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ABSTRACT

A novel boundary formulation is presented by applying the Boundary Element Method (BEM) to a dynamically
loaded medium modelled as a discrete system. The two-dimensional medium is divided into a nonlinear discrete
lattice in the near field, and a corresponding linear viscoelastic far field. The resulting boundary formulation
is derived from the dynamic reciprocal work theorem and describes the far-field response through a Laplace
domain force-displacement relation. The involved dynamic compliance matrix is composed of newly derived
expressions for the Green’s functions of a viscoelastic half-plane of particles.

It is demonstrated that the presented method yields a perfectly non-reflective boundary in the Laplace
domain, without the need for artificial absorbing boundaries. Additionally, this contribution shows the
successful time-domain application of the boundary method to a medium that exhibits non-smooth behaviour in
the vicinity of a load source. In the time domain, the boundary equations are obtained by numerical application
of the inverse Laplace transform, and the non-reflectiveness of the boundary is sensitive to the size of the time
step. The presented method provides a consistent boundary approach for discrete lattices, and provides an

alternative to continuum-based boundary methods for the dynamic response of solid media.

1. Introduction

The dynamic interaction between structures and their surroundings,
such as the situation depicted in Fig. 1a, is an important aspect of many
engineering problems, and a proper understanding of these interaction
problems is often a necessity to take appropriate measures. Examples of
such interactions are typically found in soil-structure and ice-structure
interaction, e.g. [1,2]. Especially when dynamic loads inflict damage
to a medium, and the response of the medium near the load source is
governed by nonlinear phenomena, it is beneficial to divide the medium
into two separate domains as shown in Fig. 1b; a sophisticated near-
field domain that is able to account for nonlinear phenomena, and a
far-field domain at such distance from the load source that its response
is linear.

Non-smooth dynamic phenomena, typical for systems experiencing
stick-slip or fracture require special attention. These usually occur in
the load vicinity and should be captured within the near field. To
model such phenomena, one may use either continuum or discrete
descriptions of the considered solids. Given the fact that non-smooth
phenomena are usually associated with relatively high strains, a rea-
sonably accurate description of the solids requires to account for their

inhomogeneities, at least in the vicinity of the stick-slip or failure zone.
These inhomogeneities are usually homogenized and accounted for by
means of internal time and length scales. High-gradient homogenized
continua [3-8] and regular lattices [9] are typical examples of such
descriptions. It is difficult to say which of the two descriptions is more
appropriate as both use several approximations. In this paper it is
chosen to use a discrete description, which, in the subjective opinion
of the authors, is somewhat more logical nowadays as it is directly
governed by a system of ODEs and does not require FE discretization of
a continuum that is often obtained based on a rheological (i.e. discrete)
description of the basic continuum properties. In the framework of this
choice, and depending on the scale of the problem under consideration,
different discrete approaches may be used as categorized by Bolander
et al. [10]. Options include conventional lattice models, particle-based
lattice models, and the discrete element method. In this contribution,
the near-field domain is modelled as a conventional two-dimensional
lattice consisting of particles and rheological elements, such as springs,
dashpots and dry-friction elements, used to describe the interaction
between the particles.
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Fig. 1. (a) Interaction between a structure and its surroundings; (b) A medium divided into two domains.

To account for the response of the far-field domain, we apply the
boundary element method (BEM). To achieve a boundary formulation
such that there are no unwanted wave reflections at the boundary of
the near-field lattice, it is most appropriate that the linear far-field
domain resembles the discrete nature of the near field, and is modelled
as a system of discrete particles rather than as a continuum. This is
also necessary because the forces that the near-field lattice exerts on
the far-field domain are point loads and it is commonly known that
the response of a two-dimensional continuum under a point load is
singular. Although there is some literature available regarding Green’s
functions for discrete lattice models, e.g. [11-13], to the knowledge of
the authors, there are no publications that specifically derive boundary
equations for discrete particle systems. Moreover, the development of
hybrid models involving discrete lattices are very sparse in literature.
The paper by Cai et al. [14] describes the coupling of two linear do-
mains modelled by matching linear square lattices to resolve a problem
in molecular dynamics. The approach described is numerically demand-
ing and cannot be easily adapted for different geometries. Later works
by Karpov et al. [15], and Carpio and Tapiador [16] present more
generic approaches to determine non-reflecting boundary conditions in
molecular dynamics by employing Green’s functions for lattices [12].
More recently, Barbosa et al. used Green’s functions for lattices to
model settlement of ballast in railway track transition zones [17]. In
correspondence with using PMLs [18], these approaches are aimed at
developing non-reflective boundaries. The current contribution on the
other hand, presents a novel boundary formulation by applying the
BEM to a discrete particle system as a truthful representation of the
far-field domain and its properties.

While the papers of Friedman and Shaw [19] and Banaugh and
Goldsmith [20] present the first applications of the BEM in dynamics,
specifically in the time and frequency domain respectively, the work
by Dominguez [21] provides the first systematic and comprehensive
overview on the application of BEMs to dynamic and transient problems
in continua. To honour the legacy of Professor José Dominguez, this
contribution extends the application of the BEM to dynamics in discrete
systems.

In the following section, we present a direct boundary formulation
for two-dimensional discrete particle systems starting from the dynamic
reciprocal work theorem. In Section 3, the corresponding Laplace do-
main Green’s functions are derived for a viscoelastic half-plane of par-
ticles with a hexagonal configuration. Subsequently, Section 4 demon-
strates the application of the boundary method to a corresponding semi-
infinite discrete particle system that exhibits non-smooth behaviour
near a load source, and discusses its accuracy by simulating the non-
smooth dynamic response of the resulting full medium. Finally, Sec-
tion 5 summarizes the main results and conclusions of this study and
addresses possible future applications of boundary formulations for
lattices.

2. A direct boundary formulation for discrete particle systems

Consider the two different elastodynamic states of the far-field body
Vi depicted in Fig. 2. The first state, depicted in Fig. 2a, considers the
interaction of Vp with the near-field body Vy along their interface,
which is denoted as I'. The second state, depicted in Fig. 2b, is due
to a set of external loads P applied at the discrete particles along the
cavity boundary of Vg, i.e. the interface I'. Given that internal body
forces are absent, the dynamic reciprocal work theorem, i.e. the into
dynamics extended elastostatic reciprocal work theorem of Maxwell—
Betti [22], yields the following relation between the displacements of,
and the reaction forces at, the particles of Vy that exist along I" for the
two elastodynamic states:

D R () p(5) = ) Ry () i (s) )}
J J

Here, the vectors i 5(5) and RI-’ 705D, respectively contain the displace-
ments of particle j and the reaction forces at particle j along I' due
to the interaction with the near field. Furthermore, the vectors ip, ()
and Ry (s), respectively contain the displacements of particle ; and
the reaction forces at particle j along I' due to the load vector P.
Here, the tilde denotes a variable in the Laplace domain and s is the
complex-valued Laplace parameter.

Collecting the displacements for all particles along I' per elasto-
dynamic state in the displacement vectors ii-(s) and @ip(s), as well as
collecting the corresponding reaction forces for all particles along I"
in the reaction force vectors Rp(s) and Rp(s), we can now generally
express the dynamic reciprocal work theorem for discrete particle
systems as:

R(s) Tip(s) = Rp(s) Tip(s) @)

Given that there are Ny particles along I', the displacement and reaction
force vectors in Eq. (2) all have a length 2Ny .

Fig. 2a shows the displacements iir-(s) and the reaction forces Rp(s)
along I of the far-field body Vg that are due to the interaction with
the near-field body Vy. Furthermore, Fig. 2b shows the displacements
@ip ;(s) and the reaction forces RP, ;(s) along T of the far-field body Vg
that are due to the external load vector P. Now, according to Huygens’
principle [23], the response of the far-field body Vi is indifferent
to whether the near-field body Vy is present or not, as long as the
response along I', and thereby the response of the far-field body Vg,
is the same for both situations. Thus, choosing the load vector P for
the elastodynamic state depicted in Fig. 2b such that the displacements
and reaction forces at the particles along I' match the situation when
a near-field body is present, we may consider the response due to the
load vector P as if it is applied inside a half-plane of particles without
a cavity. The response of any particle inside the half-plane of particles
due to an arbitrary load P applied at an arbitrary particle in the half-
plane can be described in terms of the Green’s functions. Thus, the
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Fig. 2. Two elastodynamic states of the body V; modelled as a discrete particle system with a hexagonal configuration: (a) Interaction with a near-field lattice;

(b) Due to a set of external loads, given by the load vector P.

displacements iip(s) and the reaction forces Rp(s) for all particles along
the boundary I' due to the load vector P read:

Up(s) = g, ()P 3)
Rp(s) = gr(s)P 4

Here, g,(s) and gi(s) are square matrices with dimension 2N that
respectively contain the Green’s functions for the displacements and
the reaction forces of all particles along I' due to loads applied at all
particles along I'. For the elastodynamic state of the body V. depicted in
Fig. 2a, the reaction forces along I' are exactly equal and opposite to the
forces exerted on I' by the near-field body Vy;, in the Laplace domain
denoted as F(s). The corresponding reaction forces are thus obtained
as:

Rp(s) = —F(s) ®)

Substituting Egs. (3), (4) and (5) into the dynamic reciprocity theorem
for discrete particle systems given by Eq. (2), and rearranging the
remainder, yields the force-displacement relation at the particles along
the boundary T as:

—PT5,(s)TF(s) = PTgp(s)Tiip(s) (6)

Since the external load vector P may be arbitrarily chosen such that all
its terms are nonzero and non-infinite, we may replace it by the unit
vector, which essentially removes the term PT from Eq. (6) without
violating the equality. Solving the remainder for the force vector F(s),
we finally find:

F(s) = —x(ip(s) with: ¥(s) = @) '8x()" = @r(®)E()™HT (D)
Or inversely:
ip(s) = —B()F(s)  with: B(s) = @r() N 8,9 = @G ™T  (8)

Here, y(s) and f(s) are, respectively, the dynamic stiffness matrix and
the dynamic compliance matrix that both describe the Laplace domain
force—displacement relation at the boundary T.

3. Green’s functions for a viscoelastic half-plane of particles

To derive the Laplace domain Green’s functions for the displace-
ments and the reaction forces in the viscoelastic half-plane of particles,

we start from the equations of motion for a particle inside the half-
plane, as depicted in Fig. 3a. The time domain equations of motion for
a particle in the interior of an elastic hexagonal lattice may be derived
using Lagrange’s formalism [24,25] and are commonly available in
literature, e.g. [26,27]. The corresponding viscoelastic equations are
then obtained replacing the stiffness K, by the operator K, + Ceg.
For ease of analysis of the half-plane of particles, we normalize the
equations of motion by introducing dimensionless parameters for time,
as 1 = 14y, and space, as u = ug;,, /¢, where the subscript dim denotes
a variable as dimensional. Furthermore, w, is the particle frequency,
i.e. the undamped natural frequency of a particle inside the lattice for
the particular case that the motion of any adjacent particles is impeded,
which for a hexagonal lattice configuration reads w, = +/3K./M.
Finally, ¢ is the interparticle distance. Inserting the given dimensionless
parameters, dividing by M. cogf, and subsequently applying the Laplace
transform with respect to time, the Laplace domain equations of motion
for the horizontal and vertical motion of a particle m,n in the interior
of the half-plane with a hexagonal configuration are found by Egs. (9)
and (10) as given in Box I.

Here, the damping ratio ¢ is defined as { = C,/C,
critical particle damping C,;, is obtained as C;,
hexagonal lattice configuration.

rit» Where the
= Mo, for a

3.1. Governing Laplace domain displacements of the particles in the half-
plane

To describe the wave propagation in the half-plane of particles due
to a load P applied at an arbitrary particle i, we seek a general solution
to Egs. (9) and (10) in the form of a superposition of plane harmonic
waves [28]. To this purpose, we first introduce the Kronecker Delta 6,,,‘,,,,
as a means to incorporate the load P’ applied at an arbitrary particle
i into an interface condition along the horizontal level of particles
with nodal coordinate n;. The Kronecker Delta §,,,, is defined as equal
to one when m = m; and equal to zero when m # m;. The load P’
applied at particle i along a horizontal level of particles, may thus be
expressed as P/ = PS5, ,,- Then, noting that the given definition for the
Kronecker delta has to be obeyed only at the particles, we describe the
Kronecker delta by an integral identity in terms of the dimensionless
horizontal wavenumber «,. Accounting for the horizontal spacing of
the particles by describing the dimensionless x-coordinate of a particle

14+2¢s
5212;"’" + ¢

X

4

~mn _ =m=2.n _ ~m+2.n _ l ~m—1,n+1 ~m+1,n+1 ~m—1,n—1 ~m+1,n—1
3 <3ux ar ar 2 (@ + il + i + i )+

1+2s \/—

2~mn 3 3

st 4 — mn ~m—1,n+1 ~m+1,n+1 ~m—1,n—1 ~m+1,n—1 ~m—1,n+1 ~m+1,n+1 ~m—1,n—1 ~m+1,n—1 =0 10
X 3 3u] +—(uX — iy — iy + iy )——4 (u + i + it + ] ) (10)

oI5

~m—1n+1 _ ~m+ln+1 _ ~m—1n—1 ~m+1,n—1 =0
(uz u; u, T, ))

©)

z

Box I.
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Fig. 3. (a) Hexagonal cell configuration for a particle m,n inside the viscoelastic half-plane of particles; (b) Displacements and reaction forces in the two

subdomains of the half-plane of particles for a load applied at particle i.

as x = m/2 over an infinite horizontal domain, the Kronecker Delta may
be expressed as:

1 +2r .
eilxx(mlfm)dx_x

1) (11

mym — Arx on

The two-dimensional wave propagation is accounted for by additionally
incorporating an exponential function related to the vertical wavenum-
ber k.. Accounting for the vertical spacing of the particles by describing
the dimensionless z-coordinate of a particle as z = n\/§/2, as well as
choosing the argument of the exponent related to «, in accordance with
Eq. (11), the horizontal and vertical displacements of a particle m, n are
described in the Laplace domain as:

+2r ) 1. V3.

ﬁ;n,n :/ Ale—ill(xme+7u(zndkx (12)
-2
+2r 1. V3.

~mmn __ i —slk,m _+-=-1Kk.n

7 —/2 Blem 27" 7 M ldk, (13)
-2z

Here, A’ and B’ are unknown wave amplitudes that follow from solving
the system of boundary and interface conditions for the load P’ as given
in Section 3.3. Furthermore, note that according to the integral identity
for the Kronecker Delta, the horizontal wavenumber k, must be real,
while the vertical wavenumber «x, may be complex-valued and depends
on the horizontal wavenumber «.,.

Egs. (12) and (13) are expressions for the Laplace domain displace-
ments of lattice particles, where the integral representation used is
similar to the inverse Fourier integral transform with respect to the
horizontal wavenumber used for continua. Thereby, the integrands in
these equations can be considered as horizontal and vertical displace-
ments in the Laplace-wavenumber domain. Substituting Egs. (12) and
(13) into Egs. (9) and (10) for all particles yields the following system
of equations for the wave amplitudes A’ and B':

2 V3 -V3
31+ —— —ZCOSKX—COS&COSIQ\/’ A‘—\/gsinisin’(”\[B’:O
14+2¢s 2 2 2 2
Sein i a3 (14 2 S0 Y3 ) g
sin == sin = 3 3265 cos == cos —— =

(14

The above system of homogeneous algebraic equations has a non-
trivial solution if, and only if, its determinant is equal to zero. Provided
that the Laplace parameter s is replaced by iw, the resulting equality,
provided as Eq. (15) in Box II, gives the dispersion relation for the
viscoelastic hexagonal half-plane of particles. Solving Eq. (15) for the
cosine-term related to the vertical wavenumber «x,, yields the two
solutions given by Eq. (16), also provided in Box II.

In contrast to the two-dimensional isotropic continuum and the dis-
crete particle system with a square configuration [28], it follows from

Eq. (15) that the waves propagating in a hexagonal discrete particle
system are never purely shear nor purely compressional. Next, note that
the two expressions provided by Eq. (16) are periodic in «, and that
it suffices to only consider the first Brillouin zone of the lattice [29].
We denote the wavenumbers for these two expressions as «. and <,
respectively. Using Euler’s formula and the Pythagorean trigonometric
identity, we find the exponents related to either wavenumber K;h), with
h=1,2, as:

O] xP+/3 /3
et :cos%/— +i l—cosz%/—

In Egs. (12) and (13), we have posed the Laplace domain displace-
ments of a particle m, n in the half-plane of particles to have only one
characteristic wavenumber in z-direction and we have only considered
one direction of wave propagation. Clearly, there are two character-
istic wavenumbers in z-direction and, depending on the location of
the considered particle in the half-plane, waves may travel both in
positive and in negative z-direction. Adapting Eqs. (12) and (13) to
account for the two characteristic wavenumbers, as well as for the
two possible direction of wave propagation, the horizontal and vertical
displacements of a particle m,n due to a load at a particle i are, in a
general sense, described as:

a7

(h)

+27 2 . \/5 (h) 2 . \/3 1.
17;"’" (s) =/ Z AII,(h)e+ o ik n + Z Alz,(h)e— 5 ik n e_medeX
=2z \h=1 h=1

18)
2 [ 2 V3. ) 2 V3. (h) 1.
- i\(h) +—5=iky i(h) ——5=iK; —SiKky
@ (s) =/ <Z Bll( det Ty ZB;( Je™ 2 1" ")e 2" Mg
=27\ h=1 h=1
19

Choosing the sign of the square roots in Egs. (16) and (17) such that the
positive argument of the exponent described by Eq. (17) corresponds to
waves propagating in positive z-direction, it follows that A"l‘(h) and B;'(h)
in Egs. (18) and (19) are the horizontal and vertical wave amplitudes of
the waves propagating in positive z-direction, respectively, while A;’(h)
and B;’(h) are the horizontal and vertical wave amplitudes of the waves
propagating in negative z-direction, respectively.

Each wavenumber K(Zh) corresponds to an eigenvector, where the
second component of each eigenvector is obtained as DY’) = Bi'(h) A’;’(")
for the wave propagating in positive z-direction, and as D{" = B;"/A}"
for the wave propagating in negative z-direction. Here note that, al-
though the wave amplitudes Ai’(’”, A;‘(”), B;’(h) and B;’(h) depend on
the location of the loaded particle i, the corresponding eigenvector
components do not. The resulting expressions for the two eigenvector
terms follow from the system of algebraic equations for the corre-

sponding exponents of the vertical wavenumber K;h). For both vertical
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1+2C

2 3 2 3 3
<3(1+ 1+S2Cs> —ZCOSKX—COS%XCOS KZ;/_><1+ l-I—SZCs —cos%cm#)—sinz%siﬁ %— =0 @15)
3 2
s 52V3) _ (5 1+ — ) —cosk, ) cos = + \/54(200s1( — 1) = 252(1 +2¢ s)(cos Ky — 12 + = (1+2Cs)2(c0sx -1®  (16)
2 ), 1+2Cs 2

Box II.

wavenumbers, the resulting expressions for the two eigenvector terms

are found to be related as D(h) D(h) DM, where:
0
\/3 sin & sin 222 \[
pm— 3 2 (20)
+ -2 cos Kx cos K2 V3 \[
1+2s 2

For the situation that a loaded particle i is located in the interior of the
half-plane of particles, we must separately describe the response of the
half-plane for the domain n € [0...n;], i.e. subsystem I, where waves
travel in both positive and negative z-directions due to reflections from
the half-plane surface, and for the domain n € [n; ... 0|, i.e subsystem
II, where waves only travel in positive z-direction. Fig. 3b depicts the
division of the half-plane of particles into two subsystems based on the
location of the loaded particle i.

Consequently, the horizontal and vertical displacements of a particle
m, n in subsystem I due to a load at a particle i respectively become:

V3 .Kuu i _¥3 K«m
ﬁ;ﬁ" (s) _/ (ZA'W oy EA My ! ”)e
+2n NEmD) 2 V3w L
O / DI AW F I N D) 50 T ) T I g (22)
zl on ’; 1 ;; 2 x
Accordingly, the horizontal and vertical displacements of a particle m, n

in subsystem II due to a load at a particle i are respectively described
as:

—=ik.m

2Xdl(

(21)

V3 ) ,l
o [ (B )t e
2 h=1
+2r ) V3w _L
o [ (o) E 7
=27 \h=l ’

For the particular case that the loaded particle i is located at the
surface of the half-plane, subsystem I does not exist and the horizontal
and vertical displacements of any particle m,n in the half-plane are
described exclusively by Egs. (23) and (24) respectively.

3.2. Governing Laplace domain reaction forces for the particles in the
half-plane

Equivalent to tractions existing at the interface between two con-
tinuous bodies, reaction forces exist at particles located at an interface
between two discrete particle systems. The reaction forces at a particle
along an interface may be derived from its equations of motion, and by
considering its cell configuration and thereby follow from the shape and
the orientation of the interface at that particle. Here, we specifically
consider reaction forces at particles along the interface I, so that the
expressions for the reaction forces additionally depend on the location
of that particle compared to the loaded particle i.

For any interface particle m,n that is located in the interior of
subsystem I, i.e. for 0 < n < n;, all degrees of freedom in its cell may
be considered as part of subsystem I. Thus, substituting Egs. (21) and
(22) into the equations of motion of particle m, n allows us to express
the general solution for the horizontal and vertical reaction forces at

that particle as:

R (5) = / <Z(p(h)Az(h) +—u D + 2 (h)A:<h) 'i‘“m">e‘l'”mdk

h=1
- +2r
w2 o= [
-2z

Here, w(h]), (p;h;, (p(h) and (0 , are expressions that depend on the cell

configuration of the regarded interface particle.

Accordingly, for any interface particle m, n located in the interior of
subsystem II, i.e. for n > n;, all degrees of freedom in its cell may be
considered as part of subsystem II. Thus, substituting Egs. (23) and (24)
into the equations of motion of particle m, n yields the general solution
for the horizontal and vertical reaction forces at that particle as:

(25)

( Dn 1 i

(26)

<Z(ﬂ(h>Al(h) +_“‘ n + Z (h)A'(h)

h=1

i o () 4ih),, +£m‘ o —luc m
R (s) = / Zqo A} =" ) e 2" dx, 27)
’ -2z —
+2r . i (h) _1‘
R (5) = / i <Z Pl AP ">e 2", (28)
=21 \jh=1

Here, the expression (p and qo(h) again depend on the cell configura-
tion of the regarded 1nterface partlcle.

Finally, for the particular case that an interface particle m,n is
located exactly at the level of the loaded particle, so that n = n,,
its equations of motion include degrees of freedom that belong to
both subsystems. Consequently, substituting Eqs. (21) to (24) into the
equations of motion of particle m, n then yields the general solution for
the corresponding horizontal and vertical reaction forces as:

2 \/> (h)

+27
Bm.n _ (h) i(h) (h) i(h)\ iz n
Rmun(s)_/2 <Z< AT o34, ) ’
—ar

=1

2 V3. (h) 1.
e [
h=1
+2r [ 2 ) V3w
RN (S)=/ ((P(},I)A"(h) (h)At (h)) +—1x n
z,IUIT Con p; z;1771
2 . \/5 (h) 1.
P
h=1

The expressions for (p(h) and (p(h) with r = 1..3 in Egs. (25) to (30) are
given in Appendix. Finally, note that the dependency on the position
of a particle m,n relative to a loaded particle is incorporated in the
expressions for the wave amplitudes as discussed below.

3.3. Boundary and interface conditions for the half-plane of particles

The expressions for the wave amplitudes A"l’(h), A;’(h), and A;’(h) that
correspond to the wavenumbers Kih) for h = 1,2 are obtained from the
set of boundary and interface conditions for the half-plane of particles.
For the case that the loaded particle i is located in the interior of the
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Fig. 4. A two-dimensional fully discrete system consisting of a hexagonal BKV lattice in the near field and a viscoelastic half-plane of particles in the far field.

half-plane, these conditions are:

R’X'i’lo (s) = R';’f (5)=0 1)
@ (s) =iy (s)=0 (32)
a%/‘ () =" (s)=0 (33)
R (9) = RUY" (5) = Pebym (34)
R ()= RI" () = P26y, (35)

Here, P, and P, are respectively the horizontal and vertical components
of the point load applied at particle i, and §,,,,, denotes the Kronecker
Delta. The above conditions are formulated by noting that, for a load
at a particle in the interior of the half-plane, there are no forces at
the surface of the half-plane, the displacements of both subsystems
must match at the level of the loaded particle, i.e. at n = n;, and
that there should be force equilibrium at the interface between the two
subsystems at n = n;.

For the particular case that the loaded particle i is located at the
surface of the half-plane of particles, the half-plane exclusively consists
of subsystem II, so that the system of boundary and interface conditions
consists of only two algebraic equations that match Egs. (34) and (35)
for the case that n, = 0 and by substituting ﬁ;’i’lo (s) = R’Z’IO (s)=0.

3.4. Resulting Green’s matrices for the displacements and reaction forces

The Green’s matrices g,(s) and gg(s), appearing in the expressions
for the dynamic stiffness matrix and the dynamic compliance matrix
given by Egs. (7) and (8), respectively contain the Green’s functions for
the displacements and the reaction forces of all particles along I due
to loads applied at all particles along I'. The green’s functions for the
displacements and the reaction forces of an arbitrary particle j along I'
with nodal coordinates m;, n;, due to a load applied at a particle i along
I" with nodal coordinates m;, n; then respectively read:

~ji ~jii 5ot P
&/t - 8u,xx () 8u,xz (S)] ~ i - gR,_xx ) gR,g(z (s) 36
WOsldlo dhol O gl dhe]

Within discrete particle systems, the Green’s functions for the displace-
ments can be straightforwardly defined as the displacements due to a
unit point load. Thus, the Green’s functions g{;:;x (s) and gNl;j"zx (s) are
equal to the Laplace domain displacements, given by Egs. (20) to (23),

for the case that the wave amplitudes follow from solving the system of
boundary and interface conditions for P, = 1 and P, = 0. Accordingly,
solving the system of boundary and interface conditions for P, = 0 and
P, = 1 yields the Laplace domain displacements as the Green’s functions
g{;:;z (s) and gﬂ;@z (s). Using the same approach, the Green’s functions
for the reaction forces follow from the Laplace domain reaction forces

given by Egs. (25) to (30).

4. Application of the boundary method to a nonlinear discrete
lattice

This section applies the presented boundary method to a semi-
infinite discrete particle system that exhibits non-smooth behaviour
close to a load source, with the aim to demonstrate that the resulting
boundary formulation correctly accounts for the presence of the far-
field domain, as well as discussing its accuracy. To this purpose, the
near field is modelled as a lattice capable of describing non-smooth
phenomena in the time domain, while the far field is described as a
viscoelastic half-plane of particles. The resulting semi-infinite system is
depicted in Fig. 4.

4.1. Governing equations for the nonlinear near-field lattice

To eliminate any unwanted wave reflections from the interface
I, the geometry of the cells in the near-field lattice and in the far-
field half-plane of particles match, and additionally the linear material
parameters of the near-field lattice match the material parameters of
the half-plane. The position of the particles in the hexagonal near-
field lattice is given by nodal coordinates m,n, and every particle
has mass M™". To prevent dependency on the regular discretization
of the lattice, and to capture the unstructured character of material
behaviour, random heterogeneity is incorporated in the lattice by ran-
domly perturbing the initial location of the particles in the lattice
interior.

To allow for non-smooth behaviour, the interaction between adja-
cent particles in the near-field lattice is described by so-called Bingham—
Kelvin—Voigt (BKV) elements that consist of a viscoelastic Kelvin-Voigt
element and a Bingham element in series. The resulting configuration
for a cell of a particle inside the near-field BKV lattice is depicted in
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Fig. 5a. The Bingham element describes a nonlinear viscoplastic rela-
tion as a parallel combination of a dashpot and a dry-friction element.
Dry-friction elements are activated only when the force working on
the dry-friction element is larger than a constant threshold force, here
referred to as the critical friction force. That means that when the force
on the dry-friction element is smaller than its threshold, the dry-friction
element is not activated, the Bingham element can be considered to be
rigid and the BKV element behaves as a Kelvin-Voigt element. Each
particle m,n has j adjacent particles with nodal coordinates m;,n;,
and its cell includes j BKV elements. For each BKV element between
particle m,n and an adjacent particle m;, n;, the Kelvin-Voigt element
has a stiffness coefficient K" and a damping coeff1c1ent C.', while
the Bingham element has a damping coefficient C " and a critical
friction force F."'. As depicted in Fig. 5a, the BKV elements in a cell
of a particle m, n have two different orientations to make sure that it
represents a unit cell for the whole lattice.

Rheological elements that feature dry-friction elements behave dif-
ferently depending on whether the dry-friction element is activated or
not; when the dry-friction element is not activated this is referred to
as ‘stick’, while the motion state for which the dry-friction element is
activated is referred to as ‘slip’. Next to stick and slip, we additionally
introduce a motion state to the near-field lattice, that we refer to as
‘lock’. This lock-state considers the inelastic collision of two particles;
if two particles collide their relative motion is impeded and the rheolog-
ical element between these particles can be considered rigid until their
relative motion is reversed. This lock-state is not represented graphi-
cally in Fig. 5a as the behaviour of this motion state is independent
of the configuration of the rheological element. Stick, slip and lock
each yield different equations of motion depending on the rheological
element in which these motion states occurs.

The motion states of all BKV elements at the surface and in the
interior of the near-field lattice may change and vary individually, so
that different BKV elements in a cell may simultaneously be in different
motion states. Accounting for the two different orientations of the BKV
elements in a cell, as well as accounting for the variation in motion
states, the general governing equations of motion for any free particle
read:

m,n--mfn_ m,n .m,n mmn _m,n m,n
M™ Z (CCJ ¢ ch S/)cosozj

A
J€iky
- E F™" cosa™" — E F™ cosa™ =0 (37)
m.n s‘/ j .m.n ]YJ /
J€Jp J€J10ck
m,n.-m,n — m,n .m,n m,n m n
Mg = (e 4 Kol ) sinal
=
- E F™"sina™" — E F™" cos a =0 (38)
m.n S\] J m.n 1 j
i€ig T€10ek

Here, j;, and jp" denote the set of BKV elements in the cell that,
respectively, have the Kelvin-Voigt element or the Bingham element
directly connected to the particle m,n, while j denotes the set
of elements 1n the cell that are in lock. Furthermore, note that the
elongatlon e/, the elongation rate ¢';", as well as the forces F/;" and

1 " all depend on the motion state of the considered BKV element The
correspondlng expressions are provided by Egs. (39) to (40), as given

in Box III, for each of the motion states respectively.
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For any BKV element in slip, the slip-node intermediate particles
m,n and m;,n; is a degree of freedom and the following equation of
motion must be added to the system of equations of motion:

m,n .m,n m.n _m,n m,n mn m,n m,n —
C KV/+K KV/_C _Fcr/ sgn FB slipsj =0 (42)

In the above equations, e; refers to the elongation of the whole BKV
element, while the subscripts B and KV refer to the Bingham and
Kelvin-Voigt elements. Furthermore, e5,; denotes the total elongation
of the Bingham element that has occurred due to all occurrences of slip
prior to the current motion state. In the third term, Kl’;"l.’" is the stiffness
of an additional spring that is placed parallel to the BKV element to
significantly reduce the relative motion between the particles m,n and

mj,n;, dm " is the contraction at which lock occurs, and F’Z " gives the
force in that spring. The stiffness of this additional spring is chosen to
be only several times larger than the stiffness of the spring in the BKV
element, because this is more than sufficient to significantly reduce the
relative motion between the particles m,n and m s and choosing this
stiffness too large will lead to ill-conditioned matrices in the system of
differential equations.

Here note that every time a state-transition occurs, the above system
of equations of motion for the hexagonal BKV lattice must be updated.
The transition from stick to slip occurs when the total force that is
applied to the Bingham element exceeds the threshold of the dry
friction element, i.e. when |Fy""| > F, "’J" The transition from slip to
stick occurs when the elongatlon rate of the Bingham element becomes
equal to zero or changes sign, i.e. when sgn e”’"(t) # sgn e;’ "t — db).
The transition into lock occurs when the dlstance between part1cles
m,n and m;, n; becomes smaller than a minimum or threshold distance,
i.e when d”’ o < d™" . Finally, the transition out of lock occurs when
the involved partlcles start moving away from each other, i.e. when

¢ 2 0.

Finally note, that as the lattice deforms, the angles of all rheological
elements in the lattice, and thereby the equations of motions, change
over time. Because the displacements and elongations in the hexagonal
BKYV lattice can be significant these geometrical nonlinearities must be
accounted for. Instead of considering these angles as degrees of free-
dom, which would yield a system of nonlinear equations, we assume
the angles of all rheological elements as constants during each time
step, and update these angles after each time step.

Accounting for the different motion states, the system of equations
of motion for all free particles in the near-field lattice, i.e. all particles
not located at the lattice boundary, may generally be expressed as:

Mfrﬁfr + Cfril + Kfru + Fcr;fr = Fext (43)

Here, M;,, C;, and K;, are respectively the mass, damping and stiffness
matrices for the free particles the lattice, while F,.;, contains all terms
related to the critical friction force in the Bingham elements and F,,,
includes any externally applied forces.

4.2. Properties of the interface and the governing boundary equations

The location of the interface I' between the lattice and the half-plane
is chosen at such a distance from the origin that nonlinearities due to
a load at the origin only occur in the near-field and never occur at
or beyond the interface. The domain in which these nonlinearities can

. . mn _ mn _ _mn mn _ m,n mn m,n mn mn _

stick: e =€ 2 st Cej o T K e Fl;j 0 (39)
. mn _ mn _ gmn mn _ ~mhn mn m,n m,n mn __

slip: eg; =egy, ~fp F; iy Cp g +F j sgn Fy slipj? Fl;j =0 (40)

1 k: m,h — r.n,n _ mn Fm.n - m,n mrl Km om,n Fm,n — Kmﬂn m,n A r.n.n 1

oc¢ Csij € B :0 SiJ Cc s e s’ L:j i\ + d/ (41

Box III.
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Fig. 5. Hexagonal cell configuration for a particle m,n: (a) in the interior of the nonlinear BKV lattice in the near field; (b) at the interface I' between the near

field and the far field.

occur is limited due to energy dissipation and geometrical spreading.
The distance between the origin of the near-field lattice and any particle
at the interface I is bridged by » rheological elements, where n equals
the nodal coordinate of the horizontal segment of the interface. Fig.
4 shows the hexagonal shape of the interface I' that results from
connecting all boundary particles by straight lines. This shape of the
interface may seem evident, but is only possible because of the discrete
nature of the model and the reaction forces existing only at these
boundary particles. As nonlinearities do not occur at the interface, the
BKV elements connected to the interface behave as Kelvin—-Voigt ele-
ments. The stiffness and damping of these BKV elements, respectively,
match the stiffness and damping of the Kelvin-Voigt elements in the
viscoelastic far field.

The hexagons in Fig. 4 illustrate the area that each particle in the
near field represents. Clearly, the particles at the boundary and at the
surface represent a different area as the particles in the interior of the
lattice. Based on the area of the cells of these particles, their relative
masses can straightforwardly be determined. For example, the surface
particles and the particles along the straight segments of the boundary
all have half the mass of an interior particle, while the surface boundary
particles, with nodal coordinates |2N|,0, have a relative mass of 1/6
and the corner boundary particles, with nodal coordinates |N|, N, have
a relative mass of 1/3. In addition, the rheological elements that are
situated in between adjacent boundary particles differ from those in the
interior of the lattice. The corresponding rheological elements represent
only the material behaviour between the boundary particles in the near
field, and not the material behaviour between the same particles of the
far-field. Consequently, any rheological elements at the interface have
half the stiffness and half the damping of the rheological elements in
the interior of the lattice.

To account for the response of the viscoelastic half-plane of particles
at the boundary I, the force-displacement relation, previously given in
the Laplace domain by either Eq. (7) or Eq. (8), must be included in
the equations of motion for the boundary particles. These boundary
equations cannot be obtained in the time domain analytically and
are therefore obtained by numerically applying the inverse Laplace
transform. Because the terms in the dynamic stiffness matrix y(s) in-
crease with frequency, and numerical application of the inverse Laplace
transform requires truncation of the domain of integration, we express
the system of boundary equations using the dynamic compliance matrix
B(s) instead. This yields the system of boundary equations in the
Laplace domain as:

iip + B (s) (Mps?iip + (Cps + K ) it) =0 (44)

Here, My, Cr- and K- are respectively the mass, damping and stiffness
matrices for the particles along the boundary. Applying the inverse

Laplace transform to Eq. (44) then yields:

t
ur + / Bt —7) (Mpir + Cri+ Kpu) (1) dr =0 (45)
0

Here, B(?) is the time domain dynamic compliance matrix, obtained as
the inverse Laplace transform of the dynamic compliance matrix f(s).

To include Eq. (45) in an explicit system of ordinary differential
equations that can be evaluated numerically, we must isolate the
acceleration terms of the boundary particles. To obtain a non-zero
acceleration term at the current time ¢, we differentiate Eq. (45) to time
twice using Leibniz’ rule for differentiation of integrals [30,31]. This
yields the governing system of boundary equations in the time domain
as:

t
i+ B (0) (Mriip + Cru + Kru) +/ B — ) (Mpiip + Crin + Kpu) (1) dz = 0 (46)
0

Here, B(0) is the time-domain admittance matrix at time ¢ = 0 and B(¢)
is the time derivative of the time-domain admittance matrix, or the
second time derivative of the time domain dynamic compliance matrix.
Note here that f(¢) under the convolution integral does not include a
Dirac function.

Together, Egs. (43) and (46) provide the complete governing sys-
tem of equations of motion for the two-dimensional discrete system
depicted in Fig. 4.

4.3. Linear response due to a single-sinus pulse load

This section presents and discusses the response of the BKV system,
depicted in Fig. 4, for the case that nonlinear phenomena do not
occur. Given the boundary formulation that models the far-field as
a viscoelastic system of particles, the resulting system represents a
homogeneous medium and its response is exclusively viscoelastic. To
demonstrate the correctness and accuracy of the presented boundary
method, the response of the BKV system is compared to the response
of a viscoelastic half-plane of particles, computed without employing a
boundary formulation, which should match exactly.

The near-field domain consists of a regular hexagonal BKV-lattice
with a dimension N = 8 as depicted in Fig. 6. The interparticle distance
is £ = 0.2m and the third dimension is arbitrarily chosen as 1 m. The
lattice parameters are chosen such that the half-plane of particles and
the BKV-system both represent a soil with a density p = 2000kg/m’
and a Young’s modulus E = 20 MPa. Assuming plane-strain conditions,
the hexagonal lattice has a fixed Poisson’s ratio v = 1/4, e.g. [32].
Furthermore, the damping ratio is chosen as ¢ = 0.2.

As depicted in Fig. 6, there is a vertical single-sinus pulse load
applied at the origin of the lattice, i.e. at the particle with nodal coordi-
nates 0,0. The sinus has an amplitude £ = 0.1 MN and a dimensionless
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Fig. 6. A regular hexagonal lattice with dimension N = 8.

Fig. 7. (a) Laplace domain pulse load applied at particle 0,0; (b) Laplace domain displacements of particle 0,0 in the discrete half-plane (continuous) and in the

linear BKV-lattice (dashed).

angular frequency Q; = 0.5. Fig. 7a gives the frequency dependency of
the real part, the imaginary part and the absolute value of the single-
sinus pulse load in the Laplace domain for the case that s = i$2, where
Q denotes the dimensionless angular frequency. The resulting vertical
Laplace domain displacement response of particle 0, 0 is depicted in Fig.
7b for both the BKV system and the half-plane of particles. Even though
Figs. 7a and 7b are given for different frequency ranges, it is clear that
the displacement response follows the loading.

Figs. 8a and 8b respectively give the horizontal and vertical Laplace
domain displacements of particle 8,4 for both the BKV system and the
discrete half-plane. Here, note that the location of particle 8,4 is given
in Fig. 6. The continuous lines in Figs. 7b and 8 give the real part,
the imaginary part and the absolute value of the Laplace domain dis-
placements of particles 0,0 and 8, 4 in the half-plane of particles, which
are obtained directly from the Green’s displacements of the particles
in the half-plane of particles. The dashed lines in these figures give
the corresponding Laplace domain displacements for the BKV system.
These displacements were obtained by solving the algebraic system
of Laplace domain equations of motion for the BKV system, which
includes the system of boundary equations according to Eq. (44). From

the comparison of the Laplace domain displacements presented by Figs.
7b and 8, it is evident that both models yield the same displacement
response in the Laplace domain. This confirms that, at least for the
Laplace domain, the BKV system incorporates the behaviour of the
far-field domain correctly.

Fig. 9a and Fig. 9b respectively depict the horizontal and vertical
displacement response of particle 8, 4 for both the half-plane of particles
and the BKV system in the time domain, and for two different solution
methods considered. The continuous red line gives the response for
the discrete half-plane that has been obtained by taking the inverse
Laplace transform of the Laplace domain displacements given in Fig.
8, while the dashed yellow line gives the response of the BKV system
that has been obtained by numerically solving the system of differential
equations in the time domain using the Runge-Kutta method.

Here, note that the magnitude of the displacement response of
particle 8,4 is approximately ten times smaller than the displacement
response of the loaded particle, i.e. particle 0,0. This decline in am-
plitude is attributed to both the viscous damping and the geometric
damping present in the system. At the scale of these graphs, the differ-
ence between the two obtained responses is not distinguishable and the
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Fig. 8. Laplace domain displacements of particle 8,4 in the discrete half-plane (continuous) and the linear BKV-lattice (dashed): (a) horizontal displacements;

(b) vertical displacements.
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Fig. 9. Time domain displacements of particle 8,4 in the discrete half-plane (continuous) and the BKV-lattice (dashed): (a) horizontal displacements; (b) vertical

displacements.

responses thus match well. Furthermore note, that the response for the
BKV system shows no distinguishable reflections from the boundary.

4.4. Nonlinear response due to a single-sinus pulse load

To demonstrate that the presented boundary method also properly
accounts for the behaviour of the far-field domain when nonlinearities
occur in the near field, this section regards the nonlinear response of
the BKV system to an externally applied time-dependent load. This
section will show that, even for a nonlinear response of the near-
field lattice, the proposed boundary formulation, where the far-field
domain is modelled as a half-plane of particles, yields a non-reflective
boundary for the BKV lattice. In Fig. 9, a comparison is given between
the response obtained using a time domain approach, i.e. by solving the
time domain system of ODEs, and the response obtained using a Laplace
domain approach, in this case by first solving the system of equations
of motion algebraically in the Laplace domain and subsequently taking
the inverse Laplace transform. When nonlinearities are accounted for in
the lattice, this Laplace domain approach is no longer available. In this
section, we will therefore use the time domain approach to compare the
response of two matching BKV systems with a near field of different
dimensions, so that the boundaries of these two systems are situated
at different distances from the applied load. Then, if the responses for
both BKV systems match, their boundaries must be non-reflective and,

10

based on that, it can be concluded that the presented boundary method
is correctly applied.

The matching configurations of the two BKV systems with respec-
tively dimensions N = 8 and N = 12 are depicted in Fig. 10. The
BKV lattice with dimension N = 8 is depicted by the black lines and
its geometry is randomized using a Gauss distribution with a mean
interparticle distance # = 0.2 m and a standard deviation #/6. The BKV
lattice with dimension N = 12 is depicted by dark red lines. As the
geometry of both lattices initially match, the BKV elements of the BKV
lattice with dimension N = 8 conceals the BKV elements of the larger
lattice within its own domain. Additionally, note that the geometry
of the BKV lattice with dimension N = 12 has not been randomized
beyond the domain of the BKV lattice with dimension N = 8, because
for the smaller lattice, these particles are part of the half-plane of
particles that has a regular geometry.

Both systems represent the same soil as before with a density p =
2000kg/m?, a Young’s modulus E = 20 MPa, a Poisson’s ratio of v = }t
and a damping ratio ¢ = 0.2. To induce stick—slip behaviour in the BKV
lattice, the critical friction force of the dry friction elements in the BKV
lattice is chosen relative to the amplitude of the sinus in the applied
pulse load as F,,;= 0.4F, while the threshold distance for lock is set
as dyi, = 0.9d,, where d,, is the initial distance between two adjacent
particles. To enhance the probability that nonlinear phenomena occur,
the BKV lattice incorporates a cluster of weak BKV elements, depicted
in Fig. 10 by the red lines, that have a stiffness, a damping and a critical
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Fig. 10. Matching BKV systems with respectively dimensions N =8 and N = 12, with the same cluster of weak BKV elements.
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Fig. 11. Time domain response of the BKV systems with dimensions N = 8 and N = 12 for two different load amplitudes: (a) horizontal displacements of particle

0,0; (b) vertical displacements of particle 0, 0.

friction force that are five times lower than the other BKV elements in
the lattice.

Figs. 11 and 12 give the time domain displacement responses for
the particles with nodal coordinates 0,0 and 8,4, respectively. In each
figure, the displacement responses of the corresponding particles are
compared for the two BKV-systems and for two different load ampli-
tudes of a vertical single-sinus pulse load applied at the origin of the
lattice. The continuous blue line gives the displacement response for
the lattice with dimension N = 8 and a load amplitude £ = 1.0MN,
while the dashed light-blue line gives the corresponding displacement
response for the lattice with dimension N = 12 and the same load
amplitude. Accordingly, the continuous red and the dashed dark-yellow
line respectively give the displacement response for the lattices with
dimension N = 8 and dimension N = 12, both for a load amplitude F =
2.0 MN. From evaluating the displacement responses in Figs. 11 and 12,
we first and foremost observe that, at the scale of the depicted graphs,
the responses of the lattices with dimension N = 8 and dimension N =
12 match exactly for both load amplitudes. Here, note that in all figures,
the response of the lattice with dimension N = 12 is depicted only up
to dimensionless time ¢ = 62.3. The reason for this is that, despite using
sparse matrices, the large amount of degrees of freedom in the system

11

with dimension N = 12 combined with the presence of the convolution
integral in the boundary equation and the small time step required
to obtain an accurate time domain response, caused the computation
to run out of virtual memory and thereby caused the calculations to
stop at the given time moment. From the matching responses, we can
nevertheless conclude that the presented boundary method yields a
non-reflective boundary and thereby correctly represents the far-field.

Next to this, the displacement responses depicted in Figs. 11 and
12 show clear evidence of nonlinear behaviour, as all responses show a
permanent particle displacement after the incident waves have passed.
Comparing the responses for the different particles, it is clear that the
permanent deformations are most severe for the loaded particle, i.e. for
particle 0,0, and in vertical direction. The deformation quickly reduces
as the distance from the origin of the lattice increases. This is also
clearly visible in Fig. 13 that shows the lasting deformation of the two
near-field lattices at the end of the simulations. In total, 18 different
BKV elements experienced one or multiple nonlinear events. In Fig. 13
these BKV elements are highlighted in blue. All these BKV elements
are either close, or directly connected, to the loaded particle, or are
part of the cluster of weak elements in the interior of the lattice. In
total, 50 nonlinear events occurred during the simulation. Of these,
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Fig. 12. Time domain response of the BKV systems with dimensions N = 8 and N = 12 for two different load amplitudes: (a) horizontal displacements of particle

8,4; (b) vertical displacements of particle 8,4.
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Fig. 13. Positioning of all particles and elements in the BKV lattices with dimensions N =8 and N = 12 at the end of the simulations.

there were 19 transitions into lock, 19 lock-to-stick transitions, 6 stick-
to-slip transitions and 6 slip-to-stick transitions. Since the lock-state
only occurs in compression, the motion of the particles in positive
z-direction is impeded, while it is not in negative z-direction. As a
result of this, the permanent deformation of particle 0,0 is directed
upwards in Fig. 13, and has a negative value in Fig. 11b. The fact
that the permanent deformation in vertical direction of particle 0,0
is far more severe than the deformation in horizontal direction is a
logical consequence of the external dynamic load having been applied
vertically. Furthermore, note that the horizontal displacement response
of the vertically loaded particle depicted in Fig. 11a is nonzero only
because the geometry has been randomized and is only as a result of
this is not symmetric in the z-axis. Furthermore, note that the loaded
particle shows an oscillatory horizontal motion, which is likely due
to the incident wave partially reflecting back from the edges of weak
domain, where the lattice properties suddenly change, and partially
reflecting back due to the occurrence of nonlinear events within the
weak cluster of elements. For particle 8,4, located outside and beyond
the domain of weak elements, these oscillatory motions are hardly
observed, which is likely due to the viscous and geometrical damping.

Finally, Fig. 14 shows how the total energy present in the two
near-field lattices changes over time. Here, Fig. 14a compares the total
energy over time in the two lattices with dimensions N 8 and
N = 12 for a single-sinus pulse load where the sinus has an amplitude
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of 1.0MN, while Fig. 14b makes the same comparison, but now for
an amplitude of 2.0 MN. The continuous lines in Fig. 14 both give
the total energy in the BKV lattice with dimension N = 8, while the
dashed lines correspond to the total energy in the BKV lattice with
dimension N = 12. For both load cases, we see that up to dimensionless
time ¢ ~ 16 the total energy over time is equal for both lattices. This
corresponds with the moment in time at which the front of the incident
wave due to the applied pulse load is observed to reach the boundary
of the BKV lattice with dimension N = 8 and is transmitted into the
corresponding far-field domain. At this time however, the front of the
incident wave has not yet perceivably reached the boundary of the
BKV lattice with dimension N = 12 and, as a consequence, the total
energy present inside is no longer the same for both lattices. The time
at which the maximum of the total energy is reached in both lattices
coincides with the end of the applied single-sinus pulse load. From that
moment onwards, the total energy in the system declines due to viscous
damping and the occurrence of nonlinear events, although most of the
nonlinear events occur during the application period of the load. Many
of the waves that reflect from the cluster of weak elements and from
the inhomogeneity induced by nonlinear events, will first travel back
to the lattice surface, before they arrive at the lattice boundary and
transmit their energy into the far-field domain. As depicted in Fig. 12,
it takes quite some time but eventually all the remaining energy fully
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Fig. 14. Total energy present in the BKV lattices during their response, comparing the lattices with dimensions N =8 and N = 12: (a) for a load amplitude of

1.0 MN; (b) for a load amplitude of 2.0 MN.

dissipates from the lattice, either because of viscous damping or due to
the occurence of nonlinear events.

From these findings, we conclude that the presented boundary
method is not only valid for linear viscoelastic systems, but is also valid
when physical and geometrical nonlinearities are accounted for. That
is, as long as the boundary is sufficiently far away from the load so
that both physical and geometrical nonlinearities do not occur at the
boundary.

5. Conclusions

This contribution presents a boundary method for a discrete near-
field domain that correctly accounts for the linear response of the
far-field domain by modelling the far field as a half-plane of particles.
To this purpose, the response of the far-field domain is described by
a Laplace domain force-displacement relation, known as the dynamic
compliance relation, at the boundary of the near field. Novel expres-
sions for the Green’s functions for the displacements and reaction forces
in the half-plane of particles, which the dynamic compliance matrix
consists of, are derived and presented. Furthermore, it is demonstrated
that the linear response of the near-field lattice, which is obtained by
algebraically solving its Laplace domain system of equations of motion
including its boundary relations, matches the response of an equivalent
viscoelastic half-plane of particles exactly.

Additionally, this contribution shows the successful time-domain
application of the presented boundary method to a nonlinear discrete
lattice in the near-field that is able to capture non-smooth dynamic
phenomena in the vicinity of a load source. By matching the material
and the geometrical parameters of the discrete models that represent
the near-field and far-field domains, as well as choosing the boundary
of the near-field domain in the region where nonlinear phenomena
no longer occur, the half-plane of particles provides a non-reflective
boundary for the near-field lattice even when the near field exhibits
non-smooth behaviour. To be able to numerically solve the corre-
sponding system of ordinary differential equations in the time domain,
the boundary equation must be manipulated to include a nonzero
acceleration term at the current time step. Additionally, given the
numerical application of the inverse Laplace transform, the accuracy
of the boundary method depends on the quality of the numerical eval-
uation. And since the time step required to get an accurate time domain
response is relatively small, time domain simulations are computation-
ally heavy. Nevertheless, the presented method provides a consistent
boundary approach for discrete lattices, and provides an alternative to
continuum-based boundary methods for the dynamic response of solid
media.
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As an alternative to a half-plane, the discrete far-field domain may
also be modelled to have a finite domain, for example by introducing
a fixed bottom, resulting in reflected waves entering the near-field
domain. Thereby, the methodology presented is more widely applicable
than approaches solely aimed at suppressing wave reflections and
introducing silent boundaries.
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Appendix. Additional expressions for the reaction forces

The reaction forces given in Egs. (25) to (30), in Section 3.2,
include expressions for (pih,) and (pghf with r = 1.3 that depend on
the cell configuration of the particle at which the reaction forces are
considered, and on the location of that particle compared to the loaded
particle. Fig. 15 shows the seven cell configurations that exist along I'.

In the following, the expressions for q;g'ﬂ and (p(zh,) with r = 1.3 are
listed for all seven cell configurations. To reduce the length of the given

expressions, we introduce the following notations:

& =1+DM/3 = % (cos % + DMiv/3sin %)

p_3 () Kx i . Ky
= | D" cos =— + —=sin — 47
=3 ( 2 T2 47
K. K
5" =1-D"/3 f;=%(cos?x—D(h)i\/§sin?X)
n_ 3 p e Kx _ i o Kx
= | D" cos =— — —=sin — 48
=3 ( 2T (48)
For the left surface particle, these expressions are found as:
i Lie ﬁ-kﬂn
(pi}:;/S = %sz + éK{ (% et 4 i5" - (ié“eJrZ' * +f;'> e ) (49)
L \6 (h)
ix, + =ik, RS
¢$:§§+é&<§—f”+i$—<i$ef +ﬂ>e2‘ ) (50)
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# Cell configuration

1. Left surface particle

2. Particle along the left slope

3 Left corner particle

4. Particle along the horizontal
5. Right corner particle

6. Particle along the right slope
7. Right surface particle

Fig. 15. The seven different cell configurations for the particles along the boundary.

L ﬁ-,(uu
oL, = 55D + 1K, (gp“” - %55"+ <§5"e*z‘ . —f;) et ) (51)
l-,( _ﬁ-,((h)
<Z’:'2)=—%s2D(")—éK¢< D fap (favew‘wf;)e 2 ) (52)

For particles along the left slope, and n; # n;, these expressions read:

(pih;ﬁ 389+ 1K, <3—2e+iﬂ_ 5Pe+z“‘ ‘\/75”‘—( ( 5"e+2"“+f> *ﬁ“w>
(53)
- i (s - o B (1ot ) o)
(54
o), = 1DP 4 LK, <3D‘“’ - gﬁp;%ik‘e_%k;m + <§5“e*%i”‘ - f;’) e+§ikim>
(55)
ol = ;szD"“+éK§< 3p™ + f&" Ei”‘ef\/;ix:m_ (?5"9 2 ‘+f) +\/§ W)
(56)

For particles along the left slope, and n; = n;, these expressions read:

i L V3,
=50+ K¢<1—e+‘”+§5p<1—e*z"‘xe PR >> 7)
i 1 V3.
(pi’%:ész+ékg<1_e+1kx+3_15n< e+21KX + ixy >> 58)
i 1; V3, m
(pih; = %52_,_ éKé <% R %5n_ <}15"e+2”{* +f;) oo ik )
(59
Ly _V3,m
(zhl) = éSZD(h) + éKC\/Tgép <1 L ) ©0)
! V3, 2
(pggz_zsz,)m%,%g&n( e e L > “
1; V3, m
o = 12D 4 i, (%Dw L (Bt ) )
(62)

For particles at the left corner particle, and n; # n;, these expressions
read:

o =" =0 =0 =0 (63)
. Lo V3w ﬁ n
(p(h) 242 KC <4—2cosxx—e“’“+i5p<l ety i > 2fe i
(64)

1. ,ﬁ- (h) ﬁ (h)
Pl =252D" + 1K, (3D““ + @51’ <1 —etaMe >—2f;e* 2 (65)
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For particles at the left corner particle, and n; = n;, these expressions

read:
. L V3w
o) = é52+é’<c<1 —e+‘”*+i5"< —el2e >> (66)
) V3w
o) =124 1k, <1 ety Lan (1 g i >> (67)
ﬁ 0]
(pih; = %s2+ %K§< —cosk, — fye MR > (68)
Lo V3w
Al = b7 D LK <1 AR ) 69)
1. ﬁ (h)
¢i’.’;=—lszD(h)+éK¢$5"<l —e 2t > (70)
\/5 (h)
n _ 1 1 3 +5
o) = 12D + 1K, <§D(") fle > (71)
For particles along the horizontal domain, these expressions read:
h h h h
9 = P =0l =0l =0 72)
V3, m
ol =30+ 1K (% —cosk, = fleT 2 > 73)
V3.
h 3 +—
o) = 12D + 1K, (%D(h) fret > 74

For particles at the right corner particle, and n; # n;, these expressions

read:

= o=t = ot =0 79

(pih; = %sz + éKg <4— 2cos ik, — e 4 i&" <l - e_%i""e_éi”f”m> -2f7 +£i"w>
(76)

_L 7ﬁ.m> ﬁ.mr
o = %sZD““ + %Kg <3D(’” - ?5" <1 —e 2N >—2f;e* 2 77)

For particles at the right corner particle, and »; = n;, these expressions

read:
) L VB

(pih: =124+ 1 Ké <1 —e x4 %6" (1 —e 2MxeT T e )) (78)
) L V3.

o) =1+ 1K, <1 — e 4 1oP <1 PR PR )) (79)

ﬁ (h)
=45 1k (oo - ) 0
L V3w
o = 55D - lK:\/Tg‘S"(l‘e 22 > (81
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Lo VBm
o) = —Lp® -1 Vagr (o7t (82)
\/5. (h)
ol =152 D® + 1K, | 3D — fret 2 (83)

For particles along the right slope, and n; # n;, these expressions read:

1. V3w 1, V3w
y _ 12,1 ik, _ Len mine = (1o —Sike | ik
x:1—23+6K{<3 2e 46e2 e 2 (46()2 +fx>e2
(84)
L. V3w : V3w
W _ 12,1 T e B o I B I L TR
Prn =35 +6K:<3 2e 4692 e 2 (4562 +fx>e 2
(85)
1. V3w 1. V3. m
W _ 12,1 D T B S o e R R
x:3_25+5KC<3 2e 4502 e 2 (45e2 +fx>e2
(86)
1. ﬁ 0] 1. ﬁ 0
(p(h]) = 152D + LK, <3DW + Bgngmat, e (ﬁépeizlk‘ +f") et
z 2 6 4 4 z
87)
1. R 0 1. V3. 0}
h 1 1 3 op =5 ire +5 ikt 3 on 5k — =iz
" =-12D® - Lk, <3D"”—%5Pe PRI +(%5"e P —ff)e 2"
(88)
1 V3w 1 V3w
() _ 1 oapm 4 L ), V3 ik~ (VB ik, n ) ik
@3 =55D +6K§(3D + 5% 2e 2 (46(32 +f7)e 2
(89)

For particles along the right slope, and »; = n;, these expressions read:

1 V3

(h)

ihi = ész + éKC 1—e 4 %5" l—e 2% e 2 (90)
X L. i';‘ (h)
ol =tk (1-e gt [1- 2T 91)
) _L V3.
oy =t i (3o b (e ) 5
(92)
L V3w
o) = 12D — éKC§5" 1—e 22 (93)
_L V3, m
<p(z'2 = —észD(h)— éKc%g(SP 1 —e 2"t s (94)
1. \/5 h)
o) =12pM 1+ 1Kk (D™ + \/Tgép - <\/T§6Pe_5”(x +f;> R
(95)
For the right surface particle, these expressions are found as:
X 1. ﬁ (h)
R R N CLULRR ) L
(96)
. _L V3w
R T n U (LR Y
97)
. _L V3 m
oy =t i (3o o (e )
(98)
1 V3w
(ﬂg,ll = %szD(h) + éKg %D(h) + \/Tgép - <\/T§6pe7§mx + fz"> e+7m; )

(99
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1. \6 (h)
h 1 2n(h 1 3 nh 3 3 -5 ik ———ix,
(P()——gs D()—gKg ED()——{5“+<—{5"e 2 "—ff)e 2

z;2
(100)
_L V3 m
P! = 12DM + 1K | D™ + ?59 - <\/T§5pe PR +f;) 2
(101n)

Data availability

Data will be made available on request.
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