
      
 
 
 

 

Department of Precision and Microsystems Engineering 
 
 
Improving the Correction Quality of Deformable Mirrors with  
In-Plane Boundary Actuation 

 

E.C.A.S. Theulings 
 

Report no :  EM 2015.040 

Coaches  :  Ir. R.J. Dedden, dr. L. Iapichino, ir. H.J. Peters 

Professor  :  Prof. dr. ir. F. van Keulen 
Specialisation :  Engineering Mechanics 
Type of report :  Master graduation 
Date  :  4 December 2015 
 





IMPROVING THE CORRECTION QUALITY OF
DEFORMABLE MIRRORS WITH IN-PLANE

BOUNDARY ACTUATION

by

E.C.A.S. Theulings

in partial fulfillment of the requirements for the degree of

Master of Science
in Mechanical Engineering

at the Delft University of Technology,
to be defended publicly on Wednesday December 16, 2015 at 12:45.

Student number: 4004434
Supervisor: Prof. dr. ir. F. van Keulen TU Delft
Thesis committee: Prof. dr. ir. F. van Keulen TU Delft

Dr. L. Iapichino, TU Delft
Dr. ir. F. Alijani, TU Delft
Ir. R. J. Dedden, TU Delft
Drs. ing. T. C. van den Dool, TNO

An electronic version of this thesis is available at http://repository.tudelft.nl/.

http://repository.tudelft.nl/




ABSTRACT

When a picture is to be made of an object in space the light that comes from the object starts as an un-
aberrated wavefront. As the light enters and travels through the earth’s atmosphere the wavefront becomes
aberrated. To obtain a high-resolution picture these aberrations need to be corrected. The wavefront aber-
rations are measured with a wavefront sensor and the obtained information is sent to a control system that
drives a deformable mirror. The deformable mirror is deformed into the desired shape and the wavefront
aberrations are corrected as good as possible with the actuators used on the mirror.
In current designs the focus is on out-of-plane surface actuators. These actuators are placed on the back of
the mirror and perform out-of-plane actuation. Boundary actuators have not been researched extensively
yet. The goal of this study is to find the effects of combining in-plane boundary actuators with the conven-
tional out-of-plane surface actuators. A positive effect will be that the deformed mirror shape better resem-
bles the desired shape. This results in a higher resolution.
The problem is solved with a finite element approach. The calculations are performed on 3 mirror configu-
rations: they are modelled as plates which have different out-of-plane and in-plane actuator patterns. The
desired shape of the plate is described in terms of the displacement of the nodes of the mesh. The desired
shape is in general not perfectly obtained with the actuators used. The error between the desired shape and
the shape that can be achieved with the actuators is described as a weighted sum of the errors of the nodes.
The error is minimized to obtain the shape that resembles the desired shape the best.
It is found that using in-plane boundary actuation can reduce the error between the desired shape and the
shape that is feasible with the out-of-plane actuators. Error reductions have been found ranging from 0.209%
to 66.6%, depending on the mirror configuration used, the ultimate tensile strength of the material and the
aperture size.
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1
INTRODUCTION

Deformable mirrors are used in adaptive optics systems to correct wavefront errors. The mirror is deformed
into the desired correction shape. This is commonly achieved with out-of-plane surface actuators. In-plane
boundary actuation has not been studied extensively yet.
The goal of this research is to find the effects of using in-plane boundary actuation in combination with the
commonly used out-of-plane surface actuation. The hypothesis is that there is a positive effect on the perfor-
mance of the deformable mirror. It might offer the possibility to improve the correction quality or to remove
out-of-plane surface actuators while maintaining the same correction quality.
In Chapter 2 background information is provided. Pay special attention to the section on Zernike polynomi-
als, because this will be used throughout this whole document. In Chapter 3 the framework that is used to
quanitfy the wavefront error is provided. The minimization of this error is also covered here. This leads us
to the model implementation in Chapter 4. Different mirror configurations are implemented and studied.
The results obtained with the finite element model are discussed in Chapter 5. We will draw conclusions in
Chapter 6 and finally some recommendations will be given in Chapter 7.
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2
ADAPTIVE OPTICS

Deformable mirrors are widely used in adaptive optics. In layman terms you could say that adaptive optics
is a method of automatically keeping the light focused when it gets out of focus [1]. The light is kept in focus
by correcting for wavefront aberrations, which improves the image quality. Common fields of application are
astronomy and vision science [2].
So how does adaptive optics work? An example of an adaptive optics system can be found in Figure 2.1. Sup-
pose we want to make an image of a star. The incoming wavefront from this star is aberrated due to density
differences in the earth’s atmosphere. This makes the quality of the image deteriorate, which means that
the resolution becomes lower. Other causes of image quality deterioration can be imperfect optical compo-
nents and misalignment [3]. The wavefront error is measured with a wavefront sensor and the information
obtained is sent to a control system. The deformations that are needed to correct the wavefront error are
then applied to a wavefront corrector. A widely used type of wavefront corrector is the deformable mirror. A
deformable mirror is basically a reflective facesheet with actuators attached to the back side or the bound-
ary. The actuators effectuate the deformation of the mirror that is needed for the wavefront correction. This
finally results in an image with a higher resolution [2, 3].

Figure 2.1: A systematic overview of an adaptive optics system [4]. The incoming light from, for example, a star is aberrated by the earth’s
atmosphere. The light reflects on the deformable mirror and then passes a beam splitter. With part of the light a high-resolution image
is created and the remainder of the light is sent to a wavefront sensor. With the information obtained from the wavefront sensor the
required mirror deformations are calculated.
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4 2. ADAPTIVE OPTICS

2.1. CALCULATION OF THE CORRECTION QUALITY
The error that is still present after the wavefront correction is used to determine the quality of this correction.
In [5] the error is calculated with a least squares problem. The deflection that is obtained with the actuators
is Uc, where U is called the influence matrix and c is the control vector. The desired deflection is described
by the vector udes. The root-mean-square surface error is calculated with eRMS =

√
(Uc−udes)T W(Uc−udes),

where W is a matrix with wheighting factors. The optimal mirror shape for a certain udes can be determined
by minimizing eRMS . A similar approach has been used in [6] and [7]. A similar approach is used in this
research and will be further elaborated in Chapter 3.

2.2. WAVEFRONT RECONSTRUCTION
In the previous paragraphs the desired deformation, or desired shape, is mentioned several times. This de-
formation is determined by reconstructing the wavefront. The desired shape of the mirror is the shape that is
opposite to the disturbed wavefront [3].
How is this wavefront reconstructed? The reconstruction principle used for deformable mirrors is based on
either the zonal or the modal approach. In the zonal approach the mirror is divided into separate zones. The
correction needed for each zone is calculated in terms of a slope. The actuator configuration that results in
the best approximation of the desired slopes is calculated using least squares techniques. [8]
In the modal approach the desired shape of the mirror is seen as a whole. The wavefront aberrations, and
the corresponding mirror deformations, are described as a summation of weighted polynomials. Zernike
polynomials are often used as a basis for these polynomials [9]. Because this approach will be used in this
research, we will further elaborate on this in the remainder of this section.

2.2.1. ZERNIKE POLYNOMIALS
The following text on Zernike polynomials is based on [10] and [11]. Zernike polynomials are a set of functions
that are orthogonal over a circle with unit radius. They can be described with polar coordinates as a function
of a radial polynomial and an angular polynomial

Z m
n (ρ,θ) = Rm

n (ρ)sinθ for n −m odd,

Z m
n (ρ,θ) = Rm

n (ρ)cosθ for n −m even,
(2.1)

where Rm
n is the radial polynomial, ρ is the radial distance, θ is the in-plane angle, n is the degree of the

polynomial, and m the angular dependence parameter. The parameters n and m are both even or both odd,
and n −2m ≥ 0. The radial distance ρ is normalized, so 0 ≤ ρ ≤ 1.
The radial polynomials are described by

Rm
n (ρ) =

(n−m)/2∑
s=0

(−1)s (n − s)!

s![ 1
2 (n +m)− s]![ 1

2 (n −m)− s]!
ρn−2s . (2.2)

The radial polynomials have the following property

Rm
n = R−m

n = R |m|
n . (2.3)

With Equation (2.2) we can calculate the first few radial polynomials. They are

R0
0 (ρ) = 1,

R1
1 (ρ) = ρ,

R0
2 (ρ) = 2ρ2 −1,

R2
2 (ρ) = ρ2,

R1
3 (ρ) = 3ρ2 −2ρ,

R3
3 (ρ) = ρ3,

R0
4 (ρ) = 6ρ4 −6ρ2 +1,

R2
4 (ρ) = 4ρ4 −3ρ2,

R4
4 (ρ) = ρ4.

(2.4)
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Zernike polynomials can be added as a weighted sum to describe a function (wavefront). For the imple-
mentation of Zernike polynomials the reader is referred to Chapter 3. The first 15 Zernike polynomials are
displayed in Table 2.1.

Table 2.1: The first 15 Zernike polynomials. The amplitude is equal to 1 for each polynomial. The figure is based on [12].

Piston

Z 0
0

Tilt

Z 1
1 Z−

1 1
Focus Astigmatism

Z 0
2 Z 2

2 Z−
2 2

Coma Trefoil

Z 1
3 Z−

3 1 Z 3
3 Z−

3 3
Spherical Secondary astigmatism Quadrafoil

Z 0
4 Z 2

4 Z−
4 2 Z 4

4 Z−
4 4

2.3. DEFORMABLE MIRROR DESIGNS
Deformable mirrors come in different designs. They can roughly be categorised by the type of actuation that
is used to obtain the desired shape. The most common type is actuation with actuators that are placed on
the backside of the mirror surface. This surface actuation can be performed with out-of-plane or in-plane
actuators. A different class of deformable mirrors are microelectromechanical deformable mirrors. In this
report we focus on mirrors in the macroscopic scale so we will not elaborate on microelectromechanical
deformable mirrors. The interested reader is referred to [13].

2.3.1. OUT-OF-PLANE SURFACE ACTUATION
Out-of-plane actuation is performed by means of push-pull actuators attached to the back of the mirror.
There are different types of actuators: those that impose out-of-plane displacements on the mirror and those
that impose out-of-plane loads. In this subsection both principles are discussed.

DISPLACEMENT BASED ACTUATION

The most common type of out-of-plane actuators are stacked array ferroelectric actuators. An example of
stacked array actuators glued on a base plate can be found in Figure 2.2. The reflective surface is positioned
on top of the stacked array actuators. The actuators consist of stacked ferroelectric plates. These ferroelectric
plates are either piezoelectric or electrostrictive. Lead zirconate titanate (PZT), a poled ceramic, is the most
commonly used piezoelectric. Applying an electric field to a ferroelectric plate results in a change in its di-
mensions. Stacking PZT plates results in a bigger stroke. For example, PZT actuators consisting of 40 stacked
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plates can deliver a ±5 µm stroke for a voltage of ±400 V. Changes in temperature have almost no effect on
PZT actuators [13].

Figure 2.2: Stacked array actuators glued on a base plate [13].

Lead Magnesium Niobate (PMN), a non-poled ceramic, is the most commonly used electrostrictive. PMN
actuators can deliver a bigger stroke (up to 10 µm for a control voltage between 0 and 150 V) than PZT actua-
tors, but they are more sensitive to temperature changes [13].
Stacked array deformable mirrors offer many possibilities: a large number of actuators is possible, both
rectangular and hexagonal actuator patterns can be made and a small actuator pitch (the distance between
neighboring actuators) is possible. Other advantages are the high stiffness, the high reliability and the large
stroke. For these reasons stacked array deformable mirrors are used in many different adaptive optics sys-
tems. Some of the main disadvantages of stacked array deformable mirrors are: the large amount of cables
needed for the many actuators, the high driving voltages and the high cost. Nevertheless, it is the most fre-
quently used wavefront corrector [13].

LOAD BASED ACTUATION

Another type of out-of-plane actuation is voice-coil actuation. An example of a voice coil actuated deformable
mirror is given in Figure 2.3. Voice coils are placed on a thick metallic plate. A reflective plate with magnets
attached to the back floats on the magnetic field created by the voice coils. If the current in a voice coil is
changed, the magnetic field changes and as a result the mirror becomes deformed. Voice-coil actuation is
used in large secondary deformable mirrors.

Figure 2.3: Example of a voice-coil actuated deformable mirror [14]. The reflective plate is lying on its supporting tool.

A stroke up to 50 µm can be reached. This makes it possible to perform tip-tilt correction on top of high order
correction. Another positive quality of voice-coil actuated deformable mirrors is that if one of the actuators
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fails, the surrounding actuators can compensate for this failure without introducing actuator print-through.
When actuator print-through occurs one can point out on the final images where an actuator is positioned
on the deformable mirror. Voice-coil actuators have very good accuracy and a short response time (around
1 ms).
Some of the main disadvantages of voice-coil actuated deformable mirrors are the complexity, the high power
consumption and the operation risks caused by the shell brittleness. Nevertheless, this technique is often
used in large secondary deformable mirrors [13].

2.3.2. IN-PLANE SURFACE ACTUATION

In-plane actuation is based on in-plane expansion/contraction of the mirror. In-plane actuation with piezo-
electric actuation and thermal actuation will be discussed below.

PIEZOELECTRIC BIMORPH ACTUATION

Piezoelectric bimorph actuation is based on the expansion of piezoelectric materials when a voltage is ap-
plied. In [6] a thin, stiff optical quality substrate with a layer of piezoelectric material bonded to its back-face
is used. An electrode pattern is coated to one face of the piezoelectric layer and a continuous ground layer
is deposited on the other face. An exploded view of this deformable mirror is given in Figure 2.4. Applying a
voltage to an electrode will cause a difference in strain in the plate, which results in deformation of the plate.
Classical layouts for the electrode pattern are keystone patterns, honeycomb patterns and lattice patterns
(see Figure 2.5) [6].

Figure 2.4: Exploded view of the bimorph deformable mirror studied in [6].

The manufacturing of bimorph deformable mirrors is much simpler than the manufacturing of stacked array
DMs, because the electrode pattern simply has to be deposited on a PZT layer. However, attaching wires
to the electrodes is a difficult task. Some of the advantages of pieozelectric bimorph actuation are the high
reliability, the large stroke and the moderate costs. Piezoelectric bimorph deformable mirrors are often used
in telescopes with a diameter of up to 10 m. Some disadvantages are the high driving voltages, the creep of
the ferroelectric material and the low resonance frequencies.
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(a) Keystone pattern. (b) Honeycomb pattern. (c) Lattice pattern.

Figure 2.5: Classical layouts for the electrode pattern of piezoelectric bimorph deformable mirrors [6].

THERMAL ACTUATION

In-plane actuation can also be established by applying temperature differences to the mirror. This technique
is suitable for correcting slowly varying wavefront aberrations. Thermally actuated deformable mirrors have
high position resolution and high reproducibility. Another advantage is that they cost less than other types
of deformable mirrors [15]. A disadvantage of this technique is that it is not suitable for correction of rapidly
varying wavefront aberrations. This is due to the long time scale inherent to changes in the temperature.

2.3.3. BOUNDARY ACTUATION
A type of actuation that has not been studied extensively yet is boundary actuation. Sometimes tension is
applied to the mirror boundary to remove wrinkles from the membrane [3]. This has to be done before usage
and is not changed during operation, that is to say, it is not active.
Actuation of the mirror boundary, which is active, is not very common. In [7] and [16] 12 boundary actuators
(and no surface actuators) are used. These actuators can carry out normal, radial and tangential displace-
ments of the boundary. Using no surface actuators limits the deformations that can be achieved. No research
on combining in-plane boundary actuation with out-of-plane surface actuation has been found.



3
THEORETICAL FRAMEWORK REGARDING

THE MODEL

In this chapter the theoretical framework used for the model will be discussed. The goal of this framework
is to determine the actuator configuration for which a certain desired shape can be made with the smallest
error possible. Some examples will be given to further clarify the framework. A linear beam will be used as
the basis for these examples. The calculations are performed with Matlab R2014b.

3.1. QUANTIFICATION OF THE WAVEFRONT ERROR
The first step in quantifying the wavefront error is discretizing the problem: the plate is divided into smaller
elements and each element shares nodes with other elements (this is called the mesh). The nodes and the
individual degrees of freedom of the nodes define the number of degrees of freedom N of the system. The
next step is describing the displacements and rotations of the nodes of the mirror, also called the shape of the
mirror. This shape can be described in two different ways: with a vector representing the desired shape udes

and with a vector representing the feasible shape uFEM. The feasible shape is calculated with a finite element
analysis (FEA). The length of udes and uFEM is equal to the number of degrees of freedom N . The desired
shape is the shape that is needed to correct for the wavefront aberrations. The desired shape is described as

udes = Zm. (3.1)

Z is a matrix that contains a number of mode shapes. In this research Zernike polynomials are used for the
mode shapes in Z (refer to Chapter 1 for information on Zernike polynomials). This matrix is multiplied by
the desired amplitude vector m. The vector m determines the contribution of each Zernike mode. Hence,
each desired shape is described as a weighted sum of Zernike polynomials. The size of Z is (N ×n) and the
size of m is (n ×1), where n is the number of modes used. Vector m is scaled to a unit vector.

EXAMPLE: MODE SHAPE MATRIX Z AND AMPLITUDE VECTOR m
A schematic representation of the linear beam used in the examples is given in Figure 3.1 and the
constants used are listed in Table 3.1. The beam is divided into ten equal elements, so we have 11 nodes.
The free nodes can move in x- and y-directions and they are free to rotate. Node 1 and 11 (the first and
last nodes) are fixed in x- and y-directions but are free to rotate. This results in N = (3 ·11)−4 = 29 degrees
of freedom. For the mode shape matrix Z two mode shapes based on the radial functions R1

1 and R0
2

of the Zernike polynomials (see Chapter 1) are used, so n = 2. We call these mode shapes Z1 and Z2

respectively. These desired shape is imposed on node 2 to 10, so the first and last nodes are not included.
The displacements in y-direction corresponding to these mode shapes are displayed in Figure 3.2. For
both mode shapes an absolute amplitude in y-direction of 0.01 m is used.

9



10 3. THEORETICAL FRAMEWORK REGARDING THE MODEL

E, A, I

y
x

φ

Figure 3.1: The linear beam used in the examples in this chapter. The beam is constrained in x- and y-directions at the first and the
last nodes.

Constant Value
Beam length 1 m
Number of elements 10
Young’s modulus 70 ·109 N/m2

Cross-sectional area 2 ·10−5 m2

Area moment of inertia 3 ·10−11 m

Table 3.1: Constants used in linear beam examples.

0 0.2 0.4 0.6 0.8 1

x(m)

-0.01

-0.005

0

0.005

0.01

y(
m

)

(a) Mode shape Z1.

0 0.2 0.4 0.6 0.8 1

x(m)

-0.01

-0.005

0

0.005

0.01

y(
m

)

(b) Modes shape Z2.

Figure 3.2: Displacements in y-direction corresponding to the mode shapes used in the beam example. The absolute amplitude in
y-direction is equal to 0.01 m for both mode shapes. The first and last nodes are not included in the mode shapes, but they are forced
to be at y = 0 due to the imposed boundary conditions.

Using these modeshapes results in the following mode shape matrix Z:

Z =
[

Z1

Z2

]T

=
[
φ1,1 x1,2 −0.01 φ1,2 x1,3 −7.5e −3 · · · 7.5e −3 φ1,9 x1,10 0.01 φ1,10 φ1,11

φ2,1 x2,2 0.01 φ2,2 x2,3 1.25e −3 · · · 1.25e −3 φ2,9 x2,10 0.01 φ2,10 φ2,11

]T

,

(3.2)
where xi , j is the desired displacement in y-direction defined by mode shape i for node j. The same defini-
tions are used for the rotations φi , j . Note that only the desired displacements in y-direction are described.
The other degrees of freedom are not described by the (radial) Zernike polynomials. This will be dealt with
in the third example in this chapter.
The mode shape matrix Z is multiplied with desired amplitude vector m according to Equation (3.1). If
we, for example, desire a contribution of 0.8 ·Z1 and a contribution of 0.6 ·Z2 we use a desired amplitude
vector

m =
[

m1

m2

]
=

[
0.8
0.6

]
. (3.3)

The shape that is feasible with the out-of-plane actuators is, in general, not equal to the desired shape:
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uFEM 6= udes. (3.4)

The feasible shape vector uFEM is defined by

KuFEM = f, (3.5)

where K is the stiffness matrix and f a vector that contains the loads (forces and moments) exerted on the
nodes. K is an (N ×N ) matrix and f is an (N ×1) vector. Load vector f can be described by a matrix with load
intensities F and a corresponding actuator amplitude vector c as

f = Fc. (3.6)

The size of c is (A×1), where A is the number of actuators used. The size of F is (N × A).

EXAMPLE: LOAD VECTOR f, LOAD INTENSITY MATRIX F AND ACTUATOR AMPLITUDE VECTOR c
Actuators that actuate in the y-direction are placed on our beam at nodes 2, 3, 8 and 9, so A = 4. This is
illustrated in Figure 3.3. These actuators are the 2D equivalent of the out-of-plane actuators used for the
mirror (3D).
The force intensity in the y-direction for each of the actuators is 1. All the other entries of the (29×4) force
intensity matrix F are 0. This results in a matrix with the following structure:

F =


0 0 1 0 0 0 0 0 0 0 · · · 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 · · · 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 · · · 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 · · · 0 0 0 0 1 0 0 0 0 0


T

. (3.7)

E, A, I

F
y2

F
y3

F
y8

F
y9

y
x

φ

Figure 3.3: Beam constrained in x- and y-directions at the first and the last nodes. Forces in the y-direction are imposed on nodes 2,
3, 8 and 9.

In this case c is a (4×1) vector. Suppose we use the following actuator amplitude vector

c =


1

0.5
0.7
0.8

 . (3.8)

This would result in the following load vector f:

f = [
0 0 1 0 0 0.5 0 0 0 0 · · · 0 0.7 0 0 0.8 0 0 0 0 0

]T
. (3.9)

Substituting Equation (3.6) in Equation (3.5) and rewriting this results in the feasible shape vector:

uFEM = K−1Fc. (3.10)

We now introduce the intensity matrix U:

U = K−1F. (3.11)

The size of U is (N × A). Substituting this in Equation (3.10) results in



12 3. THEORETICAL FRAMEWORK REGARDING THE MODEL

uFEM = Uc. (3.12)

As stated in Equation (3.4) the feasible shape is in general not equal to the desired shape. The error e between
udes and uFEM is described as:

e = (udes −uFEM)T W(udes −uFEM) = (Zm−Uc)T W(Zm−Uc), (3.13)

where W is a matrix with weighting factors that define the importance of the correctness of the DOF at the
nodes. W is a diagonal (N ×N ) matrix. In the case of a deformable mirror W can be used to define the size
of the aperture. The aperture diameter is in general smaller than the mirror diameter. The nodes that fall
outside of the aperture have a weighting factor equal to 0 and the nodes inside the aperture have a weighting
factor equal to 1.

EXAMPLE: DIAGONAL MATRIX W
Since we have 29 degrees of freedom in the beam example, W is a (29×29) (diagonal) matrix. It is described
as

W = diag(0,0,1,0,0,1, . . . ,0,0,1,0,0). (3.14)

The ones in this matrix belong to the displacement in y-direction of nodes 2 to 10. The zeros belong to the
other degrees of freedom. So the errors in the y-direction of nodes 2 to 10 are of equal importance and the
errors for the other degrees of freedom do not contribute to the final error e. This is also why it does not
matter what we use for xi , j and φi , j in Equation (3.2): their value does not influence the calculated error
e.

3.2. MINIMIZATION OF THE ERROR
The next step is to minimize the error e. This is done by taking the first derivative of e with respect to the
vector c and equating this to zero:

de

dc
=−2UT W(Zm−Uc) = 0. (3.15)

Rewriting this with Equation (3.16) to Equation (3.18) results in Equation (3.19).

UT WUc = UT WZm. (3.16)

A = UT WU. (3.17)

B = UT W. (3.18)

c = A−1BZm. (3.19)

The amplitude vector c that is found by solving Equation (3.19) is the amplitude vector for which the desired
shape (defined by Zm) is obtained with the smallest error possible (i.e. the error is minimized). To verify if
this error e indeed is the minimum, we calculate the second derivative of e with respect to c:

d 2e

dc2 = 2UT WU. (3.20)

Since W is a diagonal matrix with only values ≥ 0 and U is a matrix with only real values, we know that the out-
come of Equation (3.20) is always ≥ 0 and thus the global minimum. So we can conclude that Equation (3.19)
always gives the amplitude vector c that corresponds to the minimal error.
Substituting Equation (3.19) in Equation (3.13) results in this minimal error:

emin = mT (Z−UA−1BZ)T W(Z−UA−1BZ)m = mT Ym, (3.21)
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where Y is an (n × n) matrix. So, for each desired-amplitude vector m, that describes a certain udes, the
minimal error emin and its corresponding actuator configuration defined by c can be calculated with Equa-
tion (3.21) and Equation (3.19) respectively.
The unit of emin is m2 and emin is dependent of the number of nodes used in the finite element mesh. This
results in values of emin that are not useful for comparison. To solve this problem the root mean square (RMS)
error can be used:

eRMS =
√

emin

Nnz
, (3.22)

where Nnz is the number of degrees of freedom for which the weighting factor in matrix W is nonzero, i.e. the
number of nodes that can account for an error. The dimension of eRMS is m. Finally the error can be made
dimensionless by dividing by the amplitude h used for the Zernike polynomials:

ẽRMS = eRMS

h
. (3.23)

EXAMPLE: CALCULATION OF eRMS

Suppose we use the values in Equation (3.3) for the desired-amplitude vector. The matrices that are used
for Z, F and W were discussed in the previous examples. The inverse of the stiffness matrix K−1 is calculated
for the constants given in Table 3.1. This gives us all the ingredients needed to find eRMS, the corresponding
actuator amplitude vector c and feasible shape uFEM. The actuator amplitude vector that results in the
minimal error is calculated with Equation (3.19). This results in

c =


−7.54
6.39
−40.7
53.1

 . (3.24)

The minimal error emin is calculated with Equation (3.21) and is substituted in Equation (3.22). When we
use Nnz = 9, we obtain from Equation (3.22) that

eRMS = 2.3 ·10−3 m. (3.25)

For the Zernike polynomials an amplitude of h = 0.01 m was used, so the normalized error is

ẽRMS = 2.3 ·10−1 (−). (3.26)

The corresponding udes and uFEM are given in Figure 3.4.
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Figure 3.4: The desired shape udes and feasible shape uFEM for the vector m as given by Equation (3.3). The feasible shape displayed
is the shape that results in the smallest error possible with the used actuators. The beam is constrained in x- and y-directions at the
first and the last nodes. Forces in the y-direction are imposed on nodes 2, 3, 8 and 9.
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3.3. FINDING THE EXTREME VALUES OF THE MINIMIZED ERROR

For the next step we will keep using emin instead of eRMS or ẽRMS, because this makes the calculations easier
to carry out and to follow. In the end we will convert to the RMS error.
We can imagine that the mimimal error emin can be different for different desired amplitude vectors. We now
want to find the desired amplitude vectors m which correspond to the minima and maxima of the error emin.
These extreme values tell us which desired shape can be made the easiest (smallest emin) and which desired
shape is the most difficult to make (largest emin). They are found by using the following optimization problem

Maximize emin = mT Ym,

Subject to mT Im = 1,
(3.27)

where I is the identity matrix. The corresponding Lagrangian is

L = mT Ym+λ(mT Im−1), (3.28)

where the coefficients λ are the Lagrange multipliers [11]. The number of Lagrange multipliers is equal to n
(the number of polynomials used). The next step is taking the first derivative of L with respect to m and the
first derivative of L with repect to λ and equate these two derivatives to zero:

Ym+λIm = 0,

mT Im−1 = 0.
(3.29)

Solving this results in the extreme values of emin (represented by the found values for λ) and the correspond-
ing desired amplitude vectors m. The extreme values of emin are found by calculation the eigenvalues of Y.

EXAMPLE: SOLVING THE OPTIMIZATION PROBLEM - SEVERAL APPROACHES

To solve the optimization problem for our beam we first need the matrix Y. This matrix is

Y = 10−5 ·
[

1.4344 2.2617
2.2617 4.5518

]
. (3.30)

The eigenvalues of matrix Y are λ1 = 2.4632 ·10−6 and λ2 = 5.7399 ·10−5. This results in the following root
mean square errors

eRMS1 = 5.2315 ·10−4 m,

eRMS2 = 2.5254 ·10−3 m.
(3.31)

The eigenvectors give us the corresponding desired amplitude vectors:

m1 =
[−0.8853

0.4650

]
,

m2 =
[

0.4650
0.8853

]
.

(3.32)

The desired shape and feasible shape are plotted for the smallest error eRMS1 (Figure 3.5a) and the largest
error eRMS2 (Figure 3.5b).
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(a) Results for eRMS1.
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(b) Results for eRMS2.

Figure 3.5: Plots of the achieved displacements and desired displacements of the linear beam with uncoupled actuators. On the
left the results for the smallest error eRMS1 = 5.2315 · 10−4 m are plotted and on the right the results for the largest error eRMS2 =
2.5254 ·10−3 m are plotted.

We now want to check whether the eigenvectors in Equation (3.32) indeed correspond to the smallest error
and the largest error. We do this by writing the error emin as a function of the angle α between the entries
m1 and m2 of the vector m. The amplitude vector is calculated with

m(α) =
[

cos(α)
sin(α)

]
, (3.33)

where α is in radians. According to Equation (3.21) the minimal error is now calculated with

emin(α) = (m(α))T Y(m(α)). (3.34)

This results in the plot of emin(α) in Figure 3.6. It can be seen that the error is at its minimum for α =
2.658 rad and at its maximum for α= 1.087 rad. These values indeed correspond to the previously found
eigenvectors m1 and m2.
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Figure 3.6: emin as a function of the angle φ.

When the size of the actuators is larger than the size of the mesh, they will perform a load on several nodes.
The effect can be illustrated by coupling some of the nodes in our example. Actuator 2 and 3 are coupled
and actuator 8 and 9 are coupled. This means that if a load in y-direction is applied to actuator 2, the same
load is applied to actuator 3 and vice versa. The same holds for actuator 8 and 9. This results in new root
mean square errors

eRMS1 = 2.7940 ·10−3 m,

eRMS2 = 6.3779 ·10−3 m.
(3.35)
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These eigenvalues are significantly higher than for the problem with the uncoupled actuators. The eigen-
vectors give us the corresponding desired-amplitude vectors:

m1 =
[−0.9974

0.0723

]
,

m2 =
[

0.0723
0.9974

]
.

(3.36)

It can be concluded that this actuator configuration is better able to produce mode shape R1
1 than mode

shape R0
2 . The desired displacements and achieved displacements for the problem with the coupled actu-

ators are plotted for λ1 (Figure 3.7a) and λ2 (Figure 3.7b).
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(a) Result for eRMS1.
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Figure 3.7: Plots of the achieved displacements and desired displacements of the linear beam with coupled actuators. Actuator 2 and
3 are coupled and actuator 8 and 9 are coupled. On the left the results for the smallest error eRMS1 = 2.7940 ·10−3 m are plotted and
on the right the results for the largest error eRMS2 = 6.3779 ·10−3 m.

To show the strength of the method used a more complex example is studied. We still use the beam as
defined in Figure 3.1, with the actuators uncoupled. The first 9 radial functions of the Zernike polynomials
are used for the mode shape matrix Z, instead of only 2 mode shapes. This results in the following RMS
errors

eRMS1 ≈ 0. . .eRMS6 ≈ 0 m,

eRMS7 = 3.8498 ·10−4 m,

eRMS8 = 2.4686 ·10−3 m,

eRMS9 = 8.8264 ·10−3 m.

(3.37)

This shows the advantage of the method used: it can be seen clearly where the biggest improvements can
be made. First of all, the beam can be deformed into the shapes corresponding to eRMS1 . . .eRMS6 very well
(since the error is close to 0). If we are looking for an improvement of the system behaviour, we should try
to start with decreasing eRMS9. The next step is decreasing eRMS8 and then eRMS7. For this simple beam
problem applying tension to the boundaries would not have any useful effect. It would only make the
beam more stiff, so it would be harder to obtain a certain shape with a minimal error, but this error would
stay the same. But for a plate applying tension to the boundary does affect the eigenvalues, i.e. it does
effect the extreme values of eRMS. This will be discussed in the remainder of this chapter.

Up until now we have only discussed the situation without the tension induced by boundary actuators. We
describe this tension as a stress vector σ caused by in-plane loads T applied to the rim of the mirror:

σ=ΣT, (3.38)

where Σ is the stress tensor of order 2. The stress vector σ is linearly dependent on the in-plane loads:

σ∼ T. (3.39)
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The stiffness matrix is dependent on the stress vector, and thus on the in-plane loads as follows

K = Kel +G[σ[T]], (3.40)

where Kel is the elastic stiffness matrix and G the geometric stiffness matrix. G is approximately linearly
dependent on T. Using Equation (3.11) we can say that U is a function of the in-plane loads:

U = (Kel +G[σ[T]]−1)F,

U = U[T].
(3.41)

Using Equation (3.1) to Equation (3.21) we can finally conclude that emin and thus eRMS and ẽRMS are a func-
tion of the in-plane loads:

emin = emin[T],

eRMS = eRMS[T],

ẽRMS = ẽRMS[T].

(3.42)

Note that the error is nonlinearly dependent on T. The main idea is to minimize the maximum value for emin

as found with Equation (3.29) and thus improve the behaviour of the mirror.



4
PLATE MODEL FOR THE DEFORMABLE

MIRROR

This chapter covers the implementation of the model as defined in Chapter 3. We start with an explanation
and argumentation on the mirror design and the different plates studied. Once the chosen specifications are
clear, the data processing is discussed.

4.1. MIRROR DESIGN

4.1.1. MIRROR MATERIAL
Common optical glasses are Ultra Low Expansion glass (ULE), fused silica and Zerodur [17]. These are mate-
rials with a similar Young’s modulus and a similar ultimate tensile strength. In this research we chose to use
Zerodur. This material is used frequently in astronomy, because of its extremely high thermal and mechanical
stability [17]. The material constants of Zerodur can be found in Table 4.1. Note that there is a range for the
ultimate tensile strength. The exact value depends on the way the material is processed. This will be taken
into account when discussing the results.

Table 4.1: Constants used for the material of the hexadecagonal mirror. The material is Zerodur. ∗The correct value for the Young’s
modulus actually is 90.3 GPa, but in this research 91 GPa was used. ∗∗ The value depends on how the material has been processed.

Constant Value
Young’s modulus 91 GPa [18]∗
Ultimate tensile strength 10−50 MPa∗∗ [18]
Poisson’s ratio 0.24 [18]
Density 2530 kg/m3 [18]

4.1.2. MIRROR GEOMETRY
The geometry that is used to model the mirror is as a thin hexadecagonal plate (a plate with 16 sides). The
details of the geometry can be found in Figure 4.1. The mirror geometry is usually circular. There are two
reasons to choose the mirror geometry to be hexadecagonal in this research:

1. The pretensions that will be applied to the sides of the mirror are equally distributed loads. In practice
it is easier to achieve this when the mirror sides are straight instead of curved.

2. It is easier to model the plate in a Cartesian coordinate system. This has to do with the limitations of
the used Finite Element program (more information about this can be found in the next section). It is
not very appealing to model a circular plate in a Cartesian coordinate system. A hexadecagonal plate is
a good approximation of a circular plate.

18
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The characteristic length L of the plate is 0.2 m and the thickness t is 2 ·10−4 m. These dimensions result in
a thin plate (t/L ¿ 1) [19]. It is desirable to have a thin plate, because applying pretension has a larger effect
on the stiffness for a thin plate than for a thick plate.
The boundary condition on side s1 and s3 (see Figure 4.1) are as follows: constrained in x-direction and z-
direction, free in y-direction and for all rotations. The boundary conditions on side s2 and s4 are: constrained
in y-direction and z-direction, free in x-direction and for all rotations. All the other sides are free to translate
and rotate.
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Figure 4.1: Geometry of the plate used to model the mirror. The characteristic length L is 0.2 m and the thickness t of the plate is 2·10−4 m.
The boundary condition on side s1 and s3 are: constrained in x-direction and z-direction, free in y-direction and for all rotations. The
boundary conditions on side s2 and s4 are: constrained in y-direction and z-direction, free in x-direction and for all rotations. The blue
arrows indicate in which direction the sides are free to translate. All other sides are free to translate and rotate.

4.1.3. ACTUATOR CONFIGURATIONS

Three different plate configurations are studied. They are presented in Figure 4.2, Figure 4.3 and Figure 4.4.
The corresponding constants are given in Table 4.2. For the out-of-plane surface actuation nine actuators
are used (called ai , where i = 1, . . . ,9). They are modelled as a small area on which a pressure (N/m2) can be
applied. What we see often in deformable mirrors is that the whole mirror surface is covered with actuators
placed in a hexagonal pattern. For the sake of simplicity and maintaining a good overview of what is happen-
ing it is decided to use only 9 actuators in a star-like configuration. It is easier from the modelling viewpoint
as well (see the next section for more information).
Pretensions are applied to boundaries of the plate. In the first and second design pretension T1 is applied to
sides s1 and s3, pretension T2 is applied to sides s2 and s4. In the third design two extra sets of pretension are
added. The pretensions are modelled as equally distributed loads (N/m), which can vary in magnitude. In
practice it may be useful to use even more pretensions. In this report we use a maximum of four pretensions
to maintain a good overview.
Even though the results may not completely reflect the behaviour of a circular mirror with a hexagonal ac-
tuator pattern and more sets of pretension, they do give a good impression of the general effect of in-plane
boundary actuation. This is why all the simplifications are justified.
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Figure 4.2: Actuator configuration 1. The out-of-plane actuators are rotated 45◦ with respect to the in-plane actuators.
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Figure 4.3: Actuator configuration 2. The out-of-plane actuators are in line with the in-plane actuators.
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Figure 4.4: Actuator configuration 3. This is the similar to configuration 1, but now two extra sets of pretension are added.

Table 4.2: Constants used for the geometry of the hexadecagonal mirror.

Constant Value
Characteristic length L 0.2 m
Actuator size a 1 ·10−2 m
Actuator distance d1 4 ·10−2 m
Actuator distance d2 8 ·10−2 m
Plate thickness t 2 ·10−4 m
Number of nodes 748

4.2. DATA PROCESSING

4.2.1. FINITE ELEMENT PROGRAM Charles
The finite element calculations are performed in the finite element program Charles. This program is devel-
oped for academical purposes and it is particularly good at solving plate and shell problems. The advantage
of Charles over commercially available finite element programs, like COMSOL and ANSYS, is that it gives more
insight in what the program is doing and it offers more possibilities to control this.
The main disadvantage of Charles lies in the limitations of geometries that can be modelled. As one surface
cannot be modelled twice, each actuator has to be modelled separately with the plate modelled around them.
This is time consuming and prone to errors. But once the model has been properly prepared, Charles shows
its utility as a very strong finite element program.
Triangular elements are used for the finite element mesh. The used elements are appropriate for large ro-
tations and small deformations. The meshes that are used for the calculations in Charles are presented in
Figure 4.5.
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(a) Mesh for configurations 1 and 3. (b) Mesh for configuration 2.

Figure 4.5: Meshes used for configuration 1 and 3 (left) and configuration 2 (right).

4.2.2. DATA GATHERING AND FINAL CALCULATIONS
The method by which the data is gathered is first explained for plate configuration 1. The method is the same
for the other plate configurations. The first 15 Zernike polynomials are used for modeshape matrix Z, so ma-
trix Y is a 15×15 matrix with 15 corresponding RMS errors eRMS1 to eRMS15. eRMS1 gives the smallest error and
eRMS15 gives the biggest error. To find eRMS1 for each combination of T1 and T2, we need to find the lowest
eigenvalue of Y (see Equation (3.21)) and substitute this into Equation (3.22) for these pretension combina-
tions.
Y will be calculated with U, Z and W. First the matrix U is constructed for different combinations of pre-
tensions T1 and T2. According to Equation (3.10) the first column of U corresponds to the displacements
achieved when only out-of-plane actuator 1 is in operation, the second column of U corresponds to the dis-
placements achieved when only out-of-plane actuator 2 is in operation, etc. These columns are constructed
by calculating the displacement field for each actuator separately when a pressure of 1 N/m2 is applied. These
displacement fields are calculated in Charles and saved using a Bash-script. The positions of the nodes in the
undeformed shape are used to construct matrix Z and matrix W. For matrix W two different aperture sizes
D are used: D = 1 ·L and D = 0.9 ·L. Now Equation (3.21) can be solved and ẽRMS can be found for the used
combinations of T1 and T2.
The minimum value used for the sets of pretension is limited by the buckling load. The maximum value is
limited by the ultimate tensile strength S of the material. For plate configurations 1 and 2 the pretensions that
are used for T1 and T2 are:

Tset1 =
[−70.71 0 643.5 1358 2072 2786 3500 4214 4929 5643 6357 7071

]
N/m. (4.1)

For the minimum value −70.71 N/m we are already close to the buckling load. When the ultimate tensile
strength is S = 10 MPa, the last value in Tset1 for which the plate does not plastically deform is T1 = T2 =
1358 N/m. For an ultimate tensile strength of S = 50 MPa this is T1 = T2 = 7071 N/m. Since we have two sets
of pretension of length 12 (defined by Tset1) and 9 actuators, 12×12×9 = 1296 displacement fields have to be
calculated for both plate configuration 1 and 2. The results are processed for the two different aperture sizes
and for the ultimate tensile strengths S = 10 MPa and S = 50 MPa. The same is done for plate configuration 2.
For plate configuration 3 we use another set of pretensions for T1, T2, T3 and T4:

Tset2 =
[−100 0 1500 7000

]
N/m. (4.2)

For the minimum value −100 N/m we moved a little closer to the buckling load, to have a bigger range. When
the ultimate tensile strength is 10 MPa the last value in Tset1 for which the plate does not plastically deform
is T1 = T2 = T3 = T4 = 1500 N/m. This is a little higher than in Tset1, because we wanted to move a little closer
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to the ultimate tensile strength. For an ultimate tensile strength of 50 MPa this value is T1 = T2 = T3 = T4 =
7000 N/m. This value is a little lower than in Tset1, because we preferred using a round number. Since we
have four sets of pretension of length 4 (defined by Tset2) and 9 actuators, 4×4×4×4×9 = 2304 displacement
fields have to be calculated for plate configuration 3.
When the displacement fields are found, they are used for the final calculations in Matlab. With the DOF
we can construct Z and W as well. Now Equation (3.21) can be solved for the used pretension combinations.
Again, the results are processed for the two different aperture sizes D = 1·L and D = 0.9·L and for the ultimate
tensile strengths S = 10 MPa and S = 50 MPa.



5
RESULTS

In this chapter the results obtained with the method explained in Chapter 4 will be discussed. This will first
be done for the different plate configurations separately. After that the optimal plate configuration will be
discussed in more detail.

5.1. PLATE CONFIGURATION 1
For each combination of pretension T1 and T2 there is a desired shape that can be reached with the smallest
error possible. This error is ẽRMS1. For an aperture of size D = 1·L and an ultimate tensile strength S = 50 MPa,
plotting ẽRMS1 for each pretension combination results in the plot in Figure 5.1a. The largest error possible,
ẽRMS15, is plotted in Figure 5.1b for the same conditions. It can be seen that ẽRMS1 and ẽRMS15 are both at a
minimum when T1 and T2 are at their minimum value of −70.71 N/m.
For each ultimate tensile strength and aperture size the minimal value of ẽRMS1 can be found. The result is
given in Figure 5.2a. The minimum value of ẽRMS1 occurs at T1 = −70.71 N/m and T2 = −70.71 N/m for all
the used aperture sizes and ultimate tensile strength values. The same happens for ẽRMS15 (see Figure 5.2b).
Hence, an overall system improvement occurs when we apply a constant pretension of T1 =−70.71 N/m and
T2 = −70.71 N/m. ẽRMS1 is reduced by 30.3% for an aperture of 1 ·L and by 42.0% for an aperture of 0.9 ·L.
ẽRMS15 is reduced by 0.595% for an aperture of 1 ·L and by 0.628% for an aperture of 0.9 ·L. We see that for an
aperture of 0.9 ·L the error without pretension is smaller than for an aperture 1 ·L and the error reduction is
larger.
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Figure 5.1: ẽRMS1 and ẽRMS15 plotted in 3D for all combinations of T1 and T2. It can be seen that both ẽRMS1 and ẽRMS15 are at a
minimum when T1 = T2 =−70.71 N/m. The aperture used is D = 1 ·L and the ultimate tensile strength is S = 50 MPa.
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Figure 5.2: Results for ẽRMS1 and ẽRMS15 of plate configuration 1. The errors are given for the case where no pretension is applied and
for the pretension that results in the minimal error. The minimum values are indicated with a plus sign. Both ẽRMS1 and ẽRMS15 are at a
minimum when T1 =−70.71 N/m and T2 =−70.71 N/m. The best result is obtained when D = 0.9 ·L. The ultimate tensile strength does
not influence the minimum.

5.2. PLATE CONFIGURATION 2
The overall results for configuration 2 are given in Figure 5.3. Just like in configuration 1 the minimal value
of both ẽRMS1 and ẽRMS15 occur when T1 = −70.71 N/m and T2 = −70.71 N/m for all the used aperture sizes
and ultimate tensile strength values. ẽRMS1 is reduced by 24.1% for an aperture of 1 ·L and by 66.6% for an
aperture of 0.9 ·L. ẽRMS15 is reduced by 1.63% for an aperture of 1 ·L and by 0.883% for an aperture of 0.9 ·L.
We can see that the errors ẽRMS1 and ẽRMS15 are smaller in plate configuration 2 than in plate configuration 1.
We also see that the error reduction is larger in plate configuration 2 (except for ẽRMS1 when S = 50 MPa and
D = 1 ·L). Overall, the behaviour of configuration 2 is better than that of configuration 1.
Please note that some of the calculations performed for plate configuration 2 are left out. The reason for this
is that they were obvious outliers. They showed large peaks in the results. If these outliers would have been in
the trend of the other calculated points, they would not have been a maximum or a minimum. This is why it is
expected that leaving these points out does not influence the final results. The calculations for the following
pretension combinations are left out: T1 =−70.71 N/m with T2 = 6357 N/m, T1 = 0 N/m with T2 = 6357 N/m,
T1 = 6357 N/m with T2 =−70.71 N/m, and T1 = 6357 N/m with T2 = 0 N/m
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Figure 5.3: Results for ẽRMS1 and ẽRMS15 of plate configuration 2. The errors are given for the case where no pretension is applied and
for the pretension that results in the minimal error. The minimum values are indicated with a plus sign. Both ẽRMS1 and ẽRMS15 are at a
minimum when T1 =−70.71 N/m and T2 =−70.71 N/m. The best result is obtained when D = 0.9 ·L. The ultimate tensile strength does
not influence the minimum.

5.3. PLATE CONFIGURATION 3
The overall results for configuration 3 with an ultimate tensile strength of 50 MPa are given in Figure 5.4.
For both aperture 1 · L and 0.9 · L, the minimal value for ẽRMS1 occurs when T1 = −100 N/m, T2 = 0 N/m,
T3 = −100 N/m and T4 = 0 N/m. By using this pretension, the error ẽRMS1 is reduced by 36.7% when the
aperture is 1 ·L and by 56.3% when the aperture is 0.9 ·L. For this same pretension ẽRMS15 is reduced with
0.992% when the aperture is 1 ·L and with 0.209% when the aperture is 0.9 ·L.
If we want to further reduce ẽRMS15 a different pretension is needed (refer to Figure 5.4 for the pretension
values). For this pretension the error ẽRMS15 is reduced by 6.15% when the aperture is 1 · L and by 8.37%
when the aperture is 0.9 ·L. But the error ẽRMS1 will be increased by 130% and 118% respectively. This may
not seem to be a fair exchange, but it does improve the overall system, since the maximum possible error is
reduced. Also, the absolute value by which ẽRMS15 is reduced is an order bigger than the value by which ẽRMS1

is increased.
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(b) ẽRMS15

Figure 5.4: Results for ẽRMS1 and ẽRMS15 of plate configuration 3 when the ultimate tensile strength is S = 50 MPa. The errors are given
for the case where no pretension is applied and for the pretensions that results in the minimal error for either ẽRMS1 or ẽRMS15. The
minimum values are indicated with a plus sign. Error ẽRMS1 is at a minimum when T1 = −100 N/m, T2 = 0 N/m, T3 = −100 N/m
and T4 = 0 N/m. Error ẽRMS15 is at a minimum when either T1 = −100 N/m, T2 = −100 N/m, T3 = −100 N/m and T4 = 7000 N/m or
T1 =−100 N/m, T2 = 7000 N/m, T3 =−100 N/m and T4 =−100 N/m. The best results are obtained when D = 0.9 ·L.

The overall results for configuration 3 when the ultimate tensile strength is 10 MPa are given in Figure 5.5.
The occurence of the minimal value for ẽRMS1 and the corresponding values for ẽRMS15 are the same as with
UTS = 50 MPa.
For the reduction of ẽRMS15 less high percentages can be reached when S = 10 MPa is used. The error reduc-
tion of ẽRMS15 is 3.37% when the aperture is 1 ·L and 6.49% when the aperture is 0.9 ·L. The corresponding
error ẽRMS1 is increased with 32.6% when the aperture is 1 ·L and it is reduced with 31.0% when the aperture
is 1 ·L.
Of the different plate configurations, aperture sizes and ultimate tensile strengths, the smallest ẽRMS15 can
be obtained with configuration 3, when an aperture size of 0.9 ·L and an ultimate tensile strenght of 50 MPa
are used. Even though this results in a higher value for ẽRMS1, it results in a larger reduction of the maximum
possible error ẽRMS1. So, if we want to improve the overall system by applying one constant pretension, we
should use plate configuration 3 with D = 0.9 ·L, S = 50 MPa and the pretensions resulting in the minimal
error ẽRMS15 as given in Figure 5.4b.

5.3.1. ULTIMATE TENSILE STRENGTH S = 50 MPa, APERTURE SIZE D = 0.9 ·L
Now that we have found that the best overall improvement is obtained for plate configuration 3 with D = 0.9·L
and S = 50 MPa, we want to take a closer look at this configuration under these conditions. More detailed re-
sults are presented in Figure 5.6 (Figure A.10 in Appendix A) and Figure 5.7.
In Figure 5.6 the errors ẽRMS with which the Zernike shapes can be made are plotted. This gives us insight
into which Zernike polynomials can be made with a small error. We can see that Zernike polynomial Z−2

2
can always be made with a relatively small error (ranging from 0.073 to 0.209) and Zernike polynomial Z 2

2 is
always made with a relatively large error (ranging from 0.340 to 0.388). Also Z 0

4 always has a relatively large
error (ranging from 0.310 to 0.450). Zernike polynomials Z 0

0 , Z−1
1 , Z 1

1 and Z−2
2 can all be made with an error

smaller than 0.116. This may still seem quite large, but keep in mind that we are only using 9 out-of-plane
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actuators. This limits the deformations that are possible. For the other Zernike polynomials the minimal
error is even larger. But if we calculate the percentage by which the error is improved, this gives a different
picture (refer to Figure 5.7). For example for Zernike polynomial Z 3

3 , the error remains quite large, but the
error reduction is als quite large (14.8%). The largest error reduction occurs for Z 0

0 : 41.8%. The smallest error
reduction occurs for Z−2

2 : 2.67%.
Figures similar to Figure 5.6 were made for the other configurations and with different combinations for the
ultimate tensile strength and the aperture size. These figures can be found in Appendix A. This is left for the
reader to look at.
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Figure 5.5: Results for ẽRMS1 and ẽRMS15 of plate configuration 3 when the ultimate tensile strength is S = 10 MPa. The errors are given
for the case where no pretension is applied and for the pretensions that results in the minimal error for either ẽRMS1 or ẽRMS15. The
minimum values are indicated with a plus sign. Error ẽRMS1 is at a minimum when T1 = −100 N/m, T2 = 0 N/m, T3 = −100 N/m
and T4 = 0 N/m. This is the same as in the case with an ultimate tensile strength S = 50 MPa. Error ẽRMS15 is at a minimum when
T1 =−100 N/m, T2 = 1500 N/m, T3 =−100 N/m and T4 = 1500 N/m. The best results are obtained when D = 0.9 ·L.

5.3.2. ULTIMATE TENSILE STRENGTH S = 10 MPa, APERTURE SIZE D = 0.9 ·L
It may occur that the ultimate tensile strength is limiting the behaviour of the mirror. If S = 10 MPa the best
overall improvement is still obtained for plate configuration 3 with D = 0.9 ·L. Taking a closer look at this
plate, we see something similar happening as with S = 50 MPa, but with less promising numbers (refer to
Figure 5.8 and Figure 5.9).
From Figure 5.8 we see that Zernike polynomial Z−2

2 still can always be made with a relatively small error
(ranging from 0.073 to 0.095) and Zernike polynomial Z 2

2 still is always made with a relatively large error
(ranging from 0.359 to 0.388). Note that the maximum error for Z−2

2 has grown even smaller and the mini-
mal error for Z 2

2 has grown even bigger. The latter definitely is unwanted behaviour. Also Z 0
4 always has a

relatively large error (ranging from 0.310 to 0.450). This is the same as with S = 50 MPa. The only Zernike
polynomial that can be made with an error smaller than 0.116 is Z−2

2 . The largest error reduction now occurs
for Z−1

1 and Z 1
1 : 28.3%. Note that this is much smaller than the largest error reduction for S = 50 MPa. The

smallest error reduction still occurs for Z−2
2 : 2.67%.
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ẽ R
M

S
o

ft
h

e
Z

er
n

ik
e

p
o

ly
n

o
m

ia
ls

fo
r

p
la

te
co

n
fi

gu
ra

ti
o

n
3.

T
h

e
u

li
tm

at
e

te
n

si
le

st
re

n
gt

h
is

S
=

50
M

Pa
an

d
th

e
ap

er
tu

re
si

ze
is

D
=

0.
9
·L

.
A

p
lu

s
si

gn
in

d
ic

at
es

th
at

th
e

co
n

si
d

er
ed

Z
er

n
ik

e
p

o
ly

n
o

m
ia

li
s

im
p

o
se

d
o

n
th

e
p

la
te

w
it

h
th

e
sm

al
le

st
er

ro
r

p
o

ss
ib

le
.A

ci
rc

le
in

d
ic

at
es

th
at

th
e

Z
er

n
ik

e
p

o
ly

n
o

m
ia

li
s

im
p

o
se

d
o

n
th

e
p

la
te

w
it

h
th

e
la

rg
es

te
rr

o
r

p
o

ss
ib

le
.Z

er
n

ik
e

p
o

ly
n

o
m

ia
lZ

−2 2
ca

n
al

w
ay

s
b

e
m

ad
e

w
it

h
a

re
la

ti
ve

ly
sm

al
le

rr
o

r
an

d
Z

er
n

ik
e

p
o

ly
n

o
m

ia
lZ

2 2
is

al
w

ay
s

m
ad

e
w

it
h

a
re

la
ti

ve
ly

la
rg

e
er

ro
r.

Z
er

n
ik

e
p

o
ly

n
o

m
ia

ls
Z

0 0
,Z

−1 1
,Z

1 1
an

d
Z
−2 2

ca
n

al
lb

e
m

ad
e

w
it

h
an

er
ro

r
sm

al
le

r
th

an
0.

11
6.



30 5. RESULTS

0
.0

0
0

4
.4

4
5

-2
7

.6
4

5

-2
7

.6
4

5

1
1

.0
0

4

1
2

.9
9

3

4
1

.7
7

2

-4
2

.0
8

5

-1
9

.9
6

1

-1
9

.9
8

1

-1
9

.5
8

4

-3
4

.1
5

7

-1
9

.5
6

2

-3
4

.1
5

2

3
1

.6
0

7

3
1

.6
5

0

3
4

.4
0

0

3
1

.3
3

4

2
9

.3
6

3

-4
1

.5
8

0

3
1

.5
1

4

-9
.5

1
9

-9
.5

1
9

0
.0

0
0

3
.4

0
7

1
9

.5
2

5

-3
5

.3
6

9

6
.1

5
2

6
.5

1
3

3
2

.9
9

1

-3
2

.9
3

4

-4
1

.0
8

5

3
9

.2
8

8

3
9

.1
9

6

-6
3

.4
5

2

-4
0

.2
9

6

2
1

.4
4

6

2
1

.0
5

1

2
4

.0
3

9

-5
.6

0
1

-0
.8

1
1

3
.1

2
2

-3
2

.3
9

7

1
5

.5
0

6

3
8

.6
5

8

-2
6

.3
2

3

0
.0

0
0

3
.4

0
7

-3
5

.3
6

9

1
9

.5
2

5

8
.0

8
6

6
.1

3
1

3
2

.9
9

1

-3
2

.9
3

4

3
9

.2
8

8

-4
1

.0
8

9

-4
0

.2
9

9

2
1

.4
4

4

3
9

.1
9

6

-6
3

.4
5

4

2
4

.0
4

2

2
1

.0
3

9

0
.1

6
6

1
4

.8
8

9

1
5

.5
4

7

-3
2

.3
9

7

2
.8

7
8

-2
6

.3
2

3

3
8

.6
5

8

0
.0

0
0

-4
.2

8
6

-1
3

.9
6

4

-1
3

.9
6

4

2
.7

3
5

4
.4

5
9

1
7

.8
3

8

-1
3

.9
6

5

-1
3

.1
2

7

-1
3

.1
2

4

-1
3

.6
5

1

-2
2

.1
1

4

-1
3

.6
5

5

-2
2

.1
1

3

1
9

.6
9

8

1
9

.6
4

3

-4
0

.8
0

6

-4
4

.5
2

4

-4
5

.1
0

1

-1
3

.2
2

3

-4
4

.1
0

5

-9
.8

9
8

-9
.8

9
7

0
.0

0
0

2
.6

7
0

-1
5

.0
6

2

-1
5

.0
6

2

-1
0

.0
9

8

-1
0

.6
0

5

-4
4

.9
5

0

-3
9

.6
2

9

-4
7

.8
8

4

-4
7

.8
7

0

-4
0

.7
9

4

-3
3

.7
5

6

-4
0

.7
8

1

-3
3

.7
5

5

-4
0

.1
6

5

-4
0

.5
5

5

-1
7

7
.3

5
0

-1
3

3
.8

6
2

-9
7

.6
9

7

-3
7

.0
8

2

-1
3

3
.1

8
2

-4
3

.6
6

5

-4
3

.6
6

5

0
.0

0
0

-0
.0

0
1

7
.3

9
4

7
.3

9
4

2
.6

2
4

3
.7

8
5

-0
.0

1
7

-0
.0

4
3

9
.9

0
8

9
.9

0
8

9
.8

3
9

1
2

.3
1

5

9
.8

3
9

1
2

.3
1

4

-0
.0

0
5

-0
.0

0
5

0
.2

4
4

-0
.0

2
5

0
.2

5
5

-0
.0

4
3

0
.2

4
9

7
.3

7
6

7
.3

7
6

0
.0

0
0

-5
.0

8
0

1
1

.7
6

7

-0
.2

2
3

-1
.7

8
8

-2
.5

8
1

-3
.9

5
2

1
.4

0
4

-3
4

.6
9

8

-7
.8

9
3

-9
.4

8
3

-1
9

.2
4

9

-3
2

.3
8

2

-2
8

.9
6

6

-3
5

.5
2

1

-4
1

.8
5

8

-3
2

.1
8

1

-4
2

.5
3

1

-2
8

.2
5

5

0
.9

0
7

-5
5

.2
9

9

-5
.5

5
3

-1
3

.1
8

8

0
.0

0
0

-5
.0

8
0

-0
.2

2
3

1
1

.7
6

7

-0
.8

3
4

-1
.8

8
7

-3
.9

5
2

1
.4

0
4

-7
.8

9
1

-3
4

.7
0

7

-3
2

.3
9

0

-2
8

.9
7

0

-9
.4

8
1

-1
9

.2
5

1

-4
1

.7
8

3

-3
5

.5
7

0

-3
5

.2
8

7

-4
3

.2
0

3

-5
5

.3
3

3

0
.9

0
7

-2
8

.2
1

5

-1
3

.1
8

8

-5
.5

5
3

0
.0

0
0

4
.8

2
6

-1
6

.6
6

1

1
1

.6
6

1

-8
.4

2
3

-8
.5

7
1

-2
0

.6
9

4

-0
.8

0
9

6
.2

1
5

-2
1

.6
6

2

-2
1

.6
7

6

1
4

.7
5

8

6
.2

5
9

-2
0

.9
7

6

-1
4

.7
5

0

-1
6

.6
0

9

-8
.7

0
2

-2
1

.7
4

1

-1
8

.4
0

8

-0
.9

1
6

-1
6

.9
1

9

-2
2

.7
7

7

-0
.6

9
9

0
.0

0
0

4
.8

2
6

1
1

.6
6

1

-1
6

.6
6

1

-7
.0

4
3

-9
.0

5
0

-2
0

.6
9

4

-0
.8

0
9

-2
1

.6
6

1

6
.2

1
5

6
.2

5
9

-2
0

.9
7

6

-2
1

.6
7

5

1
4

.7
5

8

-1
6

.5
9

8

-1
4

.7
6

7

-8
.9

8
0

-1
6

.0
5

7

-1
7

.0
0

9

-0
.9

1
6

-1
8

.3
9

4

-0
.6

9
9

-2
2

.7
7

7

0
.0

0
0

3
.4

8
9

-7
.6

3
2

-7
.6

3
4

-4
0

.0
1

8

-3
8

.9
3

7

-1
5

.6
3

3

-7
.7

9
6

-1
8

.5
7

3

-1
8

.6
7

7

-1
9

.8
4

5

-1
7

.0
9

9

-1
9

.7
4

5

-1
7

.0
9

9

-1
1

.6
0

8

-1
2

.0
6

4

-1
5

.2
3

8

-1
4

.7
3

8

-1
4

.7
6

6

-8
.9

4
1

-1
4

.3
3

2

-1
9

.7
0

6

-1
9

.7
1

3

0
.0

0
0

9
.8

0
2

1
.7

7
0

1
.7

7
0

1
.0

6
4

1
.0

6
7

-3
2

.3
1

5

-2
.0

0
1

-2
5

.8
0

4

-2
5

.8
0

8

-2
8

.0
3

8

-1
4

.4
9

8

-2
8

.0
5

1

-1
4

.4
9

6

-3
0

.1
5

5

-3
0

.0
1

4

-3
7

.6
1

6

-3
9

.6
2

1

-2
8

.4
0

4

-5
.4

9
7

-3
8

.8
7

3

-3
3

.0
8

8

-3
3

.0
8

8

0
.0

0
0

0
.0

2
1

4
.4

1
4

4
.4

1
5

-0
.0

0
3

0
.1

7
2

-0
.0

8
2

0
.0

1
2

4
.5

9
6

4
.5

8
5

4
.3

1
9

1
0

.4
1

3

4
.3

3
0

1
0

.4
1

3

-0
.0

4
6

-0
.0

4
6

-0
.0

2
6

-0
.0

3
8

0
.0

3
9

0
.0

0
7

0
.1

7
3

1
.6

7
1

1
.6

7
1

0
.0

0
0

-0
.0

0
1

1
.9

4
8

1
.9

4
8

1
.7

9
8

0
.7

4
2

0
.1

4
5

-0
.0

9
4

3
.8

5
4

3
.8

5
5

3
.4

5
8

4
.6

7
8

3
.4

5
8

4
.6

7
8

0
.1

7
2

0
.1

7
2

1
.1

9
5

0
.1

1
2

0
.1

1
4

-0
.0

9
5

1
.0

9
7

0
.8

2
8

0
.8

2
8

0
.0

0
0

6
.1

2
9

-2
.8

1
0

-2
.8

1
1

-9
.8

1
1

-4
.5

5
4

-2
5

.2
7

5

6
.0

3
7

-1
9

.7
8

6

-1
9

.7
8

2

-2
0

.2
4

9

-2
0

.2
6

0

-2
0

.2
5

3

-2
0

.2
5

9

-1
2

.0
1

1

-1
1

.9
8

4

4
.1

8
9

4
.1

2
7

2
2

.7
5

6

5
.2

7
8

3
.2

2
1

-2
2

.5
1

9

-2
2

.5
1

9

Z
00

Z
1-1

Z
11

Z
20

Z
2-2

Z
22

Z
3-1

Z
31

Z
3-3

Z
33

Z
40

Z
4-2

Z
42

Z
4-4

Z
44

Z
e

rn
ik

e
 p

o
ly

n
o

m
ia

l

T
1

 =
 0

, T
2

 =
 0

, T
3

 =
 0

, T
4

 =
 0

T
1

 =
 -

1
0

0
, T

2
 =

 -
1

0
0

, T
3

 =
 -

1
0

0
, T

4
 =

 -
1

0
0

T
1

 =
 -

1
0

0
, T

2
 =

 -
1

0
0

, T
3

 =
 1

5
0

0
, T

4
 =

 -
1

0
0

T
1

 =
 1

5
0

0
, T

2
 =

 -
1

0
0

, T
3

 =
 -

1
0

0
, T

4
 =

 -
1

0
0

T
1

 =
 -

1
0

0
, T

2
 =

 -
1

0
0

, T
3

 =
 -

1
0

0
, T

4
 =

 0

T
1

 =
 -

1
0

0
, T

2
 =

 0
, T

3
 =

 -
1

0
0

, T
4

 =
 -

1
0

0

T
1

 =
 -

1
0

0
, T

2
 =

 7
0

0
0

, T
3

 =
 -

1
0

0
, T

4
 =

 7
0

0
0

T
1

 =
 7

0
0

0
, T

2
 =

 -
1

0
0

, T
3

 =
 7

0
0

0
, T

4
 =

 -
1

0
0

T
1

 =
 7

0
0

0
, T

2
 =

 7
0

0
0

, T
3

 =
 -

1
0

0
, T

4
 =

 -
1

0
0

T
1

 =
 -

1
0

0
, T

2
 =

 -
1

0
0

, T
3

 =
 7

0
0

0
, T

4
 =

 7
0

0
0

T
1

 =
 -

1
0

0
, T

2
 =

 0
, T

3
 =

 7
0

0
0

, T
4

 =
 7

0
0

0

T
1

 =
 7

0
0

0
, T

2
 =

 -
1

0
0

, T
3

 =
 -

1
0

0
, T

4
 =

 -
1

0
0

T
1

 =
 7

0
0

0
, T

2
 =

 7
0

0
0

, T
3

 =
 -

1
0

0
, T

4
 =

 0

T
1

 =
 -

1
0

0
, T

2
 =

 -
1

0
0

, T
3

 =
 7

0
0

0
, T

4
 =

 -
1

0
0

T
1

 =
 -

1
0

0
, T

2
 =

 7
0

0
0

, T
3

 =
 -

1
0

0
, T

4
 =

 -
1

0
0

T
1

 =
 -

1
0

0
, T

2
 =

 -
1

0
0

, T
3

 =
 -

1
0

0
, T

4
 =

 7
0

0
0

T
1

 =
 0

, T
2

 =
 -

1
0

0
, T

3
 =

 -
1

0
0

, T
4

 =
 7

0
0

0

T
1

 =
 -

1
0

0
, T

2
 =

 7
0

0
0

, T
3

 =
 0

, T
4

 =
 -

1
0

0

T
1

 =
 -

1
0

0
, T

2
 =

 -
1

0
0

, T
3

 =
 0

, T
4

 =
 7

0
0

0

T
1

 =
 7

0
0

0
, T

2
 =

 0
, T

3
 =

 7
0

0
0

, T
4

 =
 0

T
1

 =
 0

, T
2

 =
 7

0
0

0
, T

3
 =

 -
1

0
0

, T
4

 =
 -

1
0

0

T
1

 =
 -

1
0

0
, T

2
 =

 7
0

0
0

, T
3

 =
 7

0
0

0
, T

4
 =

 7
0

0
0

T
1

 =
 7

0
0

0
, T

2
 =

 7
0

0
0

, T
3

 =
 -

1
0

0
, T

4
 =

 7
0

0
0

Pretension values (N/m)

-1
6

0

-1
4

0

-1
2

0

-1
0

0

-8
0

-6
0

-4
0

-2
0

02
0

4
0

Error improvement (%)

F
ig

u
re

5.
7:

R
es

u
lt

s
fo

r
th

e
im

p
ro

ve
m

en
t

o
ft

h
e

d
im

en
si

o
n

le
ss

er
ro

r
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6
CONCLUSIONS

In this research 3 plate configurations were used to study the effects of applying in-plane boundary actuation.
All plates showed that using in-plane boundary actuation can be used to reduce the errors ẽRMS1 and ẽRMS15.
By using an aperture of D = 0.9 ·L these errors could be even further reduced.

For plate configuration 1 with an aperture D = 1 ·L the error ẽRMS1 can be reduced by 30.3% and ẽRMS15 can
be reduced with 0.595%. When an aperture of D = 0.9 ·L is used the error ẽRMS1 can be reduced by 42.0%
and ẽRMS15 can be reduced by 0.628%. The reduction percentages do not change when the ultimate tensile
strength is changed.

For plate configuration 2 with an aperture D = 1·L the error ẽRMS1 can be reduced by 24.1% and ẽRMS15 can be
reduced by 1.63%. When the aperture is changed to D = 0.9 ·L, the error ẽRMS1 can be reduced by 66.6% and
ẽRMS15 can be reduced by 0.883%. As with plate configuration 1, these reduction percentages do not change
when the ultimate tensile strength is changed. The minimal values for the errors ẽRMS1 and ẽRMS15 that are
obtained with configuration 2 are smaller than those obtained with configuration 1. Hence, configuration 2
performs better than configuration 2.
Note that 4 measurement points of configuration 2 were not used in the processing of the results. It is ex-
pected that these points do not change the final results.

For plate configuration 3 the best results were obtained for an ultimate tensile strength S = 50 MPa. When an
aperture D = 1 ·L is used, the error ẽRMS1 can be reduced by 36.7% and the error ẽRMS15 can be reduced by
6.15%. These maximum error reductions occur for different sets of pretension. For an aperture of D = 1 ·L,
the error ẽRMS1 can be reduced with 56.3% and the error ẽRMS15 can be reduced with 8.37%. Again, these
maximum error reductions occur for different sets of pretension.
The results for plate configuration 3 change when an ultimate tensile strength of S = 10 MPa is used. For an
aperture D = 1 ·L, the error ẽRMS1 can be reduced by 36.7% and the error ẽRMS15 can be reduced by 3.37%.
When an aperture D = 1 ·Lis used, the error ẽRMS1 can be reduced with 56.3% and the error ẽRMS15 can be
reduced with 6.49%. Again, for both aperture sizes the maximum error reductions of ẽRMS1 and ẽRMS15 occur
for different sets of pretension.

Since the best values for error ẽRMS15 occur in plate configuration 3 with D = 0.9 · L, this is the best plate
configuration. Using Zerodur with ultimate tensile strength S = 50 MPa will give the best overall results. If
this is not possible, and S = 10 MPa is used, then still plate configuration 3 with D = 0.9 ·L will give the best
results.
The Zernike polynomial that can be imposed the best on plate configuration 3 with D = 0.9 ·L is Z−2

2 . The
smallest error with which this shape can be made is ẽRMS = 0.073. This is the same for both used ultimate
tensile strengths. The Zernike polynomial that can be imposed the most difficult on plate configuration 3
with D = 0.9 ·L is Z 2

2 . The smallest error with which this shape can be made is ẽRMS = 0.340 for S = 50 MPa
and ẽRMS = 0.359 for S = 10 MPa.
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7
RECOMMENDATIONS

The first recommendation is to recalculate and include the measurement points that were left out for plate
configuration 2. Even though it is expected that these points do not change the final results, to be certain that
the results are correct these points should be correctly calculated as well.

Once it is made sure that all the used data is correct, the results can be processed further. For example, a
comparison could be made between plate configuration 2 with not pretension applied on the one hand and
configuration 2 with four out-of-plane actuators removed, but with pretension, on the other hand. If we do
so, the total amount of actuators (in-plane or out-of-plane) remains the same. This allows us to make a more
fair comparison between using out-of-plane and in-plane actuators. Other combinations of the out-of-plane
and in-plane actuators could be studied as well. This could be done for all three plate configurations.

We saw that plate configuration 3 was similar to plate configuration 1, with extra in-plane actuators added.
Configuration 3 performed best of all plate configurations. But plate configuration 2 also performed better
than plate configuration 1. There is a chance that plate configuration 2 will perform even better than con-
figuration 3 when extra in-plane actuators are added. This is why we recommend to perform calculations
with plate configuration 2 with a total of 4 sets of pretension. This will result in a fair comparison with plate
configuration 3.

A next step would be trying to find an optimal actuator pattern for both the in-plane and the out-of-plane
actuators. The actuator pattern that is used in this study gives the plate some deformation preferences. This
is especially the case for the out-of-plane actuators. It is recommended to first find an optimal out-of-plane
actuator pattern. After that the optimal configuration for the in-plane actuators can be studied.

A final recommendation is to look into the effect of changing the boundary conditions. The boundary con-
ditions influence which shapes can be imposed well on the plate. Changing the boundary conditions may
improve the behaviour of the plate.
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DETAILED RESULTS OF THE PLATE

CONFIGURATIONS USED

A.1. PLATE CONFIGURATION 1
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ẽ R
M

S
o

ft
h

e
Z

er
n

ik
e

p
o

ly
n

o
m

ia
ls

fo
r

p
la

te
co

n
fi

gu
ra

ti
o

n
1.

T
h

e
u

li
tm

at
e

te
n

si
le

st
re

n
gt

h
is

S
=

50
M

Pa
an

d
th

e
ap

er
tu

re
si

ze
is

D
=

0.
9
·L

.A
p

lu
s

si
gn

in
d

ic
at

es
th

at
th

e
co

n
si

d
er

ed
Z

er
n

ik
e

p
o

ly
n

o
m

ia
li

s
im

p
o

se
d

o
n

th
e

p
la

te
w

it
h

th
e

sm
al

le
st

er
ro

r
p

o
ss

ib
le

.A
ci

rc
le

in
d

ic
at

es
th

at
th

e
Z

er
n

ik
e

p
o

ly
n

o
m

ia
li

s
im

p
o

se
d

o
n

th
e

p
la

te
w

it
h

th
e

la
rg

es
te

rr
o

r
p

o
ss

ib
le

.



A.1. PLATE CONFIGURATION 1 41

0
.3

0
0

0
.2

9
3

0
.3

3
6

0
.3

3
6

0
.3

4
4

0
.2

3
4

0
.2

2
8

0
.2

0
9

0
.2

7
9

0
.2

6
5

0
.2

3
4

0
.2

2
8

0
.2

7
9

0
.2

0
9

0
.2

6
5

0
.2

9
7

0
.2

9
5

0
.3

0
6

0
.3

0
6

0
.3

0
5

0
.0

9
7

0
.0

9
6

0
.1

0
3

0
.1

0
3

0
.1

0
5

0
.3

9
4

0
.3

9
4

0
.3

7
9

0
.3

7
9

0
.3

9
4

0
.2

0
4

0
.2

0
6

0
.1

9
7

0
.2

0
2

0
.1

9
9

0
.2

0
4

0
.2

0
6

0
.2

0
2

0
.1

9
7

0
.1

9
9

0
.2

8
2

0
.2

8
2

0
.3

1
7

0
.2

6
5

0
.2

8
4

0
.2

8
2

0
.2

8
2

0
.2

6
5

0
.3

1
7

0
.2

8
4

0
.3

0
5

0
.3

0
3

0
.3

3
8

0
.3

3
8

0
.3

2
5

0
.1

8
5

0
.1

8
4

0
.1

8
9

0
.1

8
9

0
.1

8
8

0
.2

9
9

0
.2

9
9

0
.2

8
4

0
.2

8
4

0
.2

9
9

0
.3

1
4

0
.3

1
4

0
.3

1
1

0
.3

1
1

0
.3

1
4

0
.2

4
2

0
.2

4
3

0
.2

5
1

0
.2

5
1

0
.2

3
9

Z
00

Z
1-1

Z
11

Z
20

Z
2-2

Z
22

Z
3-1

Z
31

Z
3-3

Z
33

Z
40

Z
4-2

Z
42

Z
4-4

Z
44

Z
e

rn
ik

e
 p

o
ly

n
o

m
ia

l

T
1

 =
 0

, T
2

 =
 0

T
1

 =
 -

7
0

.7
1

, T
2

 =
 -

7
0

.7
1

T
1

 =
 -

7
0

.7
1

, T
2

 =
 1

3
5

8

T
1

 =
 1

3
5

8
, T

2
 =

 -
7

0
.7

1

T
1

 =
 1

3
5

8
, T

2
 =

 1
3

5
8

Pretension values (N/m)

0
.1

0
.1

5

0
.2

0
.2

5

0
.3

0
.3

5

Error (-)

F
ig

u
re

A
.3

:
R

es
u

lt
s

fo
r

th
e

d
im

en
si

o
n

le
ss

er
ro

r
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