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1
INTRODUCTION

1.1. BACKGROUND
Modern societies are becoming increasing dependent on reliable and secure energy supplies to hold up

economic growth and community prosperity. The worldwide primary energy consumption will definitely

keep growing continuously in the future even though there is a certain degree of declination as the after-

math of financial crisis in some years. Various methods of acquiring energy from the nature have been

developed along with the long development of human beings, including fossil fuels, hydroelectricity, re-

newable and nuclear energy. Among which, oil and gas remains the world’s dominant fuel and thus still

the engine of the world economy.

Figure 1.1: World energy consumption by sources (copyright from the Economist)

Currently, approximately 30 percent of world oil and gas production comes from offshore and it is

expected to continue increasing in the future. Furthermore, advancements in technology have expanded

1
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the industry to deeper water. Over the last few decades, offshore production has increased tremendously.

The extraction of oil and gas from offshore area requires sub-sea pipelines to connect offshore facilities

and transport these hydrocarbons to terminals, either onshore or offshore. Thus sub-sea pipelines are a

significant component of offshore hydrocarbon developments.

Despite all kinds of pipe laying methods, a series of professional pipe-laying devices mounted on the

vessel are used to lay pipelines into sub-sea area. The most frequently used methods are S-lay and J-lay

method mainly according to the water depth.

The S-lay method is commonly used in all kinds of pipe laying projects with various water depth

nowadays. While for extremely deep water, the departure angle of the pipe becomes so steep that required

stinger length of S-lay vessels may not be feasible. Overcoming some of the obstacles in S-lay installation,

J-lay operation has put less stress on the pipeline, that are laid into the sea water in an almost vertical

position. Here, pipe is lifted via a tall tower on-board, and is inserted into the sea. Unlike double curvature

obtained in S-lay, the pipeline only curves once in J-lay installation, appears in the shape of character "J"

under the water[1].

Figure 1.2: Illustration for S-lay (Left) and J-lay (Right) (Copyright from Saipem)

During pipe-laying process, complex pipelines design issues may appear, such as in-plane and out-of-

plane vibration. The ’snake’ bending in as-laid part of pipelines , is one of the unexpected consequences

from pipeline motions, which require thorough consideration about the dynamics of pipelines during

laying operation. In the past, more attention has been paid to the statics and dynamics of the suspended

pipeline and pipe-soil interaction of seabed pipelines. These two parts are often analysed separately due

to the sophistication for such kinds of problems.

This thesis mainly focuses on dynamic analysis for lateral vibration of pipelines comprising as-laid

pipelines on seabed and suspended pipelines hanging from the laying vessel during J-lay process. For
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the as-laid pipelines on seabed, a simplified dynamic model will be derived considering soil resistance

based on pipe-soil interaction mechanism. Another separate dynamic model for the suspended pipeline

will also be derived incorporating vortex induced vibration. After the separate models for both parts are

determined and verified, they are further coupled together to analyse the relation between these parts,

which in essence has simulated the static laying process. Furthermore, the dynamic laying process is also

investigated into based on the above coupled model.

1.2. PROBLEM STATEMENT

1.2.1. PROBLEM DESCRIPTION

During the pipe laying process, suspended pipeline descends from a J-lay vessel in a nearly catenary

configuration at a water depth of 910 m, connecting to the seabed pipeline as illustrated clearly in Fig.1.3.

Figure 1.3: Illustration for laying process (Copyright from Zachary Westgate)

The suspended pipeline is connected to the laying vessel at a mean top laying angle of 80◦, as shown in

Fig.1.3. The outer diameter for the pipeline is 273 mm (10.75 inch) with a wall thickness of 20.6 mm (0.812

inch). During laying process, the total length of suspended pipelines can be calculated in the following

chapter, while seabed pipelines are considered as a semi-infinite part. When building up the dynamic

analysing model for the pipelines, the top-end is modelled as a fixed boundary, the infinite end on the

seabed is modelled as fixed with a finite reasonable length long enough. The pipeline has a density of

7800 kg /m3 for preliminary design intention. Soft clay is the main soil types for newly discovered deep
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water field, which is also the main research interests of this thesis. For this kind of soil type, Su0 (mud

line shear strength) typically ranges from 1.2 to 3.8 kPa at seabed level, and Sug (shear strength gradient)

ranges from 0.8 to 2.0 kPa/m [2] [3]. In the nonlinear soil model of this thesis, the value of Su0 and Sug

is chosen as 2.6 kPa and 1.25kPa/m separately in the median range. The value of ρsoi l (saturated soil

density) is 1500 kg /m3.

When the laying vessel is operating, the pipeline undergoes static force by its own weight and hy-

drostatic pressure and thus the suspended part will appear a modified catenary shape, or in other word

the stiffened catenary as will be elaborated in Appendix A. In addition to the static load, the suspended

pipeline is also loaded dynamically by waves,currents and vessel motions. The influence of currents will

be considered in this essay, while the influence from waves and vessel motion is beyond the scope of this

essay due to limited time. For the as-laid pipeline on seabed, an initial penetration length into the clay

will be gradually reached due to its submerged self-weight. The pipe-soil interaction in as-laid pipeline

provides resistance hindering the movements of seabed pipeline.

The coupling effects of pipeline, soil, currents in this research determines the vibration of pipeline

system. Suspended pipeline begins to vibrate steadily under the influence of vortex induced vibration

due to currents, which leads to the vibration of seabed pipeline. Also with the soil resistance, the seabed

pipeline may arrive at a bending shape rather than its expected initial straight configuration. In this thesis,

large displacement beyond limits result from lateral vibrations may jeopardize the integrity and safety of

the system, thus it is essential to simulate and investigate into the dynamic laying process of the pipeline.

1.2.2. OBJECTIVES

The strategy for the research is to build up a simplified model simulating the out-of-plane vibration

of pipeline in dynamic laying process, and to do subsequent analysing work. This thesis focuses on

analysing the out-of-plane vibration of coupled pipeline system due to coupling effects of pipe-soil in-

teraction in seabed pipeline, vortex induced vibration of suspended pipeline. This thesis also investigate

into the influence of touch down zone and dynamic laying process on the probable bending configuration

in seabed pipeline. The objectives of this thesis project can be summarized as:

• Build up analytical equation of motions for seabed pipeline and suspended pipeline.

• Simulate the lateral vibration of seabed pipeline capturing the essence of pipe-soil interaction.

• Simulate the VIV for suspended pipeline.

• Simulate the static laying process, namely the lateral vibration of coupled seabed and suspended

pipeline system without length increment due to laying.

• Simulate the influence of touchdown zone on the bending configuration of the seabed pipeline.

• Simulate the dynamic laying process incorporating pipeline length increment, and investigate into

its influence.
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• Analyse acquired results and potential influential parameters.

• Propose effective solutions to minimize the lateral vibration.

1.2.3. ASSUMPTIONS

The dynamic analysis is an essential procedure for the lateral vibration of pipeline during laying pro-

cess, which is also a rather difficult step to be modelled fully and precisely. Thus some reasonable as-

sumptions and simplifications are proposed at the very beginning. The pipeline system comprising the

seabed part and suspended part, and the dynamic behaviour of these two parts will be focused on the

out-of-plane vibration only. The in-plane vibration is neglected. The initial static configuration of the

suspended pipeline under effects of current flow is determined based on stiffened catenary assumption,

which is calculated through numerical methods. After the initial static configuration of pipeline is set

up, the lateral vibration of coupled pipeline system is analysed around this referential initial static con-

figuration. Other assumptions that concern the properties of the pipeline, external dynamic forces, the

boundary conditions and the numerical method that will be used to solve the equations of motion will be

further discussed in detail as following.

Out-of-plane modelling

The laying speed of J-lay vessel is normally 50-150 m/hr , which is a rather small value compared to that

of S-lay and reel-lay vessels. The pipeline laying process can thus be treated as an ideally continuous

and steady movement. Throughout this research, the coupled pipeline system is considered to keep its

initial static configuration in-plane under the effects of constant current flow. The dynamic motion of the

pipeline model is vibrating at a small amplitude around the initial static configuration.

The main focus of this research is on the out-of-plane vibration for the pipeline system. Especially for

the seabed pipeline, axial displacement is beyond the scope of this research and is assumed as no axial

motion here. While the tension changing in seabed pipeline due to axial strain is the only concerned point

in this research as will be explained in the tension calculation of Chapter 3.7. Situation may vary for the

suspended pipeline part, due to the curved in-plane configuration. There are published papers support

the point of view that if a curved beam model has uniform circular cross-section which is also doubly

symmetric, the out-of plane vibration for the beam model can be seen as uncoupled with the in-plane

vibration[4]. The amplitude of in-plane vibration for suspended pipeline due to vortex induced vibration

is relatively small and in-plane vibration mainly results in the fatigue problem in engineering practice,

which is beyond the scope of this research. Thus in-plane vibration of suspended part due to current

flow will be neglected in this study. Moreover, if the radius of in-line curved beam becomes infinite, the

curved beam model has transformed into a straight one. In this research, although the curved pipeline

has a large bending angle from seabed to the sea level, but the water depth is deep enough, leading to a

sufficient pipeline length. Consequently, the radius of curved beam model for suspended pipeline is large

enough to make the assumption that the calculation of out-of-plane vibration part can be based on the

calculation of a straight beam model.
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Pipeline system properties

In this essay, the pipeline has a diameter of 0.273 m (10.75 inch), which is a rather small value compared

to the length of laying pipeline, which can reach several kilometres. Besides, only lateral vibration is

concerned in the essay and the torsion inside pipeline is beyond the scope of this research, which is

neglected accordingly. Therefore the pipeline is considered as an Euler-Bernoulli beam.

The pipeline can be either air-filled or water-filled during laying process. The submerged weight of

pipeline would also vary for these two methods. While for a deep water situation, the weight of water-

filled pipeline may be too heavy for the laying vessel to carry. Thus in this study, air-filled pipeline is

adopted during laying and the submerged weight is calculated accordingly.

Moreover, for the as-laid pipeline, the vertical initial penetration is only considered under the influ-

ence of its submerged weight and will stay at the same penetration level during the lateral vibration.

External forces

As current flows past a cylinder, vortex shedding may take place in the wake, which also occurs alterna-

tively from both sides of the cylinder at a regular frequency, namely the shedding frequency. Current flow

below the sea level can cause severe vortex-induced vibration if the shedding frequency, at which vortices

are shed, is close to one of the eigen frequencies of the pipeline system. This process may induce in-

line and cross-flow vibrations of circular structures. The magnitude of cross-flow direction VIV is much

larger than that of in-line VIV. Currents induced VIV in the suspended pipeline will be transmitted into

the seabed pipeline. The direction for currents in this essay is set as in-plane and horizontal as shown in

Fig.1.3. Two kinds of current profile may be taken in this research, one is the uniform distribution which

means the current speed is the same from sea level to seabed, the other one is the shear profile in which

the current speed is zero at seabed and has maximum value at sea level.

When the pipeline vibrates in the water, the external forces exerted by the sea water on the as-laid

will be modelled by the Morison equation, which is in this case equal to the summation of the drag force

and the inertia force due to the accelerated water in the neighbourhood of the pipeline. While for the

suspended pipeline, a wake oscillator model is adopted to simulate such interaction.

Boundary Conditions

In the construction procedures of simplified models within this research, the boundary conditions also

plays an important role in modelling the vibration of pipeline. In the following chapters, the as-laid

pipeline part and suspended pipeline part are first dealt with separately and then the coupled system

of these two parts is analysed.

For seabed pipeline part, the pipeline is simplified as a semi-infinite beam. While seeking numerical

solution through MATLAB, for convenience, this semi-infinite beam can be modelled as a beam with

finite yet sufficient length. The boundary condition in this end can thus be treated as fixed. The boundary

condition at the connection end with suspended pipeline, the boundary condition is also set as fixed

boundary as in practice the slope angle is small. In order to model the lateral vibration transmitted from
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the suspended part, the fixed boundary is also given an external displacement. Therefore the boundary

end becomes fixed-sliding.

For the suspended pipeline part, the end connected to the vessel is considered as fixed since the lateral

motion of laying vessel is not considered in this research. For the bottom end, the soil stiffness has only

a scarce influence on the suspended part. It is the boundary phenomenon that really matters (Lenci et

al). Thus, the assumption can be made that the bottom boundary end is fixed. In reality, the soil-pipe

interaction process in touch down zone is really complex, which has strong nonlinear characteristics in

both vertical and lateral direction. This is beyond the scope of this study.

For coupling of as-laid and suspended pipeline, the boundary conditions are both fixed and the inter-

face conditions at the connection point are continuous, as will be explained in detail.

Methods for solving the equilibrium

For seabed pipeline, suspended pipeline and coupled pipeline system, the equations of motion will be

given to describe their motions separately. In the calculation model, both VIV and pipe-soil interaction

have strong non-linearity. Thus the solution is calculated in time domain in this essay. After equations

of motion is given first, finite difference method is applied to discretise and simplify the equations of

motion. Newmark-βmethod is used to solve the acquired ordinary differential equations. Given an initial

input of the pipeline motion, the displacement, velocity and acceleration of the pipeline elements can be

calculated step by step in time domain.

To sum up, main assumptions and simplifications are listed below:

• The pipeline is modelled as Euler-Bernoulli beam.

• Equations of motion for the beam is still in the elastic range during vibration

• Torsion and axial extension of the beam is neglected during dynamic laying modelling

• Out-of-plane vibration during laying process is focused, the coupling between in-plane and out-

of-plane vibration is neglected.

• Vertical vibration of as-laid pipeline is neglected, and an initial penetration is assumed as static

during the lateral vibration process.

• The pipe soil interaction model is used as an bi-linear soil model.

• Only the cross-flow vibration caused by VIV is concerned and in-line vibration is beyond the scope

of this study

• The suspended pipeline model is fixed at both seabed and top end.

• The seabed pipeline model has finite sufficient length, is fixed at one end and fixed-sliding at the

other end.

• The coupling pipeline is fixed at both boundary end.
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• The setting of touchdown zone is simplified pre-defined to analyse its influence.

• Fictitious part is added into the coupled pipeline system to simulate the increasing length of pipeline

during laying.s

• The lateral vibration of the pipeline are small with respect to the static configuration of the pipeline.

• Independence principle is considered as valid in large angle of inclination.

• The dynamic analysis of the pipeline system is analysed in time domain.

1.3. THESIS OUTLINE
The current thesis report comprises 7 chapters and is organized as follows:

Chapter 1 briefly explains a research background together with thesis problem description, objective,

thesis outline and main assumptions.

Chapter 2 contains three basic fundamental areas of knowledge in the form of literature review: i) general

information of laying process, ii) theory of pipe-soil interaction for as-laid pipeline, and iii) theory of

vortex induced vibration due to current.

Chapter 3 presents derivation of equations of motion for as-laid pipeline and analysis of influential pa-

rameters.

Chapter 4 contains the equations of motion for suspended pipeline using wake-oscillator coupling model

and the analysis of influential parameters.

Chapter 5 is a succeeding deduction from Chapter 3 and 4, depicting the coupling system of as-laid

pipeline and suspended pipeline, which is mainly static laying process modelling without considering

the increasing length of pipeline system.

Chapter 6 introduces the influence of touchdown zone on the vibration of seabed pipeline during laying

process.

Chapter 7 builds up the dynamic laying model based on static laying process model in Chapter 5. The

new model has compared the results and given qualitative analysis.

Chapter 8 is the conclusion summarizing the above chapters.
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LITERATURE STUDY

2.1. PIPE-SOIL INTERACTION MODEL
During the pipe laying process, it is common practice to trench and bury the pipeline for maintaining sta-

bility and protection from trawl gear in shallow water. As the offshore oil and gas industry heads to deeper

sea area, a more elegant way is to simply lay the pipelines on seabed for the consideration of trenching dif-

ficulty and economic costs. As the seabed plays the role of resistance component in analysing on-bottom

pipeline movements thus properly depicting the process of pipe-soil interaction process is of vital impor-

tance.

Pipe-soil interaction resistance is more complex than simple friction but a highly non-linear response

(Elosta et al 2013). The shallowly embedded pipeline-soil interaction model should incorporate both

vertical and lateral responses to the external loading during pipeline laying process.

In recent decades, there are several typical experiments carried out and the corresponding models

built up, the hysteretic non-linear model depicting vertical response of pipe-soil interaction (Randolph

et al 2009), and the gradually improved lateral response modelling by bilinear model (Classical Coulomb

friction approach), trilinear model (Wagner et al 1989, Brennodden et al 1989, White and Cheuk 2008)

and plasticity-based macro-element model (Zhang et al 2002).

2.1.1. PIPE-SOIL VERTICAL INTERACTION MODEL

Advanced non-linear pipe-soil interaction models have been developed and validated by recent labora-

tory and field experiments and the following theoretical simulation work with acceptable accuracy (Ran-

dolph et al 2009). In Randolph’s non-linear pipe-soil vertical interaction model, the essence of soil stiff-

ness changing with the magnitude of pipeline penetration and cyclic motions is emphasized.

The model first uses the pipeline diameter, soil shear strength varying with depth and soil density

9
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Figure 2.1: Schematic Illustration of SCR-seabed interaction in TDZ (Copyright from Elosta 2013)

as its input data, then considered additional parameters to include vertical interaction features like pipe

embedment, cyclic loading motion, and soil suction effect. Consequently, the vertical soil resistance on

seabed is depicted by four different penetration modes, which are Not-in-Contact, Initial Penetration,

Uplift and Repenetration. The process of which is illustrated in Fig.2.2.

Figure 2.2: soil model penetration modes (Copyright from Mark Randolph)

Along with four penetration modes, corresponding depictive functions are used for these modes and

the function parameters are updated every time with increasing penetration under cyclic load in vertical
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plane. The following Fig.2.3 makes the penetration process clearer.

Figure 2.3: Soil model characteristics for different modes (Copyright from Mark Randolph)

Randolph’s model is proved still to be clear and effective for practical engineering use, although no

consideration is made for the softening effects of soil because of remolding process.

2.1.2. PIPE-SOIL LATERAL INTERACTION MODEL

Decades ago in industry practice, lateral soil resistance was estimated with a Coulomb friction model cal-

culating the lateral resistance by effective submerged pipeline vertical force (submerged pipeline weight

minus hydrodynamic lift force) and a simple soil friction coefficient only depending on soil type.

Wagner in 1987 had improved the pipe-soil interaction model taking the soil strength information

and loading history effects into consideration. Afterwards Brennodden et al 1989 further improved the

interaction model incorporating the variation of pipe penetration due to arbitrary loading conditions.

Furthermore Bruton et al 2006 has defined four stage of pipe-soil interaction and mentioned the build-

ing of soil berms occurs with cyclic lateral loading. White and Cheuk 2007 developed an approach for

elaborating the growth of lateral soil resistance resulting from monotonic and cyclic model response due

to berm resistance. Besides, the most sophisticated pipe-soil interaction model is plasticity based macro

element model using a framework of work hardening plasticity to create models for the generalized re-

sponse of a pipe resting on soil under combined V-H (Vertical-Horizontal) loading.

Coulomb friction model (Bi-linear lateral resistance model)

The Coulomb friction model [5] can be illustrated clearly in Fig.2.4, lateral soil resistance in this bilinear

model is calculated as :
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Figure 2.4: Coulomb friction model (Copyright from Elosta 2013)

(Fy )max =µV with V = Ws −FL (2.1)

Namely the simple model only depends on the effective submerged pipeline weight and soil type.

Conventional industry practice for pipeline design with this model is to mimic the pipe-soil interaction

by applying spring slider elements at intervals along the pipeline. The relation of lateral resistance and

displacement for this bi-linear elastic modelling can be seen in Fig.2.4.

The resistance and displacement curve shows that the linear part of lateral friction force is given by

F = −ks Ay and has reached a maximum of µV in breakout displacement ybr eakout , where ybr eakout =
µV /ks A as a result.

Two-component model

Pipe-soil resistance is far more complicated than Coulomb friction model, to improve this process em-

phasizing on loading history and pipe penetration, Wagner developed a two component model by esti-

mating the lateral soil resistance with sliding resistance and soil passive resistance after analyzing exper-

iment test data. The first component mimicking the sliding resistance of the pipe along a flat soil surface

depends on the effective submerged pipeline weight. The second component, considering soil resistance

caused by passive failure of soil wedge in front of the partially embedded pipeline, depends on the pipe

penetration and soil strength.

This improved model has the general form of:

FH = FF +FR (2.2)

Where FH is the total lateral soil resistance, FF is the sliding resistance and FR is the lateral passive soil

resistance term.
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This equation can also be specified further in sand model and clay model,

FH =µV +βγA (sand model)

Where µ is the soil sliding resistance coefficient, V is the effective submerged pipeline weight, β is the

empirical soil passive resistance coefficient, γ is the effective weight of sand and A is the pipe-soil lateral

contact area.

FH =µV +βc
A

D
(clay model)

Where c is the remolded undrained shear strength for the clay, Dis the pipe diameter. In this two-

component model, Brennodden et al 1989 further developed an improved calculation approach for FR

using an energy based method rather than the empirically estimation as stated above.

Tri-linear lateral resistance model

Beyond the simple bilinear friction model and the two-component model, a more sophisticated trilin-

ear lateral pipe-soil interaction model had been developed by Bruton et al 2006. The model was further

improved by including detailed calculation for berm resistance due to soil accumulation in front of the

pipeline (White and Cheuk 2008). As illustrated in Fig.2.5, the trilinear model mimic the lateral soil re-

sponse using independent values of pipe-soil breakout resistance , and residual resistance . The pipe

laying process leads to a larger penetration than the initial penetration caused by effective submerged

weight of pipeline alone in the touch down zone. Thus there will appear over-penetration of the pipeline

in touch down zone compared to the already laid pipeline far away.

Figure 2.5: Lateral trilinear pipe-soil interaction model (Copyright from White 2008)

Bruton has analysed the experimental results and draw the conclusion that normalized dimensionless

breakout resistance, hbr eakout = Hbr eakout /Dsu depends on the current normalized vertical load, v =
V /Dsu , the initial embedment depth, wi ni t /D , and the dimensionless ratio of soil strength to weight,

su/γ′D . The following expression is used to depict the model well:

hbr eakout =µv + 3√
su/γ′D

wi ni t

D
with µ= 0.2 (2.3)
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For this tri-linear model, the lateral pipe-soil resistance has reached a constant value after breakout.

The defined dimensionless residual resistance, hr esi dual = Hr esi dual /Dsu depends on the dimensionless

soil strength weight ratio, su/γ′D . The expression of residual resistance is:

hr esi dual

v
= 1−0.65

[
1−exp

(
−1

2

su

γ′D

)]
(2.4)

The occurrence of such breakout resistance is within less than 1/2 diameter for lateral pipe displace-

ment, while residual resistance first occurs within 3 to 5 diameters. Thus lateral resistance is governed by

residual resistance when large lateral displacement of the pipeline appears due to external excitations.

Actually the residual resistance is slightly increasing when the pipeline move laterally because a berm

of soil has built up in front of the pipe. Especially during cycle loading, soil berms at the extremities of

pipeline displacement range will cause an additional resistance during subsequent larger cycles. Thus an

improved model has been developed by White and Cheuk elaborating the influence of soil berms. The

improved model is illustrated as:

Figure 2.6: Illustration for trilinear model(Copyright from White 2008)

The berm resistance is added to the residual resistance in a trilinear model stated above, and can be

predicted as,

hber m =
(

Hber m

Dsu

)
=

(
αλvβ

u

D

)δ
(2.5)

Where α = 0.015 and β = 2.3 as simulated value for embedment of a rough pipe, for w/D < 0.5 , λ is

related to the actual shape of the berm and the value of which is assumed as 1 here, δ is assumed to be

0.5 .



2.2. VIV OF SUSPENDED PIPELINE

2

15

2.2. VIV OF SUSPENDED PIPELINE
The coupling effects of structures and fluids has been studied dating back to the start of offshore subjects.

The suspended pipeline in deep water may experience the dynamic coupling force of wave and currents.

General theory about flow passes cylinder will be explained in detail here.

2.2.1. FLUID FLOWS PAST CYLINDER

When a real fluid flows past a bluff body, such as a cylinder, various form of flow can be developed. The

Reynold number is used to characterize different types of flow, which is defined as:

Re = V D

v

Where V is velocity of flow, D is the diameter of a cylinder and v is the kinematic viscosity of the fluid.

The flow regimes changes a lot when the characteristic Reynold number of the flow changes, as shown in

Fig.2.7.

For a very small value of Re, the flow pasts around the cylinder without separation. At the Re value

of about 40, vortex first appears and the vortex street remains laminar. It will keeps its form in spanwise

direction until the Re value goes beyond 200. The wake is completely turbulent for Re > 300, and the

regime for 300 < Re < 3×105 is known as the sub-critical flow regime.

The vortices appears in the wake of the cylinder and the wake will become gradually unstable while

increasing the value of Reynolds number. The phenomenon that vortices repeatedly form and are typ-

ically alternately shed into the flow from each side of the cylinder, is referred as vortex shedding. The

vortex shedding phenomenon shown in Fig.2.8 in is common to all the flow regimes with the property of

Re > 40, as shown from Fig.2.7. An alternative vortex shedding from both side of the cylinder forms one

period for vortex shedding. Here also comes the meaning of shedding frequency at which the vortices are

shed at pairs.

fs = St

D
V (2.6)

Where f s is the shedding frequency, D is the diameter of a cylinder and V is flow speed. St is the Strouhal

number which has a relation with Reynolds number. The relation is verified by series of experiments

and is depicted in Fig.2.9. The Strouhal number is intrinsically a dimensionless number describing oscil-

lating flow mechanisms. Moreover, it is strongly influenced by the surface roughness and cross-section

shape of the bluff bodies, also by the turbulence and effects of shear for incoming flow. Wall proximity

is also an important influential factor. In Fig.2.9, the most interesting phenomenon is that St is prac-

tically constant and equal to 0.2 in the sub-critical flow regime (300 < Re < 3× 105). In which regime,

the shedding frequency has a linear relation with the flow velocity for a determined cylinder diameter.

While for Re > 3×105the Strouhal number increases a little bit for rough surface bodies and dramatically

for smooth surface bodies. Thus the vortices and fluctuations are no longer regular and its frequency

becomes harder to define.
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Figure 2.7: Regimes of flow around a smooth, circular cylinder in steady current

Figure 2.8: Staggered alternate vortex shedding – in-line and cross-flow response, J P Kenny (1993)
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Figure 2.9: Relation between Strouhal number and Reynolds number (Source: MIT OPW)

FLOW FORCES ON THE CYLINDER

The above-mentioned section discussed different flow forms cross a circular cylinder related to the Reynolds

number. The flow is commonly featured with vortex shedding except for very small Reynolds number

(Re < 40) which is really out of interest for engineering use. Thus this section will discussed about the

forces induced by these vortices.

As a consequence of the vortex-shedding phenomenon, vortices are (alternately) shed behind the

cylinder thus a cyclic pressure variation will occur in the wake. At the location where the vortex is closest

to the cylinder the local velocities in the wake will be highest and the local corresponding pressures will

be lowest. This mechanism leads to a resulting force directed toward the vortex. The force component

in the flow direction is called the drag force. The force component perpendicular to the flow direction is

called lift force as shown in Fig.2.10. The pressure distribution around the cylinder undergoes a periodic

Figure 2.10: Force components of lift and drag force

change as the shedding process progresses, resulting in a periodic variation in the force components on

the cylinder. The shedding frequency has been defined already, and there is also a clear relation between

lift force frequency and drag force frequency. The frequency of lift force is the same as the frequency

for vortex shedding (in pairs) frequency fs . While the frequency for drag force is twice the frequency of

vortex shedding fs defined above. Lift and drag force can be expressed as a relation of non-dimensional
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coefficients CL and CD separately in the form of Eq.(2.7).

F D = 1

2
ρDV 2C D (2.7a)

F L = 1

2
ρDV 2C L (2.7b)

where the overline in drag and lift coefficients means the average value. What is more, the mean drag

and lift coefficient can also be shown as a function of Reynolds number as the following picture shown in

Fig.2.11 and Fig.2.12.

Figure 2.11: Relation between mean drag coefficients and Reynolds number

The relation between mean drag coefficients and Reynolds number shown in Fig.2.11 contains the

functions for stationary cylinder with rough and smooth surface. As seen from Fig.2.11, CD decreases

monotonously with Re at the very beginning until Re reaches the value of about 300. Continuously, CD

is assumed as a basically constant value, roughly 1.2, throughout the sub-critical Re range (300 < Re <
3×105), the value of which is always used in most cases. When Re reaches the value of 3×105, there is a

dramatic fall in CD , the drag coefficient decreases abruptly and is assumed as a much lower value, about

0.25, in the supercritical Re range, 3.5×105 < Re < 1.5×106 (Fig. 2.11). The phenomenon of this fall is

called the drag crisis.

With the same purpose, the Root Mean Square value (RMS) of the lift force coefficients is often used

to quantify the lift force. The RMS lift coefficient for a stationary cylinder is shown in Fig.2.12.

VIV FOR OSCILLATING CYLINDER

In the previous section, drag and lift forces for a stationary cylinder are explained in general. For actual

situation, the cylinder undergoing environmental loading may oscillate in the water, namely the vortex

induced vibration. The maximum magnitude for the VIV of cylinder can reach about 1 diameter of the

cylinder, when the shedding frequency is close to the the natural frequency of the cylinder. This phe-

nomenon is also called the lock-in phenomenon which is mainly decided by the environmental loading

and the intrinsic characteristic of the cylinder.
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Figure 2.12: Relation between r.m.s of lift coefficients and Reynolds number

A typical experiment studying into the vortex induced vibration of a free cylinder was conducted by

Khalak and Williamson. The experiment shows the results about a cylinder moving freely in a crossflow

direction under steady current flow. An illustration is shown in Fig.2.13.

Figure 2.13: Schematic of the experimental arrangement

The experiments acquired the results for steady state response of the cylinder, which contain informa-

tion about the reduced velocity for currents, maximum cylinder vibration amplitude, cylinder vibration

frequency and shedding frequency. The experiment is repeated for different steady flow velocities and

thus with different reduced velocity. In VIV, the current which causes the vibrations is important, be-

cause the speed of the current will determine the frequency of the vibration. The value of the velocities

setting in the experiment is conducted both in increasing and decreasing trend, in order to capture the

characteristic of hysteretic effects.

Later the such experiments are repeated by Jauvtis and Willamson including both cross-flow and in-

line direction vibration for the cylinder, namely a two degree of freedom vibration for the cylinder. The
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results of both experiments are shown in Fig.2.14.

Dots (•) is cross-flow vibration results acquired by Khalak and Williamson in 1999, whereas Circles (◦)

shows the later two degrees of freedom vibration results by Jauvtis and Willamson in 2003.

In Fig.2.14, the upper one shows the relation between reduced velocity and maximum amplitude of

cross-flow, in-line cylinder vibration. While the lower one shows the relation between the reduced ve-

locity and cylinder vibration frequency. The results are also shown in dimensionless parameters, Ay is

the ratio of actual cross-flow vibration amplitude and cylinder diameter. The same situation also applies

to Ax which is for the in-line vibration. The frequency response fy of the cylinder is the ratio of natural

frequency of the system.

Moreover, the reduced velocity is considered in finding the expected velocity range and is defined as:

Vn = V

D fn
(2.8)

Where fn is the n-th natural frequency of the experimental cylinder. The response of a flexible cylinder in

a uniform steady flow is characterised by three regions of instability (Fig.??).

These regions are defined by empirical rules (Wooton et al.,1972)

• The first region of in-line vibration instability occurs in the range of about 1.25Ur 52.5, the maxi-

mum response amplitude, at about Ur =1.9, is associated with symmetric vortex shedding.

• The second region of in-line vibration instability occurs in the range of about 2.75 Ur 53.8, the

maximum response amplitude, at about Ur =2.6, is associated with asymmetric vortex shedding.

• The third region of cross-flow vibration instability occurs in the range of about 4.85Ur 58.0, the

maximum response amplitude, at about Ur =5 to 6, is associated with asymmetric vortex shedding.

While taking both view of Fig.2.14 and Fig.2.15, some similarities can be found clearly. Compared with the

maximum amplitude of cross-flow vibration, the maximum in-line flow amplitude is relatively small and

is less significant unless the fatigue problem for pipelines is investigated into, which is beyond the scope

of this research. Thus for the main research proposal of lateral vibration in this essay, only the cross-flow

vibrations is concerned.

Another important deduction should be stated here:

Vn = V

D fn
= fs D

St
· 1

D fn
= 1

St

fs

fn

Where as already defined above, the value of Strouhal number St is considered as constant equalling to

0.2. Further more, when the shedding frequency approaches vibration frequency of the cylinder during

actual resonance phenomenon, a typical value of reduced velocity Vn ≈5 can be derived. Thus, once the

natural oscillation frequency of a structure such as risers is known, one can determine Vn and use it as a

rough estimation to predict a danger from resonant vortex-induced oscillations.
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Figure 2.14: Cross-flow and in-line vibration amplitudes (AY and AX ) and response frequency fY as functions of reduced velocity.
Dots (•) is only for cross-flow viration results acquired by Khalak and Williamson in 1999, whereas Circles (◦) shows the later two

degrees of freedom vibration including cross-flow and in-line results by Jauvtis and Willamson in 2003.
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Figure 2.15: Regions of instability vortex shedding

Now investigating back into the experimental results in Fig.2.14, typical phenomena mainly focusing

on cross-flow vibrations are concluded as following:

• When the value of reduced velocity Vn < 3, the vibration amplitude is relatively small. VIV can

be considered as non-existence. Still, vortex shedding frequency can be calculated using Strouhal

principal as 2.6 which is the same situation as a stationary cylinder.

• Once the reduced velocity Vn approaches the value of 5, vortex induced vibration may occur. The

shedding frequency begin to exceed the control of Strouhal principal and reached a constant value,

which equals to the natural frequency of the structure despite the increasing ofVn . This phenomenon

is called lock-in or synchronization of shedding frequency.

• When the lock-in regions extends during the range 4 < Vn <11, three types of vibration modes are

classified, namely the initial branch(I), the upper branch(U) and the lower branch(L). The vibra-

tion frequency increases slowly within the upper branch while remains constant within the lower

branch.

• When the value of Vn >11, the shedding frequency unlocks from the vibration frequency, the value

of shedding frequency begin to comply with the Stouhal frequency again. When the value of Vn >14,

VIV is no longer observed.

With the typical phenomena observed from the experiments, the fluid forces on oscillating cylinder

must be investigated. Still, the focus of fluid forces contains drag and lift forces in this condition. In the

case that the amplitude of vibration is very small, the coefficients for drag and lift force can be seen as the
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same as that for a rigid stationary cylinder. While for the cylinder in vortex induced vibration case, the

amplitude of the vibration is relatively large enough to take significant effects on the wake patterns, and

further on the drag and lift coefficients.

Take the drag coefficients as an example when the VIV synchronization happens. The modified drag

coefficients is dependent on the amplitude of cylinder vibration. The following relations was given by

Sarpkaya(1981) for in-line vibrations illustrating in Fig.2.15.

Cd =Cd0 + (0.12+3.80
Ay(x)

D
) first instability region (2.9a)

Cd =Cd0 + (0.08+2.66
Ay(x)

D
) second instability region (2.9b)

where y(x) is the mode shape and A is the magnitude of the modal response. For cross-flow vibrations in

the third instability region, DNV(1991) had suggested the following empirical equation.

Cd =Cd0(1+ 0.9Ay(x)

D
) (2.10)

The fluctuating drag components increase the total load by a factor of 2 to 3. Also in the experiment

performed by Khalak and Williamson, both drag and lift coefficients in cylinder vibration case have large

difference compared to the stationary case, therefore reasonable fluid forces modelling must be taken

into account. Currently, for numerical modelling and analysing the VIV of cylinder, a testified wake oscil-

lator model is chosen by solving coupling equations of structural motions and fluid flow.

The wake oscillator models put into the fluid forces into equations of motion for the cylinder by a

nonlinear oscillator equation representing the fluid forces. The nonlinear equations are often described

by a Van der Pol equations as will be elaborated later.





3
PIPE-SOIL INTERACTION MODEL

As stated in section 1.2.1, the pipeline system during J-lay process comprises the seabed part and sus-

pended part. This chapter presents a simplified model for simulating the lateral vibration of pipeline on

seabed separately. The chosen pipe-soil interaction pattern is incorporated and testified in this model,

as the most influential factor for seabed pipeline. After the simplified simulation model is settled, the

phenomenon appeared for the vibration of beam model is observed and analysed.

3.1. MODEL INFORMATION
During laying process, the pipeline on seabed is increasing its length as the laying vessel working contin-

uously. The length of seabed pipeline can be very large from the initial laid point to the touchdown point.

When the seabed pipeline is only taken into consideration, it can be seen as a semi-infinite length ten-

sioned Euler-Bernoulli beam with suitable boundary conditions. While for the numerically calculation

simplicity, the seabed pipeline is considered as a beam with sufficient length at which boundary end the

pipeline is undisturbed and can be considered as a fixed boundary. The assumptions for this model is

described previously in section 1.2.3.

Vertical penetration

The focus of this research is on the lateral vibration of the pipeline system during laying process. The

vertical motion of the pipeline is neglected considering the coupling effects of vertical and lateral vibra-

tion is small. Thus the vertical motion is neglected and the vertical penetration is assumed as a constant

value during the lateral vibration process. This constant value for vertical penetration length is defined as

initial embedment, which is equalling to the penetration of pipeline invert (the bottom of pipeline) be-

low mean seabed level. During the actual industrial practice, this value is highly unpredictable due to too
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many influential factors existed in reality. The complicated dynamic forces due to laying performance is

one of the large influential factor. Laying rate, laying vessel type and the curvature of suspended pipeline

catenary approaching seabed will also arouse changes in the value of embedment. The recommended

results acquired in lab tests are also highly influenced by subsequent consolidation-induced settlement.

A design equation is proposed by D.Bruton [6] under the basis of limited data. The equation connects

the normalised initial pipeline penetration (zi ni t /D)and the normalised vertical load resulting from ef-

fective pipe weight (V /DSu_i nver t ) and soil sensitivity(St ), which is the ratio of intact to remolded shear

strength.

zi ni t

D
= St

45
v2 = St

45

( V

DSu_i nver t

)2
(3.1)

For the reason of limited research and no robust analysis in this area, thus in this research, the soil

strength at the invert (V /DSu_i nver t ) is used as a representative value rather than using the exact values

related to varying penetration depth. Detailed data used in the equation is concluded in Tab. 3.1.

Tension in the beam

The axial force in this beam model is really an influential parameter for the lateral vibration of the model.

Thus it is highly necessary to clarifying the properties and magnitude of the axial force in on-bottom

horizontal pipeline.

The meaning for effective tension in submerged pipeline is explained here beforehand. For a sub-

merged pipeline without a closed surface, the concept of effective axial force is used to clarify the axial

force should be used to calculate the behaviour of the pipeline (Fyrileiv and Collberg, 2005) [7]. As seen

in Fig. 3.1,the unclosed section with an axial force, N , and the external pressure, pe , can be replaced by

a section where the external pressure acts over a closed surface and gives the resulting force equal to the

weight of the displaced water, namely the buoyancy of the pipe section (middle figure), and an axial force

equal to N +pe Ae .

A similar deduce can be exerted also on the case of internal pressure. Afterwards, the effective axial

force can be expressed as the combination of true wall stress of the section and the internal and eternal

pressure as in Eq.3.2.

S = N −pi Ai +pe Ae (3.2)

For the as-laid pipeline on seabed, when the pipe temperature and internal pressure are the same as the

time when pipelines were laid, the effective axial force S (in the horizontal direction) is equalling to the

effective laying tension H as given in Det Norske Veritas (DNV) code[8]. The effective laying tension is

further investigated in the following description.

S = H (3.3)

During the pipe laying process of J-lay, it is also worth mentioning that the vertical force per unit
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Figure 3.1: Effective tension illustration

length between the pipeline and the soil in the vicinity of the touch down point will exceed the submerged

self-weight of the pipeline. While such change of vertical force is beyond the scope of this research will not

be discussed here. Lest there is no current flows and the laying process is not considered, the horizontal

force in the pipeline is kept constant through the suspended part of the pipeline and the on-bottom part

of the pipeline as given above. The configuration is illustrated in Fig.3.2. The horizontal tension defined

here is the same as the meaning of effective laying tension stated in Eq.3.3.

(a) Pipeline overview (b) Expanded view

Figure 3.2: Static configuration of pipeline during laying(Copyright from Mark F. Randolph)

The horizontal tension can be quantitatively calculated during the derivation for initial laying con-

figuration of pipeline during J-lay. For a simple catenary assumption for the initial configuration, the

horizontal tension can be expressed in terms of water depth, zw , hang-off angle, φ, and the pipeline unit
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submerged weight, W
′
, as Eq.3.4. This force can also be a reference to the horizontal tension which laying

vessel should provide.
T0

W ′zw
= cosφ

1−cosφ
W

′
(3.4)

A pure catenary shape for the initial configuration is just a far too simplified model to describe the

correct laying static configuration for the whole pipeline system. The reason for choosing a simple cate-

nary assumption is that, for large parts of pipeline, the bending (namely the second derivative of the

angle) of suspended pipeline is relatively small and thus be neglected. A catenary assumption is valid

here. While in the contact region of suspended pipeline and soil near the touch down point, the bending

is influential and the pipeline behaves more like a beam. In the J-lay process for deep water situation, a

more accurate analytical calculation method using boundary-layer assumption is described by Lenci and

Callegari [9]. While this method has not considered the influence of current flows, in this essay, a more

detailed calculation method is proposed for the initial static configuration both considering the bound-

ary layer phenomenon and current flow as in the appendix. During this derivation process, horizontal

laying tension at the connection touchdown point is also solved.

To make it more clear, the characteristic length,λ, for the boundary layer is defined as Eq.3.5. Extra

attention should be paid here that the given definition of characteristic length is just an experiential equa-

tion used for quick examinations. The actual value varies according to a variety of factors depending on

particular situation when the pipeline is laid.

λ=
√

E I

T0
(3.5)

The idea of using the above-mentioned assumption for the tension in seabed pipeline is fairly contro-

versial as per the laying process is incorporated. During the pipeline laying operation, tension in seabed

pipeline has a changing value rather than a constant value as that in the lower end of suspended pipeline

in Eq.3.3. The reason results from the axial interaction between seabed pipeline and soil. After sufficient

time, the tension may be released when the axial relative length between pipeline and soil decreases.

Since the aim of this research is focusing on the period during laying process, thus the tension changing

due to axial pipe soil interaction should be considered here.

In this research, the main focus is simulating the lateral vibration of pipelines in laying process. The

axial tension along the seabed pipelines can not be simply assumed as the same as the tension in the TDP

calculated from the suspended part, the calculation process is deduced in Appendix A in detail. After

investigating into the problem, axial soil force can be seen as axially distributed spring along the seabed

pipeline. The stiffness of equivalent spring is determined by the soil properties and is calculated by em-

pirical equation in this research. Also the axial force is concerned with the axial strain of the pipeline

rather than the lateral bending any more. To conclude, tension in the seabed pipeline during laying pro-

cess is considered as a semi-infinite rod on elastic foundation subjected to static tension on the other

end as shown in Fig.3.3. The dynamic axial tension distribution may vary from the static axial tension
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Figure 3.3: Rod model for axial pipe soil interaction

distribution to some extent due to plenty of factors in the dynamic laying process. But this has beyond

the scope of the essay, the focus of which is still the lateral vibration of the pipeline and the axial condi-

tion of the pipeline will be considered the same during the research. Thus the static axial tension results

calculated will be used in the dynamic analysis of the lateral vibration. In this new distributed tension

calculation model, the static axial tension results is concerned largely with the axial strain of the rod due

to the tension on the right end. It should be noticed that the tension here is referred as the true wall ten-

sion since it is concerned with the exact strain in the pipeline. Thus the effective tension calculated from

the suspended part should be transformed into true wall tension using Eq.3.2.

The equation of motion for the rod is:

∂2u

∂t 2 − c2 ∂
2u

∂x2 +ω2
0u = 0, ω0 =

√
kd

ρA
c =

√
E

ρ
(3.6)

Thus the static equation of equilibrium for the rod model in Fig.3.3 is:

− c2 ∂
2u

∂x2 +ω2
0u = 0, ω0 =

√
kd

ρA
c =

√
E

ρ
(3.7)

The general solution for Eq.3.7 is easy to find in the form of u(x) =C1exp(λ1x)+C2exp(λ2x), substituted

into Eq.3.7, the following relationship can be derived:

2∑
i=1

Ci
(
λ2

i −β2)exp(λi x) = 0 (3.8)

Equation 3.8 must be always satisfied to guarantee that there is a solution for Eq.3.7. Thus the only way

to do this is letting λ2
i =β2, which can be written in another way as λ1 =β and λ2 =−β. Here, β2 =ω2

0/c2.

Then the general solution can be further simplified as u(x) = C1exp(βx) +C2exp(−βx). To solve the

general solution, there are still two constants unknowns C1 and C2 to be derived. This can be done by
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introducing the boundary conditions for the rod model as the following.

The boundary condition in left end (x = 0) of the rod model is shown as Eq.3.9.

u(x) = 0 (3.9)

The boundary condition in right end (x = Lb), Lb is the length of rod model, is given in Eq.3.10.

E Aβ
[
C1exp(βx)−C2exp(−βx)

]= Ttr ue (3.10)

Notice that in Eq.3.10, Ttr ue can be transformed from the effective tension Te f f calculated from con-

nection point (Touch Down Point (TDP)) between the suspended pipeline and seabed pipeline. The

transformation equation is the same as that in Eq.3.2.

After substituting the general solutions of rod model into boundary conditions, C1 and C2 are found

as

C1 =−C2 = Ttr ue

2E Aβcosh
(
βLb

) (3.11)

Since all the unknown variables are deduced above, the general solution can be finally simplified as

u (x) = Ttr ue

E Aβcosh
(
βLb

) sinh
(
βx

)
(3.12)

With the above deduce process, the static axial strain u (x) of the rod model under constant tension Ttr ue

is derived. Thus the axial tension which is directly concerned with axial strain can be derived accordingly.

T (x) = E A
∂u(x)

∂x
= Ttr ue

cosh
(
βLb

) cosh
(
βx

)
(3.13)

The derivative of tension part is also concerned in the following equation of motion for the seabed pipeline

model, thus is also given here previously as,

T ′ (x) = βTtr ue

cosh
(
βLb

) sinh
(
βx

)
(3.14)

The axial tension and corresponding first order derivative along the pipeline length have been de-

duced through the above process. After the initial configuration of suspended pipeline is set up, the axial

force of the connection point (TDP) can be determined and the seabed pipeline tension can be calculated

next as given in the above process.

Damping in the pipeline

Damping in an oscillatory system is a description used to represent the energy dissipated in the oscilla-

tion. The energy loss will restrict or prevent its oscillations. In a large structure system, damping may take

effects through different mechanisms such as,
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• Viscous effects (dashpot, shock absorber)

• External friction (slippage in structure joints)

• Internal friction (characteristic of the material type)

• Structural nonlinearity (plasticity,gaps)

Thus in actual case, damping is rather difficult to model precisely because of too many triggering

mechanisms. In the numerical model, the values of damping are often based on the empirical values

from dynamic tests. The damping value is a mathematical approximation because of its difficulty to

quantify. For convenience, modal damping ratios (ζn) are usually used as a percent of critical damping

correspondent to the n−th modal shape response in linear elastic materials. For the typical steel material,

the material damping due to internal friction in pipelines is usually small and has a representative value

of 0.5% if no other information is available. This value is considered to be very conservative [10].

For simplification in this research, only material damping is considered here in the pipeline model.

An effective method is proposed here to determine the damping matrix with acceptable precision, which

in other words is the proportional damping matrix shown in the following.

From the micro perspective, as stated by Clough [11], if it is assumed that damping stresses are devel-

oped in proportion to the strain velocity, a uniaxial stress strain relation of the form

σ= E [ε+a1ε̇] (3.15)

may be adopted where E is Young’s modulus and a1is a damping coefficients. Then the Euler-Bernoulli

hypothesis that plane section remain plane leads to the relation

M(x, t ) = E I (x)[v ′′(x, t )+a1v̇ ′′(x, t )] (3.16)

Thus for the formulations of the partial equations of motion for beam model including internal fric-

tion types of damping represented by Eq.3.15 and Eq.3.16 can be derived in the following section.

Here, the determination for the value of stiffness proportionality factor a1 results from the concept of

Rayleigh damping model, which is usually adopted for the estimation of system damping. This expression

for global damping matrix is a linear combination of the global mass and global stiffness matrices as

shown in Eq.3.17.

C = a0M +a1K (3.17)

The equation is intrinsically orthogonal with the eigenvectors of the system and thus the relation of

modal damping ratio ζ at frequency ω for Eq.3.18 is given. With two given values of modal damping ratio

ζn at two specified frequencies ωn , the damping coefficients a1 can be derived.

ζn = 1

2

(
a0

ωn
+a1ωn

)
(3.18)
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While after running several numerical model of the beam model in this research, the mass propor-

tional damping matrix only takes little influence compared to the stiffness proportional damping ma-

trix. Thus for simplicity, the stiffness proportional damping model is adopted. In the numerical beam

model, the dominating vibration frequency remains unknown and changes a lot under different situa-

tion. The stiffness proportional Rayleigh damping model here may leads to very large value of damping

input, which influence the validity of data acquired. For the purpose of qualitatively analysing the prob-

lem, an estimation value of coefficient a1 used here is given as 0.02 through engineering experience[12].

External force on the model

The pipeline on the seabed is mainly environmentally loaded by surrounding water and seabed soil. The

vertical direction force is out of consideration here. Only lateral direction force resulting from pipe-soil

interaction and pipe-fluid interaction is concerned here.

The surrounding sea water in the seabed is considered as still for the seabed pipeline analysis model.

The sea water will definitely exerting the static fluid force and dynamic fluid force on the pipeline during

vibration. The static fluid force results in a combination of the submerged weight of the pipeline, external

and internal pressure, buoyancy force for the pipeline, which only contributing to in-plane condition of

the pipeline and thus will not be thoroughly explained here. The fluid will exerting dynamic fluid force in

a combination form of drag force, inertia force and Froude-Krilov force due to the lateral motions of the

pipeline. In this research, the expression is depicted using the Morison’s equation

F = ρV u̇︸ ︷︷ ︸
a

+ρCaV (u̇ − v̇)︸ ︷︷ ︸
b

+ 1

2
ρCd A(u − v)|(u − v)|︸ ︷︷ ︸

c

(3.19)

where the total force comprises three parts:

• a: Froude-Krylov force,

• b: Hydrodynamic mass force

• c: Drag force

and note that the added mass coefficient Ca is related to the inertia coefficient Cm as Cm = 1+Ca . Here

u means the instantaneous flow velocity of the surrounding fluid and v is the oscillating velocity of the

pipeline itself. Since the surrounding water is considered as still in lateral direction for this model, thus

the Morison’s equation used in the model can be simplified as

F =−ρCaV v̇ − 1

2
ρCd Av |v | (3.20)

The pipe-soil interaction force during the pipeline vibration is explained here. The soil resistance

force is always having an opposite direction to the motion direction of the pipeline, or in other word, the

soil resistance force is always hindering the motion of pipeline through energy dissipation. A simplified
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soil resistance model yet with acceptable accuracy on the soil properties must be reasonably chosen,

which is of vital importance to the characteristic lateral vibration of pipeline.

The soil resistance force also contains three parts with reference to the directions of motion for pipeline,

namely the axial resistance, vertical resistance and lateral resistance. The vertical direction force is con-

sidered as constant after the initial penetration of the pipeline into seabed. The axial resistance is beyond

the scope of this essay and is thus neglected. For the soil resistance in lateral direction, a Coulomb friction

’bilinear’ model is adopted in this research as shown in Fig.2.4.

In this pipe-soil interaction model, the seabed friction has a maximum value µV , where µ is the fric-

tion coefficients related to soil types and V is the seabed contact reaction force in the normal direction to

the seabed plane. The resistance force direction is always opposite to the motion of pipeline. In the actual

case, every nodes of the beam model for the pipeline will experience specific motion history, the motion

of which is intrinsically a cyclic motion. For a 1 DOF system with sinusoidal displacement example, this

relation between the soil resistance force and displacement history can be illustrated as Fig.3.4.

0

y/D

0

F
y
/V

← start

Figure 3.4: Illustration for typical force-displacement lateral friction response

In this friction model, the transition from a friction force of 0 to +µV happens in a linear variation over

the deflection range of ybr eakout . Here ybr eakout is given by ybr eakout =µV /ks A′. Where A′ is the contact

area and ks is the shear stiffness for soil based on te specified soil shear strength properties. According to

the rule of thumb, shear stiffness is assumed as equalling to the 20/D ′ times the undrained shear strength

of soil at a penetration depth of 0.5D ′, where D ′ is the contact diameter of the penetrating object as shown

in Fig.3.5. Thus the shear stiffness is given by ks = (20/D ′)[su0+sug (D ′/2)]. Higher values of shear stiffness

lead to the linear increasing part occurs over a shorter distance, and vice versa.
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Figure 3.5: Illustration for penetration of pipeline

During the actual vibration of pipeline, the motion will definitely not be like a regular harmonic mo-

tion. Thus the soil resistance model illustrated in Fig.3.4 is an ideal situation and need improvement

in reality. With all the necessary conditions given in this section, the equations of motion for the beam

model can be set up in the following section and the equations will be solved in time domain through

Newmark-β method below. For each segment of the pipeline represented by node when using finite dif-

ference method, the time domain solution for the vibration can be acquired in time domain. At each time

step for the solution, soil resistance force in the equation of motion for the beam model will certainly

change according to its own displacement history and motion status. A flow chart for the judgement

of pipeline is illustrated here as Fig.3.6. An important assumption here is that the pipeline segment is

considered as static when the velocity of which is smaller than (0.001m/s).

As illustrated in Fig.3.6, the flow chart is depicting the numerical calculation steps for the soil resis-

tance force during the pipeline vibration process in one time step. The pipeline segments may vibrate

irregularly due to the complex environment loading in practice. The soil resistance model in Fig.3.4 is

actually resulting in a stick-slip phenomenon in the beam model. In the stick stage, namely the displace-

ment is within the range of defined ybr eakout , the soil resistance force is linearly increasing. While in the

stick stage, the soil resistance is a constant value. The initial lateral displacement y0 is given as a refer-

ence. When the pipeline begin to vibrate, the motion is calculated by time step. For the time step n +1,

standards are established for the judgements of whether the pipeline segments is in the stick or slip stage.

Different stage results in different soil resistance force calculation. As shown in Fig.3.6, if the absolute dif-

ference value between lateral displacement in time step n and the initial reference value y0 is smaller than

the value of ybr eakout , then the pipeline segment is in the stick stage, and is in the slip stage on the con-

trary. While in the slip stage, the reference value for pipeline segments should be reassigned if the velocity

of which is smaller than a defined value, namely 0.001m/s. The reassigned value is the displacement of

current position for the pipeline segment.
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Start

Init yn , y0,
and yb

|yn − y0| < yb

fsoi l (n +1) =
−µV sg n(ẏn+1)

fsoi l (n +1) =
ks A(yn+1 − y0)

Solve for
yn+1 & ẏn+1

Solve for
yn+1 & ẏn+1

|ẏn+1| < 0.001y0 = yn+1

Stop

no

yes

no

yes

Figure 3.6: Soil resistance calculation for time step n+1

Boundary conditions

The beam model in this part is proposed mainly focusing on pipeline vibration under the influence of

pipe-soil interaction. This pipeline model can be seen as a beam model with infinite length on one end

and connects to the suspended part on the other end.

Pipeline system comprising suspended pipeline part and on-bottom pipeline part are splitted at the

touch down point, making the characteristic of each part clearer. Further research will be investigated

into for the influence that whether the vortex-induced vibration of suspended pipeline part will effect

the seabed part pipeline largely through the connecting point (touch down point). The displacement is

continuous in the touch down point connecting these two pipeline parts. Thus for the beam model at the

touch down point, an external displacement is given to model the influence of suspended pipeline. The

displacement is postulated as a harmonic one δ for simplicity and following parameter study.

The boundary conditions at the touch down point are given by:

y(L, t ) = δ (3.21a)

y ′(Lb , t ) = 0 (3.21b)

The vibration energy for seabed pipeline has the only input transmitted from the vortex induced vibration
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Pipeline Properties

E Do t ρpipe φ

Young’s modulus Outer diameter Wall thickness Pipeline density Laying angle

2.07·1011 N/m2 273 mm 20.6 mm 7850 kg/m3 80 deg

Soil Properties

ρclay Su0 Sug St µ

Clay density Shear strength Shear gradient Soil sensitivity Friction coeff.

1500 kg/m3 2600 Pa 1250 Pa/m 1 0.2

Water Properties

ρsea d Ca Cd

Water density Water depth Added mass Drag coefficient

1025 kg/m3 910 m 1.0 1.25

Table 3.1: Model properties for seabed model

of suspended pipeline. Meanwhile, seabed pipeline undergoes damping effects like soil resistance, fluid

damping effects together with material damping as stated before. Thus after a sufficient finite length,

input energy from suspended pipeline will be exhausted out. The soil resistance force is rather a highly

non-linear force and is highly dependent on the actual motion status of the pipeline itself. It is very hard

to linearise the soil force and derive an analytical solution for an acceptable length of the beam model.

Thus after several numerical results examined, an acceptable pipeline length Lb can be settled.

For this boundary transformed from an infinite length boundary end , it is rather clear that this end

can be seen as a fixed end. Thus the boundary conditions at this end can be concluded as:

y(0, t ) = 0 (3.22a)

y ′(0, t ) = 0 (3.22b)

With the necessary information stated above, the equations of motion for the beam model can be derived

in the following section. The specific data used in this model is concluded as Tab.3.1.
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3.2. MODEL DESCRIPTION
After the solid theoretical background is laid in Sec.3.1, the illustration in Fig.3.7 and equation of motions

for this beam model will be elaborated in this part. Notice that the beam model is for the seabed pipeline

part only. δ means the harmonic displacement given at this boundary end.

Figure 3.7: Seabed beam model illustration

In order to analyse the dynamic response for the beam model, the governing Equation of motion

(EOM) for which is concluded as Eq.3.23.

∂2

∂x2

[
E I (x)

(
∂2 y(x, t )

∂x2 +a1
∂3 y(x, t )

∂x2∂t

)]
− ∂

∂x

[
Tb (x)

∂y(x, t )

∂x

]
+ρA

∂2 y(x, t )

∂t 2 = fext (3.23)

Where y is the lateral displacement for the beam model, Tb(x) is the tension along on-bottom pipeline

length, ρA is the mass of the pipeline in unit length. At the left side of Eq.3.23, fext = fw ater + fsoi l , where

fw ater comprises the drag and lift force shown in Eq.3.24, and fsoi l consists of soil resistance in two stages

as stated in the soil resistance part shown as Eq.3.25. The boundary conditions is already stated in Eq.3.21

and Eq.3.22.

fw ater = fi ner t i a + fdr ag =−ρCa
π

4
D2

0 ÿ(x, t )− 1

2
ρCd D0 ẏ(x, t )|ẏ(x, t )| (3.24)

fsoi l =
{

ks A′y(x, t ) Stick stage

µV Slip stage
(3.25)

After the equations of motions for the beam model is settled, the next step is to correctly solve the par-

tial differential equations with given initial status of the beam. The lateral displacement y(x, t ) contains

both information of time and space. Since the Partial Differential Equations (PDE) contains two variables

and is highly nonlinear in this case including soil force and fluid force. The analytical solution for it will
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become a nearly impossible task to accomplish, which is not included in this research. Thus for the nu-

merical solution, this beam model is divided into Nb elements, which has a length of h = Lb/Nb and are

represented by node. The magnitude of h will influence the accuracy of numerical solution for discrete

nodes on the beam model. The element division is shown as Fig.3.8.

Figure 3.8: Finite difference element

The PDE will be simplified using PDE in space. The higher order terms of the partial differential equa-

tion in space will be reduced, making the PDE turn into an Ordinary Differential Equations (ODE). Central

finite difference method is used here as shown in Eq.3.26.

y ′
i ≈

yi+1 − yi−1

2h
(3.26a)

y ′′
i ≈ yi+1 −2yi + yi−1

h2 (3.26b)

y ′′′
i ≈ yi+2 −2yi+1 +2yi−1 − yi−2

2h3 (3.26c)

y ′′′′
i ≈ yi+2 −4yi+1 +6yi −4yi−1 + yi−2

h4 (3.26d)

As stated in Sec.3.1, the tension in beam model is varying along the seabed pipeline and the properties

of the beam model remains the same throughout the entire pipeline length. Namely the variables E I are

constant values, while T is not. After substituting the approximation for derivatives of space into the

governing differential equations and the boundary conditions, the following simplified equations can be

written finally. The deduction process of which is well explained here.

ρAÿi +E I

(
yi+2 −4yi+1 +6yi −4yi−1 + yi−2

h4

)
−Tb (i )

(
yi+1 −2yi + yi−1

h2

)
+a1E I

(
ẏi+2 −4ẏi+1 +6ẏi −4ẏi−1 + ẏi−2

h4

)
−T ′

b (i )
yi+1 − yi−1

2h
= fw ateri + fsoi li

(3.27)

The equation can be further simplified as Eq.3.28 after sorting out the terms in Eq.3.27.

ρAÿi +
(

Ak yi+2 −Bk yi+1 +Ck yi −Bk yi−1 + Ak yi−2
)

+ (
Ac ẏi+2 −Bc ẏi+1 +Cc ẏi −Bc ẏi−1 + Ac ẏi−2

)= fw ateri + fsoi li

(3.28)
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Where the coefficients in Eq.3.28 is expanded here.

Ak = E I

h4 Bki =
4E I

h4 + Ti

h2 + T ′
i

2h
Cki =

6E I

h4 + 2Ti

h2 Dki =
4E I

h4 + Ti

h2 − T ′
i

2h

Ac = a1E I

h4 Bc = 4a1E I

h4 Cc = 6a1E I

h4

(3.29)

Notice that in Eq.3.28, the displacements for y−2 and y−1 do not exist when it comes to node i = 0.

The same situation happens for nodes yn+1 and yn+2 when it comes to node i = n as shown in Fig.3.8.In

order to solve this problem, boundary conditions for this beam model must be introduced here.

Thus for boundary end in Eq.3.22, the following equation is derived:

y0 = 0 (3.30a)

y ′
0 =

y1 − y−1

2h
= 0 (3.30b)

For the boundary end in Eq.3.21, the following equation is derived:

yn = δ (3.31a)

y ′
n = yn+1 − yn−1

2h
= 0 (3.31b)

From the boundary conditions given, it is clear that node i = 0 and node i = n is already known. Then

the focus is on node i = 1 and i = n − 1 , the governing differential equations for these two nodes are

written separately.

For node i = 1, the governing differential equations is written as

ρAÿ1 +
(

Ak y3 −Bk1 y2 +Ck1 y1 −Dk1k y0 + Ak y−1
)

+ (
Ac ẏ3 −Bc ẏ2 +Cc ẏ1 −Bc ẏ0 + Ac ẏ−1

)= fw ater1 + fsoi l1

(3.32)

Eq.3.32 can be further simplified as Eq.3.33 using the boundary condition in Eq.3.30.

ρAÿ1 +
(
(Ak +Ck1) y1 −Bk1 y2 + Ak y3

)+ (
(Ac +Cc ) ẏ1 −Bc ẏ2 + Ac ẏ3

)= fw ater1 + fsoi l1 (3.33)

For node i = n −1, the governing differential equations is written as

ρAÿn−1 +
(

Ak yn+1 −Bkn−1 yn +Ckn−1 yn−1 −Dkn−1 k yn−2 + Ak yn−3
)

+ (
Ac ẏn+1 −Bc ẏn +Cc ẏn−1 −Bc ẏn−2 + Ac ẏn−3

)= fw atern−1 + fsoi ln−1

(3.34)

Eq.3.32 can be further simplified as Eq.3.35 using the boundary condition in Eq.3.31.

ρAÿ1 +
((

Ak +Ckn−1

)
yn−1 −Dkn−1 yn−2 + Ak yn−3

)+ (
(Ac +Cc ) ẏn−1 −Bc ẏn−2 + Ac ẏn−3

)
− (

Bkn−1

)
δ−Bc δ̇= fw atern−1 + fsoi ln−1

(3.35)
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Besides the nodes at the boundary end, for ordinary nodes i = 2,3, . . .n −2, inside the beam model,

the governing differential equations are written as Eq.3.28.

Since all the PDE are written out, the matrix form for these equations can thus be concluded for the

sake of simplicity.

M · Ÿ +C · Ẏ +K ·Y = F (3.36)

Where terms Y , Ẏ and Ÿ are the displacement, velocity and the acceleration for the nodes on beam

model respectively. Detailed composition is shown as Eq.3.37.

Y =



y1

y2

...

yn−2

yn−1


Ẏ =



ẏ1

ẏ2

...

ẏn−2

ẏn−1


Ÿ =



ÿ1

ÿ2

...

ÿn−2

ÿn−1


(3.37)

Where term F represents a summation of all kinds of equivalent force stated above. In this beam model,

the F includes the assembly force matrix resulting from water, soil and the external displacement δ in

node n as shown in Eq.3.35. It should be pointed out that the water inducing force consists of two parts,

drag and inertia force in this example stated in Eq.3.24. The inertia force is always considered as hydro-

dynamic mass force and is only related to the acceleration of beam elements itself. Thus the inertia force

is often written into the mass matrix as the added mass. Thus for simplicity, the water force here is only

the drag force only.

F = Fdr ag + Fsoi l + Fnoden

=



− 1
2ρCd D0 ẏ1|ẏ1|

− 1
2ρCd D0 ẏ2|ẏ2|

...

− 1
2ρCd D0 ẏn−2|ẏn−2|

− 1
2ρCd D0 ẏn−1|ẏn−1|


+



− fsoi l1

− fsoi l2

...

− fsoi ln−2

− fsoi ln−1


+



0

0
...

−Ak

Bkn−1


·δ+



0

0
...

−Ac

Bc


· δ̇

(3.38)

As stated above, the added mass is always included in the mass matrix. Here, symbol ma is used to

represent the added mass, which equals to ρCa
π
4 D2

0. The mass matrix here is a (n −1)× (n −1) diagonal

matrix as shown in Eq.3.39.

M = (
ρA+ma

)


1

1 0
. . .

0 1

1


(3.39)
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The equivalent stiffness matrix together with the equivalent damping matrix for the beam model are

concluded as following Eq.3.40 and Eq.3.41. The coefficients Ak ,Bk ,Ck , Ac ,Bc ,Cc in the equivalent stiff-

ness and damping matrix are already given in Eq.3.29.

K =



Ak +Cki −Bki Ak

−Dki Cki −Bki Ak

Ak −Dki Cki −Bki Ak

. . .
. . .

. . .
. . .

. . .

. . .
. . .

. . .
. . .

. . .

. . .
. . .

. . .
. . .

. . .

Ak −Dki Cki −Bki Ak

Ak −Dki Cki −Bki

Ak −Dki Cki + Ak



(3.40)

C =



Ac +Cc −Bc Ac

−Bc Cc −Bc Ac

Ac −Bc Cc −Bc Ac

. . .
. . .

. . .
. . .

. . .

. . .
. . .

. . .
. . .

. . .

. . .
. . .

. . .
. . .

. . .

Ac −Bc Cc −Bc Ac

Ac −Bc Cc −Bc

Ac −Bc Cc + Ac



(3.41)

Until now, the simplification for the partial differential equation in Eq.3.23 has been done, equations

of which are simplified to a system of ordinary differential equations. With all the components in Eq.3.36

defined from Eq.3.37 to Eq.3.41, the remaining problem turns into solving the ordinary differential equa-

tions using Newmark-β method with a reasonable initial conditions given.

3.3. MODEL VERIFICATION

After the setting up of the numerical beam model, the validity of which must also be verified to carry

on the numerical solution and acquire a trustful result. One necessary and effective step is to check

the natural frequency calculated from the numerical model with a proper number of elements for the

beam discreteness. Then compare the results with the solution from analytical solution for tensioned

beam model. It should be noticed here that, analytical solutions used here are based on the condition of

constant tension along the beam model, thus in the verification process, the tension is set as a constant

value and its first order derivative is consequently zero.
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The analytical solution used in this research for natural frequency of beams under tensile axial loads

is referred to A.Bokaian 1990[13]. In his research, analytical solutions for the natural frequencies and

mode shapes are concluded, which are for uniform beam models with various boundary conditions and

is loaded by constant tension along the beam. Thus a quick yet simple estimation can be examined.

The beam model modelling the on-bottom pipeline proposed in this chapter is intrinsically a clamped-

pinned beam model as that in the thesis of A.Bokaian. Thus with given parameters for the beam model

here, a quick estimation can be exerted following the solution procedures given in the essay.

The equivalent stiffness matrix and mass matrix for the numerical calculation of the beam model

is given in Eq.3.39 and Eq.3.40. Then the numerical solution for the natural frequencies of the beam

model can be calculated here, which is under the assumption of an undamped free vibration beam. The

characteristic equation is in the form of Eq.3.42.

∣∣[K ]−ω2 [M ]
∣∣= 0 (3.42)

The result for the comparison of these two methods is illustrated in Fig.3.9. In this verification exam-

ple, the beam model has a length of 100 m and the other properties are the same as defined before. The

first to the twentieth natural frequency of the beam model are given in the figure. The results calculated

from both analytical and numerical method have little difference, which is within negligible error range.

Thus the numerical beam model here can be seen as trustworthy and acceptable in the following parts.
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Figure 3.9: Comparison between numerical and analytical results

3.4. NUMERICAL RESULTS
After the solid groundwork has been laid in previous sections, numerical results for the vibration of beam

model will be presented in this section with reasonable inputs. The main aim of this section is to inves-

tigate into the validity of the beam model, and to find out whether the pipe soil interaction model can
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perform well or not in the simulation.

Thus, here a beam model of length 100 m, with the given external displacement on the right boundary

δ. The input of δ is initially a harmonic function and the amplitude of which decays gradually to zero. This

setting mechanism is specifically designed to check i) how the beam model reacts to the given external

displacement ii) if the soil resistance can keep the bending shape of beam model supposing the input

energy is dissipate out eventually.

For the external given displacement δ, the amplitude is set as ζδ = 0.25m and the frequency is given

as ωδ = πrad/s. Thus the period Tδ = 2π/ωδ can be acquired. There are in total 16 oscillations of δ for

this simulation. From time tst ar t , δ begins to decay exponentially, which approaching 0.1% of initial

amplitude in time of tdecay . This setting is shown as:

δ=


ζ · (cos(ωt )−1) if 0 É t É 0.5Tδ;

2ζ ·cos(ωt ) if 0.5Tδ < t É tst ar t ;

2 ·eαδ(t−tst ar t ) cos(ωt ) if tst ar t < t É 16T .

(3.43)

Where αδ = − ln(0.001)/tdecay , this setting is to guarantee the amplitude of external displacement will

becomes the ratio 0.001 of the initial amplitude in time period of tdecay . The first two equation is to

make sure the external displacement is applied to the beam smoothly without impact, namely a sudden

increase of velocity into the beam end. To be more clear, the setting of δ is shown as Fig.3.10.

0 5 10 15 20 25 30 35

Time (s)

-3

-2

-1

0

1

2

3

D
is

p
la

ce
m

en
t 

(y
/D

)

↓
←

Decaying

Figure 3.10: Illustration for applied external displacement

After applying the specified external displacement δ to the right fixed boundary of the beam model

as shown in Fig.3.7, the whole vibration process can be solved step by step given the initial conditions of

the beam model as already elaborated in previous sections. The results are recorded as well. Thus after

the simulation ends, the results of beam vibration can be analysed. The lateral displacement of the beam

model can be shown in the figure of 3-D view as Fig.3.11.

In the dimension includes pipeline length, simulation time from zero moment to end and the lateral

displacement of the beam model. When the boundary end is applied with external displacement at the

pipeline length of 100 m, the beam model begin to vibrate, causing the whole beam model to vibrate.
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Figure 3.11: Illustration for external displacement

As can be seen that, the transmitted wave from the pipeline length at 100 m to the 0 m, has aroused

the vibration of the entire beam. After the amplitude of the external displacement starts to decay and

becomes zero, under the interaction of pipe and soil, further movements of the beam is resisted and can

be finally kept in a bending shape at the time end.

To be more specific, three nodes locate at the L = 25 m, L = 50 m and L = 75 m separately are se-

lected for their motions during the simulation. The displacement and velocity information for these

nodes throughout the simulation are plotted in Fig.3.12 and Fig.3.13 accordingly.
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Figure 3.12: Lateral vibration displacement for chosen nodes

Fig.3.12 represents lateral displacement of these three nodes related to the simulation time. Initially,

these three nodes all vibrate regularly at different amplitudes. Along with the decaying process of δ, the
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Figure 3.13: Lateral vibration velocity for chosen nodes

amplitudes for these three nodes are decreasing as well until they are kept at a constant displacement

from initially balance place under the influence of soil resistance. While Fig.3.13 is the velocity informa-

tion of these nodes, notice that, the velocity becomes zero at last due to the energy dissipation of both

soil resistance and hydrodynamic resistance. The combination of these two figures has shown that at last

the beam model becomes static yet with a bending shape like ’snake’ under the effects of soil.

To be more clear, the final shape at the end of this simulation is shown specifically as Fig.3.14.
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Figure 3.14: Final shape

From these results acquired, conclusion can be drawn that this separate simulation model for seabed

pipelines is effective to correctly modelling the pipe soil interaction. This model will be added to the

coupled pipeline system later.
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SUSPENDED PIPELINE MODEL

This chapter presents a simplified model for simulating the lateral vibration of suspended pipeline, which

connecting the laying vessel and seabed pipelines. Under the influence of currents, the suspended pipeline

may experience Vortex Induced Vibration (VIV). Larger amplitude of cross-flow vibration occurs com-

pared to that of in-line vibration. The vibration in suspended part is transmitted to the seabed pipeline in

the form of wave, and arouse its vibration as well. The assumptions for this model is described previously

in section 1.2.3. The main focus of this chapter is correctly building up a descriptive model for the VIV

of suspended pipeline. Some simulations will also be exerted with different key parameters. In Sec.4.1,

some basic theoretical support for this model has been explained. The elaboration steps for the numer-

ical model have been built up in Sec.4.2. At last, some verification and results have been recorded in the

Sec.4.4.

4.1. MODEL INFORMATION
Sea state is really complicated during laying process, thus the suspended pipeline may undergo various

sources of external environmental loading coupling with the vessel motions and seabed pipeline resis-

tance. Vessel motions will not be considered here in research work. This model is focusing on the lat-

eral vibration of suspended pipeline under the effects of VIV due to uniform flow. While only taking the

suspended pipeline into consideration, the pipeline can be seen as a tensioned straight Euler-Bernoulli

beam with suitable boundary condition on both ends. Detailed model information will be elaborated as

following.

Environmental loading on the model

As already stated in Sec.1.2.1, the in-plane horizontal steady current is assumed as the only environmental

loading for the suspended part. The illustration is shown in Fig.1.3.

47
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Experiments for VIV have shown the phenomena that the cross-flow vibration of the cylinder is much

larger than the in-line vibration. The in-line vibration is the main cause for the fatigue problem of the

suspended pipelines, such as risers. This problem is beyond the scope for this research work. Another

reason is that current is the main exciting source for the VIV of the pipeline. For deep sea laying process,

the effects of waves will not be taken into consideration here. Thus for the research interests of lateral

vibration for the suspended pipeline, a uniform in-plane currents plays the only role of the environmental

loading.

This uniform current will results in two kinds of forces. The first kind is the lift force which is the rea-

son for cross-flow vibration of the pipeline. The force will be simulated using a coupling equation of wake

oscillator model, that will be explained with detail later. The other kind of forces is the in-line hydrody-

namic force expressed approximately by the Morison equation as Eq.3.19. Since the current is uniform

here and the in-plane motion is not considered here, the Morison equation is simplified as Eq.4.1.

F = 1

2
ρCd Au|u| (4.1)

Where u means the uniform current speed. From the equation, there is only drag force due to the current

left. The in-plane drag force here will contribute to the static in-plane configuration.

It must be clarified in this section that the initial configuration for suspended pipeline is in a bend-

ing shape, as can be shown in Fig.1.3, which is also known as a stiffened catenary explained in the next

section. This means that a certain length of suspended pipeline will be placed at an attack angle of the

incident flow although with the assumption of uniform in-plane current, as shown in Fig.4.1. The result-

ing fluid force, including the following VIV lift force and drag force, may change related to the inclination

angle of the pipeline segment.

Many results from various researches on VIV of a flexibly mounted rigid cylinder are usually for the

cases when the incident flow direction is normal to the axial axis of the cylinder. Thus some adjustments

should be made here. One hypothesis is made here that the VIV in inclined cylinders are alike with the

perpendicularly incident case,as long as the normal components of the incident flow is considered. This

is called the Independence Principle (IP). The so-called independence principle shown in experiments is

usually used and described by Eq.4.2.

Un =U · sin(θ) (4.2)

Where θ is the attack angle of the incident flow with the suspended pipeline segment, U is the incident

current speed, and Un is the current velocity component normal to the pipeline segment. The lift force

calculation for VIV model can be based on the new current speed for each segment with different incli-

nation angle. In this case, some literature also reported that the vortex shedding frequency is close to

the value which is calculated from the Strouhal equation in Eq.2.9. For the calculation of drag force here

,CD is kept as the same as that in the normal incident current case. In this essay, the inclination angle of

pipeline segment results in the same value of attack angle for incident current flow.

Finally, it should also be taken care that the independence principle is only theoretically accepted in
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Figure 4.1: Attack angle of incident flow

the sub-critical range of Re as in Fig.2.7, which is suitable for the case in this research. While also in some

theses, indicating that the independence principle may not be able to work well for large inclination an-

gles. Results have shown that the influence of the axial component of incident flow can not be neglected

for large inclination angles. Since there is no solid consensus toward this problem, the IP is assumed to

be valid in this research for simplicity.

Static configuration

Before continue the analysis for out-of-plane motions for the suspended pipelines, one fundamental ba-

sis should be pointed out clearly that the in-plane configuration of this suspended part is the corner stone

for following analysis. It should be elaborated first. In-plane static configuration is determined due to the

coupling effects of submerged weight for the pipeline, strong drag force due to uniform currents [14],

boundary layer phenomenon when approaching the seabed and the characteristics of pipeline proper-

ties. In the general assumption in Sec.1.2.3, the in-plane vibration will not be discussed here. Once the

static configuration is solved , it will be assumed that the bending shape is constant during the out-of-

plane vibration of suspended pipeline both in static and dynamic laying process.

For J-lay process in deep sea conditions, main part of the suspended pipelines are usually considered

as catenary shaped. While only in the contacting zone with the seabed, the minor part of suspended

pipelines is considered as beam due to the boundary layer phenomenon. The phenomenon shows that

the boundary condition of the seabed end is crucial to the initial shape of suspended pipeline. It is also

pivotal to the shear force and bending moment in the contact zone of suspended pipeline with the seabed.

The deduction steps for the configuration is well explained and analysed in Appendix.A. After the

in-plane static configuration is settled, the suspended pipeline can be considered as vibrating around

the static place in out-of-plane direction. This in-plane space information can be recorded for three-

dimensional illustration of the beam. Moreover, the tension in the beam for simulating the suspended

pipeline is also determined. In which, the tension is increasing from the seabed to the top end because
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of the increasing submerged weight with growing pipeline length. The horizontal tension in the TDP for

the seabed pipeline model can be determined from this model as well.

Moreover, the in-plane and out-of-plane vibrations for a plane curved beam are coupled for most

cases. In this research, the Euler-Bernoulli beam is assumed to simulate the lateral vibration of the

pipeline here. Thus the transverse shear deformation and the rotatory inertia are not taken into ac-

count in this model. What is more, the suspended pipeline has a uniform circular cross-section along

the pipeline length from seabed end to vessel end. Also, the cross-section for suspended pipeline can

also be seen as doubly symmetric, which means the shear centre and the centroid is at the same point.

With these conditions, the out-of plane vibration for the pipeline can be seen as uncoupled with the in-

plane vibration[4]. Furthermore as stated in 1.2.3, for deep water pipeline the radius of in-line curved

pipeline becomes very large, the curved beam model has transformed into a straight one. This means

the lateral vibration of suspended pipeline in this research can be seen as independent from the in-plane

static configuration. The lateral vibration for pipeline beam model can be considered as a straight beam

with equivalent length. The equations of motion for which are built up at Sec.4.2.

Boundary conditions

The suspended pipeline part connects seabed pipelines at the TDP and the laying vessel at the sea level.

The boundary conditions for these two ends are elaborated in this section.

When the laying vessel is in operation, the configuration of suspended pipeline is considered as a

constant shape as the initial configuration as stated above. With reference to practical J-lay process, the

connection between suspended pipeline and the vessel is restricted in lateral relative displacement and

slope angle, thus the boundary condition of which can be seen as clamped.

The local coordinates system is used here along the suspended pipeline length. The origin point is

settled at the TDP at the seabed. The suspended pipeline length is assumed as Ls here. Thus the boundary

conditions at the suspended pipeline end point at the vessel are concluded:

y(Ls , t ) = 0 (4.3a)

y ′(Ls , t ) = 0 (4.3b)

The other boundary end of suspended pipeline is connected to the seabed pipeline at the TDP, thus

some reference can be made here with Eq.3.21. Similarly, fixed boundary is adopted here. This is also

for the simplicity of the verification of the VIV part only. Because in the overall pipeline system, the con-

nection point in TDP of these two pipeline parts is continuous. Thus for the purpose of verifying the

validation of the separate model, this boundary condition is acceptable. The boundary conditions here

are given by:

y(0, t ) = 0 (4.4a)

y ′(0, t ) = 0 (4.4b)
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Based on the statement of boundary condition above, the equations of motion for the beam model

can be derived in Sec.4.2.

Wake oscillator model

As stated in the literature review of Sec.2.2, the drag force and lift force for a stationary rigid cylinder can

be expressed through the estimation for drag and lift coefficient. But when the experimental cylinders

undergoing uniform incident flow are permitted to oscillate with the flow, where VIV may occur under

certain circumstances, the lift and drag force are heavily influenced by the coupling of cylinder motion

and the oscillating wake behind the cylinder. The cross-flow and in-line force may experience the mag-

nification effects. Some empirical equations are concluded through experimental results. While for most

cases, the wake oscillator model is used for simulating the coupling effects of cylinder vibration and wake

of flow in time domain.

Plenty of wake oscillator models have been developed through years, these models are intrinsically

phenomenological models for the purpose of simulating the VIV phenomena acquired in experiments.[15]

When the experimental cylinder are not fixed, the flow pattern and the motion of cylinder will influence

each other until the coupling mechanism reaches a steady state. VIV may occur when the shedding fre-

quency of the flow approaches the natural frequency of the cylinder, under the condition of which lock-in

or synchronization may occur. This will effectively increase the amplitude of the cylinder vibration since

there is an energy transfer from the flow to cylinder. Focusing on the cross-flow direction, lift force will

also grows effectively until the steady state has been arrived. In steady state, the energy input and dis-

sipation have reached a balance. This is the self-excitation and self-limiting mechanism between wake

oscillation and cylinder vibration.

In this essay, a Van der Pol type wake oscillator is used to modelling this phenomenon. The coupling

of wake oscillation with the cylinder is through common terms in coupling equations for cylinder and

for the wake as shown in Sec.4.2. The equation for Van der Pol type oscillator used in this research is

expressed as:

q̈ +εωs
(
q2 −1

)
q̇ +ω2

s q = f (4.5)

Where q is the dimensionless wake variable associated with the expression for fluctuating lift force coef-

ficient of the structure. ε is the tunning coefficient,ωs is the shedding frequency for the flow with specific

velocity, f is the forcing term coupling with the structure variable in the future, which models the effects

of cylinder vibration on the wake patterns. Some basic idea about this Van der Pol type wake oscilla-

tor model is explained here. Eq.4.5 has provided a stable quasi-harmonic oscillation of finite amplitude

q0 = 2 at the frequency of ωs [16]. The damping term εωs
(
q2 −1

)
q̇ in this expression plays the role of

modelling the self-exciting and self-limiting mechanism of the VIV phenomenological model. In detail,

the negative part give the increasing trend of q and the positive part limit its growth. For an explanation

case, the forcing term is given as f = A cos
(
ω f t

)
. Where A is the another tuning coefficient here and ω f

is the frequency for this harmonic force.
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After several numerical models have been performed, some comments about this Van der Pol type

wake oscillator model are concluded here due to observed results:

• With larger value for tuning coefficient ε, the wake variable arrives at its steady state faster and the

nonlinear phenomenon becomes clearer.

• The magnitude of ε controls the damping magnitude, thus the value for wake variable may get

smaller with larger value of ε in forced condition

• Parameter A in this expression is used to control the lock-in range for VIV phenomenological model.

Larger A results in a wider synchronization range as shown in Fig.2.14, which means the lock-in be-

tween shedding frequency and vibration frequency becomes easier. Larger A also leads to a larger

value of q in steady state.

The specific data used in this model is concluded as Tab.4.1.

Pipeline Properties

E Do t ρpipe L

Young’s modulus Outer diameter Wall thickness Pipeline density Suspend Length

2.07·1011 N/m2 273 mm 20.6 mm 7850 kg/m3 1102 m

Water Properties

U Ca CD0 CL0 St

Current speed Added mass Mean Drag coeff. Mean Lift coeff. Strouhal number

0.1952 m/s 1.0 1.1856 0.3842 0.1932

Tuning Coefficients

A ε A ε θ

θ É 45◦ θ É 45◦ θ > 45◦ θ > 45◦ Inclination angle

4 0.05 1 0.1 -

Table 4.1: Model properties for suspended pipeline
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4.2. MODEL DESCRIPTION

After the necessary information and some simplifications provided in Sec.4.1, the problem for lateral

vibration of this suspended pipeline in J-lay process can be illustrated as Fig.4.2.

Figure 4.2: Suspended beam model illustration

Notice that the beam model is for the suspended pipeline part only and is assumed as a straight beam

for lateral motions. The length of straight beam is equal to the length of suspended pipeline itself. The

tension in this model is changing from the bottom to the upper end. The determination of tension force

is determined from the initial configuration for J-lay suspended pipeline, as deduced in Appendix A.

As stated earlier, the research focuses on the lateral vibration of the pipeline model resulting from VIV.

The governing differential equation for the suspended pipeline is concluded as Eq.4.6.

∂2

∂s2

[
E I (s)

(
∂2 y(s, t )

∂s2 +a1
∂3 y(s, t )

∂s2∂t

)]
− ∂

∂s

[
T (s)

∂y(s, t )

∂s

]
+ (m +ma)

∂2 y(s, t )

∂t 2 = fq (4.6)

Where y is the lateral displacement for the beam model, T (s) is the tension along the suspended pipeline

length, m is the mass of the pipeline in unit length and ma is the hydrodynamic added mass. At the left

side of Eq.4.6, fq means the coupling force from wake variable, and can be expressed as

fq = 1

2
ρDV (s)2 CV Y (s)

Where CV Y is the cross-flow force coefficient and is written as:

CV Y = (
CV D sinβ+CV L cosβ

) U 2

V (s)2

=
(
CD0 sinβ+ CL0q

2
cosβ

)
U 2

V (s)2
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The definition of CV L is referred to the essay of Faccinetti 2004 [16] and is proportional to the wake vari-

able q as

CV L = CL0q

2

Here CL0 is a lift force coefficient supposing the beam model is stationary. CV D is assumes as equalling

to the mean drag coefficient CD0 as that for a stationary cylinder as a function of Reynolds number. The

detailed deduce for coupling process of wake and the beam model can be referred in Appendix B. In

which, expressions of sinβ, cosβ and U are also defined and explained.

The cross-flow lift force is modelled using a Van der Pol type wake oscillator.

∂2q (s, t )

∂t 2 +εωs (s)
(
q2 (s, t )−1

) ∂q (s, t )

∂t
+ω2

s (s) q (s, t ) = A

D

(
∂2 y (s, t )

∂t 2

)
(4.7)

Where q is the wake variable, ε and A in Eq.4.7 are the tunning coefficients. Above all, Eq.4.6 and Eq.4.7

include two variable, namely the beam model displacement and the wake variable, the coupling equa-

tions are used to model the interaction between the beam model motions and the cross-flow lift force of

coupling system. Since the coupling equations of motion for the beam model of suspended pipeline are

settled, the next step should be seeking solutions for such descriptive equations in time domain. Numer-

ical solutions would be the only approach for these coupling equations due to strong nonlinearity.

The displacement variable y(s, t ) is the partial derivative of both space and time while the wake vari-

able q only contains derivative of time. Before seeking numerical solutions for the equations, some sim-

plifications on the variable should be prepared. Thus the beam model is previously divided into Ns ele-

ments which contains Ns +1 nodes. Note that the bending beam here is considered as a straight beam

and the local coordinates in the beam model is along the suspended pipeline. Hence, the length model

of the beam model is equivalent to that of the suspended pipeline length. The approach for element di-

vision is the same as that in Chapter. 3. The element division can be shown in Fig.4.3, and each element

has a length of h = Ls /Ns

Figure 4.3: Finite difference element

The partial derivative of y(s, t ) in space is simplified using the central difference method as already

defined in Eq.3.26. These simplification equations are an estimation for the derivative with truncation

error of order h2, which is acceptable in this calculation with enough precision. After the simplification,
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the partial derivative of displacement is reduced from fourth order to zeroth order, namely the displace-

ment itself. The partial differential equation, containing multiple variables of space and time, can be

simplified into ordinary differential equations which deals with only time variable. To continue, the cou-

pling equations can be solved using Newmark’s method here with reasonable given initial values for both

parameters of displacement and wake variable.

In the process of simplifying the equations of motion for beam model in Eq.4.6, it should be noted

that the beam model has uniform along the length, thus has constant bending constants E I . While for

the tension term T (s) in the beam model, the value of which is not constant any more. With the coupling

influence of submerged weight, drag force and the horizontal laying tension in the suspended pipeline,

the tension in suspended pipeline is changing from the bottom TDP to the upper Vessel Connection

Point (VCP). The detailed tension information is determined by the calculating process for the initial

configuration of the suspended pipeline. The same situation happens for the first order derivative of the

tension force. Thus Eq.4.6 can be written as the following expression,

E I y ′′′′ (s, t )+a1E I ẏ ′′′′ (s, t )−T (s)y ′′−T ′ (s) y ′ (s, t )+ (m +ma)ÿ (s, t ) = fq (4.8)

After substituting the approximation for derivatives of space into the simplified governing differential

equation in Eq.4.8 and the boundary conditions provided above, the deduction process for final simpli-

fied equation is well explained here.

(m +ma) ÿi +E I

(
yi+2 −4yi+1 +6yi −4yi−1 + yi−2

h4

)
−T (i )

(
yi+1 −2yi + yi−1

h2

)
+a1E I

(
ẏi+2 −4ẏi+1 +6ẏi −4ẏi−1 + ẏi−2

h4

)
−T ′ (i )

yi+1 − yi−1

2h
= fq

(4.9)

The equation can be further simplified as Eq.4.10 after sorting out the terms in Eq.4.9.

(m +ma) ÿi +
(

Ak yi+2 −Bki yi+1 +Cki yi −Dki k yi−1 + Ak yi−2
)

+ (
Ac ẏi+2 −Bc ẏi+1 +Cc ẏi −Bc ẏi−1 + Ac ẏi−2

)= fq

(4.10)

Where the coefficients in Eq.4.2 is expanded here.

Ak = E I

h4 Bki =
4E I

h4 + Ti

h2 + T ′
i

2h
Cki =

6E I

h4 + 2Ti

h2 Dki =
4E I

h4 + Ti

h2 − T ′
i

2h

Ac = a1E I

h4 Bc = 4a1E I

h4 Cc = 6a1E I

h4

It should be emphasized in Eq.4.2 that, coefficients Bki ,Cki and Dki are changing with nodes, while the

other coefficients are constant values. The reason comes that the tension in the beam model is changing

as stated above, as well as the gradient for changing tension, the influence of which are expressed through

these varying coefficients. The value of these tension term in nodes are acquired in the Appendix A.

The relation remains unquestionable in the inner nodes for the beam model, but for the boundary
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nodes i = 0,i = 1,i = n−1 and i = n in Fig.4.3, the displacement for fictitious nodes i =−2,i =−1,i = n+1

and i = n +2 are needed in order to fulfill the requirement of Eq.4.10. This problem can be solved using

the boundary conditions provided above. Relations for displacements of these four fictitious nodes can

be substituted through the simplification of four boundary conditions in Eq.4.3 and Eq.4.4.

For boundary end in Eq.4.3, the following equation is derived:

y0 = 0 (4.11a)

y ′
0 =

y1 − y−1

2h
= 0 (4.11b)

For the boundary end in Eq.4.4, the following equation is derived:

yn = 0 (4.12a)

y ′
n = yn+1 − yn−1

2h
= 0 (4.12b)

From the boundary conditions given, it is clear that displacements for node i = 0 and node i = n are

already known. Then the focus is on node i = 1 and i = n − 1 , the governing differential equations for

these two nodes are written separately.

For node i = 1 :

(m +ma) ÿ1 +
(

Ak y3 −Bk1 y2 +Ck1 y1 −Dk1k y0 + Ak1 y−1
)

+ (
Ac ẏ3 −Bc ẏ2 +Cc ẏ1 −Bc ẏ0 + Ac ẏ−1

)= fq

(4.13)

Eq.4.13 can be further simplified as Eq.4.14 using the boundary condition in Eq.4.11.

(m +ma) ÿ1 +
(
(Ak +Ck ) y1 −Bk y2 + Ak y3

)+ (
(Ac +Cc ) ẏ1 −Bc ẏ2 + Ac ẏ3

)= fq (4.14)

For node i = n −1 :

(m +ma) ÿn−1 +
(

Ak yn+1 −Bkn−1 yn +Ckn−1 yn−1 −Dkn−1 k yn−2 + Ak yn−3
)

+ (
Ac ẏn+1 −Bc ẏn +Cc ẏn−1 −Bc ẏn−2 + Ac ẏn−3

)= fq

(4.15)

Eq.4.15 can be further simplified as Eq.4.16 using the boundary condition in Eq.4.12.

(m +ma) ÿ1 +
((

Ak +Ckn−1

)
yn−1 −Dkn−1 yn−2 + Ak yn−3

)+ (
(Ac +Cc ) ẏn−1 −Bc ẏn−2 + Ac ẏn−3

)= fq (4.16)

Besides the nodes at the boundary end, for inner nodes i = 2,3, . . .n −2, of the beam model, the gov-

erning differential equations are written as Eq.4.10.

Since all the partial difference equations are written out, the matrix form for these equations can thus
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be concluded for the sake of simplicity.

M · Ÿ +C · Ẏ +K ·Y = F (4.17)

Where terms Y , Ẏ and Ÿ are the displacement, velocity and the acceleration for the nodes on beam

model respectively. Detailed composition is shown as Eq.4.18.

Y =



y1

y2

...

yn−2

yn−1


Ẏ =



ẏ1

ẏ2

...

ẏn−2

ẏn−1


Ÿ =



ÿ1

ÿ2

...

ÿn−2

ÿn−1


(4.18)

In Eq.4.19, term F represents a summation of all kinds of equivalent force stated above. In this beam

model, the F includes the assembly force matrix resulting from the coupling effects of wake variable q .

Also, the variable V represents the current velocity perpendicular to the beam model, which has varying

value for different nodes. The reason comes from the facts that the suspended pipeline has changing in-

plane bending angle. Thus the uniform current will interacts the pipeline at a varying angle. The current

speed at each nodes of the beam model is different after normalization as stated in the previous section.

In the numerical calculation process in Newmark’s method, the wake variable in the force term here is

always considered as an external force term and will be solved together in each time step.

F =



1
2ρDV 2

1 CV Y1
1
2ρDV 2

2 CV Y2

...
1
2ρDV 2

n−2CV Yn−2
1
2ρDV 2

n−1CV Yn−1


(4.19)

As stated above, the added mass is always included in the mass matrix. Here, symbol ma is used to repre-

sent the added mass, which equals to ρCa
π
4 D2

0. The mass matrix here is a (n−1)× (n−1) diagonal matrix

as shown in Eq.4.20.

M = (m +ma)



1

1 0
. . .

0 1

1


(4.20)

The equivalent stiffness matrix together with the equivalent damping matrix for the beam model are con-

cluded as following Eq.4.21 and Eq.4.22. The coefficients Ak ,Bki ,Cki ,Dki , Ac ,Bc ,Cc in the equivalent stiff-
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ness and damping matrix are already given in Eq.4.2.

K =



Ak +Cki −Bki Ak

−Dki Cki −Bki Ak

Ak −Dki Cki −Bki Ak

. . .
. . .

. . .
. . .

. . .

. . .
. . .

. . .
. . .

. . .

. . .
. . .

. . .
. . .

. . .

Ak −Dki Cki −Bki Ak

Ak −Dki Cki −Bki

Ak −Dki Cki + Ak



(4.21)

C =



Ac +Cc −Bc Ac

−Bc Cc −Bc Ac

Ac −Bc Cc −Bc Ac

. . .
. . .

. . .
. . .

. . .

. . .
. . .

. . .
. . .

. . .

. . .
. . .

. . .
. . .

. . .

Ac −Bc Cc −Bc Ac

Ac −Bc Cc −Bc

Ac −Bc Ac +Cc



(4.22)

The simplification for the partial differential equation of Eq.4.6 has been done, which is simplified to

a system of ordinary differential equation. Next step is to take the coupling wake variable into consid-

eration. Similarly, wake variable is considered here also in the nodes divided as Fig.4.3. Since the wake

variable only contains the partial derivative of time, there is no need exerting simplification through cen-

tral difference method like that of the displacement variable y (s, t ). Hence, Eq.4.7 can be written from

the distributed form into truncated nodes form as:

q̈i +εiωsi

(
q2

i −1
)

q̇i +ω2
si

qi = Ai

D
ÿi (4.23)

Where the variable εi and Ai are the tunning coefficients for the Van der Pol type wake oscillator. The

value of which have already been defined in Tab.4.1. Two sets of tunning coefficients are adopted regard-

ing to the criterion of inclination angle equalling to 45 degrees. The reason lies in consideration of the

influence of inline angle in suspended pipeline. The chosen value of these tunning variables are based on

the numerical simulation for the VIV experiments of inclined cylinder[17]. The variable ωsi is the vortex

shedding frequency at each nodes in the beam model. The calculation of which is defined as ωsi = 2π fs

and fs is given in Eq.2.9. The current speed used at each nodes is transformed by the Independence
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Freq. ord. 1 2 3 4 5 6 7 8 9 10

ω (rad/s) 0.158 0.262 0.374 0.490 0.610 0.732 0.857 0.985 1.116 1.249

Freq. ord. 11 12 13 14 15 16 17 18 19 20

ω (rad/s) 1.386 1.526 1.669 1.815 1.965 2.119 2.276 2.436 2.601 2.769

Table 4.2: First 20 eigen-frequencies of suspended pipeline

Principle as stated in Sec.4.1.

The initial coupling equations for beam model and wake variable are in continuous form as Eq.4.6 and

Eq.4.7, and now have been transformed into truncated nodes form as Eq.4.10 and Eq.4.23. The coupling

equations contains 2 unknown variable of displacement yi (t ) and wake variable qi (t ) at each nodes in the

beam model, both of which are a function of only time now. The remaining problem turns into solving

the ordinary differential equations as a function of time. The second order partial derivative of time is

the highest order for these equations. These ordinary equations can be solved using Newmark’s method

together with the mathematical tool for solving nonlinear equations in Matlab. After reasonable initial

conditions are given, the solution will be given as per time step.

4.3. MODEL VERIFICATION

After the setting up of the numerical beam model, a quick check of the eigen-frequencies for this beam

model can be exerted before carrying on the numerical solution. Since the tension in suspended pipeline

model is changing, the analytical solution for eigen-frequencies will be much too complicated. Thus

the numerical solution will become the only approach. The results get from numerical solution will be

checked whether the results will be in the acceptable region or not for typical offshore pipelines.

The equivalent stiffness matrix and mass matrix for the numerical calculation of the beam model is

given in Eq.4.20 and Eq.4.21. Then the numerical solution for the natural frequencies of the beam model

can be calculated here with a proper number of elements for the beam discreteness given above, which is

under the assumption of an undamped free vibration beam. The characteristic equation is in the form of

Eq.4.24. ∣∣[K ]−ω2 [M ]
∣∣= 0 (4.24)

The first 20 eigen-frequencies acquired through numerical solutions are concluded in Tab.4.2. It

should be noticed here that the results of natural frequencies here is based on the initial configuration

of suspended pipelines under the current speed of U as given in Tab.4.1. The results is quite convincing

for typical offshore pipelines in actual projects. Along with the natural frequencies from numerical solu-

tions, the first 20 mode shapes are also acquired. It should be noticed that the amplitude of modal shape

for the whole pipeline is decreasing from TDP at seabed to the vessel connection point at sea level, which

is clearer in a 2 dimensional view of lateral vibration mode along the pipeline length as an example shown



4

60 4. SUSPENDED PIPELINE MODEL

-1

0

1

Figure 4.4: 20th mode shape in 2-D view

in Fig.4.4. This phenomenon appears due to the influence of increasing tension in the pipeline. Here in

the beam model, larger tension leads to increasing stability which explains the phenomenon.

4.4. NUMERICAL RESULTS
From the above-mentioned model building information, a separate simulation model for the VIV of sus-

pended pipeline can be developed step by step with suitable inputs. Here in the following, numerical

results for such simulation model will be analysed.

Figure 4.5: Envelope curve for lateral vibration (U = 0.1952m/s)

For the input of current flow with speed of U = 0.1952 m/s, resulting in an initial length of 1109 m

for the suspended pipeline, and the simulation has been performed with time length of 300 seconds.

In order to acquire the overall motion information of the beam model, an envelope figure depicting the

displacement throughout the simulation time of the whole beam model is shown as Fig.4.5. As can be

seen, there are in total 7 peaks and troughs in the envelope curve, which means the beam model is excited

7th mode of vibration. The reason laid behind is that the current speed chosen has resulted in a shedding

frequency of 0.857 rad/s calculated by the Strouhal formula in Eq.2.6, which is corresponding to the 7th
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eigen-frequency of the suspended pipeline. Moreover, the maximum amplitude of the lateral vibration

can be up to 1.2 times of outer diameter of the simulation.

To be more specific, a node is chosen from the beam model at the elevation length of 500 m, from

seabed to sea level along the pipeline. For this node, the lateral vibration curve against time is illustrated.

With the vibration information in time domain known, the motion can be analysed in frequency domain

accordingly by the method of Fourier Transform. This is to verify clearly that at which frequency is that

node vibrates.
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Figure 4.6: Displacement and spectra for lateral vibration (500 m)

As shown in Fig.4.6, the displacement is drawn and the amplitude of which has been normalised into

the ratio of outer diameter for the pipeline. In the illustration of the spectra of the lateral vibration, the

red star and corresponding numbers represent the order of modes for natural frequencies of pipeline. It

can also be clearly seen that the main vibration frequencies of this node have explicit peaks at the region

of 7th eigen-frequencies, which is the dominant frequency. This situation also occurs to other nodes in

the beam model.

Furthermore, another current speed U = 0.2560 m/s has been input into the simulation model for

double check. This current speed is for the lateral vibration of the suspended pipeline due which refers to

9th eigen-frequency of the suspended pipeline now. With the same process as that in the above contents,
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the envelope curve is shown as Fig.4.7, there exists 9 peaks and troughs now.

Figure 4.7: Envelope curve for lateral vibration (U = 0.1952m/s)

After further check, the node at length of 500 m is again chosen to be analysed through Fourier Trans-

form. The results is shown as Fig.4.8, where the 9th eigen-frequency is the dominant vibration frequency.

Thus the simulation model is considered to be valid and effective. This separate model will be coupled to

the seabed pipeline beam model in further study.
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Figure 4.8: Displacement nd spectra for lateral vibration (500 m)

As an appendix, here are also some chosen 3 dimensional modal shapes for the beam model (U =
0.1952 m/s) corresponding to the relevant frequency orders depicted in Fig.4.9.
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Figure 4.9: Modal shape examples





5
COUPLED PIPELINE MODEL

The characteristics for seabed pipeline motion and suspended pipeline motion has been stated already in

Chapter 3 and Chapter 4 separately. The motion of pipelines has been analysed under the main influence

of soil force and VIV separately in these two chapters. As stated before, the influence of VIV in suspended

pipeline on the seabed pipeline yet experiencing with soil resistance, must be clarified. Thus, this chapter

will focus on the vibration of overall pipeline model considering the coupling effects by combining these

two independent analysing models together. Again in Sec.5.1, the general necessary supporting materials

are stated here. After solid theories basis is laid in this section, the equations of motion for the overall

pipeline model is proposed and deduced thoroughly in Sec.5.2. At last, the verification and results have

been analysed in the Sec.5.4.

5.1. MODEL INFORMATION
The coupling model of suspended pipeline and seabed pipeline are connected at the TDP, in this research,

namely the right boundary end of the seabed pipeline model as illustrated in Fig.3.7 and the lower bound-

ary end of the suspended pipeline depicted in Fig.4.2. Thus the interface conditions for the connection

point is rather a determinative to be established for the motion of the overall pipeline. The interface con-

dition will be elaborated in the following part. Besides, the other model information of these separate

parts are the same as that already have been explained in Sec.3.1 and Sec.4.1.

To summarize here, seabed pipeline in this part will be treated as an Euler-Bernoulli beam with rea-

sonable length. Based on this point, the left boundary of seabed pipeline model is still considered as

clamped. The tension distribution from TDP point, which is connected to the suspended pipeline, to

the left clamped boundary end, remains the same as that in Chapter.3.7. The tension in TDP is noted

to be continuous for these two parts. It is also considered as the same for the vertical penetration and

65
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the material damping of seabed pipeline in overall model. The soil resistance loading and the hydrody-

namic loading for this part takes the same procedure. The pipe-soil interaction will take effects only for

the seabed pipeline part.

Moreover, for the suspended pipeline in this overall model, the Euler-Bernoulli beam assumption are

adopted here. The initial configuration of suspended pipeline remains its shape and are connected to

seabed pipeline. This is acceptable since the initial configuration is acquired together with the consid-

eration for seabed pipeline as deduced in Appendix.A. The interface condition will be discussed as the

following and the vessel connection end point will be treated as clamped. The coupling Van der Pol type

wake oscillator will be kept the same and only be exerted at the suspended pipeline part. The same proce-

dure will also occurs to the hydrodynamic loading pattern and the utilization of independence principle

as stated in the Sec.4.1.

Boundary conditions and Interface conditions

For the overall pipeline model, the seabed pipeline is considered as a straight beam here and the sus-

pended pipeline with in-plane bending is also considered as a straight beam model for out-of-plane mo-

tions, which has been investigated and verified in the Chapter.4. Accordingly the overall pipeline is also

considered as a straight beam, note that the assumption is only effective while focusing on the out-of-

plane vibration for the pipeline. The overall beam model is illustrated as Fig.5.1. In the illustration, the

left end is the origin point and the length for seabed pipeline and suspended pipeline are Lb and Ls sep-

arately.

Figure 5.1: Coupled beam model illustration

For the far away left end of the seabed pipeline during J-lay process, the boundary end of which is

considered as clamped. Thus according to the coordinates defined in the illustration, the boundary con-
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ditions are given by:

y(−0, t ) = 0 (5.1a)

y ′(−0, t ) = 0 (5.1b)

The boundary conditions for the vessel connection point of the suspended pipeline remains the same as

that in Chapter.4, thus here comes the boundary conditions as:

y(Lb +Ls , t ) = 0 (5.2a)

y ′(Lb +Ls , t ) = 0 (5.2b)

The interface conditions are the focus of this section. TDP point here plays the role of connection point

between the seabed pipeline and suspended pipeline. The overall model here is intrinsically continu-

ous results in the continuity of the interface conditions at the TDP in order to correctly modelling the

behaviour of the overall pipelines. Thus the interface conditions are given as:

yb(Lb , t ) = ys (Lb , t ) (5.3a)

y ′
b(Lb , t ) = y ′

s (Lb , t ) (5.3b)

E I
(
y ′′

b (Lb , t )+a1 ẏ ′′
b (Lb , t )

)= E I
(
y ′′

s (Lb , t )+a1 ẏ ′′
s (Lb , t )

)
(5.3c)

E I
(
y ′′′

b (Lb , t )+a1 ẏ ′′′
b (Lb , t )

)= E I
(
y ′′′

s (Lb , t )+a1 ẏ ′′′
s (Lb , t )

)
(5.3d)

As shown in Eq.5.3, the displacements, slope angle, moments and shear force for both sides of TDP

in suspended pipeline and seabed pipeline are continuous. Where yb , ys are the lateral displacement

motion for seabed pipeline and suspended pipeline respectively.

The data used in this overall model also remains the same as that in separate model given by Tab.3.1

and Tab.4.1.

5.2. MODEL DESCRIPTION

After the necessary information and some simplifications provided in Sec.5.1, the problem for lateral

vibration of this overall pipeline model in J-lay process can be illustrated as Fig.5.1. The overall model

is connected by suspended pipeline and seabed pipeline at the TDP, which is also the origin point of the

local coordinates defined in the illustration. Suspended pipeline are considered as a straight beam here

and the length is defined as Ls . Seabed pipelines on bottom has the length of Lb . The total length equals

to the summation of these two parts.

Now the equations of motion for the overall pipeline model can be derived considering the coupling

of separate models as shown in Eq.5.4.
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E I
∂4 yb

∂x4 +a1E I
∂5 yb(x, t )

∂x4∂t
− ∂

∂x

(
Tb(x)

∂yb(x, t )

∂x

)
+ (m +ma)

∂2 yb(x, t )

∂t 2 = fext 0 É x É Lb (5.4)

E I
∂4 ys

∂x4 +a1E I
∂5 ys (x, t )

∂x4∂t
− ∂

∂x

(
Ts (x)

∂ys (x, t )

∂x

)
+ (m +ma)

∂2 ys (x, t )

∂t 2 = fq Lb < x É Lb +Ls (5.5)

∂2q (x, t )

∂t 2 +εωs (x)
(
q2 (x, t )−1

) ∂q (x, t )

∂t
+ω2

s (x) q (x, t ) = A

D

(
∂2 y (x, t )

∂t 2

)
Lb < x É Lb +Ls (5.6)

Where fext , fq are already defined in the previous chapter representing the effects of external force in

seabed pipeline and the influence of VIV in suspended pipeline separately. In addition, all the other

variables used here have been given already. After the equations of motion are settled for the overall

pipeline model, Again, the same procedures are followed in order to solve the coupling equations.

In Eq.5.4, there are generally two variables, namely the displacement y of overall pipeline and the

wake parameter q in suspended pipeline only. The displacement variable are included in the form of

partial derivative for time and space, while the wake variable are only the derivative of time. Central

difference method is used to transform the continuous problem into a discrete one as far as derivative

of space is concerned. After which the coupling partial differential equations with variable of time and

space has turned into the ordinary differential equations which is only the function of time. Then the

equations can be solved together using Newmark’s method step by step in time sequence. The displace-

ment information and wake variable value of each time step are recorded and analysed at last.

With the previous simplification work done in Chapter.3 and Chapter.4, the necessary work need to

be done in this chapter is to reasonably combine the equivalent mass, stiffness, damping matrix in both

seabed pipeline and suspended pipeline, correctly taking the TDP interface conditions into considera-

tion. It has already been elaborated in Chapter 3 that the seabed pipeline on bottom has the length of

Lb , divided to Nb elements. The division results in a model of Nb + 1 nodes. The boundary condition

for displacements of end nodes are given in Eq.3.21 and Eq.3.22, thus the motion for 1st nodes, namely

the infinite end, and the last nodes, namely the boundary condition, has already been included. This has

results in a Nb −1×Nb −1 matrix in order to solve the displacements for the other nodes. The process

reveals that the displacement for TDP in the overall model is not included in the seabed pipeline model,

since it has been previously defined according to the boundary condition.

The same situation happens to the building process of the suspended pipeline beam model, which

has a length of Ls and Ns + 1 nodes. Although the only difference is that the first node in suspended

pipeline model is the TDP point. Thus the problem need to be solved since the movements of the TDP

is both previously defined in separate models. While the movements of TDP plays an important role for

the connection of separate models. Hence the node in TDP and the influence to surrounding nodes must

be considered correctly into the overall model through the deduce of interface conditions. The process is

illustrated in Fig.5.2.

Surrounding nodes around the TDP is shown in Fig.5.2. The deriving process for the interface condi-



5.2. MODEL DESCRIPTION

5

69

Figure 5.2: Nodes division for overall model

tion and consequent relation between nodes are as the following.

yb(0, t ) = ys (0, t )

wm = v0

(5.7)

y ′
b(Lb , t ) = y ′

s (Lb , t )
wm+1 −wm−1

2h
= v1 − v−1

2h

(5.8)

E I y ′′
b (Lb , t )+a1E I ẏ ′′

b (Lb , t ) = E I y ′′
s (Lb , t )+a1E I ẏ ′′

s (Lb , t )

wm+1 −2wm +wm−1

h2 +a1
ẇm+1 −2ẇm + ẇm−1

h2 = v1 −2v0 + v−1

h2 +a1
v̇1 −2v̇0 + v̇−1

h2

(5.9)

Substituting the Eq.5.7 into the Eq.5.9 and using Eq.5.8, the following simplified relation can be found.

(wm+1 − v1)+a1
∂

∂t
(wm+1 − v1) = 0

(wm−1 − v−1)+a1
∂

∂t
(wm−1 − v−1) = 0

(5.10)

Number of solutions for Eq.5.10 can be unlimited. The solutions can be in the form of either Eq.5.11,

Eq.5.12 or in the form of Eq.5.13 and Eq.5.14.

wm+1 = v1 (5.11)

wm−1 = v−1 (5.12)

wm+1 − v1 = Xe−t (5.13)

wm−1 − v−1 = Xe−t (5.14)

In Eq.5.13 and Eq.5.14, X means any real number and t is time. In this research, the solution in Eq.5.11

and Eq.5.12 has actual physical meaning. While for the solution that is a function of time in Eq.5.13 and

Eq.5.14, it only has mathematical meaning. When the value of time increases to a very large number,

these two equations are the same. Thus in this research, the first set of solution are adopted. Subse-
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quently, fictitious nodes of wm+1 and v−1 are substituted by the real nodes v1 and wm−1. Moreover, the

last interface condition can be written as Eq.5.15.

E I
(
y ′′′

b (Lb , t )+a1 ẏ ′′′
b (Lb , t )

)= E I (y ′′′
s (Lb , t )+a1 ẏ ′′′

s (Lb , t ))

wm+2 −2wm+1 +2wm−1 −wm−2

2h3 +a1
ẇm+2 −2ẇm+1 +2ẇm−1 − ẇm−2

2h3 = v2 −2v1 +2v−1 − v−2

2h3 +a1
v̇2 −2v̇1 +2v̇−1 − v̇−2

2h3

(wm+2 −wm−2)+a1
∂

∂t
(wm+2 −wm−2) = (v2 − v−2)+a1

∂

∂t
(v2 − v−2)

(5.15)

For the relation between wm+2 and wm−2, together with v2 and v−2, the Eq.5.15 only is not enough.

Consequently, the EOM was introduced in both nodes wm and v0.

(m +ma) ẅm = −E I

h4 (wm+2 −4wm+1 +6wm −4wm−1 +wm−2)

− a1E I

h4 (ẇm+2 −4ẇm+1 +6ẇm −4ẇm−1 + ẇm−2)

+Tb (wm)
w1 −2w0 +w−1

h2 +T ′
b (wm)

wm+1 −wm−1

2h
(5.16)

(m +ma) v̈0 = −E I

h4 (v2 −4v1 +6v0 −4v−1 + v−2)

− a1E I

h4 (v̇2 −4v̇1 +6v̇0 −4v̇−1 + v̇−2)

+Ts (v0)
v1 −2v0 + v−1

h2 +T ′
s (v0)

v1 − v−1

2h
(5.17)

Note that wm and v0 has the same motions as derived before. Thus Eq.5.16 and Eq.5.17 are equal to each

other. The tension force is the same in nodes wm and v0 from both parts. The soil force and wake oscil-

lation force are not written in this equation for the reason of high nonlinearity and also time dependent.

These terms are treated as external force and applied to nodes directly. After simplification, the following

equation is derived:

(wm+2 +wm−2)+a1
∂

∂t
(wm+2 +wm−2) = (v2 + v−2)+a1

∂

∂t
(v2 + v−2) (5.18)

Following the same procedures for the derivation of Eq.5.10, the equation above can be simplified while

solved together with Eq.5.15. The final solution is given by:

wm+2 = v2 (5.19)

wm−2 = v−2 (5.20)

From the above deduce process, the motion of fictitious nodes are transformed to real existing nodes.
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Thus the equations of motion for the interface nodes can be written as:

(m +ma) ÿnb +
(

Ak ynb+2 −Bknb
ynb+1 +Cknb

ynb −Dknb
k ynb−1 + Ak ynb−2

)
+ (

Ac ẏnb+2 −Bc ẏnb+1 +Cc ẏnb −Bc ẏnb−1 + Ac ẏnb−2
)= fdr ag + fsoi l

(5.21)

The deduce process of the boundary conditions are not elaborated here any more for the sake of

simplicity as which is already deduced already in previous chapters. The EOM for the boundary end node

in seabed pipeline are written as Eq.3.33. The boundary end in suspended pipeline are written as Eq.4.15.

To make it clear from an overall view, the matrix for this coupled model is written as:

M · Ÿ +C · Ẏ +K ·Y = F (5.22)

Where terms Y , Ẏ and Ÿ are the displacement, velocity and the acceleration for the nodes on this overall

beam model respectively. Detailed composition is shown as Eq.5.23.

Y =



y1

y2

...

ym−1

ym

ym+1

...

yn−2

yn−1



Ẏ =



ẏ1

ẏ2

...

ẏm−1

ẏm

ẏm+1

...

ẏn−2

ẏn−1



Ÿ =



ÿ1

ÿ2

...

ÿm−1

ÿm

ÿm+1

...

ÿn−2

ÿn−1



(5.23)

Where term F represents external load that the coupling beam model has experienced and is shown as

the following. In which, the force matrix F consists of seabed pipeline part and the suspended pipeline

part. The force composition for both parts has already been stated in previous chapters.

F =



− 1
2ρCd D0 ẏ1|ẏ1|− fext1

− 1
2ρCd D0 ẏ2|ẏ2|− fext2

...

− 1
2ρCd D0 ẏm−1|ẏm−1|− fextm−1

− 1
2ρCd D0 ẏm |ẏm |− fextm

1
2ρDV 2

m+1CV Ym+1

...
1
2ρDV 2

n−2CV Yn−2
1
2ρDV 2

n−1CV Yn−1



(5.24)
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As stated above, the added mass is always included in the mass matrix. Here, symbol ma is used to rep-

resent the hydrodynamic mass, which equals to ρCa
π
4 D2

0. The properties for both parts of pipelines are

the same, thus the added mass for both parts will remain the same in this chapter. The mass matrix here

is a (n−1)× (n−1) diagonal matrix as shown in Eq.5.25, where n is the number of elements in the overall

beam model.

M = (m +ma)



1

1
. . . 0

1

1

1

0 . . .

1

1



(5.25)

The equivalent stiffness matrix together with the equivalent damping matrix for the beam model are con-

cluded as following Eq.5.26 and Eq.5.27. The coefficients Ak b,Bkbi ,Ckbi ,Dkbi ,Bksi ,Cksi ,Dksi , Ac ,Bc ,Cc in

the equivalent stiffness and damping matrix are already given in Eq.4.2 and in Eq.3.29. The coefficients in

the equivalent matrix are changing their values for different nodes due to the varying tension part. While

for the damping matrix, the coefficients are not concerned with varying tension, thus those coefficients

are remain constant for different nodes.

K =



Akb+Ckb1 −Bkb1 Akb

−Dkb2 Ckb2 −Bkb2 Akb

Akb −Dkb3 Ckb3 −Bkb3 Akb

. . .
. . .

. . .
. . .

. . .

Akb −Dkbm−1 Ckbm−1 −Bkbm−1 Akb

Akb −Dkbm Ckbm −Bkbm Akb

Aks −Dksm+1 Cksm+1 −Bksm+1 Aks

. . .
. . .

. . .
. . .

Aks −Dksn−3 Cksn−3 −Bksn−3 Aks

Aks −Dksn−2 Cksn−2 −Bksn−2

Aks −Dksn−1 Cksn−1+Aks


(5.26)
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C =



Ac +Cc −Bc Ac

−Bc Cc −Bc Ac

Ac −Bc Cc −Bc Ac

. . .
. . .

. . .
. . .

. . .

Ac −Bc Cc −Bc Ac

Ac −Bc Cc −Bc Ac

Ac −Bc Cc −Bc Ac

. . .
. . .

. . .
. . .

Ac −Bc Cc −Bc Ac

Ac −Bc Cc −Bc

Ac −Bc Ac +Cc



(5.27)

After the above deduce process are finished, the partial differential equations for the overall beam model

have been transformed into ordinary differential equations through the central difference method. The

following step is to solve the system of ordinary differential equations using Newmark’s method once the

initial conditions of the beam model are given. Then the results are given as per time step.

5.3. MODEL VERIFICATION

Again, the numerical calculation model has been set up for the overall beam model, eigen-frequencies

and eigenvectors for this beam model can be implemented here. Since the analytical solution for the

beam model will be far more complicated to solve, the analytical results will not be compared with the

numerical solutions here. The validity of the eigen-frequencies and the modal shapes will be calculated

and checked.

The equivalent stiffness matrix and mass matrix for the numerical calculation of the beam model is

given in Eq.5.25 and Eq.5.26. Then the numerical solution for the natural frequencies of the beam model

can be calculated here with a proper number of elements for the beam discreteness given above, which is

under the assumption of an undamped free vibration beam. The characteristic equation is in the form of

Eq.5.28.

Along with the natural frequencies from numerical solutions, the first 20 mode shapes are acquired as

shown in Fig.5.3. ∣∣[K ]−ω2 [M ]
∣∣= 0 (5.28)

Note that the amplitude for the modal shapes of the overall beam model is also decreasing from TDP

to the vessel connection point as shown in Fig.4.4, which is clearer in a 2 dimensional view pf lateral

vibration mode along the pipeline length as an example shown in Fig.5.3. This phenomenon appears

because of the increasing tension for the suspended pipeline from seabed to sea level. The increasing

tension mainly comes from the cumulated submerged weight of the suspended pipeline. While in the
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Seabed pipeline TDP Suspended pipeline
-1

0

1

Figure 5.3: 20th mode shape in 2-D view

seabed pipeline part, most part of which are kept straight until its approaching the connection region

with the suspended part. This is under the effects of large soil resistance simulated as a distributed spring

with reasonable value in modal analysis for simplicity.

5.4. NUMERICAL RESULTS

In this section, the simulation results are demonstrated for coupled pipeline system comprising both

seabed pipeline and suspended pipeline. It should be noticed that the simulation model does not in-

clude the influence of the dynamic laying process yet, which can be seen as a full cornerstone for the

following works. However, this model can still be used to model the lateral walking of seabed part for a

steel catenary riser due to the large VIV motion in suspended part resulted from current flow.

In the input variables for simulation test, the seabed pipeline has a length of 1000 m, to guarantee

that the seabed part is long enough that the left end is unaffected. Suspended pipeline again has a total

length of 1109 m under the uniform distributed current flow from seabed to sea level at the speed of

U = 0.1952 m/s, the speed of which corresponds to the 7th eigen-frequency of the suspended pipeline.

Total simulation time is 500 s by Newmark-β method. After the necessary information provided, the

envelope curve of the lateral vibration for the beam model can be shown in Fig.5.4, which is a holistic

view.

As can be seen from Fig.5.4, the seabed pipeline should have had the length of 1000 m as described

above, while there is only 200 m in the picture. This is because under such conditions of input, large

part of seabed pipelines are not influenced due to large resistance. Main influence part is in the length of

rough 50 m next to the TDP. Thus for the convenience of illustration, only limited part of seabed pipeline

are shown. The maximum amplitude for the lateral vibration in suspended part due to effects of VIV is

0.283 m, which equals to 1.04 time of outer diameter of the pipeline. Maximum amplitude happens at the

pipeline length of 1287 m. The maximum amplitude in seabed pipeline happens around the TDP with

the value of 0.036 m, which is 0.13 time of outer diameter.

Afterwards, four representative locations on the beam model are chosen to gain increasing compre-
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Figure 5.4: Envelope curve for coupled pipeline (U = 0.1952 m/s)
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Figure 5.5: Displacement and spectra for lateral vibration of nodes
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hending into the lateral vibration process of the pipeline system. The lateral displacement and vibration

spectra in frequency domain of nodes in these locations are depicted in Fig.5.5. From the lateral displace-

ment illustration, the displacement at the length of 800 m is nearly stationary throughout the simulation,

the spectral analysis is also very small compared that to the nodes in suspended part, there are almost 15

orders of magnitudes. Thus at this place, the soil part can be seen as unaffected from the VIV. Moreover,

the amplitude at the seabed part is relatively small even in the TDP compared to that in the suspended

part, without considering the dynamic effects of laying in this region.

For the nodes at suspended part, though the amplitudes for lateral displacement varies a lot while

the density spectral of which has shown similarity to a great extent. So is the spectral density curve trend

of node at 1000m, though the amplitude is smaller, this is because of the soil resistance in this node.

Furthermore, the spectral density mainly locates at the frequency region around the 7th eigen frequency

of the suspended pipeline, not the natural frequency of coupled pipeline, which has corresponds to the

Strouhal frequency of the current flow. It can be noticed that the peak in spectral figure is deviating from

the 7th eigen-frequency marked in Fig.5.5, compared to Fig.4.6. Such phenomenon may results from

the coupling effects of seabed pipeline and suspended pipeline, in which the soil resistance in seabed

pipeline dissipate the energy transmitted from the suspended pipeline.

The above process are the modelling for situation that VIV happens throughout the simulation pe-

riod, though the lateral amplitude for the vibration of seabed pipeline is relatively small, the seabed

pipeline can also keep its location. To dig it further, a model when VIV is removed by setting current

speed equalling to zero from half simulation time, the pipeline will finally becomes static with energy

dissipation in from hydrodynamic resistance and soil resistance. The phenomenon that seabed can keep

its bending shape when the coupled pipeline becomes still at last.

It is also found out that the soil stiffness may influence the amplitude for lateral vibration of seabed

pipelines largely, the value for soil stiffness depends mainly on the soil types. Fig.5.6 has shown the enve-

lope curve for a simulation with a 10 times smaller value of soil stiffness compared to the results in Fig.5.4.

Figure 5.6: Envelope curve for coupled pipeline (ks = 6.95×104N/m2 )
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When the other variables are kept the same, the maximum amplitude for lateral vibration in seabed

pipeline has the value of 0.063 m, which is 0.23 time of outer diameter. Which is nearly two times as a

comparison for the results in Fig.5.4. Here are also some chosen 3-D modal shapes corresponding to the

relevant frequency orders depicted in Fig.5.7 as an appendix.
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Figure 5.7: Modal shape examples



6
INFLUENCE OF TDZ

Previous chapters have described in detail the modelling process for the lateral vibration of pipelines dur-

ing J-lay, yet without considering the influence of laying process. During the laying operation, the con-

nection part of seabed pipeline and suspended pipeline are highly affected by the random vessel motions

and all kinds of hydrodynamic forces. A probable result may occur that TDP is moving in laying process.

Thus in this chapter, the influence on the lateral vibration due to this phenomenon is investigated.

6.1. MODEL INFORMATION
During laying process, sometimes the as-laid pipeline on seabed can not keep a straight laying route yet

would presents the bending shape like snake, which is not expected by the engineer. In order to find

out possible cases for this phenomenon, the dynamic laying process is analysed and modelled. When

pipeline is being laid down, pipelines are undergoing cyclic motions due to diversified sea state and re-

sulting unpredictable vessel motions. These unexpected factors may result in more stress concentration

and force amplification in the touchdown zone around where the laying pipeline touches the seabed.

TDP movement

The influence for the dynamic laying effects can be divided into vertical pipeline oscillation case and the

lateral pipeline oscillation case. The vertical oscillation of pipeline in the touchdown zone may lead to

the detachment of seabed and pipelines, which means that there is no pipe and soil contact. Thus the

pipeline experiences no soil resistance in this region. Moreover, the soil properties in this region varies

a lot due to dynamic pipeline movement. Soil in this region is usually softened and remoulded, but is

difficult to be quantified here.

Speculations have been made here that the existence of touchdown zone would exert influence on the

magnitude of lateral vibration of the pipelines and lateral bending shape will be magnified here. In order
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to simulate the mechanism for of touchdown zone effects, some modification should be made based on

the previously defined coupling model. Since the essence of the touchdown zone is random detachment

of pipelines from the seabed, resulting less soil force at these pipeline segment. Hence, the basic idea to

incorporate this mechanism is that (i) the in-plane initial configuration remains the same as that in static

situation and (ii) a touchdown zone is isolated in seabed part of the coupling pipelines.

After a specific zone has been isolated simulating the movement of touchdown point, an acceptable

description of that should be elaborated in the next. Throughout the laying process, the dynamic be-

haviour of pipelines in touchdown zone can be very complex and difficult to be reproduced. It may be

influenced by estimated stress concentration in the touchdown zone due to a catenary shape of the whole

pipeline. This has resulted in a changing vertical load on the soil varying along the pipeline length, which

is also higher than the as-laid pipeline weight at a certain locations of this region. This can be estimated

through structural analysis of suspended pipelines with the laying angles known and axial tension calcu-

lated. The soil properties at the touchdown region can also be influenced by the horizontal and vertical

oscillations of the pipelines due to the vessel motions. The oscillations of which can be estimated from

the analysis of vessel motions taking into consideration of wave motions.

Since the essence for this research is to investigate the influence of varying range of soil force results

from the movements of touchdown point at existing touchdown zone. Thus the above mentioned factors

will not be included here which is beyond the scope of this research. The most characteristic for the phe-

nomenon that the soil force becomes zero due to the detachment of pipelines from soil at seabed in the

touchdown zone is captured. This kind of detachment is oscillating along with time. Here is an illustra-

tion for the movement of touchdown point in this research. As can be seen from Fig.6.1, the touchdown

Figure 6.1: Illustration for TDP movement at TDZ

zone is specified in the seabed pipeline part and the initial touchdown point is marked as the connection

point between suspended pipeline and the seabed pipeline. The movement of touchdown point is given
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by a harmonic function as Eq.6.1. The reason for the adjustment in Eq.6.1 is to simulate the movement of

touchdown point to the left from initial touchdown point as marked in the Fig.6.1.

LT DP = AT DP (1−cos(ωT DP t )) (6.1)

There are two influential factors describing the characteristics of touchdown point movement at the

touchdown zone. The first important determinative factor is AT DP , controlling the magnitude of the

length of the touchdown zone. The second influential factor is the ωT DP , controlling the frequency of

the touchdown point movement as elaborated later. The value of which should be investigated into to

guarantee an effective results from the simulation.

For pipelines with various characteristics under different environmental loading, the magnitude for

the length of touchdown zone may change a lot. Especially for the situation of a storm when laying

process is done, and when the risers suspended from a platform are concerned. There are some rela-

tively reasonable values for the range of touchdown region in practice. From the guidance manual about

geotechnical and foundation design considerations released by American Petroleum Institute (API) [18],

the typical length of touchdown region, in an engineering case similar to our research, ranges within

about ±15m, namely with the length of roughly 30 m. This is the case corresponding to the influence of

daily wave loading. Moreover, for a the situation of a storm, the distance can be extended into ±25 m,

namely 50 m for the length of touchdown zone. There is another field studies [19] has shown that the

touchdown zone length of such scale is very realistic value for these kinds of specific seabed, pipe prop-

erties and laying geometry. In this research, the value for length of touchdown zone is determined as 40

m, which has made the value of AT DP equal to 20 m.

The frequency for TDP movements, namelyωT DP , is concerned largely with the actual horizontal and

vertical oscillation of the laying vessel and the random hydrodynamic forces. This can be estimated by

the analysis of the vessel motions under the influence of environmental loading, which has beyond the

scope of this research. Moreover, the importance of the frequency is less than that of the magnitude of

the touchdown zone. In order to carry on with the research, an estimation value is given here. The period

of the touchdown point movements is 25 seconds. For a simulation time of 500 seconds, there will be

20 cycles for the movement of touchdown point, thus the influence of the movement can be observed in

detail.

The above-mentioned model information are the new changes for the future simulation of touch-

down point movement. The other information about the model comprising seabed pipelines model in-

formation, the suspended pipelines model information and the coupled pipeline model information is

the same as already stated in Chapter 5. After the necessary information preparation work above, next

section is the building up process for the simulation model of the moving touchdown point.



6

82 6. INFLUENCE OF TDZ

6.2. MODEL DESCRIPTION
The theoretical foundation has been laid for the simulation model of additional touchdown point move-

ment with the information provided above. Except for the only difference stated above, the building up

process for the simulation model are the same as that of static laying process model defined in previous

chapters for coupled pipeline system. The model is illustrated in Fig.6.2. Here in Fig.6.2, the only differ-

Figure 6.2: Beam model illustration

ence is shown in the seabed pipeline part that there contains a touchdown zone on the left of connection

point, namely the touchdown point. The movement of touchdown point will change the soil force distri-

bution in the seabed pipelines and this will be elaborated later.

The equations of motion for the beam model is the same as that shown in the Eq.5.4 to Eq.5.6. After

which, the continuous beam model is transformed into discrete nodes. Central difference method is used

here for the simplification of turning partial differential equations with high order derivative of time and

space variables into ordinary equations only with high order derivative of time. Besides, the determina-

tion of boundary and interface conditions are the same in these two parts. At last, the modified ordinary

differential equations are solved by Newmark-β method. The deduce process for the calculation matrix

used in the calculation will not be elaborated any more as this is the same as that in the previous chapter.

What should be emphasized here is that the gradual change of soil force distribution due to the ap-

pearance of touchdown point movements. After the beam model is discretized into nodes with the same

manners in Chapter 5, the magnifying illustration for the touchdown movement in a certain moment is

shown as the following Fig.6.3. Where the LT DP represents the travelling distance of touchdown point

as time is going on, which has already been defined in Eq.6.1. The distance between two continuous

node is marked by l . In a certain moment, the touch down point has moved into the location between

node Ni and Ni+1 and the length between node Ni and the touchdown point is defined by l∗, which is a

continuous changing value as a function of time. In addition, the value for l∗ ranges from 0 to l .
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Figure 6.3: Magnifying illustration for TDP movement

Since the touchdown point moves and the moving distance has already been defined by LT DP , the

numerical sequence number of node Ni can be determined once the initial nodes partition is known. For

the sequence number of nodes larger than Ni+1, the soil force becomes zero. There is only hydrodynamic

force in this part. But for the soil force applied into node Ni and Ni+1, special care should be taken

together with the changing value of l∗. Since finite difference method is used here, while the essence

of which is to discretize the continuous model into discrete elements, and the distributed force in one

element is also applied together into a node representing the force of element. According to this idea, the

soil force for node Ni and Ni+1 is determined through the following process as shown in Fig.6.4.

Figure 6.4: Soil force for adjacent nodes containing TDP

The soil force distribution for the nodes containing touchdown point should be modified as shown

above at every time step. Where the ratio γ represents the proportion of real length l∗ of element experi-

encing soil force over the whole length of single element l . Initially, when the value of ratio smaller than



6

84 6. INFLUENCE OF TDZ

0.5, namely the touchdown point is within the element range represented by node Ni , the soil force is the

sum of soil force at half element length (0.5) on the left of the node Ni and at the real element length γ

on the right of the node Ni . While there is no soil force for the node Ni+1. When the value of ratio γ is

bigger than 0.5, namely the touchdown point begin to locate at the range of soil element representing by

node Ni+1. Thus the soil force for node Ni remain as the same as the whole element length which does

not need to be adjusted. While for the node Ni+1, the ratio of element length undergoing soil force is over

the whole element length is γ−0.5. The soil force for node Ni+1 need to be adjusted.

The direct results for the movement of touchdown point is the change of soil force distribution as time

going on. This description process is defined above for the calculation of soil force in this research. Since

the soil force in this model is the only alteration part compared to the static laying process model defined

in Chapter 5, which plays the role of external forces in the simulation model. The other parts in this

simulation model remains the same as that in static laying process model, thus the main structure of the

simulation model remains the same. Furthermore, the verification step is skipped due to the similarity

with previous model. To continue, the simulation results can be concluded in next section.

6.3. NUMERICAL RESULTS
From the above information provided, the new simulation lateral vibration model including the influence

of TDZ during the dynamic laying process is presented in this section.

The simulation test is based on the current speed of U = 0.1952 m/s, as the same as that in Chapter

5 for the convenience of comparison. The total simulation time is 600 s, during which the current flow is

distributed uniformly throughout the simulation. The movement of touchdown point will begin from the

beginning to check the influence on lateral vibration of seabed pipeline and will stop at the time of 500 s

to see the difference. First of all, the envelope curve is illustrated for the whole pipeline part as Fig.6.5.

Figure 6.5: Envelope curve for coupled pipeline (With TDZ)

From Fig.6.5, the conclusion can be drawn that the amplitudes for lateral vibration in the TDZ is mag-

nified largely due to the movement of TDP when compared to Fig.5.4. After analysing the data acquired

in this simulation, the maximum lateral displacement is 0.21 m, about 0.76 time of the outer diameter
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for the pipeline. This is a much larger value as expected than the value acquired without the influence of

TDZ in Chapter 5. Moreover, the detailed vibration information of seabed part is depicted in Fig.6.6 by

selecting a representative node at the middle location in TDZ, which has a length of 980 m from the left

boundary end in the beam model .

0 100 200 300 400 500 600

Time [s]

-0.5

0

0.5

D
is

p
la

ce
m

en
t 

(y
/D

)

L = 980 m

Figure 6.6: Lateral vibration of L = 980m

As shown in Fig.6.6, the lateral vibration of which before 500 s has turned into a bit of periodically

chaotic status compared to the displacement plot in Fig.5.5. While after the time 500 s, the vibration

becomes a regular one. The reason for such phenomenon is due to the movement of TDP as time goes

on, which resulting in a changing distribution of soil resistance force. At the moment that node 980 has a

relatively lower amplitude, it is applied with soil resistance force, and vice versa for the higher amplitudes

situations.

Further more, another simulation has been exerted, in which the current speed is set to be zero during

half of the simulation time, there also appears the results the seabed pipeline in TDZ region can keeps a

bending shape after reaching a static state due to energy dissipation. When comparing the results with

that in Chapter 5, the maximum lateral displacement is also larger.
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Dynamic laying process will influence the lateral vibration of pipelines definitely. The influence of which

comes from various factors, this research mainly focuses on two aspects due to the limited scope of this

research. First influential factor is the existence of touchdown zone, which has already been expatiated

in Chapter 6. The simulation model of which are based on the model for static laying process, thus it has

played the role of a connecting link between simulation models for pure static laying process and for the

dynamic laying process separately. The second influential factor of the lateral vibration of the pipelines,

the dynamic laying process to be exact, will be further investigated in this chapter.

7.1. MODEL INFORMATION
For the purpose of taking dynamic laying process into account, the intrinsic characteristics of the process

should be clearly analysed beforehand. When the laying vessels is in operation, pipelines are constantly

laid at a certain speed, the laying speed in other words. The speed of which can vary a lot for different

type of laying vessels, typically S-lay, J-lay and reel lay approaches. For the J-lay method in this research,

pipelines are released at a certain speed from the laying vessel continuously, at the same time, the seabed

pipelines is increasing its length as the laying operation goes on. Moreover in this research, assumption

comes that the laying configuration of the pipeline system is kept the same as that calculated for initial

static configuration when focusing on the lateral vibration of the pipeline system. Thus the configuration

of suspended pipelines remains the same and the total length of which does not change.

With the appearance of current flows, the suspended pipeline in sea water may undergo vortex in-

duced vibration which is the main source of the lateral vibration for the pipeline system. This kind of

lateral vibration in suspended pipelines will definitely results in the vibration of seabed pipelines, which

may jeopardize the straight configuration of as-laid pipelines thorough the hinderance of soil. Conse-
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quently, as the laying process goes on, seabed pipelines gain its length gradually, which may deviate from

the pre-set straight laying route continuously. Therefore the influence of dynamic laying process should

be investigated and analysed so as to describe the influence qualitatively. With the intention of modelling

the dynamic laying process, additional modification on the simulation model for static laying process

should be done, as will be explained in detail in following contents.

Introduction of fictitious pipeline

Lots of work has been done for the numerical model of static laying process which is assembled from

the separate part of seabed pipelines and suspended pipelines. These two part of pipelines have been

defined with a finite length as it is given beforehand. The length of suspended pipelines is calculated

through the initial static configuration of the J-lay pipeline under a given current situation. While the

length of seabed pipelines is defined with enough length to guarantee that the faraway end from the

laying direction is not concerned with the laying operation. It is clear that the length of both parts are pre-

defined with a constant value through the simulation of static laying process. Compared to the situation

above, one of the most apparent change for the dynamic laying process modelling is that the length of

the pipeline system is increasing as the laying process is operated. The difficulty of this simulation model

also lays here. To simplify the problem, the problem of touchdown zone is not considered here. There

consequently comes the assumption of initial laying configuration is kept constant as defined in static

laying process model, the only difference is actual movement of pipelines through the route of static

configuration. In other words, the only difference is the increasing length of seabed pipelines due to the

pipe laying process.

Taken the length change of the model into account, a relatively simple and precise solution must be

reasonably proposed considering the calculation speed of numerical simulation. If the length is increased

in every time step of the simulation process, the whole calculation structure of the pipeline model need

also to be changed in every time step since the element division of the pipeline need also to be adjusted

with increasing length. The number of whole calculation steps can be very large to guarantee an accept-

able resolution in Newmark-β method, thus if this idea is adopted the calculation will be tremendously

time-consuming. A substitution solution is proposed as an alternation that the length of pipelines need

to be laid is pre-defined in the whole coupling pipeline system. Here, the concept of fictitious pipelines

part is introduced which is named compared to seabed pipelines and suspended pipelines. Based on this

idea, if the simulation time and the laying speed is given, the length of fictitious pipelines is known by

simple calculation. Thus the coupling pipeline system comprises the seabed part, suspended part and

fictitious part now. The whole length of the pipeline system is known also. The calculation structure of

whole pipeline system is carried out throughout the simulation since the element division of the model

is constant from start to end.

To continue, the fictitious pipeline is released into the water during laying process as time goes on.

Namely the released part of which begins to experience the vortex induced vibration under the influence

of current flows, which has become part of the suspended pipeline around the beam region of vessel. Si-

multaneously, an equivalent length of suspended pipeline initially locating around the seabed becomes
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the seabed pipelines and start to undergo soil resistance. Although the whole pipeline system is calcu-

lated together, remaining part in fictitious pipelines should be kept still until it is released. Furthermore,

the remaining part cannot affect the calculation results in the already paid part. During the dynamic lay-

ing modelling process, the interface between the already laid part in fictitious pipeline and the remaining

part in fictitious part should remains the function of fixed boundary as defined in static laying process.

Only this requirement is satisfied, the remaining part in fictitious part can be kept still and will not affect

the calculation results for this dynamic process.

Essentially, the lateral vibration in beams is transmitted in the form of waves as shown in numerical

solutions. When the wave in structure runs into a fixed boundary, the transmitted wave will be reflected.

The magnitude of the wave will not be altered after the reflection while the original shape of which is

kept reversely. After recalling the knowledge from structural dynamics, a dashpot with infinitely large

of damping coefficients plays the same role as a fixed boundary. Based on the idea above, distributed

dashpot with infinitely large damping coefficients can be applied to the remaining part of the fictitious

part. In addition, the distributed dashpot is eliminated gradually along with the pipe laying process. The

detail will be further elaborated after the finite difference method is used for the discreteness of the beam

model in Sec.7.2.

Information gather

The introduction of fictitious pipeline into the pipeline system has been already elaborated in the above

section. Which is the main change for the simulation model of dynamic laying process compared to

that in static laying process. Besides the model information for fictitious part described above, the other

simulation model information is summarised together in the following for the reason that the dynamic

laying process model is still based on the static laying process simulation model and thus there will be

some overlap part for both models, only the difference will be contained here.

With the intention to organise the general layout for the details of the model, the following contents

are concluded. The coupling pipeline system here used to simulate the dynamic laying process com-

prises three part, namely seabed pipelines, suspended pipelines and fictitious pipelines as given before.

The initial configuration of the coupling pipeline system are pre-defined as that in the static laying config-

uration. The seabed pipelines will experience vertical penetration at first, which will also be assumed as

a constant value due to its self submerged weight as has already been stated in Chapter 3. This is because

the vertical vibration is beyond the scope of this research and the coupling effects between vertical and

lateral vibration is relatively small. The suspended pipeline behaves more like stiffened catenary since

the water depth is large enough that most portions of suspended pipelines can be considered as catenary

cables solely, except for the region near the seabed where the bending stiffness of suspended pipelines

can not be neglected due to the boundary layer phenomenon and thus is treated as a beam. The stiffened

catenary is considered as a combination of beam and cable part. The static shape of which under the ef-

fects of currents can be analysed through the combination of numerical and analytical method together

as elaborated in Appendix A. The static initial configuration acquired is used when dynamic laying pro-

cess simulation is carried out. For the lateral vibration of the coupling pipelines is relatively small, which
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is moving around the initial static configuration of the coupling system. The fictitious part is released

gradually as the laying operation going on. The information about initial configuration will be used in

the tension calculation in the beam model and the vortex induced vibration of suspended pipeline in the

future. The coupling pipeline system is considered as a straight beam since the focus of this research is

on the lateral vibration, namely the out-of-plane vibration for the pipeline. The in-plane configuration of

the pipeline can be seen as independent from lateral vibration of the pipeline system again.

During laying process, main environmental load on the pipeline system is again considered here.

There is no external load for the fictitious part, that is also applied with distributed dashpot with ex-

tremely large damping coefficient. The suspended pipeline undergoes the hydrodynamic forces under

the influence of current flow and surround sea water. The in-line drag force is concerned with the initial

configuration of the pipelines and the out-of-plane lift force is modelled by wake oscillator model. The

inertia force is considered as added mass into the structure. Seabed pipelines here is undergoing both

hydrodynamic forces and the nonlinear soil force as defined before. The only difference and difficulty

here is that the length of pipeline movements as the laying process going on. Consequently, the external

force distribution has changed.

The internal damping in pipeline system here is also represented by the material damping, the idea

of which has already been stated in Chapter 3. Besides, the coupling pipeline system comprises three

parts, the left and right boundary end are both clamped, where the displacement and slope are both zero.

There are two interface conditions also in this beam model, the first one locates at the touchdown point

between seabed pipeline and suspended pipeline, the second one locates at the the connection point

between the suspended pipeline and fictitious pipeline. Interface conditions at both point are continuous

as the pipeline characteristics for different parts are the same, the difference is influence the external

environmental loading. The continuity is guaranteed by the equivalence of displacement, slope angle,

bending moment and the shear force at the both side of the interfaces.

It is also worth mentioning that the tension throughout the pipelines are the most changeable variable

in the calculation process. Where the idea of tension calculation in seabed pipelines is the same as that in

Chapter 3. But as the laying process goes on, the length of seabed pipeline is increasing, thus the tension

along the length of which change with time as well. This will be included into the calculation process.

The suspended pipeline will remain its length in a dynamic process. The increasing length from fictitious

part is the same as the decreasing length into the seabed pipelines. The tension in a certain location of

the suspended pipeline remain the same. While for the dynamic laying process, the space coordinates for

a certain element is changing as time goes, thus the tension for it is changing too. For the remaining part

in fictitious pipeline, there is no need to consider the tension since results will not be influenced for its

role of clamped boundary with extremely large dashpot. This will be elaborated in next section.

7.2. MODEL DESCRIPTION

With theoretical expound provided above, the simplified model for dynamic laying process can be illus-

trated as Fig.7.1 by combining the fictitious part, for the convenience of facilitating understanding.
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Figure 7.1: Beam model illustration including fictitious part (Top view)

Where x indicates the local coordinates along the pipeline length and y(x, t ) represents the lateral

vibration of the pipeline as a function of time and pipeline length. Tension in the beam model varies

through the beam model indicated by Tl e f t and Tr i g ht . The length Lb , Ls , L f refer to the length of seabed

pipeline, suspended pipeline and fictitious part separately. The fsoi l represents external loading in the

seabed pipelines including the most characteristic loading of soil, fw ake represents the vortex induced vi-

bration for the suspended pipeline and fd ampi ng is the represents the distributed extremely large damp-

ing in this fictitious part which plays the role of fixed boundary in the calculation process.

Now the equations of motion for the overall pipeline model can be derived considering the coupling

of separate models as shown in Eq.7.1 to Eq.7.4.
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Where fext , fq are already defined in the previous chapter representing the effects of pipe-soil interaction

together with the hydrodynamic force in seabed pipeline and the influence of VIV in suspended pipeline

separately. Moreover, the detailed expression of fext and fq has already been defined in previous chapters

and will not be expanded again. Furthermore, fd amp means the damping force in the fictitious part. The

value fo which can be clearly expressed as

fd amp =−cd p f
· ẏ f (7.5)

In Eq.7.5, cd p f
means the damping coefficients of the dashpot, the value of which is set as a very large
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number as 1×1032 here. Since the damping coefficient of the dashpot is set as infinitely large, thus the

damping force is extremely large accordingly. After the equations of motion are settled for the overall

pipeline model, again, the numerical methods are followed in order to seek solutions for the coupling

equations. The numerical solution process has large similarity as that in previous chapters. But after the

introduction of dynamic laying process due to the gradual change of length in diverse pipeline parts, the

process will certainly becomes much more different in detailed solution process.

For the intention of acquiring the motion information, controlling equations in Eq.7.1 to Eq.7.4 must

be resolved. Similarly, the equations turn into solving the partial derivative equations as the precious

models. Using central difference method afterwards, the partial differential equations of the beam model

containing both partial derivatives of time and displacement has turned into the ordinary differential

equations with only partial derivative of time in second order. Next, these equations can be solved by

together using the Newmark-βmethod in steps with given time period. During solving process, the value

for displacement, velocity and acceleration of the beam model in nodes is recorded and can be analysed

later. And so is the value for wake variable. Such process will be elaborated in the next.

The nodes division of the beam model are shown as Fig.7.2 in the following. This is the initial nodes

division without considering the dynamic laying, namely there is no length changing yet as will be ex-

plained in the following.

Figure 7.2: Nodes division for beam model illustration including fictitious part (Top view)

It is shown in this nodes division picture that the continuous beam model is divided into discrete

nodes. Three pipeline parts in the beam with length of Lb , Ls , L f separately are divided into nodes with

the value of Nb , Ns , N f correspondingly. Since the boundary conditions for this model is fixed, thus

motions for the first node and last node are already known, which will not be included into the calculation

process accordingly. The sequence number of first node before touchdown point (as the touchdown point

may move) or the node at the touchdown point is marked as t , so is the vessel connection point marked



7.2. MODEL DESCRIPTION

7

93

as v . The value of t and v may change as the movement of these two points in pipe laying process. The

distance between two contiguous nodes has constant values h, regardless of the different pipeline parts.

Initially, the touchdown point and vessel connection point are in the place of nodes, while in the moving

process for the pipe laying, these two points will change the relative position in the beam model as will

be shown later in Fig.7.3.

During the simplification process, it should be noted that the structural properties of the three pipeline

parts remains the same, bending moment E I and cross section for example. While the tension in the

suspended part and seabed pipeline marked by T (s) and T (b) varies according to the relative location in

space, namely in the beam model. The same situation occurs to the derivative of tension in this two parts,

T ′(s) and T ′(b). However, the tension and its derivative,T ( f ) and T ′( f ) in fictitious part has no influence

to the results, thus T ( f ) is set as constant equalling to the tension of connection point with the suspended

pipeline, T ′( f ) is zero accordingly. The tension and its derivative at different nodes is interpolated from

the continuous model. After the simplification process, the equation in every node can be written as:

For seabed pipelines:

(m +ma) ÿbi +E I

(
ybi+2 −4ybi+1 +6ybi −4ybi−1 + ybi−2

h4

)
−Tb (i )

(
ybi+1 −2ybi + ybi−1

h2

)
+a1E I

(
ẏbi+2 −4ẏbi+1 +6ẏbi −4ẏbi−1 + ẏbi−2

h4

)
−T ′

b (i )
ybi+1 − ybi−1

2h
= fext 1 É i É t

(7.6)

For suspended pipelines:

(m +ma) ÿsi +E I

(
ysi+2 −4ysi+1 +6ysi −4ysi−1 + ysi−2

h4

)
−Ts (i )

(
ysi+1 −2ysi + ysi−1

h2

)
+a1E I

(
ẏsi+2 −4ẏsi+1 +6ẏsi −4ẏsi−1 + ẏsi−2

h4

)
−T ′

s (i )
ysi+1 − ysi−1

2h
= fq t +1 É i É v

(7.7)

For fictitious pipelines:

(m +ma) ÿ f i +E I

(
y f i+2 −4y f i+1 +6y f i −4y f i−1 + y f i−2

h4

)
−T f (i )

(
y f i+1 −2y f i + y f i−1

h2

)
+a1E I

(
ẏ f i+2 −4ẏ f i+1 +6ẏ f i −4ẏ f i−1 + ẏ f i−2

h4

)
−T ′

f (i )
y f i+1 − y f i−1

2h
= fd amp v +1 É i É n −1

(7.8)

Along with the vortex induced vibration in suspended part, the equation is simplified as:

q̈i +εiωsi

(
q2

i −1
)

q̇i +ω2
si

qi = Ai

D
ÿi t +1 É i É v (7.9)

After the equations are simplified, a second step should also be taken as considering the boundary

conditions and the interface conditions in the beam model, which is for the intention of guaranteeing the

continuity of the nodes in these equations. Deduce process for the interface conditions at the touchdown

point and the vessel connection point is the same as that in Chapter 5 Fig.5.2. For a specific part, there
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remains the fictitious nodes beyond the part for boundary nodes around the interface nodes. Through

the same deduce process, these fictitious nodes are related to the existing nodes in adjacent parts just

as the way in Chapter 5. For simplicity, this will not be elaborated again here. Due to the continuity of

nodes in the motions for beam model, Eq.7.6 to Eq.7.8 can be combined together as Eq.7.10, in which the

external force for separate parts has been also be combined together.

For overall pipelines:

(m +ma) ÿi +E I

(
yi+2 −4yi+1 +6yi −4yi−1 + yi−2

h4

)
−T (i )

(
yi+1 −2yi + yi−1

h2

)
+a1E I

(
ẏi+2 −4ẏi+1 +6ẏi −4ẏi−1 + ẏi−2

h4

)
−T ′ (i )

yi+1 − yi−1

2h
= ftot al 1 É i É n −1

(7.10)

The above equations can be further explicitly shown as:

(m +ma) ÿi +
(

Ak yi+2 −Bki yi+1 +Cki yi −Dki k yi−1 + Ak yi−2
)

+ (
Ac ẏi+2 −Bc ẏi+1 +Cc ẏi −Bc ẏi−1 + Ac ẏi−2

)= ftot al

(7.11)

Where the coefficients in Eq.7.11 is expanded here.

Ak = E I

h4 Bki =
4E I

h4 + Ti

h2 + T ′
i

2h
Cki =

6E I

h4 + 2Ti

h2 Dki =
4E I

h4 + Ti

h2 − T ′
i

2h

Ac = a1E I

h4 Bc = 4a1E I

h4 Cc = 6a1E I

h4

(7.12)

It should also be stressed in Eq.7.12 that, coefficients Bki ,Cki and Dki are not only changing with nodes,

but will also varying with time as per the laying process in introduced next, while the other coefficients

are constant values. The value of these tension term in nodes are acquired in the Appendix A. As the

nodes change its position in laying process model, the tension and its derivative in corresponding node

will also change its value as time going on. The value of which is interpolated from the initial tension

force distribution for static laying process analysis. Thus for each time step, these coefficients will change

their values accordingly. The phenomenon for varying tension will not influence the material damping

term, which according to the definition is only concerned with the displacement term.

Next, the clamped boundary conditions at both end of the beam model are introduced. Since the

deduce process is same as that in precious chapters, thus again the conclusion will be given directly. For

node i = 1 :

(m +ma) ÿ1 +
(
(Ak +Ck1) y1 −Bk1 y2 + Ak y3

)+ (
(Ac +Cc ) ẏ1 −Bc ẏ2 + Ac ẏ3

)= ftot al1 (7.13)
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For node i = n −1 :

(m +ma) ÿ1 +
((

Ak +Ckn−1

)
yn−1 −Dkn−1 yn−2 + Ak yn−3

)+ (
(Ac +Cc ) ẏn−1 −Bc ẏn−2 + Ac ẏn−3

)= ftot aln−1

(7.14)

Now, all the differential equations as per nodes have been explained and given, the calculation of the

partial differential equations can be thus continued with Newmark-β methods. Before carrying on, the

ordinary differential equations need to solve can be concluded together clearly in matrix form again as

Eq.7.15.

M · Ÿ +C · Ẏ +K ·Y = F (7.15)

Where the variables Y , Ẏ and Ÿ are the displacement, velocity and the acceleration for nodes on discrete

beam model accordingly. M here is the equivalent mass matrix of the beam model, K is the equiva-

lent stiffness matrix, C is the equivalent damping matrix and F is the equivalent external force matrix of

the beam model. Detailed composition for the overall pipeline model comprising three separate part is

shown as Eq.7.16.

Y =



y1

y2

...

yt−1

yt

yt+1

...

yv−1

yv

yv+1

...

yn−2

yn−1



Ẏ =



ẏ1

ẏ2

...

ẏt−1

ẏt

ẏt+1

...

yv−1

yv

yv+1

...

ẏn−2

ẏn−1



Ÿ =



ÿ1

ÿ2

...

ÿt−1

ÿt

ÿt+1

...

yv−1

yv

yv+1

...

ÿn−2

ÿn−1



(7.16)

Where the term F is the combination of different pipeline parts, including the seabed pipelines, sus-

pended pipeline and the fictitious part. Interfaces of these three parts are the touchdown point and the
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vessel connection point. The external forces for these separate parts have already been stated as previous.

F =



− 1
2ρCd D0 ẏ1|ẏ1|− fsoi l1

− 1
2ρCd D0 ẏ2|ẏ2|− fsoi l2

...

− 1
2ρCd D0 ẏt−1|ẏt−1|− fsoi lt−1

− 1
2ρCd D0 ẏt |ẏt |− fsoi lt

1
2ρDV 2

t+1CV Yt+1

...
1
2ρDV 2

v−1CV Yv−1
1
2ρDV 2

v CV Yv

−cd p f
· ẏv+1

...

−cd p f
· ẏn−2

−cd p f
· ẏn−1



(7.17)

For the equivalent matrix of K , C and M in this beam model, the form of which are the same as that in

the Eq.3.40, Eq.3.41 and Eq.3.39 separately. The difference is the dimension of the matrix has changed

with the value of node number and the dimension of which are all in the form of (n−1)×(n−1) matrix. It

also should be paid additional attention that the tension part in Eq.7.11 has changed while the intrinsic

characteristic structural components in which remains the same.

The above mentioned process are the calculation model for static laying process with the fictitious

part pipeline. Taking the simulation further that the dynamic laying process is considered, length of

pipeline model in seabed and fictitious part will certainly change, the nodes divided initially as shown

in Fig.7.2 will consequently moves as the space location of pipelines also moves. This will be very com-

plicated if the nodes division changes as time goes by, which has certainly increase the complexity of the

simulation. Thus another way of thinking is adopted by keeping the nodes division form as constant,

while the force distribution has been changed according to the laying process. In other words, a spe-

cific nodes is attached to a fixed location in the pipeline, thus the recorded motion information for the

node represents the motions of corresponding space location of the pipeline. During pipe laying process,

nodes division illustration is shown as Fig.7.3. Where Ll ay is the length of laying from initial position at a

certain moment. Nl ay is the integer value of nodes number contained in the laying length. l∗ is the length

between touchdown point and the adjacent node belonging to the seabed pipeline. Compared the nodes

division for dynamic laying process in Fig.7.3 with the illustration for that before dynamic laying process

in Fig.7.2, the touchdown point and the vessel connection point has changed their positions. Where the

part before the TDP is seabed pipeline, the fictitious part locates after VCP and the suspended pipeline

part is in-between. As also can be seen, the seabed pipeline is gradually increasing its length while the fic-

titious part is decreasing its length accordingly. The suspended pipeline remains its length as a constant
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Figure 7.3: Nodes division illustration for laying process (Top view)

value.

To be more specific, nodes before the sequence number marked with t are loaded with soil force and

node t + 1 to v are the suspended part loaded with hydrodynamic lift force, node v + 1 to n − 1 are the

nodes in fictitious part with extremely large damping. Sequence numbers of t and v are changing their

values as the movement of TDP and VCP. Thus the force distribution in Eq.7.17 is also changing as the

nodes may experience different source of external force due to the simulation of laying. While again the

external force for interface nodes t , t + 1, v , v + 1 should be modified according to the same idea as in

Fig.6.4. Thus the modification process will not be elaborated here again.

Besides the change of external force distribution during dynamic laying process, the tension distri-

bution also changes in nodes according to the previous statement is the other main change for correctly

describing the simulation model. Although the tension distribution for the absolute space location of the

initial configuration shape for the coupled pipeline system is defined as constant values, but during the

dynamic laying process, the space location of a specific segments in suspended part has changed repre-

sented by the relative position change of the attached nodes, which has definitely resulted in the change

of tension distribution. The decreasing length of fictitious part represents the dynamic laying process

of pipelines, which would be finally transformed into the increasing length in seabed pipelines through

suspended pipelines. When the nodes in suspended part change their relative space position when ap-

proaching the seabed, tension is these nodes will be determined again in each time step by interpolating

the tension value according to the relative space position at this time moment. As more and more nodes

enter into the region of seabed pipeline from suspended part, the increasing length of seabed pipeline re-

sults in a change in the tension distribution, which will be calculated again in every time step as the same

process in Chapter 3. Further more, tension distribution in fictitious part will not influence the numerical

results in other parts, thus tension is set as the same as predefined value.
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With the above mentioned model building process, every variable in the partial differential equations

for the overall beam model has been explained and the transformed ordinary differential equations will

be solved by using Newmark’s method once the initial conditions of the beam model are given. Then the

results are given as per time step. During solving process, the Jacobian matrix for this modified simulation

model for dynamic laying process is given again in the Appendix C.

7.3. NUMERICAL RESULTS

Whether the dynamic laying process will influence the lateral bending shape of laid pipelines and how

much the influence can be are the main research interests of this thesis, based on the foundation laid in

previous chapters, results for the simulation model of it is shown in this section.

Here in the simulation example, length for seabed pipeline, suspended pipeline and the fictitious part

are 500 m, 1109 m and 1000 m separately. The laying speed is assumed to be 1 m/s in this simulation,

referring to the modelling time of 960 s here, the laying distance will be 960 m in this simulation. With

these parameters defined and following the above mentioned procedures, lateral vibration can be solved

and recorded as time goes on for the dynamic laying process.

The results for dynamic laying process is better to be seen in the simulation video, while for the thesis,

4 consecutive time moment during the simulation are chosen at which time the lateral vibration of the

pipeline system are drawn. In Fig.7.4, time moments are chosen at 50 s, 300 s, 600 s and 960 s separately.

As can be seen in Fig.7.4, the dynamic laying process is well simulated from the very beginning at

time 50 s to the simulation end. The length of suspended pipeline is constant. Seabed pipeline has an

increasing length equalling to the decreasing length of fictitious part. At the mean time, TDP andVCP are

used to differentiate the connection point among these three pipeline parts. As expected, the suspended

pipeline are experiencing VIV throughout the modelling, the maximum amplitude of the lateral vibration

in this region is about one diameter. The fictitious part is stationary before the the nodes in this part are

released into the region of suspended pipeline, the process of which is elaborated in previous sections.

The focus is the seabed pipelines, as more and more pipeline are laid onto the seabed, thus the as-laid

pipeline are experiencing with more and more soil resistance. The already laid part, namely faraway from

the TDP, may not be able to keep straight due to soil hinderance, thus a laying route deviating from the

initial straight line may happens. This phenomenon has been captured by the model in Fig.7.4, where

shows a trend that the the seabed pipeline is deviating from the straight configuration.

When the simulating process is done, at the time moment of 960 s, the maximum displacement for

the seabed pipeline now is 0.04m, equalling to 0.15 time of outer diameter of the pipeline. This value is

slightly larger than that in the static laying process as shown in Chapter 5. Further research are still needed

to identify the major influential factors on the amplitude of maximum lateral vibration in dynamic laying

process.

To continue, some representative nodes on the coupled pipeline system will be selected and the lateral

vibration in time domain of which is illustrated here for the intention of gain further insights.

For the suspended pipeline, two nodes located at the length of 800 m and 1200 m have been selected
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Figure 7.4: Laying process illustration at varying time moments
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according to the coordinates in Fig.7.3. The lateral vibration of which through out the simulation is de-

picted in Fig.7.5.
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Figure 7.5: Lateral displacement for nodes on suspended pipeline

As can be seen from the above picture that, the node located at x = 800m is relatively close to the

seabed. When x = 300m, the nodes begin to touch the seabed and consequently undergoes the soil re-

sistance, thus the amplitude of its vibration decreases very quickly and stop to vibrate with displacement

of about 1.5 mm. While for comparison, the node at x = 1200m undergoes the same process but at the

time 400 s later. Finally it has a lateral displacement of about 3 mm. During the simulation process, it has

mainly vibrated under the influence of VIV. When compared to Fig.4.6, the lateral vibration plot does not

have the steady state yet with changing amplitudes .The reason for this may lays behind the redistribution

of the VIV energy in the pipeline due to the relative alternation for the space positions of the nodes.

For the fictitious pipeline, two nodes located at the length of 1700 m and 2100 m have been selected,

the lateral vibration of which is depicted in Fig.7.6.
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Figure 7.6: Lateral displacement for nodes on fictitious pipeline

The lateral vibration for fictitious nodes varies from that in the suspended part. As shown in Fig.7.6,

the node at x = 1700m only begins to vibrate at the time of about 100s after the node is released from
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the fictitious part into the suspended pipeline at that time. The reason for this is due to the extremely

large damping dashpot applied in the fictitious part before the nodes are released. The same situation

occurs to node located at x = 2100m later. After the nodes comes into the region of suspended pipeline,

the VIV will plays the major role and the amplitude of which will increase as it was laid lower and lower

approaching the seabed.





8
CONCLUSION

In this thesis, the numerical calculation models simulating the lateral vibration of pipeline system during

J-lay process have been established step by step. Separate models for simulating pipe-soil interaction

in seabed pipeline and VIV in suspended pipeline are proved to function well and coupled models for

both pipeline part are further modified to incorporate the main features for the dynamic analysis with or

without involvement of laying operations.

8.1. CONCLUSION
There are in total 5 simulation models for the lateral vibration of pipelines that have been built up from

Chapter 3 to Chapter 7. They are summarized here as listed below:

• Seabed pipeline model focuses on the pipe-soil interaction.

• Suspended pipeline model includes the VIV mechanism.

• Coupled pipeline model analysis without considering the dynamic laying operation. This can be

used to simulate the seabed walking for Steel Catenary Riser (SCR) due to VIV.

• Coupled pipeline model incorporates the influence of Touch Down Zone (TDZ).

• Coupled pipeline model considered the dynamic laying operations.

After the model verification process and simulation results analysis, several conclusions can be drawn

here.

• The soil resistance is highly nonlinear and may present stick-slip phenomenon. It can holds the

seabed pipeline in a bending shape.
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• Creative methods have been developed in this thesis which helps solving static initial configuration

of suspended pipeline considering boundary layer phenomenon (Stiffened Catenary) under effects

of current flow.

• VIV in suspended pipeline is able to causing the bending shape of seabed pipeline around the con-

nection location with soil resistance.

• The existence of TDZ magnifies the amplitude of bending shape in seabed pipeline.

• Dynamic laying operations leads the seabed pipeline to deviating from its straight configuration.

8.2. FURTHER STUDY
Apart from the researches have been done in this thesis, some future study can be propose here.

• The numerical models already acquired can be improved and recalibrated with comparison to suit-

able experimental results in practice.

• The coupling effects of TDZ and the pipe laying operations can be further coupled together in one

simulation model for the purpose of acquiring more accurate results, though with plenty of work.

• Parameters study can be implemented for the influential factors contributing to the amplitude of

lateral vibration, the effects of current speed and soil properties for example.



A
STATIC LAYING CONFIGURATION

Calculation for initial static configuration of suspended pipeline is an essential procedure, which needs to

solve in advance of many other problems. In this research, the in-plane vibration of the pipeline system

is not concerned. The pipeline system will be considered as keeping its static configuration in-plane.

The initial configuration of suspended pipeline directly decides the value for axial tension throughout

the overall pipeline system including on-bottom pipelines. The tension is horizontal while changing its

value for on-bottom pipeline as stated in Chapter 3. Moreover the axial tension for suspended pipeline

is increasing from seabed to sea surface with cumulative weight of the pipeline. Besides, this research

focuses on the out-of plane vibration of the pipeline and the initial in-plane configuration is a required

reference. For the VIV of suspended pipeline, the information of initial static laying configuration is also

required when the uniform current flows across the suspended pipeline.

The uniform flows will not only arouse large VIV in suspended pipeline but also will influence the ini-

tial configuration of that due to large accumulative in-plane drag force. Although the static initial config-

uration of coupling pipeline system is considered as consistent throughout the dynamic analysis process

of lateral vibration for the pipeline system, the influence of current flow in-plane should be investigated

into. The first part is the main deduction process for the static initial configuration without the effects

of current flows, which is solved by analytical solution. The second part is the investigation of static ini-

tial configuration considering current flows, which is solved by numerical solution since the analytical

solution is not applicable any more due to the complexity of current flow normalization on bending sus-

pended pipeline. After that, some parameters study has also been conducted concerned with current

flow properties.
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A.1. STATIC INITIAL CONFIGURATION WITHOUT CURRENT

Solutions for the suspended pipeline during J-lay have been developed both analytically, yet with some

approximations, and numerically. These analytical solutions vary from simple catenary shape to more

precise model includes boundary layer assumption. In the boundary layer approach, the main parts

of the suspended pipeline is considered as catenary. While for the boundary region for the suspended

pipeline close to the seabed, the bending stiffness of the pipeline becomes dominant and the boundary

layer is considered as a beam here. In the essay of Lenci, the influence of boundary layer phenomenon

is of great important while the seabed stiffness only has scarce influence. Thus in the process for deter-

mining the laying configuration, the seabed stiffness is considered as infinite. The analytical calculation

process below is mainly based on the previous work from Lenci 2005.

For the configuration of pipeline during deep sea laying process, the most simplest model for de-

scripting the initial shape is the catenary assumption. In which, the bending stiffness of the pipeline is

neglected and the pipeline is seen as a cable model only loaded with tension instead of a beam model.

While taking the boundary layer phenomenon into consideration, the problem can be solved through sin-

gular perturbation theory, which is thorough yet very exhaustive. The solution provided here is proposed

based on the observation that in the suspended part, just ahead of the touch down point (TDP), the ver-

tical displacement is small at a certain interval of unknown length L1, where the boundary phenomenon

is going to occur. Thus the first part of the suspended pipeline is seen as a linear beam considering the

bending stiffness. The model can be seen a combination of beam and cable as illustrated in Fig.A.1.

Figure A.1: Illustration for beam & cable model (Copyright from Lenci)
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The governing equation for the beam part of the pipeline is written as

E I w ′′′′
2 (x)−T w ′′

2 (x) = p (A.1)

Where w2(x) is the deformed shape in the local coordinates system, the origin of which locates at the

touch down point (TDP). The y-axis is upward vertical and x increases from the boundary layer end (BLE)

points to the vessel. P is the constant submerged weight of the beam in unit length and T is the tension

in the beam which is seen as also constant here. The related bending moment and shear force here are

given by M2(x) = E I w ′′
2 (x),S2(x) =−E I w ′′′

2 (x) separately.

The general solution for Eq.A.1 is solved as Eq.A.2.

w2(x) =− p

2T
x2 + c3 + c4x + c5sinh(γx)+c6cosh(γx), 0 ≤ x ≤ L1,

(
γ=

√
T

EI

)
(A.2)

In the remaining part of the suspended pipeline, the assumption of simple cable catenary is used,

namely in the range of 0 ≤ x ≤ L2 = (L −L1). It becomes apparent that the governing equation for this

simple cable catenary is written as A.3. The interface condition for the connecting node of these two part

at the boundary layer end point (BLE) would be given properly next.

y ′′ = δ
√

1+ [
y ′(x)

]2 (A.3)

The general solution for A.3 is the classical catenary equation.

y(x) = c7 + 1

δ
cosh(δx + c8), L1 ≤ x ≤ L (A.4)

Where y (x) is the shape function for the cable part in the previous defined coordinate system. Here

δ= p/H , again p is the submerged weight in vertical direction and H is the constant horizontal tension.

With reference to Eq.A.4, the slope angle can be easily understand given the first derivative of displace-

ment equation, namely θ(x) = arctan
[

y ′ (x)
]
. The tension in the cable catenary can be derived as the

following with reference to A.3.

T̃ =
√

H 2 + (
H · y ′ (x)

)2

= H ·
√

1+ y ′ (x)2

= p

δ2 y ′′ (x) .

(A.5)

Here although the cable assumption does not include the meaning of bending, an approximation is de-

rived here by the multification for bending stiffness and the curvature of the cable.

M̃ (x) = E I
dθ

d s
= E I

dθ

d x

d x

d s
= δ3[

y ′′ (x)
]2
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The approximated shear is also derived as the following equation after the bending moment is derived

above.

S̃ (x) = d M

d s
= d M

d x

d x

d s
=−2E Iδ6 y ′ (x)[

y ′′ (x)
]4

. After all the variables defined for both beam part and cable part, the interface condition for these two

parts and boundary conditions at both ends is written as Eq.A.6.

TDP


w2 (0) = 0,

w ′
2 (0) = 0,

M2 (0) = 0.

BLE



−w2 (L1) = y (0) ,

−w ′
2 (L1) = y ′ (0) ,

T = T̃ (0) ,

M2 (L1) = M̃ (0) ,

S2 (L1) = S̃ (0) .

Vessel

{
y (L2) = A,

y ′ (L2) = tanφ.
(A.6)

To conclude, there are ten unknowns in the previous beam and cable equations including c3, c4, c5, c6,

c7, c8, T , L1, L2, and δ. While the variables E I , p, A, and φ are given in this process. Since there are

also ten boundary conditions and interface conditions in Eq.A.6. Thus the variables can be solved. It is

worth mentioning that the solution process here is a little bit difficult since the equation group is highly

non-linear. Before solving the equations, a few steps of deduce is performed first. The following part

is to find the relations between these ten variables so as to simplify the calculation process. After the

deduce, the conclusion comes that there are two variables T and L1 which are the determinative. Once

the value of these two variables are known, the other eight variables can be derived from these two clearly.

Substituting the given variables into boundary condition at TDP in Eq.A.6, the following relations can be

derived.

c3 = −pE I

T 2 , (A.7)

c6 = pE I

T 2 , (A.8)

c4 = −γc5. (A.9)

To continue, when deal with the interface conditions for Boundary layer end (BLE), the following

equations can be derived.

c7 = −w2 (L1)− 1

δ
cosh (c8) , (A.10)

sinh(c8) = −w ′
2 (L1) , (A.11)

w ′′
2 (L1) = − δ

cosh2 (c8)
, (A.12)

w ′′′
2 (L1) = 2δ2 sinh(c8)

cosh4 (c8)
, (A.13)

δ = p

T
cosh(c8) . (A.14)
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At last, the boundary conditions at the vessel gives that

c7 = A− 1

δcosφ
, (A.15)

tanh(δL2) = −sinh(c8)+cosh(c8)sinφ

cosh(c8)− sinh(c8)sinφ
. (A.16)

(A.17)

These equations are highly non-linear, thus some simplification should be made here in order to get

trustful results. Some variables are strongly related to other variables and can be expressed using other

variables. The simplified solution for this algebraic system can be derived by eliminating the variable c7

in Eq.A.10 and Eq.A.15 and eliminating the variable δ in Eq.A.12 and Eq.A.13 by the expression of δ in

Eq.A.14.

A− 1

cosφ

T

p cosh(c8)
= −w2 (L1)− T

p
, (A.18)

w ′′
2 (L1) = − p

T cosh(c8)
, (A.19)

w ′′′
2 (L1) = 2

p2

T 2

sinh(c8)

cosh2 (c8)
. (A.20)

To continue simplifying the equation in Eq.A.18, the expression for cosh(c8) in Eq.A.19 can be substi-

tuted into Eq.A.18.

w2 (L1)+ T 2

p2 cosφ
w ′′

2 (L1)+ A+ T

p
= 0, (A.21)

Eq.A.21 is intrinsically an equation of T and L1 for the solution of c5. Thus after the above steps of

simplification, the final solution of the algebraic system depends on the determination of T and L1. After

solving these two variables, the other variables can be solved in sequence. From Eq.A.11, the expression

for cosh(c8) is written as cosh(c8) =
√

1+ [
w ′

2 (L1)
]2. While substituting this equation into Eq.A.19 and

Eq.A.20, the final core algebraic system for T and L1 only can be derived.

f1 (T,L1) = w ′′
2 (L1)

√
1+ [

w ′
2 (L1)

]2 + T

L1
= 0, (A.22)

f2 (T,L1) = w ′′′
2 (L1)+2w ′

2 (L1)
[
w ′′2 (L1)

]2 = 0. (A.23)

The equations above is the highly non-linear source of the whole algebraic system, and can be solved

with classical methods such as Newton-Raphson method or other improved algorithms. Here in this

research the non-linear equations are solved in Matlab, which accept the trust-region dogleg algorithm

by default. The final answer is also verified through another solution method using Maple. There will

appears many solutions and it is necessary to choose the answer with meaning and neglect the others.

After the variables are solved, the descriptive functions for the beam and cable part of the pipeline in
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J-lay have been determined. With the given statistics in Tab.3.1 for this research, the final results for the

initial configuration can be illustrated as Fig.A.2.
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Figure A.2: Laying configuration for beam & cable model

A.2. STATIC INITIAL CONFIGURATION WITH CURRENT

The analysing procedures for initial static configuration of pipeline system has laid a strong foundation

for the further research about extra effects of current flows. In Sec.A.1, the analytical solutions have been

extracted by reasonable beam and cable assumption. The general solutions for the equations of equilib-

rium in both beam and cable part can be written out clearly since there is no current force appears, which

is a highly non-linear external force due to the bending shape of the suspended pipeline. Thus in order

to research into the effects of currents flow, numerical integration methods are adopted here.

Still taking boundary layer into consideration, the suspended pipeline is again considered as a combi-

nation of beam part and cable part as shown in Fig.A.1. The only difference is the appearance of current
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flow as shown in Fig.A.3. Another reason adopting the same model is that the results acquired through

different calculation methods can be compared and checked. Through the literature study work for such

questions, there are no direct solutions found for considering boundary layer in current flow conditions.

In Wang’s thesis for the J-lay configuration problem, hydrodynamic force is taken into account while the

suspended part pipeline is treated as cable in the whole part without considering the boundary layer.

Thus improvement has been made in this research that both hydrodynamic forces and the boundary layer

effects in J-lay problems. Several innovation points in this process have been developed. The boundary

Figure A.3: Illustration for beam & cable model under currents

conditions in TDP and top end point of this model and the interface conditions in BLE remain the same

as that in Sec.A.1 to guarantee the continuity of the model as. While there is no analytical solution for

cable parts subjected to non-linear hydrodynamic force any more, and a numerical iteration process for

the cable configuration in future will be exerted in the following process, thus the core problems here is

to find a most suitable BLE point under a most appropriate top tension that can guarantee the continuity

in TDP and BLE point as numerically given in Eq.A.6. Because there is no direct analytical solution, thus

the position of BLE should be predefined here, with the horizontal length of L1 and vertical height of h

from the TDP. These two variables together with the top tension is core variables for the iteration as will

be explained thoroughly in the following part.

Since the beam part is only a small portion of total suspended pipeline length, and locates around the

TDP with deep depth where the current speed is usually small compared to that in large cable part, thus

the beam part is under little influence of the current and the general solutions for this part is the same as
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already stated in Sec.A.1. Again, the general solution for the beam part is given as:

w2(x) =− p

2T
x2 + c3 + c4x + c5sinh(γx)+c6cosh(γx), 0 ≤ x ≤ L1,

(
γ=

√
T

EI

)
(A.24)

(a) force balance 1 (b) force balance 2

Figure A.4: Force balance of suspended pipeline segment (Copyright from Wang Lizhong)

While for cable part of suspended pipeline, the force balance has to be analysed with hydrodynamic

force before continuing the numerical calculation. Now a small segment of suspended pipeline is consid-

ered as shown in Fig.A.4a. The pipe segment has a length of dl undergoing hydrodynamic loading, gravity

and the internal forces. Taking the balance equilibrium of pipe segment in vertical direction, horizontal

direction and the bending moment, one may get the following three equations,

dV = Ft dl sinθ−Fndl cosθ−wdl , (A.25)

dH = Fndl sinθ−Ft dl cosθ, (A.26)

dM = V dl cosθ−Hdl sinθ. (A.27)

Where θ refers to the inclination slope of the suspended pipeline, w is the submerged weight for unit

length of the suspended pipeline. The hydrodynamic forces here is calculated by the classical Morison’s

equation. The force can be divided into normal and tangential direction, Fn and Ft , as per the pipeline

segment. These two equations are expressed by,

Fn = 1

2
ρseaCnD (v sinθ)2 , (A.28)

Ft = 1

2
ρseaCt D (v cosθ)2 . (A.29)
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Where, the coefficients Cn and Ct are the drag force coefficients in normal and tangential direction sep-

arately. In this research, Cn is chosen at the value of 1.25 as the previously chosen value and Ct is 0.024

as recommended in Wilson’s thesis. It should also be noticed that the direction of hydrodynamic force is

related to that of current flow. When the current flow changes its direction, so is the hydrodynamic force.

The previous analysis are based on the pipeline segment subjected to bending moment, but for the

suspended pipeline with sufficient length in sea water, it can be assumed as cable by neglecting the bend-

ing moment as already done in Sec.A.1. Thus for simplicity, the force balance illustrated in Fig.A.4a turns

into the illustration in Fig.A.4b by neglecting bending moment. The balance equation for bending mo-

ment in Eq.A.27 has been simplified into
V

H
= tanθ (A.30)

Where V and H are components of axial tension decomposed into vertical and horizontal direction sep-

arately. The axial strain and shear strain in suspended pipeline is neglected again, thus the following

relations in Fig.A.4b can be derived as

dx = dl cosθ, (A.31)

dy = dl sinθ. (A.32)

Though the cable assumption of suspended pipeline here does not provide flexure, the bending moment

value need to be solved in order to verify the continuity of bending moment in the BLE point between

the beam and cable part. An approximation solution has been acquired here by multiplying the bending

stiffness E I of the pipeline and the curvature at a certain point:

M(l ) = E Iκ(l ) = E I
∂θ

∂l
(A.33)

After the theoretical background are prepared above, the numerical iteration process can be contin-

ued for the configuration of cable part, given an initial tension T1 at the VCP and the height h of BLE

point. Now, the vertical length of cable part pipeline is A−h, which can be divided into n elements. Each

element has the vertical length of dy and are numbered increasingly from top end to the BLE point as

shown in Fig.A.3. For an element i in the cable part, the iteration process can be concluded as:

xi+1 = xi + dy

tanθi
, (A.34)

yi+1 = yi +dy, (A.35)

dli = dy

sinθi
, (A.36)

Vi+1 =Vi + Ft i dli sinθi −Fni dli cosθi −wdli , (A.37)

Hi+1 = Hi + Fi dli cosθi +Fni dli sinθi , (A.38)

θi+1 = arctan
V

H
, (A.39)
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Note that the boundary conditions at the VCP is intrinsically satisfied as the starting point during the

iteration process. Through the iteration process of cable part, the configuration of cable can be built up

from the vessel connection point (i = 1) to the boundary layer end point (i = n +1). The information of

all the nodes in cable part including the x, y , dl , V , H , θ are solved in cascade. In order to guarantee the

continuity of beam and cable part pipeline at BLE point, the first two interface conditions in Eq.A.6 are

used here, which ensure the displacement and slope continuity of these two parts. Substituting Eq.A.24

into these two interface conditions, the following equations can be acquired,

− p

2Tn+1
L1

2 + c3 + c4L1 + c5sinh(γL1)+c6cosh(γL1) = A− yn+1 = h, (A.40)

− p

Tn+1
L1 + c3 + c4 +γc5cosh(γL1)+γc6sinh(γL1) = tan(θn+1) , (A.41)

Moreover, the first two boundary conditions at TDP in Eq.A.6 can be derived as the following equations

with general solution of the beam part.

C3 + C6 = 0, (A.42)

C4 + γC5 = 0, , (A.43)

The four unknowns C3, C4, C5 and C6 control the shape of beam part pipeline and can be solved through

Eq.A.40 Eq.A.43 if the value of variable L1 is given. L1 here is the variable for identifying the magnitude of

boundary layer horizontal length, the value of which usually varies within a certain range. Thus the initial

tension T1, BLE height h, boundary layer length L1 are the core variables for the iteration process. If these

three variables are given, the configuration for both beam part pipeline and the cable part pipeline can

be settled through the above deduction process. The next step is to check the validity of the given value

for T1, h and L1. The criterion is the other unused boundary conditions and interface conditions must be

satisfied within an acceptable predefined small number. To elaborate, the continuity of bending moment

and shear force at the BLE point and the bending moment in TDP should be close to zero in accord with

the assumption that the soil stiffness is infinite as per the initial configuration problem.

It is also worth mentioning here that backward difference method is used for the curvature derivation

at BLE point. Before which, the necessary information of slope angle θi at each node in cable part are

known through iteration process. It should be noted here, the writer had also checked the method of

curve fitting for calculation of curvature at BLE point in cable part, but the results has large deviation,

which is not to be recommended here. The other necessary information is the variable of dli is also

recorded in the same process. Calculation of curvature at BLE point in beam part becomes easier since

the analytical equation of beam is already derived with all unknown coefficients solved. The results can

be compared then. For the curvature at TDP, it is calculated through the same process with analytical

solution, the value of which is compared with zero according to the assumption. Only if all the conditions

are satisfied, the given combination value for the T1, h and L1 are adoptable, which means that the initial

configuration of the suspended pipeline are solved.
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Furthermore, the range of predefined value for the three core variables are discussed here. For the

initial tension given in at the VCP, the value of which is initially set as T1 = 1.1w A. After the above process

are conducted, the vertical force in each node of the cable part should be checked to guarantee that value

of vertical force at any nodes of the cable part is bigger than zero (Vi Ê 0), which means that the tension

at the VCP is large enough to support the pipeline. If there appears any vertical force (Vi < 0), the initial

tension must be subsequently increased unless the criterion is satisfied. After which the iteration process

can be continued, Tn+1 and θn+1 in Eq.A.41 can be thus used. Here the value of L1 and h are predefined

within a reasonable range around the exact value calculated in the analytical solutions by Lenci’s method

in Sec.A.1.

The whole calculation process is illustrated in the flow chart as Fig.A.5. It is clearly shown that the

possible value for L1 and h are distributed in the space range, represented by L1l ower É L1 É L1upper and

hlower É h É hupper . The range used here ia calculated based on the solution from Lenci’s method, the

typical searching range for both variables L1 and h used here are ±20m and ±10m separately. Notice that

larger searching range often means the increasing demand for computational time. Thus for improve-

ment, the solution can also be sought step by step. In the first step, a relatively larger mesh grid can be

divided in order to find a solution with less accuracy but the calculation process of which can be rather

quick. Then the next step is to have the mesh grid around the preliminary solution divided finer, the so-

lution can be derived with more and more accuracy. It is also should be noted here that this is a highly

non-linear problem, many answers may appear if a relatively large ε is accepted. Thus extra efforts must

be paid here in the selection process. The acceptable value of ε is set as 1×10−5 here in this research.

With the above calculation process done, the initial configuration of suspended pipeline is acquired

under the effects of currents. Some comparison work will be done in the following.
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Figure A.5: Calculation process illustration

Verification for the model

After the calculation model is set up, verification work must be conducted before carrying on. The cur-

rent speed is set as zero in the calculation model, such problem solved by the new model becomes the

same as that in typical Lenci’s thesis. Comparison between these two model has been checked after the

results is calculated out. The comparison results is shown in Fig.A.6. As can be shown clearly in Fig.A.6,

the reference results from Sec.A.1, are depicted in solid lines. Reference catenary line here is the results

for considering the whole pipeline as a cable without boundary layer. While taking boundary layer into

consideration, the beam and cable part in Lenci’s method are depicted separately, namely the reference

beam and reference cable. Results from new models are illustrated here by the dash line, once again, there

are two parts including beam and cable part for the suspended pipeline considering the boundary layer.



A.2. STATIC INITIAL CONFIGURATION WITH CURRENT

A

117

0

x(m)
0

100

200

300

400

500

600

700

800

900

1000
z(m)

Seabed part
Reference Catenary
Reference Beam
Reference Cable
Numerical Cable
Numerical Beam

Figure A.6: Comparison between Lenci’s model and the new model

From the picture, one may find that the difference between these two models are acceptable and nearly

the same for the situation of no current flow involved. Conclusion can be drawn that this new model here

is a success and is also trustful here.

Influence from different current speed

After the verification work done in last part, the new model is used for the calculation of initial configu-

ration under the influence of varying current speed, which has been set here as −1,−0.5,0,0.5,1,1.5 m/s.

Note that the positive current direction is the same as the horizontal axis in the figure. As per the nega-

tive direction for current, the model can only work in a certain range. It has already been checked that for

negative current speed up to nearly −1.2 m/s together with other parameters in this research, the pipeline

will not keep its shape as a similar catenary shape and become nearly straight or has a inverse bending

shape. This calculation model will not be available again, which has also beyond our scope of research.

Fig.A.7a has been a reference for the situation that the whole suspended pipeline is seen as pure cate-

nary. While Fig.A.7b is the illustration of results for beam and cable model. Fig. A.7c is the comparison

of this two results. Dashed line here represents beam & cable model, solid line is the results for cable

part. These two results has large similarity as per the bending shape. The main difference mainly exists in

the boundary layer region when the figure is zoomed in around the TDP. While for the large cable part of

suspended pipeline, the difference is small. The boundary layer phenomenon becomes more and more

important with increasing negative current speed value and vice versa.
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Influence of current profile

All the above mentioned results are based on the linearly distributed current speed. Current speed at

the sea level has maximum value and the speed of which becomes zero at the seabed. Here in this part,

another constant current profile from the sea level to the seabed level is used, in which the current speed

are considered constant throughout the water depth.

The results is shown in Fig.A.8, solid lines represent the outcomes from shear current settings and

dashed lines refer to results from constant current profiles. With larger hydrodynamic forces results from

different current speed setting, the bending shape becomes more and more explicit.
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Figure A.7: Results for difference currents speed
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Figure A.8: Different current profile comparison



B
VIV DEDUCE

As stated in Chapter 4, the coupling mechanism of VIV for cylinders have been modelled in many ways.

The Van der Pol type wake oscillator model is used in this research, which is based on the thesis of

Facchinetti. The coupling mechanism for flow past pipeline has been already elaborated both in Sec.2.2

and Sec.4.2. In this appendix, some supplementary deduce will be stated here.

Figure B.1: Fluid force for the pipeline segment (Copyright from Ogink)

The illustration for the flow past cylinder is like Fig.B.1, where the incident current is in the x direction

and the cylinder is moving in the y direction. As in this research, only the cross-flow vibration of the

121



B

122 B. VIV DEDUCE

pipeline is focused, namely the y direction in Fig.B.1. Motion in the in-line flow direction are insignificant

and thus neglected.

As shown in Fig.B.1, the cylinder is experiencing a vibraiton velocity of dY
d t , and the incident current

has the velocity of V . Thus the relative velocity between current and cylinder in this case is:

U =
√

U 2
x +U 2

y =
√

V 2 +
(

dY

d t

)2

(B.1)

Here also comes the meaning for angle β, which is the angle between relative velocity U and the x axis.

The definition is given as:

sinβ= UY

U
and cosβ= Ux

U
(B.2)

Moreover, the force between cylinder and the current are the most important components for the follow-

ing analysis. The total hydrodynamic force is FV and can be decomposed into FV X of in-line direction,

and FV Y of cross-flow direction. Another way of decomposition is FV D , and FV L , which are the drag and

lift force separately with respect to the relative velocity U . For the convenience of following calculation,

decomposition of fluid force into x and y direction is selected. While the value of drag and lift force are

investigated and can be expressed by drag and lift coefficients based on many studies. From Fig.B.1, the

relation between FV X , FV Y and FV D , FV L are deduced as the following:

FV Y = FV D sinβ+FV L cosβ (B.3)

Introducing the dimensionless coefficients for the force term, the above equation can be transformed

into:
1

2
ρDLV 2CV Y = 1

2
ρDLU 2CV D sinβ+ 1

2
ρDLU 2CV L cosβ (B.4)

To make it clear, the above equations can be further simplified into :

CV Y = (
CV D sinβ+CV L cosβ

) U 2

V 2 (B.5)

Where CV L is defined as linearly proportional to wake variable q as CV L = CL0q

2
, which is based on the

analysis of Faccinetti et al. CV D is defined as CV D =CD0. The value of CL0 and CD0 are experienced value

acquired from experiments. With the equation for CV Y established, the following numerical calculation

can be continued. The same deduce process can be conducted if the in-line force components are con-

sidered.
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NUMERICAL SOLUTION

The equations of motion for the beam model are simplified from partial differential equations to ordinary

differential equations of time, the process of which has already been deduced in detail. The next task is to

seek solutions for these differential equations as a function of derivative of time. Analytical solution can

not be acquired due to the high complexity of the beam model loading terms. Instead, the numerical ap-

proximation to the exact solutions are adopted in practical engineering use. Several numerical methods

for the differential equations are developed based on the idea of numerical integration. Among these nu-

merical methods, Euler method, Newmark-beta method, Wilson-θ method, Runge–Kutta methods and

some commercial softwares are the mostly used. These methods are based on time-domain analysis of

the system.

C.1. NEWMARK-β METHOD
In this research, the simplified ordinary differential equations contains highly nonlinear terms for soil

force and wake lift force. Thus Newmark-beta method are adopted due to its convenience for the numer-

ical estimation of the dynamic response of structures. This method is first suggested by Professor Nathan

Newmark in 1959.

For a given problem in time domain as defined in Eq.C.1 for time step j , the essence of this method is

to seek solutions for the governing equations in next time step j +1 as given in Eq.C.2.

M ÿ j +C ẏ j +K y j = f j (C.1)

m
M ÿ j+1 +C ẏ j+1 +K y j+1 = f j+1 (C.2)

For the relation of acceleration, velocity and displacement between two time steps, the following de-
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duce process are shown as below. The extended mean value theorem are used in Newmark-β method,

thus the velocity and displacement for time step j +1 are given as:

ẏ j+1 = ẏ j +∆t ÿγ (C.3a)

y j+1 = y j +∆t ẏ j + 1

2
∆t 2 ÿβ (C.3b)

Where the expression ÿγ and ÿβ are defined as the following:

ÿγ =
(
1−γ)

ÿ j +γÿn+1 0 É γÉ 1 (C.4a)

ÿβ =
(
1−2β

)
ÿ j +2γÿn+1 0 É 2βÉ 1 (C.4b)

Substitute the Eq.C.4 into Eq.C.3 separately, the expression can be further derived as:

ẏ j+1 = ẏ j +
(
1−γ)

∆t ÿ j +γ∆t ÿ j+1 (C.5a)

y j+1 = y j +∆t ẏ j + 1−2β

2
∆t 2 ÿ j +β∆t 2 ÿ j+1 (C.5b)

The above are core relations for the displacement, velocity, and acceleration between time steps in New-

mark method. Also in the deduce process, parameter γ and β are used to control the variation of ac-

celeration between the time step. Different values will definitely influence the stability and accuracy of

the method in solve actual problems. Reasonable value of γ is equal to 0.5 here and the value of β are

chosen as 0.25 here, which is the special case for constant average acceleration and the method becomes

unconditionally stable as checked through Eq.C.6. The judgement for the stability of Newmark-βmethod

are:
∆t

T j
É 1

π
p

2

1√
γ−2β

(C.6)

In Newmark-β method, the solution at time step j +1 is directly concerned with the equation of motion

at time j +1, which means this method belongs to the implicit method. Generally, iterations would have

been required to reach the solution especially for nonlinear systems. But for linear systems, it was shown

that iteration were avoided. To continue the deduce process, accelaration ÿ j+1 can be acquired from

Eq.C.5b.

ÿ j+1 = 1

β (∆t )2

(
y j+1 − y j

)− 1

β∆t
ẏ j −

(
1

2β
−1

)
ÿ j (C.7)

Then substitute ÿ j+1 derived into Eq.C.5a, the expression for velocity ẏ j+1 is as:

ẏ j+1 = γ

β∆t

(
y j+1 − y j

)−(
1− γ

β

)
ẏ j +∆t

(
1− γ

2β

)
ÿ j (C.8)

Substituting Eq.C.8 and Eq.C.7 into the equations of motions for time step j +1, the following expression
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is given by:

K̂ y j+1 = f̂ j+1 (C.9)

Where in Eq.C.9,

K̂ = K + γ

β∆t
C + 1

β (∆t )2 M (C.10a)

f̂ j+1 = f j+1 +
(

1

β (∆t )2 M + γ

β∆t
C

)
y j +

(
1

β∆t
M +

(
γ

β
−1

)
C

)
ẏ j +

((
1

2β
−1

)
+∆t

(
γ

2β
−1

)
C

)
ÿ j (C.10b)

For a linear system, the only unknown y j+1 can be solved directly by Eq.C.11 with the other variables

known or expressed by y j+1. After the solution of y j+1, velocity and acceleration can be calculated by

Eq.C.7 and Eq.C.8.

y j+1 = f̂ j+1/K̂ (C.11)

While for a nonlinear system in this research, the external force f j+1 in the right-hand side of Eq.C.10b is

also related to the unknown variable y j+1 in an implicit nonlinear manner. Thus in the solving process

of the variable f j+1, iteration method must be used. Generally, iterative methods like the basic Newton-

Raphson method can be used in this situation. In this research, the nonlinear equations are sovled by

MATLAB for convenience. After the solution for y j+1 is acquired after iteration. Again, the velcity and

acceleration for time step
(

j +1
)

can be computed through Eq.C.7 and Eq.C.8. Then the above mentioned

process is repeated for the next time step.

Start

Constants γ, β, and ∆t
for Newmark-β method

Initial conditions
and K ,M ,C of

the system given

Simplification in the
form of K̂ y j+1 = f̂ j+1

Solve the iteration
for displacement
in MATLAB using
command fsolve

Calculation for the
velocity and acceleration

Stop

Figure C.1: Illustration for Newmark-β method



C

126 C. NUMERICAL SOLUTION

C.2. JACOBIAN MATRIX

While the Newmark-βmethod mentioned above are used for nonlinear system in this research, the itera-

tion procedure must be taken into consideration. In this research, the iteration process are conducted by

MATLAB using the built-in program of ’fsolve’, which is based on the nonlinear least-squares algorithms.

During the solving process, built-in program in ’fsolve’ will approximate the Jacobian matrix for the non-

linear equations system need to be solved. Such approximation is applied by finite differencing method,

which is rather time-consuming. Thus in order to improve the calculation speed for this large groups of

nonlinear equations, Jacobian matrix for which should be provided beforehand.

The beam models in this research is divided into n element with n+1 nodes. Moreover, the equations

of motions for this beam model has the number of n−1 due to the simplification of boundary conditions,

which is written explicitly as Eq.C.12. These equations are further expressed in detail as shown in the

equations of motion in Chapter 3, Chapter 4, Chapter 5 for the beam models.
F1 = f1

(
y1, . . . , yn−1

)
...

Fn−1 = fn−1
(
y1, . . . , yn−1

)
.

(C.12)

Thus the mathematical models for the first order partial derivatives of these equations are refered to Ja-

cobian as the following:

J
(
y1, . . . , yn−1

)=


∂F1

∂y1
· · · ∂F1

∂yn−1
...

. . .
...

∂Fn−1

∂y1
· · · ∂Fn−1

∂yn−1

 (C.13)

With the definition for the Jacobian matrix above, the specific Jacobian matrix for beam models can be

deduced afterwards. For the beam models of seabed pipeline part, the equations of motion for which is

shown as Eq.3.23. This can be further simplified into Eq.3.36. The first and second order time derivative of

unknown yn can be substituted through Newmark-β method as in Eq.C.7 and Eq.C.8. Then the Jacobian

matrix for this soil model can be written as

Jb = Mb ·
∂ÿi

∂yi
+Cb ·

∂ẏi

∂yi
+Kb −

∂ fdr ag

∂yi
− ∂ fsoi l

∂yi

= 1

β (∆t )2 ·Mb +
γ

β∆t
·Cb +Kb +

γ

β∆t

1

2
ρCd D

(
sg n

(
ẏi

) · ẏi +|ẏi |
) ·E +ks A′ ·E ′

(C.14)

Where the variables and matrix are all defined in the beam model for seabed pipeline, except E is the unit

matrix has the same dimension as of Mb , Cb and Kb in the seabed pipeline beam model. Moreover, matrix

E ′ has the same dimension as the above matrices while is only valid in elements through the judgements

of the soil model as illustrated in Fig.3.6.

While for the Jacobian matrix in suspended pipeline beam model, there is a little difference. The
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equations of motion have double number of divided nodes due to the coupling terms of wake variable

for each node. Thus the Jacobian matrix for suspended beam model is also the coupling results of both

displacement variable yi and the wake variable qi . The new Jacobian matrix are shown as the following

according to the assembly method of the nonlinear equation group for solving the coupling equations.

Js =

 Js Js−q

Jq−s Jq

=



∂Fs1

∂y1
· · · ∂Fs1

∂yn−1

∂Fs1

∂q1
· · · ∂Fs1

∂qn−1
...

. . .
...

...
. . .

...

∂Fsn−1

∂y1
· · · ∂Fsn−1

∂yn−1

∂Fsn−1

∂q1
· · · ∂Fsn−1

∂qn−1
∂Fq1

∂y1
· · · ∂Fq1

∂yn−1

∂Fq1

∂q1
· · · ∂Fq1

∂qn−1
...

. . .
...

...
. . .

...

∂Fqn−1

∂y1
· · · ∂Fqn−1

∂yn−1

∂Fqn−1

∂q1
· · · ∂Fqn−1

∂qn−1



(C.15)

As shown in Eq.C.15, the Jacobian matrix for the suspended pipeline can be divided into four parts. The

upper half part contains the first order derivative of displacement variable, while in the lower half part of

the matrix comprises the first order derivatives of the wake variable. Notice that in the upper right part

of the whole matrix in Eq.C.15, the first order derivatives of wake variables are acquired from coupling

equations of motion of beam model displacements. While for the lower left part of the matrix, the first

order derivatives of displacement variables are deduced from coupling terms in the equations of motion

for the wake.

The components of Jy in the upper left corner is expressed by

Jy = Ms · ∂ÿi

∂yi
+Cs · ∂ẏi

∂yi
+Ks −

∂ fq

∂yi

= 1

β (∆t )2 ·Ms + γ

β∆t
·Cs +Ks + γ

β∆t

1

2
ρD

CD0

√
V 2

i + ẏ2
i +

ẏ2
i√

V 2
i + ẏ2

i

− CL0qi

2
Vi

ẏi√
V 2

i + ẏ2
i

 ·E

(C.16)

Where E is the unit matrix with same dimension of the equivalent stiffness, mass and damping matrix. E

matrix here is also used in the following equations.

The components of Jy−q in the upper right corner is expressed by

Jy−q =−∂ fq

∂qi
=−1

4
ρDCL0Vi

√
V 2

i + ẏ2
i ·E (C.17)

The components in the upper-right corner is also deduced with reference to Eq.4.23. The right-hand

side of which is the coupling terms for displacement variable. Calculate the derivative and the following
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equation can be derived.

Jq−y = 1

β (∆t )2

Ai

D
·E (C.18)

Where Ai is the tunning coefficients for the wake oscillator model as stated in Sec.4.2. Similarly, after

investigating into the left-hand side of the Eq.4.23, first order derivarive of wake variable are deduced and

written as

Jq = 1

β (∆t )2 ·E +εiωsi

(
2qi q̇i + γ

β∆t
q2

i −
γ

β∆t

)
·E +ω2

si
·E (C.19)

Where εi and ωsi are the tunning coefficient and the shedding freqeuncy elaborated in Sec.4.2.

The above-mentioned contents are the assembly method of Jacobian matrices for seabed pipeline

beam model and suspended pipeline beam model separately. Then for the overall pipeline model, the Ja-

cobian matrix is in essence a combination of separate pipeline model parts, which is given as Eq.C.20. The

combination of Jb and Js in interface are basically the same as the combination of equations of motions

using the interface conditions as stated in Chapter.5 and thus will not be elaborated here. The critical

point need to be aware is that the drag force and soil resistance inducing Jacobian matrix components

only take effects at soil beam model part in the overall beam model part. The same situation occurs to the

Jacobian matrix from the coupling wake term for the suspended pipeline part. The assembly of overall

Jacobian matrix should be paid attention to.

Js =


Jb

Js Js−q

Jq−s Jq

 (C.20)

Further more, the Jacobian matrix form for the dynamic laying process is shown as following Eq.C.21.

The only difference is the augmented part of fictitious part in the matrix, which has also resulted in the

relative location change of other parts inside the matrix.

Js =


Jb

Js Js−q

J f

Jq−s Jq

 (C.21)

The partial differential equations are already given in Eq.7.3, after the same simplification process as

seabed pipeline part, thus the Jacobian matrix for this particular part is deduced and written as the fol-
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lowing Eq.C.22. The other terms are remaining the same as that in the previous defined one.

J f = M f ·
∂ÿi

∂yi
+C f ·

∂ẏi

∂yi
+K f −

∂ fd amp

∂yi

= 1

β (∆t )2 ·M f +
γ

β∆t
·C f +K f +

γ

β∆t
cd p f

·E
(C.22)

After supply the Jacobian matrix into the solver, the calculation speed is much quicker. The validity of

the Jacobian matrix has been verified by comparing the results acquired from the solver with and without

the Jacobian, the only difference for which is the calculation speed.
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