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Sensor Placement in District Heating Networks
Using Frequency-Domain Gramians

Max Sibeijn , Graduate Student Member, IEEE , Sérgio Pequito , Senior Member, IEEE ,
Dimitris Boskos , Member, IEEE , and Mohammad Khosravi , Member, IEEE

Abstract—District heating networks (DHNs) are essen-
tial in providing efficient heating services to urban areas
through networked pipes. The performance of these
systems critically depends on the strategic placement of
thermal storage buffers (actuators) and temperature sen-
sors throughout the network. Due to the inherent slow
dynamics of thermal transport, these systems exhibit sig-
nificant delays and periodic behaviors that necessitate
time-varying analysis approaches. This letter presents a
frequency-domain framework for optimal actuator and sen-
sor placement in DHNs, focusing on metrics derived from
frequential Gramians. We provide rigorous analysis of two
key metrics, namely the trace and log-determinant of the
frequential Gramian, establishing submodularity properties
and performance guarantees for greedy selection algo-
rithms. Our theoretical framework naturally handles both
the periodic nature of DHNs and their slow transients, out-
performing standard approaches in estimation accuracy.

Index Terms—Time-varying systems, energy systems,
sensor placement, submodular optimization.

I. INTRODUCTION

AFUNDAMENTAL challenge in district heating
network (DHN) operation is the strategic placement of

thermal storage buffers (actuators) and temperature sensors
throughout the network to control it [1], [2]. The slow
dynamics of thermal transport, with delays of hours from
generation to consumption [3], [4], complicate this task.
While prior work explored optimal storage [5] and sensor
placement [6], challenges persist. Poor actuator placement
delays responses and wastes energy, while suboptimal sensors
hinder thermal state estimation [7].

Traditional actuator and sensor placement methods rely on
controllability and observability metrics from linear system
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theory [8], [9], using Gramian analysis to assess energy
requirements for state control and measurement. However,
these approaches are insufficiently equipped to handle the
slow periodic dynamics present in DHNs, characterized by
daily demand cycles [10]. Beyond classic LTI-based tech-
niques, several approaches were developed for nonlinear or
time-varying systems, including empirical Gramians [11],
data-driven methods [12], and time-domain analysis for time-
varying systems [13]. While powerful in specific contexts,
these methods are not necessarily suited for DHNs: empirical
Gramians and time-domain approaches require intensive com-
putation for large-scale networks, and data-driven approaches
raise concerns regarding the collection and quality of training
data and the design of basis functions.

Recent advances in frequency-domain analysis, particu-
larly frequential Gramians, provide an efficient framework
for studying DHN dynamics. These methods offer both
theoretical and computational advantages over time-domain
approaches [14], naturally capturing the system’s periodicity
and slow thermal transients.

This letter presents a frequency-domain framework for
optimal sensor placement in DHNs, focusing on observability
metrics derived from frequential Gramians. We provide rigor-
ous analysis of two key metrics: the trace and log-determinant
of the frequential observability Gramian, establishing sub-
modularity properties and performance guarantees for greedy
selection algorithms. Our theoretical framework naturally han-
dles both the periodic nature of DHN dynamics and their slow
transients, offering computational advantages over traditional
time-domain approaches. Furthermore, we demonstrate how
these metrics can be efficiently computed using truncated
Fourier representations.

II. OPTIMAL SENSOR PLACEMENT PROBLEM FOR

DISTRICT HEATING NETWORKS

In this section, we formalize the minimal sensor placement
problem for DHNs. To this end, we first model the DHN
using transport equations and conservation principles, then
provide a precise mathematical formulation of the optimization
problem.

A. District Heating Network Dynamics

1) Network Structure: We model a DHN as a strongly
connected directed graph G = (N, E) with a set of nodes
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N that represent junctions in the DHN, which are connected
by edges E ⊆ N × N, representing pipelines that may be
fitted with pumps, valves, or heat exchangers. Note that strong
connectivity of G ensures no mass exits the system. The
incidence matrix E ∈ R

|N|×|E| of G describes the edge-
to-node relationship, i.e., for any (i, k) ∈ {1, 2, . . . , |N|} ×
{1, 2, . . . , |E|}, we have Eik = −1 if the kth edge exits node i,
Eik = 1 if the kth edge enters node i, and Eik = 0 otherwise.

2) Transport Dynamics: The temporal evolution of temper-
ature distributions within pipeline systems is characterized by

∂tT(x, t)+ v(t)∂xT(x, t)+ ζ (T(x, t)− Tamb) = 0, (1)

where T(x, t) represents the temperature distribution, v(t) is
the flow velocity, t is time, x is the spatial coordinate, Tamb
represents the ambient temperature and ζ is a heat loss
coefficient. A finite-dimensional representation of the pipeline
dynamics is obtained by applying spatial discretization using
the upwind scheme to (1) for each pipe segment e ∈ E, i.e.,

∂tT
e
j (t) = −ve(t)

Te
j (t)− Te

j−1(t)

�x
− ζe

(
Te

j (t)− Tamb
)
, (2)

for j = 1, . . . , me. Here, Te
j denotes the temperature in segment

j of edge e. The term ve is the flow velocity in edge e, while
ζe is the heat loss coefficient for edge e. The total number
of discretization segments for edge e is given by me and �x
represents the spatial discretization step size.

3) Node Constraints: At each network node, the conserva-
tion of mass principle combined with the incompressibility
assumption requires that the total volumetric flow rate entering
the node equals the total volumetric flow rate exiting the
node. To formalize this, we define for each node n ∈ N
two sets: E→n = {e ∈ E : e enters n}, containing all edges
entering node n, and En→ = {e ∈ E : e exits n}, comprising
all edges exiting node n. The mass conservation principle at
each node is then expressed through the flow balance equation
given by

∑
e∈E→n

qe(t) =∑
e∈En→ qe(t), where qe(t) = φeve(t)

represents the flow rate in pipe e, with φe denoting the cross-
section of pipe. Additionally, energy balance at each node is
enforced through a mixing rule that relates the node’s exit
temperature to the temperatures of incoming flows, i.e.,

Tn(t) =
∑

e∈E→n
qe(t)Te

me
(t)

∑
e∈E→n

qe(t)
. (3)

The temperature of any edge leaving a node equals that
node’s temperature, yielding Te

0(t) = Tn(t), ∀ n ∈ N,
∀ e∈ En→.

4) Coupled Network Equations: The coupled network
dynamics combine edge dynamics from the discretized thermal
energy equation (2) with the mentioned nodal constraints. For
each edge e ∈ E, we define the edge variable xe(t) = [Te

j (t)−
Tamb ]me

j=0, representing temperature deviations from ambient.
The complete state vector x(t) ∈ R

m = [xe(t) ]e∈E concatenates
all edge states across the network. The dynamical system is
described by the periodic continuous-time dynamics

ẋ(t) = A(t)x(t), A(t + T) = A(t),

A(t) = 1

2�x
E V(t)(|E|o − E)

� − diag(ζi)i∈Nm
, (4)

with V(t) = diag(ve(t))e∈E, Nm := {1, . . . , m}, and | · |o denot-
ing the element-wise absolute value operator. The periodicity
of A(t) emerges from cyclical flow patterns V(t) driven by
consistent consumer demand cycles [10].

B. Problem Statement

Consider the following T-periodic linear system, represent-
ing the DHN dynamics described for any t ∈ R as

ẋ(t) = A(t)x(t)+ BIu(t), A(t + T) = A(t),

y(t) = CJx(t), (5)

where x(t) ∈ R
m, u(t) ∈ R

|I|, y(t) ∈ R
|J|, and A(·) is

continuous. Furthermore, BI and CJ are structured matrices
where BI = Im(I) and CJ = Im(J). Here, Im is the m × m
identity matrix, with I and J indicating the positions of
columns and rows corresponding to dedicated actuators and
sensors that control and measure single nodes, respectively.
While we restrict the analysis in this letter to the placement
of sensors, the results readily extend to the placement of
actuators by invoking arguments similar to duality between
controllability and observability in LTI systems. Furthermore,
one should note that the arguments and discussion in this letter
can be generalized to any systems satisfying (5).

Our goal is to identify a minimal subset of sensors J ⊆
{1, 2, . . . , m} ensuring sufficient sensing capabilities. To quan-
tify sensing performance, we introduce a performance metric
ρ : 2Nm �→ R based on the time-averaged frequential observ-
ability Gramian �J, defined rigorously in Section III, which
generalizes the classical observability Gramian to periodically
time-varying linear systems as a measure of observability. We
employ two established metrics: the geometric mean energy,
defined as ρ(J) = log det(�−1

J ), and the average energy,

defined as ρ(J) = tr(�−1
J ), quantifying the effort required for

state reconstruction across all state dimensions. Our objective
is to solve the following optimization problem:

min
J⊆{1,2,...,m}

|J|
s. t. ρ(J) ≤ K

(6)

where K is a positive threshold constant. For the metrics under
consideration, this formulation represents an instance of well-
known NP-hard problems [15].

III. TIME-AVERAGED FREQUENTIAL GRAMIAN

In this section, we establish frequential Gramian theory,
computation, and properties for submodular optimization.

The frequential Gramian derives from Fourier coefficients
that encode structural information across the frequency modes
of the periodic system. For a T-periodic matrix A(·), Floquet’s
theorem yields a T-periodic coordinate change z(t) = Q(t)x(t)
in which the uncontrolled dynamics take the time-invariant
form ż(t) = Fz(t), where F is constant. The eigenvalues of
F are the so-called Floquet exponents, which determine the
stability of perturbations of periodic orbits. We henceforth
assume F has no eigenvalue on the imaginary axis.

For the Floquet transformed system, there exist T-periodic
Gramians that can be computed at discrete time points
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as the outer product of T-periodic frequency-domain fac-
tors [14, Proposition 2]. When these Gramians are mapped
from Floquet coordinates back to physical coordinates, the
resulting Gramians can be constructed using analogous peri-
odic frequency-domain factors. Specifically, the frequential
Gramian in physical coordinates, indicating the frequential
energy content with respect to time lag t, is defined as [14,
Eqn. 21]:

Gf(t,J) = 1

2π

∫ ∞

−∞
	(γ, t,J)	(γ, t,J)H d γ, (7)

where Gf is well-defined (see Lemma 1), and 	 : R×[0, T)×
2Nm �→ C

m×m are the frequency-domain factors given by

	(γ, t,J) =
∑

k∈Z
	k(γ,J) ei kωt, t ∈ [0, T), (8)

where ω = 2π
T is the fundamental frequency.

In what follows, we provide the Fourier coefficients
	k(γ,J) following [14, Proposition 3], where the reader can
find further details on their construction. Let (Ak)k∈Z be the
Fourier coefficients of A(·), and define Rk = (− i kωIm + A0).
Given the corresponding Fourier basis for A(·), we define the
infinite-dimensional matrix T = [Tij]∞i,j=−∞, consisting of the
block matrices Tij ∈ C

m×m defined as

Tij =
{

Ri, if i = j,
Ai−j, if i �= j.

(9)

Subsequently, for any γ ∈ R, define H(γ ) = (i γ I∞−T)−1.
It is worth noting that H(γ ) is called the harmonic resolvent
operator, mapping harmonic components between inputs and
outputs, i.e., [H(γ )]k,� represents the m by m block of H(γ )

mapping the inputs at frequency γ + �ω to the outputs at
frequency γ+kω, for any k, � ∈ Z. Accordingly, for any k ∈ Z,
γ ∈ R, and J ⊆ Nm, the function 	k : R× 2Nm → C

m×m is
defined analogously to [14, eq. 31]; however, CJ is treated as
time-invariant, so only the j = 0 component is non-zero:

	k(γ,J) = [H(γ )H
]

k,0CH
J . (10)

Thus, we have a closed-form expression for the Fourier
coefficients, which subsequently enables the computationally
efficient approximation of the frequential Gramian in (7).

In this letter, we are interested in optimal sensor placement
to maximize the average temporal sensing performance for
the DHN. Therefore, we define the time-averaged frequential
Gramian �J : 2Nm → R

m×m as

�J = 1

T

∫ T

0
Gf(τ,J) d τ. (11)

Proposition 1: For a given set of sensors J ⊆ Nm and a
system with period T , the time-averaged frequential Gramian
�J ∈ R

m×m satisfies

�J = 1

2π

∫ ∞

−∞

∑

k∈Z
	k(γ,J)	k(γ,J)H d γ. (12)

Proof: Using Tonelli’s theorem, we can exchange the order
of integration to get

�J = 1

2πT

∫ ∞

−∞

∫ T

0
	(γ, τ,J)	(γ, τ,J)H d τ d γ. (13)

Subsequently, substituting in the Fourier series representa-
tion of 	(γ, τ,J) from (8), the inner integral becomes

∫ T

0
	(γ, τ,J)	(γ, τ,J)H d τ

=
∫ T

0

∑

k∈Z

∑

l∈Z
	k(γ,J)	l(γ,J)H ei(k−l)ωτ d τ

= T
∑

k∈Z
	k(γ,J)	k(γ,J)H , (14)

where the last equality follows from Fubini’s theorem and
the orthogonality of complex exponentials, i.e., the integral∫ T

0 ei(k−l)ωτ equals T if k = l, and 0 if k �= l. Therefore,
the time-averaged frequential Gramian takes the form given
in (12), which completes the proof.

Interpretation: For each γ , the operator 	k(γ,J) charac-
terises how the kth Floquet harmonic of the state manifests in
the measured output channels indexed by J. The Hermitian
product 	k(γ,J)	k(γ,J)H therefore quantifies the observ-
able energy of that harmonic. Integrating over γ and summing
over k ∈ Z collect these contributions into �J.

Remark 1: The temporal dependency of Gf(t,J) on t stems
from the system’s convergence to a periodic trajectory. For
any t, the Gramian already contains full period information.
While Gf(t,J) could be used to determine optimal active
sensors, tracking the period for sensor scheduling presents
practical implementation challenges difficult to overcome in
real-world applications. Hence, we focus on the time-averaged
frequential Gramian for sensor placement.

A. Approximate Gramian Computation

The formulation in (12) reveals that the time-averaged
frequential Gramian decomposes into a sum of contributions
from each frequency mode. Nonetheless, exact computation
of �J is challenging as it requires inverting an infinite-
dimensional matrix and evaluating an improper integral. We
introduce an approximation to make this computation tractable
and tight, namely by truncation of higher-order Fourier modes
and discretization of the frequency domain. In particular,
we consider a uniformly sampled set of frequencies � :=
{γ1, . . . , γL}, and a truncation order r of the Fourier series of
A(·), i.e., Âr(t) :=∑r

k=−r Ak ei kωt. This consequently reduces
T to a finite matrix of dimension (2r+ 1)m× (2r+ 1)m, with
Ĥr(γ ) representing the corresponding truncation of H(γ ). We
formalize the mentioned results below.

Proposition 2: Given � and r, for the time-averaged fre-
quential Gramian �J, we have

�J = 1

π

∑

γl∈�
ξl

r∑

k=−r

	̂k(γl,J)	̂k(γl,J)H +RJ(r, L), (15)

where ξl are quadrature coefficients,

	̂k(γl,J) = [Ĥr(γl)
H

]
k,0CH

J
are approximations of the Fourier coefficients 	k(γl,J) at
frequency γl, and the residual term RJ(r, L) goes to zero as
r→∞ and L→∞.

Proof: The convergence of the residual term to zero is
directly implied from the uniform convergence of the Fourier
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series of 	 over compact subsets of the domain of γ and the
integrability of Gf(t).

Corollary 1: The time-averaged frequential Gramian can
be efficiently approximated and computed by determining
	k(γl,J) only over a narrow band of positive frequencies.

Proof: For the efficient approximation of the truncated
Gramian, i.e., the first term in right-hand side of (15), we
exploit the fact that for any γ ∈ R, there exists an � ∈ Z such
that α = γ − �ω ∈ (−ω/2, ω/2], and

	k(γ,J) = [H(α)H
]

k,�CH
J . (16)

Additionally, since the dynamics are real-valued, their
Fourier coefficients are symmetric and we get from (10)
and the definition of T that 	k(−γ,J) = conj(	k(γ,J)).
These properties reduce the frequency evaluation range to
α ∈ (−ω/2, ω/2] ∩ [0,∞) = [0, ω/2]. For each shift index
� ∈ {−r, . . . , 0, . . . , r}, define

C(�)

J = e�+r+1 ⊗ CH
J (17)

where e�+r+1 is the (�+ r + 1)-th unit basis vector in R
2r+1.

We find 	
(�)

J,αl
∈ R

(2r+1)m×|J| by solving the linear system

(i αlIm − T)H 	
(�)

J,αl
= C(�)

J , (18)

for αl ∈ [0, ω/2] and l ∈ {1, . . . , L}. We can retrieve the
approximate value of 	k(γl,J) at γl = αl + cω by taking the
kth block of 	

(�)

J,αl
, i.e., we have

	̂k(γl,J) =
[
	

(�)

J,αl

]

k
= [Ĥr(αl)

H
]

k,�CH
J . (19)

Applying numerical quadrature to (12) with these approx-
imated coefficients and exploiting the established symmetry
properties yields (15), which completes the proof.

B. Properties of Frequential Gramians

We state two important results on the properties of the time-
averaged frequential Gramian.

Lemma 1: Suppose none of the Floquet exponents of the
system lie on the imaginary axis. Then, for any J ⊆ Nm,
the time-averaged frequential Gramian �J, introduced in (11),
is well-defined and positive semi-definite, i.e., �J � 0.
Moreover, it is additive, i.e., for any J1,J2 ⊆ Nm, we have

�J1∪J2 = �J1 +�J2\J1 . (20)

Proof: We prove each property separately.
Well-definedness: For both stable and unstable time-periodic

systems, the frequential Gramian Gf(t) is well-defined since
none of the Floquet exponents of the system lie on the
imaginary axis. This follows from the fact that each Floquet-
transformed Fourier coefficient of the Gramian satisfies a
Sylvester equation, as exemplified in [14, Proposition 1]. It
follows that �J is also well-defined.

Positive Semi-definiteness: Let x ∈ R
n. Then

x��Jx = 1

2π

∫ ∞

−∞

∑

k∈Z
x�	k(γ,J)	k(γ,J)H x d γ

= 1

2π

∫ ∞

−∞

∑

k∈Z
‖	k(γ,J)H x‖2 d γ ≥ 0. (21)

Since the above expression is non-negative for any x ∈ R
n,

we have �J � 0 for all J ⊆ Nm.
Additivity: Consider two sets J1,J2 ⊆ Nm. By the structure

of CJ, we can write

	k(γ,J1 ∪ J2) =
[H(γ )H

]
k,0CH

J1∪J2

= [H(γ )H
]

k,0

[
CH
J1

CH
J2\J1

]

= [
	k(γ,J1) 	k(γ,J2 \ J1)

]
. (22)

Substituting this expression into the definition of the fre-
quential Gramian and using the linearity of integration, we
obtain �J1∪J2 = �J1 + �J2\J1 , which completes the
proof.

Lemma 2: For LTI systems, the time-averaged frequential
observability Gramian from (12) reduces to the standard
observability Gramian.

Proof: Consider a stable LTI system with A(t) = A for
all t ∈ R. For brevity, we write C instead of CJ. The
standard observability Gramian Wo satisfies A�Wo +WoA =
−C�C. For LTI systems, (10) yields a single nonzero Fourier
coefficient 	0(γ,J) = (i γ Im − A�)−1C� since off-diagonal
blocks of T vanish. Substituting into (12), we obtain the time-
averaged frequential observability Gramian for LTI systems:

�LTI
J = 1

2π

∫ ∞

−∞

(
i γ Im − A�

)−1
C�C(− i γ Im − A)−1 d γ.

(23)

This coincides with the standard observability Gramian for
LTI systems, establishing that the time-averaged frequential
formulation generalizes the classical result.

IV. GREEDY SENSOR SELECTION

This section introduces key concepts from submodular
optimization theory and analyzes submodularity properties of
common energy metrics. We present a greedy algorithm for
sensor selection with guaranteed optimality bounds.

A. Supermodular and Non-Supermodular Set Functions

Definition 1 (Supermodularity): Let Nm be a finite ground
set and ρ : 2Nm → R be a set function. Function ρ is
supermodular if for all J1 ⊆ J2 ⊆ Nm and s ∈ Nm \ J2, we
have

ρ(J1)− ρ(J1 ∪ {s}) ≥ ρ(J2)− ρ(J2 ∪ {s}). (24)

Definition 2 (Non-Increasing Set Function): A set function
ρ : 2Nm → R is said to be non-increasing if for all J1,J2 ⊆
Nm and J1 ⊆ J2, one has ρ(J1) ≥ ρ(J2).

We provide two key theorems on the supermodularity of
two established metrics.

Theorem 1: Let �J be the time-averaged frequential
Gramian as defined in (11), with J ⊆ Nm. The set function

ρ(J) = log det
(
�J + εIm

)−1) (25)

is supermodular and non-increasing.
Proof: From Lemma 1,�J is well-defined, positive semi-

definite (with �J + εIm positive definite) and satisfies
the additivity property. Following similar steps to those in
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Algorithm 1 Frequency-Domain Greedy Sensor Placement
Input: constant K, parameter ε, matrix T, and function

ρ ∈ {tr(�̂−1), log det(�̂−1)}, �̂ = �̃J + εIm.
Output: set of sensors J ⊆ Nm with ρ(J) ≤ K.

1: J← ∅ and �̃J← 0m×m
2: T← compute T ∈ R

(2r+1)m×(2r+1)m according to (9)
3: while ρ(J) > K do
4: for s ∈ Nm \ J
5: for αl ∈ [0, ω/2], with l ∈ {1, . . . , L} do
6: for � ∈ {−r, . . . , 0, . . . , r} do
7: 	

(�)

J,αl
← solve (i αlIm − T)H 	

(�)

J,αl
= C(�)

s (18)
8: if γl = αl + cω ≥ 0
9: |	γl | ← store

∑r
k=−r 	̂k(γl,J)	̂k(γl,J)H

10: end if
11: end for
12: end for
13: �̃J∪{s} ← �̃J + 1/π

∑
γl

ξlβl|	γl | (15)
14: end for
15: s∗ ← arg maxs∈Nm\J{ρ(J)− ρ(J ∪ {s})}
16: J← J ∪ {s∗} and �̃J← �̃J∪{s∗}
17: end while

[16, Proposition 2], we have that (25) is a supermodular and
non-increasing set function.

Remark 2: Let �̃J denote the first term in the right-hand
side of (15), i.e., the approximate time-averaged frequential
Gramian. One can verify that �̃J is well-defined, positive
semi-definite, and additive using similar arguments as in the
proof of Lemma 1. In (25), we can alternatively use �̃J. The
supermodularity of the resulting set function can be shown
following the same steps as in the proof of Theorem 1.

Proposition 3: Let �J be the time-averaged frequential
Gramian as defined in (11), with J ⊆ Nm. The set function

ρ(J) = tr
((

�J + εIm
)−1

)
, (26)

is non-supermodular.
Proof: Lemma 2 provides a case where the time-averaged

frequential Gramian reduces to the standard observability
Gramian. Following steps similar to those in [17], one can
show by counterexample that (26) is not supermodular.

The regularization parameter ε in (25) and (26) guar-
antees the existence of well-defined solutions to ρ(J) for
arbitrary J ⊆ Nm, thereby eliminating the necessity of
imposing observability a priori. Moreover, as ε → 0, the
regularized function approaches the original, unperturbed
function [15], [16]. While the precise implications of the
regularization parameter ε on observability properties in the
context of frequential Gramians are less obvious, it neverthe-
less serves as an effective mechanism for ensuring invertibility
of �J + εIm.

B. Greedy Algorithm

For the minimal sensor placement problem with bounded
energy (6), the greedy algorithm presented in Algorithm 1
iteratively selects sensors that provide the maximum marginal
improvement in the selected energy metric. Specifically, at
each iteration, we select a sensor that maximizes the decrease

Fig. 1. District heating network topology in numerical experiments.

in ρ(J) − ρ(J ∪ {s}) for each sensor s ∈ Nm \ J. The
algorithm iterates this process until termination, which is when
the performance metric ρ(J) meets the desired tolerance K.

Proposition 4: The computational complexity of
Algorithm 1 is O(Lm5(2r + 1)4), where m is the number of
possible sensors, L is the number of samples over [0, ω/2],
and 2r+ 1 denotes the range of considered frequency modes.

Proof: The four nested loops in lines 3 to 6 contribute
O(m2L(2r+1)) iterations. The most intensive operation occurs
at line 7, solving a linear system with a (2r + 1)m × (2r +
1)m matrix, requiring O(m3(2r + 1)3) operations per solution.
Combining these factors yields a dominant complexity com-
ponent of O(Lm5(2r + 1)4).

Remark 3: Supermodularity provides greedy algorithms
such as Algorithm 1 with provable approximation guarantees
similar to those established for the standard observability
Gramian. For the function ρ(J) = log det((�J + εI)−1), the
solution to Algorithm 1 terminating at iteration k, i.e., Jgr =
Jk, satisfies

|Jk|
|J∗| ≤ 1+ log

ρ(∅)− ρ(Nm)

ρ(Jk−1)− ρ(Nm)

≤ 1+ log
−m log(ε)+ log det

(
�Nm + εIm

)

K + log det
(
�Nm + εIm

) , (27)

with respect to J∗, the optimal solution to (6). The second
inequality follows from the fact that ρ(Jk−1) > K.

V. NUMERICAL EXPERIMENTS

We compare our frequential Gramian sensor placement
against a standard approach using the observability Gramian
with time-averaged dynamics. For fair comparison, we first
execute Algorithm 1 until threshold K is reached, obtaining
sensor configuration Jfreq. Subsequently, we run Algorithm 1
with Ā = 1

T

∫ T
0 A(τ )dτ until a configuration Jsd with

cardinality equal to |Jfreq| is found. For both methods,
we employ the trace metric ρ(J) = tr((�J + εIm)−1)

with ε = 10−5.
1) Experiment Setup: We consider the DHN depicted in

Figure 1 with two topologies: (a) an open-loop configuration
i.e., a non-cyclic network of 10 nodes from generation point to
consumers, and (b) a closed configuration which additionally
features return connections from consumers to generation
point. System dynamics are modeled with ω = 0.001π rad/s,
ζe = 0.01, for any pipe e, and truncation parameters r =
8. Flow velocities follow a periodic pattern v(t) = vsc �
(v+ αs(t)), with s(t) = sin(2ω(t − 1))+ 0.7 sin( 1

2ωt), where
� represents element-wise multiplication, and the scaling
factors are vsc,i = 1 for i ∈ {0, 1, 2}, vsc,i = λ(t) for i ∈
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TABLE I
FREQUENCY-BASED VS. STANDARD SENSOR PLACEMENT

{3, 4}, and vsc,i = 1 − λ(t) for i ≥ 5, with scaling factors
controlled by distribution parameter λ(t) = λ+β sin( π t

500 ). We
conduct Monte Carlo simulations with 100 trials across several
parameter sets denoted by (v, α, λ, β).

2) Performance Evaluation: In each trial, we implement a
standard Kalman filter for each sensor configuration starting at
a randomized t0 ∼ U(0, T) and xtrue(t0) ∼ N(0, Im) to capture
as much as possible the variation in the dynamics. We compute
the root mean square error (RMSE) using

RMSE(tk) =
[1

n

n∑

i=1

(
xtrue,i(tk)− x̂KF,i(tk)

)2
] 1

2
. (28)

Performance improvement percentage (PIP) is quantified as

PIP(%) = 100 · MeanRMSEsd−MeanRMSEfreq

MeanRMSEsd
. (29)

Furthermore, we compute the Gramian improvement
ratio (GIR), i.e., the ratio between the frequential Gramians
obtained from the frequency-based set Jfreq and the set
obtained using the standard metric Jsd, which is defined as
GIR = �Jsd/�Jfreq . Results are shown in Table I.

3) Discussion: Our analysis comparing frequency-based
and standard sensor placement methods shows the frequency-
based approach demonstrated positive performance in five
of six cases for both open-loop and closed-loop configura-
tions, with PIPs ranging from −1.0% to 7.6% in open-loop
and −0.9% to 18.2% in closed-loop. Higher mean veloc-
ities generally resulted in improvements exceeding 7%.
Interestingly, Gramian ratio values did not reliably predict
performance gains; the configuration with the highest ratio of
20.95 showed a performance decrease, while others with lower
GIR values sometimes achieved significant improvements.
These findings indicate that frequency-based sensor place-
ment offers meaningful advantages over standard approaches,
though benefits vary significantly with specific network
configurations.

VI. CONCLUSION

We presented a novel frequency-domain framework for
sensor placement in district heating networks using frequen-
tial Gramians to capture both periodic behaviors and slow
thermal transients. We established key theoretical properties,
including frequency mode decomposition that enables effi-
cient computation. Our numerical experiments demonstrate
that frequency-based sensor placement outperforms standard
approaches with improvements of up to 18.2% in state esti-
mation accuracy.

For future work, one may extend the developed methodolo-
gies to address uncertainties arising from demand variations.
Furthermore, the arguments and discussion in this letter can
be generalized to any systems with similar structure.
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