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APPLICATION OF UNFITTED FINITE ELEMENT METHODS
FOR ESTIMATING ADDED MASS AND ADDED DAMPING IN
FLOATING STRUCTURES

JAN MoODDERMAN™*! AND OrIoL CoLomgs™!
IDelft University of Technology, The Netherlands

ABSTRACT. The development of accurate and efficient methods for hydrody-
namic analysis of floating structures is essential for advancing offshore renew-
able energy technologies. In this work, we evaluate three unfitted Finite Ele-
ment methods: the Shifted Boundary Method, the Cut Finite Element Method,
and the Aggregated Unfitted Finite Element Method. These three methods are
assessed for the estimation of added mass and damping coefficients of floating
structures in two dimensions. These methods eliminate the need for tradi-
tional meshing, simplifying the analysis of complex geometries, particularly
those with sharp edges, in the frequency domain using linear potential flow
theory. We present a novel implementation of these techniques, highlight-
ing their ability to handle multiple geometries with a single background mesh
while maintaining high accuracy. Results are validated against experimental,
numerical, and analytical benchmarks, demonstrating good agreement. This
work not only highlights the potential of unfitted Finite Element methods for
efficient and accurate hydrodynamic analysis but also identifies key challenges
and knowledge gaps to guide future advancements in wave-structure interaction
modeling.

1. Introduction. The need for fast, accurate, and automated assessment is be-
coming critical to ensure the safety, performance, and economic feasibility of many
engineering problems. This is particularly the case for offshore renewable energy
technologies, such as offshore wind and wave energy converters, which play a crucial
role in the transition towards renewable energies. In such a context, floating struc-
tures are key components to ensure the feasibility of this transition. As the demand
for efficient and sustainable offshore energy solutions grows, the design and analysis
of floating structures must evolve to meet the challenges of complex environmental
conditions and large-scale deployments. Efficient and streamlined design processes
are necessary for delivering optimal solutions within tight timeframes.

In the preliminary design phase of floating structures in offshore environments,
it is common to use potential flow theory for the hydrodynamic analysis, assuming
incompressible and irrotational flow, and neglecting viscous effects. Moreover, the
hydrodynamic assessment of offshore structures can be further simplified by assum-
ing waves with small steepness, leading to the linearized potential flow theory, or
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Airy theory for waves in deep waters [2]. Under these idealized conditions, and
further assuming simplified geometries, such as structures with regular geometries
and bathymetry, analytical or semi-analytical methods can be effectively used to
estimate hydrodynamic loads and structural responses of floating structures, see
e.g. [22]. However, as floating structures become more complex in shape or operate
in more challenging wave conditions and bathymetries, these simplifications are no
longer applicable.

In these cases, numerical methods are required to account for arbitrary geome-
tries, nonlinearities, and more realistic environmental conditions. The Boundary
Element Method (BEM) is a widely used numerical method in offshore engineering
to solve wave-structure interaction problems [28]. In BEM, the discrete problem
is reduced to the boundary, reducing the amount of discrete unknowns of the sys-
tem. However, its applicability is limited by the high computational demands for
large-scale simulations, due to the dense algebraic systems that arise [35]. These
challenges become even more pronounced when dealing with nonlinear potential
flow theory, and particularly for large-scale or multiple structures. In contrast,
volume discretization methods such as the Finite Difference (FD) or the Finite El-
ement Method (FEM) become more competitive, especially for complex geometries
and/or nonlinear problems, as they are more flexible and can accommodate scal-
able solvers for large-scale simulations. In this work, we will focus on the use of a
FEM approach for the solution of potential flow theory in the context of floating
structures, as pioneered in [37, 38]. Other approaches based on the FD method
or Spectral Methods can also lead to more efficient solutions than BEM for large
problems, see for instance [10, 17, 40]. A prominent feature of FEM for the solution
of wave-structure interaction problems is that it naturally allows for a monolithic
coupling between fluid and elastic structures, which is particularly relevant when
modeling large and flexible floating platforms [14, 1].

Novel solutions for floating structures often require designs with complex ge-
ometrical shapes, which make the meshing process required for numerical meth-
ods both challenging and time-consuming. When dealing with complex and/or
non-watertight geometry representations, such as Standard Tessellation Language
(STL) files, generating a suitable mesh may become impractical or even impossi-
ble. This bottleneck highlights the relevance of unfitted (also known as immersed
or embedded) discretization methods, which significantly streamline and simplify
the meshing process, offering greater flexibility and efficiency. In the context of
wave-structure interaction assessment, many works are recently gaining attention
in related topics, specially due to the benefits they can bring to accurately calculate
2nd order effects in geometries with sharp features. This is the case of the work
presented in [36], where the authors present an XFEM approach for hydrodynamic
analysis of 2D structures. Similarly, in [41, 30] the authors propose a high-order
immersed boundary method using a FD and Harmonic Polynomial Cell approaches,
respectively, that overcomes the spurious oscillations in time that typically arise in
such approaches for moving domains, see e.g. [24, 21].

In a FEM context, unfitted approaches may also lead to spurious force oscilla-
tions in time due to inaccurate mass conservation in problems with moving domains.
In [13] the authors propose a weighted Shifted Boundary Method (WSBM) for free
surface flows that reduces the spurious force oscillations due to mass conservation
errors, preserving the optimal accuracy of the underlying finite element space. This
approach has also been recently extended to fluid-structure interaction problems in
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[39]. The WSBM is based on the original Shifted Boundary Method (SBM), which
has been demonstrated to be an efficient unfitted FEM approach for several prob-
lems, see for example [26, 29, 3, 4]. The SBM has also been recently used in the
context of wave-structure interaction problems [32] or to solve high-order potential
flow problems with spectral elements [33]. In the last decade, other unfitted FEM
approaches have been proposed to deal with problems with complex geometries.
The Cut Finite Element Method (CutFEM) is one of the most popular techniques
[12], which has also been used for the solution of potential flow problems, e.g. [15].
In the CwtFEM and WSBM approaches, ghost penalty stabilization [11] is required
to prevent ill-conditioning of the resulting system. Alternatively, in [8] the au-
thors introduced the Aggregated unfitted Finite Element Method (AgFEM), where
they propose a cell-aggregation technique that overcomes the need for additional
stabilization terms. The AgFEM method has also been extended to the cases of
nonlinear geometry [27] and high-order finite elements [6].

In this work, we evaluate the previously described unfitted FEM techniques,
i.e. SBM, CutFEM, and AgFEM, for characterizing hydrodynamic coefficients of
floating structures. By eliminating the need for a meshing step, these methods
simplify the modeling of wave-structure interactions for complex geometries in 2D,
with special focus in the case of geometries with sharp edges. For the sake of
simplicity and without losing the generality of the methods analyzed, this study
focuses on the frequency-dependent characterization of added mass and damping
coefficients. To validate and demonstrate the methods, we present benchmark test
cases, highlighting the effectiveness of these approaches in complex scenarios. This
work demonstrates the novel application of AgFEM, CutFEM, and SBM to the
estimation of added mass and added damping in 2D. The cases are verified using
the work of Wang et al.[36]. For SBM, the surface shifting using Jacobian operators
is addressed.

In Section 2, the physical problem is introduced and the approach is derived
to estimate the added mass and the added damping. In Section 3, the unfitted
FE methods aforementioned are introduced, commonalities between the methods
are highlighted, and modifications for the estimation of hydrodynamic coefficients
are presented. In Section 4, several case studies are presented, namely, a heaving
rectangle, which is compared to other numerical approaches and experimental data,
and a horizontal cylinder at varying depths of submergence that is compared to
analytical data. Additionally, we consider a sensitivity analysis on the ghost penalty
parameter, and we compare the condition number between the unfitted methods.
In Section 5, some conclusions are presented and future research is suggested.

2. Problem setting. In Figure 1 we depict the domain of a simple surface-piercing
structure floating in a free-surface flow problem. For simplicity, we assume that the
seabed is flat and horizontal. Thus, the domain consists of a topological cube, here
depicted in 2 dimensions. The free surface I'y is at the top of the domain. We
assume that the floating object can be characterised by some length parameter D
and its interface with the fluid is denoted by I'. At the bottom there is the seabed
boundary I'y, and at the left and right boundaries there are the inlet I';, and the
outlet I'yy¢. The interior domain, assumed to be water, is the domain enclosed by
these boundaries, €.

2.1. Governing equations. The governing equations for fluid-structure interac-
tion are typically the Navier-Stokes equations for fluid dynamics and linear elasticity
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FIGURE 1. Overview of a general domain with boundaries and
length characteristics.

equations for structural mechanics. In offshore engineering applications, the struc-
ture is typically simplified to be a rigid object, hence applying Newton’s second
law for the definition of the equation of motion. For the governing equations of the
fluid, the fluid is assumed to be incompressible, inviscid, and irrotational, such that
potential flow theory can be applied.

From the continuity equation, assuming incompressible flow and introducing the
Bernoulli equation at the free surface boundary, the resulting strong form of the
fluid problem with corresponding boundary conditions reads:

Ap=0 in €, (1a)

%+%-W—v¢~n2:o on Ty, (1b)
oo 1 5 B

a+§|v¢| +gn=0 on Ty, (1c)

Vo-n,=0 on Iy, (1d)

Vo -niy, =vi, on D, (le)

V€Z5 *Nout = Vout O Fom‘n (1f)

Here, ¢ is the velocity potential, 7 is the scalar free surface elevation, the operator
V= (a%, %) is the gradient operator in the horizontal plane, n denotes the normal
vector to the respective surfaces or in the vertical z-direction and g is the gravita-
tional constant. We assign an input velocity v;, and an output velocity vy, which
are defined in Section 4.

The structure is treated as a rigid body. In this work, we assume that the motion
is limited to translational motion. For a more general scenario, a six degrees of
freedom system (in 3D) could be applied. In such a case, the methods described
do not differ, and for the sake of simplicity, we focus only on the translations, i.e.
surge, sway and heave motions in naval naming convention, which is governed by:

0%u

Mﬁ:fexw (2)
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where M is the mass matrix of the structure, u the displacement vector, and f,.
resulting external forces. These forces arise from pressure on the wet surface. That
is,
2

Generally, considering potential flow for offshore engineering applications, it is
common to only consider first order effects [25]. Linearization is accomplished by
neglecting the non-linear terms. The so-called reduced formulation is then intro-
duced by substituting the first time derivative of equation (lc) into equation (1b).
Thereby eliminating the scalar free surface elevation n from the problem description.
For consistency, we will also neglect the nonlinear terms in the governing equation

for the structure. Thus, the coupled system accounting for fluid, equation (1), and
rigid body dynamics, equation (2), leads to the following linearized strong form:

0 1
Fext = — / pnrdl’, with p= p£ + =|Vé[*+pgu - n.. (3)
r

Ap=0 in Q, (4a)
9?%¢

ﬁ + gV¢ ‘n, =0 on Ff, (4b)
Vo-n,=0 on Ty, (4c)
V¢ cNip = Vip ON Fina (4d)
Vo nout = Vour on Tout, (46)

0
(Vo — 3—?) ‘mp=0 on T, (4f)

0%u o

Mﬁ +/r [(pat + pgu - nz) np] d'=0 on T. (4g)

2.1.1. Linear potential flow in frequency domain. The resulting system of equations
(4) is linear and, therefore, it is convenient to analyze it in the frequency domain.
That is, we assume the potential field and vertical displacement can be decomposed
in a Fourier series,

Bx,1) = D Ir(x) exp (—iwnt + ), (5)
k=1
u(t) = Z Uy, exp (—twgt + Yr). (6)
k=1

Where (ﬁk and 1 are complex-valued time-independent amplitudes associated with
each frequency wy, and phase shift 1. Applying the superposition principle of linear
systems, we can solve independent linear problems for each frequency in the Fourier
decomposition (5). Thus, for a given term of the Fourier expansion with associated
frequency wyg, the resulting problem reads

Adp=0 in €, (7a)

—wiop + gVér-m.=0 on Iy, (7b)
ngk ‘n, =0 on Iy, (7¢)

Vi -nin =vF, on Ty, (7d)

)

)

Vék *Nout = U(l)gut on Foutv (76
(

V¢ -np+iwghag -npr =0 on I,
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fw,%Mﬁk +/F [(fiwpgzgk + pguy - nz) TLr‘i| dl' =0 on TI. (7g)

In what follows we will describe the formulation for the linear potential flow prob-
lem in frequency domain defined in equation (7). To simplify notation hereinafter,
we drop the hat sign and the sub-index k, that is: ¢ = ¢y, u = 4 and w = wy.

2.2. The discrete problem. Before deriving the discrete problem of the coupled
system (7), we introduce some notation that will be used hereafter. The spaces
of functions whose p-th power is absolutely integrable in € are denoted by LP(Q),
1 < p < 0. For p =2, this becomes a Hilbert space with the scalar product

(u,v)q = (u,v) = / u(x) v(x) dQ (8)

Q
and the induced norm |[lul|z2q) = |lul = (u, u)'/2. For convenience, the same
notation as in (8) will also be used for the integral of the product of two functions,
even if these functions are not in L2(£2), and for both scalar and vector fields. The
space of functions whose distributional derivatives up to order m belong to L?(12) is
denoted by H™ (). In particular, H'(2) is also a Hilbert space, and we will focus
on this case.
The weak form of the fluid-structure interaction problem in free surface potential
flow (7) reads: find [¢,u] € W x V such that

a([p,u], [w, v]) = b([w, v]) Y[w,v] € W x V, (9)

where W = H1(Q) and V = C? are a space of vectorial complex numbers of dimen-
sion d. In this case, since we consider translational motion only, d is equal to the
topological dimension of the domain 2. The bilinear and linear forms are defined

as follows:
2

a(l6, ul, [w,v]) 1= (Veo, V)g = =~ (w,0)r, + o (w,u- ) + (10)
- wz% (v, ) — it (v, ¢mr)p + g (v, (s - ) mor)p.
and
b([w? V]) = (U), vin)l"in + (w’ UOUt)Fout . (11)

In equation (10), M, is the relative mass with respect to the fluid density, i.e.
M, = %. In the definitions of the bilinear form a([¢, u], [w, v]) and the linear form
b([w, v]) in equations (10) and (11), the kinematic boundary conditions (7b)-(7f) are
used. The last term in (10) enforces the dynamic interface condition (7g) between
the fluid and solid, where the mass term is averaged over the boundary measure
IT| := [, dT', assuming the mass is uniform over the body.

It is worth emphasizing that the formulation in (9) is tailored to structures with
rigid body motions, but the same framework can be extended to elastic structures.
Additionally, we assume a monolithic coupling between fluid and structure, meaning
that both fluid and solid degrees of freedom are solved as part of a single coupled
system of equations.

In this work we solve problem (9) using a FEM approach. Let us consider the
Finite Element (FE) partition €, of the domain  from which we can construct
conforming finite dimensional spaces for the velocity potential Wy, C W. Here we
use the following definition for the velocity potential FE space

Wy, = {wh S CO(Qh) LWy, |K€ PT(K),VK S Qh} (12)
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Where P"(K) are the Lagrange polynomials of degree up to r in an element K.
Note that the body motion is just a complex vector value u € C%, which could be
understood as a vector type complex-valued constant FE space V), = C? over any
given domain; in that case, it is sufficient to have V), defined over I'j,, which is the
set of edges of (2;, belonging to I'. In this work a rigid body is considered, but the
formulation can be extended to an elastic structure as described by Colomés et al.
[14]. The estimation of hydrodynamic coefficients for elastic structures is considered
out of the scope of this work.

FIGURE 2. Reference conformal domain 2;, with arbitrary shaped
boundary I'j, and true boundary T'.

With these definitions, the discrete fluid-structure interaction problem in the
frequency domain reads: find [¢p, un] € Wi X Vj, such that

an([én, anl, [wn, vi]) = bu([wn, vi])  Y[wn, vi] € Wi x Vy, (13)

Where a;, and by, are the bilinear and linear forms defined in (10) and (11), respec-
tively, with the corresponding discrete integration domains as depicted in Figure
2.

The discrete form (13) can be expressed in an equivalent matrix form as follows:

Auws A 3\ (F,
(1 a5e.) (©) = () w0

with
. w2
Au@ = (vwhv v¢h)ﬂh - ? (wha Qﬁh)r‘f,h y (15&)
Awu = iw (’LUh,Llh : nF)ph B (15b)
Avg = —iw (Va, nnr)r, (15¢)
. M
Ayy = _w2‘T|p (Vha uh)Fh ’ (15d)
Cou =g (v, (nz - wp) np)p, (15¢)
F¢ = (wh’ ui’ﬂ)r‘imh + (wha U’OUt)Fout,h 5 (15f)
F,=0. (15g)

In equation (14), ® is the vector of degrees of freedom associated to the discrete
velocity potential, U = u; is the complex-valued vector associated to the body
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displacement. We use bold symbols to denote vectorial quantities and blackboard
bold to denote matrices. Note that the matrices A,, and C,,, and the vector F,
are of dimension d x d and d x 1, respectively, with d < 6. As, in 2D, these terms
consist of two translational and one rotational degree of freedom and, in 3D, there
are three translational plus three rotational degrees of freedom allowed.

2.3. Hydrodynamic coefficient estimation. We can reduce the algebraic sys-
tem (14) to a single equation, condensing the contribution from @, which leads
to

(Avu+ Couw = Aughpbhun ) U = Fu = AushLF. (16)

Here, equation (16) is equivalent to the equation of motion of a spring-mass-
damper system with a single degree of freedom. The first term A,, corresponds
to the inertia term of the body, the second term C,, corresponds to the spring
stiffness given by the hydrostatic restoring force, and the third term AWA;(;ALUU
corresponds to the added inertia and damping experienced by the object due to the
surrounding fluid. Therefore, we obtain the equation for added mass in (17) and
the equation for added damping in (18).

Re (Boshybhn)

w2

A= (17)

I (Boshy i)
v wetrwv
18
- (18)
The non-dimensionalized added mass and added damping are stated in (19) and
(20) respectively, given density p and submerged area V.

B =

A

A== 1
v (19)

B

B=—— 2
oV (20)

3. Unfitted Finite Element methods. In this work, we consider three types
of unfitted FE methods, namely the Aggregated Unfitted Finite Element Method
(AgFEM) [8], Cut Finite Element Method (CutFEM) [20], and the Shifted Bound-
ary Method (SBM)[26]. Generally, unfitted FE methods have the following chal-
lenges: imposition of boundary conditions, integration of cut cells, and matrix
conditioning with regard to small cut cells. Each of the aforementioned unfitted FE
methods addresses these challenges in their own way. We refer the reader to the
mentioned works for a detailed description of the respective methods. In this work,
we briefly describe how each method is applied in what concerns the hydrodynamic
coefficient estimation. However, before introducing the unfitted FE methods, the
domains are introduced and some remarks on common definitions are described.

3.1. Domain definitions. The unfitted methods discussed in this work have vary-
ing definitions and terminology for the domains and boundaries of interest, which
are introduced and defined in this section.

Here, we will distinguish between four triangulations, namely: physical, cut,
active, and surrogate domain or boundary. Physical triangulation corresponds to a
triangulation composed by active elements of the non-conforming background grid
where the cut elements are tesselated to generate conforming triangulation to the
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boundary I', which is depicted in Figure 3 with the cut cells highlighted in red. The
physical triangulation can be understood as a conformal triangulation. Since the
number of tessellations on cut cells can be arbitrarily large, it is often only used
for integration purposes. Note that here we do not discuss how to tesselate the cut
elements; see details in [5] and references therein. The cut domain Q§"* consists of
all cells which have an intersection with the physical boundary I'y,. The surrogate
domain Q, corresponds to all cells which are in the physical domain, but are not
cut cells. The active domain Q2 corresponds to all cells, which are either cut or
in the physical domain and thus Q3 = Q" U Qy,, see Figure 4.

/ R4
IS
A\

FIGURE 3. Definitions of the physical domain € (yellow) with
arbitrary shaped boundary I',. The red dashed outline highlights
the cells that are constructed using special numerical integration
rules.

FIGURE 4. Definitions of the surrogate 2 (blue), cut Q§* (red)
and active Q3" (both blue and red) domains.
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3.2. Aggregated unfitted finite element method. The core principle of
AgFEM is to construct a FE space using a discrete extension operator. This oper-
ator extends the FE functions defined on interior cells to the cut cells. The process
involves a cell aggregation approach, where the exterior degrees of freedom, i.e. the
degrees of freedom outside the domain €2 associated with cut cells, are constrained
by those of the interior cells to which they are aggregated. As a result, exterior
degrees of freedom are eliminated and the algebraic linear system is dependent only
on interior degrees of freedom, effectively avoiding ill-conditioning associated with
small cut cells. Briefly summarizing, an exterior degree of freedom is associated
with an interior cell via a cell aggregation scheme, and the value of the exterior
degree of freedom is then computed via extrapolation of a number of the degrees of
freedom within that associated interior cell. The cell aggregation algorithm is set
to aggregate all cut cells to interior cells. Alternatively, it is possible to relax this
constraint by aggregating only small cut cells by applying some threshold depen-
dent on the ratio of the cut cell volume w.r.t. background cell volume. A detailed
discussion of the methodology and mathematical foundations of AgFEM is beyond
the scope of this work; interested readers are directed to [8] for further information.

For AgFEM, we require to enhance the FE space with the cell aggregation tech-
nique, while integration is carried out in the physical triangulation. The AgFEM
FE space is given by

Wis= {wn, € CO(Q5) : wy, [a€ PT(A),VA € 03} (21)

where, abusing notation, A are the cell aggregates. The resulting weak form is
similar to that of the conformal case: find [¢p, us] € Wi® x V), such that

ap?([Pn, unl, [wn, val) = ba([wn, va])  V[wn,va] € WiE x Vy (22)

noting that W;® is the enhanced FE space. The bilinear and linear forms remain
the same as defined in equations (10) and (11), respectively. It should be noted
here that the integration triangulations appearing in these equations, €, I'y , and
I';,, are obtained via cut cell integration and thus differ from the conformal case.

For the estimation of hydrodynamic coefficients the required terms from the
weak form as defined in (15) for the conformal case are equivalent to the AgFEM
approach, denoting that the integration terms are now obtained via cut cell integra-
tion. Therefore, for the AgFEM method, the only modification required to obtain
the hydrodynamic coefficients with respect to the conformal case is the definition
of the aggregated finite element spaces.

3.3. Cut finite element method. In CwtFEM, the FE spaces are defined in
the active triangulation, and integration is applied in the physical triangulation.
In order to address instabilities arising from small cut cells and the accompanied

matrix ill-conditioning, ghost penalty stabilization is applied [11]. The weak form
is: find [¢p, up] € Wi x V), such that

ai" ([én, wnl, [wn, vi]) = bn([wn, vi])  V[wn, via] € Wi X Vg, (23)
with the bilinear form defined as:

ai ([on, unl, [wh, va]) :=an([¢n, un), [wn, vi]) (24)

p
+ (VOws g, ] vk PV D gy g ] 7

i=1
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Here, the ghost penalty stabilization term is dependent on the order p, an algorith-
mic constant v > 0, which in this work is taken to be v = 0.1 and characteristic
cell size length scale h.. The linear form is as given in (11).

For the estimation of hydrodynamic coefficients, we have to modify the system

of equations to:
Aw¢ + ]Ew¢ Ay (3] _ F¢ (25)
A?)d) Avu + Cfuu U Fu ’

with all terms except E,,, to be defined in the set of equations (15) and E,,, defined
in (26).
Euws = > ([VOwn - n7], vh* TV [VD ¢ - nr 7. (26)
i=1
It is important to highlight that the problem of interest, equation (7), is a pure
Neumann-type problem. In this case, the additional term defined in (26) is not
required for stability purposes, but is required to prevent ill-conditioning of the
system [20, 16]. In this work, we assess what the influence is in the estimation of
hydrodynamic coefficients when adding the ghost penalty term, see Section 4.1.

3.4. Shifted Boundary Method. The SBM uniquely differs from the aforemen-
tioned methods by completely avoiding cell cutting. SBM requires only the non-cut
cells and uses a Taylor series expansion to approximate the physical boundary con-
dition on the surrogate boundary. At the basis of this method lies the map M that
maps points from the surrogate boundary to the true boundary:

MT —T (27)

X — ME) =x=d+x.
Where d = x — x is a distance vector that could be obtained, for example, through
closest point projection algorithms. Then, any function evaluated at the true bound-

ary, I', can be approximated by a Taylor series expansion, in that case truncated
after the second term, evaluated at the surrogate boundary, I':

Fx) = FIM(R) = (%) + VI(@)d + O(d?). (28)

The Neumann-type boundary is shifted using an approach similar to [4]. Thereby,
we introduce three additional terms to the weak form corresponding to the decom-
position of the flux along the true normal and tangential directions. Additionally,
the dynamic boundary condition is modified, as this is defined using the integral
on the physical boundary. In order to address the change in area between the sur-
rogate and true boundary, we require a Jacobian operator J = det(I + Vd) with I
the identity matrix. In the hydrodynamic pressure term, the velocity potential is
only defined on the surrogate boundary and has to be shifted as well, whereas the
displacement of a rigid object does not have to be shifted. As a result, the weak
form for the SBM method reads: find [¢p, us] € WiP™ x V), such that

a3 ([¢n, unl, [wn, va]) = bu([wn, va])  YIws, va] € WiP™ x Vi, (29)

with the bilinear form given by:
2

ag™ ([6n, ), [wn, va]) = (Vwn, Von)g, — % (wh, dn)z, , (30)

M -
- wz‘f) (Vi un)g, +gJ (Vi up (s - (nr - fir)nr))g,
Fh’
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—iwd (vp, (o + Vo - d)(nr - ﬁp)np)fh

— (wn, Vo, - Air)g, — iw (wp,up - (nr - Ap)nr)p,

+ (wh, (nr - ap)nr - (V(Vér) -d + V),
and the SBM FE space W;P™ defined as

Wsbm = {wh e ') : wn |xe PT(K),VK € Q,,,} . (31)

Note that for the SBM method with Neumann-type boundaries, the Taylor ex-
pansion is applied to the gradient, which will introduce one order loss to the error
convergence. Additionally, if linear elements are used to construct the FE space
Wibm | the expansion vanishes. However, in the latter case, there is still improve-
ment in the solution compared to the equivalent conformal case in €, due to the
effect of the correction introduced by the normal product (nr - fap)nr. The loss of
order in SBM for Neumann-type boundary conditions can be avoided by solving a
mixed problem on a layer of elements attached to the surrogate boundary, as pro-
posed in [4]. The implementation of this correction is considered out of the scope
of this study and will be carried out in a follow-up work.

The discrete form (29) can be expressed in an equivalent matrix form as follows:

Ao A, o\ (Fy
<Av¢ Avu + @vu) (U) B <FU> ’ (32)

with

- . w?

Ayg = (Vwn, Von)g, — " (whs @05, » (33a)

Ay = iw (wp, up, - (nr - Ar)nr)p, (33b)

Ay = —iwJ (Vi (¢ + Vo, - d)(nr - Ar)nr)y, (33¢)

- M

Avu = _w2~79 (Vh7 uh)fh 3 (33(1)
4 |

Cou = gJ (Vi, un (m. - (np - 2ap)nr))g, - (33e)

The equations for estimation of the hydrodynamic coefficients then take the
following form:

L
LR (A,jig AM) -
L m (Auohibhun) -

w2pV

4. Case studies. We assess the unfitted FE methods, by comparing their accuracy
on several experiments in 2D. The first study is a sensitivity analysis on the ghost
penalty parameter . The second study is derived from experimental work on
several surface-piercing geometries by Vugts [34], and the third study focuses on
the estimation of the added mass and the added damping of a horizontal cylinder
at varying submergence depths, based on the work by Greenhow et al. [19]. In the
former case, novel numerical methods have been tested, i.e. a Harmonic Polynomial
Cell (HPC) approach by Liang et al. [23] and an Extended FE method (XFEM)
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by Wang et al. [36]. Lastly, the condition number across the previous two studies
is compared.

Historically, the case studies considered in this work have been conducted analyt-
ically with infinite domain lengths. In this work, we apply the radiation condition
at the matching boundaries that are sufficiently far from the object of interest as
done by Wang et al. [36]. Due to the symmetry of the geometries in this study,
we consider only the right half of the fluid domain and enforce the horizontal fluid
velocity to be zero in the symmetry plane. The symmetry plane corresponds to the
inlet boundary, and the matching boundary corresponds to the outlet boundary.
Therefore, we rewrite the boundary conditions on the inlet and outlet boundaries
to:

V¢ -ng, =0 on Ty, (36)
ng *Nout = ’Lk¢ on Fout- (37)

Note that in equation (37), the boundary condition depends on the solution; thus,
the equivalent term will go into the matrix A4 instead of the right-hand side of
the system.

In Figure 5 a generalised overview of the boundaries and domain parameters is
presented that is applicable to all case studies conducted. In each case study, the
geometric boundary I'; highlighted in red, will differ. On the top is the free surface
I'f, on the right is the outlet I's,;, on the bottom is the seabed I's;, and on the
bottom left is the inlet I';,. The domain parameters are: distance of submergence
H, domain length L., and depth d.

The length of the domain L, should be sufficiently large for the matching bound-
ary, Wang et al. [36] studied the effect of varying ratios of domain length L, over
the longest wavelength A4z, and states that L, /A6 > 1.0 is sufficient for a given
smallest non-dimensional wave number k& = 0.1.

Ee

FIGURE 5. Overview of boundaries and domain size parameters.

Notes on implementation. This work has been conducted using the software
package Gridap.jl and sub-packages GridapGmsh.jl and GridapEmbedded.jl [31] [7],
and the GMSH meshing software [18]. Gridap is an open-source FE toolbox written
in the Julia programming language [9]. The background meshes for this study are
built in GMSH and loaded using the sub-package GridapGmsh.jl. The cell cutting
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algorithm and the cell aggregation scheme are the default approach for analytical
geometries as defined in the GridapEmbedded.jl package via level set. We used the
functionalities of this sub-package to generate the required domains for SBM, as
this is currently not a feature of this sub-package.

4.1. Ghost penalty for Neumann-type boundary - heaving cylinder. For
the case of purely Neumann-type boundary conditions, the ghost penalty stabi-
lization terms might not be required. Therefore, an initial study is conducted for
CutFEM. Two cases are considered: one neglecting the ghost penalty stabilization
terms and one including these stabilization terms, and varying the parameter .
The effect of these variations on the condition number via the L1 norm is studied
for increasing number of elements n and for varying submergence depth H. The
geometry considered is a horizontal cylinder and the submergence depth is varied
to enforce the creation of small cut cells. The mesh considered here is a Cartesian
grid with n number of elements, due to the rectangular domain setup the number
of elements is set to (3n,n) for  and z direction respectively.

o —@— A with
10" + A

B A with y=100.0 i
K~ A without y H

K(A) [-]

10 r

1:31 1;17
n[-]

FIGURE 6. The condition number k(A) for varying number of ele-
ments n between a CutFEM approach with varying ghost penalty
parameters and one without ghost penalty stabilization.

In Figure 6 the number of elements n is plotted against the condition number
k(A), indicating that the ghost penalty effectively reduces the condition number for
certain cases, presumably the ones with smaller cut cells. The larger stabilization
parameters v > 1.0 appear to introduce larger condition numbers in general. FEs-
pecially for a lower number of elements, but also for a higher number of elements
these parameters correspond to a larger condition number, albeit that the differ-
ence is smaller. The smaller stabilization parameters v < 0.1 are more prone to
the ill-conditioning from small cut cells. From Figure 6 it is deduced that v = 0.1
and v = 1.0 perform optimally. In Figure 7 we show the condition number for
varying the submergence distances for the case of n = 128. Ideally, if the sub-
mergence distance approximates a multiple of the cell length scale, we should see
relatively larger condition numbers. This is visible at the five peaks in Figure 7.
The smaller stabilization parameters are more prone to ill-conditioning, as is high-
lighted in Figure 8. Again, for the larger stabilization parameters there appears to
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A with y=1.
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A without y
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k(&) [-]
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FIGURE 7. The condition number x(A) for varying submergence
depth ratios H/R between a CutFEM approach with ghost penalty
parameters and one without ghost penalty parameters.
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FIGURE 8. The condition number x(A) for varying submergence
depth ratios H/R with a close up view on the smaller (left) and
larger (right) ghost penalty parameters ~.

be no ill-conditioning, but generally there is a larger condition number, which is
highlighted in Figure 8.

This study confirms that the ghost penalty stabilization is required to avoid ill-
conditioning of the matrix, and it indicates that the original stabilization penalty
parameter v = 0.1 is sufficient for the cases considered in this work.

4.2. Heaving rectangle. We consider a two-dimensional surface-piercing rectan-
gle with draft D and breadth B. We consider the same geometrical case setup as
conducted by Wang et al. [36] and Liang et al. [23] The considered draft over
breadth ratio is D/B = 2, and the domain dimensions are: depth d = 40D, and
length L, = 2\mas for a smallest non-dimensional wave number & = 0.1. No
variations in the distance of submergence are considered here and thus H = 0.0.
In Figure 9 we depict the mesh used to compute the hydrodynamic coefficients

using the different methods described in Section 3. Note that the background



157

UNFITTED FE METHODS FOR ADDED MASS AND DAMPING

NAYAVAVAVAVAVAVAVAVAVA

A
54

VAV

ave
AVav4
7

\/ YAV
AQ%VAV Tava

<]

O
YAVaN
)

VAVAY
V7

2O

iVava)

RO

WO

aVavay,
aVavy

P
Vv,
Vv

S
A%
Vv

VAVAY|

7

VAVAY g
YA\

7
0

VA%
Vava
SXK
4Vav,
XK
a0

AV

N
v,
Y4V,
0
v

g
.

2
SRR
SRR

FIGURE 9. Background mesh for the heaving rectangle.
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FI1GURE 10. Close up view of the heaving rectange triangulations:

physical triangulation, i.e.

CuwtFEM (left),
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#V

up view of the triangulations for the

(center) and surrogate triangulation used for the SBM (right).
mesh is refined towards the location of the embedded object, but the mesh is not

conformal to the rectangle. In Figure 10 a close-
heaving rectangle is displayed. The integration domain for AgFEM and CutFEM

is displayed on the left, the active domain, which is used to generate the FE spaces
surrogate domain is displayed, which is used for both integration and generation of

for both AgFEM and CutFEM, is displayed in the middle, and on the right, the
the FE space for the SBM method.

4.2.1. Validation study. The validation study is conducted for both linear and qua-

For linear elements, the mesh consists of 48105 elements,

while for quadratic elements, the mesh consists of 8217 elements. The results are

depicted in Figure 11 and Figure 12 for linear and quadratic element types.

dratic element types.

All unfitted FE methods follow the general trend dictated by the reference meth-

the differences are more notice-

able for the added mass coefficient. One general observation appears to be that the

SBM is a visible outlier in this scenario. For SBM with order p

?

ods. For the added damping, the results agree well;

, we anticipate

=1

a difference due to the missing gradient recovery approach. For SBM p = 2, we

see that the results match more accurately, indicating the correct shifting of the
gradient. However, for SBM p = 2 the added damping coeflicient is more under-
estimated than for SBM p = 1, although the differences with the other methods
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are small. For AgFEM p = 1 and CutFEM p = 1, the added mass appears to be
slightly underestimated, but it becomes indistinguishable for p = 2.

Ew‘\ 12 CutFEM p=1
1 + AgFEM p=1
2p ——— SBM p=1
e + +  experiments
| M

W I 1.0 \ +- FEMp=
" ES

~ @~ HPC
\ [ ]

== CUtFEM p=1
4 ——— AgFEMp=1 .
——— SBMp=1 +

+  experiments +
—+— FEMp=1 +
06+

e

R S

+ +
E-B-9—8 5§ 0 B-§

1.0 15

k-1

2.0 25

Ficure 11. Non—dimengdonal wave number IE: versus non-
dimensional added mass A33 and added damping Bs3 for elements
of order p = 1 with reference data from [36] [23] [34].
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FIGURE 12. Non-dimensional wave number k versus non-

dimensional added mass A3 and added damping Bss for elements
of order p = 2 with reference data from [36] [23] [34].

4.3. Horizontal cylinder. We consider a two-dimensional surface-piercing hori-
zontal cylinder of radius R. The domain dimensions are: depth d = 20R, and length
L = Anae- We determine A, using the non-dimensional wave number kE=0.15.
The horizontal cylinder is partially submerged to the submergence distance H using
the following ratios of submergence depth over radius H/R = 0.0, 0.342, 0.643, 0.809,
and 0.906. The submerged surface area V is set as the full surface area of the cylin-
der in our computational domain, and thus V = 7R?/2. An immediate advantage
of the unfitted FE methods to take note of is that we only require one single back-
ground mesh for all submerged cases. In Figure 13 we show the mesh used for the
study of the partially submerged cylinder. As in the previous section, the mesh is
refined towards the body, increasing accuracy without having to generate a body-
fitted grid. A close-up view of the background mesh together with the physical,
active, and surrogate triangulations is depicted in Figure 14.

In Figure 15 four close-up views of the meshes are depicted for varying depths of
submergence for the horizontal cylinder, highlighting the surrogate domain used in
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FiGure 13. Background mesh for the submerged cylinder.

FiGURE 14. Close up view of the submerged cylinder triangula-

tions for the case H/R

tion domain for AgFEM and CutFEM (left), active triangulation

used by AgFEM and CutFEM (center) and surrogate triangulation

used for the SBM (right).

the SBM method. Note that in this figure the mesh is used for illustration purposes;

a higher resolution mesh is used for the calculations in this section. For p

mesh has 449485 elements and for p = 2 the mesh has 162203 elements.

added mass and added damping, which is called the Relative Motion Hypothesis

(RMH) combined with the Hasking relation for a symmetric two-dimensional body

4.3.1. Validation study. The reference data consists of an analytical approach for
in vertical symmetry and asymptotic consequences of the Kramers-

this analytical approach approximates well, but for the larger submergence depths

(see section 2 of

assumption that the water plane length is equal to that of the case H/R = 0.0

this method breaks down at the higher wave numbers.
for all submergence depths [19].

approach replaces the structure by a wavemaker replicating the fluid velocity field

formulation is presented, namely the Equivalent Wavemaker Theory

generated by a high-

should be better for the full range of wave numbers, although it is noted that for the
increasing submergence depths this method breaks down in the intermediate wave
number range and only sufficiently approximates the added damping for low wave
numbers and wave numbers approximating infinity [19]. There is little experimental
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and numerical data for the case of varying submergence depths. More often studies
are focused on the effect of varying the domain depth for surface-piercing structures,

i.e., deep to shallow water effects.

12 F %

0.8 X

A [-]

06

0.4

0.0

FiGURE 15. Close up view of the submerged cylinder triangula-
tions for the cases H/R = 0.0 (top left), H/R = 0.342 (top right),
H/R = 0.643 (bottom left) and H/R = 0.809 (bottom right).
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FIGURE 16. Non-dimensional wave number k& versus

non-

dimensional added mass As; and added damping Bss for submer-

gence distance H/R = 0.0 with reference data from [19].
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FIGURE 17. Non-dimensional wave number

k versus
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dimensional added mass As3 and added damping Bss for submer-

gence distance H/R = 0.342 with reference data from [19].
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gence distance H/R = 0.809 with reference data from [19].

non-

The results of this case study are depicted in Figure 16-20 for Lagrangian type
elements of order p = 1, each plot depicting non-dimensional wave number versus
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FIGURE 20. Non-dimensional wave number k versus non-

dimensional added mass As3 and added damping Bss for submer-
gence distance h/R = 0.906 with reference data from [19].
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FIGURE 21. Non-dimensional wave number k versus non-

dimensional added mass Ass and added damping Bss for submer-
gence distance H/R = 0.0 with reference data from [19].
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FIGURE 22. Non-dimensional wave number

s I% versus non-
dimensional added mass A3z and added damping Bsz for submer-

gence distance H/R = 0.342 with reference data from [19].

the added mass and added damping at increasing submergence depths. For elements
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dimensional added mass As3 and added damping Bss for submer-
gence distance H/R = 0.643 with reference data from [19].
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of order p = 2 the results are depicted in Figure 21-25. All unfitted FE methods
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appear to follow the trends from the reference data. Especially, for small depths
of submergence the results fit to the reference, but for larger submergence depths
it appears that the unfitted methods differ more from the added mass and added
damping coefficients from the reference. This is likely due to the definition of
the reference data which is no longer valid for these submergence depths. The
AgFEM and CutFEM results appear to be nearly identical for the cases considered
in this study. AgFEM and CutFEM display close to identical results for both first
and second order elements. The main differences between these methods will be
discussed in the next section. As in the previous case study, the SBM method under-
or overestimates the hydrodynamic coefficients, compared to the reference solution.
This is more prominent in the added mass coefficient. This can be caused by the
lack of resolution of the volume around the object and the loss in accuracy due to
the expansion of the gradient. It is especially prevalent for the higher order case,
which has fewer elements than the first order setup. Possible measures to mitigate
these errors are the use of gradient recovery techniques as proposed in [4] or the
weighted SBM proposed in [13, 39]. These two remedies will be further investigated
in follow-up works.

4.4. Matrix conditioning. In this section, we address the efficiency of each
method by discussing the condition number of the block matrix A,s. This is the
only matrix component that has to be inverted.

FIGURE 26. Condition number x(A) for varying number of ele-
ments n for the rectangle (left) and cylinder (right) case studies.

In Figure 26 the condition number k is plotted against the number of elements
n for the rectangle on the left and the cylinder case study on the right. Gener-
ally, AgFEM always appears to have the largest condition number. For CutFEM
the condition number is slightly smaller than for SBM, but for a certain number
of elements n there is a peak for the cases where there are small cut cells. Es-
pecially in Figure 27 this becomes apparent. It depicts the condition number for
varying depths of submergence at n = 128 where for some cases the CutFEM con-
dition number exceeds the AgFEM condition number. The SBM shows a constant
condition number, because of the absence of cut cells by definition.

5. Conclusions. In this work we applied CutFEM, AgFEM and SBM as accu-
rate and efficient tools to solve 2D problems using linear potential flow around rigid
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FIGURE 27. Condition number x(A) for varying submergence
depth H for the cylinder case study with radius R.

objects for several geometries in the frequency domain. We demonstrate a novel ap-
plication of CwtFEM, AgFEM and SBM using linear potential flow in the frequency
domain and how to estimate the added mass and added damping whilst incorpo-
rating these methods. For CutFEM a sensitivity study is conducted for the ghost
penalty parameter v and the reference value from literature is deemed sufficient.
We highlight efficiency by allowing a single background mesh to simulate several
geometrical scenarios with different unfitted FE methods. The condition number is
lowest for the CutFEM method, closely followed by SBM, and then AgFEM that
has the largest condition numbers. The largest outliers in condition number occur
for CutFEM and these are completely absent for SBM. Regarding implementation,
AgFEM has the simplest weak form corresponding to the conformal case with a
modified FE space. CutFEM requires additional ghost penalty stabilization terms
depending on the order p of the elements. Lastly, SBM requires most changes
due to the shifting operator and the Jacobian on the embedded object. The ghost
penalty stabilization parameter is studied and included in the case studies to re-
duce the condition number for CutFEM. We highlight the accuracy of the unfitted
methods by comparing them with other numerical methods and experimental and
analytical reference data. Identifying possible bottlenecks and knowledge gaps for
future research. Our results show that the difference in results for the estima-
tion of added mass and added damping is small. For SBM, a gradient recovery
technique via mixed formulation should be applied to study the SBM accuracy for
linear elements. Additionally, our SBM formulation allows for further research on
the correct shifting of the hydrodynamic and hydrostatic pressure terms as these
are to be integrated on the true boundary and thus we should shift these Jacobian
integral contributions from the true to the surrogate boundary. This contribution
should become visible in the matrix term A,4 and requires further investigation.
A follow-up study investigating the application of a weighted SBM should also be
conducted.
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