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Abstract

We study a boundary value problem for a system of the third order semi-linear partial
differential equations with nonlocal boundary conditions. We establish sufficient con-
ditions of existence, uniqueness, regularity and sign-preserving property of solutions
of the studied problem and construct an iterative method for its approximation.

Keywords Vector-functions - Functional matrices - Non-local boundary conditions -
Comparison functions - Integro-differential equations - Differential inequalities

Mathematics Subject Classification 35G30 - 35C15 - 35B05

1 Introduction

Mathematical modeling of the processes of water filtration through the double-layered
porous media [1], heat distribution in the heterogeneous environment [2], dampness
distribution in the soil [11] lead to a scalar linear differential equation (DE) of the
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form:

m(t, x)DYPut, x) + a(t, x) DY PVut, x) + dt, x) DY Ou(t, x)
+ 0, )DOPu(t, x) +a(t, x) DOVue, x) + b(r, x)u(r, x) = g(t, x), (1)

where D@Dy (s, x) = % — denotes a mixed partial derivative of the function
u(t, x) of the order i with resprect to ¢ and of the order j with respect to x, m(z, x),
a(t,x),d(t,x), n(t, x), a(t, x), b(t, x) and g(¢, x) are given continuous functions in
the domain of consideration.

Questions of existence and uniqueness of solutions to the mixed problems for
the DE (1) under different local and nonlocal boundary conditions are studied in [5,
13, 14]. In [8, 9] the authors investigate and construct approximate solutions to the
boundary value problems (BVPs) in the case of systems of the third order semi-linear
DEs under local and nonlocal boundary constraints. Authors also obtain sufficient
conditions of existence and uniqueness of solutions to the studied BVPs, their sign-
preserving property and prove theorems about the differential inequalities.

The current paper is an extention of the results obtained in [8—10]. In particular,
we study a BVP for a system of the third order semilinear partial differential equa-
tions (PDEs) coupled with the nonlocal boundary condition of the Nakhushev type.
We construct a modification of the two-sided method to approximate a solution of
the studied problem. In addition, we essentially improve the sufficient existence and
uniqueness conditions for the solution, obtained earlier in [8, 9].

2 Problem setting and auxiliary statements

Let us study the following problem: in the space of functions C* (D) :=Cc12(D)n
CcUD(D), with D = {(t,x) : t € (0,b), x € (0, a)} find a solution to the BVP

LU = f (hx U0, DUE D) = f UG @)
where L3 is a differential operator defined by the differential expression
LU, x) == DU, x) + A6, ) DU, x) + Az (e, ) DV e, ),

U(t,x) = (u;(t,x)), fIU, x)] := (f; [U(t,x)]), i = 1, n are vector-functions,
As(t, x) = ((Siljai(jr.)(t, x)),r =1,2,j = 1,n, are given matrices, d;; is the Kronecker
symbol, and the boundary conditions

UQ,x)=T(x), x €[0,al],

DODY(t, a) =W (), t € [0, b], 3

a
/ DUOU@, x)dx = Q1), t €[0,b], 0 <x9 <x <a,
X

0
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On a novel approach... 837

and T(x) := (1;(x)), V() := (¥(1)), Q(t) := (w;(¢)) are given vector-functions,
DU : D — Dy ¢ R", k = (ky, k), with Dy being some bounded domains,
f:B—>R"B=D X1 D CRXD ky =0,1,kr=0,1,2.

From now on we assume that 7' (x) € C2[0, a], ¥(¢) € C[0, b], A2(z, x) € C(D),
A1(t, x) € COD(D), Q(r) € C[O0, b], the right hand-side of the DE (2) f [U(t, x)] €
C(B) and the condition

T'(a) = ¥(0) (4)

holds.

Lemmal If f[U(t,x)] € C(B), T(x) € C?[0,a], ¥(r) € C'[0,b], Ax(t,x) €
C(D), Ai(t,x) € COD(D), Q(r) € C[0, b, then the BVP (2) and the system of
integro-differential equations

t 1 a
Uz, x) =S(I,X)+/ {LF[U(H,E)]——/ LF[U(U,E)]dX}d?? %)
0 a — X0 Jx

are equivalent.
Here

1
S(t,x) = pra——

t a
{/0 Q(n)dn+/ [T(X)—<I>(I,X)]dX}+<I>(t,X),

0

D(1, x) == (¢; (1, x)),

X 0
8100 = [t/ @exp (/ a,-(,.”(n,s>dn>ds+

a t

o , revlen e b
[ e’ 0w + i | i 6 1.0 md d
( S T W
kii(x,t;€,1n) :=exp / ag; (n,r)dt—i—/ a; (r,x)dt |,
X t

FIU®t x)] = (fi[U(t, O+, 0)aP @, x) + DOVaP (1, 1D OV, 1, x)) ,

LF[U(TI,{)]:/ fé K&, t;5,mFIUn, ¢)ld¢ds,
X

and

K&, 156,m) = (8ijkij (€, 15 ¢, m) (6)

is a matrix.

Obviously, S(z, x) € CED(py n c-D(D) and it satisfies all of the boundary
conditions (3). Moreover, using the Ansatz Z(t, x) := U(t, x) — S(¢, x) in the BVP
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838 V. Marynets et al.

(2) we obtain a problem with already homogeneous boundary conditions (3). Hence,
without loss of generality we let T(x) = W (¢) = Q(¢) = 0, or in other words that
S(t,x)=0.

Definition 1 We say, that a vector-function F[U (¢, x)] € C5(B), if it satisfies the

following conditions:
1. FIU(1,x)] € C(B); o L
2. in the space of vector-functions C(O"l)(Bl), B € R2@n+D), projxotB1 = D
there exists a vector-function
H(t,x,Ut,x), DOVUt, x); V(t,x), DOVV(t,x)) := HIU(t, x); V(t,0)] :
hilU(t,x); V(t, ), i =1,n

such that

e H[U(t,x); V(t, x)]_E FlU, x)]; .
e for arbitrary in C*(D) pairs of functions U (z, x), V(¢t,x) € B satisfying
conditions

DORNUE,x) = V(. x)] 2 ()0, ky =0 (ky=1), (t,x) € D,
in the domain B the inequality holds
HU (1, x); V(t,x)] = H[V (1, x); U(t, x)1; (N

3. vector-functign H[U(t, x); V(t, x)] satisfies the LipscEitz condition, i.e. for arbi-
trary in C*(D) vector-functions U, (¢, x), V,.(t,x) € By, r = 1,2 an inequality

holds:
| HIU1 (2, x); Uz (2, x)] — H[V1(t, x); Va2, 0)] | <

2
ZZ <| W,(t, x) + DO-DW- @) |> ’

r=1

where W,.(t,x) ;= U,(t,x) — V. (t,x),r = 1,2 and L is the Lipschitz matrix.

Remark 1 1t is straightforward that if the vector-function F[U (¢, x)] € C(B) and its
first order partial derivatives with respect to all of its arguments starting from the third
one are bounded, then F[U (t, x)] is always in the space of functions C3(B). The
inverse statement is false.

3 Constructive method of investigation and approximation of
solutions to the BVP (2)

Let us first introduce the following notations:

@ Springer



On a novel approach... 839

W,(t,x) = Z,(t,x) — Vp(t,x), (t,x) € D, p € Np;
fP(t,x) == H[Z,(t,x); Vy(t, x)];

fpt, x) = H[V,(t, x); Zp(t, x)];

Ap(t,x) :=Zp(t,x) =T1 fP(n,0) — Ta fp(n, §);
B,(t,x) :=Vy(t,x) = T1 f,(n,5) — T2 fP (0, ¢);

t
TLfP (. ) = /0 LfP (. O)dn;

. ®)
TofP(n.¢) = — /O / LfP (. )dxdn,
X0

a — XQ
FP(t,x) := (Fl-p(t, x)), Fp(t,x) = (F; p(t, x)) — are vector-functions;
DO zx (1, x) := DO Z,,(t, x) = Cp iy (1, x) DO W (2, )
DO VX x) = DOV, (1, x) + Qp s, (1. x) DO W, (2, x):
Cpir(t,Xx) := (i jCi pky (2, X));
Opiy(t,x) 1= (8i,jqi,p.ky (£, X));

— are functional matrices with non-negative coefficients satisfying the estimates:

0<g t, <0.5; _ _
=pk (0 =050 B —0 i =T ©)
0 < gipio (1, %) < 0.5,

Fi p(t,x) := hi[vi, ps1(t, x), ..., Vi1, p41(1, X), vi”fp(t, X)y.o., v;f’p(t, x);

2 p1 (,X),es Zimt prt (8, %), 27, (8, %), oo, 2, (8, )T

FP(t,x) := hilz1, p1(t, %), o, Zimt pr1 (£, X), Z %), 2, x);

V1 p1 (£, X), o y Vit gt (8, 0), 0, (8, %),y v, (8, )T
RP(t,x):=T1F'(n,{) + TaF,(n, ¢);
Rp(t,x) :=T1Fp(n, ) + TF’(n, §);

Let us construct sequences of vector-functions according to formulas:

Zp+1(t, x) = RV (1, x);

10)
Vp+l(t» x) = Rp(tv x)v

where for a zero approximation we take arbitrary in the space C O-D(D) vector-
functions Zy(z, x), Vo(t, x) € By satisfying conditions:

DO wy(t, x) = (<) 0, DO Ag(z, x) > (<) 0,

- (1)
DO By(1,x) < (2) 0, (t,x) €D, ka =0 (kp = D).
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840 V. Marynets et al.

Definition 2 Arbitrary from C 0D (D) vector-functions Zy(z, x), Vo(t, x) € B satis-
fying conditions (11) are called the comparison functions to the BVP (2).

Note, that due to (9), (11) we have

D(O'kZ)Vo(f,x) < (Z)D(O.kz) VO*(l,x) < (Z)D(O.kz)zg(t,x) <(>)
DO 741, x), (1,x) €D, ky =0 (ka = 1),

and thus, DO*) V¥ (¢, x), DO Z4(t, x) € B).
From (8), (10) we obtain:

D(O.kz)[zp(t, xX) = Zpt1(t, x)]
= DA (1. x) + TILfP (1. 6) = FP (1. O+ ol fp(1.©) = Fp(n. ©)).)
(12)
D(O.kz)[vp(t, x) = Vpii1(t, x)]

= DB, (1, %) + il f,(0, ) = Fp(n, 1+ oL P (0, ) = FP (1, D)1}
D(O'kZ)Wp_H(t, x) = D(O'kZ)[Rp(t, x) — Rp(t, x)]

042) (13)
= DORNT[FP (0, £) — Fp(n, O]+ TalF,(n,8) — FP(, O]}
DO A, (1, x) = DORTIFP(n, ¢) — FPH (. 0)]
+ TZ[Fp(nv é‘) - fp+1(7la é‘)]}a
(14)

DORIB, 1 (t, x) = DOUTIF,(n, 0) — frr1(n, O]
+ D[FP(n,¢) — fPHm, O

Taking into account inequalities (7), (9), (11), from (12)—(14) in virtue of the method
of mathematical induction it is easy to check that if on every iteration step (10), (11) we
pick components of the matrices C, i, (¢, x) and O, i, (¢, x) such, that the conditions

DORI[Z,(1,¢) = Zps1(1, O] = Cpiy (1, ) DO W, (2, x) > ()0,
DOV, (1, &) = Vi1 (1, O14 Qpiy (1, X) DO W, (2, x) < (=)0,  (15)
(t,x) €D, ka=00(ar=1)

hold, then the constructed vector-functions D*2) Z (¢, x), DO*) v, (¢, x) satisfy the
inequalities:
DOV, (1, x) < (2)DOV, (1, x) < (2)

D7, 111, 0) < =)D Z, (1, x),
(16)

DO A, (1, x) = ()0, DB, (1. x) < (=)0,

(t,x)eD, peN, kp =0 (ky=1).
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On a novel approach... 841

Lemma?2 If the vector-function F[U(t,x)] € C3(B), Ai(t,x) € COD(D),
Ay (t,x) € C(D), and in the domain B there exist comparison functions Zy(t, x),
Vo(t, x) to the BVP (2), then the set of functional matrices Cp i, (t, x) and Q p i, (¢, X),
satisfying conditions (15), is non-empty.

Proof Let us pick on every iteration step of (10), (11), (14) elements of the matrices
Cpir(t,x), Opi,(t, x) in the form

_ [ DORIy (1, )07 (%), DRy (2, x) #0,
cl,p,kz(t: x) = P2 (0.k2) (17)
0, D™ w; ,(t, x) =0,
ot X) = =D ()07 4y (620, DOy (1,0) A0, (o
1,p,k2 \"» 0, D(O'kZ)w[,p([,)C) =0,

i p iy (1, %) 1= DOy (2, %) — Bi (1, x) + wi p (2, )],
(t,x) €D, ky=0(y=1), peN.

Obviously, such non-negative functions ¢; p i, (f, X), qi, p.k, (t, x) satisfy conditions
(9), and, due to (16), also the inequalities

DORNZ, (1, %) = Zpi1(t, )] = Cp i, (1, ) D2 W, (1, x)
=DORNA,(t,x) + T fP (. ) — FP (0. O1+ Tl fo (1. &) — Fp(n, O1}
— Cpin(t, X)DORDW, (1, x) = (YD A, (1, x) — Cp 1y (1, x) DRI W, (2, )
= (E = Ppiy(t, x))DO A, (1, %) > (2) 0,

where Pp i, (t, x) 1= (8,-]‘D(0'k2)wi,p(t, x)pf; k (1, x)) is a matrix, and

DRIV (1, %) = Vi1 (8, )1 + Q iy (1, ) DO W (2, x) < ()
(E — Py (t, ) DO B (1, x) < () 0.

The obtained inequalities prove the lemma. O

Theorem 1 Let F[U(t, x)] € C3(B), A1(t,x) € COD(D), Ay(t,x) € C(D) and in
the domain B there exist comparison functions Zo(t, x), Vo(t, x) to the BVP (2).

Then the vector-functions DOk 7 p(t, x), D(0k2) Vy(t, x), constructed according
to the iteration scheme (10), (11), (14), satisfy in the domain B the inequalities (16),
forall (t,x) € Dand p € N.

Let us show that the constructed sequences of vector-functions {D(O'kZ)Z p(t, x)},

(D(0-k2) V) (¢, x)} uniformly converge to the same limit, that is a solution to the system
of integro-differential equations (5). In virtue of (16) it is sufficient to show that

lim D)W, (7, x) = 0.

p—>00
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842 V. Marynets et al.

Proof Denote by

IWo(t, 2)lcon ) = max sup (| wio(t,2) [+ | DOV (t,2) ) < d
i=l,n p

IL|l := 0.5;

max sup k;;(x,1;8,1n) < K;

i=L.nDxD

IE - Cl’,kz(tvx) - Qp,kz(t,x)” = Vpkas
max =y < 1.
p.k2

From (13) follows that

| wi py1(t, x) |

t a ra "
sKly/O {/ [ 31w 10w 0.9 1 e

i=1

f / f Z | wip(, ) |+ | DOPw; ,(n, ) |]dcdsdx}dn,
a—xo X0

&
| DOV i1 (0, 0) |

< [ [ k07 3 [0 11 DOV 0.0 dcan

i=1

(19)
From (19) using the mathematical induction method we obtain the estimates:
Ar)P
| DOV, ,t,x) | < (A1) 0.5d;
p!
A = Klypn;
| a® (1 n a)
2P TP\ 4 3))
forall pe N,i =1,n, (t,x) € D.
Thus,
(Ab)P
IDODW, (1. 1)l cor 5y < T0.5d. (20)

From the estimates (20) it follows that

lim DOw, (7, x) =0,

p—>00

ie.,

lim D)7 (1, x) = hm DRIV (1, x) = DOy, x).

p—>00
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On a novel approach... 843

Itis easy to check that the limit vector-function U (¢, x) is the solution to the integro-
differential system (5) and hence, to the BVP (2).

Theorem 2 Let conditions of the Theorem 1 to be hold. Then the sequences of vector-
Sunctions {Z,,(t, x)}, {Vp(t, x)} constructed by (10), (11), (14) in the domain B;:

1. uniformly converge to the unique regular solution of the BVP (2) for (t, x) € D;
2. estimates (20) hold;
3. in the domain B inequalities

DRIV (1, x) < =)DV, (1, x) < (=)DORU @, x) < (=)

_ @n
DORIZy1(t.2) = (2)DZ, (1, x). (1.x) € D. k=0 (ky = 1);

hold;
4. convergence of the method (10), (11), (14) is not slower than the convergence of
the Picard method.

Proof Let

+1 ) =T P, 5) + T fp(n. ¢);

71’
Vo1 t,x) = Ti f,(0,0) + T fP (0, 0.

One can prove the uniqueness of solution to the BVP (2) and the inequality (21) by
contradiction. For a detailed proof we refer to (Marynets et. al. 2019).

Let us prove statement 4 of the theorem. For this purpose assume, that Z (¢, x) and
V) (¢, x) are the comparison vector-functions of the problem (2). Then

Zpi1(t.x) = Zp1 (0. X) =T [fP(0.8) — FP. O] + T2 [ f,(0. &) — Fp(n. O]
In virtue of the inequalities (7) and (9)

fP(t,x) = FP(t,x) > 0,
fpt,x) — Fp(t,x) <0

and thus,
Zpi1(t, %) = Zpy1(1, %) = 0.
Analogically we obtain that
Vi1 (t,x) = Vpia (1, %) <0.
Hence,
Vst (6,2) < Vo1 (6,5) < Zps1 (t,%) < Zpaa (1, ).

The last inequality finishes the proof.
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844 V. Marynets et al.

Remark2 1. Functions Z,(t, x) and V, (¢, x) satisty the first two boundary conditions
in (3) and

a t a
/ DUV z7,(t, x)dx = D(l.O)/o / LIFP~ (1, 8) = Fpo1(n, O)ldxdn
X X0

0

a
= —/ D(I‘O)Vp(t,x)dx.
Xi

0

2. Since for the p-th approximation to the exact solution we take the vector-function
~ 1
U[?(tv -x) = E[Z[)(tv )C) + Vp(ta .X)],

then U p(t, x) will satisfy all boundary conditions in (3).

3. Itis worth mentioning that some approches for construction of the iterative methods
with the improved convergence in the case of the operator equations were studied in
[6, 7]. Similar results for different classes of problems in the theory of differential
equations were also obtained in [3, 4, 12].

Corollary 1 If the vector-function F[U(t, x)] € C3(B), matrices Ai(t,x) €
CcOD(D), As(t, x) € C(D), and in the space C*(D) there exists such vector-function
Vo(t, x) (Zo(t, x)) € B that

DR (T HI0; Vo(n, O] — T2H[Vo(n, £); 01} > (<) 0;
DR vyt x) < (2) 0;
DR (T  H[Vo(n, ©); 01 — ToHIO; Vo (1, §) + Vo(t, 01} < (=) 0;
ky =0 (ky=1)
DR (Zo(t, x) — T H[Zo(n, £); 0] — ToH[0; Zo(n, O]} = (<) 0;

DORA Ty H[0; Zo(n, 0)] — ToHI[Zo(n, $); 01} < (=) 0;
DO Zy(1,x) = () 0;
ky =0 (k2 = 1),

then solution to the BVP (2) with the homogeneous boundary conditions (3) satisfies
the inequalities:

DOy, x) < (>)0
DOy, x) = (<) 0),
ky=0(k,=1) (t,x) € D.

Together with the BVP (2) we consider the following problem:

L3Z(t,x) = fi(t,x, Z(t,x), DOV, x)) := filZ(t, x)]. (22)
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On a novel approach... 845

From now on we assume, that the right hand-sides of the problems (2) and (22)
satisfy conditions below:

L. flU(, x)] € C3(B); _ _
2. vector-function fi[Z(t,x)] € C(B), and in the domain B it has bounded first
order partial derivatives with respect to Z(¢, x) and pOhz (t,x),1.e.,

df1.ilZ(t, x)]
dz;(t, x)

0 filZ(t, x)]

aDODZ; (1, x)

= bl.(f)}(t,x) < 00;

(D
= bi’j(t,x) < 00,

satistying conditions:

0)
bi‘j(t, x) >0, (23)
1 1 ! 2
50+ [DVala, 0 +af.vale 0] <0

3. for an arbitrary vector-function V (¢, x) € B from the space C ©-D (D) it holds that

NIV, 0] = (2) fIV(E, X)) (24)
Theorem 3 Assume, that the matrices A (t,x) € COV(D), As(t,x) € C(D), the
right hand-sides of the problems (2), (22) satisfy conditions (1)~(3) above, and in the

domain B there exist the comparison vector-functions to the BVP (2), (22).
Then for the solutions of these problems the inequalities

Ut,x) < (2)Z(t, x).
hold, where (t, x) € D.
Proof According to the Theorem 2 solutions to the BVP (2), (22) exist, are unique and

regular. Thus, by putting W (¢, x) := Z(¢, x) — U(t, x) and applying the Mean Value
Theorem, we get [10]

L3W(t, x) = A3(t, x)W(t, x) + As(t, ) DOVW (1, x) + As(t. x),  (25)
where A3z(t, x) = (l;l(oj)(t x)), As(t,x) = <Bi(1}(t,x)), i,j = 1, n are matrices,
Efka.)(t, x) are derivatives of b,.(’k/".’)(t, x) for some fixed D% Z(t, x) € B,k» =0, 1,

and due to (24)

As(t,x) := filU@, x)] = fIU(, x)] = () 0. (26)
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846 V. Marynets et al.

It is straightforward that the vector-function satisfies the homogeneous boundary
conditions (3) and

FIW (. x)] == [A4(t, X)+ DODA (1. x) + A (1, x) As (1, x)] DODW @, x)+
At )W (1, x) + As(t, x),
(27)
i.e., in virtue of (23) F[W(t, x)] = H[W (¢, x); 0] and
F[0] > () 0, (t,x) € D. (28)

Taking into account (26)—(28) and due to the Corollary 1 solution of the system
(25) satisfies the inequalities:

DOIW(,x) = ()0 (DUPW(t,x) < (2)0), ko =0 (ka =1), (¢1,x) € D.

This completes the proof.

4 Example

Let us consider an illustrative example: in the space of functions C*(Dy),
Do ={(,x)|1€(0,1),x € (0, D},
find a solution to a scalar differential equation

DUy, x)—t(14+0,5) " 'DODyu@, x) — 1 +x) "D VU@, x)
= (1 +x)140,5)[Ut, x) +0, 1tx] (29)
—t{[(1+x)(1+ 0,51 'DOVy @, x),

coupled with the boundary conditions of the form:

U@©,x) =0, xe[0,1],

30
D(O'l)U(t, =0, / 30)

1
DYy, £)ds =0, t €0, 1].
0,5

Note, that in the case of non-homogeneous boundary conditions they can always
be reduced to the homogeneous ones.
For the BVP (29), (30) the kernel K (x, t; &, n), defined in (6), is given by

(1+x)(1+0,52)

Koo tdm = s aro.sm)
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Table 1 Comparison characteristics C Py (8, %), Qp iy (2, x) Of the iterative method (10)

NI'p Cpiyt.x) =0, 0p p,(t,x) =0, Cpiy . x) #0, Qp g, (1, x) #0,
sup [ W, . )| sup [ W, . )|
Dy Dy

0 1,4 0,75

1 1,8-1072 8,5-1073

2 0,1-107° 0,6-1077

For the comparison functions of the studied problem (29), (30), we take the fol-
lowing:

95 1
Zo(t,x) = (140,521 (@ —0,5x + 6x3> ,

5 95 1 5
Vo(t,x) = (1+0,5¢ )t( l92—i-0,5x 6x>.

Obviously, Wy (t, x) > 0, DODWy(z, x) <0, (r, x) € Do.

Let us now implement the iterative method (10) for the BVP (29), (30) in the case
of particlular values of C, x, (¢, x), QO p.x, (t, x), defined by (17), (18), which are here
just scalar functions.

The comparison characteristics of our computations are given in the Table 1.

From the results, presented in the table, follows that the convergence of the iterative
method (10) in governed by C x, (¢, x) and Q) 1, (¢, x). Depending on their choice
we can obtain different modifications to the considered method.

As one can see, already on the second iteration step we are able to obtain an
approximate solution to the BVP (29), (30) with a very high precision. This solution
is given by

- 1
Uax(t,x) = > [Z2(2, x) + Va(z, X)]
=0,5-10722(1 +0,5:2)(1,25x* +1,67x> — 2,5x> = 5x +3,9) + O(1077).

If necessary, one can continue the iteration process and construct further approx-
imations to the exact solution with an even higher precision than those, obtained on
the second iteration step.
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