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Chapter 1

Introduction

The vast majority of problems encountered in physics and engineering are described by
partial differential equations. Since solutions in closed form are available only for a very
small subset of problems, many strategies have been developed to obtain numerical ap-
proximations to describe the problem in an efficient and reliable way. Great advances in
the field of computer engineering, together with the development of refined numerical tech-
niques, have allowed in recent years high fidelity simulations of complex systems. However,
due to the enormous computational cost required by such calculations, the time required
for high-fidelity simulations remains extremely high.

In this framework, the aim of reduced-order modelling is to find techniques to simulate
very complicated systems in a more compact way. The main idea is to construct simpler
models which capture the main features of the original complex system, avoiding the com-
plete characterisation of all the states in the problem. In the literature several methods are
available to construct Reduced-Order Models (ROM) either from numerical simulations,
or experimental data sets. Often these methods rely upon projection frameworks, in which
the governing equations are projected onto suitably chosen basis functions.

In this context a method that has been successfully used over the last decades to con-
struct an optimal set of basis functions is the Proper Orthogonal Decomposition (POD).
The POD, also known in the literature as Karhunen-Loéve decomposition, Principal Com-
ponent Analysis (PCA) or Singular Value Decomposition (SVD), is a procedure for extract-
ing a basis for a modal decomposition from an ensemble of reference data. Its mathematical
properties illustrate that the error introduced by projecting a set of reference data in a

reduced-space is minimised upon choosing the POD basis functions. This makes the POD
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2 Introduction

particularly attractive for the construction of reduced-order models, and has been suc-
cessfully applied in many fields, e.g fluid dynamics and turbulence (1; 2; 3), structural
vibrations (4), biology (5), meteorology (6), just to name a few. Its limitations, however,
arise in the fact that the POD is purely data-driven and no explicit reference is made to
the underlying governing equations. In other words, being the solution of a reduced-order
model a different procedure than the projection of reference data in a reduced-space, we
have no guarantee that the POD optimality holds in such circumstances. Furthermore,
often we might not be interested in the full description of a system, but rather we would
only like to know how our system responds to a specific input change, a different ini-
tial/boundary condition and so on. Targeting different outputs requires a re-definition
of optimality and there is therefore a need to seek basis functions specifically built for
accurate ROM-solutions.

In particular, a relevant approach is to seek reduced-order models to optimally represent
a specific output functional, a class that falls under the name of Goal-Oriented Reduced-
Order Model (GO-ROM). These models provide an accurate description of the quantity of
interest using a minimum number of degrees of freedom, making them attractive for use
in the design of control systems or as a part of a larger simulation.

Recently, Bui-Thanh et al. (7) proposed an optimisation method to generate a set of
goal-oriented ROM-targeted basis functions, in which the satisfaction of the reduced-order
model is imposed as an explicit constraint of the problem. This improves on a data-driven
approach by bringing additional knowledge in the construction of the basis, allowing the
modes to be specifically constructed to best represent the goal-oriented outputs. Their
results showed a clear improvement upon the POD. Due to its fully discrete nature, we
will refer to the approach employed by reference (7) as the Fully-Discrete Formulation
(FDF).

Several issues, however, limit its applicability. First of all, the method proposed has
a fully-discrete character and its implementation requires as input matrices with the di-
mension of the reference data, which represent in fact a discretisation of the governing
equations. If the reference data comes from CFD simulations one might be able to con-
struct these matrices from the CFD method employed to generate the data, but this is not
always possible since in some circumstances, numerical schemes do not have the required
form. Even when possible, the choice of the matrices used by the original CFD method are

not necessarily optimal, as their characteristics influence the final behaviour of the ROM
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which might have to operate under quite different requirements. In case that the reference
data comes from experiments, no obvious choice exists, yet the implications for the find
performance of the ROM remain. Furthermore, the derivation proposed is limited to linear
PDE’s and linear functionals, restricting considerably the span of applicability.

To overcome these drawbacks, we consider the definition of the reduced-order model,
as well as the optimisation technique, in a continuous setting. The reference data, on the
other hand, being generated by numerical simulations or experiments, is always defined in a
discrete space. In addition, the most straight-forward option is to consider the ROM basis
functions to be defined in the same discrete space as that of the reference data. We will
therefore refer to the combined approach considered in this work as the Semi-Continuous
Formulation (SCF). Using the SCF we can accommodate any differential equation and we
also avoid the ambiguities associated with choosing the input matrices arbitrarily at the
beginning of the optimisation process. Furthermore, we clarify the treatment of arbitrary
functionals in the optimisation process and are no longer limited to be in a linear form,
but can now be any function.

The structure of this report is organised as follows: In chapter 2 we give a definition of
the POD, highlight its optimality conditions and give a recipe to construct reduced-order
model based on the POD. Chapter 3 is devoted to the presentation of discrete method
of ref. (7) and the optimisation algorithm. We will describe how the goal-orientation can
lead to improved ROM for specific functionals and derive a procedure to determine a set
of optimal basis functions. Chapter 4 exemplifies the benefits of moving to the semi-
continuous setting, describing its implementation and giving several results. Finally, we

give our conclusions and recommendations for future work.
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Chapter 2

Reduced-Order Modelling using the POD

2.1 Motivation

One strategy to construct reduced-order models is to rely upon projection frameworks, in
which the underlying governing equations are projected onto suitably-chosen basis func-
tions. When dealing with fluid dynamics, we are often required to solve problems in a
4-dimensional world, accounting for three spatial coordinates and a temporal one. In
such cases it is handy to expand the solution, here referred as y, as a finite series in the
separated-variables form:
M
y(z,t) = Y a;(t)iw), (2.1)

i=1
with the hypothesis that as M approaches infinity our solution becomes exact. While in
equation (2.1) there is no fundamental difference between t and x, we refer = as a space
coordinate, usually a vector, and ¢ as time.

The representation of equation (2.1) is not unique, in fact ¢;(x) can be chosen for
instance as a Fourier series, Legendre polynomials, Chebyshev polynomials and so on.
Recalling that we are interested in a finite-series expansion, which rapidly approaches the
exact solution using a small number of terms, we may like to determine ¢;(x) such that
the approximation for each M is optimal in a L?-norm sense. That means that we will
try to find a sequence of ¢;(x) in which the first three terms of the expansion are the best
possible three-term approximation to the exact solution, the first seven terms the best
seven-term approximation and so on. In addition, to simplify the calculations, it would be

convenient to have an orthonormal basis since the formula for a vector space projection is
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6 Reduced-Order Modelling using the POD

much simpler.

To summarise, one approach to construct a ROM is to use a set of orthonormal basis
functions which can best represent the solution in a L?-norm measure. Such basis functions
can be found using a POD.

In this chapter we describe the procedure to determine the POD modes and developing
a ROM based on them. We will explain in what terms the POD modes are optimal and
give a recipe to construct POD based ROM.

2.2 Discrete POD

As mentioned in the preamble of this chapter, the idea underlying the POD is to determine
¢i(x) such that the approximation for each M is as good as possible in a L?-norm sense.
In this context, we can think to the POD as an optimisation problem for determining the
basis functions such that the projected equations are as close as possible to the original
system. For convenience we will omit indication of the space and time dependence of y, ¢
and a throughout this section. However keep in mind that a is only time-dependent, and
¢ is only space-dependent. Furthermore we will use the notation g for the reduced-order
solution.

Our goal is to express the solution as an approximation in the form:

M

y=>_ wd; (2.2)

i=1
with y € RV,
We require ¢; to be a set of orthonormal basis functions, (see appendix A.4), such that
¢i - ¢j = 0;; or equivalently in the finite dimensional case gb]Tgbi = 0;;, where 0;; represents
the Kronecker delta. In this case, we notice the following: if we pre-multiply each side of

the equation (2.2) by ¢ we have:

M
%Ty = %T Z aipi (2.3)
i=1
since a; is simply a coefficient, we can plug in qur, obtaining:
M
Oly =Y ad (2.4)

i=1
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2.2 Discrete POD 7

by orthogonality all terms with ¢ # j vanish, leading to:

¢;"F?J =aj; (2.5)
which shows the important result that for orthonormal basis functions, the determination
of the coefficient function a; depends only on ¢; and not on the other ¢’s.

Substituting this result into our expansion, the approximation in the basis representation

becomes:

7= (" )i, (2.6)

i=1
. . . T T
in which we have rewritten ¢;y as y* ¢;.
When dealing with data from numerical simulations, or experiments, we usually do not
have a single vector, but rather a set of vectors y; containing the state of the system at

each time step. In this case our series expansion can be written as:

Z U= (y] 61)oi (2.7)

j=1 i=1

Our goal is to minimise the difference between the original system and the projected

equations in the L?-norm sense. Therefore we seek a set of orthonormal vectors ® € RV*M
such that:
¢ = argmin F(P) (2.8)
®
with the error measure:
L M 2
E@®) =Y |y =D _(u )¢ (2.9)
=1 i—1

where [ly[| = /y"y.

This is a so-called constrained minimisation problem, in which the error £ must be min-
imised subject to constraints on the possible values of the independent variables. In our
case this means minimising F with the constraint that the ¢’s are orthonormal.
1 ifi=j

(2.10)

min E(¢q, ..., subject to: ¢l ¢p; =
@ (@ P) ! % ¢ { 0 otherwise

MSc. Thesis S. Mattei



8 Reduced-Order Modelling using the POD

The most frequently used method for constrained problems is to employ Lagrange multi-
pliers (8). This entails the construction of a Lagrange functional containing the original
functional plus the constraints expressed in the form g(-,-) = 0, each multiplied by a La-
grange multiplier \;;.

For our specific case this results in:

M

L($1, oo 15 M1, oo Avaar) = E(1, oo bur) + Y Nig(6] 6 — 635) (2.11)

ij=1
According to the classical theory of minimisation, a necessary condition for the existence
of an extrema is that the first partial derivatives of the function to be optimised are zero
at the extrema.

Therefore a minimum can be found by differentiating L with respect to the independent

variables ¢; and \;; and setting their derivatives equal to zero.

OL(¢1, ., Oary Ai1s ooy Anina)

90, =0 fori=1.M (2.12)
L
OL(n, oy Oat uny o Duara) _ for 4,5 = 1.M (2.13)
8)\1-3-
From this it follows that:
L &
K ]:1
oL T
=o' b = 0., 2.1
o = 10 = (2.15)

Arranging y in matrix form, such that each y; is a column of the matrix Y":

Y=y v -
and setting \; = \;, we have:

YY T = N (2.16)
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2.3 POD-ROM 9

in which the matrix YY? € R¥*¥ implying that the minimisation conditions can be
expressed by the N x N eigenvalue problem.
Solving equation (2.16) for ¢; and ); is equivalent to performing a singular value de-

composition. As shown in appendix B we can decompose the matrix Y such that

UyYv =% (2.17)

Furthermore, since the matrices V' and U are orthogonal, their transposes are equivalent

to their respective inverses. This results in the following two equations:

YV =U% (2.18)
YU =vy (2.19)

For any 0 < ¢ < M this can be rewritten as;

YTui = 0;V; (221)

Multiplying equation (2.21) by Y and then using (2.20) we have:

YYTu; = You; = oru; (2.22)

Comparing (2.22) with (2.16) we see that ¢; = u; and \; = o?. This means that, in a
L?-norm measure, the modes derived with the SVD procedure represent an optimal set
of basis functions, implying that any reduced order approximation is the best possible

approximation of that rank in a L?-norm sense.

2.3 POD-ROM

In order to generate the reference data on which the ROM will be based, we solve the
model equations using a finite difference method on a relatively fine mesh. This results in
a N-by-L matrix Y in which the columns represent the state of the solution at a given time

step. There are a number of ways to construct ROM. Perhaps the most natural way is by
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10 Reduced-Order Modelling using the POD

variational projection. However, to facilitate comparison with results in the next chapter,
we will generate the ROM with a method similar to that used by ref. (7).
The procedure for the construction of the reduced-order models can be summarised in

the following lines:

1. Construct the POD basis by taking the SVD of the data matrix Y. The decomposi-
tion leads to Y = UXVT in which U is the set of basis functions.

2. Set the dimension of the reduced-order model by choosing the first M basis vectors

of the matrix U. This results in the matrix ® € RV*M

3. Substitute u = Zj\il a;¢; = ®a into the governing equation, and project in a reduced
space by premultiplying the equation by ®7. This leads to the a differential equation
in the a unknowns. The solution a = «(t) represents the modal amplitudes as

function of time and E]J\/il a;¢; is the solution of the reduced-order model.

In order to assess the described procedures, we carried out a preliminary analysis using
three linear one-dimensional equations: the heat equation, the pure convection equation

and the convection-diffusion equation.

2.3.1 Heat Equation

The heat equation, also known as diffusion equation, is a linear parabolic partial differential
equation that describes the distribution of heat (or variation in temperature) in a given
region over time. We investigate the temperature distribution in a constant area rod of
unitary length. The heat equation reads as:

ou 0%u

where u is the temperature in the rod, £ > 0 is the diffusion coefficient and where we have
neglected any source or sinks. To solve this equation a boundary condition is needed at
each end of the rod, plus an initial condition describing the temperature distribution in
the rod at t = 0. We have analysed the prescribed boundary temperature case (Dirichlet
boundary conditions), in which we have set w(0) = 1 and u(1) = 0. The heat equation
allows steady state solutions, and in our particular case it is represented by a straight line
connecting the boundary conditions, namely u =1 — z for 0 < x < 1. As initial condition

we chose a Fourier sine series of order 3 added to the steady state solution (Fig. 2.1).
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2.3 POD-ROM 11

I
- - - Steady solution
4 —— Initial condition

Temperature (u)

0 0.2 0.4 0.6 0.8 1
Axial position (x)

Figure 2.1: Initial temperature distribution

Reference data

We provide the reference data used to construct the ROM by solving the partial differential
equation (2.23) numerically, using a finite difference technique. We use a uniform grid with
N subintervals (N +1 nodes). The spatial derivative is central in space, and we integrate in
time using a third-order Runge-Kutta explicit multistage method. The discretised equation

can be written as:

—0 (2.24)

where the superscript indicates the time step, and the subscript the spatial position.
The time integration is performed using a third order Runge-Kutta explicit method,
where the new time level (u"*!) is computed as a linear combination of solutions at inter-

mediate stages. By writing @ = F'(u(t)) the stages have the form:

MSc. Thesis S. Mattei



12 Reduced-Order Modelling using the POD

u) =",

u? = u" + AtF(ub),
u® ="+ At [iF(u(l)) +
u"tt ="+ At [%F(u(l)) +

()],

F
F(u®) + 2F(u®)] (2.25)

[N

POD-ROM results
The POD basis is constructed upon decomposing the matrix A by the SVD procedure. As
we have seen in section 2.2 the vectors u; represent the basis functions when the matrix A

is organised taking as columns the state vectors for each time step.

10
(]
o
° o
10° 1
(0]
=}
s
z -5
310 |
3
jo)]
£
(]
107 ]
° o
15 ° ° ]
10_ | | | | | | |
1 2 3 4 5 6 7 8 9

Singular value number

Figure 2.2: First nine singular values

The singular values in the matrix ¥ represent the energy carried by each mode and in
this simple case, over 99% of the energy was contained in the first four modes (Fig. 2.2).
The associated modes presented the shape illustrated in Fig. 2.3:

To investigate the performance of the reduced-order model, we compare POD-ROM

and reference data at a chosen instant of time (t=0.005 in our case) and at steady state.
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2.3 POD-ROM 13

The ROM equations are advanced in time using the Runge-Kutta time march described by
(2.25). The reduced-order model is very close to the numerical solution, with the difference
being practically unrecognisable when four modes are used. For this particular case, we
are able to reproduce the solution while reducing the size of the problem from 50 (our
chosen N) to 4. For the final solution (Fig. 2.5) we see a fairly good agreement with 2 and
3 modes, and a perfect match with 4 modes. The final solution time is taken as the time

required by the numerical solution to converge to a given tolerance (t=0.0843).

First mode Second mode
0.1 0.4
0 0.2
-0.1 0
0.2 -0.2
-0.3 -0.4
0 0.5 1 0 0.5 1
Third mode Fourth mode
0.6 04
0.4 0.2
0.2 0
0 -0.2
-0.2 -0.4
0 0.5 1 0 0.5 1

Figure 2.3: Modes shape
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14 Reduced-Order Modelling using the POD

T
—— Reference data
—— 1 mode POD-ROM
2 mode POD-ROM
- - -3 mode POD-ROM
¢ 4 mode POD-ROM

Temperature (u)
o
[6;]
Il

0 0.2 0.4 0.6 0.8 1
Axial position (x)

Figure 2.4: Comparison of reference data with ROM at t=0.005

1.2 :
—— Reference data
—— 1 mode POD-ROM
1 2 mode POD-ROM H
- = =3 mode POD-ROM
¢ 4 mode POD-ROM
0.8
£
L 06r
=)
®
g
g 04r
o
'_
0.2
0 |-
_0.2 L L L

1
0.2 0.4 0.6 0.8 1
Axial position (x)

Figure 2.5: Comparison of reference data with ROM at the final solution time (t=0.0843)
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2.3 POD-ROM 15

2.3.2 Pure convection

The second example analysed is the linear convection case. The linear convection equation,
a hyperbolic partial differential equation describing wave propagation in a medium, can be

written as:

ou ou B

o Ta5- =0 (2.26)

where u represents the transported quantity and a is the convection speed. We consider
the transport of a wave as shown in Fig. 2.6 with speed a = 1 (right running wave) and

periodic boundary conditions, running in time for a full cycle.

Wave amplitude

| | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Axial position (x)

Figure 2.6: Wave form (initial condition)

Reference data

We follow the same procedure as for the heat equation, namely discretising the partial

differential equation central in space and integrating in time with a third order Runge-
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16 Reduced-Order Modelling using the POD

Kutta explicit method. The semi-discretised equation is:

n n n
du i aui—i-l — Ui

= 2.2
dt 2Ax 0 (2.27)

POD-ROM results

In the case of the heat equation, we have seen that four modes contained over 99% of the
total energy. Here things are a bit more complicated. Physically now we are trying to
track the movement of a wave only using space dependent modes, which is impossible in
the case of a single mode and not trivial with very few modes. As we can see in the plot
of the singular values (Fig. 2.7), in this case the energy is distributed over several more

modes.

10
° o o
; oo
10 E
o o
(0]
S
©
z 0
310 =
=
g ° o
n
o o
107F 1
o o
o o] o o
o O
° o
10‘2 ! ! ! !
0 5 10 15 20 25

Singular value number

Figure 2.7: First twenty-five singular values

The singular values seem to be disposed in pairs (2-3, 4-5, ...) and their respective
shapes reflect this observation. As can be seen in Fig. 2.8 mode 2 has the same shape as
mode 3 but with a different phase. This can be ascribed to the energy transport phenomena.
Since the modes are fixed in space, one mode alone is not able to carry the energy to a

different location. Therefore the energy transport takes place using pairs of modes. The
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2.3 POD-ROM 17

exception is the first mode, which is constant and is responsible for representing the average
of the wave in the domain. If the wave shape has average zero, this first mode disappears
and the pairs are formed 1-2, 3-4 and so on. It is worth mentioning that the construction
of the POD modes could have been performed by using a centred reference data, in which
the average of the solution is subtracted from the snapshots. The expansion would then
be written as: v = u + Z]]Vil a;¢;, with @ the average solution. This would allow the
elimination of one mode, in case the POD-ROM would be used to reproduce the reference
data.

We compare the reference data with different number of modes in a chosen instant of
time (t=0.5). As anticipated, the solution improves when a pair of modes is added to the
reduced-order model and it is practically unnoticeable when a single one is added. The
difference between three and four modes is basically unnoticeable, but when the fifth mode
is added to the solution (forming the pair with number four), the solution rapidly improves.

The same is noted for the other pairs

First mode Second and third mode
0.2 ‘ ‘ ‘ ‘ 0.2 ‘ : ‘ :
0.1 1 0.17
0 0
-0.1 01
0% 02 04 06 08 1 "% 02 04 06 08 1

Fourth and fifth mode Sixth and seventh mode

0.2 0.2 ‘ ‘ ‘
0.1 /\ ] 0.1} /!
of of \
0.4} / 0.1} ]
0% 02 04 06 08 1 0% 02 04 06 08 1

Figure 2.8: Pure convection modes shape
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18 Reduced-Order Modelling using the POD

0.6

—Reference data

1 mode POD-ROM
- - =2 mode POD-ROM
0.5 —23 mode POD-ROM||
- ==-4 mode POD-ROM

0.4

0.3

0.2

Wave amplitude

0.1

0.1 I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Axial position (x)

Figure 2.9: Comparison of the reference data with POD-ROM results for lower number of

modes

0.6

—Reference data

5 mode POD-ROM
- = =6 mode POD-ROM
——7 mode POD-ROM||
- ==-8 mode POD-ROM

0.5

0.4

o
w

o
¥

Wave amplitude

0.1

0.1 I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Axial position (x)

Figure 2.10: Comparison of the reference data with POD-ROM results for higher number of

modes
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2.3 POD-ROM 19

2.3.3 Convection Diffusion

The convection-diffusion equation is often used as a model for the incompressible Navier-
Stokes equations, since both admit boundary layer development at the wall. The

convection-diffusion equation reads as:

ou N ou 0%u
_ aqa— = R
ot ox ox?
where u represents the flow velocity, a is the convection speed and k the diffusion con-

(2.28)

stant. We investigated the Dirichlet boundary condition case, where we take u(0) = 1 and
u(1) = 0. These conditions are physically representative in the case of wall flow, where the
“left” boundary condition u(0) = 1 is the asymptotic velocity and the “right” boundary
condition u(1) = 0 is the no-slip condition. As initial condition we take a linear velocity
distribution, as in Fig. 2.11. The final solution depends on the convection and diffusion
constant values. If a >> k we will have a steep boundary layer development and if £ >> a
the solution will tend towards a straight line connecting the boundary conditions. In Fig.
2.11 an intermediate case is shown (¢ = 2 and k& = 0.1) with dominant convection. The

development of the boundary layer at the wall is clearly visible.

0.8 .

Velocity (u)
'l

0.4r s

= = =Initial condition
— Steady state solution

| | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Axial position (x)

Figure 2.11: Initial condition and steady state solution
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20 Reduced-Order Modelling using the POD

Reference data

Once again we use central finite differences in space, and integrate in time with a Runge-

Kutta explicit method. The semi-discretised equation reads as:

du™ n a“?ﬂ — Uiy ku?—i—l —2ui + iy
dt 2Ax Az?

(2.29)

POD-ROM results

We want to investigate the ability of the POD to represent such a solution. As before we
analyse the distribution of energy on the singular values and the shape of the dominant
modes. In this case the energy is regularly distributed over several modes, as Fig. 2.12

indicates.
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Figure 2.12: First twenty-five singular values
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First mode Second mode
0
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Third mode Fourth mode

Figure 2.13: Convection-diffusion modes shape

In the convection-diffusion case we are mainly interested in the steady-state solution,
since the boundary layer is then fully developed and it represents the real wall flow. In Fig.
2.14 we compare the steady state solution with reduced-order models of different order.
Although the total energy is distributed over several modes, a very good representation

can be obtained with only 3 modes, and with 4 the difference is almost unnoticeable.
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1.2
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Figure 2.14: Steady state solution
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Chapter 3

Goal-Oriented Model-Order Reduction

In the previous chapter we have seen how the POD provides a procedure for the recon-
struction of the system states which can be considered optimal in a certain sense, since
the error between the reduced space solution and the reference data (see equation 2.9) is
minimised in the L?-norm by choosing the POD basis functions. However, it is important
to note that the POD is a purely data-driven procedure and no reference is made to the
underlying governing equations. Therefore we have no guarantee that the same optimality
holds for the output of reduced-order models constructed using the POD modes. In the
following sections we will present a different method to derive basis functions for reduced-
order models, rigorously tied to the ROM solution and in particular by targeting a specific
output functional. This Goal-Oriented approach has been recently proposed by T. Bui-
Thanh, K. Willcox, O. Ghattas, B. van Bloemen Waanders (7), We will refer to it as the
Fully Discrete-Approach (FDF).

3.1 Overview of the method

The procedure of Bui-Thanh et al. starts from a discrete representation of the governing

equations. For a general Linear Time-Invariant (LTI) dynamical system:

Mi+ Ku = f (3.1)
g=Cu (3.2)

with initial condition:
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24 Goal-Oriented Model-Order Reduction

u(0) = g

where u(t) € RY is the system state, u(t) is the time derivative of u. f(t) defines the
input to the system and the matrix C' € RP*Y defines the Q output of interest, which
are contained in the output vector g(t). M € RV¥ and K € R¥*Y are often referred in
the literature as Mass matriz and Stiffness matriz respectively. These can be derived by
considering a particular discretisation scheme for the original partial differential equations.
The choice of this discretisation scheme is not inconsequential, as we will see that it will
ultimately be incorporated in the definition of the reduced-order model. Furthermore, it
is not clear how one would choose M and K if one wanted to use reference data from
experiments or unknown numerical methods. We will ignore these issues for the moment,
however, and assume that a suitable discretisation (i.e finite difference or finite elements)
can be defined.

A reduced-order model can be constructed by approximating the states u as:

u = da

in which we recognise ® € RV*M to be the projection matrix containing as columns the
basis vectors and where M << N. 4 is the reduced model approximation of the state
u, and the vector «(t) contains the corresponding modal amplitudes. Upon substitut-
ing this expression into the governing equations, and taking the Galerkin projection by

premultiplying by ®7 we have:

Ma+Ka=f (3.3)
j=Ca (3.4)
Moy = &7 Muy (3.5)

where M = ®TM®, K = dTK®, f = dTf,C = CP and o = a(0).
Expressions (3.3-3.5) represent the reduced-order model in the a unknowns of the LTI
system (3.1).

We now pose the problem of determining the set of basis functions ®, such that the goal
functional predicted by the reduced-order model g is as close as possible to the reference

one. Before proceeding with the derivation, it is important to note that this procedure
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differs from the derivation for the POD since we are now considering errors in the solution
of the ROM, 4, rather than those of the state projection in the reduced space (@). In other
words u # @, since 4 is the solution of the reduced-order model (3.3-3.5), while @ is the
representation of a known state in the reduced space, namely @ = ®®Tu, or equivalently
i =" (uT¢;)¢;. Furthermore, we will consider more general definitions for the error
in 4, namely ¢. This brings additional knowledge into the construction of the basis, and
therefore ensures reliability of the reduction technique.

Once again we can formulate the problem in an optimisation framework in which we
seek an optimal set of orthonormal basis functions, but now with a more general error

measure:

¢ = argmin £(P) (3.6)
£@) = [ 9= 0t~ i (3.7
(3.8)

which is the L?-norm error of the output functional with respect to the reference data. By
simultaneously imposing orthonormality in the basis functions and the satisfaction of the

reduced-order model, the constrained error minimisation problem can be written:

g}}ggzé/otj(g—éf - gz (1 ¢76,)? 521@] (3.9)
j=1 2y
i#£]
subject to: ®TMda 4+ ¢T Kda = &7 f (3.10)
T MOy = T Muy (3.11)
g =Cda (3.12)

In case of linear relationship between outputs and states the objective function, this can

be rewritten as:

. I A =
min® =5 [ (=) Hu - §;1—¢ 0)? ﬁjzlm (3.13)
i#j
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26 Goal-Oriented Model-Order Reduction

where H = CTC can be interpreted as a weighting matrix that defines the states relevant to
the specified output. In equation (3.13) we notice the following: the first term is similar to
that encountered in the minimisation process we used for determining the POD. However
the matrix H, now focuses the reduction of the error on the specific functional. If H =1
or equivalently if H is the identity matrix I, this procedure would tend to optimise the
same error as the POD, although the results is still not equivalent since (4 # @).

Before describing the details of the optimisation algorithm, it is important to notice
that the optimisation problem (3.9-3.12) is non-linear and nonconvex. This has several
implications. First of all, we have no guarantees that a purely local optimisation will
converge to the global optimum, since algorithms usually tend to be “trapped” at local
minima. The choice of the initial guess will play a crucial role in the behaviour of the
algorithm. Furthermore, the size and complexity of the problem indicate that general
search routines are likely to fail without specifically-targeted modifications. It is therefore
crucial to employ a robust and reliable optimisation algorithm, as described in the next

section.

3.2 Optimisation algorithm

This section is devoted to the description of the algorithm we used to solve the optimisation
problem for the determination of the reduced-order model basis function. We will present
the methodology for an unconstrained optimisation problem, illustrating latterly ways to

handle the additional constraints of the problem.

3.2.1 Line search and trust-region

Most optimisation algorithms are iterative in nature. This means that beginning at an
initial guess xg, algorithms try to generate a sequence of iterates x; that terminate when
either no more progress can be made or when it seems that a solution point has been
approximated with sufficient accuracy. Although algorithms that do not require monotone
descent have been successfully implemented (see for instance (9)), usually one requires
that the value of the function at the next iteration has to be lower than at the current
one, hence f(zg11) < f(xg). In deciding how to move efficiently from one iterate to the

next, one generally applies a so-called globalisation strategy. This can be viewed as an
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3.2 Optimisation algorithm 27

enhancement which increases the set of initial guesses for which the method will converge.
There are mainly two strategies we can follow, line search and trust region algorithms.
Generally, both ones approximate the objective function around the current iterate by a

quadratic model my:

1
mi(zr +p) = fr +p" Vi + §pTV2fkp (3.14)

where fi, = f(xy), p is a candidate step, V fi is the gradient of the objective function at
the current iterate z and V2 f is the Hessian matrix (or when not readily available, some
approximation of it). As we will see however, line search and trust region algorithms use
this information in different ways to generate the next step.

In the line search method, the algorithm chooses a direction d; and searches along this
direction for a new iterate with a lower function value. Given a direction, the step length
is calculated such that we (approximately) minimise the function along this direction. In

other words, given dj we choose « such that:

m>1(r)1 my(xp + ady,) (3.15)

If we could solve (3.15) exactly, we would derive the maximum benefit from the direction
dy. The exact procedure is usually expensive, however, and most of the time it is enough to
move closer to the minimum. Therefore line search algorithms generate a limited number
of trial step lengths until one that loosely approximates the solution of the minimisation
subproblem (3.15) is found. At the new point, a new search direction and step length are
computed, and the process is repeated.

In contrast, trust region algorithms define a region around the current iterate in which
it is understood that the model function is a good approximation of the objective function.
Since the model might only be accurate in a close neighbourhood of the current iterate,
we restrict the search for a minimiser of my to a limited region around xj, the so-called
trust region. In other words, we find the candidate step p by approximately solving the

following subproblem:

min mg(zr + p) where zy + p lies inside the trust region. (3.16)
P

Contrary to the line search method, here we impose a maximum step length and then

minimise the model function subject to this constraint, which in turn can imply a different
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28 Goal-Oriented Model-Order Reduction

search direction. If the candidate solution does not produce a sufficient decrease in f, we
conclude that the trust region is too large, and therefore we shrink it and re-solve (3.16).
Usually, the trust region is a ball defined by ||p||s < A, with A the trust region radius.
Although both methods can be efficiently applied to complex optimisation problems
like (3.9-3.12), we choose to implement a trust region algorithm since it has been shown
to outperform the line-search algorithm for large-scale ill-conditioned problems. When
the Hessian matrix V2 f; is nearly singular, for example, the line search algorithm requires
many iterations and gives only a small reduction in the objective function. The trust region
method deals more effectively with this situation and is therefore preferable. In particular
we will implement a trust-region inexact-Newton-conjugate-gradient method, as described

in the coming section.

3.2.2 Trust-region inexact-Newton method

Trust region methods compute the next iterate by solving a much easier handled model
function, which represents with good approximation the objective function at the cur-
rent iterate. Since the necessary condition for stationarity of a function is that the first

derivative vanishes at the extrema, we have:

mi (x4 pr) = Vi + V2 fipr = 0 (3.17)

where V f;, and p are vectors and V2f, a matrix. The basic Newton step p is chosen by

solving the symmetric linear system:

V2 fipr = =V [i (3.18)

and a new iterate xp,; can be computed since the step p = xp 1 — zr. Newton methods
have the advantage of being rapidly convergent to the solution, provided that we start
with a “close enough” initial guess xo. However, in large scale algorithms, the direct
factorisation of the Hessian matrix might be intractable. We are therefore forced to find
approximations of p; that are inexpensive to calculate but that still represent good steps.
This can be done by solving equation (3.18) iteratively. Since the Newton step is not
directly computed by inverting V?2f;, this family of methods are generally referred to in
the literature as inexact-Newton methods. In particular, we will use the conjugate-gradient

method with modifications to handle negative curvature in the Hessian V2f, to solve
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eq.(3.18) and we will globalise the algorithm by a trust-region scheme. These two aspects

are described in detail in the next sections.

The trust-region main loop

A key part of trust-region algorithms is the strategy used to choose the trust-region radius
A}, at each iteration. Since we want to define A, as a region in which the model function is a
good approximation of the objective function, we base our choice on the agreement between
the two functions in previous iterations. For the remainder of this section we will consider
the model function to be centred around the current iterate, expressing dependence only

with respect to p:

1
m(p) = fr + ' Vi + EPTV2ka (3.19)

Given the step pr we define the gain factor py to be:

fzr) — fxr + pr)

m1(0) — m(pr) (3.20)

Pk =

where the numerator is called the actual reduction and the denominator the predicted
reduction. The latter represents the reduction in f predicted by the model function my,
being my(0) = f(xx). Since py is obtained by minimising the model m; over a region
that includes p = 0, the denominator will always be nonnegative. Hence, if p happens
to be negative, it follows that the objective function at xp,, has a higher value than at
T, implying that the step must be rejected. On the other hand, if p is nonnegative we
can distinguish the following cases: if p is close to 1, we infer that the model function
adequately approximates the objective function and therefore we can allow the algorithm
to take larger steps in the next iteration by expanding the trust region. Contrarily, if p is
close to 0, the model is behaving poorly and therefore the region must be shrunk. Lastly,

when p is “safely” between 0 and 1 we do not alter the trust region. In the literature it

1

1, not alter it for % <p< % and expand it for p > %.

is suggested to reduce A for p <
Denoting the maximum bound for the step lengths by A, the algorithm can be summarised

as:
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30 Goal-Oriented Model-Order Reduction

Algorithm 1 - Trust Region
Given: A > 0,4 € (0, A), and n € |0, 71)3
fork=0,1,2,..do
Obtain the step py by approximately solving (3.19)

Evaluate the gain factor py from Eq. (3.20)

if pr < %1 then
App1 = 1Ak

else if p, > 2 and |[p|| = Ax then
Apy1 = min(20;, A)

else
Apy1 = Ay

end if

if p > n then
Tpt1 = Tg + Pk
else

Tht1 = Tk
end if

end for

It is important to notice that the trust region is only expanded when two conditions
are satisfied: first the gain factor needs to be larger than %, and second the actual step has
to reach the trust region bound. If p, stays strictly within the region, we infer that the
region bound is not interfering with the progress of the algorithm, so we leave it unchanged.
Furthermore with the parameter n we only accept the step when the reduction is at least
higher than a minimum threshold.

To practically implement algorithm 1 we have to focus our attention in solving (3.19),
which is called the trust-region subproblem. The trust region subproblem can be regarded
as a constrained optimisation problem in which we attempt to minimise my by imposing

that the step length does not exit the trust region.
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: 1
min fi + PV fi+ §pTV2fkp (3.21)
such that: ||p|]2 < Ag (3.22)

As we have seen, by Newton’s method, the optimality condition is given by imposing
stationarity of the model function and by solving the linear system (3.18) for py. A very
efficient way to solve large linear systems iteratively is to use the conjugate gradient (CG)

method, described in appendix D. This is used to generate the results in this report.

The complete algorithm

Now that all the machinery is in place we can construct the complete algorithm, globalising
the conjugate gradient method by trust region scheme. The idea is as follows: at each step
x) we approximate the objective function by the corresponding quadratic form my(p). By
imposing stationarity of my(px) and by applying the trust-region constraint on the step
lengths, we generate the Newton’s equations which give the problem in the form V2 f,p; +
V fr = 0 such that ||px|| < Ax. This set of equations can be solved by the conjugate-
gradient method provided that VZ2f, is symmetric and positive definite. Symmetry is
not an issue since the Hessian matrix is symmetric by definition, but unfortunately the
positive definiteness is not guaranteed. Therefore we need to modify the CG algorithm
(Alg. 3 in the appendix) to be able to handle this situation. Furthermore we have the
constraint of the trust region bound, which limits us on the step length to be taken. As
was previously explained, the conjugate-gradient method constructs the step iteratively as
linear combination of search directions. In the algorithm we identify this sequence as z;.
Starting with zg = 0, we construct the step px by CG until one of the following conditions

is encountered:

e The residual at z; is lower than a given tolerance, meaning that the algorithm has

reached the minima of the model function.

e The sequence exits the trust region bound, in which case we determine the minima

along d; such that ||ps|| = Ag

e We find a direction of negative curvature, namely dJTW frd; < 0. In this case we
move to the boundary since, being the function upwardly convex, a minima cannot

be found.
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This is more clearly explained with the aid of Fig. 3.1. Fig. 3.1(a) shows the first
iteration: starting at xy we construct the step py (initially p, = 0) by first moving in the
direction dy = —rg. This leads to pr = z1. At this point, if the residual of my(z1) is lower
than the tolerance ¢, the step is complete and we return p, = z;, otherwise we continue

iterating.

-1.5 . L L -1.5

(a) Case 1 (b) Case 2
Figure 3.1: Trust-region conjugate gradient

In Fig. 3.1(b) this leads to z; which lies outside the trust-region. Since the constraint
is violated we calculate the sub-step length 7 such that we reach the trust bound along d»,
hence py, = 21+ 7dy with ||pg|| = Ax and we return the step pg. Yet a last possibility would
be to encounter a negative curvature. In this case, similarly, we move to the boundary and
calculate p, = z; + 7d; such that ||py|| = Ay and it minimises my, along d;.

Once the step is constructed we update xp,1 = xp + pr, we calculate the gain factor,
verify that we had a descent in the objective function and continue with the update of the

trust region.
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The algorithm just described is due to Steihaug (10). In practice we will use Algorithm
2 in combination with algorithm 1, in which CG-Steihaug solves the step “Obtain the step
pr by approximately solving (3.19)”.

When we terminate by exiting the trust-region bound or by encountering negative
curvature, the evaluation of 7 is required. This can be computed by taking the positive

root of the quadratic equation:

(zj +7dj)" (25 + 7d;) = AF (3.24)
T d] dj + 2r2;d; = A} — 2] 2 (3.25)

For further details and proofs of convergence of the method, the reader can consult Stei-
haug (10). For further information regarding trust-region methods and PDE-constrained

optimisation, the reader is referred to (11; 12; 13; 14)
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Algorithm 2 - CG-Steihaug
Given tolerance ¢, > 0;

Set 20 =0, ro =V fi, dy = —ro;
if ||7o|| < €, then

return p, = 29 =0

end if

fork=0,1, 2, ... do
if 0] Hd), < 0 then
Find 7 such that p, = 2z; + 7d; minimizes my(px)
and satisfies ||px|| = Ag;

return pg;

end if

Set aj = r[r;/d] Hd,

Set zj11 = z; + a;d,;

if ||zj11]| > Ak then
Find 7 such that p, = z; + 7d; satisfies ||py|| = A;
return pg;

end if

Set Tiv1 =715 + Oédej
if ||Tj+1|| < €k then
return p, = z;41

end if

_.T T
Set Bj-l—l = Tj—l—lrj‘i‘l/rj 7”]‘
Set dji1 = —rjq1 + fj1d;

end for
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3.3 Solution of the Optimisation Problem

Now that we have defined the algorithm we will implement, we can focus our attention
on the actual solution of the optimisation problem (3.9-3.12). This represents a so-called
PDE-constrained optimisation problem. The term indicates that the objective function
(3.9) needs to be minimised subject to constraints on the possible values of the indepen-
dent variables, and these constraints can in general have the form of Partial-Differential
Equations (PDE). In our particular case this differential equation has the form of an
Ordinary-Differential Equation (ODE) since the only dependence is time. Hereinafter we
will refer to the ODE constraint as the state equation. In the previous section we have
derived an algorithm that can efficiently solve unconstrained optimisation problems. We
will now show that it is possible to convert a constrained optimisation problem to an
unconstrained one by segregation.

As we have previously seen, a classical way to solve constrained optimisation problems
is to introduce Lagrange multipliers and form a Lagrangian functional . that incorporates

the constraints in the form of inner product with the multipliers. In our case this leads to:

l\-’)ltb

ty
,,%((I),m)\,u):%/ (U_I&’)TH(
0

Zl_(b ¢]

Z oL ;)2 /0 AT (T M e
wﬁ]

MIQ

+ T Koo — & f)dt + p" (T MPay — T Muy) (3.26)

where A = \(t) € RM and € RM are the Lagrange multipliers, that respectively enforce
the state equation and initial conditions. The optimality conditions can be derived by
imposing stationarity of the Lagrangian with respect to ®, o, A, p.

Setting the first variation of the Lagrangian with respect to A to zero and arguing that
the variation of A is arbitrary in [0, %], and setting the derivative of the Lagrangian with
respect to p to zero, simply recovers the state equation and initial conditions (3.10-3.11).
Setting the first variation of the Lagrangian with respect to a to zero, and arguing that
the variation of « is arbitrary in [0,¢;], at ¢ = 0, and at ¢t = t; , yields the so called adjoint

equation, final condition and definition of u:
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— T MON+ TKTON = OTH(u — Do), (3.27)
Alty) =0, (3.28)
1= A(0) (3.29)

where, without loss of generality, M is assumed to be symmetric. Finally, taking the
derivative of the Lagrangian with respect to the basis vector ® yields the following matrix

equation:

ty
0Ly = / H(®a — u)a’dt + 2B0(07® — 1)
0

12
+ / [M®(NaT + a\T) + KT a” + KPaT — fAT]dt
0
+ M®pad + M(Pay — ug)p” = 0. (3.30)

The trick to re-express the constrained optimisation (3.9-3.12) to an unconstrained one is
by eliminating the dependence on « from the objective function (3.9). This can be done by
segregating the solution of the state equation from the optimisation problem, solving them
sequentially. More specifically we first solve (3.10-3.11) to determine «, and substitute this
result into the objective function (3.9). Secondly, since a does not represent a dependent
variable in the optimisation process anymore, the optimisation problem is converted to an
unconstrained one, which can be solved for only the ® variables. The original problem is
thus approximated by the segregated approach where we require that for small steps in @,
and particularly at the limit A® — 0, the two approaches converge to the same result.
Having rewritten the optimisation problem to an equivalent unconstrained one, it is now
possible to apply the algorithm previously developed in the determination of the optimal
®. To construct the Newton set of equations we need the evaluation of the gradient and of
the Hessian matrix at the current iterate. The gradient of the unconstrained function 9 is
given by 0% in equation (3.30) when « satisfies the state equation and (A, ) satisfy the
adjoint equation. Hence the procedure to calculate the gradient can be summarised by the
following steps: first we solve the state equation to determine «, this allows the solution
of the adjoint equation, leading to the determination of A and p. With the computed («,

A, 1) we have all the information to evaluate the gradient at the given iterate ®.
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In the conjugate gradient method used in algorithm 2, we notice that the Hessian
matrix is always multiplied by the search direction d;. Therefore it is actually not required
to compute the exact Hessian matrix, but we can approximate the Hessian-vector product

on-the-fly. Consider a Taylor expansion of the gradient g(x) of a given function:

gz + Az) =~ g(z) + H(z)Ax (3.31)
with H(x) the Hessian matrix. Now consider the Hessian vector we want to compute. For
small /i we have:

g(z + hd;) = g(z) + hH(x)d, (3.32)

And hence:

_ 9@+ hd;) — g(x)

The Hessian-vector product is then approximated by the directional derivative of the gra-

(3.33)

dient with respect to the search direction. In our case this means calculating another set of
state and adjoint equations to define g(z + hd;), where x for us represents ®. This because
modifying ® leads to a different solution of the state equation, thus different «’s, which
in turn changes the definition of A and therefore of the gradient. The complete algorithm
requires consequently the solution of a pair of state and adjoint equations at each iteration.

As a last note, we mentioned in section (3.1) that as the problem is nonconvex, we are
not guaranteed to reach a global minima. Accordingly, the choice of the initial guess plays
an important role, since being “close enough” at the beginning of the algorithm assures
better convergence properties of the Newton’s method. For this reason we choose ® derived
by the POD procedure to be our candidate initial guess. Firstly, the POD is understood
to perform relatively well in the determination of an optimal set of basis functions, which
will also be shown in the preliminary results section. And secondly the determination of

the POD basis is relatively cheap.
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3.4 Results

3.4.1 Heat Equation

To write this system in the LTI formulation (3.1), we have to define mass matrix, stiffness
matrix and input vector. For the finite difference case the mass matrix corresponds to
the identity matrix (M = I); the stiffness matrix K, as we can see in the second term of
Eq. (2.24) is a tridiagonal matrix containing 2 on the main diagonal and -1 on the upper
and lower diagonals, multiplied by ﬁ. This except first and last line which contain the
equations corresponding to the boundary conditions. The vector f contains the input to
the system (forcing terms, sources, sinks, etc.), which in our case are zero. The only terms
will then be the known boundary values moved to the right hand side. In this way we

re-express the problem in the LTT system:

Mi+ Ku=f (3.34)

where M, K € RN*TIXN+1 and o, f € RVF!

The first functional we will consider using the FDF-ROM approach is the average
temperature in the region towards the end of the rod 0.8 < x < 1 (hereinafter referred as
FDF-ROM 4,). The matrix C specifying the functional has to be constructed such that,
once applied to the solution vector u, it returns the average over the targeted domain.
To illustrate this, imagine for a moment that our rod is discretised in 5 subintervals. In
this case starting from the left end, each node corresponds to the position 0, 0.2, 0.4,...,1
respectively. The region we are interested in is spanned by the last 2 nodes and therefore

to obtain the average over this region (¢ = C'u), we have to construct C as:

Ug
Uy
Uz [ ug+Us

= 11 =
9[000022u3 :

Uy

Us

which is the average of the last two nodes.
Fig. (3.2) presents a comparison between POD-ROM and FDF-ROM for both the
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average solution case just described (FDF-ROM 4,.) and for the full domain reconstruction
(FDF-ROMpgy;). Although small, we notice an improvement for every dimension of the
reduced-order model when the goal-oriented approach for the rod-end average is used. For
the complete domain the difference is basically unrecognisable, being in the order of 1074
for the first mode and lower than 10~7 for the other cases. Furthermore, since over 99% of
the energy is contained in the first 4 modes, the reduced-order model of order 4 resolves
the temperature distribution very accurately and almost no improvement can be achieved

by adding extra modes. The error is evaluated by the error measure (3.13).
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Figure 3.2: Objective function POD and goal-oriented errors

For completeness we present the difference brought by the optimisation procedure in
the mode shape. Only the order 1 case is presented since in the other cases the difference
is not recognisable in the plot. Since in the reconstruction of the full domain the POD
basis performs well, the difference brought by the optimised basis is very limited. On the
other hand choosing the rod-end average as a functional results in a higher modification

of the mode shape.
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Figure 3.3: Comparison of differently optimised modes

3.4.2 Pure convection

In this case the stiffness matrix will be bi-diagonal with entries only on the upper and lower
diagonal, plus entries in the north-east and south-west corners accounting for the periodic
boundary conditions. f is the zero vector and M the identity matrix once again.

As indicated, the pure convection case has a specific physical constraint in the deter-
mination of the mode shapes since the energy transport is only possible by using shifted
modes which span the complete domain. As shown in Fig. 3.4 (bottom) the new approach,
in the case of full domain goal, only leads to a very small improvement over the POD. On
the other hand Fig. 3.4 (top) shows a comparison between POD and the new method in
case we target only half of the solution domain (FDF-ROMp,,). In particular we have

chosen the solution in 0.5 < x < 1.
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3.4.3 Convection-Diffusion

4
Number of modes

5

For the convection-diffusion equation the stiffness matrix will be tri-diagonal, with the

following entries:

e On the main diagonal (2£;)

e On the upper diagonal (ng - Asz)

a k

e On the lower diagonal (—m —
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M the identity matrix once again and f the zero vector with only entries accounting for
the boundary conditions.

We investigated the behaviour of the POD-ROM and FDF-ROM in both the full state
reconstruction and with a specific functional. The targeted functional is the solution in half
of the domain, 0.5 < z < 1. Fig.(3.5) presents a comparison between the POD-ROM and
the FDF-ROM approach for the full domain representation and for the second functional.
The advantages of the new methodology are much clearer in this case, both for the full

domain and for a local target.
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Chapter 4

Semi-Continuous formulation

The method presented in the preceding section however, poses several limitations in terms
of applicability. First of all the discrete nature of the equations implies that the reduced-
order model can only be constructed when mass and stiffness matrices are readily available.
How these are to be constructed is not always obvious. If the reference data comes from
a detailed computational fluid dynamics simulation a natural choice might be the corre-
sponding mass and stiffness matrices of the discretisation used to generate the data. If the
reference data comes from experiments, then no obvious choice for M and K exists. In
any case, the choice of the matrices affects the speed and performance of the find ROM
in a hard-to-predict way. A second limitation is the strictly linear character of the deriva-
tion proposed, limiting the span of governing equations considered and the choice of the
goal-functional. Lastly, an important issue in the construction of the reduced-order model
is the treatment of the boundary conditions. In the derivation it is implicitly understood
that the boundary conditions are handled by direct substitution, but other possibilities are
available and clarifications must be addressed.

To overcome these drawbacks, we have generalised the approach of ref. (7) by con-
sidering the generation of the reduced-order model, and the optimisation process, in a
continuous setting. This implies coupling the discrete nature of the modes (derived from
numerical simulations or experiments), with the continuous setting of the governing equa-
tions. The reduced-order model is then constructed by projecting the governing equation
into each mode according to Galerkin method. Note, however, that since the reference
data are either generated by numerical simulations or experiments, they always have a

finite character. It is most-straight forward to define the modes in the same discrete space
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and thus the generalisation we consider here couples the discrete data with a continuous
representation of the governing equations, functionals, and optimisation process. We refer
to this as a semi-continuous formulation (SCF).

Using the SCF, we are no longer limited to the LTI formalism, but we can accommodate
any differential equation and we also avoid the ambiguities associated with choosing mass
and stiffness matrices arbitrarily at the beginning of the optimisation process. Furthermore,
we clarify the treatment of arbitrary functionals in the optimisation process and are no

longer limited to be ¢ = Cu. ¢ can now take any form, e.g. sin(u),u?.

For clarity of
exposition we will refer to the LTI algebraic approach propose by Bui-Thanh as the fully-

discrete formulation FDF', and the semi-continuous formulation as SCF.

4.1 Derivation

To exemplify the SCF, we first consider the construction of the reduced-order model for
two test cases, the 1D heat equation with homogeneous Dirichlet boundary conditions and

the convection-diffusion equation with non-homogeneous Dirichlet boundary conditions.

Heat Equation

We will consider the following equation:

ou  0%u
u(0,t) = u(l,t) =0; (4.2)

To construct a reduced-order model, we approximate u by 2?21 a;¢;, where ¢’s are now

continuous functions of z, and we employ Galerkin projection. This leads to:

1 n 1 n
/ > djgidndr — k / > ¢ dpda = (4.3)
0 0

where * indicates a time derivative, and " a spatial derivative. Rearranging and integrating

the second integral by parts we obtain:

n 1 n n 1
Zozj/ ¢j¢kdx—kzaj[¢;¢k|é]+kzaj/ ¢ dw (4.4)
j=1 0 j=1 j=1 0
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For homogeneous BC ¢ must be 0 at x = 0 and = 1. The second term in equation (4.4)

vanishes and we are left with:

n . 1 " X
;&j/o Qjordr + k;aj/o ¢ dpdr = 0 (45)

which represents the weak form of the heat equation.

Remark: it is important to notice that the assumption of continuity in the interval of
definition plays a crucial role. If a discontinuity is present, the derivative of the mode is
not defined at the jump and therefore specific adaptations must be addressed, details of

which are beyond the scope of this work.

Convection-diffusion equation

We now consider the convection-diffusion equation for the case of non-homogeneous Dirich-
let boundary conditions (NH-BC). When treating NH-BC, special attention must be paid
to evaluating the boundary terms. Different formulations are possible. We will present two
different cases, namely direct substitution and the penalty method.

The convection-diffusion equation and boundary conditions to be considered are:

ou ou 0%u

E + aa—x = @ (46)
w(0,t) =1 (4.7)
u(1,t) = 0; (4.8)

As before, we approximate the solution by u = Z?Zl a;¢;, and employ Galerkin projection:

1 n 1 n 1 n
/O;dj¢j¢kdx+a/o jzlaj¢;¢kdx:k/o jzlajgb;’gbkdq; (4.9)

which can be rearranged as:

n 1 n 1 n 1
Z aj; / ¢;ordr + a Z aj; / ¢ippdr =k Z aj; / ¢ prda (4.10)
J=1 0 j=1 0 j=1 0

To reduce the order of the derivatives we integrate by parts, leading to:
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46 Semi-Continuous formulation

Zaj/ b n x—aZaj/ ¢]¢kdm+k2a]/ ¢ dx

+ aZa] in ] kzaj &in o) (4.11)

which represents the weak form of the convection diffusion equation.

The first method to enforce the boundary conditions, is to substitute the exact value
at the boundary when required. Specifically, we know that at the boundary u(0) = 1 and
hence »77_ a;¢;(0) = 1, while u(1) = 0 meaning that » 7, a;$;(1) = 0. Furthermore

¢ =0 at x = 1 being the boundary condition homogeneous at x = 1. This leads to:

n 1 n 1 n 1
Zozj/ ¢j¢kda:—a2aj/ ¢j¢;da;+kzaj/ ¢ ¢ da
j=1 70 =t 70 j=1 70

— au(0)or(0) + k Z a;[¢}(0)¢x(0)] = 0 (4.12)

where the final flux term therefore remains unknown.

The second method we consider for treating boundary conditions is a so-called penalty
method. The key idea of the method is to leave undetermined the boundary fluxes arising
from the weak formulation, and enforce the satisfaction of the boundary conditions by
|é, with v the boundary value. As o goes to
infinity the deviation from the exact solution is increasingly penalised, and the solution

adding a penalty term in the form o(u — )

converges to the solution of the original problem. Furthermore, particularly for diffusive-
dominated problems, a second term should be added to the formulation to increase stability.

1
} 0 (see (15))
. Notice that the addition of these extra terms does not influence the consistency of the

This is the so-called adjoint-consistency term and has the form k[¢'(u — v)]

system, since upon substitution of the exact solution, penalty and adjoint consistency terms

vanish and we are left with the original problem.
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Z%/ gquﬁkdx—a aj/ ¢J¢kdx+k2a]/ &) dx

+aza]¢j¢k‘ kzajgbgbk

+[0(u—'y)+k¢ (u—’y |, =0 (4.13)

The penalty parameter must be chosen depending on the specific need of the application.
If we are interested in having a high fidelity of the solution close to the boundary we would
increase the penalty term to bring the weak formulation the closest possible to the exact
solution. On the other hand, allowing jumps in the boundary terms, allows for a better

representation of the interior solution, as will be illustrated by the numerical tests.

4.2 Optimisation

Having seen the derivation of the SCF-ROM for two examples of interest, we are now ready
to move one step forward and set up the optimisation procedure in the continuous setting.
As for the discrete setting, we now seek a set of model-constrained optimised modes in
the continuous framework such that the Lo-norm is minimised. However, in the current
formulation we no longer wish to be limited in choosing g to be linear, g = C'®, but desire
to be free to pick whichever function suits our needs. We will indicate this as g = f(u).
For ease of presentation we will derive the method for a specific example, the convection-
diffusion equation analysed in Sec. 4.3 with direct substitution. The optimisation problem

can be stated as, find ® € RY where:

¢ = argmin £(P) (4.14)
®

_ /0 ! /0 (g — odudt (4.15)
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Applying the model constraint and orthonormality, the problem becomes find ® € RY

where:
o2 (1 [ o) <5 3 (f o)
mln% = Vdrdt + = 1 - ¢;d (pipj)d
o - 330 (1= i) + 550 ([0
Z#J
(4.16)
subject to: En:ozj /1 Giprdr — aiaj /1 gzﬁjgb;cdx—i—k:iaj /1 ¢ dr
= 0 ] 0 = 0
— au(0)ér(0) + kY a;[¢(0)¢x(0)] = 0 (4.17)
n 1 1
;@j(()) /0 ¢jbpdr = /0 Uodrda (4.18)
i = f(u) (4.19)

We again construct the gradient using an adjoint method. The first step is to define the
Lagrangian by taking the inner product of each constraint with its respective Lagrange
multiplier. Since each projected state equation has to be satisfied, there will be A, for

= 1..n for which:

j=1
B m 1 2 ty n n 1
‘*'51; (/0 (CszbJ)dx) +/0 ;Ak{;oﬁ/ ¢jordx
— o;Prpdr + k (b(bd
a; / PR Z%/ kAT
— au( —I—/{:Zanzﬁ }dmdt

+ Zuk (Z Oéj(O)/O ¢jopdr — /Oluoqﬁkd:c> =0 (4.20)

We now impose stationarity of the Lagrangian to define the optimality conditions. This
implies taking a set of Fréchet derivatives with respect to each defining function. Setting

the variation of the Lagrangian with respect to each A\, and pu; to zero simply recovers
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the respective projected state equation and the initial condition, respectively. Setting the
variation with respect to each o (which we will denote «,) to zero yields the corresponding

adjoint equation, final condition and definition of pu.

n

. 1 n 1 1
_ ; )y /O bybyd + ; A [k /0 ¢ dide —a /0 0u8d + sy (0),(0)
1 n n
:/0 [f(u) —f(zajeﬁj)]f/(Z%%)(ﬁqdﬂf (4.21)
P =1

Aq(ty) =0, (4.22)

1g = Aq(0) (4.23)

The last step is to differentiate the Lagrangian with respect to the each basis vector

¢q4. For clarity, we split the derivation for each term, denoted with F;.

1% term
o= mmal [ [ sG] wa -
_ /0 f [;r(;ajqjj) - f(u)} f’(éaﬂsj)ath (4.24)
2" term
Sl ~ma s (- ) §-
— 266, ( / (602 1) (4.25)
3" term

il L))
(L

—%Z@

J#q

(9q0;)d ) (4.26)

MSc. Thesis S. Mattei



50 Semi-Continuous formulation
4™ term
A { | }
A b )dx | dt S =
0pg() 5¢q {/0 ; k Z%/ (¢jdn)dz | dt
B / <2Aq‘j‘q¢q A Z Gjoj + g Y )‘j¢j) dt (4.27)
0 — ~
74 4
5" term
0Fs[¢g] 0
5q(z) — Oepg( QJ){/ “ZO‘J/ ¢J¢kd4dt}
_a/ <Aq >0t —ay Z)\ﬂﬁ;)dt (4.28)
0 Jj=1 j=1
J#q J#q
6" term
6F6 3 - ' Y _
5¢q (S(bq g;) {/0 — )\k kz@j/ ¢]¢kd$1 dt} =
k <2)\ gy + A Z ;¢ + ag Z )\]qb”) (4.29)
0
J#q J#q
7" term
IF; (o
5¢Z 5¢>q { ; ;Ak {’fzag/ &G dt}
- _/ (2)\ 0y + ) Z ;¢ + g Z Aj 3) (4.30)
0
J#q J#q
8" term
0
5] { — au(0)¢k(0)} = —au(0) (4.31)
9" term
) i ) B n /
564(@) {k;aj¢j(0)¢k(0)} = k‘;aj(bj(()) (4.32)
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10" term
dF10[og) i
dg() 5¢q {ZM’“ <Z a;(0 / quqbkdx) } —
= 241q00qPq + fiq Z op; + oy Z 1 ®; (4.33)
4 T
11" term
dF11[dg) )
0¢pq() 5¢q {Z'uk ( / u0¢kdI) } =
e (4.34)

Putting all together we have the expression for the gradient:

0Lp, = /Otf {f(i%‘%) - f(u)} f’(i%’@ﬁj) agdl + 28, (/Ol(ﬁbq)zdl' - 1)

29 Z o ( / (6g) das) I { <2Aqo'cq¢q RN TS wj)
j=1 j=1

J#q J74q J74q
- <Aq Dot —an) Aﬂ%) —k <2Aqaq¢;’ FAY g ag Y Am;!) }dt
oy = j=1 =1
J#4q J#q J#q J#4q
—au(0)A + kS O + 2110008y + 11g S sbs + g S i — qu (4.35)
— - -
?#q ;séq

All the ingredients are now in place to implement the procedure computationally. Al-
though the base formulation is continuous, the reference data is discrete. We are therefore
forced to evaluate operators such as g — g in a discrete way. Correspondingly, the solutions
to the equation (4.35) will live in the same discrete space as the reference data. Specifically,
the basis vectors ® will have the dimension of the reference data in space, while the mode
amplitudes, «, have the dimension of the reference data in time. As a consequence, in the
solution of (4.35) we require discrete operators for integration in space and time, and for
differentiation in space the choice of these operators will be discussed in the results section
which follows. In the next sections we will give results computed with the SCF for several

different cases.
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4.3 SCF Results

As mentioned in the previous section, the evaluation of integrals and derivatives in equation
(4.35) must be carried out discretely. We choose to approximate the spatial derivatives by

central differences and integrate over the domain by the trapezoidal rule as follows:

| rws@is~ Y fa

i=1

where f; and g; represent the average values of the function f and g on each interval,
f = %, and h is the length of the subinterval of integration. This can be organised
in matrix form, by taking f = [f,--- fn]", g = [g1---gn]", and A as a matrix containing
only h on the diagonal. The integration therefore takes the form: fol f(z)g(x)dr ~ fTAg.
We are now in a position to compare the final discretisation arising from FDF and SCF.

The n equations arising in (4.5) can also be expressed as:

Ma+ Ka = 0; (4.36)

Where M = ®TAD and KX = P'TAP

In FDF, one might have constructed M and K using an arbitrary discretisation method
for the governing equations. This might have been of high order, and included complex
stabilisation operators, for example. In the case of experimental data, it might not have
been possible to choose K and M at all. In contrast, in the SCF 9 and X are clearly
associated with the process of integration and differentiation required for the reduced-order
model. They can be chosen based on the final operating requirements of the ROM.

Looking more carefully at the M-matrices, we see that in case of SCF-ROM the matrix
M is equal to the identity matrix. This because, by definition of orthonormal basis, the
inner product fol ¢iprdr = 6y and therefore only terms on the diagonal (i = k) contribute.
For BT-ROM the situation is slightly different, since M is dependent on the discretisation
scheme chosen. If the numerical simulation is constructed by finite differences, the matrix
M of the LTI formulation is also the identity matrix and therefore ¥ = M = I. On the
other hand, if a finite element approach is used, M is no longer identical and leads to a
different result.

The following results will be generated by similar finite difference schemes for FDF

and SCF, which results in a similar but not identical structure for the matrices M and
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K. To solve equation (4.36) we need to supplement the equation by an appropriate initial
condition. In our case we choose a triangular distribution as illustrated in Fig. 4.1. The
reduced order model is integrated in time by a third-order explicit Runge-Kutta method.
In Fig. 4.4 we compare the two formulations at a chosen instant of time t=0.025. As
expected, the results from the FDF-ROM and SCF-ROM are similar to each other. For

comparison, we consider the relative error as the number of modes increases, calculated as:

_ U =Tl

oA
where U and U, are the matrices containing the set of snapshots of the numerical solution
and of the reduced-order model respectively. As we can see the difference is practically

unnoticeable, although the continuous one is slightly lower.
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Figure 4.2: Comparison Discrete and Continuous POD of order 3 in a randomly chosen

instant of time (t=0.0025)
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Convection Diffusion with NH-BC

In a similar fashion as the the heat equation, to implement the convection-diffusion equation
we discretise the governing equations to allow numerical implementation. By applying the
same differentiation and integration techniques we arrive at a similar result. Particularly,
by defining the vector &y = [¢1(0), ..., ¢,(0)], as well as & = [¢}(0), ..., ¢!,(0)], also in this
case we can set up the numerical counterpart, gathering the equations in matrix form for

compactness. This gives:

Mo+ (K, + K)o = b (4.37)

Where M = ®TAD, K, = —a(PTAD) + k(PTAP'), K, = kO] [, and b = kD uo.

To solve numerically (4.37) we employ a third order explicit Runge-Kutta method. At
steady state the performance of the reduced-order model is shown in Fig. 4.5 for order
1 to 4 in case of the direct substitution method. Since the penalty method is strongly
dependent of the ¢ value, it is worthwhile comparing how this affects the accuracy of the
solution. As can be seen in Fig. 4.6 for the one mode case, the adoption of a high penalty
term enforces the boundary conditions in a stronger manner, but the price to pay is a lack
of optimality in the interior domain. On the other hand reducing o to lower values, thus
allowing bigger jumps at the boundary, shows a better representation of the boundary
layer. Depending on one needs, the choice of ¢ plays an important role and should be

ultimately be incorporated as an additional optimisation variable.
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4.4 Optimisation - Non linear functional

In a similar way as we did for the state equations, to implement the optimisation for the
SCF derived in Sec. 4.2, adjoint equation and gradient expression need to be brought in
matrix form. Since the goal-oriented term depends on the function we choose to optimise,
for sake of clarity we take as example the identity function f(u) = u. The adjoint equation

can be rewritten as:

—MIA+ (T + KN =6 (4.38)

With M, X, &, as previously defined and 6 = ®TA(u — da)

And similarly, in matrix form the gradient reads as:

tr - tr
6L = / (Pa — u)aldt 4+ 2B0(PTAD — 1) + / [@(Aa” + an")
0 0
—a®’ (A’ — aX") — k®" (Ao’ + aXT) — augh” + k'] dt
+ ®(pag + aop”) — uop® =0 (4.39)
It is worth contrasting (4.39) with expression (3.30) here recalled:

ty
0Ly = / H(®a — u)a’dt +2B0(0"® — 1)
0

ty
+ / [M®(M&T + a\T) + KT a” + KPaXT — fAT]dt
0
+ M®pad + M(Pay — ug)p” = 0. (4.40)

The matrices M and K no longer appear. These have been replaced by expressions which
correspond to the Galerkin projection of the continuous governing equations, and the goal-
functional has assumed a general functional g = f(u).

To validate the formulation we carried out a numerical test for the convection-diffusion
equation in which we target the functional g = ||u||?>. As we can see in Fig. 4.7 for each
mode we obtain a substantial improvement with respect to the POD-ROM. In addition,
especially for the 1-mode case, we notice a considerable change in the mode shape, reflecting

the adaptation of the system to the goal-orientation.
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Chapter 5

Conclusions

We have considered a number of approaches to the development of reduced order models.
Firstly we described the commonly-applied POD approach and then reviewed the much
more useful fully-discrete approach introduced by (7) which allows for model constraint
and goal orientation. The FDF, however, is limited to LTI systems and linear functionals.
To address these limitations, we have introduced a semi-continuous approach, which is
completely independent of the method used to generate the reference data, avoiding cou-
pling of sub-optimal defining matrices and being applicable in case of experimental data as
well. Furthermore the approach is no longer limited to linear PDE and linear functionals,
but any governing equation or goal-orientation can be considered.

We have designed the method to be applicable to large-scale simulations by using
an inexact-globalised-Newton-method. The construction of the gradient by the adjoint
method remains tractable, requiring exclusively state and adjoint solution of the ROM and
not of the full system. However, depending on the size of the problem, the computational
cost of the complete procedure might still represent an issue and further investigations
are required. Furthermore, improvements could be achieved by including a goal-oriented
adaptive ROM penalty term in the optimisation process.

Results have shown important improvements compared to the POD. We have consid-
ered the convection-diffusion equation with non-linear goal functional. The mode adapta-
tion brought by the SCF showed improved ROM solutions, allowing a much better repre-
sentation of the output of interest and clearly outperforming the POD-ROM.

The general framework provided by the method, together with encouraging results

obtained for the linear convection-diffusion equation, make the SCF attractive for future

MSc. Thesis S. Mattei



62 Conclusions

works, such as applications to nonlinear governing equations and implementation in control

systems.
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Appendix A

Mathematical definitions

A.1 Notions on vector spaces

e Linear Independence: A set of vectors {ay,...,a,} in R™ is linearly independent
if the only solution of the problem )7, aja; = 0 is the zero solution a(1 : n) = 0.
In other words the n vectors are linearly independent if the only linear combination

equal to the O-vector is the one with all coefficients equal to 0.
e Subspace: A subspace of R™ is a subset that is also a vector space.

e Span: Given a set of vectors {ay,...,a,} the set of all linear combinations of these

vectors is a subspace referred to as the span of {ai,...,a,}.
span{ay, ...,a,} = {Z Bja;: B € R}
j=1

e Basis: The subset {a;,,...,a; } is called a mazimal linearly independent subset
of {ai,...,a,} if it is linearly independent and is not properly contained in any
linearly independent subset of {ai,...,a,}. Furthermore if {ay,...,a,} is maxi-
mal, the span{ay,...,a,} = span{a;,,...,a; } and {a;,...,a; } is called a basis for
span{ay, ..., a, }.

e Dimension: If S C R™ is a subspace, then it is possible to find independent basic

vectors {a;,,...,a;_ } such that S =span{a,...,ar}. All bases for a subspace S have

the same number of elements and this number is called the dimension of S, denoted

by dim(.S).
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A.2 Range, Null Space and Rank
e Range: the range of a matrix A is defined by:
range(A) = {y € R™ : y = Az for some z € R"}

In other words the range of A is the set of all vectors v for which the equation
Ax = y has a solution. Still another equivalent definition: the range of A is the span

of columns of A.
e Ker or Null Space: the ker or null space of a matrix A is defined by:
ker(A) = {z € R" : Az =0}
In other words the ker of A is the set of all the solutions to the equation Ax = 0.
e Rank: the rank of a matrix A is defined by:

rank(A) = dim(range(A))

A.3 Norms

Norms provide measures of distance. They are indicated with a double bar notation and

subscripts to distinguish between various norms, the most common of which is the 2-norm.

e Vector Norm: a useful class of vector norms are defined by the p-norm:
2]l = (21 P + ]z [P) P p =1

In particular we distinguish:

l-norm ||z||i = |z1]+ .|zl
2-norm ||zl = (z1|* + .|z [H)Y? = (aT2)V?,
oo-norm ||z]|ee = < max |z
1<i<n
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e Function Norm: similarly to vector norms, for a function f(x) we can define:

161, = | [ 1] ”

In particular we distinguish:
1
Lenom [[fll = [ 7@z
0

1 1/2
Lenorm [|fll. = U |f<x>|2dx]

Lo [l = max |(z)]

e Matrix Norm: are defined using the vector norm above defined. The matrix p-norm

reads as:

A
A]], = sup LA2l
Dl

In other words the Matrix p-norm is the p-norm of the largest vector obtained by

applying A to a unit (p-norm) vector.

A
1Al = sup 122l 1o )42

w0 |||y lill=1 ly

A.4 Orthogonality

e Vectors: a set of vectors {z1, ...,z } in R™ is orthogonal if x] z; = 0 whenever i # j
and orthonormal if x]x; = &;;. So in particular orthonormality requires ||z} z;|| =1

whenever i = j.

e Matrices: a matrix Q € R™ is said to be orthogonal if QTQ = I, where I is
the identity matrix. Consequently for an orthogonal matrix Q7 = Q' If Q is

orthogonal, then the ¢; form an orthonormal basis for R™.
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Appendix B

Singular Value decomposition (SVD)

In 1965 G. Golub and W. Kahan introduced the Singular Value Decomposition (SVD)
as a technique for calculating the singular values, pseudo-inverse and rank of a matrix.

We begin by stating, without proof, the SVD theorem (interested readers can refer to (16)):

Theorem 1:

If A is a real m-by-n matrix, then there exist orthogonal matrices:

U= (tu1,....;tp,) €ER™™ and V = [vy,...,v,] € R™"

such that:

UTAV = diaglo, ...,a,] € R™"  p =min{m,n} (B.1)

where 01 > 09 > ... > 0, > 0.

The o; are denoted as the singular values of A and the vectors u; and v; are the ith
left singular vector and the ith right singular vector. There is an important relationship

between the SVD of the the matrix A and the matrix itself:

e U is a matrix whose columns are the eigenvectors of the AAT matrix, termed the left

eigenvectors.

e V is a matrix whose columns are the eigenvectors of the AT A matrix, termed the

right eigenvectors.
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e the squares of the singular values are the p = min(m,n) largest eigenvalues of AAT

or AT A, since the p right and left eigenvalues are equivalent.

It is convenient to introduce the following notation to refer to singular values:

0i(A) = the ith largest singular value of A,
Omaz(A) = the largest singular value of A,

Omin(A) = the smallest singular value of A.

If the SVD of A is given by Th. 1 and we define r as the index of the last positive singular

value:
o1 > > 0p 2 Opy1 = :O'I,ZO,
then:
rank(A) = r (B.2)
ker(A) = span{v,i1,...,0,} (B.3)
range(A) = span{uy,...,u,} (B.4)

and we have the SVD expansion:

r

E T

A= ;U V;
=1

and in particular the matrix 2-norm is given by:

1Az = o1

B.0.1 Geometrical interpretation

The SVD of a matrix has a nice geometric interpretation. An n x m matrix A is a linear
operator that maps vectors from an m-dimensional space to an n-dimensional space. When
applying a matrix to a vector, the latter can undergo rotation and scaling. As an example

we describe the effect of a matrix on a two-dimensional vector.
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Figure B.1: Rotating Vector

Take a rotating vector, which describes a circle. Now suppose that when rotating the
vector we stretch and squeeze it in a variable manner and up to a maximum and minimum
length (application of the matrix). Instead of a circle the arrow now describes a two-
dimensional ellipsoid. As said the multiplication of a vector x with a matrix A results
in a new vector Az = y and the matrix performs two operations on the vector: rotation
(the vector changes coordinates) and scaling (the length of the vector changes). In terms
of SVD, the maximum stretching and squeezing are determined by the singular values
of the matrix. In Fig.(B.2) the effect of the two largest singular values, s; and s, has
been labeled. The important thing to notice is that singular values describe the extent by
which the matrix modifies the original vector and, thus, can be used to highlight which

dimension(s) is/are affected the most by the matrix. Evidently, the largest singular value

Figure B.2: Application of a matrix to a vector
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has the greatest influence on the overall dimensionality of the ellipsoid.

This idea can be easily extended to an M-dimensional vector space. As we found, the
greatest influence on the system is represented by the largest singular values. In fluid
mechanics, by taking velocity measurements, the square of the singular values represent
the kinetic energy of the associated modes, and therefore keeping the first singular values

corresponds to keep the most energetic modes in the flow.

B.0.2 Why the SVD?

Recalling from the introduction, we are interested in constructing an approximation of the
form y(z,t) = Zf\il a;(t)¢i(x) which approximates our data in the best possible way. This
raises two questions: what is the relation between the SVD and the approximation? And
why did we introduce the SVD?

Let’s first answer the first of these questions. From Th. 1 we know that it is possible to
decompose A such that UT AV = diag[oy, ..., 0,]. Furthermore we know that U and V are
orthogonal matrices, implying that their inverses exist and are equal to their respective

transposes. We can therefore decompose the matrix A in the following way:

A=Uxv? (B.5)

where ¥ is the diagonal matrix containing the singular values o;.
Now let UY = Q in Eq.(B.5). The matrix Q is then N x M and A = QVT. Taking ¢; as

the ¢-th column of @) and v; the i-th column of V', we can write

M
A=QVT = Zqiv?. (B.6)
i=1

In this form Eq.(B.6) can be referred as the discrete form of Eq.(2.1) where we recognize
T

y(x,t) to be the matrix A, a;(t) the column matrix ¢; and ¢;(x) the row matrix v; .

The answer to the second question requires the relationship between SVD and POD,
which will be treated in the next section. However, we can have a first idea by looking
more in detail at the matrix ¥ containing the singular values. ¥ is constructed in such
a way that the singular values are placed in the main diagonal in descending order. The
singular values are an indication of the energy carried by the associated mode. Therefore

it is very easy to construct a lower-rank approximation of the matrix A, by choosing only
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the first k values of ¢;, meaning to select the most energetic features in the system. For
any k < r the matrix Y, is obtained by setting 041 = o442 = ... = 0, = 0.

Since the singular values o; are ordered in decreasing order along the diagonal of 3 and
this ordering is preserved when constructing U and V7, keeping the first k singular values
is equivalent to keeping the first k rows of V7, the first k columns of U and replacing 3 by
the submatrix containing its first k£ rows and k& columns. It follows that the the lower-rank

approximation of A is

A = UpSi V- (B.7)

This process is termed dimensionality reduction, and A, is referred to as the Rank k
approximation of A or the “Reduced SVD” of A. Why is this dimensionality reduction
useful will become more clear in the next section, where the POD and the concept of

optimality will be introduced.
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Appendix C

SVD vs. Eigenvalue decompostion (ED)

The SVD of a matrix has several advantages with respect to the Eigenvalue decomposition.
First of all the SVD can be computed for non-square matrices, while the ED cannot since
it requires the evaluation of the inverse of a non-orthogonal, non-square matrix, which is
not defined. Furthermore the SVD remains real when A is real, while eigenvalues and
eigenvectors of unsymmetric real matrices can be complex valued. Last but not least, the
left and right singular vectors (columns of U and of V' respectively) are each orthogonal,
while eigenvectors of unsymmetric matrices need not to be orthogonal. The SVD allows
therefore the choice of an optimal orthonormal basis (rows of V1), while the ED does not.
However a strong connection between the two methods exist. As described in appendix
B we know that U is a matrix whose columns are the eigenvectors of the AAT matrix,
V is a matrix whose columns are the eigenvectors of the AT A matrix and the squares of
the singular values are the r = min(n, m) largest eigenvalues of AAT. If A is symmetric
and positive definite, then its eigenvalues are also its singular values, and U = V. If A
is symmetric with some negative eigenvalues (they will be real, because A is symmetric),
then the singular values are the magnitudes of the eigenvalues, and U and V' are the same

up to multiplication by minus one for the columns corresponding to negative eigenvalues.
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Appendix D

The conjugate gradient method

The conjugate gradient method was introduced by Hestenes and Stiefel in the 1950’s as a
technique to solve large sparse systems of linear equations in the form Az = b with A a
n-by-n positive definite coefficient matrix. The problem can also be seen equivalently as

the minimization problem:

min ¢(x) = %xTAx —b'r+c (D.1)

In fact solution of Eq.(D.1) is obtained by setting ¢'(x) = 0 and therefore retrieving:

qﬁ'(x):%ATx—l—%Ax—b:Ax—b:O

since A is symmetric. This allows us to see the conjugate-gradient method either as an
algorithm for solving linear systems or as a technique for minimizing convex quadratic
functions.

Since it is more easily understood in terms of optimization, we pose the problem as the
determination of the minima of the quadratic function (D.1). As previously said, starting
at an initial point, we choose a search direction and we require that the new iterate satisfies
f(zk1) < f(xg). The search direction can be chosen in several different ways, the most
obvious would be the direction of steepest descent, corresponding to the negative of the
gradient at xj. This choice, however, is generally inefficient since the algorithm finds
itself taking steps in the same direction as earlier steps. The conjugate-gradient method
overcomes this drawback by using a set of search directions with the property of conjugacy.

Two vectors are said to be conjugate (or A-orthogonal), if
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dl Ad; =0 for alli# j

Before illustrating the method, we introduce the following notation

e [terate: we choose the new point to be xy 1 = xr + apdy, with a; the step length

and dj, the search direction.

e Error: the difference between the value of the current iterate x; and the exact solution

x, namely e, = x, — .

e Residual: indicates how well the current iterate approximates the solution, namely
r, = Az — b. It is important to notice that the residual is also equal to 7, = ¢'(zg),
which represents the gradient at the current iterate. Furthermore with a simple

substitution we can also write the residual as r, = Aey,.

Consider now the contours of a given function (Fig. D.1), in which zy represents the
initial guess, dy the first search direction, z; the new iterate and e; the error after the first

step.

Figure D.1: CG iteration
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What we require is that the error e, has to be A-orthogonal to the previous search
direction, hence d% Aeyy1 = 0. This is equivalent to finding the minimum point along the
search direction dj. In fact, setting the directional derivative of ¢ (1) with respect to ay

to zero we have:

d
Zaf@rn) =0 (D.2)
d
¢/($k+1)T£$k+1 =0 (D.3)
reyde =0 (D.4)
dr Aeppr =0 (D.5)

with this condition «y, can be calculated as:

di Aepy1 =0 (D.6)

dZA(@k + (l/kdk) =0 (D?)
T T

oy = dk Aek _ dk Tk (DS)

CdTAd,  dTAd,

To demonstrate that this procedure actually works, we can express the error ey as a linear
combination of search directions, and show that after n iterations all components of the

error term have been cut away. Writing the error term as:

n—1
k=0

we can find the values of , by exploiting the conjugacy property of the search directions.

Upon premultiplying Eq.(D.9) by d]TA we get:

n—1

df Aeo =) 0] Ady (D.10)
k=0

since d;FAdk = 0 for all j # k. Each ¢; can then be rearranged as:
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5, G A% D.12
7 dl Ad; (D-12)
dPA(eo + Y15 cudy) (D.13)
dF Ad;

d¥ Ae.

7 J
— D.14
TAd, (D-14)

where we are allowed to add Zf;é a;d; since by conjugacy this is equal to zero. From the
result in Eq.(D.14) we notice that a; = —¢;. Since the error term at a given iteration can
be seen as the initial error ey plus the progress already made by the algorithm (Fig. D.2),

we can rearrange the expression as:

€, = €9+ Z Ozkdk (D15)
k=0
n—1 i—1
k=0 k=0
n—1
=5 5,dy, (D.17)
k=i
(D.18)

Therefore after n iterations every component of the error vanishes and e,, = 0, which proves
the effectiveness of the procedure.

The only thing now missing is a procedure for computing the next search direction.
This turns out to be a very special feature of the conjugate-gradient method, because it
can generate a new search direction only with information regarding the previous search
direction dj and residual 7, avoiding storage of the whole history of data. Other methods,
such as the conjugate Gram-Schmidt process require all the old search vectors to be kept
in memory, leading them to be computationally expensive.

To construct a new direction, dj,1, we take:

A1 = —Thkt1 + Br1di (D.19)

where the scalar £, is determined by imposing di,; and dj to be conjugate with respect

to A. By premultiplying (D.19) by df A and imposing the condition d! Ad; = 0 we obtain:
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Figure D.2: Error at different iterations: es = eg + agdp + a1d; = eg + lec:(] apdy

dzArk-i-l = ﬁk_,_ldgAdk (D20)

T
dk Arp

= —— D.21
Bin = b (D.21)

The method would be complete as defined above, but with a little modification we can

simplify the computations a bit. If we premultiply (D.17) by d;-FA we have:

n—1

df Ae; =~ 6,d] Ad (D.22)
k=i

d;pr,- =0 forallj <1 (D.23)

Which shows that the residual is orthogonal to every previous search direction. Now by

premultiplying Eq.(D.19) by r/,,, and using the orthogonality property of (D.23) we have:

Tg+1dk+1 = —'f’kT+17“k+1 + ﬁk+1rg+1dk (D.24)

ey = =TTk (D.25)
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Hence at each iteration we have that —r{d; = rir; and therefore aj in Eq.(D.8) can be

rewritten as:

T
= D.26
=T Ad), (D-26)

As a last step we can simplify the evaluation of [ by, first noticing that:
Tht1 = Aégia (D.27)

and secondly, in the same fashion as we did for «, we premultiply (D.29) by r{,; and we

use orthogonality condition (D.23). This leads to:

T T T

Tht1Th+1 = Tpp1 Tk T OékrkJrlAdk (D.30)
T T

Tet1Th+1 = Thy1Tk+1 (D.31)

And therefore the expression for S can be simplified as:

7"£+17”k+1
Br1 = T (D.32)
k1k

which completes the required calculations. Setting the first direction to be the negative of
the residual and putting all together, the Conjugate gradient method can be summarized

as:

Algorithm 3 - Conjugate Gradient
Set initial residual and search direction: ro = Axg — b, dg = —7y

while ||ri|| > € do
- Calculate ay = r{ry/d} Ady
- Update x: xp11 = xp + apdg
- Update r: 71 = 1, + apAdy
- Calculate By1 = ri 7o /Th T
- Update d: dpy1 = —7p41 + Brt1di

end while
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Functional derivative

The derivation of the gradient by means of the adjoint-method requires the use of functional
derivatives, i.e. the differentiation of a functional with respect to its argument. In this
section we give a brief overview of the concept, stating the main properties. For a detailed

analysis see (17; 18)

Functional: A functional F[¢] is defined as a mapping from a normed linear space of
functions (a Banach space) M = {¢(x) : © € R} to the field of real or complex numbers,
F:M—RorC.

Differential: The differential of a functional is the part of the difference F[f 4§ f] — F[f]
that depends of 0 f linearly. Each 0 f(x) may contribute to this difference, and for very

= 5F—W x)dx

where the quantity 0 F[¢]/df(z) is the functional derivative of F with respect to f at the

small 0 f we write:

point x.

Functional derivative: The functional derivative (also known as Fréchet derivative) is
the quantity dF'[¢]|/d¢(x) measuring how the value of the functional changes if the function
¢(z) is changed at the point . In other words, dF[¢]/d¢(x) is explicitly defined by the

process:

[ 6F
e=0 a (5f(I)

(e}

where ¢(x) is arbitrary.

MSc. Thesis S. Mattei



84 Functional derivative

Most of the rules of ordinary differential calculus also apply to functional derivatives.

e Product of two functionals F[¢] = G[¢]H [¢]

5Fl¢] _ 3Gl
5o(x)  30(a)

Hl¢] = G¢]

e Functional of a functional F[G[¢]]

sridle) _ [ Sriclscld,

56(y) 5G(x) 50(y)

In the special case g(¢) is an ordinary function, we have a similar expression but the

integral disappears. Hence we have:

0Flg(9)] _ OFlg] d9(¢)
0p(y) dg(o(y)) 66(y)
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