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Abstract. We construct C*-dynamical systems for the dynamics of clas-
sical infinite particle systems describing harmonic oscillators interacting
with arbitrarily many neighbors on lattices, as well on more general struc-
tures. Our approach allows particles with varying masses, varying frequen-
cies, irregularly placed lattice sites and varying interactions subject to a
simple summability constraint. A key role is played by the commutative
resolvent algebra, which is a C*-algebra of bounded continuous functions
on an infinite-dimensional vector space, and in a strong sense the classical
limit of the Buchholz-Grundling resolvent algebra, which suggests that
quantum analogs of our results are likely to exist. For a general class of
Hamiltonians, we show that the commutative resolvent algebra is time-
stable and admits a time-stable sub-algebra on which the dynamics is
strongly continuous, therefore obtaining a C*-dynamical system.
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1. Introduction

In this work, we study the time evolution of classical infinite particle systems.
We let T' be a countable set of sites—for instance, a lattice in Rf. Around each
site a particle is pinned by a harmonic force, and each pair of particles interact
through attractive and/or repulsive forces. If g, denotes the displacement of a
particle from its chosen lattice position k € I', and p; denotes its momentum,
our Hamiltonian can be formally written as:

Hipg) =Y <||pzf||2 . Vk||gk||2) + 3 Vilar — a0, (1)

ka
kel k,lel’

for varying constants my, v > 0 and varying bounded interaction potentials
Vi1 subject to certain smoothness and summability constraints; precise defini-
tions are given in Sect. 2. In contrast to many other works in this context, we
do not assume that the masses m; and force constants v, of the particles are
identical, nor do we place any constrains on the nature of the lattice, phrasing
the thermodynamic limit purely in terms of the partial order of finite subsets of
T" with inclusion. As a consequence, our results hold for general solid-state ma-
terial structures I' C RY that are not necessarily arranged in a periodic lattice.
Practical examples range from crystals to glass, from doped metals to carbon
nanotubes. From the extremely chaotic and non-integrable dynamical behav-
ior of such a system, we nonetheless extract certain “asymptotically linear”
characteristics, which we use to fully translate the phase space description of
the system into an algebraic description, resulting in a C*-dynamical system.
This provides a general algebraic framework in which fundamental questions
about thermodynamic equilibrium of many particle systems can be raised and,
hopefully, be answered in future projects [1,11,15,34].

The commutative resolvent algebra is a commutative C*-algebra intro-
duced in [23] and shown there to be the classical limit of the Buchholz—
Grundling resolvent algebra R(X) [2] in a strict sense. The latter algebra has
proved to be an excellent framework for the study of Bose—Einstein condensa-
tion [5,6,8] and is known to model quantum lattice systems with an infinite
number of degrees of freedom in a large class of settings [3,4], although not
yet for systems as general as considered here in the classical case. Classical
models are often more intuitive, as their observable algebras are simply given
by function algebras defined on phase space. We use this phase space intuition
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to vastly generalize the dynamics known to work and thus create a blueprint
[14,35] for what can be hoped for in the quantum case.

To motivate the need for the (commutative) resolvent algebra, let us
consider the case of spin lattice systems for which the underlying configura-
tion space is typically taken to be an infinite product of spheres S?, which is
compact as a result of Tychonoff’s theorem. In this setting, there is no ambi-
guity about the underlying algebraic structure encoding the observables, since
Ce(TzSY) = Cy(TM4S?) = C(I4S?), where C,. denotes the compactly sup-
ported continuous functions, Cy the continuous functions vanishing at infinity
and C all the continuous functions. This drastically changes when the single
particle phase space is not compact anymore. Indeed, the usual C*-algebra
Co(X) is trivial for infinite-dimensional normed vector spaces X, since com-
pact subsets of X have empty interior by Riesz’ Lemma. In this more general
context, various rigorous results are often known in a measure theoretical,
rather than an algebraic setting [16,28,31]. Despite the fact that these ap-
proaches have shown their importance in classical statistical mechanics, one
may still hope for a fully C*-algebraic description of interacting dynamical
lattice systems: this would allow for an abstract description where the fea-
tures of physical observables are encoded by algebraic relations which are well
manageable in C*-algebras. This is precisely where the commutative resolvent
algebra, denoted by Cx(X), comes to the rescue.

In contrast to Cp(X), the C*-algebra C'r(X) is a non-trivial subalgebra
of C(X), and yet, for finite subspaces V' C X the algebra Cy(V) is embedded
in Cr(X) by the pull-back of the projection onto V. In fact, Cr(X) is the
inductive limit of such Cy(V') and thus forms a conveniently small class of well-
behaved quasi-local classical observables (cf. [2,23,24]), as opposed to Cp(X).
This inductive limit furthermore makes it possible to study the thermody-
namic limit. A major advantage is that physical emergent features such as the
occurrence of spontaneous symmetry breaking and phase transitions in infi-
nite systems can be analyzed from approximations of the relatively well-known
finite subsystems [20,33], which describe these phenomena in real matter [32].

The first main contribution of this paper, Theorem 14, is to show that
the commutative resolvent algebra is invariant under the time evolution of
any Hamiltonian H of the very general form (1). The second main contri-
bution, Theorem 21, then shows that, for each specific H (fixing the numbers
{m}rer, {Vk }rer and potentials { Vi }r ier) the C*-algebra C'g (X) has a non-
trivial subalgebra that forms a C*-dynamical system for this specific dynamics.
The latter actually follows quite easily from the former by an adapted argu-
ment of [2]. Different dynamics may induce different subalgebras, but they
will always be contained in Cg (X), therefore making them accessible for sub-
sequent analysis concerning states, symmetry breaking, phase transitions, etc.
Compared to traditional measure-theoretic and probabilistic approaches, the
algebraic approach has several advantages, of which we highlight two.

A first advantage is that the algebraic approach enables the study of
classical KMS states. The classical KMS condition, introduced in [15], is an
analogue of the usual (quantum) KMS condition, now formulated in terms
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of a commutative C*-algebra, a Poisson bracket, and a globally defined au-
tomorphism, all of which are present in our current setting. Solutions to this
equation, known as classical KMS states, are expected to encode the equilib-
rium properties of the system as a function of temperature [9-11]. In contrast
to the quantum case, at the classical level there exists another much better
known notion of thermodynamic equilibrium, namely that described by the
Dobrushin-Lanford-Ruelle (DLR) equations and Gibbs measures. In general,
however, these two notions do not necessarily coincide. The commutative re-
solvent algebra therefore opens up an entirely new domain of the study of
thermodynamic equilibrium through both these concepts.

A second advantage is the possibility of studying incomplete flows via

partial actions. Since we work with automorphisms of a C*-algebra rather
than with flows on a classical phase space, we obtain a dynamical framework
in which the (non-trivial) ideal structure of the commutative resolvent algebra
plays a fundamental role [13]. This perspective becomes particularly powerful
in situations where the Hamiltonian flow fails to be globally defined—as in
systems with Coulomb interactions. In such cases, the theory of partial actions
[13] provides the appropriate framework: It allows the dynamics to be restricted
to those closed ideals on which the automorphisms are well defined, thereby
yielding partial dynamical systems. As a result, the study of the ideal structure
is essential for understanding the dynamics.
From a technical point of view, our proof profits from the strategy applied
in [26] where phase space analysis is used to prove stability for finite systems
of particles with a compact configuration space. To extend these results to
noncompact configuration spaces is, however, still a technical exercise.

The subsequent extension to infinite systems is done by an elegant Dyson-
series argument, inspired by and extending [29]. Our extension neatly shows
how quantum reasoning can be carried over to classical reasoning when the
right smoothness criteria are employed, why one can still far exceed nearest-
neighbor interactions, and why one can remove all dependence on the metric
structure of I'.

The intent of making the thermodynamic limit completely independent
of a metric is inspired by the ideas of noncommutative geometry and the (dual)
continuum limit in lattice gauge theory. Both topics are often studied with a
C*-algebraic description of physics in mind, and both are only yet rigorous
in the classical case. Our general set-up seems to be suitable for the inclusion
of such more abstract models, as well as the inclusion of curved configuration
spaces and possibly Coulomb interactions.

The paper is organized as follows: Sect. 2 is devoted to a brief introduction
to interacting and oscillating particle systems and the commutative resolvent
algebra. In Sect. 2.6, the Hamiltonian dynamics is introduced for which we
show in Sect. 3 that it leaves invariant the commutative resolvent algebra
in the case of finite systems. Secondly, by use of a summability condition
on the interactions, this result is extended to infinite systems by means of
Theorem 14 in Sect. 4. In Sect. 5, strong continuity of the time evolution on



Classical Dynamics of Infinite Particle

certain subalgebras yields our final result, Theorem 21. We discuss our findings
and future prospects in Sect. 6.

2. Preliminaries

We introduce our conventions and assumptions regarding the classical oscil-
lating and interacting (in)finite particle systems under consideration.

2.1. The Index set and its Thermodynamic Limit

We consider an arbitrary countable set ['—typically interpreted as a discrete
subset of R, namely as the set of points of confinement around which the
particles are pinned by a harmonic potential. This already endows the set of
finite subsets of I" with a partial order (inclusion), which is upward directed
and hence defines a notion of convergence—the one of nets.! Explicitly, if F
is any function defined on finite subsets of I' and taking values in a normed
space,

lim F(A) =«

AT
means that for every € > 0, there exists a (finite) subset K. € I" such that for
all K. C A €T we have

|F(A) —af <e.

Assumptions on the material topology and geometry will be encoded not
in I but in our assumptions on the interaction potentials, to be discussed in
§ 2.5.

2.2. The Phase Space

To each element of T', we associate a phase space R??, and our total phase
space is given by:

Q = 0.(T,R?*?) = £.(I',R%) x £.(I',R%)

consisting of pairs w = (p,q) € Q of finite sequences p = (p;)ier,q = (¢@)ier
for which each entry takes values in R%. The components of p; (resp. ¢;) in R?
are denoted p;; (resp. ¢ ;) fori=1,...,d.

Let A € I" be any finite subset labeling the particles of a subsystem.
For p € Qo™ = RIA @ RY, the precise definition of Qo™ given below, we
sometimes use the identification p = >, .\ er @ pi € RIA @ RY, with e, the
k' standard basis vector of RIAl ie., (er @ pp) = Skaprk € R, and similarly
for q.

By construction, € is a countably infinite-dimensional vector space, which
admits a natural inner product induced by the inclusion Q C ¢2(T',R??) into
the square-summable sequences. For interpretational purposes, one may rather
regard £2(T', R??) as the underlying phase space, and Remark 1 shows that this

1This notion of convergence is the strongest possible one on subsets of I' in which every
point of I is eventually absorbed in the subsets, and implies, for instance, convergence with
respect to subsets of hypercubes, etc.
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is valid. In that sense, §2 is an auxiliary dense subset of the phase space, used
to define the observable algebra, but for brevity we shall refer to 2 as the
phase space.

‘We moreover define, for each finite subset A € T,

Qp ={(p,q) €Q: pp=q=0"forl ¢ A} = R2IAI4,
We occasionally adopt the notation
QR —{(p,0) € U} = RN,
QR ={(0,9) € s} =R,

and we note that Qx = QY™ @ QF*°. We furthermore emphasize that

0= UQA.

A€l
2.3. The Commutative Resolvent Algebra

The first step in constructing an operator algebraic framework for a physi-
cal system is the construction of a C*-algebra defining the class of relevant
observables. The observable algebra that this paper proposes is called the
commutative resolvent algebra [23] of Q, defined as follows.

Let X be a (possibly infinite-dimensional) real-linear inner product space.
The commutative resolvent algebra of X, denoted Cr(X), is the C*-subalgebra
of the algebra of bounded operators Cy(X) generated by resolvent functions
on X, i.e., functions of the form

ha(y) = 1/(x —z - y),

for x € X, A € R\ {0}.2 The inner product on X yields a norm || - || and a
topology with respect to which 2} : X — C is a continuous function.

We consider Cr (), with Q = £,(T', R?%) C ¢2(I", R??) of Sect. 2.2. Con-
veniently, C'g () is the inductive limit of the net of all Cr(V'), where V C Q
ranges over all finite-dimensional subspaces of 2, and the connecting maps
defining this limit are the pull-backs of the projection maps W — V for
V' C W. This remains true if one restricts the net to any cofinal class of
finite-dimensional subspaces. It follows that

Cr(Q) = lim Cr (),
where the inductive limit is taken with respect to the pull-backs of wa|as :

Qar — Qp (A C A el), where mp : Q — Q4 is the orthogonal projection
onto Q4. More explicitly, we have (cf. [30, Proposition 6.2.4(i)])

Cr(Q) = [ (Cr(Qn) o ma). (2)

Ael’

Hence, Cr () is an algebra of “quasi-local” observables [21], containing a
dense subalgebra of “local” observables, i.e., functions that only depend on
finitely many particles.

A

x>

2Actually Cr (X) is already generated as a Banach space by h
4.4 and (2)].

as shown in [27, Theorem
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Remark 1. One can consider C (Q2) as a space of functions on the larger phase
space Y = (?(I',R??). Indeed, the canonical projections Y — €, induce in-
jective *-homomorphisms Cr (25) — Cy(Y), which by inductive limit induce
an injective *-homomorphism Cg(Q) — Cp(Y). As such, Cr(Q) is also an
observable algebra on the phase space Y, and in fact, distinguishes all points
of Y.

2.4. A Dense Poisson Algebra

We define the subspace Sgr(2) C Cr(2) as the span of so-called levees g o7
for which g is Schwartz, namely

Sr(9Q) :=span{gox | 7 fin. dim. projection on €, g € §(ran(x))}, (3)

where §(ran(m)) denotes the Schwartz space on ran(m). More generally, a
“levee” is a function f = gom € Cr(Q) for a finite-dimensional projection
and a function g € Cy(ran(w)). By [23, Prop. 2.4], the set Sg(f2) is a dense
*-subalgebra of Cr ().

We can put a Poisson bracket on Sg(€2) by use of the canonical Poisson
bracket on C™ () = C®(R?A4) as follows. For any two functions fi, fa €
Sr(£2), we can choose A € T" large enough such that f; = g1 o mp and fo =
g2 o mp for functions g1,92 € Sr(QA) C C*°(Q), and where mp : Q@ — Qp
denotes the orthogonal projection. We define

{g107mp, g2 0mA} == {g1,92}a 0 7A,

where {g1, g2} is defined by

{917 gz}A b,q

81, 82, 817 aQa
Zz(gp 92(p,a)  091(p,q) g(pq)>7

leA im1 0qy.; 31?1,7: 3291,1‘ 3QZ,¢

for all (p,q) € Qa.

One can prove that {g; o mp, g2 o o} does not depend on A and lands
in Sk (£2); the essential part of the proof is that a partial derivative of a levee
is again a levee. Furthermore, the Poisson bracket thus defined coincides with
the Poisson bracket introduced in [23].

2.5. Local Hamiltonians
For each finite A € I', we consider the local Hamiltonian

Ha(p) =S <Pk2 N 1/ka||2> + 3" Valaw — ), (4)

2m
keA k kA

for (p,q) € Q. Here, || - | is the Euclidean norm on R?, and mj > 0 and
v, > 0 denote the mass and force constant of particle k, and Vj; denotes the
interaction potential between particles k and [, subject to conditions below.
We note that H(p,q) depends solely on (pa,qa) = ma(p, q) € Qa, and hence,
we may view Hp as a function acting on the finite-dimensional phase space
Qx. Observe furthermore that the model defined by (4) can be interpreted as
a generalization of an oscillating and interacting lattice system.
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For a multi-index §: {1,--- ,d} — Z>o with |5] = Z?:l 06(i), we write
1 d
9P ::815( )--~65( )7

where 8f(i) = 85(i)/8x?(i) are the usual partial derivatives of order 3(7) cor-
responding to the i*" coordinate of R¢.

Assumption 1. The following conditions are assumed:
(1) Vu(z) = Vi(—z);
(ii) Vi € C5°(RE,R) for each k,l € T
(iii a) there exist constants C' > 0 and Cy; > 0 for each k, 1 € T such that

10°Vii]| oo < CpyC1P!
for all B:{1,...,d} — Z>o;

(iii.b) SUPger 2 yep Cri < 00;
(iv) supper{muve, 1/(myvi)} < oc.

The summability condition (iii b) is an abstraction and generalization of
the stability condition of [35].

Remark 2. Suppose that all interactions are given by the same symmetric
potential V. Let xx; be the vector from the pin of k to the pin of [. Then,
automatically xp; = —x. If we define

Vkl(ac) = %V(Z’ - {L‘kl),
it follows that
Vkl(df) = %V(l‘ — xkl) = %V(—JE + zkl) = %V(—x — Jflk) = Vlk(—x),

which is precisely (i). Condition (iii) has to be interpreted in the sense that
for each particle k, the combined influence of all other particles [ sums to
something finite. This can be achieved when I' has a group structure by setting
Via(z) = Lj(k — )V (2 — p), and taking Cy := 1j(k — 1), for a function
j € £4(T") which, acting as a regulator approximating j = 1r, is significantly
more general than j being supported on a finite set of neighbors, and like [35]
signals importance of the ¢'-topology.

If one rephrases the prescription (4) in terms of the “interaction poten-
tial” ¥ one finds in the literature [18,21], one obtains up to a constant
Upell® | wellael® _ )
o T A ={kE
Hy= Y Wa,  Walp,q) =1 2Vilgr — ), if A = {k,1}; (5)
ATCA 0, otherwise.

2.6. Definition of the Dynamics on C'z (£24)
For finite subsystems Q, we identify Q, ~ RIA x RIMY Assumption (iiia)
on Vj; together with the Fundamental Theorem of Calculus implies Lipschitz
continuity of the 0;Vi;:
d x
10:Via () — 0:Via(y)|| < Z/ 100 Vit ||oo < dCuC?|lz =y
y

j=1
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Therefore, by the Picard—Lindel6f theorem, the Hamilton equations have unique
solutions on Q. More precisely, for every (p,q) € Qa, there exists a unique
function R — Qy, t — @Y% (p,q) such that

d 0 0
@, (P ki = ( - 0 ~HA (@, (p.0). %HA(‘I’?IA (», q))>; (6)
%, (p,9) = (p, ), (7)
forallk € A,i=1,---,d, and similarly one defines ®%; for other Hamiltonians

H. The expression on the right-hand side of the first line of equation (6) is

simply the components of the Hamiltonian vector field Xz, of Hp evaluated at

Y (P, q) € Q4. It is a general fact that ®}; : Q4 — Q4 is a homeomorphism.
To use a compact notation, we indicate by V, the gradient

d
Vg = Z Z(ek ® §i)%7 (8)

ke i=1

where {ej.}xea a basis for Rl and {8;}¢ ; a basis for R%, and we define V,, in
a similar way. In contrast to the single-site gradient V, the gradients V,, and
V, depend on the finite system A € I'. It follows that eq. (6) now reads

%%A (p.q) = ( — VoHA (R, (,q)), Vi HA (D%, (p, q)))-

The following definition connects the above time evolution to the algebraic
setting.

Definition 3 (Time evolution in algebraic sense). Let A € T' be finite and
consider the Hamiltonian Hy of (4). For each fixed f € Cr(24), the (algebraic)
local time evolution is defined to be the pull-back of the flow, that is, the map
R >t~ (@, )*(f). For each t € R, we also define

oy i TACR(Qn) — TACR(Q); 9)
o) (fomp) = fody, omy, (f € Cr(Q)). (10)

Since Cr(Q4) ~ 3 Cr (), the local dynamics can be seen as a map acting on
functions defined on all of {2, which is a convenient property for the forthcoming
discussions in Sects. 4-5.

3. Finite-Dimensional Dynamical Systems

The key objective of this paper is to show that the resolvent algebra C'g(2)
is stable under the dynamics induced by the local Hamiltonians (4) and the
corresponding thermodynamic limit. In this section, we obtain the stability of
Cr (), for a fixed finite subsystem A € I'. The extension of this finite result
to all of I' will be the content of Sect. 4.
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3.1. Noninteracting Time Evolution

To prove time-stability of Cr(£25) under Hy (Theorem 13), we firstly prove
time-stability under the noninteracting Hamiltonian HY, where

Hp = HY + Vy; (11)
0 ,_ lpxll* | vellael® .
B (p.) =3 (T + ) (12)
keA
) = Z Vii(ax — a)- (13)
klEA

Lemma 4. The time evolution of the simple harmonic oscillator HY of the
finite particle system A € I' preserves the commutative resolvent algebra, i.e.,

(Phrq)"(Cr()) = Cr(Qn), (14)
for each t € R. Moreover, ((I)f}{g)*(SR(QA)) = Sr(24).

Proof. The Hamiltonian Hf can be written as:

i Vk|Qk,i|2
0=y (el oty

ke i=1

The corresponding Hamiltonian system is integrable; indeed, it can be decom-
posed into a Cartesian product of |A|d independent subsystems with Hamilto-
nians

|Pk,i|2 Vk|Qk,i|2

ka 2 (15)

Hyi(Pris Qi) =

Each such subsystem corresponds to a simple harmonic oscillator of a one-
dimensional one-particle system with associated flows <I>k o for ke A i€
{1,...,d}. The flow of the total system is given by the composition of the
individual flows @Z’i, each acting as the identity on all but one factor in the
Cartesian product. The flows of these subsystems are well known: up to scaling
they are given by rotations on two-dimensional phase space with angular fre-
quency wg; = \/vk/my, for each i =1, - - - d. Therefore, (I)%R is a composition
of linear maps, hence linear itself. Its pull-back ((IDtHR )* therefore sends any
levee to a levee. Since the levees are dense in Cg (€24), the lemma follows. O

3.2. Time Evolution for Compactly Supported Potentials

The step extending noninteracting time evolution to time evolution for com-
pactly supported interaction potentials (V; € C°(R?)) is by far the most
technical step and will culminate in the following proposition.

Proposition 5. Let A € T be finite, and assume that Vi € C2(RY) for all
k,l € A. Then, for allt € [0,1],

(®%,)"(Cr(Q)) € Cr(Q). (16)
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It follows that, for allt € R,
(Ph,)" (Cr()) = Cr(Q). (17)

We explain how the second assertion follows from the first. If indeed we
can prove (16) for all ¢ € [0,1], then we have

(@37,)" (Cr(2)) = ((2,)) " (Cr(2)) € Cr(Qn)
for any M € Z>, implying (16) for all t € R>¢, and by substituting (—p, q)
for (p,q) and using invariance of Cz(Q4) under pull-backs of linear maps, we
obtain (16) for all ¢ € R. Noticing that (®)* is the inverse of (®%; )*, we
obtain (17) for all ¢ € R as well.

The proof of the first assertion of Proposition 5 consists of several steps
for which the following notation is introduced. We write

i Qp — R (18)
T (P, q) = @ — (19)
and introduce the potentials
Vn(p @)= Y 2Viu(mu(p, ), (20)
{k,I}eN
for all (finite) sets
N C{{k, 1} kleAk#L. (21)

We now fix such a set N. For the proofs in this section, we shall consider the
general Hamiltonians defined according to Vs:

Hy :=HR + Viy;
Hy—pt i =Har (k1)
=H} + Viy — 2Vjy o T,
for all {k,1} € N.
Definition 6. Let {k,l} € NV, and consider a given (po, qo) € Q. We denote
w(t) = (p(t), q(t) = Pl (Po; q0);
o) = (p(1),4(t) = Pl _,, (Po, q0);
WO(t) = (0°(8), 4° () := Plyq (Po, q0)-
These are the integral curves through (po, go) corresponding to three different

flows.

In the proof of Proposition 5, we quantitatively compare the flow of Hxs
with the flow of Hy g and thus build up the full Hy inductively from HY,
an idea which is based on [26, Prop.11]. However, both because our config-
uration space is noncompact and because our noninteracting Hamiltonian is
more complicated, we will need ideas beyond [26]. The first is captured by
the following lemma, which states that two noninteracting particles oscillating
with possibly different frequencies do not spend too much time in each other’s
presence. For this purpose, we introduce the following notation. We write
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mom,pos __ mom __POs\ , (ymom pos d d
ﬂ-kl (ﬂ—kl 77Tkl )QA @QA — R @R,

where

1 1
mom O pos _ _ .
T (p) mkpk mlpl, T (4) = ax — @
Lemma 7. Let A denote the Lebesque measure on [0, 1], let Br(0) be the ball
around zero for some radius R > 0, and fir k,l €¢ A €T
1. Suppose that ”’“ = ”l . For every e > 0, there exists Dy ;. > 0 such that

for all (po,qo) 2 QA satzsfymg |75 P (w)|| > Diy,e we have (in the
notation of Definition 6)

M({te 0,11 g)t) — a(t) € Br(0)}) <. (22)

2. Suppose that ZTI; =+ ’:’le For every € > 0, there exists Dy > 0 such
that for all (po,qo) € Qa satisfying ||(wk,wr)|| > Dy we have (in the
notation of Definition 6)

A({te .11 0 - ) € Ba(0)}) < .

Proof. We may throughout the proof assume that A = {k,1}. Moreover, we
leave out the superscript 0 referring to the noninteracting dynamics. The whole
proof is in terms of the flow of H?k-,l}'

Proof of 1. Suppose the statement does not hold, so there exists an € > 0 such
that for all D there exist (pg, qo) € Qx satisfying

¢H e PO o — (a2 > D (23)

and such that (22) does not hold. The function R — R%, t + q;(t) — q(t) is
continuous and perlodlc with some period independent of the initial conditions,
so the set in the argument of A in (22) contains a nontrivial interval [a, b] of
length |b — a| > Ne, for a number N independent of (pg, qo). For all ¢ € [a, b],
we have ||qx(t) — q(t)|| < R, so that on account of (6)

m“@”@><“@”“W—nfﬂmﬁ)LW@mﬂ
a my my

my my my mp

IN

1%
“* RIb—al,

my

for all ¢ € [a,b]. Hence, by twice applying the reverse triangle inequality,

gk (b) — ai( )H

=[O 2Oy ) - ao)
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H/ tD) o0y pela) _plalyy gy

my mg my

b
zH/ (pr(Z)—
“R

pr(a)  pia) vy,
> Jp—al| 22— 2Dy o2 R R
m my mp

We obtain the bound

‘ pe(a)  pi(a) H < 2R+ b aP%R < 2R +1b— a|ﬂR.
my, my |b— al eN my
Hence,
|24~ 2D o) - @ < Cot o+ ZR) B2, (2)
since |b — a| < 1. Because (pr’jl()f),qk(t)) and ( o ,ql(t)) are both solutions of
the same simple harmonic oscilator, (pfn(:) — pl(a)7qk( ) — q(a)) is, up to a
)i

(Po)k (Po)z

constant scaling, a rotation of (22 so || % — @ody2y

 (@0)k — (g0 1),
l(q0)x — (q0):1]|? is bounded by the same constant as (24), multiplied by another
constant independent of (po, go). But this contradicts our assumption that (23)
has to hold for all D. We therefore obtain the result.

Proof of 2. We suppose the sta_tement does not hold. This implies the existence
of an € > 0 and a sequence (wp)32 = (P}, qO)) 1 € Qa = Qg such that

Tim /a2 + h) ]2 = oo (25)

and

A({te 0,1 (¢)k(t) — (@ (1) € Br(0)}) > e
As R — R t — (¢7)r(t) — (¢7):(t) is a sum of two harmonic functions with
two positive periods that are independent of j, the set above (the argument
of \) is a union of N open intervals (a], b{)7 (aN,bgv), where N does not
depend on j. We denote I/ = (a],b!,.. aN,bJ ) € [0, 1]V, We set

= sl = NGl + NI,
which we may assume to be nonzero because c¢; — oc. We also set
; 1
—J

— J
W) = —wy.
¢j

According to the Hamiltonian equations for H ?k 1 (two harmonic oscillators),
we obtain
. 1.
ol (t) = —w ().
¢j
It also follows that [|@)|| = 1.
Because of the above construction, the sequence ((@), 17))32 takes values

in a compact set, and so admits a convergent subsequence (@), I71))2, whose
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limit we denote (@g, I), and we write wg = (Po, Go) and I = (a1, b1,...,an,bn).
We obtain

M) > e,

which implies that there is a nontrivial open interval (a,,,b,,) for some m €
{1,...,N}. For all £ € (am,bn), we obtain, for i € Z>( large enough,

—Ji —Ji 1
q. (t) —q/'(t) € ;BR(O)-
Ji

As ¢j, — 00, we obtain, for all ¢ € (am, bn,),

qx(t) = @ (1)

As @, and @ are both (scaled and shifted) sine functions, the fact that they
coincide on a nontrivial interval implies that they are equal everywhere. This
implies that their frequencies are equal, which contradicts our assumption. [

We shall make repeated use of the following formulation of Gronwall’s
inequality, which is well known (see, e.g., [19]).

Lemma 8 (Gronwall’s inequality). Let to < t; € R, let m € Z>o, and let
U CR™ be open. Let F,G : [to,t1] x U — R™ be continuous functions, and let
y: [to,t1] = R™, z: [to, t1] — R™, satisfy the initial value problems:
d
at?
d
%z(t) =G(t,2(t); =z(to) = 20.
Assume there is a constant C > 0 such that

|G(t,2) = G(t,2)|| < Cllz — 2],

(t)=F(t,yt); y(to) =yo

and a continuous function ¢ : [to,t1] — [0,00) such that

(8, y(t) = Gt y(0)I] < @ (t).
Then, for all t € [to, 1],
t
l9(®) = #(0l] < g — zof| + e [ emClemtl (s,
to
Lemma 7 and Gronwall’s inequality enable us to prove the following re-

sult. We recall that N C A x A is a fixed set satisfying (21).

Proposition 9. For all {k,l} € N and all € > 0, there exists Dy > 0, such
that for all w € Qp satisfying either

1lma® P (W)l > Die if 3 = #s

2. |[(wi,wi)l| > Dipe if o= # 2L,
we have, for all t € [0,1],

19y (W) = Py, W) <. (26)

Hy — 1
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Proof. We are going to apply Gronwall’s inequality to the following data. We
hereto introduce three time-independent vector fields, whose components are
defined by:

F =Xy : (p,q) — ( — Vo H(p,q), Vo HR (p, q)); (27)

G:=Xp,: (p,q) — ( —VHn(p,q), Vo Hyr(p, q)); (28)

G:= XHN,M : (pa Q) — ( - quN—kl(pa Q)y vaN—kl(pa Q))a (29)

with p,q € RIA Ag before, we denote the (necessarily unique) flows corre-
sponding to the Hamilton vector fields above, respectively, by w°, w, and @,
and remind that the initial points coincide at time ¢ = 0, i.e. w(0) = w°(0) =
@(0) = (po,qo)- On account of Lemma 8 and our conditions on the potential
Vi (cf. §2.5), we may estimate

/
16() = G| < [A]me| P — | 4 | max g — vigi

+ > Culllar — gkl + |l — glll)
{k,I}eN
< Cillp = Plloe + C2llg — 'lloc + Csllg — ¢l |00
< Cglw — o',
for suitable positive constants C7,Cy, C3, Cy; and Cg. Similar estimates yield
|G(w) = G < Cgllw — ']
Notice that
1F(@°() = G@’(t)]|oo < VgVl < o0,

as A is finite. The same estimate holds for ||F(w®(t)) — G(w°(t))||. If we then
define dy := ||V4Vi ||, Wwe may apply Gronwall’s inequality (cf. Lemma 8)
and obtain

172" (@ () = mi* (a))]] < 2/|w’(t) = w(®)|] < 2%y =2 A5 (30)

and notice again that the same estimate holds for ||z}, *(¢°(t)) — 75" (q(¢))]]-
These estimates allow us to apply Lemma 7 and estimate the norm difference
l|w(t) — @(t)|], by comparing these flows with w’(¢). To this end, we fix an
r > 0 such that supp Vj; C B,.(0), the ball around zero with radius r. We set
R := A+ r, where d is defined through (30). It follows that

t ¢ B = {t€[0,1] | 7;°(¢"(t) € Br(0)} =
Vi (™ (a(t))) = Vi (" (4(t))) = 0. (31)

In order to estimate both flows, we employ Lemma 7. For the current
k,l € T', the above defined R, and a given € > 0, Lemma 7 provides a Dy ;. > 0
such that, for (po, go) under either assumption (1) or (2), we have

)\(Ekl) < €.
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In order to apply Gronwall’s inequality, we consider the characteristic function
XE,, of Ei. By standard results, there exists a continuous function X > Xz
such that fol Xkl < 2¢. For t € Ey, xr(t) > 1, and if t ¢ Eyy, it follows on

account of (31) that ||V, Viu(qx(t) — ¢ (¢))]] = 0. Hence, for any ¢ € [0,1] we
have

1G(w(t)) = GO)I] < 211V Vie(gr(t) — ai(t))]]
< A VVi| oo Xna (t)-
We now let

o(t) == 4|[VVi|leoXri(t),
we can apply Lemma 8, using w(0) = w°(0) = ©(0), and find
t
Jitt) - B0 <t [ e p(s)as
0

t
§4||VVMHOOGCG / )Zkl(s)ds
0

<8[|VViillowe“Ce.
By rescaling ¢, we find ||w(t) — &(t)|| < €, as desired. O

The final step in the proof is to cover phase space with open regions on
which ® . has an understood behavior. The open regions need to be chosen in
a “linear” fashion, in order to obtain a subordinate partition of unity consisting
of elements of Cr(£25). Thus, we will patch together functions in Cr(€2)
making something that approximates g o ®%; . for an arbitrary g € Cr(€2a).

In the following, we fix g € Cr(Q4) and € > 0. We also fix § > 0 such
that

lw—w'll <éd=lgw) g <e  (w,w' €),
which can be done as Cr(2,) is inside the uniformly continuous functions.
Proposition 9 is translated into algebraic language as follows. For every

{k,l} € N, we may fix a Dy ;5 = Di; > 0 (whose dependence on ¢ is omitted)
with the property that

Sup (Dh1,)"9(w) = (@) (W) < e, (32)

where Uy, is defined by:

Uy e 4 @ € g™ P2 @) > Dia}, i = (33)
{weQa: |(wr,w)ll > Dit}, i o 7
We moreover define
o [l € I @) > 2D, iy
{we s |[(wi,w)l > 2Dw}, if o # U
as well as
Uy :=<we ) .||7r130m7pos(w)” < ADy for all {k,1} € N with nVTi - %l .
oo l(wrsw)|| < 4Dy for all {k,1} € N with = o ’
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o 77" ()| < 3Dy for all {k,1} € N with 2= = 1t
Woo = {‘*’ € 0wy, )| < 3Dy for all {k, 1} € A with 2 4 m " f-
Note that {Uy }yeaufoo} and {Wy }yearufoo} are open covers satisfying
Wy C Uy for all Y € N'U{co}. The approximate behavior of g o (I>§{N (recall
that g € Cr () is fixed) on Uy cnrUy is described by (32), and the behavior
of go @, v on Us is described by the following lemma.

Lemma 10. There exists an foo € Cr(Q4) that equals g o <I>HN on Us

Proof. For all k,l € A, let us write k ~ [ if there exists a ‘path’ of N € Zx
connections {k1, ka}, {ka, k3},...,{kn—1,kn} € N such that ky = k and ky =
[. We can then write A = Ag U Ay U---U A for disjoint subsets Ag, ..., Ay
that satisfy:

o kxlforall ke Al e, i#7;

o forall k,leAj, j>1, Wehavekwland%:%;

e for all k£ € Ay there exists an [ € A such that k ~ [ and ;—’1 #* rI:TL,
By definition, the Hamiltonian H s contains no interactions between k € A;,
l € Aj for distinct 7, ' € {0,..., M}. The time flow therefore splits as

Dl (@) = (Pl o (Tao (@) -+ Py, (Mo (@) (35)

on 2y = Qp, X -+ x Qp,,, where Hy ; is the restriction of Hxs to {2;, and
consequently, ®%; , is the restriction of ®Y . to Qa;. Moreover, for a suitably
large constant C' > 0 (depending on the numbers Dy;) we can define

P )| < C for all k1 € Ay, j > 1,}

S AL W By

mom,pos

so that U,OO C Uy, as we can apply the triangle inequality ||7Tk1k3 (W] <
17 e @)+ 7P (w)]] at each step on the path from k& € Aj tol € A,
j = 1, and the path lengths are uniformly bounded by [Al. Tt therefore suffices
to prove the lemma for Us instead of Uso. The set Us, splits as

Uoo: oo,OXUoo,IX"'XUoo,M

on Qp = Qp, X -+ X Qp,,, where Uy o is a compact subset of 24, and, for
J=1

Uso,j :={w € Qq, : ||m"P*(w)| < C for all k,1 € Aj}.

For all j > 1, we introduce the linear subspace (of which Uy ; is a
neighborhood)

T;i={weQ, : mp """ (w) =0forall k,l € A;},

:{(p7Q)GQAJ : %:%7 Qk:CIle7l€AJ}

{peﬂ‘;;?m PPk ie At e {ge QR qkqle‘,ZEAJ—}
J mk ml J
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__mom pos
=GN e T

where we have defined T;"™ := {p € Qe e — Pkl € Aj} and
T]POS ={qe QRC;S Dqr =q Ykl € Aj}. Let |m| := ZkeA_,» my. We define an
idempotent 7, : Qp; — T} by 7r, := qugom ® 7rpos and

T = o S e @ (36)

k JEA;

oS 1

Ty, (q) = ol > er@muaq. (37)

k,lGA]‘

It is straightforward to check that ranzr, C T and that 77, (p,q) = (p,q)
for (p,q) € Tj, therefore showing that 77, is a linear idempotent. We also
introduce

Sj=q (P q) € Qn, Zpk—o ZQk—O

keA; keEA;
We define an idempotent 7g; : Qp, — S; by 7g, := TEN @ 71'1”0b and
78" (p) = Z mrer @ py (38)
k lEA;
WE?S(Q) =q = Z er & Myq;- (39)
k lEA;

As before, one can show that indeed ranms, C S; and 7s,(p,q) = (p,q) for
(p,q) € Sj, showing that mg, is also a linear idempotent. It is now an easy
computation to check that

S; @ T; = Q. (40)
Moreover, by a direct computation one observes that
ﬂ-SjXHNJ' = XHN"J‘TFS]'7

where Xy, : Qz;, — Q4; denotes the vector field associated to Har; (cf.
§2.6). From this it follows that

(41)

Using the fact that all particles in 7} have the same frequency, a similar com-
putation yields the relation

t Bt
TrSj@HN,j = (pHN’jﬂ-Sj'

T, XHN,]' = XH?\[’j TT; 5
and from this it follows that
ﬂ'Tj@)}_INJ (pHo 7TT (42)

We set Sp := Qyp, and Tp := {0} C Qy, and deﬁne

M M
S:z@Sj, T:Z@Tj.
j=0 Jj=0
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It follows from (40) that S & T = Qu. If we set g :=idp, B s, -+ D 7Sy,
and 7p :=0@ 7, -+ @ 7, then mg and 7w are linear idempotents with
images S and T, mg + 7 = idq, , and from (41), (42), and (35) it follows that

Ts®Yy = By 7s, TPy, = CD;IR/’/TT. (43)
We note that
Co(S)®CR(T) :=span{ (g1 o 7s)(g2 0 m7) : g1 € Co(S), g2 € Or(T)}
is an ideal in Cr(Q24). The next step is to show that
(Pl )" (Co(S)@CR(T)) S Co(S)QCR(T). (44)
To see this, we take g1 € Cy(S) and g2 € Cr(T). By using (43), we obtain

()" (91 0 75) (g2 © 77)) ()
= 01(7s(Qly, (W) g2 (77 (Pl (w)))
= 91(Ply (75(w)))g2(Plgg (77 (w)))
= (P )"91) (w5 (w)) (g, )" g2) (77 (w))
= (((21,)"g1) © m5) (D) g2) © 77) ().

As (@) g1 € Co(S) (the flow preserves compacts) and (@%%)*gg € Cr(T)

(the flow of the simple harmonic oscillator preserves linear subspaces), we
obtain

(%) (g1 0ms) (g2 0 71)) = (Rl ) 1) © Ws)(((%oN)*gz) o7r)
€ Cy(9)@CR(T). (45)

Hence (44) holds. The same holds for (@I}L)* implying that (®%; )* is an
automorphism for the ideal.

To continue our proof we observe that, by definition of U, and S and
T, we may write U, = 75" (U) for a precompact set U C S. By Urysohn’s
lemma, we may choose a continuous bump function 0 < g < 1 on 2, that is
1 on Us and supported in an slightly larger set containing Use. Namely, we
define g := gomg for a compactly supported g € C.(S) that is 1 on U. We then
have g € Co(S)QCR(T). We then define foo := g - (®f,.)*g. As 15(Use) = U,
we obtain fu(w) = go @} (w) for all w € Uso. Moreover,

foo:§~(go<I>fHN):((§O‘I>ZIL)-9)O‘1>?1N

By (44), we have go @', € Co(S)®CR(T). Since Cy(S)RCR(T) € Cr(Qn)
is an ideal we obtain that (go <I>HN) g € Cp(S)®CR(T). Again on account of

(44), we obtain that ((go @5 )-g)o Pl € Co(S)QCR(T). We conclude that
foo € Cr(2), which finishes the proof. O

We are finally in a position to prove the following technical version of
Proposition 5.



T. D. H. van Nuland, C. J. F. van de VenAnn. Henri Poincaré

Proposition 11. Let A € T, N of the form (21), and assume that Vi €
C>(RY) for all k,1 € N. Then, for all t € [0,1],

(@5,)*(Cr(Q4)) C Cr(). (46)

Proof. The proof of (46) is performed by strong induction on the (finite) size
of N appearing in Vy = Z{k’l}@v 2Vyy o . If [N] = 0, the potential Vi
is zero and we obtain the simple harmonic oscillator for which we already
know the statement holds (cf. Lemma 4). We now carry out the induction
step. Assume the time evolution with respect to Has—g; preserves Cg(Q4), for
each {k,I} € N. We must show that the time evolution with respect to Hs
preserves Cr (Q24). For a given g € Cr () we write fi; := (@%N_kl)*g so that
fri € Cr(Qp). Fixing f as in Lemma 10, eq. (32) together with Lemma 10
implies that

(@) gluy = frloy |l < (47)

for each Y € N U {o0}. We now construct a partition of unity {ny }yeaufoo}
subordinate to the cover {Uy }yearufoo} Of {24, to patch together the functions
fy and obtain a single function in C'g (25). We start by defining non-negative
smooth functions (y € Cr(24) that are 1 on Wy and 0 outside of Uy . Namely,
we take (o := goo © Tg for some bump function g, on S, where S defined in
the previous lemma, and for each Y = {k,l} € N, we take (j; to be either
g1 0 Ty P or gry o mygyy for some bump function g supported on the
complement of a ball with radius Dy; (cf. (33)-(34)). Since {Wy }yenufoo)
is a cover of {2y, the sum )y (y is bounded below by 1, and therefore, it is
invertible in Cr (Q4). It follows that for each Y € N/ U {oo} the function

by
ZY’ENU{OO} Gy

lies in C'r(€Q24). Moreover, (47) implies

@) 9= DY, mvfvlle <e (48)
YeNU{o}

Since € > 0 was arbitrary and Cgr(€2a) is norm-closed, the assertion fol-
lows. O

Proof of Prop. 5. By choosing N' = {{k,l} : k,l € A,k # 1}, so that Hy +
c = Hy = HY + V), for a constant ¢ = > rea Vir(0), the first assertion
of Proposition 5 follows directly from Proposition 11. The second assertion
follows by the argument noted after the statement of Proposition 5. O

3.3. Time Evolution for General Potentials

We extend the result of the previous subsection to the general case (Vi €
C¢(RY) with VVj; Lipschitz). The following lemma provides the required ap-
proximation of generic potentials by compactly supported ones.

Lemma 12. For k,l € A, let Vi; € CYH(RL R) be such that VVy, is Lipschitz.
Then, there exists a sequence (Vig.m)o_; C C2(RE R) such that (VVig.m)S_,
converges uniformly to VVy, as m — oo.
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Proof. The fundamental theorem of calculus implies that VVj; is necessarily
bounded.

Since C®(R4,R) C Co(R% R) is dense, we can extract a sequence
(Vitm)25—, C C°(R?,R) such that

1

Vitm — Vil loo < ol (49)

We introduce an approximation to the identity, i.e., we fix a positive function
h € C*(R?) with [ h(z)dz =1 and let hy,(z) := m?h(maz) for all m € Zx,.
We define

Viet,m = P * Vi -

Note that each Vi ., is compactly supported.
By a property of convolutions,

0i (Vit,m) = Oih, * vkl,mm Oi (Mm% Vit) = hup % 03 Vi,
where 9; is the i*" partial derivative on R¢. We compute

10 Vist,m — 0iViilloo < |0iViet,m — Oilum * Vitlloo + 1|03 (ham * Vi) — 0 Vit || oo

< /d Oihm (z) dx ||‘7kl,m — Viilloo + 1m * 0: Vi — i Vit || co-
R

The first term on the right-hand side converges as a result of (49), and the
fact that [ 9;hm, = m [ 8;h for all m. The second term converges since h,, is
an approximation to the identity, and 0;Vj; is bounded. We therefore obtain
the lemma. 0

We now extend Proposition 5 to general V', thereby arriving at our final
result for finite systems:

Theorem 13. Let A € T and let Viy € CHRE,R) (k,I € A) be such that
Vik(x) = Vi(—x), and such that VVyy is Lipschitz continuous (as is the case
when Assumption 1 is satisfied). Consider Hy defined by (4) with the ensuwing
flow @Y, cf. (6)(7). Then it holds

(®%,) Cr(Qn) = Cr(Q), (50)
for allt € R.

Proof. By Lemma 12, we obtain a sequence of Hamiltonians

0
Hp = Hy + E Vit,m © T
k,leA

whose corresponding dynamics (®%; )" preserve Cr(§25) by Proposition 5.
(This was the point of the previous subsection.) The fact that the uniform con-
vergence of gradients of Lemma 12 implies that (®%; )* also preserves Cr ()

is proven exactly as is [26, Theorem 15] (cf. [25, Theorem 4.4.8]). O
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4. Infinite-Dimensional Dynamical Systems

The main theorem of this section shows that the thermodynamic limit of the
local dynamics oy : 75 Cr (24) — 75 Cr () defined by (cf. Def. 3)

aj(fom) = fo®y omn  (f€Cr(Q)) (51)

is well defined and induces a one-parameter group of *-isomorphisms o' on the
resolvent algebra Cr(Q) = Uprermi Cr(24).

Theorem 14. Given a countable set ', constants my, vy > 0, and functions
Vi : R4 — R for all k,1 € T satisfying Assumption (1), let oy be the time flow
defined by (51), for allt € R and A € I". Then, for all t € R, there exists a
(unique) *-isomorphism
at : CR(Q) — CR(Q),

satisfying

a'(f) = Jim 4 (1) 62)
for all Ao € T and f € 73 Cr(Q0,). Note that (52) determines o' on a

dense subset of Cr(Q), hence defines o' uniquely. Moreover, this collection of
*_isomorphisms (al)icr is a one-parameter group.

We spend the rest of this section to prove the above theorem. Part of the
approach is inspired by similar works in the context of quantum mechanics,
e.g., [29, Sect. 3], [2, Sects. 7.1 and 10] and [22, Section 3.3.2]. The two novelties
here are firstly that the same methods work in setting of classical Hamiltonian
dynamics, and secondly that assumptions on the material structure can be
relaxed.

In fact, our approach does not require us to assume the existence of a
metric on I', nor does it require us to introduce some type of I'-regularity or a
“Lieb—Robinson”-type norm, as done in, e.g., [17]. Besides the obvious benefits
of simple assumptions, it provides a step toward the inclusion of more abstract
models such as those arising in noncommutative geometry or the continuum
limit of lattice gauge theory.

We use the following notation. For every finitely supported 5 : I'x {1,---2d} —

Lo, with || = X, cp 3222 Bk, i), we write

2d
o= TT ]/, )

kel 1=1

where af(ik’i) = 9% /9y, ;, the usual partial derivative of order 3(k, i) acting
on coordinate ¢ of site k. The following lemma provides a time-independent
bound on the noninteracting time evolution of potentials.
Lemma 15. Let k,l € A €T and t € R, and define Vi 1= Vi om0 (I)sz{’
i.e., the time evolution of Vi o mx; with respect to simple harmonic motion.
Then, for any B: A x {1,...,2d} — Z>g

10°Vit tlloc < O, (54)
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where Cy > 0 is a constant independent of A, k,l and t.

Proof. Without loss of generality, we may assume that A = {k,[}, as simple
harmonic flow splits completely. For any function ¢ : R — R and any N x N

matrix S we have for all n € Z>¢ and 41,...,i, € {1,..., N},
N
B;, -0, (go S) = Z (8, -8;,9) ©8)S4, -+ S0
J1serin=1

We note that <I>tHO is a linear map on the N = 4d-dimensional vector space
A
QA = Qqr,y, and hence has an associated matrix. We let S = @%0 be this
A

matrix, we take g = Vj; o g, and we apply Assumption 1(iii a) to find
|0, oo S CriC™ eS| (i1, in € A {1,...,2d}),

where ¢4 depends on the specific matrix norm used in ||S|| (they are all equiv-
alent).

We only need to prove that the number ||S|| is bounded independently
of k,l and t. Note that by definition of HY, the flow (I)tHR decomposes into 2d

independent simple harmonic oscillators, each defined on R?, and given by

—v/VaMaqq i sin( Ya t) + Da,i cos( Vt) (a ek}, i=1,---,d);
\/m \ ma

t 14 Pa,i . Va .
Qg = qa,icos(y/—1t) + sin(, [ —1 a€e€dkl}; i=1,---.d),
N ( o ) \/m ( My ) ( { } )

where (pf, ;,qt ;) denotes the i*"-

-component of ®? ' (p,q) in direction a. The
above expressions imply that the matrix S asbomated with the flow (I)tHg in the

standard (p, ¢) basis is independent of ¢ and p; all its entries are bounded by
a cosine or a sine times sup,cp(y/VaMa, 1/1/Vaa), which is a finite number
on account of Assumption 1(iv). We conclude that Cy = Ceq||S]| is bounded
independently of k, I (hence of A = {k,{}) and ¢.

For any observable f € 73 Cr(4,), and any Ag C A € I' we consider
) = Fo (@5 0Bl ) o, (55)

t > 0. Let us now fix an arbitrary g € Sg(£25). Lemma 4 implies that g0<I>H0 €

Sr(Q4). The main result of Section 3, Theorem 13 entails that, 74 (g o ﬂ'A) €
Cr(Q).

Using %focbfq = {f, H}o®% (we view H = Hy, HY, ®%;, Va as functions
on Q by composing with 7, ), as well as {f o <I>;{‘;)\, at={f,Vao @‘;{X} o <I>Hf),
and (55) gives the following identity

t
d
AU =T+ [ om0y )ds

t
“ s [ (1o ) o, (R o0 09, )i
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_f+/ {fo(bHO?VA}o(b?{AdS
t
= £+ [ RS VAo B his

t
_y /0 (L, Vabds,

where Vi o := Vp o (I)SHR . Iterating the right-hand side of the above equation
yields a Dyson series with remainder
W) =r
M—1

e X [ [T [TV b Ve b Va)
n=1 N ‘ 0
s [Casar [ asnreree [T s (VALY V)b L V)
0 0 (56)
The goal is to estimate the integrand. We first point out that it is not clear a

priori whether the remainder vanishes as M — oo, as it involves derivatives
of f as Vj; of increasing order in M. To solve this issue, we consider the sets

Dr(Qp) :=={go P | §e CZ(anP), P : Qy — Qu projection},

where * denotes the Fourier transform. This set is dense in the space Sg(4),
which in turn is dense in Cg(Q4). Given f = go P € ﬁR(QA), the number
B = 2msupy ;40 |7 is finite. It follows that for any multi-index fy : A x
{1,...,2d} — Z>o the higher-order derivative 9% f satisfies

0% floe < (27)0

[zl ®lg@)|| | < B*Ngl <, (57)

for a number Cy = max(B, ||g||z,,1) only depending on f.

In the following discussion, we take a fixed but arbitrary f € 3 7573((2 Ao)s
localized on a fixed Ag € I'. The nested Poisson brackets appearing in (56)
have a larger support than f. The idea is to accurately estimate this support
as a function on the number of iterations, keeping in mind that at zero order,
this is just the support of f, i.e., Ag. To make this precise, we proceed in the
following manner.

Let n € Z>o, and let k = (k1,...,kn), L = (l1,...,1,) € I satisfy k; # 1,
for every j = 1,...,n. Below we shall define a set By, of tuples 8 = (5o, . .., 0n)
of finitely supported multi-indices §; : I" x {1,...,2d} — Z>( such that

{' o {{f/\o? fkll1}7 fk2lz} T fknln} = Z eﬁnﬂaﬂoonaﬂlfklll T 8ﬁnfknlna
BeBY,

(58)
for all functions fa, € 73 Cr(2,) and fi;i; € ﬂ'jfkj,zj}OR(Q{k,l}) (the sub-
scripts indicating on which finite subspace of €2 the functions depend), where
eg € {£1} takes into account the antisymmetry of the Poisson bracket, and
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ng € N is a combinatorial coefficient. Indeed, we may define B}, recursively,

by (using the standard Kronecker multi-indices 6,y € Z;é{l"”’Qd})

Blil = {B = (6(a,i)a6(a,i+d)) ca€Aon{k,lhi}ie{l,.. .,Qd}}

BI::LI+1 = {ﬂ: (ﬁ0a~~-7ﬂn>6(a,i+d)) RS {1772d},
CLG(AoU{k‘l,...,kjn,ll,...,ln})m{kn+1,ln+1},
aje{L...,n}:(50,...,@-—5(a,i),...,ﬁn)eB,gl},

where i + d is interpreted modulo 2d. Note that each 8 € B}, satisfies the
conditions |By| + ... + |Bn| = 2n, Bo(a) = 0 for a ¢ Ay, and §;(a) = 0 for
a ¢ {kj,l;}. These nested Poisson brackets expand into a binomial-type sum
with two choices at each level, determined by the &+ structure of the Poisson
bracket.

Remark 16. Let G}, be the hypergraph whose vertices are the elements of
{k1,l4, ..., kn,ln}UAy and whose hyperedges are the sets {k1,l1},...,{kn,ln}
and Ag. Then, B}, is nonempty only if G}, is connected. In fact, B}, # 0 if
and only if G}, is connected for all i = 1,...,n. As k; # l;, G}, does not
contain self-loops. Note that G}, is almost a graph, the only exception is the
hyperedge Ag.

From the sets By, we extract the following numbers
n B
Riy:= ”BCJL ol (59)
BEBR,
where C'y > 1 is defined by (57). The numbers R}, satisty the following recur-

sive relation.

Lemma 17. Let Ag € T, k,l € T and [ € ﬂ-XOﬁR(QAo)' Let Gy be the
hypergraph of Remark 16. Assume that the graph is connected and does not
contain self-loops. The following relation holds

Ry = 2d(wdegG2lfl (kn) + wdeggn—1 L )RY (60)

where the numbers Ry, are given by (59) (and RY; = 1), and for every a € T
we define the number

n—1
WdegGgl—l(a) = Cf]-/\o (a) + Z 1{kj,lj}(a), (61)
j=1

which we think of as a “weighted degree” of the vertex a in the graph GZ;I =
Gn—l

(F1seskn_1,01,ln_1)"

Remark 18. The weighted degree of any vertex a € I' is almost the regular
degree, except that the hyperedge Ay contributes C instead of 1 to the degree.
In particular, for a ¢ Ag, the corresponding weighted degree is the usual degree
of the graph, and wdeggp (a) = 0 if a is not a vertex of Gj;;.
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Proof of Lemma 17. Let us first check the case n = 1. If both k; € Ay and
li € Ao, then wdeggo (k1) = Cy = wdeggo (I1), and now R}, = 2(2d)Cy,
which follows from the assumption k; # Iy and the choices B8 = (0o, 1) =
(O(ky,i)5 Oy ,iy) and B = (0(,,4),0(1,,4y) for @ = 1,...,2d. Therefore, both sides
of (60) equal (2d)2Cy. If k1 € Ag and I; ¢ Ao, then R}, = (2d)Cy, and
these vertices have weighted degrees wdeggo (k1) = Cy and wdeggo (11) = 0.
Therefore, (60) equals (2d)Cy. The same argument applies if k1 ¢ Ay and
Iy € Ag.

To prove the general case, we compute

{' o {{fA07fk1l1}7 fk212} T 7fk'n,l'n,}
= Z 6(507~--75n71)n(507~--,5n71){aﬁofl\oaﬂl fklll T 8,87L71fk71_1l,,,_1 5 fknln}

peBy !
2d
= Z €(Bose-sBn—-1)"(Bos-+sBn—1) Z €i<d
BeB ! i=1

(8&,”1‘ (56” Fro0” fryty -+ 07 fknfllm)5k,,b,i+dfknln

+0,, (35"onaﬁl frita "‘aﬁnlfkn1ln1)8ln,i+dfknln>7

where €;<q4 = —1 (i < d), €,<q = 1 (i > d) represents the sign of the Poisson
bracket. We can then apply the Leibniz rule and note that

aa,iaﬁj frsi; = 1{kj7lj}(a)aﬁj+6<a’i)fkjlj

and similarly for fy,. By comparing the resulting formula with (58), which
defines B}, one straightforwardly arrives at the lemma. O

We will now use the Dyson series (56) to show that the small-time time-
evolutions of elements of Dr (£25,) converge in the thermodynamic limit, thus
making the main technical step toward Theorem 13.

Proposition 19. Given a countable set T', constants my, vy > 0, and functions
Vir : R — R for all k,1 € T satisfying Assumption (1), let o, be the time
flow corresponding to Hy and defined by Definition 3, for allt € R and A €
T'. There exists a constant tx > 0 such that for all Ag € ' and all f €
WZOf?R(QAO) we have (assuming Ag C A, A')

. t _ At =
AR?}FHO‘A(JC) ap (fllee =0,

for all |t| < ty.

Proof. To demonstrate the thesis, we use the regularity condition (iii) from
Assumption (1) as follows. For each ¢t € R and k,l € A € I', we denote
Vit = Vi om0 (I);IR omp € Cr(f), so that Vi, = Zk,leA Virt = Vao

(I)t

Y OTA € Cr (). Note that Vj; ¢ is actually independent of A, and coincides
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with V3¢ of Lemma 15 interpreted as function on € using the injective *-
homomorphism 7} : Cr(24) — Cr(€2). We recall from (57) and Lemma 15
that there exist constants Cy,C; > 1 such that for any finitely supported
B:T x{l,...,2d} — Z>¢, any k,l € I, and any ¢t € R, we have

107 flloo < Y 10Viralloo < CraCY. (62)

These ingredients allow us to bound the terms and remainder of the
Dyson series (56). To this end, we first observe

||{{{fa VA,S1}7VA,SQ}"' ’VAvSn}HOO
< ST A Vit b Vitawsa b Vit s Hloo

ki,....kn
l1,0ln

Yo D leslngllo® flloclld™ Vaany s llos - 107 Vit lloc

k1, knﬁGB“

,,,,,

Z Z nﬁclﬁlﬂcklll Cknlncl/@ﬂ"!‘m"rwﬂ

where the sum is over all indices ki,...,ky,l1,...,l, such that k; # [; and
{kj, GIN(AoUL{ky, ... kj_1,l,...,lj_1}) #Oforall j =1,...,n. We have used
that for all B = (Bo, ..., [n) € By, we in particular have |Go|+... 4+ |0,| = 2n,
so |81+ ...+ |Bn] < 2n. Applying Lemma 17 yields

L Vi Vo Vi, Vi
<o Z 2d(wdeg g1 () + Wdegcgfl(ln))Rzl_lcklll o Ch

n

< QdCXQ/n Z RZl_lc]flll Gy

klv---vkn—l
l17...,ln71

nflln—l

Z (WdegG;l—l(k )+Wdean 1(1,))Cr1,

knvlneF
2 -1
= 2dCVn E : RZl Cklll T Cknflln—l

klv---;kn—l

I, ln—1
. wde C wde ne C )
( > gap 1 ( w) Y Oty + ) gar 1 ( )) D Cha,

kn€l l,el el knEF

2 —1
<acy Y Ry c,ﬁh...ckmlnfl(2§ wdegazfl(kn)c)
k1,.oikn—1 knel’
l17...,l7,71
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= 4cdCP" Y Ry Cryy -+ Chy 1, (CrlAg| + 20— 2),

k1,okn—1
I, ln—1

where we have introduced a constant ¢ = sup;, »_; Ciy = sup; >, Ci; in the
second to last line, which is finite by Assumption 1(iii b). Repeating the above
procedure yields

AL Vs b Vs b Vs, Hlse

< (4ed)"CP(Cr| Mo (CrlAo] +2) -+ (Cr|Ao] + 2n — 2)

< (4cdCZ)™(Cg|Ao| + 2n — 2)™.
Following Naaijkens [22, Sect. 3], and Robinson [29], we set

a=CyflAo|+2n -2 (63)

and use that a™ < n!A\7" exp(a)) for all positive a and )\, to obtain

(CrlAol +2n —2)" < nIA " exp((CrlAo| 4+ 2n — 2)N). (64)
We thus find

- Vasi b Vassa d o+ Vs, Hloo < nlexp((Cr|Ao] — 2)>\)<

4edCe® M\ "
— )

By the above bounds, the n'! term in the Dyson series (56) can be
bounded by

|t|7l
n!

4cdCZ M\,
oo+ (0 Vo h Vs o+ Vi Hloe < expl(Colol = 20 (249555 )

noting that the ‘fl—l,n is the measure of the integral. Since ) 2™ converges for

|z| < 1, the Dyson series converges whenever
4edCZe* -1
[t] <ty := — ) -

The same bound holds for the remainder of (56), as ~4 is isometric, which
shows that for all |t| < ¢t we have

YA(f

)=f
+?;1/0 dsn/osndsn1"-/082dsl{'"{{f’VA751}’VA752}"',VA75"}
(65)

and this Dyson series converges absolutely. To prove the dynamics extends
globally we proceed as follows. By the same arguments as above, for each
n € Zxp, we have

Z ”{ o {{f7 Vklll:sl}’ Vk2l2,82} T ?anln,Sn}HOO

(k,l)er2n

1
< nlexp((Cr|Ao| — 2))‘)757 < 00,
A
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whenever 0 < [s1] < -+ < |sp] < |t| < tx. This in particular shows that,
although T' is infinite, the above series converges (absolutely). In fact,

RPN (Y R

n=0 (k,l)er2»

’ /0 dslH{{{fv Vk1l1751}7 Vk2l2752} T 7anln78n}||00 < oo.

Hence, for all € > 0 there exists a finite partial sum of the above series, with
index set F € [[,2,'*" = {(n, (k,1)) : n > 0,k,l € I'"}, say, such that for all

[t| < tx we have
/dsn/ dsy,_1 -
(n,(k, l))e > o T2\

S2
. / A1 I{{LF Vintoos b Viotoss b+ Vioton Hioo < €
By defining
Ac=MoU | Bl Ens i
(n,(k,l))eF

we find that A, € I is finite and F C [~ , A2".
Let A D A’ D A, be two finite subsets of T'. As both Dyson series (65)

of ¥4 (f) and ~4,(f) absolutely converge, we can compare them term by term
and find

17A (f) = 72 (Flloo

< f: tdsn"' N dsy {{{fa VA7$1}’VA7S2}.'. ’VAvsn)}
0 0
n=0

—{ VA Vs b Vs, }> Hoo

O SR S [

(n,(kD)EIZ A2 (n,(k 1)) ELTNL o (M)
{' o {{f’ Vk1l1781}7 szlz,sz} e 7an,ln7sn})Hoo

t S2
< Z /Odsn~~~/0 dsy

(n, (kD)) eIz T2\ F

”{ o {{f7 Vk1l1,51}7 Vk2l2,82} T 7anln,8n}||00
< €,

where in the second to last inequality we have used the fact that, because
Ac C A, we obtain F C [[02,A2" C [[02,(A)?", and therefore [[72, A% \
[ (M) € (g T2") \ F
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In summary, for f € WXOZA)R(QAO) and [t| < ty, the net {v4(f)}rer is
Cauchy as Ag C A /' T'. Since

(I);IR 0T, = (I);IXO O Ay,
for A D Ay, it follows that
A4 (f) = f o Bly, 0mn =A(f 0 By 07a,) = YA (F 0 Blyy 0 7n,).
Note that fo(I)quO 0T, € Th, Dr(Q4,) is a function independent of A. Hence,
if A, A’ grow large,
ladh (f) = @b () lloo = 0, (66)
whenever [t < ty. O
We now prove the main theorem of this section.

Proof of Theorem 13. The above proposition allows us to define
ey T t
a!(f) = Jim a4(f)

for all f € WZOﬁR(QAO) and [t| < tx. Let Ay € A’ C A @ I'. By the group
properties of af, and o,
o (f) = ok (Moo <llah @k (f) = ak ()l
+ [l (e () = aho (el (N)lloes — (67)

for all |t],|t'| < tx. The first term is bounded by [la (f) — ok, (f)]leo as ok
is isometric. The second term can be estimated in the following manner. On
account of (66), for any € > 0 we may find A” € T sufficiently large, such
that [la,(f) — al, (f)|lee < € for all A’ D A”. Taking this A”, and observing
that o, (f) € 75, Cr(Qa») (Theorem 13), and that Dg () C Cr(Qar) is
dense, we may find g € 7%, Dr(Qa~) such that [|g — oy, (f)]lee < €. By the
triangle inequality, the previous implies for all A’ > A” that

lg — s (F)llse < Il (f) = o (F)lloo + e (f) = gllos < 2. (68)
Therefore, for A” C A’ C A the second term of (67) can be bounded as follows:
lladh (e, (£)) = ey (0 () llse < lledh (s () = 9)lloc
+ ok (9) — @ (9)llo + oy (g — o (F)lloo
< 2llay, (f) = gllos + llah (9) — @ (9) oo < e+ [lah(9) — ok (9)]|oo-
Combining the above inequality with (67) yields
o™ (F) = a5 (Flloo <llak () — oo (F)llse + e + [lay (9) — ok (9) ]l oo-

On account of (66), we finally conclude

: tt' eyttt — /
A’R;I}FHQA (f) —an” (lleo =0 (It [t'] < tr).
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Repeating this argument yields

: t ot _

Ak}/ﬂ}FHaA(f) al (Nlee =0 for all t € R. (69)
Hence, for each f € W/*xoﬁR(QAo) and each ¢ € R, the net {af(f)}aoa, C
Cr () is a Cauchy net, and therefore has a || - ||oo-limit, which we denote by

ot (f).
We notice that (69) defines o' on a dense subspace of C (£2), but in fact,
at is isometric as seen from the computation

la (F)lloe = I{i/rnrllafs(f)lloo = M [ fllee = [1Flloe-

Therefore, ot extends by continuity to an isometry
al: Cr(Q) — Cr(Q),

for all ¢ € R. By density of ﬂZOﬁR(QAO) in 73 Cr(§2,), we now conclude
that the first statement of the theorem (i.e., (52)) holds.

Let us now deduce that the map Cz (Q) > f — a!(f) is a x-homomorphism.
It suffices to prove this on 73 Cr(2a,) by density, cf. (2). Indeed, the homo-
morphism property follows from

o (£)a’(g) — o' (f9)lloo = A, la"(fla’(g) — ar(f9)ll
SAli/mFHat(f)—af\(f)llool\at(g)lloo
+/}i/mPHa3\(f)lloollozt(g) — a (9)lse
=0, (fem,Cr(Q,))

where we have used (51) and the isometricity of y. A similar argument shows
that f — af(f) preserves the adjoint, as well as linear combinations. To show
that the map t — ! preserves the group structure we take f € h, Or(Q4,),
t,t’ € R, and € > 0 arbitrary. By (2) again, we find A’ € ' and g € 7}, Cr (/)
such that [|g—a (f)]ls < €. Taking a limit over A D A’ and using that ¢ — o,
is a group homomorphism, we find

o' (f) = o' (@ (£)lloo
= Jim [|a{™ () = o' (@ (£))l]oo
< Jim [l (X (£)) = a*(9)l|so + Jim_fla*(9) = o' (@ (/)]
< Jim [loh(aX(1) = ah (@)l +¢
< Z2e,

where we have used isometricity of af,a’, and (69). As € > 0 was arbitrary,
and by (2), it follows that

At (f)y=al(a(f)) (4t €R, feCr(Q)),
hence t — a' is a one-parameter subgroup of automorphisms of Cg(£2), con-
cluding the proof of the theorem. O
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5. Strong Continuity

In Theorem 14, we have established the existence of the dynamics in the ther-
modynamic limit. This, however, does not guarantee the desired notion of
strong continuity, also called pointwise norm continuity, used in C*-dynamical
systems, i.e. convergence of lim; g ||a?(f) — fllo- In this final part we inves-
tigate this form of continuity, taking inspiration from [2, Proposition 7.2] and
the subsequent discussion. We firstly introduce the subalgebra

R:=C"(Rp |AeT)+ClcCr(9), (70)

where Ry = {goma | g € Co(Q)}. It is not difficult to see that K is a proper
non-trivial subalgebra of Cz ().

Lemma 20. Consider the situation of Theorem 13. Then, the automorphic ac-
tion a: R — Aut(Cr () is strongly continuous on K.

Proof. Tt suffices to show lim;_.o [|a?(f) — f|| = 0 and by standard arguments
we may furthermore assume that f = goma for a certain g € Cp(Q4) and a
fixed A € I'. We shall first prove

lim [lafy (9.0 74) — g 0 malloo = 0. (71)
To do so, we note that
la (g0 ma) =g o malloo = llg o @y, oA — g0 alloo
=llgo ®u, — glls- (72)
We now observe that (Co(Q4), (9%, )*) is a C*-dynamical system. Indeed, our
assumptions on the potential ensure that the Hamiltonian flow is complete
and since (@%A)* is a homeomorphism it preserves compacts, and hence leaves
Co(2p) invariant. Strong continuity then follows from standard results (e.g.
[20]). By applying this observation to (72) and taking the limit ¢ — 0, we
conclude that (71) holds.

On account of (52), given € > 0, we find A’ € I" such that A C A" and

la'(goma) — alu(goma)llo < €/3.

In order to compare the dynamics of H, with that of Hy, we use (11) and
apply Gronwall’s inequality (cf. Lemma 8) with U = Qu/, F = Xpy+m, | (the
second term corresponds to |A’| — |A[ simple harmonic oscillators), G = X, ,
t0:0, t1:t7 Yo = 20 = W,

ci= sup [|G(w) = FW)|| < [[V(Var = Va)lloe < 00,

w' ey
¢ := c and obtain

sup || @ (w) — G (w)| < cte', (73)
wWEN s

where C' denotes the Lipschitz constant of G.
Because g o 7y is uniformly continuous, the bound (73) implies that

b lg(ma (Rl g, (@) = g(ma (@, (@) = 0



Classical Dynamics of Infinite Particle

as t — 0. We note that m (P (w)) = ma(PY, (w)), and conclude

t
HA+HR/_A

lim oy (g 0 7a) — s (g 0 ) o0 = 0. (74)
We combine our above results by the estimates
lla*(goma) = gomalloo
< lla*(goma) — (g oma)lloo + [k (g 0 ma) — @y (g 0 ma)llos
+laj (goma) — g o malloo
<e/3+ |lad(goma) — aj(goma)llee + [lah(goma) = g o malloe.

The second and third terms can each be made smaller than €/3 for small
enough ¢, by using (71) and (74). Strong continuity follows. O

Because of the interactions defined in terms of Vj;, the algebra K is in
general not stable under the dynamics. We therefore define the C*-algebra

L = C"(Urera'(R)) (75)

generated by of(R), (t € R), which is by definition stable under the action
of the map ¢ — a'. It may be clear that the action a : R — Aut(£) is still
strongly continuous on £, where Aut(£) is the group of *-automorphisms of
£. In summary, we have obtained our main theorem.

Theorem 21. For any countable set I', constants my, v, > 0, and functions
Vi : RY — R for all k,1 € T' satisfying Assumption 1, the C*-subalgebra
£ C Cr(Q) defined by (75), and the dynamics o®|g obtained by restricting the
time evolution o of Theorem 14, the tuple

(£7O‘R|£)

is a C*-dynamical system. Le., the map R — Aut(£),t — al|g is a well-defined
strongly continuous group homomorphism.

The C*-dynamical systems (£, a®|¢) themselves will depend on the spe-
cific system, i.e., on {mg}trer, {Vk}rer and {Vii}trier. It is, however, nice
that there is an overarching dynamical C*-algebra (C (), a®), which is suffi-
ciently easy—namely given by an inductive limit and on each finite subsystem
similarly well-behaved as the Cy-functions—in order to simplify subsequent
analysis.

Remark 22. By Theorem 21, there also exists a nontrivial maximal subalgebra
of Cr(2) on which the homomorphism ¢ + «' is strongly continuous, but
this algebra might be harder to describe. For a system of two noninteracting
particles, for instance, this maximal algebra is strictly larger than £. To see
this, let the particles k,l € I" have unit mass and force constant, and consider
the projection P(p1,q1,p2,q2) := (p1 — P2, 1 — q2). If one now takes g(z,y) =
e—||;c\|2—||y\|2’ it follows that f i=go P - (p1,Q1,p2,Q2) — e—(l)l—P’z)z—(%—qrz)Z,
and the function t — «f(f) is continuous, since it is constant. However, f is
not in & = (Co & C1) ® (Co @& C1), and, since o' = af;, @ af;, f is not in
L£r =R
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6. Discussion

Similar to how the non-commutative resolvent algebra can model quantum
statistical mechanics, the intriguing mathematical structure of the commu-
tative resolvent algebra allows to study classical statistical mechanics. It is
a C*-algebra possessing many desirable features for the treatment of finite-
and infinite-dimensional classical systems. Indeed, due to its non-trivial ideal
structure, the commutative resolvent algebra may serve as a container for C*-
dynamical systems for a large class of classical Hamiltonians and can there-
fore be utilized to investigate emergent phenomena that arise in the ther-
modynamic limit. Of particular importance in this context is understand-
ing the algebraic state space and investigating the notion of the classical
Kubo-Martin—Schwinger (KMS) condition, which analogous to the renown
Dobrushin—Lanford—Ruelle (DLR) equations, is believed to encode the ther-
modynamic properties of the underlying classical system [15]. This may lead
to the possible equivalence between the DLR equations and the classical KMS
condition, which has been proved in the continuum in [1], in the context of
classical spin lattice systems in [11], and in the classical limit of mean-field
quantum spin systems this issue has been investigated in [34]. It is worthwhile
to say that the relationship between states and probability measures is no
longer necessarily described by the celebrated Riesz—Markov-Kakutani rep-
resentation theorem, as in the standard algebraic set-up where one considers
Co-functions.

We saw that the proof of our first main result could be successfully split
into a finite-dimensional argument and an argument involving the thermody-
namic limit. Especially with respect to the thermodynamic limit, we have seen
that techniques developed for quantum mechanics—in particular, the well-
known Dyson series approach of Robinson—can be carried through to the
classical case when one is very careful about adding sufficient smoothness as-
sumptions on the potentials. The viewpoint that emerges from this technical
procedure is that classical dynamics is harder to understand algebraically than
quantum dynamics, although there are useful parallels. Indeed, we expect our
result to have an analogue in the quantum case with significantly milder as-
sumptions on the potentials. This strategy of proving quantum results after
establishing the corresponding classical result has proven successful in similar
situations, namely in [26], and in the passage from [23] to [7].

Finally, it cannot go unmentioned that the inclusion of Coulomb interact-
ions—instead of merely bounded interactions Vj;— into our model would be
a valuable addition and forms a great challenging question at present.

If nothing else, our result suggests that further study and applications of
the commutative resolvent algebra to classical particle systems are definitely
worthwhile.
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