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Wideband Relative Transfer Function (RTF)
Estimation Exploiting Frequency Correlations

Giovanni Bologni *“, Richard C. Hendriks

Abstract—This article focuses on estimating relative transfer
functions (RTFs) for beamforming applications. Traditional meth-
ods often assume that spectra are uncorrelated, an assumption
that is often violated in practical scenarios due to factors such as
time-domain windowing or the non-stationary nature of signals,
as observed in speech. To overcome these limitations, we propose
an RTF estimation technique that leverages spectral and spatial
correlations through subspace analysis. Additionally, we derive
Cramér-Rao bounds (CRBs) for the RTF estimation task, pro-
viding theoretical insights into the achievable estimation accuracy.
These bounds reveal that channel estimation can be performed
more accurately if the noise or the target signal exhibits spec-
tral correlations. Experiments with both real and synthetic data
show that our technique outperforms the narrowband maximum-
likelihood estimator, known as covariance whitening (CW), when
the target exhibits spectral correlations. Although the proposed
algorithm generally achieves accuracy close to the theoretical
bound, there is potential for further improvement, especially in
scenarios with highly spectrally correlated noise. While channel
estimation has various applications, we demonstrate the method
using a minimum variance distortionless (MVDR) beamformer for
multichannel speech enhancement. A free Python implementation
is also provided.

Index Terms—Acoustic parameter estimation, CRB, channel,
correlation, Cramér—Rao bound, RTF, relative transfer function.

1. INTRODUCTION

the measurements of multiple sensors, also referred to as
beamforming [1], [2]. Most beamforming techniques, such as the
minimum variance distortionless beamformer (MVDR), rely on
the knowledge of the relative transfer function (RTF) between
a target emitter and a sensor array to virtually steer the array
towards the direction of interest [3], [4]. RTFs generalize the
angle or direction-of-arrival (DOA) concept in scenarios involv-
ing the proximity of the source to the receivers or the presence

S PATTAL filtering techniques can extract a target signal from
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Fig. 1. The/d/ phoneme uttered by a male speaker. The top left plot depicts the
waveform, while the bottom left plot shows the power spectral density (PSD).
The peaks in the PSD are found at integer multiples of the fundamental fre-
quency (harmonics). The right plot shows the spectral correlation or bifrequency
spectrum. The grid-like structure of peaks in the bifrequency spectrum, whose
spacing is proportional to the fundamental frequency, indicates a correlation
between harmonic components [12].

of reflections. These scenarios commonly arise in acoustics and
wireless communications, radar and sonar sensing, seismology,
and medical imaging.

One fundamental assumption shared among many channel
estimation techniques is that RTFs can be estimated indepen-
dently per frequency bin after transforming the received signal
to the short-time Fourier transform (STFT) domain [5], [6],
[7], [8], [9], [10]. This implies that the signals are realizations
of wide-sense stationary (WSS) processes or that distinct fre-
quency components of the signal are mutually uncorrelated.
It was shown that distinct frequency components of a random
process are statistically uncorrelated if and only if the process
is WSS [11].

However, the spectral uncorrelation assumption is frequently
violated in practice. The STFT coefficients of the signals in
neighboring frequency bands are correlated due to the use of
short frame lengths and overlap-add/save techniques. In wireless
communications, non-stationarity might be due to natural phe-
nomena like the Doppler effect or artificial manipulations such
as in orthogonal frequency division multiplexing (OFDM) [12],
[13]. In the audio processing domain, vowels are often mod-
eled as an impulse train filtered by a time-varying linear filter.
Fig. 1 shows the waveform xz(t) of the /4/ phoneme uttered
by a male speaker, its power spectral density (PSD), and its
bifrequency spectrum. The bifrequency spectrum approximates
E[X (f1)X (f2)*] for all frequencies f1, f2, where E[-] indicates
the expected value and X (f) is the Fourier transform of x(¢).
The vowel in Fig. 1 has a non-diagonal bifrequency spectrum,
implying that its frequency components are correlated. First of
all, this is not in line with the typical assumptions being made:
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estimation of parameters or processes from such an acoustic
scene could be impaired. Secondly, we can conclude that z(t)
cannot be modeled as a realization of a WSS process, and the er-
godicity assumption does not hold [14], [15]. Characterizing the
spectral covariance of such a process requires a phase-adjusted
estimator, whose details are discussed in this contribution as
well.

Empirical studies on human auditory perception consistently
highlight the practical importance of spectral correlations in
spatial filtering. These correlations are critical in tasks such
as sound localization and speech intelligibility. For instance,
speech intelligibility in noise is influenced by the periodic struc-
ture of signals, with harmonically complex tones allowing for
easier detection compared to inharmonic noise [16]. Addition-
ally, humans can localize speakers based on spatially aliased
measurements, but only when spectrally complex sounds are
present [17], [18]. Dmochowsky et al. proved that spatial alias-
ing, a common issue in narrowband signals [19], has reduced
impact when the signals are wideband, regardless of the spatial
sampling period [20]. Despite the compelling evidence of the
relevance of wideband patterns, traditional channel estimation
algorithms have rarely considered them explicitly.

Therefore, this paper aims to investigate the impact of spectral
correlations on the channel estimation task. Our contributions
are twofold: Firstly, we propose an RTF estimation technique
based on subspace analysis that exploits spectral and spatial
correlations. This technique consistently outperforms the nar-
rowband maximum-likelihood estimator (MLE), known as co-
variance whitening (CW) [21], [22], [23], [24], when the target
exhibits spectral correlations. Secondly, we derive conditional
and unconditional CRBs for the RTF estimation task. To the
best of our knowledge, bounds for the RTF estimation task
have not been derived before, not even for the narrowband
scenario. The bounds show that channel estimation can be
conducted more accurately if the target or the additive noise
presents inter-frequency correlations. Our findings align with
experiments showing that both parametric methods and methods
based on deep neural network (DNN) for speech enhancement,
which jointly process spectral information, outperform their
counterparts that process each frequency bin independently [25],
[26], [27], [28]. Although the accuracy of the proposed algo-
rithm is generally close to the bound, there is some room for
improvement, especially when noise signals with high spectral
correlation are present. An additional contribution is that, in
the spirit of reproducible research, a Python implementation is
freely available online.!

The article details the signal model in Section II. In Section III,
we demonstrate how to recover the spectral-spatial covariance
matrix of the source at the receivers, and introduce two related
RTF estimation methods. Based on these results, we propose
a novel algorithm for RTF estimation in Section IV. To better
assess the algorithms’ performance, we compare them to the
lower bounds on the variance of RTF estimation, which are de-
rived in Section V. Numerical evidence of the superiority of the
proposed algorithm, especially when the target presents spectral

Thttps://github.com/Screeen/SVD-direct

correlation, is provided in Section VI. In Section VII, we present
additional discussion and insights on the experiments. Finally,
some conclusions are drawn in Section VIII, summarizing the
essential findings and contributions of this paper.

II. SIGNAL MODEL

In a reverberant and noisy environment, we consider the case
of a single point source impinging on an array of M > 2 sensors.
The signal received by the array is given in the STFT domain
as:

o (1) = di (1) + vi(l) = sp(lag + (1) € CM, (1)

where d (1) = si(l)ay is the target signal at the receiver, | =
1, ..., Listhe time-frame index and the subscriptk = 1,..., K
denotes the frequency bin index. The STFT coefficients of the
target signal at the source are modeled by sy (1), which are real-
izations of complex random variables with zero mean. The target
coefficients are not assumed to be mutually independent over
frequency. They can follow any probability distribution. The
transfer function aj, € C™ models the wave propagation from
the target point source to the M sensors. The transfer function is
assumed to be an unknown deterministic quantity that typically
needs to be estimated in beamforming applications. The noise
coefficients vy, (1) are also modeled as complex random variables
with zero mean and an arbitrary probability distribution.

Let us now consider the coefficients for all frequency compo-
nents jointly. Noisy coefficients corresponding to a single time
frame [, for M sensors, at K frequencies, can be stacked in
a column vector as in x = [z 21 ... 2L]T € CEM. The
time-frame index [ is left out for notational convenience. In
a similar fashion, noise vectors vy, transfer function vectors
aj, and desired signal dj, can be stacked vertically to form
v, a, and d, respectively, so that @ = d + v. In this case,
it is helpful to collect the signal coefficients s; in a random
vector 8 = [s1, 82, ...,5k| . Letus also define s = 3® 13, =
(5117, 5017, ... sk 1%,]T, where ® is the Kronecker product
and 1,; is the M -dimensional all-ones vector. Next, let

A = diag(a) = diag(a11,...,a1n,a21, ... axn), (2)

contain the transfer functions for all frequencies and sensors.
The vector of desired signals is then given by

d:ASZA(§®1]W), (3)

such that the noisy coefficients for the wideband model can be
written as

r=d+v=As+wv. 4)

Notice that (4) generalizes the narrowband model with multi-
plicative transfer function (MTF) approximation (1) to a wide-
band scenario. In the MTF approximation, the linear convolution
in the time domain is represented as multiplication in the STFT
domain [1]. This constrains the transfer functions a; to be at
most K samples long in the time domain, effectively capturing
the early reflections only, and neglecting the late reverberation
components.
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Next, we model the spatial and spectral correlations between
the signals. Spatial correlation matrices are widely used in array
processing to model relations between signals received at differ-
entsensors. Here, we also consider spectral correlations between
different frequency components. The spectral-spatial covariance
matrix R, = E[zzf] € CEM*KM can be expressed as

r;(1,1)
r:(2,1)

r(1,2)
r.(2,2)

r.(1, K)

rx(l.ﬂl) 7“1([.(,2) T‘I(['(7K)

where (-)f indicates the conjugate transpose operation, and
(i, j) = Elz;xf] € CM*M is the spectral-spatial covariance
matrix at two arbltrary frequencies 4, j. When noise and target
signal are statistically uncorrelated, we have R, = R; + R,,,
that is, r,(i,7) = E[s;s}]a;a; a'l + Elv; v; ], Let us now intro-
duce alternative formulations of the covariance matrices that will
be useful for our analysis. Using the definition in (3), the signal
covariance matrix Ry = E[dd!] can be expressed as

=E[AssT AT] = AE[ss"|A" = AR, A", (6)

where R, is defined as R, = E[ss”]. Using the properties of
the Kronecker product, the covariance matrix R can, in turn,
be rewritten as

R, =E[3®1y)E® 1y =E[55
= E[s5H

H @118

| ® 1y = Rs @ L, @)

where 1/, s 1s the all-ones matrix of size M x M and

R, = E[55] ¢ CE*K, (8)

III. BACKGROUND INFORMATION

This section begins by reporting a strategy to estimate sample
spectral-spatial covariance matrices. It then demonstrates that
the desired signal covariance matrix R is singular, with its
rank being limited by the number of frequency components K.
Section III-C explores how the eigenvectors of R, and R, are
affected by additive noise, and it reports a strategy for recovering
R,. Finally, two well-known algorithms for RTF estimation are
introduced.

A. Phase-Adjusted Sample Covariance Matrix

The commonly used sample covariance matrix estimate, serv-
ing as the MLE for jointly Gaussian WSS data, is expressed as

h \

L
Z ©)

where [ is the realization index. Alternatively, [ can be treated
as a time-frame index assuming second-order ergodicity.
However, when spectral correlations are present, the WSS as-
sumption becomes inaccurate, requiring an alternative estimator
for the spectral-spatial covariance matrices. In the estimation of
spectral correlations from STFT data, it is crucial to establish

a connection among phase components across all frames and
frequencies. In most implementations of the STFT, phase com-
ponents are linked to the beginning of each frame. Therefore,
there is a need to connect these phase components to a common
reference point, such as the signal’s onset, as mentioned by
Antoni [29]. The phase-adjusted noisy STFT data at frequency
k is given by:

x§(1) = xp()eI2BR/K =1 L, (10)

where R denotes the block shift between frames.

Let us examine the impact of phase correction through
an example. Consider a harmonic signal of the form y(¢) =
22:1 cos(2m foht), t € N, where fj is the fundamental fre-
quency in normalized units, and h denotes the harmonic index.
The harmonic components at frequencies foh for h = 1,2, 3 are
deterministic, thus perfectly correlated, meaning that knowing
one component allows us to infer the value of another. In the
STFT domain, we denote the harmonic signal as yx(l), I =
1,...,L, and its phase-corrected version as yf({). The over-
lap of the STFT is set to 75%, corresponding to R = K /4.
Fig. 2(a) shows the phase components of the three non-zero
frequency components of yy (1) across time frames. Due to the
misalignment between the block-shift R and the periodicities of
y(t), the phases of the harmonics components appear to change
randomly from frame to frame. However, after applying phase
correction to get y;({), we can accurately determine the phase
of all components (Fig. 2(b)) with respect to the time origin,
t = 0. Let us also analyze the impact of phase correction on the
estimation of the spectral correlations. For the phase-corrected
signal y;({) (Fig. 2(d)), the spectral correlation is maximal
across all components, while the original yy, (1) signal incorrectly
appears to exhibit a lower spectral correlation due to spurious
effects of phase cancellation (Fig. 2(c)).

The phase correction becomes superfluous when dealing with
products of components at the same frequency, as the conjuga-
tion leads to the cancellation of the phase term: x¢ (1)x¢ (1)" =
x5 (1)x, (1) . Similarly, the exponential term in (10) is identical
to one, thus ineffective, when R = K, i.e., when adjacent frames
do not overlap, or when independent realizations of the signals
are used. Therefore, the correction of (10) is applied solely in
Sections VI-D and VI-C to the overlapping STFT frames of real
speech signals before covariance matrix estimation, so that, for
ki,ke =1,..., K,

klka

E .’I}kl .’Ek2

(1)

L
Z Dy, (1 efj27rlR(k17k2)/K'

B. Upper Bound on the Rank of Target Covariance Matrix

Lemma 1: rank(Ry) < K

Proof: To support this claim, we first state two well-known
properties of the matrix rank. Consider two matrices X € C™*"
and Y € C"*P. According to [30], we have that:

rank(XY') < min(rank(X),rank(Y")), (12)
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rank(X ® Y) = rank(X) rank(Y"). (13)

The covariance matrix Rs = E[55%] in (8) obeys rank(R;) <
K. The rank of the all-one matrix, instead, is rank(1 75 p7) = 1.
From (7) and the rank property of Kronecker products in (13) it
follows that

rank(R;) = rank(Rs @ 1yr«ar) = rank(Rs) < K. (14)

Moreover, let at least K of the coefficients of the diagonal RTF
matrix A be non-zero by assumption, so that rank(A) > K. It
is now possible to analyze the matrix rank of R:

rank(Ry) = rank(AR,A™) (15)

< min (rank(A), rank(R;)) < K, (16)

where the inequality follows from the rank matrix product
property in (12) and (14). This completes the proof. g

C. Estimation of the Target Covariance Matrix

Suppose that R, is known, and let v? be the noise vari-
ance. Estimated quantities are denoted as (A) For example,
the estimated noise variance is represented as 4. Assuming
that the noise exhibits uniform power across both space and
frequency, remaining uncorrelated in both domains, we have
R, = 721 & M- As the identity matrix is diagonalizable by any
unitary matrix,

R, =R+ I=VAVI L 2T =V(A+?T)VH,

where V is the eigenvector matrix of R, and A is the diagonal
matrix containing the eigenvalues of R,;. Therefore, if the esti-
mated, phase-adjusted sample covariance matrix is decomposed
as Rz = VAVH the covariance matrix of the target at the sen-
sors can be approximated by Ry = V max(A — 421, O)VH
where the max (-, -) operator forces the eigenvalues of the Hermi-
tian positive semidefinite (HPSD) matrix R,tobe non-negative.

If spatially or spectrally colored noise is present, the eigen-
vectors of R, and R, will differ. However, estimating Rd and
computing its eigenvalue decomposition is still possible if an
estimate of the noise covariance matrix RU is available and it
is full-rank, hence invertible. To ensure that this requirement is
satisfied, we apply diagonal loading, which consists of adding a
scaled identity matrix to the estimated noise covariance matrix:

RU — Rq, + eI, where € is a small positive value. The clean
covariance matrix R4 can be estimated from the generalized
eigenvalue decomposition (GEVD) of R, and R, or from the
eigenvalue decomposition of the prewhitened noisy covariance

matrix R; 1/2Rz R; 1/2. The present examination will be lim-
ited to the GEVD because the two procedures are theoretically
equivalent [31], [32].2 Given the estimates Rx and RU, an
estimate of the desired covariance matrix Rd can be obtained as
follows:

1) Computation of R,U=R,UD or equivalently,
Q" R, = DQ¥ R,, where D are the generalized eigen-
values, U are the right generalized eigenvectors, @ are the
left generalized eigenvectors, and U = Q’H .

2) Partitioning of the left eigenvectors Q = [Q. Q.,], where
Q. comprises of the first K; columns of Q.

3) Estimation of Ry as Ry = Q, max(D, — I,0)Q¥,

where K is the estimated rank of R4, and D, is a diagonal

subblock formed by the first Ky columns and rows of D. By
virtue of Lemma 1, K; < K. The number of frames L available
for estimating the covariance matrices also constrains the maxi-
mum possible matrix rank, such that K; < L. Asaconsequence,
in steps 2) and 3), K; = min (K, L) eigenvalue-eigenvector
pairs are retained. Note that, due to the sparse spectral distri-
bution of speech, the actual rank of R; might be lower than
K. Specifically, since many frequency components of speech
signals are zero, the corresponding rows and columns in R; will
also be zero, reducing the rank of the matrix.

D. Covariance Whitening and Covariance Subtraction

The GEVD routine detailed in Section III-C is also widely
used in traditional, narrowband processing for estimating the
target spatial covariance matrix. It is indeed at the core of
the covariance whitening (CW) algorithm, one of the most
effective techniques for RTF estimation [21], [22], [23], [24]. Let
the (narrowband) noisy spatial covariance matrix be represented
by R, (k) = Elzi(l)xr ()] € CM*M and the noise spatial
covariance matrix by R, (k). The CW technique consists of
estimating the generalized left eigenvectors of (R, (k), R, (k))

2A standard routine for computing the GEVD of HPSD matrices is based
on Cholesky decomposition [30, Algorithm 8.7.1]. It is used in the popular
LAPACK drivers [33] that are the backbone of Matlab and Numpy/Scipy.
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for each discrete frequency k, and then retaining the eigenvector
corresponding to the largest eigenvalue. Assuming that a single
speaker is present, the rank of R,;(k) = E[|sx|?|aral is 1.
Therefore, the principal eigenvector equals the target RTF ay
up to a multiplicative factor.

Covariance subtraction (CS) is another popular technique for
RTF estimation. CS estimates the target spatial covariance ma-
trix by subtracting the noise covariance matrix from the observed
covariance matrix, i.e., RS (k) = R, (k) — R, (k). The RTF is
then estimated from the principal eigenvector of Rgs(k). This
simpler technique is generally less accurate then CW [23].

IV. PROPOSED RTF ESTIMATION ALGORITHM: SVD-DIRECT

In the preceding sections, the investigation focused on the
spectral-spatial covariance matrix of a noisy signal received
from multiple sensors. The knowledge gained from this inves-
tigation can be applied to estimate the channel a, provided
that estimates of the spectral-spatial covariance for both the
noisy signal R, and the noise-only signal R, are available.
To this aim, we introduce a new method for RTF estimation.
The proposed algorithm is based on a row partitioning of the
estimated spectral-spatial covariance Ry, followed by an SVD
on each frequency subblock. The approach is named SVD-direct
to emphasize the simplicity of its implementation and the central
role played by the singular value decomposition. The proposed
method extends the CW technique (Section III-D) to a wideband
scenario, thus leveraging inter-frequency correlations for better
estimation accuracy. Unlike CW, multiple frequency compo-
nents are processed simultaneously both in the prewhitening
and in the ensuing decomposition step.

The basic idea of the proposed RTF estimation algorithm can
be explained by an example. First, let us introduce a simplified
case with K = 2 frequency components, to gain some intuition
on the structure of Ry = AR, A . We have that

B E[|s1|*|aiall  E[sisi]laial! B
R, = * H 2 H| — (a7
Elszsilazar  E[|sz2|*]aza;
_ 0'%(11(1{{ olgalaf _ R((il) (18)
oiyasall  o2asall REIQ) 7

where we have introduced the auxiliary variables o7 =

E[|s1|%], 03 = E[|s2|?], 012 = E[s1s5] to simplify the nota-
tion. The transfer function for the ith frequency is a; € CM.
We also defined the block-matrices R((il), R&z) € CM>2M The
absence of spectral correlations in the source signal s would
lead to E[s1s5] = E[s2s7] = 0. Now, consider the block matrix
R&l) = [0?a,al! algalag]in(lS).Noticethathll) isarank-
1 matrix, whose left principal singular vector is proportional to
a;. The right principal singular vector of Rgll) is proportional
to [al al]T. To see this, consider the matrix product

RP(BRDYT = (03||ar|? + o3y ]laz)?) arall  (19)

Algorithm 1: SVD-Direct.

Input: RI, Rv, M, K
Output: RTF estimates a

A# Estimate Rd from theA GEYD (Section III-C).
R, < GEVD_routine(R,, R,)

# Pa(rt)ition in (K) “fat” M x (K )Z\l blocks
. (1 . (2 (K .
[(Rd )Tv(Rd )Tv-"7(Rd )T]T <~ Rd

# Per each frequency
fork=1,..., Kdo
£ (k)

PR DHFQF) « svD(R,; ")

# Rescale left principal singular vectors
a®) Normalize(pgk)).

end for

from which it follows that Rfil) (R((il) ) is a rank-1 matrix with
principal eigenvector a;.? It follows that by decomposing R((il)
with an SVD and selecting the principal left singular component,
a; can be recovered up to a scalar factor.

The procedure above can be repeated for each subblock
Rgc) € CM*EM 1. —1,... K, leading to the proposed wide-
band channel estimation method, SVD-direct (Algorithm 1).

The function Normalize is defined as Normalize(a®)) =
a® /[a®)],, and [a®)], is the entry corresponding to the -th
(reference) sensor.

V. CRAMER-RAO LOWER BOUND

Based on the spectral-spatial covariance matrix of the signal
received at the multiple sensors, we derived an algorithm for RTF
estimation, taking correlation across frequency into account. To
determine how close this algorithm is to the optimal perfor-
mance, we compare it to the CRB.

In the following, we first define the CRB and show how to
derive it when estimating a deterministic function of an unknown
parameter. The CRB is then calculated for two scenarios: (z) a
setting where the target signal s(l) is deterministic and known
(Section V-B), and (77) a scenario where the target signal has
a known covariance matrix R, but the signal realizations are
unknown (Section V-C). Note that the former bound will lead
to an unrealistic lower bound, as in the current scenario, s(I) is
never known. The latter bound is realistic as it only assumes that
the first- and second-order statistics are known. The two settings
are also known as the deterministic or conditional CRB, and
stochastic or unconditional CRB, respectively [34]. Although
the CRBs are derived for the wideband scenario, they encompass
the bounds for narrowband RTF estimation as a specific case.

It is worth noting that the CRB for proper complex-valued
multivariate Gaussian parameters has been previously explored.

3Throughout the paper, || - || indicates the 2-norm.
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In [35, Eq. 15.52], an approach that treats the real and imagi-
nary components of the parameters independently was adopted.
Conversely, in [36, Eq. 6.55], the Wirtinger derivatives were
employed. However, neither of these references extends its
analysis to incorporate further deterministic transformations.

A. Problem Formulation

Let us consider the case where the parameters 6 to be esti-
mated are complex-valued, deterministic but unknown, and the
observed data matrix is X = [x(1) ... (L)]. The distribution
of the observed data is p(X; 8). The Fisher information matrix
(FIM) is found as the negative expected Hessian of the log-
likelihood function:

Iyp = —E[VeViInp(X;0)] = —E[V2Inp(X;0)], (20)

where the expectation is taken with respect to p(X;0). The
gradient and the Hessian are defined as

[Vofli=0f/00;,  [Vifli = 0°f/00:00],

and the partial derivatives are Wirtinger derivatives [37]. The
covariance matrix Ry of any unbiased estimator 6 of 6 satisfies
Ry =1 51 * When the quantity to estimate is given by a function
¢ = g(0) of some underlying parameter, the bound follows
as [38]

R, = (Veg)I,' (Vi g), 1)

where R o 1s the covariance matrix of the estimator é& = g(é)

In the present case, we define a function g : C2KM —, CEM
that transforms a transfer function to a relative transfer function.
It is given by

g(e) = g([aT aH}T) = a'/arefa

where the division is intended element-wise and

(22)

T T T
Qref = [alrlMaClQT"lMa-"aa‘KTl]W] )

is the vector with the responses of the rth (reference) sensor at all
frequencies. Notice that g(-) corresponds to the Normalize(-)
function defined in Section IV, with the only difference that g (-)
acts on transfer functions for all frequencies and sensors simulta-
neously. This function can be readily modified to accommodate
various strategies for reference sensor selection [1, Eq. 10].

B. Conditional Cramér—Rao Bound

Consider the model from (4):

x(l)=As(l)+v(), I=1,...,L (23)

Firstly, we analyze the case where the signal s(I) is known and
the absolute transfer function A, defined in (2), is deterministic
but unknown. The noise v(l) is a complex circular Gaussian
random process with known spectral-spatial covariance R,,. The
vector of unknown parameters is @ = [a”a]T € C*KM . The

4A > B means A — B is positive semidefinite with A and B being Her-
mitian.

observed data X follows a complex Gaussian distribution so
that the log-likelihood is given by

L
Inp(X;0)=—-Ln|tR,| — Z'U(Z)HR;l'v(l).
=1

(24)

We have the following result.
Theorem 1 (Conditional CRB): The variance of any condi-
tional RTF estimator is lower bounded by:

CRB[g(0)); = [(Vag)(B*) " (V&9)].; (25)

for 1 =1,..., M, where the matrix B is defined as B =
S S()F R, S (1) and S(1) = diag(s(1)).

Proof: See Appendix A. (]

1) Interpretation: For ease of analysis, consider the case
where the noise is spatially and spectrally uncorrelated, i.e.,
R, = nyI k. In this scenario, the i-th element on the di-
agonal of the Fisher information matrix is given by [Ig]; =
y~25F | |si(1)[2. As the noise variance 72 increases, the Fisher
information [Iy];; decreases. Conversely, increasing the number
of frames L available for estimation results in higher Fisher
information, as the quantity |s;(I)|? is always non-negative.
Thus, the achievable accuracy of the RTF estimation decreases
with higher noise power and improves with more time frames.

C. Unconditional Cramér—Rao Bound

Consider again the model in (23). This time, we examine
the more realistic scenario where the spectral-spatial covariance
of the target signal R is known but not the signal itself. The
transfer function A is again deterministic but unknown. This
bound is then expected to be greater than the one derived in
Theorem 1 because the target signal is only known up to its
second-order statistics. In this case, the log-likelihood function
is given by:

Inp(X;0) = —Lln|rR,| — Ltr (R, R;'),  (26)

where R, = AR,A" + R,. We have the following result.
Theorem 2 (Unconditional CRB): In the unconditional set-
tings, the variance of any unbiased RTF estimator is lower
bounded by:
CRBlg(0)]; = [(Vag)C (Vi g)],,

i) (27)
fori = 1,..., M, where C'is obtained by selecting the first K M
rows and columns from the inverse FIM I,

Proof: See Appendix B. U

1) Interpretation: Consider the case where the noise is un-
correlated, i.e., R, = v2Ixyr. The i-th element on the di-
agonal of the Fisher information matrix is given by [Ig];; =
Ltr (R;'F;R,;'G;). As the number of frames L available for
estimation increases, the Fisher information increases linearly.
Thus, as we have seen for the conditional CRB in Section V-B,
the achievable accuracy of the RTF estimation improves with
more time frames. Also, as the noise variance 72 increases, the
Fisher information decreases, since R, = (R; + R,,)!. The
numerical simulations in the following sections also reveal that
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the unconditional CRB is always equal to or higher than the
conditional CRB. Intuitively, when estimating the RTF, knowing
the target signal itself would be more useful than knowing the
signal statistics only. For further analytical insights, the reader
can refer to [34].

VI. EXPERIMENTS

In the preceding sections, we developed an RTF estimation
algorithm that considers both spectral and spatial correlations.
We computed conditional and unconditional CRBs to gauge
achievable accuracy. Following this, we conduct simulations to
compare the performance of our proposed wideband algorithm
(SVD-direct) to the benchmark narrowband method (CW) and
the established performance bounds. We employ two error met-
rics, the root-mean-squared-error (RMSE) and the Hermitian
angle [24]. The RMSE is defined as:

[ 1
RMSE = 101log WH& —al? (dB), (28)
while the Hermitian angle is calculated as:
K ~H
1 | @y, axl
— acos| ——— | (rad). 29
K2 (afnuakn el >

The RMSE accounts for discrepancies in the magnitude and
phase, whereas the Hermitian angle depends exclusively on the
angle between the RTFs. The CRBs are only defined for error
measures based on the MSE. Therefore, these bounds are not
shown in the plots that employ the Hermitian angle metric.
We also define the signal-to-noise ratio (SNR) in the frequency
domain as:
KM
SNR = 10l0g iz i
2z |
In all plots of Sections VI-A, VI-B, and VI-D, points connected
by a continuous red line show the error for the proposed algo-
rithm (Algorithm 1); points connected by a blue dotted line show
errors for the benchmark algorithm (CW); points connected by a
green dash-dotted line show the conditional CRB (Theorem 1);
points connected by a purple dashed line show the unconditional
CRB (Theorem 2).

We conduct five sets of experiments to explore increasingly
realistic scenarios. In the first two sets of experiments (Sec-
tions VI-A and VI-B), we analyze scenarios where independent
realizations of the signals are drawn from ideal multivariate
Gaussian distributions. In Section VI-A, the target and noise
powers at all frequencies are set to the same value and then
rescaled to the desired SNR. Section VI-B describes a more
realistic scenario where target and noise powers vary across
frequencies. Results are shown for a single random draw of
the target TF a and of the actual covariance matrices R, and
R, because the CRB is defined for specific parameter values.
Nonetheless, similar outcomes are observed for other realiza-
tions. To simulate the complex channel vector a, we generate
two uniformly distributed random vectors with values from -1 to
1 and use them for the real and imaginary parts. For the synthetic
data of Sections VI-A and VI-B, the lines in the figures are

(dB). (30)

v]ii

the mean results averaged across 5000 Montecarlo realizations.
The faded area represents the 95 % confidence interval [39]. The
bounds are evaluated at the actual values of the parameters.

The other three sets of experiments deal with real data.
The covariance matrices are thus estimated from overlapping
STFT frames using the phase-corrected estimator introduced in
Section III-A. Section VI-C investigates the correlation coeffi-
cients of measured speech signals. The experiments of Sections
VI-D and VI-E apply the proposed algorithms to recorded
anechoic speech convolved with real room impulse responses
(RIRs), and evaluate both the RTF estimation accuracy and the
effect of employing the estimated RTFs for beamforming. The
ground truth TF a is computed as the discrete Fourier transform
of the first K samples of the RIR. We perform 50 Montecarlo
repetitions of the real-data experiments. Gaussian noise at 40 dB
SNR is added to v in all experiments to account for sensor
noise and simultaneously improve numerical conditioning of
the inverse of the noise covariance matrix R,,. We also measure
the computational complexity of the algorithm in Section VI-F.
As mentioned in Section I, all the simulations are implemented
in Python, and the code to generate all figures in the paper is
freely available online.

A. Egquicorrelated, Equal Powers

The ‘equicorrelated’ formulation, also considered in [40],
assumes that the noise signal exhibits identical variances at all
sensors and frequency components. The target signal has unit
variance at all frequency components. The cross-expectations
over different frequency components are vy for the noise and
py for the target. Because the frequency correlations are non-
zero, the covariance matrices R, and R, describe non-WSS
processes. Taking again the case of M = 2 sensors and K = 2
frequency components to simplify the exposition, the noise
covariance matrix R, is given by:

1 0 vy O
0 1 0 vy
U} 0 1 0
0 vy 0 1

R, =+* : 31)

where vy € [0,1] and 42 is scaled according to (30) to yield
the desired SNR. Similarly, the desired covariance matrix at the
source Ry = Rz ® 1p;« 7 1S given by:

L1 py py
1 1 1
Ro=|_ "etwu=|_ _ " P @3
py 1 popy 11

Py py 1 1
The desired covariance matrix at the receivers follows from
(6). The stimuli s(I) and v(l), where [ is the realization index,
are generated through affine transformations applied to L inde-
pendent and identically distributed realizations n (1) of a white
complex multivariate Gaussian distribution n ~ CA/(0, I). For
example, s(I) = Ré/Qn(l), and this implies s({) ~ CN (0, R;).
The estimates of the target and noise covariance matrices are
derived through the sample covariance estimator of (9). The
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Fig.3.  Algorithm performance under varying noise frequency correlation v,

with different levels of target correlation ps. The top two plots (a) and (b)
represent a less correlated target (py = 0.25), while the bottom row (c) and
(d) show a highly correlated target (py = 0.75). Each column corresponds to
different evaluation metrics: the left column displays the RMSE, and the right
column shows the Hermitian angle.

phase-corrected estimator in (11) is indeed superfluous when
independent signal realizations are available. Unless specified
differently, the SNR is set to —5dB in all experiments. The
signal correlation is set to py = 0.25, the noise correlation to
vy = 0.25, the number of frames to compute the sample covari-
ance matrices to L = 1000, the number of sensors to M/ = 2 and
the FFT length to K = 5. The true noise covariance matrix R,
is used in all algorithms, aligning with the CRB assumptions.
Nonetheless, we noticed similar results when estimating R,
from a separate realization of the noise-only signal. The algo-
rithms and the bounds are tested by varying four independent
parameters: noise correlation v ¢, target correlation p , number
of time frames L, and SNR.

1) Varying Noise Correlation vy: In the first experiment, we
analyze the performance of the algorithms as the noise frequency
correlation vy varies between 0 and 1 (Fig. 3). We generally
observe that the RMSE and the Hermitian angle metrics follow
similar trends. Let us first consider the scenario where the target
has low correlation (py = 0.25), corresponding to Fig. 3(a)
and (b). The two algorithms perform equally well when the
noise correlation vy is low, while the proposed method shows
improved accuracy for high values of vy. In other words, the
SVD-direct algorithm can partially take advantage of increased
noise correlation, while the benchmark algorithm cannot. Now,
consider the case where the target shows high correlation
(py = 0.75), corresponding to Fig. 3(c) and (d). The proposed
method outperforms the benchmark for all values of vy, with
improvements of approximately 3 dB in RMSE and 0.02 rad in
Hermitian angle. Examining the conditional and unconditional

L =1000,v; = 0.25

L = 1000, vy = 0.25
0.10
- —6— Wideband (prop. 1)
e Narrowband
0.08 4
5
Ed
= = 0.06 1
= e 2 \
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= 5
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301 e Narrowband 0.02 4
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; ; ; ; 0.00 . ; :
000 025 050 075 000 025 050 075
of Py
(@) (b)
L = 1000, v; = 0.75 010 L = 1000,v; = 0.75
_ 99 | e e N ———— i a : —o— Wideband (prop. 1)
#e Narrowband
0.08
—24 o
= ®
8 96 | — Wideband (prop. 1) £ 0.06 4 =
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Fig. 4. Algorithm performance under varying target frequency correlation

py. with different levels of noise correlation v . The top two plots (a) and
(b) represent less correlated noise (vy = 0.25), while the bottom row (c) and
(d) show highly correlated noise (vy = 0.75). The left column corresponds to
RMSE, and the right column shows the Hermitian angle.

CRBs, we note that substantial accuracy improvements are
achievable when the noise exhibits a high correlation.

2) Varying Target Correlation py: Inthis section, we analyze
the performance of the algorithms as the target frequency corre-
lation p; varies between 0 and 1 (Fig. 4). Because SVD-direct
is explicitly designed to take advantage of spectral correlations
in the target, we expect it to yield better performance for higher
values of py. If the noise has low correlation (vy = 0.25, corre-
sponding to the top row in Fig. 4), the two algorithms perform
equally well for low target correlation values p . Additionally,
we observe that the proposed method can fully exploit the target
correlation and shows improvements in the accuracy of up to
4 dB inRMSE and 0.02 rad in Hermitian angle for high values of
p . The benchmark algorithm is not affected by variations in the
target spectral correlation. Notice that the proposed algorithm
achieves the CRB if a high target correlation is present, meaning
that further improvements in accuracy in this scenario are not
possible. Interestingly, the unconditional performance bound
exhibits different trends for low and high noise correlation. The
unconditional bound decreases with higher target correlations
when the noise correlation is low (Fig. 4(a)). Conversely, the
maximum accuracy is lower as the target correlation increases
for high noise correlation (Fig. 4(c)). This aligns with findings
from previous studies [40]. This seeming discrepancy can be
better understood through analogy: when two point sources
are located close together in space, they show maximal spatial
correlation and exhibit similar correlation patterns, making it
difficult to separate them. In our experiment, the noise and target
sources have high spectral correlation, and they share the same
correlation pattern (31) and (32). We might say that they are
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Fig.5. Algorithm performance under varying number of time frames L, with
different levels of target correlation ps. The top two plots (a) and (b) represent
a less correlated target (py = 0.25), while the bottom row (c) and (d) show a
highly correlated target (py = 0.75). The left column corresponds to RMSE,
and the right column shows the Hermitian angle.

“spectrally superimposed” because their powers and correlation
coefficients are the same, yielding very similar spectral covari-
ance matrices. As a result, they are harder to distinguish than
two spectrally independent sources.

3) Varying Number of Frames L: We now analyze the per-
formance of the algorithms when the number of frames L to
estimate the target covariance matrix R, is varied between
L =10 and L = 5000 (Fig. 5). As expected, both algorithms
perform better when more frames are available. For low values
of target and noise correlation (Fig. 5(a) and (b)), the two
algorithms perform similarly when the number of available time
frames is large, whereas the proposed algorithm is slightly less
accurate when L is small. When the target correlation is high,
the wideband method shows smaller errors for any number of
frames L > 10 and converges to the unconditional CRB for a
high number of frames.

4) Varying SNR: This experiment analyzes the performance
of the algorithms when the SNR varies between —10 and 20 dB
(Fig. 6). Unsurprisingly, both algorithms perform better when
the noise is less prominent. The methods perform similarly for
low target correlation values (Fig. 6(a) and (b)). In contrast, for
high target correlation (Fig. 6(c) and (d)), the proposed method
shows significant performance gains of up 8 dB in RMSE and
0.05 rad in Hermitian angle in noisy scenarios. Both algorithms
are close to the unconditional CRB for high SNR values.

B. Eguicorrelated, Different Powers

In the second set of experiments, we extend the ‘equicor-
related” scenario described in Section VI-A, by incorporating
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0.20
A —o— Wideband (prop. 1) —6— Wideband (prop. 1)
=10 1 & 4 Narrowband e Narrowband
-~ Bound unc. R
% %= Bound cond. %/1: 0.15
o) E
2 30 £010
z E
£
—40 4 =
= 0.05 1
—50 1 "y
T T T T 0.00 T T T .
-8 0 8 16 -8 0 8 16
SNR [dB] SNR [dB]
(@) (b)
pr=0.75,v; = 0.25 020 pp=0.75,0; = 0.25
—6— Wideband (prop. 1) ' —6— Wideband (prop. 1)
—101 - Narrowband 1 s Narrowband
-#- Bound unc,
0.15 3

== Bound cond.

RMSE [dB]
S
Hermitian angle
=1
S

e
S
S

0.00

Fig. 6. Algorithm performance under varying SNR, with different levels of
target correlation p¢. The top two plots (a) and (b) represent a less correlated
target (py = 0.25), while the bottom row (c) and (d) show a highly correlated
target (py = 0.75). The left column corresponds to RMSE, and the right column
shows the Hermitian angle.

varying signal powers across different frequency components
and sensors. This scenario is not only more realistic than the
previous one, but it also leads to more diverse spectral correlation
patterns — that is, covariance matrices — for the target and the
noise signal, limiting the “spectral superposition” phenomenon
observed in Section VI-A-2. In this simulation model, special
care must be taken to ensure the validity of the simulated
covariance matrices R, and R,.

Let [0]gm = vgm be the noise signal at frequency & and sensor
m, with variance E[|vg,|%] = 7%,,. By the Cauchy—Schwarz
inequality, it is known that the covariance between the two
discrete complex random variables vy, m, , Vkym,» cOrresponding
to the (k1mq, kams) element of R,, is upper-bounded by:

| E[Uklmlviizmz,] |2 < E[‘vklml |2] E[‘kamz |2]

Therefore, we can simulate R, with a two-step procedure. First,
the variances 7, on the diagonal of R, are drawn from a
uniform distribution U (e, 0.5), where ¢ > 0 is a small positive
number. Next, the covariance values are calculated as

(33)

O7 1fm1 7& ma,

/ . (34
Uj 7z1m17z2m2 lfml = m27

where the factor vy € [0, 1] models the noise inter-frequency
correlation. Because vy < 1, (34) leads to covariance values
that are always smaller than their theoretical maxima. The
correlations across different sensors are set to 0 since we model
spatially uncorrelated noise. Finally, R, is rescaled by a global
noise variance v to yield the desired SNR according to (30).
Analogously, the desired covariance matrix at the source is given

E[Uklmle)ng] =
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Fig.7.  Algorithm performance for non-uniform target and noise powers under
varying noise frequency correlation v s, with different levels of target correlation
p - The top two plots (a) and (b) represent a less correlated target (o = 0.25),
while the bottom row (c) and (d) show a highly correlated target (oy = 0.75).
The left column corresponds to RMSE, and the right column shows the Hermitian
angle.

by:
Uzle NU(6,0.5) if k‘l = Ifg,

Rslik, = if by # ko

PIN Tiey Oty &
The desired covariance matrix at the receivers follows again from
(6) and (7). The sampling procedure and the other simulation
parameters follow from Section VI-A.

1) Varying Noise Correlation vy: The performance of the
algorithms is examined as the noise frequency correlation v
varies from 0 to 1 (Fig. 7). The wideband algorithm outperforms
the narrowband one in all cases. The difference in accuracy is
larger when the target correlation p is higher (Fig. 7(c) and (d)),
reaching an improvement of up to 8dB RMSE and 0.05 rad.
Notice that the performance gains are more significant than in
the ‘equal powers’ scenario of Section VI-A-1. We also observe
that the error of the SVD-direct algorithm slightly decreases for
very high noise correlation vy > 0.75. Still, the gap between
the unconditional CRB and the algorithms indicates that further
improvements are possible.

2) Varying Target Correlation py: Next, we turn to one of
the key experiments of the present study, where we analyze the
performance of the algorithms as the target frequency correla-
tion p; varies between 0 and 1 for arbitrary noise and signal
powers (Fig. 8). The wideband algorithm takes advantage of
higher target spectral correlations py, as already observed in
Section VI-A-2: both for low and high noise correlation, SVD-
direct has significantly better performance for higher values
of py, reaching improvements of 10dB RMSE and 0.05 rad
Hermitian angle. On the other hand, CW performs slightly better
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Fig.8.  Algorithm performance for non-uniform target and noise powers, under

varying target frequency correlation p ¢, with different levels of noise correlation
v¢. The top row ((a) and (b)) represents less correlated noise (v = 0.25), while
the bottom row ((c) and (d)) shows highly correlated noise (vy = 0.75). The
left column corresponds to RMSE, and the right column shows the Hermitian
angle.

when the target correlation is completely absent (py = 0). A
likely explanation is that the narrowband approach exploits the
a priori knowledge that the target signal is uncorrelated across
frequency. However, we argue that the scenario where py = 0
is unlikely to occur in practice for the reasons highlighted in
Section 1. This intuition is also confirmed in the correlation
analysis of real data in Section VI-C. Turning our focus to
the performance bounds, we notice that the SVD-direct method
achieves the CRB if a high target correlation is present.

3) Varying Number of Frames L: We now evaluate the dif-
ferent approaches when estimating the covariance matrices with
varying numbers of time frames L (Fig. 9). The narrowband and
wideband approaches exhibit similar performance for scenarios
with low target and noise correlation (Fig. 9(a) and (b)). The
benchmark method is slightly more accurate when only a few
frames are available (L < 50), whereas the proposed algorithm
outperforms CW for a higher number of frames. Because wide-
band spectral-spatial covariance matrices are considerably larger
than narrowband spatial covariance matrices, accurate estima-
tion of the former requires more realizations. When the target
is highly correlated (Fig. 9(c) and (d)), the wideband method
consistently matches or outperforms the narrowband method.

4) Varying SNR: Lastly, in Fig. 10, we examine the perfor-
mance for various SNR levels. For low target and noise spectral
correlation (Fig. 10(a) and (b)), the two algorithms perform
comparably, with the wideband method being marginally less
accurate for higher SNRs. By contrast, when the target correla-
tion is high, as in Fig. 10(c) and (d), the two approaches perform
similarly for less noisy scenarios, but the wideband method has a
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Fig.9. Algorithm performance for non-uniform target and noise powers, under

varying number of time frames L, with different levels of target correlation p .
The top row ((a) and (b)) represents less correlated target (py = 0.25), while
the bottom row ((c) and (d)) shows highly correlated target (py = 0.75). The
left column corresponds to RMSE, and the right column shows the Hermitian
angle.

considerably lower error for lower SNRs, with a reduction of up
to 11 dB RMSE and 0.12rad Hermitian angle at —10 dB SNR.
This experiment concludes the evaluations on synthetic data.

C. Correlation Coefficients of Measured Data

Before testing the RTF estimation algorithms on real data, it
is useful to examine the correlation coefficients of measured
adult speech and white Gaussian noise, and relate them to
the simulated coefficients from Sections VI-A and VI-B. To
analyze the distribution of the spectral correlation coefficients,
we first select a segment of length 7" from the time-domain
signal of interest. After transforming this segment to the STFT
domain, we estimate its spectral covariance matrix and spectral
correlation coefficients, as detailed below.

The measured speech signal consists of anechoic male and
female speech recordings from the Harvard Word List,> sampled
at f, = 16 kHz. The recordings last approximately 5 minutes.
For each of the 50 Monte Carlo iterations, we randomly se-
lect a segment of length 7' = 0.35s from either of the two
recordings. Silent segments are discarded. The STFT analysis
is performed with window length Ky = 1024, corresponding
to K = (K3/2)+ 1 =513 positive frequencies. We use a
square-root Hann window function and a 75 % overlap be-
tween frames, such that the block-shift equals R = 256 samples.
Therefore, the number of STFT frames available for estimating
the spectral covariance matrices is L ~ (T'fs — Ko + R)/R ~
20. The number of frames L is thus small compared to the

3«Speech Intelligibility CD” from Neil Thompson Shade.
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under varying SNR, with different levels of target correlation p ;. The top row
((a) and (b)) represents less correlated target (py = 0.25), while the bottom
row ((c) and (d)) shows highly correlated target (py = 0.75). The left column
corresponds to RMSE, and the right column shows the Hermitian angle.
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Fig. 11.  Empirical distribution of spectral correlation coefficients for (a) male

speech and (b) white noise signals. Speech has more highly correlated bins than
white noise, a stationary signal.

number of positive frequency bins K, complicating the es-
timation of the spectral covariance matrices. To focus the anal-
ysis on relevant frequency bands, we only consider frequency
components between 0.08 kHz to 2.0 kHz, reducing the number
of frequency bins from K| = 513 to K ~ 124. The remaining
bins are ignored in the analysis.

The spectral covariance matrix R € CK*K jsestimated from
phase-adjusted STFT data, as described in (11), to account for
the phase shifts caused by overlapping frames. The magnitudes
of the correlation coefficients for the off-diagonal elements are
then obtained as:

~2

Prkaks = |[Blaka/ 57,1, | (36)

where ki, ko =1,..., K, ki # ko, and 6, = [R]i,x, . Fi-
nally, we count the number of bins within each interval of
the histogram and average the percentages across Monte Carlo
realizations (Fig. 11). As expected, the speech data (Fig. 11(a))
exhibits significantly higher spectral correlation than the white
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of microphones, and (e-j) varying angular distance between target and interferer. The error metrics are the RMSE (top) and the Hermitian angle (bottom).

noise data (Fig. 11(b)). Approximately 20% of the speech data
shows correlations above 0.6, while this value is nearly zero
for the white noise data. Surprisingly, the white noise data
displays spectral correlations exceeding 0.2 in over 40% of the
cases, which we hypothesize is due to spectral leakage caused
by the finite-length windowing effect. Given that the proposed
RTF estimation method performs better for highly correlated
target signals, the large number of low-correlation bins suggests
that RTF estimation may improve by applying the proposed
algorithm to the highly correlated bins only. The optimal design
of such a method should be explored in future research.

D. Real-Data Simulations

The fourth set of experiments tests the RTF estimation algo-
rithms on real speech data, maintaining the same settings as in
Section VI-C, except where noted. A directional interferer is
introduced by randomly sampling a real-world recording from
the ESC-50 database [41]. Within the ESC-50 database, we sam-
ple from three selected categories that contain approximately
stationary sounds: engine noise, washing machine noise, and
vacuum cleaner noise. The default SNR for the interferer is set
to 0dB. The target and the interfering signals are generated
by convolution with the RIRs from the database in [42]. The
RIRs were measured with a linear microphone array with 8
sensors, spaced 8 cm apart, in a room of size of 6 x 6 x 2.4 m.
The average reverberation time of the room is R7g9 = 0.61s.
All RIRs are cut after 0.61 s to reduce the length of the con-
volved signals while preserving most of the reverberation power.
Unless otherwise specified, only the first M = 4 microphones
of the array are used. The target and interfering sources are
placed 1 m away from the microphones, at angles of 45° and
60 °, respectively. Therefore, the target and interfering sources
are spatially close to each other but exhibit different spectral
properties. The noise covariance matrix R, is estimated from

a separate realization of the noise-only signal whose total du-
ration is 7;, = 2. A distinct noise realization is used for each
Monte Carlo iteration. The covariance matrices Rm and RU are
estimated from phase-adjusted STFT data, as described in (11),
to account for the phase shifts caused by overlapping frames. To
gauge the improvements brought by the phase-corrected covari-
ance estimator, we also depict the accuracy of the wideband
SVD-direct algorithm when utilizing the sample covariance
estimator of (9). Errors based on the sample covariance esti-
mate with the original phase values are indicated by appending
“original phase” to the RTF estimator name. When calculating
the errors on the RTF estimates, we only retain the frequency
bands for which the average power of the target signal at the
microphones is no more than 35dB lower than that of the
loudest frequency band. Notice that the experiments include
all bands in the specified frequency and SNR region. That
means even those bands without correlation across frequency are
included.

The wideband and narrowband algorithms are assessed based
on the RMSE and the Hermitian angle metrics across different
conditions. We analyze the algorithms for different variations in
the segment length 7" (Fig. 12(a) and (f)), which determines
the number of frames L available for estimating the covari-
ance matrices, the SNR (Fig. 12(b) and (g)), the FFT size K,
(Fig. 12(c) and (h)), hence K, the number of microphones M
(Fig. 12(d) and (1)), and the directional interferer angular position
(Fig. 12(e) and (j)). The proposed phase-adjusted wideband
algorithm outperforms the narrowband benchmark in all ex-
periments of Fig. 12. The performance gap between wideband
and narrowband algorithms remains largely unchanged under
varying conditions. Notice that phase correction would not affect
the performance of the narrowband algorithm, CW, which does
not rely on inter-frequency correlations. On the other hand,
the wideband algorithm SVD-direct benefits significantly from
incorporating phase-adjusted covariance matrices, especially in
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scenarios with a higher number of available time frames L
or microphones M, or when the SNR is high. The impact of
phase correction appears to diminish under conditions where
the covariance estimates are compromised due to a low num-
ber of time frames or a low SNR. In Fig. 12(d) and (i), we
observe a decline in the performance of all algorithms as the
number of microphones increases. This is likely because, as
M increases linearly, the number of elements in the covariance
matrices (M x M) increases quadratically. Consequently, with
the data length remaining constant, the quality of the estimated
covariance matrices worsens. Fig. 12(e) and (j) illustrate the
RTF estimation errors when the target is positioned at 45 ° and
the interferer is placed at various angles within the 0°t090°
range. Although the wideband method outperforms the narrow-
band approach, the performance gap is greatest when the target
and interferer are separated by a narrow angle, diminishing as
the angular distance increases. Exploiting spectral correlations
proves to be most effective when there is significant overlap in
the spatial correlations of the target and interferer.

E. Beamforming

Knowledge of the RTF of a target speaker allows us to virtually
steer a beamformer towards them and enhance the quality and
the intelligibility of speech. In this section, we evaluate the
performance of an MVDR beamformer that uses the estimated
RTFs to enhance a target signal, to get an impression of the
performance improvement by using the proposed RTF estimator.
The output of the beamformer is an estimate of the target signal
and its early reflections at the reference microphone, given by:

dip(l) =wlaei(l), 1=1,...,Landk=1,..., K, (37)
where w;, € CM are the beamforming weights, given by
L1
Ba
71177(71)“’“, k=1,... K. (38)

In Fig. 13, we compare the output of the MVDR beamformer at
various SNRs, using four different RTF estimates aj: SVD-
direct (wideband), CW (narrowband), the true RTF a;, and
the unprocessed one at the reference microphone, i.e., Gy =
[1,0,...,0]”. The output dy ;(I) is evaluated using the short-
time intelligibility index (STOI), the log-likelihood-ratio (llr)
spectral distance, and the frequency-weighted segmental SNR
(fwSNRseg) [43], [44]. The same settings as in Sections VI-C
and VI-D are used, except for the segment length 7', which is
extended to T' = 1s. As expected, the MVDR beamformer per-
forms best when using the true RTF, while using the noisy signal
at the reference microphone results in the worst scores across
all metrics. The proposed algorithm generally outperforms CW
according to all metrics in most conditions, except at very low
SNRs.

FE. Computational Complexity

Let us now compare the computational complexity of SVD-
direct with the benchmark algorithm, CW. The cost of estimating

10

1Ir
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Fig. 13.  Evaluation of MVDR beamformer outputs using different RTF esti-
mates, under varying SNR. Different subfigures correspond to different metrics:
fwSNRseg (a), LLR (b), and STOI (c).

the noisy covariance matrix is neglected as it is not consid-
ered part of the algorithms. While CW applies K generalized
eigendecompositions on spatial M x M covariance matrices,
SVD-direct requires an initial generalized eigendecomposition
on two matrices of size KM x KM, followed by K SVDs on
matrices of size M x K M. Consequently, SVD-direct is slower
than CW, primarily because the computational cost of eigenvalue
decomposition increases cubically with the matrix size. Keeping
the same settings as in the real-data experiments of Section VI-D,
our measurements reveal that CW is approximately 200 times
faster than SVD-direct using our non-optimized Python imple-
mentation on a MacBook Pro 16 inches (M1 Max chip).

VII. ADDITIONAL DISCUSSION

Our experiments yielded valuable insights into the perfor-
mance of the narrowband CW and the wideband SVD-direct
methods for RTF estimation, comparing them with the condi-
tional and the unconditional performance bounds. Let us now
examine the key findings.

Our investigation reveals a consistent trend favoring the
wideband approach in scenarios with higher target correlation.
Unlike the narrowband method, which remains unaffected by
varying noise spectral correlation, the wideband approach also
demonstrates occasional performance improvements when deal-
ing with highly correlated noises.

The CRB analysis reveals a fascinating insight: when the noise
spectral correlation vy is high, significant potential exists for
further improvements in wideband channel estimation. While
this discovery pertains to channel estimation, it points to poten-
tial applications across various parameter estimation tasks. The
finding also provides a theoretical foundation for the observed
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empirical evidence in certain parametric and machine-learning
approaches. Notably, some DNNs that operate on the entire time-
frequency representation outperform narrowband alternatives in
various speech enhancement tasks [25], [28]. It also offers a
partial explanation for the intelligibility gains experienced by
humans when detecting speech affected by harmonic noises [16].

The correlation analysis of Section VI-C, together with the
real-speech experiments in Sections VI-D and VI-E, confirm
that natural speech possesses spectral correlations that can be
exploited by the SVD-direct algorithm, leading to improved
RTF estimation and beamforming performance in the scenarios
under analysis. However, it is worth noting that the wideband
algorithm may not surpass narrowband algorithms in certain
settings, such as when dealing with highly non-stationary noise
sources. This limitation arises from the inherent challenge of
estimating large spectral-spatial covariance matrices from a
limited number of frames. For instance, typical speech has
about 10-20 different sounds per second [45, Chapter 15.3].
This dynamic nature makes the estimation of spectral patterns
more demanding compared to spatial patterns, which depend on
the positions of the speaker and the listener. Improved spectral
correlation estimates may result by modeling the signals under
analysis as realizations of cyclostationary processes, a particular
class of spectrally correlated processes [46].

VIII. CONCLUSION

The uncorrelation of frequency components of a signal is a
ubiquitous assumption that is often not verified in practice due
to STFT processing and the non-stationary nature of signals.
In this paper, we investigated the role of spectral correlations in
spatial processing and proposed a new subspace-based algorithm
for the channel estimation task. Indeed, accurate knowledge
of the acoustic transfer functions between target speakers and
microphones is crucial for spatial filtering in applications like
MVDR beamforming.

Extensive numerical experiments demonstrated the superior
performance of our wideband approach over the maximum-
likelihood narrowband benchmark, yielding gains of more than
10dB RMSE in scenarios involving spectral correlations and
low SNR. The proposed SVD-direct algorithm also exhibited
competitive performance with real reverberant speech data con-
taminated by directional interferers and spatially uncorrelated
noise. These achievements are obtained without compromising
conceptual interpretability, as the channel estimate can be com-
puted in closed form with just a few lines of code.

Furthermore, we derived CRBs for wideband channel es-
timation, revealing the potential for substantial accuracy im-
provements when noise, and to a lesser extent, the target ex-
hibits high-frequency correlation. This study serves as a starting
point for understanding the impact of spectral correlations on
parameter estimation for array processing. Future endeavors
will focus on refining the estimation of spectral-spatial co-
variance matrices, conducting more comprehensive tests on
real-world measurements, and analyzing the influence of spec-
tral correlation in speech enhancement and acoustic source
separation.

APPENDIX A
PROOF OF CONDITIONAL CRB [EQUATION (25)]

Proof: To obtain the Cramér—Rao bound for the unknown pa-
rameters 6, we first calculate the derivatives of the log-likelihood
function with respect to the unknown parameters to form the
Fisher information matrix. Notice that the log-likelihood is a
real-valued function of acomplex variable 6. Thus, by evaluating
the gradients using Wirtinger derivatives [37], we can make use
of the following properties.

Lemma 2: Let f : CP x CP x C9 x C? — R be areal scalar
function of four complex variables w, w* € C? and z, z* € C4.
Then

a) Vof =(Vaf)".

b) V. Vo f=(VaViy ).

Proof:

a) Follows from the fact the gradient operators are complex

conjugates while f is real.

b)

VVEf=V.Vif =V VI)Tf
= (Vo VY f = (V.- VE ).

O

For notational convenience, we define £(0) = Inp(X;8).

We will begin by evaluating the bottom-right quadrant of the

Fisher information matrix (20), defined as — E[V,-VZ £(0)].

Expanding the matrix product, the partial derivative of the log-
likelihood £(0) in (24) with respect to aj, is given by

L
Va £(60) = =V (Z(w(l) - AS(l))Hvav(l)> (39)
=1
L KM
=V [ DD si(Dal R, v(1) (40)
=1 j=1
L
=Y si(ef R, v (D) (41)
=1
The second order derivative evaluates to
Vi Va, £(0) = = > si(ef R, emsm(l). (42)
=1
This leads to
L
—E[VaVELO) =) SOYR,'S(),  43)

=1

where we defined S(I) = diag(s(l)). With this, the Fisher
information matrix is given by (cf. Lemma 2) Iy =
blkdiag(B*, B), where blkdiag(-) is the operator that con-
structs a block diagonal matrix from the given matrices, and
B =Y, 5()"R;'S(l). The block-diagonal matrix Ig can

be inverted block-wise, leading to
I,' = blkdiag((B*)"',B ™). (44)

The variance of unbiased estimators of the ATF is, therefore,
bounded by var(a;) > [(B*) Y, i=1,...,M.
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Transfer functions can be estimated in relation to a reference
sensor r with a function g(+) defined in (22). Choosing r = 1 as
a reference sensor, the Jacobian matrix can be written as

Veg = |:Vag Va,*gj| = {Vag OK]\/IXK]\/[} )

where the right block of the gradient, V,-g, is null be-
cause g(-) does not depend on a*. We can further partition
the left block of the gradient in K “fat” matrices Vo9 =
[Vglg, e ,VZKg}T,WhereVakg € CMXEM | —1, ... K.
Individual blocks V4, g can be written as (46) shown at the bot-
tom of this page so that Vg shows a block-diagonal structure.
With this, we have from (44) and (21)

Ry = (Veg)Is' (Vg 9) = (Vag)(B") ' (Vdg).

The CRB corresponds to the diagonal elements of the matrix at
the right-hand side of (47), as stated in (25). O

(45)

(47)

APPENDIX B
PROOF OF UNCONDITIONAL CRB [EQUATION (27)]

We first list some derivative rules (e.g., [35]) for a generic
square matrix X (@), where the values of X depend on 6.

Vo, In(X) = tr(X 'V, X), (48)
Vo, tr(X) = tr(Vy, X), 49)
Ve, X '=-X"1Ve, X)X 1. (50)

The computation of the unconditional CRB requires the calcu-
lation of first- and second-order derivatives of the log-likelihood
in (26), reproduced here for easy reference:

L£(0) = —LIn|rR,| — Ltr (R, R;"). (51

Proof: The partial derivative of the log-likelihood £(€) in
(26) with respect to aj, is given by

Va»,; L(6)
where we introduced

F, =V, R, = AR,E*"

—Ltr(R,'F),) — Ltr (R,'F,R;'R,), (52)

(53)

and E¥ is zero everywhere and 1 at entry ij. The first term on
the right-hand side of (52) is obtained directly from (48). The
second term is obtained by using the derivative of the trace and of
the matrix inverse as given by (49) and (50), respectively, along
with the cyclic property of the trace operator. It is important to
note that the estimate R, is independent of the parameter vector
a. The second-order partial derivative of £(0) writes

Van, Va L(0)=— LV, [tr (R Fi,)+ tr(R;' FL.R;'R,)).
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The derivatives of the two terms can be evaluated separately. For
the first term in (54), we have

\V/
=tr (-R,'G.R,'F,, + R, H,,..),

ap tr (R,YF) = tr (V,, R Fy)

(55)

which is obtained by applying the product rule together with
(49) and (50). Here, G,,, and H ,,,;, are defined as

Gn =V, R.,=E"R,A", (56)
H, =V, Fr =V, Vo R, = E"R,E*".  (57)
The second term in (54) is given by
Vo tr(R,'FyR;'R,) =trV, (R,'R,R,'F})
= tr [R;leRgl(Gngle — H,p + FLR;'Gy))
(58)

which was again obtained by utilizing the product rule, (49),
(50), and rearranging the resulting terms. By combining (55)
and (58), the negative expected second-order partial derivative
follows as

B[V, Vo £(6)]
=LE { tr [—R;l(GmR;lek - HnLk)]

am

Ftr {R;leRgl(Gngle — Ho + FkR;Gm)] }

=Ltr (R,'FR,;'G,,). (59)

To collect the expected values of the second-order par-
tial derivative, we define a matrix C'; such that [C1],x =
—E[Va,, Va; £(0)]. The elements of the bottom left block
of the Fisher information matrix can be similarly obtained as
[Cao)mk = —E[V,,, Va,L£(0)] = Ltr (R;'GLR,'G,,), and
the elements — E[V,: V.. £(8)] of the top right block follow
as C4 from Lemma 2. The inverse of the Fisher information
matrix for the unconditional case can then be represented by:

-1
-1 c; cH _ C x
o C, x k|

C,
where C € CEKM*EM g obtained by selecting the first K M
rows and columns from 1 51. To derive the bound for estimating
the relative transfer function, we employ the mapping g(-) as
defined in (22). Using (21), the inverse Fisher information matrix
is left- and right-multiplied by Vg, which is defined in (45),

(60)

(54) resulting in the final form of the bound given by (27). |
0 0 0 0
_ak2a1;12 agll 01 - 0
Onrxe-nyp | — k3% 0 ap Onrx(x—k)M | (46)
—apmag; 0 0 af
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