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Preface

Originally, from my discussion with my supervisors, this thesis project was supposed to be something related
to platooning control. However, I was really struggle with the DCSC vehicle setup. All the challenges from the
setup made it quite difficult to stick to the original goal. But I enjoyed my time in the DCSC lab in the first half
of 2024, and I am grateful for the support provided by my supervisors and the DCSC staff.

With the problems I had, I realized that I could instead try to do a project that addresses the challenges of
the DCSC vehicle platform. After collecting data and analyzing (like identifying the causes and consequences
of failures mode), it becomes a safety engineering problem. Some theory and practices from the Control field
do provide good solution to the robustness and safety of the system. The project was getting a lot promising,
and I was fully absorbed in trying to achieving the goal of robustifying the system, and now here we are.

I really like a sentence from Agamennoni’s work, "The robustness comes from the uncertainty over the un-
certainty." Despite all the foreseeing difficulties and hidden challenges, just focusing on solving the problems
at hand can be an effective point to start.

Shan Gao
Delft, March 2025
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Abstract

Autonomous driving technology aims to improve road safety, reduce energy consumption, and increase traf-
fic efficiency. Developing a full-scale autonomous vehicle is costly and subject to strict regulations, making
model-scale autonomous vehicle platforms more accessible alternatives for research. In recent years, an au-
tonomous vehicle platform has been developed as a testbed for autonomous driving at the Delft Center for
Systems and Control (DCSC).

However, several challenges are encountered during the development phase due to sensor malfunctions
and inaccuracies in vehicle system modeling. The external vision-based localization system (Motion Capture
System) generates inaccurate measurements, and the communication between the central controller and the
sensors can be unstable, leading to packetloss. Additionally, there is a Radio Control (RC) input layer between
the controller and the DCSC vehicles, and the dynamics of the RC inputs are unknown. These challenges have
limited the implementation of general control architectures in the system.

To address these challenges, an Outlier-Robust Path-Tracking Framework is proposed in this thesis to per-
form path-tracking tasks under simulated sensor malfunctions and unknown vehicle dynamics. Within the
framework, the motion of the vehicle is simulated using an identified DCSC vehicle model. A first-order sys-
tem is employed to model the relationship between the RC commands and the vehicle’s rear wheel angular
velocity and front wheel steering angle. Adaptive Outlier-Robust Kalman Filter is proposed to accommo-
date both the observational outliers and the model mismatch between the process model and the simulation
model.

The performance of the framework is evaluated using synthetic datasets. Three types of observational
disturbances—Gaussian noise, observational outliers, and packet loss—are introduced to the observations.
The results show that, compared to the basic Kalman filter, the proposed filter provides more precise state
estimation under observational disturbances. Additionally, compared to other non-adaptive outlier-robust
Kalman filters, the proposed method can adjust the process noise covariance without requiring an accurate
prior for the process noise covariance. The proposed framework demonstrated promising results for the
path-tracking task under disturbances. Although the framework is tailored to our platform, the approach can
be adapted to other systems with noisy measurements and model discrepancy.
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Introduction

1.1. Motivation

The development of autonomous driving technology aims to improve road safety, reduce energy consump-
tion, and increase traffic efficiency [34]. For full-scale autonomous vehicles, the DARPA Grand Challenge
in 2005 [30] initiated a test of autonomous vehicles on off-road terrain to assess their ability to complete a
course without human intervention. In 2007, the DARPA Urban Challenge took place at a California Air Force
Base, designed to evaluate autonomous vehicles in a controlled urban traffic simulation. By 2024, some ad-
vanced full-scale vehicles achieved Level-4 automation, meaning they are mostly autonomous even in some
safety-critical conditions [9]. However, these vehicles are limited to testing in constrained areas.

Manufacturing and testing full-scale vehicles can be very costly. For researchers, a more feasible alterna-
tive is the model-scale autonomous vehicle platform. Jacopo Tani ef al. [29] proposed a model-scale vehicle
with a full set of toy-urban scenarios at a very low implementation cost. Matthew et al. [21] focused on
bridging the gap between model-scale vehicles and real automobiles, enabling control pipelines developed
on model vehicles to be directly applied to full-scale vehicles. The CPM Lab [14] provided an open-source
autonomous vehicle development environment, including a standardized environment for simulation and
remote field testing.

In recent years, an autonomous ground vehicle platform has been developed as a testbed for autonomous
driving at the Delft Center for Systems and Control (DCSC). However, the platform faced several challenges:
inaccurate data from the external vision-based localization system, packet loss, and unknown radio-control
dynamics. These challenges limit the implementation of general control architectures in the system. The goal
of this thesis is to propose a control framework to address these challenges in a simulation environment and
provide a feasible way to facilitate further applications of the DCSC vehicle platform.

1.2. Background

One of the main challenges in the DCSC autonomous vehicle system is the modeling of the DCSC vehicle.
Overall, the dynamics of ground vehicles is a well-studied problem. For a ground vehicle with front-wheel
steering and rear-wheel propulsion, under nominal driving conditions (when the road is not low-friction and
the vehicle is not driving at high velocity), the vehicle dynamics can be described by a simple model—the
kinematic bicycle model [15, 24]. On low-friction tracks or at higher velocities, the vehicle body dynamics
[13, 26] must be taken into consideration. In this more complex model, external forces, moment, and the
vehicle’s inertia are considered. However, for the DCSC vehicle, there is an additional Radio-Control (RC) layer
between the PWM input command and the vehicle driving system. This raises our first research question:

¢ How can we model the dynamics of the DCSC vehicle?

The other main challenge in the system is sensor malfunction. Observational outliers and packet loss
often occur during operation, making state estimation more difficult. Observational outliers are numeri-
cally deviated from nominal observations [10] and have a non-negligible probability of occurrence. Thus,
these outliers exhibit heavy-tailed properties and cannot be modeled by a single Gaussian distribution. Re-
searchers have modeled outliers using heavy-tailed distributions [2, 23], while others have treated outliers as



2 1. Introduction

useless information and rejected them [33]. Corresponding outlier-robust Kalman filters are developed for
state estimation under noisy measurements. These filters can make used of both the prior knowledge of the
system and the observations to give the estimation of the system states even under the observational out-
liers. However, the limitation of outlier-robust Kalman filters is that, when the parameters of the filters are
poorly tuned, they may reject or down-weight nominal observations containing useful information, prevent-
ing these observations from being fully utilized to correct state estimation. This leads to our second research
question:

¢ How can we model and detect outliers in measurement data, and are existing outlier rejection meth-
ods sufficient for our system?

Once the above research questions are addressed, it becomes possible to design a simulated control
framework that can simulate the dynamics of the DCSC RC vehicle while performing basic autonomous driv-
ing applications under noisy observations. This raises our third research question:

* How can we implement path-tracking algorithms for a vehicle operating under nominal conditions
with sensor malfunctions?

1.3. Main Contribution

To address these challenges, an Outlier-Robust Path-Tracking Framework is proposed in this thesis to per-
form path-tracking tasks under simulated sensor malfunctions and unknown vehicle dynamics. Within the
framework, the motion of the vehicle is simulated using an identified DCSC vehicle model. An Adaptive
Outlier-Robust Kalman Filter is employed to mitigate the effects of sensor malfunctions and estimate model
mismatch. An efficient geometric path-tracking algorithm [11] is implemented to validate if the simulated
vehicle is able to follow the designated track under disturbances.

A first-order system is employed to model the relationship between the RC commands and the vehicle’s
rear wheel angular velocity and front wheel steering angle. By combining this with the vehicle’s kinematic
relationships and force-moment body dynamics, a RC vehicle dynamics model is proposed in the thesis to
describe the motion of the DCSC vehicle. Field testing data is used to identify the parameters of the model,
improving its reliability.

For the Adaptive Outlier-Robust Kalman Filter, the process model is based on the kinematic bicycle model,
which introduces a discrepancy between the process model and the identified DCSC vehicle model. To miti-
gate this model mismatch, the filter assumes the process noise is drawn from a Gaussian distribution with a
varying process noise covariance. To accommodate sensor malfunctions, the filter assumes the observation
noise is drawn from a bi-Gaussian model, where one of the Gaussian distributions has a large covariance.
False observations are discarded by the filter. The occurrence of outliers is modeled by a Bernoulli distribu-
tion. During the filtering process, along with the dynamic states (position and orientation) of the vehicle, the
process noise covariance and the likelihood of the Bernoulli distribution are also estimated. The expectation
of the Bernoulli distribution’s posterior serves as an observational outlier indicator.

The performance of the framework is evaluated using a synthetic dataset. Three types of observational
disturbances—Gaussian noise, observational outliers, and packet loss—are introduced to the observations.
The estimation error of the proposed filter and the tracking error of the simulated vehicle with respect to
the path are compared. The results show that, compared to the basic Kalman filter, the proposed filter
provides more precise state estimation under observational disturbances. Additionally, compared to other
non-adaptive outlier-robust Kalman filters, the proposed method can adaptively adjust the process noise
covariance without requiring an accurate prior for the process noise covariance. The proposed framework
demonstrated promising results for the path-tracking task under disturbances. Although the framework is
tailored to our platform, the approach can be adapted to other systems with noisy measurements and model
discrepancy.

1.4. Thesis Organization
The organization of the thesis is as follows:

¢ In Chapter 2, the research background is introduced, including the DCSC autonomous vehicle plat-
form, the dynamics of the vehicle, and existing outlier-robust Kalman filters.
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¢ In Chapter 3, the outlier-robust path-tracking control framework is proposed. This includes the model-
ing of the Radio-Control vehicle and the adaptive outlier-robust Kalman filter, which adaptively adjusts
the process noise covariance.

¢ In Chapter 4, the parameters of the RC vehicle model are identified using the real-time data collected
during the field test.

¢ In Chapter 5, the performance of the observers are tested on the synthetic datasets.

¢ In Chapter 6, the performance of the path-tracking control framework is evaluated based on different
combinations of observers and path-tracking controllers.

¢ In Chapter 7, the conclusions of the thesis is drawn.






Research Background

This chapter introduces the research background. First, we present the setup of the DCSC autonomous ve-
hicle platform and discuss the challenges in the system that remain unresolved. Next, we analyze vehicle
modeling, covering both the kinematic relationships and vehicle-body dynamics. Following this, we intro-
duce the Kalman filter and its variants, with a particular focus on outlier-robust Kalman filters. Finally, we
review and introduce two geometric path-tracking methods.

2.1. DCSC Autonomous Vehicle Platform Overview

An Autonomous Vehicle Platform is a collection of hardware and software designed to serve as a testbed for
evaluating autonomous vehicle applications. Recently, such a platform has been developed at the Delft Cen-
ter for Systems and Control (DCSC) [32]. In its current development phase, developers can remotely control
the vehicle by sending commands within the DCSC Lab’s Local Area Network (LAN) via Wi-Fi, and the vehi-
cle’s pose can be monitored using an external sensor suite. However, challenges such as sensor malfunctions
and the modeling of the DCSC vehicle need to be resolved.

2.1.1. System and Subsystems
The nominal operation of the DCSC Autonomous Vehicle Platform relies on the coordination of several sub-
systems, including the Ground Control Station (GCS), Motion Capture System (MoCap), Remote-Control Sys-
tem (RC), Vehicle Control Unit (VCU), and Driving System.

Ground Control Station

The Ground Control Station serves as the centralized high-level controller of the platform, functioning as
the "brain." It collects runtime information from the autonomous vehicle and sends control signals to the
VCU. To handle this information efficiently, it requires enough computing power. High-level tasks such as
perception, planning, and tracking are implemented here. In the DCSC platform, a laptop running Ubuntu
16.04 OS acts as the GCS.

Motion Capture System

The Motion Capture System is an external sensor suite that measures the pose of objects. It consists
of multiple cameras that track reflections within the experiment field from different perspectives, enabling
3D reconstruction and pose estimation. In the DCSC platform, the MoCap is an OptiTrack setup with eight
ceiling-mounted cameras surrounding the experiment field. Three reflective markers are attached to the
vehicle for tracking. The pose information is broadcast in real-time within the DCSC Lab LAN for the GCS to
collect.

Radio-Control System

The Radio-Control System enables developers to send control signals to the VCU. It consists of a transmitter-
receiver pair operating on a specific frequency band, with each receiver exclusively paired with one transmit-
ter. For safety, the transmitter-receiver connection must be established before vehicle operation. Addition-
ally, Wi-Fi within the DCSC Lab LAN facilitates autonomous control. The DCSC platform employs both the
transmitter-receiver pair and Wi-Fi for remote control.

Vehicle Control Unit
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Figure 2.1: The challenges in the observations from MoCap in DCSC Lab.

The Vehicle Control Unit comprises low-level controllers that execute control commands from develop-
ers. The autopilot manages information flow within the unit, with software optimized for specific develop-
ment boards to ensure safety, efficiency, and maintainability. In the DCSC platform, the ErleBrain3 devel-
opment board running Ubuntu 16.04 OS is used, with Ardupilot® as the autopilot software. Communication
with Ardupilot is facilitated by MAVROS? through ROS.

Driving System

The Driving System includes the steering and propulsion components that drive the vehicle. These com-
ponents determine the vehicle’s dynamics, and the modeling of vehicle motion and control strategies depend
on them. In the DCSC platform, a steering servo adjusts the front wheels’ angle, and a motor with an Elec-
tronic Speed Controller (ESC) provides propulsion.

2.1.2. Challenges
During the implementation of the vehicle platform, several realistic issues emerged that hinder the develop-
ment of autonomous vehicle applications. These challenges include: (1) inaccurate measurements from the
Motion Capture System; (2) packet loss during data collection by the Ground Control Station; (3) unknown
dynamics of the servo and motor.

Inaccurate Observation

As shown in Figure 2.1a, the left side displays the observed vehicle position in the global frame, where
some large deviations indicate clearly inaccurate measurements. On the right side shows the deviations over
time. One potential cause of these inaccuracies is the sensitivity of the MoCap’s tracking stability to lighting
conditions, as strong environment light can degrade the performance of tracking algorithm.

Packet Loss

As shown in Figure 2.1b, the left side displays the observed vehicle position in the global frame, where
packet loss is not apparent. However, upon examining the observations over time on the right side, one ob-
servation shares nearly the same timestamp as the following observation, while the X position differs signifi-
cantly. This discrepancy is caused by packet loss. Due to the properties of the TCP communication protocol?,
failed data transmissions are buffered and sent once the connection is restored. However, the timestamps

1 Ardupilot open-source documentation: https: //ardupilot.org/ardupilot/
2MAVROS open-source documentation: https://wiki.ros.org/mavros
3UDPROS open-source documentation: https://wiki.ros. org/ROS/UDPROS


https://ardupilot.org/ardupilot/
https://wiki.ros.org/mavros
https://wiki.ros.org/ROS/UDPROS

2.2. Vehicle Dynamics 7

Bicycle model (Rover top view)
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direction

Lateral direction

Figure 2.2: Bicycle model simplification

of the data are assigned upon being received by the GCS. Consequently, packet loss leads to incorrect times-
tamps for observations.

Unknown Actuator Dynamics

There is a relationship between the throttle control signal and the vehicle’s velocity. When a fixed steer-
ing command is applied, the vehicle’s velocity changes according to the throttle command, and the velocity
stabilizes at a specific value after a while. However, the relationship of how fast and to which value the vehi-
cle velocity converges under different throttle command is unknown. Similarly, the relationship between the
steering command and the vehicle steering angle is also unclear.

2.2. Vehicle Dynamics

Vehicle dynamics describes the motion of vehicles, capturing the relationship between the vehicle’s states and
the inputs applied. Certain assumptions can be made to simplify the modeling of dynamics without losing
generality. In this section, both the kinematic bicycle model and the vehicle-body dynamics are reviewed and
studied to establish a fundamental understanding of vehicle dynamics.

2.2.1. Overview of Simplifications

To study the vehicle dynamics, it is necessary to specify the field of application, for example, the cross-country
vehicle, the city-use vehicle and the formula-1 vehicle have very different operation requirements. In the
DCSC Lab, the vehicle is operation on a smooth, plain ground with rather low velocity, accordingly, certain
simplifications can be applied [13, 26]:

Kinematic Model

The vehicle motion is modeled using geometric relationships, ignoring the effects of external forces, mo-
ment, and vehicle inertia on the vehicle’s linear and angular acceleration.

Bicycle Model

As shown in Figure 2.2, the lateral distance between the front and rear wheels is ignored. According to
Ackermann Steering [4], the two front wheels must have different steering angles to avoid scrubbing while
turning. In the bicycle model, the difference between the two front wheels is ignored, and the vehicle’s steer-
ing angle is assumed to align with the front wheel steering angle.

Planar Motion

The (x-y) plane of the vehicle-body frame is parallel to the (X-Y) plane of the global frame. The vehicle
motion is assumed to remain parallel to the ground plane, with both pitch (vehicle body rotation around the

Xyehicle axis) and roll (vehicle body rotation around the y,.picie axis) set to zero. The vehicle’s position and
yaw (vehicle body rotation around the z,,.p;cj. axis) can be projected onto a 2D plane without distortion.
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2.2.2. Vehicle Dynamics with Only Kinematic Relationships
The kinematic bicycle model [4] simplifies the vehicle as a bicycle and considers only the kinematic relation-
ships of its dynamics. This model captures most of the properties of vehicle motion under nominal operating
conditions. Its simplicity and generality make it a popular choice for planning and control.

Assumptions

1. Kinematic Model: Only the geometric relationships are considered.
2. Planar Motion: The vehicle’s motion is confined to a 2D plane.
3. Bicycle Model: The difference in orientation between the two front wheels is ignored.

Dynamics

The state of the model is [X, Y, ¥] € R?, (X, Y) is the position in the global coordinate frame, and V¥ is the
orientation (Yaw angle). The input of the system is [V}, 0] € R?, V; is the longitudinal velocity of vehicle in the
vehicle body frame and d; is the front wheel steering angle.

Given the wheel base length L,,;, the kinematic bicycle model dynamics can be expressed as [4]:

X Vi-cos(¥)

Y| = |V sin(¥) (2.1)
0 Vi-tan(8y)
\Ij t Tup k

Limitations of the Kinematic Bicycle Model

According to study [24], the kinematic bicycle model can capture most of the vehicle dynamics when the
lateral acceleration is below 0.5ug (where  is the road friction coefficient and g is the gravitational accel-
eration). However, if the vehicle is driving on a low-friction, winding track, the lateral acceleration becomes
highly sensitive to changes in longitudinal velocity. In such conditions, the vehicle’s linear and angular accel-
eration must be considered to accurately model its motion.

2.2.3. Vehicle Dynamics Considering External Force Moment and Vehicle Inertial
The vehicle-body dynamics describe how the external force, moment and vehicle inertial govern the vehicle’s
linear and angular acceleration. This section takes tire force, resistance force into consideration to develop a
more general and complex vehicle dynamics [13].

Assumptions

1. Planar Motion: The vehicle’s motion is confined to a 2D plane.
2. Bicycle Model: The difference in orientation between the two front wheels is ignored.

3. Linear tire model: The lateral tire force is linear to the slip angle and the longitudinal tire force is linear
to the slip ratio.

4. Uniform Longitudinal Tire Stiffness: The front and rear wheels share the same longitudinal tire stiffness.
5. Uniform Lateral Tire Stiffness: The front and rear wheels share the same lateral tire stiffness.
6. No Front Wheel Slip Ratio: The front wheel’s slip ratio is assumed to be zero.

Tire Force Modeling

The main source of external force acting on the vehicle originates from the tires. The tires generate both
longitudinal and lateral forces through interaction with the ground. The lateral force steers the vehicle, while
the longitudinal force accelerates or decelerates it.

The lateral tire force is generated from the tire slip angle, as shown in Figure 2.3. The tire slip angle is
defined as the difference between the tire’s orientation and the direction of its velocity [8]. Given the vehicle’s
lateral velocity V), the direction of the front wheel velocity 6, f the rear wheel velocity 0,,, and the front
wheel steering angle §, the tire slip angles at front wheels a y and rear wheels a, can be expressed as:

50,55 Vy+lfQ
ap=0-0pr=6-——-— 2.2)
X
V,-1,Q
ay =— w:——y "

Vi
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Vehicle Body dynamics

Longitudinal
direction

<
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Figure 2.3: An illustration of the vehicle body’s external forces, moment, and inertial modeling, V is the direction of front wheel velocity,
V; is the direction of rear wheel velocity.

where [ r and [, are the distances from the Center of Mass (CoM) to the front and rear wheels, respectively.

The longitudinal tire force is generated from longitudinal slip, as shown in Figure 2.3. Longitudinal slip
[26] is defined as the difference between the tire’s longitudinal velocity Vy and its linear velocity r, ¢ s -, where
rerr is the effective wheel radius and w is the wheel angular velocity. The slip ratio o is expressed as:

=V, . .
, ifaccelerating

o— 2.3)

W, if braking

Assuming a linear tire model, given the tire model coefficients — longitudinal tire stiffness C, and lateral

tire stiffness Cp,—the longitudinal tire forces for the front wheel F, ¢ and rear wheel Fy,, as well as the lateral

tire forces for the front wheel Fyr and rear wheel F),, are proportional to the slip ratio and slip angle. These
forces can be expressed as:

Fxf:()» Fyy=Cs-0y, Fyf:Ca'af; Fyr=Cq-ay (2.4)

Force-Moment Vehicle Body Dynamics

Applying Newton’s laws of motion, the vehicle body dynamics under external forces, moment, and vehicle
inertia are analyzed. Given the mass of the vehicle m, the relationship between the total lateral force Fy, total
longitudinal force Fy, lateral inertial acceleration ay, and longitudinal inertial acceleration a is:

m-ay=Fy,, m-ay=Fy (2.5)
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From Figure 2.3, the total longitudinal force Fy is the sum of vector component of Fy, and Fyr in the
longitudinal direction, while the total lateral force F) is the sum of vector component of F}» and Fy¢ in the
lateral direction:

Fy=Fyr —Fyf-sing, Fy=Fy +F,f-cosd (2.6)

Given the vehicle’s longitudinal velocity Vy, lateral velocity V;, and angular velocity Q, the lateral inertial
acceleration is a combination of the lateral acceleration V;, and the centripetal acceleration Vy - Q. Similarly,
the longitudinal inertial acceleration is a combination of the longitudinal acceleration V and the centripetal
acceleration V- Q:

ay=Vy+Vy-Q, ax=Vy-V,-Q 2.7)
Substituting ay, and a, from Equation (2.7) into Equation (2.5), the accelerations Vy and V, are:

- Fyr + Fyr-cosd ~

. F
Vyzzy—vx-w Ve (2.8)

. F . Fy—Fy¢-sind .

Ve= 4 vy = Ly 2.9)

Applying Newton’s Second Law for Rotation, as shown in Figure 2.3, given the distance from the center

of gravity (CoG) to the rear wheel [/, and the distance from the CoG to the front wheel [ r the relationship

between the moment of inertia I, the vehicle’s angular acceleration Q, the tire forces Fyr and Fy;, and the
vehicle’s steering angle 6 can be expressed as:

. lp-Fyr-cosbé—1-Fy,

L. (2.10)

Dynamics

There are six states in the model: [X,Y,¥,V,,V,,Q] € R®, which can be divided into two parts: vehicle
body dynamics and kinematic relationships.

For the vehicle body dynamics, the state [Vy, V), Q] represents the longitudinal velocity, lateral velocity,
and angular velocity in the vehicle body frame. From Equations (2.9), (2.8), and (2.10), and by substituting
the tire forces using Equation (2.4), the vehicle body dynamics can be expressed as:

Vi l-(Cg-crx—Ca-af-sin5)+Q~Vy
Vy| = |5 (Ca-ay-cosé+Cq-a;)—Q-V,y (2.11)
Q I—Z-(lf-Ca-af-cosé—l,~Ca-ar)

Here, C; is the longitudinal tire stiffness of the front and rear wheels, Cy, is the lateral tire stiffness parameter
of the front and rear wheels, respectively, and I, is the moment of inertia at the vehicle’s center of gravity
(CoG).

For the kinematic relationships, the state [X, Y, ¥] represents the position and orientation of the vehicle
in the global frame. The dynamics can be expressed as:

X Vy-cos(¥) -V, -sin(¥)
Y[ = | Vi-sin(¥) + V, - cos(¥) (2.12)
¥ Q

Combining Equations (2.11) and (2.12) into a function f(-) : R® — R®, and denoting the system state as
X =1X,Y,¥,Vy, V), Q], the system dynamics can be written as:

X =f(&) (2.13)

2.3. Kalman Filter and its Variations

Under observational disturbances, controlling the vehicle becomes challenging, as the observations are not
suitable for direct use in vehicle control. Therefore, the true state of the system must be inferred from noisy
observations. The Kalman filter is an algorithm designed to recursively estimate the true states of a system.
In this section, the formulation of Bayesian filtering problem, the basic Kalman filter [28] and its variations,
which address different types of system dynamics, are reviewed (2, 3, 7, 28, 33].
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2.3.1. Formulation of Bayesian Filtering Problem

Given the observations and the prior knowledge of the system, the problem that Bayesian filtering aims to
resolve is how to use this information to estimate the true state of the system accurately and quickly during
operation. In Bayesian filtering, the system is described by a Hidden Markov Model (HMM) [25].

Elements of Hidden Markov Model

The Hidden Markov Model is a probabilistic framework used to describe the evolving nature of time-
varying processes [25]. It assumes that the exact full evolution of the system is not explicitly known, and only
partial information about the system can be observed.

For example, consider a discrete-time system where the state of the system changes over time, and a sen-
sor measures the states of the system. To describe the system using an HMM, four elements define the time-
varying process: the dynamic states x;.,, the observations y;.;, the dynamics model %, and the observation
model A.

Dynamic States

The non-observable part of the HMM is the latent dynamic states: x;.; := {X;,Xo, ...,X;}, which carry infor-
mation about the system dynamics. According to the Markovian property (Equation (2.14)) [25], the current
state X, is assumed to depend only on the current latent state x;_;. This relationship can be represented by
the state transition probability distribution, as shown in Equation (2.15):

pPX¢ [X1:0-1) = pXy [ X¢-1) (2.14)
X¢ ~ pX¢ | X¢-1) (2.15)

Observations

The observable part of the HMM is the observations: y;.; := {y1,¥2,...,¥:}, which reflect partial informa-
tion about the latent states. According to the conditional independence of the observation (Equation (2.16))
[28], y; depends only on the latent dynamic state x;. The relationship between the latent dynamic states and
the observations can be represented by the observation probability distribution, as shown in Equation (2.20):

Py X1 Y1:0-1) = p(ye | Xg) (2.16)
Ye ~ p(yelXs) (2.17)

Initial Distribution, Dynamic Model, and Observation Model

The dynamic model (or process model) describes how the system states evolve over time, including their
uncertainty. It is defined as a sequence of transition probability distributions & = {p(x; | x,—1) | t =1,...,n}.
The observation model describes how the observations depend on the latent states, including their uncer-
tainty, and is denoted as A = {p(y; | x;) | t = 1,..., n}. The initial state probability distribution is assumed to
be p(xo).

Bayesian Filtering Problem and Solution

The goal of Bayesian filtering is to estimate the probability distribution of the latent states p(X; | y1:¢),
given the system’s prior knowledge © := [, ./, p(x¢)] and the observations y;.;.

Given the dynamic model p(x; | x;—1) € & and the historical observations y;.;_1, it is possible to infer the
latent state at current time step, the predictive distribution of the latent state is obtained as follows [28]:

P& | y1:6-1) =fP(Xt [ X)) p X1 | Y1:0-1) dX¢1 (2.18)

When the current observation y; is obtained, the predictive estimate of the latent state is updated using
Bayes’ rule. The posterior distribution of the latent state x; is then given by:

P |y1.g) = P IX) POt [Yiii-) 2.19)
py1:e)

Given the historical observations y;.;—1, the distribution of the observations y;.; in Equation (2.19) can be
computed by marginalizing over the predictive distribution of latent state x;:

p(y1:e) =fp(yf I X ) pXs | y1:0-1) dX;¢ (2.20)
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2.3.2. Kalman Filter for Linear-Gaussian System
Consider a system with a linear dynamic model and a linear observation model, where the process noise and
observation noise are zero-mean Gaussian distributed:

xt:F~xt_1+wt, WINJV(O,Q), (221)
yt:H'Xt + vy, Vt"u/V(O,R), (2.22)

where F € RVx*Nx jg the state transition matrix, H € RNy *Nx is the observation matrix, w; € RMx is the process
noise, v; € R is the observation noise.

Kalman Filtering Algorithm

Akey property of the linear-Gaussian model is that a Gaussian distribution remains Gaussian after a linear
transformation [28]. Based on Equations (2.21) and (2.22), the predictive distributions of the latent state and
observation can be expressed as:

P& | x-1) = N (X | F-x-1,Q), (2.23)
p(y: %) =N (y: [H-x;,R). (2.24)
Here, both the dynamic model and the observation model are Gaussian distributed. The mean of each distri-

bution is obtained by multiplying the state transition matrix F or observation matrix H.
Given the likelihood of the previous latent state x,_;, with mean p,_; and covariance X;_;:

Xpo1 ~ AN (We=1,Z4-1), (2.25)
The predictive distribution of x; (derived from Equation (2.18) in discrete time) is:

Xer-1~ P& | Y1:0-1) = A Wrj =1, Zr12-1), (2.26)
Mee-1 =F- e,
Si1=F-Z, 1 -FT +Q.

The current measurement y; is used by the Kalman filter to refine the estimate of the latent state. The
posterior distribution of the state estimation with mean y; and covariance X, can be written as[7]:

PXe Y1) = AN (e, Zy), (2.27)
He=per—1 +Ke - (ye —H-pgr-1),
Xy = Zt|t—1 -K;-S; 'KtT,
S:=H-Z;,_1-H' +R,
K, =%, -HT-§;1.

Here, K; is the Kalman gain, which determines the weight assigned to the residual (the difference between
the observation and the prediction) to improve the posterior estimation.

2.3.3. Extended Kalman Filter for Nonlinear-Gaussian System
Consider a system with a nonlinear dynamics model and a nonlinear observation model, where the process
noise and observation noise are zero-mean Gaussian distributed:

X; = f(Xp—1) +wWy, W~ A(0,Q), (2.28)
Ye = h(Xy) +vy, v, ~ A (0,R), (2.29)

where f(-) : RNx — RNx is the nonlinear state transition function, and h(-) : RN* — R is the nonlinear ob-
servation function. Similar to the linear-Gaussian case (Section 2.3.2), the noise terms w; and v, are additive
and follow zero-mean Gaussian distributions with covariance matrices Q and R, respectively.

Approximating the Nonlinear System with Taylor-Series Expansion

A nonlinear system represents a more general form of dynamics. After a nonlinear transformation, the
Gaussian distribution is not necessarily preserved [28]. To apply the Kalman filter algorithm for recursively es-
timating the posterior of the latent states, the nonlinear system is locally linearized near a fixed point. This lin-
earization ensures that the Gaussian distribution is preserved, as the original nonlinear functions are approx-
imated by linear functions. The linearization is achieved through a first-order Taylor-series expansion.[28].
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Assuming the likelihood of the previous state x;_; is the same as in Equation (2.25) and the predictive
distribution x;—; is as in Equation (2.26), within the region near the fix point [x — 6x,x + 6x] (the region is
supposed to be relatively small), the approximation can be written as:

F&o1) = (1) + Fe(pe—1) - 6%, (2.30)
hXsr-1) = h(e)e-1) + Hy(Ug1-1) - 6X, (2.31)
— af Ny xNx
Felprn) = 5 )X:#H € RNNx, (2.32)
oh
Hy(pyge-1) = — e RNy Nx) (2.33)
OX Ix=p-1

where Fy(u;-1) is the Jacobian of the state transition function evaluated at the point p,—1, and Hy(t;-1) is
the Jacobian of the observation function evaluated at the point ;.

Extended Kalman Filtering Algorithm

The assumptions and steps taken so far for the nonlinear-Gaussian system allow us to apply the Kalman
filter algorithm. The necessary conditions to apply the Kalman filter algorithm are:

¢ The additive noise is assumed to be zero-mean Gaussian.
¢ The dynamic model and the observation model are linear.

For the prediction step, the state transition matrix F in Equation (2.26) is replaced with the linearized state
transition function Fy(u;-1) (Equation (2.32)). For the update step, the observation matrix H in Equation
(2.27) is replaced with the linearized observation function H, (t;—1) (Equation (2.33)).

2.3.4. Kalman Filter with Adaptive Process and Observation Noise Covariance

Consider a system with a nonlinear dynamic model and a nonlinear observation model, where the process
noise and observation noise are both zero-mean Gaussian distributed, with time-varying process noise co-
variance Q; and observation noise covariance R;. The system is described by the following equations:

X = f(Xt_l) +Wt, Wy ~ g/V(O,Qt) (234)
Vi = h(xs) + vy, v ~A(0,Ry) (2.35)

where w; is the process noise with time-varying covariance Qy, v; is the observation noise with time-varying
covariance R;, and the dynamic function f(-) and observation function /(-) have the same definitions as in
Section 2.3.3.

Covariance Matching

The tuning of the process noise covariance Q; and the observation noise covariance R; can significantly
affect the performance of Kalman filters. During the filtering process, the differences between the observa-
tions, predictions, estimations indicate the accuracy of the observations and the process model.

Covariance matching is an adaptive estimation approach that adjusts the covariance matrices based on
the innovation and residual [3]. The innovation d; is defined as the difference between the predicted obser-
vation and the actual observation, while the residual ¢, is defined as the difference between the posterior
estimate and the observation. Given the mean of the predictive state E[X;;-1] = t;-1 and the mean of the
posterior state E[x;] = y;, the innovation and residual are defined as:

d; =y —h(tg-1) (2.36)
€=y~ h(u) (2.37)

During the filtering process, if the innovation increases, it suggests that the currently assumed process
noise covariance Q; is smaller than the ground truth, indicating that the assumed process model is less re-
liable. In this case, the process noise covariance should be increased. Similarly, if the residual increases, it
suggests that the currently assumed observation noise covariance R; is smaller than the ground truth, indicat-
ing that the sensor is less reliable, and the observation noise covariance should be increased. The adjustment
rules are given by [3]:

Q:=AQi1+(1- 1) (K;-d,dy -K7) (2.38)
R; = AR;_1 +(1—A) - (es€6] +Hy(e-1) - Zje-1 - Hy(gge-1)") (2.39)



14 2. Research Background

where the evolution of the process noise covariance Q; and observation noise covariance R; is modeled as
a first-order system. The parameter A € [0,1] controls the rate at which the covariance matrices adapt to
changes in the innovation and residual. When A = 0, the covariance matrices instantly adapt to the changes.

2.3.5. Robustify the Kalman Filter with Adaptive Observation Covariance

Consider a system with a nonlinear dynamic model and a nonlinear observation model, where the process
noise and observation noise are both zero-mean Gaussian distributed, with time-varying observation noise
covariance R;. The system is described by the following equations:

Xy = f(X[_l) +W[, Wy ~ ./V(O, Q) (240)
yi=hx)+v,  vi~NORy), R~ "'(voAg,vo) (2.41)

Here, R, follows an Inverse Wishart distribution with a inverse scale matrix Ag € RN*™ (Ag > 0) and degree-
of-freedom vg € R (vp > N, — 1).

Gaussian-Inverse-Wishart Distribution

The observation noise of the system, as described in Equation (2.41), is Gaussian distributed, with the
observation noise covariance drawn from an inverse-Wishart distribution. The covariance in the Gaussian
distribution represents uncertainty, and the inverse-Wishart distribution introduces additional uncertainty
to the observation noise. If the observation noise is Gaussian-Inverse-Wishart distributed, it follows a sub-
exponential distribution with heavy-tail properties [1]. This assigns a non-negligible probability to the occur-
rence of observational outliers to model them.

The inverse-Wishart distribution is the conjugate prior for the covariance matrix of the Gaussian dis-
tribution [20]. This means that if the prior observation noise covariance is inverse-Wishart distributed, the
posterior observation noise covariance will also follow an inverse-Wishart distribution. Given the state x; and
the prior observation noise covariance Ry, the predictive distribution of the observation y; can be expressed
as:

Vi 1x6, Ry ~ A (hx),Ry), Ry ~# " (voAg,vo) (2.42)

Given the actual observation y;, the posterior distributions of the latent state x, and the observation noise
covariance R; are:

Xe |V~ A We, 20, Relyre~# " vihg,vy) (2.43)

Given the covariance of the residual B; = E[e; -etT], the posterior parameters of the inverse-Wishart distri-
bution are updated as follows [2]:

Vvi=vo+1 (2.44)
B;+vg- A
Ay =00 (2.45)
vo+1

From Equation (2.45), it can be observed that a higher degree-of-freedom v results in the posterior scale
matrix A, being closer to Ay, indicating less uncertainty in the observation noise covariance.

Extended Kalman Filter Inverse Wishart Algorithm

Formulating the HMM based on the system, there are two latent states that need to be estimated: the
dynamic state x; and the observational noise covariance R;. Applying Bayes’ rule, the posterior of the latent
states can be expressed as:

7R )
pxo R, |y = 200 Yo (X; (yt)w. (2.46)
t

To avoid explicitly calculating the likelihood of the observation y; and to decompose the interrelation
between the two latent states, the variational Bayesian method is applied. During each filtering time step,
the estimation of the latent states is updated iteratively (e.g., if x; is fixed, the optimal R; is calculated). The
Extended Kalman Filter Inverse Wishart Algorithm is provided in Algorithm 1.
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Algorithm 1 Extended Kalman Filter with Inverse Wishart Update [2]:

s Input: gy, Z4-1, £, Ex(), h(), Hx (), ¥, Ao, Vo
: Output: y;, Z;

: Step 1: Prediction

D -1 — fpe-1)

t Zgim1 = Felpeo1) - Zio1 - Fe(ue) T +Q

: Step 2: Iterative Update

Ar—2Ag

He— Hejr-1

: zt - Zm—l

: repeat

Step 2.1: Update Inverse Wishart parameters
€r—y:r—huy)

B; — Ele;-€]]

Vi—vg+1
B;+vo-Ag
At - vo+1
Step 2.2: Update state mean and covariance

St — Hy(te-1) Zepe—1 - He (g - T + Ay
Ki — Zg—1-Hy (- " -S;!

P — Heje—1 + Ko [ye— h(pgi-1)]

200 Zp— g1 - K- Sp KT

21: until Convergence of u; and X,

22: Return: p;, 2,

© %N DGR W =

e
e NDaR N

2.3.6. Robustify the Kalman Filter with an Observational Outlier Detector

Assuming observations are occasionally contaminated by outliers, nominal observations are Gaussian dis-
tributed with a fixed covariance, while contaminated observations have a significantly larger covariance. The
process noise is Gaussian distributed, and the system is defined as:

X; = f(X-1) +wy, w; ~A(0,Q) (2.47)
Vi=h&)+z-vi+(1-21)-¢;, vi~ANOR), ¢;~A(0,R (2.48)
z; ~ Beta-Bernoulli(n; «, §) (2.49)

where z; € {0, 1} models outlier occurrence, 7; is the probability parameter of the Bernoulli distribution, as-
sumed to follow a Beta distribution with shape parameters a and . RC is the covariance for contaminated
observations, which is significantly larger than R, other definitions align with the system described in Section
2.3.3.

Beta-Bernoulli Distribution

In the observation model (Equation (2.48)), the observation noise is assumed to be bi-Gaussian dis-
tributed. When z; = 1, the observation is considered nominal, and when z; = 0, the observation is poten-
tially an outlier. The expectation of the posterior of z; can be used as an observational outlier indicator. If
the expectation of z; | y; is very close to 0 and lower than a threshold, the observation can be considered an
observational outlier.

The variable z; is assumed to follow a Beta-Bernoulli distribution, which is a special case of the Beta-
Binomial distribution [18]. This model captures the statistical properties of observational outliers, which can
be viewed as rare, accidental events that deviate significantly from nominal values [5].

Within the Beta-Bernoulli distribution, the Beta distribution serves as the conjugate prior to the Bernoulli
distribution. This means that if the probability parameter 7, of the Bernoulli distribution is Beta distributed,
the posterior of 7; will also be Beta distributed. Given the Bernoulli distribution with a Beta prior:

z¢ | 7wy ~Bernoulli(r;), (2.50)
7 ~ Beta(ayg, Bo)- (2.51)

Once the observation y; is obtained, and assuming the posterior of the Bernoulli variable p(z; | x;,y;) can
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Algorithm 2 Extended Kalman Filter Bernoulli [33]:

1. Input: g1, Z,-1, f(), Fx(), h(), Hx(), Y1, @o, Bo, threshold
2: Output: s, Z;
3: Step 1: Prediction
4 -1 — fpe-1)
50 Zyeo1 — Fe(pi1) - Zeo1 - el T +Q
6: Step 2: Iterative Update
7 A — Qo
8: Pr— Po
9: my—1
10: by < Heje-1
11: Xy — Zm,l
12: repeat
13:  Step 2.1: Update Bernoulli variables
14: € —yr—h(uy)
15:  B; —E[e;-€]]
16 EpueppupInpmy)] —ylay) —ylas+ )
17: Ep(xt)p[nt)[lnp(l_nt)] ‘_U/(ﬁt)_U/(at"'ﬁt)
18 5 (2, =0) — exp{—0.5-tr[BR] +E () pir In p ()]}
190 qr(zr=1) — eXp{Ep(xz)p(fiz) Inp(1-m)l}
200 Epxppinlp(20] — %
21:  Step 2.2: Update Beta variables
22: ar<—ao+Epx)piry [p(2)]
23 PBr—Po+1-Epxpalp(2s)]
24:  Step 2.3: Update state mean and covariance
25:  if z; < threshold then
26: Outlier update
27 He — Heje-1
28: Zr—Zy-1
29: else
30: Inlier update
3L: St — Hy(us-1) - Zej—1 - Hy (- T +R
32: K; — Zg-1 - He(ug-) " -S; !
33: tr = ee-1 + Ko [ye = R -1)]
34: T2y - K S KT

35:  end if
36: until Convergence of u; and X;
37: Return: y;, 2;

be calculated, the posterior of the Beta parameters 7, a;, and ; can be expressed as [33]:

a: =ao+E[p(zy)], (2.52)
Br=Po+1-Elp(z)], (2.53)
7| ze, X,y ~ Beta(ay, By). (2.54)

Extended Kalman Filter Bernoulli Algorithm [33]
In the system, as described by Equations (2.48) and (2.47), there are three latent variables [x;, z;, ;] that
need to be estimated. Applying Bayes’ rule, the posterior of the latent states can be expressed as:

pPXe 2t 1, Y1)
p(y:)

where the three latent variables are interrelated, and the distribution of the observation y; is extremely diffi-
cult to calculate. The Extended Kalman Filter Bernoulli Algorithm [33] applies variational Bayes to avoid the
calculation of p(y;) and provides a solution (not closed-form) to estimate the posterior of the latent states
using the Kalman filtering algorithm. The algorithm is shown in Algorithm 2.

PXe,z2, e | Ye) = (2.55)
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The Pure-Pursuit Method The Stanley Method
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(a) An illustration of the Pure-Pursuit Method (b) An illustration of the Stanley Method

Figure 2.4: Illustrations of the geometric path-tracking methods

2.4. Geometric Path-tracking control

Autonomous driving includes a wide range of applications, from planning to control. Path-tracking control
is one of the fundamental tasks in autonomous driving. For example, when a feasible path is planned from
location A to location B, the autonomous vehicle must be able to accurately follow the path. Geometric path-
tracking methods primarily focus on the geometric relationships between the vehicle and the track. These
methods are widely recognized for their computational efficiency and generality. In this section, the Pure-
Pursuit Method [6] and the Stanley Method [11] are introduced.

2.4.1. Pure-pursuit method
The Pure-Pursuit Method (PPM) is a geometric path-tracking method that calculates the needed steering an-
gle to drive the vehicle towards the selected points on the designated path (i.e. look-ahead point). It is a
popular method due to it’s robustness and simplicity, however, it can only handle the nominal driving con-
dition, when the vehicle is operating under high velocity or on a low-friction path, the method cannot be
applied[17, 22].

Searching for the Look-ahead point

While driving the vehicle, the PPM always searches for the look-ahead point on the designated path within
the look-ahead distance. The choice of the point follows three rules:

¢ The point must lie within the look-ahead distance.
¢ The point should align with the vehicle’s moving direction.
¢ The distance between the point and the vehicle should be close to the look-ahead distance.

Pure-Pursuit Method Control Law

Given the control point of the vehicle (the center of the rear axle) [X,, Y,, ¥ ,] and the goal point (look-
ahead point) on the track [Xg, Yg, W], there exists a curve that connects the control point and the goal point.

Ackermann steering geometry describes the relationship between the radius of the curve and the wheel
steering angle. Given the wheelbase length /,,;, the radius of the turn r, and the wheel steering angle 9, the
relationship is expressed as:

tan(d) = I”’T” (2.56)

As shown in Figure 2.4a, the vehicle’s center of rotation (CoR), the control point (center of vehicle rear
axle), and the goal point form an isosceles triangle. Given the fixed look-ahead distance [;, the relationship
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between the turn radius r and the lateral error y, is expressed as:

12
r= d

_2~ye

(2.57)

The lateral error y. is the distance from the vehicle to the path in the vehicle-body frame. Given the
position and orientation of the points in the global frame, the relationship is described as:

Ve =—(Xy— Xg) - sin(¥,) + (Y, — Yg) - cos(¥,) (2.58)

Combine Equation (2.56) and Equation (2.57), the steering control law can be given as:

2'.ye'lwb
2

0= arctan( ) (2.59)

d

During path-tracking, the vehicle does not necessarily need to reach the goal points: when the vehicle is
driving on the track, the controller will constantly search for the next goal points. The look-ahead distance I;
is crucial for the controller’s performance. A look-ahead distance that is too small leads to oscillations around
the reference path, while one that is too large results in slow convergence of the lateral error [6].

2.4.2. Stanley Method
The Stanley method is a geometric path-tracking method developed by a research group at Stanford Uni-
versity for the DARPA Grand Challenge 2005 [11]. It penalizes both the position and orientation differences
between the vehicle and the path.

Stanley Method Control Law

As shown in Figure 2.4b, the control law consists of two terms: the orientation error 1, and the cross-track
error y.. The orientation error v, is defined as the difference between the orientation of the goal point and
the control point in the vehicle-body frame. Given the orientation of the control point ¥, and the orientation
of the goal point ¥, the orientation error v, is expressed as:

Ye=Wy—W,. (2.60)

The cross-track error is defined as the lateral error between the control point and the goal point in the
vehicle-body frame, as described in Equation 2.58. Given the vehicle’s longitudinal velocity V,, and the weight
of the cross-track error k., the control law is represented as:

k.-
6:1//e+arctan(c—ye), (2.61)
Vx

For the Stanley method, it is also important to choose an appropriate control point. The control point in
this method is the center of the front axle, as the heading position should align closely with the orientation of
the path.



Outlier-Robust Path-Tracking Framework

An Outlier Robust Path-Tracking Framework is proposed to simulate the dynamics of the DCSC vehicle and
evaluate its path-tracking performance under disturbance. This chapter introduces a force-moment-based
RC vehicle model that captures the dynamics of the DCSC vehicle. Additionally, an adaptive outlier-robust
filter is proposed to provide state estimation in the presence of observational disturbances and model dis-
crepancies.

3.1. Overview

In Section 2.1, several challenges faced by the DCSC autonomous vehicle platform are outlined. In this chap-
ter, a framework is proposed to simulate these challenges in a controlled environment and address them
through software.

The proposed outlier-robust path-tracking control framework is a control pipeline designed for the DCSC
autonomous vehicle platform. The framework includes an authentic RC vehicle simulator to narrow the gap
between simulation and field testing, simulating the occurrence of sensor malfunctions and packet-loss is-
sues. Additionally, an Adaptive Outlier-Robust Kalman Filter is developed to estimate vehicle states in real-
time, even in the presence of observational disturbances and model discrepancies.

3.1.1. Control Framework Pipeline
As shown in Figure 3.1, the framework consists of four modules: Map Generator, Path-Tracking Controller,
Simulator, and State Observer. Each module has distinct functions and is interconnected.

Map Generator

The Map Generator creates waypoints based on a designated path. The path is partitioned by a sam-
pling distance As, ensuring that neighboring waypoints are a fixed distance apart. Each waypoint w :=
[Xw, Yy, ¥ ] is defined by its position and orientation in the global frame. The module generates waypoints
w1 N based on the path configuration, with the first waypoint wy serving as the initial state for the simulation.

Path-Tracking Controller

The Path-Tracking Controller drives the vehicle to follow the path. The algorithm used is a geometric
path-tracking method, as introduced in Section 2.4. It assumes the vehicle operates at moderate speeds,
where geometric methods effectively handle steering control with low computational cost.

As shown in Figure 3.1, the module takes waypoints wy.y from the Map Generator and state estimates
X, from the State Observer as inputs. It identifies the goal point wg,q;,; using a look-ahead distance and
computes the steering angle §; based on the difference between wgq;,; and X;. The throttle input w; is set to
a constant value to maintain a steady velocity.

Since the Simulator module cannot directly use 6; and w; as inputs, a mapping function is applied to
convert them into RC commands. The steering angle ¢, is linearly mapped to 6., and the throttle input w,
is linearly mapped to w,,;, based on actuator modeling.

Simulator

The Simulator models the vehicle’s motion using a realistic vehicle dynamics model, as shown in Equation
(3.8). Due to the highly nonlinear nature of the dynamics, an ordinary differential equation (ODE) solver ! is

1Scipy:solve_ivp

19
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/ Outlier Robust Path-tracking Pipeline \

MapGenerator Path-tracking Controller Simulator

w1 w
N\N\ L Find Goal Point goakt

5rc,t, Wret

Add disturbance l—

State Observer

Posterior ], “**1 [Kinematic bicycle
estimation model

5rc,t7 Wret

A

Tt

N Y

Figure 3.1: A flow chart of the outlier-robust path-tracking control pipeline: wj.y is all the waypoints of the designated path, X is the
ground-truth state, j; is the noisy observation, % is the state estimation.
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Figure 3.2: The connection between the Vehicle Control Unit and the Rover driving system

used to simulate vehicle motion within a specified sampling interval.

As shown in Figure 3.1, the module takes RC commands d,,; and w,.; as inputs. Using the previous
ground-truth state X;_1, it calculates the ground-truth state at the next sampling time X;. The module outputs
two components: the ground-truth state X;, which is saved for the next iteration, and the noisy observation
Vi

State Observer

The State Observer estimates the vehicle’s state using prior information and observations. Kalman filter
and its variations are implemented in this module. The kinematic bicycle model is used as the process model
(prior knowledge of the system) due to its simplicity and generality.

Given inputs [0, s, wrc,:] and the previous state estimate %;-1, the module predicts %; ;-1 using the kine-
matic bicycle model. The prediction %;;—1 and observation y are combined to produce the posterior state
estimate X;. The module outputs the state estimate X;, which is recursively used for filtering and by the Path-
Tracking Controller to compute control signals.

3.2. Radio-Control Vehicle Model

To simulate the motion of the Radio-Control (RC) vehicle in the DCSC autonomous vehicle platform, its dy-
namics must be studied. This section develops a RC vehicle model based on vehicle modeling principles and
the RC system.
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(b) The vehicle is controlled with a fixed steering command and varying throttle command. The left side shows the Radio-Control inputs, and the right side
shows the estimated vehicle velocity.

Figure 3.3: The Radio-Control inputs and the estimated vehicle steering angle and velocity.

3.2.1. Radio-Control Input Modeling

The connection between the Radio-Control system and the driving system is illustrated in Figure 3.2. The
Ground Control Station (GCS) communicates with the Vehicle Control Unit (VCU) through ROS. The GCS
publishes RC commands to the VCU, which then relays them to the driving system to control the vehicle’s
steering angle and throttle.

For steering control, the steering command 6, actuates the servo to adjust the front wheels’ steering
angle 6. For throttle control, the throttle command w, is processed by the Electronic Speed Controller and
Motor to generate torque on the rear wheel, influencing the wheel’s angular velocity w. This section models
the relationship between these inputs and outputs.

Analysis of Field Testing Data

Prior information on the Radio-Control input dynamics is limited. To gain insight into these dynamics,
we conducted field tests by actuating the vehicle in various ways and collected runtime data. The data is
shown in Figure 3.3. The data collection and processing methods are detailed in Chapter 4.

The MoCap in the setup can only measure the position and orientation [X;, Y;, ¥;] in the global frame.
However, the vehicle’s velocity and steering angle cannot be directly observed. Using these available mea-
surements, Vx,t and 6 ; are estimated as follows:

We=We1) - Lup

5, = arctan ——— =~ W2 (3.1
Ver At

N X=X D)2+ (Y=Y 1)?

Vo= VX - X, 1)At (Y= Y1) (3.2)

As shown in Figure 3.3a, the throttle command o, is held constant while the steering command . varies
over time. This setup maintains a low, constant vehicle velocity, allowing us to focus on the relationship
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Figure 3.4: The relationship between the steady-state vehicle states and the RC input commands.

between the steering command and the vehicle’s steering angle. When the steering command changes, the
steering angle adjusts accordingly, stabilizing after a brief transition period.

As shown in Figure 3.3b, the steering command 6. is held constant while the throttle command o,
varies over time. This setup keeps the wheel steering angle constant, enabling us to examine the relationship
between the throttle command and the vehicle’s velocity. The figure shows that when the throttle command
changes, the velocity stabilizes after a transition period.

At this stage, we can assume that the steering angle ¢ is related to the steering command d,, and the ve-
locity Vy is related to the throttle command o,.. When the RC command changes, the corresponding vehicle
state requires a transition period to converge to a new value.

Approximating the Radio-Control Input Dynamics with a First-Order System

Based on our assumption of the RC input dynamics, the process resembles the time response of a first-
order system to a reference signal. As shown in Figure 3.3, the response exhibits almost no overshooting,
similar to the step response of a first-order system [19].

The transfer function of a first-order system is:

Y K
U(s) T rs+1

3.3)

where Y (s) is the output in the Laplace domain, U(s) is the input in the Laplace domain, K is the gain, and
7 is the time constant. Applying the inverse Laplace transform, the dynamics in the time domain can be
expressed as:

) ! + K (3.4)
- ——. —u .
Y= T
where y is the output in the time domain, and u is the input in the time domain. Replacing the output y
with the wheel angular velocity w and steering angle §, and the input u with the RC inputs w,. and 6, the
approximated RC input dynamics are:

d) —_—
5=
where K, is the throttle mapping gain, Kj is the steering mapping gain, w,. ¢ is the throttle mapping offset,

O rc,0 is the steering mapping offset, 7, is the throttle mapping time constant, and 74 is the steering mapping
time constant.

1 Ky

7,0t (Wre = Wre0)

(3.5)
—% '5+T—: “Gre=0rc0)
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From Figure 3.3, there is a relationship between the steady-state values of b and V, with the RC inputs
6rc and o,.. The values of the inputs and steady states at the same timestamp are collected, and a linear
relationship is assumed, as shown in Figure 3.4:

Ve=ky-wrc+ g (3.6)

S5=ks Src+wy (3.7)

ky, ks are gains and vp,wq are offsets. The relationship between the longitudinal velocity V, and the wheel
angular velocity w is discussed in Section 3.2.2.

3.2.2. Radio-Control Vehicle Dynamics
Building on the vehicle dynamics discussed in Section 2.2 and the RC input dynamics developed earlier, the
combined dynamics form the RC vehicle dynamics developed in this thesis.

Assumptions

1. Planar Motion: The vehicle’s motion is confined to a 2D plane.

2. Bicycle Model: The difference in orientation between the two front wheels is ignored.

3. First-Order Actuator Model: The input dynamics is modeled as first-order system.

4. Uniform Longitudinal Tire Stiffness: The front and rear wheels share the same longitudinal tire stiffness.
5. Uniform Lateral Tire Stiffness: The front and rear wheels share the same lateral tire stiffness.

6. No Front Wheel Slip Ratio: The front wheel’s slip ratio is assumed to be zero.

Radio-Control Vehicle Dynamics

The RC vehicle dynamics are defined by the state vector [X,Y, ¥, V, V},Q,w,06] € R®. Here: [X, Y, ¥] rep-
resent the vehicle’s position and orientation (yaw) in the global frame. [V, Vy,Q] represent the longitudinal
velocity, lateral velocity, and angular velocity (yaw rate) in the vehicle-body frame. [w,d] represent the rear
wheel’s angular velocity and the front wheel’s steering angle.

The kinematic relationship and vehicle body dynamics are expressed in Equation (2.13), and the RC input
dynamics are expressed in Equation (3.5). Combining these, the RC vehicle dynamics are:

[ X ] [ Vy - cos(?)
v V- sin(¥)
V] Q
A L (Co0xr—Cq-ap-sind—p-VH+Q-V,
v,| = L. (Ca-ay-cosd+Cq-ar)—Q-Vy 3.8)
Q i-(lf-Ca-af-cosé—lr-Ca-ar)
d.) _%‘G)‘Ff_w'(wrc_wrc,o)
| 6 ] _L‘6+_5‘(6rc_6rc,0)

L Ts Ts

All parameters are explained in previous sections.

Kinematic Bicycle Model Simplification

Based on the RC input mapping in Equations (3.6) and (3.7), the RC input commands 6,. and o, can
serve as inputs to the system. Replacing the velocity and steering angle in Equation (2.1), the RC kinematic
bicycle model is:

X (ky - Wy + 1g) - cos(¥)
v| = | (ky-wre+ vg)-sin(¥) (3.9
\p (ky-wrc+vp)-tan(ks-6,c+00)

Lwh

This model extends the kinematic bicycle model with an additional input mapping layer. It can serve as
the process model in observer design or as a basis for controller design.

Discussion on Wheel Angular Velocity and Longitudinal Velocity

In Section 3.2, the relationship between the RC input command and the vehicle velocity was observed
during field testing, as shown in Figure 3.3b. However, in modeling the RC input dynamics, the RC throttle
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command is related to the wheel angular velocity. To understand how changes in wheel angular velocity affect
longitudinal velocity, consider Equation (3.8):

|
Vx:E'(Cg‘ox,—Ca‘af'siné—y'Vf)+Q‘Vy (3.10)

Assuming the vehicle is driving straight (6 = 0) under nominal conditions, the steady-state longitudinal
velocity Vy is determined by:

Terf-w—V,
pve= LT (3.11)
reff-w

During acceleration, Vy cannot equal r.f s - because part of the longitudinal force overcomes resistance.
During turning (6 # 0), the longitudinal force also partially overcomes lateral tire forces, further reducing V,
for the same throttle command.

In order to simplify the relationship between the RC command, wheel angular velocity, and longitudinal
velocity, the RC kinematic model applies the direct relationship between the throttle command and longitu-
dinal velocity (Equation (3.6)).

3.3. Adaptive Outlier-Robust Kalman Filter

The model discrepancy arises from the difference between the process model of the state observer and the
simulation model of the simulator, while the observational disturbances result from sensor malfunctions. In
this section, an Adaptive Outlier-Robust Kalman Filter is proposed, which can adaptively adjust to process
noise and mitigate the influence of observational outliers.

3.3.1. Discrepancy between Simulation Model and Process Model

In the proposed framework, the simulator is based on the RC vehicle model (Equation (3.8)), while the process
model assumed by the state observer is based on the kinematic bicycle model (Equation (3.9)). This model
mismatch can result in significant process noise, indicating that the process model of the observer cannot
accurately capture the dynamics of the system.

To accommodate the model discrepancy, two critical design parameters of the filter are the process noise
covariance Q € RN-*Nx and the observation noise covariance R € R™y*", Intuitively, the matrix Q reflects the
reliability of the process model, while the matrix R reflects the reliability of the observations.

However, for the outlier-robust Kalman filter, observations with large innovation (i.e., those that deviate
significantly from the prediction) are either down-weighted [2] or rejected [33]. In these cases, if the prior
process noise covariance Q is set too small for the system, the outlier-robust Kalman filter will assign greater
weight to the predictions, ignoring corrections from nominal observations (which contain information about
the true state). Consequently, as the difference between the predictions and observations grows, the observa-
tions can be entirely ignored, and the posterior will align with the predictions, which is deviate significantly
from the ground-true states.

As mentioned in Section 2.3.4, the innovation and the residual provide information about the reliability
of the process model and the observations [3]. Inspired by Agamennoni ef al., we assume the process noise
is drawn from a zero-mean Gaussian distribution with varying covariance. The process noise covariance is
drawn from an Inverse-Wishart distribution, resulting in the following dynamic model:

X; = f(X—1) + Wy, W~ A (0,Q), Qr~W " (Ag, Vo) (3.12)

where the positive-definite matrix A¢ € RN<*Nx and the degree-of-freedom v € (N, —1,00) are the parameters
determining the shape of the Inverse-Wishart distribution, as mentioned in Section 2.3.5.

As shown in the upper part of Figure 3.5, in the proposed HMM, the latent dynamic state x; is related
to the previous dynamic state x,_; and the process noise covariance Q;. In each filtering step, Q; is drawn
from an Inverse-Wishart distribution with the same shape # ~'(Ag,vy). The predictive distribution can be
expressed as:

Xer-1 ~ N (F(X=1),Qp) (3.13)
Q: ~ % (Ao, o) (3.14)
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Figure 3.5: The graphic model of the system with adaptive process noise covariance and observational outlier detector

Once the observation y; is obtained, and assuming the posterior distribution of the dynamic state x; is
Gaussian distributed with mean 1, and covariance X, the updated parameters of the Inverse-Wishart distri-
bution A; and v, are given by the conjugate relationship between the Gaussian and Inverse-Wishart distribu-
tions, as described in Equations (2.45) and (2.44):

Q ~# 1AnLvy) (3.15)
vi=vy+1
At = Bt +vo- A()

B; = El(y; — (i) - (y; — h(u)) T

3.3.2. System Description
Within the proposed framework, different types of observational disturbances are introduced. In the filter
design, the primary focus is on observational outliers. As introduced in Section 2.3.6, observational outliers
are observations that are numerically distant from nominal observations, with a non-negligible probability
of occurrence.

Combining Equation (3.12) and Equation (2.48), the graphical model of the HMM is shown in Figure 3.5.
The dynamic model and the observation model can be expressed as:

X = f(Xi-1) + Wy, W~ A (0,Q), Qi ~# (Ao, Vo) (3.16)
Ye=hXx)+z,vi+(1-2)-¢;, Ve~ AN(0,R), CtNJV(O,RC) (3.17)
z¢ ~ Beta-Bernoulli(r;; ag, Bo) (3.18)

3.3.3. Adaptive Outlier-Robust Kalman Filtering Algorithm
To perform the posterior estimation of the latent states, the filtering problem and its solution are derived in
this section.

Latent States and Observations

In the Hidden Markov Model (HMM), at each filtering time step, after obtaining the observation y;, there
are four latent variables [Q;,X;, z;, ;] that need to be estimated, and four parameters A;, v, a;, B¢ that need
to be updated accordingly. Our goal is to perform posterior estimation of all these variables and parameters.
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Joint Distribution, Predictive Distribution and Posterior Distribution

Given the dynamic model in Equation (3.16), the observation model in Equation (3.17), and the graphical
model in Figure 3.5, applying the Bayesian rule and the Markovian property (2.14), the joint distribution of all
the latent states [Q, X, z;, ;] and the observations y;.; as:

P&y Qs 2,71 Y1:0) = PV | Xpy 20) - PXe, Qr, 28, 7T, Y1:4-1)
=py: X620 - pXe Qo) - p(Qy, 24, 704, Y1:6-1)
=p(ye 1 x,20) p&Xe 1Qr) - p(Qo) - plyr:e-1) - P2y, 710
=pyelXe,20) - pXe 1Qr) - p(Qe) - p(Y1:2-1) - pl2e | 1) - p(re) (3.19)

The assumed distribution of each items in Equation (3.19) according to Equation (3.16) and (3.17) can be
given as:

Vi | Xs, 20 ~ N (h(x), R (3.20)
X | Qr ~ A (f(x-1),Qp) (3.21)
Q:~# (Ao, vo) (3.22)

z; | m; ~Bernoulli(rr4) (3.23)
7, ~ Beta(ao, o) (3.24)

Applying the Bayesian rule, the posterior distribution of the latent states can be expressed as:

(X ’ )Z yﬂ ’ M )
Px,HQnzeme Y1) = PO Qo2 T Ve (3.25)
plyLs)

There are two main challenges in explicitly calculate posterior (Equation (3.25)):

¢ The marginal distribution of p(y;.;) cannot be computed explicitly.
¢ From the graphic model in Figure 3.5, z; depends on 7, 7; depends on ag, Bo.
e From the graphic model in Figure 3.5, x; depends on Q;, Q; depends on Ay, vo.

Therefore, the variational Bayesian can be applied to calculate the approximation of the posterior.

Variation Bayesian Approximation

Applying the logarithm to both sides of the posterior (Equation (3.25)) and using Bayes’ rule, the log-
likelihood can be expressed as:

Inp(:, Qe 26,70 | y1:0) =Inp(Xe, Qr, 26, 71, Y1:0) — In(Y1:0)
=Inp(yi: 1% Qe 26, 70) + I p(Xe, Qi 21, 701) — In(yn:r) (3.26)
According to "Alternative View of the EM Algorithm" [31], assuming the likelihood ¢(-) is the approxi-

mated posterior of the latent states © := [Q, X, 2, 7], the first term on the right-hand side in Equation (3.26)
is lower bounded by:

Inp(y1::10) = L(g(®)) = f q©)-[Inp(©,y1.1) - Inp(®)] -dO (3.27)

When the likelihood ¢ is exactly the posterior distribution, the equality holds.

Assuming gy (x;) is the approximate posterior of x;, qo(Q;) is the approximate posterior of Q;, q;(z;) is
the approximate posterior of z;, and ¢, (i) is the approximate posterior of 7, the Mean-field approximation
[31] can be applied to express the approximate posterior of the latent states:

q©) = qX, Qs 24, 74)
=(qxXg)- CIQ(QI) ~qz(2¢) - Gr(7y) (3.28)
Applying the approximated likelihood (Equation (3.28)) to the lower bound (Equation (3.27)), the approx-

imated lower bound for any one of the latent states (here, for simplicity, the example latent state is x) can be
expressed as [31]:

L(gy) = f de-Inpy160)- [] qo-61-dx— f qx-In(qy) - dx—--- (3.29)
0€{Q,z,m}
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where terms irrelevant to the state x are ignored. Equation (3.29) is maximized when:

ln(qx)=flnp(y1:t,®)- IT ae-0 (3.30)
0€{Q,z,m}

Applying the same procedure for the other latent states and removing the non-related variables from the
joint distribution, the optimal approximated posterior under variational Bayes can be expressed as:

Inqy ;) < EpQopzpor) (I pye 1%, 20 +In pxe 1 Qe X-1)] (3.31)
In qa(Qt) x Epeppzopin [INp&: 1 QrXi—1) +Inp(Qy)] (3.32)
Ing; (z:) < Epeyp@opern (Inpy: | Xs, 20) +Inp(z; | 71 (3.33)
Ingy () < Epe)popten [Inp(ze | ) +Inp(my) (3.34)

The update rule of the latent states

1. From Equation (3.31), the approximated log-likelihood of x; is proportional to the expectation over the
combination of two Gaussian density functions. Since the product of Gaussian probability density functions
is still Gaussian, g (x;) has a Gaussian distribution density function:

0 (%) o< exp(=0.5-Eplz] - Ilys = o)l s = 0.5+ 1% = f (a1l gor) (3.35)

Given the mean p,_; and covariance X;_; of the previous state x;_;, Equation 3.16 can be used to calculate the
predictive distribution x;—;. Once the observation is obtained and the expectation of the Bernoulli variable
Eplz;] is estimated, the Kalman Filtering algorithm, as shown in Algorithm 3 (lines 25 to 36), can be applied
to calculate the posterior of x;.

2. From Equation (3.32), the approximated likelihood of Q; is proportional to the product of the prob-
ability density functions of a Gaussian distribution and an Inverse-Wishart distribution. According to the
conjugate relationship between them, the posterior of Q; and its shape parameters A;, v, can be calculated
as in Equation (3.15). The entire updating procedure is shown in Algorithm 3 (lines 37 to 41).

3. From Equation (3.33), the approximated likelihood to z; is proportional to the product of the probabil-
ity of a Gaussian distribution and a Bernoulli distribution, it can be written as:

q; (z:) < exp(—0.5-z; - |ly; — h(xt)llflt_l +2z;-Ellnp@)l+ (1 -2z,)-Ellnp((1-m)]), 2z,€{0,1} (3.36)

here, 7, is Beta distributed with shape parameters a; and ;. Given the expression of the digamma function
w(-) [27], the expectation of In p(rr;) and In p(1 — 7;) can be expressed as [27]:

Ellnp(r)l =yw(a) —y(a:+ B 3.37)
Ellnp(1-n)l =y (B —y(a:+ P (3.38)

Since the variable z; can only be 0 or 1, the expectation of z; can be calculated as:

gz (z:=1)
E = 3.39
(p(z0)] =0+ =1 (3.39)

4. From Equation (3.34), the approximated posterior of the Beta variable is the product of the proba-
bility density functions of a Beta distribution and a Bernoulli distribution. Using the conjugate relationship
between them, the posterior can be calculated as in Equations (2.52), (2.53), and (2.54). The entire update
process for both the Beta variable 7, and the Bernoulli variable z; is shown in Algorithm 3 (lines 14 to 24).

Filtering process

Combining the process noise covariance estimation with the Extended Kalman Filter Bernoulli [33], the
algorithm of Adaptive Extended Kalman Filter Bernoulli is given in Algorithm 3. For comparison, the pro-
cess noise covariance estimation process is also added to the Extended Kalman Filter Inverse-Wishart [2] for
comparison, the resulting Adaptive Extended Kalman Filter Inverse-Wishart is given in Algorithm 4.
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Algorithm 3 Adaptive Extended Kalman Filter with Beta-Bernoulli Distribution:

1 Input: ps—1, 221, (), Fx(), (), Hx (), ¥z, @0, Bo, Ao, threshold
2: Qutput: u;, 2
3: Initialize
4 N —NAp
5 ay — Qo
6: Br— Po
7.y —1
8 Ur— Hejr—1
9 Zp— 2yl
10: repeat
11:  Prediction
122 pye-1 — f(e-1)
130 Ty — Fe(pm1) - Zoo1 - Fe(ue) T + Ay
14:  Update Bernoulli variables
15 € —Yyr—h(uy)
16: B, Ele; €]
172 Epeppory Inp@)] —yla)—ylas+ By
18: Ep(xt)p(nt) InpQ-n)]l —wB)-wla,+ B
19: g3 (2:=0) — exp{—0.5-tr[BR] +Ep(x,) p(ry In p ()]}
20 gz (z¢ = 1) — exp{Epixpiry In (L - 7o)}
21 Epuppanp(2d] — %
22:  Update Beta variables
23 &y — ag+Epx)pory [P(20)]
200 Pr—Po+1-Epxppanp(zs)]
25:  Update state mean and covariance
26: if z; < threshold then
27: Outlier update
28: He— Heje-1
29: 2 — zt”_l
30: else
31: Inlier update
32: St — Hy(us—1) Zej—1 -Hy (- T +R
33: K; — Zg-1 - He(ug-) " -S; !
34: pe— Hee-1 + Ko [ye— h(uge—1)]
35: Zt‘_ztlt—l_Kt'St'KZ
36:  end if
37.  Update process noise covariance
38 € —yr—h(uy)
39: By <—Ele;-€l]
40 vi—vo+1
41 Ay — W

42: until Convergence of u; and X;
43: Return: y;, 2,




System Parameters Identification

A Radio-Control vehicle model is developed in Section 3.2, however, the parameters of the vehicle model still
needed to be specified. In order to improve the fidelity of the model, the gray-box system identification [12]
is carried out to determine the parameters of the model in this section.

4.1. Vehicle data collection during the field testing

Asintroduced in Section 2.1, the Motion Capture System (MoCap) tracks the vehicle’s position and orientation
in real-time. The MoCap communicates these observations to the Ground Control Station (GCS), while the
Radio-Control (RC) system sends throttle and steering commands through the GCS. Upon receiving state and
input data, the GCS assigns timestamps to them. This section describes the collected vehicle state data and
the necessary pre-processing steps.

4.1.1. Dataset
The dataset [X,Y,W¥,d,¢,0, t] can be divided into three key components: vehicle state data, RC input data,
and timestamp.

¢ Vehicle State Data: The MoCap reconstructs the vehicle’s state in 3D space within the "MOCAP" coor-
dinate frame, including its position and orientation. Since the vehicle operates on a 2D plane, the state
data is transformed from the MOCAP frame to the global frame. In the global frame, only the (X-Y)
position [X, Y] € R? and the yaw angle W € R are relevant.

¢ RC Input Command: The RC transmitter or the GCS sent RC input commands to the vehicle, including
the throttle command o, and the steering command 8 .. For communication with the vehicle’s driving
system, the RC input commands are represented as Pulse Width Modulation (PWM) values.

* Timestamp: When the GCS receives the data, it assigned a timestamp to each entry.

4.1.2. Dataset Pre-Processing

Due to sensor and communication malfunctions, the collected data contained observation noise, packet loss,
and incorrect timestamps. To mitigate the impact of these issues, data smoothing and interpolation methods
are applied to remove noise, eliminate outliers, and fill in missing data.

To address noise and outliers, a moving-average-based smoothing method is employed. Moving-average
methods apply a sliding window over a subset of data and compute statistics for that subset. For example,
the "Gaussian" moving average assumes the subset follows a Gaussian distribution and weights the noise
accordingly. Several smoothing methods are compared, including "Moving Median", "Gaussian", "Quadratic
Regression", and "Robust Quadratic Regression". As shown in Figure 4.1, "Quadratic Regression" and "Robust
Quadratic Regression" are significantly affected by outliers, whereas "Moving Median" and "Gaussian" pro-
duced more reliable results by effectively smoothing outliers. Based on these findings, the "Moving Median"
smoother! is selected for data smoothing.

lsmoothdata: https://nl.mathworks.com/help/matlab/ref/smoothdata.html
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Packet loss resulted in missing data points and incorrect timestamps assigned by the GCS. To address
this, a linear interpolation method? is applied. This method approximates missing data points by interpolat-
ing between adjacent data points. Figure 4.2 compares the sampling intervals before and after resampling.
Initially, the original sampling intervals varied between 0 [s] and 0.18 [s] due to packet loss. Such variabil-
ity and missing data points can lead to numerical issues during steering angle and velocity estimation. The
resampling process ensured a fixed sampling interval, which is essential for data analysis.

Before interpolation, the orientation data ¥ in the global frame is unwrapped. Typically, angle data are
defined within the range [-m,7]. However, this can cause numerical issues during interpolation. To avoid
this, the data is unwrapped to the range (—oo,c0), ensuring that angles are not normalized to [-, 7] during
processing.

4.2, Apply Gray-box System Identification

The parameters of the vehicle model are identified using gray-box system identification [12]. To apply this
method, the following components must be selected:

¢ The model requiring identification.
¢ Alist of parameters and their initial guesses.
¢ The system identification data.

¢ The simulation method: The RC vehicle system is highly nonlinear, so continuous-time simulation is
applied.

* The optimization algorithm: The Trust-Region Reflective Newton method of nonlinear least-squares
[12] is used to solve the nonlinear optimization problem.

4.2.1. Model and Initial Parameter Estimation
The RC vehicle model introduced in Section 3.2 is used for system identification. This model is developed to
capture the dynamics of the DCSC autonomous vehicle, and system identification is employed to increase its
fidelity.

A list of parameters requiring identification, along with their initial guesses, is provided in Table 4.1. The
initial guesses are either derived from the vehicle manual or empirically estimated. If the "Range" column in
the table contains only one value, the parameter is deterministic and does not require estimation.

Table 4.1: The identified parameters of the RC vehicle model with the steering ID data

Parameter | Meaning Range Initial Guess | Result

m Vehicle mass [kg] [0,4] 3.32962 3.70492

Cqy Lateral tire stiffness [0,+inf] | 27.7163 5.10405

Co Longitudinal tire stiffness [0, +inf] | 4.29394 2.3854

Iy Distance from front axle to CoG [m] | 02214 0.2214 0.2214

r Rear wheel radius [m] 0.056 0.056 0.056

7 Resistance coefficient [0,10] 10 9.96977

Ks Steering coefficient [0, +inf] | 0.000835728 | 0.000812959
Ko Throttle coefficient [0,+inf] | 0.1416 0.164756
Ts Steering Tau [s] [0,+inf] | 0.00249688 0.00128383
Tg Throttle Tau [s] [0,+inf] | 1.81983 0.928954

4.2.2. System Identification Data

For system identification, a dataset containing input-output pairs must be provided. The system is activated
by the input data, and the output data corresponds to the vehicle’s state. A dataset with a fixed throttle com-
mand and varying steering command is used, as shown in Figure 4.3. The throttle command, shown in the
bottom left, is fixed, indicating that the longitudinal velocity of the vehicle does not change significantly dur-
ing operation. The steering command, shown in the bottom right, varies over time to drive the vehicle around

2retime: https://nl.mathworks.com/help/matlab/ref/timetable.retime.html
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Figure 4.3: Data collected during the field testing, the vehicle is driven with fix throttle command and changing steering command.
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the testing field in the lab. The state of the vehicle is shown in the top and middle plots. The orientation of
the vehicle, shown in the middle right, is unwrapped to avoid numerical issues. Since the path-tracking ap-
plication emphasizes steering control and steering dynamics, this dataset is selected for identification.

4.3. Result of identification

Comparison between the simulation from identified model and the field-testing data
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Figure 4.4: Comparison between the simulation and the field testing data on each state, the simulation is based on the RC vehicle model
with identified parameters.

Based on the system identification setup described above, the identification results are presented in Table
4.1. Using the identified parameters, an open-loop simulation is performed with the RC vehicle model. The
input for the simulation is the RC command shown in Figure 4.3, and the output of the identified model is
compared with the runtime data collected during field testing. The goal of this comparison is to qualitatively
evaluate how well the identified model captures the motion of the DCSC autonomous vehicle.

To perform the open-loop simulation with the identified RC vehicle model, an ordinary differential equa-
tion (ODE) solver is employed to handle the model’s nonlinearity. The simulation is conducted in periods
of 0.1 [s]. For example, at time step k, the state X served as the initial state, and the input uy is applied. A
simulation with a duration of 0.1 [s] is then performed to predict the state at time step k + 1. If the RC vehicle
dynamics is discretize by the Euler method, it would introduce numerical issues and is therefore avoided.

As shown in Figure 4.4, the position and orientation from the simulation are compared with the field test-
ing data. The results indicate that the three states did not fully match, suggesting limitations in the current
model. Figure 4.5 compares the trajectories, there are deviations between the open-loop simulation and the
field testing data. While the identified model captured some dynamics of the real system, certain discrepan-
cies remain.

4.3.1. Discussion on the identified model
After analysis, several factors may account for the observed deviations:
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Figure 4.5: Comparison between the simulation and the field testing data on the (X-Y) driving trajectory, the simulation is based on the
RC vehicle model with identified parameters.

1. Since latent states are not fully observable, only the position and orientation can be measured. Other
states must be estimated from observations, which may introduce errors.

2. The relationship between the steering command and the steering angle is nonlinear, which the model
may not fully capture.

3. The RC vehicle model is simplified and may not account for certain dynamics.

4. The dataset used for system identification may be inadequate, additional runtime data from field test-
ing could improve the identification results.



Adaptive Outlier Robust Kalman Filter

The Kalman filter and its variants are designed to estimate the latent state of a system with the prior knowl-
edge of the system and the observations. The proposed Adaptive Outlier-Robust Kalman Filter is specifically
developed for systems with observational outliers and model discrepancies. To evaluate the performance
of the proposed observer, synthetic datasets incorporating different types of disturbances are generated. A
quantitative evaluation is conducted to compare the proposed method with several existing approaches.

5.1. Overview
This section provides an overview of the experiments, where different observers are applied to various syn-
thetic datasets to evaluate and compare their estimation accuracy and efficiency.

5.1.1. Observers

The comparison is made between five different Kalman filtering algorithms including the basic method (EKF),
the non-adaptive outlier-robust methods (EKF-B, EKF-IW) and the adaptive outlier-robust methods (EKF-B-
adp, EKF-IW-adp):

¢ The Extended Kalman Filter (EKF),

¢ The Extended Kalman Filter Inverse-Wishart (EKF-IW, [2], Algorithm 1),

¢ The Extended Kalman Filter Bernoulli (EKF-B, [33], Algorithm 2),

¢ The proposed Adaptive Extended Kalman Filter Bernoulli (EKF-B-adp, Algorithm 3),

* The proposed Adaptive Extended Kalman Filter Inverse-Wishart (EKF-IW-adp, Algorithm 4).

5.1.2. Datasets

The performance of these methods is evaluated on synthetic datasets. Two different synthetic datasets are
used to compare the observers’ performance, either with or without model discrepancy. For each dataset,
three types of observational disturbances are added to the observations.

» Dataset without discrepancy: the dataset generated using the kinematic bicycle model (Equation (2.1))
with Gaussian noise, observational outliers and packet-loss.

» Dataset with discrepancy: The dataset generated using the identified model (Equation (3.8)) with Gaus-
sian noise, observational outliers and packet-loss.

5.1.3. Evaluation Metrics

The Root-Mean Square Error (RMSE) and Maximum Error (EMax) are used to quantify the difference between
the estimated and ground-truth values in the datasets. The RMSE reflects the average performance, while the
EMax reflects the worst-case performance. The computation time per step is used to quantify the operational
efficiency of the algorithm in each time step.
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Given the ground-truth X; and the estimate X;, the RMSE and EMax are defined as:

N
RMSE := | — Y & —x) T (X %) (5.1)
N t=1
EMax:= max \/ X; — %) 7T (X; —%;) (5.2)
1<=t=N

5.2. Modeling Observational Disturbance

Synthetic datasets are an effective way to evaluate the performance of observers, as they allow full control
over the disturbances introduced into the system and provide ground-truth data. To generate these datasets,
several models are developed to simulate system dynamics and observations under different types of dis-
turbances. Duran-Martin et al. [7] used a linear model to generate observations with observational noise
and outliers. In this thesis, the linear model is extended to a nonlinear model, three types of observational
disturbances are added to the observations:

¢ Additive observational Gaussian noise.
¢ Observational outliers.

¢ Packet loss.

5.2.1. Additive Observational Gaussian Noise

Observational noise refers to signals that perturb measurements, introducing uncertainty into the system.
This noise is commonly assumed to follow a Gaussian distribution due to its generality, as justified by the
Central Limit Theorem [16]. Given the latent state x; € RN, the observation function h(-), and the noise
v, € RNy, the observation y; is defined as:

y:=h&x)+vs vi~A(O,R).

5.2.2. Additive Observational Outliers

Observational outliers are data points that deviate significantly from the overall distribution, appearing nu-
merically distant from other observations [10]. In the synthetic dataset, outliers are drawn from a Gaussian
distribution with a large covariance R¢. A Bernoulli variable z; determines whether an outlier occurs (z; = 0).
The probability of outliers is controlled by r, similar to the model introduced in Section 2.3.6:

Vi=h&x)+z;vi+(1—21)-¢;, vi~AN0OR), ¢~ A (0,R°),

z; ~Bernoulli(r), z;€{0,1}.

5.2.3. Packet Loss
Packet loss occurs when data packets fail to reach their destination. In ROS-TCP, during packet loss, no data is
published, and the failed observations are stacked for retransmission. Once the connection is re-established,
the stacked data is resent. However, since the data is timestamped only at the time of collection, delayed
observations are assigned incorrect timestamps. Additionally, no data is collected during the loss period. An
illustration of packet loss is provided in Figure 5.1.

In order to model the packet-loss, a Finite State Machine (FSM) is applied, it includes 3 states, and the
state transition matrix is given in Table 5.1:

State := {Connect, Reconnect, Loss}

When the connection is corrupted, the observation at the time step when packet loss occurs is stored and
resent upon reconnection. During the loss period (lasting k time steps), observations are replaced with NaN.
At the exact moment of reconnection, the stacked observation is sent. Once the connection is restored, ob-
servations return to their nominal state. The observations under different states are summarized as follows:
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Figure 5.1: An illustration of packet-loss, during the loss period, there is no observations collected, the delayed observation is held until
the system reconnects.

Table 5.1: The state-transition table of the packet loss

Current State | Condition Probability Next State | Action
Connect Probability p Connect
Connect Probability 1 —p | Loss Yeorrupt =Yt » bcorrupt =t
Loss [ <teorrupetk | 1 Loss
Loss [=teorrupe+k | 1 Reconnect | ¥¢=Ycorrupt
Reconnect [> teorrupe k| 1 Connect
h(x;) + vy, if Connect
¥; =4 NaN, if Loss

h(xX;_x) +V;_k, if Reconnect

5.3. Without Model Discrepancy

Assuming there is no discrepancy between the process model of the observers and the model used by the sim-
ulator, both the process model and the simulation model are based on the kinematic bicycle model (Equation
(2.1)). In this experiment, the performance of the observers is evaluated under different observational distur-
bances but without model discrepancy.

* The process model for the observers is based on the kinematic bicycle model.

* The datasets are generated using the kinematic bicycle model with Gaussian noise, observational out-
liers, and packet loss.

5.3.1. Dataset
The datasets are generated based on the dynamics of the kinematic bicycle model, as described in Equation
(2.1). The simulation parameters are summarized in Table 5.2.

As shown in Figure 5.2, one trial of the entire dataset is illustrated. Within each trial, the longitudinal
velocity Vy and the steering angle 6 are both fixed, resulting in a circular trajectory for the true latent state. At
the same time, three types of observational disturbances are added:

¢ The left subplot shows observations under Gaussian noise, where the observations are nominal.

e The middle subplot shows observations under outliers, where some observations deviate significantly
from the true latent states (observational outliers).

* The right subplot shows observations under packet loss, where some periods have no observations.

However, as shown in Figure B.1, across 100 different trials, all trials share the same longitudinal velocity,
while the steering angles are randomly selected within [-0.3,0.3] [rad]. As a result, the circular trajectories
have different radius.
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Table 5.2: The parameters for generating the synthetic data using kinematic bicycle model

Property Value
Wheel-base length 0.33[m]
Sampling interval 0.1[s]
Sampling period 100(s]
Trails 100
Process noise covariance 1076.1
Observation noise covariance 10731
Probability of outliers 5%
Outlier covariance 1011
Probability of packet-loss 1%
Duration of packet-loss 1.5[s]
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Figure 5.2: One example trail of the synthetic dataset generated by the kinematic bicycle model with different types of disturbance, the
full dataset is demonstrated in Figure B.1.

5.3.2. Performance of the Observers
To select the hyperparameter for the observers, Bayesian optimization [7] is employed, following the setup
described in [7]'. The resulting parameters are listed in Table 5.3:

* i is the number of the iterations for the variational Bayesian inference: i (only the integer part is used),
if i is higher, the estimation are more likely to converge to fix value, but can take a lot of time.

* v0,vQ,0, VR, are the degree-of-freedom that determines the shape of the Inverse-Wishart distribution;
a higher value corresponds to lower uncertainty in the covariance.

* ay, By are the parameters that determine the shape of the Beta distribution.

From Figure 5.3, the RMSE and EMax of the position (X-Y) estimation are compared across all 100 trials.
In the box plot, a higher position indicates a larger estimation error and lower accuracy, while a wider box
indicates that more samples fall within that error range.

As shown in Table 5.4, under Gaussian noise, the adaptive methods (EKF-B-adp and EKF-IW-adp) per-
form worse than the non-adaptive methods, while the non-adaptive methods exhibit similar performance.
As shown in Figure 5.4, the fourth subplot compares the estimation error of the EKF-B-adp and EKF-B. The
estimation error of EKF-B-adp is larger and less smooth. The second subplot shows that the EKF-B-adp at-
tempts to estimate the process noise covariance. However, since there is no discrepancy between the process
model and the simulation model, estimating the covariance from observations leads to an overestimation of
the process noise covariance. This overestimation causes the adaptive methods to be more affected by noise,
resulting in inferior performance compared to the non-adaptive methods.

As shown in Table 5.4, in the presence of observational outliers, the EKF-IW demonstrates the best per-
formance, while the EKF-B has the worst performance on average. The adaptive methods show promising

1 Bayesian Optimization: https: //github.com/bayesian-optimization/BayesianOptimization


https://github.com/bayesian-optimization/BayesianOptimization

5.3. Without Model Discrepancy

39

Table 5.3: Parameters of observers under different types of observational disturbance on the dataset (kinematic bicycle model)

Noise Type Method Parameters

Gaussian Noise EKF NaN

Gaussian Noise EKF-IW i=2.0,vy=1125

Gaussian Noise EKF-B ap=9.17, Bp =5.89, i =4.12

Gaussian Noise EKF-B-adp ap =6.6, o =10.0, i =7.03, vy = 100.0
Gaussian Noise EKF-IW-adp v, =100.0, vgo=3.0,i=10.0
Observational Outlier EKF NaN

Observational Outlier =~ EKF-IW i=2.85,v9=6.04

Observational Outlier ~EKF-B ap=6.98, Bp=0.0,7 =3.95
Observational Outlier ~EKF-B-adp ap =6.54, Bp =10.0, i =7.09, vo = 100.0
Observational Outlier EKF-IW-adp v =100.0,vgo=3.0,i=4.79
Packet-loss EKF NaN

Packet-loss EKF-IW i=2.0,vy=100.0

Packet-loss EKF-B ap=9.17, Bp =5.89, i =4.12
Packet-loss EKF-B-adp ap =6.42, fp =10.0, i =7.27, vy = 100.0
Packet-loss EKF-IW-adp v, =100.0, vgo=3.0,i=2.0

Table 5.4: performance of observers under different types of observational disturbance on the dataset (kinematic bicycle model)

Noise Type Method RMSE [X)Y| (Im] EMax |X,Y|[m] Computation time [s]
Gaussian Noise EKF 0.011636 0.051601 0.015476
Gaussian Noise EKF-IW 0.012028 0.061682 0.017239
Gaussian Noise EKF-B 0.011636 0.051601 0.026903
Gaussian Noise EKF-B-adp 0.015061 0.054684 0.046092
Gaussian Noise EKF-IW-adp 0.012973 0.049840 0.051654
Observational Outlier ~EKF 0.070004 0.411163 0.007794
Observational Outlier EKF-IW 0.016638 0.176676 0.011559
Observational Outlier EKF-B 0.798132 1.237874 0.022745
Observational Outlier =~ EKF-B-adp 0.023556 0.220525 0.048677
Observational Outlier EKF-IW-adp 0.031049 0.279771 0.021568
Packet-loss EKF 0.026828 0.147029 0.010883
Packet-loss EKF-IW 0.013523 0.070152 0.011750
Packet-loss EKF-B 0.018422 0.072054 0.024483
Packet-loss EKF-B-adp 0.021680 0.219865 0.041583
Packet-loss EKF-IW-adp 0.016045 0.089382 0.011250
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Figure 5.3: The comparison of the RMSE and EMax of different filters under different types of disturbance, when the process model is
perfectly aligned with the simulator dynamics.
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State of EKF-B-adp under Gaussian noise over time (kinematic bicycle model)
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Figure 5.4: The estimation of latent states by Adaptive EKF-Bernoulli on the on the dataset generated by the kinematic bicycle model with
Gaussian noise. From upper side: (a) the first figure shows the observational noise over time; (b) the second figure shows the 12-norm
of the estimated process noise over time; (c) the third figure shows the estimated probability of inlier over time, and the classification
threshold; (d) the forth figure shows the estimation error of state X over time of EKF and EKF-B-adp.

State of EKF-IW-adp under outliers over time (kinematic bicycle model)
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Figure 5.5: The estimation of latent states by EKF-IW-adp on the under observational outliers on the dataset (kinematic bicycle model).
From top: (a) the first figure shows the observational noise over time; (b) the second figure shows the 12-norm of the estimated process
noise covariance ||Q¢||2 over time; (c) the second figure shows the 12-norm of the estimated observation noise covariance ||R||2 over
time; (d) the forth figure shows the estimation error of state X over time of EKF-IW and EKF-IW-adp.
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State of EKF-B-adp under packet-loss over time (kinematic bicycle model)
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Figure 5.6: The estimation of latent states by Adaptive EKF-Bernoulli on the on the dataset generated by the kinematic bicycle model
with Packet-loss. From upper side: (a) the first figure shows the observational noise over time; (b) the second figure shows the 12-norm
of the estimated process noise over time; (c) the third figure shows the estimated probability of inlier over time, and the classification
threshold; (d) the forth figure shows the estimation error of state X over time of EKF-B and EKF-B-adp.

performance compared to the basic EKE The basic EKF is heavily influenced by the outliers. Under the Gaus-
sian noise assumption, observational outliers skew the posterior distribution toward the observations, and
this influence persists for several time steps. For EKF-IW, large residuals increase the observation covariance,
causing the filter to rely more on the process model predictions, as the process noise covariance is much
smaller. However, for the EKF-B, as shown in Figures 5.3c and 5.3d, in most cases, the EKF-B performs well in
rejecting outliers and providing accurate estimations. However, in some cases, the estimation is significantly
poor. The EKF-B has a limitation: it continues to trust the model and rejects nominal observations that con-
tain useful state information. For EKF-IW-adp, as shown in Figure 5.5, the simultaneous adjustment of the
process noise covariance and observation noise covariance causes them to cancel each other out, resulting
in poor outlier robustness.

As shown in Table 5.4 and Figures 5.3e and 5.3f, under packet loss, the adaptive methods (EKF-B-adp
and EKF-IW-adp) exhibit worse performance compared to the non-adaptive methods. Delayed observations
are numerically distant from the nominal state at the same timestamp, as illustrated in the upper subplot
of Figure 5.6. During the loss period, no observations are available, and the filters rely solely on predictions
from the process model. Since the process model is assumed to perfectly align with the simulation model,
the system operates in an open-loop manner. If the estimation deviates before the loss period, the deviation
increases during the loss period until observations are used for posterior estimation, as shown in the fourth
subplot of Figure 5.6.

In terms of computational efficiency, as shown in Table 5.4, the EKF has the lowest computational cost,
while the outlier-robust filters incur higher costs. The computational cost primarily depends on the hyper-
parameter i, where a higher i indicates more inner iterations for the latent states to converge.

5.3.3. Discussion
To summarize the results when there is no model discrepancy, the key takeaways are:

¢ The EKF consistently has the lowest computational cost, while the computational cost of the outlier-
robust methods depends on the number of inner loop iterations i.
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» The outlier-robust filters effectively remove the influence of observational outliers and provide accurate
estimations. However, for the EKF-B, a good selection of parameters is crucial for performance, as it
may reject useful information from the observations.

¢ The adaptive methods exhibit worse performance due to the absence of discrepancy between the pro-
cess model and the simulation model. These methods overestimate the process noise covariance based
on observations.

e EKF-IW-adp updates the process noise covariance and the observation noise covariance simultane-
ously, resulting in poor robustness to observational outliers.

5.4. Model Discrepancy and Small Assumed Process Noise Covariance
Assuming there is model discrepancy between the process model for observers and the simulation model,
however, the assumed process noise covariance Q is set to be a relatively small value, the experiment aims to
evaluate the performance of the observers when they are not foreseeing the model discrepancy.

* The process model for the observers is based on kinematic bicycle model.

* The datasets are generated using identified model (Equation (3.8)) with Gaussian noise, observational
outliers and packet-loss.

* The assumed process noise covariance for the observers is set relatively small ||Q||» = 1072,
5.4.1. Dataset

The synthetic dataset generated using the identified model as Equation (3.8). The full synthetic dataset is
shown in Figure B.2. The parameters for generating the dataset are listed in Table 5.5.

Table 5.5: The parameters for generating the synthetic data using the identified model

Property Value
Vehicle mess 3.7 kgl
Lateral stiffness 5.1 [N/m]
Longitudinal stiffness 2.38 [N/m]
Front axle to CoG 0.22 [m]
Rear axle to CoG 0.11 [m]
Wheel radius 0.056 [m]
Resistance coefficient 9.96
Steering coefficient 0.0008
Throttle coefficient 0.16
Steering time constant 0.0013 [s]
Throttle time constant 0.93 [s]
Sampling interval 0.1[s]
Sampling period 100(s]
Trails 100
Process noise covariance 107> 1
Observation noise covariance 10731
Probability of outliers 5%
Outlier covariance 10711
Probability of packet-loss 1%
Duration of packet-loss 1.5[s]

As shown in Figure 5.7, the observations are subject to different types of observational disturbances. Com-
pared to the trajectory generated by the kinematic bicycle model in Figure 5.2, the trajectory of the identified
model deviates from a perfect circle in each lap. This deviation is primarily due to the longitudinal velocity of
the identified model being subject to the RC input dynamics, which requires time to stabilize at the reference
velocity. As shown in Figure 5.8, when the same RC commands are applied to both the process model and the
identified model, there is a major difference between their trajectories. This difference represents the model
discrepancy that can affect the estimation performance of the filters.
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Figure 5.7: One example trail of the synthetic dataset generated by the realistic vehicle model with different types of disturbance.
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5.4.2. Performance of the Observers

Assuming a discrepancy between the process model and the simulation model, the performance of the ob-
servers is compared under both observational disturbances and model discrepancies. In the experiment, the
hyper-parameters are tuned using Bayesian Optimization. When the prior process noise covariance is set to
asmall value Q = 107° -1, the hyper-parameters are listed in Table 5.6, and the results are shown in Figures 5.9
and B.4, as well as Table 5.7.

Table 5.6: When [|Q||2 = 10’5, parameters of observers under different types of observational disturbance on the dataset (identified
model)

Noise Type Method Parameters

Gaussian Noise EKF NaN

Gaussian Noise EKF-IW i =10.0, v¢ =100.0

Gaussian Noise EKF-B ap=7.16,6p=0.0,i=7.1
Gaussian Noise EKF-B-adp ao=10.0, fp=4.2,i=2.0,vg=3.0
Gaussian Noise EKF-IW-adp v, =8.0,vgo=100.0,7=2.0

Observational Outlier EKF NaN

Observational Outlier EKF-IW i =10.0, v¢g =100.0

Observational Outlier EKF-B ap=10.0, Bp=0.1,i=7.49
Observational Outlier ~EKF-B-adp ap=6.28, fp=0.1,i=2.0,vo=3.0
Observational Outlier EKF-IW-adp v =28.49, vgo=3.0, i =6.22

Packet-loss EKF NaN

Packet-loss EKF-IW i=10.0,vo=100.0

Packet-loss EKF-B ap =10.0, Bp=0.1,i =10.0
Packet-loss EKF-B-adp ap =10.0, B =4.18,i=2.0, vy =3.0
Packet-loss EKF-IW-adp v, =8.0,vgo=20.59,i=2.0

Table 5.7: When ||Q||2 = 1075, performance of observers under different types of observational disturbance on the dataset (identified
model)

Noise Type Method RMSE [X)Y| [Im] EMax|X,Y|[m] Computation time [s]
Gaussian Noise EKF 0.126386 0.175566 0.010060
Gaussian Noise EKF-IW 0.147443 0.204363 0.050901
Gaussian Noise EKF-B 2.395385 4.003070 0.025893
Gaussian Noise EKF-B-adp 0.039059 0.121088 0.020694
Gaussian Noise EKF-IW-adp 0.036930 0.101920 0.010582
Observational Outlier EKF 0.160129 0.648895 0.010060
Observational Outlier ~EKF-IW 0.172320 0.369092 0.050901
Observational Outlier ~EKF-B 2.815395 4.623943 0.025893
Observational Outlier ~EKF-B-adp 0.046094 0.334490 0.020694
Observational Outlier =~ EKF-IW-adp 0.079729 0.593392 0.010582
Packet-loss EKF 0.151368 0.677562 0.010060
Packet-loss EKF-IW 1.028829 1.787883 0.050901
Packet-loss EKF-B 5.338150 9.269091 0.025893
Packet-loss EKF-B-adp 0.078110 0.618666 0.020694
Packet-loss EKF-IW-adp 0.074056 0.600812 0.010582

As shown in Table 5.7, and Figure 5.9a and 5.9b, under Gaussian noise, the adaptive methods (EKF-B-adp
and EKF-IW-adp) outperform the non-adaptive methods (EKE EKF-B, and EKF-IW). The EKF also performs
better than the non-adaptive outlier-robust methods (EKF-B and EKF-IW). As shown in Figure B.4a, the adap-
tive methods are able to estimate the system state, although the estimates are affected by noise, resulting in
less smooth trajectories. In contrast, the EKF produces smoother trajectories by effectively denoising the ob-
servations, but its overall estimation accuracy is lower than that of the adaptive methods due to poorly set
process noise covariance. The non-adaptive outlier-robust methods (EKF-B and EKF-IW) perform poorly.
For EKF-B, observations distant from the process model predictions are rejected. With a small process noise
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Figure 5.9: The comparison of the RMSE and EMax of observers under different types of disturbance over the dataset (identified model)
when the prior process noise covariance is low ||Q|[2 = 1075,
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State of EKF-B under Gaussian noise over time (Identified Model)
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Figure 5.10: The estimation of latent states by EKF-B over time under Gaussian noise on the dataset (identified model) when the prior
process noise covariance is low [|Q[|2 = 1075. From top: (a) the first figure shows the observational noise over time; (b) the second figure
shows the estimated probability of inlier over time, and the classification threshold; (d) the third figure shows the estimation error of
state X over time of EKF-B.

State of EKF-B-adp under outliers over time (ldentified Model)
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Figure 5.11: The estimation of latent states by EKF-B-adp over time under observational outliers on the dataset (identified model) when
the prior process noise covariance is low [|Q|l2 = 1075, From top: (a) the first figure shows the observational noise over time; (b) the
second figure shows the estimated process covariance ||Q¢||2 over time; (c) the third figure shows the estimated probability of inlier over
time, and the classification threshold; (d) the forth figure shows the estimation error of state X over time of EKF-B-adp.
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State of EKF-B-adp under packet-loss over time (ldentified Model)
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Figure 5.12: The estimation of latent states by EKF-B-adp over time under packet-loss on the dataset (identified model) when the prior
process noise covariance is low ||Q||2 = 1075. From top: (a) the first figure shows the observational noise over time; (b) the second figure
shows the estimated process covariance ||Q¢||2 over time; (c) the third figure shows the estimated probability of inlier over time, and the
classification threshold; (d) the forth figure shows the estimation error of state X over time of EKF-B-adp.

covariance, EKF-B eventually trusts no observations and relies solely on predictions from the process model.
Similarly, EKF-IW neither fully trusts its process model nor recognizes that the observations contain useful
information, leading to poor estimations. However, EKF-IW still incorporates some information from the
observations, resulting in better estimation compared to EKF-B. The state of EKF-B is illustrated in Figure
5.10, where the inlier probability drops below the threshold after several time steps, causing all subsequent
observations to be rejected.

As shown in Table 5.7, and Figure 5.9c and 5.9d in the presence of observational outliers, the adaptive
methods (EKF-B-adp and EKF-IW-adp) outperform the non-adaptive methods, with EKF-B-adp achieving
better performance than EKF-IW-adp. However, as shown in Figure 5.9d, the performance variance of EKF-
B-adp is relatively large. Figure B.4b demonstrates that the adaptive methods are still affected by outliers,
resulting in non-smooth estimates, with EKF-IW-adp being more significantly impacted. The non-adaptive
outlier-robust methods continue to perform poorly in this scenario. As shown in Figure 5.11, EKF-B-adp
successfully detects observational outliers, as the inlier probability drops below the threshold when outliers
appear. Additionally, the estimated process noise covariance adapts over time in response to significant noise
or outliers.

As shown in Table 5.7, when packet loss occurs, as shown in Figures 5.9e and 5.9f, the adaptive outlier-
robust methods demonstrate superior performance. The estimation results are illustrated in Figure B.4c. As
shown in the fourth plot of Figure 5.12, the error between the estimation and the ground truth increases
during the loss period. The delayed observation is identified as an outlier and rejected, while the nominal
observations are used for posterior estimation. At the end of the loss period, the observations are used to
correct the discrepancy accumulated during the loss period. In contrast, in Figure B.4c, the non-adaptive
outlier-robust methods produce highly deviated estimations.

5.5. Model Discrepancy and Proper Assumed Process Noise Covariance

The process noise covariance Q is a key design parameter for observers, reflecting the reliability of the process
model. Given the model discrepancy, the experiment evaluates the performance of the observers when the
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process noise covariance is set to a larger value, ||Q||» = 1073. The result of the experiment is shown in Figure
5.13, Figure B.5, Table 5.9, and the parameters of the observers are in Table 5.8.

* The process model for the observers is based on kinematic bicycle model.

» The datasets are generated using identified model (Equation (3.8)) with Gaussian noise, observational

outliers and packet-loss.

* The assumed process noise covariance for the observers is set relatively small ||Q||, = 1073,

5.5.1. Performance of the Observers

Table 5.8: When [|Ql|» = 1073, parameters of observers under different types of observational disturbance on the dataset (identified

model)

Noise Type Method Parameters

Gaussian Noise EKF NaN

Gaussian Noise EKF-IW i=2.42,vy=5.73

Gaussian Noise EKF-B ao=9.17, fp=5.89,i =4.12

Gaussian Noise EKF-B-adp ap=0.16, Bp =04, i =7.95, vo =99.93
Gaussian Noise EKF-IW-adp v =73.93,vgp=5.01,i=2.0
Observational Outlier EKF NaN

Observational Outlier ~EKF-IW i=6.96,vy=4.29

Observational Outlier EKF-B ap=0.22, fp=9.11,i =5.5
Observational Outlier ~EKF-B-adp ao =10.0, o =5.59, i = 2.0, vo = 100.0
Observational Outlier EKF-IW-adp vq,0 =100.0, v =3.0, i =4.92
Packet-loss EKF NaN

Packet-loss EKF-IW i=2.0,vy=17.97

Packet-loss EKF-B ap=9.18, fp=5.93,i =4.12
Packet-loss EKF-B-adp a0 =0.8, Bp=9.82,i=2.33, vy =12.63
Packet-loss EKF-IW-adp v =88.8,vgo=15.41,i=2.0

Table 5.9: When [|Q||2 = 10’3, metrics of observers under different types of observational disturbance on the dataset (identified model)

Noise Type Method RMSE [X)Y| [m] EMax|X,Y|[m] Computation time [s]
Gaussian Noise EKF 0.039319 0.111732 0.007537
Gaussian Noise EKF-IW 0.037166 0.104784 0.013029
Gaussian Noise EKF-B 0.039319 0.111732 0.029546
Gaussian Noise EKF-B-adp 0.039323 0.111806 0.071405
Gaussian Noise EKF-IW-adp 0.037662 0.106346 0.011966
Observational Outlier EKF 0.275430 2.494505 0.007537
Observational Outlier ~EKF-IW 0.047451 0.231400 0.013029
Observational Outlier EKF-B 0.055910 0.299032 0.029546
Observational Outlier ~EKF-B-adp 0.051674 0.503403 0.071405
Observational Outlier EKF-IW-adp 0.045599 0.281840 0.011966
Packet-loss EKF 0.086933 0.876265 0.007537
Packet-loss EKF-IW 0.065877 0.364489 0.013029
Packet-loss EKF-B 0.628589 1.835428 0.029546
Packet-loss EKF-B-adp 0.140016 1.023225 0.071405
Packet-loss EKF-IW-adp 0.066260 0.385650 0.011966

As shown in Table 5.9 and Figures 5.13a and 5.13b, under Gaussian noise, the performance of all observers
is nearly identical. The adaptive methods (EKF-B-adp and EKF-IW-adp) are able to identify the reliability of
the process model from the observations and adjust the process noise covariance accordingly. However,
when the process noise covariance is set to an appropriate value and no observational outliers are present,
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Figure 5.13: The comparison of the RMSE and EMax of observers under different types of disturbance over the dataset (identified model)
when the prior process noise covariance is high [|Q||2 = 1073,
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Figure 5.14: The estimation of latent states by EKF-B-adp over time under packet-loss on the dataset (identified model) when the prior
process noise covariance is low ||Q||2 = 1073, From top: (a) the first figure shows the observational noise over time; (b) the second figure
shows the estimated process covariance ||Q¢||2 over time; (c) the third figure shows the estimated probability of inlier over time, and the
classification threshold; (d) the forth figure shows the estimation error of state X over time of EKF-B-adp.

the adaptive outlier-robust methods are not outperform the other methods. As shown in Figure B.5, the state
estimation results are less smooth. When the assumed process noise covariance is set to a larger value, the
estimation results for all methods became more susceptible to noise.

As shown in Table 5.9 and Figures 5.13e and 5.13f, when packet loss occurs, the EKF-B and EKF-B-adp
exhibit worse performance. Due to the increased process noise covariance, the update rule for EKF-B-adp,
A= V"VLJIS’ implies that the estimated process noise covariance Q; is lower-bounded by 23 V°A° . If the prior
noise covariance is set too large, the estimation of Q; is affected. As shown in Figure 5.14, the delayed obser-
vation after the loss period is not rejected, indicating that EKF-B-adp is less sensitive to less distant outliers.
Similarly, EKF-IW-adp also exhibits reduced sensitivity to outliers. However, the robustness of EKF-B-adp re-
lies heavily on its ability to successfully detect observational outliers, whereas EKF-IW-adp can down-weight
outliers based on residuals at all times. If outliers are incorporated into the filtering process, their impact is
more significant for EKF-B-adp, leading to worse performance.

5.5.2. Discussion
To summarize the results on the dataset with discrepancy, the key takeaways are:

¢ The adaptive outlier-robust methods can estimate the discrepancy between the process model and
the simulation model, adjusting the process noise covariance accordingly. This property enables the
adaptive methods to adapt to model discrepancy while rejecting observational outliers.

e When there is a discrepancy between the process model and the simulation model, the non-adaptive
outlier-robust methods tend to over-trust the process model and neglect information from observa-
tions if the prior process noise covariance is set too small. When the prior process noise covariance is
appropriately tuned, these methods perform well but are still affected by observational noise, resulting
in less smooth estimates.

» EKF-B and EKF-B-adp struggle to fully detect and reject less distant observational outliers, leading to
worse worst-case performance. Their performance heavily depends on the accurate identification of
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outliers.

» For the adaptive methods, the estimated process noise covariance is lower-bounded by the prior pro-
cess noise covariance. If the adaptive methods cannot accurately estimate the process noise covariance
during filtering, their performance degrades.



The Performance of the Path-Tracking
Framework

In the previous chapters, the identified vehicle model, the observers are introduced and evaluated. In this
chapter, the performance of the outlier-robust path-tracking framework is evaluated based on integration of
different path-tracking controllers and observers. A winding track is designated as a testing scenario for the
framework, the results of the experiment are presented to identify the most suitable setup.

6.1. Overview

In Section 2.4, two geometric path-tracking controllers, the Pure-Pursuit Method (PPM) and the Stanley
Method, are introduced. These controllers require the specification of two design hyperparameters. The
performance of the path-tracking controllers is evaluated on a winding track without any state disturbances.

* Specify the look-ahead distance for the PPM and the lateral gain for the Stanley Method.

¢ The controllers use the ground-truth state for feedback control.

Next, the integration of different path-tracking controllers and the observers tested in Chapter 5 is evalu-
ated on the winding track under observational disturbances and model discrepancy.

¢ The framework is evaluated under observational disturbances, including Gaussian noise, observational
outliers, and packet loss.

¢ The simulation model is based on the identified model (RC force-moment model, as in Equation (3.8)),
while the process model of the observers is based on the kinematic bicycle model (Equation (2.1)).

6.2. Designated Path and Path-Tracking Controller

In this section, the winding path is introduced as a testing scenario. The PPM and the Stanley method are
evaluated on this scenario to specify their hyperparameters, and the tracking error is introduced as the eval-
uation metric.

6.2.1. Designated Path

The winding path is generated using the Map Generator, as introduced in Section 3.1.1. The configuration of
the winding path is determined by the magnitude and frequency of a sinusoidal wave. The path is shown in
Figure 6.1. The sinusoidal wave combines both sharp turns and relatively straight parts between the turns. A
higher frequency results in a more winding path, while a higher magnitude leads to longer straight parts but
sharper turns.
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Figure 6.1: The designated path generated from sinusoid wave.

6.2.2. Path-tracking Error

For a reference path, the primary objective of path-tracking control is to minimize the tracking error. Given
the vehicle’s position and orientation [X,, Y, ¥,] in the global frame and the nearest waypoint relative to the
vehicle position on the track [X;p, Ynp, ¥ 5p] in the global frame, the tracking error [xe, ye, ¥l in the vehicle-
body frame is defined as:

Xe cos(¥,) sin(¥y) O] [ Xup— X
Ve | = |—sin(¥,) cos(¥,) O Yip— Yy (6.1)
Ve 0 0 1 [Wnp—¥,

Where x, represents the lateral distance between the vehicle and the designated path, and v, represents the
orientation error between the vehicle and the designated path. To evaluate the average tracking performance
over the entire simulation duration, the RMSE of the tracking error is used.

6.2.3. Parameters of path-tracking controller

Table 6.1: RMSE for Orientation and Lateral Errors on Winding Routes

controller type  LHD/gain RMSE Orientation [rad] RMSE Lateral [m]

pure_pursuit 0.1000 [m] 0.0959 0.1054
pure_pursuit 0.2000 [m] 0.0893 0.1050
pure_pursuit 0.5000 [m] 0.0814 0.1044
pure_pursuit 1.0000 [m] 0.1131 0.1048
pure_pursuit 1.5000 [m] 0.1912 0.1181
pure_pursuit 2.0000 [m] 0.2638 0.1559
pure_pursuit 3.0000 [m] 0.4245 0.2876
Stanley 0.1000 0.0691 0.1052
Stanley 0.5000 0.0699 0.1038
Stanley 1.0000 0.0755 0.1040
Stanley 2.0000 0.0789 0.1044
Stanley 5.0000 0.0827 0.1048
Stanley 10.0000 0.0845 0.1048
Stanley 15.0000 0.0855 0.1048

As introduced in Section 2.4, for the PPM, the design hyperparameter is the look-ahead distance (LHD),
which determines the region where the controller searches for the goal point. For the Stanley method, the
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design hyperparameter is the lateral gain, which determines how much the controller penalizes the lateral
error y, during feedback control.

The controllers are applied to the simulator, and the RMSE of the tracking error (Equation (6.1)) is com-
pared to determine these hyperparameters. The simulation has a duration of 200 [s] with a fixed sampling
interval of 0.1 [s]. The design parameters of the simulation model are listed in Table 5.5, and the reference
velocity is set to 0.5 [m/s].

The RMSE of the lateral error and the orientation error are used to compare the performance of the path-
tracking controllers, as shown in Table 6.1. From the results, since the target velocity of the vehicle is set to
a very small value, the geometric methods perform well in path-tracking. It is observed that there is no sig-
nificant difference in the orientation error and lateral error across the given parameter list; all configurations
perform well. Therefore, the parameters resulting in the least orientation error are selected.

6.3. Evaluation of the Framework with Pure-Pursuit Method

In this section, the performance of the framework is evaluated, with five different observers and the PPM as
the path-tracking controller.

* The framework is evaluated under three types of observational disturbances including Gaussian noise,
observational outliers, packet-loss.

¢ The observers include EKE the non-adaptive outlier-robust methods (EKF-B, EKF-IW), and the pro-
posed adaptive outlier-robust method (EKF-B-adp, EKF-IW-adp).

¢ The path-tracking controller is the Pure-pursuit Method.

6.3.1. Parameters

The hyper-parameters of the simulation, observers, and controllers are specified in Table 6.2. For the simula-
tion model, the hyper-parameters are identical to those in Table 4.1. For the adaptive observers (EKF-B-adp
and EKF-IW-adp), the parameters from Table 5.6 for observational outliers are used, as the prior process noise
covariance should be set lower for these methods. For the non-adaptive methods (EKF-B and EKF-IW), the
parameters from Table 5.8 for observational outliers are used.

Table 6.2: The parameters for the outlier-robust path-tracking framework

Property Value
Sampling interval 0.1s]
Sampling period 100[s]
Process noise covariance 10751
Observation noise covariance 10731
Prior Process noise covariance 10731
Pure pursuit (Look ahead distance) 0.1 [m]
Stanley (Lateral gain) 1.0
EKF-B (ag) 1.31
EKF-B (Bo) 3.92
EKF-B (number of inner loop i) 8.0
EKF-B-adp (ag) 10.0
EKF-B-adp (Bo) 4.83
EKF-B-adp (process noise scaling v() 3.0
EKF-B-adp (prior Process noise covarianceAg) 107°-1
EKF-B-adp (number of inner loop i) 2.0
EKF-IW (observation noise scaling vg) 14.9
EKF-IW (number of inner loop i) 10.0
EKF-IW-adp (process noise scaling v(,o) 17.6

EKF-IW-adp (observation noise scaling v o) 3.0
EKF-IW-adp (number of inner loop i) 10.0
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6.3.2. Results
Comparison of the performance of the framework
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Figure 6.2: The comparison of the tracking error of the observers under different types of disturbance using Pure Pursuit method: (a) the
first figure is the RMSE of the lateral error; (b) the second figure is the RMSE of the orientation error.

As shown in Figure 6.2, the RMSE of the lateral error and orientation error. Under Gaussian noise, the
framework has almost similar performance with different observers, thus the both the lateral error and ori-
entation error are quite low. In the presence of observational outliers, the performance of the EKF gets bad,
this is due to the fact that EKF is not able to mitigate the influence of the observational outliers as shown in
Figure 6.3a, some state estimations are disturbed by the observational outliers, resulting in some big spikes,
and trajectory of the simulated vehicle appear to be non-smooth. In comparison, when the EKF-B-adp is
applied as the observer, under the observational outliers, the state estimation is not be significantly affected,
the estimation is very similar to the ground-truth (latent) state. When packet loss occurs, it poses a signifi-
cant challenge for the framework. As shown in Figure 6.4, since the observers rely on open-loop simulation
during the loss period, and due to the discrepancy between the process model and the simulation model, the
vehicle’s trajectory deviates from the desired path. The observer does not identify the delayed observation as
an outlier, and the estimation is affected by it, resulting in poor tracking performance. The reason EKF-B-adp
fails to identify the observational outlier is that the parameters it uses are not optimized for the packet-loss
dataset.

EKF under Observational Outlier EKF-B-adp under Observational Outlier
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(a) Path-tracking under observational outliers using EKF (b) Path-tracking under observational outliers using EKF-B-adp

Figure 6.3: The trajectory and the state estimation performance of the path-tracking framework under observational outliers using PPM.
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Figure 6.4: The trajectory and the state estimation performance of the path-tracking framework under packet-loss using PPM

6.4. Evaluation of the Framework with Stanley Method

In this section, the performance of the framework is evaluated, with five different observers and the Stanley
method as the path-tracking controller. The parameters for the observers and controllers are in Table 6.2.

* The framework is evaluated under three types of observational disturbances including Gaussian noise,
observational outliers, packet-loss.

¢ The observers include EKE the non-adaptive outlier-robust methods (EKF-B, EKF-IW), and the pro-
posed adaptive outlier-robust method (EKF-B-adp, EKF-IW-adp).

¢ The path-tracking controller is the Stanley Method.

6.4.1. Results
Comparison of the performance of the framework
Comparison of RMSE Lateral by Noise Type and Method
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Figure 6.5: The comparison of the tracking error of the observers under different types of disturbance using Stanley: (a) the first figure is
the RMSE of the lateral error; (b) the second figure is the RMSE of the orientation error.
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As shown in Figure 6.5, in compared to Figure 6.2, the overall distribution of the performance over differ-
ent observers are similar, while Stanley method exhibits better performance in minimizing orientation error
compared to the Pure Pursuit method. As shown in Figure 6.6, comparing the trajectory of the vehicle after
the sharp turn, on the left side, the trajectory using Stanley method is slightly smoother than the right side.
This improvement stems from the Stanley method’s control law, which explicitly regulates orientation error.

EKF-B-adp under Observational Outlier EKF-B-adp under Observational Outlier
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(a) Pure-Pursuit Method (b) Stanley Method

Figure 6.6: Comparison between the PPM and Stanley method using the same observer under observational outliers

6.5. Improper Assumed Process Noise Covariance

As shown in Figure 6.7, the performance of the non-adaptive outlier-robust Kalman filters is significantly
worse than that of the other methods. As shown in Figure 6.8, when the assumed process noise covariance
for the observer is improperly set, the non-adaptive outlier-robust observers fail to perform state estimation.
They ignore all observations as the residuals grow larger, rendering the framework unable to perform path-
tracking with these observers.
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Figure 6.7: The comparison of the tracking error of the observers when the process noise covariance is improperly set: (a) the first figure
is the RMSE of the lateral error; (b) the second figure is the RMSE of the orientation error.
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Figure 6.8: The simulation result of the framework with the EKF-B and Stanley method however the process noise covariance is set too
small, the observer ignored all the observations, the framework cannot perform path-tracking.






Conclusion

In this thesis, an outlier-robust path-tracking control framework was proposed to address the challenges in
the autonomous vehicle platform at DCSC. The proposed framework consists of three main modules: a simu-
lator that models the motion of the Radio-Control (RC) vehicle, an adaptive outlier-robust Kalman filter, and
a path-tracking controller.

For the RC vehicle dynamics, a first-order system was used to describe the relationship between the RC
input command and the front wheel steering angle and rear wheel angular velocity. Combined with the kine-
matic relationship of the vehicle motion and the vehicle-body dynamics, the RC vehicle dynamics can capture
most of the dynamics of the DCSC vehicle. State and input data were collected during field testing to identify
some parameters of the RC vehicle dynamics, improving its reliability. However, discrepancies between the
model and the real dynamics remain. More complex dynamics and additional field-testing data are needed
for future improvements.

For the adaptive outlier-robust Kalman filter, the process noise covariance is assumed to be time-varying
and is estimated during the filtering process. A Beta-Bernoulli distribution was used to model the occur-
rence of observational outliers. The expectation of the Bernoulli variable is estimated during the filtering
process and serves as an observational outlier indicator. The proposed filter was tested under three types of
observational disturbances—Gaussian noise, observational outliers, and packet loss—as well as under dis-
crepancies between the process model and the simulation model to evaluate its performance. Compared
to non-adaptive outlier-robust Kalman filters, the proposed filter can estimate the reliability of the process
model relative to the observations and adjust the process noise covariance during the filtering process. How-
ever, since the process noise covariance of the proposed adaptive filters is influenced by the observations,
their state estimation may not be as smooth as that of the non-adaptive methods.

During testing of the proposed path-tracking framework, the path-tracking performance was evaluated
for different combinations of filters and controllers. The path-tracking performance is highly dependent on
the accuracy of the state estimation provided by the filter. In this context, for non-adaptive outlier-robust
filters, poorly chosen design parameters can lead to the rejection of all nominal observations, causing the
filter to rely solely on predictions from the process model, which results in poor control performance.

In conclusion, the proposed framework is capable of performing path-tracking under model discrepan-
cies and various types of observational disturbances. The proposed filter demonstrates better performance
in the simulated environment of the DCSC vehicle platform. The filter is generally applicable to noisy sys-
tems and exhibits good robustness. Future development of the proposed filter should focus on improving its
efficiency and robustness to Gaussian noise.
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Adaptive Extended Kalman Filter Inverse
Wishart

In this section, the algorithm of the adaptive extended Kalman filter with Inverse Wishart (EKF-IW-adp) is
introduced. It assumes that both the process noise covariance and the observation noise covariance are
time-varying.

Observable
states

Ago,vgo | | Ago,vgo | | Agosvoo . Ago,vgp

Inverse Wishart

distribution states

‘ Non-observable

Latent
dynamics

Model
Parameters

Observation B——>»A Adepends on B

Inverse Wishart
distribution

Aro,vro | | Aro, VR0 | | AR, VRO e ARro, VR0

Figure A.1: The graphic model of the system with adaptive process noise covariance and adaptive observation noise covariance

System Description
X = f&)+W, Wi~ A 0,Q), Qi ~¥ ' (vooAge voo) (A1)
Yy =hXx) +vy, Vi~ AN (O,Ry), Ry~W '(vroAro,VRro) (A.2)

Here, Q is drawn from an inverse Wishart distribution with a inverse scale matrix A o and degree-of-freedom
vq,0, and R, follows an Inverse Wishart distribution with a inverse scale matrix A € R™V»*Mr and degree-of-
freedom vy €R.

Joint Distribution and Update Rule

According to the graphic model in Figure A.1, the hidden state of the system is © := [x;,Q, R;], there are
four hyperparameter of the system. Given the Equation (A.1), (A.2), the joint distribution of the latent state
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and the observations y; . is:

P&, Qn Ry y1:) = pye 1 X6, Re) - pXe | Qr,Xe-1) - p(Q1) - p(Ry) (A.3)

The variational Bayesian is applied here to approximate the posterior of the states, the optimal approxi-
mation of the posterior of the states can be expressed as:

Ing} x¢) o< Epnprn [Inpy: x4, R) +Inpx; | Qp,X-1) ] (A4)
In g5 Q1) o Epxppry [Inp&: | Qr,x-1) +Inp(Qy)] (A.5)
In 67: (Ry) Ep(x;)p(Qr) [ln py:x,R) +1In P(Rt)] (A.6)

The update rule as shown in Algorithm 4.

Algorithm 4 Adaptive Extended Kalman Filter with Inverse-Wishart Distribution:

1: Input: p;q, Z4q, f(), Fx(), h(), Hx (1), ¥, AQ,0, AR0, VQ,00 VRO
2: Output: yy, X
3: Initialize
4 Aot — Moo
5 ARt —Apo
6: VQ,r — VQ,0
70 VRt < VRO
8: repeat
9: Prediction
100 fepe-1 < flpe-1)
1 Zgpeon = Fa(e-1) - oot Fe(pe-1) T + Mgy
12:  Update Inverse Wishart parameters
13: €t ‘_Yt_h(ﬂt)
14 B, —E[e; €]
15: VR’t<—VR,0+l
lo Ay — i
17:  Step 2.2: Upﬂate state mean and covariance
18 Sp— Hy(We—1) Zee—1 - He(Wae-) T+ Agys
19: K — g1 He(pge-) - S71
20: i — feje—1 +Ke - [ye = h(gge-1)]
21 g1 - K-Sy KT
22:  Update process noise covariance
23: € —yr—h(uy)
24: By —Ele;-€!]
25. vQr—vQotl
26: A — _BI%?(;K?Q'O

27: until Convergence of u; and Z;
28: Return: p;, 2;




Synthetic Datasets and the Performance of
Observers

In Chapter 5, part of the experimental results are presented. Some results, which can occupy an entire page,
have been moved to the Appendix to ensure consistency and readability. These include:

¢ The full trials of the synthetic datasets generated by the kinematic bicycle model (Figure B.1).
¢ The full trials of the synthetic datasets generated by the Identified model (Figure B.2).
¢ The estimation results from the observers over the dataset (kinematic bicycle model) (Figure B.3).

¢ The estimation results from the observers over the dataset (Identified model) (Figures B.4 and B.5).
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Figure B.1: The synthetic dataset generated by the kinematic bicycle model with different types of disturbance. Each dataset contains
100 trails, and there are 1000 time steps in each trail.
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Estimations of the observers over dataset (kinematic bicycle model)
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Figure B.3: The state estimation of different filters with under different types of disturbance, when the process model is perfectly aligned

with the simulator model
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Estimations of the observers over dataset (Identified model) with ||Q||, = 107>
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(c) The state estimation of different filters on a single trail of the dataset with Packet-loss

Figure B.4: The state estimation of observers under different types of disturbance over the dataset (Identified model) when the prior
process noise covariance is low ||Q||o = 1075,
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Estimations of the observers over dataset (Identified model) with [|Q]|, = 1073
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Figure B.5: The state estimation of observers under different types of disturbance over the dataset (Identified model) when the prior
process noise covariance is large ||Q||2 = 1073,
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