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Optimization of deformable mirror actuator geometry using
machine learning methods
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ABSTRACT

The ability of a membrane deformable mirror to accurately reproduce a predefined range of aberrations is strongly
affected by the geometry of its actuator layout. In this presentation, we consider ways to formalize the problem
of finding the optimal actuator geometry and show how algorithms from image processing and machine learning
can be applied. We illustrate the approach through a case study of a 79-channel membrane deformable mirror
developed for the 14AMI project.

Keywords: Deformable mirror; actuator layout optimisation; residual aberration minimisation; Mumford-Shah
functional; k-means clustering

1. INTRODUCTION

Adaptive Optics (AO) aims to correct for an optical aberration in the system with an AO element.1 The quality
of the correction is defined by the match of the statistics of the expected aberrations and the response space of
the adaptive element,2,3 the wavefront sensing error,4 and there are a lot of publications in the literature devoted
to these problems. However, most publications consider the problem of the correction quality from the user point
of view: for instance, estimating the residual aberration for a particular AO hardware or from a theoretical point
of view assuming an ideal AO correction with a given number of degrees of freedom.5,6

In this work, we consider the problem from the point of view of the AO manufacturer. The technology used to
fabricate a deformable mirror primarily defines the characteristics of the response function space. For example,
membrane mirrors have been shown to be more suitable for ophthalmic applications, while piezoelectric mirrors
are better for atmospheric turbulence.7 Besides the number of actuators and the aperture size, the technology
can provide another freedom in the mirror design. For instance, for micromachined membrane deformable mirrors
(MMDM),8 where actuators are just area electrodes on a printed circuit board, it is relatively easy to change
the layout geometry of these electrodes, with the only limitations given by the final distance (minimal gap)
between the electrodes and the maximal mirror aperture. It is thus possible to adjust the actuator layout for a
given application, especially if the statistics of the expected aberration are known. However, the problem is not
presented well in the literature, and often, some heuristic approach is used, such as a uniform actuator layout in
a regular hexagonal grid or a concentric structure with an equal number of actuators per ring (as in Fig. 1a).

This work presents a more systematic approach developed by Flexible Optical BV in an attempt to meet the
demanding requirements on aberration correction quality in the framework of the EC-funded 14AMI project.9 In
this project, a membrane deformable mirror will be used in a wavefront sensor-less setup inside a quality check
tool for the semiconductor industry to correct residual aberration and increase the imaging contrast.

The rest of the paper is organized as follows.

First, we describe the method of estimating the maximal correction error, that is, the remaining aberration
resulting from approximation by a membrane mirror with a given actuator geometry of an arbitrary aberration
sampled from a given distribution. In addition, we consider the influence of a non-zero mirror bias (required
for the uni-directional membrane mirrors) and show that the maximal error can be estimated using the SVD
method.
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Secondly, we consider the space spanned by the responses of the membrane deformable mirror depending
on the given actuator geometry and discuss the consequences of the technology limitations, such as the finite
gap between the actuators. The space can be calculated for each geometry, but solving the Poisson equation
separately for each actuator can be time-consuming.

Then, we formalize the problem of finding the best actuator layout geometry as an optimization problem.
To our knowledge, no methods exist in the literature for solving the original optimization problem. As the
straightforward black-box optimization methods are not applicable due to the computation time, we propose to
solve a relaxed version obtained by taking the Laplacian of the original problem. The relaxed problem is shown
to be related to the simplified Mumford-Shah functional10,11 and does not require the costly calculation of the
mirror responses. We demonstrate, compare, and discuss the results obtained with the existing image processing
and machine learning methods based on the minimum variance and the data clustering.

Finally, we consider another relaxation of the problem by imposing concentrically constraints on the actuator
geometry and applying clustering methods to define the optimal radii of the actuator geometry.

In conclusion, we present the experimental results demonstrating the response functions obtained from a
fabricated mirror prototype. The technique of mirror characterization is described in the other presentation of
this conference (Paper No. BO506-2712).

2. PROBLEM FORMULATION

The requirements on the correction quality of the mirror were provided to us in the form of a table, specifying the
aberration to be corrected in terms of its maximum expected rms amplitude zi, i = 1, . . . , 25 of its decomposition
in the first 25 Zernike polynomials, and the maximal correction error. Loosely formulated, our task is to
design a deformable mirror that can approximate or correct for any input aberration from this range with an
approximation error not greater than some ϵmax. The other requirements of the partners (mirror reflectivity,
aperture diameter, and the feed-forward type of the control) defined the possible mirror fabrication technology
to be a micromachined membrane deformable mirror (MMDM) due to its zero hysteresis feature. The maximum
number of actuators to be used was not specified.

With these parameters specified, we needed to obtain an actuator layout that would correct the input aber-
ration within the given error.

To formalize this problem, we made a standard assumption on the linearity of the mirror correction, that
is, that all possible mirror shapes are located in the subspace spanned by the mirror response functions. Thus,
to determine the maximum error, we need to find the maximum distance between the set of possible input
aberrations and its best approximation by the mirror responses. We begin by describing the mirror responses
for the chosen technology.

2.1 Space of the MMDM responses

The shape w of the membrane deformable mirror is approximated by the solution of the Poisson equation with
the Dirichlet conditions

∆ w(x, y) = c V 2(x, y), w |∂Ω = 0, (1)

where V describes the voltage distribution on the actuators, c is some constant defined by the physical parameters
of the mirror, and Ω is the membrane area.13

For an MMDM, the voltage is constant on the area of each actuator, so the curvature of the mirror shape is 1)
piece-wise constant, 2) is equal to zero in the regions where no actuator is present, and 3) is always non-negative.
The last condition implies that all the shapes should be considered with respect to some middle surface, called
bias, which usually corresponds to the constant voltage sent to all actuators. With respect to the bias shape,
the mirror deformation becomes bidirectional, and in practice, the squared voltage range 0 : V 2

max is converted
to the control signals in the range −1 : 1, with 0 corresponding to the bias voltage.

Thus, for a mirror with N actuators, all possible mirror shapes form a N−dimensional parallelepiped in
C(Ω), the functional space of continuous functions defined on Ω.
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In the case of a zero gap between the actuators and a circular shape Ω, the bias corresponds to a defocus
(surface of the constant positive curvature, w(x, y) ∝ x2 + y2). In practice, to avoid the electrical breakthrough
between the actuators, some gap, depending on the maximal voltage difference between the neighbouring actu-
ators and on the technological limitations, is present, and the bias shape is an approximation of a defocus.

The final gap prevents the simplest approach of just filling the aperture with a lot of small actuators, as in
this case, the area occupied by the dominates the active region formed by the actuators.

2.2 Method of estimating the maximal error

For a given set of mirror response functions, the maximum approximation error is estimated as follows.

First, the maximum error requirements were interpreted as the lengths of semi-axes of a hyper-ellipsoid in
the Zernike polynomial space, with its centre in the point corresponding to the bias shape. Thus, any input
aberration a to be corrected by the mirror is given by

a = Sx+ b, ∥x∥ = 1 (2)

where S = D(z1, . . . , z25) a diagonal matrix, x is a unit-length vector, and b is the bias defocus (to be explained
in the next section).

Second, neglecting the finite voltages constraint, a general mirror response is represented by a linear subspace
M spanned by the mirror response functions. Then the approximation of any income aberration a is given by a
projection of a point from the ellipsoid on this linear subspace, and the error is given by the projection on the
space orthogonal to it:

ε = (I −ΠM )a = (I −ΠM )(Sx+ b) = Lx+ (I −ΠM )b, ∥ε∥ ≤ ∥Lx∥+ ϵb, (3)

where ΠM is the projection operator on M and L = (I − ΠM )S, ϵb = ∥(I −ΠM )b∥ is the error of the bias
approximation with the mirror responses, and thus, all the errors also form a hyperellipsoid with its centre in
(I −ΠM )b. If the mirror can perfectly generate the bias defocus, the last term is zero, and the maximal error is
given by the length of the largest singular vector of the SVD decomposition of matrix L.

2.3 Procedure for the error estimation for an arbitrary actuator layout geometry and a
formal optimization problem

The following procedure has been used to estimate the maximal error of approximating an income aberration by
an MMDM with a given actuator layout.

1. Define the sampling grid size and obtain a vector of “rasterized” Zernike polynomials Zi(x, y) within the
mirror active aperture.

2. Use successive over-relaxation method (SOR) to solve the Poisson equation14 on a larger grid corresponding
to the whole membrane with the same sampling size for each of the actuators to find the response functions
rn(x, y). Normalize the responses so their sum corresponds to the physical value of the maximum deflection
dmax (e.g. 10µm at 300 V):

∑
n rn(0, 0) = dmax .

3. Add a piston term to the responses to form the approximation subspace M = ⟨1, r1(x, y), . . . , rN (x, y)⟩ and
find the projections ΠMZi and approximation errors (I −ΠM )Zi for all input modes and build the matrix
L. Find the bias approximation ϵb.

4. Use thin SVD for L and estimate the maximal error using the length of the largest singular vector (plus
the bias approximation error):

L = UΣV T , Σ = D(σ1, . . . , σ25), ε ≤ σ1 + ϵb. (4)
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Figure 1: Results of the approximation of the input aberration by OKO 39-ch 15mm MMDM: a) actuator
geometry layout of an OKO 39-channel 15mm MMDM; red circle indicates the working aperture where the
aberration is defined; b) estimated lengths of the semi-axes of the approximation error hyperellipsoid; c) the
shape of the largest singular mode; d) the error dependence matrix (columns represent singular modes, rows –
the Zernike polynomials)
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(a) Singular modes of the approximation error
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(b) Approximation error per Zernike mode

Figure 2: Illustration of the approximation error calculated for MMDM15-39. The plot shows the singular modes
un of the error ellipsoid (a) and the error of approximating Zn with requested amplitude zn (b), for n=1, ..., 25
(left to right, top to bottom), in a common scale (in λ).

The results of such a procedure for an existing MMDM (“MMDM15-39”, 15 mm membrane aperture, with
39 actuators, equal actuator areas inside the working aperture of 10 mm) are presented in Figs. 1 and 2. The
first singular mode (Fig. 1c) shows the “most difficult” to be approximated by the mirror wavefront, and one
can see from Fig. 1d that the main contribution to the error is made by Z16, the spherical aberration. We can
also investigate the approximation results by plotting the main axes of the error ellipsoid (columns of matrix U)
and the error produced by each of the scaled Zernike modes (columns of L), as shown in Fig. 2 (the error is zero
for piston and tip-tilt modes Z1, Z2, Z3 because z1 = z2 = z3 = 0). We can also see a significant error in the
approximation of the defocus (Z4).

Now, the task of finding an optimal actuator geometry can be formalized as follows. Let G = {Ω1, . . . , ΩN}
be a subdivision of the mirror aperture, Ω = ∪nΩn, with the boundary Γ = ∪n∂Ωn. Then optimal subdivision
G minimizes the maximal error ε of Eq. (4):

Gopt = argmin
G

ε(G) ≤ argmin
G

σ1(G) + ϵb(G). (5)
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Figure 3: An example of an RGB image constructed by a combination of some three input Zernike polynomials of
maximal amplitude (a) and their Laplacians (b). Result of colour quantization algorithm applied to combination
of the Laplacians (c).

For a circular aperture Ω and a defocus bias, the rightmost term in the last equation is equivalent to the
minimization of the area occupied by the gaps between the actuators, which for a fixed gap width is proportional
to the total length of boundary Γ.

Optimization of the left term represents a difficult problem, and we could not find a solution in the literature.
Below, we suggest some heuristic approaches that do not guarantee the optimal solution but allow us to find a
geometry that better matches the requirements.

3. IMPROVEMENT OF THE ACTUATOR GEOMETRY USING ALGORITHMS
FROM MACHINE-LEARNING AND IMAGE PROCESSING

Although the procedure described in the previous section can be done relatively fast (depending on the grid
resolution and number of actuators, it could take up to several minutes), it is not suitable for an iterative
approach for finding the optimal geometry, which minimizes the correction error. However, instead of finding
the best solution, it is sufficient to find an improvement with a total error less than the requirement.

Similarly to the widely used in practice method of approximation of the wavefront gradient by the basis
gradients instead of reconstruction of the wavefront by integration first and decomposition of it in the basis,
we propose to simplify the task and to approximate the Laplacians of the input aberrations by those of the
response functions, which are represented by piece-wise constant functions, according to Eq. (1). As we want to
approximate all these Laplacian of the Zernikes jointly, the task is similar to the problem of colour quantization
of a hyperspectral image composed from all Laplacians (see Fig. 3b for an example of a 3-channel image obtained
by a combination of only 3 from Laplacians).

There are many algorithms developed for image segmentation, for instance, based on the minimization of the
simplified Mumford-Shah functional:10

E(u, Γ) =

∫
Ω

(u− I)2 dx+ µ

∫
Γ

dσ. (6)

Here, I denotes some scalar or vector function (hyperspectral image) obtained from the Laplacians of the Zernike
polynomials (in our calculations, we have used the maximal amplitude of a corresponding Zernike for each
component of I, see Fig. 3).

One can easily see the similarity of Eq. (6) to the original problem of Eq. (5), but by switching to the
Laplacian approximation, we can 1) avoid the costly response calculations and 2) use already developed image
segmentation algorithms. Figure 3c shows an example of image segmentation algorithm (“min-variance colour
quantization”15) applied to an example 3-channel image of Fig. 3b. One can see that the algorithm cannot
perform well in the region without sharp edges in the centre, and the proposed subdivision looks random there.
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Figure 4: Some geometry layout found through the data clustering approach, shown for 7, 39, 79, and 200
actuators.

Figure 5: Some geometry layout found through k−means, k-medoids, and spectral (top to bottom) clustering
approach, shown for 3 to 10 clusters, which can be converted to actuator rings radii.

Still, it performs well next to the edges, where the curvature changes faster, and finds some characteristic sizes
in those regions.

An alternative way to find the optimal subdivision is to use machine-learning methods for data clustering.

Proc. of SPIE Vol. 13328  1332802-6



(a) (b) (c) (d)

Figure 6: Laplacians of radial parts of all input Zernikes combined in one hyperspectral image (a), segmentation
obtained by k-means clustering into 7 components (b), 15-mm mirror actuator structure obtained from this
subdivision (c); adjusted 30-mm MMDM actuator structure. The mirror working aperture is shown with a red
outline.

Note that the clustering considers only the values of the Laplacians, and not their location, and consequently
might result in intertwined actuators. We have used k-means clustering16 for the subdivision. Interestingly,
the subdivision obtained with the clustering approach features ring-like arrangements of the actuators with
approximately equal arc lengths of the actuators, see Fig. 4.

Several improvements can be made to account for the best compensation of any combination of the input
aberration. For our final calculations, we have used only the radial components of the input Zernikes to obtain
the “characteristic radii” for the subdivision and subdivided each of the rings according to the maximal angular
order of the input polynomials and approximately equal arc size of the actuators (see Fig. 6).

The obtained radial segmentation does depend on the algorithm used for the clustering, but the results
obtained with the k-means and k-medoids algorithms were close to each other.

4. IMPROVED MIRROR LAYOUT

To obtain an improved mirror layout, we have selected one of the radial subdivisions for the actuator structure
inside the working aperture, and subdivided each of the rings into segments of approximately equal length. For
the actuators outside the working aperture, we have used the same number of actuators as in the largest ring
inside the working aperture. The initial configuration is shown in Fig. 6c.

As the image segmentation algorithm does not account for the finite gap between actuators, the outer rings of
actuators become too thin, and the obtained configuration was further manually readjusted, as shown in Fig. 6d.
In addition, it appeared that for a 15 mm mirror, the minimal gap of 0.1 mm takes too much space and does not
allow to obtain small ϵb. By increasing the mirror’s full aperture to 30mm, we were able to achieve the target
accuracy. Figure 7 compares the results of the error estimation obtained with the configurations of Fig. 6c and
Fig. 6d.

It should be noted that although with the improved mirror layout, we have achieved the target requirements,
the obtained configuration is not optimal in the pure mathematical sense, as it was not obtained by optimization
of Eq. (5).

5. CONCLUSION

We have demonstrated a formal mathematical problem of finding an optimal MMDM actuator geometry. By
using established methods from image processing and machine learning, we found an approximate solution,
improved the existing MMDM actuator geometry, and reached our partners’ correction accuracy requirements.
However, the proposed solution might be further improved by solving the proposed minimization problem with
more appropriate methods.
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Figure 7: Results obtained for the mirror layouts shown in Fig. 6c (left in each pair of images) and Fig. 6d (right
in each pair of images)
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