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ABSTRACT

Frequency and distance metrology have been revolutionized with the arrival of stabilized frequency comb lasers. We
discuss several aspects of distance metrology specially the contribution of the dispersion in by air.

1. INTRODUCTION

In the recent years, frequency and distance metrology have undergone a revolution with the progress of stabilized frequency
combs lasers. Here we discuss a theoretical study of a long distance measurement using a stabilized femtosecond frequency
comb. This technique is promising for measuring distances in space between satellites or in air. We study this technique
when applied in air. The maximum distance we can measure is mainly determined by the dispersion of air and the noises
introduced by the laser source. An experimental demonstration of this technique has been validated [1] for a distance of
∼ 15 cm. In this measurement the pulse train was sent into a Michelson interferometer consisting of a measurement arm
and reference arm. The detection of the interference takes place by measuring a cross-correlation function. The cross
correlation function is obtained by scanning the delay line with a piezo-element [see figure 1]. A coherence maximum is
obtained once the path length difference between arms is a multiple of the cavity length (l pp). ∆L = m × lpp.

Figure 1. Schematic of the experimental setup
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2. THEORETICAL ASPECT OF THE AUTO-CORRELATION PATTERN

In this section we shall introduce a mathematical decription of the auto-correlation pattern. E 1 and E2 represent the elec-
tric field in the reference and the measurement arm respectively. Since the interference pattern occurs between two trains
of pulses where both are considered infinitely long, therefore E 1 and E2 will be treated as a sum of fourier expansion in
frequency domain.

A frequency comb laser is generated from a phase-stabilized mode-locked laser. The periodic train of pulses emitted
from the laser has its counterpart in the frequency domain as a comb of equidistant modes with a mutual separation equal
to the circular repetition frequency ωr.

Generally, we describe our pulses as follows:

ReE1(t) = Re

{∫ ∞

−∞
a1(ω)eiωtdω

}
(1)

ReE2(t) = Re

{∫ ∞

−∞
a2(ω)eiωtdω

}

Where a1(ω) ans a2(ω) define the spectra of both pulses (or the Gaussian envelopes in this case). In frequency domain,
Eq.1 is written as

ReE1(t) = Re

{
N∑

n=1

a1,neiωnt

}
(2)

ReE2(t) = Re

{
N∑

n=1

a2,neiωnt

}

Conventionally, we select n = 1 at the same positon on the left of both pulses. The frequency band intervals of both
spectra are not necessarily equal, but we can always select N large enough to cover both spectra. After propagating in two
different distances in air, labelled as d1 and d2 respectively, and after passing through some optical components such as
beam splitters, mirrors, we have

ReE1(t, d1) = Re

{
N∑

n=1

a1,nR1,nei(ωnt−k1,nd1+φ1,n)

}
(3)

ReE2(t, d2) = Re

{
N∑

n=1

a2,nR1,nei(ωnt−k2,nd2+φ2,n)

}

where,
ωn = ω0 + nωr (4)

k1,n and k2,n are the wavenumbers of each train of pulses. We ignore the environment properties fluctuations (such as
temperature, pressure and humidity) between both arm, thus k 1,n = k2,n = k. The absorption of air is temporarily
ignored, then

k =
nω × ω

c
(5)

Where nω is the refractive index of air determined by the updated Edlen’s Equation [2].The effect of optical components
are included in the item R1,neiφ1,n and R2,neiφ2,n , R1,n , R2,n, φ1,n and φ2,n are supposed to be real functions.

The first order cross-correlation gives an intensity as follows:

Iω(t, d1, d2) = (ReE1 + ReE2)2 = (E1 + E2)(E1 + E2)∗ (6)

Since the APD (detector)is slow compared to the pulse duration, the time averaged intensity in Eqn.8 is given by:

〈Iw(d1, d2)〉 = 〈(E1 + E2)(E1 + E2)∗〉 (7)
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Substitute Eqn.3 into Eqn.9, then x = (d2 − d1) and ∆φ1,2 = (φ2 − φ1), then the time averaged intensity is given by:

〈Iω(x)〉 =
N∑

n=1

|a1,n|2R2
1,n + |a2,n|2R2

2,n (8)

+2
N∑

n=1

|a1,n||a2,n|R1,nR2,ncos[k × x − ∆φ1,2]

For simplicity we will take ∆φ1,2 = 0, R1,n = R2,n = 1. Typical values are:

λ0 = 0.85 µm, ν0 = c0/λ0 = 3.53 × 1014 Hz,
T0 = 2.83 × 10−15 s, ω0 = 2.22 × 1015 Hz.

(9)

Furthermore, the half the duration of the pulse, τ , (2τ is FWHM) has typical value:

τ = 2 × 10−14 s = 7.06 T0, σ =
1
τ

= 5 × 1013 Hz = 0.141 ν0 = 2.254 × 10−2 ω0. (10)

3. PROPAGATION IN AIR

We have done a series of simulations for various distances (30, 60 and 120 m) to see the dispersion effects of air. The
temperature and pressure have been set to 20 C ◦ and 1013.25 hPa respectively. We assume that the piezo-element
is scanning the measurement arm within 80 µm, which means that the propagation distance in air (d air) is varing as:
’dair − 40(µm) ≤ dair ≤ dair + 40(µm)’ with a step of 50 nm. Let us mention here that the propagated distance is the
path length difference between two arms (i.e back and forth). Thus, the measured distance is d air/2 [see reference 1]. We

Figure 2. illustration of the auto-correlation patterns for different propagation distances in air

can see clearly from Fig.2 that after propagation, the auto-correlation patterns become wider.

3.1 Effects of pressure and temperature
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Temperature and pressure play an important role for precise length interferometry. In this study, the air has been considered
as an homogenous medium at a given temperature and pressure (t, P ). We can show that a small variation of temperature
and pressure will make an important shift for the auto-correlation pattern (figures 3). Figure 3.a shows the auto correlation
pattern after propagating a train of pulses in the measurement arm for a distance of ∼ 120 m at 20 C ◦ and 1013.25 hPa.
The peak of the auto-correlation pattern is centered on zero. We can see that for a temperature variation of 0.2 C ◦ and
0.5 C◦, the position of the peak is shifted 24 and 57 microns to the forth respectively (figures 3.b, 3.c). Same for the
pressure, a varition of 20 Pa and 50 Pa will be able to shift the peak 6 and 16 microns to the back respectively (figures 3.d
and 3.e).

Figure 3. Temperature and pressure effects on the auto-correlation pattern - The study has been done on ∼ 120 m of propagation in air

4. CONCLUSION

We have presented a theoretical model of the auto-correlation function generated by a frequency comb laser. Through
simulations we have seen that the auto-correlation became wider after long propagation in air. Finally, a small temperature
and/or pressure variation is able to shift the pattern (back and forth) up to few microns.
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