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SUMMARY

The function of a network is generally related to the transport of items over the under-
lying graph. For example, in transportation networks, vehicles, trains, ships and air-
craft deliver passengers and cargo to their destinations, while in telecommunication
networks, IP packets are transmitted to enable data change between devices or users.
To enhance the performance of item transmission in networks, such as reducing latency
in telecommunication networks, we need to deepen the understanding of how a net-
work supports efficient transport between two nodes and how transmission paths can
be determined. Another important research topic concerns the design or construction
of networks to meet users’ evolving demands, either by developing new networks from
scratch or by modifying existing ones. In this dissertation, the analysis and design of
networks for item transmission are considered in three distinct areas.

We first explore the item transmission in networks where the item travels along a sin-
gle path, usually the shortest path in most practical scenarios. In Chapter 2, we focus on
the geometric properties of shortest paths in soft random geometric graphs (SRGGs) in
2-dimensional Euclidean space. We demonstrate that shortest paths are aligned along
geodesic curves connecting shortest path endpoints. To quantify the strength of the
alignment, we introduce two metrics: the average distance to the geodesic from shortest
path nodes and the average path stretch. Both metrics decrease in larger SRGGs with
short-range connections. Additionally, we find that the alignment strength is nonmono-
tonic with respect to the average degree of the SRGG and identify network properties
maximizing shortest path alignment. Based on these observations, we establish that the
alignment of shortest paths may be sufficiently strong to allow the identification of short-
est path nodes based on their proximity to geodesic curves. Extensive simulations con-
firm that our geometric-based approach predicts shortest path nodes even when node
positions in the latent space are not precisely known.

The second part of this dissertation investigates inverse problems of the shortest
paths. Given predetermined demands on the shortest path weight, such as upper bounds
on delay between nodes in telecommunication networks, we focus on how to dimension
the network, both topology and link weights, so that transport along the shortest path
between any pair of nodes satisfies the given demands. Chapter 3 introduces the inverse
all shortest path problem (IASPP), which asks for a weighted adjacency matrix of a graph
such that all the elements in the corresponding shortest path weight matrix do not ex-
ceed those of the given demand matrix. We propose the Descending Order Recovery
(DOR) algorithm, which exactly solves the IASPP. The network provided by DOR mini-
mized the number of links and the sum of link weights across all networks with the same
shortest path weight matrix. As a complement to DOR, a second algorithm, Omega-
based Link Removal (OLR), leverages effective resistance to solve the IASPP. Chapter 4
further extends IASPP to the modification of existing networks under changing trans-
mission requirements. Inspired by practical scenarios, we study two extensions of IASPP.

Xi



Xii SUMMARY

The first develops a new graph whose shortest path weight matrix equals a predeter-
mined demand matrix while minimizing the total change in link weights from the origi-
nal graph and an exact approach is proposed. The second variant considers a more con-
strained scenario in which the graph topology remains unchanged. We propose an algo-
rithm, “distance basis sum” (DBS), for tree topologies commonly found in domains such
as telecommunications and industrial networks. Compared with classical approaches,
DBS can improve computational efficiency while constructing a graph close to the opti-
mal solution.

In the third part of the dissertation, we investigate item transmission in networks
where items propagate along multiple paths between two nodes. In Chapter 5, we study
the expected number of nodes and links involved in transferring items between the source
and destination in random graphs. Then, we investigate the power dissipation asso-
ciated with transportation at link level. Further, we address how to construct a net-
work given a predetermined end-to-end power dissipation, which reduces to the “in-
verse effective resistance problem” of finding a network whose effective resistance ma-
trix matches a given demand. We propose a heuristic algorithm, “Resistor Gap Pruning”
(RGP), which provides sparse networks closely approximating the demand effective re-
sistance and performs consistently across different demand scenarios.



SAMENVATTING

De functie van een netwerk is doorgaans gerelateerd aan het transport van objecten over
de onderliggende graaf. Zo leveren in transportnetwerken voertuigen, treinen, schepen
en vliegtuigen passagiers en geoderen af op hun bestemmingen, terwijl in telecommuni-
catienetwerken IP-pakketten worden verzonden om gegevensuitwisseling tussen appa-
raten of gebruikers mogelijk te maken. Om de uitvoering van het transport van objecten
in netwerken te verbeteren, bijvoorbeeld door de latentie in telecommunicatienetwerken
te verminderen, is het noodzakelijk beter te begrgpen hoe een netwerk efficiént trans-
port tussen twee knopen ondersteunt en hoe transmissiepaden kunnen worden bepaald.
Een ander belangrijk onderzoeksgebied betreft het ontwerpen of bouwen van netwerken
om te voldoen aan de veranderende eisen van gebruikers, hetzij door het ontwikkelen
van nieuwe netwerken vanaf nul, hetzij door het aanpassen van bestaande netwerken.
In dit proefschrift worden de analyse en het ontwerp van netwerken voor het transport
van objecten onderzocht binnen drie afzonderlijke gebieden.

In het eerste deel bestuderen we het transport van objecten in netwerken waarbij
het object zich langs één enkel pad verplaatst, doorgaans het kortste pad. In Hoofd-
stuk 2 richten we ons op de geometrische eigenschappen soft random geometric graphs,
SRGG’s in een tweedimensionale Euclidische ruimte. Op basis van deze waarnemin-
gen voorspellen we de knooppunten van het kortste pad op basis van hun nabijheid tot
geodetische krommen. Daarnaast stellen we vast dat de uitlijningssterkte niet-monotoon
is ten opzichte van de gemiddelde graad van de SRGG en identificeren we netwerkeigen-
schappen die de uitlijning van kortste paden maximaliseren. Op basis van deze waarne-
mingen concluderen we dat de uitlijning van kortste paden voldoende sterk kan zijn om
knopen op het kortste pad te identificeren op basis van hun nabijheid tot geodetische
krommen.

Uitgebreide simulaties bevestigen dat onze geometrisch gebaseerde benadering knopen
op het kortste pad kan voorspellen, zelfs wanneer de knoopposities in de latente ruimte
niet exact bekend zijn.

Het tweede deel van dit proefschrift onderzoekt inverse problemen van kortste paden.
Gegeven vooraf vastgestelde eisen aan het gewicht van het kortste pad, zoals boven-
grenzen aan vertraging tussen knopen in telecommunicatienetwerken, richten we ons
op de vraag hoe het netwerk — zowel de topologie als de booggewichten — kan wor-
den gedimensioneerd zodat het transport langs het kortste pad tussen elk knooppaar
aan de gestelde eisen voldoet. Hoofdstuk 3 introduceert het inverse all shortest path
problem (IASPP), waarin wordt gevraagd om een gewogen bogenmatrix van een graaf
zodanig dat alle elementen in de bijbehorende matrix van kortste-padgewichten niet
groter zijn dan die van een gegeven demand matrix. We stellen het Descending Or-
der Recovery (DOR)-algoritme voor, dat het IASPP exact oplost. Het door DOR verkre-
gen netwerk minimaliseert het aantal verbindingen en de som van de booggewichten
onder alle netwerken met dezelfde kortste-padgewichtmatrix. Als aanvulling op DOR

xiii
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maakt een tweede algoritme, Omega-based boog Removal (OLR), gebruik van effectieve
weerstand om het IASPP op te lossen. Hoofdstuk 4 breidt het IASPP verder uit naar
de aanpassing van bestaande netwerken onder veranderende transmissie-eisen. Gein-
spireerd door praktische scenario’s bestuderen we twee varianten. De eerste ontwikkelt
een nieuw netwerk waarvan de kortste-padges gelijk is aan een vooraf bepaalde demand
matrix, terwijl de totale verandering in booggewichten ten opzichte van het oorspronke-
lijke netwerk wordt geminimaliseerd; hiervoor wordt een exacte aanpak voorgesteld. De
tweede variant beschouwt een meer beperkend scenario waarin de netwerktopologie
onveranderd blijft. We stellen een algoritme voor, “distance basis sum” (DBS), dat wordt
toegepast op boomtopologieén die veel voorkomen in domeinen zoals telecommunicatie-
en industriéle netwerken. Vergeleken met klassieke benaderingen kan DBS de compu-
tationele efficiéntie verbeteren terwijl een netwerk wordt geconstrueerd dat dicht bij de
optimale oplossing ligt.

In het derde deel van het proefschrift onderzoeken we het transport van objecten
in netwerken waarbij objecten zich langs meerdere paden tussen twee knopen voort-
planten. In Hoofdstuk 5 bestuderen we het verwachte aantal knopen en verbindingen
dat betrokken is bij het transport van objecten tussen bron en bestemming in willekeurige
netwerken. Vervolgens onderzoeken we het vermogensverlies dat gepaard gaat met trans-
port op boogniveau. Daarnaast behandelen we de vraag hoe een netwerk kan wor-
den geconstrueerd gegeven een vooraf bepaalde end-to-end vermogensdissipatie, wat
kan worden gereduceerd tot het “inverse effectieve-weerstandsprobleem”, waarin wordt
gevraagd om een netwerk waarvan de effectieve-weerstandsmatrix overeenkomt met
een gegeven vraag. We stellen een heuristisch algoritme voor, “Resistor Gap Pruning”
(RGP), dat spaarzame netwerken oplevert die de gevraagde effectieve weerstand nauw
benaderen en consistent presteren over verschillende vraagscenario’s.



INTRODUCTION

Life is riding a bicycle.
To keep your balance,
you must keep moving.

Albert Einstein

1.1. COMPLEX NETWORK AND ITEM TRANSMISSION

Complex networks[1, 2] are ubiquitous in both natural (biological network, molecular
interaction network, seismic network, etc.) and artificial systems, such as transporta-
tion, telecommunication, power grids, etc. Typically, a network is characterized by the
topology of the underlying graph and the functional process of the network [3, 4], while
the function of a network is generally related to the transport of items over the underlying
graph[5, 6]. Depending on the type of transported items, a network can be classified|7,
8] as either a “path network” in which packets (e.g., IP packets, vehicles) are propagated,
or a “flow network”, e.g., electrical networks, gas networks, water networks, etc., in which
the transported item is a flow.

To enhance the performance of item transmission in networks, one important re-
search direction is to deepen the understanding of how a network supports an efficient
transport between two nodes and how the transmission paths can be determined. A
complementary direction focuses on the inverse problem: how to design or construct
networks, either by developing a new one from scratch or by modifying existing net-
works, to satisfy the evolving demands on item transmission. In this dissertation, we
provide a comprehensive study that encompasses both the analysis of item transmis-
sion in networks and the network construction given demands, considering both path
networks and flow networks.



2 1. INTRODUCTION

1.2. PATH NETWORK AND SHORTEST PATH

In a path network, the transport of items between two nodes i and j travels along a single
path, defined as an ordered sequence of distinct nodes to traverse from node i and j. In
most practical scenarios, such as vehicle routing in transportation networks or the well-
known Open Shortest Path First (OSPF) protocol [4, 9] in communication networks, the
transport typically follows the the shortest path, which minimizes the sum of link weights
along the path.

The shortest path has been extensively studied in the literature due to its relevance
to numerous real problems in routing [10, 11, 12, 13, 14, 15], transportation [16, 17, 18,
19, 20], spreading processes [21, 22, 23, 24, 25] and search [26, 27]. If the network of
interest is simple', fully observable and does not have negative link weights, a large array
of methods exists that allow solving the shortest path problem in polynomial time [28,
29, 30]. However, finding shortest paths in incomplete networks remains a challenging
problem [26].

Compared with the extensive study on the shortest path problem, the research on
the inverse direction, i.e., developing a network with given shortest paths and shortest
path or shortest path weights, is relatively insufficient. A related challenge, termed the
inverse shortest path problem has garnered attention in prior studies [31, 32, 33, 34, 35,
36]. The inverse shortest path problem focuses on obtaining networks where the prede-
termined paths can become the shortest paths. Another related formulation, known as
the Inverse all shortest path problem [7, 37, 38, 39, 40], considers the network construc-
tion problem such that the corresponding shortest path weights in the resulting network
satisfy predetermined demands.

1.3. FLOW NETWORK AND EFFECTIVE RESISTANCE

In flow networks, the item, such as current or water, propagates proportionally over all
possible paths from the source node to the destination. Besides the cases where the
item is flow, the investigation on flow networks also benefits many practical scenarios in
which the transported item is a packet but can not be adequately described by the short-
est path alone [41, 42, 43, 44]. For example, next-generation 6G communication systems
aim to enable information be divided into smaller units and transmitted simultaneously
over diverse and integrated paths, including satellite, fiber-optic and wireless links, to
maximize coverage, reliability and transmission efficiency [45, 46]. Other examples in-
clude the epidemic spreading, where infections can propagate through all available con-
nections. Similarly, the propagation of news or rumors in a social network, which gen-
erally does not follow the shortest path from a source node to the destination [42] but
rather resembles a random walk process. In this dissertation, we will focus on the flow
network using the current-flow analogy. Items are transferred following the principle of
current flow through an electrical network, where links are resistors and nodes are junc-
tions between the resistors.

One crucial topological characteristic of the flow networks is the effective resistance [6,
47, 48], which was originally defined for resistive electrical circuits as the potential (volt-
age) measured (resistance = voltage/current) between a pair of nodes (i, j) in the circuit,

1A simple graph has no multiple links between a same pair of nodes and also no self-loops



1.4. DOCUMENT STRUCTURE 3

when a unit current is forced between these two nodes [49]. As a metric [6, 49] on a graph,
the effective resistance provides a natural notation of distance between two nodes: a
high resistance (potential difference) indicates that the two nodes are far away, while
low resistance between nodes means that the nodes are closely connected [44]. As a re-
sult, smaller effective resistance values correspond to more efficient item transmission
in flow networks. The effective resistance also specifies how power is dissipated over the
entire network as the current flows between the source node and the destination. Ge-
ometrically, the elements in the effective resistance matrix equal the squared distances
between vertices in the simplex of the graph [50]. Indeed, the effective resistance is a
generalization[6] of the classical series and parallel formulas for the resistance to any
graph configuration and has been extensively applied in numerous complex network
problems, such as random walk [42, 51, 52], network sparsification [53, 54], robustness
measures [6, 48], chemical graph theory [55, 56], etc.

1.4. DOCUMENT STRUCTURE
This dissertation focuses on the analysis and design of networks for item transmission.
The dissertation consists of three parts, which are further divided into chapters.

I. Analysis and Inference of Shortest Path Nodes in SRGGs The first part focuses
on item transmission along the shortest paths. Chapter 2 analyzes the geometric
organization of shortest-path nodes in soft random geometric graphs (SRGGs) em-
bedded in two-dimensional Euclidean space and shows that shortest paths align
closely with geodesic curves connecting their endpoints. The geometric alignment
is then exploited to identify shortest-path nodes, even when node positions in the
latent space are uncertain.

II. Design of Networks Given Demands on Shortest Path Weights The second part
addresses several network design problems: given demands on shortest path weights
(and possibly network topology), how to design or construct a network to sat-
isfy those demands. Chapter 3 introduces the inverse all shortest path problem
(IASPP), which asks for a weighted adjacency matrix of a graph such that all the
elements in the corresponding shortest path weight matrix do not exceed those of
the given demand matrix. Two algorithms are proposed —one based on the struc-
ture of the shortest path and the other on effective resistance. We also provide a
discussion on how perturbations in the effective resistance matrix affect the cor-
responding weighted adjacency matrix, potentially yielding negative link weights.

Chapter 4 extends IASPP to the modification of existing networks under changing
transmission requirements. The first variant, IASPP that minimizes the adjust-
ment of the sum of link weights (IASPP),), constructs a new network that meets
updated demands while minimizing total link weight changes. The second vari-
ant, IASPP with fixed adjacency matrix (IASPPf), addresses cases where the net-
work topology remains unchanged, with a specific solution developed for tree net-
works commonly found in telecommunication and industrial systems.

III. Item Transmission in Flow Networks and Flow Network Design The third part,
presented in Chapter 5, studies item transmission in flow networks based on the
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current-flow analogy, where items propagate proportionally over all available paths.
We develop a framework to compute the expected number of nodes and links in-
volved in transmission and analyze the power dissipation associated with the item
transportation at link level. Finally, we propose a novel Inverse Effective Resistance
Problem, which seeks a flow network whose effective resistance matrix satisfies
prescribed power dissipation demands. A heuristic algorithm is introduced to gen-
erate sparse networks that closely approximate the effective resistance demand
across diverse scenarios.

Finally, the contribution of this dissertation is summarized in Chapter 6.



GEOMETRIC ORGANIZATION AND
INFERENCE OF SHORTEST PATH
NODES IN SOFT RANDOM
GEOMETRIC GRAPHS

The shortest path problem is related to many dynamic processes on networks, ranging
[from routing in communication networks to signaling in molecular interaction networks.
When the network is only partially observable, solving the shortest path problem becomes
nontrivial. Inspired by the shortest path problem in partially observable networks, we in-
vestigate the geometric properties of shortest paths in Euclidean Soft Random Geometric
Graphs (SRGGs). We find that shortest paths are aligned along geodesic curves connect-
ing shortest path endpoints. The strength of the shortest path alignment, as quantified
by the average distance to geodesic from shortest path nodes and the average path stretch,
is smaller for larger SRGGs with short-range connections. In addition, we find that the
strength of the shortest path alignment is nonmonotonic with respect to the average de-
gree of the SRGG and identify network properties maximizing shortest path alignment.
Based on these observations, we establish that the alignment of shortest paths may be suf-
ficiently strong to allow the identification of shortest path nodes based on their proxim-
ity to geodesic curves. Further, we find that the accuracy of geometric path finding, as
quantified by precision scores, may exceed that of the network-based Dijkstra algorithm
in situations where node positions in the latent space are not precisely known.

This chapter is based on a manuscript that is currently under review [57].



6 2. GEOMETRIC ORGANIZATION AND INFERENCE OF SHORTEST PATH NODES IN SRGGS

2.1. INTRODUCTION

The shortest path 97’1.*]. from a node i to anode j in a network G is an ordered sequence of
distinct nodes to traverse from i to j, such that the sum of the link weights along the path
is minimized. In this work, we consider unweighted undirected networks. In unweighted
networks, the minimization of the sum of the link weights reduces to the minimization of
the number of links, i.e., the hopcount. Further, in undirected networks, shortest paths
are symmetric: ,@l.*j = e@;‘i.

The shortest path has been extensively studied in the literature due to its relevance
to a large array of real problems in routing [10, 11, 12, 13, 14, 15], transportation [16, 17,
18, 19, 20], spreading processes [21, 22, 23, 24, 25] and search [26, 27]. If the network
of interest is simple, fully observable and without negative link weights, a large array of
methods exists that allow solving the shortest path problem in polynomial time [28, 29,
30]. These conventional methods are guaranteed to solve the shortest path problem pre-
cisely, provided the entire network is fully observable. This assumption is, unfortunately,
not met in many large networks. Indeed, large-scale social, technological, and biological
networks are often substantially incomplete: the numbers of correctly mapped nodes
and links in them tend to be smaller than those of unknown links and nodes [58, 59, 60].

The accuracy of conventional methods quickly decreases as the number of miss-
ing network components increases [26], due to the extreme sensitivity of shortest paths:
even a single missing (false negative) or a spurious (false positive) link may change the
path entirely. The conventional shortest-path methods, including the popular Dijkstra [28,
29] and Bellman-Ford algorithms [28, 30, 61, 62] algorithms rely on the iterative explo-
ration of network topology and are very likely to fail if some of the links or nodes are not
known [26].

A recent work proposed a novel method for finding shortest and nearly shortest path
nodes, making use of their geometric alignment in hyperbolic embeddings of these net-
works: shortest path nodes are likely found in the geometric vicinity of geodesic curves
connecting shortest path end points [26]. The caveat of the method is that it is limited
to networks whose organization is consistent with hyperbolic geometry. It is now un-
derstood that large sparse networks characterized by strong clustering coefficient and
scale-free degree distributions may be accurately embedded into hyperbolic spaces [63,
64, 65, 66], i.e., spaces with constant negative curvature. Node coordinates obtained as
a result of hyperbolic embeddings allow one to draw a geodesic curve y (A4, B) between
any two points A and B and to find distance d(C,y(4, B)) from any other point C to
Y(A, B). Kitsak et al. [26] have demonstrated that hyperbolic embeddings can be used to
find shortest paths even in extremely incomplete networks, with as few as 10% of net-
work links present, leading to promising applications in Biomedicine and communica-
tion networks.

In our work, we ask if shortest paths in Euclidean geometric networks are sufficiently
aligned and identifiable with geometric methods. On the one hand, our work is fueled by
earlier findings in Euclidean random geometric graphs demonstrating a certain degree
of alignment of shortest paths [67, 68, 69, 70, 71]. On the other hand, our work is inspired
by the observation that many networks of interest are embedded into Euclidean spaces.
Indeed, nodes of wireless communication networks are base stations placed in various
geographic areas and the quality of communication between any two base stations de-
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pends on the Euclidean geographic distance between them [72, 73, 74, 75, 76]. Another
example is transportation networks, where nodes are intersections and road segments
connecting them are links [77, 78]. Finally, of relevance to this study are critical infras-
tructure networks, e.g., power grids consisting of power stations connected with trans-
mission lines [79, 80]. In all these networks, nodes are characterized by their geographic
positions and links are typically connecting nearby nodes.

We conduct our studies in the context of the Soft Random Geometric Graph [67, 81,
82], which can be regarded as a special case of the Geometric Inhomogeneous Random
Graph (GIRG) model [83, 84]. We find that in SRGGs shortest paths nodes tend to be sig-
nificantly close to geodesic curves connecting path endpoints than expected by chance.
In other words, we establish that shortest paths are geometrically aligned along geodesic
curves. These alignments exhibit non-trivial behavior as a function of graph properties
such as the average degree and the clustering coefficient. We find that under optimal
conditions, the alignment of shortest paths allows one to find them using node coor-
dinates in the latent space. Further, we demonstrate that the geometric path-finding
methods have a competitive advantage over conventional path-finding methods in situ-
ations when network topology is not completely observable.

The rest of our work is organized as follows. We dedicate Section 2.2 to the prob-
lem formation. Here we define Soft Random Geometric Graphs (SRGG), to study the
geometric alignment of shortest paths. In this section, we also define the distance to
the geodesic method for finding shortest path nodes and path finding accuracy metrics.
In Section 2.3.1, we study the alignment of shortest paths in Soft Random Geometric
Graphs as a function of their parameters. Relying on the results of Section 2.3.1, we
examine the problem of the identification of shortest path nodes in Section 2.3.2. We
conclude our work with the discussion and outlook in Section 2.4.

2.2. METHODS

2.2.1. RANDOM GEOMETRIC GRAPH (RGG) AND SOFT RANDOM GEOMET-
RIC GRAPH (SRGG)
A random geometric graph (RGG) [85, 86] is an undirected graph constructed by ran-
domly placing N nodes into a metric space .4 and connecting any two nodes i and j
if the distance d;; between them is less than a certain radius r. In our work, we con-
sider RGGs built in a 2-dimensional unit square, where N nodes are placed uniformly at
random. If the connection radius r « 1, the link density in the RGG with L links,
L 2
PRGG = 7—— = TI7, 2.1
Lmax

where Lyax = %N(N— 1), see, e.g., [87].

Thus, ignoring boundary effects, the probability that a node i has exactly k connec-
tions is

N-1 k-
Pr[Di=k]=( r )(PRGG)k(l—PRGG)N =y (2.2)

and the expected degree of a node is

E[D;] = (N-1prce, 2.3)
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where prgg is the link density given by Eq. (2.1).

A soft random geometric graph (SRGG) can be regarded as a generalization of the
random geometric graph in which links are established independently with probabilities
that are functions of distances between the nodes in .#. An SRGG can be generated as
follows:

1. Sprinkle N nodes with probability density function (pdf) p(x) into latent space ..
2. Calculate the distances d_4 (i j) between each (i, j) node pair.

3. Connect each (i, j) node pair independently with probability p;;, which is a func-
tion of distances d_4 (i j) between nodes i and j, p;;j = f (d.« (i ).

While, in principle, f: R* — [0,1] can be any function, f is often selected to be a de-
creasing function to model networks where connections over short distances are prefer-
able. One common choice for f is

n
flad) = ﬁef(%) , (2.4)

where g € (0,1], dy > 0, and 1 > 0 are tunable parameters. In particular, the n = 1 case is
known as the Waxman graph model [86, 88], and n = oo case reduces the SRGG model to
the RGG. The choice of 1 € [2,6.5] corresponds to the Rayleigh fading connection func-
tion [73, 89] used to model radio signal’s amplitude and phase fluctuations in multipath
environments.

In this work, we study SRGGs with a different connection probability function, which
is inspired by the Fermi-Dirac statistics:

1
1+ (dio)ﬁ

fld)= (2.5)

where dp > 0 and § > 0 are again parameters tuning topological properties of resulting
graphs. The SRGG model is closely related to the SP heterogeneous graph model [90] if
node hidden variables in S” are constant, and is also closely related to the Geometric
Inhomogeneous Random Graph (GIRG) model [91].

An SRGG model with assigned node coordinates can be regarded as a system with
quantum states with energy levels ¢; ; are functions of distances d; ; between nodes [90].
Links in the SRGG can, therefore, be regarded as fermions occupying corresponding
quantum states, at most one fermion per state [90]. Parameter § then corresponds to
the inverse temperature = % At low temperatures (high f values) only quantum states
with the lowest energy levels are occupied, i.e., only short-distance connections are pos-
sible. Higher temperatures (low §§ values), on the other hand, allow the occupation of
higher energy states, which correspond to longer distance connections in the SRGG. Fol-
lowing this analogy, we refer to § as the inverse temperature parameter throughout the
text.

We consider the case of SRGGs built on a unit square, with uniform node density,

p(x) = 1. Ignoring the boundary effects, one can establish that the expected degree of
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(a) Clustering coefficient vs. inverse temperature (b) Real average degree vs. input expected degree

Figure 2.1: (a) shows an example of how the clustering coefficient changes with the input inverse
temperature in SRGGs. (b) shows an example of how the real average degree changes with the
input expected degree in SRGGs. The x-axis is the input expected degree, while the y-axis is the
real average degree.

the SRGG model is given by

cN dg
EIDI=E[D{]~ ——, (2.6)
Bsin b

when f > 2, and the proportionality coefficient ¢ > 0, arizing due to finite size effects, can
be tuned numerically. Eq. (2.6) indicates that parameter dy can be used to tune the ex-
pected degree of SRGG graphs. Indeed, greater d values effectively rescale distances in
the SRGG, allowing nodes to connect to other nodes over larger distances. Eq. (2.6) holds
well for small and moderate expected degree values, Fig. 2.1(b). For large expected de-
gree values, the boundaries of the unit square become non-negligible, making Eq. (2.6)
less precise. As aresult, in the paper we carefully distinguish the theoretical expected de-
gree E[D] of the SRGG model, from the realized average degree (D) of the SRGG, which

we measure as (D) =2L/N.

While inverse temperature 3 also affects the average degree, it plays a far more im-
portant role by tuning the effective range of connections. When S is large connections
are mostly limited to distances d < dy. Smaller § values increase the probability of con-
nections at larger distances. As a result, § allows one to tune the average clustering coef-
ficient in SRGGs, see Fig. 2.1(a).

In our work, we parametrize SRGGs by the inverse temperature parameter 8 and ex-
pected degree E[D]. To generate an SRGG with desired parameters § and E[D], we use
Eq. (2.6) to determine parameter dy,. We then use parameters dy and f to determine
connection probabilities for all node pairs in the network.

2.2.2. ALIGNMENT OF SHORTEST PATHS ALONG GEODESIC CURVES
A geodesic y (i, j) is the shortest length curve connecting points i and j in space .#. The
length of the geodesic y(i, j) is the distance d;; between points i and j. In the case of
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Euclidean space, the geodesic y(i, j) is a straight line between 7 and j, while the distance
d;; represents the corresponding Euclidean distance.

The distance d(q,y(i, j)) from a point g to the geodesic y(i, j) is the distance from
point g to point x € y(i, j) on the geodesic, such that distance d(g, x) is minimized.

st.  xey(i,]). (2.8)

In Euclidean spaces, the distance from the point to a geodesic d(q,y(i, j)) is the
length of the perpendicular line segment from ¢ to the geodesic line y (i, j).

The hopcount h;; of a path from a node i to a node j is the number of links of that
path from node i to node j. Further, we define the path stretch S;; as the total geometric
distance accumulated along the path 97’;‘].:

SijE Z dl (29)
lez};

where d; is the Euclidean distance between the two end nodes of link /. Fig. 2.2 (a) de-
picts an example of a shortest path, a geodesic, the distance from a node on the path to
the geodesic, and the shortest path stretch in an SRGG.

In an unweighted SRGG, there can be more than one shortest path 2?;; between a
node pair (i, j). The set WP;j of all nodes constituting shortest paths between i and j are
called “shortest path nodes”, and |Wpl’f]_ | is the cardinality, i.e., the number of elements in
the set.

We quantify the alignment of shortest paths along geodesic curves with two methods.
The first method is to compare distances from shortest path nodes to the geodesic with
those from randomly selected nodes. The second method is to compute the shortest
path stretch, i.e., the distance accumulated along shortest path links. The smaller the
stretch the stronger the alignment, Fig. 2.2(a).

To assess the extent of the geometric alignment of shortest path nodes in SRGGs with
given parameters, we design the following experiments:

1. Generate an SRGG with the network size N, the expected degree E[D] and the in-
verse temperature parameter 8. We then select a number of node pairs at random.

2. For each node pair (i, j), we obtain all shortest path nodes ng*j .

3. Find the geodesic curve y;; connecting node i and j.

4. Compute the distance to geodesic d(q,y (i, j)) for all shortest path nodes g € Wgai*j

except for node i and j. Record the average, maximum and minimum distance for
all shortest path nodes.

5. Randomly select m = |ngl_*j | — 2 nodes from the graph and compute the distance
to the geodesic for each node.
6. If there is a single shortest path connecting i and j, compute its stretch. If there

are multiple shortest paths connecting i and j, select one shortest path at random
and compute its stretch.
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2.2.3. PREDICTING SHORTEST PATH NODES USING DISTANCE TO GEODESIC

Kitsak et al. [26] proposed a method to infer shortest path nodes by measuring node
proximities to geodesic curves connecting shortest path endpoints in hyperbolic em-
beddings of networks. We extend this approach to Euclidean SRGGs. We refer to this
method as the “distance to the geodesic”.

To infer shortest path nodes connecting nodes i and j of an SRGG in latent space
A, we first find the geodesic y (i, j) connecting the nodes in .#. Then, for each network
node ¢q excluding i and j, we find the distance to the geodesic d (q,y(i, j)), and rank
all network nodes in increasing order of distance to the geodesic. The closest to the
geodesic nodes are then viewed as likely candidates for the shortest path nodes.

As a reference for comparison, we also infer shortest path nodes by first reconstruct-
ing network links and then identifying shortest path nodes using the Dijkstra algorithm.
We consider two reconstruction strategies, denoted as SRGG + net and RGG + net.

In the SRGG + net experiment, we use known parameters $ and E[D] and node co-
ordinates {x;} and {y;} to rebuild 10° random graph instances G, ¢ = 1,...,10°. For each
instance ¢, we find the set of shortest path nodes Wgai*j([) using the Dijkstra algorithm
on graph G,. As a result, shortest path node candidates are nodes that appear most fre-
quently in all ng*j (o) sets.

The RGG+net experiment is a special case of the SRGG+net experiment when = co.
Since f = oo case corresponds to connecting nodes to geometrically closest nodes, the
network reconstruction procedure is equivalent to the reconstruction of random geo-
metric graphs, explaining the name of the experiment. For a specific network size N,
expected degree E[D] and node coordinates {x;} and {y;}, there exists a unique RGG re-
alization. Hence, the RGG experiment reconstructs only one graph G. All shortest path
nodes Wg+ in graph G are predicted as shortest path node candidates by our RGG strat-
egy. Y

To evaluate the accuracy of our geometry-based method, we use the statistical preci-
sion metric [92, 93]. Our evaluation procedure can be summarized as follows:

1. Generate an SRGG G with required parameters N, E[D] and S. Select a number of
node pairs in G uniformly at random.

2. For each (i, j) node pair, we find all the shortest path nodes ng*j . Nodes in ng*j
are regarded as ground-truth set.

3. Obtain the geodesic y(i, j) and compute the distance to the geodesic d(q,v(i, j))
for all nodes, excluding nodes 7 and j.

4. Determine the set of . nodes with the smallest distance to geodesic values, such
that || = [Wg= |.
L)

5. Compute the Precision = [.# W(@;} [/]Z].
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2.3. RESULTS

2.3.1. QUANTIFYING THE ALIGNMENT OF SHORTEST PATHS ALONG GEODESIC
CURVES IN SRGG MODELS

We begin our work with the analysis of the alignment of shortest paths along geodesic
curves in Soft Random Geometric Graphs (SRGGs). We generate an instance of a soft
random geometric graph (SRGG) of N = 10* nodes, connected with Fermi-Dirac con-
nection probabilities given by Eq. (2.5) with inverse temperature § = 4, and parameter
dyp corresponding to the expected degree of E[D] = 5. Fig. 2.2(b) depicts the distribu-
tions of the maximum, the minimum, and the average distance to geodesic from short-
est path nodes for 10 randomly selected path endpoints within the SRGG, indicating
that all three measures are substantially smaller than expected by chance. Our observa-
tion is not specific to the choice of SRGG parameters. We observe similar shortest path
alignment properties in SRGGs with different parameters, Fig. A.1, and the same pattern
persists when different link connection probability functions are used, Fig. A.4.

,8=8, E[D]=15,(D) =115 3 =10% B= =
o .,oﬁ.;vshortest path p;; — 102%‘\ N =10%, B 4, E[D]=5
[ REAY 3 > 1. ' Ave
shortest path stretch < 104N
S = diomn + dypon + e = OE ! N Max
g 1009 ° ' Min
N —17
S1077 \ === Ran
) il
. 10724 |
4 distance to geodesic 35 % \
d(m,y(i, /) 10™ - ' " "
geodesic y(i, ) 0.0 0.2 0.4 0.6 0.8 1.0
X
(a) Toy example of an SRGG (b) Distribution of distance to geodesic

Figure 2.2: (a) A toy example of a geodesic, distance from a node to the geodesic and a shortest
path (highlighted by green) with the corresponding shortest path stretch indicated by the black
dashed line along the green path. Henceforth, all experiments are performed for SRGGs of N = 104
nodes, the expected degree E[D] = 5 and inverse temperature = 4. (b) The distribution of the
average (ave), maximum (max) and minimum (min) distances between shortest path nodes and
geodesics connecting shortest path endpoints. We compare the resulting distributions to (ran)
those between randomly chosen nodes and the geodesic. Within an SRGG G, we randomly select
108 shortest path endpoint pairs and for each (i, j) pair, we find shortest path set 9‘;}., geodesic
y(i, j). For shortest path nodes in Q’i*j, we compute the minimum (Min), maximum (Max) and
average (Ave) distance to the geodesic. In addition, for each shortest path set ‘@i*j' we created a

random set gz’l.r;?nd of the same cardinality containing randomly selected nodes. Using g’l.r;.‘nd, we
computed average distances to the geodesic (Ran).

After establishing that shortest path nodes are closer to geodesics than expected by
chance, we next investigate how topological properties of SRGGs affect path alignments.
We measure the average distance to geodesic (d) and the average shortest path stretch
(S, as described in Section 2.2.2. For each set of SRGG parameters, we generate 100
SRGG realizations if N < 100 and 1 realization for N > 100. For each generated graph
G;, 1 =i =100, we consider 1,000 shortest paths between randomly selected connected
node pairs when N > 100, and all connected node pairs in graphs with N < 100.
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Figure 2.3: (a) The average distance from shortest path nodes to geodesics (d) as a function of inverse tem-
perature f for SRGGs of E[D] = 10 and variable size N. The inset displays the average distance from shortest
path nodes to geodesics (d) as a function of the number of nodes N for SRGGs with expected degree E[D] = 10
and inverse temperature 8 = 8. (b) The average distance from shortest path nodes to geodesics (d) as a func-
tion of average degree (D) for SRGGs of variable size N and the inverse temperature = 4. The inset depicts
the three phases discussed in the text. (c) The average shortest path stretch (S) as a function of inverse tem-
perature 3 for SRGGs of E[D] = 10 and variable size N. The inset displays the average shortest path stretch (S)
as a function of the number of nodes N for SRGGs with expected degree E[D] = 10 and inverse temperature
B = 8. (d) The average shortest path stretch (S) as a function of average degree (D) for SRGGs of variable size
N and the inverse temperature § = 128. Each point in all panels corresponds to the average of 1,000 randomly
selected shortest paths, while the error bars quantify the standard deviation.

Fig. 2.3 depicts the average shortest path distance to geodesic (d) and the average
shortest path stretch (S) as a function of inverse temperature 8 and the average degree
(D).

We observe that the average distance to the geodesic and the average path stretch
decrease as 3 increases, Fig. 2.3(a,c). This observation is expected. Indeed, by design,
larger inverse temperature f§ values favor short-distance connections in the SRGG, see
Eq. (2.5). As a result, shortest path nodes are located closer to each other and closer to
the geodesic connecting path endpoints, decreasing the average distance to the geodesic
and the average shortest path stretch.

We also observe that the average distance to geodesic (d) and the average stretch (S)
decrease as the network size N increases, if the remaining SRGG parameters are held
constant. Indeed, the density of nodes in the latent space increases as the network size
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N increases. Therefore, distances between connected nodes must decrease on average
to preserve the expected degree E[D]. It is the decrease of distances between connected
nodes that leads to the decrease of the average distance to geodesic (d) and the average
shortest path stretch (S), observed in Figs. 2.3(a,c).

The average distance to geodesics (d) and the average path stretch (S) exhibit a non-
monotonic behavior as a function of the graph average degree (D), Fig. 2.3(b,d). Initially,
(d) and (S) increase as as the average degree (D) increases, Phase I in Fig. 2.3(b,d). After
reaching the local maximum, (d) and (S) decrease as the average degree increases, Phase
II, reaching minimum values (dmin) (Smin)- After reaching local minima, the average
distance (d) and the average stretch (S) resume their growth as a function of average
degree in Phase I1J, see Fig. 2.3(b,d).

We hypothesize that the initial growth of the average distance (d) and the average
shortest path stretch (S) is related to the onset of the giant connected component (GCC)
in the SRGGs. Indeed, when the average degree (D) is small, the network is fragmented
into a large number of small disjoint subgraphs, Fig. A.5(b) in Appendix A.3. As the aver-
age degree increases, disjoint subgraphs eventually merge into a giant connected com-
ponent (GCC) of a size comparable to that of the entire graph. Right above the critical
value of (D) = (D). corresponding to the onset of the GCC, most of the nodes in the
graph are connected, but the shortest paths between them may be arbitrarily long, see
Fig. A.5(a) and Appendix A.3. As a result, the local maximum in the distance to geodesic
(d) and the shortest path stretch (S) at the border of Phases I and II may coincide with
the critical value (D). corresponding to the emergence of the GCC. To check if this is the
case, we compared the (D) values corresponding to the local maximum of the distance
to geodesic (d) with those corresponding to the GCC emergence for a rangle of SRGG
parameters. As seen in Fig. 2.4(b), the two values are nearly equal, leading to a strong
correlation, Pearson R = 0.99. The results support our hypothesis that the growth of the
distance to geodesic (d) and the shortest path stretch (S) in Phase I are driven by the
formation of the giant connected component in SRGG.

After reaching the local maximum, the average path distance to geodesic (d) and the
average path stretch (S) decrease as the average degree (D) increases until they reach
their local minima at the border of Phase II and Phase III, Fig. 2.3(b,d).

These non-monotonic behaviors of (S) and (d) are likely the results of the interplay
of two competing effects. On the one hand, as the average degree increases, the average
number of hops of a shortest path decreases, improving its alignment along a geodesic.
On the other hand, larger average degrees result in larger distances between connected
nodes, leading to larger deviations from the geodesic and larger stretch values.

To quantify these effects for the average shortest path stretch (S), we approximate it
as a product of the average link length (d;) and the average hopcount (%),

(S) =«(dp){h). (2.10)

We estimate the average link length (d;) using Bayes’ rule. The conditional proba-
bility p (D;j = x|A;j =1) that the distance D;; between two randomly chosen nodes i
and j equals x, given that the two nodes are connected, A;; = 1, depends on the con-
ditional probability nodes i and j are connected, given that the distance between them
equals x, P(A;j = 1|D;; = x), the probability density p (D;; = x) for a distance between
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Figure 2.4: (a) The average shortest path stretch (S) as a function of the average degree (D) for inverse tem-
peratures 8 =1, f =8, and § = 128. The plots for beta § = 8 and = 128 are scaled by multiplicative factors
1071 and 1072, respectively, to avoid their overlap. The error bars depict standard deviation values. (b) Critical
degree values (D). corresponding to the onset of the GCC as a function of expected degrees (D)max corre-
sponding to the largest distance to geodesic. The scatter plot includes 20 points corresponding to different
inverse temperature values § selected uniformly at random from the (2,128] interval. (c) The average link
length (d), as a function of the average degree (D) in SRGGs with different inverse temperatures . The solid
lines are power-law curves with exponents 7 = min (1/2, 8/2—1). (d) The average shortest path hopcount (h)
as a function of the average degree (D) in SRGGs with different inverse temperatures . The solid lines are
empirical fits for § = 2.5 and = 128 values. (e,f) The average shortest path stretch (S) as a function of the
average degree (D) for inverse temperatures (e) § = 2.5 and (f) = 128. (e) The left inset depicts (S)(D)~"
as a function of ln(D)_l. Note that (S)(D)~ 7 ln(D)_l, confirming the low-degree behavior of the shortest
path stretch (S). The right inset depicts (S)(D) " as a function of (D). Note that (S)(D) " reaches a horizontal
asymptote, confirming the power-law scaling of the shortest path stretch for large (D) values. (f) The inset
depicts <S)_2 (D) as a function of (D) — (D), testing the low-degree behavior of the shortest path stretch. Note
that the shortest path stretch (S) is nearly independent of (D) for a large range of (D) values.
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two randomly chosen nodes in the unit square, and the probability P (A;; = 1) that two
randomly chosen SRGG nodes are connected. Since P (4;; = 1|D;; = x) is nothing else
but the connection probability function f(x) prescribed by Eq. (2.5), we have

f@p(Dij = x)

Dii=xlA::=1)= 2.11
P( ij = x|Ajj ) P(Aij=1) ( )
Then the average link length (d;) can be estimated, see Appendix A.4, as
xf(xX)p(D;i=x)dx
(dz>=f ¢ (Dij =) ~(D)T, 2.12)

Jfwp(D;j=x)dx

where 7 =1/2 for >3 and 7 = /2 -1 for B € (2,3), see Fig. 2.4(c).

Fig. 2.4(d) depicts the behavior of the average hopcount (k) as a function of the av-
erage degree (D). For large inverse temperatures 3, SRGG is similar to an RGG, and we
can approximate the behavior of the average hopcount as

~ (6)

(D) = (D)l'?
where (9) is the average distance between two randomly chosen points in the unit square,
(D). = 4.51 is the critical value of the average degree corresponding to the onset of the
GCC [86], and C is a constant. For small inverse temperatures f, see Fig. 2.4(d), SRGG is
akin to a configurational model, and

(h) +C, >3 (2.13)

_ InN
~ In(D)

(h) +A4, Be(23), (2.14)

where N is the number of nodes and for networks with Binomial degree distribution
A=1- Y_ZI?(%;;/(D» - ZE[I?ggV(V $I;V>0] . Here y is the Euler constant and W is the almost
sure limit of the normalized branching process [4, 94]. For graphs with expected degree
E[D] > 1.3 and a binomial degree distribution, E{logW | W > 0] € (-0.2,0.2) [4]. Since
EllogW | W > 0] is difficult to measure numerically, in this works we estimate the entire
constant A by fitting (h) vs (D) curves, see Fig. 2.4(d).

The scaling behaviors of (d;) and (h) given in Eqgs. (2.12), (2.13), and (2.14) account
for the observed dependence of the average stretch (S) on the average degree (D) in
phases IT and III.

For small inverse temperatures, 2 < § < 3, the average stretch scales as

S [N L c)imys
(S) (m + )( )
Consequently, at small (D) (the onset of phase II), the stretch exhibits the asymptotic
behavior (S) ~ (Dy#2=1/1In(D) [Fig. 2.4(e)], whereas at large (D) (deep in phase III) the
logarithmic correction becomes negligible and (S) ~ (D)ﬁ/ -1 Fig. 2.4(e).

For large inverse temperatures, 3 > 3, the average stretch follows

(6

[KD) - (D)]'? oo

(8=
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Figure 2.5: Precision of shortest path finding using (i) distance to geodesic (Geo-based) and SRGG
(SRGG+network) and RGG (RGG+network) reconstructions. Panels display average precision as a function
of the coordinate noise amplitude a and panels correspond to different combinations of E[D] and ff parame-
ters. All experiments are performed using SRGG networks of N = 10* nodes. Each bar is the average precision
computed for 100 randomly chosen node pairs and the error bars depict standard deviations.

As a consequence, for (D) > (D). the dependence on (D) is weak, yielding stretch values
that are approximately constant, as seen in Fig. 2.4(f).

Overall, our results indicate that shortest paths in Soft Random Geometric Graphs
are aligned along geodesic curves connecting shortest path endpoints. The alignment,
as quantified by the average distance to geodesic (d) and the shortest path stretch (S),
increases as the inverse temperature  and the SRGG size N increase. In contrast, the
dependence of shortest-path alignment on the average degree (D) is nonmonotonic,
reflecting the competition between two opposing effects: the reduction of the average
hop count (%) and the concurrent increase of the average link length (d,) as connectivity
increases.

2.3.2. FINDING SHORTEST PATH NODES IN SOFT RANDOM GEOMETRIC GRAPHS
WITH NOISE.

After observing and quantifying the alignment of shortest paths along geodesic curves in
soft random geometric graphs, we next ask if shortest path nodes are identifiable based
on their proximity to geodesic curves. To identify shortest path nodes connecting an
i — j node pair of interest, we draw a geodesic line y(i, j) connecting path endpoints
i and j and then for every other network node ¢ # i # j we compute its distance to
geodesic d (ﬁ,y(i, j)). The smaller the distance, the higher the likelihood for node ¢ to
be a shortest path node, see Methods.

Fig. 2.5 displays the results of our path finding experiments for a combination of in-
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Figure 2.6: Heatmap of precision. The x-axis is the noise amplitude, while the y-axis represents
the expected degree. For each expected degree E[D] and inverse temperature f, a 10*-node SRGG
is generated and the coordinates are respectively blurred with noise amplitude a. The heatmaps
consist of 9 x 9 points, each point corresponding to the average of 100 randomly selected node
pairs in a (blurred) SRGG. In the region enclosed by the black line, the distance to geodesic ap-
proach (Geo-based) achieves higher precision compared with the SRGG (SRGG+network) and
RGG (RGG+network) reconstruction approaches.

verse temperature 8 and expected degree E[D] parameters. We observe that Precision
score for the distance to the geodesic in finding shortest path nodes is significantly larger
than expected by chance.

Inspired by this observation, we ask if there are plausible circumstances in which the
distance to the geodesic can find shortest-path nodes with accuracy higher than known
state-of-the-art methods. Clearly, if network G is fully observable, existing graph theo-
retic algorithms, e.g., the Dijkstra algorithm, can find shortest path nodes precisely and
in polynomial time. A much more challenging situation is when only network nodes and
their approximate positions are known in network G. In more precise terms, we assumed
that SRGG links are not known. At the same time, all SRGG nodes are known, but their
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coordinates are blurred with random noise of amplitude a > 0:
X =x;+aX;; yi=yi+ay;, (2.15)

where i = 1,..., N, X; and Y; are random variables drawn from the uniform distribution
Ul-1,1].

In this situation, one can still find shortest path nodes using the distance to the
geodesic method with blurred node coordinates {X;,¥;}. To find shortest path nodes with
the Dijkstra network-based algorithm, one needs to first reconstruct SRGG links. To this
end, we consider two strategies. The SRGG + net strategy presumes that we know the
connection probability function f(x) used to generate the original SRGG graph. In this
case, one first generates an SRGG instance with the same connection probability func-
tion f(x) and then applies the Dijkstra algorithm to the resulting graph to find shortest
path nodes. Another strategy, which we call RGG + net, assumes that the average degree
(D) of the graph is known, but the connection probability function f(x) is not. In this
case, we treat the graph at hand as a random geometric graph, we compute its effective
connectivity radius R based on the number of nodes and the average degree, and then
connect all nodes if their blurred positions are closer than R, see Methods (Section 2.2.3).

By comparing the precision of the distance to geodesics with those of the alterna-
tive SRGG + net and RGG + net strategies, we make several observations. When node
coordinates are known precisely, @ = 0, the SRGG + net and RGG + net strategies offer
substantially higher Precision score than those of the distance to the geodesic, as shown
in Fig. 2.5. This result is expected since precisely known node coordinates allow for the
reconstruction of graphs with relatively high accuracy.

Second, both SRGG + net and RGG + net strategies become more accurate in finding
shortest path nodes as the inverse temperature § increases, Fig. 2.5(a-c). We explain this
observation by the decrease in randomness in SRGG networks: at higher  values, con-
nections are preferentially established at shorter distances, and distinct realizations of
reconstructed networks are less different. As a result, reconstructed networks G, better
recreate the original network G, allowing for the identification of original shortest path
nodes with higher precision, as shown in Fig. 2.5.

Third, the RGG + net strategy tends to be less accurate than the SRGG + net. How-
ever, the relative accuracy of the former seems to increase as the inverse temperature
increases. This result is also expected since larger § values favor shorter links, effectively
making SRGGs closer to RGGs.

When comparing the distance to the geodesic approach to the SRGG+net and RGG+
net strategies, we find that the precision of the distance to geodesic approach may ex-
ceed that of the SRGG + net and RGG + net when the noise amplitude « is large, Fig. 2.6,
indicating that the distance to the geodesic approach is more robust to coordinate un-
certainities than network reconstruction approaches SRGG + net and RGG + net. In the
case of noise magnitude a, distances between nodes may be perturbed by at most 2«
and lead to changes in some node rankings with respect to distances to geodesics. The
effects of node coordinates on network reconstruction approaches are potentially more
disrupting. This is the case since link probabilities in the SRGG depend nonlinearly on
distances between the nodes and even small changes in network links may significantly
alter shortest paths. As a result, shortest paths in reconstructed networks may signifi-




20 2. GEOMETRIC ORGANIZATION AND INFERENCE OF SHORTEST PATH NODES IN SRGGS

cantly differ from those in the original network, reducing the accuracy of network recon-
struction strategies.

To explore the limits of shortest path finding with the distance to geodesic, we next
conduct systematic experiments for ranges of noise amplitude « € [0, 1], average degree
E[D] € [2,2°%], and different inverse temperature values. As seen in Fig. 2.6, the accuracy
of all path finding methods decreases as the average degree E[D] decreases and coor-
dinate uncertainty « increases. At the same time, the accuracy of the distance to the
geodesic approach is less sensitive to noise, resulting in low average degree and high
noise regions, Fig. 2.6(c), (f), and (i), where the distance to the geodesic method is more
accurate than network reconstruction strategies.

2.4. DISCUSSION

In summary, we analyzed the alignment of shortest paths along geodesic lines connect-
ing shortest path endpoints in Soft Random Geometric Graphs (SRGGs). Some of our
results are intuitive and expected. In particular, we found that the alignments of shortest
paths, as measured by the distance to the geodesic, and the path stretch become stronger
in SRGGs as the number of nodes N and the inverse temperature § increase.

Nevertheless, the non-monotonic behavior of shortest path alignment as a function
of the average degree is far from trivial. As the average degree increases, two compet-
ing phenomena take place. On the one hand, the hopcount of shortest paths decreases,
limiting the extent of wandering of shortest paths. On the other hand, larger average
degree values can only be achieved by allowing nodes to connect over larger Euclidean
distances. As a result, distances between adjacent nodes in a shortest path increase, al-
lowing for large distances from shortest path nodes to geodesic curves. The competition
between these two effects results in the non-monotonic behavior of the distance to the
geodesic as a function of the average degree.

We found that the alignments of shortest paths along geodesic curves in Euclidean
SRGGs are sufficiently strong to enable shortest path finding, even near criticality where
deviation measures such as (S) and (d) reach their maximum values. Shortest path
nodes in Euclidean SRGGs can be identified using distance to geodesic, similar to ran-
dom hyperbolic graphs [26]. The accuracy of such geometric shortest path finding is
higher for graphs with a larger inverse temperature 3, in agreement with our path align-
ment experiments.

The distance to the geodesic method uses node coordinates to find nodes closest to
the geodesic connecting shortest path endpoints, and can be used in situations when
node links are not known. In contrast, to enable traditional network-based methods in
this situation, one needs first to reconstruct network links, which can be a highly non-
trivial task. We find that the best advantage of the distance to the geodesic method
is achieved for small average degree values and larger node coordinate uncertainties.
While the geometric alignment of shortest path nodes is not necessarily the strongest in
this case, network reconstruction methods are even less accurate, offering better prospects
for using network geometry in finding shortest path nodes.

Our results are not specific to the choice of the connection probability function.
While most of our analysis is based on SRGGs with the Fermi-Dirac connection probabil-
ity function, Eq. (2.5), we obtain qualitatively similar results for the alignment of shortest
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paths for Waxman SRGGs characterized by the exponentially decaying connection prob-
abilities, Eq. (2.4), see Fig. A.4.
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Figure 2.7: (a) top depicts a distribution example of most node positions X in the shortest path
corresponding to the largest distance to the geodesic. We considered the shortest paths of fixed
hopcount & = 25. For each shortest path, we found the most remote node and measured its posi-
tion X € 1,...,24. (a) bottom depicts the distribution of most node positions X in the shortest path
corresponding to the smallest distance to the geodesic. Additional distributions for SRGGs with
different network parameters are provided in Appendix A.2. (b) shows the precision of predicting
the shortest path nodes located near the path endpoint (Near-endpoint) and in the middle of the
path (Mid-path), by the geometric-based method. (c) shows an example illustrating the division
of Near-endpoint nodes and Mid-path nodes on a shortest path.

Our findings invite follow-up questions. One of them, inspired by real networks, is
the problem of shortest path finding in geometric networks where nodes are distributed
heterogeneously. While the distance to the geodesic can also be used in geometric net-
works with heterogeneous spatial node distributions, it is not clear if the accuracy of
path-finding remains high.

Another open question outside the scope is the geometric properties of shortest paths
in weighted geometric networks. While link weights can be functions of links distances,
more elaborate models were proposed in the literature that decouple links weights from
distances between connected nodes [95, 96, 97].

Finally, the important question is whether all shortest path nodes are equally diffi-
cult to find using distance to the geodesic. Our preliminary experiments indicate that
shortest path nodes situated closer to path endpoints tend to have a smaller distance
to the geodesic and, as a result, are easier to infer, Fig. 2.7. This observation is exciting
since shortest path nodes closer to the path endpoints may be easier to manipulate in
networks compared to nodes in the middle of the shortest path. Indeed, nodes in the
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middle of a shortest path may be shared by other paths and can be involved in many
vital processes. As a result, altering their connections or capacity may lead to cascades
of changes throughout the network [98, 99, 100, 101].

Figure 2.7 suggests that shortest path nodes closer to path endpoints are easier to
find with the distance to the geodesic. Are nodes in the middle of a shortest path easier to
find with network-based methods? This can indeed be the case since (i) nodes in the mid-
dle of a shortest path tend to have degrees larger than those close to its endpoints and (ii)
large degree nodes are often characterized by large betweenness centrality values [102,
103]. As a result, nodes in the middle of shortest paths can be identified by prioritiz-
ing large-degree nodes. Thus, a fusion approach combining elements of the distance
to geodesic with network topology may ultimately be more accurate in finding shortest
path nodes than one of the two approaches used separately.



INVERSE ALL SHORTEST PATH
PROBLEM

The only real valuable thing is intuition.

Albert Einstein

Although resource management schemes and algorithms for networks are well established,
we present two novel ideas, based on graph theory, that solve inverse all shortest path prob-
lem. Given a symmetric and non-negative demand matrix, the inverse all shortest path
problem (IASPP) asks to find a weighted adjacency matrix of a graph such that all the el-
ements in the corresponding shortest path weight matrix are not larger than those of the
demand matrix. In contrast to many inverse shortest path problems that are NP-complete,
we propose the Descending Order Recovery (DOR) that exactly solves a variant of IASPR re-
ferred to as optimised IASPP. The network provided by DOR minimized the number of links
and the sum of the link weights among all the graphs with the same shortest path weight
matrix. Our second proposed algorithm, Omega-based Link Removal (OLR), solves the op-
timised IASPP by utilising the effective resistance from flow networks. The essence of our
idea is the applications of properties of flow networks, such as electrical power grids, to
compute the needed resources in path networks subject to end-to-end demands, such as
telecommunication networks where quality of service constraints specify the end-to-end
demands.

This chapter is based on a published paper. [8].

23



24 3. INVERSE ALL SHORTEST PATH PROBLEM

3.1. INTRODUCTION

The design, dimensioning or operation of networks is often constrained by end-to-end
limits. For example, a telephone call requires that the voice packets travel through a
telecommunication network with a designated maximum latency; the delay between a
source and a destination is limited to about 150ms. However, real-time control of sys-
tems over the Internet may require a lower end-to-end delay. Thus, different services
(voice, video, ftp, email, etc.) typically require a different end-to-end delay. Usually, a
telecom operator can determine the demand matrix D containing the maximum tolera-
bly end-to-end delay d; ; between node i and node j in the network. However, given the
demand matrix D, a telecom operator is still confronted to dimension the network, both
topology and link weights, so that transport along the “best” path between any pair (i, )
of nodes consumes less time than the maximum tolerable end-to-end delay d;;. Here,
we focus on finding a solution to the operator’s problem, which we call “inverse all short-
est path problem” (IASPP). Other applications of IASPP are the design and construction
of transportation networks, where the goal entails creating a network that ensures com-
mute times between stations are constrained by specific upper bounds. Similar chal-
lenges occur in wireless sensor and actuator networks [104], mobile communication ra-
dio access networks [105], etc. An exploration of practical applications is discussed in
Section 3.6.

While extensive research has focused on finding the shortest paths in a given graph,
limited attention is given to the inverse direction, i.e. obtaining or recovering a graph
based on the shortest path weights between each node pair as IASPP. A related challenge,
termed the inverse shortest path problem (ISPP), which has garnered attention in prior
research [31, 32, 33, 34, 35, 36, 38], is reviewed in Section 3.2. ISPP asks for making a set of
predetermined paths in the graph the shortest paths, after modification and/or ensuring
the shortest path weights between specific node pairs are bounded by given demands.
Applications of the ISPP occur in the design of networks[7, 31], modelling traffic[33] and
seismic tomography[31, 32]. However, in many practical scenarios, the topology of the
network is unknown, rendering existing ISPP approaches inapplicable. In contrast to
ISPPB, our IASPP only requires a demand matrix as input. Additionally, the approach we
propose in Section 3.3 not only furnishes a graph that satisfies specified demands, but
also stands as an effective technique of “network sparsification”[106] and helps to better
understand the importance of different links within a network.

Before introducing the inverse all shortest path problem (IASPP) in Section 3.2, we
explain the terminology. We consider a graph G that possesses a set .4 of N nodes and
a set Z of L links. The graph G can be represented [6] by an N x N adjacency matrix
A, with element a;; = 1 if there is a link in G between node i € A and node j € ¥,
otherwise a;; = 0. Each link / € £ has a weight w;, which is a positive real number that
specifies a property of the link, e.g. the resistance in an electrical graph or the delay when
transmitting IP packets over that link. On the graph G, two different types of transport
are possible that lead to either “path networks” or “flow networks”. In a path network,
the transport of items follows a single path 22;; between a node pair (i, j), whereas in
a flow network, the transport from node i to node j propagates over all possible paths
from node i to node j. Two typical examples are a communication network, where IP
packets follow most of the time a single path £7;; from source i to destination j, and a
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power grid, where electrical current flows over all possible paths.
The weight w (%) = L je,; w; of a path &; between a node pair (i, j) consists[4]
of the sum of the weights over all links that belong to that path 2;;. We will denote by

(@i*j the shortest path between a node pair (i, j). The shortest path ,@i*j minimizes the

path weight over all paths 2%;; and obeys w (3”1*]) < w(% j). In most real-world net-
works, there is only one shortest path 3”;}, but, in general, there can be many shortest
paths between the same node pair (i, j), in particular in unweighted graphs, where each
link has the same link weight', i.e. w; j = w for all elements of the N x N link weight
matrix W. The weighted adjacency matrix is A = W o A, where the Hadamard product
o means a direct elementwise multiplication, d;; = w;;a;; and we use “tilde” notation
for weighted graph matrices”. In our setting, a; j = 0 means that there is no link between
node i and node j, because we exclude zero link weights, i.e. w;; > 0, as in Dijkstra’s
shortest path algorithm [28, 29, 107] and in order to avoid the complication that a zero
weight, i.e. w;; =0, would physically mean that node i and j are the same. The sepa-
ration between link weights, represented by the link weight matrix W, and underlying
graph G, represented by the adjacency matrix A, is obvious in unweighted graphs, where
W = wJ and J = uu is the all-one matrix and u is the all-one vector. In the unweighted
case, the graph is confining. In the other extreme, where link weights are highly vari-
able and where the minimum link weight wy,;, > 0 is orders of magnitude smaller than
the maximum link weight wnax, the underlying graph G is less confining than the link
weight structure’, which effectively thins out the graph. Indeed, mainly links with small
link weights are relevant in a shortest path problem and large link weights may be ig-
nored’ from the onset, especially if link weights are assigned per link independently of
the other links (see also [4, Chapter 16], [108, 109, 110]). In a shortest path setting, links
with low link weights are generally more costly than links with high link weights.

Let vy denote the potential or voltage of node k in the graph G. The effective resis-
tance w;; between node i and node j equals the voltage difference w;; = Vil_cvj when a
unit current I, = 1 Ampere is injected in node i and leaves the network at node j. The
N x N effective resistance matrix Q with elements w; ;, studied in e.g. [6, 47, 48, 49, 111]
and [6, Chapt. 5], is briefly reviewed in Sec. 3.1.2. If the graph G is connected’, then the
effective resistance w; ; as well as the path weight w (2?;;) is finite for any node pair (i, j)
and a shortest path 2;; exists between each node pair (i,j). We define the N x N ma-

trix S, that contains all shortest path weights with element s;; = w (3?’1*]) If the weighted

adjacency matrix A is known, then the matrix S is readily found via a shortest path al-
gorithm, like Dijkstra’s shortest path algorithm. Dijkstra’s shortest path computation is

I The shortest path does not change if all weights are multiplied by a constant a > 0.

2The flow network is characterized by the subscript F, i.e. Af is the weighted adjacency matrix of a flow net-
work, while A denotes the weighted adjacency matrix of a path network.

3The link weight structure refers to the entire ensemble {w;} Jeo of alllink weights in the graph as one coherent
set, possibly generated by a process that takes correlations of weights over links into account. The matrix W
can then be considered as one particular realization of the link weight structural process.

41f their removal does not disconnect the graph.

5The weighted adjacency matrix A is called irreducible when the graph G is connected (see [4, p. 183]; [6, art.
167 on p. 235]). For a connected graph, the (weighted) Laplacian only has 1 zero eigenvalue and its rank is
N-1




26 3. INVERSE ALL SHORTEST PATH PROBLEM

very efficient and only requires O(NlogN) elementary operations. Both the effective
resistance matrix Q and the shortest path weight matrix S are distance matrices®.

In the sequel, we limit ourselves to connected, undirected, simple’ graphs. Conse-
quently, the N x N symmetric matrices A, W, A, Q and S are non-negative with zero
diagonal elements.

The main contributions of this work are as follows:

1. We propose a novel problem named “Inverse all shortest path problem” (IASPP)
and its variant “the optimised IASPP” (OIASPP). The IASPP asks for a weighted
graph whose shortest path weight between each node pair satisfies a given de-
mand.

2. We prove that OIASPP is not NP-complete.

3. We propose the Descending Order Recovery (DOR) algorithm that exactly solves
OIASPP. The DOR graph minimizes the number of links and the sum of the link
weights among all the graphs with the same shortest path weight matrix.

4. We demonstrate that DOR is also an effective network sparsification algorithm.

5. We propose the Omega-based Link Removal (OLR) algorithm, which solves OIASPP
by utilising the effective resistance [6, Chapter 5]. OLR invokes properties of flow
networks, such as electrical power grids, to compute the needed resources in path
networks subject to end-to-end demands, such as telecommunication networks.

6. We discuss the applications of IASPP and evaluate the performance of DOR and
OLR.

The paper is outlined as follows. In Section 3.1.1 and 3.1.2, we introduce notations
to describe IASPP. We formally define IASPP and its variant OIASPP in Section 3.2 and
review related problems from literature. In Section 3.3 and Section 3.4, we respectively
propose two algorithms, DOR and OLR, to solve the optimised inverse all shortest path
problem (OIASPP). Section 3.5 compares and evaluate the proposed algorithms by simu-
lations. Section 3.6 introduces the potential applications of IASPP. Finally, we summarize
our results in Section 3.7.

3.1.1. THE LAPLACIAN MATRIX Q

The N x 1 degree vector d = Au contains the degree d; of each node i and the corre-
sponding diagonal matrix A = diag(d) has the nodal degrees on its main diagonal. The
eigenvalue decomposition of the N x N Laplacian Q = A - A,

Q = Zdiag(w z7, (3.1)

defines the set of N orthogonal N x 1 eigenvectors z; contained in columns of the N x N
eigenvector matrix Z, and the set of N eigenvalues p; = yp = --- = uy. Due to double

6Any element £; ;j of a distance matrix H is non-negative h;; = 0, but k;; = 0 and h;j obeys the triangle in-
equality: hij < hj+ hkj'

7 A simple graph has no multiple links between a same pair of nodes and also no self-loops, i.e. a;; = 0 for each
node i€ V.
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orthogonality of the eigenvector matrix Z (i.e. ZZT = I and ZTZ = I), where I is the
N x N identity matrix, (3.1) can be transformed into a weighted sum of N outer vector
products

N
Q=Y piziz]. 3.2)
i=1

As of any real, symmetric matrix [6], the eigenvalues of Laplacian Q are real and non-
negative because Q is a positive semidefinite matrix. From Qu = 0, we observe that
pn =0 and zy = u and thus detQ = 0. Consequently, the Laplacian Q is not invertible.
However, the pseudoinverse8 of the Laplacian [47]

N N-1 1 T
Q'=) —uzz; (3.3)

i=1 M1

obeys QTQ=QQ" =1- % J. In this work we consider a weighted graph G, where a link /
between node i and node j is defined by its weight

1
wij:wl:r_l»

with r; denoting link [ resistance and r; > 0, w; > 0.

3.1.2. EFFECTIVE RESISTANCE
The effective resistance w;; between node i and node j is defined as [6]

wij=(ei—e;) Qt (ei—ej), (3.4)

where the N x 1 basic vector e; has only one non-zero element (e;); = 1. The effective
resistance w;; quantifies the dissipated power when the current of 1 Ampere is applied
between the nodes i and j. The equation in (3.4) can be transformed into a matrix form,
defining the N x N effective resistance matrix

Q=Cu" +w’-20", (3.5)

where the N x 1 vector { = (QL, Q;Z, . QLN) contains the diagonal elements of the
pseudoinverse of the Laplacian Q. The effective resistance w;; between directly con-
nected nodes i and j (i.e. a;; = 1), represents the effective resistance of a parallel con-
nection
1 1 1

—_— =t — (3.6)

wij  Trij  (Wer)ij
between the resistance of a direct link r;; and the effective resistance (wg+);; between
nodes i and j in the graph G* = G\ [, where the link [ = i ~ j is removed.

8We restrict the analysis to connected simple graphs, as the number of zero eigenvalues of Laplacian Q equals
the number of connected components in a graph. More precisely, (3.3) does not hold in the case of a discon-
nected graph.
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Lemmal. Alinki~ je % ofagraph G(N, %) connects two disconnected sub-graphs G,
and Gy, i.e. Z(G)) UZL (G Ui~ j=ZL(G) and £(G1) N ZL(G2) = @ ifand only if it holds

wl'jZI‘,'j.

Proof. When link i ~ j of a graph G connects two disconnected sub-graphs G; and G,
the effective resistance of a graph G* = G\ i ~ j equals rlf"j = co. Therefore, (3.6) trans-
forms into w;j = r;;. O

The effective resistance w; ; between adjacent nodes i and j is upper bounded by the
resistance r;; of the direct link between them

rij(weg+)ij

(uijZ—” ~
rij+ (W)

< min(rij, (wG*),-j) .

Otherwise, if a;; = 0, then the effective resistance w;; is upper bounded by the sum of
resistances of links forming the shortest path between the nodes. In both cases, if more
paths exist connecting two nodes, then there are more possible paths for the current to
flow simultaneously and thus, the effective resistance lowers. The sum of all elements of
the N x N effective resistance matrix Q defines the effective graph resistance [6]

1 N1
Ro=-u'Qu=N) —. (3.7)
2 i=1 Mi

3.2. INVERSE ALL SHORTEST PATH PROBLEM (IASPP)

3.2.1. STATEMENTS OF INVERSE ALL SHORTEST PATH PROBLEMS

Problem 1 (Inverse All Shortest Path Problem (IASPP)). Given an N x N symmetric de-
mand matrix D with zero diagonal elements but positive off-diagonal elements. Deter-
mine an N x N weighted adjacency matrix A, such that the corresponding shortest path
weight matrix S obeys’ S < D

Since an element in the shortest path weight matrix S can be any positive number by
scaling the weighted adjacency matrix, the IASPP generally has infinitely many solutions.
Therefore, optimisation criteria such as the minimization of a norm ||D — S|| are added.
An instance [7] of IASPP is the optimised inverse shortest path problem (OIASPP).

Problem 2 (Optimised Inverse All Shortest Path Problem (OIASPP)). Given an N x N
symmetric demand matrix D with zero diagonal elements but positive off-diagonal ele-
ments. Determine an N x N weighted adjacency matrix A, such that the corresponding
shortest path weight matrix S obeys S < D and minimizes a norm ||D — S||.

Van Mieghem [7] demonstrated that any demand matrix D can be transformed into a
distance matrix D’ with D’ < D, where D' represents the (modified) demand matrix that
is also a distance matrix: If d; + di; < d; for at least one node k € A4 which violates the

9The notation < is used for componentwise inequality, i.e. S < D means that sjj<djjforeachi=12,.., N
andeach j=1,2,...,N.
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triangle inequality of a distance matrix, then we can replace d;; = minj<g<n(d;x + di;)
and dj; = d;;. In the following, we assume that the demand matrix D is also a distance
matrix. A complete graph whose weighted adjacency matrix A = D is a solution of the
OIASPP with demand matrix D. Consequently, given a demand matrix D, we can obtain
atleast one solution of the OIASPP. In 1965, Hakimi and Yau [37] proved that if a weighted
graph G is an N-node realization of an N x N distance matrix D’, i.e. the corresponding
shortest path weight matrix S of G equals D', and there does not exist three nodes i, j and
k such that w;j > s; + sij, where wgy, is the link weight between nodes a and b and s,y
denotes the shortest path weight, then G is unique. Hence, if there is only one solution of
the OIASPP then the resulting graph is a complete graph [7] and w;; < s;i + Sk i holds for
arbitrary three nodes i, j and k, when the graph size N = 3. When the demand matrix D
is a shortest path weight matrix generated by a tree, Van Mieghem [7] has solved OIASPP
exactly as explained in Section 3.2.2.

In this paper, we focus on general underlying graphs rather than trees or complete
graphs. We respectively propose two algorithms Descending Order Recovery (DOR) and
Omega-based Link Removal (OLR) to solve OIASPP in Section 3.3 and Section 3.4. Since
the computational complexity of DOR is polynomial, we have incidentally proved that
OIASPP is not NP-complete.

3.2.2. LITERATURE REVIEW OF IASPP

Before investigating IASPP, we explain the related inverse shortest path problem (ISPP).
Both ISPP and IASPP are “inverses” of the shortest path problem, that ask for a graph
given the shortest paths or shortest path weights between node pairs. However, ISPP re-
quires both the shortest paths (or shortest path weights) and the original graph, while
IASPP only necessitates a demand matrix, that specifies the maximum shortest path
weights, as input.

Problem 3 (Inverse Shortest Path Problem (ISPP)). Given an N x N weighted adjacency
matrix A with link weight matrix W and a set of paths {2; j}. Determine an N x N non-
negative link weight matrix W' and the corresponding graph H such that all the paths
P ; belonging to{2?;;} are the shortest paths in the obtained graph H.

We will introduce several representative generalizations or variants of ISPP below.

In 1992, Burton and Toint[31] proposed a quadratic programming algorithm based
on the Goldfarb-Idnani method [112] to solve a variant of ISPP, which we denote by
ISPPguyrton:

Problem 4 (Inverse Shortest Path Problem Burton (ISPPgyrion)). Givenan Nx N weighted
adjacency matrix A with link weight matrix W and a set of paths {<?; j}. Determine an N x
N non-negative link weight matrix W' and the corresponding graph H such that all the
paths 22 j belonging to {%; j} are the shortest path in the obtained graph H and minimize
W' —wil.

Burton and Toint utilised I, norm ||[W' - W|| = \/Z,-Zj(w;.j - w;j)?, where w;.]. and

w;j represent the elements of W' and W respectively. A specialized Goldfarb-Idnani
method can then be implied. The approach involves iterative adjustments to the ma-
trix W', leading to the eventual weighted graph H, in which 2;; belonging to the given
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path set {#;;} are the shortest paths. The method works in both directed and undirected
graphs.

Different variants and modified methods following ISPPgy;on are discussed in [33,
34, 35, 36]. In 1999, Fekete et al.[38] considered a more general ISPP, where only the
shortest path weight between pairs of nodes is given, but not the paths achieving them.
Given a graph G with adjacency matrix A and a demand matrix D, ISPPggjete aims to find
a “weight function” of the weighted adjacency matrix A such that the demand matrix D
is exactly the shortest path weight matrix S, where the weight function describes all the
weighted adjacency matrices whose corresponding shortest path weight matrix S = D.
The demand matrix D in ISPPgekete must be a distance matrix measuring the shortest
path weight between several pairs of nodes in graph G. Not all the pairs of nodes in
graph G are necessarily included in the demand matrix D. Fekete et al. [38] proved that
ISPPgekete is NP-complete by reducing ISPPreyee to a vertex-disjoint paths problem.

All mentioned variants of ISPP require the original weighted adjacency matrix A or
adjacency matrix A. In contrast, Hakimi and Yau [37] investigated a “weighted graph re-
alization” with only an N x N demand matrix D as input, which is also a distance matrix.
Hakimi and Yau [37] presented an algorithm to obtain a graph H on N’ nodes by adding
N’ = N nodes into the graph such that the corresponding shortest path weight matrix
S = D. If we extract the shortest path weights between node pairs that belonging to the
first N nodes and form a shortest path weight matrix S, then S = D. Since the input in
[37] contains all the shortest path weights in a graph, we call the problem “inverse all
shortest path problem” (IASPP).

If the given distance matrix D can be realized by a tree ¢, Van Mieghem|[7] proposed
an elegant algorithm to recover the tree ¢ from D by exploiting the analogy between flow
networks and path networks. For undirected flow networks, Fiedler [113, 114] has pre-
sented the following block matrix relation,

0 uf\' [ 202 pT
[w o) -5 el oo

with Qp = 20%u, where Q = Ar — Ay is the weighted Laplacian matrix of a flow network
and the diagonal matrix Ar = diag(Aru), A is the weighted adjacency matrix of a flow
network, the variance o2 = (iTQ( + Rg, where R is the effective graph resistance[47] and
u is N x 1 the all-one vector. The vector { contains the diagonal elements of pseudoin-
verse Q' of the Laplacian Q. Specifically, Van Mieghem([7] defined the weight of a link
w;j = rij as the resistance (in Ohm), then the weighted Laplacian G has non-zero ele-
ments (:]vij = _#j and dp = % for i # j, where a;; = r;;, but (Gr);j = (@);; =0 for i # j if
there is no link between node i and node j. The diagonal elements (ar);; = (a);; = 0 are
always zero. Fiedler’s block matrix relation (3.8) indicates a one-to-one relation between
the effective resistance matrix Q and the weighted Laplacian Q and therefore, also be-
tween the effective resistance matrix Q and the weighted adjacency matrices Ar and A.
By applying block inverse formulae([6] to Fiedler’s block matrix relation, it is shown in [7]
that

1

2
20° = —/—
uTQlu

(3.9)



3.3. DESCENDING ORDER RECOVERY ALGORITHM (DOR) 31

1

=—Qlu 3.10
p ulQ-ly (3-10)
and the inverse of the effective resistance matrix is
_ 1 1~
IZFPPT—EQ 3.11)

Hence, with Q = A — A, the weighted adjacency matrix follows as

Ap=A 29‘1—i r 3.12
F=Af+ S PP 3.12)

If the graph G is a tree, then the shortest path matrix S equals the effective resis-
tance matrix Q, because there exists exactly one path in a tree between each pair of
nodes[48]. The weighted adjacency matrix Ar can be deduced from (3.12) by replac-
ing Q by S. Hence, the weighted adjacency matrix A follows by taking the element-wise
inverse of Ar. The zero elements in Ar should not be inverted, but should instead be
transferred to A. Indeed, the obtained A is an exact solution of the OISPP for any tree: If
the given demand matrix D is a distance matrix such as the shortest path weight matrix
S, then the weighted adjacency matrix A can be obtained from (3.12) with Q = S. We call
this method the “flow analogue method”.

As explained in Appendix B.2, the algebraic flow analogue method is hard to extend
from a tree graph to a general graph. In the sequel, we solve OIASPP for general graphs.

3.3. DESCENDING ORDER RECOVERY ALGORITHM (DOR)

In this section, we propose the Descending Order Recovery algorithm (DOR) that solves
OIASPP exactly. If a demand matrix D is the shortest path weight matrix S of an arbitrary
graph G, then DOR retrieves the graph H satisfying the norm ||D—S'|| = 0, where S’ is the
shortest path weight matrix of H. For a given demand matrix D, the graph H obtained
by DOR is unique and reaches a minimum number of links and a minimum sum of the
link weights among all OIASPP solutions with the same demand matrix D. The resulting
graph H generally has less links than graph G. If graph G is unweighted, the resulting
graph H is the same graph as G.

3.3.1. PROPERTIES OF DOR
Our main idea of DOR is:

1. Given a demand matrix D, find the minimum spanning tree of the complete graph
Gp, whose weighted adjacency matrix A = D;

2. Add a link between two nodes i and j whose shortest path weights s;; > d; j, with
link weight w; ; = d; ;
3. Repeat 2 until s;; < d;; foreach i, je .
If we remove a link / in graph G and obtain graph H, then the link [ either (a) belongs

or (b) does not belong to the shortest path 9‘1.*]. between two nodes i and j. In case (a),
removing link / does not change the shortest path 3?’;} nor the shortest path weight s; ;.
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9-node toy graph Graph obtained by DOR

Figure 3.1: Visualization of redundant links in the graph obtained by DOR. We generate a 9-node
toy graph and obtain the corresponding shortest path weight matrix as the demand matrix D.
A graph is then obtained by DOR with the demand matrix D as input. The redundant links are
highlighted.

In case (b), the shortest path between nodes i and j is changed, but the shortest path
weight s i in H cannot be smaller than s; ;, otherwise, the shortest path weight s; i would
also be the shortest path weight in G. Thus, the shortest path weight s7(i j) between
arbitrary nodes i and j in the minimum spanning tree T of a graph G is not smaller than
the shortest path weight s;(i j) in the graph G and step 1 ensures that the lower bound
of the shortest path weight matrix of our obtained graph H is D. The upper bound of the
shortest path weight matrix of the obtained graph is also D after performing step 2 and
3. DOR obtains a graph H satisfying the norm ||D — S'|| = 0. We present the pseudo code
of DOR initialised with a minimum spanning tree as Algorithm 7 in Appendix B.6.

The graph H obtained by DOR may have more links than the original graph G. In the
worst case, the resulting H is a complete graph, whose weighted adjacency matrix equals
the demand matrix D. We call [ =i ~ j a “redundant” link if we can find another node k,
besides i and j, in the graph such that d@;; = w;ja;; = s;i + sgj. For example, as shown
in Fig. 3.1, link l19 can be replaced by /12, l4 and l49 when calculating the shortest path
between nodes 1 and 9 in the graph obtained with DOR, since d;9 = s14 + S49. Removing
link /9 would not change the shortest path weight matrix S nor the connectivity of the
original graph.

Algorithm 1 Descending Order Recovery (DOR)

Input: N x N demand matrix D = S: a shortest path weight matrix of a graph G
Output: N x N weighted adjacency matrix A
1: A< D and A specifies graph G
2: V positive link weights in G and any node k # i, j
3 if?i,-jzsik+skj then
4: Zi,'j<—0,ﬁji<—0
5 end if
6: return A

Ifalink [ = i ~ j is redundant in a weighted adjacency matrix A obtained by DOR, i.e.
if there exists a node k such that s;; + sx; < d;j, we then remove the link between nodes
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i and nodes j and let a;; = 0. Hakimi and Yau [37] proved that there is only one graph
which does not have redundant links among all the graphs with the same shortest path
weight matrix S. Therefore, the graph H obtained by DOR is unique for a given demand
matrix D after removing all redundant links. Hence, DOR can be further simplified: After
removing all redundant links in the complete graph Gp whose weighted adjacency ma-
trix equals the demand matrix D, we obtain the solution graph H, which solves OIASPP
exactly. The pseudo code for simplified DOR is shown in Algorithm 1.

Property 1. Given ademand matrix D, the obtained graph H by DOR reaches a minimum
number of links among all the OIASPP solutions.

Proof. By contradiction: Suppose that there exists a graph H' such that the correspond-
ing shortest path weight matrix S = D and the graph H' has fewer links than the graph
H obtained by DOR. The graph H’ should have redundant links because both graph H’
and graph H have the same shortest path weight matrix S and the graph H does not have
redundant links. In that case, we construct a graph H” by removing redundant links in
graph H’. Since removing redundant links does not change the corresponding shortest
path weight matrix, graph H” and graph H have the same shortest path weight matrix
S and do not have redundant links, which is impossible because there is only one graph
that does not have redundant links among all the graphs with the same shortest path
weight matrix S. Hence, the obtained graph H by DOR reaches a minimum number of
links among all the solutions to an OIASPP given a demand matrix D. O

Because the graph H obtained by DOR minimizes the number of links among all the
graphs with the same shortest path weight matrix S, we can only obtain a graph H' that
has the same shortest path weight matrix S by adding redundant links. We thus have:

Property 2. Given ademand matrix D, the obtained graph H by DOR reaches a minimum
sum of the link weights among all OIASPP solutions.

Given a demand matrix D that is a shortest path weight matrix S of an arbitrary “orig-
inal” graph G. While the shortest path weight matrix S of the graph H obtained by DOR
is identical to the shortest path weight matrix of the original graph G, the two graphs H
and G themselves may not be the same. Specifically, when the demand matrix D is com-
puted from an unweighted graph G, fortunately, we can remove all the redundant links
by removing links whose weights are larger than 1 in the complete graph Gp. Since all
the link weights in unweighted graphs are exactly 1, the shortest path weight s; ; between
two nodes equals 1 if and only if nodes i and j are neighbours. Thus the adjacency ma-
trix A of the graph after removing redundant links in the complete graph Gp is precisely
the same as the adjacency matrix of the original unweighted graph G.

3.3.2. EXAMPLES

In Fig. 3.2, we respectively examine the number of links L and Ly of the original graph
G and the DOR graph H. For each simulation, we generate an Erd6s—Rényi (ER) random
graph G, (N), where N is the number of nodes and p is the probability of connecting two
nodes. The link weights of the ER graph Gp(N) are uniformly distributed in (0,1). The
N x N shortest path weight matrix S is calculated and equal to the demand matrix D. For
different N and p, 1000 iterations are carried out.
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p

Figure 3.2: The differences of number of links between the original graph and the graph obtained
by DOR.

Fig. 3.2 illustrates that DOR produces graphs H with fewer links than the original ER
graphs G, provided the link density p is sufficiently large. An interesting phenomenon
is that the resulting graph H seems to have a similar number of links, irrespective of the
number Lg of links in the original graph. Hence, for a dense original graph G, DOR pro-
vides a sparser graph with the same shortest path weight matrix, but with a different ad-
jacency matrix A, which can be regarded as “network sparsification” [106] that preserves
all shortest path weights.

An instance of network sparsification is investigated by Simas, et al. [54]. Given a
graph G with weighted adjacency matrix A, Simas, et al. [54] focuses on obtaining a
graph H, which they call the “distances backbone”, with the same shortest path weight
matrix S of graph G, but fewer links. The main idea is that the off-diagonal elements of
the resulting weighted adjacency matrix A’ are computed by

= _ ... . — ..
{aij—s,] lfazj—sl] (3.13)

= —_— 1 ~.. s
al.j—O ifa;j> s

fori=1,2,...,N, j=1,2,...,N, j # i. However, the method proposed by Simas et al. [54]
always includes the redundant links such that w;; = s;x + sxj, where w;; is the weight of
link / =i ~ j. Thus, DOR can return a sparser graph than the distances backbone.

Van Mieghem and Wang [110] investigated the union of all shortest path trees Gy,,,,
where the shortest path tree (SPT) rooted at some node is the union of the shortest paths
from that node to all the other nodes. If alink [ = i ~ j is the shortest path 92;]. between
i and j, then =i ~ j must belong to the Gy,,,, because the Gy, is the union of short-
est paths between all possible source and destination nodes[110]. All the links in the
graph H obtained by DOR belong to at least one shortest path 37’1.*]. and the graph H thus
belongs to the Gy,,,. The inverse does not hold, because the union Gy,, may have re-
dundantlinks [ =i ~ j in which w;; = s;f + sg;j.
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3.3.3. COMPUTATIONAL COMPLEXITY OF DOR

For each possible link / = i ~ j, DOR determines whether the link is redundant by com-
paring the link weight w;; with the sum of the shortest path weights s;; + si;, where
k € & is a node different from node i and j. Hence, each link / = i ~ j needs to be
compared with the sum of the shortest path weights s;; + sg; for N —2 nodes k in the
worst case. The computational complexity of the worst case of DOR (Algorithm 1) is
O(N?), because the demand matrix D = O(N?). OIASPP is thus not NP-complete! The
main differences between OIASPP and three NP-complete variants of ISPP introduced in
Section 3.2 and Appendix B.5 lie in the given constraints. While the three NP-complete
variants of ISPP restrict the resulting graph to a predetermined graph topology, OIASPP
can be solved by changing both topology and link weights to meet the given constraints
about shortest path weights.

3.4. OMEGA-BASED LINK REMOVAL ALGORITHM (OLR)

The Omega-based Link Removal (OLR) algorithm recovers an as sparse as possible graph,
with elements of the shortest path weight matrix s;; € [bd;;, d; ], where d;; is the given
demand and b € [0,1] is an input parameter. OLR leverages information captured by
the effective resistance between pairs of nodes. Equation (3.6) enables us to determine
the impact on the effective resistance between two neighbouring nodes when the shared
link between them, denoted as [ = i ~ j, is eliminated. By targeting the removal of the
link with the highest value of m, we achieve the smallest possible increase in the ef-
fective graph resistance R of the network. To enhance the efficacy of this approach for
solving OIASPP, we introduce a refinement, which involves scaling the quantity w
by the difference between the provided upper bound d;; and the current shortest path
weight s;; for the pair of nodes (i, j). This strategic adjustment allows us to combine in-
sights from the effective resistance measurements and the upper bound values supplied
by the N x N demand matrix D.

The shortest path weight between two nodes is the sum of the link weights (i.e. cor-
responding elements of the weighted adjacency matrix A) belonging to that path. On
the contrary, a link weight in a “flow network ” (defined by the adjacency matrix Ar) has
a dimension of the inverse of the resistance. Therefore, to utilise the analogy between
shortest paths and effective resistance, we additionally define the N x N link weight ma-
trix W containing the inverse link weights'’

1 ip o~
i) = { @y 14 >0 (3.14)
0 otherwise,

where i, j € 4. The corresponding N x N effective resistance matrix computed with W
instead of A= Ao W is denoted as Q.

In Algorithm 2, we propose an iterative algorithm that solves the IASPP problem
by invoking the effective resistance between pairs of nodes. The OLR algorithm is ini-
tialised in line 1 by the complete graph with the adjacency matrix A = J— I, while the link

101 ink existence overrules the link weight. Equation (3.14) shows that if a link [ = i ~ j does not exist in graph
G (ie. & =0), than ; =0, although 7 —co.
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Algorithm 2 Omega-based Link Removal (OLR)

Input: N x N demand matrix D = S: a shortest path weight matrix of a graph G; input
parameter b € [0, 1]

Output: N x N weighted adjacency matrix A

: AnxN — JnxN — Inxn adjacency matrix of a complete graph

: A — b- (Ao D) weighted adjacency matrix

: Sy« — Shortest path weight matrix of A

W< n — Inverse link weight matrix of A

do
Qnxn — Effective resistance matrix of W
R — (Q—W)O(D—S)OA
(i, j) — Indices of the maximum element in R
A<—A—e,~-ejT—ej-eiT
A<—b-(AoD)
Snxn < Shortest path weight matrix of A
Wi« — Inverse link weight matrix of A

: while (S< D) A (Rij >0)

: A<—A+e,--ejT+ej-eiT

: A—b-(AoD)

: return A

© X N2 O R edh
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weights equal (line 2) the corresponding shortest path weights in the demand matrix
D = §, scaled by the input parameter b,

A=b-(AoD),

which ranges between 0 and 1. Link weights are scaled in line 2 for two reasons. As-
sume the demand matrix D is derived from an original graph. In case b = 1, if the pro-
posed OLR algorithm recovers the exact topology as in the original graph G, then the
link weights would also be the same. In general, OLR ensures the shortest path weight
between directly connected nodes to be equal to the corresponding element of the pro-
vided upper bound in D, scaled by the input parameter b. Therefore, b < 1 allows OLR to
achieve sparser graphs even from the original graph G, at the cost of increased norm !
of [|D — S||, still satisfying the bound S < D. To determine which link should be removed
in each iteration, in line 7 we compute the N x N matrix

R=(Q-W)o(D-8)0A4,

where the N x N inverse link weight matrix W contains inverse link weights, as defined
in (3.14). whose elements are dimensionless and denote the inverse effective resistance
(Q - W) i between a pair of neighbouring nodes (i.e. a;; = 1), in case the direct link be-
tween them is removed (as in (3.6)), multiplied by the gap (d;; — s;;) between the short-
est path weight between them and the given upper bound in D. We remove the existing

HEor any pair of connected nodes i and j we observe s; j =b-d;;. Inaddition, for non-adjacent nodes m and
n we reason Sy, > b-dmn, because D is a distance matrix. Combining these two observations, we conclude
S<b-D,whichyields |[D-S||<1-b.
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link with the highest value in R (line 8), because the adjacent nodes are easily reachable
via the rest of the graph when the link is removed, and the margin between the current
shortest path weight and the upper bound is relatively high. After updating the adja-
cency matrix A (line 9), we redistribute the link weights (line 10) as A=b-(AoD) and
update (line 11) the N x N shortest path weight matrix S.

Link removal is performed until at least one shortest path weight in the obtained
graph H exceeds the given upper bound in the N x N demand matrix D. At that point,
the last removed link is returned (line 14), while the N x N weighted adjacency matrix A
is provided as output.

OLR initialises the topology with a complete graph and iteratively removes links until
atleast one upper bound on the shortest path weight between node pairs is exceeded. In
general, OLR can return any connected topology, even a tree. Therefore, there are gen-
erally up to W — (N -1) iterations. The effective resistance and the shortest path
weight between all node pairs are computed within each iteration. Within each iteration
in our OLR, the effective resistance and the shortest path weight between any pair of
nodes are computed. Both operations require computational complexity O(N3). In ad-
dition, we initialise OLR with a complete graph. The number of iterations in worst case
scales as O(N?). Therefore,the overall complexity of our OLR is O(NY). Alternatively,
DOR can streamline OLR’s computational complexity. DOR ensures the retrieval of a
graph with the minimum necessary links, accurately aligning the shortest path weight
matrix S with the demand matrix D. Instead of initializing OLR with a complete graph,
we employ DOR as the initial phase within OLR. Subsequently, we iteratively refine the
graph until the shortest path weights fall within a predefined range, as dictated by the
input parameter b. Consequently, the number of removed links within OLR reduces sig-
nificantly, lowering its computational complexity to be O(N3L), where L' is the number
of links in graph obtained by DOR.

Fig. 3.3 shows the differences between the number of links in the OLR graph H and
the original graph G with different b and the norm ||D - S|| = N 1\1,_1) Y j difjl__jsif of the
graph obtained by OLR with different input parameter b. For each simulation, we gener-
ate a 20-node Erdés-Rényi (ER) random graphs G,(20) and compute the corresponding
shortest path weight matrix as the input demand matrix D, where p is the probability of
connecting two nodes (link density). The link weights of the ER graph G,(20) are uni-
formly distributed in (0,1). For each link density p, 1000 realizations are carried out.
Fig. 3.3a illustrates that a smaller b generates a graph H with fewer links, while Fig. 3.3b
shows that a smaller b corresponds to a large norm || D — S]|.

3.5. PERFORMANCE EVALUATION OF DOR AND OLR

In this section, we evaluate the performance of DOR and OLR '“. in random graphs and
an empirical network. The performance of the DOR and OLR is assessed by three com-
plementary criteria: (i) the number Ly — L of additional links in the resulting graph H,
(ii) the number ﬁ -uT- (Ao Ap)- u of common links in the original graph G and the re-

: dii—si; )
sulting graph H and (iii) the norm ||D - §|| = m XX ]dijs . of the demand matrix

12Matlab code is on https://github.com/qzhszl/IASPPgit
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Figure 3.3: (a) Differences between number of links in the graph obtained by OLR and the original
graph with different input parameter b. The x-axis denotes the link density p of the underlying
20-node ER graphs, while the y-axis is the difference between number of links in the graph H
obtained by OLR and in the original graph G. (b) The norm || D — S|| of the graph obtained by OLR
with different input parameter b. The x-axis denotes the link density p of the underlying 20-node
ER graphs, while the y-axis is the norm || D - S||.

D and the shortest path weight matrix S.
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Figure 3.4: Performance of the DOR and OLR on ER graphs with N = 10 nodes and different link
density p. The input parameter b = 0.7.

Fig. 3.4 illustrates the results of DOR (red line) and OLR (blue line) in ER graphs G, (N)
with N = 10 nodes and different link density p. We uniformly assign a random weight
from (0,1) to each link in G, thus defining the weighted adjacency matrix A. For each
generated ER graph, we provide the shortest path weight matrix of G as the input de-
mand matrix D to the algorithm DOR and OLR. The input parameter of OLR b = 0.7. We
then obtain the resulting graph H, whose shortest path weight matrix is denoted as S.
For each number N of nodes and different link density p, 100 simulation instances are
executed and the average over 100 times of each criterion is computed.

Fig. 3.4a depicts the difference in the number of links Ly — L between the obtained
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Figure 3.5: A conceptual diagram of a RAN as found in the 5G mobile communications network.

graph H and the original graph G. For a small link density p, the obtained graph H
contains almost the same number of links Ly as that of the original graph Lg, while
Ly — Lg decreases with the increment of link density p. As for the number of common
links in the original graph G and the resulting graph H, our simulation (details are shown
in Appendix B.7) shows that ﬁ -uT (Ao Ap) - u =1 holds for both DOR and OLR with
different link density p, which informs us that links of graph H obtained by both DOR
and OLR belong to the original graph G. Fig. 3.4b illustrates the norm ||D — S||, where
DOR always returns an exact solution || D — S|| = 0 to the OIASPP. In contrast, for OLR, the
norm ||D — S|| is not zero but bounded by 1 - b.

A similar pattern in performance is visible for a different number of nodes N, as pre-
sented in Fig. B.2 for the case N = 20 and N = 50 in Appendix B.7. The feasibilities of
DOR and OLR are also verified in Barabdsi—Albert (BA) networks[115] with 500,1000 and
10000 nodes, Watts—Strogatz (WS) small world network[116] with 100,1000 and 10000
nodes and an empirical network USAir[117]. The details are shown in Appendix B.7.

In summary, the performance of DOR and OLR are stable with arbitrary demands
on both small-size and large-size networks. Specifically, our simulation results verify
that DOR provides a sparse graph that solves OIASPP exactly, while OLR exhibits a ca-
pacity to obtain a graph with fewer links compared with the DOR algorithm, at the cost
of increased norm of ||D — S||. The norm for DOR is always ||D — S|| = 0, while for OLR
[ID—S|| <1— b, where b € [0,1] is the input parameter.

3.6. APPLICATION

In this section, we discuss various IASPP applications and present a simulation example
to validate the feasibility of our proposed DOR and OLR algorithms.
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3.6.1. APPLICATION OF [ASPP

The IASPP methodology is useful in Wireless Sensor and Actuator Network (WSAN) [104].
Industrial WSAN (IWSAN) standards such as WirelessHART [118] have gained popular-
ity in process automation, e.g., gas production, electric power generation and smelting
plants. An IWSAN consists of a gateway, multiple access points and hundreds of thou-
sands of field devices (i.e., sensors and actuators) that operate at low-power, forming a
multi-hop wireless network, where the link weight w;; between node i and node j de-
notes the latency bound that a link / = i ~ j should provide. In a WSAN network, IASPP
considers the end-to-end (E2E) latency as a demand matrix. The WSAN gateway collects
network topology and flow demand information [119]. If there is topological change
(e.g., node failure, new joining nodes) or change of the traffic pattern that makes current
link weight configuration inappropriate'®, then the WSAN gateway can use DOR or OLR
to (re-)computes the weighted adjacency matrix A. The updated link weights will then
be communicated with devices in the network. With the set of newly computed short-
est paths, E2E latency of an arbitrary pair of nodes is guaranteed. A further step is to
consider scheduling, power consumption and path redundancy into the problem.

Mobile communication radio access network [105] (RAN) is another application do-
main. Fig. 3.5 provides a conceptual diagram of a RAN as found in the 5G mobile com-
munications network. The lower part of Fig. 3.5 depicts that the communication be-
tween the logical components [105] of the RAN (DU, CU-CP etc.) is formed by IP infras-
tructure[120]. Data transmission latency between the RAN logical components is bound
by demands, i.e. maximum permissible E2E latency. With predetermined E2E latency
demands, DOR and OLR can provide guidance in constructing a RAN network, such as
installing base stations at different locations of a city.

Transportation networks constitute another potential application domain. For ex-
ample, urban planners and customers may have demands on the commute time for
each pair of bus or train stations. DOR can offer a transportation network such that
the commute time between every two nodes (which denotes stations) exactly equals the
prescribed demand and reaches a minimum number of links of all the networks with the
same shortest path weight matrix. OLR can deal with more specific scenarios. Imagine
urban planners have defined maximum allowable travel times as the demands for spe-
cific node pairs, accounting for variables like passenger density along these routes. The
link weights represent the time needed when travelling between adjacent nodes. These
maximum travel time constraints can span from 100% to about 200% of the calculated
minimum travel time. OLR can shape the network into an ideal structure, while choos-
ing arelatively small input parameter b value. This strategy seeks to mould the network’s
topology in a manner that caters to all essential routes while conforming to the stipu-
lated upper travel time limits. By applying the OLR algorithm, we can intelligently elim-
inate links, while preserving the network’s overall connectivity and functionality. This
process facilitates the creation of an optimised railway system that ensures both effi-
ciency and adherence to travel time constraints. In the resultant graph generated by
OLR, each link signifies the potential introduction of a direct line, further enhancing the
network’s efficiency and structure.

13 mappropriate in this context means latency bound violation.
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Figure 3.6: Visualization of the graph H obtained by DOR and OLR, respectively. The input E2E
demand matrix is (3.16).

3.6.2. SIMULATION ON E2E LATENCY

In this section, we apply our IASPP methods to an E2E latency instance. Since the IASPP
methods begin with a demand matrix which is also a distance matrix, the given demand
matrix D is required to be modified so that we can imply our algorithm. If the E2E con-
straint of a node pair (i, j) is not specified, we assume that there is no constraint and that
d;j = oo, which means there is no upper bound for the shortest path weight s;; between
node i and j. In many practical scenarios, not every pair of nodes necessarily has a de-
mand. We first symmetrize the demand matrix (see explained in Section 3.2.1) following
line 2 — 4 of Algorithm 3. We then focus on the triangle inequality of a demand matrix.
Consider the following example of a demand matrix:

8>—A>—AO>—t

0 co oo 1
1 1 1 oo
D= |oo 0 3 oo (3.15)
o} 3 0 5
1 co 5 0

The demand ds4 > ds» + d»4 is a typical case of the violation of the triangle inequality.
However, the infinite d;; = oo may lead to complicated cases. Aside from demands
that violate the triangle inequality (e.g. ds4), there could be other demands that are
unattainable. For instance, ds5 does not breach the triangle inequality as dy5 < d14 + di5,
dys < dog + dos and dy5 < dag + dss. Nevertheless, dys, dgo, d2y and d,5 form a cycle struc-
ture and dy5 > dyp + do) + di5. Consequently, s;5 must be smaller than dys, that is, dys is
not achievable.

To ensure all the demands are possible to achieve, we modify the demand matrix
according to line 5 — 13 of Algorithm 3. Our main idea is to calculate the shortest path
weight matrix S of a graph whose weighted adjacency matrix equals the given demand
matrix D, because the resulting demand matrix D’ = S reserves all the constraints in D
except for the E2E demands not achievable. We can now transform an arbitrary non-
negative demand matrix to a distance matrix and apply our DOR and OLR algorithms
with the demand matrix D’ as input.
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Algorithm 3 Demand Modification

Input: Demand matrix D whose unspecified demands are represented by co
Output: Modified demand matrix D’

N
B W N = O

© ® N D DR W =

: D'—D

while symmetry of D’ is violated, i.e. dij#dj; do
dl/'j — min(d,-j,dji), d}i — min(d,‘j,dﬁ)

: end while

while dl’.j =ocodo
dl’. i 0

: end while

: Gpr — Graph whose weighted adjacency matrix equals D’

: § — Shortest path weight matrix of Gp

: while s;; =ocodo

sjj < Maximum finite element in S

: end while

: D' 8§

: return D’

We present an example in Fig. 3.6. Consider an E2E demand matrix:

0 100 500 00 oo 5000 0o fo's) 0o 100
100 0 (o) o] 20 500 20 oo (o) oo
500 (o) 0 o] oo oo (o) oo (o) o]
oo co 0 00 fo's] oo 50000 oo 0o
D= oo 20 o 0o 0 1000 0o 00 20 0o
5000 500 oo o] 1000 0 [e) oo [e) oo
o) 20 oo 0o fo's) fo's) 0 500 100000 100
(o) (o) oo 50000 oo oo 500 0 (o) oo
oo co o0 0o 20 fols] 100000 00 0 0o
100 oo oo 0o 00 fo's] 100 00 oo 0

(3.16)

We first transform the given demand matrix D to D’ following the method introduced by

Algorithm 3. Our DOR and OLR algorithms were applied to the demand matrix D'. Each

algorithm produced a graph H and the corresponding shortest path weight matrix S; for
DOR and S; for OLR. These results are depicted in Fig. 3.6, Equation (3.17) and (3.18),
respectively.

0 100 500 50620 120 600 120 620 140 100
100 0 600 50520 20 500 20 520 40 120
500 600 0 51120 620 1100 620 1120 640 600

50620 50520 51120 0 50540 51020 50500 50000 50560 50600
120 20 620 50540 0 520 40 540 20 140
600 500 1100 51020 520 0 520 1020 540 620
120 20 620 50500 40 520 0 500 60 100
620 520 1120 50000 540 1020 500 0 560 600
140 40 640 50560 20 540 60 560 0 160
100 120 600 50600 140 620 100 600 160 0

81:

(3.17)
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0 88 200 20280 96 288 80 280 104 40
88 0 288 20208 8 200 8 208 16 48
200 288 0 20480 296 488 280 480 304 240
20280 20208 20480 0 20216 20408 20200 20000 20224 20240

S, = 96 8 296 20216 0 208 16 216 8 56 (3.18)
27| 288 200 488 20408 208 0 208 408 216 248 :
80 8 280 20200 16 208 0 200 24 40
280 208 480 20000 216 408 200 0 224 240
104 16 304 20224 8 216 24 224 0 64
40 48 240 20240 56 248 40 240 64 0

As demonstrated in (3.17), we highlight the shortest path weights which are different
from the given specific E2E demands in (3.16). When we use DOR, all the shortest path
weights are equal to the given E2E demands except for those that are not achievable. The
OLR algorithm necessitates the input parameter b in addition to the demand matrix D’,
defining the allowed deviation of the norm of || D— S|| from 0. For the example illustrated
in Fig. 3.6, we adopted b = 0.4. Lower values of b necessitate a reduced allocation of
resources across the same set of links, culminating in diminished shortest path weights
between all conceivable pairs of nodes. This outcome engenders sparser topologies due
to the lowered link weights employed. Conversely, higher values of b impose greater link
weights, which in turn lead to quicker breaches of the upper shortest path weight bounds
provided in D during the iterative process. Therefore, a higher b value results in a higher-
density topologies. Our simulations confirmed that reducing b produced sparser graphs
but increased the difference between the shortest path weights of the resulting graph
H and the given demands. Consequently, selecting the input parameter b represents a
compromise between reducing the sparsity of the graph H topology and maximising the
corresponding shortest path weights.

3.7. CONCLUSION

This work focuses on inverse all shortest path problem (IASPP), which is a novel problem
with promising applications, such as network modelling and design, in transportation
networks, wireless sensor and actuator networks, connected vehicle applications, smart
factory networks, etc. We present the Descending Order Recovery (DOR) algorithm to
solve the optimised inverse all shortest path problem (OIASPP) and prove that OIASPP
is not NP-complete. The graph obtained by DOR does not have redundant links and
reaches a minimum number of links and a minimum sum of the link weights among
all OIASPP solutions given a demand matrix D. DOR can also be regarded as an effective
method when solving network sparsification that preserves all shortest path weights. Ad-
ditionally, we utilise the information captured by the effective resistance between node
pairs and propose Omega-based Link Removal (OLR) algorithm that solves the OIASPP.
Both DOR and OLR provide solutions to the OIASPP: the solution obtained by DOR has
the shortest path weight matrix S = D, while OLR focuses on solving OIASPP by provid-
ing sparser graphs, at the cost of the norm ||D — S|| > 0. The ideas of DOR and OLR are
different: DOR focuses on the shortest paths and the shortest path weights in a graph,
while OLR investigates the shortest path weights from the perspective of the effective
resistance.







EXTENSIONS OF THE INVERSE ALL
SHORTEST PATH PROBLEM

The past cannot be changed,
but the future can still be shaped.

Confucius

The inverse all shortest path problem (IASPP) seeks to construct a weighted adjacency
matrix of a graph such that all the elements in the corresponding shortest path weight
matrix are not larger than those of the demand matrix, given that the demand matrix
is symmetric and non-negative. This chapter revises IASPP and proposes two extensions
with additional constraints, motivated by the fact that network reconfiguration is some-
times infeasible or needs to be performed with economic constraints. Theinverse all short-
est path problem that minimizes the adjustment of the sum of link weights (IASPPys)
focuses on obtaining a new graph where the shortest path weight matrix S equals a prede-
termined demand matrix D, meanwhile, minimizing the total adjustment of link weights
in the original graph. We have shown that IASPP) is not NP-hard and propose the Irre-
ducible Backbone Augmentation (IBA) algorithm to solve it exactly. If reconfiguration of
network connections is not allowed, we study the inverse all shortest path problem where
the adjacency matrix is fixed (IASPPr). A distance basis sum (DBS) algorithm is proposed
to solve IASPPr. efficiently. When solving resource provisioning problems with end-to-end
Quality of Service (QoS) demands, DBS markedly outperforms well-established schemes
such as Linear Programming in terms of execution speed.

This chapter is based on a report [121].

45
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4.1. INTRODUCTION

A fundamental challenge when operating a communication network is to provide end-
to-end Quality of Service (QoS) to a number of applications with diverse service require-
ments. For instance, a traditional voice-over-IP packet requires a maximum delay of
150ms between a source and a destination pair. An interactive cloud virtual/augmented
reality (VR/AR) video should be delivered to the user within 15ms to achieve optimal user
experience. To ensure real-time control and automation, the network in a smart factory
needs to provide ultra-low latency (i.e., less than 1ms) during data transmission [122].
These service requirements are often represented as a demand matrix D, which con-
tains the maximum tolerable end-to-end (E2E) delay d;; between a node pair (i, j). A
network operator is asked to dimension the network topology and link weights so that
transporting packets over the shortest path between any pair of nodes (i, j) consumes
less time than its E2E latency d; ;.

The aforementioned problem is formally defined as the Inverse All Shortest Path Prob-
lem (IASPP) in [7, 8]. IASPP is central to the design and planning of network infrastruc-
ture, where the goal is to construct a network that strictly guarantees the specified E2E
upper bounds between nodes. During the operation of a network, the demand matrix
of the network changes over time due to the introduction of new services and depar-
ture of existing flows. Network failures may also occur. These conditions necessitate a
recomputation of the topology and link weights with IASPP. It is important to recognize
that topological reconfiguration is often impractical or must be strictly constrained with
minimal operational expenditure once a network is in production. For instance, network
downtime (e.g., due to modification of the existing network) can lead to significant oper-
ational losses and safety risks, hence, need to be minimized or completely avoided. This
motivates us to revise the IASPP formulation and extend it to two distinct variations to
accommodate the deployment challenges described above. The two IASPP extensions
are 1) inverse all shortest path problem that minimized the adjustment of the sum of link
weights (IASPP)y) and 2) inverse all shortest path problem where modification of the ad-
Jjacency matrix is not allowed (IASPPp).

Before delving into the formulation of IASPP); and IASPPF in Section 4.2, we explain
the terminology. Networks[1, 2] are pervasive in both natural (e.g., biological network,
molecular interaction network, seismic network) and engineered systems (e.g., trans-
portation, Telecommunications, power grids). A network is characterized by the under-
lying graph and the functional process associated with it [3, 4], where the function of a
network is generally related to the transport of items over the underlying graphl5, 6]. A
graph G consists of a set A of N nodes and a set Z of L links. In this paper, we limit our-
selves to undirected, connected simple ' graphs. A graph G can be represented by graph
related matrices, such as adjacency matrix, Laplacian matrix, incidence matrix, etc. The
N x N adjacency matrix A is defined such that the element a;; = 1 if there is a link be-
tween node i and node j, otherwise a;; = 0. Eachlink [ = i ~ j € &£ between node i and
j has aweight w; (or w;;), which is a positive real number that denotes a property of the
link, e.g., the delay when transmitting IP packets over that link. The link weights of all
node pair (i, j) compose an N x N link weight matrix W. We define the N x N weighted

1A graph G is simple if there is at most one link between each pair of nodes and the graph does not contain any
self-loops.
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adjacency matrix as A = Wo A, where the Hadamard product o defines a direct elemental
multiplication d;; = w;;a;; and “tilde” refers to a weighted graph matrix. In our setting,
a;j = 0 means that there is no link between node i and j, because we exclude zero link
weights, i.e., w;; > 0, as in Dijkstra’s shortest path algorithm[29] and in order to avoid the
complication that a zero weight w;; = 0 would physically mean that node i and j are the
same. Since we only consider undirected graphs in this work, the adjacency matrix A is
symmetric.

In a weighted graph G, a path[4] from node i to node j with k—1 hops or links is a
set of links &;; = {ny ~ np, n2 ~ n3,...ng_1 ~ ni}, where n; = i and n; = j. The weight
w(P;j) = Zlegij w; of a path 22;; between a node pair (i, j) consists of the sum of the
weights over all links [ = a ~ b that belong to that path 2?;;. Among all possible paths,
the shortest path ‘@i*j minimizes the sum of the positive weights of its constituent links
and w(e@i*j) =w(@j). The Nx N shortest path weight matrix S contains all shortest path

weights with elements s;; = w(@i”‘j). Given a weighted adjacency matrix A, the shortest
paths between pairs of nodes and the corresponding shortest path weight matrix S can
be obtained efficiently by Dijkstra’s shortest path algorithm in polynomial time. The
shortest path weight matrix S is a distance matrix . We refer to the link [ = i ~ j as a
“redundant” link if there is another node k, which is different from node 7 and j, in the
network such that @;; = w;ja;j = sj; + sxj. The network diameter p is defined as the
hopcount of the “longest shortest path” in a network.

The paper is outlined as follows. In Section 4.2, we review the inverse all shortest path
problem and formally define its two extensions IASPP s and IASPPr. An overview of re-
lated work from literature is provided. Potential applications of IASPP,; and IASPP are
also discussed. In Section 4.3, we focus on IASPPj, and propose an Irreducible Backbone
Augmentation algorithm to solve it exactly. In Section 4.4, IASPPF is examined. Given
a tree topology, a Distance Basis Sum (DBS) algorithm is desgined to solve the problem
with reduced computational complexity compared to well-established solutions such as
Linear Programming. The performance of the DBS algorithm is evaluated extensively
with simulations in Section 4.5. In Section 4.6, we summarize our results and conclude
the paper.

4.2. INVERSE ALL SHORTEST PATH PROBLEM AND ITS EXTEN-

SIONS

4.2.1. STATEMENT OF INVERSE ALL SHORTEST PATH PROBLEM AND ITS EX-
TENSIONS

In Section 3.2.1, we have introduced the definition of IASPP (Problem 1) and OIASPP (Prob-
lem 2). IASPP and OIASPP address the challenge of constructing a graph from scratch,
specifying the demand matrix as input. Two extensions of IASPP, formulated as graph
modification problems, are investigated as follows. The objective of the two extensions
is to adjust the weight adjacency matrix of a graph so that the resulting shortest path
weight matrix S satisfies the specified demands D with additional constraints.

2Any element h;j of a distance matrix H is non-negative h;; = 0, but h;; = 0 and h;j obeys the triangle in-
equality: h;j < hjj + hyj.
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Problem 5 (IASPP that minimizes the adjustment of the sum of link weights (IASPP/)).
Given an N x N weighted adjacency matrix A and an N x N symmetric demand matrix D.
Determine an N x N weighted adjacency matrix A, such that the corresponding shortest
path weight matrix S' obeys S' = D and minimize 3 ¥.; ; Iﬁ;.j —aijl.

In IASPP), the resulting graph G' is not required to retain the same adjacency matrix
A as the original graph. A more restrictive condition is applied to the following extension
where construction of additional links and removal of existing links from the original
network is not allowed.

Problem 6 (IASPP with fixed adjacency matrix IASPPr)). Given an N x N adjacency ma-
trix A and an N x N symmetric demand matrix D. Determine an N x N weighted adja-
cency matrix A', such that the norm ||D - S|| between the shortest path weight matrix S
and the demand matrix D is minimized.

Given an adjacency matrix A where no modification on A is allowed, IASPPr appears
to be identical to the Fekete’s problem [38] that is reviewed in Section 4.2.2.

4.2.2. LITERATURE REVIEW

EXTENSIONS OF THE INVERSE ALL SHORTEST PATH PROBLEM

In Section 3.2.2, we have reviewed IASPP and OIASPP, which focuses on designing a net-
work with a predetermined demand matrix D as the only input. The extended problems
incorporate further constraints where both the shortest path weights and the original
graph are known. This is motivated by a number of use-cases (Wide Area Networks or
industrial automation networks) where the network operator must reconfigure the net-
work in response to the updated demand matrix, with minimal (or no) modifications on
the underlying topology.

In 1999, Fekete et al. [38] considered a graph G with an adjacency matrix A and a
symmetric demand matrix D. The goal is to determine the weighted adjacency matrix A’,
such that the adjacency matrix remains as A and the corresponding shortest path weight
matrix S is exactly the demand matrix D. Fekete et al. [38] showed that the problem is
NP-complete by reducing it to the vertex-disjoint paths problem, except for some very
restricted cases. One polynomially solvable instance occurs when the demand matrix D
specifies shortest path weights for all node pairs in the network.

Hung [39] extended Fekete’s problem and demonstrated additional instances that
can be solved polynomially. Given an adjacency matrix A and a demand matrix D, Hung
proposed several heuristic algorithms to find a weighted graph such that the norm [|S —
D|| between the shortest path weight matrix S and the demand matrix D is minimized,
while the adjacency matrix A remains unchanged. Hung’s problem is identical to IASPPr
proposed in this paper. A comparative analysis of Hung’s scheme and our methodology
in solving IASPPF is presented in Section 4.5.

Based on Fekete’s problem, Cui and Hochbaum [40] investigated a more stringent
variant called the inverse shortest path lengths problem. Given a weighted adjacency
matrix A and demand matrix D, Cui and Hochbaum aim to find the weighted adjacency
matrix A’ so that the demand matrix D matches exactly the shortest path weight ma-
trix S. Modification of the adjacency matrix A is not allowed in Cui and Hochbaum’s
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problem. Adjustment of the link weights should be minimized. In contrast to Cui and
Hochbaum’s problem, IASPP), defined in this paper only requires a demand matrix as
input. Cui and Hochbaum [40] proved that the inverse shortest path lengths problem is
strictly harder than the one studied by Fekete. Inspired by Hung[39], a heuristic algo-
rithm based on a compact convex programming formulation is proposed in [40] to find
an approximated solution. Leitdo, et al. [123] studied the same problem and developed
a solution driven by genetic algorithms. Another variation of the inverse shortest path
lengths problem is formulated in Cui and Hochbaum [40] by incorporating lower bounds
when calculating the shortest path weights.

4.2.3. APPLICATION OF IASPP,; AND IASPPf

To meet stringent E2E QoS demands, recent research work focuses on selecting an op-
timal path for each application by minimizing a global cost function such as bandwidth
or delay [124]. A flow table is created and updated once a new path has been computed
for a service. Unlike the aforementioned QoS-aware path selection methodology, the
IASPP framework is fully compatible with the existing routing infrastructure. Once the
link weights (and the network topology) have been computed, the network executes a
shortest path scheme (e.g., Dijkstra’s algorithm) for packet forwarding. The above prop-
erty of IASPP enables its seamless integration with the existing network infrastructure
and avoids the overhead of creating and maintaining a separate flow table.
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Figure 4.1: Diagram of centralized deployment of the IASPP framework. The IASPP configurator
runs different algorithms that solves IASPP.

We consider IASPP), as a useful tool for network planning and reconfiguration. For
example, urban planners may need to reconfigure roads or transit systems in response
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to significant changes in the population distribution or traffic volumes over time. Our
solution to IASPP), in Section 4.3 offers an exact algorithm to adjust the network so that
the new demands between nodes, e.g., the commute time between two stations, are sat-
isfied. The existing infrastructure is maximally preserving. Another example is an Indus-
trial Wireless Sensor and Actuator Network (IWSAN) in process automation [125, 126].
An IWSAN consists of a gateway and hundreds of thousands of field devices (e.g., sen-
sors and actuators), forming a multi-hop wireless network. The sensors are constantly
transmitting information such as temperature, vibration and voltage to a programmable
logic controller (PLC), which further sends out control signal to the actuators. E2E la-
tency in the IWSAN network is typically bounded to 10-100ms [127]. A Centralized User
Configuration (CUC) module registers a new device with the application running on
it. The service requirement (i.e., bandwidth, latency) is also registered with the CUC.
In case of topological changes such as new joining nodes, link failure, or device depar-
ture, the existing link weights may not be able to accommodate the updated latency de-
mands. The CUC informs the Centralized Network Configuration (CNC) 5 unit about the
updated demand matrix and topological changes associated with it. The CNC runs the
IBA scheme (see Section 4.3) to (re-)compute the weighted adjacency matrix A. The up-
dated weighted adjacency matrix are communicated with devices in the network using
network management protocols such as NetConf [128], see Fig. 4.1.

IASPPpE, on the other hand, is applied to reconfigure the network where modifica-
tion of the adjacency matrix A is not allowed. Potential applications are passive op-
tical networks (PON) and networks in industrial automation, where network availabil-
ity is paramount to ensuring operational continuity. Reconfiguring such networks (e.g.,
re-wiring links) is prohibitively difficult or physically impossible. Applications running
on these networks (e.g., autonomous driving, interactive AR/VR videos, artificial intelli-
gence inference and training, industrial control) may change over time, thus, asking for
an update of the shortest path weight matrix S. In the Telecommunications and Indus-
trial Automation sector, the Multiple Spanning Tree Protocol [129, 130] is often used to
construct (multiple) loop-free paths between nodes to ensure network availability and
reliability *. Our solution to IASPPr therefore focuses on a tree. Deployment of the
IASPP framework follows the same architecture in Fig. 4.1. Common issues related with
a centralized QoS provisioning framework, such as risk of single failure, packet loss due
to change of shortest path are beyond the scope of this paper. A further step is to con-
sider scheduling and bandwidth constraints, power consumption and path redundancy
into the problem.

In Section 4.3, we demonstrate that IASPP,, is not NP-hard and develop an exact al-
gorithm to solve it. In Section 4.4, we concentrate on solving IASPPr with a tree topology.
The scheme to solve IASPPy is evaluated in Section 4.5 and compared with the Hung’s
scheme °.

3CUC and CNC can be deployed as a standalone service or integrated directly in the IWSAN gateway.
4Failover from a primary tree to a backup tree is triggered in case of failure.
5We refer Hung’s scheme to Algorithm 3 in [39], as it outperforms all other algorithms discussed in [39].
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4.3. IRREDUCIBLE BACKBONE AUGMENTATION ALGORITHM

In this section, we propose the Irreducible Backbone Augmentation algorithm (IBA) to
solve IASPP), exactly. Among all the graphs with the same shortest path weight ma-
trix S, there is only one graph which does not have redundant links [8, 37]. We refer to
such a graph as an irreducible backbone for short. Adding any redundant link to an ir-
reducible backbone does not change the shortest path weight matrix. The main idea
to solve IASPP)y, is to find an irreducible backbone whose shortest path weight matrix
matches the given demand and then add redundant links to it, such that the difference
between the resulting graph and the original graph is minimized. The process is outlined
as follows:

1. Given a demand matrix D and a graph G with weighted adjacency matrix A and
link weight matrix W as input, construct a complete graph Ky with a weighted
adjacency matrix A= D.

2. Obtain a graph G’ by removing all the redundant links in the complete graph Ky.

3. For each link [ = i ~ j in the original graph G but does not exist in the graph G/, a
corresponding link [ = i ~ j is added between nodes i and j in G'.

4. If the link weight follows w;; = d;; in the input graph G, set the link weight in
graph G' to w;.j = w;;. If d;j < 2w}, set the link weight in graph G’ to w;j =d;;. If
dij =2w;j, remove the added link /=i ~ jin G'.

5. Repeat step 3-4 for all links present only in the input graph G but not in G'.

The following analysis restricts to demand matrices D that are distance matrices’. In
steps 1-2, we construct an irreducible backbone G’ whose shortest path weight matrix
equals the given demand matrix D by executing the DOR algorithm (see details in [8]).
Step 1 ensures that the generated complete graph Ky is an exact solution to OIASPP
because each node i can reach another node j via a direct link with weight w;; = d;;
in Ky. For the generated graph Kj, the shortest path weight matrix follows S = D. The
graph G’ (i.e., the irreducible backbone) obtained from step 2 has a minimum number of
links and a minimum sum of link weights among all graphs with the same shortest path
weight matrix [8].

The subsequent steps 3-5 add links to the backbone to minimize the adjustment of
the sum of link weights between the resulting graph and the input graph. Each added
link [ =i ~ j is determined according to two principles: (a) link / is redundant, i.e.,
adding or removing ! does not change the shortest path weight matrix S; and (b) the cho-
sen link weight w’ i minimizes the norm % Yila; i a;j| between the resulting weighted
adjacency matrix A’ and the input matrix A, among all possible choices of link weight.
Specifically, since each term IZi;. i~ dijl =0, the summation % >i j |Zz;. i a;jlis minimized
if each term is minimized. In step 3, we add a link [ = i ~ j to the resulting graph G’ only
iflink [ = i ~ j exists in the input graph G but not in G’. Hence, for any node pairs (i, j)
that is not connected directly in both the input graph G and the resulting graph G’, the
corresponding term I&;j - a;jl=0.

6As discussed in Section 2.1, any shortest path weight matrix S of a graph is a distance matrix.
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For each added link [ = i ~ j in step 3, we then compare the weight w;; of link / in
the input graph with the given demand d;; = s;, see step 4. To ensure the shortest path
weight matrix S remains unchanged, the weight of the added link / in the resulting graph
G' follows w! iz d;j. If the weight of link [ in the input graph w; ; = d; j, we set the weight
of the added link to w/; = Wij in the resulting graph G’, which ensures| &’ i a;jl =0. The
shortest path weight matrix S remains unchanged because w} jT Wiz dij.

When the link weight w; j < d; ;, we can not simply let the weight of the added link to
w; j = wij in the resulting graph G’ because link [ will not be redundant in G'. To keep
shortest path weight matrix S remains unchanged, there are two possible cases: (a) to
ensure link  is redundant, set the weight of the added link to w/ iZ d;;j in the resulting
graph G, thereby the term IZz“;.j —aijl= Iw;j - wjj|l = d;j— w;j holds; and (b) remove the
added link [ in step 3 from G’, and we have IZZZ.]. —a;jl = w;j. Thus, when d;; — w;; < w;j,
ie, d;ij <2wjj, we set the weight of the added link to w;j = d;j. Otherwise, we remove
the added link / = i ~ j from the resulting graph G'. If d;; = 2w; j, removing the added
link / = i ~ j or keeping the added link with link weight w} i d;j in the resulting graph
minimizes |2i;j - aij| = w;; without changing the shortest path weight matrix S. After
adding links in step 3 — 5, we obtain a graph G’ as a solution to IASPP);. The meta code
is shown in Algorithm 4.

Algorithm 4 Irreducible Backbone Augmentation algorithm
Input: N x N demand matrix D: a distance matrix;
N x N weighted adjacency matrix A of an original graph G
Output: N x N weighted adjacency matrix A’
1: Ky < agraph with weighted adjacency matrix Ax = D
2: graph G’ and its weighted adjacency matrix A’ — remove all redundant links in Ky
3: Vlink/=1i~jinGbutnotin G’

!

!/

4 a;; l,aji 1
5 ifwijzdijthen

. L L AP s S S R
6: Wi Wijy Wiy~ Wi, G — Wy 055, A — WAy,
7 elseifldij—wij|<w,-jthen

! B B AP L - . B

8 Wi dijy Wiy —dji, Gy — Wi, @ — W5y,
9 else

. A [ e
10: al.j O,aji 0
11: end if

12: return A’

With a weighted adjacency matrix A and a demand matrix D as input, IBA generates
a graph that is exact and unique to most IASPP), instances (see details in Appendix C.2).
In rare circumstances, exceptions may occur. Consider a node pair (i, j) with link weight
aij >0, thelink I =i ~ j between node i and j does not present in the irreducible back-
bone. Suppose the demand between node i and j follows d;; = 2a; ;. The difference of
the link weight on link [ = i ~ j between graph G and G’ is |c~1:.j —d;jl = a;j. This leads
to two outcomes: 1) adding the link [ = i ~ j with weight w;j =d;j = 2a;j to graph G'
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or 2) exclude link [ = i ~ j in graph G'. Hence, the graph G’ obtained by Algorithm 4 is
no longer unique. Given m of the aforementioned node pairs, the total number of non-
unique solution graphs is 2. To ensure IBA returns a unique solution G', we exclude
link [ = i ~ j in graph G’ whenever d;; = 2a,; occurs (see lines 7-10 in Algorithm 4).

The computational complexity of IBA is mainly from two parts: (1) Remove redun-
dant links from a complete graph in Step 2 and (2) Add new links to the irreducible back-
bone in Steps 3-4. As shown in [8], removing all redundant links from a complete graph
requires O(N?) computational iterations. During Steps 3-4, at most (g ) — (N —1) links
may need to be considered and the worst case is where the irreducible backbone is a
tree with N —1 links. Thus, Steps 3-4 also incurs O(N?) computational iterations, leading
to the overall computational complexity of IBA as O(N?).

In summary, the IBA algorithm provides an exact solution to solve IASPP; with poly-
nomial time complexity. To our knowledge, an exact solution to IASPP;; has not been
examined in prior work. Given an arbitrary graph, the IBA algorithm enables efficient
reconstruction of the graph that satisfies the E2E demands, with minimum changes to
the topology.

4.4. DISTANCE BASIS SUM ALGORITHM

In this section, we focus on solving IASPPf on a tree graph. Construction of a spanning
tree or minimum spanning tree is a common practice in designing resource-efficient
networks, e.g., transport networks, airline routes planning and Telecommunication net-
works. As discussed in Section 4.2.3, once in operation, the network topology is often
fixed. The operator can reconfigure network parameters (e.g., the shortest path weight
matrix) to satisfy demands that change over times.

Define the norm ||D-S|| = % Y.i,jldij—sijl as the difference between the shortest path
weight matrix and the demand. We consider a Linear Programming with link weights as
variables (LPLW) approach to solve IASPPr on a tree (see Appendix C.3). LPLW solves
a linear programming problem with two types of variables. The first type consists of L
link weight variables (L = N —1 in a tree) that (%Ve(s\e]zrlll)lines the topological property of

the underlying graph. The second type includes =—— slack variables, representing the

difference between the shortest path weight s;; and the demand d;;. In total, LPLW
has maximually w +L= w variables and N(N—-1)+ L= (N+1)(N —1) con-
straints’. Since the computational cost to solve a linear program problem is positively
related with the size of its variable and constraint space, we propose the Distance Basis
Sum (DBS) algorithm to reduce the IASPPf variables and constraints. The main idea of
DBSis:

1. Given a demand matrix D and an adjacency matrix A, find a shortest path weight
matrix S such that the shortest path distance matrix S can be derived from a graph

with the adjacency matrix A, where ||D — S|| is minimized.

2. Obtain the weighted adjacency matrix A by executing DOR [8] with S as input.

“The constraints are derived by enforcing positivity on the link weights and linearizing the absolute differences
using the slack variables.
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Before introducing the steps to find a proper shortest path weight matrix S in DBS,
we explain a property of the shortest path weight matrices in tree graphs. Given a tree
with adjacency matrix A, the shortest path 91.*]. between any pair of nodes (i, j) remains
unchanged despite of the changes of the link weight matrix W, because there is only
one path between a node pair (i, j). Let S; and S, be two shortest path weight matrices
computed from two trees with the same adjacency matrix A but different link weight
matrices W) and W>. The sum of the shortest path weight between a node pair (i, j)
follows

sij=(s0)ij+(ij= Y. Wap+ Y. Wap= Y. (W)ap+ W2)ap),
(a~b)€9i*j (a~b)€9i*j (u~b)€9i*j

where (s1);, (s2)ij, (W1) ap, (W2) qp TEPresent the element in Sy, S, W1, Wa respectively. This
is to say that the sum S = S; + Sy of two shortest path weight matrices of two trees, which
have the same adjacency matrix A but different link weight matrices W) and W, is also
the shortest path weight matrix of a tree with adjacency matrix A.

Assume that there is a tree graph T whose shortest path distance matrix S equals the
given demand matrix D. The demand matrix can be decomposed into m shortest path
weight matrices, i.e., D = kazl €Sk, where €. is a nonnegative scaling factor, Sy is the
k—th shortest path weight matrix after decomposition. The m shortest path distance
matrices share an identical adjacency matrix A. We define the shortest path weight ma-
trix Sy that constitutes a demand matrix (or a shortest path weight matrix that is close
to the demand matrix) as a distance basis matrix and m as the number of distance basis
matrices. With a given adjacency matrix A, we can generate different distance basis ma-
trices Sy by varying the link weight matrix. Assume we have m distance basis matrices
Sk for a given adjacency matrix A and demand matrix D, IASPPr asks for a set of m x 1
scaling factors {e1,€2,...,€,} such that:

min Z'dij = Sijl
L,
m
s.t. si5= Zek(sk)ij» Vi<j, (4.1)
k=1

€r=0,Yk.

where (si);; denotes the elements of the distance basis matrix Sx. By introducing an
auxiliary variables z;; = d;j — s;j and z;; = s;j — djj:

min ZZ”’
ij

m
S.t. ZijZdij_Zek(sk)ij» Vi<j,
k=1 4.2)

m

zjj = Zek(sk)ij_dij» Vi<j,
k=1

€. =20,Vk.

As shown in (4.2), the DBS scheme has w +m variables and N(N—1) + m constraints
(where 2 < m < L). If m = L, the complexity of DBS converges to that of LPLW. After solv-
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ing Eq. (4.2), we obtain m scaling factor € associated with the distance basis matrices
Sk. The obtained shortest path weight S = ka: 1 €Sk is a shortest path weight matrix of
a graph with adjacency matrix A by minimizing the norm ||D — S||. A solution graph G’
can be further obtained by using DOR with the obtained shortest path weight matrix S
as input. Because the graph G’ obtained by DOR excludes all redundant links and there
is only one graph without any redundant link for all graphs that have the same shortest
path weight matrix, the adjacency matrix of graph G’ equals the given adjacency matrix
A of the tree T. The pseudocode for DBS is introduced in Algorithm 5.

Algorithm 5 Distance basis sum algorithm (DBS)
Input: N x N demand matrix D: a distance matrix;
N x N adjacency matrix A of an original tree graph T;
m: Number of distance basis matrices, m < L; a: An insignificant positive real num-
ber.
Output: N x N weighted adjacency matrix A'.
1: A—aA
: §; — shortest path weight matrix of T
: Sy — shortest path weight matrix from A
:VkeZ3<sksm
Ap—A
i, j — end nodes of the k-th linkin T
(@ij<—1, (@g)ji—1 N
Sk — shortest path weight matrix of Ay
{€1,€2,...,€m} — solve Eq. 4.2 with {S1, Sy, ..., S} as input
10: S ka:1 €rSk
11: A’ — execute DOR with § as input
12: return A’

© RN TR

In Algorithm 5 line 4-8, we construct a distance basis matrix Sy as followings. We first
generate a weighted adjacency matrix A = @ A by multiplying the adjacency matrix with
an insignificant positive a, e.g. 0.001. To generate a distance basis matrix, we randomly
select a link [ that is different from any selected links in other distance basis matrices
and let the link weight w; = 1. We then obtain the shortest path weight matrix Sy as the
k-th distance basis matrix from the weighted adjacency matrix A. The performance of
DBS is evaluated in Section 4.5.

4.5. PERFORMANCE EVALUATION OF DBS

This section evaluates the performance of DBS on an empirical tree network as well as
tree networks derived from random graphs®. The performance of the DBS is assessed

—sluT .
by three criteria: (i) The norm ||D - S|| = % between the demand matrix D and
the shortest path weight matrix S, where u represents the N x 1 all-one vector. (ii) The

computation time ¢ that it takes to find a solution. (iii) The number of instances that

8The IBA algorithm is an exact solution to solve with polynomial time complexity, thus, is not evaluated with
simulation.
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can be successfully found within a pre-defined time limit. We take LPLW and the Hung’s
method as the benchmark schemes throughout the evaluation.

The DBS algorithm is evaluated with different numbers of distance basis, i.e., m = 2,
m = 0.25L, m = 0.5L, m = 0.75L, and m = L, where L = N — 1 denotes the number of
links in the tree network. The insignificant positive constant in DBS is set to a = 0.01.
Both LPLW and DBS are implemented in MATLAB ? and evaluated across three settings.
The first configuration (Section 4.5.1) simulates a system with homogeneous service de-
mands, i.e., the demand matrix fluctuates marginally. The second setting models a sys-
tem in which heterogeneous service requirements need to be accommodated (Section
4.5.2). The performance of DBS on tree networks with different diameters and widths is
examined in Section 4.5.3. Unless otherwise specified, we construct minimum spanning
trees T from an Erdés-Rényi graph (ER), whose link weights are integers following the
uniform distribution in [1,10]. An empirical tree network is also considered in Section
4.5.3.

4.5.1. PERFORMANCE OF DBS WITH HOMOGENEOUS SERVICE DEMAND

In this section, we employ two schemes to generate the demand matrix. The first scheme
constructs demand updates based on the statistical fluctuation of the current shortest
path weights. It is designed to test the performance of DBS against minor modifications
in service requirements. By perturbing the shortest path weight matrix S of the generated
tree T with random noise 6 uniformly distributed in U(0, 1), we obtain the demand ma-
trix D whose element follows d;; = d;; = s;j +6. We refer to the first scheme as perturbed
demand update. In the second scheme, an update of the demand matrix D is generated
as a symmetric random distance matrix with zero diagonal elements and non-diagonal
elements drawn uniformly from [1,10]. It corresponds to a network characterized with
moderate E2E delay demands. For instance, applications running on the network can
be voice or video calls, interactive VR/AR services that need to be delivered to the user
within 1 to 10ms. We denote the second scheme as homogeneous demand update. Due
to the randomness when generating d; , the resulting demand matrix D does not pos-
sess any structural regularity. High and low demand entries may be arbitrarily generated
in the demand matrix D. We modify the demand matrix D to a distance matrix accord-
ing to the method introduced in Section 3.2.1. That is, in case of violation of the triangle
inequality in a distance matrix (if d;x + dj; < d;; for at least one node k € #'), we replace
dij =miny<x<n(dj +dy;) and d;j; = d;; to make sure the demand matrix D is a distance
matrix.

Figs. 4.2a and 4.2c illustrate the norm || D — S|| of the graph obtained by LPLW, Hung'’s
scheme and DBS with different numbers of distance basis m. We highlight the main ob-
servations as follows. First of all, Hung’s method generates the same norm as LPLW for
both demand update schemes. The norm obtained by DBS with m = L overlaps with that
of LPLW and Hung’s scheme. Decreasing the distance basis m leads to larger difference
between the shortest path weight matrix and the demand. Second, the norm [|D — S|
decreases with the increment of graph size N in both demand update schemes. Com-

9The experiments are conducted on a system with Intel(R) Core(TM) i5-10505 CPU and 8GB RAM for network
sizes N < 100 and on a system with Intel XEON E5-6448Y 32-Core 2.1GHz CPU and 16GB RAM for network
sizes N > 100.
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Figure 4.2: Performance of DBS with perturbed demand update in (a) and (b) and homogeneous
demand update scheme in (c) and (d). The x-axis indicates the graph size. The y-axis is the norm
|ID — S|| averaged over all simulations in (a)(c). The y-axis in (b)(d) plots the computation time
t/ tprw normalized by LPLW. Simulations are repeated 1000 times. LPLW is normalized against
itself, hence, remains constant across all graph sizes.

pared to the homogeneous update scheme (Fig. 4.2¢c), the norm || D — S|| obtained by the
perturbed update scheme (Fig. 4.2a) is smaller and converges faster as N increases. This
is because the homogeneous update scheme handles arbitrarily generated high and low
demands, which produces significant differences in |d;; - s; j| and leads to a larger norm
[ID — S||. On the other hand, the perturbed demand update scheme constructs its de-
mand matrix by adding small perturbations to an existing valid shortest path weight ma-
trix. The new demand matrix preserves, to a significant extent, the structural consistency
of an exact shortest-path metric. Hence, the perturbed demand update scheme exhibits
substantially fewer conflicts between demands and shortest path weights'’ compared

10Recall that the norm ||D — S|l is a summation of the difference |d; j = Sijl between the given demands and
shortest path weights for all node pairs (i, j). Consider a three-node graph consisting of nodes i, j and k
connected by link i ~ j and j ~ k, with demands d;. =5, d;; = 15 and d jj. = 2 respectively. The link weights
are assigned as w;j = 3 and wj; = 2 (the shortest path weight s;; = w; j + wj = 5) to satisty the demand
requirement between node i and k. A large difference of |d;; — s; | = 12 is observed on link i ~ j. In the

special case where d; = d;j + djj, the shortest path weights between link i ~ j and j ~ k can be directly
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to the homogeneous update scheme. The standard deviation of the norm [|D — S| is
evaluated against different graph sizes N in Appendix C.4.

Figs. 4.2b and 4.2d plot the average computation time ¢ (normalized to the compu-
tation time f#1prw of LPLW) to solve an IASSPr instance with DBS and Hung’s scheme.
As we can see, the computation time of Hung’s method (the red dashed curve with di-
amond markers) is approximately 10 times that of LPLW (the black dashed line with
square markers), even though both schemes produce the same norm ||D — §||. For graph
size N > 20, DBS with m = 2 (the blue dashed curve with circle markers) consistently
achieves more than 40% reduction in the computation time relative to LPLW at the cost
of increased norm [|D — S||. In general, increasing the distance basis reduces the norm,
but incurs a higher computational cost. Unless otherwise specified, we focus on the
comparative analysis between DBS (m = 2) with LPLW in the sequel. Hung’s scheme and
DBS with distance basis other than m = 2 are not discussed due to their higher compu-
tational overhead.

In Figs. 4.3a and 4.3¢, we plot the ratio of the maximum time ¢y of DBS to LPLW when
scheduling the same IASPPr instance. As we can see, DBS (m = 2) demonstrates more
than 20% reduction in terms of the maximum time to schedule an instance compared
to LPLW. In certain cases, e.g., N = 120 with perturbed demand update and N = 80 with
homogeneous demand update, the reduction of the maximum computation time can
reach to 80% and 70% respectively. Figs. 4.3b and 4.3d examine the ratio of successfully
scheduled instances as a function of the simulation time ¢ for graph size N = 200. DBS
(m = 2) is able to solve all instances around ¢ = 25 and ¢ = 28 for the perturbed and
homogeneous demand update scheme respectively, see Figs. 4.3b and 4.3d. LPLW, on
the other hand, schedules all instances approximately at ¢ = 55 and ¢ = 48 simulation
time.

4.,5.2. PERFORMANCE OF DBS UNDER HETEROGENEOUS SERVICE DEMAND
This section evaluates the performance of DBS in a network that supports diverse ser-
vice demands from the end users. We roughly classify the demands into three categories
as follows. 1) Mission-critical machine services (machine control loop, interactive hap-
tic control) require extreme low latency in the range of [100us,1ms]. 2) Cloud VR/AR
rendering, cloud gaming and V2X communication with low to moderate latency of 1ms
to 50ms. 3) Applications such as voice-over-IP, smart metering, that can tolerant E2E la-
tency up to a hundred milliseconds. According to the heterogeneous service demands
described above, the demand between each pair of nodes (i, j) is generated uniformly at
random from the following three sets:

* Set 1: {100us,500us, 1ms, 2ms}
e Set 2: {6ms, 10ms, 15ms, 20ms}
¢ Set 3: {50ms, 100ms, 500ms, 1s}

Four types of demand matrices D are considered, each parameterized by a different per-
centage of demand sets. As shown in Table 4.1, in each category, a fixed proportion of

assigned by their demands, resulting in a zero norm.
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Figure 4.3: Performance of DBS with perturbed demand update in (a) and (b) and homogeneous
demand update scheme in (c) and (d). (a) and (c) plot the ratio of the maximum computation time
ty of DBS to LPLW when scheduling the same IASPP instance as a function of graph size N. (c)
and (d) demonstrate the ratio of successfully scheduled instances Z—i as a function of simulation
time ¢, where n, is the total number of simulations. The graph size presented in (c) and (d) is
N =200. All simulations are repeated 7, = 1000 times.

node pairs (i, j) is selected with demand d;; (i < j) randomly drawn from a demand set
i (i=1,2,3). The four types of demand matrices represent different amounts of services
that to be accommodated in the network. For example, with demand Type 1, 50% of
services require extremely low latency, the remaining 50% of services are less sensitive
(demand set 2) or relaxed (demand set 3) to the E2E latency that the network can pro-
vide. Since the shortest path weight matrix is a distance matrix, the generated demand
matrix D is modified to be a distance matrix, following the rules introduced in [7] and
Section 3.2.1).

Together with the generated demand and a minimum spanning tree generated from
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Table 4.1: Four types demand matrices

Demand matrix D | Demand set 1 | Demand set2 | Demand set 3
Type 1 50% 25% 25%
Type 2 25% 50% 25%
Type 3 25% 25% 50%
Type 4 34% 33% 33%
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Figure 4.4: Performance of DBS (m = 2) with heterogeneous demand matrix. Four types of de-
mand matrices, Type 1 to Type 4 as defined in Table 4.1, are evaluated. (a) illustrates the difference
between the given demand matrix and the shortest path weight matrix of the graph obtained by
LPIW and DBS. The x-axis represents the graph size, and the y-axis is the norm ||D - §||. In (b),
the average computation time of DBS normalized by LPLW is demonstrated as a function of graph
size N. (c) presents the maximum computation time ¢y normalized by the maximum computation
time ¢ prw) of LPLW as a function of graph size N. (d) plots the number of successful scheduled
instances ng normalized by the simulation number 7, = 1000 within a time limit ¢. n; is evaluated
with graph size N = 200. All the simulations in (a)-(d) are repeated 1000 times.

an ER graph as input, we evaluate the performance of DBS with m = 2. Similar as Figs. 4.2a
and 4.2c, the norm ||D — S|| obtained by DBS (m = 2) in Fig. 4.4a is slightly higher than
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that of LPLW. The norm of Type 1 traffic (red dashed line with diamond markers) approx-
imates the results of DBS (m = 2) in Fig. 4.2c. This is attributed to the transformation of
the demand matrix into a distance matrix in the presence of a high proportion of delay-
sensitive traffic (i.e., Type 1 in Table 4.1 )1, The modified demand matrix of Type 1 traffic
in Fig. 4.4a resembles the homogeneous random demand matrix in Fig. 4.2¢c, thus, re-
sults in similar performance of the norm ||D - S||.

In Figs. 4.4b, 4.4c and 4.4d, we verify the computational efficiency of DBS (with m =
2). The results exhibit similar behavior as of the homogeneous service demand update
scheme in Section 4.5.1. With graph size N > 50, DBS (m = 2) achieves approximately
50% reduction in both the average computation time (Fig. 4.4b and the maximum time
required to schedule all simulation instances (Fig. 4.4c) compared to LPLW (for all de-
mand types). Fig. 4.4d plots the ratio of successfully scheduled instances as a function
of the simulation time ¢. As we can see, DBS is able to solve all instances around ¢ = 22
for all demand types, while LPLW needs about ¢ = 42 simulation time to compute the
instances for Type 1& 4 traffic, and ¢ = 60 for Type 2 and 3 traffic. The similar perfor-
mance between Types 1 and 4 demands, as well as Types 2 and 3 demands is due to the
transformation of the demand matrix described before.

4.5.3. PERFORMANCE OF DBS IN TREES WITH VARYING DIAMETERS

This section evaluates the performance of DBS in different tree graph topologies. Three
types of tree graphs, characterized by graph diameters'” p are examined: (i) a star graph
of N nodes, with diameter p = 2; (ii) a path graph of N nodes, with diameter p = N—1; (iii)
a spanning tree generated from ER graphs, with diameter 2 < p < N —1; (iv) a real-world
tree topology.

For each IASPPr instance, we generate a tree graph of N = 50 nodes with varying
diameter p. The link weights are generated uniformly in [1,10] as integers. The input
demand matrix D is obtained as homogeneous demand, in order to evaluate the perfor-
mance of DBS where the demand matrix does not possess any structural regularity As
shown in Fig. 4.5a, LPLW, Hung’s method and DBS with m = L produce the same norm
||D - S||, which is consistent with the observation in Section 4.5.1. The norm ||D - S||
obtained by LPLW and DBS exhibits distinct behavior in different tree topologies. In
a star graph with diameter p = 2, the demand on each shortest path is determined by
maximally two link weights w; j, either from the root to a leaf or between two leaf nodes
via the root. Since each shortest path consists of only one or two links, a star graph
exhibits minimal mutual dependency (thus, the smallest norm) among shortest paths
compared to other tree topologies with the same number of nodes. As the diameter of
tree increases, the mutual dependency between shortest path weight s;; increases. This
means that the link weight w;; on a path between node pair (i, j) may influence multi-
ple shortest path weights s; ;, making it more difficult to approximate the shortest path
weight matrix S with the demand matrix D. Hence, a higher norm ||D — S|| is observed
for2 < p < N—1. In a path graph (p = 49), DBS shows comparable performance to LPLW,

HRecall the triangle inequality discussed in Section 3.2.1,we replace the demand by d; j=minycp<n(dig +
dij) and dj; = d;; if the inequality is violated for any node k € .#'. Demands from delay-tolerant flows (i.e.,
from set 2 and set 3) is therefore removed from the demand matrix.

12The diameter of a graph G equals the length of the longest shortest path in G.




4. EXTENSIONS OF THE IASPP

62
¢ == - -0
o LPLW -~ m=05L
. -9 Hung > m=0.75L
4x10" 10 o m=2 m=L
o z < m=0.25L
| :
g ! § ..... B Pommimree Lo
3x10 e
LPLW -~ m=05L R S
Hung - m=0.75L g i B L - 4 “ & —
- m=2 m=L 10°] oo o 8] O o o u} £ s ™ s
o
m=0.25L B G G
0 10 20 30 40 50 0 10 20 30 40 50
14 P
(a) Norm ||D - S|| (b) Computation time
1.01 oo o o fa] o o fa] o O 1.0
9 0'," |
i &
0.9 o 0.8 ¢ i
. i i J‘
£0.8 £ 0.6
= S i i
2 4 4 = 8 ! LPLW, p=2
= = i
\:\07 Q P 0.4 o “' -~ m=2,p=2
o y 6 o - LPLW, p=25
0.6 / 0.2 4 m=2,p=25
o LPLW LPLW, p=49
\ g = =2,p=49
0.5 ¥ o m=2 0.0 m=2p
0 10 20 30 40 50
P t

(c) Maximum computation time (d) Scheduled instance number

Figure 4.5: Performance of DBS in tree graphs with N = 50 nodes and varying diameters p, where
p = 2 represents the star graph, p = 49 is the path graph, and 2 < p < 49 are spanning trees ran-
domly generated from an ER graph with 50 nodes. m denotes the number of distance basis ma-
trices of DBS. (a) illustrates the norm ||D — §|| as a function of diameter p. (b) plots the average
computation time of DBS and Hung’s method normalized to that of LPIW for the same IASPPp
instance. (c) presents the ratio of the maximum computation time ¢y of DBS to LPLW when
scheduling the same IASPPF. instance. (d) demonstrates the percentage of successfully scheduled
instances ng across all simulations as a function of time limit ¢, where n, denotes the number of

simulations. All results are repeated 1000 times.

regardless of the distance basis m as it has the strongest mutual dependencies among all
three types of trees.

Analogous to the results presented in Section 4.5.1, DBS with m = 2 outperforms
LPIW in terms of computation efficiency across all tree topologies. For instance, DBS
(m = 2) shows approximately 40% reduction in the average computation time relative to
LPLW in general graphs (e.g., 10 < p < 40) in Fig. 4.5b. Moreover, as plotted in Fig. 4.5d,
LPLW computes faster on star and path graphs than on general trees. In a star graph, the
hopcount of any shortest path is either 1 or 2, leading to simple and localized constraints
in Eq. (C.2). In a path graph, although many shortest paths share common segments,
the overlap is highly localized along the path and the constraints in Eq. (C.2) exhibits a
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high degree of nesting (i.e., .@i’fj c g’i’j +1)- This allows LPLW solves the linear program-
ming problem (C.2) efficiently. In contrast, a general tree topology induces complex,
non-structured interactions among shortest path constraints. Multiple paths overlap
across various subsets of links. The complex structure of constraints then slows down
the LPLW . Finally, compared to LPLW, DBS demonstrates consistent superior perfor-
mance across tree graphs with different diameters in terms of the time to successfully
schedule all simulation instances, see Fig. 4.5d.

The performance of DBS is also evaluated on a real-word factory automation net-
work [132, 133]. Details of the network are introduced in Appendix C.6. Compared to
LPLW, DBS with m = 2 shows approximately 30% reduction in average computation time
and 40% reduction in maximum computation time, at the cost of increasing the norm
|ID — S| around 0.08.

In summary, DBS demonstrates consistent superior performance in terms of com-
putational efficiency over LPLW across different IASPPr instances with varying demands
and tree topologies. Increasing the distance basis m in DBS decreases the difference be-
tween the obtained shortest path weight matrix and the given demand, at the cost of
longer computation time. Compared to LPLW, DBS with m = 2 achieves a significant re-
duction in average computation time by constructing a graph that is close to the optimal
solution, i.e., an increase in the norm ||D — S||.

4.6. CONCLUSION

This work focuses on two extensions of the inverse all shortest path problem (IASPP), i.e.,
IASPP with minimum adjustment of the sum of link weights (IASPPj,) and IASPP given
a fixed adjacency matrix (IASPPf). Given a graph G and an arbitrary demand D, IASPPj,
addresses the challenge of obtaining a new graph G’ with S = D and minimizing changes
of link weight. We present the Irreducible Backbone Augmentation (IBA) algorithm to
solve IASPP); exactly. We also prove that the graph G’ obtained by IBA minimizes the
sum of link weight changes between the resulting weighted adjacency matrix A’ and the
input matrix A.

The second extension IASPPr considers a more demanding scenario where modifi-
cation of the input adjacency matrix A is not allowed (i.e., the modified graph must have
the same adjacency matrix as the original one). Inspiring by practical deployment in
Telecommunications and industrial automation networks, where (multiple) spanning
trees are constructed to ensure network availability and reliability, we focus on a tree
graph when solving IASPPr. A Distance Basis Sum (DBS) algorithm is proposed to re-
duce the variable and constraint space associated with the IASPPr framework. Through
extensive simulations, we have shown that DBS with distance basis m = 2 reduces ap-
proximately 30% ~ 50% of the computation time compared to the classical Linear Pro-
gramming approach, while constructing a graph that is close to the optimal solution.

Both IASPP), and IASPPr show promising applications during network planning and
network (re-)configuration where accommodating practical constraints (e.g., minimiz-

131n our experiments, we employ the simplex method [131], to solve the linear programming problem formu-
lated by LPLW or DBS. The complex structure of the constraints can significantly slow down the simplex
method, as it may require a large number of pivot iterations to reach the optimal solution.
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ing network downtime and operational cost due to reconfiguration, difficulty of rewiring
cables) is of significant relevance. We have demonstrated a potential deployment of
IASPP), and IASPPr and conclude their applicability in real-world networks such as
transportation networks, wireless sensor and actuator networks, Telecommunications
and industrial automation networks.



FLOW SUBGRAPHS AND FLOW
NETWORK DESIGN UNDER
END-TO-END POWER DISSIPATION
CONSTRAINTS

If we knew what it was we were doing,
it would not be called research,
would it?

Albert Einstein

Though the transport of items following the shortest path in a network has been exten-
sively studied, many practical scenarios involve transmission over multiple paths. In this
work, we focus on the transportation in flow networks with the current-flow analogy. We
investigate how network topology supports an effective flow between a source node and a
destination node and propose a framework to compute the expected number of nodes and
links that contributed to transferring items in random networks. We then address how
to construct a network given predetermined end-to-end power dissipation, which can be
reduced to the “inverse effective resistance problem” that asks for a network whose effec-
tive resistance matrix equals a predetermined demand matrix. We propose a heuristic
algorithm, “Resistor Gap Pruning” (RGP), which provides sparse networks closely approx-
imating the demand effective resistance and shows stable performance across different
demand scenarios.

This chapter is based on a manuscript that is currently under review [134].
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5.1. INTRODUCTION

The function of a network is generally related to the transport of items over the under-
lying graphl5, 6, 8]. Depending on the type of transported items, a network G can be
classified as either a “path network” in which packets (e.g., IP packets, vehicles) are prop-
agated, or a “flow network”, e.g., electrical networks, gas networks, water networks, etc,
in which the transported item is a flow.

In a path network, the transport of items between two nodes (i, j) travels along a
single path 27;;, defined as a succession of links [4, 6] of the form 2;; = {n; ~ nz, nz ~
ns,...,Ng—1 ~ ng}, where node label n; = i, n; = j and n, # ny, for each index a and
b. In most practical scenarios, the transport follows the “the shortest path” .@i*j, which
minimizes the sum of all link weights along the path. A well-known example is the Open
Shortest Path First (OSPF) protocol[4, 9] in data communication networks, whereby routers
in an IP network maintain a list of IP destinations, with each IP destination (or range of
IP destinations) having the “next hop” associated with it. The next hop is the network
connection that shall be followed in order to route an IP message over the shortest path
towards the destination. Indeed, the computations, behaviors (such as the hopcount)
and applications of the shortest path have been extensively studied in the literature [4,
15, 19, 26, 28, 29, 30, 61, 135, 136, 137].

Many practical scenarios, however, can not be adequately described by the short-
est path alone [2, 41, 42, 43, 44]. Multiple alternative paths, or even random paths, are
considered when the shortest paths are unknown or unavailable. For example, next-
generation 6G communication systems aim to enable information to be divided into
smaller units and transmitted simultaneously over diverse and integrated paths, includ-
ing satellite, fiber-optic and wireless links, to maximize coverage, reliability and trans-
mission efficiency [45, 46]. Other examples include the epidemic spreading [4, 138, 139],
where infections can propagate through all available connections. Similarly, the propa-
gation of news or rumors in a social network, which generally does not follow the short-
est path from a source node to the destination [42, 140, 141, 142] but rather resembles a
random walk process. In cases where the shortest path is not sufficient, the flow network
provides a complementary perspective, since the transport propagates proportionally
over all possible paths from node i to node j in a flow network.

In this work, we will focus on the flow network using the current-flow analogy. Items
are transferred following the principle of current flow through an electrical network,
where links are resistors and nodes are junctions between the resistors. We first inves-
tigate how the flow transmits through a flow network. Specifically, we study how the
topology of a network supports an effective flow between the source node and destina-
tion node. We build a framework to compute the expected number of nodes and links
that contribute to transferring items in random networks.

The flow over nodes and links in networks also affects the “power dissipation” by the
links in the network. Power dissipation is taking here an analogy to electrical networks,
where the power dissipation in a connection is determined by the current through that
connection and the resistance of that connection. The investigation into the power dissi-
pation is inspired by communication networks, where higher data transmission through
alink generally leads to higher cost for that connection [143, 144]; the higher cost may be
installation cost, e.g., fibre optic cable, as well as operational cost, e.g., energy consump-
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tion of routers or repeaters. Similar examples can be observed in social networks [145,
146] and transportation networks [147, 148]. We demonstrate that transferring items in
accordance with the “resistance” of each path between the source node and the destina-
tion node provides a more evenly spread load on the links in the network and may lead
to a reduction in power consumption. The power dissipated on each link in ER graphs
holds a power law decay with respect to the network size and link density. Finally, we
propose a heuristic algorithm for constructing networks such that the total power dissi-
pation of the flow network approximately equals a predetermined demand with different
source and destination node pairs.

The outline of the paper is as follows: In Section 5.2, we first introduce terminology
and background knowledge on flow networks. In Section 5.3, we investigate the links and
nodes that contribute to item transmission in flow networks. A framework is proposed
to compute the expected number of nodes and links that contributed to transferring
items in random networks. In Section 5.4, we consider the inverse problem of power
dissipation, which asks for constructing a network given predetermined demands on
the end-to-end power dissipation. A heuristic approach named Resistor Gap Pruning
(RGP) is proposed and tested for different demand matrices. Finally, we summarize our
results in Section 5.5.

5.2. TERMINOLOGY

In this chapter, we introduce the terminology used in this paper. A summary notation
list is presented in Appendix D.1.

5.2.1. GRAPH

In this work, we limit ourselves to connected, undirected, simple graphs‘ [6]. We intro-
duce an N x N adjacency matrix A to represent a graph, with element a;; = 1 if there is a
link between node i and node j, otherwise a;; = 0. The link between nodes i and j is rep-
resented by [ =i ~ j. Eachlink / € £ has a positive weight w; and the N x N link weight
matrix is denoted by W. The N x N weighted adjacency matrix is defined as A= Wo A,
where the Hadamard product o defines a direct elementwise multiplication @;; = w;;a;;
and the “tilde” refers to a weighted graph matrix. In our setting, @;; = 0 means that there
is no link between nodes i and j, because we exclude zero link weights, i.e. w;; >0, in
order to avoid the complication that a zero weight w;; = 0 would physically mean that
nodes i and j are the same.

By the definition of the adjacency matrix, the degree d; of node i equals to the row
sumof A, i.e. d; = Z;;’zl a;x, which represents the number of neighbors of node i. The
excess degree d; of node i is defined [1, 149] as the number of remaining links after
reaching node i by a random link /. In other words, for node i with degree d;, the ex-
cess degree dl’. =d; — 1, like the example shown in Fig. 5.1. Suppose a graph has degree
distribution Pr[D = k]. The degree probability generating function (pgf) is defined as

¢p(2) = E[z°) =Y Pr(D = k] 2%,
k

1A simple graph has no multiple links between a same pair of nodes and the graph does not contain any self-
loops, i.e. a;; =0 for eachnode i € A"
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dl{=di_1

Figure 5.1: Illustration of the excess degree dl’.. When node i is reached by following a randomly
chosen link /, the remaining number of neighbors of node i is dl’. =d;—-1.

which encodes the full distribution of D into an analytic function [4, Chapter 2]. The
excess degree distribution [1] is then

k+1
- Pr(D=k+1],

Pr[D' =k|=
E[D]

where E[D] is the expected degree of the graph. The pgf of the distribution of excess
degree D' is

/
0 'k _ PR
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A directed graph can also be represented by an N x L incidence matrix B with ele-
ments
1 iflinkl=i—j
bjj=< -1 iflinkl=j—i
0 otherwise

wherelink / =i — j denotes the direction from node i to node j. The sum of the columns
in an incidence matrix equals zero, i.e. u” B = 0, where u represents the N x 1 all-one
vector. An undirected graph can be represented by an N x (2L) incidence matrix, where
each link i ~ j is counted twice, once for direction i — j and once for direction j — i. In
that case, the degree of each node is just doubled [6].

For an undirected graph, the N x N Laplacian matrix Q reveals the relation [6] be-
tween the adjacency matrix A and the N x L incidence matrix B:

Q=BBT=A-4A (5.1)

where the N x N degree diagonal matrix A = diag(d) contains node degrees on its main
diagonal and the N x 1 degree vector d = Au contains the degree of each node, with d;
denoting the node i degree. Details of the Laplacian and Pseudoinverse Laplacian are
provided in Section 3.1.1, [6] and [47].

5.2.2. ELECTRICAL RESISTOR NETWORK AND FLOW SUBGRAPH

In this work, the flow network is modeled analogously to the electrical resistor network.
Consider a weighted electrical resistor network G with N nodes and L links. Each link
I =i~ jbetween the nodes i and j possesses a resistor with resistance r; = r;; > 0 and
the weight of link w; = w;; = rll Let v denote the potential or voltage potential of node
k in the network circuit and the current y; = y;; through the resistor of link / between
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node i and node j, which is directed (even in undirected graphs) so that y;; = —y;;.
According to the law of Ohm v; — v; = r;;y;}, the voltage and current are related by

y= dlag( )BT (5.2)

where y is the L x 1 link current vector, v is the N x 1 vector with nodal voltages and
the L x L matrix diag(ril) has diagonal elements (r—ll, . %,..., %) where r; = r;; is the
resistance of link [ =i ~ j.

Define x; as the external current injected into node i. If the current leaves from node
i, then x; < 0. The Kirchhoff’s current law shows that

x= By, (5.3)

where x is the N x 1 node external current vector containing the external current injected
into each node x;. Substituting Eq. (5.2) into the Kirchhoff’s conservation law (5.3), the
external current and voltage are related by

1 ~
x:Bdiag(r—)BTszv (5.4)
ij
where the weighted Laplacian
~ 1
Q = Bdiag(—)B" (5.5)
Tij
is defined similarly to the unweighted Laplacian decomposition in Eq. (5.1).
Though matrixrelation x = Qv (5.4) cannot be inverted due to det Q = 0, Van Mieghem [6]

shows that
v=0Q'x, (5.6)

by choosing the average voltage equaling 0 in the network. Substituting the voltage v in
Eq. (5.2) with Eq. (5.6), we couple the external current and current on each link:

y=Cx, (5.7

where the L x N matrix C = diag (rll) BTQ'.
Inject a unit current I, = 1 Ampere at node (source) s and the current flows out of the
network G at node (destination) ¢, the current flow through links / are then

y=C(es—eyr) (5.8)

We define the flow subgraph G}, as the subgraph through which the current I, propa-
gates. Specifically, the flow subgraph G}, comprises all links with nonzero current y; # 0
and nodes adjacent to those links.

In an electrical resistor network G, each link [ = i ~ j possesses a resistor with resis-
tance r;; = w% Ohm’s law v; — v} = r;;y;; states that the resistance is the proportionality
constant or ratio between the potential differences vi — v; and the current I, injected
at node i and leaving at node j. The ratio ——1 thus measures the resistance of a sub-
graph over which the injected current I in node i spreads towards node j and w;; is
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called “effective” resistance [6] between node i and node j. The details of the effective
resistance are introduced in [6, 47] and Section 3.1.2. Here, we recall upper bound of the
effective resistance [8]. The effective resistance w;; between two adjacent nodes i and j
(i.e. a;j = 1), represents the effective resistance of a parallel connection

1 1 1

—_— = (5.9)
wij rij (We)ij

between the resistance r;; ofalink [ = i ~ j and the effective resistance (wg); j between
nodes i and j in the graph G’ = G\ [, where the link [ = i ~ j is removed. The effective
resistance w;; between adjacent nodes i and j is upper bounded by the resistance r;; of
the direct link between them

rij((UG’)ij . ( ( ) )
w;ij = ————— <min|(r;;, (Wg);;
1] rij+ (wG’)ij 1] G'ij
Otherwise, if a;; = 0, then the effective resistance w;; is upper bounded by the sum of
resistances of links forming the shortest path between the nodes. In both cases, if more
paths exist connecting two nodes, then there are more possible paths for the current to
flow simultaneously and thus, the effective resistance lowers.

Inject a current I, in a network from source node s and let it out from destination
node t. The power P;, the energy per unit time (in watts), dissipated on each link is
defined as P; = yl2 r;. The power dissipation Pg in the network is the sum of the power
dissipated on each link,

Pg=Y Pi=Y yin=Ilwg, (5.10)
le& le&

which also equals the product of the square of the current and the effective resistance.

5.3. SIZE OF THE FLOW SUBGRAPH

Given a flow network G and a pair of nodes (i, j), the items transported on the network
only propagate along the flow subgraph G; i Figure 5.2. Indeed, the number of nodes
and links in a flow subgraph is generally determined by the network topology. For ex-
ample, for a tree network, the flow subgraph G;‘j between nodes (i, j) is the same as
the corresponding (shortest) path 37’1*] In a 2-d lattice graph G, the flow subgraphs G;.*j
are identical to the graph G for every pair of nodes (i, j). In this section, we propose a
framework “self-consistent approach” to compute the expected number of nodes and
links comprising the flow subgraphs G; Iz The main idea of the self-consistent approach
is inspired by the property:

Property 3. Anodek, k #1i, j, in the flow subgraph G;‘j between nodes (i, j) has at least
two neighbors belonging to the flow subgraph G} Iz

Proof. For an arbitrary node k that belongs to the flow subgraph G} I the current I flow-
ing through node k is not zero, whereas nodes outside G; ; carry no current. With Kirch-
hoff’s current law, the total current flowing into node k equals the total current leaving
node k. Hence, node k must have at least two neighbors belonging to the flow subgraph
G;‘j. O
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Figure 5.2: A schematic representation of the flow subgraph G;‘j, which is highlighted by red, be-
tween source node i and destination node j.

The self-consistent approach can be applied to all random graphs with a known
probability generating function (pgf) of node degree D. In Section 5.3.1, we present an
analysis using Erd6s—Rényi (ER) random graphs as an illustrative example.

5.3.1. NODE NUMBER OF THE FLOW SUBGRAPH IN ERDOS—RENYI (ER) RAN-

DOM GRAPHS
We first analyze how the flow subgraph G;‘j is composed. For ER graph G,(N) with a
small expected degree E[D] < 1, all connected components are small [1, 150] with size
of order O(log(N)). Hence, in this regime, the relative size of the flow subgraph py =
IG;‘ i |/ N is also negligible, where IG;‘J.I denotes the number of nodes in the flow subgraph
G; Iz As the expected degree increases, a giant component (GC) emerges [1]. Outside the
GC, all connected components have a vanishing relative size and thus the relative flow
subgraph size p remains negligible when either (or both) i and j lie outside the GC.
Therefore, the average size of the flow subgraph G; i is dominated by node pairs (i, j)
that both belong to the GC.
We then decompose the GC into a backbone subgraph 28 and branches.

1. Backbone 28: The maximal induced subgraph of the (giant) component in which
every node has at least two neighbors within 98 (nodes highlighted with green out-
lines in Fig. 5.3). Denote by b = |98|/ N the relative size of the backbone 28, where
| %8| denotes the cardinality of the set %8.

2. Branches: the connected components of U := GC \ & (nodes without green out-
lines in Fig. 5.3). Each branch T} (with index k = 1,..., M) is a finite subgraph
attached to £ at a single node, where M denotes the total number of branches.
Let 8 := |U|/ N denote the total relative size of the union of all branches.

RELATIVE SIZE OF THE BACKBONE
Consider a flow subgraph G;‘j with source node i and destination j. A node either be-
longs to the backbone 28 or to its complement 98¢ with probability b and 1 - b, respec-
tively. By definition, any node m, different from node i or j, can be in 98 only if it has at
least two neighbors that also lie within the backbone 2.

Let Pr[D = k] denote the degree distribution of the graph, the pgf of the excess-degree
distribution (see details in Section 5.2.1) is then given by ¢y (2) = ¢',(2)/ ¢, (1), where
@D (2) = Y k=0 Pr[D = k] z¥ is the degree pgf of graph Gp(N).
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g

A
‘Q%{‘:

Figure 5.3: Backbone-branch decomposition: Backbone nodes (each node has = 2 neighbors
within the backbone) are highlighted with green outlines; other nodes are branches (finite sub-
graph) attached to the backbone.

Follow a uniformly random chosen link to one of the endpoints and remove the link.
Let py, be the probability that the reached node m is “supported” by at least one of its
remaining neighbors, i.e., the reached node has at least one neighbor that also belongs
to the backbone . For each remaining neighbor node n of node m, the probability that
node n can not support node m is 1 — p;,. Independence across the remaining neighbors
yields the self-consistent equation

pp = 1 —Pr[No remaining neighbor belongs to %]
=1-Y Pr[D' = kI(1 - pp)*
k

=1_(pD'(1_ph) (511)

Eq. (5.11) indicates that the probability p; is numerically identical to the probability that
anode belongs to the GC of a random graph [3, 149, 151].

Given the probability p;, and a node w with degree D = k, let X denote the num-
ber of supporting neighbors of w, i.e., neighbors that also belong to the backbone 2.
Conditioned on D = k, the variable X follows a binomial distribution and

k . .
PrX=j|D=kl= (j)p{,(l -pp)*

Since a node belonging to the backbone 28 has at least two supporting neighbors,

Prlwe 2 |D =kl (5.12)
=1-Pr[X=0|D=k]-Pr[X=1|D=k]

=1-(1-ppF-kpp-pp)*?

Applying the law of total probability [4], the overall fraction b of nodes that have at least
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two supporting neighbors and thus belong to the backbone 28 is

N-1
b= ) Pr[D=k|Prlwe%|D=k
k=1

N-1
Y PrID =kl [1- (- ¥~ kpp(1 - pp)*!
k=1
1—

¢p(1—pp) — pppp (1 - pp) (5.13)

For an ER graph G, (N) with mean degree E[D] = (N-1) p = A, the degree distribution
is binomial [4] with probability generating function

PP (z) =1 -pa-2)N!

In the sparse regime where N — oo and A is fixed, this pgf admits the expansion [4]

. e A2(1-2)? 1
op (@) =e D1 2N-D) O(W))

In the sparse limit N — oo with fixed mean degree E[D] = A, the degree and excess—

degree probability generating functions of an ER graph are given by ¢p(z) = (1 -p(1 -

2))N"1and ¢ (2) = (1- p(1—2)) V2, respectively, which admit the binomial-to-Poisson

expansion ¢p(z), ¢p(z) = e M17? + O(1/N). Substituting this expansion into the gen-

eral self-consistency equation (5.11) yields

pp=1-e FPIPD, (5.14)

where the omitted terms introduce corrections of order O(1/N) for ER graphs.
Eq. (5.14) can be solved in closed form. Rewrite

—EDlpy — ¢~ EDIpy.

pp=1-e <~ 1-pp

Let y = E[DI(1 - pp). Then
(-y)e ¥ =—E[D] e EIP! (5.15)

Here W (x) denotes the Lambert-W function [152], defined implicitly by W (x)e"™® =
x. Eq. (5.15) is of the canonical form ue* = x with u = —y and x = —E[D]e F!P!, and
therefore yields
Py = 1+ﬁwo(—E[D] e EIPh) (5.16)
where W, is the principal branch of the Lambert-W function [152]. For E[D] = 0, this
branch gives the unique solution satisfying pj, € [0, 1], while the remaining real branch
leads to non-physical solutions and is discarded.
Using the same Poisson approximation in the backbone-size expression (5.13) gives

b = 1-e EPIP(1 4+ E[D] py), (5.17)

while the binomial-to-Poisson expansion above implies that the exact ER value of b dif-
fers from (5.17) by a relative error of order O(1/N) in the sparse regime.

Eq. (5.14) always has the trivial solution pj, = 0; for the expected degree E[D] < 1,
the trivial solution is the only fixed point, which implies b = 0 from (5.17). When the
expected degree E[D] > 1, a positive fixed point pj, > 0 appears and increases with E[D],
and the backbone fraction b given by (5.17) grows accordingly.
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RELATIVE SIZE OF THE BRANCHES

For the the union of all branches U = GC\ 4, the relative size 0 = == = p;, — b, while the
relative size of each branch T} is defined as 74 = ‘ k' , where ITkI is the size of a single
branch.

For the ER graph or a configuration model with fixed degree distribution possessing
a finite second moment, each branch can be regarded as a subcritical Galton-Watson
tree [1, 149, 151] with offspring mean, denoted by ¢ < 1. Let pr denote the extinction
probability of the corresponding Galton-Watson process and pr satisfies pr = ¢/ (pr),
where @ (z) is the pgf of the excess-degree distribution of the graph. The average off-
spring [1, 149, 151] is then given by ¢ = (1 - pr) (p’D,(pT) In the specific case of an ER
graph, the average offspring specializes to { = E[D]pr(1 - p7) < 1.

Since a single branch behaves as a subcritical Galton-Watson tree, the expected size
of the branch T is constant and independent of the size of the graph N: E[| Tkl = IL
The branch size distribution has an exponentially decaying tail [1, 149, 151], implying
that | T%| = O(1) and therefore

T _ (i)
Tk = =0
N N

Since the total branch mass is |U| = O N and a single branch has E[|T¢|] =

expected number of branches is E[M] = #TLH =ON1-9).

= (,the

RELATIVE SIZE OF THE FLOW SUBGRAPH
Conditional on source-destination node pair (i, j) € GC, three different cases are consid-
ered in Fig. 5.4:

1. Case (i): If node i and j lie in different branches (or one is in a branch and the other
in the backbone 48), then this case occurs with probability O(1), since the total
relative size of all branches is O(1) whereas each individual branch has O(1) size.
Hence, two random GC nodes fall in different branches (or one in a branch and
one in 98) with a non-vanishing probability as N — co. The normalized coverage
within the backbone converges to b, while the branch parts of the flow subgraph
G; i contain only O(1) nodes and therefore contribute O(1/N) after normalization.
This follows from the fact that each branch behaves as a subcritical Galton-Watson
tree whose expected size is bounded and independent of N (see discussion above).

2. Case (ii): If both node i and j lie within the backbone 23, then this event also has
probability O(1) under the same conditioning. In this case, the flow remains en-
tirely inside the backbone, and the normalized size of the visited backbone portion
converges to b.

3. Case (iii): If both node i and j belong to the same branch, then the flow sub-
graph G is contained inside a single finite tree. Since a branch is a subcritical
Galton—Watson tree of constant expected size (independent of V), we have the size
of flow subgraph IG;‘].I = 0(1) and therefore the relative size of the flow subgraph
|G} jI/ N = O(1/N). The probability of this event is O(1/N), so its contribution to
the expected normalized size of the flow subgraph is O(1/N) - O(1/N) = O(1/N?),
which is negligible in expectation.



5.3. SIZE OF THE FLOW SUBGRAPH 75

(a) Case (i) (b) Case (ii) (c¢) Case (iii)

Figure 5.4: Toy examples for different source-destination pairs. Nodes i and j are the source and
destination of the flow. Red nodes and links indicate the components of the flow subgraph. Back-
bone nodes are highlighted with green node outlines.

In Section 5.3.1, we have shown that the probability that a randomly chosen node i
belongs to the giant component GC is Pr[i € GC] = pj, and therefore the probability that
both nodes i and j belong to the GC is Pr[i, j € GC] = pi. Conditioning on this event,
Cases (i) and (ii) imply that the normalized size of the flow subgraph restricted to the GC

satisfies

*
Gy

E i,jeGC

1
=b+ O(—) ,
N
where the O(1/N) term comes from the branches on the GC. Thus,

|G

il

ij

E i,jeGC

1

2 2
=b ol =
Py byt (N)

Next, nodes outside the GC occur with probability 1 — pi and generate a flow sub-
graph of size O(1), since every connected component outside the GC is a finite tree of
bounded size. Their total contribution to E[py] is therefore also O(1/N). Consequently,
the expected normalized size of the flow subgraph satisfies

1
Emm:b%+0hﬂ (5.18)

For ER graph G, (N) with expected degree E[D] = Np, the probability pj, solves pj, =
1— e EIPIPb and the relative backbone size is b = 1 — e FIP1Pb (1 + E[D]py,).

Fig. 5.5 shows that when the expected degree E[D] is small (e.g., E[D] = 0.5), the two
curves y = p and y = 1 — e FIPIP intersect only at p = 0, Eq. (5.14) has only the solution
0, so the normalized size b of the backbone 28 is zero. When the expected degree E[D]
exceeds the critical value (E[D]), = 1, a second intersection emerges, indicating that a
giant flow subgraph starts to form. As the expected degree E[D] increases further (e.g.,
E[D] = 2,5), the fixed point p and the corresponding size b both grow and eventually
approach 1.

Fig. 5.6 compares our analytical prediction in (5.18) with simulations on ER graphs.
For small network sizes N, a noticeable gap appears between the theoretical curve and
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Figure 5.5: Intersections of y = p (black) and y = 1 — e E[P1P (colored) for different expected de-
grees E[D]. When the expected degree E[D] < 1, only the trivial solution p = 0 exists. For E[D] > 1,
a non-trivial fixed point appears and increases with E[D].

the simulation results, which is consistent with the O(1/N) finite-size deviation estab-
lished in our analysis. As N increases, this finite-size effect diminishes, and the analytical
prediction in (5.18) converges to the simulation results. When the graph is sufficiently
large, the O(1/N) correction becomes negligible, and the agreement between theory and
simulation is nearly exact.
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Figure 5.6: The average relative size E [p ] of the flow subgraph as a function of the expected
average degree E[D] in ER graphs with different numbers of nodes. The analytical results in (5.18)
are derived using the binomial degree distribution of the ER graph.

5.3.2. NUMBER OF LINKS OF THE FLOW SUBGRAPH

Alink belongs to the flow subgraph G} i only if the link contributes to the current flowing
from the source node i to the destination node j. Consider an undirected link [ = m ~ n
in a weighted or unweighted graph and let v,, and v, denote the electrical potentials of
nodes m and n, respectively. By Ohm’s law, the current flowing through link [ is propor-
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tional to the potential difference v,, — v,;,. Hence,

VA0 <= vnp#uv,

The node set A (G j) of the flow subgraph G} i consists exactly of those nodes through
which the injected current propagates, that is, nodes with non-zero total current, i.e.,
Ym = XneNg(m) Ymn > 0, where A (m) denotes the set of all neighbours of node m. For
any node m ¢ A (G;‘j), the total current y,, = 0 and Kirchhoff’s current law then implies
that all its incident link currents must be zero: y,,, = 0 for n € A5 (m). Hence, no link
adjacent to a node outside the node set of the flow subgraph A4 (G;.kj) can belong to the
flow subgraph. Every link in the flow subgraph G ; must have both endpoints in A (G} Ik
Among the links belonging to G;‘j, the membership condition reduces to

l:m~n€$(G;‘j) = y#0 < v #Uy

Therefore, when identifying the links in the flow subgraph, we only need to consider
links whose endpoints both lie in the node set of the flow subgraph A (G;‘j) and have
different electrical potentials.

(a) Flow subgraph G} ; with (b) Flow subgraph G;."j
N =6nodesand L = 9 links. of a complete graph
with N = 6 nodes.

Figure 5.7: Schematic illustration of links in flow subgraphs of two unweighted toy graphs. The
flow subgraph is highlighted in red. In (a), nodes 2, 3, 4, and 5 belong to the flow subgraph. Links
1 ~iand5 ~ 6 are not included because nodes 1 and 6 do not belong to the flow subgraph. Links
2 ~3and4 ~ 5 are also excluded, since the node pairs (2,3) and (4,5) have equal potentials. In (b),
all links between nodes 1, 2, 3, and 4 are not flow subgraph links.

We define the set of candidarte links connecting nodes in the flow subgraph G; il
Zrs(G]))i={l=m~neZL(G)|mneN(G])}

Since a node pair (m, n) belonging to the flow subgraph may have the same potential, a
link / = m ~ n may belong to Q%FS(G;‘].) but does not belong to E(G;‘j), Fig. 5.7a. Thus,
the link set of the flow subgraph satisfies

Z(G;)) € Ls(G})) (5.19)
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In weighted ER graphs with randomly generated link weights (e.g., the link weights are
uniformly distributed), the event thatlink [ = m ~ n belongs to £rs (G;." j) but does not be-
long to x(G;‘j) has a probability zero, since node potentials are continuous functions of
the independent link weights. Hence, & (G;‘j) = EFS(G;‘J.) almost surely. In unweighted
ER graphs, equipotential nodes may occur only when two nodes are structurally indis-
tinguishable, i.e., when they lie in the same orbit of a graph automorphism [153]. For ER
graphs with moderate expected degree, such nontrivial automorphisms occur [154] with
probability O(1/N), giving

(G 1-0(1/N)
s (Gl

|5£Fs(ij)| - |$(ij)| =0(),
However, when the expected degree E[D] becomes very large (the graph approaches a
dense or even complete graph), many nodes acquire almost identical neighborhoods,
making them structurally indistinguishable. The number of such equipotential node
pairs increase rapidly with p, and a positive fraction of links in Zfs(G; j) becomes de-
generate (zero potential drop). Consequently, the deviation |$FS(G;})| - & (G;‘j)l is no
longer O(1) but grows proportionally to the number of these symmetric node pairs.

In the extreme case where the graph becomes a complete graph Ky (as in Fig. 5.7b),
all non-terminal nodes have exactly the same neighbors and therefore attain the same
electrical potential under a unit { — j current injection. Hence every link whose end-
points do not include i or j has zero potential difference and carries no current. The
only links with nonzero potential differences are: (i) the link [ = i ~ j and (ii) the 2(IN—-2)
links on the two-hop paths 2%;; = {i ~ k, k ~ j}, k is different from node i and j. Thus,
almost all links of K}y lie outside the flow subgraph.
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Figure 5.8: The average link fraction p, of the flow subgraph as a function of the expected average
degree E[D] in weighted ER graphs with different numbers of nodes.

In Section 5.3.1, we have shown that as the size of the graph N increases, for a fraction
1- pi of source-destination node pairs (i, j), which lie outside GC, the relative size pn
of the flow subgraph satisfies
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. .. . | Lrs (G )] . .
which further indicates that the expected fraction % of candidate links fé’ps(Gl’.‘ j)’

normalized by the total number oflinks L of the graph, is 0 in this case. For the remaining
fraction pi of node pairs, the relative size of the flow subgraph approaches the size of the
backbone %, i.e.,

N

Following one endpoint of a uniformly chosen link, the probability that the reached node
belongs to (i.e., is supported within) the backbone 2 is p;,. Hence, a link belongs to the
candidate link set Zgs(G; j) with probability pi. In other words, the expected fraction
m of candidate links ffps(G;fj), normalized by the total number of links L of the
graph, is pi in this case.

Averaging over all source-destination node pairs gives the overall expected fraction
of links in the flow subgraph as

LGl
E —E| —M— -
o L (N)
1
:Pixpi+(l—pi)x0+0(ﬁ) (5.20)
1
4
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Figure 5.9: The average fraction E [p] of flow subgraph as a function of the expected average
degree E[D] in unweighted ER graphs with different numbers of nodes.

Fig. 5.8 compares our analytical results by Eq. (5.20) with simulations on weighted
ER graphs. The link weights are uniformly distributed from (0,1). A similar pattern to
Fig. 5.6 is visible. When the graph size N is small, the branches lead to a gap between
the analytical results and the simulation. The gap decreases and approaches 0 as N in-
creases. For unweighted ER graphs, our Eq. (5.20) provides accurate predictions as long
as the expected degree is not too large, Fig 5.9. In the regime of large expected degrees,
however, the number of links in the flow subgraph decreases due to Eq. (5.19). In the
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extreme case where the unweighted graph is complete, the size of the flow subgraph
reaches IG;“jl =1+2(N-2).

5.4. GRAPH CONSTRUCTION WITH END-TO-END DEMANDS ON

POWER DISSIPATION

In this section, we focus on the flow network design problem, where we draw an analogy
to electrical resistor networks. In an electrical resistor network G, the current flowing
through each link leads to power dissipation because of the resistors. For any given re-
sistor network, the power P dissipated when transmitting a current between two nodes
i and j can be directly computed by (5.10): PG = Y jex P1 = Yjce ylzrl = Pwg. In Ap-
pendix D.2, we show that for unweighted ER graphs or ER graphs with uniformly dis-
tributed link weights, the power dissipated on a link exhibits a power law decay with
respect to the size of the graph N and link density p. However, the inverse problem
remains a non-trivial challenge: how to construct a graph that satisfies predetermined
graph power dissipation demands (E2E constraints on power dissipation budget) d;,
i.e., the required transportation cost between a node pair (i, j) in a flow network.

As shown by (5.10), the power dissipation is determined by the injected current I,
and the resistance r; of links carrying transported current. Since the demand d;; can be
normalized to the graph power dissipation Pg with unit current injected in the graphs,
we consider I, = 1 in the following analysis. In a path network where the item travels
along the shortest path and the link weight w; denotes the “resistance” or transporta-
tion cost on link / during the transportation, the power dissipation Pg then numerically
equals the shortest path weight s; ; between node i and j. Hence, the problem reduces to
constructing a graph such that the corresponding shortest path weight matrix S equals
the given demands D, which is solved by the inverse all shortest path problem [8].

Similar to the path network case, when unit currents are considered, the inverse
power dissipation problem on a flow network reduces to constructing a network that
satisfies prescribed end-to-end effective resistance demands:

Problem 7 (Inverse Effective Resistance Problem (IERP)). Given an N x N symmetric
demand matrix D with zero diagonal elements but positive off-diagonal elements. De-
termine an N x N weighted adjacency matrix A for the flow network, such that the norm
|D — Q| between the demand matrix and the effective resistance matrix is minimised.

5.4.1. INVERSE EFFECTIVE RESISTANCE PROBLEM
Since the effective resistance matrix is a distance matrix?, we assume that the demand
matrix D is also a distance matrix in the sequel. Indeed, Van Mieghem [7] has proposed a
method to transform an arbitrary demand matrix D into a distance matrix: If d; + dyj <
d;j for atleast one node k € A& which violates the triangle inequality of a distance matrix,
then we can replace d;j = min;<x<n(d;x + dij) and d;; = d;;.

When the given demand matrix D can be realized by a graph, i.e., there exists at least
one graph whose effective resistance matrix Q2 = D, the IERP can be solved elegantly by

2Any element £; ;j of a distance matrix H is non-negative h;; = 0, but k;; = 0 and h;j obeys the triangle in-
equality: hij < hj;+ hkj'
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Fiedler’s block matrix relation [7, 113, 114],

0 u' 7' ([ -202 pT
(v e ) =7 —%@“) 521

with Qp = 202 u, where Q = A— A is the weighted Laplacian matrix of a flow network and
the diagonal matrix A = diag(Au), A is the weighted adjacency matrix of a flow network,

the variance o2 = % + Rg, where Rg is the effective graph resistance and u is N x 1
the all-one vector. The vector { contains the diagonal elements of pseudoinverse Q' of
the Laplacian Q. Fiedler’s block matrix relation (5.21) indicates a one-to-one relation
between the effective resistance matrix Q and the weighted Laplacian Q and therefore,
also between the effective resistance matrix Q and the weighted adjacency matrices A.
By applying block inverse formulae [6] to Fiedler’s block matrix relation, the inverse of
the effective resistance matrix is

U DR

1

mﬂ_l u. Hence,

where 202 = +1u and the vector p =

utQ
~5_ 2 T -1
Q= Fpp -2Q (5.23)
and with Q = A — A, the weighted adjacency matrix follows as
A’:Z+ZQ*1—ippT (5.24)
o2

We refer to the method that substitutes the effective resistance matrix Q in (5.24) with a
given demand D as the “Fiedler approach”. Given a demand matrix D, if there exists at
least one graph whose effective resistance matrix Q = D, then the Fiedler approach can
provide an exact solution to the IERP instance.

5.4.2. GRAPH REALIZABILITY OF PERTURBED EFFECTIVE RESISTANCES
We call a demand matrix D graph-realizable if there exists at least one graph G whose
effective resistance matrix Q = D. Constructing a demand matrix that is guaranteed to be
graph realizable remains, to the best of our knowledge, a challenging problem. The main
difficulty lies in the dependence among the effective resistances of different node pairs.
To demonstrate the difficulty, we now consider adding a perturbation to the effective
resistance Q, which is motivated by the study on the sum of effective resistances in tree
graphs in [8].

Consider a graph G with weighted Laplacian Q and effective resistance Q. Let K be
a symmetric perturbation matrix with zero diagonal elements k;; = 0 and whose off-
diagonal elements are arbitrary real numbers. Assume that there exists a graph G’ whose
effective resistance satisfies Q' = Q+¢K, where ¢ is an arbitrary insignificant positive real
number.

By substituting the perturbed Q' for Q in (5.23) and ignoring terms of order £ and
higher, the weighted Laplacian Q' of graph G’ can be expressed as:

Q' =~Q+¢eAQ (5.25)
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where

~ 1
AQ:2M+2(uTMu)ppT—?(MppT+ppTM), (5.26)

the vector p = uTéfl -Q 'uand M = Q7' KQ™". The details are provided in Appendix B.3.

Consider two nodes i and j that are not connected directly by a link and the cor-
responding element g;; = 0 of the weighted Laplacian. The element q;; = 0 of the per-
turbed Laplacian is then determined by the first-order perturbation term e AQ only. Since
€ > 0, the sign of Ag;; determines the sign of g;;. Eq. (5.26) shows that the first-order
perturbation Ag;; depends on the inverse of the effective resistance matrix Q! and the
perturbation matrix K. Since the inverse of the effective resistance matrix Q™! is fully
determined by the topology and link weights of graph G and the perturbation matrix
K can take arbitrary values, even an arbitrarily small perturbation can yield a positive
Agi;, thereby producing a positive g P> 0, which implies, since g;; = —a;j, a negative

weighted adjacency matrix element d;;. The appearance of a positive off-diagonal ﬁ;j
or, equivalently, a negative off-diagonal &, i indicates that the addition of an extremely

small, but non-zero perturbation in Q2 cannot always lead to a graph-realizable effective
resistance Q.

A similar situation, where even small perturbations in the effective resistance matrix
can render the matrix not graph-realizable, appears in the network version of Calderén’s
inverse problem [155, 156, 157], which is known to be a severely ill-posed problem. Con-
sider an electrical network G whose link weight represent a conductance and nodes are
classified as boundary nodes and interior nodes. Given the adjacency matrix A of net-
work G, the prescribed electric potential on the boundary nodes and the currents in-
jected into (or extracted from) the boundary nodes, Calderén’s inverse problem asks for
obtaining the conductance of every link such that all potential and current constraints
are satisfied. Carmona et al. [156] demonstrated that a small perturbation on the given
potentials or currents may result in extremely large variations in the recovered conduc-
tances and in some cases may even produce negative conductances. Moreover, the big
discrepancies appear on links that are far away from the boundary nodes in terms of
hopcount. The severe ill-posedness arises because the boundary measurements on cur-
rents and voltages are only weakly sensitive to variations of conductances located deep
inside the network, so that small perturbations at the boundary input may correspond
to large and non-unique changes in the interior conductances.

Our investigation of small perturbations on effective resistance highlights the diffi-
culty of constructing a graph-realizable demand matrix: even an insignificant perturba-
tion of a valid effective resistance matrix may destroy its graph realizability; therefore,
generating demands by perturbing an existing effective resistance matrix or by directly
specifying a resistance matrix is unreliable. Hence, the Fiedler approach, which directly
executes (5.24) by substituting the effective resistance matrix Q with the given demand
matrix D, loses feasibility in practical scenarios where measure accuracy is limited. To
solve the IERP for arbitrary demands D, we propose an algorithm called “Resistor Gap
Pruning (RGP)” (Algorithm 6), by leveraging resistor and parallel circuit rules, in Sec-
tion 5.4.3.
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5.4.3. RESISTOR GAP PRUNING ALGORITHM

The Resistor Gap Pruning (RGP) algorithm aims to obtain a graph whose effective resis-
tance matrix Q is approximately equal to an arbitrary predetermined demand matrix D.
Consider a flow network G with each link / = i ~ j possessing a resistor r;; = w%j equal-
ing the reciprocal of the link weight. In a path network, Qiu et al. [8] demonstrated that
a link with small link weight w; ;, which corresponds to a high resistor r;; in a flow net-
work, is unlikely to be included in a shortest path. Utilizing this principle, Qiu et al. [8]
proposed the Omega Link Removal algorithm to construct a graph such that the corre-
sponding shortest path weight matrix S approximately equals a given demand matrix D.
Inspired by [8], we now propose our RGP algorithm for designing a flow network.

Algorithm 6 Resistor Gap Pruning (RGP)

Input: N x N demand matrix D
Output: N x N weighted adjacency matrix A for flow network
cA—J-1
: W — Element-wise reciprocal of D over nonzero elements
A—AoW
. Q — Effective resistance matrix of A
e—||D-Q]
do
e —e
Q — Element-wise reciprocal of Q over nonzero elements
I'— (Q—A)O(D—Q)OA
(i, j) — Indices of the maximum element in I'
A A—eiejT— ejel
A—AoW
Q — Effective resistance matrix of A
e—I[ID-Q|
: whilee < ¢’
cA— A+ eiejT +ejel
: ¥ij < d;jlw;; for each non-diagonal indices (i, j) in Q
: @ — mean of all y;;
: A—Laow
. return A

W e N aR

[EEE——
- O

N = = = e e e e
S © ® N OO A wWN

The main mechanism of RGP is based on the parallel circuit rules and (5.9). The par-
allel circuit rules show that the effective resistance in the circuit is always less than or
equal to the smallest resistance (see [8]). In other words, for two adjacent nodes i and
J, the effective resistance always satisfies w;; < r;;, with equality holding only when the
direct link i ~ j is the unique path connecting nodes i and j. Hence, for an arbitrary
node pair (i, j), adding links in G can only decrease the effective resistance w;; or leave
w;j unchanged, while removing links in G cannot decrease the effective resistance w; ;.
Furthermore, (5.9) indicates that removing a link with a high resistor’ r; j has an insignif-

3 A high resistor means small current through the link by the law of Ohm; hence, a small proportion of traffic. In
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icant effect on the effective resistance w;;. The link [ = i ~ j with a high resistor r;; is
then regarded as a “redundant effective resistance link”. The main idea of RGP is to re-
move redundant effective resistance links from a complete graph so that the effective
resistance matrix Q approaches the target demand D:

1. Construct a complete graph whose weighted adjacency matrix A = D.

2. Tteratively remove links whose removal has an insignificant impact on the graph
effective resistance.

The details are shown by Algorithm 6.

The RGP algorithm is initialised in line 1 by the complete graph with the adjacency
matrix A = J— I, while the link weight matrix W is element-wise reciprocal of D over
nonzero elements, line 2. Lines 3 and 4 then obtain the weighted adjacency matrix A
of the flow network and the corresponding effective resistance matrix Q. The difference
between the demand matrix D and the effective resistance matrix Q is computed in line
5 as €. Specifically, the difference is measured by L1 norm ||D — aQ| = Z,-j ldij — awijl.
Assume there exists a graph G whose effective resistance matrix Qg exactly equals the
demand matrix D. The effective resistance matrix Q < Qg because the resistance of each
link r;; = d;; and there are multiple paths between node i and j. We expect that the
difference € will shrink as the links are iteratively removed until the obtained graph is
close to the graph G whose effective resistance matrix Q¢ exactly equals the demand
matrix D. To determine which link should be removed, in line 9, we compute the N x N
heuristic score matrix

[ —(Q-A)o(D-Q)oA,

where the N x N matrix  contains the element-wise reciprocal of the effective resistance
on the off-diagonal elements, with the diagonal elements remaining zero. The heuristic
score consists of three components:

1. The first factor (Q - ﬁ) of the heuristic score matrix I' denotes the reciprocal of
effective resistance between a pair of adjacent nodes (i.e. a;; = 1), in case the direct
link between them is removed (as in (5.9)). Specifically, from (5.9), we have

1 1 1

(wa\Dij - Wij Tij
Asmaller (wg\;);;, equivalently a larger m), may imply a smaller contribution
ij

of % and thus a larger r;j, indicating that link [ = i ~ j can be regarded as re-
dundant. Moreover, a smaller (wc\;);; indicates that, after removing link [ =i ~ j,
nodes i and j may remain connected through multiple paths acting in parallel.
In other words, the adjacent nodes i and j are easily reachable via the rest of the
graph when the link is removed.

2. The second factor (D — Q) quantifies the gap between the predetermined demand
and the obtained effective resistance in the current iteration.

the extreme case where the resistor r; ; — co implying that almost no current flows through the link [ =i ~ j.
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3. The third factor is the adjacency matrix, which encodes the graph topology at the
current iteration and ensures that only existing links are considered for removal.

By jointly accounting for the link redundancy, the reachability between two nodes after
link removal and the difference between the current effective resistance and the target
demand, we remove the existing link with the highest value in ' (lines 10 and 11). If
multiple links have the same heuristic score, one link is randomly removed; therefore,
the solution provided by RGP may not be unique. The adjacency matrix A, the weighted
adjacency matrix A of the flow network, the corresponding effective resistance matrix
Q and the difference € between the demand and the effective resistance matrix are then
updated respectively in lines 12-14. We perform the link removal until the updated € is
larger than the difference ¢’ in the previous iteration. At that point, the last removed link
is returned (line 16).

In lines 17-19, we further scale the link weight matrix W according to the norm || D —
Q|| Since the effective resistance (2 is sensitive even to insignificant perturbations [8], we
cannot independently scale each element of the effective resistance Q with a separate
parameter. Fortunately, scaling the entire effective resistance matrix Q, by a positive
scaling parameter a yielding a2, guarantees that the corresponding weighted adjacency
matrix remains nonnegative: From (3.4): w;; = (¢; — ¢;)" Q' (e; — e;), we have

aw;j=ale - ej)T Q' (ei—ej) (5.27)
(1 \f
= (ei—ej) (;Q) (ei—ej), (5.28)

which indicates that aQ is the effective resistance of a graph with Laplacian é(j and
weighted adjacency matrix éﬁ. The remaining task is then to obtain the scaling param-
eter ¢ that minimizes the norm ||D - Q|, e.g., L1 norm, |D - aQ] = Z,-j ldij — awijl.
Because both the demand d;; and effective resistance w; ; are positive, each term |d;; —
aw; ;| can be expressed piecewise as

) dij
dii—aw;;, ifas—,
J J
d = o
ldij—aw;j| = d::
. ij
aa)ij—dij, 1fa>—,
wl-j
L . N . e ij
which is a convex piecewise-linear function, minimized at « = —. Hence, the norm

a)ij
ID—-aQl =); j |d;j —w;;| is also a convex piecewise linear function and the minimum

d. .
occurs at one of the breakpoints, corresponding to a — for a (or some) node pair (i, j).
wijj

In line 18, instead of searching over all possible — to obtain the minimum of norm
wij

d. .

ID - aQ|, we use @ equaling the mean of Y for all possible (i, j), which can reduce
wij

the computational complexity. In line 19, the weighted adjacency matrix A is updated
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by scaling the link weight matrix W with the factor é Finally, in line 20, the RGP returns
the resulting weighted adjacency matrix A.

5.4.4. PERFORMANCE OF RGP ALGORITHM

In this section, we evaluate the performance of the RGP algorithm. We introduce a
benchmark approach “Fiedler approach”, which executes (5.24) by substituting the ef-
fective resistance matrix Q with an input demand matrix D, as a reference. Since the
Fiedler approach * is only feasible when the demand matrix is graph-realizable, our ex-
periment is conducted given demand D = Qg, where Qg; is the effective resistance matrix
of a randomly generated graph G. Specifically, for each experiment trial, we first gener-
ate a “baseline” graph G and compute the corresponding effective resistance matrix Q.
With the demand matrix D = Q¢ as input, RGP and the Fiedler approach are respectively
executed to obtain the resulting graph H and the corresponding effective resistance ma-
trix Q. We then measure how the resulting graph H, produced by RGP, differs from the
benchmark approach. The performance of RGP is then assessed by three complemen-
tary criteria: (i) the normalized number m (Lg — Lg) of additional links in the result-

ing graph H, (ii) the number of common links L, = % u’ (Ao Ap) u shared by the baseline

graph G and the resulting graph H and (iii) the norm ||D - Q|| = N 1\1,_1) iy j ‘d"’;:)ij | of

the demand matrix D and the effective resistance matrix Q.

We first consider the demand D = Q¢ derived from the sparsest graph, tree. Given
a tree graph G, the RGP algorithm can generally recover a graph H = G with D = Qg
as input, see Fig. D.3 in Appendix D.3. In a tree graph, there exists a unique path 2;;
between an arbitrary node pair (i, j) and the effective resistance w;; is the sum of the
resistances r; of links along the path 27;;. Starting from the initial complete graph (lines
1-3 in Algorithm 6) by RGP, whose link weights W are the element-wise reciprocal of the
demand D over nonzero elements, any link / = i ~ j that is absent in the baseline tree G
has a relatively high resistance r;, as node i and j can already connect with each other
via the path 2;; in the baseline tree G. Moreover, according to parallel series rules, the
effective resistance w;; of alink [ = i ~ j that exists in the complete graph but not in the
baseline tree G is significantly smaller than the demand d; ;. The RGP algorithm can then
leverage both the high resistance r;; and large difference d;; — w;; to remove redundant
effective resistance links, ultimately recovering a tree graph H that matches the given
tree graph G.

We then extend the performance evaluation using demands D = Qg computed from
ER graphs with different link densities p, Fig. 5.10. Specifically, for each size of the graph
N and link density p, 1000 ER graphs G, (N) with link weight uniformly distributed in
(0,1) are generated. As shown in Fig. 5.10, the Fiedler approach can exactly recover the
given baseline graph G, (N), which is expected. Compared to the benchmark Fiedler ap-
proach, RGP generally produces graphs H with fewer links (Fig. 5.10a). The normalized
number of additional links of resulting graphs H by RGP decreases linearly as the link
density p increases. Fig. 5.10b presents the common links L. shared by graph H and G
normalized by link number Lg. The ratio LL—; is approximately 1, indicating that nearly

4Solving the IERP with arbitrary demands, to the best of our knowledge, is a novel problem and there is no
scheme to compare with.
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Figure 5.10: Performance evaluation of the RGP algorithm (RGP) compared with the Fiedler ap-
proach (Fiedler). (a) Normalized number of additional links in the resulting graph H compared
with the baseline G. (b) Normalized number of common links in the baseline graph G and the
resulting graph H. (c) shows the norm between the demand matrix D and the resulting effective
resistance matrix Q. The x-axis of all three panels represents the connection probability p of ER
graphs Gp (N). For each graph size N and probability p, 1000 ER graphs with uniformly distributed
link weights are generated as baseline graphs. Error bars indicate the standard deviation.

all the links in the reconstructed graph H also exist in the given graph G. In Fig. 5.10c,
we further investigate the difference between the effective resistance matrix Q of the re-
sulting graph by RGP and the demand D. The RGP algorithm performs better in graphs
with a larger size N.

The feasibility of RGP is also examined for demands derived from ER graphs with
different link weight distributions. A similar pattern as Fig. 5.10 is visible in Fig. D.4 in
Appendix D.3, where the link weights of the given ER graphs exhibit an exponential dis-
tribution with an average equaling 0.5. Further, in Table D.2 in Appendix D.3, we demon-
strate the consistent performance of RGP across demands generated from different em-
pirical networks [117, 158].

The main computational complexity of the RGP algorithm comes from updating the
effective resistance (line 13), which requires computational complexity O(N 3) in each it-
eration. Since the RGP algorithm initialises the topology with a complete graph and iter-
atively removes redundant links until, in the worst case, the graph becomes a tree graph
with N —1 links, there are up to w — (N —1) iterations. Therefore, the overall com-
putational complexity for the worst case of the RGP algorithm is O(N®). To streamline
the computational complexity, one possible strategy is to employ the Sherman-Morrison
equation [159], which provides an efficient way to compute the inverse of a matrix after
a rank-one modification. In each iteration of RGP, we remove one link from the graph,
which corresponds to a rank-one update to the Laplacian Q. Hence, after the first it-
eration, the Sherman-Morrison equation can eliminate the need to compute the pseu-
doinverse of the Laplacian QJr and effective resistance Q from scratch, which reduces the
computational complexity of updating Q from O(N3) to O(N?). Accordingly, the overall
computational complexity of the RGP can be reduced to O(N*).
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5.5. CONCLUSION

Motivated by practical scenarios in 6G communication and information spreading on
social platforms, where transport cannot be accurately described by a single shortest
path, we study flow networks in which transport distributes proportionally across all
available paths. We first analyze the size of the flow subgraph in flow networks. We
decompose the giant component (GC) into a backbone subgraph 28 and branches. Us-
ing the requirement that every non-terminal node in the flow subgraph must have at
least two neighbors within the flow subgraph, we establish a self-consistent formula-
tion. From this formulation, we obtain the probability p; that a node has at least one
neighbor that belongs to the backbone and the backbone fraction b. Both probability p;,
and backbone fraction b remain zero when the expected degree E[D] < 1 and become
positive once the expected degree exceeds one. Based on these quantities, we character-
ize the expected size of the flow subgraph. Conditioned on both nodes lying in the giant
component, the normalized size of the flow subgraph converges to b pi with an O(1/N)
finite-size deviation. A similar reasoning applies to the number of links in the flow sub-
graph, which converges to p‘li up to the same correction order. Simulations agree with
these results and reproduce both the large-scale behavior and the finite-size deviations.

Finally, we consider the challenge of constructing a graph with predetermined end-
to-end power dissipation, which can be reformulated as the inverse effective resistance
problem (IERP) that asks for a graph such that the corresponding effective resistance ma-
trix equals a given demand matrix. Inspired by circuit rules and effective resistance com-
putation, we propose a heuristic algorithm, “Resistor Gap Pruning” (RGP), which pro-
vides sparse graphs closely approximating the demand effective resistance and shows
stable performance across different demand scenarios. Further, our simulations reveal
that nearly all links belonging to the sparse graphs H obtained by RGP also exist in
the baseline ER graph G, indicating that the links in graph H exhibit significant influ-
ence on the effective resistance. Indeed, for an unweighted ER graph, previous studies
[41, 51, 160, 161, 162] have shown that the effective resistance can be approximated as
Wt X dis + d%, stating that the transport is dominated by the links adjacent to node s and
t, while the remaining graph is practically a perfect conductor. Our findings then provide
a complementary perspective on those “critical” links/nodes that determine effective re-
sistance in a weighted flow network: the effective resistance is likewise dominated by a
small number of links that interconnect the network. Moreover, the proposed RGP algo-
rithm can also be utilized for a type of “network sparsification”, which provides a sparser
network while preserving a similar effective resistance matrix.

Although our analysis is formulated using a flow network analogy to electrical net-
works, the results are not limited to the electrical network domain. Rather, the IERP can
be applied to different domains, including telecommunication networks, water distribu-
tion networks, social networks, and transportation networks, where transport processes
can be effectively modeled using random walks. For example, in telecommunication
networks, our RGP can provide a scheme for the design of low-power Internet of Things
(IoT) networks [163], where the effective resistance captures energy consumption un-
der unit data transmission. More generally, IERP is not confined to scenarios in which
physical power dissipation itself is the demand or constraint. The demand can repre-
sent a general end-to-end cost of transporting a unit of items between two nodes. For
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instance, in a telecommunication network, the resistance of a link / can represent the
operational and maintenance costs associated with transmitting a unit of IP packets on
link . Similarly, in a social network, the demand may quantify the cost of propagating in-
formation from different source node to destination nodes, while the resistance of each
link corresponds to the cost incurred when information passes through that link.







CONCLUSION

Time and stupidity are your biggest enemies.

Piet Van Mieghem

This dissertation aims to enhance the understanding of how a network supports an effec-
tive item transmission between the source and destination and how to construct a network
given requirements on item transmission. Our exploration investigates both path net-
works, where the item transmission typically follows the shortest path and flow networks,
in which the item propagates over proportionally all possible paths. For path networks,
we have studied the geometric organization and identification of the shortest path nodes
on 2-dimensional Euclidean space. Additionally, we developed several approaches for dif-
ferent network design problems motivated by practical scenarios. For flow networks, we
provided an analysis of the subgraph that contributed to item transmission in random
networks and the power dissipation associated with transporting items. Finally, we stud-
ied a flow network design problem. In this chapter, the main contribution of this disserta-
tion and directions for future work are presented.

91
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6.1. MAIN CONTRIBUTION AND REFLECTIONS

This dissertation aims to deepen the understanding of how complex networks support
item transmission between sources and destinations and how such networks can be sys-
tematically constructed to meet prescribed transmission requirements.

Chapter 2 investigated the geometric organization and the identification of the short-
est path nodes in soft random geometric graphs (SRGGs) in 2-dimensional Euclidean
space. We have demonstrated that the shortest paths are aligned along geodesic curves
connecting shortest path endpoints. To quantify the strength of the alignment, we intro-
duce two metrics: the average distance to the geodesic from shortest path nodes and the
average path stretch. We showed that both metrics decrease in larger SRGGs with short-
range connections, while exhibiting a nontrivial, nonmonotonic behavior with respect
to the average degree. We have also analyzed the hopcount of the shortest path and the
geodesic length between adjacent nodes in SRGGs. Furthermore, we established that
the alignment of shortest paths may be sufficiently strong to allow the identification of
shortest path nodes based on their proximity to geodesic curves, even when the precise
node positions in the latent space are unknown.

In Chapter 3, we introduced the inverse all shortest path problem (IASPP), which asks
for a weighted adjacency matrix of a graph such that all the elements in the correspond-
ing shortest path weight matrix do not exceed those of the given demand matrix. We
have proposed the Descending Order Recovery (DOR) algorithm, which exactly solves
an optimized variant of IASPP in polynomial time, thereby proving that IASPP is not NP-
hard. The network constructed by DOR minimizes both the number of links and the total
link weight among all networks that share the same shortest-path weight matrix. More-
over, as a complementary approach, we developed Omega-based Link Removal (OLR),
which leverages effective resistance to solve the optimized IASPP. The essence of OLR
lies in solving a path network problem from the perspective of flow networks, thereby
bridging two crucial metrics: the shortest path weight and effective resistance. Addi-
tionally, while an effective resistance matrix is a distance matrix, we have demonstrated
that not every distance matrix admits a corresponding effective resistance matrix real-
ization. Even a minor perturbation of the effective resistance matrix can significantly af-
fect the corresponding weighted adjacency matrix, potentially resulting in negative link
weights. Thus, for any distance matrix, there exists at least one simple graph with pos-
itive link weights whose shortest path weight matrix equals the given distance matrix;
however, no such guarantee holds for a graph whose effective resistance matrix equals
the distance matrix.

We further extended the IASPP in Chapter 4 to the modification of existing networks
under changing item transmission requirements. Inspired by practical scenarios, we
study two variants. The first variant named IASPP that minimizes the adjustment of the
sum of link weights (IASPP},)), which aims to construct a network such that the result-
ing corresponding shortest path weights meet the updated demands while minimizing
the total change in link weights relative to the original network. An exact algorithm for
IASPP), was proposed and its potential application domains were discussed. The second
variant, the IASPP with a fixed adjacency matrix (IASPPF), considers a more constrained
scenario in which the network topology remains unchanged. For IASPPf, we develop an
approach applicable to tree networks, which are commonly found in domains such as
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telecommunication and industrial networks. Compared with classical approaches, the
DBS can improve computational efficiency while constructing a network that is close to
the optimal solution. We have shown examples of how the IASPPr scheme can be used
to manage resources in an industrial network.

In Chapter 5, we have studied the item transmission in flow networks. We established
a framework to compute the expected number of nodes and links involved in transfer-
ring items between the source and destination in random networks. For weighted Erd6s—
Rényi networks, we showed a phase transition in the flow subgraph size occurring when
the expected degree E[D] exceeds 1. We then discussed the power dissipation associated
with the transportation at the link level. We have demonstrated that the power dissipated
on each link in ER networks exhibits a power-law decay as a function of network size or
link density, with exponents of —3 and —2, respectively. Moreover, we addressed how to
construct a network given predetermined end-to-end power dissipation, which can be
reduced to the “inverse effective resistance problem” that asks for a network whose ef-
fective resistance matrix matches a given demand. We proposed a heuristic algorithm,
“Resistor Gap Pruning” (RGP), which provides sparse networks closely approximating
the demand effective resistance and performs consistently across different demand sce-
narios. The proposed RGP algorithm can also be utilized for a type of “network sparsifi-
cation”, which provides a sparser network while preserving a similar effective resistance
matrix.

Across all chapters, the transmission of items in both path and flow networks tends
to follow principles that lower the overall “cost” or “resistance”, even though their trans-
mission rules are substantially different. In path networks, the shortest paths in soft
random geometric graphs are aligned along geodesic curves, which minimize the geo-
metric distance between two endpoints, Chapter 2. Meanwhile, in flow networks, the
effective resistance serves as the distance metric, is proportional to the minimization
of electrical power, Chapter 5 and Ref [6]. Regarding network design, in Chapter 3 and
5, we have shown that removing links with high resistance values, i.e., links with large
weights in path networks or small weights in flow networks (the reciprocal relation), can
approximately preserve both the shortest path distance matrix and the effective resis-
tance matrix in a dense network. This finding indicates that the links with low resistance
play crucial roles in the function of networks. Though establishing a direct mathemat-
ical bridge between different item-transmission metrics (e.g., the shortest path weight
and effective resistance) can be challenging (Chapter 3), our work has addressed item-
transmission problems by integrating insights from multiple metrics. For example, we
predicted shortest path nodes based on their geometric proximity in Chapter 2 and con-
structed networks that satisfy prescribed shortest path demands from the perspective of
effective resistance in Chapter 3.

6.2. FUTURE WORK

Based on the methods and results in this thesis, we raise some promising future direc-
tions.

In Chapter 2, our findings on the shortest path nodes open avenues for follow-up
questions. One of them is the problem of shortest path finding in geometric networks
where nodes are distributed heterogeneously. This is the case for transportation, infras-
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tructure and communication networks where the densities of nodes may vary from one
geographic region to another. Another important question is whether all shortest path
nodes are equally difficult to find. In many networks, node degree centrality is correlated
with betweenness centrality, implying that nodes with large degree values are more likely
to belong to a shortest path and are typically found in the middle of a shortest path.
This knowledge that large degree nodes are likely to be on a shortest path has limited
practical importance since large degree nodes are harder to manipulate and altering the
properties of these nodes may lead to cascades of changes throughout the network. In
contrast, our preliminary experiments indicate that shortest path nodes situated closer
to path endpoints tend to have a smaller distance to the geodesic and as a result, are
easier to infer. Thus, a fusion approach combining elements of the distance to geodesic
with network topology may ultimately be more accurate in finding shortest path nodes
than one of the two approaches used separately.

In Chapter 3 and Chapter 4, we have established several frameworks for general net-
work design problems given prescribed shortest path weight requirements. A remaining
open question is how to extend the proposed algorithm for the IASPP with a fixed ad-
jacency matrix to more general network topologies beyond trees. Moreover, practical
network design problems often involve multiple simultaneous requirements. For exam-
ple, the transmission of IP packets in telecommunication networks may be constrained
by both delay and bandwidth. Thus, the inverse all shortest path problem on multiple
layer networks may represent a promising direction for future research and applications.

In Chapter 5, we have shown that constructing an effective resistance matrix whose
corresponding weighted adjacency matrix is guaranteed to be non-negative remains an
open problem. One potential avenue is to exploit spectral properties of graphs, as Van
Mieghem [164] recently addressed a problem "Given the spectrum (i.e., all eigenvalues
and eigenvectors) of the Laplacian matrix of a graph, find the spectrum of the effective
resistance matrix of that graph" and of the reversed problem. Building on these spectral
relationships may provide valuable insights into ensuring the realizability of the effective
resistance and further benefit effective-resistance-based network design.
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A.1. NOTATION FOR CHAPTER 2

Table A.1: Notation

Symbol Definition

G Graph or network

N Set of nodes

N Number of nodes

< Set of links

L Number of links

l=i~j Link between node i and node j

cg (i) Clustering coefficient of node i

Cg Clustering coefficient of network G

E[D] Expected degree

(D) Real average degree of a network

P Path from node i to node j

e@i*j Shortest path between node i to node j

h Hopcount of the shortest path ?}’i*j

Y@, ) Geodesic between nodes i and j

dij Geometric distance between nodes i and j

d; Geometric distance between two end nodes of a link /
d(q,v(i,j)) Geometric distance from node g to the geodesic y(i, j)
(d) Average distance of shortest path nodes to the geodesic
r Radius of an RGG or effective radius of an SRGG

S Shortest path stretch
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A.2. DISTANCE TO GEODESIC

Figure A.1 depicts the distributions of the distance to the geodesic in SRGGs for a variety
of expected degree E[D] and inverse temperature f values. Figure A.2 demonstrates the
distribution of the node positions X in the shortest path corresponding to the largest
distance to the geodesic. Figure A.3 demonstrates the distribution of the node positions
X in the shortest path corresponding to the minimum distance to the geodesic.
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Figure A.1: Distribution of the deviation in SRGGs. The x-axis represents the deviation of nodes
that from the geodesic, while the y-axis is the deviation’s probability density function. For each set
of SRGG parameters, the number of nodes N, expected degree E[D] and temperature parameter
B, we generated 103 SRGG realization for N < 100 and 1 SRGG for N = 1000. For each graph G;,
i=1,2...,100, we consider 10° shortest paths between randomly node pairs (we consider all the
connected node pairs when the network size N < 100). For each (i, j) node pair, we find shortest
path set 9’1.*]., geodesic y(i, j) and compute the minimum (Min), maximum (Max) and the average
(Avg) distance to geodesic from all shortest path nodes. For each (i, j) node pair, we also randomly
select a set of nodes equal in number to those on the shortest path 97’1.*1. and compute the average
distance to the geodesic (Ran).

In this section, we also study the distributions of the distance to the geodesic for
Waxman SRGGs with the connection probability function

fia =pel ). (A1)

Waxman SRGGs of N nodes built on the unit square with uniform node density are char-
acterized by the expected degree

E[D] :ZHNﬁd—gF(z). (A.2)
n o\n
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Figure A.4 depicts the distributions of the distance to the geodesic for a variety of
expected degree E[D] and parameter 1 values. Note that the results for the Waxman
SRGGs are similar to SRGGs with the Fermi-Dirac connection probability function.
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Figure A.2: Distribution of the node positions X in the shortest path corresponding to the largest
distance to the geodesic in different SRGGs. We consider the shortest paths of fixed hopcount h.
For each shortest path, we found the most remote node and measured its position X € 1,..., h. For
each set of SRGG parameters, we generated 100 SRGG realizations if N < 100 and 1 realization for
N >100. For each generated graph G;, i = 1,2...,100, we considered 10° shortest paths between
randomly selected connected node pairs, in case N > 100. We considered all connected node pairs
in graphs of N < 100.
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Figure A.3: Distribution of the node positions X in the shortest path corresponding to the smallest
distance to the geodesic in different SRGGs. We consider the shortest paths of fixed hopcount 4.
For each shortest path, we found the most remote node and measured its position X € 1,..., h. For
each set of SRGG parameters, we generated 100 SRGG realizations if N < 100 and 1 realization for
N >100. For each generated graph G;, i = 1,2...,100, we considered 10° shortest paths between
randomly selected connected node pairs, in case N > 100. We considered all connected node pairs

in graphs of N < 100.
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Figure A.4: The distribution of the average (avg), maximum (max), and minimum (min) dis-
tances between shortest path nodes and geodesics connecting shortest path endpoints in Waxman
SRGGs with the connection probability function given by Eq. (2.4). For comparison, we also plot
the distribution of distances to geodesic from randomly selected nodes (ran). The network size

N =10% and the parameter 8 = 1. For each expected degree E[D] and parameter 7, we generated
an SRGG and considered 108 random shortest paths.
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A.3. ONSET OF THE GIANT CONNECTED COMPONENT IN THE
SRGG AS THE EXPECTED DEGREE INCREASE
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Figure A.5: (a) Visualizations of toy SRGGs with N = 50 nodes and inverse temperature f§ = 4 for
increasing expected degree, from left to right: E[D] = 2, E[D] = 3.5. In each network, a represen-
tative shortest path is highlighted in black. (b) Average sizes of the largest connected component
(LCC) and the second largest connected component (SLCC) for SRGGs with N=50and f=4asa
function of the expected degree E[D]. The emergence of a giant connected component occurs at
the critical expected degree D = 3.5, identified by the maximum of the SLCC. All LCC and SLCC
values are averaged over 100 independent realizations. Accordingly, the network visualizations in
panel (a) correspond to the disconnected and critical connected regimes.

A.4. THE AVERAGE LINK LENGTH

To derive the expression for the average link length (d;) in SRGG models, we first define
p (Dij = x|A;j =1) as the conditional probability density that the distance D;; between
two randomly chosen nodes in the SRGG equals x, provided these nodes are connected,

A;j = 1. The average link length is then given by (d;) = fo‘/é xp (Dij = x|A;j=1)dx.
Using the Bayes’ rule, the thought probability density function can be expressed as
P(Aij=11Dj; = x) p (Dij = )
P(Aij=1)

p(Dij=xlAij=1) = : (A3)
where P (A;j =1|D;j = x) is nothing else but the connection probability function f(x),
prescribed by Eq. (2.5), and p (D;; = x) is the distribution of distances between node
pairs in a unit square. P (A; i= 1) is the probability that a randomly chosen node pair is
—1)=_2L _ (D)
connected, P (A;j = 1) = xieyy = N -
The average link length is then given by

B fo‘/ixf(x)p(D,-jzx)dx
fo‘/éf(x)p(D,-j =x)dx

(dp) (A.4)
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We approximate the distribution of distances between node pairs in a unit square as
p(Dij = x) = 2%, where R is the size of a unit square, R = ©'(1), obtaining

(\/Q/do)ﬁ W31 du

(dp) = do= Lu (A.5)
V21dy)P y21p-1
f()( v ul+u du

The closed-form expression for (d;) in Eq. (A.5) is given by the ratio of two hypergeo-
metric functions. It is useful, however, to infer its leading order behavior as a function of
(D). To this end, we recall that dio ~ N2 > 1 for large N. This follows from Eq. (2.6) for
sparse SRGGs.

Since f > 2, the integral in the denominator of Eq. (A.5) can be approximated as

fooo WP du = ﬂ/sin(z—”). Further, if B > 3, the integral in the numerator of Eq. (A.5)

1+u B
. . .. 3/p-1
can be approximated in a similar manner as f;° %

du= n/sin(%’). As a result,

1+u
(dp) = d0% ~(DY'2, B>3. (A.6)
n[]

In case 3 € (2,3), we approximate the integral in the numerator of Eq. (A.5) as

p
fo(\/éfdo) u3'-2dy, which results in

nﬁ2¥sin(%”) e
—=_5 %

75 ~(DYP>1 2 < p<3. A7)

(dp =
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B.1. NOTATION FOR CHAPTER 3

Table B.1: Notation

Definition

~RZL O %)
o

*

J

S

P S >

Afp

N~ AP0V D
D —+ Q

e

Graph

Set of nodes

Number of nodes

Set of links

Number of links

Path from node i to node j

Shortest path from node i to node j
Demand matrix

Complete graph whose weighted adjacency matrix equals
the demand matrix D

Adjacency matrix

Link weight matrix

Weighted adjacency matrix

Weighted adjacency matrix of a flow network
Effective resistance matrix

Link [ resistance

Effective graph resistance

Shortest path weight matrix

Laplacian matrix

Pseudoinverse Laplacian matrix

Weighted degree matrix

Weighted degree matrix of a flow network
Degree of node i

All-one vector

All-one matrix

Identity matrix

N x 1 basic vector has only one non-zero element (e;); = 1

B.2. FLOW ANALOGUE METHOD FOR GENERAL GRAPHS

As demonstrated in Section 3.2.2, Van Mieghem|7] proposed the “flow analogue method”
to recover the weighted adjacency matrix A from a demand matrix D, which is also a
shortest path weight matrix S, by exploiting the analogy between flow and path net-
works, when the given shortest path weight matrix S derived from a tree graph. The
crux of the “flow analogue method” lies in the strategic employment of the equivalence
existing between the shortest path matrix S and the effective resistance matrix Q. Since
the equality between the shortest path weight matrix S and the effective resistance ma-
trix Q only holds for the tree graph, the given demand matrix must be transformed into
an effective resistance matrix first.
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Unfortunately, it remains an open question how to construct an effective resistance
matrix whose corresponding weighted adjacency matrix is non-negative. In Appendix
B.3, we try to extend the flow analogue method utilizing perturbation theory. We first
obtain a perturbed effective resistance matrix of a graph by adding a noise matrix. The
resulting perturbed effective resistance matrix is then imported into (3.8) and we can
obtain a weighted Laplacian and the corresponding weighted adjacency matrix A. Ap-
pendix B.3 demonstrates that even an extremely tiny perturbation of an effective resis-
tance matrix of a tree graph may lead to negative off-diagonal elements in the obtained
weighted adjacency matrix A computed with (3.12). Hence, the sum of two effective re-
sistance matrices is not necessarily an effective resistance matrix.

The difficulty of constructing an effective resistance matrix with a non-negative cor-
responding weighted adjacency matrix can also be explained from the perspective of the
inverse simplex[50] of a graph. The details of simplex and inverse simplex are provided
in Appendix B.4. Any undirected, weighted graph G can be uniquely represented by a
simplex 7 or an inverse simplex 7 * in the N — 1 dimensional Euclidean space [50]. The
reverse also holds: Every simplex with non-obtuse angles, i.e. smaller than or equal to 90
degrees, between all pairs of facets is the inverse simplex 7 * of a connected, undirected
graph with positive link weights[50]. Fiedler [50, 114] demonstrated that the angle (,b;'j

between two facets 9;’ and P}; in an inverse simplex 7 * is related to the graph G by

Gij

\/Giidjj

where g;; and ¢;; are the diagonal and off-diagonal elements of the weighted Laplacian

matrix Q. As shown in (B.1), if there is no link between node i and j, then g;; = 0 and

the dihedral angle (p;rj exactly equals 90 degrees. For an inverse simplex of tree graph,

N(N-1)
2

cos(¢;;) =~ (B.1)

there are — (N —1) 90-degree dihedral angles. Moreover, a positive off-diagonal
element ¢;;, which leads to a negative link weight, corresponds to an obtuse dihedral
angle with more than 90 degrees. When we perturb the effective resistance matrix of a
tree, the corresponding inverse simplex has a high probability of having obtuse dihedral
angles because each 90-degree angle may become obtuse even with a tiny perturbation.
This explains why a tiny perturbation on an effective resistance matrix of a tree graph
may lead to negative off-diagonal elements in the obtained weighted adjacency matrix
A.

Fiedler[114] proposed that the effective resistance matrix Q of a weighted graph G
equals the squared Euclidean distance matrix Dg, for which dg(ij) = ||dg(i) — dp(j)||?
for the vertices coordinates {vy, vs,..., vN} of the corresponding inverse simplex 7 * in
the Euclidean space. Constructing an effective resistance matrix whose corresponding
weighted adjacency matrix is non-negative can thus be regarded as a problem in a graph:
“Obtain the criterion for the edges in a simplex that does not have obtuse angles between
arbitrary two facets”, which is complicated.
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B.3. FIRST-ORDER PERTURBATION ON EFFECTIVE RESISTANCE

MATRIX

Consider a perturbed effective resistance Q' = Q + K, where Q is an effective resistance
of a graph G, matrix K is a symmetric noise matrix whose diagonal elements k;; are zero
and the off-diagonal elements are arbitrary real numbers and ¢ is an arbitrary insignifi-
cant positive real number.

The inverse Q'~! of the effective resistance matrix is then:

Q= (@Q+eK) = (QI+eQ7'K))
= (1+eQ7'K) " Q!

where (AB)™' = B"'A™! (see e.g. [165, p. 93]) is used. Invoking (I +eR) ™' = X2 (-1)*e*RF

; 1
for sufficiently small € < T @

Q=01 -eQ'kQ T +0(e?)
and ignoring higher terms O (¢?) yields [8]

Q'=o ' - kQ!

Recall (3.11): Q = 55 pp"—2Q 7!, where 20* = ——L— and the vector p = —o=—Q7'u,
we then have 9
~ -1, .TH-1 -1
After substituting Q~1in (B.2) with Q'~1, we have (B.3).
~ 2 -1 -1-~-1 T (~-1 -17-~-1 -1 -1-~-1
Q= T 0 KO ) (@' —eQ'KQ uu' (@' -eQ'KQ )] -2(Q7' -eQ7'KQ ™)
(B.3)
The left part of the first factor of (B.3) can be rewritten:
2 ~ 2
ut (Q1-eQ1KQ Y u T uTO lu-euTQ1KQ 1y
2 1
T uTo 1y 1— ufQ kO lu
ulQ-lu
N euTQ'kQ 'u
“uraul T ataa ' (B4
where the approximation utilizes ﬁ =1+ x for small x.

The right part of the first factor of (B.3) is then (B.5):
(@ '-e@'kQ N uu' (@' -eQ'KQT)
=0 'uu'o ' —e(Q'kQ T un QT + O Tun QTTKQT) + O(e?) (B.5)
~Q'uwu'o —e(@'kQ w7+ tun Q7T RQTY
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Vertex — Facet
[
Edge
Point Line Segment Triangle Tetrahedron
Figure B.1: Examples of low-dimensional simplices
With (B.4) and (B.5), (B.3) is then:
Q' =Q+eAQ+0(?) = Q+eAQ, (B.6)
where AQ is given by
- o 2uTQT'KQTYw e
AQ=20"T'KQ " + ——————Q 'uu" Q)
wTQ1u)?
@'k tuwu'o M+ tuu' o kQ™ (B.7)

uTQ 1y

- _ - - | P - _ _
=20 'kt +2wfQkQ 1u)ppT—;(Q ko 'pp’ +ppTatka™)

B.4. SIMPLEX AND INVERSE SIMPLEX

Besides the adjacency matrix A, the Laplacian matrix Q and the effective resistance ma-
trix Q, which represent a graph in the topology domain, an undirected graph can be rep-
resented in the geometric domain by its corresponding simplex or inverse simplex [50].
Any undirected, weighted graph G can be uniquely represented by a simplex 7 or an in-
verse simplex 77 in the N — 1 dimensional Euclidean space [50]. Both simplex 7 and
inverse simplex 7 * are geometric objects that generalizes triangles and tetrahedrons to
any dimension [50]. For example, 0—simplex, 1-simplex, 2—simplex and 3—simplex re-
spectively correspond to a point, a line segment, a triangle and a tetrahedron, as shown
in Fig. B.1. The vertex matrix V=[vy, vy,..., vn], where v; is a N — 1 dimensional vec-
tor including the coordinates of the vertex i in an simplex 7", can be obtained from
Q=VTV. Inan inverse simplex ¥*, the vertex matrix V' = [v], v],..., vyl, where v} is
a N -1 dimensional vector including the coordinates of the vertex i, can be calculated
by Q" = VT VT, where Q' is the weighted pseudoinverse Laplacian matrix of G. The sur-
face or boundary of a simplex 7 (or an inverse simplex 7 ") is called a face, which is a
lower dimensional simplex[50]. A face in a simplex (or an inverse simplex) is denoted by
F¢ (or ZJ), where vector & is a subset of vertex indices of a simplex 7 (or an inverse
simplex 7 *). If we use & as the complementary set of vertex indices, %5 and %, 5 are
then called complementary faces. For example, in a 3-dimensional simplex (known as
a tetrahedron), a 0-dimensional face corresponds to a vertex, while its complementary
face is a triangle (2-dimensional face). Furthermore, a N —2 dimensional face is called
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a facet and the dihedral angles between two facets of a simplex 7 (or an inverse simplex
¥*) are denoted by ¢ (or ¢™).

B.5. THREE NP-COMPLETE ISPP

B.5.1. A GENERAL INVERSE SHORTEST PATH PROBLEM STUDIED BY FEKETE
ET AL.

In 1999, Fekete et al.[38] consider a general ISPP (ISPPgeyete), Where only the shortest
path weight between pairs of nodes are given, but not the paths achieving them.

A general inverse shortest path problem studied by Fekete et al. (ISPPgekete): Given
a N-node graph G with adjacency matrix A and a N x N symmetric and non-negative
demand matrix D. Determine the link weight matrix W and the weighted adjacency
matrix A such that the corresponding shortest path weight matrix S equals D.

In ISPPgekete, the demand matrix D does not necessarily include all the shortest path
weights of the pairs of nodes in graph G. Fekete et al. [38] prove that ISPPgejete iS
NP-complete by reducing ISPPgekete to a vertex-disjoint paths problem, which is NP-
complete. Specifically, ISPPgciete is polynomial solvable if the distance graph G4 (V, E4, wy)
is a star (in which all the links are incident to a node) or the union of complete star
(which is a star include all the nodes in the graph). The problem becomes NP-complete
if slightly more complicated distance graphs G4 (V, E;, w,;) are considered.

B.5.2. FORTH PATH CUT PROBLEM

B. A. Miller et al. [166] investigated an ISPP aiming to obtain a graph, such that a given
path is the shortest path, by removing links of the given graph. This problem is referred
as Forth Path Cut problem (FPCP).

Forth path cut problem: Given a weighted graph G with link weight matrix W and a
path 2;; for node i and j, determine a new weighted graph G’ by removing links, such
that £ is the shortest paths in the graph and the sum of the weights of removed links
does not exceed a given limitation b. B. A. Miller et al. [166] proved that the Force path
cut problem is an NP-complete problem by reducing FPCP to 3-Terminal Cut problem,
which is NP-complete. Given a graph G with weights matrix W and three terminal nodes,
the 3-Terminal cut problem asks for removing a set of links £y € £ such that the termi-
nals are disconnected (there is no path connecting any two terminals) in the resulting
graph G’ and the sum of weights of removed links / € £ does not exceed a given limita-
tion b. The success condition of Force Path Cut is that all paths from nodes i to j aside
from 22 must be strictly longer than 22, which is an example of the Weighted Set Cover
problem. In Force Path Cut, the elements of the universe to cover are the paths and the
sets represent links: each link corresponds to a set containing all paths from s to ¢ on
which it lies. Including this set in the cover implies removing the edge, thus covering
the elements (i.e., cutting the paths). While the weighted cover is computationally in-
tractable, there are established approximation algorithms. B. A. Miller et al.[166] then
proposed an algorithm called path attack, which uses a natural oracle to generate only
those constraints needed to execute the approximation algorithm.
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B.5.3. ISPP wWITH UPPER BOUND
Burton et al.[32] posed an ISPP with upper bound constraints, i.e. the weight of the short-
est path s;; = w(e@i*j) <d;j, where d;; is the element of the demand matrix D between
nodes i and j, which is called “upper bound”. The problem is described as

The inverse shortest path problem with upper bound constraints(ISPPpperbound):
Given a graph G with link weight matrix W and an N x N symmetric demand matrix
D with zero diagonal elements, but positive off-diagonal elements. Determine a new
link weight matrix W', such that the corresponding shortest path weight matrix S obeys
S < D and minimizes a norm ||[W' - W|].

In this case, the “upper bound” d;; are allowed to be infinite, i.e. the constraint of
“upper bond” is not necessary for all the shortest path weights. Burton et al.[32] choose
I norm and consider ISPPypperhound @s @ least squares problem

1 L
min - Y (W' — w))? (B.8)
w;ez’ 2 I=Zi ! !

where w; and w; denote the weight of link [ € & and I € £’ respectively, subject to
w;=0,le’ (B.9)
and the bound constraints on the shortest paths,

Z w; < djj (B.10)
le@i"j

Equation (B.10) only consider the shortest path weight and the definition of the path
P)’i*j is implicit. For example, as the link weight matrix W is modified, the nodes and
links belonging to the shortest path 9’;‘]. between nodes i and nodes j may vary. Bur-
ton et al. [32] illustrated the non-convex nature of the “upper bound” constraints and
the least squares problem describing ISPPypperbound iS proved to be non-convex. The
quadratic programming algorithm introduced in [31] thus cannot be utilized directly to
solve ISPPypperbound-

Burton et al.[32] then proved that finding a global solution of ISPPypperbound is NP-
complete through a decision problem ISP: Given an ISPPpperbound With a bound k, does
there exists a solution with objective value at most k? Burton et al. demonstrate that
(a) the decision question ISP is in NP. (b) a transformation from 3-SAT problem [167] to
ISP can be constructed (c) the transformation is proved to be polynomial. The decision
question ISP is thus NP-complete and ISPPypperbound is NP-hard.

Since the ISPPypperbound i non-convex and NP-hard, Burton et al.[32] proposed a
local optimum algorithm to solve the shortest path problem. A feasible starting point
is computed first. Then at each iteration, with a modified weight matrix W', the ex-
plicit definition of the shortest path constraints( B.10) is revised and the resulting con-
vex problem is solved by the algorithm introduced in [32], which leads a new modified
weight matrix W’. The calculation stops when no further progress can be obtained. The
algorithm terminates in a finite number of iterations.
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B.6. PSEUDOCODE OF DOR INITIALISED WITH A TREE

In this section, we supplement the pseudocode of DOR algorithm initialised with a tree,
which is shown in Algorithm 7.

Algorithm 7 Descending Order Recovery (DOR) initialised with a tree graph

Input: N x N demand matrix D = S: a shortest path weight matrix of a graph G
Output: N x N weighted adjacency matrix A

Ap—D

: Gp — Complete graph whose weighted adjacency matrixis Ap

Tp — Minimum spanning tree of Gp

: A — Weighted adjacency matrix of Tp

: §' — Shortest path weight matrix of Tp

: while C — D — §' has at least one negative element, i.e. (C4p)max > 0 do
(i, j) — Indices of the maximum element in C

dij < dij, dji —dij _

G4 — Graph whose weighted adjacency matrix is A

S’ — Shortest path weight matrix of G4

: end while

: return A

W e N2 DR LN

—

B.7. PERFORMANCE OF THE DOR AND OLR ALGORITHM

In this section, we supplement the performance of DOR and OLR in ER random net-
work G, (N), Barabdsi-Albert (BA) network[115], Watts-Strogatz(WS) small world net-
work[116] and an empirical network USAir[117]. The performance of the DOR and OLR
is assessed by three complementary criteria: (i) the number Ly — L¢ of additional links
in the resulting graph H, (ii) the number L¢ = ﬁ -u’-(Ao Ap)-u of common links in the

original graph G and the resulting graph H and (iii) the norm || D-S|| = m Yy j d”{;js"j

of the demand matrix D and the shortest path weight matrix S.

Fig. B.2 illustrates the results for ER graphs with different network sizes. We uniformly
assign a random weight from (0, 1) to each link in G, thus defining the N x N weighted
adjacency matrix A. For each generated ER graph, we provide the N x N shortest path
weight matrix of G as the input demand matrix D to the algorithm DOR and OLR. The
input parameter of OLR b = 0.7. We then obtain the resulting graph H, whose N x N
shortest path weight matrix is denoted as S. For each number N of nodes and different
link density p, 100 simulation instances are executed and the average over 100 times of
each criterion is computed.

Table B.2 and Table B.3 respectively show the performances of DOR and OLR in BA
network, WS network and an empirical network USAir. The node number N and link
number L are shown in the tables. For each graph, the shortest path weight matrix are
computed as the input demand matrix D for DOR and OLR. The input parameter of OLR
b = 0.3. For BA networks, the degree of node Pr[d =k] < k™7, where y = 2.75,2.36,2.48
and 2.37 in BA1, BA2, BA3 and BA4, respectively. The link weights are uniformly dis-
tributed in (0, 1). We generate WS networks as follows:
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Figure B.2: Performance of the DOR and OLR on ER graphs with network size N = 20 (panels (a)-
(c)) and N =50 (panels (d)-(f)) with respect to link density p. The input parameter b = 0.7.
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Table B.2: Performance of the DOR

Network N Lg Ly—-Lg | Lc | |ID-S]|
BA1l 500 994 -72 1 0
BA2 500 1979 -750 1 0
BA3 1000 1993 -76 1 0
BA4 10000 | 19989 0 1 0
WS1 100 200 -9 1 0
WS2 100 300 -65 1 0
WS3 1000 3000 -244 1 0
WS4 10000 | 30000 0 1 0

USAir 332 2126 -279 1 0
Table B.3: Performance of the OLR

Network N Lg Ly—Lg | Lc | |ID-SI|
BA1 500 994 -181 1 0.6736
BA2 500 1979 -853 1 0.6938
BA3 1000 1993 -140 1 0.6961
BA4 10000 | 19989 -36 1 0.6939
WS1 100 200 -39 1 0.6865
WS2 100 300 -157 1 0.6642
WS3 1000 3000 -995 1 0.6850
WS4 10000 | 30000 -7 1 0.6999

USAir 332 2126 -1658 1 0.6481

1. Create a ring lattice with N nodes of the mean degree 2k.
2. Each node is connected to its k nearest neighbors on either side.
3. For each edge in the graph, rewire the target node with probability p = 0.5

For WS1, WS2, WS3 and WS4, the corresponding k = 2,3,3 and 3, respectively. The link
weights are uniformly distributed in (0, 1).
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C.1. NOTATION FOR CHAPTER 4
Table C.1 summarizes symbols used in this paper.

Table C.1: Symbols

Symbol  Definition

G Graph/network

N Set of nodes

N Number of nodes

4 Set of links

L Number of links

I=i~j Linkbetween node i and node j

D Demand matrix

A Adjacency matrix

w Link weight matrix

A Weighted adjacency matrix

Q Weighted Laplacian matrix

Qf Pseudoinverse Laplacian matrix

A Weighted degree matrix for path graph
d; Degree of node i

P Path from node i to node j

g’i*j Shortest path from node i to node j
Q Effective resistance matrix

S Weighted shortest path weight matrix

C.2.IBA AS AN EXACT SOLUTION TO IASPP,

In this section, we prove that the obtained graph G’ by IBA is an exact solution to IASPP .
We start with two properties of the irreducible backbone:

Property 4. Each link i ~ j belonging to the irreducible backbone G, must be included
in any graphs G whose shortest path weight matrix is identical to that of the irreducible
backbone. The weight of each link in graph G is identical to its weight in Gy,.

Proof. We prove Property 1 by contradiction. Suppose that there is a backbone link / =
i ~ j that does not exist in a graph G which has the same shortest path matrix S as the
backbone. The backbone Gj, contains no redundant links. For each link I =i ~ j in

there is at least one node k in G such that s;x + sg; = s;;. Because graph G and backbone
Gy have the identical shortest path weight matrices, the equality s; + i = s;; also holds
in Gy, implying that link / = i ~ j is redundant in the irreducible backbone Gy, which is
impossible.

Furthermore, if the weight of a link w;; in G differs from (wp);;, two possibilities
shall occur. If the link weight w;; < (wp);; in G, then the shortest path weight s;; > w;;,
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which is impossible. If w;; > (wp);}, there must exist at least one node k in G such that
Sik + Skj = $ij, which, as shown above, can not occur. Therefore, all links forming the
irreducible backbone must exist in any graph that has the same shortest path weight
matrix and their weights remain unchanged. O

From Property 4, we can conclude:

Property 5. The links constituting the irreducible backbone are “not” redundant in an
arbitrary graph G that has the same shortest path weight matrix as the irreducible back-
bone.

If a link in the irreducible backbone is redundant, there would be at least one node
k in graph G such that s;j + si; = s;;. However, the existence of such a node k has been
proved to be impossible from Property 4. We therefore close the proof for Property 5 and
introduce Property 6.

Property 6. Given a weighted adjacency matrix A and the demand matrix D, the ob-
tained graph G' by IBA obeys the shortest path weight matrix S' = D and has minimum
sum of link weights adjustment % Yij IZi;.j - aijl.

Proof. The proof consists of two parts: the graph G’ obtained by IBA should (i) obey
the shortest path weight matrix S’ = D and (ii) have minimum sum of link weights ad-
justment % Yijla i aijl. The first part is relatively straightforward: By design, IASPP
obtains the graph G’ by adding redundant links to an irreducible backbone Gj,. The cor-
responding shortest path weight matrix S = D of the irreducible backbone [8] and adding
redundant links does not change the shortest path weight matrix. The shortest path dis-
tance matrix thus satisfies S’ = D for the obtained graph G'.

Next, we prove %Z ij |Zi;.j — d;j| is minimized in graph G’ by contradiction. The sum
Zi,j Iﬁ;.j — d;j| reaches its minimum when Iﬁ;.j — 4| is minimized for each node pair
(i, j), since I&';.j —d;j| = 0forall (i, j). Suppose that there exists a graph G” such that the
corresponding shortest path weight matrix S” = D and the sum of link weight adjustment
% Zl-,j Iﬁ;j —a;j| is smaller compared to G'. Then there must be at least one node pair (i, j)

such that |5:~’]— SITIRS Iﬁ;j - d; j|, which implies that 57;.]. # djj. There are 4 possible cases:

1. Zz“;.]. >0 and @;; = 0: In this case, link / = i ~ j exists in the obtained graph G’ but
not in the original graph G, which implies that link / belongs to the irreducible
backbone and is not a redundant link in G’ (Property 5). Hence, ﬁ;. i dij. If |5;-’]- -
aijl < Iﬁ;j —ajjl, then ﬁ;’j < ZZ;]. = d;;. This is impossible because a link weight w;’]
can not be smaller than the shortest path weight s;’J in graph G”.

2. @ i 0 and @;; > 0: In this case, link I = i ~ j exists in the original graph G but not
in the obtained graph G’, as determined by lines 8-9 in Algorithm 4 and the link

weight satisfies 2wij < dij- If |Zi;’] - aij| < |Zz';]. - ﬁijl = Ziij, then @’ € (O,Zﬁij) <

ij
dij= s;./j, which is not possible.

3. Zi;.j > d;;j > 0: In this case, link [ = i ~ j exists in both the original graph G and
the obtained graph G'. The link [ =i ~ j in G’ either belongs to the irreducible
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backbones or is added according to lines 6-7 in Algorithm 4. In both situations, the
corresponding weighted adjacency matrix element &; j=dij>aij I Iﬁi.’j —aijl <
IZz“;.]. —aijl=d;j—a;j, then Zi;.’j <d;j= s;.’j, which is not possible.

4. a;j>a, P> 0: In this case, link I = i ~ j exists in both the original graph G and the
obtained graph G'. Since a;; > 5;.]., link [ = i ~ j in G’ belongs to the irreducible
backbones. According to Property 4, such a backbone link / = i ~ j exists in all
graphs that have the same shortest path weight matrix S and the link weight w;
remains unchanged, implying that finding a Zii.’j #a j Is impossible.

All 4 cases are proved to be impossible. This concluded that 1 ¥; ; 1@, j—@ijlis minimized
in graph G/ O

C.3. SOLVING IASPPr WITH CLASSICAL LINEAR PROGRAMMING
Consider an undirected N-node tree graph. For a tree, there is only one path, i.e., the
shortest path, between an arbitrary pair of nodes. Since the adjacency matrix is given,
for each node pair (i, j), we can obtain the constraint of the shortest path distance s;; =
w(t@i*j) = Z(C,Nb)egi*j Wqp, which is determined by the weights of links belonging to the
shortest path P; Iz IASPPr then becomes an optimization problem of finding a link weight

matrix W while minimizes the difference between the shortest path weight matrix S and
the given demand D:

min Z|dij_sij|
i,j

s.t. Wep>0,V(a~b)e, (C.1)
Sij= Z Wap, Vi<]j.
(dNb)Eyij

We rewrite Eq. (C.1) in linear programming (LP) standard form by introducing auxiliary
variables z;; = d;j — s;j and z;j = s;; — d;j:

min Zzij
i,j
s.t. ZijZdij— Z Wap, Yi<],
(a,h)eg‘i*j
zjj = Z wab—d,-j, Vi<j,
(a,b)e@i*j

(C.2)

Wap >0, V(a~Db)el.

According to Eq. C.2, IASPPr is a classical LP problem with N(N—-1)+L = (N+1)(N—
1) constraints and ¥ (1\2’_1) +L=W +2)2(N =1 variables. We refer to the method for solving
IASPPf using Eq. C.2 as “linear programming with link weights as variables (LPLW)”. If
all link weights are required to be integers, then IASPPr introduced by Eq. (C.2) becomes
a classic integer programming (IP) problem.
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C.4. STANDARD DEVIATION OF THE NORM FOR VARYING DE-

MAND TYPES

In Figs C.1a, C.1b and C.1c, we plot the standard deviation of the norm in ER graphs for
the three demand types described in Section 4.5. In Fig. C.1d, the standard deviation of
the norm in tree graphs are analyzed for the heterogeneous demand update scheme.
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Figure C.1: Standard deviation associated with Figs. 4.2a, 4.2¢, 4.4a, and 4.5a. (a)—(c) plot the stan-
dard deviation of ||[D — S|| as a function of (ER) graph size N, for the perturbed demand update
scheme, homogeneous demand update scheme, and heterogeneous demand update scheme, re-
spectively. Four types of heterogeneous demand matrices (Type 1-4), as defined in Table 4.1,
are evaluated in (c). Hung'’s scheme is excluded since it produces the same results as LPLW. (d)
presents the standard deviation of | D — S|| as a function of the diameter p of the given tree graph.
The graph size is N = 50. All simulations in (a)-(d) are repeated 1000 times.

In Figs. 4.2a, 4.2c, we've seen that the norm || D — S|l of LPLW, Hung’s scheme and DBS
decrease as the graph size N increases, and that DBS with m = 2 has the largest difference
between the shortest path weight matrix and the demand. The standard deviation asso-
ciated with ||D — S|| shows a similar pattern for the perturbed demand update scheme
in Fig. C.1(a). First of all, DBS with m = 2 exhibits a higher standard deviation compare
to LPLW and Hung’s scheme. This is because, to improve computational efficiency, DBS
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(m = 2) reduces the number of optimization variables and thus the degrees of freedom
available in the optimization process. The reduction in the degrees of freedom results
in larger difference in || D — S||, thereby, leading to a higher standard deviation. Further-
more, the standard deviation of DBS, LPLW and Hung’s scheme decrease as the size of
the graph grows. This is because in small graphs (e.g., N < 50), paths with extremely
high or low demand d;; may produce significant differences in |d;; - s;;|, leading to a
larger norm || D—S]||. The existence of such paths amplifies the variability across different
IASPPr instances, i.e., an instance in a small graph may contain several aforementioned
paths, while another instance of the same size may contain none. Thus, the standard
deviation appears to be larger in small graphs.

In Fig. C.1b, we see that the standard deviation (of the norm [|D — S||) of the DBS
variants behaves noticeably differently with the homogeneous demand update scheme.
DBS with m =2 and 0.25L decreases as the graph size grows and stabilizes after N > 40.
The standard deviation of DBS with m = 0.5L and 0.75L starts to increase as the graph
size scales, although the average value of ||D — S|| decreases as N grows, see Fig. 4.2c.
This interesting observation could be attributed to the fact that the homogeneous de-
mand update scheme handles arbitrarily generated high and low demands. Therefore,
increases the likelihood of obtaining either very small or relatively large norms. As de-
scribed in Section 4.5, DBS with m = L consistently generates solutions close to the
benchmark scheme of LPLW. The standard deviation associated with it is also close to
that of LPLW and Hung’s scheme.

In Fig. C.1c, we compare the standard deviation of || D — S|| with respect to LPLW and
DBS (m = 2) for the four types of demand defined in Section 4.5.2. Together with Fig 4.4a,
we see that LPLW minimizes both the norm and its standard deviation for all types of
demand in a larger graph (e.g., N > 40). Fig. C.1d plots the standard deviation of the
norm ||D — S|| as a function of the diameter p of a tree. When the diameter is small
(i.e., p = 2 in a star graph) or approaches N —1 (i.e., a path graph), the shortest path
structures possess a higher structural regularity compared to those of general trees (2 <
p < N-1). For afixed N, all star graphs (or all path graphs) are mutually isomorphic. The
structural similarity for graphs with either very small or very large diameter suppresses
the fluctuations of different IASPPr instances, resulting in a small standard deviation.

C.5. STANDARD DEVIATION OF THE AVERAGE COMPUTATION TIME

FOR VARYING DEMAND TYPES

This section evaluates the standard deviation of the (normalized) average computation
time for DBS and Hung’s scheme. LPILW has a standard deviation of zero since its com-
putation time is normalized against its own average in Section 4.5.1. We, therefore, do
included LPIW in Fig. C.2(a)-(d). As shown in Fig. C.2a, C.2b and C.2d, Hung’s algorithm
exhibits the highest standard deviation among all schemes. DBS (m = 2) achieves 10x
reduction of the standard deviation compared to Hung’s algorithm, see Fig. C.2a and
C.2d. As the distance bases m increases, the variability of DBS also scales. This is at-
tributed to the complexity of m introduced in Eq. (4.2), i.e., a larger m makes Eq. (4.2)
more complicated, thus, incurs higher computation time. Together with the observa-
tions in Section 4.5.1, 4.5.2 and 4.5.3, we confirm the computational efficiency and sta-
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tistical stability of DBS (m = 2) across all simulation settings.

In Fig. C.2c, we focus on the standard deviation of the computation time of DBS (m =
2), for the four types of demand defined in Table 4.1. Hung'’s scheme is omitted from
the figure, since it exhibits a significantly larger standard deviation compared to DBS
(m = 2). For a given graph size N, DBS (m = 2) demonstrates comparable performance
across different types of demands. This indicates that the performance of DBS (m =
2) is insensitive to demand patterns, thus, is able to deliver stable performance under
heterogeneous scenarios,
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Figure C.2: Standard deviation associated with Figs. 4.2b, 4.2d, 4.4b, and 4.5b. (a)—(c) plot the
standard deviation of the average computation time ¢/ # pyyy normalized by LPLW as a function of
graph size N, for the perturbed demand update scheme, homogeneous demand update scheme,
and heterogeneous demand update, respectively. In (c), DBS (m = 2) is evaluated for four types of
heterogeneous demand matrices (Type 1-4), as defined in Table 4.1. For graphic clarity, Hung’s
scheme is not included. (d) presents the standard deviation of the average computation time
t/ t prw normalized by LPLW as a function of the diameter p of the given tree graph. The standard
deviation of LPLW remains zero across all simulation scenarios and is therefore not presented. The
graph size is N = 50. All simulations in (a)-(d) are repeated 1000 times.
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C.6. PERFORMANCE EVALUATION OF DBS ON A REAL-WORLD

TREE NETWORK

This section evaluates the performance of DBS in a factory automation network [132,
133]. The network consists of Ethernet switches (SW) and end devices (EN). End de-
vices are connected to switches that forward the messages from a sending end device,
either to the receiving end device, or to another switch in closer proximity to the receiv-
ing device [132]. Switches may be connected to each other, forming an arbitrary physical
network topology (e.g., aline, a ring, or a mesh network), Alogical tree can be created on
top of the physical network topology by executing network protocols such as the span-
ning tree protocol. The tree network used for testing our DBS algorithm consists of 10
Ethernet switches and 20 end devices, see Fig. C.3.

= Logical topology [
= Port
[
EN EN EN

B [10) )
EN EN EN SW EN EN
x

) [10) [15) o
EN EN EN EN EN EN EN EN EN EN EN [ EN‘ﬂ

Figure C.3: A logical tree topology generated with a real-world factory automation network.

Table C.2: Comparison of || D — S|| and computation time under different methods

Method ID—-S| Average computation time Maximum computation time
LPIW 0.3094 0.0369 0.0859
Hung 0.3094 1.3102 1.7418
m=2 0.3906 0.0259 0.0495
m=0.25L 0.3718 0.0401 0.0818
m=0.5L 0.3487 0.0569 0.1141
m=0.75L 0.3329 0.0708 0.1754
m=1L 0.3095 0.0967 0.1600

We generate 1000 IASPPf instances (i.e., 1000 demand matrices) on the Ethernet net-
work. The input demand matrices D are the homogeneous demand introduced in Sec-
tion 4.5.1. For each instance, we execute LPLW, Hung’s approach and DBS with different
numbers of distance bases. The results are summarized in Table C.2 and Fig. C.4.

Compared to LPLW, DBS with m = 2 shows approximately a 30% reduction in aver-
age computation time and a 40% reduction in maximum time, at the cost of an increased
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Figure C.4: Percentage of successfully scheduled instances ns/n, as a function of time limit ¢,
where n, = 1000 denotes the number of simulations.

norm || D — S|| by around 0.08. As plotted in Fig. C.4, DBS can finish all 1000 IASPP in-
stances within 0.05 seconds, while LPLW requires around 0.086 seconds to finish all 1000
IASPPr instances. These findings align with observations from various network topolo-
gies and demand update strategies presented in Section 4.5 and further demonstrate the
superior performance of DBS in a real-world network.
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D.1. NOTATION FOR CHAPTER 5

Table D.1: Notation

Symbol  Definition

G A network or graph

N Set of nodes

N Number of nodes

< Set of links

L Number of links

I=i~j alink connecting nodeiand j

P Path from node i to node j

g’i"j Shortest path from node i to node j

A Adjacency matrix

w Link weight matrix

A Weighted adjacency matrix

B Incidence matrix

Q Laplacian matrix

Qf Pseudoinverse Laplacian matrix

Q Effective resistance matrix

Rg Effective graph resistance

T Resistance of link [

S Shortest path weight matrix

d; Degree of node i

A Weighted degree matrix

u All-one vector

J All-one matrix

1 Identity matrix

e; N x 1 basic vector has only one non-zero element (e;); =1
X; External current injected into node i.

Vi Potential or voltage potential of node i

Vi Current through link /

yi1(s, 1) Current through link / with node s as source and ¢ as destination
Pg Power dissipation in a network G

P Power dissipated on link /

b; Betweenness of node i

C; Current-flow betweenness of node i

G;‘j Flow subgraph with (i, j) as source-destination node pair
B Backbone subgraph in the flow subgraph

Tk k-th brach in the flow subgraph

ON Relative size of the flow subgraph

oL Fraction of link number of the flow subgraph normalized by

link number of the graph
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D.2. POWER DISSIPATION ON ER GRAPHS

In an electrical circuit network, the current flowing through each link leads to power
dissipation because of the resistors. Similarly, the propagation of information across the
links in a social network also requires “cost” or “power” consumption. In this section, we
focus on the power dissipation problem in flow networks, where we draw an analogy to
electrical circuit networks.

Recall Eq. (5.10), the power dissipation Pg equals the product of the square of the
current and the effective resistance. For simplicity, the injected current I, is considered
to be unity in the following analysis.

According to the parallel circuit rules, the upper bound of the effective resistance w; ;
is the weight of the shortest path 9’;}, where the equality holds if there is only one path
between node i and j. Hence, compared with the path network, where the transporta-
tion of items generally follows the shortest path, the flow network can transfer a unit of
items with less total energy.

We now investigate the power dissipation on each link / =i ~ j given node pair (s, f)
as the source and destination node. Substituting the current y; with Eq. (5.8), the link
level power dissipation P; = yl2 r; then becomes

1 ~
Pr=—l(ei—e)"Q"(es— eI’
1
L =t =)
:r_l(qit+qjs_qis_qjt)

We can further relate the power dissipated on each link with the effective resistance
by substituting the corresponding elements of the pseudoinverse Laplacian Q' using
Eq. (3.4):

1 2
R P BT e
Pr= " (qit+ dijs—dis~ qu)
1 (D.1)
2
= i, (Wit +wjs—wis—wj)
However, determining a closed-form formula for the distribution of the power dis-
sipated on a link is mathematically challenging, as it involves dependencies among the
effective resistance w;;, wjs, w;s and wj; in Eq. (D.1), even in unweighted networks. We
therefore consider the expected link power dissipation E[P;] in unweighted ER graphs.
To further investigate the expected dissipation E[P;], we execute simulations as fol-
lows:

1. Generate an ER graph G, (N).

2. For a node pair (s, ), we inject a unit current I, = 1A from node s (source) and let
it out from node ¢ (destination).

3. Compute the energy dissipation P; for each link / and the expected energy dissi-
pation E[P;].

4. Repeat steps 2-3 for all possible node pairs (i, j)
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Figure D.1: (a) The expected link power dissipation as a function of the network size N for different
link connection probability p of unweighted ER networks. (b) The expected link power dissipation
as a function of the link connection probability p of ER networks for different network size N.

The simulation is repeated 100 times for N < 1000 and 1 time for N = 1000. As shown in
Figure D.1a and Figure D.1b, the expected link power dissipation E[P;] decreases with in-
creasing probability p and network size N, following approximately power-law scalings
with exponents close to —2 and —3, respectively.

The expected link power dissipation can be computed as the graph power dissipation
divided by the number of links:

P ws

E[P] = T (D.2)
In an ER graph the effective resistance [41, 51, 160, 161, 162] can be approximated as
Wt = d + L when the network is dense enough (the expected degree E[D] is compara-
ble or larger than log N). The degrees d; in such a dense ER network are concentrated
around the expected degree E[D]. According to the permutation symmetry of the ER
ensemble and mean field theory, one can obtain wg; = ﬁ, so that Eq. (D.2) can be ap-
proximated as

1 1
EID2N ~ N3p?
which explains the power-law decrease of the expected link power dissipation E[P;] as a
function of network size N or the average degree E[D].

The power-law relation between the expected dissipation E[P;] and network size N
or expected degree E[D] can be further extended to weighted ER networks with link
weights uniformly distributed in [a, b]. The effective resistance wg; = dis + d% states that
the effective resistance and the transport in flow networks are mainly determined by the
links adjacent to the source node s and destination t, while the rest of the network is
practically a perfect conductor. Since the link weights w; are drawn independently and
uniformly, the network excluding the source and destination can still be regarded as a
perfect conductor, which leads to the effective resistance ws; = E[w;] (dis + dit), where the
link weight wj is the reciprocal of the corresponding resistance in the flow network. In

E[P/] ~ (D.3)
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figure D.2, we supplement simulations for the power-law scaling of the expected dissi-
pation E[P;] with respect to the network size N or expected degree E[D].

0

10 ' !

simultion:A;, p = 0.1 simultion:A;, N = 200

fit: E[A)] = 1.24 x 103N 396 fit: E[A)] = 9.68 x 1077 N208
10° 1 10°

102 103 10 10°
N p

(a) Weighted ER networks Gy 1 (V) (b) Weighted ER networks Gp(200)

Figure D.2: (a) The expected link power dissipation as a function of the network size N for ER
networks Gp=0.1(N). (b) The expected link power dissipation as a function of the probability p
for ER networks Gp (N = 200). For each simulation, we generate an ER graph Gp,(N) with link
weights uniformly distributed in (0, 1). We compute the link power dissipation for all possible node
pairs and obtain the expected value E[A;]. The simulation is repeated 100 times for N < 1000 and
once for N = 1000. The power dissipated on each link in weighted Erd6s—-Rényi networks exhibits
a power-law decay as a function of network size or link density, with exponents of —3 and -2,
respectively.
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Table D.2: Performance of RGP with empirical networks as baseline

Network N Lg Ly—Lg | L/Ly | ||ID-S]]|
karate 34 78 -35 1 0.1533
dolphins 62 159 -79 1 0.1273
NewSpainTravelMap | 224 | 241 -13 1 0.0491
wiki-vote 889 | 2914 -1745 1 0.1045

In this section, we supplement the performance of RGP in tree graphs, ER random
graphs G, (N) with exponentially distributed link weights and four empirical networks [117,
158]. We use the demand matrix D = Q¢ as input, where Qg is the effective resistance of
a randomly generated ER graph or an empirical network G. The performance of RGP is
tested by (i) the normalized number m (Ly — Lg) of additional links in the resulting
graph H, (ii) the number of common links L, = %uT (Ao Ap) u shared by the baseline
graph G and the resulting graph H and (iii) the norm |[|D - Q|| = m Y. j wzg%”' of
the demand matrix D and the effective resistance matrix Q. Figs. D.3, D.4 and Table D.2
demonstrate the results for tree graphs, ER graphs and empirical networks, respectively.
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Figure D.3: Performance evaluation of RGP algorithm with tree baseline graphs. (a) Normalized
number of additional links in the resulting graph H compared with the baseline G. (b) Normalized
number of common links in the baseline graph G and the resulting graph H. (c) shows the norm
between the demand matrix D and the resulting effective resistance matrix Q. The x-axis of all
three panels represents the number of nodes N of tree graphs. For each graph size N, 1000 trees
are generated as baseline graphs, with integer link weights independently and uniformly drawn
from (1, 10]. Error bars denote the standard deviation.
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Figure D.4: (a) Normalized number of additional links in the resulting graph H compared with the
baseline G. (b) Normalized number of common links in the baseline graph G and the resulting
graph H. (c) Norm between the demand matrix D and the resulting effective resistance matrix Q.
The x-axis of all three panels represents the connection probability p of ER graphs G, (N). For each
graph size N and probability p, 1000 ER graphs are generated as baseline graphs, each with link
weights drawn from an exponential distribution with mean 0.5. Error bars indicate the standard
deviation.
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