
Applied Ocean Research 51 (2015) 293-308 

Contents lists available at ScienceDirect 

Applied Ocean Research 

E L S E V I E R journal homepage: www.elsevier.conn/locate/apor 

O C E A N I 
R E S E A R C l 

Development of a core mathematical model for arbitrary manoeuvres 
of a shuttle tanker 

S. Sutulo, C. Guedes Soares* 
Centre for Marine Technology and Engineering (CENTEC), Instituto Superior Técnico, Universidade de Lisboa, Portiigal 

CrossMark 

A R T I C L E I N F O A B S T R A C T 

Article history: A 3 D 0 F s t i l l - w a t e r m a n o e u v r i n g m a t h e m a t i c a l m o d e l e m b r a c i n g a l l r eg imes o f m o t i o n o f a s i n g l e - s c r e w 

Available online 12 February 2015 s h u t t l e LNG carr ier has been deve loped . Besides f o u r - q u a d r a n t m o d e l s f o r h u l l forces , m a i n p r o p e l l e r and 

the rudde r , the m o d e l describes also the a c t i o n o f a l a t e r a l t h r u s t e r and o f ass is t ing t u g boats . E n v i r o n m e n -

Keywords: t a l fac tors i nc lude cons t an t w i n d and c o n s t a n t c u r r e n t . Results o f o f f - l i n e s i m u l a t i o n s p a r t l y c o m p a r e d 

Ship manoeuvrability v v i t h ava i lab le t r i a l da ta are g i v e n . 
Mathematical model © 2015 Elsevier L td . A l l r i g h t s reserved . 
Low-speed manoeuvring 

Simulation 

Lateral thrusters 

Tugs 

Wind and current action 

1. Introduct ion 

H a n d l i n g the l ique f i ed natural gas inev i t ab ly includes processes 

of b e r t h i n g and unbe r th ing o f an LNG carrier (shut t le tanker) to and 

f r o m a f l oa t ing j e t t y (FLNG barge). In general, such manoeuvres are 

considered as very compl ica ted i n seamanship practice and rela

t ive ly prone to accidents, especially to r a m m i n g . A l t h o u g h i n the 

m a j o r i t y of cases such accidents do no t resul t i n disasters or o ther 

grave consequences as the b e r t h i n g manoeuvres are p e r f o r m e d at 

l o w velocit ies, the very fact o f hand l ing a ve ry dangerous and easily 

i n f l a m m a b l e cargo sets augmented standards for the manoeuvr ing 

safety. The la t ter is suppor ted by appropr ia te manoeuvr ing q u a l i 

ties o f all i nvo lved craft , reasonable s teer ing techniques and tactics, 

and also by extensive t r a in ing of h u m a n operators w i t h the help o f 

compute r ized bridge s imulators . Success o f this t r a i n ing depends 

heavi ly on the qual i ty of i m p l e m e n t e d core mathemat ica l m o d 

els. 

A considerable n u m b e r of sui table mathemat ica l models cover

ing the range o f "normal" or modera te manoeuvres p e r f o r m e d w i t h 

the m a i n cont ro l devices ( l ike n o r m a l rudders) and w i t h o u t revers

ing the m a i n propulsor can be easily f o u n d i n the l i te ra ture [ 1 - 4 ] . 

The parameters of these models are then to be de te rmined f r o m 

CFD computa t ions , captive m o d e l tests or by iden t i f i ca t ion f r o m 

free r u n n i n g models exper iments or ful l -scale tr ials (e.g. [ 5 - 7 ] ) . 

This is m u c h less t rue for the so-called low-speed models a p p l i 

cable i n fact to the w h o l e range o f mo t ions inc lud ing such hard 
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manoeuvres as the crash stop, crabbing and ro t a t ion o n the spot. 

Probably, one o f the f i r s t con t r ibu t ions be ing at the same t i m e very 

i n f o r m a t i v e belongs to [8] w h o supposed that a l l h y d r o d y n a m i c 

forces depended on 4 dimensionless angular parameters al l de f ined 

i n 4 quadrants . The h u l l force mode l was based on a heur is t ic 

decompos i t i on i n t o : (1) ideal f l u i d ( ine r t i a l ) effects, (2 ) h u l l l i f t i n g 

forces, (3) h u l l c ross - f low effects, and (4) h u l l resistance i n l o n g i t u 

d ina l m o t i o n . The proposed 4-quadrant propel le r mode l was based 

o n a piecewise a p p r o x i m a t i o n o f the th rus t and torque coeff ic ients , 

and, be ing ve ry convenient , was used w i t h smal l mod i f i c a t i ons i n 

the present s tudy and is described i n detai l i n the m a i n pa r t o f t h e 

paper. Finally, the rudder 's mode l in the s l ips t ream was based on a 

c o m b i n a t i o n of tabula ted rudder characteristics, on a m o r e or less 

typ ica l s i m p l i f i e d scheme for propel ler race ac t ion and, as c la imed, 

o n several ad hoc rules, o m i t t e d , however , f r o m the p u b l i c a t i o n . 

A n k u d i n o v et a l . [9] no t iced tha t quadrat ic ( w i t h absolute 

value opera t ion w h e n appropr ia te) d imens iona l po lynomia l s are 

s t ruc tu ra l l y applicable to ha rd manoeuvres b u t the regression 

coeff ic ients we re supposed to be es t imated separately i n f o u r 

regions: (1 ) modera te d r i f t angles ahead, (2) large d r i f t angles 

ahead, (3) large d r i f t angles astern, and (4) modera te d r i f t angles 

astern. Necessity to ma tch f o u r separate regressions makes this 

approach s o m e w h a t c lumsy. 

Kobayashi and Asai [10] in t roduced t w o l i m i t i n g values o f t h e 

Froude number . Above the h igher value a usual cubic d i m e n s i o n 

less m o d e l fo r modera te manoeuvr ing was assumed appl icable 

w h i l e b e l o w the l o w e r value a specially devised second order 

quas i -po lynomia l d imens iona l regression m o d e l was used. In the 

i n t e rmed ia t e r eg ion a l l h u l l forces and m o m e n t s w e r e ob t a ined as a 

l inear b l end o f the high-speed and low-speed m o d e l . The low-speed 
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mode l was used also i n astern m o t i o n bu t w i t h d i f f e r en t regression 

coeff ic ients . 

Khat tab [11] also assumed that d i f f e r en t physical phenomena 

associated w i t h the l i f t (side force) w i t h and w i t h o u t separat ion and 

w i t h the c ross - f low drag domina te fo r d i f f e r en t intervals o f the d r i f t 

angle. Full regressions fo r the sway force and the y a w m o m e n t are 

subd iv ided i n t o three single-variable parts (depending on the d r i f t 

angle and t w o dimensionless y a w rate parameters) va l id , however 

i n the w h o l e range o f manoeuvres. The regression coeff ic ients were 

chosen i n such a w a y that the regressions match asympto t i ca l ly 

some earl ier devised p o l y n o m i a l mode l w h i l e coeff ic ients corre

sponding , say, to crabbing were es t imated w i t h the c ross - f low drag 

theory. 

It can be also no t iced that later publ icat ions avoided g i v i n g more 

or less detai led descript ions of mathemat ica l models especially 

fou r -quadran t ones [12 ] . In fact, pract ical ly al l ship hand l ing s i m 

ulators i m p l y core models exact ly o f the extended type [13] , But 

these models are typ ica l ly considered as p ropr ie ta ry and, as far as 

i t cou ld be detected or suspected, are more o f t en than no t based 

on cer ta in t r icks and qu ick "at hand" solutions maybe indeed no t 

deserving adver t isement . 

In the present paper, an a t t emp t is under taken to develop a c o m 

prehensive u n i f i e d versati le mathemat ica l mode l sui table fo r all 

types o f manoeuvres i n s t i l l w a t e r i.e. no wave exc i ta t ion is con

sidered. Special a t t en t ion was paid to the mode l be ing re la t ive ly 

consistent f r o m the v i e w p o i n t of basic principles [14] . A l t h o u g h the 

resu l t ing mode l is s imi la r i n m a n y respects to other publ i shed m o d 

els and is thus based on some synthesis, i t contains also a n u m b e r o f 

novelt ies and improvemen t s not encountered i n the l i te ra ture . A l l 

of t h e m are described i n detai l and i t is bel ieved that these elements 

could become usefu l i n other applicat ions. 

The mode l was app l ied to a shut t le LNG carrier Galea, f o r w h i c h 

some t r i a l data we re available. Most ly , these ful l -scale results were 

used fo r comparisons w i t h the predic ted behaviour o f the ship. Con

t ra ry to n o r m a l practice f o l l o w e d by developers o f ship hand l ing 

s imulators [15 ] the m o d e l was not subject to extensive ad jus tments 

except fo r lateral th rus te r ac t ion c o m m e n t e d i n the m a i n text body. 

Computer i m p l e m e n t a t i o n o f the developed model was p e r f o r m e d 

as series o f extensions of the objec t -or iented m u l t i - m o d e l code 

developed earlier by the authors [16] . 

Finally, i t is w o r t h w h i l e to note tha t the popular t e r m " l o w -

speed manoeuvr ing" is somewha t mis leading and no t ve ry exact. 

In fact, every t ime i t is used i t goes about the hard manoeuvres 

men t ioned above. Indeed, such manoeuvres can on ly be p e r f o r m e d 

at s low speed as o the rwise power requirements w o u l d great ly 

exceed the available f r o m the m a i n engine. On the o ther hand, 

no rma l manoeuvres reachable w i t h constant engine settings and 

w i t h the n o r m a l rudder can be executed at any speed, at least 

w i t h the t u r b i n e - d r i v e n vessel w h i c h , cont rary to diesel engines, 

does no t possess a stal l ( id le) ro t a t ion f requency. For moderate 

and l o w values of the Froude number , all reasonable manoeu

v r i n g characteristics r e m a i n pract ical ly independent o f speed and, 

w h e n p roper ly rescaled i n t ime , the behaviour of the ship mus t be 

independent o f the approach speed. However , there is a general 

be l ie f tha t any ship is worse control lable i n l o w speed [17] and 

that is w h y aux i l i a ry s teering devices are indispensable. There are 

t w o possible causes o f this paradox or rather misunders tanding . 

First, a l though the response to con t ro l actions remains adequate, 

i t becomes real ly s lower i n the d imensional t i m e w h i l e the h u m a n 

operator 's o w n t ime scale remains the same and the subject ive per

cept ion tells about worse con t ro l l ab i l i t y . The second circumstance 

is the increased sens i t iv i ty to external factors, such as w i n d and 

current, because rudder steering forces are approx ima te ly p ropor 

t ional to the square o f the ship speed. I t is, however , meaningless to 

discuss the loss of con t ro l l ab i l i t y at l o w s p e e d i f the level of ex ternal 

inf luence is no t specif ied. 

Fig. 1. Frames of reference. 

2. General s tructure of ship m a n o e u v r i n g mode l 

2.1. Frames of reference and kinematic parameters 

The used f rames of reference are s h o w n i n Fig. 1 i n the horizontal 

plane v i e w : the Ear th- f ixed f r a m e O f ??f w i t h the axis O f directed 

ver t i ca l ly d o w n w a r d s is used to describe the ship t r a j ec to ry and to 

def ine the steady w i n d characterized by the w i n d speed Vw or by 

its magni tude Vw = |Vw | and b y the w i n d angle Xw. Simi lar ly , the 

steady u n i f o r m cur ren t ve loc i ty is Vc also def ined by the couple (Vc, 

Xc)- The o r ig in 0 is placed on the und is tu rbed free surface and its 

loca t ion i n the hor izonta l plane, as w e l l as the o r i en t a t i on of the two 

hor izon ta l axes can be arb i t rary . As a rule, they are chosen f r o m con

venience considerations. For instance, i f some s tandard manoeuvre 

as the t u r n i n g circle is considered, i t is natural to m a t c h the or igin 

w i t h the ship's locat ion at the start o f the manoeuvre i.e. w h e n the 

corresponding order is g iven. In the case o f ber th ing/unber th ing , 

the Ear th- f ixed f r a m e typ ica l ly matches the m o o r e d pos i t ion of the 

ship. 

The ship m o t i o n is described by the g round ve loc i ty vector Vc 

and by the angular ve loc i ty vector S2. I n t roduc ing the air ship veloc

i t y vector V ^ and the ship ve loc i ty vector V (magn i tude of the latter 

is the ship's log speed) i t is easy to establish the f o l l o w i n g relations: 

Vc = V^ + Vw, 

V G = V - h V c . 

It f o l l o w s f r o m these relat ions that 

V A + V W = V + V C , 

V = V c - V c , (2) 

V A = V C - V W = V + V C - V W . 

The w i n d and cur ren t velocit ies can be also represented through 

the i r project ions on the Earth axes ( the ver t ica l components are 

supposed to be zero): 

Vw,| = Vw cos Xw; Vv,, = Vv s in Xw, 

Vcj = cos Xc; Vcq = Vc sin Xc • 

As usual, the body axes Cxyz are i n t roduced w i t h the or ig in C 

l y i n g at any po in t i n the centreplane a l though usually preferred is 

e i ther the centre o f mass or the po in t be longing also to the midship 

plane and to the e q u i l i b r i u m wate rp lane . The pos i t i on of the body 
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axes w i t h respect to the Earth f r ame is described by t t ie advance f c. 

transfer ric, submergence f o heading angle p i t ch angle 6 and r o l l 

angle (p. Projections of the ve loc i ty V onto the body axes x, y, z are 

denoted as u, v, w and called velocit ies o f surge, sway, and heave 

respectively and those o f the angular ve loc i ty S2 are p , q, and r and 

called velocit ies of ro l l , p i t c h and yaw. The subscripts w , c, G, A can 

be added to any ve loc i ty to refer to the corresponding component . 

I t f o l l o w s f r o m Eqs, (1 ) - ( 3 ) tha t 

(5) 

The fo rmulae above are ve ry i m p o r t a n t as they de te rmine pecu

l iar i t ies o f the ship m o t i o n in presence o f w i n d and current . The 

w i n d and cur ren t velocities, w h i c h are present there, are: 

Uc = Vcf cos l/r + Va, s in 

Vc = - V ^ j sin i/f + Vcq cos f , 

(6) 
Uw = Vw^ cos i/f - i - Vw,, s in 

Vw = -Vwi s in i/f + Vw,, cos i/f. 

The m a i n state variables o f the manoeuvr ing ship w i l l be fc. 

ijc, ir, r, and i i , v a l though each of the la t ter t w o can be subs t i tu ted 

w i t h a cor responding g round or air veloci ty . The f o l l o w i n g auxi l ia ry 

variables can o f t en become useful : 

• the dimensionless velocit ies o f sway and y a w 

, V , I'l 

' ^ = V ' '' = V' 

where V= |V | and L is the ship's reference length ; 

• the d r i f t angle ( w i t h respect to w a t e r ) 

{ - a s i n i / at u > 0, 

- T r s i g n y 4 - a s i n i / at u < 0; 

• the air d r i f t angle 

PA 

-asini ;^ at U/i > 0, 

-TT sign i»/! + asin at i i / i < 0, 

(7) 

(8) 

(9) 

w h e r e v'^ = VA/VA and V^ = \V/\\is the ship's air speed equal to the 

re la t ive w i n d speed as measured on the ship; 

• the course angle v ( w i t h respect to w a t e r ) 

(10) 

(11) 

• the course (angle) x over the g round 

sin 2£ at fc > 0, i]c > 0, 
k 

; Tt + asin ^ at fc < 0, 

2jt + asin 'k at fc > 0, i]c < 0. 
sc 

The usual dimensionless velocit ies i / and f are no t convenient 

f o r ha rd manoeuvres as they tend to i n f i n i t y as the ship speed tends 

to zero. The d r i f t angle is used instead o f the dimensionless ve loc i ty 

o f sway and the f o l l o w i n g general ized dimensionless ve loc i ty of 

y a w can be in t roduced : 

r" = (12) 

It is clear tha t f e [ - 1 , 1 ] r e m a i n i n g always finite. 

The plane - r" (Fig. 2 ) can be used to represent domains o f a rb i 

t r a ry (a l l imaginable) manoeuvres ( the large rectangle), moderate 

•180 ( 

+1.0 

+180 deg 

Fig. 2 . Sketcli of manoeuvring domains. 

manoeuvres ( the smal ler hatched rectangle), and w e a k manoeu

vres ( the smallest filled rectangle; weak manoeuvres are typ ica l ly 

course keeping and smal l course changes). Of course, the b o u n d 

aries separating the domains f r o m each other are fuzzy and traced 

basing on rather a rb i t ra ry expert estimates. 

2.2, Equations o! motion 

In low-speed manoeuvr ing , effects related to the ver t ica l planes 

are negl igible and i t can be assumed that the manoeuv r ing m o t i o n 

is on ly p e r f o r m e d i n the hor izonta l plane. The k inemat ic d i f f e r e n 

t ia l equations l i n k i n g the ship's pos i t ion i n the Earth axes w i t h the 

velociries pro jec t ions are t h e n 

f C = UQ COS ir-Vc s in l/r, 

//c = I ' c s in -I-i^G cos i / f , (13) 

iA = r. 

The dynamic equations of m o t i o n of the ship as a rigid body are: 

(m + iJ.u)u - mvr - mxcr^ =XH +XP+XK+XA +XQ, 

(m + iJ.iiW + imxc + inef + mur ^Yu + Yp + Ys + Yr + YA + Ya, (14) 

(mxc + Ai26)i' + (lu + fJ-eeV + mxgur = NH + Np + Nu + Nr + + NQ, 

where m is the mass of the ship; /xy are the added masses, xc .yc are 

the centre-of-mass coordinates; Izz is the m o m e n t of iner t ia i n y a w ; 

X, y, N are the forces and m o m e n t s o f surge, sway, and y a w respec

t ive ly and each of these components is d iv ided i n t o subcomponents 

described by the f o l l o w i n g subscripts: H—the h u l l h y d r o d y n a m i c 

forces, P—the propel le r forces, R—the rudder forces, T—the th rus te r 

forces, A—the aerodynamic forces, Q,—forces f r o m the tugs. 

3. Hydrodynamic l iul l forces 

The hyd rodynamic forces on the h u l l are described using the 

m e t h o d proposed by Sutulo [18] w h i c h , i n its present i m p l e m e n 

ta t ion , represents a con t inua t ion o f the s tandard Inoue m o d e l on to 

the d o m a i n o f a rb i t ra ry manoeuvres. Accord ing to this me thod , the 

h u l l sway force and y a w m o m e n t are represented as: 

XH=X"^iV^ + Lh'^)LT, 

YH = Y"^{V^ +Lh-'^)LT, (15) 

NH = N"^{V^ + L^r^)L^T, 

where X", Y", Af" are the generalized force and m o m e n t coeff ic ients . 

As to the surge force, i t t u rned ou t tha t the most convenient 

approach is to t r a n s f o r m the surge force m o d e l suggested by Inoue 

et al. [ 19 ] . Besides m o v i n g f r o m the d imens iona l to the d i m e n s i o n 

less f o r m , the s t ructure was corrected i n such a w a y tha t the surge 
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force vanishes w h e n the ship is ro t a t ing on the spot independen t ly 

o f the d r i f t angle ( s t r i c t ly speaking, there w i l l be some nonzero 

surge force f o r a ship w i t h o u t midsh ip s y m m e t r y b u t obvious ly 

i t w i l l no t be s igni f icant and i n case of absence o f exper imenta l 

data should be bet ter zeroed). Then, the general ized surge force 

coef f i c i en t is 

(16) 

w h e r e Rr(t i ) is the to ta l resistance curve as f u n c t i o n o f the surge 

ve loc i ty and def ined fo r bo th posi t ive and negative a rgument , r^s is 

the astern cor rec t ion coeff ic ient . Cm ^ 0.625 is the cor rec t ion factor 

[19 ] . 

As the drag curve i n astern m o t i o n is usual ly unavai lable and 

n o t suppor ted w i t h s tandard resistance p r e d i c t i o n me thods [20] , 

i t was assumed here t o be odd i.e. RT{-U) = -RJ{U). However , as 

usual ly the h u l l is o p t i m i z e d fo r the ahead m o t i o n , the cor rec t ion 

coef f i c i en t r^is is assumed to be 1.15 at u < 0 and 1.0 o therwise . 

The dimensionless sway and y a w coeff ic ients can be mode l l ed 

as f o l l o w s : 

CyO = Cyt 

1 

4^.'r; Cy2 = -lK{r)+Y^(-r)]+lY':; 

Cy3 

CyS 

CyS 

C„3 = 

CnS •• 

Cm •-

Cn8 = 

[n(^) - n ( - T ) ] ; cy4 = 2^[y;(r)+y;(-r)]; 

2jr 
1 

[y;(t)-Y;(-r)-2y^]; CyS- rl'rr- Cyl - l y -
6 

(20) 

c„o = N«; c„, = --[NJ(T) + Ni(-T)]; c„2 =-^TOr)+ N;(-r)] 

- 2̂ [N;(r) + N;(-r)] - 2N2; c„4 = ^m^)" N̂ C-r)]; 

gL[N;,„+NJ(r) + N ; ( - r ) - 2 N S ] ; c„6 = ^ W r ) - N;(-r)]; (21) 

1 2 , . - N , V + ( i - i ) [ W + N;(-r)l; 

i 
1 _1_ 

V2^2 "Ï6 [ N ; ( T ) - N J ( - T ) ] ; cg: 

where r is the t r i m , posi t ive by the s tern and nondimens iona

l ized by the m e a n draught ; Yg and are the generalized sway 

Y " { ^ , r " ) = Cyor" - I - Cy\ s in ^ s in OT" s ign r" + Cy2sin ,Scos ^r" + Cy-i s in2/Jcos -r" + Cj ,4C0S;ösinOT" + Cys cos 2^6 s in OT" 

-(-CyeCosyS ('cos ^ r " - cos s i gn r " + Cy7(cos2^- cos4;ö)cos^r"sign;ö-|-Cy8sin3/3cos ^ r " ; (17) 

N"(y8, r " ) = C|,or" -(- Cni s in 2/Ö cos ^ r" -1- c„2 s in /3 cos ^r" + Cns cos 2,0 s in nr" + Cn4 cos ,0 s in Trr" -(- c„5(cos 2,0 

-cos4,8)sin:Tr" -1- c „ 6 C 0 S fiicosfi- cos3/3)signr" + c„7s in2 /3 ^cos ^ r " - cos ^ r " j + c„8 sin/3 ^cos ^ r " - cos ^ r " j 

+ cn9 sin2/? (cos J r " - cos ^ r " ) s i gn r" . (18)_ 

The regression coeff ic ients Cy^ni i n (17) and (18) w o u l d be best 

de t e rmined af te r cap t ive-model tests carried ou t fo r each pa r t i cu 

lar h u l l i n the w h o l e range of the d r i f t angle and dimensionless rate 

o f yaw. However , such exper imen ta l data are ob ta ined rare ly and, 

as a bypass so lu t ion , these coeff ic ients can be chosen to p rov ide 

asympto t ic equivalence to p o l y n o m i a l models devised for m o d 

erate manoeuvres. These p o l y n o m i a l models can be developed 

specif ical ly fo r the g iven h u l l or b o r r o w e d f r o m some database 

me thod , l ike tha t by Inoue et al. [19] . These models are n o r m a l l y 

w r i t t e n i n te rms o f p r i m e d variables i / , r' b u t can be r e - w r i t t e n i n 

terms of f5 and r': 

y"(/3, r ' ) = -Y- sin^ + Y^r' - V;,,^ s i n / ï | s i n ^ | - Y'^^, s i n ^ l r ' l + y; | , , r ' i r ' | , 

N"{l}, r') = -N;, sinp + N f r ' + s i n ^ P r' - ( N ; „ - N[,) sinfi r'^ + JV;.,,|r'|r'|, 
(19) 

w h e r e the coeff ic ients Y(„ NL.. are func t ions of the hul l ' s p a r r|r| 

riculars and t r i m and are es t imated according to Inoue et al. [21 ] . 

Then, the regressions (17) and (18) can be r e - w r i t t e n i n terms 

o f the same variables as (19) us ing the re la t ion r" ^ r' - ^r'^ and 

then asympto t i ca l ly matched to (19), Their s t ructure , w h i c h m a y 

seem at first s ight no t qui te na tura l and evident , was chosen to 

make this m a t c h i n g possible. As result, the f o l l o w i n g relat ions can 

be established: 

force and y a w m o m e n t coeff ic ients de t e rmined fo r the h u l l rotat

i ng on the spot, and Ygg is the generalized y a w m o m e n t coeff ic ient 

cor responding to the pure lateral m o t i o n i.e. to the crabbing w i t h 

ou t ro t a t ion . I f these data are absent, w h i c h is typica l , they can 

be es t imated us ing the m e t h o d f r o m (Voy tkunsky , 1985) or esti

ma ted w i t h the c ross - f low drag technique. Because o f the absence 

of data related to the astern m o t i o n w i t h modera te d r i f t angles, i t 

was add i t iona l ly assumed that the h u l l is symmet r i c w i t h respect 

to the m i d s h i p plane. A t the same t ime , the fact tha t a t r i m by the 

s tern w i l l act as a t r i m by the b o w i n astern m o t i o n is accounted 

for . 

Finally, i t m u s t be no ted that the o r ig ina l ma themat ica l model 

by Inoue et al . [19,21] is 4 D 0 F i n v o l v i n g also the ro l l equat ion and 

dependence of the y a w m o m e n t on the instantaneous ro l l angle. 

The back in f luence of the r o l l m a y become s igni f icant f o r relat ively 

fast vessels. The ship considered i n the present s tudy is marg ina l in 

this respect and us ing a 4 D 0 F m o d e l cou ld be desirable. However, 

as the inves t iga t ion was here more concentra ted o n the low-speed 

m a n o e u v r i n g and creat ion o f u n i f o r m l y v a l i d regressions inc luding 

ro l l effects is p rob lemat ic and cer ta in ly no t s t r a igh t fo rward , the 

choice was made i n favour of a 3 D 0 F m a n o e u v r i n g m o d e l w h i c h 

finally p roved qu i te adequate i n the present case. 

4. Propel ler forces 

The propeller 's long i tud ina l force Xp = re. w h e r e Te is the effec

t ive thrus t w h i c h is supposed to be posi t ive w h e n the propel ler is 
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r u n n i n g ahead and is negative w h e n worl<ing astern. The effect ive 

thrust is obta ined f r o m the open-wate r thrus t Tas 

re = T ( l - f p ) , (22) 

whe re tp is the th rus t deduct ion f r ac t ion . 

For any given f i x e d - p i t c h propeller , the th rus t w i l l depend on 

the cur ren t ro ta t ion f requency (rps) n, w h i c h is assumed posi t ive i n 

ahead ro t a t ion and on the instantaneous propel ler advance veloc

i ty UpA = u ( l - Wp), whe re Wp is the propel ler wake f rac t ion . To 

s imulate a rb i t ra ry manoeuvres, the propel ler open-water charac

teristics m u s t be def ined i n f o u r quadrants i.e. fo r any signs of n and 

UpA- However , as studies of propel le r hydrodynamics were m a i n l y 

d r iven by interests o f p ropu l s ion calculations and propel ler design, 

re la t ive ly f u l l sets o f data cor responding to various propel ler series 

and fo r f u l l range of the number of blades, p i t ch and disc ratio, are 

on ly available for the f i r s t quadrant i.e. w h e n Up^ > 0, n > 0 [22] . As 

to 4 -quadran t characteristics, systematic data and approx imat ions 

[23] we re apparent ly obta ined fo r o n l y the B4.70 propel ler w h i l e 

on ly selected p i t ch ratios we re covered fo r propellers w i t h o ther 

number o f blades and d i f f e r en t values of the disc rat io. 

In the present study, an app rox ima te a l ternat ive so lu t ion based 

on re-scal ing of the 4-quadrant m o d e l for a unique base p r o 

peller mode l is proposed. The poss ib i l i ty of such approach f o l l o w s 

f r o m the fact that near ly al l propel ler th rus t and torque c o e f f i 

c ient curves are approx ima te ly equidis tant in the first quadrant and 

can be t r ans fo rmed each to other re-scaling the axes. In fact, th is 

opera t ion is desirable even i f the actual propeller 's data are ava i l 

able as al l methods for p red ic t ing the ship resistance, thrus t and 

p r o p e l l e r - h u l l in te rac t ion are approx ima te and mus t be adjus ted 

to reproduce the actual p ropu l s ion po in t . The ad jus tmen t proce

dure depends on the available i n p u t data and i n a rather typ ica l 

case, w h e n the design rps n^, the design speed V^, the correspond

ing torque Qpd and the propel ler d iameter Dp are specified, the 

ad ju s tmen t is p e r f o r m e d as f o l l o w s : 

1. The design drag RjaiVci), the s t ra ight r u n wake f rac t ion Wpo and 

the t h rus t deduct ion coef f ic ien t tpo are es t imated using some 

appropr ia te m e t h o d [20] . The design advance rat io is then = 

Vdi^-WpoVinaDp). 

2. The advance correc t ion factor kj is c o m p u t e d assuming that the 

p rope l le r works i n the design condi t ions at m a x i m u m ef f ic iency 

( i n mos t cases, the propel lers are designed mean ing this target ) : 

kj = JoptlJd' where Jopt is the value of the advance rat io correspond

i n g to the reference screw propel ler . 

3. The th rus t and torque cor rec t ion factors kp and /<Q are def ined as 

f o l l o w s : 

/<r = 
Rpd 

Toptind,kjVa)il-tpo)' Qopt(nd,/<;Vd) 
(23) 

w h e r e Topt and Qopt are the values o f the th rus t and torque p r o 

duced b y the propel ler m o d e l at the sh i f t ed design p ropu l s ion 

po in t , w h i c h is o p t i m a l f o r the reference propeller . 

A f t e r the ad jus tmen t is comple ted , the effect ive th rus t and 

torque are cont inuous ly compu ted as 

T e = ( l - t p ) k T f > l d C r ( y B ) V | , 

(l = ka^AdDpCa(YB)Vi, 

(24) 

w h e r e fp is the current value of the t rus t deduc t ion coeff ic ient ; 

Ad = 7rD^/4 is the propel le r disc area; YB is the effect ive blade 

advance angle, and VB is the effect ive to t a l blade veloci ty . Accord ing 

to O l t m a n n and Sharma [8] the general ized th rus t and torque 

coeff ic ients are 

q^ijCOSj/s cos/B + Cfi^sin YB sin ys 

at cos KB > Ü.9336 

otherwise 
(25) 

w h e r e the coeff icients C° ^ C^^Q are on ly def lned for the a 5-

bladed propel ler w i t h the p i t ch ra t io 0.745 and the expanded area 

ra t io 0.6; s inyg ; kjUpA 
cos YB -

Vg, and Vcp = O.lymDp, VB = 

{kjUpAT 

The wake f r ac t i on coef f ic ien t Wp according to Inoue et al . [19] 

can be approx imated by 

Wp = Wpoe (26) 

w h e r e /3p is the local geometr ic (i.e. w i t h o u t the hul l ' s in f luence) 

s idewash angle. A l t h o u g h the a p p r o x i m a t i o n (26) was p r i m a r i l y 

devised fo r on ly modera te manoeuvres, i t is evident tha t i t w i l l 

g ive reasonable est imate f o r all /3p e [ - TZ, K]. 

The ro t a t ing propel ler w i l l , i n general, produce also the sway 

force Yp and the y a w m o m e n t Np. These forces are, however , 

ins ign i f l can t on moderate-speed vessels except for the case w h e n 

the propel le r is w o r k i n g astern. In this case, the so-called Hovgaard 

force w i l l appear due to the inf luence o f the tangent ia l induced 

veloci t ies i n the s l ips t ream of a heavi ly loaded propel ler . The Hov

gaard force mus t be accounted for w h e n the ship is s topp ing and 

backing. Di rec t ion of the Hovgaard force depends o n the d i rec t ion 

o f r o t a t i on o f the propel ler . 

In the described mode l the Hovgaard force is m o d e l l e d using 

a ve ry s imple m e t h o d suggested i n [24] and d e f i n i n g this force as 

a constant f r a c t i on of the thrus t : YP = ICHT, whe re the coef f ic ien t 

depends o n the conf igu ra t ion of the a f te rbody, varies m a i n l y f r o m 

0.4 to 0.8 bu t mus t be adjus ted af ter tr ials wheneve r possible. Then, 

the y a w m o m e n t w i l l be Np = YpXpH, w h e r e the e f fec t ive abscissa XPH, 

according to Brix ' data varies f r o m 0.78xp to 0.94xp. Obviously, this 

m o d e l f o r the Hovgaard effect is s o m e w h a t s impl i s t i c as Anis s i -

m o v a and Sobolev [25] demons t ra ted tha t dependence of the force 

and m o m e n t on the advance ra t io is i n fact ra ther compl ica ted . 

Unfo r tuna t e ly , cont ra ry to w h a t was c la imed by Ambrosovslcy and 

Katz [26 ] , a t t empted i m p l e m e n t a t i o n o f t h e f o r m u l a e proposed i n 

the c i ted pub l i ca t ion d i d no t resul t i n reasonable response o f the 

sh ip . 

5 . Rudder forces 

5.J. General remarl<s 

Descriptions o f practical mathemat ica l models o f rudder forces 

v a l i d i n modera te manoeuvr ing are abundant i n the l i t e ra ture . A l l 

o f t h e m presume; that the flow attacks the rudde r more or less 

f r o m the leading edge and the at tack angles do n o t exceed the 

stal l angle. Moreover , a l though typ ica l m o d e r n rudders have a smal l 

aspect ra t io XR pract ical ly never exceeding 2.0 w h i c h results i n a 

sensitive non l inea r i ty o f the i r l i f t curve, th is c i rcumstance is o f t e n 

neglected and the rudder's characteristic is l inear ized [19,27] . I n f l u 

ence of the s l ips t ream is p r i m a r i l y accounted fo r o n the basis of 

the actuator disc theory b u t many empi r i c correct ions and, o f t en , 

inconven ien t s t ruc ture o f the f o r m u l a e fo r the propel le r inf luence 

o n the rudder i n f l o w ve loc i ty and s idewash angle make d i f f i c u l t 

t he i r general iza t ion to a rb i t ra ry manoeuvres . The m o d e l proposed 

i n the present paper is f ree o f such prob lems and remains v a l i d i n 

any s i tua t ion a l though i t is not u n i f o r m l y accurate. W h i l e i n m o d 

erate m a n o e u v r i n g i t cou ld be va l ida ted against m u l t i p l e m o r e or 

less acknowledged models , the d i rec t va l ida t ion was too d i f f i c u l t 

i n such s i tuat ions as large attack angles o f the rudder , especially 
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w h e n the flow comes f r o m the t r a i l i ng edge. Ass imi la t ion , analysis 

and general iza t ion o f various ideas and par t ia l models suggested 

by o ther specialists served as impor t an t assets i n deve lop ing the 

mode l described be low. However , special a t t en t i on was g iven to 

con t r ibu t ions by S ö d i n g [28,29] , O l tmann and Sharma [8 ] , and Kose 

[30 ] . 

5.2. Basic assumptions 

A l l engineer ing methods f o r es t imat ing c o n t r i b u t i o n of the r u d 

der i n m a n o e u v r i n g m o t i o n are based on more or less natura l , 

t h o u g h no t ve ry r igorous assumptions. The f o l l o w i n g assumptions 

w e r e taken here: 

1. The to ta l rudder area AP=ARO+ARP is composed o f t w o parts: 

ARO is the area outside the s l ips t ream w h i l e ARP is the area inside 

the s l ips t ream. I f there is no d i rec t data about these areas, i t is 

usual ly assumed tha t 

(27) 

w h e r e hpp is the he ight of the rudder 's par t washed by the s l ip 
stream. 

2. The s l ips t ream j e t is supposed to be circular cy l indr ica l f r o m the 

rudder 's leading to t r a i l i ng edge. 

3 . Values o f the rudder force coeff icients ( l i f t coef f ic ien t CRL, drag 

coef f ic ien t Q D , n o r m a l force coeff ic ient CRJV, and the tangent ia l 

force coef f ic ien t CRT) are the same f o r its parts outside and inside 

the s l ips t ream. In addi t ion , i t is assumed that the tangent ia l force 

can always be neglected. 

4. The flow around the rudder is supposed to be u n i f o r m and h o m o 

geneous w i t h i n each of the parts outside and inside the propel le r 

race. The ve loc i ty of the rudder w i t h respect to w a t e r is VR and 

VRP i n each area respect ively and the corresponding attack angles 

are UR and URP. Each attack angle is changing w i t h i n the in t e rva l 

[ - ; r , 7 r l . 

5.3. Representation of forces on tlie rudder 

Depending on w h e t h e r the force act ing on the rudder is analyzed 

i n the i n f l o w - v e l o c i t y axes or i n the b lade-f ixed f rame, cons id

ered are ei ther the l i f t L and the d rag D or the n o r m a l N and the 

tangent ia l T force components . The latter approach has cer ta in 

advantages. The p lo t i n Fig. 3 was recalculated f r o m the l i f t and 

d rag data obta ined fo r a non- symmet r i c 5% pro f i l e i n c i rcular w i n d 

t u n n e l tests [31 ] and clearly shows tha t the tangent ia l force can be 

prac t ica l ly always neglected. 

Assuming that the rudder n o r m a l force JV is pos i t ive w h e n 

di rected to the rudder's portside, the rudder -or ig ina ted surge force 

XR and sway force YR w i l l be: 

XR = -NsmSR, 

YR =-{1+aH)N cos SR, 
(28) 

w h e r e SR is the rudder def lec t ion angle w h i c h is pos i t ive w h e n 

t h e rudder is deflected to the starboard, and an is the r u d d e r - h u l l 

i n t e r ac t ion f rac t ion . The rudder y a w m o m e n t is then 

NR = YRXRH, (29) 

w h e r e XRH is the rudder 's hydrodynamic abscissa account ing fo r 

the sh i f t o f the sway force app l ica t ion po in t due to rea l iza t ion o f its 

pa r t on the h u l l . Inoue et al. [ 19 ] r e commend XRH = XR, w h e r e XR is 

120 180 240 

a, deg 

300 360 

Fig. 3. Wind tunnel data for tangential and normal force coefficients CT, CN as func
tion of the attack angle. 

the actual abscissa of the rudder 's stock, and a H = 0.633Cij - 0.153. 

Accord ing to S ö d i n g [28] 

XRH = XR 
0 . 3 1 

OH = 

C R / T - 1 - 0 . 4 6 ' 

1 (30) 

l + ( 4 . 9 e R / r + 3 b R / r ) ^ 

w h e r e ep is the average gap be tween the rudder 's leading edge. 

Accord ing to the assumptions ( l ) - ( 4 ) f o r m u l a t e d above, the 

rudder no rma l force can be represented as 

N = Cw(aR) i -^ARo + CdaRp)kd^ARp 
2 

(31) 

whe re < 1 is the j e t de f lec t ion r educ t ion factor specif ied later. 

The no rma l force coef f ic ien t dependency Ct~i(a) m u s t be defined 

i n d i f f e ren t regimes: 

• The pre-stal l regime w h e n the leading edge is m o v i n g ahead w i t h 

respect to the w a t e n I f t h e stall angle i n ahead m o t i o n is as, then 

at |o?| <as the response w i l l be def ined by [ 1 ] : 

CNo(a) = CDR(a;)sina-+-CiR(a;)coso;. 

Here: 

CLR{a) = iC°;^ +C^^\a\)a, 

CDR(a) = CDRO + CDRI Cf^(a) , 

w h e r e various coeff ic ients are: 

Cf l 
COS A A / A 2 / C O S 4 A 4 - 4 + 2a„ 

the rudder l i f t gradient . 

(32) 

(33) 

(34) 

(35) 

- the i n f i n i t e aspect rat io l i f t gradient , and Ooo ̂  0.9 is the viscosity 

cor rec t ion factor, y l is the sweep angle close to zero i n mos t cases. 

Then, 

Cfz = CD A R (36) 
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and 

CD 

0 . 1 + 0 . 7 / ) ' f o r fa i red t ip , 

0 . 1 + 1 . 6 5 ' f o r s q u a r e d t i p ; 
(37) 

b' = btjbr is the rudder taper ra t io ; fat is the t ip chord, and br is 

the roo t chord.CüRo is the p ro f i l e drag coeff ic ient (0.0065 for the 

NACA-0015 prof i l e ) , and 

1 
CDRI = (38) 

In astern m o t i o n i.e. w h e n the rudder is m o v i n g w i t h i ts t r a i l 

ing edge f o r w a r d , the f l o w w i l l be not s tal led w h e n \a\ >7T-asr, 

where asr<oc5 is the stall angle i n the backward m o t i o n of the r u d 

der blade. Then, i t can be assumed that i n this d o m a i n the n o r m a l 

force coeff ic ient dependency Ci^r{<x) can be represented as 

CNr(Q') = CNo(7r - | o ; | ) s igna . (39) 

In the in te rmedia te in terval , i.e. w h e n |a;|e(as. Jt-Usr), the 

no rma l force coeff ic ient can be supposed to change, i n the f i r s t 

app rox ima t ion , l inear ly : 

CN(a') = ( a + / ) | a | ) s ignQ' , 

where the l inear a p p r o x i m a t i o n coeff icients are: 

ü s + a s r - n 

a = CNo{oes)-asb. 

5.4. Rudder inflow velocities and attack angles 

The rudder at tack angle is def ined as 

Q'R = S R - ^ R - 5 R O , 

(40) 

(41) 

(42) 

w h e r e 5^ is the rudder def lec t ion angle, fin is the local d r i f t angle, 

and SRO is the neutra l (balancing) def lec t ion angle. The at tack angle 

must , however , be normal ized to f a l l i n to the in te rva l [ - n, K]. In 

the case w h e n 2j r > |Q'R| > ;r : 

aR:=aR-271 sign ap. (43) 

Let us consider the rudder geometr ic (i.e. no t account ing fo r the 

h u l l and propel ler in f luence) velocit ies UR and VR. Similar velocit ies 

fo r the propel ler ahead of the rudder w i l l be up and Vp. A l i these 

velocit ies generate the speed magni tudes VR = \ / U R +V'^ and VR = 

• y / ü j + l ^ , and the k inemat ic s idewash angles fip and PP de f ined in 

such a w a y that 

UR = VRCOS,ÖR, fR = - V R s i n ^ R ; 

Up = VpcosPp, Vp = -VpslnPp. 
(44) 

The next step is to l i n k the s tand-alone-rudder velocit ies UR and 

VR to the rudders apparent velocit ies beh ind the h u l l URA and VRA 

connected s imi la r ly to VRA and PRA. 

The long i tud ina l ve loc i ty is m o d i f i e d b y the rudder wake frac

t i o n WR: 

" M = I ' K ( 1 - W R ) = U ( 1 - W R ) , 

where , s imi l a r ly to the propeller , 

WR = WRoe'^'^R, 

(45) 

(46) 

The last equat ion is the empi r ic f o r m u l a in t roduced b y Inoue 

e t a l . [19] w i t h Kl = - 4 . 0 a n d WRO = 0.4 ( the la t ter value was r ecom

m e n d e d by Kose [30 ] ) a l though b o t h parameters can be adjusted. 

As w i t h the propeller , the f o r m u l a (46) gives reasonable est imate 

f o r any possible value o f PR. 

The hul l ' s in f luence on the transverse rudder ve loc i ty is f o r m u 

lated by Inoue et al. [ 19] d i rec t iy i n terms o f the s idewash angle bu t 

this becomes inconvenient w h e n appl ied to a rb i t r a ry manoeuvres. 

However , i t can be re la t ive ly easily r e - fo rmu la t ed i n terms o f the 

rudder transverse ve loc i ty as fo l l ows : 

(47) VRA=KV{PR)VR, 

where the f u n c t i o n Kp{) is def ined as: 

min(/C2, 1<3\P\) at \P\ < pu 

; { a, + b,\p\ at \p\^[Pt, P2I 

1.0 at \P\>P2, 

(48) 

whe re K2 = 0.5, K3 =0.45 and a„ = 0.5 - b.p^; bv = 0.5/(/J2 - P\ )• 

Assuming that the hull 's inf luence vanishes at \P\ > f , i t is rea

sonable to set ,01 = 1.3 and ,82 = f . 

The special s idewash angle ^ R i n Eq. (47) is restored i n the 

standard w a y f r o m UR and VR = v+kxRr w h e r e k is adjustable and 

Inoue et al. [19] r e commend k = 2.0 w h i c h is i n agreement w i t h the 

data presented by Kose [30] . Necessity of i n t r o d u c i n g this special 

s idewash angle is due to the fact tha t the hul l ' s in f luence depends 

on the quasi-veloci ties y and r i n a more compl ica ted w a y than cou ld 

have been obta ined pos tu la t ing its dependence on the geometr ic 

s idewash angle only . In t roduc t ion o f separate s t ra ightening factors 

fo r the sway and y a w parts o f the s idewash cou ld be an al ternat ive. 

5.5. Influence of propeller slipstream 

The approx ima te mathemat ica l mode l f o r the propel ler i n f l u 

ence described b e l o w is based on the classic actuator disc theory . 

Accord ing to this theory, any propel ler is represented as a t h i n disc 

of the area AQ placed in to the u n i f o r m flow w i t h the ve loc i ty VA 

directed a long the n o r m a l to the disc. The disc is s o m e h o w gener

a t ing a u n i f o r m j e t whose axis is col l inear w i t h v^. I n the present 

appl icat ion, i t can be assumed that \VA\ = \UPA\ and then, as estab

l ished in the actuator disc theory [32] , the axial induced ve loc i ty at 

i n f i n i t y is 

Wo, = " P / I ( V ' 1 + C T / I - 1 ) 

whe re the load ing coef f ic ien t is 

2\T\ 
CTA = 

PUpA^O 

(49) 

(50) 

I t f o l l o w s f r o m (49) that the to ta l j e t ve loc i ty at i n f i n i t y beh ind 

the disc is 

llco = UpA + Wfloo = UpA \ / 1 + C M (51) 

The la t ter f o r m u l a can be r e - w r i t t e n i n the f o l l o w i n g equivalent 

f o r m w h i c h can be used also i n the bo l l a rd reg ime: 

llco = 

where 

•pA • aOoo 

2 i r i 

(52) 

(53) 
" " " O - = pAo 

is the squared i n f i n i t y axial induced ve loc i ty i n b o l l a r d regime. 

The axial induced ve loc i ty is va ry ing a long the j e t theore t ica l ly 

reaching its u l t ima t e value at i n f i n i t y beh ind the disc. Its value i n 

the disc is Wao = ( l / 2 ) w a « ) . The sectional area o f the j e t is v a r y i n g 

inversely to sat isfy the con t inu i ty equat ion. O f course, i n the real 

fluid the j e t a f te r cer ta in region of con t rac t ion and accelerat ion w i l l 

start to dissipate i n v o l v i n g addi t iona l fluid b u t loos ing its average 

veloci ty . However , the perfect fluid mode l s t i l l w o r k s adequately at 

all distances where the rudder can be located. 
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The l o n g i t u d i n a l ve loc i ty o f the par t of the rudder inside the 

s l ips t ream w i t h respect to wa te r is 

Upp = UpA + Wa (54) 

w h e r e the axial i nduced ve loc i ty depends on the distance be tween 

the propel le r and the rudder and can be represented as 

Wa(x) = T^Kkw{>!.)Wa (55) 

w h e r e K is the empi r i c cor rec t ion factor in t roduced by Kose [30] 

w i t h the r ecommended value 0.68, and the distance factor 

1 + K{T) s ignT (56) 

w h e r e the re la t ive signed distance f r o m the propel ler to the rudder 

2{xp-xp)^ 
X 

and 

KiT) 

Dp 
'-signT 

1 at xT > 0, 

0.7 at x T < 0 

(57) 

(58) 

A t t e n t i o n m u s t be paid tha t the thus def ined fac tor kw is v a l i d fo r 

any sign o f the th rus t a l though the propulsor w o r k s app rox ima te ly 

as a disc o f sinks f r o m the side to w h i c h the th rus t is directed w h i l e i t 

produces a j e t i n the opposi te d i rec t ion . The coef f ic ien t K is empi r ic . 

The transverse componen t of the rudder - in - the - s l ips t ream 

ve loc i ty is usua l ly assumed to be the same as outside the s l ip

s t ream i.e. vpp = vpA. This de f in i t e ly can be appl ied on the suct ion 

side of the actuator disc. However , even w i t h s t rong sidewash, i n 

the v i c i n i t y of the propel ler disc the j e t keeps its d i rec t ion along 

the shaf t axis as the transverse m o m e n t u m is s t i l l no t t r ansmi t t ed 

t o i t . Because o f this, at xT > 0 i t is more reasonable to assume that 

VRP = ( x ^ / a + x^)vpA> w h e r e a is an empi r i c constant. 

Due to the jet ' s cont rac t ion , the s l ips t ream-washed par t of the 

rudder area ARP depends on the distance x. In general, i t also 

depends on the re la t ion be tween the rudder he ight and pos i t ion 

and on h o w i t is pos i t ioned w i t h respect to the propel ler axis. A t 

the same t ime , the e f fec t ive radius of the j e t YRP can be es t imated 

as 

rRp - "o/Uj!P • (59) 

As has already been ment ioned , the def lected rudder w i l l also 

def lect the j e t reduc ing its o w n at tack angle. Accord ing to S ö d i n g 

[28] the corresponding factor ki f r o m Eq. (31) can be es t imated as 

'<d = \URA/URP'{, w h e r e / = 2 [ 2 / ( 2 + d / b R ) ] ^ and d = (V^/2)rRp. 

6. Thrus ter forces 

M a n y vessels are nowadays equipped w i t h side tunne l thrusters 

to i m p r o v e the i r low-speed con t ro l l ab i l i t y . These thrusters p rac t i 

cal ly always w o r k in the bo l la rd regime w h i c h makes the th rus t per 

se a lmost independent o f the ship's m o t i o n b u t the in te rac t ion w i t h 

the h u l l is ra ther compl ica ted and affects s ign i f i can t ly the ef fec t ive 

sway force and y a w m o m e n t resulted f r o m the thrusters ' act ion. 

The actual th rus t T produced by a lateral j e t thrus ter w i t h o u t 

account f o r the h u l l in f luence can be represented as r = kpTo, w h e r e 

fcj- s [ - 1 , 1 ] is the con t ro l parameter or the re la t ive th rus t ( i ts value 

- 1 corresponds to the m a x i m u m thrus t to the portside, and +1—to 

the starboard), and TQ is the m a x i m u m absolute th rus t w h i c h is 

the m a i n characterist ic of the given th rus te r and is related to the 

thrus ter drive's power PQ as [ 2 4 ] : 

w h e r e the constant CQ = 0.15 s/m accounts also f o r the h u l l pressure 

r e -d i s t r i bu t ion . 

The thus de te rmined th rus t Tis e f fec t ive on a deeply submerged 

th rus te r at zero surge (advance) speed o f the ship. In a more general 

case, the sway force and the y a w m o m e n t f r o m any single thrus ter 

shou ld be calculated as f o l l o w s : 

Yp = k„(/ iR)/ iy(Ü)T, N r = kh(hR)/<N(i i ) rxT, (61) 

w h e r e k], is the submergence cor rec t ion factor, hp^hlR is the re l 

a t ive submergence o f the thruster , h is the submergence o f its 

axis, R is the thruster 's radius, ky, /<N are the l ong i tud ina l ve loc i ty 

cor rec t ion factors, 0 = \u\/Wj is the absolute value o f the relat ive 

l o n g i t u d i n a l ve loc i ty of the ship, Wj is the effect ive j e t ve loc i ty , xp 

is the thruster 's abscissa. 

Data on the submergence cor rec t ion factor account ing fo r the 

loss o f the thruster 's effect ive area and f o r the surface w a v e m a k i n g 

can be f o u n d i n [33] and i t can be app rox ima ted as 

k,, = m i n ( 1 . 0 , Qh + b^hR), (62) 

To = CQPO (60) 

w h e r e a/, = 1/3, Ö/, = 17/30. This fac tor does no t account for aera

t i o n w h i c h can result i n more drastic f a l l of the th rus t bu t w h i c h is 

usual ly avoided i n no rma l opera t ion . 

As to the ve loc i ty correc t ion factors, they also depend o n the 

thruster 's loca t ion : near the s tern or near the b o w . Exper imenta l 

data o n ky f o r o n l y the b o w thrus ter at ahead ship speed belong

ing to Chislet t and Bj0rheden are presented by Falt insen [33] . Brix 

[24 ] provides data f o r b o t h b o w and s tern thrusters i n ahead and 

astern speed bu t as func t ions of the d imens iona l ve loc i ty u. The 

va lue of the j e t ve loc i ty Wj at those tests is no t g iven exp l i c i t l y but 

a r e m a r k about the propert ies of the cor rec t ion factors made pos

sible approximate res tora t ion of Wj. In general, the j e t ve loc i ty can 

be f o u n d as 

(63) 

w h e r e AQ is the thruster 's sectional area. 

Then, Brix ' data w e r e app rox ima ted w i t h second- or t h i r d -

degree algebraic po lynomia ls a + bu + cü^ + dü^ separately for 

each case and safely con t inued outside the tested reg ion w i t h con

s tant values a l though typ ica l ly expe r imen ta l data show ( fu r the r ) 

recupera t ion of the thrus t . Values o f t h e a p p r o x i m a t i o n coefficients 

are g iven i n Tables 1 and 2. 

In addi t ion , the Chislett and Bj0rheden data cleariy s h o w a small 

i n t e rva l o f constant values equal to u n i t y fo r ü < 0.12. This is 

also j u s t i f i e d by the process' physics as at smal l re la t ive l o n g i t u d i 

nal speed no j e t a t t achment or pressure r e - d i s t r i b u t i o n can occur. 

Unfo r tuna t e ly , the Br ix data w e r e obta ined w i t h a too large step 

and could no t show this effect . So, i t was decided to add the point 

(0.12, 1.0) to all Br ix data. The resu l t ing a p p r o x i m a t e d responses 

together w i t h the exper imenta l data b o r r o w e d f r o m Brix [24] and, 

i n one case, Faltinsen [33] are s h o w n i n Figs. 4 and 5 where the 

absolute value o f the relat ive l o n g i t u d i n a l ve loc i ty is s h o w n on the 

hor i zon ta l axes. 

7. Aerodynamic forces 

The aerodynamic forces can be represented as 

XA = CX{I3A,^C,I]C)^/^L, 

y , = C . ( / ^ „ f c , . c ) ^ A „ (64) 

NA = CdpA,k^ilc)^AdoA, 
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Table 1 
Approximation coefficients for ky(ü). 

Thruster u a b c d 

Bow >0 1.236133984568 -2.466381997565 1.621751193502 0.0 

<0 1.110973606193 -1.261200467681 0.9375221889657 0.0 

Stern >0 1.319106928965 -3.302007109009 3.075565631253 0.0 

<0 1.289253261375 -2.540634413509 1.610802566528 0.0 

Table 2 

Approximation coefficients for /(«(fi). 

Thruster 11 a b c d 

Bow >0 1.334253478 -3.534640537 6.647727158 -3.66998672 
<0 1.121478745 -1.610981216 0.6918614180 0.0 

Stern >0 1.172907048 -1.965410978 2.054377528 0.0 

<0 1.135322201 -1.349292142 1.529502839 0.0 

where CX,Y,N are the fo r ce /momen t aeroidynamic coefficients , is 

the air density, Ai is the ship's lateral area, LQA is the ship's l eng th 

overal l . 

The aerodynamic coeff ic ients are s h o w n here as dependent on 

the ship's pos i t ion . This makes sense w h e n a non-homogenous 

w i n d field, as fo r instance, beh ind some obstacle, is considered. 

A t present, data on aerodynamic characteristics o f the ship hul ls 

in non-homogenous w i n d are pract ica l ly absent and t h e n the 

coeff ic ients w i l l on ly depend on the air d r i f t angle. 

Independence of the aerodynamic forces on the angular veloc

i t y o f y a w is c o m m o n l y acknowledged bu t i t is no t so evident and 

deserves explanat ion . Assuming, however , i n the case o f a homoge

nous w i n d , that this dependence exists and t ak ing i n to account 

Eqs. (5) , (8) and (9) i t is possible establish a comple te l is t of a rgu

ments f o r any aerodynamic coef f ic ien t and to expand i t i n t o a 

mu l t i va r i a t e Fourier series (here: w i t h respect to the zero poin t , 

up to the first-order terms and for o n l y sway force for s imp l i c 

i t y ) : 

Fig. 4. Velocity correction factor for the sway force: upper row—bow thruster, lower row—stern thruster; le f t -ahead motion, right—astern mot ion. 
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Fig. 5. Velocity correction factor for the yaw moment: upper row—bow thruster, lower row—stern thruster; left—ahead motion, r ight -as te rn mot ion. 

Cy(!/, r ' , Xw, ^ ) = q t / + CyP' + C^xw + + (65) 

Here every t e r m conta in ing v' or ;•' has a hyd rodynamic coun

te rpar t and, for instance, the hyd rodynamic t e r m X,'.'r' m u s t be 

compared w i t h [pAAiV^/pLTV'^)G^r'. I t is obvious tha t due to the 

very smal l a i r /wate r densi ty rat io the la t ter is m u c h smal ler t h a n 

the f o r m e r even w i t h large w i n d areas and velocit ies and thus can 

always be neglected. However , terms conta in ing o n l y variables Xw 

and \f/ do no t have hyd rodynamic counterpar ts at a l l and the i r pres

ence explains w h y even a no t very s t rong w i n d can change sensibly 

behaviour o f the ship. But i t is t h e n also ev ident tha t this inf luence 

is comple te ly accounted f o r t h r o u g h dependence o f aerodynamic 

forces on the air d r i f t angle 

The aerodynamic coeff ic ients Cx, Cy and are ei ther deter

m i n e d exper imenta l ly (appropr ia te numer ica l tests are also 

possible) or est imated w i t h the he lp of exper iment-based 

databases and regressions. For the vessel i n concern dedicated 

w i n d - t u n n e l tests were carr ied ou t and the obta ined data were used 

i n s imulat ions presented i n this paper. Descr ip t ion and analysis of 

the aerodynamic expe r imen t are described i n [44 ] . 

8. Addit ional components of the ship's mathemat ica l 
mode l 

Besides the m a i n k inemat ic and dynamic equations of mo t ion , 

any more or less comple te manoeuv r ing mathemat ica l mode l 

mus t include addi t ional components descr ibing some aspects o f 

" in terna l" ship dynamics w h i c h are relevant fo r an adequate 

descr ipt ion of the manoeuv r ing m o t i o n . In the present consider

at ion, these are sub-models f o r the p rope l l e r - shaf t -gear -eng ine 

dynamics, dynamics o f the m a i n s team valve ( i n the case of a 

steam turb ine as m a i n engine), s teer inggeardynamics , and dynam

ics o f the thruster ' s dr ive . The last three components are not 

always i m p o r t a n t and their presence does no t inf luence heavi ly the 

observed behaviour o f the ship bu t makes the response smoother 

w h i c h provides bet ter fee l ing to the operator and can be important , 

for instance, i n the s l id ing con t ro l mode. 

8.1. Torque equation and main engine dynamics 

Response of the dynamic system composed of the ro t a t ing pro

peller, shaft, m a i n (p ropu l s ion) engine, and of the reduc t ion gear, 

w h e n present, is described by the f o l l o w i n g d i f f e r e n t i a l equat ion: 

27zlppii = Q£(n, Kv) + Qp(n, u) + Q f ( n ) , (68) 

whe re lpp is the ef fec t ive ro ta t iona l m o m e n t of ine r t i a w h i c h 

includes the proper and added moment s of iner t ia o f the propeller, 

tha t of the shaft, and the t r ans fo rmed (to the propel le r ro t a t ion f re 

quency n) m o m e n t o f iner t ia o f the gear and engine; Q£ is the engine 

torque; KV is the govern ing parameter ( l ike the m a i n s team valve's 

open ing for the tu rb ine or the fue l rate set t ing for the diesel engine); 

Qp is the f r i c t i o n torque w h i c h i n most cases can be assumed as 
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QF= - Qfosign n, whe re Qpo is a constant depending on the specific 

type o f the p ropuls ion plant . 

The f u n c t i o n Q^O depends on the type o f the engine and w i l l be 

described here for the s team tu rb ine serving as m a i n engine on the 

LNG carrier Galea considered later as example. 

For the purpose of the present s tudy i t was su f f i c i en t to recode 

the a l g o r i t h m used by Sutulo and Yegorov [ 3 4 ] i n the core mode l 

developed for a submar ine manoeuvr ing s imula tor . The turbine 's 

mode l is based on the c o m m o n assumpt ion about l inear decay of 

the turbine 's torque f r o m its brake (zero r p m ) value Q O ( K V ) to zero 

at the free run w i t h the zero torque and the ro t a t i on f requency no. 

The a l lowed m a x i m u m ro ta t ing f requency rim is, however , l i m i t e d 

by the regulator. The brake m o m e n t Qo depends on the s team flow 

and the relat ive valve opening /f^ e [ - 1 , + 1 ] . 

As the power and torque of any turb ine is, as a rule, reduced 

i n the astern run, the constants i n the f o l l o w i n g mathemat ica l 

descr ipdon w i l l be appended by an addi t iona l subscript + or 

Hence, 

Q£ = 
Q o ( l - n / n o ) at n e[~nm-,nm+] 

0 otherwise , 
( 6 9 ) 

{ Qo+Kv at Ky >0, I nQiKy at Kv > 0 , 

no = I ( 7 0 ) 

QD-KV at Kv <0; I no-Kv at KV < 0 . 

The m a x i m u m p e r m i t t e d ro t a t ion f requency nm+ is close to the 

design (specif icat ion) tu rb ine speed w h i c h is typ ica l ly k n o w n 

together w i t h the design ra t ing . I f the zero speed torque Qo+ is no t 

available, i t can be approx imate ly es t imated using typical decline 

of the turbine 's torque characteristic. 

The men t ioned submar ine tu rb ine mode l was developed i n con

tact w i t h the customer w h o requested r ep roduc t ion of a cer ta in 

time lag no t only i n se t t i ing the ordered ro t a t ion f requency bu t 

also i n the steam valve's open ing se t t l ing . This was mode l led by a 

s imple valve dynamics equa t ion : 

Kv 
A v s i g n ( n * - n ) at | i i ' - n | > e , i 

0 at |n* - n | < £„ 
( 7 1 ) 

where ky is the constant valve opening rate, and s„ is the w i d t h 

of the dead zone f o r the r p m governor, n" is the ordered ro t a t ion 

f requency. 

8.2. Steeling gear and thruster dynamics 

It was assumed that dynamics of the rudder and o f the side 

thrus ter can be described w i t h s imi la r models based o n the 

first-order aperiodic plants augmented w i t h some schematic n o n -

l ineari t ies . 

The m o d e l for the s teer ing gear is described i n terms of the 

actual rudder angle SR and o f the rudder order S*. Nonl inear i t ies 

inc lude the rudder angle sa tura t ion <i5m, the rudder rate sat

u ra t i on \SR \ < Sm, and the non-sens i t iv i ty dead band o f w i d t h SQ. 

Then, mathemat ica l ly , the s teering gear is described b y the o rd ina ry 

d i f f e r en t i a l equat ion: 

m i n 7 ^ ( | i 5 " - ( 5 / i | - ^ o ) , e n 

0 

• s i g n ( i " - i 5 f i ) a t L = false, 

at L = t rue , 

( 7 2 ) 

w h e r e L is the Boolean variable def ined by 

L = (15** -8R\<SO)V IHSRI >S„,)A ( s i g n ( S " - SR) = s ign^^) ] 

TR is the t i m e lag of the gear, and 

(S* at \S*\<S„„ 

S**={ 

(5m-f<5o)sign5* at ><5,„ 
( 7 4 ) 

is an aux i l i a ry variable necessary to execute he lms at u l t ima te 

angles and to prevent the w i n d i n g up . 

The adopted m o d e l for thruster d r ive is qu i te s imi la r but w r i t t e n 

in t e rms of the actual relative thrus t kp and ordered relat ive th rus t 

9. Simple mathemat ica l model for tugs 

A f u l l y consistent mathemat ica l mode l f o r tug-assisted m o t i o n 

of a ship mus t consider combined manoeuv r ing of several (at least 

t w o ) vessels connected w i t h the towl ines or hav ing a close contact 

( w h e n a t u g w o r k s i n the pushing mode) . I f these lines are long 

enough, the i r dynamics must be also taken i n t o account. However , 

to make reasonable estimates o f manoeuv r ing capabil i t ies o f t u g -

assisted ships, a m u c h s impler concept o f ideal tugs or quasi-tugs 

can be exp lo i t ed ( the latter terms explains the subscript Qassoci

ated here w i t h the t u g action). 

This concept was inspired by the quasi - tug i m p l e m e n t a t i o n i n 

manned physical ship models ( l eng th up to 1 2 m ) used i n the Ship 

Hand l ing Research and Tra in ing Centre i n I lawa, Poland, On these 

models, the same lateral thrusters w e r e used to s imula te the t ug 

act ion bu t a constant time lag was i n t roduced to reproduce the 

na tura l delay i n changing the t o w i n g / p u s h i n g force ' d i rec t ion . In 

ma themat i ca l mode l l ing , i t is possible to i m p l e m e n t a somewha t 

more sophist icated mode l w i t h a rb i t ra ry th rus t d i rec t ion . Such 

kinds of t ug models are k n o w n as vector tugs [ 3 5 ] , 

Each quasi - tug is characterized by the f o l l o w i n g parameters: 

• m a x i m u m available effect ive th rus t TQ^; 

• speed V Q at w h i c h the t ug is opera t ing at zero tens ion of the t o w -

l ine i.e. w h e n the t u g is re-posi t ioned to apply the th rus t i n a 

d i f f e r e n t d i rec t ion ; 

• the b o d y - f i x e d co-ordinates XQ, y^, ZQ of the po in t o n the assisted 

ship to w h i c h the t o w l i n e is fixed; 

• the towl ine ' s l eng th s. 

Besides that, the f o l l o w i n g t w o c o n t r o l l i n g variables are 

i nvo lved : 

• the re la t ive ordered thrus t T ; 

• the t o w l i n e d i rec t ion w i t h respect to the assisted ship's centre-

plane described by the t o w l i n e angle y e [ - TT, ; r ] ( y > 0 w h e n the 

t o w l i n e stays on the starboard side; y* is the o rde red t o w l i n e 

d i rec t ion) . 

Then, i f at the f n o m e n t t t h e con t ro l pair ( T ( t ) , y '*(t)) is appl ied, 

this w i l l result i n the f o l l o w i n g act ion: 

[r{t')Tam at t'>t + Tiag 

y ( t ' ) = y * ( f ) at t' > t, 

w h e r e the t h rus t appl ica t ion lag is 

ns[Y*{t)-Y{t)\ 
Tlag = 

V 

( 7 5 ) 

( 7 6 ) 

( 7 3 ) 

The lat ter f o r m u l a fo l lows i m m e d i a t e l y f r o m the assumpt ion 

tha t i n order to change the t o w force d i rec t ion , t h e t ug travels 

a long the circular arc o f radius s w i t h its constant r e -pos i t i on veloc

i t y V u n t i l the n e w d i rec t ion o f the t o w l i n e is reached. Of course, 

the d i f fe rence i n the numera tor mus t be f o u n d w i t h i n the special 
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Fig. 6. Strip trajectories in t ig l i t turns: lines and images—simulation, larger fi l led circles-sea trials; numbers near the symbols indicate the heading change in trials. 

Table 3 
Main particulars and other parameters of the LNG carrier Galea. 

Particular or parameter Dimension Numerical 

value 

Remark 

Length between PP m 276 

Length overall m 290 

Breadth m 46 

Design draught m 11.405 

Mean draught on trials m 9.69 
Tr im on trials m 0.08 By the 

stern 
Hydrodynamic reference area, IP m2 3148 

Design displacement 102,440 

Displacement on trials m3 84,035 
M a x i m u m speed on trials kn 19.84 

Engine's MCR k W 21,320 Steam 

turbine 
Engine's nominal speed r p m 81 

Propeller's diameter m 8.8 

Propeller's pitch m 7.577 FPP 

Number of blades 4 
Propeller's abscissa m -132 .5 Estimated 
Propeller's applicate m 6.86 Estimated 
Shaft vertical angle deg 3.5 Estimated 
Centre of mass' abscissa m 3.08 

Waterplane centroid's abscissa m -1 .705 
Elevation of the centre of buoyancy m 6.09 

above the base plane, KG 

Transverse metacentre's elevation m 22.34 
Block coefficient 0.7075 

Full rudder area m2 79.2 Estimated 
Movable rudder area m^ 60.6 Estimated 
Horn's area m2 18.6 Estimated 
Rudder's height m 10.7 Estimated 
Rudder root's chord m 8.1 Estimated 
Rudder tip's chord m 6.7 Estimated 
Rudder mean chord m 7.4 Estimated 
Horn's height m 6.1 Estimated 
Horn's chord m 3.05 Estimated 
Rudder's abscissa m -138 .0 Estimated 
Rudder' applicate ni 5.53 Estimated 
Rudder' maximum deflection angle deg 35 
Rudder' max imum deflection rate deg/s 2.6 

Bow side thruster's diameter m 1.8 Estimated 
Bow side thruster's abscissa m 123.2 Estimated 
Bow side thruster's applicate m 6.58 Esrimated 
Bow side thruster's max imum kN 230 Esrimated 

effective thrust 

Aerodynamic lateral area m^ 6500 Estimated 
Abscissa of lateral area's centroid m 0 Estimated 

Aerodynamic transverse area m2 650 Estimated 
Turning circle advance as m 1025/897 Portside/ 

measured on trials starboard 
Tactical diameter as measured on m 807/826 Portside/ 

trials starboard 

a r i thmet i c i.e. in such a w a y tha t the resul t do not exceed JT w h i c h 

corresponds to the shortest t ravel length . For instance, i f y* = - 1 6 0 ° 

and y = + 1 7 0 ° then: | y ' - y | = 3 0 ° . Assuming that the t o w l i n e is long 

enough to make possible neglect o f forces and momen t s act ing in 

the ver t ica l planes, the t ug forces and m o m e n t s i n the body axes 

w i l l be: 

XQ = reC0sy yQ = 7eSiny, N Q = - X ^ y Q 4 - V Q X Q , (77) 

w h e r e XQ,3 'Q are the co-ordinates o f the t o w l i n e f i x a t i o n po in t . 

10. Examples of s imulat ion a n d mode l val idat ion 

The shut t l e LNG tanker Galea, whose data are g iven i n Table 3, 

was chosen as the s imu la t i on object . 

This is a single-screw s ingle- rudder ship d r iven w i t h a steam 

tu rb ine and equipped w i t h a single b o w thruster . 

JO.J . Turning circles 

T u r n i n g circles w i t h f u l l h e l m ( 3 5 ° ) have been s imula ted first . 

Trajectories fo r the s tarboard and p o r t turns are s h o w n w i t h solid 

l ines and ship images at characterist ic posi t ions i n Fig. 6 w h e r e are 

also p lo t t ed results of sea tr ials f r o m Galea [36 ] . The tr ials for both 

s tarboard and por t t u r n were conduc ted w i t h the w i n d 5 Beaufort 

and 1 3 5 ° d i rec t ion (backstay) w i t h respect to the approach course 

and so w e r e pe r fo rmed the s imula t ions . The agreement i n trajec

to ry f o r the starboard t u r n looks good a l t hough the s imula ted t u r n 

is p e r f o r m e d somewha t faster and, apparent ly , w i t h m u c h larger 

d r i f t angles. The latter, however , correspond to those expected on 

a ship w i t h h igh t u r n i n g ab i l i ty w h i l e the d r i f t observed d u r i n g the 

t r ia ls looks, o n the contrary, too smal l . The agreement is worse for 

the p o r t t u r n : the tactical d iameter s t i l l corresponds w e l l bu t the 

advance remains underes t imated . However , the tr ials s h o w higher 

in f luence o f the w i n d d i r ec t ion than cou ld be expected f r o m this 

sh ip at modera te w i n d , and cou ld resul t f r o m some unrecorded 

gust. 

70.2. Craslistop 

The s topp ing manoeuvre was s imula ted w i t h the rudder amid

ship and i n absence of w i n d w i t h i n i t i a l ahead speed 19kn wh ich 

corresponded to the described t r i a l condi t ions . T ime histories for 

the ve loc i ty o f surge u ( this ve loc i ty is t y p i c a l l y measured by most 

o f ship logs) and for the heading angle i nc remen t are presented in 

Fig. 7. The agreement looks very good f o r the ve loc i ty bu t somewhat 

worse f o r the heading. 
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Time, s 

Fig. 7. Time liistories in crasli stop: l ines-s imulat ion, circles-sea trials; l e f t -ve loc i ty of surge, r ight-heading. 

0 500 1000 1500 2000 2500 3000 3500 

Transfer.m 

Fig. 8. Simulated trajectory in crash stop: interval between ship images-60s. 

As result , the f i n a l t ransfer of the ship was underpred ic ted : 

1 1 5 0 m i n tr ials bu t on ly 700 m i n s i m u l a t i o n . A t the same t ime , 

the head reach was s l igh t ly overpred ic ted : 2 6 0 0 m versus 2400 m 

measured. The mos t l ike ly these differences are due to a too 

crude m o d e l l i n g of the Hovgaard force a l though qua l i t a t ive ly the 

behaviour o f the ship was captured. The ship's t r a j ec to ry i n crash 

stop (on ly s imula ted) is g iven i n Fig. 8. Observed data on the heading 

change s h o w pract ical absence of ship t u r n i n g i n backing m o d o n 

af ter the s top w h i c h , however should not be expected as the Hov

gaard effect cont inues to be present. 

J 0.3. Lateral thruster turning 

D u r i n g the tr ials , t u r n i n g w i t h the b o w thruster was p e r f o r m e d 

f r o m the s topped pos i t i on to the s tarboard and p o r t sides. The 

w i n d was 9 m/s, s t r i c t ly b o w w i n d for the p o r t t u r n and 10° f r o m 

starboard fo r the s tarboard t u r n . I n the b o t h cases, the thrus ter 

was p roduc ing m a x i m u m thrust . T i m e histories, b o t h s imula ted 

and measured i n ful l -scale tr ials are presented i n Fig. 9 and the 

corresponding t ra jector ies (only s imula ted)—in Fig. 10. Some d i f 

ferences i n the behaviour i n s tarboard and po r t turns are expla ined 

by d i f f e r e n t i n i t i a l w i n d d i rec t ion bu t also by a cer ta in aerodynamic 

a s y m m e t r y of the LNG carrier [44] . 

J 0.4. Spiral manoeuvre 

This manoeuvre was no t p e r f o r m e d i n sea t r ia ls l i ke ly due to 

its increased t i m e consumpt ion . However , i t was s imula ted , and 

n o t on ly us ing the developed mathemat ica l mode l as described 

above and as used for al l r e m a i n i n g modera te and ha rd m a n o e u 

vres, bu t also w i t h modi f i ca t ions i n the rudder and h u l l sub models . 

Namely, the developed 4-quadrant rudder m o d e l was subs t i tu ted 

w i t h the mode l r ecommended by Ogawa et al, [37 ] , and the gen

eral ized ma thema t i ca l m o d e l described i n the present paper was 

6 

• / 
- / 
- /{ 

/ A 

» 

• / • 

/ • 
m 

1 — 1 — I — — 1 — 1 1 — 

Time, s 

Fig. 9. Time histories in turns w i t h the bow lateral thruster: l i ne - s imula t ion , symbols- t r ia ls . 
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Transfer, m Transfer, m 

Fig. 10. Trajectories in turns w i t h the bow lateral thruster: interval between ship images-60 s. 

replaced w i t h the or ig ina l Inoue mode l . A l l spiral curves are pre

sented i n Fig. 1 1 . It can be seen that the ship is detected as s l igh t ly 

d i rec t iona l ly unstable independent ly o f the model 's m o d i f i c a t i o n . 

I n all the cases, the ha l f -he igh t of the hysteresis loop is 0.15 and 

the half w i d t h is 0 .75° i.e. very smal l . Loops of this w i d t h are ve ry 

d i f f i c u l t to detect d u r i n g the sea trials w h e n the ship's response is 

masked w i t h r a n d o m errors. 

However , at larger rudder angles d i f f e r en t models produce d i f 

fe ren t response. First, i t mus t be noted tha t the m a i n mode l (all 

4 -quadrant ) gives the best agreement w i t h sea t r ia ls (see results 

for the t u r n i n g manoeuvre) at large rudder angles. The classic 

mode l (Inoue's h u l l and Ogawa's rudder ) somewha t underesri-

mates the t u r n i n g ab i l i ty but produces more expectable estimates 

fo r the dimensionless abscissa of the p i v o t p o i n t x'p = -v'/r' 

w h i c h means reduced values of the d r i f t angle. T w o other com

binat ions resulted i n worse predic t ions : the n e w rudder model 

combined w i t h Inoue's po lynomia l h u l l mode l lead to substan

t ia l overes t imat ion of the t u r n i n g ab i l i t y w h i l e Ogawa's rudder 

-20 -10 0 10 20 

Rudder Angle, deg 

20 -10 0 10 20 

Rudder Angle, deg 

-20 -10 0 10 20 

Rudder Angle, deg 
20 -10 0 10 

Rudder Angle, deg 

Fig. 11. Spiral curves: top-generalized 4-quadrant rudder model, bottom-Ogawa's rudder model; left-generalized 4-quadrant hul l model, r ight - Inoue 's hu l l model. 
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500 1000 

Time, s 

Fig. 12. Time liistories in the zigzag manoeuvre: l e f t - l O ' - l O ' , r igh t -20 ' -20= 

Table 4 

Overshoot values, 

Zigzag Overshoot Value (deg) IMO standard 

10'-10= 1st 21 19 

2nd 27 38.5 

20=-20' 1st 37.5 25 

2nd 37.4 -

mode l combined w i t h the 4-quadrant h u l l mode l underest imates 

i t . 

10.5. Zigzag manoeuvre 

Standard zigzags 1 0 ° - 1 0 ° and 2 0 ° - 2 0 ° at 19kn approach speed 

have been s imula ted . The most re levant t ime histories 5R( t) and i / f ( t ) 

are exposed i n Fig. 12. Captured values o f the f i r s t and second over

shoot angles are compared i n Table 4. I t can be seen that according 

to the s imula ted results, the vessel almost satisfies the I M O requi re

ments fo r the 1 0 ° - l 0° zigzag bu t no t fo r the zigzag 20° - 20° w h e r e 

the observed overshoot angle is 50% greater than a l lowed . The 

sea tr ials bookle t [36] d i d not con ta in any evidence of p e r f o r m 

ing zigzag tests and i t remained unclear w h e t h e r the vessel does 

rea l ly possess reduced course checking ab i l i t y (could be expected 

f r o m a ship w i t h good t u r n i n g ab i l i t y and re la t ive ly smal l rudder ) or 

the ef fec t is m a i n l y due t o the mathemat ica l model 's peculiari t ies . 

The heading process i n 2 0 ° - 2 0 ° zigzag also reveals appearance o f a 

l o w - a m p l i t u d e subharmonic w h i c h is usual ly no t observed i n such 

s imula t ions where a p l a in l i m i t i n g cycle is expected. However , the 

mathemat ica l mode l contains m a n y sophist icated nonl inear i t ies 

and poss ib i l i ty of such a behaviour cannot be ru led out. 

150 

100 

8 
G 

-100 h 

-150 h 

50 100 150 

Transfer, m 

Fig. 13. Example of mot ion under combine influence of different factors: current 

2m/s f r o m lef t to right, w ind 10m/s w i t h the direction 135', thrott le 20% astern, 

thruster 100% to the portside, tug 100% at y = 30 ' ; 60s between the ship images. 

the Starboard. The w i n d d i rec t ion is 135° w h i c h means backstay 

f r o m the starboard. I t can be seen that i n i t i a l l y the ship's m o t i o n 

is caused exclusively by the current as th is is the on ly pe rmanen t 

factor (i.e. no t s ta r t ing jus t at f = 0 ) . However , a f te r app rox ima te ly 

3 m i n a l l the r ema in ing factors inverse the s i tua t ion and the vessel 

starts i ts t u r n to por t w i t h s imul taneous s l o w r e t u r n to the i n i t i a l 

pos i t ion . 

10.6. Example of arbitrary manoeuvre 

To check h o w the mathemat ica l mode l behaves i n more gener

alized si tuat ions w h e n al l or most controls are appl ied at the same 

t ime and the b o t h env i ronmenta l factors (cur ren t and w i n d ) are in 

effect , a n u m b e r of o f f l i ne s imula t ions have been pe r fo rmed . The 

t r a j ec to ry and h u l l traces presented i n Fig. 13 corresponds to the s i t 

u a t i o n w h e n the m o t i o n starts f r o m the f u l l s top a l though the ship 

is supposed to be dr iven by the 2 m/s cur ren t f r o m the por t to star

board. A t t = 0 the m a i n propel ler starts w o r k i n g dead s low astern 

w i t h the rudder def lec t ing 35° to the s tarboard. Simultaneously, 

the b o w thrus ter applies its f u l l t h r u s t to p o r t and a t ug is supposed 

to app ly a 200 k N pu l l w i t h the constant t o w l i n e angle y = 30° f r o m 

11. Conclusions 

A core mathemat ica l mode l describing a rb i t r a ry 3 D 0 F ship 

m a n o e u v r i n g mot ions has been developed, coded and tested on a 

shu tde LNG carrier Galea. A l t h o u g h the m o d e l contains cer ta in rela

t i ve ly novel elements assembled i n a combina t ion , i t was p r i m a r i l y 

const ructed as extension of a popular Inoue m o d e l fo r modera te 

m a n o e u v r i n g and pa r t ly obta ined on the basis of s imple theories 

and empi r i c facts. No special mode l tests we re car r ied ou t except 

f o r those related to the ship's aerodynamics. 

Comparisons w i t h ful l -scale data available for the f u l l h e l m t u r 

n i n g tests, crash stop tests and b o w thrus ter t u r n i n g demons t ra ted . 
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in general, good adequacy o f the mode l achieved pract ica l ly w i t h 

ou t special t un ing . 
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