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 A B S T R A C T

The anisotropic behaviour of sands, which is associated with their grain-scale microstructural characteristics 
such as the distribution of voids and the spatial orientation of particles, can lead to significant variations in 
macro-scale predictions. In this paper, a bounding surface plasticity based anisotropic semi-micromechanical 
constitutive model is developed, within the multilaminate framework, to describe the effects of fabric on the 
cyclic behaviour of sands. A novel plastic strain driven semi-micromechanical fabric evolution framework 
fulfilling the premises of anisotropic critical state theory is proposed. Rather than using a single scalar-valued 
fabric anisotropic variable, which is the general practise in anisotropic critical state theory based models, 
independently evolving fabric anisotropic variables are employed at so-called sampling planes. In addition, the 
semifluidised state concept is utilised at low mean effective stresses to realistically capture post-liquefaction 
responses, including large shear deformations and accumulative plastic strains during flow liquefaction and 
cyclic mobility types of behaviour. The procedure for calibrating model parameters is briefly described and 
the prediction capabilities of the proposed model under drained and undrained monotonic and cyclic loading 
conditions at different stress states, relative densities and loading orientations are demonstrated by simulating 
experimental data for Toyoura sand using a single set of parameters.
1. Introduction

The microstructure (i.e. fabric) of sands, which refers to the ar-
rangement of particles, particle groups and void distributions, is in-
duced by different preparation methods/deposition environments and 
pre-shearing histories, and significantly influences their macroscopic 
response (Mitchell and Soga, 2005). The arrangement of particles and 
their interlocking lead to a complex force chain network, which in 
turn results in direction-dependent (i.e. anisotropic) behaviour. Exper-
imental studies carried out using monotonic hollow cylinder torsional 
shear tests have shown that the relative orientation between the major 
principal fabric and loading directions can drastically change the sand’s 
response, turning a dilative behaviour into a contractive one, even 
under the same stress path (Nakata et al., 1998; Yoshimine et al., 1998; 
Sivathayalan and Vaid, 2002). Further investigation into the influence 
of inherent anisotropy on the dynamic behaviour of sands has revealed 
its significant impact on both the pre- and post-liquefaction phases, 
altering liquefaction resistance and large shear-strain accumulations, 
respectively (Nemat and Tobita, 1982; Miura and Toki, 1984; Oda 
et al., 2001; Chaudhary et al., 2002; Sivathayalan et al., 2015). Even 
though element test scale laboratory investigations prove the existence 
of a strong link between inherent fabric anisotropy and the resulting 
macroscopic response, the acquisition and interpretation of micro-scale 
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information, which is imperative for quantifying both the initial and 
evolving soil microstructure, is challenging with existing laboratory 
techniques. In order to overcome this difficulty and enhance the in-
sight gained from macro scale laboratory experiments, the discrete 
element method (DEM) proposed by Cundall and Strack (1979) has 
become a widely adopted numerical approach. The latest computa-
tional advances in DEM algorithms not only allow for an accurate 
replication of the various macroscopic responses exhibited by granular 
materials, but also provide detailed micro-scale information tracing the 
individual particles and contact forces between them. In this regard, 
recent DEM studies focusing on the evolving fabric structure have 
provided a deeper understanding of the fundamental mechanisms of 
soil liquefaction (Wang and Wei, 2016; Wang et al., 2016, 2019; Wei 
et al., 2020; Wei and Wang, 2016, 2017; Yang et al., 2022b; Yang and 
Huang, 2022; Yang et al., 2022c).

All the aforementioned laboratory experiments and physics-based 
virtual DEM simulations highlight the significant influence of fabric 
on the mechanical behaviour of sands. Addressing these challenges 
requires the utilisation of advanced constitutive models that can ade-
quately capture the anisotropic nature of sands. However, the granular 
nature of sands poses a significant challenge for continuum constitu-
tive models. The multi-scale complexities ranging from the individual 
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particle characteristics to the organisation of the granular packing and 
the reconfiguration of the complex internal structure during shear-
ing, commonly referred to as fabric evolution, introduce additional 
complexity to the already intricate modelling process. One of the 
widely adopted approaches in the literature for handling this complex 
behaviour arising from the anisotropic nature of sands is to define a 
second-order fabric tensor approximating the microstructure. Although 
it is more reliable and physically consistent to characterise the initial 
composition of the microstructure based on granular-level observations, 
such as using the statistical distribution of the inter-particle contact 
normal directions proposed by Satake (1978), acquiring such data poses 
significant challenges. As an alternative, a tensorial quantity based on 
continuum-level phenomenological observations from laboratory tests 
can be derived (Petalas et al., 2020). Following the description of 
the initial fabric tensor, an evolution rule describing the changing 
microstructure needs to be defined. Finally, the idealised quantitative 
measure of the evolving sand microstructure can be incorporated into 
existing constitutive formulations to improve the accuracy in predicting 
the anisotropic response of sands.

Various attempts have been made to incorporate fabric effects into 
constitutive formulations through the utilisation of fabric tensors. Wan 
and Guo (2001) proposed an anisotropic stress-dilatancy formulation 
along with a stress-ratio driven fabric evolution rule. Li and Dafalias 
(2002) derived a scalar-valued anisotropic state variable that modifies 
key constitutive components, namely the dilatancy and plastic mod-
ulus formulations. Although the model proposed by Li and Dafalias 
(2002) does not consider fabric evolution, which contradicts recent 
granular level experimental and numerical observations obtained from 
X-ray computed tomography (CT) and DEM simulations, it adequately 
captures the anisotropic response of sands under monotonic loading 
conditions. However, the uniqueness of the critical state line (CSL) 
formulation is compromised by its dependence on fabric and loading 
direction. In order to address these issues, Li and Dafalias (2012) 
introduced anisotropic critical state theory (ACST), in which the re-
quirements of critical state theory (CST) were expanded to involve 
fabric ingredients. ACST has paved the way for numerous constitutive 
formulations and also served as a pivotal milestone in the advancement 
of constitutive models incorporating anisotropy.

Even though extensive research efforts have been devoted to the 
development of constitutive models for simulating the cyclic behaviour 
of sand and numerous constitutive frameworks have been developed, 
such as bounding surface, subloading surface, hypoplasticity and mul-
tisurface models, only a few ACST-based models have been specifically 
designed to capture the influence of fabric on the cyclic behaviour of 
sands. This is due to the complex evolution of soil fabric under cyclic 
loading conditions, which differs from its monotonic counterpart where 
the fabric gradually approaches its critical state value. Some of the 
noteworthy ACST-based models investigating the cyclic behaviour of 
sands can be found in Gao and Zhao (2015), Wang et al. (2020a), 
Liao and Yang (2021), Zou and Liu (2021), Pan et al. (2022) and Gao 
et al. (2023). In this paper, an alternative semi-micromechanical fabric 
evolution rule is proposed, using the multilaminate framework to tackle 
the challenges arising from complex loading conditions.

In the multilaminate framework, independently evolving consti-
tutive ingredients at predefined sampling planes facilitate a history-
dependent anisotropic mobilisation process without mathematical com-
plexity. Furthermore, the adoption of this framework facilitates a di-
verse range of possibilities for the seamless incorporation of anisotropic 
behaviour. For example, Pietruszczak and Mroz (2000) introduced a 
microstructure tensor to characterise varying material properties over 
the sampling planes (i.e. changing spatial orientations), while Galavi 
(2007) utilised it to describe an anisotropic failure criterion. However, 
in these and similar models, anisotropy is incorporated by distributing 
the scalar material properties across the sampling planes, independent 
of the loading direction. In this paper, the intrinsic capabilities of 
the multilaminate framework, such as handling the effect of principal 
2 
stress rotation and induced anisotropy, have been further extended, 
by incorporating ACST such that the fabric characteristics and loading 
directions at each plane are collectively involved in anisotropy formula-
tions. In this regard, the new formulation represents a cyclic extension 
of the monotonic model proposed by Bayraktaroglu et al. (2023).

Although the aforementioned cyclic constitutive models have ad-
dressed important aspects of sand behaviour, they exhibit limitations 
in predicting the cyclic behaviour of sands upon liquefaction. These 
limitations become evident when the whole system undergoes a brief 
yet impactful transient phase characterised by a substantially decreased 
shear modulus and a concurrent reduction in dilatancy resulting in 
large plastic deformations. In order to simulate the post-liquefaction be-
haviour of sands, Elgamal et al. (2003) proposed a constant-volume per-
fect plastic phase while crossing the phase transformation line (PTL) at 
low mean effective stresses near liquefaction and continued this phase 
until a user-defined octahedral shear strain was accumulated. Zhang 
and Wang (2012) and Wang et al. (2014) introduced the concept of 
reversible and irreversible dilatancy, and employed a threshold volu-
metric strain to determine solid and fluid like behaviours. Boulanger 
and Ziotopoulou (2013) modified the fabric dilatancy tensor proposed 
by Dafalias and Manzari (2004), and incorporated it not only into 
the dilatancy formulation, but also within the plastic modulus and 
elasticity formulations. Recently, Barrero et al. (2020) introduced the 
semifluidised state concept, defining an additional state variable to 
degrade the plastic modulus and dilatancy within the semifluidised 
zone which is determined using a threshold mean effective stress value.

In the present work, the influence of fabric on both the pre- and 
post-liquefaction behaviours of sands has been investigated using a 
semi-micromechanical fabric anisotropy formulation and utilising the 
semifluidised state concept, collectively. First, concise theoretical as-
pects of the multilaminate framework and the anisotropic elastoplastic 
constitutive formulation are presented, and then the performance of 
the proposed constitutive model is tested against experimental data 
on Toyoura sand. Note that, in this paper, the term ‘micro’ refers to 
within sampling planes and that, unless stated otherwise, all stresses 
are effective, so that prime symbols are omitted.

2. Constitutive framework

2.1. Multilaminate framework and constitutive adaptation

In this paper, the cyclic behaviour of sands is investigated using the 
multilaminate framework comprising 33 × 2 orthogonally symmetric 
sampling planes. Unlike the classical continuum approach, where con-
stitutive models are used to create a direct link between the stress and 
strain tensors, in this multilaminate enhanced framework the proposed 
constitutive model is employed at each sampling plane to establish a 
micro-level link between the stress and strain vectors. A schematic of 
the framework involving 3 out of the 66 sampling planes, the corre-
sponding local coordinate systems and the stress vectors is illustrated 
in Fig.  1.

In order to establish a consistent relationship between the macro 
and micro level stresses, the local stress vectors at each sampling 
plane are calculated by projecting the macroscopic stress tensor σ onto 
each sampling plane and then transferring the resultant traction stress 
vectors to their local coordinate systems as follows: 
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where 𝒏𝑖 is the unit normal vector of the 𝑖th sampling plane, 𝒏𝑠 and 
𝒏𝑡 are corresponding local shear coordinates determined according 
to Hasegawa and Bažant (1993), σ∗ is the deviatoric part of σ and 
𝑝 is the mean effective stress. The local normal stress 𝝈𝑛 is further 
decomposed into volumetric and deviatoric parts as 𝝈𝑛 = 𝝈𝑛,vol +
𝝈  with 𝝈 = 𝑝. The components 𝑠 and 𝑡 in Eq.  (1) represent 
𝑛,dev 𝑛,vol
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Fig. 1. Schematic of multilaminate framework and local stresses.

Fig. 2. Volumetric–deviatoric (VD) decomposition of a local stress vector.

the components of the local shear vector in the 𝑛𝑠 and 𝑛𝑡 directions, 
respectively. Finally, the local deviatoric stress vector 𝝈dev = 𝝈𝑖 −𝝈𝑛,vol
is derived as illustrated in Fig.  2. This process is commonly referred to 
as the statically constrained volumetric–deviatoric (VD) split method.

Following the derivation of the local stresses, the resistance against 
shearing/sliding and the resultant volumetric changes, i.e. the local 
plastic strains, are individually calculated at each sampling plane and 
then transferred back to their global counterpart through a numerical 
integration scheme. The collectively derived resultant global plastic 
strain tensor is used to update the global stress state. Further details 
and potential advantages of using the multilaminate framework can be 
found in Bayraktaroglu et al. (2023).

The basics of the new semi-micromechanical model proposed in this 
paper build on the bounding surface plasticity framework introduced 
in Dafalias and Manzari (2004), which will be referred to hereafter 
as SANISAND04. In SANISAND04, constitutive formulations are de-
fined in a tensorial field. However, to utilise this framework within a 
multilaminate framework, a multilaminate adaptation that downscales 
the tensorial formulations and constitutive terms to their vectorial 
counterparts is required. In this regard, the definitions of some of the 
key constitutive ingredients which are illustrated in Fig.  3 need to 
be redefined. For the proposed model, this can be accomplished by 
defining the back-stress ratio vector 𝜶 and the stress ratio vector 𝒓, 
which generalise the slope of the yield surface and the stress ratio, 
respectively, on a normalised shear plane. Subsequently, the loading 
direction vector 𝒏 = (𝒓 − 𝜶) ∕|𝒓 − 𝜶| can be utilised to define the 
direction of the image back-stress ratios. It is important to note that 
all these quantities are vectors with components defined in the 𝒏𝑠 and 
𝒏  directions on a normalised shear plane, rather than tensors defined 
𝑡

3 
Fig. 3. Characteristic model surfaces on a normalised shear plane.

on a deviatoric plane. The decomposition of the local shear vector 𝝉
into 𝒔 and 𝒕 is essential to capture loading reversals.

A schematic of the three characteristic surfaces, namely the bound-
ing, dilatancy and constant volume surfaces, and a yield surface, which 
are used to describe the constitutive formulations in the subsequent 
sections, is illustrated on a normalised shear plane in Fig.  3. Even 
though the circular shapes of the characteristic and yield surfaces on 
the normalised shear plane (or conical in local stress space) suggests 
Lode angle independency, their resultant global counterparts produced 
by the multilaminate framework intrinsically exhibit Lode angle depen-
dency, resembling a smoothed approximation to the Mohr–Coulomb 
failure surface, particularly for the selected number of sampling planes. 
An illustrative example showing the shape of the resultant global yield 
surface can be found in Bayraktaroglu et al. (2023).

2.2. Fabric anisotropy

In this section, an outline of a multilaminate-specific ACST is pre-
sented in three stages. In the first stage, the initial microstructure 
of a soil is idealised using a contact normal-based cross-anisotropic 
deviatoric fabric tensor: 

𝙁glob = 𝐹norm
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where 𝐹norm is an input parameter used to define the norm of the global 
deviatoric fabric tensor 𝙁glob and the unit-norm bracketed term defines 
the orientation of the fabric, with, in this case, its major principle 
direction selected to be in the 𝑦-direction. It is worth noting that 𝙁glob
is a fabric tensor normalised by its critical state norm to ensure that 
𝐹norm attains unity at the critical state, i.e. 𝐹norm = 𝐹 ∗

norm∕𝐹
∗
crit., where 

∗ indicates the non-normalised counterpart; further details can be found 
in Dafalias (2016) and Wang et al. (2020b). From a physical standpoint, 
during the deposition/pluviation process the long axis of particles tends 
to align perpendicular to the deposition direction, which results in the 
major principle fabric direction being concentrated in the deposition 
direction. Additional information regarding the physical description, 
sign and magnitude of 𝐹norm can be found in Bayraktaroglu et al. 
(2023). Following the description of 𝙁glob, prior to shearing the fabric 
vectors at each sampling plane are calculated as 

𝑭 = 𝑁sp𝑤𝑖
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Fig. 4. Discretisation of contact normal distributions using fabric vectors.

Here, the fabric vector 𝑭  is used to quantify the influence of 𝙁glob
on the behaviour of the 𝑖th sampling plane. The terms 𝑁sp and 𝑤𝑖
originate from the discretisation of the unit sphere into a finite number 
of sampling planes. 𝑁sp denotes the total number of sampling planes, 
while the coefficient 𝑤𝑖 is the numerical integration weight of the 
corresponding sampling plane, which ensures that the discrete sum-
mation over all planes is consistent with the continuous integration 
over the unit sphere. A detailed description of integration weights is 
provided in Lebedev (1976), and the specific values used in the present 
multilaminate framework with 33 × 2 sampling planes can be found 
in Bažant and Oh (1986).

In Fig.  4, the contact normal distributions of initially isotropic 
(𝐹norm = 0) and anisotropic (𝐹norm > 0) sands are visualised using a 
sphere and an ellipse, respectively. While the spherical shape indicates 
that the contact normals are distributed without any directional bias, 
the distorted ellipse shows that the majority of the contact normals are 
aligned in the vertical direction. In this paper, this distortion repre-
senting the tendency of the contact normal directions is incorparated 
through fabric vectors in Eq.  (3), rather than a fabric tensor.

In the second stage, at each sampling plane, a scalar-valued fabric 
anisotropic variable 𝐴fab is derived to incorporate fabric effects into the 
constitutive formulations: 
𝐴fab = 𝑭𝒏′ (4)

where 𝒏′ = d𝜺pdev∕|d𝜺
p
dev| represents the direction of the local plastic 

deviatoric strain rate vector d𝜺pdev. While stress-based formulations for 
𝒏′ such as the one employed in Bayraktaroglu et al. (2023) yield 
equivalent performance under monotonic loading conditions, they are 
not appropriate for modelling the cyclic response.

In the third and final stage, a plastic strain driven local fabric 
evolution rule, modified from Petalas et al. (2020), is defined for the 
fabric vectors: 
d𝑭 = 𝑘fab exp

(

𝐴fab
) (

𝒏′ − (1 +𝐷)𝑭
)

|d𝜺pdev| (5)

where 𝑘fab is a model constant controlling the speed of the evolution 
and the incorporation of 𝐴fab makes it loading direction-dependent. 
Additionally, the inclusion of the dilatancy 𝐷, following Yang et al. 
(2018), allows |𝑭 | to have values larger than 1 for dense sands before 
reaching the critical state. Although it is possible to formulate a stress-
driven fabric evolution rule, such as the one proposed by Wan and 
Guo (2004), it results in two main undesired consequences: a change 
in the fabric vector upon elastic unloading, and the omission of intense 
fabric changes under complex loading conditions such as during stress 
principal axes rotation (SPAR) at fixed principal stress values and 
loading reversals under cyclic loading conditions.

To sum up, unlike classical ACST-based models where both 𝐴fab
and fabric evolution formulations are defined in tensorial space, in this 
4 
Fig. 5. Illustration of the fabric dependence of DSL.

paper their multilaminate counterparts in Eqs. (4) and (5), respectively, 
are formulated at sampling planes in a vectorial space. This vectorial 
formulation allows for an independent and unique evolution pattern at 
each sampling plane, and provides a more accurate representation of 
the fabric effects and their evolution under complex loading conditions. 
By departing from traditional tensorial space, the proposed approach 
may offer improved insights for modelling the anisotropic behaviour 
of sands.

2.3. Constitutive formulations

In this section, an ACST-based semi-micromechanical bounding sur-
face plasticity model is presented. The aforementioned vectorial fabric 
formulations are linked to the relevant constitutive formulations to 
incorporate the fabric effects.

2.3.1. Critical and dilatancy state lines
The ACST is an extension of the well-known CST and accounts for 

the anisotropic nature of soil. In ACST, the state of the soil is defined 
using the so-called dilatancy state line (DSL), which is formulated as an 
anisotropic counterpart of the CSL considering the relative orientation 
between the fabric and loading directions. In the proposed model, the 
CSL in void ratio–volumetric normal stress (i.e. 𝑒–𝜎𝑛,vol) space is defined 
using the formulation proposed by Wan and Guo (1998): 

𝑒c = 𝑒c0 exp
(

−
(𝜎𝑛,vol

ℎs

)𝑛)

(6)

where 𝑒c0, ℎs and 𝑛 are model input parameters. Following the deter-
mination of the CSL, the anisotropic measure of the state of the soil is 
formulated through the DSL as 
𝑒d = 𝑒c + 𝑒A

(

𝐴fab − 1
)

(7)

where the level of downward scaling of the DSL is controlled by 
the input parameter 𝑒A and the fabric anisotropic variable 𝐴fab, as 
illustrated in Fig.  5.

In Fig.  5, the relationship between the fabric vector 𝑭  and the 
loading direction vector 𝒏′ is illustrated, with their influence on the 
location of the DSL shown for two extreme cases represented by blue 
and red colours. The blue colour depicts a scenario where the loading 
direction vector aligns with the fabric vector, resulting in 1 > 𝐴fab > 0. 
Conversely, the red colour represents a scenario where the loading 
direction vector opposes the fabric vector, leading to 𝐴fab < 0 and 
causing the DSL to shift further downward. These two cases are referred 
to as extreme because, for a given fabric structure, they correspond 
to cases where the maximum and minimum possible values of 𝐴
fab
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are calculated. Accordingly, the DSLs in these scenarios act as bound-
aries, and depending on the loading direction, the actual DSL will lie 
somewhere between these two extremes. In both extreme cases, even 
though the soil may have the same stress, fabric structure and void 
ratio (with its location indicated by a green dot in the 𝑒 − 𝑝 space), its 
behaviour differs. While 𝐴fab > 0 results in 𝑒 < 𝑒d, indicating a dilative 
behaviour, 𝐴fab < 0 leads to 𝑒 > 𝑒d, indicating a contractive behaviour. 
Unlike the classical critical state theory, the ACST differentiates these 
two scenarios based on the loading direction. Such loading orientation-
dependent distinct soil responses are commonly observed in triaxial 
compression and extension tests, as well as in cyclic loading tests.

The local fabric formulations in Eqs. (4) and (5) ensure the unique-
ness of the CSL, such that, at a sampling plane towards the critical state, 
the fabric vector reaches its critical state value, i.e. 𝑭 → 𝑭 c = 𝒏′, and 
𝐴fab evolves to 1. As a result, the DSL becomes identical to the CSL.

2.3.2. Yield surface
The formulation of the yield surface is adopted from Dafalias and 

Manzari (2004) as 
𝑓 = [(𝒓 − 𝜶) (𝒓 − 𝜶)]1∕2 − 𝑚 (8)

where the scalar 𝑚 defines the size of the elastic core on the normalised 
shear plane. Recalling the multilaminate adaptation, it is worth noting 
that the ingredients of Eq.  (8), i.e. 𝒓 and 𝜶, are vectors rather than 
tensors.

2.3.3. Elasticity formulation
The elastic part of the model, both at local sampling planes and 

the global tensorial field, is defined using the hypoelastic formulation 
proposed by Richart et al. (1970): 

𝐺 = 𝐺0𝑝at
(2.97 − 𝑒)2

1 + 𝑒

(

𝑝
𝑝at

)1∕2
(9)

where the shear modulus constant 𝐺0 is an input parameter and 𝑝at is 
the reference atmospheric pressure.

2.3.4. Characteristic surfaces
The proposed model consists of three concentric surfaces, namely 

the constant volume, bounding and dilatancy surfaces as illustrated 
in Fig.  3. Even though the size of the constant volume surface on a 
normalised shear plane is fixed (i.e., state independent) and determined 
by the input parameter 𝑀 , the sizes of the bounding and dilatancy 
surfaces depend on the state of the sand and the relative orientation 
between 𝑭  and 𝒏′, i.e. 𝐴fab. The size of the bounding surface, which 
determines the peak attainable stress ratio, is defined as 

𝛼b = 𝑓b𝑀 − 𝑚 (10)

and the size of the dilatancy surface, which defines contractive to 
dilative behaviours, is formulated as 
𝛼d = 𝑓d𝑀 − 𝑚 (11)

In Eqs. (10) and (11), the scaling factors 𝑓b and 𝑓d are formulated as 

𝑓b =
(

1 + 𝜁𝑒−1d
)−𝛼 =

(

𝑒
𝑒d

)−𝛼
(12)

and 

𝑓d =
(

1 + 𝜁𝑒−1d
)𝛽 =

(

𝑒
𝑒d

)𝛽
(13)

where 𝜁 = 𝑒 − 𝑒𝑑 is the dilatancy state parameter and the exponential 
constants 𝛼 and 𝛽 are input parameters. Following the calculation of 
the sizes of the characteristic surfaces, corresponding image back-stress 
ratio vectors can be derived using the loading direction vector, such 
that 𝜶 = 𝛼 𝒏 and 𝜶 = 𝛼 𝒏.
b b d d

5 
2.3.5. Kinematic hardening
The mobilisation of the back-stress ratio vector 𝜶 is controlled using 

the kinematic hardening formulation: 

d𝜶 = d𝜆ℎ
(

𝜶b − 𝜶
)

(14)

where d𝜆 is the plastic multiplier and the hardening coefficient ℎ is 
adopted from Petalas et al. (2020) as 

ℎ =
𝐺0ℎ0 exp

(

𝑘h𝐴fab
) (

1∕𝑒 − 𝑐h
)2

(

𝜶 − 𝜶in
)

𝒏

(

𝑝at
𝜎𝑛

)1∕2
(15)

where ℎ0, 𝑘h and 𝑐h are material constants. The fabric parameter 𝑘h
scales the influence of the fabric on the plastic hardening modulus, and 
is initially set to a default value of 1.0. Within the semifluidised zone, 
𝑘h evolves towards 0, effectively eliminating the fabric’s influence on 
the hardening response. This evolution reflects the physical observation 
that the influence of initial fabric anisotropy is progressively ‘‘wiped 
out’’ during liquefaction, as the semifluidisation process disrupts the 
original particle contact network. Such behaviour is consistent with 
DEM findings, which show that in the post-liquefaction stage, fab-
rics of all samples converge to the same anisotropic state within a 
few loading cycles, with the fabric direction aligning coaxially with 
the principal stress direction, irrespective of the initial fabric con-
figuration (Wei and Wang, 2016). The initial back-stress ratio 𝜶in is 
equal to the back-stress ratio 𝜶 at the initiation of a new loading 
process, which is detected whenever (𝜶 − 𝜶in

)

𝒏 < 0. Note that, during 
small unloading–reloading events, which are commonly observed under 
dynamic loading conditions, the denominator of Eq.  (15) may yield 
(

𝜶 − 𝜶in
)

𝒏 = 0, resulting in an unrealistically stiff response commonly 
referred to as stress overshooting (Dafalias, 1986; Dafalias and Taiebat, 
2016). In this paper, simulations of regular cyclic laboratory tests 
with relatively large stress/strain amplitudes require no overshooting 
correction.

2.3.6. Flow rule and dilatancy formulation
The direction of the plastic flow at each sampling plane is calculated 

by using a non-associative flow rule. While the plastic flow in the shear 
direction is determined using the normality rule applied to the yield 
function, the plastic flow in the normal direction to the sampling planes 
is governed by the stress-dilatancy formulation given by 

𝐷 = 𝑘d𝐴d
(

𝜶d − 𝜶
)

𝒏 (16)

Note that the local associativeness in the shear direction does not yield 
deviatoric associativeness in global stress space.

During the undrained cyclic shearing of dense sands, the use of
Eq.  (16) with a constant/fixed 𝐴d beyond the phase transformation line 
(PTL) results in a termination of the progressive reduction of the mean 
effective stress far from the zero mean effective stress. Consequently, 
this approach fails to capture the cyclic mobility response and the for-
mation of the well-known butterfly-shaped stress path. To address this 
undesired response, the evolving 𝐴d formulation proposed by Dafalias 
and Manzari (2004) is adopted: 

𝐴d = 𝐴0 (1 + ⟨𝒛𝒏⟩) (17)

with 

d𝒛 = −𝑐z⟨−d𝜀
p
𝑛⟩

(

𝑧max𝒏 + 𝒛
)

(18)

where 𝐴0, 𝑐z and 𝑧max are model input parameters. The Macaulay 
brackets ⟨ ⟩ ensure that the fabric dilatancy vector 𝒛 evolves during 
dilation only. Even though the structure of Eqs. (17) and (18) looks 
similar to the one proposed by Dafalias and Manzari (2004), they are 
downscaled to the vectorial field to enable the proposed framework 
to yield independently evolving dilatancy responses at each sampling 
plane.
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Finally, the variable 𝑘d is introduced to capture the changing dila-
tive response of sands during unloading/reloading events. Inspired 
by Cheng and Detournay (2021), 𝑘d is formulated as 

𝑘d = 1 +
⟨|𝜶hmax| − |𝜶|⟩
|𝜶hmax| − |𝜶|

(

𝑘dila
(

𝜶 − 𝜶in
)

𝒏 − 1
)

(19)

where 𝑘dila is an input parameter, and the Macaulay brackets ⟨ ⟩ ensure 
that 𝑘𝑑 is equal to 1.0 during virgin loading and 𝑘dila

(

𝜶 − 𝜶in
)

𝒏 during 
unloading/reloading. In Eq.  (19), the state parameter 𝜶hmax represents 
the historic maximum back-stress ratio (i.e. memory) surface. This 
approach enables differentiation of the soil’s dilative response between 
virgin loading and subsequent loading reversals. The parameter 𝑘dila
can also be linked to the relative density 𝐷r, allowing the model to 
account for the influence of density on dilatancy, in a manner similar 
to that proposed by Cheng and Detournay (2021). In this paper, even 
though there is no shrinkage algorithm defined for the memory surface, 
it is assumed to vanish (i.e., |𝜶hmax| → 0.0 and 𝑘dila → 1.0) upon 
entering the semifluidised zone.

2.4. Semifluidised state

Up to this section, an anisotropic cyclic multilaminate constitutive 
model has been formulated for sands. Nonetheless, the simulation 
results of post-liquefaction behaviour reveal significant inconsistencies 
with respect to experimental observations. Specifically, the proposed 
model exhibits biased and repetitive deviatoric strain increments, as 
it fails to adequately account for the progressive reduction of plastic 
stiffness and dilatancy within the solid to fluid-like transition, i.e. semi-
fluidised, zone. In this section, in order to enhance the prediction 
capabilities of the model at low mean effective stresses, the semiflu-
idised state theory proposed by Barrero et al. (2020) has been adopted. 
The degradation of an arbitrary model variable 𝑘 at a sampling plane 
is formulated as 
𝑘sf = 𝑘[

(

1 − ⟨1 − 𝜎𝑛∕𝜎th⟩
)𝑥𝓁 + 𝑓𝓁] (20)

where 𝑥 is a model input parameter, and 𝑓𝓁 is a constant with a default 
value of 0.01 preventing 𝑘sf from evolving to zero. The threshold 
normal stress 𝜎th, which is set to a default value of 10 kPa, determines 
the size of the semifluidised zone. The rate of the ever-increasing state 
variable, namely the strain liquefaction factor 𝓁, has been introduced 
as 
d𝓁 = d𝜆[𝑐𝓁⟨1 − 𝜎𝑛∕𝜎th⟩ (1 − 𝓁)𝑛𝓁 ] − 𝑐r𝓁|d𝜺

p
𝑛 | (21)

where 𝑐𝓁 and 𝑐r are model constants controlling the dependency of the 
evolution rate on the plastic shear and normal strains, respectively, and 
𝑛𝓁 is a constant with a default value of 8.0. In Eqs. (20) and (21), 
⟨1 − 𝜎𝑛∕𝜎th⟩ ensures that both the degradation and the evolution of 𝓁
take place only within the semifluidised zone, i.e. while 𝜎𝑛 < 𝜎th. Note 
that all the default semifluidised model constants are adopted from the 
work of Barrero et al. (2020) and 𝑐r is set to 0.0 while examining the 
undrained response of sands.

In this paper, in order to provide the aforementioned fluid-like be-
haviour at low-stress ranges, i.e. low shear resistance and dilatancy, the 
ℎ0 and 𝐴0 values in Eqs. (15) and (17) are degraded using Eq. (20). A 
comparison of the proposed model with and without the incorporation 
of the semifluidised state theory is presented in Fig.  6.

In Fig.  6, the undrained cyclic triaxial test simulations show that the 
incorporation of the semifluidised state theory significantly improves 
the post-liquefaction response of the model. As intended, employing 
Eq. (20) results in progressively increasing plastic shear strain ampli-
tudes upon liquefaction. Note that, since the mobilisation of 𝓁 takes 
place within the semifluidised zone, no change in the response is 
observed during the pre-liquefaction phase. This simplifies the calibra-
tion of the model, because the semifluidised state parameters do not 
interfere with or modify the pre-liquefaction response of the sand.
6 
Fig. 6. Influence of the incorporation of the semifluidised state theory on 
undrained cyclic triaxial test simulations.

It is important to acknowledge that the semifluidised state theory 
does not guarantee the non-biased plastic strain accumulations ob-
served in Fig.  6. The anisotropic failure surfaces which are employed by 
advanced constitutive models to capture the resultant stress ratios for 
changing loading directions may cause the generated stress–strain loops 
to be shifted to one side during cyclic loading. These unrealistic pre-
dictions of the plastic strain accumulations are generally referred to in 
the literature as biased plastic strain accumulations and are commonly 
observed in cyclic triaxial test simulations where the stress path trav-
els through compression and extension directions resulting in always 
greater strain accumulation on the extension side. In order to eliminate 
this, Liao et al. (2022) employed a Lode angle independent formulation. 
However, this approach causes two main undesired outcomes: firstly, 
upon reaching cyclic mobility, symmetric butterfly stress-paths are 
formed, and secondly, unconditionally symmetric stress–strain loops 
are generated. Both of these features are inconsistent with experimental 
observations. Recently, Liu et al. (2020) proposed a modified dilatancy 
formulation controlling the aforementioned shifting and Yang et al. 
(2022a) employed a similar approach within the semifluidised state 
theory.

In this work, the modification proposed by Yang et al. (2022a) has 
been adopted to capture both the varying stress ratios over changing 
loading directions and the non-biased plastic strain accumulations, such 
that the hardening and dilatancy formulations in Eqs. (15) and (16), 
respectively, are modified as 
ℎ′ = ℎ𝑔(𝛽)𝑛g (22)

and 
𝐷′ = 𝐷𝑔(𝛽)𝑛g (23)
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where 𝑛g is an input parameter controlling the non-biased plastic 
strain accumulations, and 𝛽 is equivalent to the Lode angle at the 
sampling plane and defines the directions of the stress paths followed 
in differently oriented sampling planes. The local interpolation function 
𝑔(𝛽) is defined as 

𝑔(𝛽) = 1 −
𝜎𝑛,𝑑𝑒𝑣
𝜎𝑛

(24)

3. Calibration

The proposed model requires the calibration of 21 parameters, 
whose descriptions and values used for Toyoura sand in the current sim-
ulations are listed in Table  1. Several of the model parameters, namely 
𝐺0, 𝑣, 𝑚, ℎ0, 𝑐h, 𝐴0, 𝑐z and 𝑧max are inherited from the reference model 
SANISAND04 and their calibration procedures can be found in Dafalias 
and Manzari (2004) and Taiebat and Dafalias (2008). The critical state 
parameters are all physical parameters: 𝑒c0, ℎs and 𝑛 are used to define 
the CSL in 𝑒–𝑝 space, and require tests at large shear strain in which the 
soil reaches the critical state. While the cyclic dilatancy parameter 𝑘dila
is originally formulated as a function of relative density in Cheng and 
Detournay (2021), in this paper cyclic experimental data are employed 
for its calibration. As previously stated, the constant volume stress ratio 
𝑀 differs from its Lode angle-dependent global counterpart, i.e. the 
critical state stress ratio. For the determination of 𝑀 , the critical state 
stress ratio in a triaxial compression test can be used. The exponential 
parameters 𝛼 and 𝛽 can be back-calculated from peak friction and 
phase transformation angles, respectively, as described in Wan and 
Guo (1999). The calibration of the fabric parameters requires granu-
lar level studies, which rarely exist, so that model users will mostly 
have to determine parameter values through performing trial-and-error 
calculations. Note that this type of trial-and-error-based fabric tensor 
calibration requires an extensive data set, including different modes 
of shearing. However, locating the phase transformation lines using 
triaxial compression and extension test results may help to decrease 
the number of trial runs, since 𝑒A and 𝐹norm together locate the DSL 
in 𝑒–𝑝 space as described in Petalas et al. (2020). Even though 𝐹norm
is a material property and inherent fabric characteristics modulate its 
limit values, it strongly depends on factors such as sample preparation 
method and loading history. Finally, the semifluidised state parameters 
are calibrated through parametric sensitivity analyses, as described 
by Barrero et al. (2020) and Yang et al. (2022a). Unlike the reference 
model, in semifluidised state theory-based models, relatively large 
fabric dilatancy parameters 𝑐z and 𝑧max are employed to facilitate 
the formation of a locked up butterfly shape upon a loading reversal 
following dilative deformation. This approach prevents potential bias 
in the plastic strain accumulations while approaching the semifluidised 
state.

4. Model performance

In this section, the model’s capabilities under undrained loading 
conditions are demonstrated by simulating a set of experimental data 
for Toyoura sand.

4.1. Monotonic tests

Even though the present work focuses on the undrained cyclic 
behaviour of Toyoura sand, a series of monotonic triaxial compression 
and extension test simulations are presented to show that the set of 
parameters listed in Table  1 is not exclusively calibrated for simulating 
the cyclic response of the sand. In addition, these tests provide a valu-
able opportunity to observe extreme fabric and loading configurations, 
which are important for calibrating the fabric parameters.

In Fig.  7, specimens with similar initial relative densities and fabric 
characteristics have been sheared in triaxial compression and extension 
tests under different confining stresses. The significant fabric anisotropy 
7 
Table 1
Model parameters for Toyoura sand.
 Category Parameter Value  
 Elasticity 𝐺0 125  
 𝑣 0.18  
 Critical state 𝑀 1.25  
 ℎs 20000 
 𝑛 0.74  
 𝑒c0 0.934  
 Yield surface 𝑚 0.017  
 Plastic modulus ℎ0 7.5  
 𝑐h 0.93  
 𝛼 1.0  
 Dilatancy 𝐴0 0.704  
 𝑘dila 2.5  
 𝛽 2.8  
 𝑧max 25.0  
 𝑐z 2000  
 Fabric anisotropy 𝑒A 0.06  
 𝐹norm 0.55  
 𝑘fab 8.0  
 Semifluidised state 𝑐𝓁 65  
 𝑥 4.4  
 𝑛𝑔 1.1  

induced changes, observed in the experiments, are adequately captured 
using the proposed model. In Fig.  7(e), the two extreme locations of 
the dilatancy state line (DSL) are presented, with their locations at 
each sampling plane bounded by the red and blue lines according to 
the relative orientation of the loading direction vector with respect to 
the fabric vector. Furthermore, the influence of incorporating 𝐴fab into 
the fabric evolution formulation in Eq.  (5) is clearly illustrated in Fig. 
7(d), which allows the model to reproduce the rapid fabric mobilisation 
observed in triaxial compression and the comparatively slower mobili-
sation seen in triaxial extension. A more detailed explanation of these 
two extreme cases can be found in Fig.  5, where the influence of the 
loading direction vectors on the DSL location is discussed further.

In addition to the undrained simulations, six drained experiments 
conducted by Verdugo and Ishihara (1996) under two different con-
solidation pressures (100 kPa and 500 kPa) and various initial void 
ratios are compared with the corresponding simulations in Fig.  8. The 
volumetric changes are shown to be adequately captured by the model.

4.2. Cyclic tests

4.2.1. Cyclic undrained triaxial tests
The first cyclic simulation is performed for a cyclic undrained 

triaxial test on Toyoura sand carried out by Yamada et al. (2010). 
The isotropically consolidated specimen, under a confining pressure 
of 98.1 kPa, is sheared with a deviatoric stress amplitude of 𝑞amp =
39.2 kPa.

The comparisons presented in Fig.  9 show that the simulation 
results generated by the proposed model demonstrate a satisfactory 
agreement with the experimental data in both the pre- and post-
liquefaction phases. While the incorporation of the semifluidised state 
theory enables reproduction of the fluid-like behaviour characterised by 
low shear resistance and large plastic shear strains, the modifications 
introduced in Eqs. (22) and (23) enable the model to produce non-
biased plastic strain accumulations while preserving the Lode angle 
dependency.

To further evaluate the performance of the model, an additional 
cyclic undrained triaxial simulation was conducted based on the test 
reported by Koseki et al. (2016). In this case, a specimen with a lower 
relative density (𝐷r = 70%) and subjected to a higher deviatoric stress 
amplitude (𝑞amp = 80 kPa) was considered. This simulation was used 
to assess the model’s ability to capture the combined effects of relative 
density and loading amplitude on the cyclic response. The comparisons, 
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Fig. 7. Comparison of experimental data (a, b) and model response (c, d, e) for undrained triaxial compression and extension tests; data after Yoshimine et al. 

(1998).
presented in Fig.  10, indicate that the experimental behaviour is sat-
isfactorily reproduced in both the pre- and post-liquefaction phases. 
In particular, the number of cycles to liquefaction, the accumulation 
of plastic strains, and the evolution of excess pore water pressure are 
captured with good accuracy.

4.2.2. Cyclic constant-p triaxial tests
Cyclic constant-𝑝 triaxial tests were simulated to evaluate the model 

performance under more complex loading conditions. The test, carried 
out by Pradhan et al. (1989), involved a soil specimen with an initial 
void ratio of 0.845 subjected to cyclic loading under a constant mean 
effective stress of 98 kPa. This stress path is more demanding than 
that of conventional undrained cyclic triaxial tests. The comparisons be-
tween the experimental data and the corresponding model simulations 
are presented in Fig.  11.

In Fig.  11, the solid red lines correspond to simulations obtained 
using the input parameters defined in Table  1, while the dashed lines 
represent results obtained with the same set of parameters except for 
𝑐 = 4 and 𝑧 = 600. One drawback of the semifluidised state 
z max
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formulation is that achieving a locked-up butterfly shape near the apex 
necessitates relatively large 𝑐z and 𝑧max values. This requirement helps, 
though does not fully ensure, unbiased plastic strain accumulation. 
However, it also leads to a major limitation: in the drained simulation, 
large volumetric strains develop upon a loading reversal following 
dilative deformation. The dashed-line simulation illustrates this effect, 
highlighting the consequences of using large 𝑐𝑧 and 𝑧max values.

4.2.3. Cyclic undrained torsional tests
The final set of cyclic simulations is performed for undrained cyclic 

torsional shear tests on Toyoura sand, as carried out by Zhang (1997). 
The isotropically consolidated specimens, under a confining pressure of 
100 kPa, with relative densities of 𝐷r = 48% and 𝐷r = 60%, are sheared 
with a cyclic shear stress amplitude of 𝜏amp = 25 kPa. In these torsional 
shear tests, the major principal stress direction alternates between ±45◦
relative to the specimen’s vertical axis.

The symmetric stress–strain loops observed in the experiments, in 
Figs.  12(b) and 13(b), are adequately captured by the model simula-
tions in Figs.  12(d) and 13(d). It is well known that the number of cycles 
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Fig. 8. Comparison of experimental data (a, b) and model response (c, d) for drained triaxial tests; data after Verdugo and Ishihara (1996).
required for the sample to reach liquefaction increases with increasing 
relative density as observed in Figs.  12(a) and 13(a), which is also well 
predicted with the proposed model in Figs.  12(c) and 13(c).

Owing to the incorporation of the fabric dilatancy formulation in Eq. 
(18), the proposed model can reproduce the butterfly-shaped effective 
stress paths at approximately zero ultimate effective stresses. Once 
the effective mean stress approaches zero, the semifluidised state is 
activated; hence, the shear modulus is reduced, resulting in a large 
shear deformation and a flow liquefaction-like response. However, 
during the subsequent dilative phase, when the stress goes beyond the 
semifluidised zone, there is considerable strain hardening and a regain 
in shear strength. With an increase in 𝓁, the simulated deviatoric strain 
progressively accumulates on both the compression and extension sides 
during each loading cycle. As a result, the model can satisfactorily 
simulate the experimental features described above.

Finally, it is important to note that, despite the continued evo-
lution of the fabric structure during the post-liquefaction phase, the 
influence of fabric on sand behaviour becomes negligible as the mean 
effective stress approaches zero, due to the decreased contact forces. 
It is important to recall that the methodology followed in this paper 
involves deriving a fabric anisotropic variable called 𝐴fab using fabric 
vectors and loading directions, which is then incorporated into relevant 
constitutive formulations. Specifically, these formulations refer to the 
plastic hardening modulus and dilatancy formulations in Eqs. (15) 
and (16), respectively, which are also the equations whose values are 
degraded through Eq. (20) within the semifluidised zone. In other 
words, employing the semifluidised state concept directly reduces the 
dilatancy and plastic hardening modulus, indirectly diminishing the 
influence of fabric within the semifluidised zone.

5. Conclusions

The anisotropic multilaminate framework proposed by Bayrak-
taroglu et al. (2023) has been enhanced to reproduce key characteristics 
of the undrained cyclic response of sands. It has been substantially 
improved by (1) incorporating a bounding surface plasticity framework, 
replacing the accumulated plastic strain-based hardening formulation 
9 
with an incremental plasticity-based hardening formulation; (2) em-
ploying a local shear stress decomposition rule to detect loading rever-
sals; (3) enhancing the fabric evolution rule to handle changing fabric 
structure upon loading reversals; (4) incorporating the semifluidised 
theory to capture the post-liquefaction response of sands. The outcome 
of this work provides insights into a new way of handling anisotropy.

The performance of the proposed model has been verified through 
the simulation of laboratory data for Toyoura sand. The comparisons 
between the model response and published experimental data show 
that the proposed constitutive framework is well able to simulate the 
anisotropic cyclic response of sands. However, incorporating fabric 
effects into constitutive models for cyclic behaviour remains a challeng-
ing task, and further research is needed to develop more comprehensive 
fabric evolution rules that accurately capture the complex evolutions in 
fabric structure under cyclic loading conditions. Furthermore, together 
with the updated dilatancy formulation in Eq.  (16), unlike the reference 
model SANISAND04, the proposed model is expected to yield a better 
performance while simulating the response of dense sands with low 
cyclic shear stress ratios, in which the rate of pore pressure accu-
mulation in the experimental tests decreases first and then increases 
during the pre-liquefaction stage. However, the model’s predictions for 
dense sands could be further enhanced by incorporating a dynamically 
evolving memory surface similar to the one employed by Liu et al. 
(2020) and Yang et al. (2022a).

Finally, even though many semi- or micro-mechanical constitutive 
models are available, most of them require significant computational 
effort. Even though computational efficiency is not the main concern 
when performing computationally less demanding element test simula-
tions, they often pose challenges when implemented in finite element 
models for large-scale geotechnical analyses. To address this concern, 
the finite element implementation of the proposed model has employed 
integration point level parallelisation and a stable work scheduling al-
gorithm, resulting in enhanced computational performance of the code. 
These computational optimisations ensure that the proposed model can 
be effectively utilised for simulating practical geotechnical problems 
while maintaining reasonable computational demands.
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Fig. 9. Comparison of experimental data (a, b) and model response (c, d, e) for undrained cyclic triaxial test (𝐷r = 77.1%); data after Yamada et al. (2010).
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Fig. 10. Comparison of experimental data (a, b, c) and model response (d, e, f) for undrained cyclic triaxial test (𝐷r = 70.0%); data after Koseki et al. (2016).
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Fig. 11. Comparison of experimental data (a, b, c) and model response (d, e, f) for constant-𝑝 triaxial test (𝑒 = 0.845); data after Pradhan et al. (1989).

Computers and Geotechnics 191 (2026) 107772 

12 



H. Bayraktaroglu et al.

Fig. 12. Comparison of experimental data (a, b) and model response (c, d, e) for undrained cyclic torsional shear test (𝐷r = 48.0%); data after Zhang (1997).
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Fig. 13. Comparison of experimental data (a, b) and model response (c, d, e) for undrained cyclic torsional shear test (𝐷r = 60.0%); data after Zhang (1997).
Notation

 𝐴0 Dilatancy model constant  
 𝐴fab Local fabric anisotropic variable (FAV)  
 𝑐h Plastic modulus model constant  
 𝑐𝓁 Semifluidised state model constant  
 𝑐z Dilatancy model constant  
 𝐷 Dilatancy  
 𝑒 Void ratio  
 𝑒A Fabric model constant, determines the deviation 

of the dilatancy state line (DSL) from the critical 
state line (CSL)

 

 𝑒c Critical state void ratio  
 𝑒c0 Critical state void ratio at zero stress  
 𝑒d Dilatancy void ratio (anisotropic measure of 𝑒c)  
 𝑭 Local fabric vector  
 𝙁glob Global fabric tensor  
 𝐹norm Euclidean norm of 𝙁glob  
 𝑓 Yield function  
 𝑓𝑙 Semifluidised state model constant with a 

default value of 0.01
 

 𝐺 Hypoelasticity shear modulus  
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 𝐺0 Hypoelasticity model constant  
 ℎ Hardening coefficient for kinematic hardening  
 ℎ𝑠 Critical state line model constant  
 ℎ0 Hardening coefficient model constant  
 𝑘dila Cyclic dilatancy model constant  
 𝑘fab Fabric evolution rate model constant  
 𝑘h Fabric hardening coefficient model constant  
 𝓁 Strain liquefaction factor  
 𝑀 Constant volume stress ratio  
 𝑚 Yield surface size model constant  
 𝒏 Unit loading direction vector  
 𝑛 Critical state line model constant  
 𝒏′ Unit deviator loading vector  
 𝑛g Semifluidised state model constant  
 𝒏𝑖 Unit normal (or direction cosine) vector of the 

𝑖th sampling plane
 

 𝑛𝓁 Semifluidised state model constant with a 
default value of 8.0

 

 𝒏𝑠 Local unit vector in direction of 𝑠  
 𝒏𝑡 Local unit vector in direction of 𝑡  
 𝑝 Mean effective stress  
 𝑝at Atmospheric pressure  
 𝒓 Stress ratio vector  
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 𝑠 Magnitude of shear stress component of 𝝈𝑖 along 
the direction of 𝒏𝑠

 

 𝑡 Magnitude of shear stress component of 𝝈𝑖 along 
the direction of 𝒏𝑡

 

 𝑥 Semifluidised state model constant  
 𝒛 Fabric dilatancy vector  
 𝑧max Dilatancy model constant  
 𝜶 Back-stress ratio vector  
 𝛼 Exponential model constant controlling the 

bounding surface size
 

 𝛼b Size of the bounding surface  
 𝛼d Size of the dilatancy surface  
 𝜶hmax Historic maximum back-stress ratio 

(i.e. memory) surface
 

 𝜶in Back-stress ratio vector at initiation of new 
loading

 

 𝛽 Exponential model constant controlling the 
dilatancy surface size

 

 𝜺p𝑛 Local plastic normal strain vector  
 𝜺pdev Local plastic deviatoric strain vector  
 𝜆 Plastic multiplier  
 σ∗ Deviatoric stress tensor  
 𝝈𝑖 Traction stress vector at the 𝑖th sampling plane  
 𝜎𝑛 Magnitude of normal component of 𝝈𝑖  
 𝜎𝑛,dev Deviatoric part of 𝜎𝑛  
 𝜎𝑛,vol Volumetric part of 𝜎𝑛  
 𝜎th Threshold normal stress with a default value of 

10 kPa
 

 𝜁 Dilatancy state parameter
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