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 a b s t r a c t

Electrification is reshaping Mobility-on-Demand (MoD), yet coordinating electric demand-
oriented shuttles with public transport remains challenging due to the interaction of routing, 
charging, and timetable decisions. This study introduces an Electric Vehicle Routing and Public 
Transport Rescheduling model (EVRP–PTR) that jointly assigns electric shuttle feeder services to 
passenger requests, schedules opportunity charging through in-network pantographs while main-
taining time continuity in the charging process, and reschedules public transport departures to im-
prove transfer synchronization. The problem is bi-objective, minimizing passenger door-to-public 
transport travel time and shuttle operating costs while accounting for travel-time uncertainty. 
Initially formulated as a mixed-integer nonlinear program (MINLP), the model is reformulated 
as a mixed-integer linear program (MILP), enabling the computation of globally optimal solu-
tions. Due to the multi-objective nature of the problem, the Pareto front is obtained using the 
𝜖-constraint method. A case study in Athens, Greece, where electric shuttles feed the Athens–
Thessaloniki railway corridor with five pantograph locations, shows that modest fleet increases 
substantially reduce passenger travel times and eliminate the need for en-route charging in some 
Pareto-optimal solutions. Under travel-time uncertainty, service-performance gains become less 
pronounced, and larger on-demand fleets are required to maintain comparable service quality. 
The proposed framework remains computationally tractable for mid-sized networks and can sup-
port tactical planning and opportunity-charging scheduling by quantifying trade-offs between 
service quality and fleet resources in integrated PT–EMoD systems.

1.  Introduction

Global urban transport is undergoing rapid transformation driven by electrification and multi-modal integration (Harris et al., 
2015; McCoy et al., 2018; Makarova et al., 2023; Aidam et al., 2025). In countries such as the Netherlands and Singapore, in-
tegrated mobility systems already combine rail and public transport with bicycle-sharing and car-sharing services to improve
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$C_{1,s,ik}, C_{2,s,k\phi j}$


$C_{3,s,i}, C_{4,s,ko}, C_{5,s,i}$


$C_{6,s,ir}$
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$\mathcal {T}_k$


$\mathcal {L}$


$C_{6,s,ir}$


$b_{s,i}$


$y_r+h_r$


$\xi (\%)$


$s\in \mathcal {S}$


$\xi $


$C_{1,s,ik}\geq 0$


$C_{2,s,k\phi j}\leq 0$


$C_{3,s,i}\leq 0$


$C_{4,s,ko}\leq 0$


$C_{5,s,i}\leq 0$


$C_{6,s,ir}\geq 0$


$\mathcal {S}$


$\xi =1$


$\xi =1$


$\xi $


\begin {align}C_{1,s,ik}\geq -M(1-c_{1,s,ik}) & \qquad \forall i\in \mathcal {P}, \forall k\in \mathcal {K}, \forall s\in \{1,{\ldots },\mathcal {S}\}\label {eq:83}\\ C_{1,s,ik}\leq - {\zeta } + Mc_{1,s,ik} & \qquad \forall i\in \mathcal {P}, \forall k\in \mathcal {K}, \forall s\in \{1,{\ldots },\mathcal {S}\}\label {eq:84}\\ \sum _{s\in \mathcal {S}}c_{1,s,ik}\geq \xi |\mathcal {S}|\sum _{j:(i,j)\in \mathcal {A}}x_{ij}^k & \qquad \forall i\in \mathcal {P}, \forall k\in \mathcal {K}\label {eq:85} \\ C_{2,s,k\phi j}\leq M(1-c_{2,s,k\phi j}) & \qquad \forall k\in \mathcal {K}, \forall \phi \in \mathcal {K}\setminus \{k\}, \forall j\in \mathcal {C}, \forall s\in \{1,{\ldots },\mathcal {S}\}\label {eq:86}\\ C_{2,s,k\phi j}\geq {\zeta } - Mc_{2,s,k\phi j} & \qquad \forall k\in \mathcal {K}, \forall \phi \in \mathcal {K}\setminus \{k\}, \forall j\in \mathcal {C}, \forall s\in \{1,{\ldots },\mathcal {S}\}\label {eq:87}\\ \sum _{s\in \mathcal {S}}c_{2,s,k\phi j}\geq \xi |\mathcal {S}| & \qquad \forall k\in \mathcal {K}, \forall \phi \in \mathcal {K}\setminus \{k\}, \forall j\in \mathcal {C}\label {eq:88} \\ C_{3,s,i}\leq M(1-c_{3,s,i}) & \qquad \forall i\in \mathcal {P}, \forall s\in \{1,{\ldots },\mathcal {S}\}\label {eq:89}\\ C_{3,s,i}\geq {\zeta } - Mc_{3,s,i} & \qquad \forall i\in \mathcal {P}, \forall s\in \{1,{\ldots },\mathcal {S}\}\label {eq:90}\\ \sum _{s\in \mathcal {S}}c_{3,s,i}\geq \xi |\mathcal {S}| & \qquad \forall i\in \mathcal {P} \label {eq:91} \\ C_{4,s,ko}\leq M(1-c_{4,s,ko}) & \qquad \forall o\in \mathcal {O}\setminus \{p+1\}, \forall k\in \mathcal {K}, \forall s\in \{1,{\ldots },\mathcal {S}\}\label {eq:92}\\ C_{4,s,ko}\geq {\zeta } - Mc_{4,s,ko} & \qquad \forall o\in \mathcal {O}\setminus \{p+1\}, \forall k\in \mathcal {K}, \forall s\in \{1,{\ldots },\mathcal {S}\}\label {eq:93}\\ c_{4,s,ko}\leq \sum _{i:(o,i)\in \mathcal {A}}x_{oi}^k & \qquad \forall o\in \mathcal {O}\setminus \{p+1\}, \forall k\in \mathcal {K}, \forall s\in \{1,{\ldots },\mathcal {S}\}\label {eq:94}\\ \sum _{s\in \mathcal {S}}c_{4,s,ko}\geq \xi |\mathcal {S}|\sum _{i:(o,i)\in \mathcal {A}}x_{oi}^k & \qquad \forall o\in \mathcal {O}\setminus \{p+1\}, \forall k\in \mathcal {K} \label {eq:95} \\ C_{5,s,i}\leq M(1-c_{5,s,i}) & \qquad \forall i\in \mathcal {P}, \forall s\in \{1,{\ldots },\mathcal {S}\}\label {eq:96}\\ C_{5,s,i}\geq {\zeta } - Mc_{5,s,i} & \qquad \forall i\in \mathcal {P}, \forall s\in \{1,{\ldots },\mathcal {S}\}\label {eq:97}\\ \sum _{s\in \mathcal {S}}c_{5,s,i}\geq \xi |\mathcal {S}| & \qquad \forall i\in \mathcal {P} \label {eq:98} \\ C_{6,s,ir}\geq -M(1-c_{6,s,ir}) & \qquad \forall i\in \mathcal {P}, \forall r\in \mathcal {R}, \forall s\in \{1,{\ldots },\mathcal {S}\}\label {eq:99}\\ C_{6,s,ir}\leq -\zeta + Mc_{6,s,ir} & \qquad \forall i\in \mathcal {P}, \forall r\in \mathcal {R}, \forall s\in \{1,{\ldots },\mathcal {S}\}\label {eq:99a}\\ c_{6,s,ir}\leq l_{ir} & \qquad \forall i\in \mathcal {P}, \forall r\in \mathcal {R}, \forall s\in \{1,{\ldots },\mathcal {S}\}\label {eq:100}\\ \sum _{s\in \mathcal {S}}c_{6,s,ir}\geq \xi |\mathcal {S}|l_{ir} & \qquad \forall i\in \mathcal {P}, \forall r\in \mathcal {R} \label {eq:101}\end {align}
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$c_{2,s,k\phi j}$
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$C_{2,s,k\phi j}\leq 0$


$C_{3,s,i}\leq 0$
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$C_{5,s,i}\leq 0$
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$w_{s,i}$


\begin {align}(\hat {Q}): \notag \\ \min &~\frac {1}{|\mathcal {S}|}\left [\sum _{s\in \mathcal {S}}\sum _{i\in \mathcal {P}}\left (m_{s,i}+n_{s,i}+\max \left \{w_{s,i},0\right \}\right )\right ]\label {eq:102}\end {align}


$\max \{\cdot \}$


$\tilde {w}_{s,i}\in \mathbb {R}_{\geq 0}$


\begin {align}\tilde {w}_{s,i}\geq (y_r+h_r)-b_{s,i}-M(1-l_{ir}) & \qquad \forall i\in \mathcal {P},\forall r\in \mathcal {R},\forall s\in \{1,{\ldots },\mathcal {S}\}\label {eq:103}\\ \tilde {w}_{s,i}\leq (y_r+h_r)-b_{s,i}+M(1-l_{ir}) & \qquad \forall i\in \mathcal {P},\forall r\in \mathcal {R},\forall s\in \{1,{\ldots },\mathcal {S}\}\label {eq:104}\\ \tilde {w}_{s,i}\geq 0 & \qquad \forall i\in \mathcal {P},\forall s\in \{1,{\ldots },\mathcal {S}\}\label {eq:105}\end {align}


$\tilde {w}_{s,i}$


\begin {equation*}\max \left \{w_{s,i},0\right \}\end {equation*}


\begin {align}(\hat {Q}): \notag \\ \min \frac {1}{|\mathcal {S}|}\left [\sum _{s\in \mathcal {S}}\sum _{i\in \mathcal {P}}\left (m_{s,i}+n_{s,i}+\tilde {w}_{s,i}\right )\right ]\label {eq:106}\end {align}


\begin {align}\text {s.t.:} \text {Equations (3) -- (14), (17) -- (20), (22), (27), (28b) -- (33), (35), (38), (40)}, \notag \\ \text {(44) -- (48), (56), (58), (60), (62), (64), (66), (68) -- (69), (71) -- (73)}, \notag \\ \text {(A.1) -- (A.18), (A.20) -- (A.23), (A.26) -- (A.29), (B.1) -- (B.20)}. \notag \end {align}


$|\mathcal {K}|\times |\mathcal {O}|, 2\times |\mathcal {P}|$


$|\mathcal {P}|\times |\mathcal {R}|, |\mathcal {P}|\times |\mathcal {K}|$


$|\mathcal {K}|^2\times |\mathcal {C}|$


$\mathcal {C}$


$\beta = 7$


$\alpha = 5$


$\mathcal {F}=20$


$\mathcal {L}=45$
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$s=2$
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$\epsilon $
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$\mathcal {T}_k$


$t_{ij}$


$SOC_k\in [20,100]$


$SOC_k^{up}=64$


$SOC_k^{up}=56$


$\gamma =2.80$


$\sim 1.30$


$\Delta H=18$


$\rho =2.4$
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$s=1$


$s=2$
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$\xi =90\%$


$\xi =100\%$
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$C_{1,s,ik}\geq 0$
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$\mathcal {O}=\{\#0, \#6\}$


$t_{ii}$
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$i \in \mathcal {P}$
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$y_r$


$\epsilon \in \{3,4,5\}$
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$\epsilon $


$\epsilon $


$\epsilon \in \{3, 4, 5\}$


$k \in \mathcal {K}$


$\mathcal {T}_k = 55$


$\mathcal {C}_1$


$0 \to 1 \to 3 \to \mathcal {C}_1 \to 6$


$0 \to 2 \to 6$


$0 \to 4 \to 5 \to \mathcal {C}_1 \to 6$


$u_i^k$


$b_i$


$m_i + n_i + w_i$


$i\in \mathcal {P}$
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$w_i$


$i\in \mathcal {P}$
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$h_r$


$y_r$
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$i\in \mathcal {P}$
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$r=3$
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$w_i$
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$j\in \mathcal {C}$
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$j\in \mathcal {C}$
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$SOC_1^{\mathcal {C}_1}=62.69$


$SOC_3^{\mathcal {C}_1}=61.54$


$[SOC_k^{\min }, SOC_k^{up}] = [20, 64]$


$\Delta H=18$
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$\mathcal {C}=\{\mathcal {C}_1,\mathcal {C}_2,\mathcal {C}_3,\mathcal {C}_4,\mathcal {C}_5\}$


$|\mathcal {P}| = 20$


$|\mathcal {K}|=12$


$|\mathcal {K}|=20$


$\epsilon $


$|\mathcal {K}|<12$


$|\mathcal {P}|>20$


$|\mathcal {V}\cup \mathcal {C}|^2\times |\mathcal {K}|$


$|\mathcal {P}|\times |\mathcal {R}|$


$|\mathcal {K}|\times |\mathcal {C}|$


$i,j\in \mathcal {V}\cup \mathcal {C}$


$29\times 29$


$t_{ij}$


$i\in \mathcal {V}\cup \mathcal {C}$


$j\in \mathcal {V\cup \mathcal {C}}$


$\mathcal {O}_1$
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$i \in \mathcal {P}$
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$y_r$


$\epsilon $


$\epsilon \in \{12, \ldots , 20\}$


$\epsilon $
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$\Delta f_1$
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$f_1$
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$\epsilon :15\to 16$
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$\xi =90\%$
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$\epsilon $
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$\xi =90\%$


$\epsilon =14$


$w_i$


$\epsilon =12$


$\epsilon \in \{12,13\}$


$\epsilon =16$


$\xi =90\%$


$\epsilon =17$


$\xi =100\%$


$\epsilon =16$


$\xi =90\%$


$\xi =100\%$


$\xi $


$\epsilon =14$


$\mathcal {C}_{1}$


$\epsilon \in \{14,15,16\}$


$\mathcal {O}_1$


$\mathcal {O}_2$


$\epsilon $


$\epsilon $


$\Delta f_1$


$f_1$


$f_2$


$\epsilon =12$


$\epsilon =16$


$\epsilon \in \{12,13,14,15\}$


$\epsilon =12$


$\epsilon =16$


$\epsilon $


$\mathcal {C}_1$


$\mathcal {C}_5$


$\mathcal {C}_4$


$\epsilon $


$\epsilon \in \{12,13,14,15,16\}$


$\epsilon =14$


$u_o^k = u_i^k - t_{oi} \mid x_{oi}^k = 1~~\forall o\in \mathcal {O}\setminus \{p+1\},\forall i\in \mathcal {P}, \forall k\in \mathcal {K}$


$u_o^k = u_i^k - t_{oi}$


$x_{oi}^k$


$u_o^k = u_i^k - t_{oi}$


$x_{oi}^k = 1$


$k\in \mathcal {K}$


$u_o^k$


$M$


$M$


\begin {align}SOC_k^j\geq SOC_k^{\min } - M(1-\delta _{kj}) & \qquad \forall j\in \mathcal {C}, \forall k\in \mathcal {K} \label {eq:41}\\ SOC_k^j\leq SOC_k^{up} + M(1-\delta _{kj}) & \qquad \forall j\in \mathcal {C}, \forall k\in \mathcal {K} \label {eq:42}\\ g_j^k\geq u_i^k + \beta q_i\theta _i^k + t_{ij} - M(1-x_{ij}^k) & \qquad \forall (i,j)\in \mathcal {A}:j\in \mathcal {V}, \forall k\in \mathcal {K} \label {eq:57}\\ g_j^k\leq u_i^k + \beta q_i\theta _i^k + t_{ij} + M(1-x_{ij}^k) & \qquad \forall (i,j)\in \mathcal {A}:j\in \mathcal {V}, \forall k\in \mathcal {K} \label {eq:58}\\ b_i\geq \tau _k + \alpha - M(1-\theta _i^k) & \qquad \forall i\in \mathcal {P}, \forall k\in \mathcal {K} \label {eq:59}\\ b_i\leq \tau _k + \alpha + M(1-\theta _i^k) & \qquad \forall i\in \mathcal {P}, \forall k\in \mathcal {K} \label {eq:60}\\ h_r\geq -s - M(1-l_{ir}) & \qquad \forall i\in \mathcal {P}, \forall r\in \mathcal {R} \label {eq:61}\\ h_r\leq s + M(1-l_{ir}) & \qquad \forall i\in \mathcal {P}, \forall r\in \mathcal {R} \label {eq:62}\\ w_i \geq (y_r+h_r)-b_i - M(1-l_{ir}) & \qquad \forall i\in \mathcal {P}, \forall r\in \mathcal {R} \label {eq:64}\\ w_i \leq (y_r+h_r)-b_i + M(1-l_{ir}) & \qquad \forall i\in \mathcal {P}, \forall r\in \mathcal {R} \label {eq:65}\end {align}


$\overline {SOC_k^i}$


$x_{ij}^k$


\begin {align}SOC_k^j\geq \overline {SOC_k^i}-\gamma d_{ij} - M(1-x_{ij}^k) & \qquad \forall (i,j)\in \mathcal {A}: j\in \mathcal {V}\cup \mathcal {C}, \forall k\in \mathcal {K} \label {eq:39}\\ SOC_k^j\leq \overline {SOC_k^i}-\gamma d_{ij} + M(1-x_{ij}^k) & \qquad \forall (i,j)\in \mathcal {A}: j\in \mathcal {V}\cup \mathcal {C}, \forall k\in \mathcal {K} \label {eq:40}\end {align}


$k\in \mathcal {K}$
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$x_{ij}^k=1$


$j\in \mathcal {V}\cup \mathcal {C}$


$SOC_k^j$
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$\overline {SOC_k^i}$
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$\gamma d_{ij}$


$x_{ij}^k=0$


$SOC_k^j$
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$x_{ij}^k$


$\delta _{kj}$


$u_i^k$


$\theta _i^k$


$f_{kj} \delta _{kj}$


$h_r l_{ir}$


\begin {align}f_{kj} + M(1-\delta _{kj}) \geq u_i^k + \beta q_i \theta _i^k + t_{ij} - M(1-x_{ij}^k) & \qquad \forall (i,j)\in \mathcal {A}: j\in \mathcal {C}, \forall k\in \mathcal {K} \label {eq:43}\\ f_{kj} - M(1-\delta _{kj}) \leq u_i^k + \beta q_i \theta _i^k + t_{ij} + M(1-x_{ij}^k) & \qquad \forall (i,j)\in \mathcal {A}: j\in \mathcal {C}, \forall k\in \mathcal {K} \label {eq:44}\\ \lambda _{kj} \geq f_{kj} + \rho - M(1-\delta _{kj}) & \qquad \forall j\in \mathcal {C}, \forall k\in \mathcal {K} \label {eq:45}\\ \lambda _{kj} \leq f_{kj} + \rho + M(1-\delta _{kj}) & \qquad \forall j\in \mathcal {C}, \forall k\in \mathcal {K} \label {eq:46}\\ (y_r + h_r) + M(1-l_{ir}) \geq b_i & \qquad \forall i\in \mathcal {P}, \forall r\in \mathcal {R} \label {eq:63}\end {align}


\begin {align}f_{\phi j} \leq f_{kj} + M(1-\sigma _{k\phi j}) & \qquad \forall k\in \mathcal {K}, \forall \phi \in \mathcal {K}\setminus \{k\}, \forall j\in \mathcal {C} \label {eq:47}\\ f_{\phi j} \geq f_{kj} + \zeta - M\sigma _{k\phi j} & \qquad \forall k\in \mathcal {K}, \forall \phi \in \mathcal {K}\setminus \{k\}, \forall j\in \mathcal {C} \label {eq:48}\\ f_{k j} \leq \lambda _{\phi j} - \zeta + M(1-\iota _{k\phi j}) & \qquad \forall k\in \mathcal {K}, \forall \phi \in \mathcal {K}\setminus \{k\}, \forall j\in \mathcal {C} \label {eq:49}\\ f_{k j} \geq \lambda _{\phi j} - M \iota _{k\phi j} & \qquad \forall k\in \mathcal {K}, \forall \phi \in \mathcal {K}\setminus \{k\}, \forall j\in \mathcal {C} \label {eq:50} \\ \mu _{k\phi j}= \min (\sigma _{k\phi j}, \iota _{k\phi j}) & \qquad \forall k\in \mathcal {K}, \forall \phi \in \mathcal {K}\setminus \{k\}, \forall j\in \mathcal {C} \label {eq:51} \\ \delta _{\phi j} + \delta _{kj} \leq 1 + M(1 - \mu _{k\phi j}) & \qquad \forall k\in \mathcal {K}, \forall \phi \in \mathcal {K}\setminus \{k\}, \forall j\in \mathcal {C} \label {eq:52}\end {align}
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$\delta _{\phi j} + \delta _{kj} \leq 1 \text { if } f_{\phi j}\leq f_{kj} \land f_{kj} < \lambda _{\phi j} \forall k\in \mathcal {K}, \forall \phi \in \mathcal {K}\setminus \{k\}, \forall j\in \mathcal {C}$
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first/last-mile connectivity (Greenwheels, 2026; HelloRide Singapore, 2026; , NS; SBS Transit, 2026). In Singapore, these initia-
tives are further aligned with the Land Transport Master Plan 2040, which promotes integrated and sustainable multi-modal mobility 
systems (Land Transport Authority Singapore, 2019). These developments increasingly extend to Mobility-on-Demand (MoD) sys-
tems, where Shared Electric Vehicles (SEVs) complement public transport by dynamically serving ride requests and recharging when 
required, contributing to lower emissions, reduced congestion, and improved accessibility (Wang and Guo, 2022).

Demand-responsive transport (DRT) provides a flexible, user-oriented complement to fixed-route public transport, which often 
struggles to accommodate heterogeneous and time-varying demand (Alonso-González et al., 2017; Zhang and Wu, 2023). Efficient 
integration between on-demand mobility and public transport (PT) requires operational coordination, particularly in feeder-trunk 
systems where feeder arrivals should align with trunk-service departures to minimize transfer times (Ceder, 2016; Liu et al., 2021; 
Gkiotsalitis et al., 2023). Research on MoD–PT integration spans both behavioral and operational perspectives, including studies on 
user acceptance and willingness to pay, as well as analytical frameworks for pricing, service design, and routing optimization (Salazar 
et al., 2018; Steiner and Irnich, 2020; Xiong et al., 2020; Dimitriadou and Gkiotsalitis, 2025; Liyanage and Dia, 2025).

Advances in communication and positioning technologies (i.e., GPS-enabled smartphones) have transformed DRT from traditional 
dial-a-ride systems into app-based, flexible mobility services, as demonstrated by deployments such as BerlKönig in Berlin, XBUS in 
Lisbon, Zeelo in the UK, and services offered by Uber and Cabify (ViaVan, 2018; State of Berlin, 2022; ITS International, 2022; Shotl, 
2022; Cabify, 2025; Uber Technologies, 2025; Zeelo, 2025). At the same time, transport remains a major contributor to 𝐶𝑂2 emissions 
and urban 𝑁𝑂𝑥 pollution in European cities, increasing the need for decarbonized public mobility (International Energy Agency, 
2023; European Environment Agency, 2024). Evidence suggests that well-designed on-demand ridesharing can reduce congestion and 
emissions, particularly when electrified, whereas poorly integrated services may increase dependence on private vehicles, highlighting 
the importance of strong PT integration (Kaddoura et al., 2020; Dang et al., 2021; Melo et al., 2024).

Implementing electric DRT (e-DRT) requires accounting for real-world operational variability, including travel-time uncertainty, 
charging logistics, station capacities, and state-of-charge (SOC) constraints (Ahani et al., 2023). Motivated by these challenges, this 
study considers opportunity (en-route) pantograph charging, enabling fast intermediate top-ups to improve vehicle availability.

Throughout this study, we develop a tactical modeling framework for the coordinated integration of electric demand-oriented 
(on-demand) shuttle buses (feeder service) with the railway system (primary trunk mode). Coordination is achieved through the joint 
optimization of shuttle routing, opportunity charging, and railway timetable adjustments. Passenger demand is assumed to be known 
in advance over the planning horizon; therefore, on-demand service refers to a flexible, non-fixed route transport service responding 
to passenger requests for trips to the railway station. In addition, door-to-rail travel time is defined as the total passenger travel time 
from pickup request until boarding the time-appropriate railway service.

The main contributions of this study are summarized as follows:

a. Developed a unified three-layer EVRP–PTR framework integrating the Electric Vehicle Routing Problem (EVRP), opportunity 
charging scheduling, and Public Transport Rescheduling (PTR).

b. Formulated the EVRP–PTR as a mixed-integer nonlinear program (MINLP) and reformulated it as a mixed-integer linear program 
(MILP).

c. Modeled opportunistic (re)charging at publicly accessible charging stations without predefined time slots.
d. Incorporated travel-time uncertainty to better capture real-world operational variability in on-demand services.
e. Evaluated the EVRP–PTR framework through an Athens case study and complementary analyses, demonstrating the impact of PT 
timetable flexibility on system performance and the applicability of the model to multi-origin shuttle operations.

The EVRP–PTR is formulated as a multi-objective optimization problem (MOOP) with two conflicting objectives that aim to 
minimize: (i) the required number of electric on-demand shuttles and (ii) total door-to-rail passenger travel time. The 𝜖-constraint 
method is employed to generate non-dominated Pareto-optimal solutions, illustrating the trade-offs between service quality and fleet 
utilization. The resulting framework can support tactical decision-making for integrated PT–EMoD planning.

The remainder of the paper is structured as follows. Section 2 reviews related work on electric mobility-on-demand (EMoD) ser-
vices and their integration with public transport (PT). Section 3 presents the mathematical formulation of the EVRP–PTR and its 
mixed-integer linear program (MILP) reformulation. Section 4 extends the model formulation to incorporate travel-time uncertainty 
in on-demand operations. Section 5 presents experiments on a toy network with synthetic data and a real-world case study in Athens, 
Greece, together with additional analyses, including computational performance evaluation, sensitivity analysis of the Public Trans-
port Rescheduling (PTR) model, travel-time uncertainty assessment, and a multi-origin shuttle scenario evaluating the applicability 
of the EVRP–PTR framework to networks with multiple shuttle origin points (depots). Finally, the paper concludes with key findings 
and future research directions.

2.  Literature review

This section is organized around two subsections. First, it reviews the Electric Mobility-on-Demand (EMoD) literature, synthesizing 
research goals, methodological approaches (i.e., optimization, simulation, learning-based control), and operational strategies. Second, 
it reviews studies that integrate EMoD with public transport (PT). Finally, key knowledge gaps are identified, outlining how this study 
advances the state of the art.
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2.1.  Electric mobility-on-demand services

Simulation software has been used in the past for electric MoD services. Doubleday et al. (2016) introduced WPTSim, a high-
resolution simulation tool (one-second speed/location/road grade data) to explore how wireless power transfer (WPT) could be 
integrated into an on-demand shuttle operation, showing that even a single in-route WPT site can dramatically shrink the required 
battery capacity (in some scenarios by more than half). Liang et al. (2021) then modeled the joint decision-making of a shared 
on-demand electric vehicle (EV) fleet—charging scheduling, order dispatching, and rebalancing—as a (partially observable) Markov 
Decision Process (MDP), solved with deep reinforcement learning coupled to a binary linear assignment at each step. The trained net-
work estimated mobility-aware state values over time, location, and state-of-charge (SOC), enabling vehicles to schedule top-ups and 
dispatches. Simulations showed that the learned policy stabilizes charging patterns and outperforms baseline rules. Complementing 
these, Li et al. (2022) developed a joint routing-charging model for e-DRT with opportunity charging during layovers. Solving it with 
a customized Variable Neighborhood Search (VNS) demonstrated an improvement of ∼ 11% to the total-cost reduction relative to a 
full-charge baseline.

Surveying the broader field, Tan et al. (2022) provided a systematic review of scheduling and charging for shared MoD with 
electric fleets, classifying strategies, comparing modeling approaches (mathematical programming, reinforcement learning, hybrids), 
and mapping open problems. Esteban et al. (2025) analyzed a data-driven case study of a neighborhood on-demand transit (ODT) pilot 
in downtown St. Louis with low-speed electric vehicles (LSEVs). The authors used surveys, ridership logs, and vehicle trajectories, 
finding shorter trips than those of fixed route transit.

Recent studies have focused on shared autonomous electric vehicles (SAEVs). Jäger et al. (2017) evaluated a shared, autonomous, 
electric on-demand concept in Munich, showing the strongest environmental gains under ride-pooling and renewable electricity. 
Tucker et al. (2019) proposed an online primal-dual welfare-maximization algorithm for real-time charge scheduling and rebalancing 
under charger-capacity limits for autonomous mobility-on-demand services (AMoD). Badia and Jenelius (2021) used a continuum-
approximation model to compare fixed-route against door-to-door demand-responsive feeders to trunk transit, finding automation to 
be the dominant driver of feeder choice, with electrification effects being comparatively modest.

Continuing within the electric AMoD field, Wang and Guo (2022) focused on dynamic dispatching of SAEVs in Mobility-on-Demand 
(MoD) systems. They assigned vehicles to three concurrent tasks: recharging, serving trips, and repositioning. The authors modeled 
the fleet’s operations as a multi-agent, multi-task problem within a Markov Decision Process (MDP) framework, and integrated 
combinatorial optimization with deep reinforcement learning. Addressing the core charging problem of AMoD, Gao and Li (2024) 
compared plug-in charging with battery swapping via a bi-level mathematical program with equilibrium constraints (MPEC) solved 
as a mixed-integer nonlinear programming model (MINLP) with queuing-based congestion and elastic demand. A complementary 
line of studies couples AMoD with the power system: an optimal power flow (OPF)-coupled formulation showed that coordinated 
charging can eliminate ∼ 99% of feeder overloads and ∼ 50% of voltage drops (Estandia et al., 2021). Additionally, earlier linear flow 
models of AMoD demonstrated significant energy-cost savings under joint coordination (Rossi et al., 2019).

Considering past studies at the operational level, early agent-based studies established how battery range and charger time/place-
ment shape SAEV fleet size, service quality, and emissions (Chen et al., 2016). Pricing works showed that dynamic fares for SAEVs can 
cut waiting times by ∼ 19 − 23% while trading off revenue and equity (Chen and Kockelman, 2016). The US National Renewable En-
ergy Laboratory (NREL) summarized the operational challenges of automated electric on-demand fleets (i.e., charge planning during 
service) and mapped opportunities for algorithmic and infrastructural advances (Lott and Young, 2023). On joint design-operation, 
Paparella et al. (2024) formulated a mixed-integer linear program (MILP) that co-optimizes vehicle design (battery size, fleet size) 
and fleet operations to maximize operator profit. This study was extended to ride-pooling electric AMoD (E-AMoD) with charging-
infrastructure modeled as a multilayer network-flow MILP (Paparella et al., 2025). Operationally, Boewing et al. (2020) developed a 
MILP for vehicle coordination and charging scheduling, balancing dispatch and (dis)charging under SOC and charger capacity limits. 
Finally, regional joint planning-operations have shown the value of integrating fleet, charging schedules, and dispatching (Sheppard 
et al., 2019).

Overall, the EMoD literature to date has mainly focused on electric fleet deployment, with charging emerging as a central design 
consideration. Existing studies mainly examine wireless/opportunity charging, charging scheduling, and joint routing–charging de-
cisions. However, only a limited number of studies co-optimize fleet size and charging planning to balance cost, service quality, and 
the operational feasibility of on-demand services.

2.2.  Electric on-demand services integrated with public transport systems

Turning to EMoD and public transport integration, Hsueh et al. (2021) used BEAM (a mesoscopic, agent-based extension of 
MATSim calibrated for the nine-country San Francisco Bay Area) to simulate countywide deployment of on-demand automated 
electric shuttles as first-/last-mile feeders to frequent transit in Santa Clara County, testing geofenced service areas and sensitivities 
(catchment radius, pricing, simulation horizon, initial vehicle placement, vehicle size, maximum speed) and reporting mode-share and 
energy impacts. Building an optimization counterpart, Fang and Ma (2023) proposed an on-demand first-mile electric feeder service 
synchronized with a public transport line, formulating a MILP that co-decides meeting-point pickups, arrival-time synchronization to 
specific train/bus departures, and capacitated partial recharging. At a broader systems level, Fang (2025) introduced the concept of 
electric integrated demand-responsive transport (e-DRT) which refers to an EV-based DRT explicitly synchronized with fixed-route 
mass transit. They also developed models and algorithms for fleet sizing, charger sizing, and schedule coordination under stochastic 
demand, with the policy aim of shifting trips to public transport.
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Table 1 
Literature summary. AMoD: Autonomous Mobility-on-Demand, DRL: Deep Reinforcement Learning, MILP: Mixed-Integer Linear Problem, MoD: 
Mobility-on-Demand, MPEC: Mathematical Program with Equilibrium Constraints, PT: Public Transport, VNS: Variable Neighborhood Search, 
WPT: Wireless Power Transfer.
Reference  Fully Electric MoD  PT Integration Charging Lo-

cation
 Charging Type  Charger Scheduling  Passenger Waiting  MoD Fleet Size  Solution Method

(Doubleday 
et al., 2016)

✓ In-route 
WPT

 Partial  WPTSim tool

(Jäger et al., 
2017)

✓ (AMoD)  Simulation

(Tucker 
et al., 2019)

✓ (AMoD) In-service 
plug-in 
points

 Partial ✓  Heuristic

(Hsueh 
et al., 2021)

✓ (AMoD) ✓  Simulation

(Liang et al., 
2021)

✓ In-service 
plug-in 
points

 Full  DRL

(Li et al., 
2022)

✓ In-service 
opportunity 
points

 Partial ✓  Heuristic (VNS)

(Tan et al., 
2022)

✓  Systematic review

(Wang and 
Guo, 2022)

✓ (AMoD) ✓  DRL

(Fang and 
Ma, 2023)

✓ ✓ Private plug-
in chargers

 Partial ✓ ✓  MILP

(Gao and Li, 
2024)

✓ (AMoD) Plug in or 
swap out

 Full/partial ✓  Bi-level MPEC

(Paparella 
et al., 2024)

✓ (AMoD) Plug-in 
charging 
stations

 Partial ✓  MILP

(Esteban 
et al., 2025)

✓  Community survey

(Fang, 2025) ✓ ✓ Plug-in 
charging 
stations

 Partial ✓ ✓  MILP

This study ✓ ✓ Public op-
portunity 
chargers

 Partial ✓ ✓ ✓  MILP

Although studies jointly addressing EMoD–PT integration and explicit charging operations remain limited, they are closely aligned 
with the present research. Building on this line of work, the proposed study jointly optimizes EMoD–PT coordination, electric fleet 
charging schedules, and fixed-line public transport timetable rescheduling to achieve tighter system-level integration.

2.3.  Study contribution

The most relevant studies in past literature are summarized in Table 1. In summary, most studies focus on Electric Mobility-on-
Demand (EMoD) in general, while far fewer examine the integration of EMoD with public transport.

In light of prior work, our problem coordinates electric on-demand services with fixed public transport while explicitly incorporat-
ing vehicle charging. As shown in Table 1, most EMoD studies rely on heuristic/metaheuristic approaches, whereas exact EMoD–PT 
formulations do not jointly optimize passenger travel times and operating costs. The integrated EVRP–PTR framework proposed in 
this study is formulated as a bi-objective optimization problem minimizing total door-to-rail passenger travel time and on-demand 
operating costs. The problem is solved using an exact solution approach based on the 𝜖-constraint method, enabling the computation 
of globally optimal solutions and the generation of Pareto-optimal trade-offs. The following sections present the EVRP–PTR formula-
tion, together with its implementation on a toy network and an extended real-world Athens case study, followed by the corresponding 
results analysis.
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3.  Formulation as an electric vehicle routing and public transport tescheduling problem

3.1.  Problem description

The Electric Vehicle Routing and Public Transport Rescheduling Problem (EVRP–PTR) extends the Vehicle Routing and Public 
Transport Rescheduling Problem (VRP–PTR) (Dimitriadou and Gkiotsalitis, 2025) by incorporating a fleet of electric vehicles for 
on-demand mobility services. Similar to the VRP–PTR, the EVRP–PTR coordinates two transport modes: electric on-demand shuttle 
buses and public transport, represented in this study by the railway system. A set of customers (passengers), each located at distinct 
pickup points in the network, constitutes the target group of this coordination, aiming to reduce their total travel and waiting times 
from the origin location until boarding the railway service.

In the EVRP–PTR setting, electric shuttle buses may (re)charge at publicly accessible opportunity charging stations within the 
service area. Incorporating charging decisions into the VRP–PTR formulation transforms the problem into three interdependent 
components: (i) vehicle routing, (ii) shuttle charging scheduling, and (iii) public transport rescheduling. The charging component 
ensures that shuttle state-of-charge (SOC) levels remain within admissible bounds, but also increases system complexity, as charging 
detours may affect passenger waiting times and service synchronization.

3.2.  Mathematical program

In formulating this problem, the following assumptions are adopted: (1) on-demand shuttle buses can start their trips from multiple 
depots (i.e., metro, railway, bus, and tram stations), and terminate their trip at the same railway station; (2) all shuttle bus trips follow 
the shortest route to each assigned pickup point; (3) the travel times of the shuttle buses between different vertices of the transport 
network are known in advance; and (4) each passenger is served exactly once, thereby ensuring complete coverage of the assigned 
demand. To incorporate the electrification of the on-demand fleet, we make the following additional assumptions:

1. Each shuttle bus begins its on-demand service with a fully charged battery.
2. Each opportunity charging facility can be used by only one vehicle at a time.
3. The opportunity (re)charging of on-demand shuttles has a fixed duration.

For this model, we consider a directed graph  = ( ∪ ,). The vertex set  is divided into two subsets:  ∪  , where  denotes 
the pickup locations of passenger requests for the on-demand service, indexed by ⟨1,…, 𝑝⟩. Each pickup vertex shares the same 
destination, hereafter referred to as the main railway station. The set  contains the shuttle route origin and destination nodes, 
including two copies of the main railway station, denoted by ⟨0, 𝑝 + 1⟩, to distinguish shuttle route departures from arrivals. The set 
 represents the opportunity charging physical locations available to the shuttle fleet, each accommodating at most one shuttle at a 
time. The arc set 𝐴 contains all feasible shuttle movements, including start, end, and inter-task paths, and is defined as the union of 
the following arc subsets:

 =

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

1 = (𝑜, 𝑗) ∀𝑜 ∈  ⧵ {𝑝 + 1}, ∀𝑗 ∈ 
2 = (𝑖, 𝑗) ∀𝑖 ∈  , ∀𝑗 ∈  ⧵ {𝑖}, 𝑖 ≠ 𝑗
3 = (𝑖, 𝑐) ∀𝑖 ∈  , ∀𝑐 ∈ 
4 = (𝑐, 𝑖) ∀𝑐 ∈ , ∀𝑖 ∈ 
5 = (𝑖, 𝑝 + 1) ∀𝑖 ∈ 
6 = (𝑐, 𝑝 + 1) ∀𝑐 ∈ 

For each on-demand shuttle bus 𝑘 ∈ , the abovementioned arc set  defines all feasible route movements. Specifically, 1
contains arcs from shuttle origin points to all pickup locations, 2 arcs between different pickup locations, and 3 – 4 arcs connecting 
pickup and charging locations in both directions. Finally, 5 and 6 represent feasible return arcs from pickup and charging locations, 
respectively, to the main railway station. Since shuttle buses cannot travel directly from their starting points to a charging location, 
1 only includes origin-to-pickup arcs. Overall, the set  captures all feasible routing and (re)charging movements required for 
passenger service.

In this model, each shuttle bus departs from a predefined starting point (depot), either the main railway station vertex 0 or another 
node in , serves a sequence of pickup locations in  , may (re)charge at locations in  when necessary, and terminates at the main 
railway station vertex 𝑝 + 1, where passengers are dropped off. Let  denote the set of available on-demand shuttle buses. A key 
objective of the proposed framework is to coordinate the operation of electric on-demand shuttle buses with the railway timetable 
to facilitate efficient passenger transfers. To improve this synchronization, railway departures may be rescheduled to maintain com-
petitive combined travel times relative to private vehicle use. The railway trips are fixed and pre-scheduled throughout the day and 
are assumed sufficient to allow passengers to board the first available train. These trips are represented by the set , where each trip 
𝑟 ∈  departs at time 𝑦𝑟 ∈ ℝ≥0.

Fig. 1 illustrates the network  with four pickup nodes and two opportunity charging locations, depicting all feasible shuttle 
movements among the main railway station, additional shuttle origins {1,2}, pickup nodes  = {𝑖, 𝑖 + 1, 𝑗, 𝑗 + 1}, and pantograph 
chargers  = {1,2}, including all potential charging events.
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Fig. 1. Modeled representation of the network  = ( ∪ ,) of the electric on-demand shuttles 𝑘 ∈ .

Each vertex 𝑖 ∈  is associated with a pickup demand 𝑞𝑖 ≥ 0, representing the number of passengers requesting on-demand service 
to access the most time-appropriate railway trip. Since shuttle buses depart from their origin points without passengers, 𝑞𝑜 = 0 for all 
𝑜 ∈  ⧵ {𝑝 + 1}. Each pickup point 𝑖 ∈  is also associated with a requested pickup time 𝑒𝑖 ∈ ℝ≥0. Passenger boarding and alighting 
operations on the on-demand shuttle bus require a fixed service time 𝛽 ∈ ℝ≥0, while an additional fixed duration 𝛼 ∈ ℝ≥0 is assumed 
for accessing the railway platform after alighting.

In terms of operational constraints, each shuttle bus 𝑘 ∈  is characterized by a maximum capacity 𝑘 ∈ ℝ≥0 and a maximum 
operating time 𝑘 ∈ ℝ≥0. Fleet size constitutes the primary operating cost component of the on-demand service. For each arc (𝑖, 𝑗) ∈ , 
with 𝑖, 𝑗 ∈  ∪ , the direct shuttle travel time is denoted by 𝑡𝑖𝑗 ∈ ℝ≥0, where 𝑡𝑖𝑖 = +∞ excludes loops. Each electric shuttle is assumed 
to follow the shortest travel distance 𝑑𝑖𝑗 between consecutive locations (𝑖, 𝑗). To maintain service quality, a maximum passenger 
waiting time  ∈ ℝ≥0 and a maximum in-vehicle ride time  ∈ ℝ≥0 are imposed. Finally, a tolerance parameter 𝑠 ∈ ℝ≥0 specifies the 
maximum allowable deviation from the scheduled railway timetable.

To account for fleet electrification, the state-of-charge (SOC) of each shuttle 𝑘 ∈  is constrained within predefined bounds 
(𝑆𝑂𝐶min

𝑘 , 𝑆𝑂𝐶max
𝑘 ), where 𝑆𝑂𝐶min

𝑘  denotes the minimum allowable SOC and 𝑆𝑂𝐶max
𝑘  the battery capacity of the vehicle. An in-

termediate threshold 𝑆𝑂𝐶𝑢𝑝𝑘  is introduced to trigger opportunity charging before the SOC reaches the critical level 𝑆𝑂𝐶min
𝑘 . Battery 

consumption per unit distance is denoted by 𝛾, while each charging event provides a fixed energy amount Δ𝐻 , assuming a constant 
charging duration 𝜌 across all charging locations. The problem notation is summarized in Tables 2 and 3, with the latter presenting 
the sets, parameters, and variables related to fleet electrification of the on-demand service.

Considering the presented nomenclature, the combined mathematical model of the EVRP–PTR problem developed in this study is 
described below. The EVRP–PTR problem involves two objective functions. The first objective (𝑓1), given in Eq. (1), seeks to minimize 
the overall door-to-rail travel time of passengers. This overall door-to-rail travel time consists of three components: (1) the waiting 
time for shuttle pickup (𝑚𝑖), (2) the in-vehicle travel time from the pickup point to the main railway station (𝑛𝑖), and (3) the waiting 
time at the main railway station until the departure of the next train (𝑤𝑖). The second objective (𝑓2), shown in Eq. (2), aims to 
minimize the operational cost of the on-demand service by reducing the number of available shuttle buses. This is modeled through 
the binary variable 𝑧𝑘, where 𝑧𝑘 = 1 if on-demand shuttle 𝑘 ∈  is assigned to at least one pickup point and 𝑧𝑘 = 0 otherwise, as 
constrained by Eq. (3). Together, these objectives define a multi-objective optimization problem (MOOP).

(𝑄̃) ∶

min
∑

𝑖∈
(𝑚𝑖 + 𝑛𝑖 +𝑤𝑖) (1)

min
∑

𝑘∈
𝑧𝑘 (2)

s.t.:𝑧𝑘 ≥ 𝑥𝑘𝑖𝑗 ∀(𝑖, 𝑗) ∈ ,∀𝑘 ∈  (3)

𝑥𝑘𝑖𝑗 ∈ {0, 1} ∀(𝑖, 𝑗) ∈ ,∀𝑘 ∈  (4)
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Table 2 
Nomenclature.

 Sets
 set of all pickup vertices
 set of copies of the main railway station and shuttle origin nodes
 set of copies of the main railway station, shuttle origin nodes, and pickup vertices, where  =  ∪ 
 arc set of all feasible routes where the on-demand vehicle can travel
 set of the available on-demand shared vehicles (shuttle buses)
 set of all scheduled railway trips during an operational day
 Parameters
𝑦𝑟 departure time of the scheduled railway trip 𝑟 ∈ 
𝑞𝑖 pickup passenger demand at each vertex 𝑖 ∈  for the on-demand service
𝑒𝑖 pickup demand time of each vertex 𝑖 ∈  for the on-demand service
𝛽 fixed time for the boarding/alighting of each passenger to the shared vehicle
𝛼 fixed time for reaching the railway station dock after the alighting process
𝑘 capacity of each shuttle bus 𝑘 ∈ 
𝑘 maximum allowable running time of a shuttle bus 𝑘 ∈ 
𝑑𝑖𝑗 minimum travel distance of a feasible arc (𝑖, 𝑗) ∈ 
𝑡𝑖𝑗 travel time of traversing a feasible arc (𝑖, 𝑗) ∈ 
 maximum allowable waiting time of passengers at the pickup vertex 𝑖 ∈  until their pickup time by the on-demand service
 maximum allowable ride time of passengers from any pickup vertex 𝑖 ∈ 
𝑠 the allowed timetable deviation for railway trips 𝑟 ∈ 
𝑀 a very large positive number
 Variables
𝑥𝑘𝑖𝑗 𝑥𝑘𝑖𝑗 ∈ {0, 1}, where 𝑥𝑘𝑖𝑗 = 1 if the on-demand shuttle bus 𝑘 ∈  serves vertices (𝑖, 𝑗) ∈  sequentially, and 𝑥𝑘𝑖𝑗 = 0 if not
𝜃𝑘𝑖 𝜃𝑘𝑖 ∈ {0, 1}, where 𝜃𝑘𝑖 = 1 if the on-demand shuttle bus 𝑘 ∈  serves vertex 𝑖 ∈  ∪ , and 𝜃𝑘𝑖 = 0 if not
𝑙𝑖𝑟 𝑙𝑖𝑟 ∈ {0, 1}, where 𝑙𝑖𝑟 = 1 if the passengers from pickup point 𝑖 ∈  are assigned to the railway trip 𝑟 ∈ , and 𝑙𝑖𝑟 = 0 if not
𝑧𝑘 𝑧𝑘 ∈ {0, 1}, where 𝑧𝑘 = 1 if the on-demand shuttle bus 𝑘 ∈  serves at least one pickup vertex 𝑖 ∈  , and 𝑧𝑘 = 0 if not
𝑢𝑘𝑖 𝑢𝑘𝑖 ∈ ℝ≥0, indicating the actual time at which shuttle bus 𝑘 ∈  starts servicing vertex 𝑖 ∈  ∪ 
𝑔𝑘𝑗 𝑔𝑘𝑗 ∈ ℝ≥0, indicating the time at which shuttle bus 𝑘 ∈  starts servicing vertex 𝑗 ∈  ∪ , considering the time it served the 

previous vertex 𝑖 ∶ 𝑖 ≠ 𝑗, (𝑖, 𝑗) ∈ 
𝜏𝑘 𝜏𝑘 ∈ ℝ≥0, indicating the return time of the on-demand shuttle bus 𝑘 ∈  at the main railway station after unloading all serviced 

passengers from the pickup vertices
𝑏𝑖 𝑏𝑖 ∈ ℝ≥0, indicating the arrival time of passengers from pickup vertex 𝑖 ∈  at the main railway station
ℎ𝑟 ℎ𝑟 ∈ ℝ, indicating the permitted timetable modifications for a railway trip 𝑟 ∈ 
𝑚 𝑚 = [𝑚1 ,…, 𝑚𝑖 ,…, 𝑚

|𝑃 |]⊺ ∈ ℝ≥0, waiting time for the passenger demand 𝑖 ∈  from when the on-demand service is requested 
until the passenger demand is picked up

𝑛 𝑛 = [𝑛1 ,…, 𝑛𝑖 ,…, 𝑛
|𝑃 |]⊺ ∈ ℝ≥0, in-vehicle travel time for the passenger demand 𝑖 ∈  corresponding to the (𝑖, 𝑝 + 1) request

𝑤 𝑤 = [𝑤1 ,…, 𝑤𝑖 ,…, 𝑤
|𝑃 |]⊺ ∈ ℝ≥0, waiting time for the passenger demand 𝑖 ∈  from its arrival at the main railway station until 

the departure time of the next closest railway trip 𝑟 ∈ 

Table 3 
Nomenclature for the opportunity-charging process of the electric on-demand shuttles.
 Sets
 set of all physical sites for opportunity charging
 Parameters
𝑆𝑂𝐶min

𝑘 minimum allowed state-of-charge of shuttle bus 𝑘 ∈ 
𝑆𝑂𝐶max

𝑘 maximum allowed state-of-charge of shuttle bus 𝑘 ∈ 
𝑆𝑂𝐶𝑢𝑝

𝑘 the upper limit of the SOC interval [𝑆𝑂𝐶min
𝑘 , 𝑆𝑂𝐶𝑢𝑝

𝑘 ] at which shuttle bus 𝑘 ∈  must visit a charging point (pantograph)
𝛾 battery consumption per traveled distance
Δ𝐻 fixed energy added per visit to a charging point (pantograph)
𝜌 fixed opportunity-charging duration
 Variables
𝛿𝑘𝑗 𝛿𝑘𝑗 ∈ {0, 1}, where 𝛿𝑘𝑗 = 1 if the on-demand shuttle bus 𝑘 ∈  is assigned for opportunity charging 𝑗 ∈ , and 0 otherwise
𝑆𝑂𝐶 𝑖

𝑘 𝑆𝑂𝐶 𝑖
𝑘 ∈ ℝ≥0, indicating the SOC of shuttle bus 𝑘 ∈  when leaving vertex 𝑖 ∈  ∪ 

𝑆𝑂𝐶 𝑖
𝑘 𝑆𝑂𝐶 𝑖

𝑘 ∈ ℝ≥0, indicating the SOC of shuttle bus 𝑘 ∈  when it arrives at vertex 𝑖 ∈  ∪ 
𝑓𝑘𝑗 𝑓𝑘𝑗 ∈ ℝ≥0, time at which shuttle bus 𝑘 ∈  begins opportunity charging at charging vertex 𝑗 ∈ 
𝜆𝑘𝑗 𝜆𝑘𝑗 ∈ ℝ≥0, time at which shuttle bus 𝑘 ∈  completes opportunity charging at charging vertex 𝑗 ∈ 
𝜅𝑘𝑗 𝜅𝑘𝑗 ∈ ℝ≥0, energy added (kWh) to a shuttle bus 𝑘 ∈  at vertex 𝑗 ∈  ∪ ; 𝜅𝑘𝑗 = 0 if 𝑗 ∈  (no charger available), and 𝜅𝑘𝑗 > 0

when 𝑗 ∈  (charging vertex - pantograph)
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𝑧𝑘 ∈ {0, 1} ∀𝑘 ∈  (5)

𝑚𝑖, 𝑛𝑖, 𝑤𝑖 ∈ ℝ≥0 ∀𝑖 ∈  (6)

Constraints (7)–(11) are imposed to ensure route feasibility, flow conservation, and the efficient coverage of passenger demand by 
the on-demand service. Specifically, constraints (7) ensure that every pickup point 𝑖 ∈  with an active on-demand request is visited 
exactly once by a shuttle, guaranteeing complete demand coverage. This condition is expressed through the three-index decision 
variable 𝑥𝑘𝑖𝑗 , which takes the value 1 if shuttle bus 𝑘 ∈  travels directly from a pickup vertex 𝑖 ∈  to vertex 𝑗 ∈  ∪ . Constraints
(8) impose a round-trip structure for each shuttle bus: once a shuttle bus departs from its starting point to serve a pickup point 𝑗 ∈  , 
it must eventually return to the main railway station after completing its assigned service, while maintaining its battery level within 
admissible limits. Constraints (9) and (10) restrict each on-demand shared vehicle to a single route, and ensure that the shuttle bus 
departs from its origin point whenever 𝑥𝑘𝑖𝑗 = 1 for an arc (𝑖, 𝑗) ∈ . Constraints (11) establish flow continuity by ensuring that if a 
shuttle bus arrives at a pickup or charging node 𝑔 ∈  ∪ , it must also depart from that node.

∑

𝑘∈

∑

𝑗∶(𝑖,𝑗)∈
𝑥𝑘𝑖𝑗 = 1 ∀𝑖 ∈  (7)

∑

𝑗∶(𝑜,𝑗)∈ | 𝑜∈⧵{𝑝+1}
𝑥𝑘𝑜𝑗 =

∑

𝑗∶(𝑗,𝑝+1)∈
𝑥𝑘𝑗𝑝+1 ∀𝑘 ∈  (8)

∑

𝑖∶(𝑜,𝑖)∈ | 𝑜∈⧵{𝑝+1}
𝑥𝑘𝑜𝑖 ≤ 1 ∀𝑘 ∈  (9)

∑

𝑖∶(𝑜,𝑖)∈ | 𝑜∈⧵{𝑝+1}
𝑥𝑘𝑜𝑖 ≥

∑

𝑖∶(𝑖,𝑗)∈

∑

𝑗∈
𝑥𝑘𝑖𝑗 ∀𝑘 ∈  (10)

∑

𝑖∶(𝑖,𝑔)∈
𝑥𝑘𝑖𝑔 −

∑

𝑗∶(𝑔,𝑗)∈
𝑥𝑘𝑔𝑗 = 0 ∀𝑔 ∈  ∪ ,∀𝑘 ∈  (11)

Constraints (12) impose capacity restrictions on the shuttle buses, preventing overload during pickups and ensuring that vehicle 
capacity is respected throughout the route. Constraints (13) are crucial for mapping shuttle buses to the vertices 𝑖 ∈  ∪  through 
the two-index binary variable 𝜃𝑘𝑖 , formulated using the big-𝑀 approach. In this model, 𝑀 is defined as a very large positive constant 
(𝑀 ⋙ 0), ensuring that 𝜃𝑘𝑖  is set to 1 whenever 𝑥𝑘𝑖𝑗 = 1 by satisfying the lower bound of the constraint.

∑

𝑖∈

∑

𝑗∶(𝑖,𝑗)∈
𝑞𝑖𝑥

𝑘
𝑖𝑗 ≤ 𝑘 ∀𝑘 ∈  (12)

1
𝑀

∑

𝑗∶(𝑖,𝑗)∈
𝑥𝑘𝑖𝑗 ≤ 𝜃𝑘𝑖 ≤

∑

𝑗∶(𝑖,𝑗)∈
𝑥𝑘𝑖𝑗 ∀𝑖 ∈  ∪ ,∀𝑘 ∈  (13)

𝜃𝑘𝑖 ∈ {0, 1} ∀𝑖 ∈  ∪ ,∀𝑘 ∈  (14)

Constraints (15) ensure that the service time 𝑢𝑘𝑖  of pickup point 𝑖 ∈  by shuttle bus 𝑘 ∈  is no earlier than the requested time 
instance 𝑒𝑖. Constraints (16) determine the exact departure time of shuttle bus 𝑘 from its starting point, 𝑢𝑘𝑜 , when the shuttle bus is 
assigned to serve pickup point 𝑖 (i.e., 𝑥𝑘𝑜𝑖 = 1). This time is computed as 𝑢𝑘𝑜 = 𝑢𝑘𝑖 − 𝑡𝑜𝑖, namely the difference between the service time 
at pickup point 𝑖 and the travel time from the origin point to 𝑖. As will be shown in the subsequent Eq. (28) and (29), 𝑢𝑘𝑖  is closely 
linked not only to 𝑒𝑖, but also to the potential completion time of any charging operation performed immediately after visiting 𝑖. This 
dependency is therefore incorporated into the computation of 𝑢𝑘𝑜 , ensuring that any en-route charging activity of the shuttle bus is 
explicitly accounted for.

𝑢𝑘𝑖 ≥ 𝑒𝑖 ∀𝑖 ∈  ,∀𝑘 ∈  (15)

𝑢𝑘𝑜 = 𝑢𝑘𝑖 − 𝑡𝑜𝑖 ∣ 𝑥
𝑘
𝑜𝑖 = 1 ∀𝑜 ∈  ⧵ {𝑝 + 1},∀𝑖 ∈  ,∀𝑘 ∈  (16)

𝑢𝑘𝑖 ∈ ℝ≥0 ∀𝑖 ∈  ∪ ,∀𝑘 ∈  (17)

Each on-demand shuttle bus 𝑘 ∈  begins daily operations fully charged, i.e., 𝑆𝑂𝐶𝑜𝑘 = 𝑆𝑂𝐶max
𝑘 , as imposed by constraints (18). 

When the shuttle visits a node 𝑗 ∈  ∪ , we distinguish the arrival state-of-charge, 𝑆𝑂𝐶𝑗𝑘, from the departure state-of-charge, 𝑆𝑂𝐶𝑗𝑘. 
These are related by 𝑆𝑂𝐶𝑗𝑘 = 𝑆𝑂𝐶𝑗𝑘 + 𝜅

𝑗
𝑘, through constraints (19), where 𝜅

𝑗
𝑘 denotes the energy added to vehicle 𝑘 at node 𝑗. Con-

straints (20) restrict 𝜅𝑗𝑘 to zero at non-charging nodes (𝑗 ∈ ) and allow to be positive at charging nodes (𝑗 ∈ ) upon the execution of 
an opportunity charging. Specifically, at charging nodes, we define 𝜅𝑘𝑗 = Δ𝐻𝛿𝑘𝑗 , such that the battery receives a fixed energy amount 
Δ𝐻 whenever a charging operation is performed, with the binary variable 𝛿𝑘𝑗 indicating whether shuttle bus 𝑘 charges at node 𝑗. 
The state-of-charge dynamics of the shuttle bus along the route are given by constraints (21). Namely, for any active arc (𝑖, 𝑗) with 
𝑥𝑘𝑖𝑗 = 1, the arrival state-of-charge at node 𝑗 ∈  ∪ , 𝑆𝑂𝐶𝑗𝑘, equals the departure state-of-charge from the preceding node 𝑖, 𝑆𝑂𝐶 𝑖𝑘, 
reduced by the energy consumption on arc (𝑖, 𝑗), i.e., 𝛾𝑑𝑖𝑗 .

To regulate (re)charging decisions, constraints (22) require the departure state-of-charge 𝑆𝑂𝐶𝑗𝑘 of a shuttle bus 𝑘 ∈  at pickup 
node 𝑗 ∈  to remain above the threshold 𝑆𝑂𝐶𝑢𝑝𝑘 , ensuring sufficient battery levels after servicing a pickup point. Constraints (23) 
further bound the arrival state-of-charge at charging locations according to 𝑆𝑂𝐶min

𝑘 ≤ 𝑆𝑂𝐶𝑗𝑘 ≤ 𝑆𝑂𝐶𝑢𝑝𝑘 , thereby defining the admissible 
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SOC range within which (re)charging operations may occur. Collectively, constraints (19) – (23), together with the binary variable 
𝛿𝑘𝑗 , determine when (re)charging takes place, and ensure that, whenever charging occurs, shuttle bus 𝑘 departs charging node 𝑗 ∈ 
with an additional energy amount 𝜅𝑘𝑗 . Constraints (24) define the charging start time of shuttle bus 𝑘 at charger 𝑗, denoted by 𝑓𝑘𝑗 , 
as the sum of the service completion time at the immediately preceding node 𝑖, 𝑢𝑘𝑖 , with (𝑖, 𝑗) ∈ , the passenger boarding duration 
at node 𝑖, 𝛽𝑞𝑖𝜃𝑘𝑖 , and the travel time 𝑡𝑖𝑗 . This constraint becomes active only when shuttle bus 𝑘 traverses arc (𝑖, 𝑗), i.e., 𝑥𝑘𝑖𝑗 = 1, and a 
charging operation is scheduled at node 𝑗, i.e., 𝛿𝑘𝑗 = 1. Given 𝑓𝑘𝑗 , constraints (25) determine the charging completion time, 𝜆𝑘𝑗 , as 
𝑓𝑘𝑗 + 𝜌, where 𝜌 denotes the fixed charging duration common to all shuttles and applies whenever 𝛿𝑘𝑗 = 1.

Opportunity charging sites can be used multiple times per day without predefined charging time slots. Consequently, the charging 
start time of each bus 𝑘 ∈  at charger 𝑗 ∈ , denoted by 𝑓𝑘𝑗 , may take any nonnegative continuous value at any opportunity charging 
location. This operational flexibility introduces the risk of overlapping charging sessions among multiple on-demand shuttle buses 
at the same charger. To prevent such conflicts, constraints (26) ensure that no charger is simultaneously occupied by more than one 
shuttle bus. In particular, if another on-demand vehicle 𝜙 ∈  ⧵ {𝑘} is assigned to charger 𝑗 and initiates charging no later than shuttle 
bus 𝑘 ∈  (i.e., 𝑓𝜙𝑗 ≤ 𝑓𝑘𝑗), then shuttle bus 𝑘 cannot charge at the same location if its charging start time, 𝑓𝑘𝑗 , precedes 𝜙’s charging 
completion time, 𝜆𝜙𝑗 . Equivalently, if the charging intervals [𝑓𝜙𝑗 , 𝜆𝜙𝑗 ) and [𝑓𝑘𝑗 , 𝜆𝑘𝑗 ) overlap, at most one of the corresponding charging 
decisions may be active, i.e., 𝛿𝜙𝑗 + 𝛿𝑘𝑗 ≤ 1. Constraints (27) further couple charging decisions with routing decisions by ensuring that 
shuttle bus 𝑘 may charge at node 𝑗 ∈  (i.e., 𝛿𝑘𝑗=1) only if it traverses an incoming arc from a pickup node 𝑖 ∈  , such that (𝑖, 𝑗) ∈ 
and 𝑥𝑘𝑖𝑗 = 1.

To maintain the proper time sequence between consecutive visits, constraints (28) calculate the service-start time 𝑔𝑘𝑗  at node 
𝑗 ∈  ∪  for shuttle bus 𝑘 ∈ . For pickup nodes 𝑗 ∈  , 𝑔𝑘𝑗  is computed as the sum of the service time at the preceding node 𝑖, 𝑢𝑘𝑖 , 
with (𝑖, 𝑗) ∈ , the passenger boarding duration at node 𝑖, 𝛽𝑞𝑖𝜃𝑘𝑖 , and the travel time 𝑡𝑖𝑗 , whenever shuttle bus 𝑘 traverses arc (𝑖, 𝑗) (i.e., 
𝑥𝑘𝑖𝑗 = 1). This formulation also determines 𝑔𝑘𝑝+1, representing the time at which shuttle bus 𝑘 returns to the main railway station after 
completing its assigned route. For charging nodes 𝑗 ∈ , 𝑔𝑘𝑗  is equal to the charging completion time, 𝜆𝑘𝑗 . Constraints (29), together 
with constraints (15), define the actual service time at pickup nodes 𝑗 ∈  , 𝑢𝑘𝑗 , as the maximum of 𝑔𝑘𝑗  and the requested pickup time 
𝑒𝑗 , while for charging nodes 𝑗 ∈ , it holds that 𝑢𝑘𝑗 = 𝑔𝑘𝑗 .

𝑆𝑂𝐶𝑜𝑘 = 𝑆𝑂𝐶max
𝑘 ∀𝑜 ∈  ⧵ {𝑝 + 1},∀𝑘 ∈  (18)

𝑆𝑂𝐶𝑗𝑘 = 𝑆𝑂𝐶𝑗𝑘 + 𝜅𝑘𝑗 ∀𝑗 ∈  ∪ ,∀𝑘 ∈  (19)

𝜅𝑘𝑗 =

{

0, ∀𝑗 ∈  ,∀𝑘 ∈ 
Δ𝐻𝛿𝑘𝑗 , ∀𝑗 ∈ ,∀𝑘 ∈ 

(20)

𝑆𝑂𝐶𝑗𝑘 = (𝑆𝑂𝐶 𝑖𝑘 − 𝛾𝑑𝑖𝑗 )𝑥
𝑘
𝑖𝑗 ∀(𝑖, 𝑗) ∈  ∶ 𝑗 ∈  ∪ ,∀𝑘 ∈  (21)

𝑆𝑂𝐶𝑗𝑘 ≥ 𝑆𝑂𝐶𝑢𝑝𝑘 ∀𝑗 ∈  ,∀𝑘 ∈  (22)

𝑆𝑂𝐶min
𝑘 ≤ 𝑆𝑂𝐶𝑗𝑘 ≤ 𝑆𝑂𝐶𝑢𝑝𝑘 ∣ 𝛿𝑘𝑗 = 1 ∀𝑗 ∈ ,∀𝑘 ∈  (23)

𝑓𝑘𝑗 = (𝑢𝑘𝑖 + 𝛽𝑞𝑖𝜃
𝑘
𝑖 + 𝑡𝑖𝑗 )𝑥

𝑘
𝑖𝑗𝛿𝑘𝑗 ∀(𝑖, 𝑗) ∈  ∶ 𝑗 ∈ ,∀𝑘 ∈  (24)

𝜆𝑘𝑗 = (𝑓𝑘𝑗 + 𝜌)𝛿𝑘𝑗 ∀𝑗 ∈ ,∀𝑘 ∈  (25)

𝛿𝜙𝑗 + 𝛿𝑘𝑗 ≤ 1 if 𝑓𝜙𝑗 ≤ 𝑓𝑘𝑗 ∧ 𝑓𝑘𝑗 < 𝜆𝜙𝑗 ∀𝑘 ∈ ,∀𝜙 ∈  ⧵ {𝑘},∀𝑗 ∈  (26)

𝛿𝑘𝑗 ≥ 𝑥𝑘𝑖𝑗 ∀(𝑖, 𝑗) ∈  ∶ 𝑗 ∈ ,∀𝑘 ∈  (27)

𝑔𝑘𝑗 =

{

𝑢𝑘𝑖 + 𝛽𝑞𝑖𝜃
𝑘
𝑖 + 𝑡𝑖𝑗 ∣ 𝑥

𝑘
𝑖𝑗 = 1, ∀(𝑖, 𝑗) ∈  ∶ 𝑗 ∈  ,∀𝑘 ∈ 

𝜆𝑘𝑗 , ∀𝑗 ∈ ,∀𝑘 ∈ 
(28)

𝑢𝑘𝑗

{

≥ 𝑔𝑘𝑗 , ∀𝑗 ∈  ,∀𝑘 ∈ 
= 𝑔𝑘𝑗 , ∀𝑗 ∈ ,∀𝑘 ∈ 

(29)

𝛿𝑘𝑗 ∈ {0, 1} ∀𝑗 ∈ ,∀𝑘 ∈  (30)

𝜅𝑘𝑗 ∈ ℝ≥0 ∀𝑘 ∈ ,∀𝑗 ∈  ∪  (31)

𝑔𝑘𝑗 ∈ ℝ≥0 ∀𝑗 ∈  ∪ ,∀𝑘 ∈  (32)

Constraints (33) define the first component of the door-to-rail passenger travel time, 𝑚𝑖, representing the passenger waiting time 
between the pickup request time 𝑒𝑖 and the actual pickup time 𝑢𝑘𝑖  by shuttle bus 𝑘 ∈ . Constraints (34) ensure that this waiting 
time does not exceed the maximum allowable passenger threshold,  , thereby supporting service quality and reliability. Constraints
(35) determine the return time of shuttle bus 𝑘 to the main railway station, 𝜏𝑘, as the sum of its station arrival time, 𝑔𝑘𝑝+1, and the 
unloading duration associated with the served passenger demand, 𝛽∑𝑖∈ 𝑞𝑖𝜃

𝑘
𝑖 . In addition, constraints (36) enforce the maximum 

operating time 𝑘 for each shuttle bus, measured as the elapsed time between its departure from the origin point, 𝑢𝑘𝑜 , and its return to 
the main railway station, 𝑔𝑘𝑝+1. Constraints (37) define the passenger arrival time at the main railway station as 𝑏𝑖 = 𝜏𝑘 + 𝛼 (whenever 
passenger demand 𝑖 is served by shuttle bus 𝑘), where 𝛼 denotes the estimated walking time from shuttle alighting to the railway 
platform.
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Constraints (38) define the second component of the door-to-rail passenger travel time, 𝑛𝑖, representing the in-vehicle travel time 
of passenger demand 𝑖 ∈  , computed as the difference between the passenger arrival time at the main railway station, 𝑏𝑖, and the 
corresponding pickup time by shuttle bus 𝑘 ∈ , 𝑢𝑘𝑖 . Constraints (39) ensure that the in-vehicle travel time does not exceed the 
maximum allowable threshold , thereby limiting excessive shuttle detours and promoting more efficient route selection within the 
underlying Vehicle Routing Problem (VRP) framework. Constraints (40) assign each pickup point to exactly one railway trip 𝑟 ∈ , 
whose departure time may be rescheduled by an amount ℎ𝑟 within the allowable deviation range defined by constraints (41) and the 
predefined timetable flexibility parameter 𝑠. Constraints (42) then adjust the railway departure time, 𝑦𝑟 + ℎ𝑟, to better synchronize 
railway departures with the arrival time of the assigned passenger demand at the main railway station, 𝑏𝑖. Finally, constraints (43) 
define the third component of the door-to-rail passenger travel time, 𝑤𝑖, representing passenger waiting time at the railway station, 
calculated as the difference between the passenger arrival at the station, 𝑏𝑖, and the departure time of the next closest—potentially 
rescheduled—railway trip.

𝑚𝑖 = 𝑢𝑘𝑖 − 𝑒𝑖 ∀𝑖 ∈  ,∀𝑘 ∈  (33)

𝑚𝑖 ≤  ∀𝑖 ∈  (34)

𝜏𝑘 = 𝑔𝑘𝑝+1 + 𝛽
∑

𝑖∈
𝑞𝑖𝜃

𝑘
𝑖 ∀𝑘 ∈  (35)

𝑔𝑘𝑝+1 − 𝑢
𝑘
𝑜 ≤ 𝑘 ∀𝑜 ∈  ⧵ {𝑝 + 1},∀𝑘 ∈  (36)

𝑏𝑖 = 𝜏𝑘 + 𝛼 ∣ 𝜃𝑘𝑖 = 1 ∀𝑖 ∈  ,∀𝑘 ∈  (37)

𝑛𝑖 = 𝑏𝑖 − 𝑢𝑘𝑖 ∀𝑖 ∈  ,∀𝑘 ∈  (38)

𝑛𝑖 ≤  ∀𝑖 ∈  (39)
∑

𝑟∈
𝑙𝑖𝑟 = 1 ∀𝑖 ∈  (40)

−𝑠 ≤ ℎ𝑟 ≤ 𝑠 ∣ 𝑙𝑖𝑟 = 1 ∀𝑖 ∈  ,∀𝑟 ∈  (41)

(𝑦𝑟 + ℎ𝑟)𝑙𝑖𝑟 ≥ 𝑏𝑖 ∀𝑖 ∈  ,∀𝑟 ∈  (42)

𝑤𝑖 = (𝑦𝑟 + ℎ𝑟) − 𝑏𝑖 ∣ 𝑙𝑖𝑟 = 1 ∀𝑖 ∈  ,∀𝑟 ∈  (43)

𝑙𝑖𝑟 ∈ {0, 1} ∀𝑖 ∈  ,∀𝑟 ∈  (44)

𝜏𝑘 ∈ ℝ≥0 ∀𝑘 ∈  (45)

𝑏𝑖 ∈ ℝ≥0 ∀𝑖 ∈  (46)

ℎ𝑟 ∈ ℝ ∀𝑟 ∈  (47)

The nature of the proposed problem is multi-objective, as improving one objective (i.e., reducing the number of available shuttle 
buses) may deteriorate the other (i.e., increasing door-to-rail passenger travel time), and vice versa. To solve this multi-objective 
optimization problem (MOOP), we employ the 𝜖-constraint solution method, which generates a representative subset of the Pareto 
front—the set of Pareto-optimal solutions capturing the best trade-offs between competing objectives. The 𝜖-constraint approach 
is adopted because it efficiently yields a representative subset of the Pareto front—which, in most cases, is sufficient (Gkiotsali-
tis, 2023)—while remaining compatible with the exact solution requirements of the proposed mathematical program. Under this 
approach, objective function (2) is reformulated as a constraint by limiting the total number of utilized on-demand shuttle buses 
through a user-defined threshold, 𝜖, while objective function (1) remains the primary optimization objective. With this consideration, 
objective function (2) is reformulated into the following constraints.

∑

𝑘∈
𝑧𝑘 ≤ 𝜖 𝜖 ∈ ℤ≥0 (48)

By varying the value of 𝜖 and repeatedly solving the model for each corresponding threshold, the 𝜖-constraint method generates 
a family of solutions, thereby acting as an a posteriori generator of Pareto-optimal solutions (Gkiotsalitis, 2023).

Mathematical program (𝑄̃) is non-convex due to nonlinearities in constraints (16), (21), (23) – (26), (28a), (37), and (41) – (43). 
In particular, these nonlinear constraints induce a non-convex feasible region, which complicates the search for globally optimal 
solutions. In our problem, most nonlinearities arise from logical expressions, whereas constraints (21), (24) – (25), and (42) contain 
products of decision variables. To address this, we linearize the nonlinear constraints using standard reformulation techniques and 
the big-𝑀 approach. In this method, 𝑀 is set as a very large positive constant (𝑀 → +∞), as in constraints (13), so as to dominate the 
relevant terms and enable the intended activation or relaxation of the corresponding constraints. The adopted linearization procedures 
and the resulting auxiliary linear constraints are presented in detail in Appendix A. Based on these reformulations, mathematical 
program (𝑄̃) can be expressed as the following mixed-integer linear program (MILP), (𝑄̂):

(𝑄̂) ∶

min
∑

𝑖∈
(𝑚𝑖 + 𝑛𝑖 +𝑤𝑖) (49)

s.t.:  Equations (3) – (15), (17) – (20), (22), (27), (28b) – (36), (38) – (40),
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(44) – (48), (A.1) – (A.23), (A.25) – (A.29). (50)

Theorem 1. Given that the problem is feasible, the continuous relaxation of the mathematical program (𝑄̂) possesses a globally optimal 
solution.

Proof.  The mathematical program (𝑄̂) in Eqs. (3) – (15), (17) – (20), (22), (27), (28b) – (36), (38) – (40), (44) – (48), (A.1) –
(A.23), (A.25) – (A.29) is a mixed-integer linear program (MILP). Its continuous relaxation yields a feasible region described by affine 
equalities and inequalities, that is, a polyhedron. Since the objective function is linear, the relaxation is both convex and concave. 
Consequently, any local optimum of the relaxed problem is also a global optimum. ∎

According to Theorem 1, the mixed-integer linear program (𝑄̂) can be solved to global optimality using exact MILP algorithms. 
This formulation ensures that, for any fixed 𝜖-value within the 𝜖-constraint multi-objective optimization framework, a globally optimal 
solution to the Electric Vehicle Routing and Public Transport Rescheduling Problem (EVRP–PTR) can be obtained.

4.  Electric vehicle routing and public transport rescheduling problem under travel-time uncertainties

During daily operations, electric on-demand shuttle buses may experience travel-time variability due to traffic congestion, road 
incidents, roadworks, and adverse weather conditions, which can disrupt vehicle operations and delay passenger pickups. It is there-
fore important to account for such uncertainty in the decision-making process. In the remainder of this section, we consider stochastic 
travel times for traversing each feasible arc (𝑖, 𝑗) ∈ , denoted by 𝑡𝑖𝑗 .

To capture this travel-time uncertainty, the deterministic parameter 𝑡𝑖𝑗 is replaced by a set of scenario-dependent values 
𝑡1,𝑖𝑗 , 𝑡2,𝑖𝑗 ,…, 𝑡

||,𝑖𝑗 for each (𝑖, 𝑗) ∈ , where  denotes the set of travel-time scenarios. A common way to address uncertainty is 
to optimize the expected value of the objective function, which requires probabilistic knowledge of the uncertain parameters, here 
represented by shuttle travel times. Since 𝑡𝑖𝑗 affects multiple layers of the problem, uncertainty propagates to all time-dependent 
variables, including 𝑢𝑘𝑖 , 𝑔𝑘𝑗 , 𝜏𝑘, 𝑏𝑖, 𝑚𝑖, 𝑛𝑖, 𝑤𝑖, 𝑓𝑘𝑗 , and 𝜆𝑘𝑗 , as well as the associated binary variables introduced in the linearization 
process (Appendix A). These variables therefore become scenario-dependent, taking || values through Eqs. (16), (24) – (25), (28) 
– (29), (33), (35), (37) – (38), and (43). Consequently, the three components of passenger door-to-rail travel time also become 
scenario-dependent, namely (𝑚1,𝑖, 𝑚2,𝑖,… , 𝑚

||,𝑖), (𝑛1,𝑖, 𝑛2,𝑖,… , 𝑛
||,𝑖), and (𝑤1,𝑖, 𝑤2,𝑖,… , 𝑤

||,𝑖), for all 𝑖 ∈  . The objective is therefore 
to minimize the expected total door-to-rail passenger travel time:

𝔼

[

∑

𝑖∈
(𝑚𝑖 + 𝑛𝑖 +𝑤𝑖)

]

(51)

which can be equivalently written as:

∑

𝑖∈
𝔼
[(

𝑚𝑖 + 𝑛𝑖 +𝑤𝑖
)]

(52)

To solve this Stochastic Optimization Problem, we employ the Sample Average Approximation (SAA) (Kim et al., 2015; Gkiotsalitis 
et al., 2022), which approximates the expected value of the objective function in Eq. (52) by computing its average over the travel-time 
scenarios, as follows:

1
||

[

∑

𝑠∈

∑

𝑖∈

(

𝑚𝑠,𝑖 + 𝑛𝑠,𝑖 +𝑤𝑠,𝑖
)

]

(53)

Introducing scenario-dependent travel times 𝑡𝑠,𝑖𝑗 may lead to infeasibilities across multiple layers of the EVRP–PTR framework due 
to increased shuttle travel times under certain scenarios. In particular, infeasibilities may arise in: (i) service start times; (ii) shuttle 
charging schedules; (iii) passenger waiting times; (iv) shuttle operating times; (v) passenger in-vehicle travel times; and (vi) railway 
timetable adjustments aimed at synchronizing train departures with passenger arrival times at the main railway station. To maintain 
feasibility, violations may be permitted in a limited number of scenarios. However, service start time constraints (Eq. (15)) and 
charging scheduling constraints (Eq. (26)) must always hold, as passengers cannot be served before their requested pickup time and 
chargers cannot be occupied simultaneously by multiple vehicles. The remaining constraints may be relaxed in selected scenarios, 
allowing the thresholds  , 𝑘, and  to be exceeded, or passenger arrivals 𝑏𝑖 to occur after the departure of the assigned train. In 
such cases, passengers may wait for a subsequent train or, if no later departure is available, miss the railway service.

Based on the above considerations, the stochastic formulation of (𝑄̂), accounting for shuttle travel-time uncertainty, is formulated 
as follows:

(𝑄̂) ∶

min 1
||

[

∑

𝑠∈

∑

𝑖∈

(

𝑚𝑠,𝑖 + 𝑛𝑠,𝑖 +𝑤𝑠,𝑖
)

]

(54)

s.t.: Equations (3) – (14), (17) – (20), (22), (27), (28b) – (33), (35), (38), (40),
(44) – (48), (A.1) – (A.18), (A.20) – (A.23), (A.26) – (A.29) (55)

Transportation Research Part C 190 (2026) 105790 

11 



A. Dimitriadou et al.

𝐶1,𝑠,𝑖𝑘 = 𝑢𝑘𝑠,𝑖 − 𝑒𝑖 ∀𝑖 ∈  ,∀𝑘 ∈ ,∀𝑠 ∈ {1,…,} (56)
∑

𝑠∈
Pr

(

𝐶1,𝑠,𝑖𝑘 ≥ 0
)

≥ 𝜉|| ∀𝑖 ∈  ,∀𝑘 ∈  (57)

𝐶2,𝑠,𝑘𝜙𝑗 = 𝛿𝜙𝑗 + 𝛿𝑘𝑗 − [1 +𝑀(1 − 𝜇𝑠,𝑘𝜙𝑗 )]

∀𝑘 ∈ ,∀𝜙 ∈  ⧵ {𝑘},∀𝑗 ∈ ,∀𝑠 ∈ {1,…,} (58)
∑

𝑠∈
Pr

(

𝐶2,𝑠,𝑘𝜙𝑗 ≤ 0
)

≥ 𝜉|| ∀𝑘 ∈ ,∀𝜙 ∈  ⧵ {𝑘},∀𝑗 ∈  (59)

𝐶3,𝑠,𝑖 = 𝑚𝑠,𝑖 −  ∀𝑖 ∈  ,∀𝑠 ∈ {1,…,} (60)
∑

𝑠∈
Pr

(

𝐶3,𝑠,𝑖 ≤ 0
)

≥ 𝜉|| ∀𝑖 ∈  (61)

𝐶4,𝑠,𝑘𝑜 = 𝑔𝑘𝑠,𝑝+1 − (𝑢𝑘𝑠,𝑜 + 𝑘)

∀𝑜 ∈  ⧵ {𝑝 + 1},∀𝑘 ∈ ,∀𝑠 ∈ {1,…,} (62)
∑

𝑠∈
Pr

(

𝐶4,𝑠,𝑘𝑜 ≤ 0
)

≥ 𝜉|| ∀𝑜 ∈  ⧵ {𝑝 + 1},∀𝑘 ∈  (63)

𝐶5,𝑠,𝑖 = 𝑛𝑠,𝑖 −  ∀𝑖 ∈  ,∀𝑠 ∈ {1,…,} (64)
∑

𝑠∈
Pr

(

𝐶5,𝑠,𝑖 ≤ 0
)

≥ 𝜉|| ∀𝑖 ∈  (65)

𝐶6,𝑠,𝑖𝑟 = (𝑦𝑟 + ℎ𝑟) − 𝑏𝑠,𝑖 ∀𝑖 ∈  ,∀𝑟 ∈ ,∀𝑠 ∈ {1,…,} (66)
∑

𝑠∈
Pr

(

𝐶6,𝑠,𝑖𝑟 ≥ 0
)

≥ 𝜉|| ∀𝑖 ∈  ,∀𝑟 ∈  (67)

𝐶1,𝑠,𝑖𝑘, 𝐶2,𝑠,𝑘𝜙𝑗 , 𝐶3,𝑠,𝑖, 𝐶4,𝑠,𝑘𝑜, 𝐶5,𝑠,𝑖, 𝐶6,𝑠,𝑖𝑟 ∈ ℝ ∀𝑖 ∈  ,∀𝑘 ∈ ,∀𝜙 ∈  ⧵ {𝑘},

∀𝑗 ∈ ,∀𝑜 ∈  ⧵ {𝑝 + 1},∀𝑟 ∈ ,∀𝑠 ∈ {1,…,} (68)

𝜉 ∈ (0, 1] (69)

where constraints (56) – (69) extend the deterministic EVRP–PTR formulation by incorporating shuttle travel-time uncer-
tainty, thereby replacing constraints (15), (34), (36), (39), (A.19), and (A.25). These constraints introduce the auxiliary vari-
ables 𝐶1,𝑠,𝑖𝑘, 𝐶2,𝑠,𝑘𝜙𝑗 , 𝐶3,𝑠,𝑖, 𝐶4,𝑠,𝑘𝑜, 𝐶5,𝑠,𝑖, and 𝐶6,𝑠,𝑖𝑟, which quantify deviations from the corresponding deterministic conditions under 
scenario-dependent shuttle travel times. Specifically, 𝐶1,𝑠,𝑖𝑘 measures the difference between the service time 𝑢𝑘𝑠,𝑖 and the passenger 
request time 𝑒𝑖, while 𝐶2,𝑠,𝑘𝜙𝑗 captures the linearized charging-conflict condition. Similarly, 𝐶3,𝑠,𝑖, 𝐶4,𝑠,𝑘𝑜, and 𝐶5,𝑠,𝑖 measure deviations 
from the passenger waiting time, shuttle operating time, and in-vehicle travel time thresholds ( , 𝑘, and ), whereas 𝐶6,𝑠,𝑖𝑟 measures 
the difference between passenger arrival times at the main railway station, 𝑏𝑠,𝑖 and the (potentially rescheduled) railway departure 
time (𝑦𝑟 + ℎ𝑟). Constraints (57), (59), (61), (63), (65), and (67) require these conditions to hold in at least a proportion 𝜉(%) of the 
shuttle travel-time scenarios 𝑠 ∈ , with 𝜉 applied consistently across all constraints.

These constraints therefore define the probability with which the stochastic conditions 𝐶1,𝑠,𝑖𝑘 ≥ 0, 𝐶2,𝑠,𝑘𝜙𝑗 ≤ 0, 𝐶3,𝑠,𝑖 ≤ 0, 𝐶4,𝑠,𝑘𝑜 ≤ 0, 
𝐶5,𝑠,𝑖 ≤ 0, and 𝐶6,𝑠,𝑖𝑟 ≥ 0 must hold across . When 𝜉 = 1, these constraints act as strict stochastic constraints, enforcing feasibility for all 
scenarios. Since this may be overly restrictive or even infeasible, controlled violations are allowed by requiring feasibility with high 
probability rather than certainty. Under this interpretation, the formulation adopts a chance-constrained structure, commonly used in 
uncertain combinatorial optimization and closely related to Stochastic Constraint Satisfaction Problems (SCSPs) (Zghidi et al., 2018). 
As noted above, constraints (57) and (59) must always hold (𝜉 = 1), since service-time feasibility and charging-conflict avoidance are 
essential for valid solutions. In contrast, constraints (61), (63), (65), and (67) may function either as strict stochastic or as chance 
constraints, permitting occasional violations while requiring feasibility with probability at least 𝜉.

To implement the satisfaction probability functions (57), (59), (61), (63), (65), and (67) within the mixed-integer linear EVRP–PTR 
framework, they are reformulated through constraints (B.1) – (B.20), presented in Appendix B, by introducing the binary variables 
𝑐1,𝑠,𝑖𝑘, 𝑐2,𝑠,𝑘𝜙𝑗 , 𝑐3,𝑠,𝑖, 𝑐4,𝑠,𝑘𝑜, 𝑐5,𝑠,𝑖, and 𝑐6,𝑠,𝑖𝑟. These variables indicate whether the corresponding stochastic conditions are satisfied 
under each scenario. Specifically, 𝑐1,𝑠,𝑖𝑘 = 1 when 𝐶1,𝑠,𝑖𝑘 ≥ 0, and 0 otherwise, thereby counting the scenarios in which this stochastic 
condition holds. Similarly, 𝑐2,𝑠,𝑘𝜙𝑗 , 𝑐3,𝑠,𝑖, 𝑐4,𝑠,𝑘𝑜, 𝑐5,𝑠,𝑖, and 𝑐6,𝑠,𝑖𝑟 equal 1 when 𝐶2,𝑠,𝑘𝜙𝑗 ≤ 0, 𝐶3,𝑠,𝑖 ≤ 0, 𝐶4,𝑠,𝑘𝑜 ≤ 0, 𝐶5,𝑠,𝑖 ≤ 0, and 𝐶6,𝑠,𝑖𝑟 ≥ 0, 
respectively, and 0 otherwise.

When the satisfaction probability condition (67) is applied with 𝜉 < 1, 𝐶6,𝑠,𝑖𝑟 may become negative in a subset of scenarios. Since 
this term corresponds to the passenger waiting time at the railway station, 𝑤𝑠,𝑖, as defined in Eqs. (43) and (66), and constitutes the 
third component of the door-to-rail passenger travel time in objective function (54), it must remain non-negative. To ensure this, the 
objective function is modified as follows:

(𝑄̂) ∶

min 1
||

[

∑

𝑠∈

∑

𝑖∈

(

𝑚𝑠,𝑖 + 𝑛𝑠,𝑖 + max
{

𝑤𝑠,𝑖, 0
})

]

(70)
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The inclusion of the max{⋅} operator introduces nonlinearity. This can be eliminated by introducing the auxiliary continuous 
variable 𝑤̃𝑠,𝑖 ∈ ℝ≥0 and the linear constraints (71) – (73).

𝑤̃𝑠,𝑖 ≥ (𝑦𝑟 + ℎ𝑟) − 𝑏𝑠,𝑖 −𝑀(1 − 𝑙𝑖𝑟) ∀𝑖 ∈  ,∀𝑟 ∈ ,∀𝑠 ∈ {1,…,} (71)

𝑤̃𝑠,𝑖 ≤ (𝑦𝑟 + ℎ𝑟) − 𝑏𝑠,𝑖 +𝑀(1 − 𝑙𝑖𝑟) ∀𝑖 ∈  ,∀𝑟 ∈ ,∀𝑠 ∈ {1,…,} (72)

𝑤̃𝑠,𝑖 ≥ 0 ∀𝑖 ∈  ,∀𝑠 ∈ {1,…,} (73)

The auxiliary variable 𝑤̃𝑠,𝑖 replaces the nonlinear term
max

{

𝑤𝑠,𝑖, 0
}

in the objective function, resulting in a mixed-integer linear programming formulation. The final EVRP–PTR framework, which 
accounts for stochastic shuttle travel-time parameters and can be solved to global optimality, is summarized as follows:

(𝑄̂) ∶

min 1
||

[

∑

𝑠∈

∑

𝑖∈

(

𝑚𝑠,𝑖 + 𝑛𝑠,𝑖 + 𝑤̃𝑠,𝑖
)

]

(74)

s.t.:Equations (3) – (14), (17) – (20), (22), (27), (28b) – (33), (35), (38), (40),
(44) – (48), (56), (58), (60), (62), (64), (66), (68) – (69), (71) – (73),

(A.1) – (A.18), (A.20) – (A.23), (A.26) – (A.29), (B.1) – (B.20).
However, this stochastic formulation introduces a significantly larger number of binary variables compared to its deterministic 

counterpart. More precisely, the number of additional binary variables grows proportionally with || × ||, 2 × ||, || × ||, || ×
||, and ||

2 × ||. As a result, the solution space and the size of the search tree increase substantially, rendering the stochastic 
problem computationally more demanding than the deterministic formulation.

5.  Numerical experiments

5.1.  Numerical experiments description

The proposed model is tested in two settings: (i) a toy network with synthetic data and (ii) a real-world network in Athens, Greece. 
In the Athens case study, pickup points span the Municipality of Athens and surrounding metropolitan areas. Opportunity-charging 
sites  are predefined along shuttle operating routes using existing trolleybus stops, selected to reflect the spatial distribution of 
demand across central and suburban zones, while enabling in-service (re)charging with minimal detours. Each charging site hosts a 
single pantograph for inductive wireless power transfer (WPT), following Doubleday et al. (2016). Although WPT infrastructure is 
typically deployed at fixed public transport (PT) stops, depots, or tramway DC grids to reduce infrastructure costs, particularly in 
dense urban areas (Shams Ashkezari et al., 2022; Elmenshawy and Massoud, 2022; Shams Ashkezari et al., 2024), depot charging is 
excluded here to prioritize fast, en-route charging.

Across all model applications, boarding and alighting time is fixed at 𝛽 = 7 seconds per passenger (Jara-Díaz and Tirachini, 2013; 
AlHadidi and Rakha, 2019; Xue et al., 2022), while passenger access time from shuttle drop-off to the railway platform is set to 𝛼 = 5
minutes based on field observations. To ensure service quality, passenger waiting time at pickup points is limited to  = 20 minutes 
and in-vehicle travel time to  = 45 minutes. Railway trips  follow a typical Athens–Thessaloniki daily schedule, with rescheduling 
bounded by 𝑠 = 2 minutes. The on-demand fleet  is constrained by an 𝜖-value defining the maximum number of available vehicles. 
Each shuttle bus has a capacity of 𝑘 = 13 passengers (Sun and Zu, 2025) and a maximum operating duration of 𝑘 = 55 minutes. 
Operations begin at 6:00 a.m. and end after the final request or railway departure. Shuttle travel times 𝑡𝑖𝑗 are based on Euclidean 
distances in the toy network and shortest-path OpenStreetMap (OSM) distances in Athens, assuming an average speed of 30 km/h, 
consistent with off-peak statistics reported by the Athens Urban Transportation Organization (OASA).

Regarding electrification, Athens’ new electric bus specifications (Abel, 2024) are adopted, whereby each shuttle operates within 
𝑆𝑂𝐶𝑘 ∈ [20, 100] kWh, with an opportunity-charging threshold 𝑆𝑂𝐶𝑢𝑝𝑘 = 64 kWh in the toy network and 𝑆𝑂𝐶𝑢𝑝𝑘 = 56 kWh in the 
Athens case study. Average energy consumption is set to 𝛾 = 2.80 kWh/km, deliberately exceeding the observed maximum (∼ 1.30
kWh/km in Athens, 2025) to account for worst-case energy demand. Each pantograph supplies Δ𝐻 = 18 kWh within 𝜌 = 2.4 minutes, 
consistent with flash pantograph systems (Shams Ashkezari et al., 2024; Elmenshawy and Massoud, 2022).

The following subsections present the implementation of the EVRP–PTR framework in both the toy and the Athens case study 
settings. For the Athens case study, additional analyses are conducted, including: (i) a computational performance analysis to assess 
the model’s tractability; (ii) a sensitivity analysis of the Public Transport Rescheduling (PTR) component, examining two additional 
timetable deviations, 𝑠 = 0 and 𝑠 = 1 minute, relative to the initial case of 𝑠 = 2 minutes, to evaluate the effect of railway timetable 
flexibility on passenger service quality, particularly in long-distance services where schedule adjustments may be more disruptive to 
passengers than in high-frequency urban PT systems (i.e., metro and tram services); (iii) a comparison with a baseline scenario in 
which railway timetable coordination with the on-demand service and opportunity charging are deactivated; (iv) an evaluation of the 
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Fig. 2. Toy Network — Locations of the railway station, pantograph, and pickup points with the corresponding passenger demand in two dimensions.

on-demand service under travel-time uncertainty; and (v) a multi-origin shuttle scenario, assessing the applicability of the EVRP–PTR 
framework under shuttle operations with multiple starting points (depots).

All experiments are conducted using the mathematical formulations outlined in Sections 3 and 4. The model is implemented in 
Python 3.12 and solved with Gurobi 12.0.1 on a machine equipped with a 12th Gen Intel(R) Core(TM) i7-12700 CPU @ 2.30GHz 
processor and 32 GB of RAM.

5.2.  Travel-time scenarios for the on-demand service

During daily operations, electric on-demand services may experience variability in travel times between shuttle origin points, 
pickup vertices, opportunity charging locations, and the main railway station. Consequently, shuttle travel durations may vary sub-
stantially from day to day. This section presents the methodology used to generate travel-time scenarios that capture this variability 
within the proposed framework. Specifically, uncertain shuttle travel times are sampled from a probability distribution to realistically 
represent operating conditions.

Previous studies (El Faouzi and Maurin, 2007; Mazloumi et al., 2010; Rahman et al., 2018) suggest that bus travel times can be 
modeled using either normal or log-normal distributions, depending on data characteristics and variability patterns. Although both 
distributions are applicable, the log-normal distribution is adopted here because it ensures non-negative values and better captures 
the right-skewed nature commonly observed in travel-time data (Wang et al., 2012). Accordingly, uncertain shuttle travel times 𝑡𝑠,𝑖𝑗
are generated through log-normal sampling for the Athens case study, producing a representative set of travel-time scenarios.

Each model instance is solved under two satisfaction thresholds, 𝜉 = 90% and 𝜉 = 100%, to evaluate different levels of constraint 
strictness. The case 𝜉 = 100% represents a fully conservative setting, where the stochastic constraints in (B.3), (B.6), (B.9), (B.13),
(B.16), and (B.20) enforce the conditions 𝐶1,𝑠,𝑖𝑘 ≥ 0, 𝐶2,𝑠,𝑘𝜙𝑗 ≤ 0, 𝐶3,𝑠,𝑖 ≤ 0, 𝐶4,𝑠,𝑘𝑜 ≤ 0, 𝐶5,𝑠,𝑖 ≤ 0, and 𝐶6,𝑠,𝑖𝑟 ≥ 0 across all scenarios 
𝑠 ∈ . In contrast, 𝜉 = 90% implements chance constraints in (B.9), (B.13), (B.16), and (B.20), requiring the conditions 𝐶3,𝑠,𝑖 ≤ 0, 
𝐶4,𝑠,𝑘𝑜 ≤ 0, 𝐶5,𝑠,𝑖 ≤ 0, and 𝐶6,𝑠,𝑖𝑟 ≥ 0 to hold in at least 90% of scenarios. As discussed in Section 4, constraints (57) and (59), together 
with their reformulations (B.3) and (B.6), must always hold (𝜉 = 1), since service-time feasibility and charging-conflict avoidance are 
essential for valid solutions. Therefore, chance constraints are not applied to them.

5.3.  Demonstration of the toy network

In this subsection, the model is demonstrated on a toy network to clearly illustrate its inputs and outputs and facilitate repro-
ducibility. The network comprises five pickup nodes (|| = 5) and 19 passengers representing exogenous demand for access to the 
railway station via the on-demand service. All shuttle buses are assumed to originate from the same location, namely the main railway 
station, where all routes terminate. Fig. 2 illustrates the network layout: the railway station is shown in the upper-left as a brown 
rectangle, pickup nodes  = {#1, #2, #3, #4, #5} are distributed across the area, and a single opportunity charging point–pantograph, 
 = {1}, is located near the center. Charging may occur at any time within the planning horizon without predefined charging slots. 
However, simultaneous charging at the same pantograph is not allowed, implying that at most one shuttle bus may charge at a time. 
Pickup nodes are symbolically differentiated according to passenger demand.

Table 4 reports the travel times from vertex 𝑖 ∈  ∪  to vertex 𝑗 ∈  ∪ . Vertices #0 and #6 denote the two copies of the railway 
station  = {#0, #6}, which serve as the common origin and destination terminal for all on-demand shuttle buses. To forbid self-loops, 
we set 𝑡𝑖𝑖 = +∞ for identical pickup vertices.
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Table 4 
Travel time 𝑡𝑖𝑗 from node 𝑖 ∈  ∪  to node 𝑗 ∈  ∪  (min-
utes).

 O\D  0  1  2  3  4  5  6 𝟏

 0  +∞  6.40  9.77  16.76  15.88  13.42  +∞  10.63
 1  6.40  +∞  6.45  12.00  9.65  7.28  6.40  4.47
 2  9.77  6.45  +∞  7.16  8.93  10.82  9.77  5.44
 3  16.76  12.00  7.16  +∞  6.72  12.21  16.76  8.25
 4  15.88  9.65  8.93  6.72  +∞  6.21  15.88  5.25
 5  13.42  7.28  10.82  12.21  6.21  +∞  13.42  5.39
 6  +∞  6.40  9.77  16.76  15.88  13.42  +∞  10.63
𝟏  10.63  4.47  5.44  8.25  5.25  5.39  10.63  +∞

Table 5 
Passenger demand 𝑞𝑖 and pickup demand time 𝑒𝑖 (min-
utes past midnight) of each vertex 𝑖 ∈  for the on-
demand service.

𝒊 𝒆𝒊 𝒒𝒊

 1  390  3
 2  400  4
 3  405  5
 4  395  2
 5  405  5

 Total:  19

Table 6 
Scheduled times of railway trips (𝑦𝑟) during the early-
morning operational period (minutes past midnight).

 r  1  2  3  4  5
𝒚  405  420  435  450  465

For each pickup vertex 𝑖 ∈  , passenger demand 𝑞𝑖 and its corresponding requested pickup time 𝑒𝑖 are reported in Table 5. 
Requests span a short interval—from 6:30 a.m. to 6:45 a.m.—to stress-test dispatching under tightly clustered demand. To evaluate 
synchronization with rail services, we consider || = 5 scheduled railway trips (Table 6), concentrated in the early-morning period, 
with departures between 6:45 a.m. and 7:45 a.m. The compact railway schedule is intended to assess whether closely timed passenger 
requests can be effectively coordinated between the electric on-demand service and the railway system. The maximum on-demand 
fleet size varies over 𝜖 ∈ {3, 4, 5}. Fleet sizes || ≤ 2 resulted in infeasible solutions, whereas || > 5 was not considered given the 
small network size (|| = 5).

Using the 𝜖-constraint method, the multi-objective EVRP–PTR problem was solved iteratively for each examined 𝜖-value. In all 
cases, 𝜖 ∈ {3, 4, 5}, the same Pareto-optimal solution was obtained. This globally optimal solution indicates that, at the toy-network 
scale, increasing the number of available shuttle buses beyond three does not further reduce the total door-to-rail passenger travel 
time. The resulting shuttle routes are listed below and illustrated in Fig. 3. All shuttle tours satisfy the maximum operating duration 
constraint 𝑘 = 55 minutes, while the total travel time of the utilized vehicles is 94.92 minutes. Notably, two of the three shuttles (#1 
and #3) require an opportunity-charging stop at pantograph 1.

• On-demand shuttle bus #1 serving the task node sequence 0 → 1 → 3 → 1 → 6
• On-demand shuttle bus #2 serving the task node sequence 0 → 2 → 6
• On-demand shuttle bus #3 serving the task node sequence 0 → 4 → 5 → 1 → 6

Table 7 summarizes the passenger-level outputs for the optimal three-shuttle solution. For each pickup vertex 𝑖 ∈  , the passenger 
service time 𝑢𝑘𝑖  exactly matches the requested pickup time 𝑒𝑖 reported in Table 5; therefore, passengers incur no waiting at pickup 
locations (𝑚𝑖 = 0). Consequently, constraints (34), imposing 𝑚𝑖 ≤  = 20 minutes, are satisfied. In-vehicle ride times (𝑛𝑖), reported in 
Table 7, remain below the maximum threshold  = 45 minutes required by constraints (39). The table further reports passenger arrival 
times at the railway station (𝑏𝑖) and rail-platform waiting times (𝑤𝑖), which remain low, with a maximum value of 5.29 minutes. 
Accordingly, pickup waiting time 𝑚𝑖 and rail waiting time 𝑤𝑖 range between 0 and 5.29 minutes, indicating efficient coordination 
between the on-demand shuttle service and the railway system.

In contrast, passenger in-vehicle travel time 𝑛𝑖 constitutes the dominant component of door-to-rail travel time, ranging from 15.73 
to 40.69 minutes. The maximum value arises from the detour of shuttle #1 to pantograph 1 for an opportunity charge. This highlights 
a key trade-off in electric on-demand operations: while fleet electrification enhances environmental sustainability, charging detours 
may occasionally increase passenger travel time. The optimal objective value for the toy network is 155 minutes.
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Fig. 3. Toy network solution — Optimal route paths of the three electric on-demand shuttles 𝑘 ∈ .

Table 7 
Service start time (𝑢𝑘𝑖 ) (minutes past midnight), 
arrival time (𝑏𝑖) (minutes past midnight) at the 
railway station, and total door-to-rail travel time 
(𝑚𝑖 + 𝑛𝑖 +𝑤𝑖) (minutes) for the passenger demand 
of each vertex 𝑖 ∈  .

𝑘 𝑖 𝑢𝑘𝑖 𝑚𝑖 𝑛𝑖 𝑏𝑖 𝑤𝑖

#1
 1  390  0  40.69

430.69
 2.31

 3  405  0  25.69  2.31
 #2  2  400  0  15.73  415.73  2.27

#3
 4  395  0  32.71

427.71
 5.29

 5  405  0  22.71  5.29
 Objective Function Value: 155 minutes

Table 8 
Passenger demand assignment of each pickup vertex 
𝑖 ∈  to the railway schedules 𝑟 ∈ , timetable rail-
way trip modifications ℎ𝑟 (minutes), and modified 
railway trip schedules (𝑦𝑟 + ℎ𝑟) (minutes past mid-
night).

𝑖 𝑟 ℎ𝑟 𝑦𝑟 + ℎ𝑟

 1  3 -2.00  433
 3
 2  2 -2.00  418
 4  3 -2.00  433
 5

To further interpret railway waiting times 𝑤𝑖, Table 8 reports passenger assignments from pickup nodes 𝑖 ∈  to railway trips 
𝑟 ∈ , together with the timetable adjustments introduced to improve synchronization with the on-demand service. In particular, 
15 of the 19 passengers are assigned to trip 𝑟 = 3, originally scheduled at 7:15 a.m. and advanced by two minutes to 7:13 a.m. 
The remaining four passengers (from 𝑖 = 2) are assigned to trip 𝑟 = 2, rescheduled from 7:00 a.m. to 6:58 a.m. These minor timetable 
adjustments tighten passenger transfers and reduce railway waiting times 𝑤𝑖, while remaining within the allowable operational limits.

Table 9 reports, for each shuttle bus 𝑘 ∈  and vertex 𝑗 ∈  ∪ , the arrival and departure state-of-charge (𝑆𝑂𝐶𝑗𝑘, 𝑆𝑂𝐶
𝑗
𝑘), together 

with the charging start and completion times (𝑓𝑘𝑗 , 𝜆𝑘𝑗) at opportunity charging locations 𝑗 ∈ . Shuttles #1 and #3 arrive at pan-
tograph 1 with SOC levels—𝑆𝑂𝐶1

1 = 62.69 kWh and 𝑆𝑂𝐶1
3 = 61.54 kWh—within the admissible range [𝑆𝑂𝐶min

𝑘 , 𝑆𝑂𝐶𝑢𝑝𝑘 ] = [20, 64]
required by constraints (23). Upon charging, each shuttle receives the fixed energy increment Δ𝐻 = 18 kWh. Shuttle #2 does not 
visit the charger, as its SOC never falls below 𝑆𝑂𝐶𝑢𝑝𝑘 . All vehicles, including those charging at 1, return to the railway station 
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Table 9 
Arrival and departure SOC (𝑆𝑂𝐶𝑗

𝑘 , 𝑆𝑂𝐶𝑗
𝑘) (in kWh) 

at vertex 𝑗 ∈  ∪ , and charging start (𝑓𝑘𝑗) and 
completion (𝜆𝑘𝑗) time values (minutes past mid-
night) at the opportunity-charger 𝑗 ∈  of each 
electric shuttle 𝑘 ∈ .

𝒌 𝒋 𝑆𝑂𝐶𝑗
𝑘 𝑆𝑂𝐶𝑗

𝑘 𝑓𝑘𝑗 𝜆𝑘𝑗

#1

 1  91.04  91.04 − −
 3  74.24  74.24 − −
1  62.69  80.69  413.85  414.10
 6  65.81  65.81 − −

#2
 2  86.33  86.33 − −
 6  76.25  76.25 − −

#3

 4  77.77  77.77 − −
 5  69.08  69.08 − −
1  61.54  79.54  410.99  411.24
 6  64.65  64.65 − −

Table 10 
Passenger demand 𝑞𝑖 and requested pickup time 𝑒𝑖 (minutes past midnight) for each pickup vertex 𝑖 ∈  .

𝒊  1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20
𝒆𝒊  430  480  470  480  570  820  830  935  945  1050  1065  1035  1080  465  410  585  600  1405  1410  1395
𝒒𝒊  6  7  7  6  4  6  7  8  5  6  5  7  8  6  7  5  4  7  3  3

with 𝑆𝑂𝐶6
𝑘 > 𝑆𝑂𝐶

𝑢𝑝
𝑘 , confirming compliance with the energy constraints. Consistent with the single-charger requirement, charging 

intervals at pantograph 1 remain non-overlapping, with shuttle #3 charging first.
Within this energy-management setting, the emergence of a single Pareto-optimal solution can be explained by the combined 

effect of the small network size, limited demand, and the SOC-based charging rules. At the toy-network scale, three shuttle buses 
are sufficient to serve all passengers while satisfying service and energy constraints. Adding more vehicles does not further reduce 
total door-to-rail passenger travel time, as routes are already sufficiently short. Moreover, constraints (23) permit charging only when 
𝑆𝑂𝐶min

𝑘 ≤ 𝑆𝑂𝐶𝑗𝑘 ≤ 𝑆𝑂𝐶𝑢𝑝𝑘 , limiting unnecessary charger visits. As a result, alternative routing configurations with additional shuttle 
buses do not improve the objective and are either dominated or operationally redundant, yielding a single Pareto-optimal point.

5.4.  Extended network — Athens case study

This case study uses real data from Athens, Greece. Larissa station serves as the central rail hub, hereafter referred to as the 
main railway station, while the Athens–Thessaloniki corridor constitutes the primary rail service. Passenger demand is transported 
to the railway station via on-demand electric shuttles. Fig. 4 presents the main railway station (Larissa station), pickup nodes, and 
opportunity-charging locations. It also depicts two additional shuttle origin points (depots), Dekelia station (1) and Piraeus station 
(2), which are further examined in the multi-origin shuttle scenario of Section 5.4.5. Specifically, Dekelia station serves as a railway 
station, while Piraeus station corresponds to a metro station. In the main Athens case study, however, all shuttle buses are assumed to 
originate from and return to Larissa station. Pickup points are distributed across central Athens and nearby municipalities, emphasizing 
areas where access to Larissa station typically requires multiple public transport transfers. In such cases, private vehicles, taxis, or on-
demand shuttles provide more direct access to the station. Opportunity-charging locations are selected from existing trolleybus stops 
across the Athens metropolitan area, as described in Section 5.1. In total, five charging sites are considered,  = {1,2,3,4,5}, 
whose exact locations are shown in Fig. 4.

The extended study area comprises || = 20 pickup points with a total number of 117 passengers. Service is provided by an 
on-demand shuttle fleet with sizes || = 12 to || = 20; these values play the role of the 𝜖-constant parameter in constraints (48) 
across repeated runs. Instances with || < 12 were infeasible because the fleet could not satisfy all pickup requests. For larger pickup 
sets (|| > 20), the model could not be solved within a reasonable time on a standard computer machine due to the combinatorial 
growth in the | ∪ |2 × ||, || × || and || × || binary variables. Shuttle travel times between all pairs of vertices 𝑖, 𝑗 ∈  ∪  are 
provided in the 29 × 29 origin-destination (O-D) travel-time matrix shown in Table C.15 in Appendix C. The matrix is asymmetric, as 
travel distances are derived from the real road network extracted from OpenStreetMap. In this table, vertices #0 and #21 represent 
the two copies of Larissa station, while 1 and 2 correspond to Dekelia and Piraeus stations, respectively.

Request times and passenger demand for each pickup vertex 𝑖 ∈  are reported in Table 10. Requests span the operating period 
from 7:10 a.m. to 11:30 p.m. The rail service comprises || = 7 scheduled departures on the Athens–Thessaloniki railway corridor 
during the operating day (Table 11), with the first departure at 7:18 a.m. and the last at 11:55 p.m.

As outlined in Section 3.2, we ran the extended network model multiple times while varying the 𝜖-constant parameter, which 
imposes an upper bound on the number of shuttle buses available in the network. We solved nine instances with 𝜖 ∈ {12,… , 20}, 
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Fig. 4. Athens case study — Spatial layout of the main railway station (Larissa station), the two additional shuttle origin points (Dekelia and 
Piraeus stations), opportunity-charging pantographs, and pickup points, with passenger demand heat-mapped across the Athens metropolitan area. 
The upper-right inset illustrates the Athens–Thessaloniki rail corridor.

Table 11 
Scheduled railway trip times 𝑦𝑟 for the Athens–Thessaloniki railway line (minutes past midnight).

𝒓  1  2  3  4  5  6  7
𝒚  438  500  618  858  976  1098  1435

starting at the minimum fleet size that yields feasibility (12 vehicles) and increasing in unit steps to 20. Exploring fleets larger than 
the number of pickup points was deemed unnecessary. Across runs, the on-demand shuttles are routed to provide the most efficient 
passenger service, and the resulting set of solutions forms a Pareto set with respect to fleet size.

Table 12 summarizes, for each model run, the best objective value—total door-to-rail passenger travel time across all 20 pickup 
points—and the incremental improvement relative to the previous case. As 𝜖 increases, marginal gains diminish, reflecting the trade-
off between fleet size and passenger travel time. Solutions up to case #5 (𝜖 = 16) are Pareto-optimal, after which the objective value 
plateaus at 615.83 minutes. Therefore, adding more than 16 on-demand shuttles yields no further reduction in passenger travel time.

The results in Table 12 are further illustrated through the approximated Pareto front in Fig. 5, which plots total door-to-rail 
passenger travel time 𝑓1 against the number of available on-demand shuttle buses 𝑓2 (equivalent to the 𝜖 value). Increasing the fleet 
from 𝜖 = 12 to 𝜖 = 16 reduces 𝑓1 from 1455.16 to 615.83 minutes (839.33 minutes overall, corresponding to an average reduction 
of 7.17 minutes per passenger). Marginal improvements decrease with each additional shuttle, from 284.51 minutes (12 → 13) and 
250.72 minutes (13 → 14) to 236 minutes (14 → 15) and 68.11 minutes (15 → 16), indicating substantial benefits up to 15 shuttles, 
followed by diminishing returns beyond 𝜖 = 16. Notably, by 𝑓2 = 15, the system achieves approximately 92% of the total travel-time 
reduction observed within the examined fleet-size range (12–16 shuttles).

Figs. C.10 – C.14 in Appendix C illustrate the five Pareto-optimal solutions for the extended Athens network, showing shuttle 
assignments to pickup demand and the resulting route trajectories. Opportunity charging occurs primarily at 1 and 5, the two 
charging sites closest to Larissa station, enabling vehicles to recharge shortly before route termination and thereby minimizing post-
charge energy consumption. In several tours, vehicles cannot feasibly return to the railway station after serving pickup nodes without 
recharging, as doing so would violate the intermediate SOC threshold 𝑆𝑂𝐶𝑢𝑝𝑘 . Since charging is permitted only when arrival SOC lies 
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Table 12 
Model results across fleet sizes - Maximum electric on-demand 
shuttle fleet (𝜖-value), optimal objective (minutes), and percent-
age reduction between consecutive cases.
 Case 𝜖-Constant Value  Best Objective Value  Decline Rate
 1  12  1455.16

19.55% 2  13  1170.65
 3  14  919.93  21.42%
 4  15  683.93  25.65%
 5  16  615.83  9.96%
 6  17  615.83  0.00%
 7  18  615.83  0.00%
 8  19  615.83  0.00%
 9  20  615.83  0.00%

Fig. 5. Approximated pareto front of the EVRP–PTR, obtained with the 𝜖-constraint method—𝑓1: total door-to-rail passenger travel time (minutes); 
𝑓2: number of electric on-demand shuttles—together with the corresponding Δ𝑓1 per additional shuttle bus.

within the admissible range [𝑆𝑂𝐶min
𝑘 , 𝑆𝑂𝐶𝑢𝑝𝑘 ] (constraints (23)), shuttle routes and charging decisions are coordinated to maintain 

feasible battery levels upon charger arrival. The proximity of 1 and 5 to Larissa station explains their more frequent use relative to 
the remaining charging sites.

As shown in Fig. 5, and consistent with the decline rates reported in Table 12, reducing the available on-demand fleet leads to 
a sharp increase in total door-to-rail passenger travel time. With fewer electric shuttles serving the same demand (|| = 20 pickup 
nodes and 117 passengers), vehicles are assigned longer tours, increasing the likelihood of detours to opportunity chargers. These 
detours delay arrivals at Larissa station, causing some passengers to miss their most suitable rail departures (even after rescheduling) 
and incur higher platform waiting times 𝑤𝑖, thereby increasing 𝑓1.

This mechanism is evident when comparing 𝜖 = 12 and 𝜖 = 13 (Figs. C.10 – C.11). Under 𝜖 = 12, some shuttle tours combine 
multiple pickup nodes and require charging detours to satisfy SOC constraints, whereas under 𝜖 = 13 additional vehicles allow more 
direct assignments. For example, pickup point 𝑖 = 2 is served by a dedicated shuttle under 𝜖 = 13, while under 𝜖 = 12 it is grouped 
with 𝑖 = 14, requiring a detour to 1. These assignment differences lead to substantially higher rail-platform waiting times, increasing 
travel time by 108.71 minutes for passengers at 𝑖 = 14 and 104.04 minutes for 𝑖 = 2 under 𝜖 = 12. A similar effect occurs at 𝑖 = 15, 
where grouping with pickup node 𝑖 = 1 under 𝜖 = 12 causes passengers to miss the nearest rail departure and incur an additional 
43.89 minutes of waiting. Such delays explain the observed increments in Δ𝑓1 as fleet size decreases.

Table 13 illustrates how charging activity varies with fleet size (𝜖): as the number of available shuttles decreases, opportunity-
charging events become more frequent. For each Pareto-optimal solution, the table reports the total number of charging events and 
the percentage of vehicles charging at least once. Notably, when 𝜖 = 16, no vehicle requires charging, indicating that a sufficiently 
large fleet can operate without intermediate recharging. This reveals a secondary, cost-relevant trade-off: larger fleets reduce—or 
eliminate—charging interventions, whereas smaller fleets rely more on en-route charging to maintain comparable passenger service.

5.4.1.  Computational performance analysis
Table 14 summarizes the Gurobi results for the nine problem instances, reporting the number of constraints (CNS), variables 

(VAR), explored nodes (NE), simplex iterations (SI), computational time in minutes (CT), and final optimality gap (OG). As shown, 
computational difficulty increases substantially as the available fleet size decreases. The most demanding instances correspond to 
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Table 13 
Opportunity-charging activity by Pareto-optimal configuration: charging 
events and fleet participation rate (%).

 Case 𝜖-Constant Value  Charging events  Charging rate
 1  12  4  3.33%
 2  13  3  23.08%
 3  14  3  21.43%
 4  15  2  13.33%
 5  16  0  0.00%

Table 14 
Results for the nine problem instances. CNS: constraints, VAR: variables, NE: nodes 
evaluated, SI: simplex iterations, CT: computation time (minutes), OG: optimality 
gap.

 Case 𝜖-Constant Value  CNS  VAR  NE  SI  CT  OG
 1  12  308,388  15,426  64,950  17,705,957  91.97  0.00%
 2  13  355,850  16,875  40,509  12,165,306  1053.12  27.85%
 3  14  406,712  18,364  1,100,492  283,188,304  6511.71  4.97%
 4  15  460,974  19,893  131,832  4,347,470  31.87  0.00%
 5  16  518,636  21,462  1,026,187  2,049,261  20.82  0.00%
 6  17  579,698  23,071  1,326,962  1,534,164  37.60  0.00%
 7  18  644,160  24,720  1,525,194  2,006,651  43.16  0.00%
 8  19  712,022  26,409  1,087,524  1,931,283  40.19  0.00%
 9  20  783,284  28,138  1,630,817  2,245,841  43.66  0.00%

cases #1 – #3 (𝜖 ∈ {12, 13, 14}), with computational time increasing by approximately 204 times between instances #4 (𝜖 = 15) and 
#3 (𝜖 = 14). For the two hardest instances (#2 – #3), the search was terminated after the optimality gap stopped improving. Across 
all instances, feasible solutions satisfying the constraints of Section 3 were obtained, including route feasibility, service-time ordering, 
railway timetable rescheduling, SOC requirements, and charger-capacity restrictions. No charger-occupancy conflicts were observed, 
confirming the validity of the charging-sequence formulation. Overall, the model consistently served all pickup locations (|| = 20) 
and accommodated 117 passengers across the examined fleet sizes.

5.4.2.  Public transport rescheduling sensitivity analysis
In this subsection, a sensitivity analysis of the Public Transport Rescheduling (PTR) component is conducted for the Athens case 

study. Two additional scenarios are examined, with railway timetable deviations of 𝑠 = 0 and 𝑠 = 1 minute, and compared with 
the main case study (𝑠 = 2 minutes). The objective is to assess the impact of railway timetable flexibility on passenger door-to-rail 
travel time. This analysis is particularly relevant for the Athens–Thessaloniki railway corridor, a long-distance service with relatively 
infrequent departures, where timetable adjustments may influence passenger experience more strongly than in high-frequency urban 
PT systems.

Fig. 6 presents the corresponding Pareto fronts, illustrating the trade-off between total door-to-rail passenger travel time (𝑓1) and 
the number of available on-demand shuttle buses (𝑓2) under different values of the railway timetable deviation parameter 𝑠. The 
accompanying bar plots report objective differences (Δ𝑓1) relative to the case 𝑠 = 2 minutes. All differences are positive, indicating 
that reducing railway timetable flexibility increases passenger travel time. The 𝑠 = 2 minutes configuration consistently achieves the 
lowest travel times, followed by 𝑠 = 1 minute, while 𝑠 = 0 performs the worst. All Pareto fronts begin at 𝜖 = 12 vehicles and do not offer 
additional non-dominated solutions after 𝜖 = 16. The observed values of Δ𝑓1 highlight the benefits of timetable flexibility. Compared 
with 𝑠 = 2 minutes, travel-time differences range from approximately 330–400 minutes for the 𝑠 = 1 minute case and 355–420 minutes 
for 𝑠 = 0, demonstrating that even small timetable adjustments (±1-2 minutes) can substantially improve passenger service quality. 
In general, these differences increase with on-demand fleet size. The largest relative gap between the cases of 𝑠 = 1 minute and 𝑠 = 2
minutes (17.61%) occurs at 𝜖 ∶ 15 → 16, whereas for 𝑠 = 0 and 𝑠 = 2, the maximum gap (11.35%) occurs at 𝜖 ∶ 12 → 13. Overall, the 
results indicate that even limited timetable flexibility substantially improves coordination between on-demand and railway services, 
particularly when fleet resources are constrained.

5.4.3.  Baseline scenario analysis
The proposed EVRP–PTR framework incorporates two key components: (i) timetable coordination between on-demand and railway 

services, and (ii) opportunity charging for the electric shuttle fleet. To evaluate the benefits of this integrated framework, the main 
Athens case study is compared with a baseline scenario in which both components are disabled. The resulting Pareto fronts and 
corresponding objective differences (Δ𝑓1) are presented in Fig. 7.

As shown, the baseline Pareto front exhibits limited variability, beginning at 𝜖 = 13 vehicles and saturating at 𝜖 = 14, whereas 
the integrated framework initiates at a smaller fleet size (𝜖 = 12) and continues improving up to 𝜖 = 16. Consequently, the integrated 
framework provides greater flexibility in fleet-size decisions while consistently achieving lower passenger door-to-rail travel times. 
The objective differences Δ𝑓1 further highlight this advantage. With the exception of 𝜖 = 13, where the baseline scenario performs 
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Fig. 6. Approximated pareto fronts of the EVRP–PTR under three railway timetable deviation settings—(i) 𝑠 = 0, (ii) 𝑠 = 1 min, and (iii) 𝑠 = 2 min 
obtained using the 𝜖-Constraint Method, together with the corresponding Δ𝑓1 relative to the main Athens case study (𝑠 = 2 min); 𝑓1: total door-to-rail 
passenger travel time (minutes); 𝑓2: number of electric on-demand shuttles.

Fig. 7. Approximated Pareto fronts of the EVRP–PTR for the integrated Athens case study and the baseline scenario, obtained using the 𝜖-Constraint 
Method, together with the corresponding Δ𝑓1 relative to the integrated case; 𝑓1: total door-to-rail passenger travel time (minutes); 𝑓2: number of 
electric on-demand shuttles.

better by 74.65 minutes, the integrated framework outperforms the baseline by approximately 114–418 minutes. These improvements 
mainly arise from reduced passenger waiting times at the railway station due to better synchronization between shuttle arrivals and 
railway departures. The isolated superior performance of the baseline at 𝜖 = 13 appears incidental, reflecting a favorable demand-
fleet alignment without requiring timetable coordination or charging interventions. Overall, the results demonstrate that integrating 
timetable coordination and opportunity charging within the EVRP–PTR framework substantially improves system performance and 
enables more effective use of additional shuttle vehicles to reduce passenger travel times.

5.4.4.  Modeling travel-time uncertainties with stochastic and chance constraint approaches
To account for travel-time uncertainty in the Athens case study, travel-time scenarios (||) are generated for each feasible arc 

(𝑖, 𝑗) ∈ , yielding scenario-dependent travel times 𝑡𝑠,𝑖𝑗 . These realizations are incorporated into the EVRP–PTR framework under two 
probability settings, 𝜉 = 90% and 𝜉 = 100%, enforcing constraints (B.3), (B.6), (B.9), (B.13), (B.16), and (B.20) to hold in at least 90% 
or 100% of scenarios, respectively. All scenarios are generated from the same log-normal distribution of shuttle travel times.

Fig. 8 compares the deterministic Pareto front (corresponding to the main Athens case study) with those obtained under stochastic 
(𝜉 = 100%) and chance-constrained (𝜉 = 90%) settings. In both uncertainty-based approaches, Pareto fronts shift upward, indicating 
consistently higher total door-to-rail passenger travel times relative to the deterministic case. Under the stochastic approach, addi-
tional passenger delays range from approximately 612 minutes at 𝜖 = 14 to 624–629 minutes for larger fleets. Under the chance-
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Fig. 8. Approximated pareto fronts of the EVRP–PTR under deterministic, stochastic (𝜉 = 100%), and chance-constrained (𝜉 = 90%) settings, obtained 
using the 𝜖-Constraint Method, together with the corresponding Δ𝑓1 relative to the deterministic case; 𝑓1: total door-to-rail passenger travel time 
(minutes); 𝑓2: number of electric on-demand shuttles.

constrained approach, increases are smaller (approximately 350–405 minutes), yielding a Pareto front between the stochastic and 
deterministic cases. These increases are primarily driven by longer passenger waiting times at the railway station (𝑤𝑖).

Travel-time uncertainty also reduces the feasible Pareto region. While the deterministic model yields feasible solutions from 
𝜖 = 12, both uncertainty-based approaches are infeasible for 𝜖 ∈ {12, 13}, requiring larger fleets to maintain reliable service. Pareto-
front saturation occurs at 𝜖 = 16 for 𝜉 = 90% and 𝜖 = 17 for 𝜉 = 100%, compared with 𝜖 = 16 in the deterministic case, while the total 
travel-time reduction across the Pareto range decreases substantially (346.07 minutes for 𝜉 = 90% and 288.65 minutes for 𝜉 = 100%, 
compared with 839.33 minutes in the deterministic case). Interestingly, charging activity is lower under uncertainty: only one charging 
event occurs across the Pareto-optimal solutions for both 𝜉-settings (𝜖 = 14, pantograph 1), compared with five charging events in 
the deterministic case over the corresponding Pareto range 𝜖 ∈ {14, 15, 16} (see Table 13). This occurs because the model prioritizes 
passenger travel-time minimization by avoiding intermediate charging whenever feasible, subject to SOC constraints. Overall, travel-
time uncertainty leads to narrower Pareto-optimal regions and highlights a trade-off between system robustness and passenger service 
performance.

5.4.5.  Multi-origin athens case study
This subsection evaluates the applicability of the proposed EVRP–PTR framework under a multi-origin shuttle configuration, 

where shuttles can start their trips from multiple depots. Unlike the main Athens case study, where all electric shuttles depart from 
Larissa station (the main railway hub), this scenario allows shuttle buses to initiate their routes from two additional origin points 
(depots): Dekelia station (1) and Piraeus station (2). All remaining network parameters are kept unchanged, and the locations of 
these additional origin points are shown in Fig. 4.

As in the main single-origin shuttle Athens case study, the model is solved iteratively for different 𝜖-values. For each experiment, 
the number of available shuttles at Larissa, Dekelia, and Piraeus stations is predefined, with the largest share assigned to Larissa 
Station due to its role as the primary railway hub. Fig. 9 compares the Pareto fronts of the single-origin and multi-origin shuttle 
Athens case studies. In both cases, at least 𝜖 = 12 shuttles are required, while improvements in total door-to-rail passenger travel time 
stop at 𝜖 = 16, after which additional vehicles lead to dominated solutions.

However, the multi-origin configuration consistently achieves lower passenger door-to-rail travel times than the single-origin case 
for 𝜖 ∈ {12, 13, 14, 15}. The largest improvement is observed at 𝜖 = 12, where the total passenger travel time is reduced by 241.70 
minutes. This benefit can be attributed to the spatial distribution of the new shuttle origins, which improves coverage of peripheral 
and outlier pickup points compared with the single-origin configuration. As fleet size increases, the advantage gradually diminishes, 
and for 𝜖 = 16 the two configurations yield nearly identical results, with a negligible difference of 0.03 minutes. This indicates that 
when a sufficiently large on-demand fleet is available, the single-origin configuration can also provide adequate spatial coverage, 
reducing the marginal benefit of additional shuttle origin points.

Regarding charging behavior, shuttles initiating from the additional origin points are primarily used to serve nearby pickup nodes 
while preserving battery feasibility. Unlike the main Athens case study, the number of charging events does not decrease monotonically 
as 𝜖 increases, mainly due to the spatial location of Dekelia and Piraeus stations, which alters routing and charging patterns. As in 
the main case study, pantographs 1 and 5 are most frequently utilized, while charger 4 is additionally used, primarily by shuttles 
originating from Dekelia Station. Overall, these results confirm the applicability of the EVRP–PTR framework to multi-origin shuttle 
operations while satisfying passenger service, routing, charging, and vehicle operating constraints.
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Fig. 9. Approximated pareto fronts of the EVRP–PTR for the multi-origin shuttle and main Athens case studies, obtained using the 𝜖-Constraint 
Method, together with the corresponding Δ𝑓1 relative to the main Athens case study; 𝑓1: total door-to-rail passenger travel time (minutes); 𝑓2: 
number of electric on-demand shuttles.

Concluding remarks

The present study proposed a multi-objective optimization framework for the Electric Vehicle Routing and Public Transport 
Rescheduling Problem (EVRP–PTR), coordinating an electric demand-responsive shuttle feeder service with railway operations. The 
proposed EVRP–PTR was reformulated as a mixed-integer linear programming (MILP) model integrating routing, temporal synchro-
nization, state-of-charge (SOC), opportunity charging, and public transport (PT) rescheduling constraints. To better reflect real-world 
operations, the framework was further extended to account for travel-time uncertainty through stochastic and chance-constrained 
formulations.

The proposed EVRP–PTR model was evaluated on both a toy network and a real Athens case study involving 20 pickup points, 
up to 20 electric shuttle buses, five pantographs, and seven railway trips along the Athens–Thessaloniki railway corridor. Using the 
𝜖-constraint method, the resulting Pareto front showed that the examined demand can be effectively served by an on-demand fleet 
of 𝜖 ∈ {12, 13, 14, 15, 16} vehicles, while reducing total passenger door-to-rail travel time by approximately 840 minutes across the 
Pareto front. Moreover, increasing fleet size eliminated the need for intermediate en-route charging. When considering travel-time 
uncertainty, Pareto fronts shifted upward and feasible Pareto regions narrowed, indicating the need for a minimum fleet size of 𝜖 = 14
vehicles to maintain comparable service quality.

The analyses further demonstrated the importance of the Public Transport Rescheduling (PTR) component, showing that even 
limited PT timetable flexibility can substantially improve synchronization between on-demand and railway services, thereby en-
hancing passenger service quality. In addition, the EVRP–PTR framework proved computationally tractable for mid-sized networks 
and applicable to multi-depot shuttle operations, demonstrating its ability to generalize to networks with different shuttle starting 
locations.

Future research may explore several directions for extending the proposed EVRP–PTR framework. First, the model could be applied 
to PT systems with more flexible timetables, such as metro, tram, and high-frequency bus services, where broader rescheduling 
windows are feasible compared with long-distance railway operations. From a methodological perspective, dynamic routing and 
rolling-horizon optimization could enable electric shuttle buses to continuously adapt their routes in response to evolving passenger 
demand and operational disturbances in real time. In addition, incorporating charging-price variability into the model may enable 
the investigation of trade-offs among passenger door-to-PT travel time, fleet size, and charging operation costs, providing additional 
planning insights for operators and decision-makers. Finally, the development of problem-specific heuristic and metaheuristic solution 
approaches could support the computation of high-quality solutions for larger-scale problem instances, enhancing the applicability 
of the proposed framework to more complex real-world settings.
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Appendix A. 

Lemma 1.  Constraints (16): 𝑢𝑘𝑜 = 𝑢𝑘𝑖 − 𝑡𝑜𝑖 ∣ 𝑥
𝑘
𝑜𝑖 = 1 ∀𝑜 ∈  ⧵ {𝑝 + 1},∀𝑖 ∈  ,∀𝑘 ∈  and the following set of constraints are equisatisfiable:

𝑢𝑘𝑜 ≥ 𝑢𝑘𝑖 − 𝑡𝑜𝑖 −𝑀(1 − 𝑥𝑘𝑜𝑖) ∀𝑜 ∈  ⧵ {𝑝 + 1},∀𝑖 ∈  ,∀𝑘 ∈  (A.1)

𝑢𝑘𝑜 ≤ 𝑢𝑘𝑖 − 𝑡𝑜𝑖 +𝑀(1 − 𝑥𝑘𝑜𝑖) ∀𝑜 ∈  ⧵ {𝑝 + 1},∀𝑖 ∈  ,∀𝑘 ∈  (A.2)

Proof.  The equality condition 𝑢𝑘𝑜 = 𝑢𝑘𝑖 − 𝑡𝑜𝑖 in the logical expression of constraints (16) is enforced through constraints (A.1) and
(A.2), conditional on the binary variable 𝑥𝑘𝑜𝑖 being equal to 1. Specifically, these constraints ensure that 𝑢𝑘𝑜 = 𝑢𝑘𝑖 − 𝑡𝑜𝑖 whenever 𝑥𝑘𝑜𝑖 = 1. 
Otherwise, the departure time of shuttle bus 𝑘 ∈  from its starting point, 𝑢𝑘𝑜 , is allowed to take any value within the interval [-𝑀 , 
𝑀]. ∎

Similar to constraints (16), constraints (23), (26), (28a), (37), (41), and (43) are nonlinear due to embedded logical expressions. 
With the exception of constraints (26), which are linearized separately because of their more complex nonlinear structure, the remain-
ing constraints are linearized following the same approach as constraints (16). This process results in the ten auxiliary constraints 
presented in (A.3) – (A.12).

𝑆𝑂𝐶𝑗𝑘 ≥ 𝑆𝑂𝐶min
𝑘 −𝑀(1 − 𝛿𝑘𝑗 ) ∀𝑗 ∈ ,∀𝑘 ∈  (A.3)

𝑆𝑂𝐶𝑗𝑘 ≤ 𝑆𝑂𝐶𝑢𝑝𝑘 +𝑀(1 − 𝛿𝑘𝑗 ) ∀𝑗 ∈ ,∀𝑘 ∈  (A.4)

𝑔𝑘𝑗 ≥ 𝑢𝑘𝑖 + 𝛽𝑞𝑖𝜃
𝑘
𝑖 + 𝑡𝑖𝑗 −𝑀(1 − 𝑥𝑘𝑖𝑗 ) ∀(𝑖, 𝑗) ∈  ∶ 𝑗 ∈  ,∀𝑘 ∈  (A.5)

𝑔𝑘𝑗 ≤ 𝑢𝑘𝑖 + 𝛽𝑞𝑖𝜃
𝑘
𝑖 + 𝑡𝑖𝑗 +𝑀(1 − 𝑥𝑘𝑖𝑗 ) ∀(𝑖, 𝑗) ∈  ∶ 𝑗 ∈  ,∀𝑘 ∈  (A.6)

𝑏𝑖 ≥ 𝜏𝑘 + 𝛼 −𝑀(1 − 𝜃𝑘𝑖 ) ∀𝑖 ∈  ,∀𝑘 ∈  (A.7)

𝑏𝑖 ≤ 𝜏𝑘 + 𝛼 +𝑀(1 − 𝜃𝑘𝑖 ) ∀𝑖 ∈  ,∀𝑘 ∈  (A.8)

ℎ𝑟 ≥ −𝑠 −𝑀(1 − 𝑙𝑖𝑟) ∀𝑖 ∈  ,∀𝑟 ∈  (A.9)

ℎ𝑟 ≤ 𝑠 +𝑀(1 − 𝑙𝑖𝑟) ∀𝑖 ∈  ,∀𝑟 ∈  (A.10)

𝑤𝑖 ≥ (𝑦𝑟 + ℎ𝑟) − 𝑏𝑖 −𝑀(1 − 𝑙𝑖𝑟) ∀𝑖 ∈  ,∀𝑟 ∈  (A.11)

𝑤𝑖 ≤ (𝑦𝑟 + ℎ𝑟) − 𝑏𝑖 +𝑀(1 − 𝑙𝑖𝑟) ∀𝑖 ∈  ,∀𝑟 ∈  (A.12)

Constraints (21) are nonlinear due to the multiplication between the departure state-of-charge variable 𝑆𝑂𝐶 𝑖𝑘 and the binary 
routing variable 𝑥𝑘𝑖𝑗 . We linearize this term through constraints (A.13) and (A.14). Under this reformulation, whenever shuttle bus 
𝑘 ∈  traverses arc (𝑖, 𝑗) ∈ , i.e., 𝑥𝑘𝑖𝑗 = 1, the arrival state-of-charge at node 𝑗 ∈  ∪ , 𝑆𝑂𝐶𝑗𝑘, is enforced to equal the departure 
state-of-charge from node 𝑖, 𝑆𝑂𝐶 𝑖𝑘, reduced by the energy consumption along arc (𝑖, 𝑗), namely 𝛾𝑑𝑖𝑗 . Conversely, when 𝑥𝑘𝑖𝑗 = 0, the 
value of 𝑆𝑂𝐶𝑗𝑘 is relaxed and bounded only through the imposed big-𝑀 limits.

𝑆𝑂𝐶𝑗𝑘 ≥ 𝑆𝑂𝐶 𝑖𝑘 − 𝛾𝑑𝑖𝑗 −𝑀(1 − 𝑥𝑘𝑖𝑗 ) ∀(𝑖, 𝑗) ∈  ∶ 𝑗 ∈  ∪ ,∀𝑘 ∈  (A.13)

𝑆𝑂𝐶𝑗𝑘 ≤ 𝑆𝑂𝐶 𝑖𝑘 − 𝛾𝑑𝑖𝑗 +𝑀(1 − 𝑥𝑘𝑖𝑗 ) ∀(𝑖, 𝑗) ∈  ∶ 𝑗 ∈  ∪ ,∀𝑘 ∈  (A.14)

In constraints (24), nonlinearity arises from bilinear products involving the routing and charging decision variables 𝑥𝑘𝑖𝑗 and 𝛿𝑘𝑗 , 
together with the time and assignment variables 𝑢𝑘𝑖  and 𝜃𝑘𝑖 . Similarly, constraints (25) include the bilinear term 𝑓𝑘𝑗𝛿𝑘𝑗 , while con-
straints (42) involve the product ℎ𝑟𝑙𝑖𝑟 on the left-hand side of the inequality. Since these terms exhibit the same bilinear structure as 
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the nonlinear term in constraints (21), they are linearized using an analogous reformulation approach, resulting in the five auxiliary 
linear constraints presented in (A.15) – (A.19).

𝑓𝑘𝑗 +𝑀(1 − 𝛿𝑘𝑗 ) ≥ 𝑢𝑘𝑖 + 𝛽𝑞𝑖𝜃
𝑘
𝑖 + 𝑡𝑖𝑗 −𝑀(1 − 𝑥𝑘𝑖𝑗 ) ∀(𝑖, 𝑗) ∈  ∶ 𝑗 ∈ ,∀𝑘 ∈  (A.15)

𝑓𝑘𝑗 −𝑀(1 − 𝛿𝑘𝑗 ) ≤ 𝑢𝑘𝑖 + 𝛽𝑞𝑖𝜃
𝑘
𝑖 + 𝑡𝑖𝑗 +𝑀(1 − 𝑥𝑘𝑖𝑗 ) ∀(𝑖, 𝑗) ∈  ∶ 𝑗 ∈ ,∀𝑘 ∈  (A.16)

𝜆𝑘𝑗 ≥ 𝑓𝑘𝑗 + 𝜌 −𝑀(1 − 𝛿𝑘𝑗 ) ∀𝑗 ∈ ,∀𝑘 ∈  (A.17)

𝜆𝑘𝑗 ≤ 𝑓𝑘𝑗 + 𝜌 +𝑀(1 − 𝛿𝑘𝑗 ) ∀𝑗 ∈ ,∀𝑘 ∈  (A.18)

(𝑦𝑟 + ℎ𝑟) +𝑀(1 − 𝑙𝑖𝑟) ≥ 𝑏𝑖 ∀𝑖 ∈  ,∀𝑟 ∈  (A.19)

Finally, constraints (26) are non-convex due to the embedded logical conditions governing charger occupancy. To address this 
nonlinearity, constraints (26) are reformulated into three distinct components through constraints (A.20) – (A.25), introducing the 
auxiliary binary variables 𝜎𝑘𝜙𝑗 , 𝜄𝑘𝜙𝑗 , and 𝜇𝑘𝜙𝑗 , together with a very small positive constant 𝜁 .

Lemma 2.  Constraints (26): 𝛿𝜙𝑗 + 𝛿𝑘𝑗 ≤ 1 if 𝑓𝜙𝑗 ≤ 𝑓𝑘𝑗 ∧ 𝑓𝑘𝑗 < 𝜆𝜙𝑗∀𝑘 ∈ ,∀𝜙 ∈  ⧵ {𝑘},∀𝑗 ∈  and the following set of constraints are 
equisatisfiable:

𝑓𝜙𝑗 ≤ 𝑓𝑘𝑗 +𝑀(1 − 𝜎𝑘𝜙𝑗 ) ∀𝑘 ∈ ,∀𝜙 ∈  ⧵ {𝑘},∀𝑗 ∈  (A.20)

𝑓𝜙𝑗 ≥ 𝑓𝑘𝑗 + 𝜁 −𝑀𝜎𝑘𝜙𝑗 ∀𝑘 ∈ ,∀𝜙 ∈  ⧵ {𝑘},∀𝑗 ∈  (A.21)

𝑓𝑘𝑗 ≤ 𝜆𝜙𝑗 − 𝜁 +𝑀(1 − 𝜄𝑘𝜙𝑗 ) ∀𝑘 ∈ ,∀𝜙 ∈  ⧵ {𝑘},∀𝑗 ∈  (A.22)

𝑓𝑘𝑗 ≥ 𝜆𝜙𝑗 −𝑀𝜄𝑘𝜙𝑗 ∀𝑘 ∈ ,∀𝜙 ∈  ⧵ {𝑘},∀𝑗 ∈  (A.23)

𝜇𝑘𝜙𝑗 = min(𝜎𝑘𝜙𝑗 , 𝜄𝑘𝜙𝑗 ) ∀𝑘 ∈ ,∀𝜙 ∈  ⧵ {𝑘},∀𝑗 ∈  (A.24)

𝛿𝜙𝑗 + 𝛿𝑘𝑗 ≤ 1 +𝑀(1 − 𝜇𝑘𝜙𝑗 ) ∀𝑘 ∈ ,∀𝜙 ∈  ⧵ {𝑘},∀𝑗 ∈  (A.25)

Proof.  The first inequality condition, 𝑓𝜙𝑗 ≤ 𝑓𝑘𝑗 , in the logical expression of constraints (26) is reformulated through constraints (A.20) 
– (A.21). These constraints ensure that the binary variable 𝜎𝑘𝜙𝑗 equals 1 whenever shuttle bus 𝑘 ∈  initiates charging at charger 
𝑗 ∈  no earlier than shuttle bus 𝜙 ∈  ⧵ {𝑘}, i.e., when 𝑓𝜙𝑗 ≤ 𝑓𝑘𝑗 , and 0 otherwise. The small positive constant 𝜁 is introduced in 
constraints (A.21) to reformulate the strict inequality (>) into an equivalent non-strict form (≥). Similarly, the second inequality 
condition, 𝑓𝑘𝑗 < 𝜆𝜙𝑗 , is reformulated through constraints (A.22) – (A.23). These constraints ensure that the binary variable 𝜄𝑘𝜙𝑗 equals 
1 whenever shuttle bus 𝑘 initiates charging before shuttle bus 𝜙 completes charging at charger 𝑗, and 0 otherwise. Again, the small 
positive constant 𝜁 is used to represent the strict inequality (<) in a linear form. The third logical condition of constraints (26), 
expressed as 𝛿𝜙𝑗 + 𝛿𝑘𝑗 ≤ 1, is reformulated through constraints (A.24) – (A.25). Constraints (A.24) define the binary variable 𝜇𝑘𝜙𝑗 as 
the minimum of 𝜎𝑘𝜙𝑗 and 𝜄𝑘𝜙𝑗 . Consequently, when 𝜇𝑘𝜙𝑗 = 1, the charging intervals of shuttle buses 𝑘 and 𝜙 overlap, and constraints
(A.25) prohibit both vehicles from being assigned to the same charger 𝑗. Otherwise, 𝜇𝑘𝜙𝑗 = 0. ∎

From the linearization of constraints (26), the constraints (A.24) present nonlinearity. To address this, we introduce an additional 
binary variable 𝜓𝑘𝜙𝑗 to replace the nonlinear constraints (A.24) with the following linear (A.26) – (A.29). Note that constraints (A.24) 
and (A.26) – (A.29) are equisatisfiable.

𝜇𝑘𝜙𝑗 ≤ 𝜎𝑘𝜙𝑗 ∀𝑘 ∈ ,∀𝜙 ∈  ⧵ {𝑘},∀𝑗 ∈  (A.26)

𝜇𝑘𝜙𝑗 ≤ 𝜄𝑘𝜙𝑗 ∀𝑘 ∈ ,∀𝜙 ∈  ⧵ {𝑘},∀𝑗 ∈  (A.27)

𝜇𝑘𝜙𝑗 ≥ 𝜎𝑘𝜙𝑗 −𝑀𝜓𝑘𝜙𝑗 ∀𝑘 ∈ ,∀𝜙 ∈  ⧵ {𝑘},∀𝑗 ∈  (A.28)

𝜇𝑘𝜙𝑗 ≥ 𝜄𝑘𝜙𝑗 +𝑀(𝜓𝑘𝜙𝑗 − 1) ∀𝑘 ∈ ,∀𝜙 ∈  ⧵ {𝑘},∀𝑗 ∈  (A.29)

Appendix B. 

𝐶1,𝑠,𝑖𝑘 ≥ −𝑀(1 − 𝑐1,𝑠,𝑖𝑘) ∀𝑖 ∈  ,∀𝑘 ∈ ,∀𝑠 ∈ {1,…,} (B.1)

𝐶1,𝑠,𝑖𝑘 ≤ −𝜁 +𝑀𝑐1,𝑠,𝑖𝑘 ∀𝑖 ∈  ,∀𝑘 ∈ ,∀𝑠 ∈ {1,…,} (B.2)
∑

𝑠∈
𝑐1,𝑠,𝑖𝑘 ≥ 𝜉||

∑

𝑗∶(𝑖,𝑗)∈
𝑥𝑘𝑖𝑗 ∀𝑖 ∈  ,∀𝑘 ∈  (B.3)

𝐶2,𝑠,𝑘𝜙𝑗 ≤𝑀(1 − 𝑐2,𝑠,𝑘𝜙𝑗 ) ∀𝑘 ∈ ,∀𝜙 ∈  ⧵ {𝑘},∀𝑗 ∈ ,∀𝑠 ∈ {1,…,} (B.4)

𝐶2,𝑠,𝑘𝜙𝑗 ≥ 𝜁 −𝑀𝑐2,𝑠,𝑘𝜙𝑗 ∀𝑘 ∈ ,∀𝜙 ∈  ⧵ {𝑘},∀𝑗 ∈ ,∀𝑠 ∈ {1,…,} (B.5)
∑

𝑠∈
𝑐2,𝑠,𝑘𝜙𝑗 ≥ 𝜉|| ∀𝑘 ∈ ,∀𝜙 ∈  ⧵ {𝑘},∀𝑗 ∈  (B.6)

𝐶3,𝑠,𝑖 ≤𝑀(1 − 𝑐3,𝑠,𝑖) ∀𝑖 ∈  ,∀𝑠 ∈ {1,…,} (B.7)

𝐶3,𝑠,𝑖 ≥ 𝜁 −𝑀𝑐3,𝑠,𝑖 ∀𝑖 ∈  ,∀𝑠 ∈ {1,…,} (B.8)
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Fig. C.10. Travel route paths of the 𝜖 = 12 electric shuttles (Deterministic Approach).

∑

𝑠∈
𝑐3,𝑠,𝑖 ≥ 𝜉|| ∀𝑖 ∈  (B.9)

𝐶4,𝑠,𝑘𝑜 ≤𝑀(1 − 𝑐4,𝑠,𝑘𝑜) ∀𝑜 ∈  ⧵ {𝑝 + 1},∀𝑘 ∈ ,∀𝑠 ∈ {1,…,} (B.10)

𝐶4,𝑠,𝑘𝑜 ≥ 𝜁 −𝑀𝑐4,𝑠,𝑘𝑜 ∀𝑜 ∈  ⧵ {𝑝 + 1},∀𝑘 ∈ ,∀𝑠 ∈ {1,…,} (B.11)

𝑐4,𝑠,𝑘𝑜 ≤
∑

𝑖∶(𝑜,𝑖)∈
𝑥𝑘𝑜𝑖 ∀𝑜 ∈  ⧵ {𝑝 + 1},∀𝑘 ∈ ,∀𝑠 ∈ {1,…,} (B.12)

∑

𝑠∈
𝑐4,𝑠,𝑘𝑜 ≥ 𝜉||

∑

𝑖∶(𝑜,𝑖)∈
𝑥𝑘𝑜𝑖 ∀𝑜 ∈  ⧵ {𝑝 + 1},∀𝑘 ∈  (B.13)

𝐶5,𝑠,𝑖 ≤𝑀(1 − 𝑐5,𝑠,𝑖) ∀𝑖 ∈  ,∀𝑠 ∈ {1,…,} (B.14)

𝐶5,𝑠,𝑖 ≥ 𝜁 −𝑀𝑐5,𝑠,𝑖 ∀𝑖 ∈  ,∀𝑠 ∈ {1,…,} (B.15)
∑

𝑠∈
𝑐5,𝑠,𝑖 ≥ 𝜉|| ∀𝑖 ∈  (B.16)

𝐶6,𝑠,𝑖𝑟 ≥ −𝑀(1 − 𝑐6,𝑠,𝑖𝑟) ∀𝑖 ∈  ,∀𝑟 ∈ ,∀𝑠 ∈ {1,…,} (B.17)

𝐶6,𝑠,𝑖𝑟 ≤ −𝜁 +𝑀𝑐6,𝑠,𝑖𝑟 ∀𝑖 ∈  ,∀𝑟 ∈ ,∀𝑠 ∈ {1,…,} (B.18)

𝑐6,𝑠,𝑖𝑟 ≤ 𝑙𝑖𝑟 ∀𝑖 ∈  ,∀𝑟 ∈ ,∀𝑠 ∈ {1,…,} (B.19)
∑

𝑠∈
𝑐6,𝑠,𝑖𝑟 ≥ 𝜉||𝑙𝑖𝑟 ∀𝑖 ∈  ,∀𝑟 ∈  (B.20)

Constraints (B.3), (B.6), (B.9), (B.13), (B.16), and (B.20) count the number of scenarios in which the stochastic conditions are 
satisfied and compare this count against the threshold 𝜉||. In particular, 𝐶1,𝑠,𝑖𝑘 and 𝐶6,𝑠,𝑖𝑟 are required to be non-negative, whereas 
𝐶2,𝑠,𝑘𝜙𝑗 , 𝐶3,𝑠,𝑖, 𝐶4,𝑠,𝑘𝑜, and 𝐶5,𝑠,𝑖 must be non-positive. As discussed in Section 4, the conditions 𝐶1,𝑠,𝑖𝑘 ≥ 0 and 𝐶2,𝑠,𝑘𝜙𝑗 ≤ 0 must hold for 
all scenarios 𝑠 ∈ ; therefore, 𝜉 = 1 in these cases. In constraints (B.3), the term ∑𝑗∶(𝑖,𝑗)∈ 𝑥

𝑘
𝑖𝑗 ensures that the condition is enforced 

only for assigned pickup-vehicle pairs (𝑖, 𝑘), thereby avoiding unnecessary computations. A similar logic is applied to 𝑐4,𝑠,𝑘𝑜 through 
constraints (B.12)–(B.13), ensuring that it equals 1 only if shuttle bus 𝑘 ∈  serves at least one pickup vertex 𝑖 ∈  (i.e., 𝑥𝑘𝑜𝑖 = 1 for 
at least one 𝑖). Likewise, 𝑐6,𝑠,𝑖𝑟 is restricted to equal 1 only for pickup-railway trip pairs (𝑖, 𝑟) with 𝑙𝑖𝑟 = 1, as enforced by constraints
(B.19)–(B.20).

Appendix C. 
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Fig. C.11. Travel route paths of the 𝜖 = 13 electric shuttles (Deterministic Approach).

Fig. C.12. Travel route paths of the 𝜖 = 14 electric shuttles (Deterministic Approach).
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Fig. C.13. Travel route paths of the 𝜖 = 15 electric shuttles (Deterministic Approach).

Fig. C.14. Travel route paths of the 𝜖 = 16 electric shuttles (Deterministic Approach).
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