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Abstract

The multi-armed bandit problem is a sequential
learning scenario in which a learning algorithm
seeks to obtain rewards by selecting an arm, or
action, in each round, given limited initial knowl-
edge. Contextual bandits present an additional con-
text every round that informs the bandit algorithm
and guides decision-making. While successfully
applied in practice, research continues to explore
efficient bandit algorithms for high-dimensional
bandits with nonparametric, sparsely varying re-
ward functions. One such algorithm is the two-
phase SI-BO algorithm, which incorporates an ini-
tial subspace learning phase to identify the effec-
tive context subspace on which the function varies,
and a subsequent Bayesian optimization phase that
applies the Gaussian Process-based GP-UCB al-
gorithm to the learned subspace. While the SI-
BO offers a theoretical regret performance with
weak sub-exponential dependence on the ambi-
ent dimension, it is hindered by a high computa-
tional cost stemming from the Gaussian Process
regression. Building on the algorithm framework
introduced in SI-BO, this paper aims to investi-
gate the empirical regret performance of Gaussian
Process-based learning algorithms that incorporate
subspace learning. To that end, we introduce a
novel algorithm, SI-BKB, which combines the sub-
space learning in SI-BO with the BKB sketching al-
gorithm, reducing computational complexity while
maintaining theoretical guarantees. Through syn-
thetic data generation, this paper presents a sys-
tematic empirical study on linear and nonlinear
bandit environments with varying levels of spar-
sity. The results demonstrate that the SI-BKB al-
gorithm has comparable regret performance to the
SI-BO. Additionally, the regret performance indi-
cates that misalignment of the learned subspace
results in suboptimal regret performance during
the optimization phase. Moreover, we demon-
strate that high sparsity, through subspace misalign-
ment, can improve the regret performance. Repos-
itory is available at https://github.com/Cheese- 1/
SparseSequentialLearning.

1 Introduction

The multi-armed bandit problem is a sequential learning sce-
nario in which a learning algorithm seeks to obtain rewards
by selecting an arm, or action, in each round, given limited
initial knowledge. Extending the problem, contextual ban-
dits present an additional context every round that is lever-
aged by the bandit algorithm to guide decision-making. Suc-
cinctly, the iterative interaction protocol of contextual bandits
involves the bandit algorithms observing the current context,
selecting an available action, and then receiving a correspond-
ing reward from the environment [7].

In theoretical settings, performance is typically evaluated
relative to the best (constant-action) algorithm through cumu-

lative regret, which is the difference in cumulative expected
reward between the learner algorithm and the best (constant-
action) algorithm [7]. The theoretical performance of ban-
dit algorithms is often evaluated by the dependence of the
asymptotic regret upper bound on the horizon T—the total
number of rounds; however, in high-dimensional settings, it
is also customary to consider the dependence on the ambient
dimension of the context d.

Variants of contextual bandit algorithms have found suc-
cess in diverse application domains. These include person-
alized news recommendation systems that adaptively model
user preferences [8], online network routing in adversarial
environments [1], and self-financing portfolio selection over
risky assets [14]. More recently, they have also been applied
to high-stakes problems in personalized medicine, such as
dosing strategies for Warfarin based on patient-specific fea-
tures [2].

In many applications, the provided context information
is high-dimensional but only weakly informative. In other
words, practical applications can have a low-dimensional re-
ward function that is embedded in the high-dimensional am-
bient space. These scenarios are characterized as sparse con-
textual bandits.

The effect of high-dimensionality is most apparent in
the regret bounds of bandit algorithms. In specialized,
well-studied bandits, regret bounds attain a polynomial de-
pendence on the ambient dimension d. For example,
in linear contextual bandits, the LinUCB bandit algorithm
achieves linear dependence, with an upper regret bound of
O(d\/T log T)[7; 8]. In contrast, nonparametric contextual
bandits, where the reward function is scantily modeled, of-
ten suffer from regret bounds that depend exponentially on
the ambient dimension d, rendering them intractable in high-
dimensional regimes [9; 12; 15].

One bandit algorithm for nonparametric sparse functions
that achieves sub-exponential dependence on d is the SI-BO
algorithm [5]. SI-BO operates in two phases: the first sacri-
fices early rounds to learning the underlying subspace, while
the second applies the Gaussian Process-based GP-UCB algo-
rithm on the learned subspace. The two phases directly cor-
respond to the exploration-exploitation tradeoff that is central
to bandit problems; early exploration allows for the refine-
ment of a well-aligned subspace, but incurs regret penalties
by delaying the actual application of the bandit algorithm.

While SI-BO offers improvements to the regret bounds, in
theory, computational challenges should impede its effective-
ness. In particular, the inclusion of the GP-UCB algorithm ne-
cessitates the inversion of a matrix whose size directly scales
with the horizon, incurring substantial space and time compu-
tational costs [3]. Due to this reason, the SI-BO is unsuitable
for bandit problems with a large horizon, ultimately limiting
the duration of possible subspace learning altogether.

While the theoretical analysis of SI-BO is well-established
in [5], an empirical evaluation of its framework is yet to be
explored in practice. Hence, this paper aims to investigate an
empirical study of subspace learning on Gaussian Processes-
based learning algorithms under sparse conditions. To that
end, we investigate the regret performance of SI-BO and a
novel algorithm, SI-BKB, in linear and non-linear bandits
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with varying sparsity. The empirical investigation focuses
on three key questions: (i) how can the framework of SI-BO
be extended to create the SI-BKB algorithm while maintain-
ing the theoretical regret performance; (ii) does SI-BKB of-
fer competitive performance relative to SI-BO following sub-
space identification; and (iii) what trade-offs emerge between
the initial subspace identification cost and long-term opti-
mization benefit.

To address these research questions, the paper is structured
to begin with the theoretical foundations and conclude with
the empirical analysis. Section 2 provides a formal definition
for sparse contextual bandits and the regret metric. Section 3
formalizes the GP-UCB, BKB, and SI-BO algorithms that ap-
pear in prior works. Section 4 introduces the novel SI-BKB
algorithm and derives the theoretical regret bounds. Section 5
outlines the experimental setup for the synthetic data genera-
tion. Section 6 exhibits the regret performance of the SI-BO
and SI-BKB algorithms in linear and nonlinear bandits. Sec-
tion 7 discusses the effect of misalignment and high sparsity
on empirical regret. Section 9 reflects on the reproducibility
and external impact of the research.

For ease of readability, the notation employed in this paper
is available in Appendix A.

2 Problem Description

In this paper, we adopt a modified definition of contextual
multi-armed bandits with an interaction protocol specified in
[7]. At every round, a bandit algorithm must select a single
arm, or action, a € A with an associated context. Assum-
ing a finite horizon T, at each round ¢ € [T, the environ-
ment samples a context vector z; , ~ D, for every arm from
a distribution over a subset of the ambient space X C R¢.
Subsequently, informed by the contexts, the bandit algorithm
selects an action a; € A to observe a reward through a noisy
oracle

= f(Tt,a,) + (1)

where f : R? — R represents the environment’s reward func-
tion and 7 is an i.i.d. sample of some Gaussian noise with
known variance o2.

To incorporate sparsity, we further suppose that the reward
function effectively varies only over a low-dimension sub-
space (see [5]). Formally, we assume that the reward func-
tion comprises of a reward function g : R* — R function
in the subspace and a linear transformation A € R¥*? with
orthogonal rows so that

f(z) = g(Az) )

Notably, the generalized definition of sparsity specified
in Eq. 2 encompasses the well-explored sparse linear bandit
problem.. Linear bandits restrict the noisy oracle in Eq. 1 by
requiring that f is an inner product with some unknown pa-
rameter vector 0, € R? so that !

Yt linear — <$t,ata 0*> + Nt (3)
'In this case T4,q¢ refers to the feature vector provided by some
feature selection map ¢ over the context and the action. Conven-

tionally, the feature selection map is included in the definition of the
oracle; however, due to irrelevancy, it is omitted here.

In the sparse variant, the parameter vector possesses a small
support [Supp(6.)| = k < d. Therefore, by considering
the standard basis ey, .. ., eqg in R, we may represent sparse
linear bandits in the form of Eq. 2 by specifying that

Alinear =

g(Alinearx) = <Alinearx7 Alinear9*> + Mt

To ensure the validity of the bandit algorithms presented
in Section 3, we impose further restrictions over the oracle
and reward function in theory. First, we suppose that the or-
acle defined in Eq. 1 may be invoked at any time, with any
context vector input, to produce an immediate reward. Sec-
ond, we maintain that g is twice-differentiable with Lipschitz-
continuous 2"%-order derivatives and possesses a full-rank
Hessian at x = 0. Finally, we presume that g lies in some
Reproducible Kernel Hilbert Space (RKHS) over functions.
Notably, the second restriction is violated for linear bandits
since the Hessian for all multivariate linear functions is a zero
matrix, and thus is rank zero.

[€o, - - - o)t Where 01,.. ., 05 € Supp(6.)

2.1 Performance Objective

Although it is natural to assess performance based on total
reward, bandit algorithms are typically evaluated in compari-
son to other algorithms. Conventionally, the learner’s perfor-
mance is measured in terms of cumulative regret with respect
to the best constant-action algorithm in hindsight. Defining
the random variable X; to denote the reward obtainable by
the learner in round ¢, the cumulative regret after 7" rounds is
given by

T
Ry =T maxE[f(va,)] - E[;Xt}

The objective of the learner is to minimize this cumulative
regret over time, effectively learning to select actions whose
expected rewards approach those of the best fixed action algo-
rithm. Hence, for an infinite horizon, the average cumulative
regret should approach zero.

lim Ry/T =0
T—o0

3 Prior Work: Bandit Algorithms

In this paper, we evaluate the impact of subspace learning
on Bayesian bandit learning algorithms that rely on Gaus-
sian Process Regression. To that end, we consider two-
phased algorithms consisting of a subspace learning phase
and a Bayesian Optimization phase, commensurate with the
approach laid by [5]. Sections 3.1 and 3.2 present two Gaus-
sian Process-based bandit algorithms. Section 3.3 outlines
the SI-BO algorithm’s approach to subspace learning.

3.1 Bayesian Optimization for Gaussian Processes:
GP-UCB

Upper Confidence Bound (UCB) algorithms form a class of
common and well-studied learning algorithms. UCB algo-
rithms operate under the principle of Optimism in the Face of
Uncertainty, by greedily selecting actions that maximize an
overestimate of the reward. Formally, in every round ¢ € [T,



UCB algorithms endeavor to select an arm that maximizes
some time-dependent index function as follows

at = argmax UCBy(x,4) 4)
acA

The UCB index function typically combines the expected
reward for the given arm and the associated uncertainty
computed over previously-observed oracle queries (see UCB,
LinUCB in [7]). Such construction encourages early explo-
ration of available arms due to the inherent initial high uncer-
tainty.

GP-UCB is one variant of UCB algorithms that incorporates
the predictive Bayesian uncertainty, under the assumption of
Gaussian Processes priors, in the index function. The algo-
rithm for GP-UCB is outlined procedurally in Algorithm 3
(Appendix B). The upper bounds on regret depend largely
on the choice of kernel; for instance, the RBF kernel yields
the regret bound Ry rpr = O(+/T(log T)%*!) that depends
exponentially on the ambient dimension d [15].

Gaussian Processes are an assumption used in Bayesian re-
gression tasks that yields an analytic computation of the mean
and variance of the posterior predictive distribution. A Gaus-
sian Process f(z) ~ GP(0,r(x,x))? is a stochastic pro-
cess over the context space X such that (f(x1),..., f(x:))
is a multivariate normal distribution for any choice of in-
puts X* = {x;}5_,. In accordance with the noisy ora-
cle defined in Eq. 1, the probability of observing rewards
y = [y1,...,y:]7 given observations X* and a reward func-
tion f is normally distributed NV'(f(z), 0?). Using Bayesian
inference, the posterior probability is provided by

p(f |y, X*) o p(fIX™)p(ylf, X7)

which suggests that the posterior distribution is also normally
distributed. Given the past ¢ contexts X, the mean and vari-
ance of the posterior distribution may be computed analyti-
cally [16] as follows

pu(x) = ky(2) " (K(X7) + 0 1)1y

5
72 (w) = vl ) — k(o) (K(X7) 4 01) @)
where K (X}) is the covariance matrix over the contexts X'
and k;(z) = [k(z,71) ... K(x,24)]7 is the vector of the co-
variance of x with the contexts in X .

Using the regressor in Eq. 5, GP-UCB defines the index
function using the posterior mean and variance. Using the
posterior mean and uncertainty, we construct the following
index function [16].

UCB(2) = m(z) + B o4 () (6)

The index function in Eq. 6 modulates the uncertainty ex-
pressed by the posterior uncertainty through an exploration
factor 3, = 2B + 3007, log®(t/8) where 0 < § < 1 is the de-
sired accuracy rate, B is some upper bound on the complexity
of the reward function || f||2 < B, and v is the current max-
imal information gain.

2As demonstrated in [11], the mean function of the prior distri-
bution, unconditioned by any observations, may be zero.

Isotropic Kernels

The choice of the underlying kernel in the Gaussian Pro-
cess determines the characteristics of the function it best ap-
proximates. A kernel x : R? x R? — R is a symmetric
positive definite function. In Reproducible Kernel Hilbert
Spaces over functions where the kernel induces the inner
product, every function may be defined in terms of the ker-
nel f(-) = ZT:l a;j k(+, ), where {z;}"" is some repre-
sentation of points. In this paper, we are interested in three
isotropic kernels, which are kernels that depend on the Eu-
clidean distance of the inputs 7 = ||z — || [13]. First, the
Radial Basis Function (RBF) kernel is one such kernel that
is infinitely smooth. The RBF kernel is parametrized by a
length-scale parameter ¢ that dilates the distance. Second, the
Matérn kernel is a generalization of the RBF kernel that con-
trols the smoothness characteristic v > (. As the smoothness
characteristic approaches infinity, the Matérn kernel approx-
imates the RBF kernel. Third, the Rational Quadratic (RQ)
kernel is a mixture of RBF kernels at varying length scales,
parametrized by a global length scale ¢ and a variance weight
a. Formally, the three kernels are defined as

72

krpr(z,7') = exp (272)
/ 2 | —a
HRQ(ZE,I’) = (1+72a€2) (7)
21V vt . 2ut
"{Matérn(xvx/) = F(V) ( 1 ) KV( 7 )

where I'(+) is the Gamma Function, and K, (-) is the mod-
ified Bessel function of the second kind. While the general
Matérn kernel employs the computationally expensive Bessel
function, relatively inexpensive closed-form formulations ex-
ist for select smoothness characteristics v € {1/2,3/2,5/2}.

3.2 Sketching Gaussian Processes: BKB

While kernels provide an analytical framework for comput-
ing the parameters of the posterior predictive distribution,
the efficiency of the computation is significantly hindered
by the number of observed oracle queries. Naively, the
GP-UCB algorithm computes the posterior mean and the
posterior over the entire set of oracle queries in Eq. 5— a set
that expands every round. As such, the size of the inverted
matrix K(X;) + o021, scales directly with the number of
rounds. Inverting this square positive-definite symmetric
matrix with size ¢ X ¢ incurs an exceptionally expensive cubic
computational cost O(3) [3].

As a remedy, the Budgeted Kernel Bandit (BKB) algorithm
proposes to approximate the GP-UCB’s index function by con-
structing a subset S; C D of “inducing points” [3] that is re-
fined every round. By considering a limited subset of points
so that |S¢| = m; < t, irrelevant, impotent queries are ig-
nored, reducing unnecessary computation. The BKB algo-
rithm is outlined in Algorithm 1. Similarly to GP-UCB, the
BKB algorithm achieves a sublinear upper bound on regret,

Ry = O(VTlogT) [3l.



Using the inducing subset, BKB transforms context vectors
into Nystrom embeddings z; : R? — R™* as follows [3]

2(z) = (K¢%) ks, (2) ®)
where Kg, is the covariance matrix of the inducing subset
concerning the kernel, (-)* is the pseudo-inverse operator,
and kg, (x;) = [k(St1,24), .., 6(St.m,,xi)]T is the pair-
wise covariance vector. BKB then approximates the posterior
mean and variance required for the GP-UCB index function in
Eq. 6 as follows

fie(z) = 2(2) TV Zo(X0) Ty

53(w) = 5 (sl ) — 2(@) " ZU(X) TV ()
where Z;(X;) = [z(z1)...2:(z)]T € R™™ is ma-
trix of Nystrom embeddings associated with Sy, and V; =
Z(X)T Zi(Xy) +0%I; € R™*™ 1In this approximation, the
inverted matrix V; no longer directly depends on the number
of queries and is relatively smaller in size.

Notably, the approximations given in Eq. 9 do not directly
correspond to Gaussian Process posteriors. By computing the
kernel k(x,x) in &¢(x), the uncertainty estimate avoids vari-
ance starvation that is likely to occur when using z; (z)7 2z ()
(ctf. [10]).

At every round, the set of inducing points is generated
probabilistically. The probability of inclusion of a given
past context is proportional to its uncertainty in the current
Nystrom embedding. Since the uncertainty negatively corre-
lates with the number of contexts lying in some neighbor-
hood, this probabilistic approach extracts only a subset of
such contexts without largely impacting the uncertainty [3].

()]

Algorithm 1 The BKB Algorithm adapted from [3]

Require: kernel function k, B, §, o, ¢, horizon n
1: Select an action a; € A uniformly and observe the re-
ward /1.
2: Initialize the dataset D = {(x1,4,,%1)} and the inducing
subset S7 = {x1,q4, }-

3: fort =2to 7T do
4:  Observe the context z; , for every action a € A.
5:  Compute the mean ji; and variance &7 for every con-

text vector using Eq. 9.
6:  Compute 8; = 2B + 3007, log®(t/0)
7: Select a; = argmaxgea -fiu(Ti,0,) + BE/Q&t(xmt)
8: Setx; = x4 ,, and observe y;.
9: D(—DU{(xt,at,yt)}.
0 fori =1totdo
1 Set the probability p; ; = ¢ - 37 (%;) where Z; is the
context observed in round <.

12: Sample ¢; ; ~ Ber(py ;).

13: if ¢; ; = 1 then include Z; in S;.
14:  end for

15: end for

3.3 Subspace Learning: SI-BO

The SI-BO algorithm [5] incorporates subspace learning to
apply the GP-UCB algorithm on a low-dimensional subspace.

The algorithm operates in two phases: a Subspace Identifica-
tion (SI) phase that attempts to approximate the transforma-
tion matrix A in Eq. 2; and a Bayesian Optimization (BO)
phase that applies the GP-UCB learning algorithm directly on
the learned subspace. The SI-BO algorithm is outlined in Al-
gorithm 4 (Appendix B).

An advantage of SI-BO is that it offers a sub-exponential
dependency of the upper regret bound on the ambient
dimension. For both noisy and noiseless oracles, the regret
is bounded by a polynomial ambient dimension term and the
regret incurred by the GP-UCB. Since GP-UCB operates on the
subspace, its regret is bounded exponentially on the subspace
dimension k rather than the ambient dimension d. For this
reason, the polynomial term dominates the GP-UCB regret in
the ambient dimension, resulting in polynomial bounds.

In SI-BO, the subspace learning is facilitated through low-
rank matrix reconstruction. In particular, we are interested in
determining a low-rank approximation for the gradient matrix
X = [Vf(z1)...Vf(xmy)]T for mx context samples [6].
To approximate X, we apply multiple linearization approxi-
mations with the step size ¢ for the directional derivative. In
particular, if we sample m,, matrices ®; of mx directional
vectors ®; ; uniformly sampled from {£1/,/mx }%, then we
can approximate a linear transformation of the true gradient
approximate perturbed by a curvature error as follows

v=AX)+e+z

1 <X (10)
Yi= < > flay+ i) — f(x))
j=1
where A(X); = tr(®7 X) is a linear transformation, e in-

cludes the curvature errors, and z is normally distributed with
zero-mean. Notably, the Hermitian adjoint of A is defined as
A*(y) = Z;@l ®;y;. Then, using the Dantzig selector, we
can define a convex optimization problem that recovers a low
rank reconstruction of X as follows [4]

min  ||M||. subject to || A" (y — AM))|| <X (11)
MER™X xd
where |-« is the nuclear norm, || - || is the spectral norm, and

A regulates the distance of the low-rank reconstruction from
the true matrix X in the Frobenius norm.

Using the low-rank reconstruction, we can deduce an ap-
proximate transformation A to the underlying subspace. To
obtain A, we employ Singular Value Decomposition on the
recovered matrix

Xps =UZVT

The transformation matrix is given by the k top-most singular
vectors so that
A=p®

Altogether, the SI phase incurs mx (mg + 1) queries to the
oracle. Since the contexts are sampled uniformly across all
arms, the regret in the SI phase is likely to stagnate, inflating
the total regret measure R;.

Using the approximated transformation matrix , we can
apply the GP-UCB algorithm on the subspace. In practice,



the implementation of the GP-UCB only deviates from Algo-
rithm 3 by requiring that the algorithm transforms all context
vectors to the subspace z = Az, which marginally affects the
computation.

4 Subspace Learning with Sketching: SI-BKB

To investigate the impact of subspace learning on Gaussian
Process bandit algorithms, we introduce a novel subspace
learning-based algorithm: SI-BKB. The SI-BKB leverages the
low-rank reconstruction phase of the SI-BO algorithm and the
more computationally efficient Gaussian Process regressor of
the BKB algorithm. Remarkably, any contextual bandit algo-
rithm can be transformed into a subspace learning variant by
modifying the Bayesian optimization (BO) phase.

Moreover, the SI-BKB algorithm maintains the sub-
exponential dependency on the ambient dimension of the up-
per regret bounds that SI-BO holds. The theoretical proof
of the bound for SI-BKB parallels that of SI-BO and is ex-
pressed in Theorem 1, and the regret due to GP-UCB is merely
replaced by that for SI-BKB. Since both operate on the sub-
space, they weakly depend on the ambient dimension d, al-
lowing the polynomial term to dominate.

Algorithm 2 The SI-BKB Algorithm

Require: 7', d, mx, ms, A, €, k, oracle for f, kernel
1: C < mx context vectors sampled uniformly from ac-
tions
for : < 1to mg do
®,; <+ mx samples uniformly from {£1/,/mg }*
end for
y < compute using Equation 10 in

Xpg « low-rank reconstruction by the Dantzig Selector

AN A

7: compute the SVD XDS =UxvT

A TU®

9: D < all (Ax, y;) pairs queried so far

10: Apply BKB as specified in Algorithm 1 with transformed
context vectors & = Ax.

(o]

Theorem 1 (Upper Bound on Regret for SI-BKB). For an
oracle with negligible noise during subspace learning, under
the same parameter assumptions provided in Theorem 4 in
[5] and in Theorem 2 in [3], with probability 1 — §, we have
that

Ry < O(kddz 1Og2(1/5)) + \/iRBKB(T7 9, ’{)

where Rpkp(T, g, k) is the regret bound of the BKB algo-
rithm applied on the subspace environment reward function g
using kernel k.

Sketch of Proof. The proof of the regret upper bound mirrors
that of Theorem 4 in [5]. The proof sketch presented here is
augmented with modifications to derive the upper bounds for
SI-BKB. Remarkably, the modifications presented here can
be extended to other bandit algorithms in place of BKB.

Assuming, without loss of generality, that the reward is al-
most surely bounded by 1, from the proof of Lemma 1 in [5],
the cumulative regret for SI-BKB is bounded by

Ry <n+nT + Rpks(T, g, k) (12)

where n = mx(my, + 1) is the duration of the subspace
identification, 7 is the subspace approximation error, and § is
an approximation of the true reward function ¢ in the learned
subspace.

According to Theorem 2 in [3], for a sufficiently large hori-
zon> the regret bound on BKB is given by

Rpkp(T, §,k) = O (\/T(’YT log C,T +1og1/d
(13)
—|— B;}’YT log CKT)>

where A is some constant factor, C, is the upper bound on the
kernel x, and B; > ||g||? is some bound on the complexity
of the specified reward function g, i.e. the squared norm of g
concerning the kernel « in the RKHS «.

Using the parameter assumptions for Theorem 4 in [5], we
have by Lemma 13 in [5] that

1911 < 2llgll% (14)

n="T"12 (15)
Thus, we may select B; and B, so that by Eq. 14

llgl[x < By and [|g][% < By = 2B,

Hence, observing that Eq. 13 is monotonic increasing with
respect to By, we have that the regret bound on the approxi-
mated reward function is bounded by that of the true reward
function as follows

Reks(T, §, &) < V2Rpxs (T, g, %) (16)

Using Eq. 15, the nT" = /T term is dominated by the regret
bound in Eq. 13, which is reducible to (’)(\/T log T'). Hence,
the nT" term is negligible for the upper bound.

Finally, we bound the regret incurred due to subspace
learning. Using the parametrization provided in Theorem
4 in [5], we have that mx = O(kdlogl/d) and m, =
O(k%*dlog1/5). Thus, the regret incurred by the subspace
learning phase is given by

n=mx(my, + 1)
= O(k*d?1og?1/6)

Applying the bounds derived in Eq. 17 and Eq. 16 to
Eq. 12, while treating nT" as negligible, we arrive at the de-
sired upper bound on the cumulative regret.

a7

O

5 Experimental Setup

To evaluate the two algorithms, we use synthetic data to
generate contexts in each bandit environment. The im-
plementation of the bandit algorithms and the synthetic
data generation is available at https://github.com/Cheese-1/
SparseSequentialLearning.

*We require that log(C,.T) > 0.
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Figure 1: A summary of the regret performances of the bandit algorithms in the linear bandit. Figures a-b depict the regret performance for
the RBF kernel in the lowest and highest sparsity conditions (from Fig. 3). Figures c-d depict the average of the cumulative average regret in

the final 100 rounds.

5.1 Synthetic Data Generation

Synthetic data provides a controlled and reproducible frame-
work for evaluating bandit algorithms, particularly in struc-
tured settings where assumptions such as sparsity or smooth-
ness can be precisely enforced. It is a conventional approach
to undertake in evaluating the performance of bandits (see
[1]).

In this paper, we define a probability distribution D, for ev-
ery action a € A over the context space X C R? to generate
synthetic data. In particular, we assume that the distributions
are normally distributed D, = N (§,,021,). The mean con-
text &, is fixed and is uniformly sampled from the context
space X. The variance is directly specified at 02 = 0.1% and
is fixed across arms.

Since the empirical regret is reliant on the expected reward
of the best constant-action algorithm, the environment simu-
lates the reward of each arm to determine the empirical aver-
age reward. This simulation is hidden from the bandit algo-
rithm; correspondingly, the exact computation of the regret is
also hidden. The simulation is repeated for 10, 000 trials, and
the most significant average reward across trials is selected.

Altogether, the synthetic data generation process is highly
grounded in probability. To account for the holistic perfor-
mance of the bandits, each experimental condition is repeated

20 times, and the empirical regret is aggregated across these
trials.

5.2 Parameter Configuration

Due to the abundance of modifiable (hyper-)parameters, we
separate the (hyper-)parameters into three categories. The
first category consists of the environmental variables, which
are fixed for each bandit environment. This category includes
the reward function f and the variance of the noisy oracle o2.
The second category comprises parameters that can be com-
puted from the environmental variables. The upper bound
on complexity B and the maximal information gain -, are
among such parameters. The last category consists of pa-
rameters that require fine-tuning. These parameters are fine-
tuned through grid search by selecting the parameter values
that achieve the best regret at the horizon.

The parameter configurations for the SI-BO and SI-BKB
algorithms in each environment are presented in Appendix C.

6 Results
6.1 Linear Bandit Simulation

The linear bandit environment was constructed by embed-
ding a low-dimensional linear function with £ = 3 in high-
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Figure 2: A summary of the regret performances of the bandit algorithms in the Branin bandit. Figures a-b depict the regret performance for
the RBF kernel in the lowest and highest sparsity conditions (from Fig. 4). Figures c-d depict the average of the cumulative average regret in

the final 100 rounds.

dimensional spaces (see Appendix B). In this experiment, we
considered three linear bandit environments with ambient di-
mensions d € {5,15,25}. In each case, sparsity was quan-
tified by the percentage of additional dimensions d;dk. In
Appendix D, we present in Table 3 the empirical cumulative
regret performance for every choice of kernel with tuned pa-
rameters under each sparsity condition. Each kernel-sparsity
combination was simulated for 20 trials, with errors indicat-
ing standard deviation. Fig. 1a-b depicts the select regret per-
formance for the RBF kernel under the lowest and highest
sparsity conditions. Fig. 1c-d provides the average of the cu-
mulative average regret in the final 100 rounds. The error is
calculated assuming that the covariance between cumulative
average regret values is negligible; the convergence of the cu-
mulative average regret supports this assumption.

As observed in Fig. 1a-b, both the SI-BKB and SI-BO al-
gorithms achieve comparable regret performance. The initial
subspace learning phase, whose duration is mx (my, + 1) =
180, is depicted with an erratic and high regret. Both algo-
rithms also demonstrate an initial cold-start following the SI
phase, lasting up to round ¢ ~ 250. This cold-start is likely
due to initial high exploration by the BO phase algorithm,
as well as the high regret cost incurred by the SI phase. Fi-
nally, both algorithms exhibit a strong decay to a low regret

value. Notably, the average performance of the SI-BKB algo-
rithm consistently lies within one standard deviation of that
of SI-BO during the decay, indicating similar behavior and
action selection.

The choice of kernel also appears to influence the final
regret under certain conditions.. The RBF kernel tends to
approximate the reward function with less variance in low-
sparsity conditions, commensurate with its capability to ap-
proximate linear functions [11]. Under high sparsity condi-
tions, the performance of the RQ and Matérn kernels visibly
improves.

6.2 Non-linear Bandit Simulation: Branin
function

The linear bandit environment was constructed by embed-
ding the low-dimensional Branin function with £k = 2 in
high-dimensional spaces (see Appendix B). Unlike the lin-
ear bandit, the Branin function introduces additional curva-
ture. In this experiment, we considered three linear bandit
environments with ambient dimensions d € {5,15,25}. In
each case, sparsity was quantified by the percentage of addi-
tional dimensions d%ik. In Appendix D, we present the empir-
ical cumulative regret performance for every choice of kernel
with tuned parameters under each sparsity condition in Ta-



ble 4. Each kernel-sparsity combination was simulated for 20
trials, with errors indicating standard deviation. Fig. 2a-b de-
picts the select regret performance for the RBF kernel under
the lowest and highest sparsity conditions. Fig. 2¢c-d provides
the average of the cumulative average regret in the final 100
rounds. The error is calculated assuming that the covariance
between cumulative average regret values is negligible; the
convergence of the cumulative average regret supports this
assumption.

Similar to the linear bandit, as observed in Fig. 2a-b, both
the SI-BKB and SI-BO algorithms achieve comparable regret
performance. The initial subspace learning phase, whose du-
ration is mx (m,, + 1) = 180, is depicted with an erratic and
high regret. Both algorithms also demonstrate an initial cold-
start following the SI phase, lasting up to round ¢t ~ 200.
This cold-start is likely due to initial high exploration by the
BO phase algorithm, as well as the high regret cost incurred
by the SI phase. Finally, both algorithms exhibit a strong de-
cay to a low regret value. Notably, the average performance
of the SI-BKB algorithm consistently lies within one standard
deviation of that of SI-BO during the decay, indicating similar
behavior and action selection.

Across kernels, the regret performance does not appear to
deviate significantly. Under the same sparsity condition, the
final regret performance does not considerably deviate across
kernels, suggesting that any of the three kernels may equally
approximate the reward function. Nonetheless, we observe
an anomaly at d = 15 for both algorithms, where the regret
spikes.

7 Discussion

In both linear and non-linear environments, the regret per-
formance is inconsistent with the theoretically desirable no
regret property. As observed in Fig. 1a-b and Fig. 2a-b, the
cumulative average regret plateaus at a non-zero value, indi-
cating that the bandit algorithms consistently select subopti-
mal arms. Moreover, this discrepancy is exhibited equally by
both SI-BO and SI-BKB. This observation suggests that the
convergence to suboptimal arms is likely due to the misalign-
ment of the learned subspace.

A possible mechanism by which misalignment may affect
regret may originate from irrelevant dimensions in the
context vector. An irrelevant context vector x; is an axis of
the context vector that is invariable relative to the reward
function, so that —f = (. When the transformed context Az
depends on the Value of irrelevant context dimensions, any
approximated reward function ¢ is also likely to depend on
them by proxy. When the subspace dimension is correctly
specified, the irrelevant context dimensions serve as noise
in the transformed context vector. Correspondingly, This
misalignment ultimately mutates the objective of the bandit
algorithm in the BO phase by forcing the approximated
reward function to account for noisy input.

Another surprising observation is that the regret perfor-
mance of the two bandit algorithm does not necessarily dete-
riorates under high sparsity. In fact, as shown in Fig. 1d, the
regret performance of SI-BKB in the linear bandit substan-

tially improves under harsher sparse constraint. Fig. 1c also
demonstrates this improvement for the SI-BO algorithm but
only for the Matérn and RQ kernels. The latter observation
possibly suggests that high sparsity, through misalignment,
relaxes the constraints of the approximations, allowing rela-
tively unsuitable kernel choice to produce better approxima-
tions. Notably, this relaxation does not always occur evident
by the regret spike at 80% sparsity in the Branin bandit (see
Fig. 2c-d).

7.1 Limitations

A major limitation to the practical application of the SI-BO
and SI-BKB algorithm is the underlying stringent assump-
tions necessary to ensure their validity. The occurrence of
a smooth reward function that may be invoked through an
oracle anytime with an appreciable sensitivity to small per-
turbations in the context vector is rare in practice. More-
over, SI-BO and SI-BKB require prior knowledge several en-
vironmental variables—such as oracle noise o, function com-
plexity upper bound B, maximal information gain ~,. While
existing literature provides frameworks to handle the latter
(see the doubling trick [7]), this regiment of stringent require-
ments discourages further exploration the subspace learning
framework as-is.

Another limitation arises from the high computational cost
incurred by the SI-BO and SI-BKB. In both scenarios, the
index function is computed in part through multiplication
of matrices which scale with the number of oracle queries.
Without a mechanism to ignore past oracle queries, for large
horizons, the space complexity alone renders computation an
impossibility.

A methodological limitation to the analysis presented in
this paper lies in the generation of synthetic data. Per arm,
since the contexts are normally distributed, the generated
context vectors lie in close proximity in the learned sub-
space. This approach to synthetic generation precludes envi-
ronments in which arm distributions D, are more expressive.

8 Conclusion

This paper aimed to investigate the regret performance
of bandit algorithms incorporating Subspace Learning and
Gaussian Processes under sparsity restrictions. To that end,
this paper implemented an adaptation of the SI-BO algorithm
and a novel algorithm SI-BKB that improves computational
efficiency. Moreover, this paper demonstrates that SI-BKB
achieves sub-exponential upper bound on regret with respect
to the ambient dimension similarly to SI-BO. Empirically,
SI-BKB achieved comparable regret performance to SI-BO
in both linear and non-linear environments. Additionally, this
paper demonstrates empirically that both algorithm are com-
parably performant under high sparsity conditions.

While the SI-BKB algorithm enhances the computational
efficiency of the Bayesian Optimization phase, the choice of
a Gaussian Process UCB-based algorithm is mostly uncon-
strained and independent of the Subspace Learning frame-
work. By attaching the Subspace Identification phase, bandit
algorithms may be adapted to sparse setting, possibly limit-
ing the regret bound to be sub-exponential with respect to the



ambient dimension. The practical utility of such algorithms
compared to existing sparse algorithms is yet to be explored
in current literature.

Likewise, the separation of the two phases of the SI-BO
and SI-BKB algorithms, while suitable for stationary envi-
ronments, may be further generalized. With sufficient mod-
ification, the subspace learning may be run simultaneously
with some bandit algorithm, reducing the high initial regret
cost. Alternatively, the learned subspace may be refined at
later rounds given the abundance of oracle queries.

9 Responsible Research

To ensure the reproducibility of the paper, this paper en-
deavored to outline all aspects of the empirical experiments.
Sections 3-4 outlined the mathematics used to implement all
tested algorithms. The methodology for the synthetic data
generation is summarized in Section 5. The parametrization
employed is provided Appendix B. All the generated data is
viewable in Appendix D. Finally, the entire empirical study
pipeline is implemented in a public repository, which is avail-
able through this paper. Altogether, all aspects of the empir-
ical study are provided, allowing other researchers to verify
the results exhibited here independently.

While this paper does not directly address real-world appli-
cations, we acknowledge the potential for misuse of contex-
tual bandit algorithms. In the domains of personalized adver-
tising, dynamic pricing, or automated decision support, mali-
cious actors may deploy contextual bandits to facilitate preda-
tory and unfair practices. Hence, the application of contextual
bandit algorithms must proactively ground its development in
mitigating, if not eliminating, such misuse.
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A Notation Table

Table 1: The notation table for important notation used in the paper.
The definition of each symbol is provided.

Symbol Definition
A collection of arms, or actions
d dimension of the ambient space
X C R set of context vectors
D, context vector distribution for arm a
T the horizon
Tta context vector sampled at round ¢ for arm a
Yt reward returned by the oracle
D set of oracle queries
o? variance of the oracle’s noise
i sampled oracle noise 7; ~ N (0, 0%)
f:RY = R | reward function over the ambient space
k dimension of the effective subspace
A transformation matrix from R? to R*
g :RF — R | the true reward function over the subspace
A the reconstructed transformation matrix
g :RF — R | the approximated g over the learned subspace
X the reward random variable at round ¢
Ry the cumulative reward up to round 7'
UCB;(-) | the UCB index function

matrix of previously observed contexts
vector of previously observed rewards

the RKHS kernel for the Gaussian Process
covariance vector of x with contexts in X/
covariance matrix for the contexts in X
accuracy rate

maximal information gain at round ¢

norm induced by the kernel

upper bound for function complexity ||g||%
exploration factor

posterior mean and standard deviation
(global) length-scale for the kernel
smoothness characteristic for the Matérn kernel
variance weight for the RQ kernel

set of inducing points

size of St

the Nystrom embedding for contexts
covariance matrix for the inducing points
covariance vector of « with contexts in St
matrix of the Nystrom embeddings of X

an m; X my invertible matrix

approximated mean and uncertainty for BKB
scaling factor for inclusion probability
number of context samples

number of direction samples per context

the gradient matrix for the reward over samples
direction vector matrix

linear transformation using direction vectors
step length

sample space vector

nuclear norm

spectral norm for matrix M

acceptable distance for the reconstructed matrix
the low-rank reconstructed matrix

k top-most singular vector of U

bound on the kernel, i.e. k(z,z') < Ci




B Additional Algorithms

This appendix contains the outline for the GP-UCB and SI-BO
algorithms. These algorithms are not directly related to the
main contribution—the SI-BKB algorithm—and are therefore
provided here for reference.

Algorithm 3 The GP-UCB Algorithm adapted from [16]

Require: kernel function , B, §, o, horizon T’
1: Initialize the set of oracle queries D = ()
2: fort =1toT do
3:  Observe the context x; , for every action a € A.
4:  Compute the posterior mean i, (x) and variance o ()
for every context vector using Eq. 5.
Compute the factor 8; = 2B + 3007, log®(t/4)

5

6:  Select a; = argmaxgea it (Tr,q) + Btl/Qat(;vt’a)
7:  Query the oracle in Eq. 1 to observe y;
8.

9

i D+« DU{(xat,yt)}
: end for

Algorithm 4 The SI-BO algorithm adapted from [5]

Require: 7, d, mx, mgs, A, €, k, oracle for f, kernel
1: C < mx context vectors sampled uniformly from ac-
tions
for ¢ < 1tomg do
®; + mx samples uniformly from {£1/,/mg }*
end for
y < compute using Equation 10

Xpgs ¢ low-rank reconstruction by the Dantzig Selector

AN AN i

7: compute the SVD Xps=U0UxvVT

A—U®

9: D < all (Ax, y;) pairs queried so far

10: Apply GP-UCB as specified in Algorithm 3 with trans-
formed context vectors z = Ax.

o]

C Fine-tuned Parametrization

Table 2: Parameters for the Linear Bandit for the SI-BO algorithm.

Parameter Value Explored Range
T 2000 N.A.
d N.A. 5,15,25
k 3 N.A.
X [-10,10]¢ N.A.
f(x) 32x1 — 1624 + 8x9 — 45 N.A.
mx 30 N.A.
My 5 N.A.
B 1000 N.A.
o Llogdet(I: + Ki(X7)/0?) | N.A.
) 0.95 N.A.
o 0.1 N.A.
€ 0.001 N.A.
A computed in [6] N.A.
OMatém 12.5 10,12.5,15,17.5
v 2.5 0.5,1.5,2.5
{RBF 12.5 10,12.5,15,17.5
lrq 10 10,12.5,15,17.5
QRQ 2 0.5,1,2

Table 3: Parameters for the Linear Bandit for the SI-BKB algorithm.

Parameter Value Explored Range
T 2000 N.A.
d N.A. 5,15,25
k 3 N.A.
X [~10,10]% N.A.
f(x) 32x1 — 1624 + 819 — 45 | N.A.
mx 30 N.A.
My 5 N.A.
B 1000 N.A.
o S 5(%) N.A.
) 0.95 N.A.
o 0.1 N.A.
o L N.A.
Cy 50 N.A.
q 10 [7.5, 10, 12.5]
5 0.001 N.A.
A computed in [6] N.A.
OMatém 12.5 10,12.5,15,17.5
v 2.5 0.5,1.5,2.5
{RBF 12.5 10,12.5,15,17.5
lrq 10 10,12.5,15,17.5
ORQ 2 0.5,1,2




Table 4: Parameters for the Branin Bandit for the SI-BO algorithm.

Parameter Value Explored Range
T 2000 N.A.
d N.A. 5,15,25
k 2 N.A.
X [-5,15]¢ N.A.
7(‘%1 +as ﬂ(ﬂ?o +332)2
V2
5(zo + z2) ?
+ 2 6)
f(x) 10 (1 N.A.
- §COS(L+$2))
™ V2
—10
mx 30 N.A.
My 5 N.A.
B 1000 N.A.
Y Llogdet(l; + K (X[)/0?) | N.A.
) 0.95 N.A.
o 0.1 N.A.
€ 0.001 N.A.
A computed in [6] N.A.
OMatérm 15 10,12.5,15,17.5
v 2.5 0.5,1.5,2.5
{RBF 17.5 10,12.5,15,17.5
lrq 17.5 10,12.5,15,17.5
ORQ 1 0.5,1,2




Table 5: Parameters for the Branin Bandit for the SI-BKB algorithm.

Parameter Value Explored Range
T 2000 N.A.
d N.A. 5,15,25
k 2 N.A.
X [-5,15]¢ N.A.
(.’El +$3iﬂ(1’0+1’2)2
V2 o Amt 2
5(.130 =+ .’L‘Q) B 6) 2
™2
N.A.
/(@) — 10 (1
8 s (B x?))
w V2
—10
mx 30 N.A.
My 5 N.A.
B 1000 N.A.
o Llogdet(I, + K (X})/0?) N.A.
0 0.95 N.A.
o 0.1 N.A.
a L NA.
Cy 50 N.A.
q 10 [7.5, 10, 12.5]
€ 0.001 N.A.
A computed in [6] N.A.
gMatérn 15 10, 125, 15, 17.5
v 2.5 0.5,1.5,2.5
{rBF 17.5 10,12.5,15,17.5
lrq 17.5 10,12.5,15,17.5
QRQ 1 0.5,1,2




D Empirical Results

The complete empirical results are presented in this appendix.
The data for the two experiments was generated by the proce-
dure outlined in Section 5 with the parameters stated in Ap-
pendix B. The data for the linear bandit is presented in Fig-
ure 3. For the non-linear Branin bandit, the data is presented
in Figure 4.

The effect of the kernel choice and ambient dimension

on the regret performance in a Linear Bandit.
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Figure 3: The performance of the SI-BO and SI-BKB algorithms across varying sparsity conditions and kernel choices. The algorithms have

a fixed duration for the SI phase and have already been fine-tuned.



The effect of the kernel choice and ambient dimension
on the regret performance in a Branin Bandit.
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Figure 4: The performance of the SI-BO and SI-BKB algorithms across varying sparsity conditions and kernel choices. The algorithms have
a fixed duration for the SI phase and have already been fine-tuned.
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