? ^ ( ^ = l,...,np-p), 

derived from expansion (7), tend to 1 when n - > 0 0 . 
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up into three parts. By performing the above multiplication, we get the fol­
lowing expressions for f̂"~ '̂. 

et-'^ =repf"-̂ ' + (re-i)ei^-^'+ +in-k)et-'' + 
+ in-i)er'' + in-2)er''+ + i-Qr'\ + 
+ {n-k-l)er'' + in-k-2)er''+ + i-er^\, 

where 0 < ^ < re—1; 

(>?"-'> = net-''+in-\)er''+ + i-en\ + 
+ («-l)ol+r'' + ('^-2)e<V+ + (A-re+2)pg"_f', 

where re—1 < A: < 2re—1; 

g(3"-3. = (^3n-k-2)er^^ + {3n-k-3)eri^+ + l-e^^l, 
where 2re—1 < A; < 3re —3. 

These sums have to be calculated where, depending on the value of k, the 
corresponding formula for the e{̂ "~^* of the lemma of SAFRONOVA has to be 
taken. According to this, the calculation of the sum 

in-l)enï'' + in-2)gi%'^+ + l-en\ (88) 
is split up into two parts. 

For the first re—k—1 terms we have 

ef"-'' = 3A3-6reA3-3A+4re3 + 2re, 

whereas for the remaining k terms in (88) formula (50) can be applied. 
We will only calculate the coefficients f̂"~ '̂ (0 < A < re—1), noticing that 

the cases with re—1 < A < 2re—1 and 2re—1 < A < 3re —3 can be treated in a 
similar way. 

In case 0 < A < re—1 we have 

p(3.-3)_ („_^)(4„3_^2re) + (re-A+l)(4re3-6re-12 + 3-13 + 2 r e - 3 - l ) + 
+ (re-A+A)(4re3-6reA2 + 3A3+2re~3A) + [re+A-(A+l)]{4re3-6re(A+l)2 + 
+ 3 ( A + l ) 3 + 2 r e - 3 ( A + l ) } + 

+ [re+A-(re-l)]{4re3-6re(re-l)2 + 3(re-l)3 + 2re -3( re - l )} + 
+ (re+A—re)(8re3—12re2-re + 6re-re2—re3 —2re + re)+ 
+ [re+A-(re+A-l)]{8re3-12re2(re + A - l ) + . . . + ( re+A- l )} + 
+ (re-A^l)(4re3-6re-12 + 3- 13 + 2 r e - 3 - 1 ) + 
+ [ r e - A - ( r e - A - l ) ] { 4 r e 3 - 6 r e ( r e - A - l ) 2 + . . . - 3 ( r e - A - l ) } = 

(re-A) 

k k k 

(4re3 + 2re) (A+1) - 3 V 2-6re V f2 + 3 V r 
1 = 1 i = 1 i = l 

k k k k 

+ (4re3+2re) y z - 3 V 22-6re V «3+3 Vt^ 
:=1 1=1 i = l 1=1 

3 
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n— 1 n— 1 n— I -. 

(4re3 + 2re)(re-A-l)-3 y f - 6 r e y t 2 + 3 y ï 3 + 
i = i + l i = 4 + l i = * + l 

+ {n + k) 

— (4re3+2re) V 2+3 V z2+6re Y* t3-3 Y" t* + 
n - l i j - 1 n - 1 n - l 

+ (re + A) 

i = * + l i = j t + l i = i + l i = i + l 

n + t - l n + t - 1 n + A:- l 

(8re3-2re)A-(12re2-l) y f+6 rey j ' 2 -Vzs + 
i = n i = n i = n 

n + k-\ ji + A - 1 n+k-\ n+k-\ 

(8re3-2re) y z+(12re2-l) y 22-6re y t3+ Vf4 + 

+ in-k) 
n—k—\ n—k~\ n—k—\ 

(4re3+2re)(re-A-l)-3yz-6reyz2 + 3 y t 3 | + 
i = l i = l i = l 

n-k-\ n - i - 1 n —A—l n—A—1 

-(4re3 + 2re) V t + 3 V j2 + 6re Y i 3 - 3 Y i"^ 
i = i 1=1 i = i i = i 

By using summation formulae for sums of the type y f {r = 1,2,3,4), 
arrive at (85).* i=i 

we 

2.2 Next we will derive the form of the operators L^n-^ and L^n-è- Using (48) 
and (84) we deduce that 

2n-2 
(2n-2) „(3n-3) 

Qk 6k ^5„-5=^ V2er^'-er^' + 2 
k=l 

6i 
( 5 n - 5 ) 

2 n - 2 

71 v n 

18^5»-5 f-i 
A = 0 

( 2 » - 2 ) ( 3 „ - 3 ) I (211-2) (31,-3) 
6k 6k+l 'rQk+l 6k 

(5,1-5) _ 
^ 2 — 

18yl5»-5 

/ 2( 
1260 

(2 i i -2 ) (3 i i -3 ) 

6i 6i ^Z A2n-2) „ ( 3 i i - 3 ) _ L ^ ( 2 i i - 2 ) 
6k •" -^" -•el+2- '̂+ei1"r'-eJt 

t = 0 

r-''}\, 
, 3ii-3 

A ^11 2(3,1-3) , V 2(311-3) 
A6n-6 = g yl26o + A *̂ 

i=l 

3ii-4 

(61.-6) _ ^ V «(3n-3) (31.-3) 

A —0 

* We have a check on the results because formulae (85), (86) and (87) of theorem 16 must 
yield zero if w = 1 and k = I. 
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3ii-5 
(61.-6) _ _ i ^ I 1/ 2(3„-3) I y (3„-3) .(3n-3)) 

where the gi^"''^' and pf"-^' are given by (49), (50), (85), (86) and (87). Using 

summation formulae for the sums y f {r = 1,...,10), we obtain after some 
1 = 1 

elementary calculations the following results. 

with 

with 

18144 
1 = 1 

ci = 4032 
cz = 4100 
C5 = 5187 
ci = 7350 
eg = 15619, 

^ C2<-ire2«-i (89) 

_ ^(15619re«-1470rev + .(re^)) 

^' 18144^57.-5 ' • K ) 

,5„^5, 7r(15619re9-27930re' + o(re7)) 
« r ^ ' = ^ ; (91) 
'̂ ^ 18144^5^-5 ^ 

6 

i= 1 

ci = 151200 
C3 = 147532 
C5 = 175835 
<77 = 221991 
C9 = 311465 

cii = 655177, 

^ ^(655177reii + o(re«)) 

^' 831600^6»-6 ' 

,e„^s) ^ ^(655177reii-934395re9 + o(re«)) ' 

^̂  831600^6»-6 • 

We notice that the value of the integrals A^n-s and A^n-e is equal to 27i when 
re = 1; the coefficients pf""^', ef"'^^ gf""*̂ - and gf" '̂'* satisfy the necessary 
condition that they converge to 1 when re -> 00. 

In view of (89) and (92) we have the following theorem. 
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THEOREM 17 ^ 

LanMf, x) = 
+ 71 

_ 18144 r (sin^J2ntY, 
~~ 7r(15619re9+7350re7+5187re5+4100re3+4032re) j ^^^^^^ \dnJj^tj '' 

Len-eif, x) = 
_ 831600 
^ 7r(655177reii+311465re9 + 221991re' + 175835n5+147532re3+151200re)^ 

+n 
r ^, ^ (sin V2reAi2 

— 71 

With the aid of a theorem of KOROVKIN* ([7], p. 72), we can easily derive an 
estimation for the difference \Lnp-pif, x)—f{x)\ in cases/» = 3, 4, 5, 6. In fact, 
we have 

THEOREM 18 

If fix) e C2„ then 

\Lnp-p{f;x)-f{x)\< (̂ l + ^ j a > Q {n= 1,2,...;/) = 3,4,5,6). 

PROOF 

Using (85), (90), (93) and a result of MATSUOKA,** the proof of theorem 18 is 
immediate. 

2.3 In the Introduction we noticed that PETROV [21] established a theorem 
on the degree of approximation for functions belonging to the class Z by the 
operator Z-2n-2 (Jackson's operator). As an application of theorem 16 we will 
give here an analogous result for the operator Lzn-z-

* It reads: 
\if{x) e C271 and L„ is an operator of type (3), then 

\L„{f;x)-f{x) I < CO ( ^ ) ( l + ^ V U ^ ^ ) ) (m > 0). 

(cf [16], p. 50). 

** MATSUOKA proved [14] that 
, ,, ISln^-SSn^-Sön^-GO 

r, (4ii-4) ( « ^ 1 9 ^ 
^' 151«« + 70n' + 49n2+45 ^ ' i ^ . •••;• 
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THEOREM 19 

If we put 
bn = 3re sup {\\Lzn-zif)-f\\\f{x) e Z}, 

(ƒ) 

where \\g\\ denotes the Chebyshev norm of g, then 

40 
lim bn = (lOVs /re 3 - 12 In 2). 

„-^a, I I T T 

PROOF 

Because 

T If ^ fi^ 10 /• / (^ + 0 -2/ (x) + / ( x - 0 /sin V2reff ̂ ^ 
L^n-.if; x)-f{x) = ^ ( „„ ,^5^3+4 , ) 1 2 l ^ i i ^ j ^' 

and/(x) e Z, we have (95) 
+n 

l |L3„-3(/)- / | | < - / \t\ P ^ ^ . (96) 
11 3 » 3 u ^ -^l' 7T(llre5 + 5re3 + 4re)J ' ' \ s i n i / 2 ^ / 

—11 

If in (95) we choose/(A = \t\, then the sign of equality appears in formula (96). 
Consequently 

+ 71 

30 f , , /sin i/2reA« , 
bn = / \t\\ •—\dt, 

7i:(llre4 + 5re2+4) .,/ ' 'Vsini /2i / 
—n 

and this expression can be written as 

^ ' ^ 0 *=1 

where the gf"" '̂ are given by theorem 16. Performing the integration, we get 

20 ' ^ ' ,„ „, ( - 1 ) * - 1 

This sum has to be split up into three parts. For the performance of the cal­
culation we introduce the function ([20], p. 100-103) 

:+s 
= 0 Then we have 

1 1 1 / I 
^^^' ^ X ^ 2 ^ ~ 4x4 "̂  P 
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and 
\ n ( - 1 ) ^ 1 1 1 / I 

j = 0 

,̂1 x ( - l ) ^ f ^ ( - l ) * ^ ^ ( - l ) ^ • 
I h e sums 

> , > , > — ; — , which we encounter, can be 
/ _ j A Z J A2 / _ j A 

derived from these expressions. We find e.q. 

-" ( - 1 ) * 
2 ^ ^ ^ = ( - i )"V2M^)}.=i i , 
i = fi 

2 ^ ^ =(-ir'V2U'(^)}.=i,. 
/t=ii 

Moreover, using formulae ([4], p. 305) 

y ( — l ) * - i A = | —i/are if re is even 

*=' 1 i/2(re+l) if re is odd, i/2(re+l) if re is odd, 

^ ( - 1 ) H A 2 = ( - 1 ) " - ' 'Kn^ + n), 
* = i 

we get 

y (—l)*-iA3 = f -(V2re3+3|4„2) if „ is even 

*=' 1 i/2«='+3/4re2-i/4 ifreisodd, 

i« = ^ ( 1 0 1 / 8 in 3 - 12 In 2) + o ( -
IITT \re, 

This proves theorem 19. 

2.4 Next we will give an application of Matsuoka's theorem V of the Intro­
duction. 

THEOREM 20 

If we put 
pn = {bn-b)^sup {\\L,n-^{f)-f\\;f{x) e Z2} 

and '̂ > 
y„ = {6n-6)^sup {\\Len-e{f)-f\\;fix) e Z2}, 

then <̂ ' 
220500 

!Z '̂' = T56Ï^' 
11212740 

lim yn ^= . 
n^^ ^ 655177 
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PROOF 

Using (90), (91), (93) and (94), we can easily show that the operators Z-sn-s and 
Len-e satisfy the conditions of Matsuoka's theorem. Then the above results 
are an easy consequence of his theorem. 

3 On asymptot ic approximation formulae 

3.1 In this section we will give the asymptotic approximation formulae for 
the operators Lsn-i and L^n-e- Next we will derive such a formula in a more 
general form for the operators (80) in case oïp ^ 1,2. Then it will turn out 
that in case of sequence (80), the conditions (11) and (16) in theorems 2 and 
3 are equivalent with condition (4) of theorem IV. 

THEOREM 21 

If fix) e Cj,, and if fix) is twice differentiable at the point t = xo e \_—7i, +7i\, then 

, , , , , . 8820 /"(xo) / 1 
X5„-a(/; xo)-f{xo) = - ~ - - ^ + o\-^ 

311465/''(xo) / I 
Un-.{f; xo) - / (xo) = g ^ ^ ^ - ^ ^ ^ 

PROOF 

On account of (90), (91), 93) and (94), it is very easy to verify that condition 
(4) of theorem IV is satisfied. Using again (90) and (93), the above results 
follow immediately from theorem IV of KOROVKIN.* 

In order to derive an asymptotic approximation formula for the operators 
Lnp-pip > 3), we first use theorem 2. For this purpose we need the following 
results, which can be deduced in a way similar to that of section 1 of this 
Chapter. We have with respect to re ̂ » oo 

1 ?7sinV«A»^,^„,„_ 
„2j)-i j \ sin i/gi 

L. [ J'hll^ \2P 

-^rTs I '̂ M ^ dt=0{l), (97) 
re2p-3 ./ \ s in i/2< / 

— n 

_ i ^ r /sinV2re.p^ ^ (98) 
„2j,-5 j \ sin 1/2// 

* We notice that the results of theorem 21 can be refined with Komleva's theorem ([6], [14]), 
but this demands a complete calculation of several coefficients QjS^''^^^ and g^'^""®^, the 
number of which depends on n. 
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Consequently condition (11) is satisfied, and, moreover, the difference 
Lnp-p{f; xo)—f{xo) is clearly of order 0(1/re2) when re tends to infinity. 
Evaluating 

1 r,j±ih>A\ 
Anp-p J \ sin i/2< 

—JÏ 

we have 
+ 71 JI /2 71/2 

/sin ^IzntV" , , , r /sin ntV", / . . ^ /sin reA^^ 
<2 . ' ; rf<= 16 /2 ( dt = 16 {sin^t+t'^-sin^Dl- (/< = 

\sini/2i/ J \smtj .1 ^ \smtj 
-71 0 0 

W2 „^_^ W2 

= 8 / (1 -cos 2t) i/6eó"^"" + V3 y (?i"^"'"cos Ai[ rfi+ 16 / (<2__sin2<) j ! ^ j ^̂ ^ ^, 
k = \ 

ji/2 

/sin reA^'' 
'/3(e^"'-''-eS"'-'0 + 16 (<-sin 0 (i+sin 0 h 

./ \ SI sin t 
Ó 

</«. 

Because i + sin t is bounded on [0,7r/2] and using 

0 < ^ — sin f < ^3/6, 
we have when re ̂ - oo 

ii/2 n/2 

r . , . /sin reA^^ , / /sin reA2^ 
16/ i-smO^ + sini!) -^ dt<^\t^\- dt = 0{n'^v-^). 

J \ sm it/ .' \ sm ^/ 
0 0 

Consequently 

-^fer^)-,i--)} = o(i) 
and thus 

V2re/\'^ / pi"^-^'\ / l r /sini/2ren2, / ^,„.-,) 

.r[^nTJ^)'' = 'V-6r'^ 0 
Anp-p J \sin^l2t/ \ Q^"''! \n' 

— 71 

where 

l ^ £ i ^ = 0 i (re^oo). 

Hence we have 
THEOREM 22 

Iff{x) e Cj,! and if f {x) is twice differentiable at the point t = xo e [-71, +7i\, then 

Lnp-p{f; xo) -/(Xo) = (l - C=!])/"(^o) + " ( i ) (/- = 2,3,. ..) 

arerf <A« qf-"'' and Q^"'' are defined by (7). 
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The formula (98) makes an application of theorem 3 possible. In this case we 
get in connection with theorem 22 

ef-̂ n /r 
Lnp-p{f;Xo) - / ( x o ) = 1/4(1 - -J„f^jf"ixo) + o | — ] . 

From this and theorem 22 follows 
„(ip-p) 

1 _ ^ 2 
pinp-p) 

> 4 when re -> 00, „(np-p) 

1 ^' 
„("P-P) 60 

in accordance with theorem IV of KOROVKIN. Moreover, by writing the inte­
gral in (98) as 

sin i/2reA^^^ f". ^ /sin ^hntV"^ f] ^ . ^ ̂  /sin ^hntV^ 
——-—•] dt = / sin^H — dt + / {t^-smH)\ '— dt, 
sini/2</ J \s ini /2</ ./ '\sin^l2tl ' 

— 71 —71 —JI 

we easily deduce that in case rez = 1 conditions (11) and (16) of the theorems 2 
and 3 are equivalent to condition (4) of theorem IV. 

3.2 Several of the results of this Chapter can be generalized for the approx­

imation of functions of many variables. We have for instance 

THEOREM 23 

Let f{X) be a periodic function of m variables which is continuous in the domain 
—jr < ?3 < +71 {j = l,...,m). Let {Lsn-a} (re = 1,2,...) be a sequence of operators 
defined by 

+ 71 +71 

i2 T /' { nx+ T) f] l'!!^ll^\' ̂  
Vjr(llre5+5re3+4re)/ j ./-^^ ' \ \\sin^l2t}. 

-3n-3{f;X)=\_^^^_^rL.,.J I / fi^+T)]J[^-^^^r^]dh...dt„ 

Then Lzn-zif', X) converges uniformly in this domain to the function f{X) when 
re - ^ 0 0 . 

Moreover, iff{X) has all derivatives of second order in a fixed point Xo, the corres­
ponding asymptotic approximation formula has the form 

o|^/>/^o) 

Lzn-zif; Xo)-fiXo) = ^ = f r ^ + o[-]. 
Ilre2 \re2 
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CHAPTER 4 

ON SEQUENCES OF FUNCTIONS GENERATING SEQUENCES 
OF OPERATORS 

In Chapter 1, § 2 we considered a general method for the construction of 
sequences of operators. Here we recall that the essential point of the method 
is to find sequences of functions suitable for the construction of sequences of 
operators. Such a sequence of functions we will call a suitable sequence. Further­
more we have given in section 4.1 of Chapter 1 three sequences of such 
functions. 

In this Chapter we investigate in more detail the possibilities of constructing 
suitable sequences of functions. The method of section 2.1 of Chapter 1 is 
generalized. 

1 Suitable sequences as solution of a s y s t e m of differential equations 

1.1 The proporties I-III of section 2.1 of Chapter 1 are important for the 
construction of suitable sequences. If we want to construct such sequences we 
may first choose the coefficient mn in property I I I , which property can be 
considered as representing a recursive system of infinitely many differential 
equations. 

The investigations in this paragraph are devoted to the case mn = n—c 
where c is an integer. In the following discussion property I I I is taken as 
starting point, assuming 

^(re,x) = re (re = 1,2,...) 

ak,nix) =0 {k,n = 1,2,...). 

In view of these assumptions, it will turn out that it is sufficient to consider the 
system of differential equations only for A = 1. Treating this system of differen­
tial equations, we distinguish between the cases c > 0, c = 0 and c < 0. Here 
case c = 0 is easy to handle (cf. section 1.3). In case c is a positive integer, prop­
erty I can be satisfied during the process but it is more difficult to meet prop­
erty I I . When c is a negative integer, property II causes no difficulties but in 
general we cannot meet property I (cf. section 1.4). 

In what follows, we restrict ourselves to the operators of the form (31) and 
we particularly investigate the cases 1) rez„ = re—1, 2) m» = re and 3) rez» = 
= re+1. 

1.2 We first consider the case mn = n — c, c being an arbitrary but fixed 
positive integer. From property I I I we have 
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1,2,. -fi'\x) = re9>^-"(x) (re = . + 1,^+2,...;/ 

For the infinitely differentiable functions (pi{x), q)2{x),..., these relations are 
identical with the following independent c systems of differential equations 

(IHi) 

-(p'c+l{x) = {C+I)(pi{x) 

-9^'2c+i(^) = (2c+l)936'+i(x) 

-<p'3c+l{x) = {3c+l)<p2c+l{x) (III.) 

— <p'2c{x) 

— f'3c{x) 

— (P'ic{x) 

2c(pc{x) 

3c(p2c{x) 

4(79?3c(x) 

(99) 

We introduce the concept of starting-function. This (these) is (are) a (the) func-
tion(s) (p from which the remaining functions q> of the sequence {qin{x)} are 
derived by means of the differential equations (IIIi)—(III^) and properties I, II 
of section 2.1 of Chapter 1. According to these properties a starting-function cp 
has to satisfy the following conditions on a certain interval [0, R] {R > 0) 

j HO) = 1 
j (-l)A-,^(*)(x) > 0 (A = 0 ,1 ,2 , . . . ; x e [ 0 , R]). 

In the case which is being considered here, 9?y(x) (j = l,...,c) can be chosen 
such that they are starting-functions. The remaining functions 9'«(x) (re = c+\, 
c + 2,...) can be determined successively from equations (III i)-(IIIc) , where 
in accordance with property I the constants of integration cn are taken such 
that 9?«(0) = 1. 

We have the following general theorem. 

THEOREM 24 

Let q'j{x) {j = l,...,c) be starting-functions on the intervals [0, Rj] {Rj > 0; 
j = l,...,c). Then the general element of the sequence {<pn{x)} has the form 

Wcn+iix) = {\-cx)"^'" + y ^ T ^ 'W ick+j) I {x-t)n-i{q,,{t)-{l-ct)''yt (100) 

*^' Ó {j=l,...,c;n = l,2,...). 

The corresponding sequence of operators can be defined* on the interval [0, R] where 

R = min [-—, R 
;;s:c \3c 

PROOF 

Using property I, it follows by integration of (IIIi) —(IIIc) that we have for 
j = l,...,c 

* We notice that the interval [0, R] need not be the largest interval on which the operators 
Z,„ of the form (31) can be defined. Cf. some examples following theorem 24. 
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q>c+}{x) = -{c+j) I (pi{t)dt+\, 
ó 

nc+i{x) = {c+j){2c+J) [f,pj{t)dt-{2c+j)x+l, 
'o 

{ck+j)j....jcpj{t)dt + ^ n ^ A _ ^ — ' ( 1 0 1 ) 
* = i ° • * = i i = * + i ^ ' • 

(n) 

where 

[....[f,{t)dt =[ I \....j<pjiti)dti...dti ( i = l , . . . , r e ) 
o ' ó ó ö o 

( > • ) 

S 

and by definition = 1 . 

r > 5 

Using a theorem of CAUCHY we have 

i....\cpi{t)dt = --—-\{x-t)^-^q>i{t)dt {j= l,...,c), 
' 0 • \^ ^} • b 

(n) 

while the second part of formula (101) consists of the first re terms in the 
expansion of (1—cx)"^* into powers of x. This proves the first part of theo­
rem 24. 

Now we have to find an interval [0, R] c [0, 1 jc] on which each function 
of the sequence {(pn{x)} possesses property I I . Using the systems (III i )-(IIIc) , 
it follows that if there exists such an interval in case A = 0, the functions 
<pi{x), (p2{x),... will also have property I I on this interval in cases A = 1,2,— 
Hence we restrict ourselves to the case A = 0 and it remains to determine an 
interval [0, R] on which we have 

<pn{x)>0 (re = 1 , 2 , . . . ) . 

In formula (100) let re first be odd. We get 

2m+l 

'P2.c + .+jix) = (l-CX)2'" + '+>/' ^ r\{ck+j) [{x-t)^m{^j{t)-{\-Ct)''yt > 

^""^•i='. « (m = 0,1,2,...) 
2m+I 

> (l-Cx)2'" + '+̂ V. _ I T ̂ ,k+j) j {x-t)^rn{l_(^l^ct)'l'}dt, (102) 
(2m) ! \J^ ii 
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because in view of formula (99) the choice 

Vii'^) = 1 ( i = i,---,f) 
is possible. 
Using (102), we further have 

X 

<P2mc+c+j{x) > (1—Cx)2'«+2 —<;2™+2(2»2+l)(2»24-2) f {x-t)^^t dt (103) 
Ó 

= (1—Cx)2m+2—(cx)2'»+2 > 0 

when ex e [0,1/2] and hence x e [0, 1 /2c]. 
In deriving (103) from (102), the sign of equality only holds in casej = c. 

From the above calculations there follows that 

q>2mc+e+j{x) > 0 {m = 0 , 1 , 2 , . . . ; j = l,..;C) 

on the interval [0, R*] where 

R*= min (^,RX (104) 
UJSJC \2C / 

When in (100) re is even we have 
, 2111 

9'2iii.+>(̂ ) = {l-cx)'"'^^-" + - ^ T T (cA+i) f{x-t)""-\<pj{t)-{l-ct)^''}dt 

^^"^-^^•LS 0 ( m = l , 2 , . . . ) 
and hence 

J 2111 ^ 

9'2..+y(^) > (l-^x)^'"+^> _ _ I T {ck+j) [ {x-t)""-\l-ct)'"dt > 

X 

> {l-cx)^'"+'''-c2m{2m){2m+\) I {x-t)^"''^{l-ct)''' dt > 
0 

X 

> (l-cx)-'/'-'{(l—cx)2'"+i—c2'»(2/re)(2m+l) f {x—t)^«'-'>-{l—ct)dt} = 
d 

= (1—<;x)^/'"'{(l—cx)2™+i—(2rez+l)(cx)2'» + (cx)2'»+i}. 

Now it is easily verified that for every arbitrary but fixed positive integer 
m the function 

y2m+l(x) = (1—CX)2'"+1 —(2rez+l)(cx)2'» + (cx)2'"+l 

is decreasing on the interval [0, 1 /2c]. Moreover, we have 

/ 1 \ / l \2m+l 

^ - - y = (3) (2---6-2) = 
/ l \2m+l 

= 2 y {(l+3)--3rez-l}>0 (/re=l,2,...) 

with equality only for rez = 1. 
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From this and from (104) we get 

(pn{x) > 0 on [0, R] 
where 

R = min —, RA. 
K J Ï J C \OC I 

On this interval [0, R\ the sequence {99»(x)} (re = 1,2,...) generates a sequence 
of operators {Ln} (re = 1,2,...) of the form (31). This proves theorem 24. 

The case mn = re—1 will now be considered in more detail. Formula (100) 
then takes the simple form 

X 

(pn+i{x) = ( l - x ) » + i + ( - l ) » r e ( r e + l ) j {x-t)«-^{(pi{t)-{l-t)}dt {n = 1,2,...). 

" (105) 
Applications 

a) The function 
(pi{x) = 1—X 

is according to (99) a starting-function on the interval [0, 1]. In view of (105) 
we have 

(Fn+i{x) = {l-x)»+i > 0 {n = 0,1,2,...) 

on the interval [0, 1]. 

The sequence {<pn{x)} generates on [0, 1] the well-known Bernstein operators 
Bn which have the form 

Mfl X) = 1^ /Q(A) ^*(1-^)"^* (̂  e [0,1]). 

REMARK 1 

The choice , 
991 (x) = 1—X 

is for two reasons the best one*. Because the integral expression in formula 
(105) vanishes, the form of the sequence {99«(x)} has a simple character and 
this is also true for the corresponding sequence of operators. 

* When c ^ 1, it is not so easy to determine the best choice of the starting-functions q>j(x) 
{j= 1, . . ., c) with regard to the size of the interval on which the corresponding operators 
can be defined. Now it is not possible to make the integral expression vanish in formula 
(100) in cases n = 1 , 2 , . . . andj = 1, . . ., c by means of a suitable choice of the starting-
functions. In fact, of all the functions 

{i-cxyi' ( i = i , . . . , . ) , 

there is only one which can be taken as a starting-function and this one we get w h e n j = c. 

66 



In the second place we thus get the largest interval on which operators can 
be defined in case rez» = re—1. 

b) More generally we can take as a starting-function 

<pi{x) = 1—ax (a > 0, a 7^ 1). 

The interval of maximal length on which the corresponding operators can 
be defined will be shown to depend on a. 

Using formula (105) we deduce that 

(pn{x) = ( l - x ) » + (—l)» - ix«( l - a ) (re = 1,2,...). 

Examining this sequence, we distinguish between some cases. 

1) « = 0. 
The corresponding operators can be defined on the interval [0,1/2]. 

2) 0 < a < 1. 

^2m+l(x) = (l-x)2'»+l + x2'»+l(l-a) > 0 

when X e [0, 1], 

^2mix) = (1—X)2'«—x2'«(l—a). 

Obviously 993™(x) > 0 when xe [0, 1/2]. This interval cannot be enlarged. In 
fact, assuming the converse, let 992m(-'i:) > 0 on [0, ^l2 + d], d > 0. 

Then we would have 

(V2-(5)2m> (l/2 + ^)2m(l_„)^ 

which is obviously not true for large m. 

3) 1 < a < 2. 
<P2mix) = (1—X)2m + x2 '«(a- l ) > 0 

when X e [0, oo), 

9?2m+l(x) = (1—X)2'«+I_;c2m+I(«_l) > Q 

when X 6 [0,1/2]. 

The corresponding operators can be defined on the interval [0,'^/aj. It is 
easily seen that this interval cannot be enlarged. 

T h e other ones are not suitable (cf (99)). As a consequence of this we have that in case 
c 76 1 the interval [0, R] on which the operators can be defined will be contained in the 
interval [0, l /c]. 
We finally remark that when choosing 

<Piix) = 1 ( i = 1, • • -.e) 
the corresponding operators can be defined on the interval [0, 112c]. This follows from the 
proof of theorem 24. 
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4) a > 2. 
(P2m{x) = (1—X)2'n+x2'»(a—1) > 0 

when X e [0, oo), 

'P2m+lix) = ^ " " + M ( - - I j ' - ( « - l ) p 0 

when X G [0, l /«] ; the sign of equality occurs when m = 0 and x = 1/a. 
The corresponding operators can be defined on the interval [0, 1/a]. 

REMARK 2 

If 0 < a < 3 theorem 24 gives an interval [0, R] for the operators which is 
not of maximal length. But when a > 3, theorem 24 gives the best result for 
the interval [0, R]. 

REMARK 3 

If a i^ 1, then the influence of the integral expression in formula (105) can 
be considered as leading to a disturbance of the Bernstein operators. 

c) In our third example we take as a starting-function 

q)i{x) = c-"^ {a > 0 and fixed). 

The general element 99n(x) of the sequence {99n(x)} (re = 1,2,...) can be written 
in the form (105). Another representation is 

9 ' » ( x ) = ^ e - + ^ ( ^ ) ( l - j ^ ) ( - . )« - (. = 2,3,...), 
Jt = 2 

which also can be derived from system I I I i by using mathematical induction. 
As a consequence of theorem 24 the corresponding operators can be defined 

on the interval [0, 1/3]. 

REMARK 

The above choice of the starting-function for large values of a shows agree­
ment with the choice of the functions 99;;(x) (j = 1,.. .,c) which we considered 
in the second part of the proof of theorem 24. 

Consequently [0, 1/3] is the largest interval on which the operators can be 
defined for an arbitrary but fixed value of a. 

1.3 In this section we consider the case mn = re. 
The corresponding system of differential equations has the form 

-^«(x) =re^r"(x) (re, A = 1,2,...). 
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[ -fl 
—9^2 

- 9 5 3 

(x) 

(X) 

(X) 

For the infinitely differentiable functions q)n{x) (re = 1,2,...) this is identical 
with the system 

— • ' " ' — 9'i('^J 

29)2 (x) 

3993 (x) 

Obviously the equations of this system are mutually independent. The 
solution is , , , , r. % 

(pn{x) = c™e-"̂  (re = 1,2,...), 
where Cn = 1 according to the condition (pn{0) = 1 (re = 1,2,...). 

The corresponding sequence of operators can be defined on the interval 
[0, 00) . 

1.4 The case m^ = re-f c (c is an arbitrary but fixed positive integer) will be 
treated in this section. 

In view of property I I I we have 

-9 ,* (x ) =re9.»-"(x) (re, A = 1,2,...). 

For the infinitely differentiable functions q)n{x) (re = 1,2,...) this is identical 
with the c systems 

(IIIi ') 

— 9̂  i(-^) = 9'c+i(x) 

— (p'c+lix) = (c+l)992c+l(x) 

— 9''2c+l(x) = {2c+\)<pze+l{x) (III.') 

-q)c {X) = C(p2c{x) 

-<p'2c{x) = 2c<p3cix) 

-(p'scix) = 3c994c(x) 

These systems of differential equations are in general not suitable for a con­
structive approach using starting-functions (pj{x) {j = 1,.. .,c). In fact, 99c+i(x) is 
completely determined by the choice of 931 (x) and in general we have 

9̂ 0+1(0) ^ 1. 

Thus property I cannot be satisfied during the process. Considering the 
structure of the systems (III i ' ) - (IIIc ' ) , it is possible to take q^cnj+jix) {j = 1, 
...,c) as starting-functions, where nj {j = l , . . . ,c) are arbitrary but fixed 
positive integers with nj > 1 (7 = l , . . . ,c) . Then it is always possible to choose 
the constants of integration such that 99c«+;(0) = 1 (re = l,2,...,re.;;j = l , . . . ,c) . 

However, the following remark must be made. First we are choosing 
fcnj+jix); then the other functions <pcn+jix) (re = rey-1,..., l;j= l , . . . ,c) are 
determined according to the corresponding equations in systems (III i ' ) - ( I I Ic ' ) . 
Because of the fact that the approximation becomes better when re increases*, 
the determination of these functions does not make any sense. 

* Under the conditions /;(«) = n, y>{n,x) = n, tn^, = n — c, aic_„{x) = 0, this follows from 
theorems 5 and 6 of Chapter 1. 
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The first choice of the starting-functions is at once the best one, so this 
procedure of approximation does not do, only with the exception of those cases 
where it is possible to start with q>j{x) {j = l , . . . ,c) , where 99j(x) satisfy (99). 
Then it is necessary that the condition 99 (̂0) = 1 (re = c + 1 , c + 2,...) is auto­
matically satisfied during the process. Property II causes no difficulties and the 
corresponding sequence of operators can then be defined on the interval [0, R] 
where 

R = min Rj. 
1<J<C 

We conclude this section by giving an example to this case. 

EXAMPLE 

If we take as starting-functions 

99,(x) = (1+cx)-^-'' ( 7 = l , . . . , c ) , 

then the condition (pn{0) = 1 (re = c + l , c + 2,. . .) is automatically satisfied 
during the differentiation process of systems (III i ' ) - ( IIIc ' ) . 

The suitable sequence of functions has the form 

99„(x) = (1+cx)-"/ ' (re = 1 , 2 , . . . ) 

and the corresponding sequence of operators can be defined on [0, 00). 

REMARK 

In case rez„ = re+1 we get the third example of section 4.1 of Chapter 1, if we 

take there/» = 0. 

2 A generalization of the method of Chapter 1, § 2 v«rith s o m e 
applications 

2.1 As we have seen the systems of differential equations which we have been 
using in § 1 of this Chapter originate from property III of Chapter 1, §2 . 
This property is a relation between two derivatives of two functions from the 
sequence {(pn{x)} (re = 1,2,...). This relation can be generalized in the sense 
that from onwards a certain positive integer reo the A^^-derivative of 99n(̂ ) 
(re = reo, reo+1,...) is a certain linear combination of the preceding A—1 
derivatives of some other function from the sequence {(pnix)}. 

Again, a sequence of operators can be adjoined to the sequence {99n(-'̂ )} in 
such a way that it satisfies the conditions of theorem 1. Moreover, we construct 
a general sequence of functions of which the corresponding sequence of opera­
tors has Voronovskaja's formula as asymptotic approximation formula. 

2.2 We assume that in the sequence 

{99„(x)} (re = 1 , 2 , . . . ) 
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-^i'Hx ^'^^ ^ 

of real functions of the real variable x, each function 99„(x) has the following 
properties on the interval [0, b] {b > 0). 

I ' : <pn{0) = 1; 
I T : 99„(x) is infinitely differentiable on [0, b] and (—1)*99*(-* )̂ > 0 

(A = 0 , 1 , 2 , . . . ) ; 
I l l ' : there exists a sequence of functions {gn{x)} (re = 1,2,...) and a positive 

integer mn not depending on A, such that 
i t - i 

^(''7')^""W<"'""(^) (^=1,2,...), (106) 

where we assume that 

i-W:\x)>0 {k = 0,1,2,...,; n= 1,2,...); (107) 

lim ^ ! ^ = 1; (108) 
n—>- oo " -

lim *^^A^ = 0 ( f = 1,2,3); (109) 
n^ 00 " 

m 
hm — = 1 . 
n—f CO fl-

We adjoin to the sequence {99n(x)} of functions 99„(x) 
of operators {Ln} (re = 1,2,...) defined by 

t = 0 ^ ' 

THEOREM 25 

(re = 1,2,. 

(110) 

..) a sequence 

•'_: (111) 

- . . -. . . 

Iff{x) e H{xo) and if the sequence {99«(x)} satisfies the conditions I'-III', then the 
sequence {Ln{f; xo)} (re = 1,2,...) defined in (111) converges to f{xo) when n-^ oo. 

If f{x) e //(xo) (0 < Xo < é), then the convergence is uniform on the interval 
[0, b]. 

PROOF 

We show that the sequence {Ln{f; xo)} (re = 1,2,...) converges to/(xo) when 
re -> oo in the three cases ƒ(/) = 1, f{t) = t a.ndf{t) = t^. 

In caseƒ(<) ^ 1 the convergence of {/.«(ƒ; xo)} to 1 follows from I ' . 
Whenƒ(<) = < we have 

Ln{t; Xo) = ) -
/ - J re 

A(-l)Vi*'(^o)4 
A! 
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Using H I ' we get* 

, ^ ^ _ , / A - l 

A(-l)Vf(^o)4 *^ (-!)'"'( i ĵ '̂''(̂ oX—"(̂ o)4 
(A-l)!re 

yk[—i) (py{xo)xo ^ y y 
Zjre A! Z J Z J 
k = 0 t = l 1 = 0 

_̂ ogn(xo) v(-l)^" 'C'(^o)^r ' (-l)ixo2g/(xo) y(-l)^'VLr'(^'')^°~' 
re Z (A-1)! lire 2 J (A-2) ! 

In view of I ' and Taylor's theorem we get 

Z„( . ;xo)=^yi^^M:i^ = ^^°^!^. (112) 
re A J t ! « 

i = 0 

According to (108) we have 

Lnit; Xo) -> Xo when re -> oo. 

When/( f ) ^ <2 ^ g have to consider the series 

yA2(-l)Vi*'(^o)4 

Using III' we get 

y A2 (-l)Vi^'(xo)4 _fy ^(^7^)g"'(^")<"""(^°)^° _ 
2jre2 A! Z J Z J (A-l)!re2 
i = 0 *=1 i = 0 ^ ^ 

_ y(-l)*^'^g.(^o)<""(xo)4 yi-lY-'kgn'{xo)<pl-'\xo)4 
~ Z J (A-l)!re2 0! "̂  Z J ( A - 2 ) ! re2 1 ! 

* = 1 ^ ' * = 2 ^ ' 

_ y (-l)'"'g«(^oX~"(^o)4 y (-l)^-'g.(^oX-"(xo)4 
^ 2 J (A-2)!re2 0! "̂  Zi (A-1)! "̂  

2 A! 
*=o 

+ ... = 

• If 
yk (^i)V„(^)(^„)V 

* = 0 

(t) 

is a convergent series, it is obviously an absolutely convergent series in view of property I I ' . 
We have altered the order of summation and still deal with sequences with positive terms 
according to (107). Because the series in formula (112) converges, the original series (f) 
also converges. 
A similar remark does hold for the series 

Z k' 

n 
k' (-OW'^'W^o*^ V ^' (-l)*9'«<*'K)^o* 

k\ ' • • • ' / _ j « ^ k\ 
t=0 t=0 
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-l)*^'g/(^0)C(^0)4 „ V^ {-l)'-'gn'{Xo)<pl^;'\xo)x'o 

(A-3)! re2 1 ! ^ 

+ + 
^ 2 J (A-3)! re2 1 ! ^ 2 J (A-2) ! «2 1! "^ 

Summation of the second column gives 

f . ( - l ) ' ( « + l ) ^ « ( x o ) x ' + ' Xo^„(0) Xo2^„'(0) 

Z—i re2 i! 
<=o 

(113) 

Again using III' in the first column, we have 

._2 (-1)^-2^^ . ^j^i'i(xo)^„(xo)9><f--^'(xo)xo* 

Z J Z J (A-2)!re2 0! 
t = 2 1 = 0 ^ ' 

+ 
*_3 (- l )* -2(^ . ^)4(xo)^„'(Xo)9.1f-;""(^o)4 

'^ 1J2^ ( A - 3 ) ! re2 1! h ... = 
A = 3 1 = 0 ^ ^ 

^ {-iY-''gm„{Xo)gniXo)v'^;^'\xo)x', ̂  (-l)*-^^m;(^o)^„(^o)9'i*;;'(Xo)4 

^ Z (A-2)!re2 0!0! ^ Z (A-3)! re2 0! 1! ^ ' 

^ (-i)*"'̂ »M.(^o)^„'(^o)9^lf-;'(xo)4 »(-i)*-V™;(^o)^/(xoX;;'(xo)xS 

"̂  Z (A-3)! re2 1! 0! ^ Z (A-4) ! «2 1! 1 ! ^ 

+ + 

_ y i-mnixo)g^lixo)xi,-'' yi-iy^'gn'ixo)gl!.lixo)xo'^' 
•~ Z re2 0! Ï! Z «2 1! i! + . . . -

1 = 0 i = 0 

_ y y (-l)'+^g,l^'(^o)4(^°)^o'"'^'_ 
. ^ / - J «2 z! / I 
y=o i=o -̂  

^ Xo2g«(0)g^„(0) 

re2 

Taking into account formula (113) we have 

T If2 ^ ^0^^»(0)^r«„(0) , •^0^»(0) Xo'^gn'{0) 
Ln{t^;xo)= 1 — . (114) 

n^ n^ n^ 

Using (107), (108), (109) and (110) there follows 

.£'«(/2;xo) -^ xo2 when re-> oo. 
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According to theorem 1 theorem 25 is established. When ƒ (x) e H{xo) 
(0 < Xo < è), the uniform convergence follows from formulae (112) and (114). 

2.3 Concerning the construction of suitable sequences of functions {99n(x)} 
(re = 1,2,...), we will restrict ourselves to the case mn = n—c, where c is an 
integer. 

If c is a negative integer, similar remarks can be made as in section 1.4 of this 
Chapter. Then no constructive approach with starting- functions is in general 
available, because condition I ' cannot be satisfied during the differentiation 
process of system (106). 

Using c starting-functions in case mn = n—c, c being a positive integer, we 
can, after first choosing the appropriate functions gnix) (re = 1,2,...), con­
struct a suitable sequence satisfying (106). Obviously property I I ' is then 
equivalent with 

j ( - l ) V * ( ^ ) >0{i= l , . . . ,c ;A = 0 , l , 2 , . . . ; x 6 [ 0 , i ] ) (115) 

i (pi{x)> 0{i = c+\,c+2,...;xe[0,b']). (116) 

A constructive approach is thus possible in this case. 

2.4 Finally we will give an application in cases m^ = re—1, mn = n and 
mn = re+1. 

a) mn = re—1. 
The function 

^,{x) = ,i//.(i-.)^-i/.^ 

where p is an arbitrary but fixed positive integer, is a starting-function on the 
interval [0,1]. 

When we assume 

^„(x) = r e - l + ( l - x ) J ' (re = 1 , 2 , . . . ) , (117) 

then it is easy to verify that conditions (107)-(109) are satisfied on [0,1]. 
Solving system (106), we get 

9;„(x) = g'W'-')''-'/^(l-A;)™-i (re = 1,2,...) 

and these functions are not negative on the interval [0,1]. Consequently a 
sequence of operators {Ln,p} (re = 1,2,...) is generated which can be defined 
on [0,1]. 

In view of (112), (114) and (117) we have 

' Ln,p{l ; Xo) = 1, 

Ln,p{t;xo) = Xo, {n = 1,2,...; p fixed) 

L„,p{t^; Xo) = xo2 H 1 — . 
re re2 
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In deducing an asymptotic approximation formula for this sequence of 
operators we use theorem 2. The condition (11), sufficient for applying this 
theorem, is satisfied in case m = 1, for in a way similar to the proof of theorem 
25 we derive 

X0hni0)gm„{0)gm,„S0) , 3xo2^„(0)^™„(0) (I 
Lnit^;xo) = \ h (' 

xégniO)gmn{0)gm,„JO)gm,„^ (0) 6xo3^„(0)^™„(0)^,„„, (0) / A 

Ln{t';Xo) = "— + '•— + o[-] 
re^ re* Vre/ 

Using this and formulae (112), (114), (108), (109), (110) we have 

k V(- l)V*(^o)4 /I 
Ln{it—xo)'^; Xo} = \ ( xô  n = %) "̂-̂ °°̂  

hence theorem 2 can be applied. 
We then get 

THEOREM 26 

Letf{x) eII^^\xo). The sequence of operators {Ln,p} (re = 1,2,...), defined on the 
interval [0,1] and generated by the sequence of functions of the form 

(pn{x) = «'/''<'"'' "'""(l—x)""' (re = 1,2,... and p is a fixed positive integer) 

has the property 

Ln.p{f; xo) - / (xo) = ^ ^ i : [ ^ / " ( x o ) + 0{-] {xo £ [0,1]). 
In \nj 

REMARK 

Voronovskaja^ s asymptotic approximation formula is thus valid for this class of sequences 
of operators. 

PROOF 

Using theorem 2 the proof follows at once from (118). 

b) mn = re. 
Assuming 

^„(x) = re^2x+x2 (re = 1 , 2 , . . . ) , 

we derive from (106) the suitable sequence {99»(x)} with 

cpn{x) = e-"'^''-''^' (re = 1 , 2 , . . . ) . 
The corresponding operators can be defined on the interval [0,1] and there 
yields 
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' . ^ « ( 1 ; ^o) = 1, 

Ln{t; Xo) = Xo, 

Xo 2xo2 

Lnit^;Xo) = X o 2 H h - ^ . 

re re'' 

Using this and theorem 2 an asymptotic approximation formula can be given. 

c) rez„ = re+1. 
The sequence of functions {gn{x)} of the form 

^„(x) = re-l + ( l+x) - J ' (re = 1 , 2 , . . . ) , 
p being an arbitrary but fixed positive integer, satisfies conditions (107)-(109). 

Starting with 

99i(x) =,'*<'+->^''-"^ ( x e [ 0 , oo)) 

in system (106), condition I ' is automatically satisfied and a suitable sequence 
can thus be constructed. We derive 

cpn{x) = g'/^('+.)"''-l//.(l^^)_„+l („ _ 1,2,...). 

The corresponding operators can be defined on the interval [0, oo) and we 
have 

' Ln,p{l ; Xo) = 1, 

Ln,p{t; Xo) = Xo, 

r 1,2 \ 2 , -^"(l+^o) , P^'o^ 
Ln.p{t ; Xo) = ^o2 H \ ~ • 

re re'^ 
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SAMENVATTING VAN DE I N H O U D 

Dit proefschrift handelt over lineaire positieve operatoren in de approximatie-
theorie. 

In de inleiding wordt een lineaire positieve operator gedefinieerd, daarna 
vermelden wij enkele resultaten waarvan in dit proefschrift wordt uitgegaan. 

In hoofdstuk 1 worden enkele fundamentele stellingen afgeleid, waarna wij 
ingaan op een methode om lineaire positieve operatoren Ln te construeren. 
Voor een aldus gevormde rij {Zn} (re = 1,2,...) wordt vervolgens een schatting 
gegeven van het verschil 

l-^«(/;^o)-/(^o)|. 
Verder wordt een aantal methoden om asymptotische approximatieformules 
af te leiden met elkaar vergeleken. 

Hoofdstuk 2 is gewijd aan de approximatie van functies van meer verander­
lijken. Hier vindt men een aantal resultaten van hoofdstuk 1 gegeneraliseerd. 
Daar wordt ook een schatting gegeven van een constante die optreedt in de 
theorie van gegeneraliseerde Bernstein polynomen. 

Hoofdstuk 3 heeft betrekking op lineaire positieve operatoren Lnp-p van de 
vorm 

+» 

Lnp-pif;x) = -^^ ^ ff{x + t)l^-'^^ydt (re = 1,2,...), 
sinV2reA^^-•! ^'''^ I''' 

' dt sin i/2< 
— 71 

die van belang zijn bij de approximatie van continue periodieke functies met 
periode 27r. In de gevallen/» = 3,4,5,6 wordt een aantal eigenschappen van 
deze operatoren afgeleid. 

In hoofdstuk 4 wordt het onderzoek betreffende het genereren van lineaire 
positieve operatoren, zoals uitgevoerd in hoofdstuk 1, voortgezet. Uitgaande 
van een stelsel recurrente differentiaalvergelijkingen worden met behulp van 
z.g. startfuncties rijen van functies geconstrueerd die rijen van lineaire posi­
tieve operatoren voortbrengen. 

In de hoofdstukken 1-4 zijn tal van toepassingen van de hier bewezen stel­
lingen opgenomen. 
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