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Abstract

The Cauchy problem on a lightcone differs from the one on a smooth spacelike
surface in several ways; the initial surface cannot be smooth everywhere, and
the initial surface being characteristic also has implications for the values
the initial data may take. We show well-posedness of the vacuum Cauchy
problem for a smooth spacelike initial surface in arbitrary dimension. The
initial data for this problem is related to initial data for the characteristic
Cauchy problem. We derive the Raychaudhuri equation for lightlike geodesics
and use it to analyze initial data for the Cauchy problem on a lightcone.
We show how to derive the extrinsic curvature of a lightcone using a field of
connection coefficients and the metric. We discuss the Raychaudhuri equation
as a constraint equation if one uses the metric as initial data. Alternatively,
we show how to use the Raychaudhuri equation to complete initial data when
a conformal class of metrics is used as initial data instead. In this case, we give
an exact expression for the conformal factor associated with a representative
of the conformal class.
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Space tells matter how to move
Matter tells space how to curve

John Archibald Wheeler

1 Introduction

Einstein’s theory of general relativity describes gravity as curvature in a unified
understanding of space and time, called spacetime. The Einstein field equations

Gµν = 8πGTµν

form the central system of partial differential equations for the curvature. The
Einstein tensor Gµν on the left hand side of this equation describes the curvature
of spacetime. It can be expressed in terms of the metric tensor gµν which defines the
inner product between vectors on each tangent space. The metric gµν is Lorentzian,
which means that for any point in the spacetime, one can find a basis for the tangent
vector space, {∂0, . . . , ∂n}, such that

g(∂0, ∂0) = −1, ∀a ̸= 0 : g(∂a, ∂a) = 1, ∀a ̸= b : g(∂a, ∂b) = 0.

On the right hand side of the Einstein field equations, the stress-energy-momentum
tensor Tµν captures the distribution and momentum of mass and energy in the
spacetime. It serves as a generalization of the mass distribution one may find in
Newtonian dynamics. The ‘G’ on the right hand side is Newton’s gravitational
constant. The Einstein tensor is expressed in terms of the metric, and as such,
a solution of the field equations is a metric tensor field for which the equations
hold. Note, however, that a solution of the Einstein field equations, gµν , expressed
in terms of coordinates on the spacetime is highly nonunique. This is because
coordinates may be chosen freely on the manifold. That is, the Einstein field equa-
tions are invariant under coordinate transformations. In the literature, a certain
choice of coordinates is called a gauge. This so-called gauge freedom is a physically
significant property of the field equations. It may be interpreted as stating that,
whereas curvature of the spacetime is innate, the names we give to the points in
spacetime are a human invention.

Oftentimes, one wants to find the effect of gravity on a body moving through a part
of spacetime where no matter is present. Two such examples are, the movement
of the earth around the sun, and gravitational waves in the vacuum of space. In
this case, the stress-energy-momentum tensor is identically zero in the considered
region of spacetime. One then solves the vacuum Einstein field equations: Gµν = 0.

In an n + 1-dimensional spacetime, the (vacuum) Einstein field equations form
a system of (n + 1)(n + 2)/2 independent coupled second order nonlinear partial
differential equations1 which makes finding exact solutions an infamously difficult
endeavor. Only a handful of exact solutions is known.

1There are a total of (n + 1)2 coupled second order nonlinear partial differential equations.
However, since the Einstein tensor is symmetric, this reduces the number of independent equations
to (n+ 1)(n+ 2)/2.
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To solve problems in Newtonian dynamics, one finds the forces ΣF⃗ acting upon a

body and solves the equation of motion ΣF⃗ = md2r⃗
dt2 where m is the mass of the

body, r⃗ is its position, and t is time. That is, problems in Newtonian dynamics
are expressed as (systems of) second order differential equations. To solve these
equations, one needs to know the location and its first derivative of the studied
bodies at a certain moment in time. Problems in Newtonian dynamics are expressed
as well-posed initial value problems. By well-posedness, we refer to an existence-
and-uniqueness result. Since Einsteinian and Newtonian predictions agree in the
limit of weak gravity, one might expect the Einstein field equations to also admit
a well-posed initial value formulation. However, if one is familiar with special
relativity, one might know that the concept of time is not as clearly defined in
general relativity as it is in Newtonian dynamics, two non accelerating observers in
general relativity generally do not agree on the speed with which another observer
travels through time.2 To make matters worse, in arbitrary spacetimes they may
not even agree on the direction of time.

These issues can be resolved by requiring that the studied spacetime adheres to
a number of physically reasonable causality conditions. These conditions serve to
ensure that cause and effect are well defined. One might, for example, require
that causality between two events occurs only in one direction; if event 1 causes
event 2, event 2 may not cause event 1. One might also require that two observers
on a studied spacetime agree on the future timelike directions at any point. It
can be shown that, if the studied spacetime satisfies a number of these physically
reasonable causality conditions, that the vacuum Einstein field equations can be
rewritten as a well-posed initial value problem with smooth initial data on a smooth
spacelike hypersurface (Fourès-Bruhat, 1952). Such an initial value problem, where
the initial data is prescribed on a (hyper)surface is called a Cauchy problem. The
spacetime resulting from the initial data is called a Cauchy development, and the
initial surface on which the data is prescribed is called a Cauchy surface. By well-
posedness, we mean that such a physical system always admits a unique Cauchy
development. This result is shown through the implementation of harmonic coor-
dinates (i.e., coordinates (xλ) such that Hλ ≡ ∇α∇αxλ = 0). Moreover, it can also
be shown that this Cauchy problem admits a unique maximal Cauchy development
(Choquet-Bruhat & Geroch, 1969). Ever since these results are known, physicists
and mathematicians have tried to show well-posedness for the Cauchy problem
where the initial data is prescribed on a characteristic Cauchy surface, instead of
a spacelike one. A characteristic Cauchy surface is a surface whose normal vectors
are tangent to it. This property means that the surface admits lightlike curves
that are entirely contained in the hypersurface. Because of this, nonsmooth points
must be introduced on the hypersurface if we want to have ‘enough’ initial data
for our problem. Well-posedness of the characteristic Cauchy problem has not yet
been proven, though significant progress has been made.

There are two general forms the characteristic Cauchy problem may take. Initial
data may be prescribed on two transversally intersecting null hypersurfaces, or on a
lightcone. Noteworthy results for the characteristic Cauchy problem on a lightcone
are (Rendall, 1990) in which it is shown that a solution for the characteristic
Cauchy problem in 3 + 1 dimensions exists near the vertex of a lightcone. This

2Newtonian dynamics only really makes sense to use for inertial (i.e., non-accelerating) frames
since Newton’s laws only apply in inertial frames.
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result has been generalized for arbitrary dimensions in (Choquet-Bruhat et al.,
2011b). Existence of a solution in the neighborhood of the entire lightcone for
3 + 1 dimensions was shown in (Luk, 2012). Luk’s result for 3 + 1 dimensions was
later generalized to arbitrary dimensions in (Rodnianski & Shlapentokh-Rothman,
2018).

In this thesis, we introduce the causal structure of spacetimes. This is used to
introduce the well-posed Cauchy problem on a spacelike hypersurface. We relate
initial data for this problem to initial data for the characteristic Cauchy problem.
We introduce conformal metrics. Which are metrics that agree on the causal struc-
ture of the studied spacetime. We derive the Raychaudhuri equation for lightlike
geodesics in arbitrary dimension which describes the evolution of a continuous
family of lightlike geodesics. We use the Raychaudhuri equation to analyze initial
data on a lightcone. The initial data of the characteristic Cauchy problem in n+1
dimensions is studied in the following ways:

1. The free initial data takes the form of the triple (N , g, κ) where N is a
lightcone, g is a symmetric tensor of signature (0,+, . . . ,+), and κ is a field of
connection coefficients on the tangent vectors to the lightcone N . The initial data
(g, κ) are further required to satisfy the Raychaudhuri equation

∂rθ − κθ = −σ2 − θ2

n− 1

where θ is the divergence and σ is the shear of the family of null curves that generate
the lightcone N .

2. The free initial data takes the form of the triple (N , [γ], κ) where N is an n-
dimensional manifold. [γ] is a conformal class of metrics of signature (0,+, . . . ,+),
and κ is a field of connections for the null vectors with respect to γ. Here the
Raychaudhuri equation is used to find the conformal factor at different points.

The aim of this work is to analyze the occurrence of constraint equations for the
initial data in the characteristic Cauchy problem on a lightcone. These equations
restrict the values that initial data may take on a lightcone such that they are
physically reasonable. Constraint equations are of importance because a solution
of the vacuum field equations is uniquely associated with its initial data on a Cauchy
surface. This means that any physically reasonable initial dataset carries the same
information as its associated solution of the vacuum field equations.

In the second section, we introduce the causal structure and the Cauchy prob-
lem. Conformal metrics and the Penrose conformal compactification of Minkowski
spacetime is introduced in the third section. In the forth section, we derive the
Raychaudhuri equation for lightlike geodesics, we introduce conjugate points, and
we give a lemma on conjugate points which is used in the following section. In
section five, we study the different ways to apply the Raychaudhuri equation for
initial data on a lightcone. Section six serves as an overview of this thesis in which
we discuss the results.

3



2 Causal structure and the Cauchy problem

In this thesis, the characteristic Cauchy problem is studied. This section serves
to give an understanding and introduction of the characteristic Cauchy problem.
First, we introduce the causal structure on a spacetime manifold. This serves as
preliminary knowledge for the introduction of the Cauchy problem. Second, we
use the newly acquired language to introduce the Cauchy problem for a smooth
spacelike Cauchy surface. Third, we discuss differences between the spacelike and
characteristic Cauchy problem.

2.1 Causal structure

In order to introduce the Cauchy problem we first need to familiarize ourselves
with the causal structure of spacetimes. Simply said, the causal structure is a set
of conditions which physical spacetimes must adhere to in order to ensure that
cause and effect are well defined. For this subsection we consider a spacetime
(M , g) which does not necessarily satisfy the Einstein field equations.

A tangent vector v ∈ TpM is defined to be timelike (lightlike) {spacelike} if g(v, v)
is smaller than (equal to) {larger than} zero.
A curve γ : I ⊆ R → M , s 7→ γ(s) is said to be timelike (lightlike) {spacelike}
if at every p ∈ γ ⊂ M the tangent vector γ̇ is timelike (lightlike) {spacelike}.
Sometimes null is used as a synonym for lightlike.

2.1.1 A Minkowskian lightcone

Let us consider the n+1 dimensional Minkowski spacetime (Mn+1, η). We may use
the coordinates (xµ) on the entire spacetime with the associated tangent vectors
∂µ ≡ ∂

∂xµ such that the basis tangent vectors are orthogonal and

g(∂0, ∂0) = −1, ∀a ̸= 0 : g(∂a, ∂a) = 1.

That is to say, the ∂0 direction is the only timelike direction which lets us consider
x0 as the time coordinate. From special relativity, one may remember the spacetime
interval

∆s2 = −(∆x0)2 +

n∑
i=0

(∆xi)2

which is independent of inertial frame. When one changes from special relativity
to general relativity, this spacetime interval is instead expressed infinitesimally as
the metric. We have the following expression for the Minkowskian metric η.

ds2 = −(dx0)2 +

n∑
i=1

(dxi)2 (2.1)

Note that in special relativity, one often writes x0 = ct or simply x0 = t. The
absence of the speed of light c in (2.1) shows that we use natural units c ≡ 1.
A lightcone through the origin in Minkowski spacetime is the set of points that
lightrays, emitted at the origin of our Minkowskian spacetime reaches. Since there
is no curvature in Minkowski spacetime, the lightcone L, as a set of points, can be
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expressed in the (xµ) coordinates by

L = {(x0, . . . , xn) | x0 =

√√√√ n∑
i=1

(xi)2}. (2.2)

This is indeed an expression for a cone through the origin. We remark that the
choice of origin in Minkowski space is arbitrary since there is translational symme-
try. If one is instead interested in the lightcone through the point p = (y0, . . . , yn),
one substitutes xµ−yµ for each xµ in our expression of the lightcone (2.2). Finally,
we note that, given a lightlike curve which starts in the origin and moves through
time by a constant velocity with respect to its parametrization, we find that this
curve is contained in L.3 This supports the idea that L consists of light rays emitted
in the origin.

We may further make a distinction between two parts of the lightcone L. There
are the points with positive x0 component, and those with negative x0 component.
The subset of L with positive, and respectively negative x0 coordinate are called
the future and past lightcone in Minkowski spacetime.

Figure 1: A future lightcone in 2 + 1 dimensional Minkowski spacetime. The x0

coordinate is renamed t, and the x1 and respectively x2 coordinates are renamed
to x and y.

2.1.2 Continuation of the causal structure

We again consider an arbitrary spacetime (M , g). For all points p ∈ M the tangent
space TpM is isomorphic to Minkowski spacetime. The lightcone passing through
p ∈ M is considered to be the lightcone passing through the origin in TpM . It must
then be emphasized that a lightcone is a subset of the tangent plane TpM , not of
the manifold M . We define the future and past lightcones as is done above.4 One
must be cautious however; in a non-simply connected spacetime, there may not be

3If one considers x0 = ct, one easily finds that a light ray emitted at the origin moves along
the cone in a straight line with a speed of one lightsecond per second.

4Since this is defined for Minkowski spacetime and each tangent space is isomorphic to
Minkowski space.
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a continuous distinction of future and past lightcones. If a continuous choice can
be made, we call the spacetime time orientable. Only in time-orientable spacetimes
can we consistently distinguish between moving forwards and backwards through
time.

It is evident that the physical spacetime is time orientable. For this reason we only
consider time orientable spacetimes. In the spacetimes in this text, it is assumed
that a continuous distinction of future and past has been made. We call timelike
and null vectors in the future half of the lightcone future directed. Similarly, a
curve γ ⊂ M is said to be future directed if at each p ∈ γ the tangent vector γ̇ is
future directed. Here we may distinguish between future directed null curves, and
future directed timelike curves. Past directed curves are defined analogously. We
note that since a future, or past, directed curve admits only timelike or lightlike
tangent vectors, a hypothetical observer traveling along such a curve may never
exceed the speed of light. As we shall see later, we will postulate that nothing in
the physical spacetime may exceed this speed limit. We then obtain that causality
itself is inhibited by these curves. For this reason, we may also call a curve which
is future directed, or past directed, a causal curve.

In a time orientable spacetime we are consistently able to differentiate between
moving forwards and backwards through time. This can also be captured in the
following way.

Lemma 2.1. Let (M , g) be time orientable. Then there exists a (nonunique)
smooth non-vanishing timelike vector field on M .

The proof of this lemma can be found in (Wald, 1984) wherein this is lemma 8.1.1.
It can also be shown that the converse of this lemma holds.

The chronological future of a point p ∈ M , denoted I +(p) is the set of points
in the spacetime that can be reached by a future directed timelike curve starting
at p. We write

I +(p) =

{
q ∈ M

∣∣∣∣∣ there exists a future directed timelike curve

γ(t) such that γ(0) = p and γ(1) = q

}
.

Note that the curve being timelike means that its tangent vector may never be null
or have zero norm. As such, usually p /∈ I +(p) holds. However, if there is a closed
timelike loop, one could find some p ∈ M such that p ∈ I +(p). Remark also that
the chronological future of a point is open.

We define the chronological future of a set S ⊆ M as the union of the chronological
futures of the points in S. That is, I +(S) =

⋃
p∈S

I +(p). Note that this is also

open since it is the union of open sets.

The causal future of p ∈ M , J +(p) is defined in a similar fashion, changing
‘future directed timelike curve’ for ‘future directed causal curve’ in the definition.
Again, we have J +(S) =

⋃
p∈S

J +(p).

The chronological and causal pasts of points and sets in M are defined analogously
to the definitions of the future sets.

6



We say that a set S ⊆ M is achronal if there do not exist p, q ∈ S such that
q ∈ I +(p). That is, if I +(S) ∩ S = ∅. An example of such an achronal set is
the boundary of the chronological future. That is, let S ⊆ M . Then ˙I +(S) is
achronal. Ȧ denotes the boundary of an arbitrary set A ⊆ M . I.e.,

Ȧ ≡

{
p ∈ M

∣∣∣∣∣ for every neighborhood U of p, U intersects

A as well as the complement of A

}
.

This claim can be understood by remarking that for p, q ∈ ˙I +(S) the points p and
q might be connected by a causal null curve but they may not be connected by a
timelike curve. This is because, if they were connected by a timelike curve, we’d
find that

q ∈ I +(p) ⊆ I +( ˙I +(S)) ⊆ I +(I +(S)) = I +(I +(S)) = I +(S).

Here we use I +(A) = I +(A), and I +(I +(A)) = I +(A) (Appendix: A.1, and
A.2). Since q ∈ I +(S), and the chronological future of S, I +(S), is open, we find
that q /∈ ˙I +(S). This is a clear contradiction which proves the claim.
This achronality of the edge of the chronological future will become important
later since we’ll prescribe initial data for our initial value problem on a generalized
understanding of a lightcone. This generalized lightcone can be understood as the
boundary of the chronological future of a point.

Note that a curve γ : I ⊆ R → M , s 7→ γ(s) may end because of different
reasons. It might run into a hole or singularity in the chosen spacetime or it might
simply not be defined for values larger than than a certain s ∈ I. We want to
differentiate between these possibilities. First, we define a future endpoint of a
curve γ to be a point p ∈ M such that for any neighborhood U of p there exists
s ∈ I such that γ(s) ∈ U . Moreover, the causal future of p may not intersect the
curve γ. Now we can define a future extendible curve to be a curve which has a
future endpoint. Conversely, a future inextendible curve has no future endpoint.

One important assumption in the spacetimes we consider is that of causality. As is
done in much of physics, this text presupposes that two events cannot affect each
other if they are so far apart that light does not have enough time to travel from
the one to the other. That is to say, nothing may travel faster than light. This is
precisely what went into the definition of causal curves, and the causal future and
past. A trivial result of this notion is that an event may only precede or supersede
another event; it cannot do both (q ∈ I +(p) =⇒ p /∈ I +(q)). That is, an
observer in a physical spacetime, starting at point p ∈ M may never revisit its
starting point. This is equivalent to stating that p /∈ I +(p).

This causality postulate can be made to be mathematically rigorous through a
formal definition. One such definition which is used in the literature is strong
causality; a spacetime (M , g) is named strongly causal if for all p ∈ M and every
neighborhood U of p there exists a neighborhood V of p contained in U such that no
causal curve intersects V more than once. This may seem like a very strong notion
of causality. However, one may find ‘exotic’ strongly causal spacetimes such that
an arbitrarily small perturbation of the metric makes it such that the spacetime
is no longer causal. A stronger version of causality is given by stable causality;
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a spacetime (M , g) is said to be stably causal if there is no Lorentzian metric h
sufficiently close to the spacetime metric g where h admits a closed timelike curve.
To define ‘sufficiently close’, we consider a timelike vector t at p ∈ M . We remark
that the metric h defined by

hab = gab − tatb

is also a Lorentzian metric at p. Furthermore, the lightcone corresponding to h
is strictly larger than the lightcone corresponding to g.5 We say that (M , g) is
stably causal if there is a timelike vector t such that the spacetime (M , h), where
h is defined as above, admits no closed timelike curve. It can be shown that stable
causality implies strong causality (Wald, 1984; corollary to theorem 8.2.2).

Stable causality of a metric ensures that no timelike curves are arbitrarily close
to being closed timelike loops. It can be shown that stable causality of a metric is
equivalent to the existence of a global time function on the manifold6 (Hawking,
1968). Since our (succesful) cosmological models are based upon this idea of a
global time function. We expect physical spacetimes to be stably causal.

Now suppose we have a point p ∈ M at which we want to know relevant quantities,
e.g., the metric tensor g. If we further assume that we know everything about the
metric on a set of points S such that any causal curve through p intersects S, then
we may naturally expect that the tensor at p can be completely reconstructed from
the tensor on S. This is a sensible expectation since any causal information arriving
at p is in a way ‘recorded’ in the set S. That is to say, if nothing may travel faster
than light, not even information, then any information travelling on a causal curve
which does not intersect S cannot arrive at the point p. This consideration leads
us to the natural definition of the future domain of dependence. Let S ⊆ M then
the future domain of dependence of S, denoted D+(S), is defined in the following
way:

D+(S) =

{
p ∈ M

∣∣∣∣∣ every past inextendible curve

through p intersects S

}
The past domain of dependence D−(S) is defined analogously. We define the the
(full) domain of dependence of S to be the set D(S) = D+(S)∪D−(S). Note that
the domain of dependence of a point is only the point itself.

5For any null vector ℓ with respect to g we find that habℓ
aℓb = gabℓ

aℓb−tatbℓ
aℓb = −(taℓa)2 <

0.
6As one might suspect, this global time function is usually highly nonunique.
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Figure 2: In dark grey: example of the future domain of dependence of a set
S. The diagonal lines signify the boundary of D+(S) which consist of (generally
extendible) null geodesics. Note that the set S is trivially contained in D+(S).

A closed achronal set Σ is called a Cauchy surface if its domain of dependence is
the spacetime. That is, if D(Σ) = M . Since Σ is an achronal set, we can consider
it to be a global instance in time, also called a slice. Any slice is an n dimensional
embedded submanifold of the n + 1 dimensional spacetime. A spacetime which
possesses a Cauchy surface is called globally hyperbolic. This definition of global
hyperbolicity is given in (Wald, 1984). It differs significantly from the definition
given in (Hawking & Ellis, 1973) and the original formulation (Leray, 1952). How-
ever, it can be shown that all these definitions are equivalent. This is shown as a
remark at the end of section 8.3 in (Wald, 1984).

Global hyperbolicity may also be used as an even stronger causality condition.

Lemma 2.2. Any globally hyperbolic spacetime is stably causal

A proof of this lemma can be found in (Wald, 1984) wherein this is lemma 8.3.14.
Note that this also implies strong causality of the spacetime (Wald, 1984; corollary
to theorem 8.2.2). Thus, by restricting ourselves to globally hyperbolic spacetimes,
we ensure stable causality.

2.2 The Cauchy problem for a smooth spacelike Cauchy sur-
face

The domain of dependence of a set is defined such that for a point in it, every
past-inextendible causal curve containing the point must intersect the set. As we
postulated, nothing may travel faster than light. That is to say, if we have a point
p ∈ D(S), then one might expect to be able to reconstruct relevant information
at the point p by information on S alone. In this subsection we give an overview
of the initial value formulation for initial data on a spacelike hypersurface Σ. We
will show how one arrives at a general well-posed Cauchy problem in the vacuum
case (Gµν ≡ Rµν − 1

2Rgµν = 0) of the Einstein field equations. As well-posedness
is shown for initial data of a specific form, the knowledge of this form allows us to
study arbitrary initial data in the later sections of this thesis. By well-posedness we
refer to a number of properties of the problem. First, for arbitrary (smooth) initial
data on a surface Σ, there exists a unique solution of the Einstein field equations
on D(Σ), up to coordinate transformations. Second, the solution on D(Σ) depends
continuously on the initial data, and third, a change on the initial data outside a
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set S ⊆ Σ has no impact on the solution on D(S). This section serves to give us
understanding of what ‘good’ initial data for the Cauchy problem is.

This section is a paraphrasing of the section on the initial value formulation in
(Wald, 1984; chapter 10) in arbitrary dimension. It serves as preliminary knowledge
for the examination of the characteristic Cauchy problem and its initial data later
in this thesis. The spacetime we work in will have n + 1 dimensions. Therefore,
the Cauchy hypersurface will have n dimensions.

2.2.1 A useful theorem on well-posedness of initial value problems

To show well-posedness of the Cauchy problem for the vacuum Einstein equations,
it will be useful to consider the inverse metric gαβ to be more fundamental than
the physical metric. We make use of a theorem attributed to (Leray, 1952) on
quasilinear differential equations. i.e., differential equations that are linear in the
highest order derivative terms.

A system of m second-order partial differential equations for m unknown func-
tions ϕ1, . . . , ϕm on a manifold M is called a quasilinear, diagonal, second order,
hyperbolic system if it may be written as

gαβ(x;ϕj ;∇γϕj)∇α∇βϕi = Fi(x;ϕj ;∇γϕj), (2.3)

where ∇α is any derivative operator. gαβ is a smooth Lorentzian metric and Fi is
a smooth function in its variables. Here, gαβ depends on x, ϕj , and ∇γϕj . Implicit
notation will be used for brevity in the remainder of this section. We will try to
rewrite the Einstein vacuum equations in the form (2.3), since this form can be
shown to have a well-posed initial value formulation as we will see.

For us to consider the Cauchy problem to be well-posed, it needs to satisfy a
number of properties. One of which is that the solution of the system of differential
equations depends continuously on the initial data. For this continuity requirement,
we define a topology on the space of initial data. We say that two functions f1,
and f2 are ‘close’ if they and a finite number (or all) of their derivatives are close.
That is, we define the distance between f1 and f2 by summing over the suprema
of their difference, and the difference in their derivatives up to an order of k on the
initial Cauchy surface Σ:

∥f1 − f2∥ = sup
x∈Σ0

|f1(x)− f2(x)|+
∑

k1,...,kn

sup
x∈Σ0

|∂
k1+...+kn(f1 − f2)

∂xk1
1 . . . ∂xkn

n

(x)|

Where (x1, . . . , xm) are the (spacelike) coordinates on the initial hypersurface Σ
and k1, . . . , km are such that k1 + . . .+ km ≤ k. We take open balls in this metric
space as a basis for the topology of the initial data. In a similar fashion, the
distance between solutions of the initial value problem may be taken to define the
topology of the solution space. Note however that in the solution space, the sum is
taken over all n+ 1 spacetime derivatives. We also need to be careful in ensuring
that this distance exists. To guarantee existence of the distance between solutions
we only consider compact subspaces of the spacetime. Continuity is then defined
by the usual open set definition such that it holds for any compact subset of the
obtained spacetime.
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Given a solution Φ0 ≡ ((ϕ0)1, . . . , (ϕ0)m) of (2.3), we also require that there exists
another solution of (2.3) for any initial data sufficiently close to that of Φ0. By ‘suf-
ficiently close’ to Φ0 we mean that there exists a neighborhood of Φ0 in the topology
defined above such that a solution exists for all initial data in this neighborhood.
By existence of a solution of (2.3), we mean that there exists a neighborhood of
Σ, denoted by O, such that there is some Φ ≡ (ϕ1, . . . , ϕn) which satisfies (2.3) on
O ∩ D+(Σ). Furthermore, (O, g(x;ϕj ;∇γϕj)) is globally hyperbolic with Σ as a
Cauchy surface. We also require that the solution Φ is unique in O, given its initial
data.7 This requirement is the expected ‘existence and uniqueness’ requirement
which one finds in most well-posedness definitions.

For well-posedness we also require causal propagation of information in the space-
time. By causal propagation we refer to the property that information may travel
only on causal curves. More precisely, suppose two solutions of (2.3), Φ, and Φ′

have initial data which agrees on a subset, S, of Σ. Then the solutions Φ, and
Φ′ must agree on O ∩ D+(S), where O is a neighborhood of Σ. This is the same
as saying that all relevant information in the future domain of dependence D+(S)
may be reconstructed from information on S. This causal propagation property is
actually a more specific uniqueness condition.

In summary, we define the initial value formulation (2.3) to be well-posed if the
solution depends continuously on the initial data, the existence and uniqueness
condition holds, and the causal propagation condition holds. Given this definition
we introduce the following theorem (Wald, 1984; theorem 10.1.3):

Theorem 2.3. Let (ϕ1, . . . , ϕm) be any solution of the quasilinear hyperbolic sys-
tem (2.3) on a manifold M , and let gαβ = gαβ(x;ϕj ;∇γϕj). Suppose (M , g) is
a globally hyperbolic spacetime which has the smooth spacelike Cauchy surface Σ.
Then the initial value formulation (2.3) is well posed in the sense given above this
theorem.

This theorem yields that if the Einstein vacuum equations can be rewritten in the
form (2.3), then well-posedness must follow. The acquired spacetime as a solution
of the Cauchy problem will be called a Cauchy development of the initial data.

2.2.2 An initial data ansatz

We shall now consider the vacuum Einstein field equations Rµν = 0 as an initial
value problem. First, let us consider the nature of the field equations. For most field
theories one solves for a field with respect to a background space(time). In general
relativity, however, one solves for the spacetime itself. The distinctive property of
the gravitational field is that it is self-interacting. That is, it defines the space over
which it propagates. This makes the equations for which one solves nonlinear even
in the absence of other fields.

We will show that for initial data of a certain kind, the vacuum equations may
be rewritten in the form of (2.3). From this well-posedness follows by theorem 2.3.

7For the actual solution of the vacuum equations this is too strong a requirement since the
solutions must be unique only up to a coordinate transformation. However, this is a good condition
to have in the well-posedness definition since one works in a specific gauge choice. One may take
a coordinate transformation of the solution if one has specific coordinates in mind.
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Since the spacetime we consider, (M , g) is globally hyperbolic, it can be foliated by
smooth spacelike Cauchy surfaces (Bernal & Sánchez, 2003).8 By foliated, we mean
that the spacetime admits a continuous family of hypersurfaces of dimension n such
that these surfaces do not intersect. Since there is a timelike vector orthogonal to
these surfaces one can think of each surface as being a moment in ‘global time’.
That is, there exists a global diffeomorphism between M and R×Σ. This foliation
implies a global time function, t, on M such that for each t, the surface Σt is the
Cauchy surface associated with that global time coordinate. We let ξ be the unit
time vector orthogonal to the Σt hypersurfaces. The metric g then induces the
Riemannian metric h on each Σt by

hαβ = gαβ + ξαξβ . (2.4)

More precisely, h is a tensor of signature (0,+, . . . ,+)9 which acts on vectors in
TM , not in TΣt. However, we may define the Riemannian metric on Σt by con-
sidering the pullback of the tensor h along the embedding f : Σt → M which maps
points on the manifold Σt to points on Σt as a subset of the spacetime manifold
M . For this embedding, the vectors x, y ∈ TΣt map to the vectors x̃, ỹ ∈ TM
for which g(x̃, ξ) = g(ỹ, ξ) = 0. The inner product between x, and y in Σt is then
given by the expression hµν x̃

µỹν in M . This defines the Riemannian metric on the
Σt hypersurface which is what we mean by stating that the metric g induces the
Riemannian metric h on Σt by (2.4). When evaluating the metric h using a vector
orthogonal to the hypersurface Σt ⊂ M one arrives at the result zero:

hαβξ
α = gαβξ

α + ξαξβξ
α = ξβ − ξβ = 0.

This further supports the interpretation of h as a Riemannian manifold on Σt

because only vectors tangent to Σt ⊂ M are of interest when considering the
metric h. Furthermore, for some p ∈ Σt ⊂ M , the result of the metric h acting
on vectors in TpM is trivially the same as for the metric g as long as we consider
vectors tangent to Σt. This holds since such a vector is orthogonal to ξ. Note also
that the tensor hα

β = gγαhαβ serves as a projection onto the Cauchy hypersurface.
This follows immediately from the property hαβξ

α = 0 and the observation that
the inner product using h equals the inner product using g for vectors tangential
to the Cauchy surface Σt.

10

In the Cauchy development associated with given initial data, we’ll have introduced
a time coordinate which may naturally be chosen to correspond with the global time
function t. The only requirement for this coordinate will then be that one moves
forward through time with one time unit per parameter unit of the ∂t-integral
curve. We consider a vector field σ on M which satisfies

σα∇αt = 1. (2.5)

This vector field can be thought of as representing the flow of time. That is, σ = ∂t
in the resulting spacetime. The vector σ is decomposed in its parts orthogonal and
tangential to Σt. The orthogonal part gives rise to the lapse function, n, and the
tangential part defines the shift vector, N .

n = −σαξα = (ξα∇αt)
−1 (2.6)

8Note that this is an improvement upon Geroch’s famous ‘splitting theorem’.
9This follows from hαβξ

α = 0 which is shown later in this paragraph.
10If one has a vector v which is tangent to Σt, one obtains vµ = hµ

νv
ν since hµ

ν = δµν + ξµξν
and vνξν = 0.
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Nα = hα
βσ

β (2.7)

The flow of time σ can then be expressed as

σ = nξ +N. (2.8)

If we start at a hypersurface Σ0 and move forward by a parameter distance t
along the σ-integral curve we arrive at the hypersurface Σt.

11. Since this new n
dimensional Cauchy surface Σt will also have a unit timelike vector orthogonal
to it, we may express the induced metric on this hypersurface in the same way
as (2.4). Along a σ-integral curve we then have a changing induced metric h(t).
Thus, we may view the Cauchy problem as the development of a Riemannian
metric h on a fixed n-dimensional manifold. In this formulation, the Riemannian
metric h serves as (part of) the initial data on the Cauchy surface Σ0. One may
expect, from having seen differential equations with boundary conditions in other
settings, that the ‘time derivative’ of the metric h plays an important role in the
solution of an arbitrary Cauchy problem.12 This turns out to be true. In the
remainder of this subsection, we will see that the ‘time derivative’ is actually the
same as the extrinsic curvature of the Cauchy surface. This ‘extrinsic curvature’
will be rigorously defined. We will later show that the extrinsic curvature and the
Riemannian metric h on Σ0 constitute sufficient initial data for our problem.

Before we defined the metric h in expression (2.4), we introduced the unit normal
timelike vector field ξ on the Σt hypersurfaces. Since the extension of ξ outside
of our initial hypersurface Σ0 is determined through a (nonunique) foliation of the
spacetime (M , g), we have no information about it. That is, by only considering
the initial surface Σ0, and the metric h, we don’t know ξ outside of Σ0. Suppose we
take another unit timelike vector field orthogonal to Σ0, ζ, such that it is geodesic.
We then have that ξ = ζ on Σ0, but ξ, and ζ may be extended differently outside of
the Cauchy hypersurface. Specifically, ζ can be constructed by letting it coincide
with ξ on Σ0 and having it satisfy the equation ∇ζζ = 0 on M . ζ can then be
understood as the tangent vector to a congruence of timelike geodesics through M .
By a congruence of timelike geodesics, we mean a family of timelike geodesics such
that each point of M has precisely one such curve passing through it.

We shall now give a mathematical formulation for the extrinsic curvature through
the use of the geodesic vector field ζ on the Cauchy surface Σ. We remark that
a Cauchy surface Σ is an embedding in M where the Riemannian metric h on Σ
can be understood to be induced by the Lorentzian metric g on M . We may then
describe the curvature of Σ in an extrinsic way. We define the extrinsic curvature
of Σ, K with components Kαβ to be the covariant derivative of the unit tangent
vector to the congruence of timelike geodesics. That is:

Kαβ = ∇αζβ . (2.9)

11The property σα∇αt = 1 ensures that one moves through time at one unit time interval for
each unit parameter distance of the global time function t.

12Two remarks: 1. The derivatives in the non timelike direction, that is, tangential to the
hypersurface, don’t serve as separate initial data since they can be reconstructed from the induced
metric hαβ . 2. If one has, for instance a 1-dimensional boundary/initial value problem for a
differential equation of order m, then at the boundary, one needs the relevant derivatives up to
and including order m − 1. Since the Einstein field equations, and thus, the vacuum equations,
form a system of second order partial differential equations in the components of the metric
tensor, one expects that only the first order derivatives need be given. By the first remark in this
footnote, one expects to only need the first order time derivative.
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Note that K is purely spatial. By this we mean that the projection of K onto the
Σ hypersurface is the same as K itself. This follows trivially from the identities
Kαβζ

α = Kαβζ
β = 0:

Kαβζ
α = ζα∇αζβ = gγβζ

α∇αζ
γ = 0

Kαβζ
β = ζβ∇αζβ = ∇αζ

βζβ − ζβ∇αζ
β = −ζβ∇αζβ = 0

For the first equation, we use that ζ is geodesic. This implies that ζα∇αζ
γ = 0

since the ζ-integral curve has an affine parameter. For the second equation we use
that ζβζβ is everywhere −1 and thus vanishes in the covariant derivative. It can
be shown that K is symmetric by analysis through the Raychaudhuri equation for
timelike geodesics (Wald, 1984; section 9.3).

Since K is purely spatial, we have that

Kαβ = h γ
α Kγβ = h γ

α ∇γζβ .

We remark that this expression of the extrinsic curvature only considers derivatives
tangential to the Cauchy hypersurface Σ. This means that it does not matter how
the unit timelike vector field is extended off the Σ hypersurface. That is to say,
we may take any (non)geodesic normal unit timelike vector instead of ζ in our
description of the extrinsic curvature, as long as we project the first component of
K onto Σ. Specifically, we have

Kαβ = h γ
α ∇γξβ ,

where ξ is the normal unit timelike vector from before. The extrinsic curvature of
Σ can be considered to be the ‘time derivative’ of the Riemannian tensor h through
the identity Kαβ = 1

2£ξhαβ :

£ξhαβ = £ζhαβ = £ζgαβ +£ζζαζβ

= ζγ∇γgαβ + gγβ∇αζ
γ + gαγ∇βζ

γ + ζγ∇γζαζβ + ζγζβ∇αζ
γ + ζαζγ∇βζ

γ

= (gγβ + ζγζβ)∇αζ
γ + (gαγ + ζαζγ)∇βζ

γ = hγβ∇αζ
γ + hαγ∇βζ

γ

= hγ
β∇αζγ + h γ

α ∇βζγ = 2Kαβ (2.10)

Where the last equality holds by symmetry of K. For the component expression of
the Lie derivative of a tensor one is referred to (Appendix: A.4). If one is unfamiliar
with the formal definition of the Lie derivative of a tensor, I refer to (4.2), later in
this thesis.

Since we would generally take the time coordinate to agree with the ‘flow of time’
direction, σ, such that ∂t = σ. It is worthwhile to express K in terms of the
derivative of h in this direction. We obtain:

£ξhαβ = ξγ∇γhαβ + hγβ∇αξ
γ + hαγ∇βξ

γ

= n−1 [nξγ∇γhαβ + hγβ∇α(nξ
γ) + hαγ∇β(nξ

γ)] = n−1£(σ−N)hαβ

= n−1h γ
α h δ

β (£σhγδ −£Nhγδ) = n−1h γ
α h δ

β £σhγδ − n−1h γ
α h δ

β £Nhγδ (2.11)

Where the second equality follows from the identity hγβξ
γ = 0 since hγβ∇α(nξ

γ) =
nhγβ∇αξ

α + hγβξ
γ∇αn. The third equality follows from (2.8) since the nξγ terms
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can be replaced by σγ −Nγ . The introduction of the projection onto the Cauchy
surface in the second to last equality is not needed for the equality to hold since
the extrinsic curvature, 1

2£ξhαβ , has no normal component. However, the Lie
derivative of the induced metric in the σ direction and the N direction could
have exactly coinciding normal components. As stated previously, we examine the
time evolution of a metric on a stationary Cauchy hypersurface. This is why the
projection tensors in the last equality (2.11) are introduced. The projections ensure
that each term in the last equality is well-defined on the considered manifold Σ.

From the above considerations, one might suspect that appropriate initial data
should consist of a triple (Σ, h,K) where Σ is a three dimensional manifold, h is a
Riemannian metric on Σ, and K is a symmetric tensor field on Σ. We will show
that such initial data, when it satisfies a certain gauge, leads to vacuum equations
that can be written as (2.3). Therefore, a globally hyperbolic spacetime (M , g)
can be constructed for which Σ is a Cauchy surface. In the globally hyperbolic
spacetime (M , g), h will be the induced metric on Σ, and K will be the extrinsic
curvature of Σ, as defined in (2.9).

2.2.3 The Gauss-Codazzi equations

In order to write the vacuum equations in the form (2.3), we will first give some
useful relations between the metrics, derivative operators, and curvature on the
spacetime manifold M , and the Cauchy surface Σ. These relations between the
different curvatures are known as the Gauss-Codazzi equations. They will be used
to derive the constraint equations which ensure that our initial data give rise to a
solution of the vacuum field equations.

Since the induced Riemannian metric h on Σ is indeed a metric, there exists a
unique natural derivative operator, denoted by D (Wald, 1984; theorem 3.1.1). By
natural derivative operator we mean that it is metric preserving, i.e., Dh = 0.13

The natural derivative on Σ defines the Riemann curvature tensor (n)Rα
βγδ of the

Cauchy surface. It can be shown that the natural derivative, D, for a tensor T
in the full spacetime, written in components, is expressed as (Wald, 1984; Lemma
10.2.1)

DγT
α1...αk

β1...βl
= hα1

δ1
. . . hαk

δk
h ϵ1
β1

. . . h ϵl
βl

h ζ
γ ∇ζT

δ1...δk
ϵ1...ϵl

. (2.12)

One can easily check that D is a derivative operator. Furthermore, we find that

Dγhαβ = h δ
α h ϵ

β h ζ
γ ∇ζ(gδϵ + ξδξϵ) = h δ

α h ϵ
β h ζ

γ ∇ζ(ξδξϵ)

= h δ
α ξδh

ϵ
β h ζ

γ ∇ζξϵ + h δ
α h ϵ

β ξϵh
ζ

γ ∇ζξδ = 0

since ∇ζgδϵ = 0, and h δ
α ξδ = hαδξ

δ = 0. Thus, D, as defined by (2.12) is the
natural derivative which we were looking for.

We will now give an implicit expression of the curvature of the Cauchy surface
Σ. This will be related to the Riemann curvature tensor of the spacetime manifold
M such that it may be used to obtain the Ricci tensor which we’ll need in the
vacuum equations. We will later show that, if the vacuum equations hold on the

13Moreover, the derivative operator is also torsion free. This operator D is also known as the
Levi-Cevita connection.
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Cauchy surface Σ, that they will hold everywhere in its domain of dependence
D+(Σ). This section will be rather calculation heavy since we’ll need to keep track
of many components.

Using the natural derivative D as defined by (2.12), one may express the Riemann
curvature tensor for Σ, (n)Rα

δβγ . Suppose we have a vector ω tangent to Σ. We
write

(n)Rα
δβγωα = DβDγωδ −DγDβωδ. (2.13)

We also find

DβDγωδ = Dβ(h
ϵ

γ h ζ
δ ∇ϵωζ) = h η

β h θ
γ h ι

δ ∇η(h
ϵ

θ h ζ
ι ∇ϵωζ)

= h η
β h ϵ

γ h ζ
δ ∇η∇ϵωζ + h η

β h θ
γ h ι

δ ∇η(h
ϵ

θ h ζ
ι )∇ϵωζ (2.14)

wherein we use Leibniz’s rule to rewrite part of the last term

h η
β h θ

γ h ι
δ ∇η(h

ϵ
θ h ζ

ι ) = h η
β h ϵ

γ h ι
δ ∇ηh

ζ
ι + h η

β h θ
γ h ζ

δ ∇ηh
ϵ

θ . (2.15)

Notice that the two terms on the right hand side are remarkably similar. We
concentrate on the first term.

h η
β h ϵ

γ h ι
δ ∇ηh

ζ
ι = h η

β h ϵ
γ hδι∇ηh

ιζ = h η
β h ϵ

γ hδι∇ηξ
ιξζ = h η

β h ϵ
γ hδιξ

ζ∇ηξ
ι

= h η
β h ϵ

γ h ι
δ ξζ∇ηξι = h η

β h ϵ
γ h ι

δ ξζKηι = h ϵ
γ ξζKβδ (2.16)

Here, we used that K is purely spatial in the last equality. That is, projection onto
Σ leaves it unaltered. Using the same steps, we find

h η
β h θ

γ h ζ
δ ∇ηh

ϵ
θ = h ζ

δ ξϵKβγ . (2.17)

We may then substitute (2.15),(2.16), and (2.17) in (2.14) to obtain

DβDγωδ = h η
β h ϵ

γ h ζ
δ ∇η∇ϵωζ + h ζ

δ Kβγξ
ϵ∇ϵωζ + h ϵ

γ Kβδξ
ζ∇ϵωζ . (2.18)

The middle term in (2.18) disappears when taking the antisymmetric part over β
and γ since K is symmetric. Moreover, we find

h ϵ
γ ξζ∇ϵωζ = h ϵ

γ ∇ϵξ
ζωζ − h ϵ

γ ωζ∇ϵξζ = −h ϵ
γ ωζ∇ϵξζ = −ωζKγζ = −ωζK

ζ
γ .
(2.19)

Taking twice the antisymmetric part of (2.18) over β and γ and using (2.19) in our
expression for the Riemann curvature tensor for Σ, (2.13) yields

(n)Rα
δβγωα = h η

β h ϵ
γ h ζ

δ ∇η∇ϵωζ + h ϵ
γ Kβδξ

ζ∇ϵωζ

− h η
γ h ϵ

β h ζ
δ ∇η∇ϵωζ − h ϵ

β Kγδξ
ζ∇ϵωζ

= h η
β h ϵ

γ h ζ
δ (∇η∇ϵ −∇ϵ∇η)ωζ −KβδK

ζ
γ ωζ +KγδK

ζ
β ωζ .

Where we used (2.19) in the last equality. Notice that (∇η∇ϵ − ∇ϵ∇η)ωζ =
Rα

ζηϵωα. We conclude

(n)Rα
βγδ = h η

β h ϵ
γ h ζ

δ hα
θR

θ
ηϵζ −KβδK

α
γ +KγδK

α
β (2.20)

Note that we introduced the extra projection term hα
θ. This is needed since our

derivation depends on the vector ω being tangent to Σ. If we did this for an
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arbitrary vector we’d need to project it onto Σ.14 Equation (2.20) is one of the two
Gauss-Codazzi relations. We derive the other Gauss-Codazzi relation by evaluating
the expression

DαK
α
β −DβK

α
α

using the components expression for D, (2.12), and the expression for the extrinsic
curvature (2.9). This leads to the following calculation:

DαK
α
β −DβK

α
α = hα

δh
γ

β h ϵ
α ∇ϵK

δ
γ − hα

δh
γ

α h ϵ
β ∇ϵK

δ
γ

= h γ
β h ϵ

δ ∇ϵK
δ
γ − h γ

δ h ϵ
β ∇ϵK

δ
γ = h γ

β h ϵ
δ ∇ϵK

δ
γ − h γ

β h ϵ
δ ∇γK

δ
ϵ

= h γ
β hδϵ(∇ϵKδγ −∇γKδϵ) = h γ

β hδϵ(∇ϵ∇γξδ −∇γ∇ϵξδ)

= h γ
β h ϵ

δ (∇ϵ∇γξ
δ −∇γ∇ϵξ

δ) = h γ
β h ϵ

δ Rδ
ζϵγξ

ζ = h γ
β (δϵδ + ξδξ

ϵ)Rδ
ζϵγξ

ζ

= h γ
β Rζγξ

ζ + h γ
β Rδζϵγξ

δξζξϵ = h γ
β Rζγξ

ζ

Wherein the term Rδζϵγξ
δξζξϵ vanishes because the Riemann tensor is antisym-

metric in δ, and ζ. Thus, we’ve shown that the identity

DαK
α
β −DβK

α
α = h γ

β Rδγξ
δ (2.21)

holds. The expressions (2.20) and (2.21) form the Gauss-Codazzi equations which
we will be using shortly to derive constraint equations for our initial value formu-
lation.

2.2.4 Constraints on the initial data

We shall now move our focus to the vacuum Einstein field equations. We suppose
that we have initial data of the form (h,K) on the n-dimensional manifold Σ. We
try to construct a globally hyperbolic spacetime (M , g) for which Σ is a (smooth
spacelike) Cauchy surface, h is the induced Riemannian metric on Σ, and K is
the induced extrinsic curvature as defined by (2.9). Our approach is to write out
the vacuum equations Gµν = 0 in terms of the spacetime metric gµν .

15 The time
coordinate t is chosen such that the t = 0 corresponds with the Σ hypersurface. We
will choose a gauge which casts the vacuum field equations in the form (2.3). Then,
theorem 2.3 gives that our initial value formulation is well-posed from which we
conclude that the initial data (Σ, h,K) gives rise to a well-posed Cauchy problem
for the vacuum Einstein field equations.

The Ricci tensor Rµν can be written in terms of the components gµν and its deriva-
tives. To make this calculation easier to keep track of we introduce an equivalence
class. We say two expressions are ‘equivalent’ if they agree up to a function which
depends on the metric and its first order derivatives. This equivalence is denoted
by the ‘‘∼=’’-sign. We are able to write the Ricci tensor in terms of the Christoffel
coefficients:

Rµν ≡ Rβ
µβν = ∂βΓ

β
µν − ∂νΓ

β
βµ + Γβ

βλΓ
λ
νµ − Γβ

νλΓ
λ
βµ

∼= ∂βΓ
β
µν − ∂νΓ

β
βµ. (2.22)

14Note that the extrinsic curvature is purely spacial. This is why we need not project K onto
Σ for equation (2.20) to hold in general.

15This will be written in local coordinates. One may need numerous coordinate patches to
cover the entire Cauchy surface Σ.
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Here we used that the Christoffel coefficients are functions which depend on the first
order derivative of the metric g and thus are equivalent to zero in our equivalence
class. Using the expression

Γβ
γδ =

1

2
gβα (∂δgγα + ∂γgδα − ∂αgγδ) ,

we may rewrite (2.22) as

Rµν
∼= ∂βΓ

β
µν − ∂νΓ

β
βµ

=
1

2
∂βg

βα(∂νgµα + ∂µgνα − ∂αgµν)−
1

2
∂νg

βα(∂µgβα + ∂βgµα − ∂αgβµ)

∼=
1

2
gαβ∂β(∂νgµα + ∂µgνα − ∂αgµν)−

1

2
∂νg

βα∂µgβα

=
1

2
gαβ(2∂β∂(νgµ)α − ∂β∂αgµν) − 1

2
gαβ∂ν∂µgβα

= −1

2
gαβ

(
−2∂β∂(νgµ)α + ∂α∂βgµν + ∂µ∂νgαβ

)
,

wherein the disappearance of the terms in the third equality follows from symmetry
of the metric tensor; since we sum over all indices α, and β we find gβα∂βgµα =
gβα∂αgβµ. Without making reference to our equivalence class, we found

Rµν = −1

2
gαβ

(
−2∂β∂(νgµ)α + ∂α∂βgµν + ∂µ∂νgαβ

)
+ Fµν(g, ∂g), (2.23)

where Fµν(g, ∂g) is a function which only contains the metric g and its first order
derivatives. We want to work towards a similar expression of the Einstein tensor.
To do this, we need to express the Ricci scalar in terms of the metric as well.

R ≡ Rσ
σ = gρσRρσ

∼= −1

2
gαβgρσ(−2∂β∂(σgρ)α + ∂α∂βgρσ + ∂ρ∂σgαβ)

= −gαβgρσ(∂β∂ρgσα + ∂α∂βgρσ)

From this, we find an expression for the Einstein tensor in terms of the metric:

Gµν ≡ Rµν − 1

2
gµνR

= −1

2
gαβ

(
−2∂β∂(νgµ)α + ∂α∂βgµν + ∂µ∂νgαβ

)
+

1

2
gµνg

αβgρσ (−∂β∂ρgσα + ∂α∂βgρσ) + F̃µν(g, ∂g). (2.24)

Here, F̃µν(g, ∂g) is another function which depends only on the metric and its first
order derivatives. The right hand side of (2.24) is not yet of the form (2.3). This
can be seen by considering the equations

Gµνξ
ν = 0. (2.25)

We will find that these equations contain no second order time derivatives of the
metric components. This will be shown by writing, these components of Gµν = 0
solely in terms of initial data on the Σ initial hypersurface. Since the equations
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(2.25) must hold on Σ they will provide initial value constraints. They can be
expressed in coordinate invariant form using the Gauss-Codazzi equations. From
(2.21) we find that the part of (2.25) tangent to the Σ hypersurface can be rewritten
in terms of initial data as follows.

0 = hβ
αGβγξ

γ = hβ
αRβγξ

γ = DβK
β
α −DαK

β
β (2.26)

Moreover, we find that the part of (2.25) tangent to ξ implies

Rαβγδh
αγhβδ = 0, (2.27)

since

Rαβγδh
αγhβδ = Rαβγδ(g

αγ + ξαξγ)(gβδ + ξβξδ)

= R+ 2Rαγξ
αξγ

= 2Gαγξ
αξγ .

Using (2.20), and (2.27), we obtain

(n)R+ (Kα
α)

2 −KαβK
αβ = (n)Rαβ

αβ +Kα
αK

β
β −KαβK

αβ

= gγβ
(
(n)Rα

γαβ +Kα
αKγβ −KαβK

α
γ

)
= gγβh ζ

γ h δ
α h ϵ

β hα
ηR

η
ζδϵ

= gγβh ζ
γ h ϵ

β hδ
ηR

η
ζδϵ = hβζh ϵ

β hδ
ηR

η
ζδϵ

= hϵζhδ
ηR

η
ζδϵ = hϵζhδηRηζδϵ = 0, (2.28)

wherein the forth equality holds because h δ
α hα

η = hδ
η, and the sixth equality

holds because hβζh ϵ
β = hϵζ . Thus, equations (2.26), and (2.28) are the initial

value constraint equations for the vacuum Cauchy problem. Notice that these
equations are equivalent to (2.25), and since they consist of only initial data, the
equations (2.25), contain no second order time derivatives.16 They may be referred
to as the initial timelike vacuum equations since we arrived at them through (2.25).
We will show that if these equations hold on the initial hypersurface Σ, that they
will hold everywhere in the spacetime (M , g). From standard results in differential
geometry, we have the contracted Bianchi identity (Appendix; A.3):

∇µGµν = 0 (2.29)

We suppose that the initial timelike vacuum equations (2.26), and (2.28) are satis-
fied on Σ. Moreover, we assume that the spatial components of Einstein’s vacuum
field equations are also satisfied. Since the vacuum equations in the spacelike
coordinates hold on Σ, we only need to concern ourselves with the equations that
have a timelike component in (2.29). That is, we consider the case where µ or
ν is a time coordinate in (2.29). In the case where ν is the time coordinate and
µ is a spatial coordinate, we automatically have that the vacuum equations are
satisfied. This is because the Einstein tensor is identically zero on the initial Cauchy
hypersurface, even in the timelike direction. This is ensured by the initial timelike
vacuum equations (2.26), and (2.28). The case which we have not yet dealt with is
the case where µ is the time coordinate. In that case, the equations (2.29) describe
the time derivative of the Einstein tensor. Since the components of the Einstein

16K is initial data, and the spacelike Ricci scalar (n)R can be expressed purely in terms of it,
and the other initial data, h, on the Cauchy hypersurface.
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tensor are zero on Σ, and the (covariant) derivative is zero, we obtain that the
components vanish everywhere on M . Thus, a solution of the Cauchy problem for
initial data which satisfies the spatial vacuum equations and the constraints (2.26),
and (2.28) is a spacetime (M , g) for which the vacuum equations hold everywhere.

2.2.5 Harmonic coordinates and the reduced vacuum equations

Recall that a solution of the Einstein vacuum equations will remain a solution after
a coordinate transformation. This means that we may choose arbitrary spatial and
timelike coordinates. We will show that the choice of harmonic coordinates, that
is coordinates (xµ) which satisfy

Hµ ≡ ∇α∇αxµ = 0, (2.30)

lead to a system of differential equations of the form (2.3). That is, a well-posed
initial value formulation.

An important property of the harmonic gauge is that it will be satisfied on the
resulting spacetime manifold M without loss of physical generality. This can be
argued through a separate initial value problem for these coordinates (Wald, 1984;
section 10.2).

In order to show cancellation of the unwanted terms in the Einstein tensor, we’ll
write the harmonic gauge condition in terms of the metric g. To do this, we make
use of the following identity for the covariant derivative of a vector v:

∇αv
α =

1√
− det g

∂α

(√
− det gvα

)
. (2.31)

This identity follows from the calculation

∇αv
α = ∂αv

α + Γα
αλv

λ = ∂αv
α +

1

2
gαβ (∂αgλβ + ∂λgαβ − ∂βgαλ) v

λ

= ∂αv
α +

1

2
gαβ(∂λgαβ)v

λ = ∂αv
α +

1

2

1

det g
(∂λ det g)v

λ

= ∂αv
α +

1

2
(∂α log |det g|) vα = ∂αv

α +
(
∂α log

√
|det g|

)
vα

= ∂αv
α +

1√
− det g

(
∂α

√
− det g

)
vα =

1√
− det g

(
∂α

√
− det gvα

)
,

wherein we use the symmetry of the metric to get rid of the metric derivative terms
in the third equality, and we use Jacobi’s formula in the forth. Moreover, we use
that det g < 0 to rewrite |det g| to − det g.17

17det g is smaller than zero because the metric at a point may always be written in terms of
orthogonal vectors. This corresponds to a diagonal matrix for which one entry is negative. The
negative entry corresponds with the timelike direction in such a coordinate expression.
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Using (2.31), we may rewrite Hµ in the following way:

Hµ = ∇α∇αxµ = ∇αg
αβ∇βx

µ = ∇αg
αβ∂βx

µ

=
1√

− det g
∂α

(√
− det ggαβ∂βx

µ
)
=

1√
− det g

∂α

(√
− det ggαβδµβ

)
=

1√
− det g

∂α

(√
− det ggαµ

)
= ∂αg

αµ + gαµ
1√

− det g
∂α

√
− det g

= ∂αg
αµ +

1

2
gαµ

1

− det g
∂α(− det g) = ∂αg

αµ +
1

2
gαµgρσ∂αgρσ

Where the last equality follows from Jacobi’s formula. The harmonic gauge condi-
tion (2.30) may then be written in terms of the metric as

Hµ = ∂αg
αµ +

1

2
gαµgρσ∂αgρσ = 0. (2.32)

As we know, the vacuum equations can be written as Rµν = 0. If our gauge
condition (2.32) holds, we may add arbitrary extra terms to the left or right hand
side as long as we multiply them with Hµ in the end. In particular, the reduced
Ricci tensor

RH
µν ≡ Rµν + gα(µ∂ν)H

α. (2.33)

in these coordinates is zero if and only if the (regular) Ricci tensor is zero. That
is, the reduced Ricci tensor is zero if and only if the the vacuum equations are
satisfied. In harmonic coordinates, we may then express the vacuum equations in
terms of the metric g to obtain

0 = RH
µν ≡ Rµν + gα(µ∂ν)H

α

= −1

2
gαβ∂α∂βgµν + F̂ (g, ∂g), (2.34)

where the function F̂ (g, ∂g) depends only on the metric g and its first derivatives.
The derivation of (2.34) is pretty much just a bookkeeping exercise. We use the
following expression:

0 = ∂ϵ∂ζ(gµαg
αβ) = ∂ϵ(gµα∂ζg

αβ + gαβ∂ζgµα)

= gµα∂ϵ∂ζg
αβ + gαβ∂ϵ∂ζgµα + f(g, ∂g)

In our rewriting of the reduced vacuum equations, we only care to keep track of
all the terms which are second order derivatives of g. With that in mind, we can
write

gµα∂ϵ∂ζg
αβ ∼= −gαβ∂ϵ∂ζgµα (2.35)

where we use the “∼=”-sign to denote that equality of the left and right hand side
up to a function which depends only on g and its first derivatives. We shall now
derive (2.34) by considering the equations RH

µν = 0, and remembering (2.23) and
(2.32):

0 = RH
µν ≡ Rµν + gα(µ∂ν)H

α

∼= gαβ∂β∂(νgµ)α − 1

2
gαβ∂α∂βgµν − 1

2
gαβ∂µ∂νgαβ + gα(µ∂ν)∂βg

βα

+
1

2
gα(µ∂ν)g

βαgρσ∂βgρσ (2.36)
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We notice that the first and fourth term on the right hand side of this equation
cancel with respect to our equivalence class. Indeed, we obtain

gαβ∂β∂(νgµ)α + gα(µ∂ν)∂βg
βα =

1

2
(gαβ∂β∂νgµα + gαβ∂β∂µgνα

+ gαµ∂ν∂βg
βα + gαν∂µ∂βg

βα) ∼= 0,

wherein the terms above each other cancel with respect to our equivalence class
due to (2.35) and because the partial derivative operators ∂ν , and ∂β commute.
Analysis of the last term in the right hand side of (2.36) yields the following result:

1

2
gα(µ∂ν)g

βαgρσ∂βgρσ =
1

4
(gαµ∂νg

βαgρσ∂βgρσ + gαν∂µg
βαgρσ∂βgρσ)

∼=
1

4
(δβµg

ρσ∂ν∂βgρσ + δβν g
ρσ∂µ∂βgρσ) =

1

2
gαβ∂µ∂νgαβ

In the last equality we used a relabeling of the indices over which a summation is
taken. We see that this term cancels with the third term in (2.36) from which we
obtain the result

RH
µν

∼= −1

2
gαβ∂α∂βgµν . (2.37)

We remark that this equation only holds for the harmonic coordinates. Thus, the
vacuum Einstein field equations are equivalent to the system (2.37), together with
the harmonic coordinate condition (Fourès-Bruhat, 1952). The key point of our
expression, (2.37), is that it is of the form (2.3). Indeed, the equations RH

µν = 0

imply gαβ∂α∂βgµν ∼= 0 which is equivalent to the system

gαβ∂α∂βgµν = Fµν(g, ∂g) (2.38)

for some function of the metric and its first derivatives, F . Equation (2.38) is
clearly of the form (2.3).

In the definition of well-posedness used in theorem 2.3, the existence condition
stated that any solution Φ0, must have a neighborhood of its initial data, as
defined by the topology defined on the same page, such that any initial data in
this neighborhood gives rise to a unique solution. That is, a solution for arbitrary
initial data only has to exist if it is ‘close’ to another (known) solution of the
initial value problem. Since we know Minkowski spacetime to be a solution of the
vacuum equations we acquire that the Cauchy problem is well-posed for initial data
sufficiently close to that of flat spacetime. It can be shown that this is enough to
ensure well-posedness of the Cauchy problem for arbitrary initial data. This can
be done by considering intersecting patches of the Cauchy surface which can be
shrunk in order for the initial data to be ‘sufficiently’ close to that of Minkowski
spacetime.18 Each patch will have a unique Cauchy development in a neighborhood,
given its initial data. These resulting Cauchy developments of the patches can
then be joined together. In the resulting spacetime, one may choose a new Cauchy
surface and continue inductively. Moreover, it can be shown that there exists a
unique maximal Cauchy development (Choquet-Bruhat and Geroch, 1969),(Wald,
1984; section 10.2). Since this is not really relevant for the purposes of this thesis,

18For any point in a smooth spacetime, we may give a coordinate expression such that the
metric there is equal to the Minkowski metric. Moreover, its first order derivatives may be chosen
to vanish at that point.
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we refer the curious reader to one of the sources above.

The considerations in this chapter suggest that appropriate initial data for the
Cauchy problem with a smooth spacelike Cauchy surface should consist of a triple
(Σ, h,K) where Σ is a three dimensional manifold, h is a Riemannian metric on
Σ, and K is a symmetric tensor field on Σ. Using initial data of this form, we’ve
shown that one arrives at a well-posed initial value formulation for the vacuum
equations in general relativity. This was done by rewriting Einstein’s vacuum field
equations, with constraints expressed in our initial data, as a system of differential
equations for which well-posedness is known.

2.3 The characteristic Cauchy problem

In the previous subsection we gave a well-posed initial value formulation for a
smooth spacelike Cauchy surface. The observant reader may recall, from the sub-
section on causal structure, that a Cauchy surface need not be spacelike. More
precisely, a Cauchy surface is defined to be an achronal set for which its domain of
dependence equals the full spacetime manifold M . Any spacelike surface is trivially
achronal but the converse is not true; an achronal set is a set for which starting
at a point contained in it, and traveling a nonzero parameter distance along any
timelike curve, takes one out of the set. That is, an achronal set is a surface which
admits no tangent timelike vectors.

In this section we discuss the Cauchy problem for a characteristic Cauchy surface.
By a characteristic Cauchy surface, Σ, we refer to a Cauchy surface for which the
orthogonal vectors at each point are tangent to the surface. This can be understood
as the surface having a ‘null direction’. This implies the existence of points p, q ∈ Σ
such that a causal null curve can be found connecting the points. That is, some
points in the Cauchy hypersurface may communicate with each other. One may
assume, then, that this has effect on the initial data on the hypersurface. Later
in this thesis we will derive the Raychaudhuri equation which will be shown to
serve as a constraint equation on the initial data, alternatively, it may be used to
generate missing information of initial data.

Initial data for the characteristic Cauchy problem differs from data for the smooth
spacelike Cauchy problem in three important ways. First, since a characteristic
Cauchy surface Σ has a tangent null direction, the induced metric h on it is de-
generate. This can be understood by considering a null vector which is tangent
to Σ. We’ll denote this vector by ℓ. Suppose v is any other tangent vector to
the initial surface. Then h(v, ℓ) = g(v, ℓ) = 0 since ℓ is orthogonal to the surface,
and h(ℓ, ℓ) = g(ℓ, ℓ) = 0 since ℓ is null. So the metric h has a nontrivial nullspace
which shows its degeneracy. Second, the extrinsic curvature (also called the second
fundamental form) on a null surface has vastly different properties to the one for
a spacelike surface. This will be analyzed further in the section on constraints for
the Cauchy problem on a lightcone. Third, initial data on a lightcone, or on two
intersecting null surfaces determines the solution in one direction only, future or
past (Choquet-Bruhat et al., 2011a).

There are two general shapes which the characteristic Cauchy problem takes. Initial
data may be prescribed on two transversely intersecting characteristic surfaces, or
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it may be described on a lightcone. In this text, we concentrate on the Cauchy
problem on a lightcone.

Recall that for the Cauchy problem with a smooth spacelike Cauchy surface, we
found that the triple (Σ, h,K) gave rise to a well-posed initial value formulation.
Here Σ is the Cauchy surface, h is the Riemannian metric on Σ, and K is the
extrinsic curvature of Σ. In the case of the characteristic Cauchy problem, the
triple (N , g, κ) will be used instead. For this triple, N denotes the characteristic
Cauchy surface, g denotes the metric on N , and κ will be a connection coefficient
for the null vectors tangent to the initial surface. We remark two differences with
respect to the smooth spacelike Cauchy problem: First, note that g will not be
Riemannian since the Cauchy surface admits a tangent null direction. That is, g
is of the signature (0,+, . . . ,+). Second, we note that the connection κ is used
as initial data instead of the extrinsic curvature K. This may seem to be quite
a stark difference. However, as will be made more apparent later in this thesis,
the connection coefficient κ corresponds uniquely with the extrinsic curvature of
N . This will be shown through analysis using the Raychaudhuri equation in the
section on the constraints for the initial data.

Though we do not have a well-posedness theorem which is similarly strong to
the one for the spacelike Cauchy surface, the use of the triple (N , g, κ) can be
used to show weaker results such as the existence of a solution to the vacuum field
equations. Take for example (P. Chruściel, 2014), wherein existence of a solution
in the neighborhood of the vertex of a lightcone is shown. It is for this reason
that we will be using the triple (N , g, κ) as initial data later in this thesis when
lightcone-specific constraints are discussed.
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3 Conformal metrics and compactifications

In the section on the causal structure and the Cauchy problem we saw that ‘good’
initial data for our initial value formulation of general relativity contained the
metric as initial data on the Cauchy surface. As we’ll see later in this thesis, in
the case of the Cauchy problem on a lightcone, one may instead take a conformal
class of metrics as initial data. For this reason, we introduce conformal metrics,
and some of their properties in this section. Moreover, we introduce the Penrose
conformal compactification for Minkowski space. This is a way of shrinking infinite
flat spacetime and making it compact. In the process, we’ll introduce a boundary
to Minkowski spacetime.

3.1 Conformal compactifications, abstractly

A conformal compactification is a transformation which takes a general spacetime
with noncompact manifold and turns its manifold into the interior of a new com-
pact manifold. This kind of transformation changes metrics but keeps the causal
structure of the spacetime intact. This way, the boundary of the new manifold
maps to infinity in the original manifold. The study of asymptotic behavior on
the original manifold is then tantamount to the study of the boundary of the new
manifold. This section serves to formally define this idea and introduce Penrose-
type conformal compactifications.

First, we introduce conformal metrics; let M be a manifold. The metrics g and
g̃ are said to be conformal if there exists a nonzero scalar function Ω on M such
that g̃ = Ω2g. We remark that this implies that the angle between vectors at a
point p ∈ M is the same for both metrics. Indeed, the angle θ between the vectors
v, w ∈ TpM is defined by

cos(θ) =
g(v, w)√

g(v, v)
√
g(w,w)

=
ĝ(v, w)√

ĝ(v, v)
√

ĝ(w,w)
.

Another important property of conformal metrics is that they have the same causal
structure. Recall that the definitions for the chronological past and future, causal
past and future, and the past and future domain of dependence are only dependent
on if there exist certain curves which are timelike, lightlike, or spacelike. Whether
a curve is timelike, lightlike, or spacelike is in turn defined by the tangent vector to
the curve. A tangent vector v ∈ TpM which is timelike, lightlike, or respectively
spacelike according to the metric g, is also timelike, lightlike, or spacelike with
respect to the conformal metric g̃ since the sign of the norm of the vector is
independent of the conformal factor Ω.19 This implies that whether a curve is
timelike, lightlike, or spacelike depends only on the conformal class of metrics.
This does not mean that an arbitrary geodesic with respect to one metric is also
geodesic with respect to a conformal metric. However, a null geodesic, considered
as a point set with respect to a metric is also geodesic with respect to a conformal
metric (Friedrich & Schmid, 1987). That is, given a null geodesic curve with respect
to a metric g, if one instead considers the conformal metric g̃, one only needs to
reparametrize the curve in order for it to become geodesic again.

19The sign of the norm of a vector v with respect to a metric g is given by
∥v∥g
|∥v∥g|

.
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Now we are left to define compactifications. Intuitively, a compactification can
be thought of as the addition of points to a noncompact space in order to make it
compact. Let Ñ and N be two spacetimes. Then Ñ is called a compactification
of N , if Ñ is a compact Hausdorff space and it equals the closure of N .

The definition of conformal compactification is a natural result of these earlier
definitions. That is, if a transformation between the spacetimes (M , g) and (N , g̃)
given by ϕ : M → N , with g = Ω2ϕ∗g̃20, ϕ(M ) = N is the interior of N , and
N is a compactification of N . Then this transformation is called a conformal
compactification.

3.2 The Penrose conformal compactification of Minkowski
spacetime

As a commonly used example, we may want to make a conformal compactification
of Minkowski spacetime as is done in (Hawking and Ellis, 1973; chapter 5). The
metric of 3+1 dimensional Minkowski spacetime, g, can be expressed as

ds2 = −dt2 + dr2 + r2(dθ2 + sin2 θdϕ2)

This metric can be re-expressed in advanced and retarded null-coordinates given
by v = t+ r and w = t− r respectively. Using dv = dt+ dr, and dw = dt− dr, we
obtain another expression for the metric.

ds2 = −dvdw +
1

4
(v − w)2(dθ2 + sin2 θdϕ2)

Here we have −∞ < w < v < ∞. Making this space compact means that we have
to find a way to add ‘points at infinity’. To do this, we use another coordinate
transformation to find a new expression for the same metric. We define p = arctan v
and q = arctanw. Note that we have −π

2 < q ≤ p < π
2 . This yields the following

expression for the metric g.

ds2 = sec2 p sec2 q(−dpdq +
1

4
sin2(p− q)(dθ2 + sin2 θdϕ2)

We see that g is conformal to the metric ĝ, given by

dŝ2 = −4dpdq + sin2(p− q)(dθ2 + sin2 θdϕ2).

For this transformation, the function Ω from the definition of conformal metrics
is given by Ω = 2 cos p cos q (ĝ = Ω2g). We can transform back to more intuitive
coordinates by defining t′ = p + q and r′ = p − q. The metric ĝ is then expressed
as

dŝ2 = −(dt′)2 + (dr′)2 + sin2 r′(dθ2 + sin2 dϕ2)

Thus, Minkowski space can be fully described by the space

−π < t′ + r′ < π, −π < t′ − r′ < π, r′ ≥ 0 (3.1)

with

dŝ2 = 4 cos2(
1

2
(t′ + r′)) cos2(

1

2
(t′ − r′))ds2

20that is, g is conformal to ϕ∗g̃
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wherein t and r are related to t′ and r′ by

2t = tan(
1

2
(t′ + r′)) + tan(

1

2
(t′ − r′))

2r = tan(
1

2
(t′ + r′))− tan(

1

2
(t′ − r′))

The space given by (3.1) can be made compact by adding points at t′ + r′ = π and
t′ − r′ = −π. Note that these added points are actually added spheres as θ and ϕ
are free to take values in their respective intervals. These added points, or spheres,
are the aforementioned ‘points at infinity’.

The set of ‘points at infinity’ is called the causal boundary of Minkowski spacetime.
We differentiate between subsets of this boundary by considering limits of geodesic
curves with respect to the metric g. Suppose we consider a point p ∈ M and
a future directed inextendible null geodesic γ(s) that intersects p. Then, if we
consider the parameter limit of this geodesic, we find that this limit corresponds
with a point on the causal boundary. The future boundary, consists of the limit
points of future directed curves. One may also show that a differentiation can be
made between the future limit points of null, and timelike curves. The sets for the
future null, and respectively timelike curves are called future timelike infinity and
future null infinity. They are denoted by i+, and respectively I +:

i+ =

{
p ∈ N

∣∣∣∣∣ there exists a future directed timelike geodesic with

respect to the metric g, γ(t) such that lim
t→∞

γ(t) = p

}

and

I + =

{
p ∈ N

∣∣∣∣∣ there exists a future directed null

geodesic γ(s) such that lim
s→∞

γ(s) = p

}
.

Past null infinity, I − and past timelike infinity, i− are defined analogously. We fur-
ther define spacelike infinity i0 analogously to the definition of i+ where we change
‘future directed timelike geodesic’ for ‘spacelike geodesic’. It can then be shown
that I + consists of the null surface p = π

2 , I − consists of the null surface q = −π
2 ,

i+ = {(p, q) = (π2 ,
π
2 )}, i

− = {(p, q) = (−π
2 ,−

π
2 )}, and i0 = {(p, q) = (π2 ,−

π
2 )}.

One can then consider any timelike geodesic to begin in i− and end in i+. Sim-
ilarly, null geodesics can be thought of as beginning in I − and ending in I +.
We remark that non geodesic curves need not adhere to these observations. For
example, one may consider the timelike curve in (t, r, θ, ϕ)-coordinates given by
γ(t) = (t,

√
t2 + 1, 0, 0). This timelike curve begins in I − and ends in I +.21 Since

the causal structure of the conformally completed spacetime remains unchanged,
the curve γ(t) remains timelike when each point is transformed to the spacetime
(N , ĝ).

21In (v, w)-coordinates this curve is expressed as (t+
√
t2 + 1, t−

√
t2 + 1), where we suppress

the θ and ϕ coordinate. That is, the limit for t → ∞ in (p, q) coordinates is given by (π
2
, 0) ∈ I +

and the limit for t → −∞ is given by (0,−π
2
) ∈ I −.
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4 Null geodesics through a shared point

In this section, we derive the well known Raychaudhuri equation for lightlike
geodesics in n + 1 dimensional spacetime. Conjugate points are introduced and
analyzed through this equation which will later serve to analyze smoothness of
the space generated by the family of lightlike geodesics through a shared point in
spacetime. That is, it will be used to analyze smoothness of a lightcone outside
of the vertex.22 We will see that a smooth lightcone23 is a lightcone for which the
null geodesics that generate it do not intersect. The Raychaudhuri equation will
also serve as a physical constraint equation for the initial data, or alternatively, it
will be used to complete initial data, depending on the form of data which is used.

4.1 The Raychaudhuri equation in arbitrary dimensions

This subsection contains a derivation of the Raychaudhuri equation in n + 1 di-
mensions. This section is heavily based on (Hawking and Ellis, 1973; chapter 4)
wherein the equation is derived in 3 + 1 dimensions.

We consider a congruence of future directed lightlike geodesics. By a congruence of
future directed lightlike geodesics, we mean a family of future directed null geodesic
curves such that each point of M has precisely one such curve passing through it.
We let k be the tangent vector field to the congruence of null curves. Suppose γ(s)
is a null geodesic in the congruence. We take a point p ∈ γ, and introduce a basis for
the tangent space TpM , {e0, e1, . . . , en} wherein the vectors e0, e1 are null vectors
such that e0 ≡ k, e1 is chosen such that it is lightlike, and g(e0, e1) = −1. Note
then, that e1 is also future directed, and for any linearly independent null direction
to e0 such a vector e1 can be chosen.24 The other basis vectors eA are spacelike
and are chosen such that they are normalized and orthogonal to every other basis
vector. That is, g(eA, eα) = 0, where A ∈ {2, 3, · · · , n} and α ∈ {0, 1, · · · , n}\{A}.
Such a basis is called a pseudo-orthonormal basis.25 We have now introduced the
pseudo-orthonormal basis for one point along the null geodesic γ. If we parallel
transport the vectors {eµ} along the geodesics, we obtain a pseudo-orthonormal
basis everywhere along γ(s).26 We may therefore express the metric tensor ĝ along
one geodesic curve γ for this basis in matrix notation:

ĝ =


0 −1 0 . . . 0
−1 0 0 . . . 0
0 0 1 . . . 0
...

...
...

. . .
...

0 0 0 . . . 1

 (4.1)

We are interested in studying the way in which neighboring geodesics behave with
respect to each other. Suppose λ(t) is a spacelike curve through the lightlike

22A lightcone can only be smooth in the points that are not its vertex.
23That is, a lightcone which is smooth everywhere except for its vertex.
24If e1 is null and it is not a scalar multiple of e0 we have that g(e0, e1) < 0. Now define ê1 by

ê1 ≡ e1/− g(e0, e1). Then g(e0, ê1) = −1 and ê1 trivially has the same direction as e1.
25Note that an orthonormal basis cannot be chosen if one uses null vectors since they have zero

arc-length and can therefore not be normalized.
26Moreover, since k is geodesic, we find that it remains the tangent vector to the null geodesic

curve.
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geodesics with tangent vector z = ∂λ/∂t.27 Then, one may construct a family of
curves λ(t, s) where λ(t, s) is the curve λ(t) for which every point has been moved a
parameter distance s along each curve in the congruence it passes through. For such
a separation vector z corresponding to a given value t in λ(t), one may consider the
vector z(s) as the vector z which is transported along γ for a parameter distance s.
z may be viewed as the separation between two of these neighboring null curves.
Since we are only interested in the separation between neighboring integral curves
of e0, we are only considering the part of the separation vector z that has zero e0
component. The tangent space in which z takes nonzero value is therefore spanned
by the collection {e1, . . . en}.

Figure 3: The construction of the separation z between a geodesic γ(s) and a
neighboring geodesic. Note that we only drew the γ(s) curve and one neighboring
geodesic, when in actuality we consider a congruence of lightlike geodesics.

4.1.1 The Lie derivative of a tensor

To study the evolution of the separation between null geodesics, we formally intro-
duce the Lie derivative for tensors. Suppose one has a smooth nonvanishing vector
field x. Then there exist a unique maximal integral curve ϕ(t) of x associated with
each point (Burkill, 1956). As the derivative of this curve is smooth (the field x is
smooth), the integral curve is smooth as well. Now let us define a map ϕt which
takes a point p on the integral curve ϕ a parameter distance t along this curve
(p 7→ ϕ(ϕ−1(p)+ t)). Then the inverse of ϕt is trivially given by ϕ−t. Both ϕt, and
ϕ−t are smooth. This implies that ϕ is a diffeomorphism. Thus, one can define the
pullback of tensors along the function ϕ. We define the Lie derivative of a tensor
T along the vector x at the point p in the following manner:

£xT |p = lim
t→0

1

t
(ϕ∗

tT |ϕt(p) − T |p) (4.2)

The Lie derivative £ of a vector v may also be expressed in coordinates in the
following way (see appendix A.4).

£xv
a = va;bx

b − xa
;bv

b

The Lie derivative is a coordinate independent expression which makes it a natural
choice to study the development of tensors along integral curves on the manifold.

27That is, the tangent vector along the curve λ(t) in the positive t direction. It is sometimes
written as λ̇ in the literature. Note that t is simply the parameter of the λ-curve. It should not
be interpreted as signifying time since the curve λ(t) is spacelike.
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If we shift our attention back to our construction with the γ curve and z separation
vector, we may asses the expression for the change in separation along the integral
curve to e0, £e0z.

£e0z = lim
s→0

1

s
(γ∗

sz(s)− z(0))

Here the diffeomorphism γs is analogous to ϕt in the lead up to the definition of
the Lie derivative of a tensor. Note that z(0) = γ∗

sz(s) which yields a vanishing
Lie derivative: £e0z = 0. Expressing this in coordinates gives us

D

ds
zα = kα;βz

β , (4.3)

where D
ds is the covariant derivative operator along k ≡ e0. For this covariant

derivative, the vector z is extended to a vector field on a neighborhood of γ.28 We
also obtain

D2

ds2
zα = −Rα

βγδz
γkβkδ (4.4)

as an equation for the second covariant derivative of the components of z along γ.
This equality follows from (4.3) by the following calculation:

D2

ds2
zα =

D

ds

(
D

ds
zα

)
=

D

ds

(
kα;βz

β
)
= ∇k∇zk

α = ∇k∇zk
α−∇z∇kk

α−∇[k,z]k

= −Rα
βγδz

γkβkδ

Here we used ∇kk
α = 0 since the basis vector k is geodesic. We also use [k, z] ≡

£e0z = 0 which implies that ∇[k,z]k = 0.

Note that k is the tangent vector to a geodesic curve. This means that kα;0 is
zero.29 As stated previously, we are interested in vectors z that have the compo-
nent z0 = 0. Having kα;0 = 0 ensures that such a z vector remains having zero e0
component along the geodesics. This allows us to re-express equations (4.3) and
(4.4) as systems of n ordinary differential equations:

d

ds
za = ka;bz

b (4.5)

d2

ds2
za = −Ra

0b0z
b (4.6)

where we use the convention that Latin indices take the values 1, 2, . . . , n. We
zoom in on equation (4.5). Since the vector k is defined to be the tangent vector to
a congruence of null geodesics on the entire spacetime M we see that g(k, k) = 0
everywhere, that is, (gαβk

αkβ);γ = 0. From this, one finds that k1;γ = 0 since kα ≡
δα0 . Now consider z1. Substituting 1 for a in (4.5) shows z1 to be constant. One
may interpret this as showing that two light rays, emitted at different times have

28The covariant derivative is defined as a map ∇ : VecM ×VecM → VecM where VecM is the
collection of vector fields on M . A vector field on γ may not be defined on M , however it can
always be extended to a neighborhood of γ. Moreover, the extension chosen has no effect on the
value of this derivative.

29k only has a component in the e0 direction and this component is unity.
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a constant time separation. We are therefore only left interested in the remaining
2(n− 1) differential equations

d

ds
zA = kA;Bz

B , (4.7)

d2

ds2
zA = −RA

0B0z
B , (4.8)

wherein we use the convention that capital Latin indices correspond to the separa-
tion in the spacelike directions; they take the values 2, 3, . . . , n.

4.1.2 Vorticity and expansion

Since (4.7), and (4.8) are linear differential equations, we may express the compo-
nents zA of the separation vector z at a parameter location s along γ as a linear
combination of their values at some point q:

zA(s) = MAB(s)z
B |q (4.9)

Where MAB is the corresponding n − 1 × n − 1 matrix. This matrix must then
satisfy the expressions30

d

ds
MAB(s) = kA;CMCB(s), (4.10)

and
d2

ds2
MAB(s) = −RA0C0MCB(s). (4.11)

Wherein the sum over C is taken on the right hand side of the expressions. The
matrix M may be written as the product of an orthogonal matrix O with positive
determinant and a symmetric matrix S.

M = OS ⇐⇒ MAB = OACSCB

Here the orthogonal matrix O can be thought of as representing the rotation of
neighboring curves and the symmetric matrix S can be considered to represent the
separation between neighboring curves. Both the matrix O and S are chosen to
be the identity at q ∈ M . At q we then have that dO

ds is antisymmetric and dS
ds is

symmetric. Evaluating equation (4.10) at s = γ−1(q) lets us express the rotation
of neighboring curves as the antisymmetric part of kA;B and the rate of change of
their separation is given by the symmetric part. We define the vorticity tensor as

ωAB = k[A;B],

and the expansion tensor as
θAB = k(A;B). (4.12)

We further define the divergence as the trace of the expansion tensor.

θ = gABθAB = kA;A

30
(

d
ds

MAB

)
zB |q = d

ds
MABzB |q = d

ds
zA

(4.7)
= kA;CzC = kA;CMCBzB |q =⇒ d

ds
MAB(s) =

kA;CMCB(s), we may lower the A index as gAA ≡ 1 which can be seen in (4.1). Expression (4.11)

is found using the same steps as above except one uses equation (4.8) instead of (4.7).
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The expansion and divergence are sometimes denoted by τ in the literature. The
divergence shows the rate at which the geodesics diverge from each other. The
shear tensor σAB is defined as the traceless part of θAB .

σAB = θAB − 1

n− 1
θgAB (4.13)

We may then express the covariant derivative of k in terms of these quantities.

kA;B = ωAB + σAB +
1

n− 1
θgAB

Consider equation (4.10). The left and right hand side of this equation are n− 1×
n − 1 matrices. That is, the right hand side is simply a matrix product between
the covariant derivative matrix k( · );( · ) and the matrix M . One may express the
covariant derivatives as

kA;B =

[(
d

ds
M

)
M−1

]
AB

= M−1
CB

d

ds
MAC (4.14)

Using this, we may give a matrix expression of the vorticity and expansion.

ωAB = k[A;B] =
1

2
M−1

CB

d

ds
MAC − 1

2
M−1

CA

d

ds
MBC = −M−1

C[A

d

ds
MB]C (4.15)

and analogously

θAB = k(A,B) = M−1
C(A

d

ds
MB)C . (4.16)

The divergence can then be expressed as

θ = gAAkA;A
(4.1)
= kA;A = tr

[(
d

ds
M

)
M−1

]
= tr

[
M−1

(
d

ds
M

)]
= (detM)−1 d

ds
(detM) (4.17)

In equation (4.17) we keep the sum over A in the second equality.

Recall that we wanted to express the evolution of the separation between neigh-
boring lightlike geodesics. Now that we introduced the vorticity, expansion, shear,
and divergence as another way to view the separation, we wish to write differ-
ential equations for these quantities. We begin by considering the development
of the vorticity ωAB by considering equation (4.15). To analyze the development
equations for the vorticity and expansion we make use of matrix notation. For a
square matrix A let A() ≡ 1

2 (A + AT ), and respectively A[] ≡ 1
2

(
A−AT

)
denote

the symmetric, and antisymmetric part of A. We remark that the derivative of
the transpose of a matrix is the transpose of the derivative of the matrix, i.e.,
d
ds

(
AT

)
=

(
d
dsA

)T
. From this remark, it follows that the derivative of the (anti-

)symmetric part of a matrix is the (anti-)symmetric part of the derivative of a
matrix d

ds

(
A()

)
=

(
d
dsA

)
()
, d

ds

(
A[]

)
=

(
d
dsA

)
[]
. For the following derivations

we use the hat-symbol, “ˆ”, to denote the corresponding matrix to the vorticity,
expansion and shear tensor. Furthermore, let R̂ denote the matrix of the ten-
sor components of RA0B0 such that R̂AB = RA0B0. If we take the derivative of
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ω̂ =
(

d
dsMM−1

)
[]
, we obtain

d

ds
ω̂ =

d

ds

([
d

ds
M

]
M−1

)
[]

=

(
dM

ds

dM−1

ds

)
[]

+

(
d2M

ds2
M−1

)
[]

= −
(
dM

ds
M−1 dM

ds
M−1

)
[]

+

(
d2M

ds2
M−1

)
[]

= −
[(

θ̂ + ω̂
)(

θ̂ + ω̂
)]

[]
+ R̂[]

We use the identity dM−1

ds = −M−1 dM
ds M−1 in the third equality. We further use

the matrix expression for the covariant derivative of the separation (4.14), to arrive

at two terms in the final expression. The first term simplifies to −ω̂θ̂ − θ̂ω̂ after
multiplying and taking the antisymmetric part. In components notation this can
be written as 2ωC[AθB]C . The second term vanishes by the interchange symmetry
of the Riemann tensor (Rαβγδ = Rγδαβ):

R̂[]AB = R̂[AB] = R[A0B]0 = 0

We are left with the following expression for the vorticity

d

ds
ωAB = 2ωC[AθB]C . (4.18)

We see that the vorticity must be identically zero if it vanishes somewhere along
the geodesic. This yields the following proposition:

Proposition 4.1. Let γ be a lightlike geodesic in a congruence of lightlike geodesics
such that k = e0 is the tangent vector to γ. We use the pseudo-orthonormal basis
{e0, . . . , en}. If the vorticity ω, defined by ωAB = k[A;B] (A,B ∈ {2, . . . , n}),
vanishes at a point along γ, then the vorticity is identically zero everywhere along
the geodesic.

Equation (4.18) is a linear homogeneous differential equation in ωAB , so ωAB = 0
is a solution. Because this equation is a first order linear differential equation, the
solution is uniquely determined by the value of ωAB at a point. As ωAB is assumed
to vanish at some point along γ, it follows that ωAB = 0 is the only solution along
the entire geodesic, which proves the proposition.

We will use proposition 4.1 to show identical disappearance of the vorticity in
the case where we concentrate on a family of intersecting geodesics. This will in
turn be used to analyze the initial data for the characteristic Cauchy problem on
a lightcone.

A similar analysis of the matrix associated with the expansion tensor yields:

d

ds
θ̂ =

d

ds

([
d

ds
M

]
M−1

)
()

=

(
dM

ds

dM−1

ds

)
()

+

(
d2M

ds2
M−1

)
()

= −
(
dM

ds
M−1 dM

ds
M−1

)
()

+

(
d2M

ds2
M−1

)
()

= −
[(

θ̂ − ω̂
)(

θ̂ − ω̂
)]

()
+ R̂()

The first term in the final expression simplifies to θ̂2 + ω̂2 after multiplication and
taking the symmetric part.31 To analyze the components of the second term, we

31θ̂ and ω̂ are respectively symmetric and skew-symmetric.
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recall equation (4.11) which yields the components −RA0B0.
32 In components, this

gives
d

ds
θAB = −RA0B0 − θACθCB − ωACωCB (4.19)

This equation captures the evolution of the expansion tensor along the geodesic.
It is used to derive the evolution equation for the divergence. To arrive at the
evolution equation for the divergence, we take the trace of (4.19). On the right
hand side we have three terms. The first term may be rewritten as −RAµBνk

µkν .
The trace of this expression gives us the coordinate independent Ricci tensor term
Rµνk

µkν . When taking the trace of the vorticity, and expansion tensor, we use
expression (4.1) for the metric g,33 and the definition of the shear (4.13) to rewrite
the second term as

gABθACθCB = gAB(σAC +
θ

n− 1
gAC)(σCB +

θ

n− 1
gCB)

= gAB(σACσ
C
B) + gAB θ2

(n− 1)2
gAB = σABσ

AB +
θ2

n− 1
,

where we use the symmetry of σ (σBA = σAB) in the second equality and relabel
the indices in the third. We analyze the vorticity term from (4.19) in a similar
manner. Using the skew-symmetry of the vorticity, ωBA = −ωAB , we find

gABωACωCB = gABωACω
C
B = ωBAω

AB = −ωABω
AB ,

wherein we again use expression (4.1) for the metric along γ to rewrite the matrix
product ωACωCB in components as the contraction ωACω

C
B . We define σ2 ≡

σABσ
AB ≥ 0 and ω2 ≡ ωABω

AB ≥ 0. Taking the trace of equation (4.19) thus
yields

d

ds
θ = −Rαβk

αkβ + ω2 − σ2 − θ2

n− 1
. (4.20)

This equation is known as the Raychaudhuri equation for a congruence of lightlike
geodesics which may simply be called the Raychaudhuri equation for the purposes
of this thesis. We remark that in the vacuum case (Rαβ = 0), the only term on
the right hand side of equation (4.20) which may cause divergence of the collec-
tion of null geodesics is the vorticity tensor. That is, if the vorticity tensor is
identically zero, one finds that the divergence of the congruence of geodesics must
stay constant, slow down, or revert. Another important thing to remark is that
the parameters in the Raychaudhuri equation depend on the choice of γ, and λ.
However, the sign of the parameters is not curve dependent. It is the implication
of a positive or negative sign of the parameters which will be analyzed in the
remainder of this section.

4.2 The null convergence condition

The Einstein field equations Rµν − 1
2Rgµν = 8πGTµν consist of two parts. The

left hand side is a nonlinear partial differential combination of components of the

32In the derivation of the ODE for the vorticity (4.18), we found that the antisymmetric part

of this matrix must vanish. i.e., the matrix R̂ is symmetric.
33The metric along the geodesic implies that for any arbitrary tensor τ with coordinates τAB

we have τAB = τAB = τAB .
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metric tensor whereas the right hand side captures the distribution of types of en-
ergy and momentum throughout the spacetime with the energy-momentum tensor.
Through this equation one may hope to be able to qualitatively analyze the Ricci
tensor by analysis of the energy-momentum tensor. In this section, we postulate a
condition for the energy-momentum tensor which is in turn used to further analyze
the development of the congruence of null geodesics. We paraphrase the weak
energy condition and the null convergence condition from (Hawking and Ellis, 1973;
chapter 4).

The weak energy condition is a condition on the energy-momentum tensor. It states
that the measured energy density by any observer traveling through spacetime in a
timelike direction34 is nonnegative at any point p ∈ M . Mathematically, this may
be expressed as

Tαβv
αvβ ≥ 0 (4.21)

where v is any timelike vector in TpM .35 If (4.21) holds for any timelike vector
v, then, by continuity, it must also hold when v is null. Now if we let k be a null
vector at a point p ∈ M we find that Einstein’s field equations give us

Rµνk
µkν = Rµνk

µkν − 1

2
Rgµνk

µkν = 8πGTµνk
µkν ≥ 0.

For the first equality we used that gµνk
µkν = 0 since k is null. The obtained

expression
Rµνk

µkν ≥ 0 (4.22)

is referred to as the null convergence condition. This is a fitting name as it ensures
that the rate of change in the divergence of null geodesics may only decrease when
the vorticity is identically zero.36 Thus, if the weak energy condition holds, cur-
vature in spacetime will have a converging (or more precisely non-diverging) effect
on null geodesics.37 This statement will be made more precise in the section on
conjugate points.

4.3 Conjugate points of null geodesics

In the section on the Raychaudhuri equation we studied the behaviour of a con-
gruence of null geodesics. In this section, we concentrate on a description of null
geodesics which share a point with their neighboring curves. We found that the
separation vector between a null geodesic and a neighboring curve satisfied the
Jacobi equation (4.8):

d2

ds2
zA = −RA

0B0z
B (4.23)

A solution of this equation will be called a Jacobi field along the null geodesic γ(s).

In the derivation of the Raychaudhuri equation, we considered a congruence of
null geodesics. Recall that this means that for every point in the spacetime (M , g)
there is a unique null geodesic intersecting it. Thus, the separation at any chosen

34i.e., when traveling slower than light.
35the local energy density to an observer with tangent vector v is given by Tαβv

αvβ .
36This follows directly from the Raychaudhuri equation (4.20).
37It is clear to see that the Ricci tensor has this effect from its occurrence in the Raychaudhuri

equation. The other components to the curvature may also only have a nondiverging effect since
they may influence the negative terms −θ2, and −σ2 which could cause additional convergence.
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point could be found through the separation at a given reference point. That is
to say, we did not need to make reference to the derivative of z at the reference
point in our matrix-vector-product-expression (4.9) of z(s) since the derivative is
determined by the congruence.

In the case where two infinitesimally separated null geodesics share a point, say
p ∈ γ ⊂ M , we have that the separation vector z disappears in the point p. In
contrast, the separation vector is not everywhere zero since infinitesimally neigh-
boring null geodesics of interest generally do not coincide everywhere. If we decide
to choose p to be our reference point, and we want to find a quantity in p which
differentiates between the neighboring geodesics, we find that the value of the
separation vector z in p does not suffice. However, we may uniquely determine the
neighboring geodesics by considering the derivative of the separation vector in p. A
Jacobi field along γ(s) which vanishes at a point p ∈ γ can then be fully described
by its derivatives at p. This field may then be written as

zA(s) = MAB(s)
d

ds
zB |p (4.24)

where we earlier found
d2

ds2
MAB = −RA0C0MCB .

At p we have zA = 0 which implies that the matrixM vanishes there. The vorticity,
shear and divergence are defined the same way as in the section on the Raychaud-
huri equation.

We recall that, as long as the null convergence condition (4.22) holds, that the
vorticity ω is the only term in the Raychaudhuri equation (4.20) which may cause
divergence of the lightlike geodesics. Moreover, by proposition 4.1, we saw that
the vorticity must be identically zero if it disappears somewhere along a studied
null geodesic. In the case of lightlike geodesics through a shared point, we can use
proposition 4.1 to arrive at the following useful proposition.

Proposition 4.2. Let p ∈ M , and consider the family of lightlike geodesics through
p. We take a pseudo-orthonormal basis {e0, . . . , en} along these geodesics such
that k = e0 is the tangent vector to the geodesics. If the vorticity is defined by
ωAB = k[A;B], where A,B ∈ {2, . . . , n}, along these geodesics, then ωAB identically
vanishes along each geodesic curve.

To prove this proposition, we consider the derivative of the expressionMT ω̂M along
one of the lightlike geodesics γ(s) through p ∈ M . If we define the n − 1 × n − 1

matrix k̂; to be the matrix with kA;B as its A,B-th entry we find by (4.14), (4.15),

and (4.16) that we may express k̂; as

k̂; =

(
d

ds
M

)
M−1 = θ̂ + ω̂.

We use these expressions to rewrite the dM
ds terms in the derivative of MT ω̂M along
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γ(s). This yields

d

ds

(
MT ω̂M

)
=

dMT

ds
ω̂M +MT dω̂

ds
M +MT ω̂

dM

ds

= MT k̂T; ω̂M +MT (ω̂θ̂ + θ̂ω̂)M +MT ω̂k̂;M

= MT
(
k̂T; ω̂ + ω̂θ̂ + θ̂ω̂ + ω̂k̂;

)
M,

wherein we also used the evolution of the vorticity (4.18) in the second equality.
We analyze the middle factor in the final expression to obtain

k̂T; ω̂ − ω̂θ̂ − θ̂ω̂ + ω̂k̂; = θ̂ω̂ + ω̂T ω̂ − ω̂θ̂ − θ̂ω̂ + ω̂θ̂ + ω̂ω̂ = 0,

where we use the skew symmetry of ω̂ in the last equality. Thus we obtain
d
ds

(
MT ω̂M

)
= 0 like we wanted. Recall that M is zero in the shared point of

the neighboring geodesics since the separation vanishes at this point. We thus
found that MT ω̂M = 0 everywhere along the geodesic. If we consider a point
outside p for which the separation does not vanish, we have that M is nonsingular.
This implies that we may multiply MT ω̂M by (MT )−1 on the left side and by
M−1 on the right side to obtain ω̂ = 0 for all points that are not conjugate to p.
Moreover, by proposition 4.1, we have that the vorticity must vanish everywhere
if it vanishes at a point. This yields that the vorticity is zero, even at the point
p. We therefore find that the vorticity vanishes everywhere along the geodesic γ,
which finishes the proof.

This proposition will be very useful in simplifying the Raychaudhuri equation in
the case of initial data on a lightcone since a lightcone can be understood as the
family of null geodesics through its vertex.

We define a point q ∈ γ to be conjugate to p along γ(s) if there exists a Jacobi field
which vanishes at p and q and which is not identically zero. Conjugate points, thus,
are points where infinitesimally close geodesics intersect. Note that there need not
actually be two separate geodesics that intersect for there to be conjugate points.
As there exists a vector d

dsz|p for which M(s) d
dsz|p = 0 at q, M must have the

eigenvalue zero at q. That is, the Jacobi fields along γ(s), which vanish at q, are
described by the matrix M which is singular at q. By (4.17), the divergence may
be expressed as

θ ≡ (detM)−1 d

ds
(detM),

from which we find that the divergence must diverge to infinity as we approach
the conjugate point q. Also, by the Raychaudhuri equation (4.20), the divergence
must decrease along the geodesic if the vorticity is identically zero.

This realization that the divergence diverges to infinity for conjugate points, and
proposition 4.2 will be used in the upcoming lemma.

The following lemma is a generalization of proposition 4.4.4 from (Hawking &
Ellis, 1973) in arbitrary dimension.

Lemma 4.3. Suppose we consider a family of lightlike geodesics through a shared
point q ∈ M . If Rµνk

µkν ≥ 0 everywhere (e.g., if the weak energy condition holds,
or if we are in the vacuum case) and if the divergence θ takes negative value, say
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θ1 < 0, at some point γ(s1). Then there will be a point conjugate to q along γ(s)
between γ(s1) and γ(s1+((n−1)/− θ1)) provided that γ(s) can be extended to this
parameter value.

The proof of this lemma is pretty simple. We remark that the expansion of the ma-
trix M along γ(s) obeys the Raychaudhuri equation with identically zero vorticity
(4.20).

d

ds
θ = −Rµνk

µkν − σ2 − θ2

n− 1

Since all terms on the right hand side are nonpositive we obtain that d
dsθ ≤ − θ2

n−1 .
From this, it follows that

θ ≤ n− 1

s− (s1 + ((n− 1)/− θ1)

which implies that θ will become infinite, and thus that there is a conjugate point
to p for some parameter value between s1 and s1 + ((n− 1)/− θ1)

The key takeaway from this lemma is that in order for a lightlike geodesic to admit
no conjugate points in the physical spacetime, the divergence must be nonnegative
everywhere along the geodesic. This will later be used to study smoothness of
a lightcone outside of its vertex. Note, however, that this does not imply that
two infinitesimally close lightrays cannot converge to each other as their parameter
approaches infinity.38

38The analysis of conjugate points by the divergence and the Raychaudhuri equation relies on
the eigenvalues of the matrix M being finite which does not generally hold in the limit of null
infinity.
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5 Constraints on a lightcone

This thesis considers initial data on a lightcone in n+1 dimensions. In this section,
a coordinate system for that lightcone is introduced, the Raychaudhuri equation is
reformulated to serve as a constraint equation for the metric tensor. Alternatively, if
one considers a conformal class of metrics instead of a metric as initial data, then the
Raychaudhuri equation is used to find an exact expression of the conformal factor
Ω on the lightcone such that our initial data is physically reasonable. Smoothness
of the lightcone outside the vertex is also briefly analyzed using the Raychaudhuri
equation and lemma 4.3.

5.1 Adapted null coordinates

In this subsection, we introduce a coordinate system on a lightcone. This con-
struction is the same as can be found in (Choquet-Bruhat et al., 2011a) and (P. T.
Chruściel and Paetz, 2014). Later in this thesis, these coordinates will be used in
order to express and analyze the Raychaudhuri equation for the initial data on the
cone.

We consider an n+1 dimensional spacetime (M , g) which is diffeomorphic to Rn+1.
We consider the point O ∈ M and all null geodesics that intersect O. We may
then consider the collection of points along these geodesics which we denote by CO.
Since this collection consists of all points that are reachable by lightlike geodesics
originating in O, we may consider this set to be a generalized version of a lightcone.
The set CO may sometimes simply be called the lightcone to aid readability. We
make the assumption that the geodesics in the family of lightlike geodesics through
O admit no conjugate points. This is a restriction on the geometry of the spacetime
for which it is well known that it does not hold in general.39 This choice is made
since it ensures smoothness of CO outside of the vertex. We’ll later see what
this means for the initial data on the lightcone. Since the lightlike geodesics that
generate the future lightcone admit no conjugate points, we see that the lightcone
admits no null geodesics that reconverge after crossing in the vertex. This implies
that the lightcone topologically resembles a cone.40 A result of this assumption
is that it allows us to work with one global set of coordinates on the lightcone.
We may then describe coordinates (yµ) on the manifold M such that CO can be
globally represented by the the equation of a Minkowskian lightcone. I.e.,

CO ≡ {(y0, . . . , yn) ∈ M | (y0)2 =

n∑
i=1

(yi)2}.

One can think of this expression as a lightcone which is defined on the spacetime
(M , g) instead of on the tangent space TOM . This expression for CO is always pos-
sible for some neighborhood of the vertex in a differentiable Lorentzian spacetime,
even in spacetimes where one may not be able to find coordinates such that CO

can be globally expressed by the expression for a Minkowskian lightcone. This is
true because each such spacetime is locally Minkowskian. By locally Minkowskian,

39The observation of gravitational lensing is an example of the non-generality of this assumption
since the paths of distinct lightrays emitted from a point reconverge. That is, there exist lightlike
geodesics with conjugate points.

40Since there are no conjugate points, there will be no caustics. This will be important since
this implies a diffeomorphic relation between the points in CO and a cone.

39



we mean that, for any point in the manifold we may find coordinates such that
the metric at that point is gµν = ηµν = diag(−1, 1, . . . , 1), and ∂ρgµν = 0. This
implies that, if one needs a spacetime sufficiently close to Minkowskian spacetime,
one may zoom in on any point, including the vertex O, until the spacetime one sees
is sufficiently close to being flat.41 This arbitrary closeness to Minkowskian space
is important since the expression CO is the same as the expression for a real, i.e.,
Minkowskian, lightcone.42

To further study the initial data on the lightcone we introduce a new set of coor-
dinates (xµ) ≡ (u, r, xA). By (xA) we refer to the n − 1 coordinates unequal to u
and r. These coordinates uniquely describe points on CO \ {O} when u = 0. The
coordinate expressions for r and u are given by

r =

√√√√ n∑
i=1

(yi)2, u = r − y0.

For each r we define Σr ≡ {(u, r, xA) = (0, r, xA) ∈ M } ∼= Sn−1. The coordinates
(xA) on Σr may be chosen arbitrarily.

Figure 4: 2 + 1 dimensional example of CO with tangent vectors for q ∈ Σr ⊂
CO ⊂ M . The ellipsoidal cross section denotes the Σr hypersurface. The ∂r and
∂xA tangent vectors are tangent to CO whereas the vector ∂u points off the cone.
The dotted line is a ∂r integral curve starting at the origin O. This dotted line
denotes a null geodesic through O.

In the above coordinate choice, the r coordinate is chosen such that one approaches
O as r → 0. One has a metric g on M . In this thesis we use an overline to denote
quantities described on the lightcone CO. That is, an overline denotes initial data
in the characteristic Cauchy problem. The metric on CO, g can be expressed in
adapted null coordinates as

ds2 = g00du
2 + 2ν0dudr + 2νAdudx

A + dš2 (5.1)

41More precisely, for an arbitrary closeness to Minkowski spacetime near O, one may find a
neighborhood of O such that the metric here is close enough to η. Closeness to Minkowski
spacetime may be defined by introducing the distance function between metrics: ∥g − η∥ =
supp∈O

∑
µ,ν |gµν − ηµν |.

42A Minkowskian lightcone is a ‘real’ lightcone since we only defined lightcones for flat space.
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Where we implicitly defined

ν0 ≡ g01, νA ≡ g0A

and where ǧ is expressed as

dš2 = ǧABdx
AdxB ≡ gABdx

AdxB .

We have that the metric g induces a metric g on CO and a metric ǧ on Σr. Whenever
relevant we will use the notation ǧΣr to denote the relevant embedded subspace Σr

for which the metric ǧ is defined. Note that the metric g is defined on a space with a
null direction and thus has signature (0,+, · · · ,+). The metric ǧΣr

is Riemannian.

The components of the metric g00, ν0, and νA are coordinate-choice dependent.
However, since ∂r is chosen to be future directed and ∂u past directed we find
that ν0 > 0.43 The restriction of the inverse of this metric to the lightcone can be
written as.

gµν∂µ∂ν = 2ν0∂u∂r + g11∂r∂r + 2g1A∂r∂A + gAB∂A∂B (5.2)

where

ν0 ≡ g01 = (ν0)
−1, νA ≡ gABνB , g1A = −ν0νA, g11 = (ν0)2(νAνA − g00)

and where gAB is the inverse of gAB .
44

5.2 The Raychaudhuri equation as a constraint equation

The collection CO is a lightcone in the sense that it is generated by the lightlike
geodesics through O ∈ M . Since these geodesics are indeed lightlike, one may
analyze the evolution of their separation through use of the Raychaudhuri equation
(4.20). In this subsection, the Raychaudhuri equation will be rewritten in terms of
the initial data (g, κ), with g, the metric on CO, and κ a field of connections such
that ∇∂r

∂r = κ∂r. Through this reformulation, we’ll see how this specified data is
equivalent to the double (h,K) for which well-posedness for the vacuum equations
on a smooth spacelike Cauchy surface was shown (section 2.2). For initial data
(g, κ), the Raychaudhuri equation will serve as a constraint equation such that the
initial data is a solution. We also mention how the Raychaudhuri equation may be
used to analyze smoothness of the cone. This will serve as an additional constraint
on the initial data.

The Raychaudhuri equation

d

ds
θ = −Rαβk

αkβ + ω2 − σ2 − θ2

n− 1
,

as derived in section 4.1, is an equation for the development of the separation
between neighboring lightlike geodesics. It is expressed in terms of the expansion,

43This is most easily seen in the original (yµ) coordinates where ∂r = ∂y0 + other terms, and

∂u = −∂y0 and thus ν0 = g(∂r, ∂u) = g(y0,−y0) > 0 since ∂y0 is timelike. The ‘other terms’ in
the expression of ∂r vanish when their inner product with ∂y0 is taken as they are chosen to be
orthogonal to ∂y0 .

44i.e. gACgBC = δAB .
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and respectively vorticity tensor, θAB , and ωAB . In the case of our problem, there
are two properties which simplify the equation. First, we consider the vacuum
Einstein equations. This simplifies the equation by setting Rαβ = 0. Second, we
have the property that all ∂r-integral curves intersect O. In section 4.3, we saw
proposition 4.2 which showed that the vorticity must identically vanish for such
curves. The above considerations allow us to simplify the Raychaudhuri equation
to the following expression:45

d

ds
θ = −σ2 − θ2

n− 1
. (5.3)

We remark that the divergence θ, as well as the shear σ2, may be expressed purely
in terms of the expansion tensor θAB . That is, equation (5.3) is an equation in the
expansion alone.

In this section, we’ll show the analogy between the initial data for the characteristic
Cauchy problem (g, κ) and the initial data for the Cauchy problem with a smooth
spacelike initial surface (h,K). Similarly to the section on the Raychaudhuri
equation, we concentrate on the tangent vector to the lightlike geodesics. This
vector will be denoted by ℓ. However, it will be useful to consider tangent vectors
which coincide with our coordinates on the lightcone. For this reason, we take
ℓ ≡ ℓµ∂µ ≡ ∂r. Remark that, while ℓ is tangent to the lightlike geodesic generators
of CO, it is not generally geodesic. This depends on the coordinate choice.

In our considerations in section 4.1 we saw that the part of the separation between
neighboring null geodesics tangential to the direction of propagation of these rays
was zero. Moreover, we derived that the part of the separation in the null direction
of the pseudo-orthonormal basis unequal to the propagation direction remained
constant. That is, the time separation between neighboring geodesics is constant.
Since we have that all lightlike geodesics through O were once joined at the same
point in spacetime, we see that these geodesics once had zero time separation. Since
the time separation between neighboring geodesics is constant, the time separation
between the null geodesics identically vanishes. In adapted null coordinates, this
implies that the separation between neighboring null geodesics is expressed purely
in the coordinates (xA) on the Σr ⊂ CO hypersurfaces.

We may now define the expansion tensor θAB . Since the separation between
neighboring geodesics is purely tangential to the Σr hypersurfaces, we define θAB

by

θAB ≡ 1

2
∇BℓA +

1

2
∇AℓB .

Notice that this is the same definition as (4.12) from the derivation of the Ray-
chaudhuri equation. We remark that this definition is quite similar to the one of
the extrinsic curvature (2.9) which we saw when we showed well-posedness for the
smooth spacelike Cauchy problem. The expansion may be further rewritten as

θAB ≡ 1

2
∇BℓA +

1

2
∇AℓB =

1

2
(ℓµ∇µgAB + gAµ∇Bℓ

µ + gµB∇Aℓ
µ) =

1

2
£ℓǧAB ,

(5.4)

45Given that the ∂r-integral curves are lightlike geodesics. This does not generally hold, we
will derive a correction to the Raychaudhuri equation, expressed in terms of initial data, when
the ∂r-integral curves are nongeodesic.
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where we use ∇gAB = 0 in the second equality. This is even more similar to the
time derivative formulation of the extrinsic curvature (2.10).

The difference between the expansion (5.4) and the extrinsic curvature (2.9) is
threefold. First, The expansion is defined only for its (xA) components, whereas
the extrinsic curvature is expressed for all components in the initial hypersurface.
However, as argued previously, the components θ11 and θ1A are constant (and thus
vanish) since the separation in these directions is identically zero. Second, the way
we defined the expansion tensor, it is actually the symmetric part of what we’d
expect from the extrinsic curvature. However, since the vorticity is identically zero,
we have that

ℓA;B = θAB + ωAB = θAB .

This means that it does not make a difference wether we take the symmetric part
of ℓA;B or just ℓA;B . Third, the vector ℓ is tangent to the initial surface which was
not the case for the analogous timelike vector ξ in the smooth spacelike Cauchy
problem. It can intuitively thus not really be considered to be a time derivative
in the same sense as where the orthogonal vector to a smooth spacelike Cauchy
surface can be considered as such. However, mathematically, it can be considered
to be the same object as the extrinsic curvature.46 In the literature, the expansion
θµν is sometimes denoted by χµν and called the null second fundamental form on
CO or the null extrinsic curvature of the initial surface CO. We will show that,
given a metric g on CO and a specific field of connections κ, one can derive the
expansion θAB . That is, the initial data (gAB , κ) is equivalent to the initial data
(gAB , θAB) on the lightcone.

We shall now express the Raychaudhuri equation (5.3) purely in terms of the initial
data and adapted null coordinates. In adapted null coordinates, we can express
the expansion as

θAB = −Γ
0

ABν0 =
1

2
∂r ǧAB . (5.5)

Where the equalities follow from the calculations

θAB =
1

2
£ℓgAB =

1

2
(ℓµ∂µgAB + gAµ∂Bℓ

µ + gµB∂Aℓ
µ) =

1

2
∂rgAB , (5.6)

and

Γ
0

AB =
1

2
g0µ(∂AgµB + ∂BgAµ − ∂µgAB) = −1

2
ν0∂rgAB . (5.7)

The expression for the Lie derivative in (5.6) is derived in (Appendix: A.5). The
last equality from (5.6) follows from the observation ℓµ ≡ δµr , and the last equality
from (5.7) follows from the expression of the inverse metric (5.2). We remark that
the expansion may always be expressed as θAB = 1

2∂rgAB if one uses a basis for
which the ∂r, and respectively ∂A components correspond with the tangent vector
and spacelike vectors in a pseudo-orthonormal basis. That is to say, we made no
reference to any other properties of the (coordinates on a) lightcone in (5.4), or
(5.6).

The divergence θ, and respectively shear σ B
A are defined as the trace, and traceless

46As far as that is possible; since ℓ is null, it cannot be normalized.

43



part of the expansion:

θ ≡ θ A
A = gABθAB =

1

2
gAB∂rgAB = ∂r log

√
det ǧΣr

(5.8)

and

σ B
A ≡ gBCθAC − 1

n− 1
δBAθ (5.9)

We further define σ2 ≡ σABσ
AB . We wish to write the Raychaudhuri equation

(5.3) without making reference to the parametrization of the ℓ-integral curves. In
the case where ∇∂r

∂r is identically zero, we have that the ℓ-integral curves are
geodesics. We will consider the more general case where this does not necessarily
hold. In this case, recall that the d

ds derivative in (5.3) is a covariant derivative.
Suppose the κ connection from our initial data is given such that ∇∂r∂r = κ∂r.
This can be done without loss of generality since the ℓ-integral curves are geodesics
up to a parametrization (Friedrich and Schmid, 1987). Note that, as κ is freely
prescribable initial data, it can be chosen such that it is zero everywhere. This
choice may seem natural since it corresponds to ℓ-integral null curves that are
geodesic.47 However, this coordinate choice leads to unwanted logarithmic terms
in conformal infinity when one is not in Minkowski spacetime (P. T. Chruściel
& Paetz, 2014). It is for this reason that we wish to express the Raychaudhuri
equation for arbitrary coefficient κ. To mathematically capture the effect of the
connection in equation (5.3), we concentrate on the term d

dsθ, which yields

d

ds
θ ≡ ∇∂rθ = ∇∂r∂r log

√
det ǧΣr

= ∂r∇∂r log
√
det ǧΣr

+ (∇∂r
∂r) log

√
det ǧΣr

= ∂r∂r log
√
det ǧΣr

+ κ∂r log
√

det ǧΣr
= ∂rθ + κθ.

That is to say, we see that the introduction of the connection κ leads to us picking
up the extra term κθ from the ∇∂r

∂r term after using Leibniz’s rule. The value of
κ at a point does not influence the other terms in the Raychaudhuri equation since
the equation holds for any affinely-parametrized ℓ-integral curve.

Recall that the Raychaudhuri equation (5.3) holds for lightlike geodesics. In the
case where the ℓ-integral curves are nongeodesic due to a nonaffine parametrization
we obtain an the extra term κθ. In order for us to express the evolution of the
expansion in terms of our coordinates we must then subtract the κθ term from the
left hand side of (5.3). By these considerations, we may write (5.3) as

∂rθ − κθ = −σ2 − θ2

n− 1
. (5.10)

This equation serves as a constraint equation for the metric tensor g since the
divergence θ and the shear σ2 are expressed in terms of g using (5.5). A solution of
equation (5.10) then defines the expansion which we’ve argued to be the analogue
of the extrinsic curvature K from the smooth spacelike Cauchy problem.

If one considers the vacuum Einstein equation R11 = 0 one can derive the Ray-

47Because the ℓ integral curves then have affine parameter and thus satisfy ℓν;µℓ
µ = 0.
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chaudhuri equation and an expression for κ in terms of known quantities by assess-
ing R11 = 0. One finds (Choquet-Bruhat et al., 2011a; equation (6.13)):

κ = ν0∂rν0 −
1

2
ν0g

µνΓ
0

µν − 1

2
θ. (5.11)

Adapted null coordinates are singular at the vertex O and smooth everywhere else.
Thus, for us to be able to prescribe smooth data, we also need that the lightcone
itself is smooth.48 It must then be the case that the map between points in the
spacetime and the coordinate expression from above is a bijective one. That is,
when traveling along any one of the null geodesics through O ∈ M we may not
encounter other null geodesics through O. That is, the separation between two
geodesics through O may not vanish for a point along the two geodesics. These
possible points where a congruence of geodesics focus are called caustics in the
literature. Since we are interested in points where geodesics that were once fo-
cused refocus, we are actually interested in conjugate points. In the section on the
Raychaudhuri equation, we saw that this nonvanishing condition of the separation
between lightlike geodesics through a shared point corresponds the expansion θ
being nonnegative everywhere. So the Raychaudhuri equation also serves as an
equation which ensures smoothness of the lightcone when the divergence θ is re-
quired to be nonnenegative. This is an additional constraint on the initial data. A
good analysis of this smoothness is given in (P. T. Chruściel and Paetz, 2014).

5.3 The Raychaudhuri equation for a conformal metric

In the previous subsection we expressed the Raychaudhuri equation with respect
to the metric g (equation (5.10)). As we are interested in the characteristic Cauchy
problem on a lightcone in a conformally completed spacetime as well as the ‘phys-
ical’ spacetime, we wish to analyze the smoothness of the lightcone using the Ray-
chaudhuri equation with respect to a conformal metric as well as the physical one.
The Raychaudhuri equation is derived for null geodesics with respect to the metric
g. The connection coefficient κ was introduced for generality of this equation when
the ∂r-integral curves are nongeodesic. If the metric is replaced by a conformal
metric, then the geodesics with respect to the conformal metric may differ from
the geodesics with respect to g. However, this nongeodicity is only due to the
parametrization of these curves (Friedrich and Schmid, 1987), and thus due to
the connection. In this section, we will analyze the Raychaudhuri equation for
conformal metrics on the lightcone. In the process, we will find that we may use a
conformal class [γ] of metrics as initial data instead of a metric which satisfies the
Raychaudhuri equation. Choosing a representative γ of this class will allow us to
use the Raychaudhuri equation to find a conformal factor Ω for which the metric
Ω2γ satisfies it.

Suppose we have a metric γ on Σr ⊂ CO which is conformal to ǧΣr . We wish
to express the parameters of the Raychaudhuri constraint equation (5.10) in terms
of the metric γ. Since γ is conformal to ǧΣr

, we may express the components of
ǧΣr

and its inverse as:

ǧAB = Ω2γAB , ǧAB = Ω−2γAB (5.12)

48Except, of course, for the vertex O.
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We call Ω the conformal factor of the metric ǧΣr
. γ will be considered as represent-

ing the class of conformal metrics to ǧΣr
, which is denoted by [γ]. The trace free

part of an arbitrary tensor w with components wAB , w̆AB , may then be written as

w̆ ≡ wAB − 1

n− 1
γABγ

CDwCD. (5.13)

The shear (with respect to the original metric ǧΣr ) may be written in terms of the
conformal metric as σ B

A = 1
2γ

BC(∂rγAC )̆ :

γBC(∂rγAC )̆ = γBC∂rγAC − 1

n− 1
γBCγACγ

DE∂rγDE

= γBC∂rγAC − 1

n− 1
δBAγDE∂rγDE

= Ω2ǧBC(Ω−2∂rgAC + gAC∂rΩ
−2)− 1

n− 1
δBAΩ2ǧDE(Ω−2∂rgDE + gDE∂rΩ

−2)

= 2θ B
A +δBAΩ2∂rΩ

−2− 2

n− 1
δBAθ−δBAΩ2∂rΩ

−2 = 2

(
θ B
A − 1

n− 1
δBAθ

)
= 2σ B

A

Where the “˘”-sign denotes the trace free part of the expression in the brackets.
This is a remarkable result since we previously found that the shear tensor can be
expressed as σ B

A = 1
2g

BC(∂rgAC )̆ (5.9). This shows that the shear, and thus the
parameter σ2 in the Raychaudhuri equation, is independent of the conformal factor
Ω.

Expressing the divergence θ in terms of the conformal metric γ yields the following
expression:

θ = ∂r log
√
det ǧΣr

= ∂r log
√
Ω2(n−1) det γ = ∂r

(
log Ω(n−1) + log

√
det γ

)
= (n− 1)∂r log Ω + ∂r log

√
det γ

We define the conformal divergence to be

τ ≡ ∂r log
√
det γ,

that is, the divergence with respect to the conformal metric γ on Σr. We obtain
that the divergence with respect to this conformal metric γ may be related to the
divergence with respect to the original metric ǧΣr

by the expression

θ = τ + (n− 1)∂r log Ω. (5.14)

As was mentioned in the subsection containing the conformally completed Minkowski
spacetime, the point sets related to null geodesics are the same for all conformal
metrics on a spacetime. Recall that the Raychaudhuri constraint equation (5.10) is
an equation for the null ℓ-integral curves which become geodesics when κ is identi-
cally zero. Since the connection can be specified freely, one may also consider the
Raychaudhuri equation with respect to the conformal metric γ. Here we introduce
the conformal connection coefficient ρ for the conformal Raychaudhuri equation

∂rτ − ρτ = −σ2 − τ2

n− 1
. (5.15)
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Notice that the shear in this equation remains unchanged from the original Ray-
chaudhuri constraint equation since the shear depends only on the conformal class.
Subtracting (5.15) from (5.10) lets us relate the conformal connection ρ, the phys-
ical connection κ, the conformal divergence τ , and the conformal factor Ω to each
other.

0 = ∂r(θ − τ)− κθ + ρτ − τ2 − θ2

n− 1

= (n−1)∂r∂r log Ω−κ(τ +(n−1)∂r log Ω)+ρτ +2τ∂r log Ω+(n−1)(∂r log Ω)
2

=⇒ ∂r(∂r log Ω) = −(∂r log Ω)
2 +

(
κ− 2τ

n− 1

)
(∂r log Ω) +

(κ− ρ)τ

n− 1
(5.16)

Here, we used expression (5.14) to relate θ and τ . Equation (5.16) is a first order
quadratic quasilinear differential equation in ∂r log Ω. We have a couple of obser-
vations regarding this equation. First, if we know κ, ρ, γ everywhere, and ∂r log Ω
at some point, we may obtain a unique solution for the conformal factor on the
lightcone up to the multiplication with a constant.49 Second, if the connection
coefficients κ, and ρ are equal, we obtain a Bernoulli’s differential equation in
∂r log Ω. This has the exact solution:

Ω = exp

C2 +

∫ r

1

exp
(∫ ϑ

1
κ− 2τ

n−1dξ
)

C1 +
∫ ϑ

1
exp

(∫ ζ

1
κ− 2τ

n−1dξ
)
dζ

dϑ

 (5.17)

where C1 and C2 are integration constants which can be found from the boundary
conditions. We see C2 = logΩ |r=1. C1 can also be determined by considering
(∂r log Ω) |r=1. This yields C1 = (∂r log Ω)

−1 |r=1. For the derivation of (5.17) we
refer to (Appendix A.8). At first glance, equation (5.16) also seems to give this
solution when τ is identically zero. However, we find that since the ℓ-integral null
curves intersect in O, the parameter τ diverges to infinity when r → 0.50 So τ may
not be taken to be identically zero.

Solution (5.17) can be used to reframe our initial value formulation. In our original
formulation, the initial data consists of the triple (N , g, κ). If we instead consider
the triple (N , [γ], κ), we may use equation (5.16) and define ρ ≡ κ. This yields
the conformal factor Ω by (5.17) which ensures that the Raychaudhuri equation
holds for the metric ǧΣr

= Ω2γ. That is, the Raychaudhuri equation may serve
to determine the ‘missing information’ of the metric on the initial surface. The
conformal factor is not unique since the integration constants C1, and C2 may be
chosen freely.

In this section we saw how one can use the Raychaudhuri equation to relate initial
data for conformal metrics on the Σr. We saw that one may use equation (5.16)
to derive the conformal factor which relates the Raychaudhuri equation for both
metrics. The key takeaway of this section is that one may use a conformal class of
metrics as initial data on the lightcone. In this case, the Raychaudhuri equation

49Multiplication of Ω with a constant gives the addition of a constant after taking the logarithm.
This thus vanishes in the derivatives ∂r log Ω.

50This holds since the conformal divergence diverges exactly when the divergence with respect
to geodesics diverges. This geodesic divergence can be expressed as (detM)−1 d

ds
(detM), wherein

M is the separation matrix we saw in (4.24) (see section 4.3).
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serves not as a constraint equation but as a differential equation from which the
conformal factor can be determined. We found that the Raychaudhuri equation
serves as a differential equation from which one may determine the conformal factor
Ω from the derivative of its logarithm in the ∂r direction. The (xA) dependence of
the conformal factor can be chosen arbitrarily. This corresponds with the freedom
to choose coordinates on the Σr hypersurface.

48



6 Conclusion & discussion

For the smooth spacelike Cauchy problem, a form of initial data is the triple
(Σ, h,K) where Σ is the Cauchy surface, and h and respectively K are the metric
and extrinsic curvature on Σ. In this case, the physical constraints (2.26), and
(2.21) ensure that the vacuum equations are satisfied everywhere in the Cauchy de-
velopment. Moreover, through implementation of harmonic coordinates (2.30), one
can write the vacuum field equations as a well-posed initial value formulation. The
uniqueness condition of this initial value problem suggests that one may uniquely
associate spacetimes with their initial data on a smooth spacelike Cauchy surface.
This is a welcome result since generating initial data is generally easier than finding
solutions to the vacuum equations. For example, a simple way to generate initial
data for this form of the Cauchy problem can be found in (Lichnerowicz, 1944),
(York, 1971).

We introduced conformal metrics which share the causal structure of spacetime.
We derived the Raychaudhuri equation

d

ds
θ = −Rαβk

αkβ + ω2 − σ2 − θ2

n− 1

in arbitrary dimension. The Raychaudhuri equation is an ordinary differential
equation along null geodesics. It captures the evolution of the separation be-
tween infinitesimally neighboring geodesics. We’ve shown that the vorticity ω2

is identically zero for infinitesimally neighboring null geodesics that share a point.
This result and the null convergence condition imply that the right hand side of
the Raychaudhuri equation is always nonpositive. From this, we’ve shown that
conjugate points in finite parameter distance coincide precisely with negativity of
the divergence θ at some point.

We analyzed initial data for the characteristic Cauchy problem on a lightcone.
For this to be physically significant, we expanded our definition of a lightcone to
include point sets generated by null geodesics through a point outside of Minkowski
spacetime. Our only condition on the lightcone itself, which serves as the Cauchy
surface in the Cauchy development, is that it is smooth everywhere, except for the
vertex. This implies that the lightcone does not attain caustics. We’ve given an
argument as to why this is equivalent to the nonoccurrence of conjugate points to
the vertex of the lightcone along the geodesics that generate it.

We’ve shown how to express the Raychaudhuri equation in terms of the initial
data triple (N , g, κ). In this triple, N denotes the lightcone, g is the metric
tensor on N , and κ is a scalar field which serves as a connection coefficient on
N . The Raychaudhuri equation can be expressed in terms of initial data because
the separation between lightlike geodesics of infinitesimally neighboring geodesics is
shown to have no time component, i.e., it lies completely in the lightcone N . Since
the Raychaudhuri equation holds for arbitrary congruences of lightlike geodesics, it
is given as a constraint equation on the initial data. This constraint can be analyzed
further by demanding that the divergence θ is everywhere nonnegative. That is, by
demanding that the divergence is nowhere negative one ensures smoothness of the
lightcone N since no conjugate points, and thus no caustics, occur in this case. A
good analysis of this constraint on the initial data is done by (P. T. Chruściel and
Paetz, 2014).
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Alternatively, we discussed initial data of the form (N , [γ], κ) which is the same
as the previous form, with the exception that we use the conformal class of metrics
[γ] instead of the metric g on the lightcone. In this case, we take a representative γ
of the conformal class [γ]. The Raychaudhuri equation for this representative then
serves, not as a constraint equation, but as an equation from which one can find the
conformal factor Ω such that the Raychaudhuri equation, with parameters defined
in terms of the metric Ω2γ, holds. That is, the Raychaudhuri equation is used to
‘complete’ the initial data. In this case, we found that the difference between the
Raychaudhuri equation for a metric for which it holds and for the representative of
the conformal class is a Bernoulli’s differential equation for which a two parameter
family of exact solutions is known.

To show how one might use the Raychaudhuri equation to use a conformal class of
metric tensors as initial data we made use of the property that all null geodesics
which make up the lightcone share a point at the vertex of the cone. This was
done in order to get rid of the vorticity term in the Raychaudhuri equation. This
argument does not hold in the case where one studies the characteristic Cauchy
problem on two intersecting null surfaces since the family of lightlike geodesics
tangent to intersecting null surfaces do not all intersect in one point. It is for this
reason that one may not generally conclude that a conformal class of metrics may
be used as initial data for the characteristic Cauchy on two intersecting null surfaces
from the considerations in this thesis. However, a conformal class of metrics can
be shown to be taken as valid initial data for the characteristic Cauchy problem
on two intersecting null surfaces as can be seen in (Rendall, 1990).

The goal of this thesis was to introduce the characteristic Cauchy problem on a
lightcone, and to show how its initial data relates to the initial data for the smooth
spacelike Cauchy problem for which well-posedness is known. We showed how
different forms of initial data relate to one another. Specifically, the contributions
of this thesis can be found in the comparison between the data (Σ, h,K) for the
smooth spacelike Cauchy problem and the initial data (N , g, κ) for the character-
istic Cauchy problem on a lightcone, and in the exact expression of the conformal
factor when one uses the initial data triple (N , [γ], κ) instead of (N , g, κ).

In the literature one may find even more forms that initial data for the characteristic
Cauchy problem may take. For example, in (P. T. Chruściel and Paetz, 2014), the
use of certain components of the Weyl tensor as initial data is discussed. Some more
topics which could be interesting to get a fuller understanding of the considerations
in this thesis are the ways in which the Weyl tensor influences the divergence,
vorticity, and shear tensors in the Raychaudhuri equation. In the Raychaudhuri
equation, the Weyl tensor is not seen directly but it does cause distortions in the
spacetime which may be analyzed. A starting point for this could be (Penrose,
1967). Finally, to obtain a fuller understanding of the characteristic Cauchy prob-
lem, one could also look at papers concentrating on the form of the problem where
the initial surface consists of two intersecting characteristic surfaces. One may
want to study (Rendall, 1990) in which a conformal class of metrics as initial data
for this case is discussed.
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A Appendix

A.1 Set identities for the chronological future

In this subsection we derive the set equalities

I +(I +(S)) = I +(S), (A.1)

and
I +(S) = I +(S) (A.2)

for the chronological future of the set S, I +(S). In (A.2) we have that S is the
closure of S. Recall that we defined the chronological future as

I +(p) =

{
q ∈ M

∣∣∣∣∣ there exists a future directed timelike curve

γ(t) such that γ(0) = p and γ(1) = q

}
,

and
I +(S) =

⋃
p∈S

I +(p).

We begin by considering equation (A.1). To prove the ⊆-direction, we consider a
point q ∈ I +(I +(S)) for an arbitrary set S ∈ M . Since q ∈ I +(I +(S)), there
exists a point r ∈ I +(S) such that there is a timelike curve γ2 for which γ2(0) = r,
and γ2(1) = q. As r ∈ I +(S), there exists a p ∈ S such that there exists a timelike
curve γ1 for which γ1(0) = p, and γ1(1) = r. We now define the curve γ by

γ(t) =

{
γ1(2t) , t ∈ [0, 1/2]

γ2(2t− 1) , t ∈ [1/2, 1]

We then have that γ is timelike since γ1, and γ2 are timelike. Moreover, γ(0) = p,
and γ(1) = q. Thus, q ∈ I +(p) ⊆ I +(S).

The ⊇-direction is easier to show. Let us consider q ∈ I +(S). We then have
a p ∈ S such that there exists a timlike curve γ for which γ(0) = p, and γ(1) = q.
If we consider the point r = γ(1/2), we see that r ∈ I +(p) ⊆ I +(S) and
q ∈ I +(r) ⊆ I +(I +(S)).

We now shift our attention to (A.2). We begin by proving that I +(S) ⊆ I +(S).

Suppose we have a point q ∈ I +(S). We may then take a point p ∈ S such
that there is a timelike curve γ for which γ(0) = p, and γ(1) = q. Since p ∈ S
we have that p ∈ S or p ∈ S \ S. In the case where p ∈ S, we trivially have that
q ∈ I +(S). We therefore concentrate on the case p ∈ S \ S. In this case, p is
an element of the boundary of S. This means that every neighborhood U of p
intersects the set S. Since γ is timelike, we may find a neighborhood V of p such
that there is a timelike curve λv for every point v ∈ V which connects v and q.51

Specifically, we may take r ∈ V ∩ S since p is in the boundary of S. We then have
that there exists a λr which is timelike such that r ∈ S, λr(0) = r, and λr(1) = q

51This follows from theorem 8.1.2 in (Wald, 1984). An equivalent formulation to the claim asso-
ciated with this footnote is given in (Wald, 1984) right after the set expression of the chronological
future (8.1.1) on page 190.
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which proves this set inclusion.

For the inclusion I +(S) ⊆ I +(S) we simply use that S ∈ S which implies that
I +(S) ⊆ I +(S) by the definition of the chronological future of a set.

A.2 The contracted Bianchi identity

In this subsection, we derive the contracted Bianchi identity of the Riemann tensor.
In components, the Riemann curvature tensor may be expressed as

Rλ
ανµ = ∂µΓ

λ
αν − ∂νΓ

λ
αµ + Γλ

σµΓ
σ
αν − Γλ

σνΓ
σ
αµ.

Two symmetries of the Riemann curvature tensor in components are

Rγ
α(νµ) = 0,

and
R(γα)νµ = 0.

These symmetries will be used extensively in the upcoming derivation. Note that
for any point in the considered manifold M , we may choose a basis of the tangent
space TpM such that all Christoffel symbols vanish at p. Note, however that the
derivatives of the Christoffel symbols are generally not zero. Given such a basis,
we can then express the Riemann tensor in components as:

Rλ
ανµ = ∂µΓ

λ
αν − ∂νΓ

λ
αµ

From this, we consider the covariant derivatives

Rλ
ανµ;σ = ∂σ∂µΓ

λ
αν − ∂σ∂νΓ

λ
αµ

:::::::

Rλ
αµσ;ν = ∂ν∂σΓ

λ
αµ

:::::::

− ∂ν∂µΓ
λ
ασ

Rλ
ασν;µ = ∂µ∂νΓ

λ
ασ − ∂µ∂σΓ

λ
αν

If one adds these three covariant derivatives, the different kinds of underlined parts
cancel with each other. One finds

Rλ
α[νµ;σ] = 0

This is known as the first Bianchi identity. Since the Riemann tensor is coordinate
independent. This identity holds even if we don’t use the coordinates where the
Christoffel symbols vanish.

If we set σ = λ, we get the following expression:

0 = Rλ
ανµ;λ +Rλ

αµλ;ν +Rλ
αλν;µ = Rλ

ανµ;λ −Rαµ;ν +Rαν;µ

=⇒ Rλα
νµ;λ −Rα

µ;ν +Rα
ν;µ = 0
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Choosing ν = α as well yields

0 = Rλα
αµ;λ −Rα

µ;α +Rα
α;µ = −Rαλ

αµ;λ −Rα
µ;α +R;µ = −Rλ

µ;λ −Rα
µ;α +R;µ

=⇒ −2Rν
µ;ν + δνµR;ν = 0.

Note that the expression Rν
µ;ν + 1

2δ
ν
µR;ν is precisely the Einstein tensor with a

raised first index. That is, we’ve derived the expression

Gµ
ν;µ = 0. (A.3)

This is known as the contracted Bianchi identity.

A.3 The Lie derivative of a tensor in components

The Lie derivative along a vector x of a type (1, 1) tensor, τab, may be expressed
in local coordinates as

(£xτ)
a
b = xk∇kτ

a
b + τai∇bx

i − τ jb∇jx
a (A.4)

Where the Einstein summation convention is used. This can be expanded to the Lie
derivative for an arbitrary type (p, q) tensor by taking the positive sum for every
covariant component of the tensor and the negative sum for every contravariant
component.

One may instead want to express the Lie derivative in terms of partial derivatives
when working in coordinates. In this thesis, this is done for a type (0,2) tensor to
derive one of the equalities. The Lie derivative of a type (0,2) tensor τab may be
expressed in partial derivatives by the calculation:

(£xτ)ab = xk∇kτab + τak∇bx
k + τkb∇ax

k

= xk(∂kτab − Γj
kaτjb − Γj

kbτaj) + τak(∂bx
k + Γk

bjx
j) + τkb(∂ax

k + Γk
jax

j)

= xk∂kτab + τak∂bx
k + τkb∂ax

k + xk(−Γj
kaτjb − Γj

kbτaj + Γj
kbτaj + Γj

kaτjb)

= xk∂kτab + τak∂bx
k + τkb∂ax

k (A.5)

Where we used that the connection is torsion free (i.e. Γσ
µν = Γσ

νµ).

A.4 Bernoulli’s differential equation

The general form of the Bernoulli’s differential equation is as follows:

dy

dx
= q(x)ym − p(x)y.

This has the exact solution[
(1−m)

∫
exp

(
(1−m)

∫
p(x)dx

)
q(x)dx+ C1

exp
(
(1−m)

∫
p(x)dx

) ]1/(1−m)

(A.6)

when m ̸= 1 (Weisstein, 2026). Here, C1 is an integration constant. Equation
(5.16) is also of this form. For this equation, we have

y = ∂r log Ω, q = −1, p = −
(
κ− 2τ

n− 1

)
, m = 2.
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Note also that the derivative is taken with respect to r. Substituting, y, q, p, and
m into A.6 yields

∂r log Ω =

C1 +
∫
exp

(∫
κ− 2τ

n−1dr
)

exp
(∫

κ− 2τ
n−1dr

)
−1

. (A.7)

Introducing correct limits of the integrals, integrating and taking the exponential
gives us

Ω = exp

C2 +

∫ r

1

exp
(∫ ϑ

1
κ− 2τ

n−1dξ
)

C1 +
∫ ϑ

1
exp

(∫ ζ

1
κ− 2τ

n−1dξ
)
dζ

dϑ

 (A.8)

just like we wanted. Note that the lower limit of the integrals are taken to be at
r = 1. This is an arbitrary choice, however r = 0 is not taken since τ diverges to
infinity there and the integral could be ill behaved.
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Chruściel, P. (2014). The existence theorem for the general relativistic cauchy prob-
lem on the light-cone. Forum of Mathematics, Sigma [electronic only], 2.
https://doi.org/10.1017/fms.2013.8
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