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Summary

Birefringence is the optical property of a material which has refractive index depend-
ing on the propagation and the polarization direction of the light. The beauty of
this property lies in the fact that it provides an independent control of light over dif-
ferent polarization directions, which leads to many important applications in today’s
optical systems. This thesis explores the applications of existing naturally-occurring
birefringent materials as well as the engineered formed-birefringent meta-materials
via nano-fabrication. Since the optical theory of birefringence is highly developed,
this thesis will mainly address the applications. The investigation methods include
numerical simulation, nano-fabrication and experimental validation. The thesis is
structured in six distinct chapters.

Chapter 1 is the introduction. In this chapter, the formed optical birefringence
with meta-materials is first introduced. The effective medium theory is used for
deriving the permittivity of the meta-materials and the corresponding isofrequency
surface is presented. Next, the basic concepts of the applications of birefringence
in this thesis are addressed, including Maxwell’s stress tensor (MST) in optical trap-
ping, optical waveguide theory in optical communication and scalar diffraction the-
ory in imaging.

In Chapter 2, the application of single-crystal rutile TiO2 in optical trapping is
discussed. Optical trapping of (sub)micron-sized particles is broadly employed in
nanoscience and engineering. The materials commonly employed, however, have
physical properties that limit the transfer of linear or angular momentum (or both).
Here, we overcome these limitations through the use of single-crystal rutile TiO2,
which has an exceptionally large optical birefringence, high index of refraction as
well as good chemical stability. We show that rutile TiO2 nanocylinders form pow-
erful joint force and torque transducers in aqueous environments. By using only
moderate laser powers, nN ⋅ nm torques at kHz rotational frequencies can be ap-
plied to tightly trapped TiO2 particles.

In Chapter 3, we further expand the application in optical trapping by employ-
ing dielectric multilayer meta-materials as probe materials, which can possess high
birefringence and moderate refractive index at the same time. The MM probes are
etched and released from a sputtered multilayer film. The results in the optical
torque wrench (OTW) show that our MM probes can achieve high angular momen-
tum transfer efficiency. Moreover, the MM probe comes with tunability in its optical
properties through changing the composite material filling ratio.

In Chapter 4, the application of anisotropic meta-materials with hyperbolic dis-
persion in waveguide mode engineering is discussed. By using a type II hyperbolic
meta-material (HMM) as cladding material, a waveguide which only supports higher
order modes can be achieved, while the lower order modes become leaky and are
absorbed in the HMM cladding.

ix



x Summary

In Chapter 5, the application of hyperbolic meta-materials in image applica-
tion is discussed. A hyperlens is made of hyperbolic materials and is capable of
achieving super-resolution imaging. Nevertheless, the current hyperbolic materials
and hyperbolic meta-materials have intrinsic absorption, which influences the res-
olution performance of the hyperlens. In this chapter, a theoretical study on lossy
hyperbolic media is presented. The results show that the absorption in the medium
plays an essential role in the refraction property and the design of the hyperlens.

Finally, Chapter 6 summarize the discovery of this thesis, and other potential
application, such as nano-particle detection and imaging of extended object.



Samenvatting

Dubbele breking is de optische eigenschap van een materiaal dat een brekingsindex
heeft afhankelijk van de voortplanting en de polarisatierichting van het licht. Het
mooie van deze eigenschap ligt in het feit dat het een onafhankelijke controle over
het licht over verschillende polarisatierichtingen biedt, wat leidt tot veel belangrijke
toepassingen in hedendaagse optische systemen. Dit proefschrift onderzoekt de
toepassingen van dubbelbrekende materialen die in de natuur voorkomen, evenals
de kunstmatig ontwikkelde dubbelbrekende meta-materialen die met nanofabricage
gemaakt worden. Omdat de optische theorie van dubbele breking al ver ontwikkeld
is, zal dit proefschrift voornamelijk de toepassingen behandelen. De onderzoeksme-
thoden omvatten numerieke simulaties, nanofabricage en experimentele validatie.
Het proefschrift is gestructureerd in zes verschillende hoofdstuken.

Hoofdstuk 1 is de inleiding. In dit hoofdstuk wordt eerst de gevormde optische
dubbele breking met metamaterialen geïntroduceerd. De effectieve mediumtheo-
rie wordt gebruikt voor het afleiden van de permittiviteit van de metamaterialen en
het bijbehorende isofrequentieoppervlak wordt gepresenteerd. Vervolgens worden
de basisconcepten van de toepassingen van dubbele breking in dit proefschrift be-
handeld, waaronder Maxwell’s stress tensor (MST) in optische trapping, optische
golfgeleidertheorie in optische communicatie en scalaire diffractietheorie in beeld-
vorming.

In hoofdstuk 2 wordt de toepassing van monokristallijn rutiel TiO2 in optische
trapping besproken. Optische pincetten worden breed toegepast in nanoweten-
schap en engineering voor het vangen van deeltjes van (sub) micron-grootte. De
gewoonlijk gebruikte materialen hebben echter fysische eigenschappen die de over-
dracht van impuls of impulsmoment (of beide) beperken. Hier lossen we dit pro-
bleem op door het gebruik van monokristallijn rutiel TiO2, dat een uitzonderlijk grote
optische dubbele breking, hoge brekingsindex en goede chemische stabiliteit heeft.
We laten zien dat nanocylinders van rutiel TiO2 krachtige gezamenlijke kracht- en
koppelomvormers vormen in waterige omgevingen. Door slechts matige laserkrach-
ten te gebruiken, kunnen koppels van nNnm ordegrootte bij kHz-rotatiefrequenties
worden toegepast op strak gevangen TiO2-deeltjes.

In hoofdstuk 3 breiden we de toepassing in optische trapping verder uit door
gebruik te maken van diëlektrische meerlagige metamaterialen als sondemateria-
len, die tegelijkertijd een hoge dubbele breking en matige brekingsindex kunnen
hebben. De MM-sondes worden geëtst en vrijgegeven uit een gesputterde meer-
lagige film. De resultaten in de optical torque wrench (OTW) laten zien dat onze
MM-sondes een hoge efficiëntie van de impulsoverdracht kunnen bereiken. Boven-
dien is de MM-sonde voorzien van afstembaarheid in zijn optische eigenschappen
door het veranderen van de vulverhouding van composietmateriaal.

xi



xii Samenvatting

In hoofdstuk 4 wordt de toepassing van anisotrope metamaterialen met hy-
perbolische dispersie in waveguide mode engineering besproken. Door een type II
hyperbolisch metamateriaal (HMM) als bekledingsmateriaal te gebruiken, kan een
golfgeleider worden bereikt die alleen modi van hogere orde ondersteunt, terwijl de
modi van lagere orde lek worden en worden geabsorbeerd in de HMM-bekleding.

In hoofdstuk 5wordt de toepassing van hyperbolische metamaterialen in beeld-
toepassing besproken. Een hyperlens is gemaakt van hyperbolische materialen en
is in staat om beeldvorming met superresolutie te bereiken. Desondanks hebben de
huidige hyperbolische materialen en hyperbolische metamaterialen intrinsieke ab-
sorptie, die de resolutieprestaties van de hyperlenzen beïnvloedt. In dit hoofdstuk
wordt een theoretische studie over hyperbolische media met verlies gepresenteerd.
De resultaten tonen aan dat de absorptie in het medium een essentiële rol speelt
in de brekingseigenschap en het ontwerp van de hyperlenzen.

Ten slotte wordt in hoofdstuk 6 de ontdekking van dit proefschrift samengevat
en worden andere mogelijke toepassingen, zoals nanodeeltjesdetectie, en beeld-
vorming van uitgebreid objecten besproken.
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2 1. Introduction

The understanding of light and matter interaction plays an important role in today’s
optical physics. It is known that modern optical theory is based on two fundamen-
tal foundations: the Maxwell’s equations [1] and the constitutive relations [2]. The
former provides a mathematical model for all optical phenomenons and the later
describes the electrical response of materials to an electromagnetic field. It is very
clear that the true power of optical theory lies in the constitutive relations, which
give raise to many new optical application [3]. In general, the optical response of
materials is complex, and not even linear in frequncy or intensity, which dramati-
cally increases the complexity of the light-matter interaction process. Fortunately,
in most of the cases, some useful approximations can be applied and can still give
us a relatively accurate model compared to the real world. For instance, most ma-
terials are non-magnetic at optical frequencies, where the relative permeability is
commonly considered to be unity in order to neglect the magnetic effects [4]; the
nonlinear effect is often neglected for low field strength [5]; material dispersion is
also unimportant for visible light with frequency limited to a narrow bandwidth [6].
In this thesis, we consider only the uniaxial anisotropic material, where there exists
a single direction governing the anisotropicity, while all other directions perpendic-
ular to it are optically equivalent [7]. Therefore, in this situation the polarization
response to an external electric field E can be written by

D = 𝜖E, (1.1)

where 𝜖 is the three-by-three optical permittivity tensor. When the main axis of
the uniaxial anisotropic material is aligned with one of the three axes in Cartesian
coordinate, it is given by

𝜖 = [
𝜖፱ 0 0
0 𝜖፲ 0
0 0 𝜖፳

] . (1.2)

If the optical axis is along the 𝑧-axis, then we have 𝜖፱ = 𝜖፲ ≠ 𝜖፳.
In nature, many crystalline materials are uniaxial anisotropic, such as ice H2O,

calcite CaCO3, quartz SiO2, sapphire Al2O3, rutile TiO2. The anisotropic materials
are widely used in many of today’s optical devices, such as polarizing prisms [8],
wave-plates [9], color filters [10], optical axis gratings [11], and light modula-
tors [12]. In this thesis we demonstrate one application in optical trapping by using
naturally-single-crystalline rutile nanocylinders.

Nevertheless, as the choices of naturally occurring optical birefringent materials
are limited, it is necessary to expand the library of optical birefringent materials
in order to boost our ability for manipulating light. The search for new materi-
als naturally leds to the development of meta-materials, where the building block
of materials is artificially engineered by will [13]. The development in the nano-
fabrication has enable us to fabricate this type of nano-structure [14].



1.1. Effective medium theory for meta-materials
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Figure 1.1: The schematics of two common types of 3D meta-material structures. On the left is the
nano-wire array structure and on the right is the multilayer structure.

1.1. Effective medium theory for meta-materials
In nano-fabrication, the two most common types of three-dimensional (3D) meta-
materials are nano-wire (NW) array and multilayer (ML) structure, as shown in
Fig. 1.1. The NW meta-materials consist of a lattice of nano-wire array embedded
in a bulk matrix of another material. The ML meta-materials consist of two or more
different materials stacking on each other layer by layer. Because the feature sizes
of these discontinuous structures are much smaller compared to the wavelength
of the electromagnetic wave, the optical response of each individual medium is
no longer important. In fact the average collective effect should be considered,
which is described by the effective medium theory (EMT). It is trivial to understand
that the transversal components of the permittivity tensor remains constant as both
structure are equivalent periodicity along either x or y direction. And the unique
component of the permittivity tensor can be only along the 𝑧-direction. For the NW
meta-materials, the permittivity tensor is determined by [15]

𝜖፱ = 𝜖፲ = [(1 + 𝑓)𝜖፰ + (1 − 𝑓)𝜖፡]𝜖፡
(1 − 𝑓)𝜖፰ + (1 + 𝑓)𝜖፡

, (1.3)

𝜖፳ = 𝑓𝜖፰ + (1 − 𝑓)𝜖፡ , (1.4)

where 𝑓 denotes the filling ratio of the area occupied by the nano-wire medium in
the 𝑥 − 𝑦 plane, 𝜖፰ and 𝜖፡ are the permittivities of the wire medium and the host
medium, respectively.

For the ML meta-materials, the permittivity tensor is given by [15]

𝜖፱ = 𝜖፲ = 𝑓𝜖ኻ + (1 − 𝑓)𝜖ኼ, (1.5)

𝜖፳ = ( 𝑓
𝜖ኻ

+ 1 − 𝑓
𝜖ኼ

)
ዅኻ

, (1.6)

where 𝑓 denotes the filling ratio of the thickness of the medium 1 in a layer-pair
along the 𝑧-direction, 𝜖ኻ and 𝜖ኼ are the permittivities of the two composed materials.

In both type of meta-materials, the composed material can be either dielectric
or metallic. In the case that both materials are dielectric, a formed uniaxial birefrin-
gent material can be achieved, in which no extra loss is introduced. In Fig. 1.2, the
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Figure 1.2: The effective permittivities versus filling factor for nano-wire (NW) type and multilayer(ML)
type of meta-materials with SiO2 and TiO2 composing materials at the wavelength of 633 nm.

effective permittivity for both NW and ML type of meta-materials at the wavelength
of 633 nm are shown, where in both cases SiO2 [16] and TiO2 [17] are used as
composed materials and in the case NW meta-material, SiO2 is the host medium.
As can be seen from the figure, for the NW type meta-material the unique per-
mittivity component 𝜖፳ is larger than the transversal permittivity 𝜖፱ (𝜖፲), forming a
positive uniaxial birefringence, and for the ML type meta-material, negative uniaxial
birefringence is formed with 𝜖፱ (𝜖፲) > 𝜖፳. Moreover, by tuning the filling ratio of
the two materials, the birefringence can be tuned accordingly. This means that we
can customize the material properties by will according to the specific application.

When one of the composed material is a metal, the situation becomes inter-
esting. In Fig. 1.3, the effective permittivities of the meta-materials composing of
SiO2 and Ag at the wavelength of 633 nm are plotted. In Fig. 1.3a, for the NW
meta-material, the longitudinal permittivity component 𝜖፳ becomes negative while
the transversal component 𝜖፱ still remains positive for the majority of the filling
ratio range. The permittivities only become purely positive (or negative) for very
small (or large) filling ratio. Fig. 1.3b shows an almost reversed result for the ML
meta-material, where the transversal component 𝜖፱ becomes negative while the
longitudinal permittivity component 𝜖፳ remains positive for a large range of filling
ratio. Due to the introducing of Ag with complex permittivity, the effective permit-
tivity tensor also becomes complex, with the imaginary part representing dissipative
losses in the material. It can be seen that the imaginary part of the positive com-
ponent has a peak when this real part jumps for positive to negative, this indicates
that the losses in the medium can play a key role in the optical response of the
meta-materials. In the next section we will discuss the optical response of this type
of meta-material which consists of both dielectric and metal.

1.2. Hyperbolic dispersion property
In order to describe the wave propagation property of light, the dispersion relation
of wave is normally used for conceptual understanding. Without derivation, the dis-
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Figure 1.3: The effective permittivities versus filling ratio for nano-wire (NW) type (a) and multilayer(ML)
type (b) of meta-materials with SiO2 and Ag composing materials at the wavelength of 633 nm.

persion relation of transverse magnetic (TM) polarized wave in uniaxial birefringent
materials is given by [18]

𝑘ኼ
፱ + 𝑘ኼ

፲
𝜖፳

+ 𝑘ኼ
፳

𝜖፱
= 𝑘ኼ

ኺ , (1.7)

where 𝑘ኺ = 𝜔/𝑐 denotes the wavenumber in vacuum. When the permittivities are
all real, the equation can be represented by a three-dimensional surface named
isofrequency surface [19].

In Fig. 1.4, the isofrequency surface is shown for both NW meta-materials and
ML meta-materials consisting of Ag and SiO2, where their effective permittivities are
shown in Fig. 1.3. For simplicity, the imaginary part of the permittivity is ignored.
It can be seen when the filling ratio is zero (means purely SiO2), the isofrequency
surface is represented by a sphere with a radius of 𝑛ፒ።ፎኼ . The energy flow (Poynting
vector S) is perpendicular to the surface. Hence in this case the wavevectors in this
medium (from coordinate center to the surface) have a constant norm (wavenum-
ber) and they are parallel to the Poynting vector S. The spherical shape of the
isofrequency surface also indicates that there is an upper limit for the wavevec-
tor 𝑘፱ and 𝑘፲, beyond which only imaginary 𝑘፳ is found, indicating the evanescent
wave solution of Eq. 1.7. Therefore, in this medium, the optical resolution is limited.
When the filling ratio becomes 0.1, both 𝜖፱ and 𝜖፳ are changed but remain positive,
and the isofrequency surface becomes a ellipsoid for the NW meta-material and a
flat disk for the ML meta-material. For the NW meta-material, the isofrequency
surface indicates that the transversal wavevector 𝑘፱, 𝑘፲ is limited to a small value
and hence the electromagnetic waves are mostly evanescent modes. For the ML
meta-material, for all propagating electromagnetic waves with limited 𝑘፱ and 𝑘፲,
the longitudinal wavevector 𝑘፳ is similar and hence the relative phase of the field
of different transversal wavevector during propagation remains the same. On the
other hand, the Poynting vector (normal of the surface) is almost always pointing
towards the 𝑧-direction, indicating a unidirectional emitting property of light in this
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medium [20].
When the filling ratio further increases, a region is reached in which both positive

and negative permittivities exist. In Fig. 1.4, we can see that when filling ratio
reaches 0.5, the isofrequency surface becomes a hyperboloid with two sheets and
one sheet for the NW meta-material and the ML meta-material, respectively. In
this situation, for the NW meta-material, there is no upper limit for the transversal
wavevector 𝑘፱ and 𝑘፲, where there is always a corresponding real 𝑘፳ can be found,
suggesting that there is always a propagating mode existing in the medium. This
type of material is defined as type I hyperbolic material [21], where the name
’hyperbolic’ originates from its hyperbolic shape of isofrequency surface. For the ML
meta-material, the imaginary solution of 𝑘፳ is found only for very small transversal
wavevector 𝑘፱ and 𝑘፲, indicating a band-gap type of structure. This type of material
is defined as type II hyperbolic material [21]. Moreover, the energy flow direction of
the medium is mainly pointing within a cone solid angle, meaning that the emission
of light is also anisotropic. As the filling ratio of Ag is further increased to 𝑓 = 0.75, it
can be seen in Fig. 1.4 that the distance between the two sheets gets larger for the
NWmeta-material and the band-gap also gets larger for the ML meta-material. This
indicates that the hyperbolic dispersion property of the material can be adjusted by
simply changing the filling ratio.

This type material of hyperbolic dispersion has drawn tremendous attention in
the past decades [15, 22–24]. It is mainly because it can support propagating
modes of very large transversal wavevector [15], where the detail information is
carried by the high-spatial frequency waves which is normally exponentially decayed
during propagation, this makes it very difficult to detect or measure. However with
the hyperbolic type of dispersion, the high-spatial frequency information remains
propagating mode and hence can still be detected in the far-field. Therefore, a
lot of research on super-resolution of hyperbolic materials has been done [25–28].
Also, the photonic density of states (PDOS) of the hyperbolic medium is very large
due to its infinite large isofrequency surface [29]. Therefore, research on PDOS
engineering has been done in many publications [30–33]. It is also noticeable that
so far we have neglect the absorption effect, however in most of the hyperbolic
materials, the absorption plays a key role in its optical property [34]. Researcher
also demonstrated that lossy hyperbolic material can also be used as broadband
absorber [35].

1.3. Electromechanics theory: Maxwell’s stress ten-
sor

It was discovered in the 19th century that light carries momentum and hence exert
’light pressure’ on an illuminated object [36]. This important study was later further
developed by Ashkin’s group, showing that a focused light can trap an object in the
focus center [37, 38]. This discovery was then leads to the invention of optical
tweezers [39].

Ideally, if the object is very large or very small, ray-optics analysis or dipole
approximation can be used for calculating the force applied on the object [40, 41].
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Figure 1.4: The isofrequency surfaces for both NW meta-material and ML meta-material, in which the
composed materials are SiO2 and Ag at the wavelength of 633 nm. The filling ratio showed are (from
left to right) ፟ ዆0, ፟ ዆0.1, ፟ ዆0.5 and ፟ ዆0.75.

However, when the size of the object is comparable to the wavelength, a more
rigorous wave analysis is required [42]. The most commonly used tool is Maxwell
stress tensor [43–45].

Supposed an arbitrary incident beam E።፧ is applied on an arbitrary object 𝐵 and
being scattered, as shown in Fig. 1.5. The total field is found to be E፭፨፭ = E።፧ +E፬,
where E፬ is the scattered field. Assuming that the object is rigid, the time averaged
net mechanical force ⟨F⟩ applied on the object is entirely determined by the field on
an arbitrary enclosing surface 𝑆, which is linked by the Maxwell stress tensor [43, 46]

E
in

E
s

E
s

F

S

B

Figure 1.5: Schematic of the mechanical force ፅ act on an object ፁ. The total force is entirely determined
by the total electric and magnetic field at an arbitrary surface ፒ enclosing the object ፁ. ፄ።፧ is the incident
electric field and ፄ፬ is the scattered electric field.
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⟨F⟩ = ∮
፬
⟨⃖⃗T⃗⟩ ⋅ n(r)𝑑𝑠, (1.8)

with ⟨⋯⟩ denoting the time average. Here 𝑇 is the Maxwell stress tensor, and it is
given by

⃖⃗T⃗ = [𝜖ኺ𝜖E፭፨፭E፭፨፭ + 𝜇ኺ𝜇H፭፨፭H፭፨፭ − 1
2 (𝜖ኺ𝜖𝐸ኼ

፭፨፭ + 𝜇ኺ𝜇𝐻ኼ
፭፨፭ )⃡I] . (1.9)

The notation E፭፨፭E፭፨፭ denotes the outer product, 𝐸ኼ
፭፨፭ = 𝐸ኼ

፱ + 𝐸ኼ
፲ + 𝐸ኼ

፳ is the electric
field strength, and 𝐼⃡ denotes the unit tensor. The expression for 𝐻፭፨፭ is similar.

Similarly, using the Maxwell stress tensor we are able to calculate the net torque
applied on the enclosing object [43, 46]

⟨N⟩ = − ∮
፬
⟨⃖⃗T⃗ × r⟩ ⋅ n(r)𝑑𝑠. (1.10)

This method is elegant and convenient as no material property of the scattering
object is contained in the expression, and the evaluation can be done in the ho-
mogeneous surrounding medium. However the electromagnetic scattered field still
needs to be solved numerically before hand [44].

1.4. Waveguide mode theory
A waveguide is any structure that directs the propagation of electromagnetic fields
along a pre-defined path [47]. The optical waveguides have been predominantly
used in today’s Internet network infrastructure [48]. To understand the principle
of waveguide, one can start from the simplest waveguide structure, which is the
planar dielectric waveguide [49]. The mode of the waveguide can be understood
by introducing a plane wave which bounces off at the interfaces between the core
and the cladding with difference angle, as shown in Fig. 1.6a. If the incident an-
gle is larger than the critical angle, the plane wave will experience total internal
reflection, and hence the field is confined in the core area and being propagated
along the 𝑧-axis. The field in the core can be regarded as the superposition of two
complimentary plane waves that propagate upwards and downwards, respectively,
as demonstrated in Fig. 1.6c.

For a planar dielectric waveguide, the eigenmodes can be separated in two
distinct sets: the TE (transverse electric) modes with single electric field component
𝐸፲, and TM (transverse magnetic) modes with single magnetic field component 𝐻፲.
Without derivation, the TE eigenmodes are given by [47]

even modes ∶ tan(𝑘፱𝑑) = 𝛾
𝑘፱

, (1.11)

odd modes ∶ cot(𝑘፱𝑑) = − 𝛾
𝑘፱

, (1.12)
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Figure 1.6: (a) Schematics of a planar dielectric waveguide, where the light are confined in the core
area by total internal reflection. (b) The calculated effective index of the modes in the waveguide versus
half core thickness ፝. (c) Field distribution the first four TM modes of the waveguide, which can be
regarded as the superposition of two complimentary plane waves illustrated on the left.

where 𝑑 is the half thickness of the core, 𝛾 is the decay of the field in the cladding
area, and 𝑘፱ is the wavenumber along 𝑥. 𝛾 and 𝑘፱ are defined as:

𝛾ኼ = 𝛽ኼ − 𝑛ኼ
፜፥ፚ፝𝑘ኼ

ኺ , (1.13)
𝑘ኼ

፱ = 𝑛ኼ
፜፨፫፞𝑘ኼ

ኺ − 𝛽ኼ, (1.14)

where 𝛽 is the propagation constant of the mode, and 𝑛፜፨፫፞ and 𝑛፜፥ፚ፝ are the
refractive indices of the core and the cladding, respectively.

Similarly the TM eigenmodes are given by [47]

even modes ∶ tan(𝑘፱𝑑) = 𝑛ኼ
ኻ𝛾

𝑛ኼ
ኼ𝑘፱

, (1.15)

odd modes ∶ cot(𝑘፱𝑑) = − 𝑛ኼ
ኻ𝛾

𝑛ኼ
ኼ𝑘፱

. (1.16)

In Fig. 1.6b, the effective index (𝑛፞፟፟ = 𝛽/𝑘ኺ) of the TM mode is plotted as
a function of the core thickness at the wavelength of 1550 nm. The materials of
the core and the cladding are silicon (Si) and air, respectively. It can be seen that
as the thickness of the core increases, the number of modes increases as well.
Nevertheless, the fundamental TM mode 𝑇𝑀ኺ exists for all core thickness, and it is
nontrivial to remove this mode from a conventional waveguide structure.
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Figure 1.7: Schematic of diffraction integral. The field distribution near point ፅ can be calculated by
integrating the field at a arbitrary surface covering the aperture. For example, the integral can be
performed by evaluating the field over a surface of ፳ ዆ ፳ኺ, but can be also performed by evaluating the
field over a surface with a constant distance ፑ away from the point ፅ.

1.5. Scalar diffraction integral
The diffraction of light is an important topic for studying electromagnetic wave,
such as focusing of light [46]. When light is incidented on an aperture or an opaque
screen, the light experiences diffraction. If the aperture is much larger compared
to the wavelength of the light, scalar diffraction theory is commonly used for cal-
culating the field after the diffraction interface [50]. Among all diffraction theories,
Rayleigh diffraction integral is considered to be the most accurate method within
the framework of scalar diffraction theory [51].

Considering the light is scattered by an aperture at 𝑧 = 𝑧ኺ, as shown in Fig. 1.7.
The field near a point 𝐹 which is at a distance much larger than the wavelength of
the light is given by

𝑈(𝑥, 𝑦, 𝑧) = ∫
ፒ

𝑈(𝑥ᖣ, 𝑦ᖣ, 𝑧ᖣ) 𝜕
𝜕n (exp

።፤፫

𝑟 ) 𝑑𝑠 (1.17)

where 𝑆 is an arbitrary surface covering the aperture, n is the normal vector of the
surface, and 𝑟 is the Euclidean distance from a point 𝑃(𝑥ᖣ, 𝑦ᖣ𝑧ᖣ) on the surface 𝑆 to
the position where the field is evaluated. The surface 𝑆 over which the integral is
evaluated is not unique. For example, the integral can be performed by evaluating
the field over a surface at 𝑧 = 𝑧ኺ, but can be also performed by evaluating the field
over a spherical surface plane with a constant distance 𝑅 away from the point 𝐹.
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1.6. Outline of the thesis
As briefly explained before, the main focus of this thesis is to explore the application
of uniaxial birefringent optical materials. The composition of the materials can be
both natural and artificial. Our investigation methods includes numerical simula-
tion, nano-fabrication and experimental validation. In Chapter 2, we demonstrate
the application of rutile (TiO2) nanocylinders for optical tweezers. Rutile has one
of the highest birefringence among all naturally occurring crystals in the world. We
show that rutile TiO2 nanocylinders form powerful joint force and torque trans-
ducers in aqueous environments. By using only moderate laser powers, 𝑛𝑁 ⋅ 𝑛𝑚
torques at kHz rotational frequencies can be applied to tightly trapped particles.
Moreover, it also demonstrates stable chemical property, making it superior than
other birefringent materials like Calcite. The theoretical calculation is then validated
by optical experiments. In Chapter 3, we demonstrate the application of meta-
material birefringent probe for optical tweezer using SiO2 and Nb2O5 multilayer
structure. The simulation results show that the proposed structure can achieve a
high torque transfer efficiency at only moderate refractive index, indicating its out-
standing performance over existing naturally-birefringent probes. Moreover, the ML
meta-materials comes with tunability by changing the filling ratio of its composite
materials. In Chapter 4, we demonstrate the application of hyperbolic birefrin-
gent meta-materials in optical waveguide engineering. By using type II hyperbolic
material as waveguide cladding, a waveguide which only supports the higher order
modes can be achieved. This discovery has a very high potential application in
the new Spatial-Division Multiplexing (SDM) optical communication network [52].
In Chapter 5, we present a general study of imaging application using hyperbolic
meta-materials. The optical lens made of hyperbolic materials are called hyper-
lens [26], which brings the possibility of super-resolution imaging. However, for
simplicity the optical absorption in hyperbolic materials is commonly ignored. Our
theoretical results show that the optical loss plays an important role in the optical
performance of the hyperlens. Also, we use Rayleigh diffraction integral to evaluate
the focusing property of the lens and show a focusing deterioration as the size of
the lens increases. Finally Chapter 6 summarize the main finding of this thesis
and future further development of this research is discussed.
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2
Enhanced linear and angular

optical trapping using
single-crystal rutile TiO2

nanocylinders

Optical trapping of (sub)micron-sized particles is broadly employed in nanoscience
and engineering. The materials commonly employed for these particles, how-
ever, have physical properties that limit the transfer of linear or angular mo-
mentum (or both). This reduces the magnitude of forces and torques, and
the spatiotemporal resolution, achievable in linear and angular traps. Here,
we overcome these limitations through the use of single-crystal rutile TiO2,
which has an exceptionally large optical birefringence, a high index of re-
fraction, good chemical stability, and is amenable to geometric control at the
nanoscale. We show that rutile TiO2 nanocylinders form powerful joint force
and torque transducers in aqueous environments by using only moderate
laser powers to apply 𝑛𝑁 ⋅ 𝑛𝑚 torques at kHz rotational frequencies to tightly
trapped particles. In doing so, we demonstrate how rutile TiO2 nanocylinders
outperform other materials and offer unprecedented opportunities to expand
the control of optical force and torque at the nanoscale.

Parts of this chapter have been published in: Seungkyu Ha*, Ying Tang*, Maarten M. van Oene,
Richard Janissen, Roland M. Dries, Belen Solano, Aurèle J. L. Adam, and Nynke H. Dekker, ”Single-
Crystal Rutile TiO2 Nanocylinders are Highly Effective Transducers of Optical Force and Torque”, ACS
Photonics, 6, 1255 (2019) [1]. (*equal contribution)
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2.1. Introduction
The ability of optical tweezers to apply torque to, and thereby control the rotation
of, micron-scale (or smaller) particles [2, 3] complements their well-known control
of force and position and provides the opportunities for diverse novel applications
at the nanoscale. For example, in biological physics, angular optical tweezers have
been utilized in single-molecule torque spectroscopy [4, 5], rotational microrhe-
ology [6], and in the manipulation of cellular growth dynamics [7]. In quantum
physics, rotational optomechanical effects within angular optical traps [8] are un-
der active investigation. And in engineering applications, angular optical tweezers
enable optically-driven microfluidic actuators such as micro-gears [9] and fluidic
pumps [10].

Linear optical tweezers achieve stable 3D-trapping of either dielectric or metal
particles using Gaussian (𝑇𝐸𝑀ኺኺ) beams, and have been extensively described [11].
To achieve additional angular optical control, specialized forms of laser beams or
trapping particles (or both) are required [5]. One of the most practical implementa-
tions for angular optical tweezers makes use of a linearly polarized Gaussian beam
together with optically anisotropic (i.e., birefringent) dielectric particles [12–16].
This choice of beam enables straightforward control of torque and angle [13, 16]
while obviating mode changes (e.g., into the Laguerre-Gaussian mode) [17] or
modulation of the laser beam power [18]. While metal particles have been suc-
cessfully trapped and rotated [19, 20], the use of dielectric particles presents sev-
eral advantages. Firstly, torque detection is direct because only dielectric mate-
rials have transmitted light components that are proportional to the transfer of
angular momentum [15]. Secondly, highly transparent dielectric materials do not
suffer from the extreme heating of absorptive metals [21]. Thirdly, the reduced
light scattering from dielectric materials relative to metals is more favorable for
three-dimensional (3D) trapping. Extensive scattering from metals destabilizes ax-
ial trapping, and hence metal particles with dimensions exceeding a few hundred
nanometers support only two-dimensional (2D) trapping [19, 20]. Finally, unlike
inherently isotropic metals, optically anisotropic dielectric crystals make it possible
to simultaneously confine all three rotational degrees of freedom (RDOF), which
is advantageous for high-accuracy sensing applications. Among the wide range of
dielectric materials, uniaxial crystals such as quartz SiO2 have been popular choices
due to their well-defined refractive index (𝑛), birefringence (Δ𝑛), and optic axis [5].

Nonetheless, the full potential of combined linear and angular optical manipu-
lation using dielectric force and torque transducers has not been achieved due to
the limited performance offered by conventional dielectric materials. For example,
quartz SiO2 has a relatively low index of refraction (𝑛 = 1.54) that limits the efficient
transfer of linear momentum (and hence the achievable maximum force [22, 23]),
as well as a low birefringence (Δ𝑛 = 0.009) that prohibits the efficient transfer of
angular momentum (limiting the achievable maximum torque). Other materials,
e.g., vaterite or calcite CaCO3, have higher birefringence (Δ𝑛 = 0.1 or |Δ𝑛| = 0.16,
respectively), but a similarly low refractive index (𝑛 = 1.6 or 𝑛 = 1.56, respec-
tively) [3, 24]. Attempts to overcome these material limitations have come with
adverse side effects. For example, one may compensate for inefficient momentum
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transfer by increasing the power (and hence the momentum) in the input beam,
but this enhances the risk of photodamage in biological applications[25]. Alterna-
tively, one may employ larger particles to achieve higher force and torque, but the
increased frictional drag will decrease the achievable spatiotemporal resolution in
these parameters (and their conjugate variables, position and angle) [26].

Rutile TiO2 has several key features that make it a highly propitious candidate
for overcoming these drawbacks. To start, rutile TiO2 exhibits the highest birefrin-
gence (Δ𝑛 = 0.26) [27] of all known naturally occurring dielectric crystals, ∼29-fold
larger than that of quartz SiO2. Next, its refractive index (𝑛 = 2.6) [27] is one of the
largest among dielectric crystals, comparable to that of anatase TiO2 (𝑛 = 2.5) [27],
previously selected to demonstrate the generation of very large optical forces [23],
and again much larger than that of quartz SiO2. Furthermore, rutile TiO2 in its
pure single-crystalline form can be maintained at the nanoscale level via top-down
fabrication [28]. This makes it possible to harness its full nominal birefringence and
optical index, without any of the reduction observed in porous poly-crystalline struc-
tures prepared by bottom-up processes [29, 30]. Lastly, rutile TiO2 has demon-
strated bio-compatibility and bio-functionalizability and is chemically, mechanically,
and thermally stable [28]. This means that it may be employed under tougher
conditions (e.g., high pressure, high temperature, or prolonged exposure to aque-
ous and biological environments) relative to other birefringent materials such as
CaCO3 (which dissolves in aqueous environments [24]).

Here, we demonstrate how these favorable properties collectively render rutile
TiO2, when shaped into nanocylinders, into an ideal, joint transducer of optical force
and torque. To do so, we show that single-crystal rutile TiO2 nanocylinders, even
those with larger volumes, can be trapped in 3D using moderate laser powers, with
no need for secondary antireflection coatings [23] or modified optics [22, 31]. We
then perform measurements of differently sized nanocylinders in an optical torque
wrench (OTW) [14] to quantify the applied forces and torques, which show excel-
lent agreement with numerical calculations based on finite element methods (FEM).
This allows us to show that tightly trapped rutile TiO2 nanocylinders outperform
other available dielectric materials by sustaining pN ⋅ nm torques at kHz rotational
frequencies in aqueous environments. This, together with the excellent joint res-
olution in force, torque and their conjugate variables (exceeding 1 pN and 1 nm;
1 pN ⋅ nm and 1 degree) achieved, expands our control of forces and torques at
the nanoscale.

2.2. Methods
2.2.1. Fabrication and surface functionalization of rutile TiO2

nanocylinders.
To produce rutile TiO2 nanocylinders (Fig. 2.1d), we use our developed top-down
fabrication protocol (more details can be found in Ref. [28]). We use a high-quality
(100) single-crystal rutile TiO2 substrate (1 cm×1 cm, ∼500 µm thickness, MTI
Corp.). The optic axis is precisely aligned in every produced nanocylinder, using the
(100) crystal orientation in which the optic axis is perpendicular to the substrate
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surface normal. This configuration allows the precise angular manipulation around
𝑧-axis, with a trapping beam linearly polarized in 𝑥𝑦-plane (as depicted in Fig. 2.1e).
Compared to our previously reported fabrication protocol [28], we further optimized
the chromium mask shape and thickness to obtain more circular cross sections and
smaller taper angles (see details in Supplementary Fig. 2.14). The steps in the
nanofabrication protocol that control nanocylinder diameter and height are electron-
beam lithography (EBPG 5000 or EBPG 5200, Vistec) and plasma etching (Fluor
Z401S, Leybold Heraeus or Plasmalab System 100, Oxford Instr.), respectively. As
shown in Supplementary Table 2.1, this optimization leads to excellent structural
uniformity among the fabricated TiO2 nanocylinders (relative standard deviation 2–
8% for diameters and 0.1–1.5% for heights, measured for 5‒15 particles per batch),
as deduced from the SEM images (S4800 FESEM, Hitachi) (Supplementary Fig. 2.8).
As a result, our nanoparticles more closely resemble ideal cylinders and display more
reproducible behavior. Otherwise, for example, deviations in the taper angle can
lead to a substantial change in the trap stiffness (Supplementary Fig. 2.10).

To increase the probability of trapping single isolated nanocylinders in OTWmea-
surements, it is crucial to prolong the monodispersed status of the nanocylinders
in aqueous solution. For this purpose, the nanocylinders are coated with amino-
terminated monofunctional polyethylene glycol (NH2-PEG) molecules (MW 5000,
PEG1154, Iris Biotech) via epoxysilane linkers (3-Glycidoxypropyldimethylethoxysilane,
539260, Sigma-Aldrich) using our previously developed TiO2 surface functionaliza-
tion protocol [28]. The PEGylated nanocylinders are mechanically cleaved in phos-
phate buffered saline (PBS) buffer (pH 7, Sigma-Aldrich) droplets by scratching the
substrate surface with a sharpened home-made plastic blade. The plastic blade is
softer than the TiO2 substrate and minimizes the production of TiO2 dust particles.
We note that the presence of short PEG molecules does not affect the trapping
and rotational dynamics of our nanocylinders [21], and have observed that the
monodispersity of PEGylated TiO2 particles is maintained upon sonication and vor-
texing, even after year-long storage (in plastic tubes at 4 ∘C).

2.2.2. OTW setup and measurements.
We conducted OTW experiments with our home-built setup (1064 nm wavelength
single-beam optical trap with polarization control; more details can be found in
Refs. [14, 15, 28]). We use a custom-made flow cell assembled with two borosili-
cate glass coverslips (No. 1.5H, Marienfeld) separated by a single-layer Parafilm®
spacer of ∼100 μm thickness. The use of coverslips with high-precision thick-
ness (170 µm±5 μm for No. 1.5H) reduces possible variations in optical trap qual-
ity that might occur when the conventional coverslips with large thickness varia-
tion (e.g., 160–190 μm for No. 1.5) are used [32]. The PBS buffer containing the
nanocylinders are injected into the flow cell channel and both input and output of
the channel are sealed by vacuum grease (18405, Sigma-Aldrich). After ∼ 1 h,
most of the nanocylinders in the solution are sedimented to the bottom of the flow
cell. Among these nanocylinders, only a chosen nanocylinder can be lifted from the
bottom by focusing the laser beam on the particle to generate a pushing force via
light scattering. Using rutile TiO2 is beneficial in this lifting process because its large
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refractive index induces stronger scattering for a given laser power. Afterwards, we
can trap and measure the freed nanocylinder without any hydrodynamic coupling
effect that can occur if the particle concentration is too high [33]. Also, it is possible
to measure for extended times (tested up to ∼3 h) without losing the particle by
collision with other particles entering the optical trap. The nanocylinder trapping
position is kept as 18–20 µm above the bottom surface of the flow cell channel, to
effectively avoid any hydrodynamic interaction with the flow cell.

We measured 14 different rutile TiO2 nanocylinder batches (Supplementary Ta-
ble 2.1), and 3–10 particles were recorded for each trappable batch (Fig. 2.3, Sup-
plementary Fig. 2.12, Supplementary Table 2.2). For calibration of linear and an-
gular trapping properties, we adapted the previously developed methods [15, 34].
For measurement of linear and angular fluctuations of a trapped cylinder, we em-
ployed an input beam which is linearly polarized along the 𝑥-axis. The large radial
stiffness of the rutile TiO2 particles lead to hydrodynamic effects, which contribute
colored noise to the power spectrum [23, 35]. We have considered this in our
analysis (Supplementary Fig. 2.14). The linear and angular fluctuation data are ac-
quired at 250 kHz sampling frequency. We developed and employed an improved
method to more precisely measure torque-speed curves (Supplementary Fig. 2.14).
In our method, each curve is measured by continuously scanning the polarization
rotation frequency in the range of 0–15 kHz for a few seconds using a waveform
generator (33120A, Agilent), with 100 kHz sampling frequency. Compared to the
conventional time-consuming method in which separate torque traces are recorded
at multiple different frequency values, this high-speed recording over a wide fre-
quency range avoids the distortion of the measured curve caused by setup drift.
The downward spikes shown at high PRF in Fig. 2.3g,h are attributed to the pecu-
liarities of the setup, such as the finite time required for the polarization reversal
of electro-optic modulator (EOM) voltage [13, 16], and appear regardless of the
chosen torque-speed measurement method.

In addition, we measured linear trapping properties of PS microspheres (Poly-
bead® Microspheres, Polysciences) (Fig. 2.3c, Supplementary Fig. 2.12, Supple-
mentary Table 2.3) since they are one of the de facto standards among optical
trapping community. In general, the characteristics of optical traps are not identi-
cal among different optical tweezers due to the difference in the specifications of
the laser beam, objective lens, immersion medium, and flow cell design. Therefore,
comparing the results from the standard commercial PS beads with high compo-
sitional and geometrical uniformity provides a means with which experimentalists
can estimate the expected trapping properties of rutile TiO2 nanocylinders in their
own instruments.

2.2.3. Numerical calculation of optical momentum transfer and
hydrodynamic drag.

The cylindrical geometry and anisotropic optical property of our rutile TiO2 particles
require a numerical approach to precisely estimate their viscous drag coefficients
and optical trapping force and torque. It is because the exact analytical solutions do
not exist for anisotropic cylinders with arbitrary aspect ratios, unlike the commonly
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used isotropic spherical probes. We utilize FEM [36] with one of its commercial
implementations (COMSOL Multiphysics v5.2a, COMSOL Inc.). In general, FEM is
more computationally demanding than other approaches such as T-matrix formu-
lations [37]. However, it is more flexible and versatile in the aspect of modeling
anisotropic material and irregular geometry. Using FEM is straightforward even with
cylinders of small aspect ratio and exotic shapes such as tapered cylinders (Supple-
mentary Fig. 2.10), cones, and hour-glass shapes. The validations of our numerical
models are shown in Supplementary Fig. 2.14. We note that the properties (size,
density, quality, etc.) of geometry meshing in FEM models should be optimized
properly to obtain precise results.

To calculate linear and angular optical trapping properties, we locate a rutile
TiO2 nanocylinder at the center of the calculation domain. The cylinder is enclosed
by a uniform medium (water, 𝑛 = 1.33) of spherical shape, and the medium is
terminated with a perfect matching layer to treat the size of the medium as infi-
nite by coordinate transformation. We use the exact focus beam equation without
any approximations to calculate the input background field [38]. The beam shape
is defined by the vacuum wavelength (𝜆 = 1064 nm), objective lens numerical
aperture (NA=1.2), filling ratio (𝛼 = ∞ or 1.7), linear polarization direction (along
𝑥-axis), and index of medium (𝑛 = 1.33). Here, the filling ratio 𝛼 (=𝑤ኺ/𝑟ኺ) is de-
fined as the ratio of the 1/𝑒ኼ radius of input beam 𝑤ኺ and effective input aperture
radius of objective lens 𝑟ኺ (= 𝑓 𝑁𝐴, where 𝑓 is the focal length of the objective
lens). We use 𝛼 = ∞ as an ideal configuration in which input beam is a plane wave,
and 𝛼 = 1.7 as the measured value in our OTW setup. The time-averaged optical
force and torque on the cylinder is obtained by integrating the Maxwell stress tensor
over the surface of a virtual sphere enclosing the cylinder [39]. We first obtain the
axial force (𝐹𝑧) curves, from which the axial equilibrium trapping positions (𝑧፞፪) are
derived (Supplementary Fig. 2.9). Then we calculate radial force (𝐹፱, 𝐹፲) and max-
imal torque (𝜏ኺ) at 𝑧፞፪. The optical force is calculated at the zero-torque condition
(𝜃 = 0° in Eq. 2.1), while the torque is calculated at the maximum torque transfer
condition (𝜃 = 45° in Eq. 2.1).

To calculate hydrodynamic drag coefficients, the surrounding medium (water at
23 ∘C, dynamic viscosity of 0.933 mPa ⋅ s) is set to flow translationally (rotation-
ally), inducing viscous drag force (torque) on the nanocylinder. The solutions of
Navier-Stokes equations [40] result in force and torque as a function of the speed
of medium flow, from which the drag coefficients can be extracted. We calculated
two translational (axial, radial) and one rotational (around 𝑧-axis) drag coefficients:
i) for each ideal cylinder (Supplementary Fig. 2.11) to use in calculations of an-
gular speeds (Fig. 2.2d, Supplementary Fig. 2.13) and AD values (Supplementary
Fig. 2.13), ii) for each fabricated nanocylinder batch (Supplementary Fig. 2.12) to
compare with our experimentally obtained values. For the case of ideal cylinders,
like ideal spheres [41], analytical expressions for the translational [42] and rota-
tional [43] viscous drag exist. However, these are valid for only a limited range of
aspect ratios and hence we used our numerical approach.
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2.3. Results and discussion
2.3.1. Optimization of rutile TiO2 particle geometry
In this section, we describe the optimization of rutile TiO2 nanoparticle geometry
for optical trapping. First, we describe how particle selection based on height can
maximize the efficiency of birefringence-based torque transfer, for which the excep-
tionally high birefringence of rutile TiO2 is advantageous. Then we discuss how the
high refractive index of rutile TiO2 enhances the applied force compared to other
commonly-used dielectric materials. Finally, we show that a cylindrical geometry
permits improved 3D trapping and full RDOF confinement.

Large birefringence for optimal angular momentum transfer.
The optical torque 𝜏 that a linearly polarized beam can apply to a birefringent particle
with uniform thickness is given by:

𝜏 = −𝐴 sin(ℎ𝑘ኺΔ𝑛) sin(2𝜃), (2.1)

where 𝐴 = 𝑆𝜖ኺ𝑛𝑐(𝐸ኺ)ኼ/(2𝜔) and 𝑆 is the particle cross-sectional area, 𝜖ኺ is the
vacuum permittivity, 𝑛 = (𝑛፞ + 𝑛፨)/2 is mean of the particle’s optical indices along
the extraordinary (𝑛፞) and ordinary (𝑛፨) axes, 𝑐 is the speed of light in vacuum, 𝐸ኺ
is the electric field amplitude of light in the particle, and 𝜔 is the angular frequency
of the input beam. In the first sine term, ℎ is the particle height along the direction
of beam propagation, 𝑘ኺ is the wavenumber of the input laser beam in vacuum,
and Δ𝑛 = 𝑛፞–𝑛፨ is the particle’s birefringence. The torque is modulated according
to the offset angle 𝜃 between the input beam linear polarization direction and the
particle optic axis as described by the second sine term, and thus the maximal
torque 𝜏ኺ = 𝐴 sin(ℎ𝑘ኺΔ𝑛) appears at 𝜃 = ±45∘. Note that Eq. 2.1 does not
precisely describe the torque experienced by nanoparticles trapped at
a beam focus (Supplementary Fig. 2.5), as it is derived in the context
of a plane wave that imparts angular momentum to an infinitely wide
plate (Appendix A). Nonetheless, Eq. 2.1 provides a reasonable starting point for
torque transducer design.

As Eq. 2.1 shows, for a given particle material, the particle height ℎ can be
optimized to maximize the torque transfer efficiency. For materials with low bire-
fringence, the optimal particle height is excessively large (e.g., ∼30 µm for quartz
SiO2). This size scale not only presents a challenge to fabrication but also far ex-
ceeds the favorable particle size range for stable 3D trapping in typical single-beam
optical tweezers, i.e., <∼1 µm, below the size of a tightly focused beam. The
conventional torque transducers of heights ∼1µm [12, 14, 24] are made of low
birefringence materials and cannot transfer the full angular momentum carried by
the laser beam (Fig. 2.1a). However, in the case of rutile TiO2 with its exceptionally
large birefringence, a torque transfer efficiency of 100 % should be achievable for
1-micron particles (Fig. 2.1a).

The ability to reach larger maximal torques (𝜏ኺ) for smaller particles (i.e., parti-
cles with lower rotational drag 𝛾᎕) has several implications for optical torque trans-
ducers. (i) The faster maximal rotation speed (𝑓ኺ = 𝜏ኺ/(2𝜋𝛾᎕)) allows access to a
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Figure 2.1: Design principles for force and torque transducers in optical tweezers. (a) Map of the torque
transfer efficiency (| sin(፡፤ኺጂ፧)| × ኻኺኺ; derived from Eq. 2.1) as a function of particle height (፡) and
birefringence (|ጂ፧|) of different dielectric materials. The blue squares indicate the smallest particle
heights at which 100 % torque transfer efficiency can be achieved (∼30 µm for quartz SiO2). (b) FEM-
calculated electric field intensity around nanocylinders (blue dashed line) made of different materials,
located at the laser beam focus (፳ ዆ ኺ) in water. (c) FEM-calculated axial trapping efficiency (ፐ፳)
curves for various TiO2 nanoparticle geometries at fixed volumes. An anatase TiO2 (፧ ዆ ኼ.ኽ; light blue)
sphere (፝ ዆ ኾኽኺ ፧፦) cannot be trapped in 3D, but it becomes trappable upon the addition of an anti-
reflection coating (green), or when reshaped (at constant volume) into a cylinder (፝ ዆ ኼኼኺ ፧፦, AR =
5). A rutile TiO2 (፧ ዆ ኼ.ዀ; dark blue) cylinder with the same dimensions is also trappable. The trapping
orientation of each cylinder with respect to the beam propagation direction (red arrow) is as drawn.
(d) SEM micrograph (ዀኺ∘ tilted view) of a fabricated rutile TiO2 nanocylinder batch prior to mechanical
cleaving. The inset shows a cleaved single nanocylinder. (e) Experimental scheme of the OTW. The
፱, ፲, and ፳ axes are in the reference frame of the nanocylinder, which has the optic axis along the
፱-axis (as indicated by the extraordinary electric susceptibility Ꭴ፞). The laser beam propagates along
the ፳-axis and the optical gradient force traps the nanocylinder in 3D. When a nonzero offset angle ᎕
exists between the optic axis and the direction of the input beam linear polarization (electric field vector
E in the ፱፲-plane), the optical torque is applied on the nanocylinder.

larger torque-speed space. (ii) The increased angular trap stiffness (𝜅᎕ = 2𝜏ኺ) and
low drag improve measurement precision for both torque and angle, as they are
proportional to (𝛾᎕)ኻ/ኼ and (𝛾᎕)ኻ/ኼ/𝜅᎕, respectively [26]. (iii) The shorter angular
trap relaxation time (𝑡፜,᎕ = 𝛾᎕/𝜅᎕) results in enhanced temporal resolution [26].

Large refractive index results in enhanced linear momentum transfer.
Compared to conventional dielectric materials employed in angular trapping such
as quartz SiO2, vaterite CaCO3, and calcite CaCO3 (𝑛 = 1.5–1.6), rutile TiO2 pos-
sesses a substantially larger optical index (𝑛 = 2.6 on average) [27]. This implies
a larger index difference with the surrounding medium (e.g., water, 𝑛 = 1.33) and
correspondingly stiffer linear trapping [22, 23]. This can be visualized through FEM
calculations (Fig. 2.1b), which show more intense scattering at the interface be-
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tween the particle and the medium that leads to a higher field gradient and hence
an enhanced trapping force. Thus, the use of rutile TiO2 enhances the transfer
of not only angular but also linear momentum. This simultaneous enhancement is
unique to rutile TiO2, as other materials that have high birefringence possess only
low refractive indices (e.g., calcite CaCO3).

Cylindrical shape for stable 3D trapping.
The advantage of being able to generate high forces comes at a cost, as a higher
index mismatch leads to increased scattering. This implies that radiation pressure
from the incident laser beam is more likely to perturb axial trapping. Therefore,
3D trapping of high-index particles in single-beam optical traps is limited to those
smaller than a certain threshold size, which is determined by the material and the
particle geometry. To compensate for the adverse effect of scattering on trap-
ping, diverse solutions have been developed. One solution is to alter the optical
configuration by implementing counter-propagating beams [22] or a donut-shaped
beam [31] for trapping. Another solution is to modify the particle by introducing an
anti-reflection coating [23]. However, this increased sophistication in optical con-
figuration or fabrication prevents its straightforward wide-spread implementation.

Instead, we can overcome the adverse effects of scattering by using a cylindri-
cal shape for rutile TiO2 nanoparticles, as shown for previously described dielectric
torque transducers [12–16]. This geometry decreases light scattering for a fixed
volume of a particle by reducing the surface area encountered by the input laser
beam. This effect is explicitly demonstrated by our numerically calculated trapping
force curves comparing differently shaped high-index particles (Fig. 2.1c). Our FEM
calculations show that rutile TiO2 spheres cannot be trapped in 3D if their diameter
exceeds ∼346 nm (Supplementary Fig. 2.6), in agreement with previously reported
calculations [37]. However, as we describe in detail below, we use an OTW to
demonstrate stable 3D trapping of fabricated rutile TiO2 nanocylinders (Fig. 2.1d,e)
with volumes that exceed the volume threshold for the trappability of spheres. Hav-
ing an increased range of trappable particle volumes available allows the application
of increased force or torque. Furthermore, the omission of antireflection coatings
reduces drag and thus improves the achievable maximum angular speed, temporal
resolution, and measurement precision.

The use of cylindrically shaped rutile TiO2 nanoparticles includes another im-
portant advantage, namely the full confinement of the three RDOF. For a positive
or negative uniaxial birefringent sphere, the birefringence-originated torque con-
strains only two or one RDOF. This has the drawback that unconstrained RDOF
may introduce unexpected angular fluctuations into torque and angle signals. The
geometrical anisotropy provided by a non-spherical particle shape such as a cylinder
can avoid these complications (Supplementary Fig. 2.7) and is hence a requirement
for certain applications, e.g., high-precision single-molecule torque spectroscopy.

2.3.2. Linear and angular trapping of TiO2 nanoparticles
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Dimensions of rutile TiO2 nanocylinders trappable in 3D.
We fabricated multiple rutile TiO2 nanocylinder batches (Methods) with different
diameters d=150–400 nm and heights h=0.5–1.5 µm, with resulting aspect ra-
tios (AR=h/d) ranging from 2.5 to 6.5 (Supplementary Fig. 2.8; precise dimensions
measured by scanning electron microscopy (SEM) are shown in Fig. 2.2 and Sup-
plementary Table 2.1). We first tested whether these particles could be optically
trapped in 3D in an aqueous environment (Methods), because stable 3D trapping
is a prerequisite for the application of force and torque. We experimentally ob-
served that rutile TiO2 cylinders with small diameters (160–230 nm) could be stably
trapped (T1–T7 in Fig. 2.2), even though their volumes are similar to or larger than
that of the largest rutile TiO2 sphere predicted to be trappable. In contrast, cylin-
ders with diameters exceeding ∼260 nm (U1–U6 in Fig. 2.2) were not trappable
in 3D, but rather scattered away from the trap. Therefore, we defined an experi-
mental threshold diameter 𝑑∗

፞፱፩ for the trappability of the rutile TiO2 cylinders as a
function of their AR. For each AR, 𝑑∗

፞፱፩ falls within the range 230–260 nm.
The behaviour of individual particles within cylinder batches is consistent with

this transition. For example, the mean diameter of cylinder batch T8 (AR = 4.4) is
256 nm±10 nm (Fig. 2.2a). While most cylinders from this batch were not trappable
or could be trapped only temporarily (with particles exiting the trap within seconds
or minutes), a few were stably trapped for hours. Such behavior is expected if a
small fraction of the batch has diameters that fall below 𝑑∗

፞፱፩.
We compare these and subsequent findings with FEM calculations (Methods).

The calculated axial stiffness (𝜅፳) map (Fig. 2.2a; other calculated linear trapping
parameters are described in Supplementary Fig. 2.9), where black pixels indicate
untrappable cylinder dimensions, reveals a higher threshold range for trappability,
𝑑∗

፜ፚ፥ ≈ 255–315 𝑛𝑚, defined as the minimum diameter which results in a black pixel
for each aspect ratio. A few experimental factors that have not been considered
in the calculations could explain the mismatch between the trappable cylinder di-
mensions found by experimental and numerical approaches. For example, cylinder
batch U1 lies in a trappable regime of the calculated map but is experimentally un-
trappable. The calculations for the maps shown in Fig. 2.2 incorporate the objective
lens aperture filling ratio (𝛼 = 1.7, Methods; Supplementary Fig. 2.10). However,
they do not account for optical aberrations (see also section 2.2.2.) and, for a given
cylinder geometry, they assume zero taper angle, whereas trapping behaviors are
largely dependent on taper angle (Supplementary Fig. 2.10).

We have also calculated maps of the radial stiffness (𝜅፲; Fig. 2.2b), the an-
gular stiffness (𝜅᎕; Fig. 2.2c), and the maximal rotation rate (𝑓ኺ = (𝜅᎕/2)/(2𝜋𝛾᎕);
Fig.2.2d, obtained using FEM-calculated drag coefficients (𝛾᎕; Supplementary Fig. 2.11)
and angular stiffnesses (𝜅᎕; Fig. 2.2c), which we compare to our experimental re-
sults in the next subsections.

Rutile TiO2 nanocylinders optimized for high stiffness, low drag, and rapid
response time.
The stiffness and drag are the two primary physical parameters that describe the
behavior of optically trapped particles [26]. Therefore, we experimentally deter-
mined the trap stiffness (linear and angular) and the corresponding drag coefficient
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Figure 2.2: Calculated maps of linear and angular stiffness for rutile TiO2 nanocylinders of varying dimen-
sions, with experimentally assessed trappability per cylinder batch superimposed. (a-c) FEM-calculated
(a) axial (᎗፳), (b) radial (᎗፲), and (c) angular (᎗᎕) stiffness maps of rutile TiO2 nanocylinders. The
stiffness values are calculated with the zero-taper angle for each cylinder dimension and the mea-
sured aperture filling ratio (ᎎ ዆ ኻ.዁) from our OTW setup, and normalized by the input beam power.
(d) Maximum rotation frequency ( ኺ፟ ዆ Ꭱኺ/(ኼ᎝᎐᎕)) map of rutile TiO2 nanocylinders obtained from FEM-
calculated maximum torque (Ꭱኺ ዆ ᎗᎕/ኼ; derived from data in panel (c)) and drag (᎐᎕; Supplementary
Fig. 2.11). In panel (a), the region above the dashed magenta curve includes nanocylinders with vol-
umes exceeding that of the largest trappable rutile TiO2 sphere with ፝ ≈ ኽኾዀ nm. In panels (b-d),
dimensions relevant for the analysis in Fig. 2.3 are displayed: the horizontal dash-dotted green line rep-
resents ፝ ≈ ኼኻኽ nm; the leftmost dash-dotted green curve represents ፡ ≈ ዂኼ኿ nm; and the rightmost
dash-dotted green curve represents ፡ ≈ ኻኺዃዀ nm. In all panels, the maps are plotted as a function of
the cylinder aspect ratio (ፀፑ ዆ ኻ–዁, with step size 0.1) and the cylinder diameter (፝ ዆ ኻኺኺ–ኾኺኺ nm,
with step size 5 nm). The black pixels indicate cylinders with untrappable dimensions (for which axial
stiffnesses cannot be calculated). The solid blue curves are iso-height contours (500–2500 nm from
left to right, with a step size of 500 nm). Trappable fabricated cylinder batches (labeled as T1–T8) are
indicated by distinct symbols and colors. Untrappable fabricated cylinder batches (labeled as U1–U6)
are shown as gray filled circles. Symbols and error bars denote the averages and standard deviations
of the SEM-measured cylinder dimensions, respectively (N=5–10; Supplementary Table 2.1).
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for each trappable rutile TiO2 cylinder batch, with the results summarized in Fig. 2.3.
We used laser powers less than 100 mW to demonstrate the high performance of ru-
tile TiO2 cylinders even in the low-power regime. However, we present the trapping
stiffness normalized by laser power for comparison with other studies. To highlight
the effect of geometrical parameters, the experimental stiffness values are plotted
as a function of diameter or height at a fixed height or diameter in Fig. 2.3a,b,d,e.
In Fig. 2.2b-d, the dash-dotted green lines represent the fixed heights ℎ ≈ 1096 nm
and ℎ ≈ 825 nm, and the fixed diameter 𝑑 ≈ 213 nm. The results of FEM calcula-
tions based on mean particle geometries (with actual sidewall profiles as quantified
by SEM and displayed in Supplementary Fig. 2.8) are co-plotted in Fig. 2.3a,b,d,e
for comparison. In the case of linear trapping, we display the trapping parame-
ters as measured in the 𝑦-dimension. Because the input beam is polarized along
the 𝑥-dimension (Methods), trapping is strongest along the 𝑦-dimension (twofold
and tenfold stronger than trapping in the 𝑥− and 𝑧-dimensions, respectively; Sup-
plementary Fig. 2.9). Overall, increases in either cylinder diameter (Fig.2.3a,d) or
height (Fig.2.3b,e) that enhance the light-matter interaction volume tend to result
in greater linear and angular trap stiffnesses. Particularly, for angular trapping, an
increased cylinder diameter at a fixed height corresponds to a wider cross-sectional
area S in Eq. 2.1, and hence also a higher value of the angular stiffness (Fig. 2.3d).
For a fixed diameter, taller cylinders yield increased angular stiffness, until satura-
tion occurs close to the height ℎ in Eq. 2.1 for optimal torque transfer (Fig. 2.3e).
These trends agree very well with the FEM-based predictions. Exact quantitative
agreement between the experimental observations and FEM predictions is achieved
upon scaling the calculated stiffnesses by 42% ± 14% (Supplementary Fig. 2.12),
which we attribute to optical aberrations that distort the electric field distribution
at the beam focus [44], an experimental limitation that is challenging to include in
calculations. The measured drag coefficients, which are not similarly influenced by
aberrations, equal 104% ± 17% of the values calculated by FEM (Supplementary
Fig. 2.12), implying high accuracy of our calibrated measurements.

The ratio of the measured drag (Methods) and stiffness reports on the response
times of trapped rutile TiO2 cylinders. When the measured translational or rota-
tional drag is plotted against the corresponding trap stiffness, a linear relationship
is observed (Fig. 2.3c,f). Within the range of cylinder dimensions tested, this re-
flects the above-mentioned trend of increased stiffness with increased diameter or
height (corresponding to increased drag). The slope of the fitted lines yields the
overall trap relaxation time (𝑡፜,፲ = 𝛾፲/𝜅፲ or 𝑡፜,᎕ = 𝛾᎕/𝜅᎕), with a shorter tc reflecting
a more rapid response time and increased temporal resolution.

For linear trapping, we compare the results obtained with rutile TiO2 cylinders
to those obtained with standard polystyrene (PS) spheres (representative of low-
index force transducers). The linear trap stiffness of rutile TiO2 nanocylinders is
approximately two-fold higher than that of PS spheres of comparable drag, a direct
consequence of the higher refractive index of rutile TiO2 (𝑛 = 2.6) compared to
PS (𝑛 = 1.57). Correspondingly, rutile TiO2 nanocylinders enable a nearly two-fold
increase in temporal response (𝑡፜,፲ = 11 µs for rutile TiO2 , versus 𝑡፜,፲ = 26 µs for PS
at 100 mW; Fig.2.3c). These effects can be appreciated by comparing the rutile TiO2
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cylinder batch T2 with the PS sphere batch P2 (𝑑 = 505 nm), which both have drag
coefficients of ∼ 4 pN ⋅ s/mm (Fig. 2.3c). For angular trapping, the trap relaxation
time of rutile TiO2 nanocylinders (𝑡፜,፲ = 15 µs at 100 mW; Fig. 2.3f) is again
considerably shorter due to the high angular trap stiffness (Fig. 2.2c, deriving from
the large birefringence) achievable with such low rotational drag (Supplementary
Fig. 2.11). As the trap relaxation time is inversely proportional to the laser beam
power, it can be further tuned using this parameter.

Rutile TiO2 nanocylinder particles transmit nN forces and nN ⋅ nm torques
with excellent measurement precision.
To deduce the range of applicable forces using trapped rutile TiO2 nanocylinders,
we examine their measured linear stiffnesses and estimate the range of their har-
monic regime. The high radial trapping stiffness of rutile TiO2 nanocylinders should
permit the application of large forces up to ∼nN, as demonstrated for anti-reflection
coated anatase TiO2 spheres [23]. For example, a rutile TiO2 nanocylinder with ra-
dial trap stiffness κy = 7 pN/μm/mW (cylinder batch T8) should experience a 1
nN restoring force at ∼1.4 W laser power (not measured due to the limitation of
available power in our setup) upon displacement of ∼100 nm from the trap center,
well within the estimated harmonic potential regime (Supplementary Fig. 2.9). This
represents an order of magnitude improvement over the typical ∼100 pN limit of
optical tweezers [45].

The exceptionally large birefringence of rutile TiO2 makes it possible to simulta-
neously achieve very high torques (1–10 nN ⋅ nm) and rotational speeds (1–10 kHz)
at only moderate laser powers (<100 mW) in aqueous solution (Fig. 2.3g,h). Such
an expansive torque-speed range is not achievable in similar measurement con-
ditions using other dielectric particles with much lower birefringence [12, 14]. To
provide a guideline for selecting cylinder dimensions, we compare the torque-speed
curves of differently sized nanocylinders (Fig. 2.3g,h). We first compare cylinders
with similar diameters (𝑑 ≈ 213 nm, batches T3–T6) but different heights (Fig. 2.3g).
Here, the rotational drag coefficients are similar, as observable from the slopes (𝛾᎕ =
𝜏ኺ/𝜔ኺ) in the linear part of the torque-speed curves. Using a cylinder with an
optimal height for torque transfer efficiency (within this dataset, batch T5) re-
sults in a higher maximum torque and increased rotational frequency. Differently
stated, for a fixed cylinder diameter, the height provides a means to tune the
torque transfer efficiency. We next compare two groups of cylinders with simi-
lar heights (ℎ ≈ 1096 nm, batches T1 and T8; ℎ ≈ 825 nm, batches T2 and T7) but
different diameters (Fig. 2.3h). Within each group of cylinders, the torque trans-
fer efficiencies are similar, but the drag coefficients differ substantially. A smaller
drag coefficient is preferable in general for a higher rotation frequency (e.g., com-
pare batches T1 and T8 in Fig. 2.3h). However, a reduction in drag does not always
guarantee an increased rotation frequency even if torque transfer efficiency is main-
tained (e.g., compare batches T2 and T7 in Fig. 2.3h). This is because the resulting
rotation frequency (𝑓ኺ ∝ 𝜅᎕/𝛾᎕) is dependent on the relative rates of change be-
tween stiffness 𝜅᎕ and drag 𝛾᎕, which are distinct functions of particle dimensions.
Hence, for a fixed cylinder height, one should select the suitable cylinder diameter
to access the desired torque-speed regime.
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Figure 2.3: Experimentally measured linear and angular trapping performances of rutile TiO2 nanocylin-
ders. (a,b,d,e) Measured stiffness (᎗፲, ᎗᎕) values plotted versus cylinder diameter or height, together
with calculated values for comparison. The OTW-measured values are represented by filled symbols
and associated error bars. The FEM-calculated values (which make use of SEM-measured cylinder ge-
ometries with actual sidewall profiles) are represented by empty symbols. For ease of visualization, in
panel (a,d), data points from the cylinders of similar height ፡ ≈ ኻኺዃዀ nm (825 nm) are connected with
dashed blue lines (solid red lines), and in panel (b,e), data points from the cylinders of similar diameter
፝ ≈ ኼኻኽ nm are connected with dash-dotted green lines. (c,f) Measured drag coefficients (᎐፲, ᎐᎕)
plotted versus measured stiffness values (᎗፲, ᎗᎕). The slope of a linear fit (dashed black line, forced
through the origin) reports on the trap relaxation time (፭፜,፲ ዆ ኻኻ ፬ at 100 mW, ፭፜,᎕ ዆ ኻ኿ ፬ at 100 mW).
The measurement results from PS spheres are overlaid in panel (c) for comparison (filled blue circles;
the mean diameters of batches P1, P2, and P3 are 370 nm, 505 nm, and 746 nm, respectively). A linear
fit to PS data results in ፭፜,፲ ዆ ኼዀ ፬ at 100 mW. (g,h) Moving-averaged optical torque as a function of
input beam polarization rotation frequency (PRF), measured at 92 mW. Each curve represents the data
obtained from a single cylinder, and its fit to the theory [16] is overlaid (black line). When the PRF
exceeds the maximum rotation frequency of a cylinder (denoted by the corresponding colored symbol),
the particle begins to slip and thus exhibits a decreased torque [16]. The cylinders with similar diame-
ters (፝ ≈ ኼኻኽ ፧፦, T3–T6) are compared in panel (g), and those with similar heights (፡ ≈ ኻኺዃዀ ፧፦,
T1 and T8; ፡ ≈ ዂኼ኿ ፧፦, T2 and T7) are compared in panel (h). For the symbols employed in panels
(a-h), the shape and color coding are as in Fig. 2.2.
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Utilizing the high linear and angular stiffnesses achievable with low-drag rutile
TiO2 nanocylinders, we employ Allan deviation (AD) analysis [26] to demonstrate
the ensuing improvements in measurement precision. For the primary quantities of
physical interest – force, torque, position, and angle – we demonstrate in Fig. 2.4
that one can achieve excellent precisions below 1 pN, 1 pN ⋅ nm, 1 nm, and 1 de-
gree, respectively, on short timescales between (sub)milliseconds and seconds. To
quantify trapping, signal averaging times longer than the time at which the AD
peak (colored vertical lines in Fig. 2.4) occurs are appropriate. This regime corre-
sponds to the thermal limit, i.e., the harmonic trapping regime. AD values within
this region determine the measurement precision as a function of the averaging
time. Theoretically, longer averaging times increase the measurement precision,
but there is a practical lower bound on the measurement precision because of long-
term drift or other measurement noise [26]. In our setup, this lower bound occurs
at an averaging time between ∼0.1 s and ∼10 s.

We illustrate here how the main trapping parameters affect the magnitude of the
AD curve, in turn increasing or decreasing the achievable measurement precision.
As an example, we selected a subset of the cylinder batches, i.e., T3–T5, that ex-
hibits the order of increasing linear and angular stiffnesses. The force AD (Fig.2.4a)
and torque AD (Fig.2.4c) are functions of drag only (∝ (𝛾)ኻ/ኼ). Therefore, the best
force and torque precisions are obtained from the cylinder with the smallest linear
and angular drag coefficients (batch T3). However, the position AD (Fig. 2.4b)
and angle AD (Fig. 2.4d) are functions of both drag and stiffness (∝ (𝛾)ኻ/ኼ/𝜅).
As differences in stiffness values are more significant in the chosen dataset, the
best position and angle precisions are achieved with the highest linear and angular
stiffnesses (batch T5).

Finally, we compare the stiffness, torque-speed regime, measurement precision,
and temporal resolution between rutile TiO2 and other common dielectric crystals,
i.e., quartz SiO2 and calcite CaCO3. We chose to compare only calculated results
because of the difficulty of fabricating different materials into an identical geometry.
As experimentally demonstrated here (Fig. 2.3, Supplementary Fig. 2.12), we can
reliably predict the overall trends in both linear and angular trapping parameters
by numerical modeling. This comparison shows that rutile TiO2 is indeed the most
competent material as a combined force and torque transducer (Supplementary
Fig. 2.13).

2.4. Conclusions
In this work, we have employed experimental measurements and numerical cal-
culations based on finite-element methods to demonstrate how the collective op-
tical properties of single-crystalline rutile TiO2 (including high refractive index and
exceptionally large birefringence), together with its shaping into nanocylinders of
appropriate dimensions, make it possible to develop joint optical force and torque
transducers with outstanding properties. We show that rutile TiO2 nanocylinders
exhibit high stiffness in both linear and angular domains, allowing for the application
of ∼nN-scale forces and unprecedentedly high 1–10 nN ⋅ nm torques. Given their
low drag coefficients, our fabricated rutile TiO2 nanocylinders should exhibit excel-
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Figure 2.4: Temporal resolution and measurement precision in force, position, torque, and angle,
achieved with rutile TiO2 nanocylinders. (a-d) Allan deviation (AD) as a function of averaging time
for three selected rutile TiO2 cylinder batches (T3–T5, in order of increasing linear and angular stiff-
ness; the same symbols and colors as in Fig. 2.2). AD plots for four different physical quantities are
shown: (a) force, (b) position, (c) torque, and (d) angle. Each colored solid curve represents the normal
AD obtained from a single cylinder measured at 92 mW. Colored symbols reflect the octave-sampled
overlapping AD, and their fit to the theory [26] is overlaid as a dashed curve. The AD values report on
the achievable measurement precision for a given averaging time, and the horizontal dashed red lines
indicate the typical precisions required for measurements of individual biomolecules. For each cylinder,
the trap relaxation time (፭፜) can be deduced from the timescale at which the AD curve peaks (1.8926፭፜;
designated by the colored vertical lines) [26]. This relaxation time forms the lower bound of the achiev-
able temporal resolution.

lent time response, which we have verified experimentally and exploited to highlight
how rutile TiO2 torque transducers can sustain high 1–10 kHz rotation frequencies in
aqueous solution, even at a moderate trapping laser power not exceeding 100 mW.
Furthermore, we show how optically trapped rutile TiO2 nanocylinders enable high
measurement precision in the key physical parameters of force, torque, position,
and angle.

We expect that this coalescence of exceptional trapping properties into single
rutile TiO2 particles will open up opportunities for micro- and nanoscale applications.
For example, the ability to transmit ∼nN ⋅ nm torques at ∼kHz rotation frequency
will render measurements on systems with a wide torque-speed regime, e.g., the
bacterial flagellar motor [46], accessible. Similarly, the high temporal resolution
and excellent measurement precision will permit investigations of fast dynamics
in other bio-molecules [4, 47]. Moreover, the small size, bio-compatibility, and
chemical inertness of rutile TiO2 nanocylinders, together with their low laser power
requirements compared to other materials, will facilitate their usage in in-vivo mi-
crorheology [48] or cellular manipulation [7, 49]. Alternatively, these force and
torque transducers could provide an enhanced platform for studies of quantum
phenomena such as cavity cooling [6] and Casimir effects [50]. Finally, we fore-
see potential applications for rutile TiO2 nanocylinders in engineering applications
such as optically-driven nanomachines [9, 10], excitability-based sensors [14], or
photonic force microscopy [51].
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2.5. Supplementary Materials
Additional explanation of the linear trapping parameters
In addition to the axial trap stiffness κz, various other axial trapping parameters
should be considered when choosing appropriate cylinder dimensions for specific
practical applications. For example, the axial trap strength 𝐹፳,፦።፧ can be used as
a criterion to assess stable 3D trapping. If the axial trap strength of a cylinder is
very weak, despite the trap itself having high axial stiffness (e.g., the nanocylinder
with 𝑑 = 300 nm and 𝐴𝑅 = 3.5), then such a particle is difficult to exploit since
it will escape from the trap at the slightest external perturbation. Also, the extent
of the linear axial force regime 𝑧፡፩, combined with 𝜅፳, provides information about
the maximum applicable axial force under the assumption that the axial trap is a
harmonic potential well (i.e., a linear Hookean spring). This information is valu-
able as proper trap calibration is easiest in this regime. The above definitions and
reasoning apply similarly to radial trapping in 𝑥- and 𝑦-dimensions.

Effects of nanocylinder taper angle on axial trapping properties
The dry etching process can result in nanocylinders with small taper angle (0–
5°; T1–T8 and U1–U6 shown in Supplementary Fig. 2.8 and Supplementary Ta-
ble 2.1), and such geometrical asymmetry can alter the optical trapping character-
istics [31, 52]. To investigate this effect in rutile TiO2 nanocylinders, we calculated
axial trapping force 𝐹፳ and then extracted axial stiffness 𝜅፳ for cylinders with taper
angle 𝜎 of ±2° and ±4° while keeping the cylinder height and average diameter
constant (thus, both the surface area and volume of the tapered cylinders are nearly
the same as those of straight cylinders, allowing an unbiased comparison). For a
tapered cylinder, two trapping orientations are possible with respect to the beam
propagation direction. When the larger facet of a tapered cylinder is facing the
source of the laser beam, the trappable regime shrinks and overall the trap stiff-
ness decreases. This might be due to the increased light scattering at the larger
entering surface of the particle, which destabilizes the trap. In contrast, when
the tapered cylinder is flipped, and the smaller facet faces the beam source, the
trappable regime expands and overall the trap stiffness increases. However, for
each individual cylinder dimension, these changes are not proportional but nonlin-
early correlated with the taper angle. For example, in the case of 𝑑 = 250 nm
and 𝐴𝑅 = 5 cylinder (Supplementary Fig. 2.10h), changing taper angle from 0° to
–2° enhances trap stiffness, but –4° taper renders the cylinder untrappable. Im-
portantly, this result also advises us about what are the fabrication error-tolerant
cylinder sizes, with which the particles can be always 3D-trapped even with small
variations in taper angles. For example, 𝑑 = 200 nm and 𝐴𝑅 = 4–6 cylinders can be
3D-trapped regardless of the taper angle variations of ±4°. For the fabricated and
optically trappable rutile TiO2 nanocylinder batches (T1–T8), taper angles are rather
small (0.1–1.6°) and hence their trapping behaviors are expected to be similar to
those of perfectly straight cylinders.
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Advantages of improved Cr etch mask fabrication protocols
The previous Cr etch mask made by one-step Cr deposition by evaporation [28] is
limited in the achievable maximum thickness of each mask, and the thickness at
its edge is much smaller than that at its center. As a consequence, the edge of a
mask erodes much faster than the center, resulting in a more tapered cylinder with
longer etch time. The eroded edge also tends to be rough, so the cross section of
etched cylinder is prone to be less circular. However, the improved Cr etch mask,
with its reinforced edge and high base, ensures less tapered angles and a more
perfect circular cross section even for extended etch times. Therefore, it is possible
to fabricate tall, high aspect ratio, and small-taper-angle rutile TiO2 cylinders that
function as optimal force and torque transducers (e.g., cylinder batch T6, ℎ =
1102 nm, 𝐴𝑅 = 5.1, taper angle 0.2°; Supplementary Fig. 2.8, Supplementary
Table 2.1).

We also improved the design pattern for writing circular disks with e-beam lithog-
raphy. The new pattern consists of a single writing sequence and requires much
less time compared to the conventional pattern, which approximates a disk shape
with multiple trapezoidal writing sequences. As a finite overhead time exists for
each writing sequence, the gain in writing time becomes more evident when pat-
terning larger areas. The previous method also used single-sequence of writing per
disk, consists of a single-pixel exposure with a defocused e-beam. The defocused
e-beam is faster over large arrays of disks (∼0.5 h to pattern a circular area with a
4 mm radius). However, e-beam fluctuations can decrease the circularity of these
disks. Our new method produces more circular disks and can cover the same area
in ∼1 h.

Advantages of improved torque-speed measurement method
Using the conventional multi-frequency (MF) method, it is preferable to have a large
number of data points (e.g., 50 Hz step size) for a better fit to the theory and a
more precise detection of the peak position (for demonstration purpose, much less
number of data points are taken than usual in the data set shown in Supplementary
Fig. 2.14g). However, for fast torque transducers like rutile TiO2 nanocylinders, a
smaller step size requires excessively long measurement times to switch between
PRF values. The resulting torque-speed curves are prone to distortion by the long-
term drift in the setup. Also, switching between many different frequencies is not
practical, especially for setups with hardware that does not support automated PRF
control. For example, in our setup, measurement of each torque signal costs ∼1 min
of overhead time due to the time required to manually switch the PRF and write
the data to the hard disk. Hence, it requires at least ∼1 h to acquire the data
shown in Supplementary Fig. 2.14g using the MF method with 100 Hz steps. As
our frequency-sweep (FS) method allows torque measurement over a wide range
of PRF values in just a few seconds, it is effectively free from the long-term drift in
the setup. Hence, this method offers enhanced reliability and flexibility in torque
spectroscopy.
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Figure 2.5: FEM-calculated rutile TiO2 nanocylinder height for maximal torque transfer efficiency at
different fixed diameters. The maximal optical torque (circles) of rutile TiO2 nanocylinders as a function
of their height (፡ ዆ ኺ.ኼ–ኻ.ዂ ፦) for different diameters (፝ ዆ ኻ዁኿–ኼኺኺኺ nm), FEM-calculated at ፳፞፪ ዆
ኺ nm and ᎕ ዆ ኾ኿° (for the largest diameter ፝ ዆ ኼኺኺኺ nm, calculation is performed up to ፡ ዆ ኻ.ኾ µm due
to the limitation of computing memory). Calculations are performed assuming a focus beam with the
vacuum wavelength ᎘ ዆ ኻኺዀኾ nm, objective lens ፍፀ ዆ ኻ.ኼ, an objective lens filling ratio ᎎ ዆ ጼ, and a
surrounding medium index ፧ ዆ ኻ.ኽኽ. For comparison, the analytical prediction (blue curve, using Eq. 2.1
from the main text) assuming a plane wave interacting with a rutile TiO2 plate of 300 nm×300 nm surface
area is co-plotted. The vertical dashed blue line (፡ ≈ ኻ µm) indicates the analytical prediction of optimal
cylinder height for the maximal torque transfer efficiency, while the numerical predictions are designated
by red squares if they exist within the calculated range. Note that nanoparticles with diameters smaller
than the beam wavelength (፝ ዆ ኻ዁኿–ኼ኿ኺ nm) deviate most from the analytical prediction. Cylinders
with diameters comparable to or larger than the beam wavelength (፝ ዆ ኻኺኺኺ–ኼኺኺኺ nm) show optical
torque that more closely approximates the analytical prediction, as their geometry is closer to that of a
rutile TiO2 plate.

Parameter Unit Trappable cylinders Untrappable cylinders

T1 T2 T3 T4 T5 T6 T7 T8 U1 U2 U3 U4 U5 U6

H (mean) nm 1071 816 578 766 830 1102 828 1115 664 1184 1062 1214 1048 1425
H (SD) nm 6 4 7 10 10 14 4 15 10 13 1 3 3 6
H (RSD) % 0.6 0.4 1.1 1.4 1.2 1.3 0.5 1.3 1.5 1.1 0.1 0.3 0.3 0.5
𝐷ፚ፯ (mean) nm 166 199 205 214 215 216 229 256 259 259 299 293 326 354
𝐷ፚ፯ (SD) nm 6 4 5 12 12 16 9 10 6 7 15 9 9 9
𝐷ፚ፯ (RSD) % 3.6 2.1 2.5 5.7 5.7 7.2 4 4.1 2.4 2.6 4.9 3 2.7 2.6
AR (mean) 6.5 4.1 2.8 3.6 3.9 5.1 3.6 4.4 2.6 4.6 3.6 4.1 3.2 4
AR (SD) 0.2 0.1 0.1 0.2 0.2 0.4 0.1 0.2 0.1 0.1 0.2 0.1 0.1 0.1
AR (RSD) % 3.9 2.3 2.9 6 5.8 7.2 3.8 4.8 3.1 2.4 4.9 2.9 2.6 2.5
𝜎 (mean) deg. 0.5 0.7 –1.6 0.2 –0.1 0.2 1 –0.2 4.8 0.4 0.5 2.7 0.6 3.9
N 6 6 15 8 10 6 8 5 5 5 5 5 5 6

Table 2.1: SEM-measured dimensions of rutile TiO2 nanocylinders. The SEM-measured dimensions of
rutile TiO2 nanocylinder batches (T1–T8, U1–U6) are listed. The parameters describing the cylinder
geometry include the height (ፇ), the averaged diameter (ፃፚ፯), aspect ratio (ፀፑ ዆ ፇ/ፃፚ፯), and the
taper angle (᎟). The parameter ፃፚ፯ is obtained by averaging the SEM-measured sidewall profile as can
be seen in Supplementary Fig. 2.8c, because the fabricated nanocylinder batches exhibit slight deviations
from a perfectly straight sidewall. For the same reason, the taper angle is calculated from the slope of
the linear fit to the averaged sidewall profile of each nanocylinder batch. Here, a positive (negative)
taper angle means that the top flat surface (i.e., the surface protected by a Cr mask during plasma
etching; designated by the yellow lines in Supplementary Fig. 2.8a,b) is smaller (larger) than the bottom
flat surface (i.e., mechanically cleaved position) of a cylinder. The values are obtained by measuring
ፍ ዆ ኿–ኻ኿ different individual cylinders per batch. For each parameter, the displayed statistical values are
the mean, the standard deviation (ፒፃ), and the relative standard deviation (ፑፒፃ ዆ ፒፃ/፦፞ፚ፧ × ኻኺኺ).
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Figure 2.6: FEM-calculated optical trappability of rutile TiO2 spheres and cylinders. (a) The FEM-
calculated axial trapping efficiency (ፐ፳) curves (i.e., normalized axial force (ፅ፳) curves; ፐ፳ ዆ ፅ፳/(፧ፏ/፜),
where ፧ is the refractive index of the surrounding medium, ፏ is the trapping laser beam power, and ፜ is
the speed of light in vacuum) for rutile TiO2 spheres with diameters of 330–380 nm, demonstrating that
spheres with large volume (≥∼350 nm) are not trappable. (b) FEM-calculations of ፐ፳ with 1 nm-step
in sphere diameter (345–348 nm) reveal that the diameter of the largest trappable rutile TiO2 sphere
is 346 nm. (c–f) The FEM-calculated axial trapping efficiency (ፐ፳) curves for all fabricated rutile TiO2
nanocylinder batches, using average SEM-measured dimensions with actual sidewall profiles as input
parameters. The trap strengths (as defined in Supplementary Fig. 2.9) of trappable cylinders (T1–T8;
(c,d)) are much larger than those of non-trappable cylinders (U1–U6; (e,f)). As the cylinders are not
symmetric in the ፳-dimension, two different trapping orientations exist for each cylinder (with the posi-
tive (c,e) or negative (d,f) taper angle with respect to the input beam as shown in the inset diagram).
For trappable cylinders (T1–T8; (c,d)), as their taper angles are small (0.1–1.6°, Supplementary Ta-
ble 2.1), the trapping orientation does not significantly contribute to trapping behavior (Supplementary
Fig. 2.10). All calculations in (a-f) are performed assuming a focus beam with objective lens ፍፀ ዆ ኻ.ኼ,
an objective lens filling ratio ᎎ ዆ ኻ.዁, and a surrounding medium index ፧ ዆ ኻ.ኽኽ.
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Figure 2.7: FEM-calculated RDOF confinement torque of rutile TiO2 spheres and cylinders. Visual rep-
resentation of the mechanism of RDOF confinement, supported by numerical calculations. (a-d) Il-
lustrations of achievable confinement of the RDOF depending on the degree of geometrical or optical
anisotropy. An optically isotropic particle (gray, e.g., polystyrene) has a constant refractive index (፧)
along its principal axes (፱, ፲, and ፳), while a birefringent particle (blue, e.g., rutile TiO2) includes an
extraordinary index (፧፞) that differs from the other two ordinary indices (፧፨). Here, a positively bire-
fringent crystal (e.g., rutile TiO2) is assumed, and thus ፧፞ ጻ ፧፨. A blue curved arrow indicates free
rotation in the absence of confinement, while an overlaid prohibitory traffic sign indicates the restriction
in rotation due to confined RDOF. The incident trapping beam is assumed to be linearly polarized in the
x-dimension. (a) A non-birefringent sphere, which is fully isotropic, has no confined RDOF. (b) A posi-
tively birefringent sphere that has optical anisotropy only, has two confined RDOF. (c) A non-birefringent
cylinder that has geometrical anisotropy only, has two confined RDOF. (d) A positively birefringent cylin-
der, which is fully anisotropic, has fully confined RDOF. (e,f) FEM-calculated optical torque components
for a positively birefringent sphere (rutile TiO2, ፝ ዆ ኻ኿ኺ nm), i.e., configuration in panel (b). The result
shows that indeed the angle ᎎ is not confined, as (e) ጁ፱ remains zero at any angle, while the angle ᎏ
is confined by the restoring torque (f) Γy from the optical birefringence. (g,h) FEM-calculated optical
torque components for a positively birefringent cylinder (rutile TiO2, ፝ ዆ ኼኺኺ nm and ፀፑ ዆ ኿), i.e.,
configuration in panel (d). The confinement in the angle ᎎ results from the restoring torque (g) ጁ፱
generated by the uneven radiation pressure distribution on a tilted cylinder (no such geometrical effect
would occur in the case of a tilted sphere). The angle ᎏ is doubly confined by the restoring torque (h)
ጁ፲ from both geometrical and optical anisotropy. The confinement of the RDOF in the angle ᎐ by the
restoring torque ጁ፳ that results from particle birefringence is common to both sphere and cylinder. All
calculations in (e-h) are performed assuming the vacuum wavelength of input beam ᎘ ዆ ኻኺዀኾ nm, an
equilibrium axial trapping position ፳፞፪ ዆ ኺ, a focus beam with objective lens ፍፀ ዆ ኻ.ኼ, an objective lens
filling ratio ᎎ ዆ ጼ, and a surrounding medium index ፧ ዆ ኻ.ኽኽ.
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Figure 2.8: SEM micrographs of top-down fabricated single-crystal rutile TiO2 nanocylinder batches.
(a,b) A representative SEM micrograph of each cylinder batch is shown: (a) trappable nanocylinder
batches (T1–T8); (b) untrappable nanocylinder batches (U1–U6). All scale bars are 500 nm. The yellow
lines indicate the top surfaces of cylinders, and the structures just above them are Cr masks that remain
when SEM images are taken prior to Cr removal by wet etching. (c) Geometries of trappable (blue) and
untrappable (red) nanocylinders drawn up on the same scale with the mean dimensions obtained from
multiple SEM images (Supplementary Table 2.1). Both vertical and horizontal grid lines have the same
spacing (100 nm-step for thin lines and 500 nm-step for thick lines).
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Figure 2.9: FEM-calculated parameters describing the linear optical trapping behavior of rutile TiO2
nanocylinders. Linear trapping parameters deduced from FEM-calculated force curves, plotted as a
function of cylinder diameter and aspect ratio. (a) The definitions of these parameters are graphically
summarized with an axial force curve (the blue curve, for a nanocylinder with ፝ ዆ ኼኺኺ nm and ፀፑ ዆ ኿
as an example): the axial equilibrium trapping position ፳፞፪ (the vertical red line which is the ፱-intercept
of the force curve), the axial trap stiffness ᎗፳ (the gradient of force at zeq designated by the solid
black tangential line which approximates the harmonic potential well), the axial trap strength ፅ፳,፦።፧ (the
horizontal magenta dashed line over which the particle will escape from the trap), and the axial harmonic
potential regime ፳፡፩ (the distance from ፳፞፪ to the nearest position at which the deviation of the actual
force from the ideal harmonic approximation starts to exceed 10 % which is the conventional cutoff
threshold [23, 53], represented by the vertical red dashed line). (b) The changing axial force curve shape
upon rotation of the same rutile TiO2 cylinder in (a) from ᎕ ዆ ኺ° to ᎕ ዆ ኾ኿° (with the rotation angle ᎕ as
defined in Eq. 2.1 from the main text). In this range, the deviation of ፳፞፪ is almost negligible (∼6 nm)
compared to the cylinder height (1 µm). As this behavior is similar to other cylinder dimensions as well,
it is still valid to calculate the maximum optical torque (which occurs at ᎕ ዆ ኾ኿°) with ፳፞፪ obtained at
᎕ ዆ ኺ° (Fig. 2.3c, Supplementary Fig. 2.13). (c) The map of ፳፞፪. For each black colored pixel, ፳፞፪
does not exist (i.e., the axial force curve has no ፱-intercept) and hence 3D-trapping is not possible for
cylinders of the corresponding dimensions. We do not calculate radial trapping parameters at these
positions, since we are interested in 3D-trappable cylinder dimensions only. For 3D-trappable cylinder
dimensions, the radial trapping parameters are calculated at ፳፞፪. (d-f) The linear trap stiffness maps (᎗፱,
᎗፲, ᎗፳). (g-i) The linear trap strength maps (ፅ፱,፦።፧, ፅ፲,፦።፧, ፅ፳,፦።፧). (j-l) The linear harmonic potential
regime maps (፱፡፩, ፲፡፩, ፳፡፩). The blue curves are iso-height contours (500–4000 nm from left to right,
with a step size of 500 nm). The resolution of the maps is ∆ፀፑ ዆ ኺ.኿ and ∆፝ ዆ ኼ኿ nm. All calculations
in (a-l) are performed assuming the vacuum wavelength of input beam ᎘ ዆ ኻኺዀኾ nm, a focus beam
with objective lens ፍፀ ዆ ኻ.ኼ, an objective lens filling ratio ᎎ ዆ ጼ, and a surrounding medium index
፧ ዆ ኻ.ኽኽ.
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Figure 2.10: FEM-calculated maps of axial stiffness and curves of axial trapping efficiency for rutile
TiO2 nanocylinders with different objective lens aperture filling ratios and taper angles. (a,b) The FEM-
calculated high-resolution maps of axial stiffness ᎗፳ for rutile TiO2 nanocylinders with (a) ideal (ᎎ ዆ ጼ)
and (b) measured (ᎎ ዆ ኻ.዁; the same data as Fig. 2.2a) aperture filling ratios. The calculated threshold
diameter ፝∗

፜ፚ፥ for each aspect ratio is displayed as a gray dot, and the magenta circles indicate the local
maxima of stiffness. Calculations based on the measured filling ratio (b) result in a narrower range of
3D-trappable cylinder diameters for aspect ratios between 1 and 5. The stiffness values at the local
maxima are also reduced by ∼10 %, due to the less tight beam focusing for a smaller filling ratio. The
blue curves are iso-height contours (500–2000 nm from left to right, with a step size of 500 nm). The
resolution of the maps is ∆ፀፑ ዆ ኺ.ኻ and ∆፝ ዆ ኿ nm. (c-f) ᎗፳ maps of nanocylinders with a taper angle
σ of (c) +4°, (d) –4°, (e) +2°, and (f) –2°, as a function of the aspect ratio and average diameter ፝ፚ፯
(with ideal aperture filling ratio ᎎ ዆ ጼ). The schematics to the right of the maps illustrate the taper
angle (not to scale) and orientation of the cylinder body with respect to the laser beam propagation
direction (red arrow). (g) ᎗፳ map of perfectly straight nanocylinders (the same data as shown in panel
(a) and Supplementary Fig. 2.13), displayed for straightforward comparison with the maps of tapered
cylinders. The blue curves are iso-height contours (500–4000 nm from left to right, with a step size of
500 nm). The resolution of the maps is ∆ፀፑ ዆ ኻ and ∆፝ ዆ ኿ኺ nm. (h) Axial trapping efficiency ፐ፳
as a function of taper angle for a representative cylinder batch with ፝ፚ፯ ዆ ኼ኿ኺ nm and ፀፑ ዆ ኿. All
calculations in (a-h) are performed assuming the vacuum wavelength of input beam ᎘ ዆ ኻኺዀኾ nm, a
focus beam with objective lens ፍፀ ዆ ኻ.ኼ, and a surrounding medium index ፧ ዆ ኻ.ኽኽ.
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Parameter Unit T1 T2 T3 T4 T5 T6 T7 T8

𝛾፲ (mean) pN ⋅ s/mm 6 4.4 2.3 3.7 4.8 4.9 6.4 5.8
𝛾፲ (SD) pN ⋅ s/mm 1.4 1.3 0.6 1 1.9 1 2.3 0.6
𝛾፲ (cal.) pN ⋅ s/mm 4.7 4.3 3.5 4.2 4.5 5.3 4.6 5.7
𝜅፲ (mean) pN/µm/mW 4 3.3 1.3 3.2 4.5 3.8 5.2 7
𝜅፲ (SD) pN/µm/mW 0.7 0.9 0.4 1 2 0.7 1.7 0.9
𝜅፲ (cal.) pN/µm/mW 7.8 8.6 5.7 8.7 9.5 11 9.2 9
𝑡፜,፲ (mean) µs (at 100 mW) 15 13 18 12 11 13 12 8
𝑡፜,፲ (SD) µs (at 100 mW) 5 5 7 5 6 3 6 1
𝑡፜,፲ (cal.) µs (at 100 mW) 6 5 6 5 5 5 5 6
N (linear) 4 7 8 9 9 3 10 3
𝛾᎕ (mean) pN ⋅ nm ⋅ s 0.09 0.1 0.08 0.14 0.11 0.15 0.14 0.24
𝛾᎕ (SD) pN ⋅ nm ⋅ s 0.01 0.01 0.02 0.05 0.01 0.03 0.04 0.04
𝛾᎕ (cal.) pN ⋅ nm ⋅ s 0.09 0.1 0.08 0.11 0.12 0.16 0.13 0.23
𝜅᎕ (mean) pN ⋅ nm/rad/mW 67 41 51 94 97 67 95 168
𝜅᎕ (SD) pN ⋅ nm/rad/mW 13 4 8 25 40 9 27 20
𝜅᎕ (cal.) pN ⋅ nm/rad/mW 117 164 115 196 221 287 285 508
𝑡፜,᎕ (mean) µs (at 100 mW) 14 25 16 15 12 22 14 15
𝑡፜,᎕ (SD) µs (at 100 mW) 3 3 4 6 5 5 6 3
𝑡፜,᎕ (cal.) µs (at 100 mW) 7 6 7 6 5 5 5 4
𝜏፨ nN ⋅ nm (at 100 mW) 3.3 2 2.5 4.7 4.8 3.4 4.7 8.4
𝑓፨ kHz (at 100 mW) 5.9 3.2 5.1 5.3 6.9 3.7 5.5 5.5
N (angular) 4 7 7 9 8 3 7 3

Table 2.2: OTW-measured and FEM-calculated optical trapping parameters of the 3D-trappable rutile
TiO2 nanocylinders. The linear and angular optical trapping parameter values for all 3D-trappable rutile
TiO2 nanocylinder batches (T1–T8) are listed. Both experimental (mean, standard deviation (SD)) and
numerically calculated (cal.) results are displayed. The linear trapping properties include the radial drag
coefficient (᎐፲), the radial trap stiffness (᎗፲), and the radial trap relaxation time (፭፜,፲). Similarly, the
angular trapping properties include the angular drag coefficient (᎐᎕), the angular trap stiffness (᎗᎕), and
the angular trap relaxation time (፭፜,᎕). Note that the drag coefficients are independent of trapping beam
power, while trap stiffnesses and trap relaxation times are not. Also, the calculated stiffnesses (linear or
angular) represent the mean of those that result from the two possible trapping orientations. Regarding
the angular trapping, the averaged maximal torque (Ꭱ፨) and angular speed ( ፨፟) at 100 mW beam
power (scaled from the actually used ∼92 mW for rapid interpretation) are also shown. The experimental
values are obtained by measuring ፍ ዆ ኽ–ኻኺ cylinders per batch.



2

42 2. Enhanced optical trapping using single-crystal rutile nanocylinders

0

0.5

1

Aspect ratio
1 3 5 7 9

D
ia

m
e

te
r 

[n
m

]

200

300

400

100

0

5

10

Aspect ratio
1 3 5 7 9

D
ia

m
e

te
r 

[n
m

]

200

300

400

100

Axial drag coefficient γz [pN∙s/mm] a cb

0

5

10

Aspect ratio
1 3 5 7 9

D
ia

m
e

te
r 

[n
m

]

200

300

400

100

Radial drag coefficient γy [pN∙s/mm] 

1.5

Rotational drag coefficient γθ [pN∙nm∙s] 

Figure 2.11: FEM-Calculated translational and rotational hydrodynamic drag coefficients of nanocylin-
ders. (a,b) The drag coefficients for translational movements of nanocylinders in water are FEM-
calculated as a function of cylinder diameter and aspect ratio: (a) the axial linear drag coefficients (move-
ment along the ፳-axis), (b) the radial linear drag coefficients (movement along either the ፱-axis or the ፲-
axis). (c) The drag coefficients for rotational motion of nanocylinders (rotation about the ፳-axis). These
rotational drag coefficients are used to calculate the maps of the maximum rotation frequency (Fig. 2.2d
and Supplementary Fig. 2.13). The resolution of the maps in (a-c) is ∆ፀፑ ዆ ኺ.኿ and ∆፝ ዆ ኼ኿ nm. For
Fig.2.2d in the main text, we used a drag map with higher resolution, ∆ፀፑ ዆ ኺ.ኻ and ∆፝ ዆ ኿ nm. The
white curves are iso-height contours (500–4000 nm from left to right, with a step size of 500 nm).

Parameter Unit P1 P2 P3

𝐷 (mean) nm 370 505 746
𝐷 (SD) nm 15 8 2
𝐷 (RSD) % 4.1 1.6 0.3
𝛾፲ (mean) pN ⋅ nm ⋅ s 3.7 4.1 6.6
𝛾፲ (SD) pN ⋅ nm ⋅ s 0.3 0.4 0.5
𝛾፲ (cal.) pN ⋅ nm ⋅ s 3.3 4.4 6.6
𝜅፲ (mean) pN/µm/mW 0.9 1.5 2.7
𝜅፲ (SD) pN/µm/mW 0.1 0.2 0.2
𝜅፲ (cal.) pN/µm/mW 1.5 3.1 4.2
𝑡፜,፲ (mean) µs (at 100 mW) 39 27 25
𝑡፜,፲ (SD) µs (at 100 mW) 5 4 2
𝑡፜,፲ (cal.) µs (at 100 mW) 22 14 15
N 5 6 7

Table 2.3: Dimensions and linear optical trapping parameters of the PS spheres. The dimensions and
linear optical trapping parameter values for all measured PS sphere batches (P1–P3) are listed. For
sphere diameter, the displayed statistical values are the mean, the standard deviation (SD), and the
relative standard deviation (RSD = SD/mean×100). These values are provided by the supplier of the
spheres. For linear optical trapping parameters, both experimental (mean, standard deviation (SD))
and numerically calculated (cal.) results are displayed. The trapping properties include the radial drag
coefficient (᎐፲), the radial trap stiffness (᎗፲), and the radial trap relaxation time (፭፜,፲). Note that the
drag coefficients are independent of trapping beam power, while trap stiffnesses and trap relaxation
times are not. The experimental values are obtained by measuring ፍ ዆ ኿–዁ different individual spheres
per batch.
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Figure 2.12: Comparison of experimentally and theoretically obtained stiffnesses and drag coefficients
for trapping of rutile TiO2 cylinders and PS spheres. For all trappable nanocylinder batches (T1–T8) and
measured PS sphere batches (P1-P3), the trapping parameters obtained by both FEM calculations and
OTW measurements are shown. The FEM calculations used the SEM-measured average dimensions for
the cylinders and the average diameter provided by the supplier for the spheres. (a) The linear trap
stiffness (᎗፲), (b) linear drag coefficient (᎐፲), (c) angular trap stiffness (᎗᎕), and (d) angular drag co-
efficient (᎐᎕) of the rutile TiO2 nanocylinders (summarized in Supplementary Table 2.2). (e) The linear
trap stiffness (᎗፲) and (f) linear drag coefficient (᎐፲) of the PS spheres (summarized in Supplementary
Table 2.3). In all panels, the gray bars indicate the FEM-calculated values, while the colored sym-
bols (mean) and red error bars (SD) indicate the experimental values obtained by OTW-measurements
of multiple particles per batch (ፍ ዆ ኽ–ኻኺ). The FEM-calculated stiffness values (a,c,e) are scaled down
by 50 % for a direct comparison with experimental values (designated as cal.×ኺ.኿). The mean ratios
between FEM-calculated and measured values averaged over all batches are (a) for ᎗፲: 46 % ± 16 %,
(b) for ᎐፲: 104 % ± 22 %, (c) for ᎗᎕: 38 % ± 11 %, and (d) for ᎐᎕: 103 % ± 9 % in case of rutile TiO2,
and (e) for ᎗፲: 58 % ± 7 % and (f) for ᎐፲: 102 % ± 8 % (mean ± SD) in case of PS. By averaging
the linear values (a) and (c) and the angular values (b) and (d) of rutile TiO2, we arrived at the values
quoted in the main text, for ᎗: 42 % ± 14 % and for ᎐: 104 % ± 17 %, respectively. Overall, the
calculations properly predict all observed trends in drag and stiffness.
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Figure 2.13: FEM-calculated linear and angular trapping parameters for different birefringent crystals.
(a-i) For an unbiased comparison with the trapping parameters of (a-c) rutile TiO2 nanocylinders, we
performed similar FEM calculations for nanocylinders made of other birefringent crystals that are fre-
quently used for OTW applications, including (d-f) calcite CaCO3 and (g-i) quartz SiO2. The calculated
parameters are (a,d,g) the axial trapping stiffness ᎗፳, (b,e,h) the maximum torque Ꭱኺ, and (c,f,i) the
maximum rotation frequency ፨፟. The maximum rotation frequency ( ፨፟ ዆ Ꭱ፨/(ኼ᎝᎐᎕)) maps are obtained
using the FEM-calculated angular drag coefficients ᎐᎕ (Supplementary Fig. 2.11). Within the calculated
range of cylinder dimensions (፝ ዆ ኿ኺ–ኾኺኺ nm, ፀፑ ዆ ኻ–ኻኺ), only rutile TiO2 has dimensions that are
not 3D-trappable (black pixels) due to its highest refractive index. Each parameter is displayed with the
same color scale across the maps of different materials. Quartz SiO2 has the smallest birefringence,
and its angular parameters (Ꭱ፨ and ፨፟) are very small (peak values are only 18.7 pN ⋅ nm/mW and
4.3 Hz/mW,
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Figure 2.14: Improved methods for nanocylinder fabrication and trap calibration, and validation of
FEM numerical models. (a-d) Our improvements in fabrication protocol. (a) The fabrication steps for
chromium (Cr) mask for rutile TiO2 etching: (1) A rutile TiO2 substrate; (2) patterning of an e-beam
resist layer (CSAR 62, ALLRESIST) by e-beam lithography; (3) sputtering deposition (AC450, Alliance
Concept) of the first Cr layer; (4) top Cr layer lift-off by attachment and subsequent removal of adhesive
tape; (3’-4’) sputtering and lift-off of the second Cr layer; (5) removal of e-beam resist by solvent (N-
Methyl-2-pyrrolidone (NMP), VWR Chemicals). The resulting Cr mask has a high base (∼240 nm) and
a tall, thick surrounding wall (∼350 nm tall and ∼40 nm thick). (b,c) The SEM image of the Cr mask
before etching of top-view (b) and ኾ኿° tilted view (c). (d) The e-beam writing pattern for disk-shaped Cr
masks. Each red square represents a position for an e-beam exposure. (e,f) The OTW-measured (solid
colored lines) and fitted (solid black lines) power spectral density (PSD) plots for linear trapping of (e) a
PS sphere (፝ ዆ ዁ኾዀ nm) and (f) a rutile TiO2 nanocylinder (batch T6, ፝ፚ፯ ዆ ኼኻዀ nm, ፡ ዆ ኻኻኺኼ nm).
For the rutile TiO2 cylinder in (f), the PSD plot of the radial trapping (along the ፲-axis) is fitted by the
hydrodynamically corrected PSD function [23, 54], exhibiting the hydrodynamic memory effect. The
PSD plots of the axial trapping of the rutile TiO2 cylinder in (f) and all trapping of the PS bead in (e) are
fitted by the conventional Lorentzian PSD function [54], which do not show any hydrodynamic mem-
ory effect. (g) Our frequency-sweep (FS) method for torque-speed curve measurements in angular
trap calibration. In this example, we swept from 25 Hz to 7525 Hz in 6 s, and acquired the signal
at a sampling frequency of 100 kHz. The results agree well with the MF method [12–14, 55] (blue
squares). (h-m) We validated our FEM models by comparing them with analytical and other numerical
treatments of PS spheres. (h) Axial force (፝ ዆ ኼኺኺ nm sphere [56, 57]). (i) Radial force (፝ ዆ ኻ µm
sphere [58]). (j,k) Angular momentum transfer by comparing with Eq. 2.1, assuming a birefringent plate
of 300 nm×300 nm cross-sectional area (Appendix A). We obtained FEM-calculated maximum torques
as a function of (j) the plate height ፡ (᎕ ዆ ኾ኿°) and (k) the offset angle ᎕ (፡ ዆ ኾኺኺ nm). The red dots
in (j) and (k) are the same data point. (l,m) For hydrodynamic drag, we compare our FEM models with
the well-known analytical equations of spheres for both (l) translational (᎐፲ ዆ ዀ᎝᎔፫; ᎔ is the dynamic
viscosity of water and ፫ is the radius of sphere) and (m) rotational drag coefficients (᎐᎕ ዆ ዂ᎝᎔፫ኽ) [41].
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3
Tunable high-birefringence
meta-material probes for

optical torque wrench
application

The optical torque wrench (OTW) allows the direct application and measure-
ment of both torque and angle on single molecules or rotary nanomotors. To
maximize the applicable torque in an OTW, it is preferable to use probe mate-
rial with large birefringence. However, naturally available highly-birefringent
materials also tend to exhibit large refractive index, which severely limits the
trappable probe dimension due to the large scattering. To overcome this dis-
advantage, we here employ dielectric multilayer meta-material (MM) as probe
material. We have designed the MM probe using effective medium theory and
finite element methods. The MM probes are etched and released from a sput-
tered multilayer film. The results in the OTW show that our MM probe can
achieve a large birefringence at only moderate refractive index, displaying
its superiority over existing probes. Moreover, the MM probe comes with tun-
ability in its optical properties through changing the composite material filling
ratio.
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3.1. Introduction
The optical torque wrench (OTW) [1–3] enables the rotational control in optical
tweezers, providing the true ability to three-dimensional manipulation of micron-
scale particles, which opens up new opportunities for many applications in the
micron and nano-scale, such as biological physics [4–7], optomechanics [8–10],
quantum physics [11–13].

A variety of methods for optical rotation have been proposed and realized [14–
18]. The fundamental principle behind is altering the angular momentum (AM)
of a trapping focus beam, where the difference is transfered to the trapped par-
ticle [1]. The simplest and most sophisticated method is to use linearly polarized
beam[7, 17, 19] or circularly polarized beam [20–23] in combination with bire-
fringent probe particles [3, 24–26]. On one hand, using orbital angular momen-
tum (OAM) for torque transfer requires extra apparatus for beam generation and
AM detection [16, 27–29]. Also, the beam waist at the focus is broaden due to its
donut shape intensity profile [30], which decreases linear gradient force and makes
it unsuitable for small particle rotation. On the other hand, changing and detecting
the spin angular momentum (SAM) of TEM00 Gaussian beam is trivial [31], which
makes in-vivo rotation and measurement available [2, 3]. The rotation of the par-
ticle can be done either at a controlled speed with the rotation of linear-polarized
light [2, 31] or at a constant torque with a circular polarized light [14].

The AM of the light is transfered to the particle through absorption [16] or scat-
tering [32]. Absorption is essential for homogeneous isotropic particles to receive
torque, which has been broadly applied in rotating metallic particles [16, 28, 33–
35]. However, absorption is a detriment in most of the biological applications as
the heat generated by this process can severely damage the biological cells and
tissues [36]. The asymmetric shape of the particle can have different dielectric po-
larizabilities along different directions, and hence induces an aligning torque which
aligns itself with respect to the direction of polarization of the beam [7, 13, 21].
However, this asymmetric torque transfer is inefficient [7, 8, 37] and the particle’s
irregular shape bring unwanted large viscous drag to many torque applications.
Birefringent particles simply act as a wave plate, which alter the AM carried by the
focus field, where the difference of AM is converted to the optical torque on the
particle with negligible thermal effects [38]. Moreover, the shape of the birefrin-
gent particle can be tailored into cylindrical shape by nano-fabrication [24, 39, 40],
which makes its position very stable in the focus and it is rotation controllable.
These unique properties make it the ideal probe for biological applications [41].

The amount of transferable AM to the particle is mainly limited by the bire-
fringence and the volume of the probe [38]. In literatures, many different bire-
fringent probes are used to achieve the OTW functionality. Main materials are as
quartz [1–3], calcite[19], vaterite[26, 42] and rutile [43]. The refractive indexes of
these materials are shown in Fig. 3.1a. Nevertheless, each of these materials have
their own limitation. Quartz SiO2 particle is readily accessible in spherical shape
or cylindrical shape by nano-fabrication [24, 39, 40], and possess stable chemical
property in aqueous environment. However, its low birefringence (Δ𝑛=0.0087 at
𝜆=1064 nm) severely limits the transferable torque to the material. Although the
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amount of torque can be increased by enlarging the size of the probe, this will not
only makes it unsuitable for single molecular torque application, but also tremen-
dously reduces the rotational speed induced by the larger viscous drag from the
surrounding medium. Both calcite and vaterite CaCO3 probes have much higher
birefringence (Δ𝑛= 0.1629 at 𝜆=1064 nm) and are being used in many optical
torque applications especially in vacuum [44]. However, they are solvable in water,
which makes them unsuitable for biological applications. Recently we have pro-
posed to use nanofabricated rutile TiO2 cylinder [43, 45] as OTW probe, which has
the highest birefringence (Δ𝑛= 0.26 at 𝜆=1064 nm) among all the natural crystalline
materials. Although the achievable torque and force are further increased, it suffers
from large scattering due to the extraordinary high refractive index (𝑛̄ = 2.623 at
𝜆=1064 nm), and hence reduces the trappable size down to only around 300 nm in
diameter. As far as we know, a suitable birefringent probe particle with moderate
refractive index and large birefringence is still missing.

The nano-fabrication techniques have enabled the realization of nano-structures
where the feature size is much smaller than the wavelength of light, and hence
leads to new electromagnetic properties unseen in nature [46–48]. This new form
of materials are called meta-materials (MMs). Amount all the MMs, the laminated
MMs [49] draw tremendous attentions, and have been widely applied in photonic
density of states engineering [50], super-resolution imaging [51, 52], waveguide
engineering [53–55] and optical sensing [56–58]. The fabrication of laminated
MMs can be achieved simply by sequentially depositing alternating materials on a
wafer by such as sputtering [59], electron beam evaporation [60], atomic layer
deposition [61]. The large number of available materials makes it a versatile tool
for achieving exotic material properties.

In this chapter, we demonstrate, by using nano-fabrication technology, a real-
ization of laminated MM OTW probe with SiO2 and Nb2O5 materials. Unlike conven-
tional OTW probes, this MM probe can have large birefringence with a moderate
refractive index suitable for stable 3D trapping. Moreover, by simply changing the
filling ratio of the composed materials, the property of the OTW probe can be cus-
tomized by will, which makes the probe more adaptive to specific applications. The
fabricated probe is chemically stable and the shape is highly controllable, which
makes it ready for volume production.

3.2. Methods
3.2.1. Design
The effective medium theory (EMT) [62] is used to calculate the optical response
of the multilayer structure. According to EMT, when the thickness of each layer is
much smaller than the wavelength of the light, the effective optical permittivity of
the structure can be approximated by a tensor

𝜖 = [
𝜖∥ 0 0
0 𝜖∥ 0
0 0 𝜖ዊ

] , (3.1)
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where 𝜖∥ and 𝜖ዊ are the permittivity component parallel and perpendicular to the
interface of the multilayer stack, respectively. The values of them are given by

𝜖∥ = 𝑓𝜖ኻ + (1 − 𝑓)𝜖ኼ, (3.2)

𝜖ዊ = 1
𝑓𝜖ዅኻ

ኻ + (1 − 𝑓)𝜖ዅኻ
ኼ

, (3.3)

where 𝑓 is the material filling ratio of material 1 in a unit cell and 𝜖ኻ and 𝜖ኼ are the
permittivity values of the two consisting materials, respectively.
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Figure 3.1: (a) The average refractive index (top) of the most common birefringent crystals materials
in nature and their index difference (bottom); (b) The effective index and index difference of SiO2 and
Nb2O5 multilayer structure as a function of material filling factor. (c) Schematic of how is the nano-
cylinder being trapped in the focus of the beam. (d) Scanning electron microscopy (SEM) image of
fabricated multilayer particles with ፟ ዆ ኺ.኿, ፖ ዆ ኽኺኺ nm and ፀፑ ዆ ኾ.

The consisting material of the MM chosen here are Nb2O5 (material 1) and
SiO2 (material 2), which can be deposited by sputtering [63]. In Fig. 3.1b the
effective refractive index of Nb2O5 and SiO2 multilayer stack versus filling ratio are
shown. It can be seen that the refractive index component 𝑛∥ is a straight line as a
function of filling ratio 𝑓, while the refractive index component 𝑛ዊ is a concave curve,
being always smaller than 𝑛∥. The difference induces a birefringent effect. Since 𝑛ዊ
is the only unique component in the tensor, one can conclude that effectively the
multilayer MM behaves as a negative birefringent material with 𝑛∥ (𝑛፞) < 𝑛ዊ (𝑛፨).
As shown in Fig. 3.1c, in order to achieve rotation along the axis of the beam (𝑧-
axis), the designed particle requires an elongated-cube shape with its multilayer
interface parallel to the beam axis. This allows the longer side (H) to align with the
beam axis and maintain the birefringence in the 𝑥 − 𝑦 plane. The cross-section of
the particle is designed to be a square of width𝑊, which can eliminate the influence
of the torque induced by the shape asymmetry.
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Fig. 3.1b also shows that the two effective indexes both vary as filling ratio
varies, which is a result of increasing the higher index Nb2O5 material. For smaller
filing ratio, the MM can have a overall smaller refractive index, hence the MM is eas-
ier to trap due to the small scattering force. On the other hand, for MMs with higher
filling ratio, the MM may experiences a higher gradient force due to the higher index
contrast. However, this is at the risk of being untrappable while scattering force is
also enhanced. The dashed line of Fig. 3.1b also shows the index difference. We
can see that the maximum Δ𝑛 = 0.1662 is achieved at around 𝑓 = 0.55, which
provides a birefringence slightly larger than Calcite. We may interpret that for the
same material dimension, the maximum torque transfer can be achieved for this
filling ratio. If we further increase the filling ratio, the linear trapping stiffness can
be further increased due to the larger index contrast, while the torque transfer effi-
ciency can be reduced. Hence, depending on the required application, the material
filling ratio can be chosen for best suitability.
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Figure 3.2: The absolute value of Fresnel coefficient ፭፩ and ፫፩ of effective medium theory (EMT) and
SiO2/Nb2O5 multilayer (ML) structures as function of transversal wavenumber. The incident and exit
material are both water, the total thickness are both 300 nm for EMT and ML, and the wavelength is
1064 nm. For ፧ pair of ML, in order to have a symmetric structure, we always keep the starting/ending
layer SiO2. The inserts show the schematics of EMT model and 5 pair ML model.

In order to understand the accuracy of the EMT approximation, the Fresnel
coefficients of the real multilayer are calculated and being compared to the effective
birefringent medium. In the calculation, the incident and the transmission materials
are both water, and the middle layer is either the multilayer stack or the effective
birefringent MM, with a fix total thickness of 300 nm. The number of layer-pairs
varies from 1 to 6. As shown in Fig. 3.2, the Fresnel coefficients of the real multilayer
structure get closer to the one of the effective birefringent medium as the number
of layer-pairs increases. For the five layer-pair case, the maximum difference in
the coefficients is smaller than 0.4%. This result confirms that the EMT is a good
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description for our multilayer structure.

3.2.2. Modeling
Finite element method (FEM) software COMSOL Multiphysics 5.2a is used to cal-
culate the optical response of our MM probes. The cube-shape probe particle is
surrounded by a uniform medium (water 𝑛 = 1.33) of spherical shape with the per-
fect match layer (PML) shell. The scattering of the particle is calculated under the
background illumination of a highly focus Gaussian beam incident from the nega-
tive 𝑧-direction. The 𝑥-polarized highly focus field is described by Richards & Wolf’s
integral [64, 65]. The numerical aperture (NA) used is 1.2 and the aperture filling
factor is 1.7, which are identical to our experimental setup. The optical force and
the torque are retrieved by integrating Maxwell stress tensor on a virtual sphere
surrounding the particle [66].

First, in order to determine the trappability and equilibrium position of the probe,
the optical force 𝐹፳ in the 𝑧-direction is calculated. In the simulation, the particle
is fixed in the center of the domain and the focus beam is moved up and down to
calculate the force on the particle at different 𝑧-position. The equilibrium position
𝑍፞፪ is found when the particle experiences zero 𝐹፳. Second, after knowing the
equilibrium position 𝑍፞፪ of the particle, the particle is fixed on this 𝑧-position and
𝐹፱, 𝐹፲ and 𝑇፳ are calculated, which are the force in the 𝑥 and 𝑦-direction and the
torque in the 𝑧-direction, respectively. For 𝐹፱ (𝐹፲) calculation, the focus beam is
moved in the 𝑥 (𝑦)-direction. For the 𝑇፳ calculation, the particle is rotated 45 ° along
the 𝑧-axis respecting to the polarization direction of the focus beam. The heights
of the particle 𝐻 modeled are between 250 nm and 450 nm with an incremental
step of 5 nm, and the aspect ratio (AR = 𝐻/𝑊, where 𝑊 is the side length of
the cube particle) is from 1 to 7, with an incremental step of 0.1. In order to
reduce the computational time, the symmetric condition is utilized in the 𝐹፳, 𝐹፱, 𝐹፲
simulation. One quarter of the computational domain is simulated in 𝐹፳ and half of
the computational domain is simulated in 𝐹፱ and 𝐹፲.

The viscous drag coefficients are also simulated using the Computational Fluid
Dynamics (CFD) module in COMSOL. The surrounding medium (H2O) is set to flow
translationally (or rotationally), inducing viscous drag force (or torque) on the nano-
cube. The solutions of Navier-Stokes equations result in force and torque as a
function of the speed of the medium flow, from which the linear (rotational) drag
coefficients can be extracted.

3.2.3. Fabrication
Themultilayer MM particles are fabricated using a top-down fabrication process (Fig. 3.3),
which is adapted from our previous work [43, 45]. First, a four-inch silicon (Si) wafer
is cleaned with fuming (99.5%) HNO3 (10 min), followed by thoroughly washing
with DI and spin dry (Fig. 3.3a). Next, a 100 nm-thick sacrificial chromium (Cr) layer
is deposited on the Si wafer by electron-beam evaporation (FC-2000, Temescal) with
the film deposition rate of 0.5 Å/s at the chamber pressure of∼3×10ዅ዁ Torr (Fig. 3.3b).
This slow deposition allows to obtain a high-quality Cr-coating with small surface
roughness. Then, the Nb2O5/SiO2 multilayer is deposited using plasma-assisted
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reactive magnetron sputtering (HELIOS, Bühler) (Fig. 3.3c), with which the layer
thicknesses are precisely monitored and controlled with the aid of in-situ ellipsom-
etry). The whole multilayer stack is designed to be symmetric by starting and
finishing with SiO2 layers. The detailed multilayer composition of the fabricated
samples are described in Supplementary Table 3.1. The particles of square cuboid

e- RIECr

Figure 3.3: The fabrication process of meta-material probe particles.(a) Sequencial deposition of the Cr
sub-layer and the multilayer, followed by the spin-coating of a positive electron beam resist. (b) Pattern-
ing of the resist layer with electron beam lithography. (c) Sputter deposition of a layer of Cr hard mask.
(d) Removal of the unwanted Cr mask and the residual resist by firstly using Kapton tape and then heated
resist stripper. (e) Etching into the multilayer structure vertically by reactive ion etching. (f) Removal
of the top Cr hard mask layer and the bottom sacrificial Cr layer by using a chromium wet etchant. The
sample is submerged into the etchant solution vertically and gently without any agitation.(g) Washing
off the chromium etchant by dipping the sample into ample amount of DI water, again without any
agitation. (h) Harvesting the fabricated particles by submerging the sample into DI water-filled plastic
tube and vortexing for 1 min. Then the substrate is removed from the tube.

geometry are shaped by lithography and etching with Cr hard mask. The substrate
is first machine-diced to 1 cm × 1 cm sizes, which are then cleaned with HNO3 and
DI as like the Si wafer preparation step. Then, the samples are further cleaned
in an ultrasonic bath with acetone (5 min) and isopropyl alcohol (IPA, 5 min),
and spin-dried. A layer of ∼250 nm-thick positive-tone electron-beam resist (AR-
P 6200.9, Allresist) is spin-coated (Fig. 3.3d) and patterned by electron-beam lithog-
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raphy (EBPG 5000+,Vistec) with an exposure dose of 240 µC/cm2 (Fig. 3.3e). The
particles are patterned in a hexagonal array (Fig. 3.4), with a large enough gap
size (1 µm) between adjacent particles for a better wetting in the later Cr wet
etching step. The development of the patterned resist layer is performed with ul-
trasonication, sequentially dipping the sample in pentyl acetate (2 min), 1:1 mixture
of methyl isobutyl ketone (MIBK) and IPA (1 min), and then IPA (1 min), followed
by spin dry. A hard etch mask layer (∼70 nm-thick Cr) is deposited by argon (Ar)-
plasma sputtering (AC450, Alliance Concept), with radio frequency (RF) power of
100 W, Ar supply of 20 sccm, and chamber pressure of 100 µbar (Fig. 3.3f). This
sputtering condition is optimized for conformal deposition of Cr, allowing the en-
hanced etch mask shape which results in more vertical sidewalls after etching [45].
For lift-off, adhesive tape (Kapton) is initially used to remove most of the top Cr
layer, and then the remaining resist layer is removed by dipping the sample in PRS-
3000 (J.T.Baker) resist stripper at 80 ∘C for 30 min (Fig. 3.3g). After rinsing the
sample thoroughly with DI and spin-drying, a reactive ion etcher (RIE; Fluor Z401S,
Leybold Hereaus) is used for etching the multilayer vertically (Fig. 3.3h). The mix-
ture of CHF3 (50 sccm) and O2 (3 sccm) is used for this dry etching [43], in which the
chamber pressure and the RF power are 50 µbar and 200 W, respectively (resulting
the multilayer etch rate of ∼50 nm/min). For ensuring the complete removal of
the multilayer film within the unmasked region, ∼15 s of additional etching is done
after observing the endpoint by a laser interferometer (LEM, HORIBA Scientific). In
the same RIE machine, an Ar-plasma sputter cleaning process (20 sccm Ar flow,
10 µbar chamber pressure, and 100 W RF power) is performed for 5 min to remove
the oxidized Cr layer on the surface of the hard mask and the sacrificial layer, which
is probably induced during the previous etching step. This additional step substan-
tially enhances the wet etching process of the remnant Cr layers in the later step
as such oxidized Cr is much less dissoluble in Cr etchant solution.

To retrieve the particles, the samples are manually cleaved into 5 mm × 5 mm
chips. Each chip is firstly soaked in a Cr etchant solution (dark yellow; TechniEtch
Cr01, MicroChemicals) for 10 min, where the top Cr mask and the bottom sacrificial
Cr layer are dissolved altogether (Fig. 3.3i). Then, the chip is gently immersed into
ample amount of DI water for 30 s for the initial washing of Cr etchant droplets (the
color of DI water turns into light yellow after washing) (Fig. 3.3j, followed by the
second immersion into another beaker of ample DI water for 1 min without any
agitation, which completely removes all etchant from its surface (the DI water after
washing remains as transparent as the fresh DI water) (Fig. 3.3k. Until this second
immersion into the DI beaker, the most MM particles are still staying on the surface.
However, they become visibly released from the surface when the chip is very slowly
taken out from the second DI beaker and passing through the water-air interface
while keeping its surface facing upward, presumably due to the surface tension of
the water. The taken out chip and the water droplet (which is already containing
many released particles) on its surface are then transferred together into a 2 mL-
volume plastic tube containing fresh DI of 200 µL, followed by vortexing of the tube
for 30 s (Fig. 3.3l). The chip, whose surface is only clean Si after the vortexing,
is removed from the tube and the remaining particle solution has concentration of
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∼ 2×10ኾ particles per µL, considering the pitches of the particle array (Fig. 3.4). As
the particles are directly dispersible into the water, the fraction of actually collected
particles is much higher than what we have observed from our another top-down
protocol without using a sacrificial layer, in which some fraction of particles are
lost by contacting a sharp blade and a pipette tip [45]. By SEM inspection of the
randomly dispersed MM particles on a Si substrate, the complete removal of both
top Cr layer as a hard mask and bottom Cr layer as a sacrificial layer has been
observed (Fig. 3.4). This observation is further confirmed by the stable 3D optical
trapping of MM particles, as such trapping would not be possible due to the high
scattering force if there remains any Cr layer on MM particle surface.

Cr Hard mask After RIE

After release(C5) After release(B5)

(a) (b)

(c) (d)
1 μm 1 μm

1 μm 1 μm

Figure 3.4: Scanning electron microscopy (SEM) image of (a) top view of multilayer particles with Cr
hard mask after lift-off process; (b) top view of multilayer sample with Cr hard mask after reactive ion
etching (RIE); (c) Square cuboid particle C5 after release from the substrate; (d) Square cuboid particle
B5 after release from the substrate.

3.2.4. Experiment
The OTW experiments are conducted on our home-built setup shown in Fig. 3.5.
The optical isolator (OI) and acoustic-optic modulator (AOM) together provide a sta-
ble laser output at a wavelength of 1064 nm. The electro-optic modulator (EOM)
is used for active control of the polarization state of the laser beam and the beam
is expanded to the required diameter. A reference branch is used to monitor the
output polarization state of the beam after the EOM, which consist of two quarter
wave-plate (QWP), polarized beam splitter (QBS) and two photo-diodes (PDs). Af-
ter sending the light through the objective, another identical objective is used to
collect the light. The position sensitive detector (PSD) is used to measure the linear
displacement of the probe, and the two PDs in the detection branch are used to
measure the torque transfered to the probe particle. The detailed measurement
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EOM

AOMOI

QWP QWP

NPBS

BE

QWP

PBS

PD
PD

PSD

OJ OJ

sample

Figure 3.5: Schematic of the experimental setup. OI: optical isolator; AOM: acoustic-optic modulator;
BE: beam expander; EOM: electro-optic modulator; NPBS: non-polarizing beam splitter; QWP: quarter
wave-plate; PBS: polarizing beam splitter; PD: photo-detector; PSD: position sensitive detector; OJ:
microscope objective.

principle can be found in [31]. For the sample holder, we use a custom-made flow
cell assembled with two borosilicate glass coverslips (No. 1.5H, Marienfeld) sepa-
rated by a single-layer Parafilm spacer of ∼100 µm thickness. The use of coverslips
with high-precision thickness (170±5 µm for No. 1.5H) reduces possible variations
in optical trap quality that might occur when the conventional coverslips with large
thickness variation (e.g., 160–190 µm for No. 1.5) are used 61. The PBS buffer con-
taining the nano-cylinders are injected into the flow cell channel and both input and
output of the channel are sealed by vacuum grease (18405, Sigma-Aldrich). After
more than an hour, most of the nano-cylinders in the solution are still floating in the
flow cell. Afterwards, we can trap and measure the freed nano-cylinders without
any hydrodynamic coupling effect that can occur if the particle concentration is too
high. Also, it is possible to measure for extended times (tested up to ∼3 hours)
without losing the particle by collision with other particles entering the optical trap.
The nano-cylinder trapping position is kept as ∼20 µm above the bottom surface
of the flow cell channel, to effectively avoid any hydrodynamic interaction with the
flow cell.

We measured on all 10 different MM nano-cylinder batches, and 3–9 particles
were recorded for each batch. For calibration of linear and angular trapping prop-
erties, we have adapted the previously developed methods [31]. Also, in power
spectrum analysis, we properly considered the hydrodynamic effect arising from
the large stiffnesses of MM probes. The linear and angular fluctuation data are
acquired at a 250 kHz sampling frequency. A frequency sweep method is used
for the torque measurement. In this method, each curve is measured by continu-
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ously scanning the polarization rotation frequency in the range of 0–15 kHz for a
few seconds using a waveform generator (33120A, Agilent) at 100 kHz sampling
frequency. Compared to the conventional time-consuming method in which many
number of data traces are recorded at each different constant frequency, this high-
speed recording over a wide frequency range avoids the distortion of the measured
curve caused by setup drift.

3.3. Results
3.3.1. Modeling results

Equilibrium position in Z [nm] Equilibrium position in Z [nm]
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Figure 3.6: The stiffness map and equilibrium position map for different aspect ratio and width/thickness
of the nano-cylinders. (a) (b): The stiffness map of the trapping in the ፳-direction; (c) (d): the equilib-
rium position of the particle along the ፳-direction. (a),(c) is for material filling ratio ፟ ዆ ኺ.ኽ and (b),(d)
is for ፟ ዆ ኺ.኿. The solid blue lines represent the equal height of the nano-cylinder with an interval of
500 nm

We have calculated the linear stiffness 𝑘፳ for 𝑓 = 0.3 and 𝑓 = 0.5, which are
shown in Fig.3.6a and Fig.3.6b, respectively. For our modeling, it can be seen
from the figure that the nano-cylinders of 𝑓 = 0.3 are trappable for all width
and aspect ratio. And there are two peak stiffness lobes which are at around
𝑊 = 425 nm, 𝐴𝑅 = 2.7 and 𝑊 = 425 nm, 𝐴𝑅 = 1.3, with values around
1.39 pN/µm/mW. For the nano-cylinders of 𝑓 = 0.5, the peak stiffness values
are also around 1.39 pN/µm/mW, which are achieved at the particle dimension of
𝑊 = 340 nm, 𝐴𝑅 = 3.4 and 𝑊 = 360 nm, 𝐴𝑅 = 1.3. It can be seen from Fig. 3.6c,d
that, for both filling ratios, these stiffness peaks are achieved at a plane close to the
focus center (Zeq = 0 nm), where the maximum gradient takes place. In Fig. 3.6b,
the trappable and non-trappable boundary of the 𝑓 = 0.5 particles is clearly seen,
which is around 375-400 nm. This is caused by the large scattering force due to
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the large effective refractive index of the materials. On the other hand, the 𝑓 = 0.3
particles are all trappable for all dimensions in the map, and the maximum trappable
width is around 525-550 nm (see Supplementary Fig. 3.11). This clearly indicates
that for the force in the 𝑧-direction, the 𝑓 = 0.3 and 𝑓 = 0.5 particle has their own
optimum performance region. And depending on the specific application, we can
fabricate particles with a different filling ratio.
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Figure 3.7: The stiffness ፤፲ map (a) (b) and the maximum torque ፓ፳ map (c) (d) for different aspect
ratio and width/thickness of the nano-cylinders. (a),(c) is for material filling ratio ፟ ዆ ኺ.ኽ and (b),(d)
is for ፟ ዆ ኺ.኿. The solid blue lines represent the equal height of the nano-cylinder with an interval of
500 nm.

When it comes to the lateral stiffness 𝑘፲ in Fig. 3.7a and Fig. 3.7b, the perfor-
mance becomes quite similar for both filling ratios. The maximum 𝑘፲ are achieved
at 𝑊 = 300 nm, 𝐴𝑅 around 4∼5. The result shows that the maximum transversal
stiffness does not increase as the particle dimension increases, but is limited to an
optimal width (around 300 nm).

The maximum torque results are shown in Fig. 3.7c and Fig. 3.7d. One can
see that the maximum torque of the particles increases as the particle size grows.
This is due to the fact that the torque transfer efficiency does not depend on the
gradient of the focus field, but on the interaction volume with the focus light [38].
Hence, while the size of the particle is comparable to the shape of the focus field,
the transfer of torque is proportional to the size of the particle. For the 𝑓 = 0.5
nano-cylinders, the maximum torque of the same geometry is larger than the one of
the 𝑓 = 0.3 nano-cylinders due to its higher birefringence. Although the maximum
torque is around 400 pN ⋅ nm/mW, it is very difficult to utilize as those particle
dimension is located at the finger area [67], which requires both high fabrication
precision and good optical system alignments. On the other hand, the 𝑓 = 0.3
nano-cylinders only have a moderate torque value. But due to their low refractive
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index, they can be trapped and rotated for every dimension shown in the map.
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Figure 3.8: The rotational speed map for different aspect ratio and width/thickness of the nano-cylinders
with material filling ratio ፟ ዆ ኺ.ኽ (a) and ፟ ዆ ኺ.኿ (b). The solid blue lines represent the equal height of
the nano-cylinder with an interval of 500 nm

In Fig. 3.8, we show the calculated rotational speed map for the nano-cylinders
with a 1 mW input power. It can be seen that for both the material filling ratio
particles, the maximum rotational speed are achieved at smaller dimensions. To be
precise, the maximum rotational speed are achieved at width around 300 nm and
aspect ratio around 3 to 4. This is due to the fact that the larger particles severely
suffer from the drag force from the surrounding water medium and cannot rotate
at a higher speed compared to smaller ones.

3.3.2. Experiment results
The linear trapping measurements of the nano-cylinders are shown in Fig. 3.9a.
It can be seen that they behave very consistently, with a relative standard devia-
tion (RSD=SD/mean×100) smaller than 10 percent. This confirms that our particles
are very uniform and have controllable optical properties. For the linear stiffness,
the measured linear stiffness are about 50 percent of the simulated ones. This re-
sult is expected as no optical aberration is considered in the simulation, which can
play an important role for the stiffness measurement. In Fig. 3.9a, the measured
linear drags along all directions are about 70 percent of the simulated ones. This
can be explained that: in the simulation, the nano-cylinders are considered to be
perfect with sharp edges, while in reality the particles always have rounded corners,
which can have a reduced drag from the water.

The experimental results of the angular properties of the nano-cylinders are
shown in Fig. 3.9b and Fig. 3.9c. It can been seen in Fig. 3.9c that again the ro-
tational drag coefficients are smaller than the simulation ones. The explanation is
similar to the linear drag, where the edges of the cylinders are smoother than the
simulation and hence reduce the rotational drag as well. The measured rotational
drags are about 60 percent of the simulated ones. For the angular stiffness in
Fig. 3.9b, the measured values are about 55 percent of the simulated ones. And it
can be seen that although A4 and C4 have the same geometry, because the filling
ratios are different, the measured angular stiffness are different as well. The angu-
lar stiffness of C4 is about 65 pN ⋅ nm/rad/mW larger than A4. This matches with
our theory that larger birefringence is more desirable for optical torque application.
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Figure 3.9: Experimental results for all fabricated samples. In all plots: the blue square denotes
simulation value; the circles denote the measured value in experiment; the red bar denotes the standard
deviation of the measurement; the x label denotes the name of the sample; the number at the bottom
denotes the difference of measurement and simulation (measurement/simulation×100); the number on
the top denotes the number of measured sample. (a) The linear stiffness ፤፳ per milliwatt. (b) The
angular stiffness ፤፫ per milliwatt. (c) The angular drag ᎐፫ in water. The data values shown in all panels
are summarized in Supplementary Table 3.2

In Fig. 3.10, the maximum rotational frequency is also shown. The experimental
values are almost equal to the simulated ones, which is a consequence of both the
reduced rotational stiffness and the reduced rotational drag. For C4 particles, the
rotation speed can go up to 5381 Hz at 92 mW input laser power with a maximum
applicable torque of 11.436 nN⋅nm. On the other hand, A4 particles with the same
size can only rotate at 3409 Hz with a maximum applicable torque of 8.578 nN⋅nm.
This result shows that we are able to design and tune to optical property of the
nano-cylinders by simply changing its material filling ratio, which opens up new
opportunity in many applications. Again the statistic analysis shows that the fab-
ricated samples have superior uniformity, where the RSD is only around 2 to 5
percent. This result means our fabrication process is stable and reproducible.
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Figure 3.10: A typical frequency sweep trace measurement for (a) Sample A, (a) Sample B and (c) Sam-
ple C.

In Fig. 3.10, typical traces of transfer torque versus polarization rotation fre-
quency are shown. It can be clearly seen that as the polarization rotation frequency
increases, the amount of transferred torque also increases linearly. In this process,
the angle between the in-plane electric-field and the 𝑛፨ refractive index direction
increases in order to maintain the proper amount of AM transfer. When the po-
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larization rotation speed is further increased, the angular displacement gets larger
and finally reach 45 degree where the maximum transferable torque can take place.
After this point the particles can no longer follow the rotation of the polarization
and hence the amount of transferred torque drops dramatically.

3.4. Conclusion
In this chapter, we have demonstrated a robust way to fabricate free-floating meta-
material nano-particles. The nano-particles are fabricated by top-down method,
using etching into a multilayer stack of sub-wavelength SiO2 and Nb2O5 layers.
The particles are released from the substrate by dissolving the Cr sacrificing layer in
the Cr etchant. The meta-material particles are indissoluble in water and hence are
compatible with biological applications. We are able to control the particle geometry
precisely, where high geometrical uniformity is shown. Moreover, the density of the
nano-particles dispensed in water can reach 22000/uL, which is more than enough
for many applications.

The fabricated nano-particles have unique optical birefringence and index com-
bination that are not seen in nature. By changing the ratio of composited materials,
we are able to tune the optical property of the nano-particles. Our calculation shows
that the particles are able to exhibit a birefringence that is comparable to the calcite
CaCO3 crystal.

We have both theoretically calculated and experimentally demonstrated the ap-
plication of our fabricated nano-particles as optical torque wrench probes. The
results show that our probes have moderate refractive index and very high bire-
fringence. The probes are highly efficient in torque transfer, which can gener-
ate a torque value at nN ⋅ nm level. This is by far the highest torque that can be
achieved in the micro scale. Overall, the potential of meta-material nano-particles
are demonstrated, and it is expected to expand the library of materials for optical
torque transducers.
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3.5. Supplementary Materials
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Figure 3.11: Extended linear stiffness ፤፳ map (a) and equilibrium position map (b) for material filling
ratio ፟ ዆ ኺ.ኽ. The solid blue lines represent the equal height of the nano-cylinder with an interval of
500 nm. The black pixels indicates that the particle is not trappable in this geometry.

Table 3.1: The thickness of each consisting layer in fabrication for sample A, B and C. The layer 0 is the
sacrificing chromium layer.

Sample A Sample B Sample C

Layer no. material thickness / nm thickness / nm thickness / nm

0 Cr 100 100 100

1 SiO2 17.5 17.5 12.5
2 Nb2O5 15 15 25
3 SiO2 35 35 25
4 Nb2O5 15 15 25
5 SiO2 35 35 25
6 Nb2O5 15 15 25
7 SiO2 35 35 25
8 Nb2O5 15 15 25
9 SiO2 35 35 25
10 Nb2O5 15 15 25
11 SiO2 35 35 25
12 Nb2O5 15 15 25
13 SiO2 17.5 35 12.5
14 Nb2O5 15
15 SiO2 35
16 Nb2O5 15
17 SiO2 17.5

total 300 400 300
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Table 3.2: The FEM-cacluated and OTW-measured linear and angular stiffness and drag values.

Parameter Unit A3 A4 A5 B3 B4 B5 C3 C4 C5 C6

𝛾፲ (mean) pN⋅s/mm 3.9 5.1 6.6 7.5 9.4 10.6 4.1 4.8 8.0 8.9
𝛾፲ (SD) pN⋅s/mm 0.3 0.2 0.1 1.0 0.4 0.3 0.2 0.5 0.8 0.5
𝛾፲ (cal.) pN⋅s/mm 6.1 7.1 8.1 8.1 9.5 10.9 6.1 7.1 8.1 0.0
𝜅፲ (mean) pN/𝜇m/mW 2.6 4.4 5.2 5.9 7.1 6.7 3.2 5.5 7.3 6.8
𝜅፲ (SD) pN/𝜇m/mW 0.1 0.1 0.0 0.8 0.3 0.4 0.1 0.8 0.6 0.5
𝜅፲ (cal.) pN/𝜇m/mW 9.8 10.8 10.9 8.8 6.5 5.2 9.3 10.9 11.0 10.7
𝜏፜,፲ (mean) 𝜇s (at 100 mW) 14.7 11.7 12.9 12.6 13.2 15.8 13.0 8.7 11.0 13.0
𝜏፜,፲ (SD) 𝜇s (at 100 mW) 1.3 0.4 0.3 2.4 0.8 1.1 0.6 1.5 1.5 1.1
𝜏፜,፲ (cal.) 𝜇s (at 100 mW) 6.2 6.6 7.4 9.2 14.7 20.9 6.6 6.5 7.4 0.0
𝑁፲ 6 3 6 4 4 5 5 5 6 7
𝛾᎕ (mean) pN⋅nm⋅s 0.32 0.39 0.58 0.98 1.23 1.35 0.37 0.35 0.53 0.58
𝛾᎕ (SD) pN⋅nm⋅s 0.03 0.02 0.04 0.02 0.16 0.06 0.03 0.02 0.03 0.02
𝛾᎕ (cal.) pN⋅nm⋅s 0.50 0.63 0.76 1.21 1.55 1.85 0.50 0.63 0.76 0.90
𝜅᎕ (mean) pN⋅nm/rad/mW 133 186 213 282 317 350 203 249 283 288
𝜅᎕ (SD) pN⋅nm/rad/mW 6 7 13 6 4 6 6 6 5 5
𝜅᎕ (cal.) pN⋅nm/rad/mW 271 338 380 519 548 548 374 467 509 519
𝜏፜,᎕ (mean) 𝜇s (at 100 mW) 24.3 21.2 27.1 34.9 38.9 38.6 18.1 13.9 18.8 19.9
𝜏፜,᎕ (SD) 𝜇s (at 100 mW) 2.4 1.4 2.6 1.0 5.2 2.0 1.5 0.7 1.1 0.7
𝜏፜,᎕ (cal.) 𝜇s (at 100 mW) 18.3 18.7 20.1 23.2 28.3 33.8 13.3 13.5 15.0 17.3
𝜏፨ nN⋅nm (at 100 mW) 6.6 9.3 10.6 14.1 15.9 17.5 10.2 12.4 14.2 14.4
𝑓፨ kHz (at 100 mW) 3.3 3.8 2.9 2.3 2.0 2.1 4.4 5.7 4.2 4.0
𝑁᎕ 5 3 5 4 5 5 6 6 4 7
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4
Spatial mode filter with

hyperbolic-cladded
waveguide

Hyperbolic Meta-Materials (HMMs) are anisotropic materials with permittiv-
ity tensor that has both positive and negative eigenvalues. Here we report
that by using a type II HMM as cladding material, a waveguide which only
supports higher order modes can be achieved, while the lower order modes
become leaky and are absorbed in the HMM cladding. This counter-intuitive
property can lead to novel application in optical communication and photonic
integrated circuit. The loss in our HMM-Insulator-HMM (HIH) waveguide is
smaller than that of similar guided mode in a Metal-Insulator-Metal (MIM)
waveguide.

Parts of this chapter have been published in: Y. Tang, Z. Xi, M. Xu, S. Bäumer, A. J. L. Adam, and
H. P. Urbach, ”Spatial mode-selective waveguide with hyperbolic cladding,” Opt. Lett. 41, 4285-4288
(2016) [1]
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4.1. Introduction
Meta-materials are structures engineered at the sub-wavelength scale to exhibit
specific electromagnetic properties. The development of nano-fabrication tech-
niques allows to make these structures and to realize new properties that are un-
obtainable with conventional media. Among the varieties of meta-materials, Hy-
perbolic Meta-Materials (HMMs) have gained tremendous attention. Their exotic
hyperbolic dispersion property is the key to numerous emerging nano-photonics
applications, including sub-diffraction-limit imaging [2–6], Purcell factor enhance-
ment [7–12], sensing [13–15], and plasmonic waveguide [16–20]. Here we report
a new application of HMM for waveguide spatial mode engineering, which brings
up new possibility in Spatial-Division Multiplexing (SDM).

SDM utilizes the last unexplored physical dimension, space, to further increase
the data carrying capacity in optical communication [21]. The excitation and sepa-
ration of spatial modes is essential in SDM [22]. In this letter, we propose a mode
selective slab waveguide design by using a HMM as a cladding material. With a
cladding consisting of HMM, the lower order modes with larger propagation con-
stant become propagating wave in the HMM cladding material, such that they are
turned into leaky modes. At the same time, higher order modes with smaller prop-
agation constant are evanescent wave in the HMM cladding and remain guided in
the core. Therefore, a waveguide with HMM cladding can be designed to excite and
separate spatial modes in SDM.

4.2. Planar waveguide
4.2.1. Theory
We only consider transverse magnetic (TM) wave (𝐸፲ = 0) because the hyperbolic
cladding only has the desired property for this state of polarization. The TM wave
is propagating in a slab waveguide core towards the positive 𝑧 direction (Fig. 4.1a).
The core thickness is 2𝑎. The magnetic field of the mode is independent of the
𝑦-coordinate, and has the form 𝐻፲ = 𝐻(𝑥) exp(𝑖𝛽፦𝑧), where 𝛽፦ = 𝑘፳,፦ is the
propagation constant of the 𝑚th order mode along the 𝑧-direction, which satisfies
the equation 𝛽ኼ

፦ + 𝑘ኼ
፱,፦ = 𝑛፜𝑘ኼ

ኺ, where 𝑘፱,፦ is the transverse wavenumber of the
𝑚th order mode in the 𝑥 direction, 𝑛፜ is the refractive index of the core, and 𝑘ኺ
is the wavenumber in vacuum. The mode numbering convention in this chapter is
corresponding to the number of zeros of the magnetic field amplitude in transverse
direction. The fundamental mode 𝑇𝑀ኺ has the smallest transverse wavenumber
and thus corresponds to the largest propagation constant 𝛽ኺ. Higher order modes
like 𝑇𝑀ኻ, 𝑇𝑀ኼ with larger transverse wavenumber correspond to smaller propaga-
tion constant 𝛽ኻ, 𝛽ኼ, with 𝛽ኺ > 𝛽ኻ > 𝛽ኼ. For a conventional slab waveguide with
sufficiently large index contrast or core thickness, such that the 𝑚፭፡ higher order
mode is guided, all the lower order modes 𝑇𝑀ኺ, ..., 𝑇𝑀፦ዅኻ are also guided. When
the core thickness or the index contrast is reduced, the number of guided modes
decreases in sequence of 𝑚. Therefore by decreasing the core thickness or index
contrast one can select the lower order modes. However the selection of higher
order modes can not be easily achieved through conventional method.
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Now assume that the cladding material is replaced by a HMM, with its optical
axis parallel to the 𝑥-axis. With respect to our Cartesian coordinate system, the
permittivity tensor of the HMM is diagonal and given by:

̄𝜖 = [
𝜖፱ 0 0
0 𝜖፲ 0
0 0 𝜖፳

] . (4.1)

If Re(𝜖፲) = Re(𝜖፳) < 0 and Re(𝜖፱) > 0, the HMM is of type II [23]. For trans-
verse electric (TE) wave, the electric field only experiences the 𝜖፲ component and
hence the HMM cladding behaves as a normal metallic material and the waveguide
has the properties of a conventional waveguide described above. However, for
TM waves, the projection of isofrequency contour on 𝑘፱-𝑘፳ plane is a hyperbola,
as indicated by the red curve in Fig. 4.1c (note 𝑘፳ is the tangential component of
wave vector along the core/cladding interface). The intersection point of the hy-
perbola and the 𝑘፳-axis is given by 𝑘ኺ𝜖ኻ/ኼ

፱ . This number is the minimum value of
𝑘፳ for which waves are propagating in the HMM. For 𝑘፳ below this value, the wave
is evanescent in the 𝑥-direction inside the cladding and hence for a guided mode
there must hold: 𝛽 = 𝑘፳ < 𝑘ኺ𝜖ኻ/ኼ

፱ . If a lower order mode has a large propaga-
tion constant (e.g. 𝛽ኺ in Fig. 4.1c), a propagating wave solution can be found in
the HMM cladding, with transverse wavenumber 𝑘፱,፡. Therefore the field becomes
leaky. However, for a higher order mode with a smaller propagation constant (e.g.
𝛽ኻ < 𝑘ኺ𝜖ኻ/ኼ

፱ in Fig. 4.1c), no solution for propagating wave can be found in the HMM
cladding and therefore it is a guided mode. Hence a waveguide with HMM cladding
can act as a mode selector that only allows higher order modes to propagate within
the core.

4.2.2. Calculation results
By writing down the waveguide field equations and match the boundary condition
at the interface, we can find out the waveguide mode dispersion equation. The
detail derivation can be found in the Appendix B.1. For a symmetric structure, the
result solution is described by two sets of equation:

odd modes ∶ tan(𝑘፱𝑎) = − 𝑘፱𝜖፳
𝛾፡𝜖፜

, (4.2)

even modes ∶ cot(𝑘፱𝑎) = 𝑘፱𝜖፳
𝛾፡𝜖፜

, (4.3)

where 𝑘፱ = (𝑛ኼ
፜ 𝑘ኼ

ኺ − 𝛽ኼ)ኻ/ኼ is the transverse wavenumber in the core, and 𝛾፡ is the
attenuation coefficient in the HMM cladding defined by 𝛾፡ = [(𝜖፳/𝜖፱)𝛽ኼ − 𝜖፳𝑘ኼ

ኺ]ኻ/ኼ.
In our study, the waveguide core is made of silicon with refractive index 3.5

for all wavelengths we considered in this chapter. Though no natural hyperbolic
material around 1550 nm wavelength is found so far [24], the HMM cladding can be
approximated by a multilayer structure consisting of periodically alternating metal
and dielectric layers, of which the interfaces are parallel to the 𝑦−𝑧 plane. According
to the effective medium theory (EMT) [25], when the thickness of each layer is much
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Figure 4.1: (a) Schematic diagram of the multimode slab waveguide structure; (b) Real part of the
effective permittivity versus wavelength with filling factor ፟=0.3, 0.5 and 0.8. The horizontal black dash-
dotted line indicates the permittivity of the silicon core; (c) 2D isofrequency contour of the isotropic core
and the air (in black) and the HMM cladding (in red) in the ፤፱-፤፳ plane.

smaller than the wavelength, the eigenvalues of the effective optical permittivity
tensor are given by 𝜖ዅኻ

፱ = 𝑓𝜖ዅኻ
፦ + (1 − 𝑓)𝜖ዅኻ

፝ , 𝜖፲ = 𝜖፳ = 𝑓𝜖፦ + (1 − 𝑓)𝜖፝, where
𝑓 is the filling factor of metal in a unit cell, 𝜖፦ and 𝜖፝ are the permittivity of the
metal and the dielectric, respectively. We use Ag and Al2O3 as the constituent
materials, with refractive index of Al2O3 equals to 1.5 for all wavelengths, and the
permittivity of Ag taken from [26]. The thickness of the core is chosen as 2𝑎 =
1000 nm. Because the metal is lossy, the propagation constant 𝛽 is complex. We
define the effective mode index 𝑛eff and the propagation length 𝐿 as:

𝑛eff = Re(𝛽)𝑘ዅኻ
ኺ , (4.4)

𝐿 = [Im(2𝛽)]ዅኻ. (4.5)

In Fig. 4.1b, the real parts of the effective 𝜖፱ and 𝜖፳ are shown as a function
of wavelength. In a broad wavelength range, 𝜖፱ is positive while 𝜖፳ is negative,
giving a type II hyperbolic behavior. By changing the filing factor 𝑓, the wavelength
range of the hyperbolic dispersion and the permittivity values can be tuned. The
value of 𝜖፱ increases as the filling factor increases. In order to fulfil the requirement
𝜖፱

ኻ/ኼ < 𝑛፜, the filling factor must have a moderate value. We choose a filling factor
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of 0.5, leading to Re(𝜖ኻ/ኼ
፱ ) ≈ 2.3 < 𝑛Si.
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Figure 4.2: Effective indices of guided modes for different filing factors: (a) ፟=1 (MIM); (b)፟=0.5. The
waveguide thicknesses are both ኼፚ ዆ ኻኺኺኺ nm. The horizontal dash-dotted line indicates the refractive
index of the core and the vertical black dashed line indicates the wavelength of interest (1550 nm).

For these values of the parameters, the solutions of the dispersion relations
(2) and (3) of the guided TM modes are shown in Fig. 4.2b. For comparison, the
MIM (metal-insulator-metal) case is shown in Fig 4.2a, obtained by setting the filling
factor equal to 1. The red curves and the blue curves represent the odd and even
modes, respectively. As can be seen in Fig. 4.2a, when 𝑓 = 1 (MIM), all the guided
modes are found. At the wavelength 800 nm, 10 guided modes are supported by
the waveguide. The 𝑇𝑀ኺ and 𝑇𝑀ኻ are the symmetric and anti-symmetric plasmonic
mode, respectively, and the other higher order modes are oscillatory modes [27].
The 𝑇𝑀ኺ mode always exists for all wavelength. But for other orders of modes, as
the wavelength increases (frequency decreases), higher order modes reach their
cut-off frequency first and disappear. Eventually for 𝜆=1600 nm, only the first
five order modes remain (𝑇𝑀ኺ to 𝑇𝑀ኾ). However, in the case of HIH waveguide
(𝑓 = 0.5) in Fig. 4.2b, the first four order modes from 𝑇𝑀ኺ to 𝑇𝑀ኽ do not exist at the
wavelengths shown in the plot. The lowest guided mode varies from 𝑇𝑀ኾ to 𝑇𝑀ዃ
when the wavelength is decreased. The modes with 𝑛neff > 𝑅𝑒(𝜖፱

ኻ/ኼ) above the
green dashed line disappear, because they propagate in the HMM cladding. If the
filling factor is further decreased, the lowest order of the guided modes increases.

The mode selection property is further studied as a function of the filling factor
for the hyperbolic cladding at 1550 nm wavelength. Both the effective mode index
and the propagation length are shown in Fig. 4.3. For all effective indices shown
in Fig. 4.3a, five modes exist for 𝑓=1 (MIM). As the filling factor decreases, the
plasmonic mode 𝑇𝑀ኺ and 𝑇𝑀ኻ are cut-off first at around 𝑓 = 0.8. The 𝑇𝑀ኼ mode
only exists for 𝑓 >0.77, the 𝑇𝑀ኽ exists for 𝑓 >0.67, and the 𝑇𝑀ኾ mode disappears
only when 𝑓 <0.22. The 𝑇𝑀኿ emerges for 𝑓 <0.12. This is because the cut-off
frequency of the 𝑇𝑀኿ mode red-shifts when the filling factor decreases. Again, the
effective index can not exceed Re(𝜖፱

ኻ/ኼ), which is indicated by the green dashed
line. It should be pointed out that for 𝑓 < 0.67, the waveguide becomes a single
mode waveguide which only guides either the 𝑇𝑀ኾ mode or the 𝑇𝑀኿ mode. Such
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phenomenon can not be achieved with conventional waveguides. It is seen in
Fig. 4.3b that the propagation length of all modes are longer for smaller filling
factor. The reason is that with a smaller filling factor, less metal is used in the HMM
cladding, and thus the modes experience less metallic loss. For the 𝑇𝑀ኾ mode, the
maximum propagation length can exceed 400 µm, which is an order of magnitude
longer than the propagation length of this mode in a metallic waveguide with Ag
cladding (i.e. with fill factor of 1). However, in the HIH case, the field confinement
becomes relatively weak. As shown in Fig. 4.3c the field has the longest decay
tail in the transverse direction for 𝑓=0.3. This is because the field decay rate in
the cladding is determined by 𝛾፡, and when 𝛽 approaches 𝜖ኻ/ኼ

፱ 𝑘ኺ, the value of 𝛾፡
becomes smaller, and hence the field distribution is broadened.
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Figure 4.3: Effective indices (a) and propagation length (b) of guided modes as a function of the
filling factor ፟ at ᎘=1550 nm and waveguide thickness ኼፚ ዆ ኻኺኺኺ nm. (c) Magnetic field amplitude
distribution of the ፓፌኾ mode with different filling factors. Vertical dashed line indicates the waveguide
boundary.

4.2.3. Simulation results
To confirm the validity of this particular mode selection property, both the HMM
with effective medium model and the real multilayer HMM cladded waveguide are
simulated for the wavelength of 1550 nm using the finite element method (FEM)
software COMSOL 4.4 . In the effective medium situation, the HMM cladding is
modeled as a semi-infinite half-space. In the real multilayer case, the layers are
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made of 20 pairs of Ag and Al2O3 on each side, of which Ag is next to the core. The
thicknesses of the dielectric and the metal layers are both 20 nm, hence the filling
factor is 0.5. The material outside the cladding is air (n=1). In both simulations, a
MIM waveguide with Ag as metal (on the left) is connected to a HIH waveguide (on
the right) with identical silicon core (2a = 1000 nm, 𝑛፜ = 𝑛Si = 3.5), as shown
in Fig. 4.4. The 𝑇𝑀ኼ, 𝑇𝑀ኽ and 𝑇𝑀ኾ modes are excited separately in the MIM
waveguide and enter from the left end. If the mode is also supported by the HIH
waveguide on the right, the energy will be coupled at the interface and continues
to be confined in the core of the HIH waveguide, otherwise it will leak out into the
cladding layer.

The results are shown in Fig. 4.4. From the top to the bottom, the magnetic
field amplitude of the 𝑇𝑀ኼ, 𝑇𝑀ኽ and 𝑇𝑀ኾ modes are shown. In Fig. 4.4a, where the
effective medium is used, the field of the 𝑇𝑀ኼ and the 𝑇𝑀ኽ mode leak quickly into
the cladding after entering the HIH region, and the field amplitude decreases fast.
However for the 𝑇𝑀ኾ mode most of the field is still confined in the HIH waveguide,
because it is a guided mode in HIH waveguide. A small leakage and reflection is
observed due to a small mode mismatch between the MIM and the HIH waveguide.
For the multilayer cladding shown in Fig. 4.4b, the field of the 𝑇𝑀ኼ mode spreads
out after entering the HIH region, but not as quickly as in the EMT case. The
propagation length of 𝑇𝑀ኼ is only 3 µm. The field of the 𝑇𝑀ኽ mode immediately
starts to leak into the cladding, and reflects back at the outer interface between the
cladding and the air because of mode mismatch, and dissipates in the cladding. The
field of the 𝑇𝑀ኾ mode is well confined to the core of the HIH waveguide and only a
small portion of energy leaks into the cladding. The simulation result confirms that
this HIH waveguide possesses high-pass mode selection property.
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Figure 4.4: Simulated magnetic field amplitude of three guided modes in a MIM waveguide coupled to a
HIH waveguide. The filling factor of the multilayer is 0.5. The white dashed line indicates the boundary.
(a) Hyperbolic cladding modelled using the effective medium theory ; (b) Multilayer cladding.
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Figure 4.5: Schematic of cylindrical waveguide with anisotropic cladding. The core area is isotropic with
permittivity of Ꭸ፜ and radius of ፫ኺ. The cladding area is cylindrically anisotropic with the three eigen
permittivity (permeability) component along ፫, Ꭻ and ፳ direction, respectively.

4.2.4. Conclusion
It can be seen that by choosing the right filling factor for the cladding one can de-
sign a ’single mode’ waveguide only guiding one specific higher order mode, which
can be applied as mode launcher or mode receiver in a SDM system. Compared to
conventional spatial multiplexing techniques based on interference [28] or holog-
raphy [29], our approach merely modifies the waveguide property and requires no
extra optical component, which is more compact and efficient.

To summarize, we propose a novel mode selective waveguide by using a HMM
as cladding material. By choosing the right dielectric and metal and the proper fill-
ing factor for HMM, we can achieve a waveguide structure which only allows certain
higher order modes to be guided. Moreover, the propagation length of HIH waveg-
uide can be much longer than that of a MIM waveguide. Our design combining
meta-material with conventional waveguide design, opens up new possibilities for
waveguide engineering.

4.3. Cylindrical waveguide
The case of planar waveguide is relatively simple as the electric field and the mag-
netic field can be uncoupled. Here we also present the study of cylindrical waveg-
uide with hyperbolic anisotropic cladding, as shown in Fig. 4.5. The hyperbolic
cladding is circularly symmetric, hence the three permittivity eigenvalues are along
the radial, azimuthal and z-axis. The radial axis is the optical axis, hence 𝜖፳ = 𝜖Ꭻ.

Nevertheless, we start with the most general case in which both permittivity and
permeability are both tensors given by:

𝜖 = (
𝜖፫ 0 0
0 𝜖Ꭻ 0
0 0 𝜖፳

) , (4.6)
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and

𝜇 = (
𝜇፫ 0 0
0 𝜇Ꭻ 0
0 0 𝜇፳

) , (4.7)

where 𝑟, 𝜙 and 𝑧 are the three coordinate of cylindrical system.

4.3.1. Maxwell’s equations in the cladding
The fields in the cladding derives from the Maxwell’s equations.

∇ × 𝐻⃗ = 𝜕𝐷⃗
𝜕𝑡 = 𝜕

𝜕𝑡 𝜖ኺ𝜖𝐸⃗ = −𝑖𝜔𝜖ኺ𝜖𝐸⃗, (4.8)

∇ × 𝐸⃗ = − 𝜕𝐵⃗
𝜕𝑡 = −𝜇ኺ

𝜕𝐻⃗
𝜕𝑡 = 𝑖𝜔𝜇ኺ𝜇𝐻⃗. (4.9)

We assume the time dependence of the field to be given by the factor exp(−𝑖𝜔𝑡),
with 𝜔 > 0. Using cylindrical coordinates we get

(∇ × 𝐻⃗)፫ = 1
𝑟

𝜕𝐻፳
𝜕𝜙 −

𝜕𝐻Ꭻ
𝜕𝑧 = −𝑖𝜔𝜖ኺ𝜖፫𝐸፫ , (4.10)

(∇ × 𝐻⃗)Ꭻ = 𝜕𝐻፫
𝜕𝑧 − 𝜕𝐻፳

𝜕𝑟 = −𝑖𝜔𝜖ኺ𝜖Ꭻ𝐸Ꭻ , (4.11)

(∇ × 𝐻⃗)፳ = 1
𝑟 (

𝜕𝑟𝐻Ꭻ
𝜕𝑟 − 𝜕𝐻፫

𝜕𝜙 ) = −𝑖𝜔𝜖ኺ𝜖፳𝐸፳ , (4.12)

and

(∇ × 𝐸⃗)፫ = 1
𝑟

𝜕𝐸፳
𝜕𝜙 −

𝜕𝐸Ꭻ
𝜕𝑧 = 𝑖𝜔𝜇ኺ𝜇፫𝐻፫ , (4.13)

(∇ × 𝐸⃗)Ꭻ = 𝜕𝐸፫
𝜕𝑧 − 𝜕𝐸፳

𝜕𝑟 = 𝑖𝜔𝜇ኺ𝜇Ꭻ𝐻Ꭻ , (4.14)

(∇ × 𝐸⃗)፳ = 1
𝑟 (

𝜕𝑟𝐸Ꭻ
𝜕𝑟 − 𝜕𝐸፫

𝜕𝜙 ) = 𝑖𝜔𝜇ኺ𝜇፳𝐻፳ . (4.15)

We assume the field has the form:

𝐸⃗(𝑟, 𝜙, 𝑧) = 𝐸⃗(𝑟) exp(𝑖𝜈𝜙) exp[𝑖(𝛽𝑧 − 𝜔𝑡)] (4.16)

𝐻⃗(𝑟, 𝜙, 𝑧) = 𝐻⃗(𝑟) exp(𝑖𝜈𝜙) exp[𝑖(𝛽𝑧 − 𝜔𝑡)] (4.17)
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Therefore we can rewrite the above equation 4.10-4.15 as

𝜈
𝑟 𝐻፳ − 𝛽𝐻Ꭻ = −𝜔𝜖ኺ𝜖፫𝐸፫ (4.18)

𝛽𝐻፫ + 𝑖𝐻ᖣ
፳ = 𝜔𝜖ኺ𝜖Ꭻ𝐸Ꭻ (4.19)

𝐻Ꭻ
𝑟 + 𝐻ᖣ

Ꭻ − 𝑖𝜈
𝑟 𝐻፫ = −𝑖𝜔𝜖ኺ𝜖፳𝐸፳ (4.20)

𝜈
𝑟 𝐸፳ − 𝛽𝐸Ꭻ = 𝜔𝜇ኺ𝜇፫𝐻፫ (4.21)

𝛽𝐸፫ + 𝑖𝐸ᖣ
፳ = 𝜔𝜇ኺ𝜇Ꭻ𝐻Ꭻ (4.22)

𝐸Ꭻ
𝑟 + 𝐸ᖣ

Ꭻ − 𝑖𝜈
𝑟 𝐸፫ = 𝑖𝜔𝜇ኺ𝜇፳𝐻፳ (4.23)

Equations 4.18 and 4.22 imply:

𝐸፫ = 1
𝜅ኼ

፫,Ꭻ
(𝑖𝛽𝐸ᖣ

፳ −
𝜔𝜈𝜇ኺ𝜇Ꭻ

𝑟 𝐻፳) , (4.24)

𝐻Ꭻ = 1
𝜅ኼ

፫,Ꭻ
(𝑖𝜔𝜖ኺ𝜖፫𝐸ᖣ

፳ − 𝛽𝜈
𝑟 𝐻፳) , (4.25)

where 𝜅ኼ
፫,Ꭻ = 𝜔ኼ𝜖ኺ𝜇ኺ𝜖፫𝜇Ꭻ − 𝛽ኼ.

Similarly, equations 4.19 and 4.21 imply:

𝐸Ꭻ = − 1
𝜅ኼ

Ꭻ,፫
( 𝛽𝜈

𝑟 𝐸፳ + 𝑖𝜔𝜇ኺ𝜇፫𝐻ᖣ
፳) , (4.26)

𝐻፫ = 1
𝜅ኼ

Ꭻ,፫
(

𝜔𝜖ኺ𝜖Ꭻ𝜈
𝑟 𝐸፳ + 𝑖𝛽𝐻ᖣ

፳) , (4.27)

where 𝜅ኼ
Ꭻ,፫ = 𝜔ኼ𝜖ኺ𝜇ኺ𝜖Ꭻ𝜇፫ − 𝛽ኼ.

Then, by substituting equation 4.27 and 4.25 into equation 4.20 and by substi-
tuting equation 4.24 and 4.26 into equation 4.23, we get:

𝑟ኼ𝐸ᖥ
፳ (𝑟) + 𝑟𝐸ᖣ

፳(𝑟) + (
𝜅ኼ

፫,Ꭻ𝜖፳
𝜖፫

𝑟ኼ −
𝜅ኼ

፫,Ꭻ𝜖Ꭻ
𝜅ኼ

Ꭻ,፫𝜖፫
𝜈ኼ) 𝐸፳(𝑟) − 𝑖

𝜇ኺ𝜔𝛽𝜈(𝜖፫𝜇Ꭻ − 𝜖Ꭻ𝜇፫)
𝜖፫𝜅ኼ

Ꭻ,፫
𝑟𝐻ᖣ

፳(𝑟) = 0,

(4.28)

𝑟ኼ𝐻ᖥ
፳ (𝑟) + 𝑟𝐻ᖣ

፳(𝑟) + (
𝜅ኼ

Ꭻ,፫𝜇፳
𝜇፫

𝑟ኼ −
𝜅ኼ

Ꭻ,፫𝜇Ꭻ
𝜅ኼ

፫,Ꭻ𝜇፫
𝜈ኼ) 𝐻፳(𝑟) − 𝑖

𝜖ኺ𝜔𝛽𝜈(𝜖፫𝜇Ꭻ − 𝜖Ꭻ𝜇፫)
𝜇፫𝜅ኼ

፫,Ꭻ
𝑟𝐸ᖣ

፳(𝑟) = 0.

(4.29)

The above equations represent a second order coupled differential equations
system, which is very difficult to be solved.
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However, if we have 𝜖፫ = 𝜖Ꭻ , 𝜇፫ = 𝜇Ꭻ, then the above equation will be simplified
to

𝑟ኼ𝐸ᖥ
፳ (𝑟) + 𝑟𝐸ᖣ

፳(𝑟) + ( 𝜅ኼ𝜖፳
𝜖፫

𝑟ኼ − 𝜈ኼ) 𝐸፳(𝑟) = 0, (4.30)

𝑟ኼ𝐻ᖥ
፳ (𝑟) + 𝑟𝐻ᖣ

፳(𝑟) + ( 𝜅ኼ𝜇፳
𝜇፫

𝑟ኼ − 𝜈ኼ) 𝐻፳(𝑟) = 0. (4.31)

In this equation the 𝐸፳ and 𝐻፳ are decoupled, hence become relatively easy to
solve.

if we loss the condition to 𝜖፫𝜇Ꭻ = 𝜖Ꭻ𝜇፫, then we can also have

𝑟ኼ𝐸ᖥ
፳ (𝑟) + 𝑟𝐸ᖣ

፳(𝑟) + ( 𝜅ኼ𝜖፳
𝜖፫

𝑟ኼ −
𝜖Ꭻ
𝜖፫

𝜈ኼ) 𝐸፳(𝑟) = 0, (4.32)

𝑟ኼ𝐻ᖥ
፳ (𝑟) + 𝑟𝐻ᖣ

፳(𝑟) + ( 𝜅ኼ𝜇፳
𝜇፫

𝑟ኼ −
𝜇Ꭻ
𝜇፫

𝜈ኼ) 𝐻፳(𝑟) = 0. (4.33)

4.3.2. Poynting Vector
Before we solve the above equations 4.30 and 4.31, we need to know if the solution
is physically correct. For a waveguide, the energy is confined and being propagated
along 𝑧 axis, hence there should be no energy flowing outwards (𝑟 axis). The The
time average Poynting vector is defined as:

𝑆 = 1
2 𝐸⃗ × 𝐻∗

= 1
2 [(𝐸Ꭻ𝐻∗

፳ − 𝐸፳𝐻∗
Ꭻ)𝑟̂ + (𝐸፳𝐻∗

፫ − 𝐸፫𝐻∗
፳)𝜙̂ + (𝐸፫𝐻∗

Ꭻ − 𝐸Ꭻ𝐻∗
፳)𝑧̂] . (4.34)

In the cladding, we should have the r component of Poynting vector being zero.
Hence

𝑆፫ = 1
2 (𝐸Ꭻ𝐻∗

፳ − 𝐸፳𝐻∗
Ꭻ)

= 𝛽𝜈𝐸፳𝐻∗
፳

𝑟 ( 1
𝜅ኼ

፫,Ꭻ
− 1

𝜅ኼ
Ꭻ,፫

) + 𝑖𝜔 ( 𝜖ኺ𝜖፫𝐸ᖣ∗
፳ 𝐸፳

𝜅ኼ
፫,Ꭻ

− 𝜇ኺ𝜇፫𝐻ᖣ
፳𝐻∗

፳
𝜅ኼ

፫,Ꭻ
)

= 0. (4.35)

In the cladding area, the field has to exponentially decay away from the core-
cladding interface, hence the solution of 𝐸፳ and 𝐻፳ should have a constant phase,
hence we assume

𝐸፳ = 𝐶𝑓(𝑟) (4.36)
𝐻፳ = 𝐷𝑔(𝑟) (4.37)
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where C and D are both complex number, 𝑓(𝑟) and 𝑔(𝑟) are two unknown real
functions. hence we have

𝑆፫ = 𝛽𝜈𝐶𝐷∗𝑓(𝑟)𝑔(𝑟)
𝑟 ( 1

𝜅ኼ
፫,Ꭻ

− 1
𝜅ኼ

Ꭻ,፫
) + 𝑖𝜔 ( 𝜖ኺ𝜖፫𝐶𝐶∗𝑓(𝑟)𝑓(𝑟)ᖣ

𝜅ኼ
፫,Ꭻ

− 𝜇ኺ𝜇፫𝐷𝐷∗𝑔(𝑟)𝑔(𝑟)ᖣ

𝜅ኼ
፫,Ꭻ

)

= 𝛽𝜈𝐶𝐷∗𝑓(𝑟)𝑔(𝑟)
𝑟 ( 1

𝜅ኼ
፫,Ꭻ

− 1
𝜅ኼ

Ꭻ,፫
) + 𝑖𝜔 ( 𝜖ኺ𝜖፫|𝐶|ኼ𝑓(𝑟)𝑓(𝑟)ᖣ

𝜅ኼ
፫,Ꭻ

− 𝜇ኺ𝜇፫|𝐷|ኼ𝑔(𝑟)𝑔(𝑟)ᖣ

𝜅ኼ
፫,Ꭻ

) .

(4.38)

So in order to have a confined mode (means 𝑅𝑒(𝑆፫) = 0), one of the below
condition has to be fulfill:

𝑅𝑒(𝐶𝐷∗) = 0 (4.39)
𝜅ኼ

፫,Ꭻ = 𝜅ኼ
Ꭻ,፫ (4.40)

where

𝜅ኼ
፫,Ꭻ = 𝜔ኼ𝜖ኺ𝜇ኺ𝜖፫𝜇Ꭻ − 𝛽ኼ = 𝑘ኼ

ኺ𝜖፫𝜇Ꭻ − 𝛽ኼ, (4.41)

𝜅ኼ
Ꭻ,፫ = 𝜔ኼ𝜖ኺ𝜇ኺ𝜖Ꭻ𝜇፫ − 𝛽ኼ = 𝑘ኼ

ኺ𝜖Ꭻ𝜇፫ − 𝛽ኼ. (4.42)

The first condition implies that the 𝐸፳ and 𝐻፳ needs to have phase shift of 𝜋/2,
and second condition implies that

𝜖፫𝜇Ꭻ = 𝜖Ꭻ𝜇፫ (4.43)

4.3.3. Boundary condition
For field at this boundary 𝑟ኺ, we have continuous relation for 𝐸፳, 𝐻፳, 𝐸Ꭻ and 𝐻Ꭻ.
For the field in the core, it is trivial to find the solution of the below form

𝐸(።፧)
፳ (𝑟ኺ) = 𝐴𝐽᎚(𝜅፜𝑟ኺ), (4.44)

𝐻(።፧)
፳ (𝑟ኺ) = 𝐵𝐽᎚(𝜅፜𝑟ኺ), (4.45)

𝐸(።፧)
Ꭻ (𝑟ኺ) = − 1

𝜅ኼ፜
[ 𝛽𝜈

𝑟ኺ
𝐴𝑗᎚(𝜅፜𝑟ኺ) + 𝑖𝜔𝜇ኺ𝜅፜𝐵𝐽ᖣ

᎚(𝜅፜𝑟ኺ)] , (4.46)

𝐻(።፧)
Ꭻ (𝑟ኺ) = 1

𝜅ኼ፜
[𝑖𝜔𝜖ኺ𝜖፜𝜅፜𝐴𝐽ᖣ

᎚(𝜅፜𝑟ኺ) − 𝛽𝜈
𝑟ኺ

𝐵𝐽᎚(𝜅፜𝑟ኺ)] . (4.47)
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For the field in the cladding area, we take the form of 𝐸፳ and 𝐻፳ from Eq. 4.36 and
Eq. 4.37, and from the Eq. 4.26 and 4.25 we also know the 𝐸Ꭻ and 𝐻Ꭻ

𝐸(፨፮፭)
፳ (𝑟ኺ) = 𝐶𝑓(𝑟ኺ), (4.48)

𝐻(፨፮፭)
፳ (𝑟ኺ) = 𝐷𝑔(𝑟ኺ), (4.49)

𝐸(፨፮፭)
Ꭻ (𝑟ኺ) = − 1

𝜅ኼ
Ꭻ,፫

[ 𝛽𝜈
𝑟ኺ

𝐸(፨፮፭)
፳ (𝑟ኺ) + 𝑖𝜔𝜇ኺ𝜇፫𝐻ᖣ(፨፮፭)

፳ (𝑟ኺ)]

= − 1
𝜅ኼ

Ꭻ,፫
[ 𝛽𝜈

𝑟ኺ
𝐶𝑓(𝑟ኺ) + 𝑖𝜔𝜇ኺ𝜇፫𝐷𝑔(𝑟ኺ)ᖣ] , (4.50)

𝐻(፨፮፭)
Ꭻ (𝑟ኺ) = 1

𝜅ኼ
፫,Ꭻ

[𝑖𝜔𝜖ኺ𝜖፫𝐸ᖣ(፨፮፭)
፳ (𝑟ኺ) − 𝛽𝜈

𝑟ኺ
𝐻(፨፮፭)

፳ (𝑟ኺ)]

= 1
𝜅ኼ

፫,Ꭻ
[𝑖𝜔𝜖ኺ𝜖፫𝐶𝑓(𝑟ኺ)ᖣ − 𝛽𝜈

𝑟ኺ
𝐷𝑔(𝑟ኺ)] . (4.51)

Therefore, we have a system of equations

𝐴𝐽᎚(𝜅፜𝑟ኺ) − 𝐶𝑓(𝑟ኺ) = 0,
(4.52)

𝐵𝐽᎚(𝜅፜𝑟ኺ) − 𝐷𝑔(𝑟ኺ) = 0,
(4.53)

𝛽𝜈𝜅ኼ
Ꭻ,፫𝐴𝐽᎚(𝜅፜𝑟ኺ) + 𝑖𝜔𝜇ኺ𝑟ኺ𝜅ኼ

Ꭻ,፫𝜅፜𝐵𝐽ᖣ
᎚(𝜅፜𝑟ኺ) − 𝛽𝜈𝜅ኼ

፜ 𝐶𝑓(𝑟ኺ) − 𝑖𝜔𝜇ኺ𝜇፫𝑟ኺ𝜅ኼ
፜ 𝐷𝑔(𝑟ኺ)ᖣ = 0,

(4.54)

𝑖𝜔𝜖ኺ𝜖፜𝑟ኺ𝜅ኼ
፫,Ꭻ𝜅፜𝐴𝐽ᖣ

᎚(𝜅፜𝑟ኺ) − 𝛽𝜈𝜅ኼ
፫,Ꭻ𝐵𝐽᎚(𝜅፜𝑟ኺ) − 𝑖𝜔𝜖ኺ𝜖፫𝑟ኺ𝜅ኼ

፜ 𝐶𝑓(𝑟ኺ)ᖣ + 𝛽𝜈𝜅ኼ
፜ 𝐷𝑔(𝑟ኺ) = 0.

(4.55)

To have a non-zeros solutions, the determinant of the system needs to be zero.
And then we are able to have the dispersion relation for anisotropic cladding waveg-
uide

[ 𝜅፜
𝜅ኼ፜

𝐽ᖣ
᎚(𝜅፜𝑟ኺ)

𝐽᎚(𝜅፜𝑟ኺ) − 𝜇፫
𝜅ኼ

Ꭻ,፫

𝑔ᖣ(𝑟ኺ)
𝑔(𝑟ኺ) ] [ 𝜖፜𝜅፜

𝜅ኼ፜

𝐽ᖣ
᎚(𝜅፜𝑟ኺ)

𝐽᎚(𝜅፜𝑟ኺ) − 𝜖፫
𝜅ኼ

፫,Ꭻ

𝑓ᖣ(𝑟ኺ)
𝑓(𝑟ኺ) ]

= 𝛽ኼ𝜈ኼ𝑘ኼ
ኺ

𝑟ኼ
ኺ 𝜅ኾ፜ 𝜅ኼ

፫,Ꭻ𝜅ኼ
Ꭻ,፫

(𝜖፜ − 𝜖፫𝜇Ꭻ) (𝜖፜ − 𝜖Ꭻ𝜇፫) . (4.56)

The above equation is the dispersion relation for anisotropic cladding and isotropic
nonmagnetic core. The details of the derivation can be found in Appendix B.2.

In the case of isotropic nonmagnetic cladding, the above equation degenerates
to

[ 𝜅፜
𝜅ኼ፜

𝐽ᖣ
᎚(𝜅፜𝑟ኺ)

𝐽᎚(𝜅፜𝑟ኺ) − 1
𝜅ኼ

ኼ

𝑔ᖣ(𝑟ኺ)
𝑔(𝑟ኺ) ] [ 𝜖፜𝜅፜

𝜅ኼ፜

𝐽ᖣ
᎚(𝜅፜𝑟ኺ)

𝐽᎚(𝜅፜𝑟ኺ) − 𝜖ኼ
𝜅ኼ

ኼ

𝑓ᖣ(𝑟ኺ)
𝑓(𝑟ኺ) ] = 𝛽ኼ𝜈ኼ𝑘ኼ

ኺ
𝑟ኼ
ኺ 𝜅ኾ፜ 𝜅ኾ

ኼ
(𝜖፜ − 𝜖ኼ)ኼ .

(4.57)
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4.3.4. Field solution in the cladding for type II hyperbolic ma-
terial

The rest of the task is to find a solution of differiential equation system 4.28 and
4.29. In the case of nonmagnetic (𝜇∗ = 1) and 𝜖Ꭻ = 𝜖፳ < 0 and 𝜖፫ > 0, The
equation system become

𝑟ኼ𝐸ᖥ
፳ (𝑟) + 𝑟𝐸ᖣ

፳(𝑟) + ( 𝜅ኼ
፫ 𝜖፳
𝜖፫

𝑟ኼ −
𝜅ኼ

፫ 𝜖Ꭻ
𝜅ኼ

Ꭻ𝜖፫
𝜈ኼ) 𝐸፳(𝑟) − 𝑖

𝜇ኺ𝜔𝛽𝜈(𝜖፫ − 𝜖Ꭻ)
𝜖፫𝜅ኼ

Ꭻ
𝑟𝐻ᖣ

፳(𝑟) = 0,(4.58)

𝑟ኼ𝐻ᖥ
፳ (𝑟) + 𝑟𝐻ᖣ

፳(𝑟) + (𝜅ኼ
Ꭻ𝑟ኼ −

𝜅ኼ
Ꭻ

𝜅ኼ፫
𝜈ኼ) 𝐻፳(𝑟) − 𝑖

𝜖ኺ𝜔𝛽𝜈(𝜖፫ − 𝜖Ꭻ)
𝜅ኼ፫

𝑟𝐸ᖣ
፳(𝑟) = 0.(4.59)

To make the system more symmetric, we write

𝐺፳(𝑟) = −𝜅፫
𝜅Ꭻ

√
𝜇ኺ

𝜖ኺ𝜖፫
𝐻፳(𝑟), (4.60)

𝐻፳(𝑟) =
−𝜅Ꭻ

𝜅፫
√

𝜖ኺ𝜖፫
𝜇ኺ

𝐺፳(𝑟), (4.61)

where the square roots 𝜅፫ = √𝑘ኼ
ኺ𝜖፫ − 𝛽ኼ and 𝜅Ꭻ = √𝑘ኼ

ኺ𝜖Ꭻ − 𝛽ኼ are defined such

that the square root of a positive real number is positive real and that of a negative
number is positive imaginary. Then

𝑟ኼ𝐸ᖥ
፳ (𝑟) + 𝑟𝐸ᖣ

፳(𝑟) + ( 𝜅ኼ
፫ 𝜖፳
𝜖፫

𝑟ኼ −
𝜅ኼ

፫ 𝜖Ꭻ
𝜅ኼ

Ꭻ𝜖፫
𝜈ኼ) 𝐸፳(𝑟) + 𝑖

𝑘ኺ𝛽(𝜖፫ − 𝜖Ꭻ)𝜈
√𝜖፫𝜅፫𝜅Ꭻ

𝑟𝐺ᖣ
፳(𝑟) = 0,(4.62)

𝑟ኼ𝐺ᖥ
፳ (𝑟) + 𝑟𝐺ᖣ

፳(𝑟) + (𝜅ኼ
Ꭻ𝑟ኼ −

𝜅ኼ
Ꭻ

𝜅ኼ፫
𝜈ኼ) 𝐺፳(𝑟) + 𝑖

𝑘ኺ𝛽(𝜖፫ − 𝜖Ꭻ)𝜈
√𝜖፫𝜅፫𝜅Ꭻ

𝑟𝐸ᖣ
፳(𝑟) = 0,(4.63)

Where 𝑘ኺ = 𝜔/𝑐 = 𝜔√𝜇ኺ𝜖ኺ.
We define

𝑝ኺ =
𝜅ኼ

፫ 𝜖Ꭻ
𝜅ኼ

Ꭻ𝜖፫
, (4.64)

𝑝ኼ = − 𝜅ኼ
፫ 𝜖፳
𝜖፫

, (4.65)

𝑞ኺ = −
𝜅ኼ

Ꭻ
𝜅ኼ፫

(4.66)

𝑞ኼ = −𝜅ኼ
Ꭻ (4.67)

𝑠 = 𝑖
𝑘ኺ𝛽(𝜖፫ − 𝜖Ꭻ)

√𝜖፫𝜅፫𝜅Ꭻ
. (4.68)
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Then the above equation is simplified as:

𝑟ኼ𝐸ᖥ
፳ (𝑟) + 𝑟𝐸ᖣ

፳(𝑟) − (𝑝ኼ𝑟ኼ + 𝑝ኺ 𝜈ኼ) 𝐸፳(𝑟) + 𝑠 𝜈 𝑟𝐺ᖣ
፳(𝑟) = 0, (4.69)

𝑟ኼ𝐺ᖥ
፳ (𝑟) + 𝑟𝐺ᖣ

፳(𝑟) − (𝑞ኼ𝑟ኼ − 𝑞ኺ 𝜈ኼ) 𝐺፳(𝑟) + 𝑠 𝜈 𝑟𝐸ᖣ
፳(𝑟) = 0. (4.70)

When the medium is hyperbolic of type II with the 𝑟-axis as optical axis, 𝜖፫ > 0,
𝜖Ꭻ = 𝜖፳ < 0. In order that the wave is evanescent in the 𝑟-direction, we must have
𝛽ኼ < 𝑘ኼ

ኺ𝜖፫, hence

𝜅ኼ
፫ = 𝑘ኼ

ኺ𝜖፫ − 𝛽ኼ > 0, 𝜅ኼ
Ꭻ = 𝜅ኼ

፳ = 𝑘ኼ
ኺ𝜖Ꭻ − 𝛽ኼ < 0, (4.71)

𝜅፫ > 0, 𝜅Ꭻ = +𝑖|𝜅Ꭻ|. (4.72)

Hence all coefficents 𝑝ኺ, 𝑝ኼ, 𝑞ኺ, 𝑞ኼ, 𝑠 are positive in this case.

Case of 𝜈 = 0
In this case, Eq. 4.69 and Eq. 4.70 are simplified to

𝑟ኼ𝐸ᖥ
፳ (𝑟) + 𝑟𝐸ᖣ

፳(𝑟) − 𝑝ኼ𝑟ኼ𝐸፳(𝑟) = 0, (4.73)
𝑟ኼ𝐺ᖥ

፳ (𝑟) + 𝑟𝐺ᖣ
፳(𝑟) − 𝑞ኼ𝑟ኼ𝐺፳(𝑟) = 0, (4.74)

in which there is one physical solution

𝐸፳(𝑟) = 𝐶ኻ 𝐾ኺ(√𝑝ኼ𝑟), (4.75)
𝐻፳(𝑟) = 𝐶ኼ 𝐾ኺ(√𝑞ኼ𝑟). (4.76)

By substituting them into the dispersion relationship Eq. 4.56, we are able to find
the 𝜈 = 0 waveguide modes in the cylinderical waveguide with hyperbolic cladding.

The results are shown in Fig. 4.6. In this plot, multilayer type hyperbolic ma-
terial is used, in which Ag and Al2O3 are used as the composing materials with
filling rato 𝑓 = 0.5. For simplicity, only the real part of the effective permittivites
are considered, which gives 𝜖፫ < 0 < 𝜖Ꭻ = 𝜖፳. The waveguide core material is sili-
con (𝑛ፒ። = 3.5) with a radius of 600 nm. The calculated TE photonic modes are only
bonded by the index of the Si core, while the TM modes are bonded by the dashed
green line, which is given by √𝜖፫ of the hyperbolic cladding. The field distribution
of the TM mode at wavelength of 1550 nm is shown in Fig. 4.7a, which is a 𝑇𝑀ኽ
mode. It is seen that both 𝐸፫ and 𝐸፳ component exist in this mode, indicating that
both 𝜖፫ and 𝜖፳ play a role in defining the mode. However the TE modes has only 𝐸Ꭻ
electric field component as shown Fig. 4.7b, in which only the azimuthal component
𝜖Ꭻ of the cladding permittivity tensor plays a role. Hence normal waveguide with
metallic cladding behavior is expected.

This result confirms that waveguides with type II hyperbolic cladding can only
support higher order TM modes with 𝑛፞፟፟ < √𝜖፫, while the lower order TM modes
with 𝑛፞፟፟ > √𝜖፫ are filtered out, which leak into the hyperbolic cladding area.
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Figure 4.6: Photonic waveguide modes of cylinderical waveguide with hyperbolic cladding. Multilayer
type hyperbolic material is used, in which Ag and Al2O3 are the composing materials with filling rato
፟ ዆ ኺ.኿. For simplicity, only the real part of the effective permittivites are considered, which gives
Ꭸ፫ ጺ ኺ ጺ ᎨᎫ ዆ Ꭸ፳. The waveguide core material is silicon (፧ፒ። ዆ ኽ.኿) with a radius of 600 nm. The
vertical dashed line is at the wavelength of 1550 nm.

(a) (b)

Figure 4.7: Field distribution for the waveguide modes at the wavelength of 1550 nm. The waveguide
is the the same as in Fig. 4.6 with a radius of 600 nm (marked by white circles). (a) ፓፌኽ mode field
distributions. In this mode, only ፄ፫, ፄ፳, ፇᎫ are non-zero. (b) ፓፄኼ mode field distributions. In this
mode, only ፇ፫, ፇ፳, ፄᎫ are non-zero.
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Case of 𝜈 ≠ 0

In this case the Eq. 4.69 and Eq. 4.70 together form a second order cou-
pled differential equation system. The difficulty lies in the fact that they
are both Bessel-like differential equations. Although we strongly be-
lieve that there is a real solution towards the differential equation system
Eq. 4.69 and Eq. 4.70, we have not yet found the exact form of the phys-
ical solution (monotonically decay as 𝑟 > 𝑟ኺ increases). Nevertheless, we
present our attempt for solving it by using asymptotic approximation,
which will hopefully provide a potential good starting point.

we assume the asymptotic solution of the equation system will have the form

𝐸(𝑟) = (𝛼𝑟)᎟ኻ exp(−𝛼𝑟᎞)
ጼ

∑
፧዆ኺ

𝑎፧ ( 1
𝛼𝑟 )

፧
= exp(−𝛼𝑟᎞)

ጼ

∑
፧዆ኺ

𝑎፧ (𝛼𝑟)ዅ፧ዄ᎟ኻ , (4.77)

𝐺(𝑟) = (𝛼𝑟)᎟ኼ exp(−𝛼𝑟᎞)
ጼ

∑
፧዆ኺ

𝑏፧ ( 1
𝛼𝑟 )

፧
= exp(−𝛼𝑟᎞)

ጼ

∑
፧዆ኺ

𝑎፧ (𝛼𝑟)ዅ፧ዄ᎟ኻ . (4.78)

where 𝜎ኻ, 𝜎ኼ ≠ 0, 𝛼, 𝜌 > 0. This assumption will make sure that when 𝑟 → ∞,
the solutions will approach zero, which has a physical meaning.

After a cumbersome derivation (see Appendix B.1), the resulting asymptotic
solution of Eq. 4.69 and 4.70 is given by

[𝐸(𝑟)
𝐺(𝑟)] ∼

[(√𝑝ኼ𝑟)ዅ ኻ
ኼ exp(−√𝑝ኼ𝑟) ∑ጼ

፧዆ኺ 𝑎፧ (√𝑝ኼ𝑟)ዅ፧ (√𝑞ኼ𝑟)ዅ ኽ
ኼ exp(−√𝑞ኼ𝑟) ∑ጼ

፧዆ኺ 𝑐፧ (√𝑞ኼ𝑟)ዅ፧

(√𝑝ኼ𝑟)ዅ ኽ
ኼ exp(−√𝑝ኼ𝑟) ∑ጼ

፧዆ኺ 𝑏፧ (√𝑝ኼ𝑟)ዅ፧ (√𝑞ኼ𝑟)ዅ ኻ
ኼ exp(−√𝑞ኼ𝑟) ∑ጼ

፧዆ኺ 𝑑፧ (√𝑞ኼ𝑟)ዅ፧] [𝐶ኻ
𝐶ኼ

] ,

(4.79)

where 𝑎፧ , 𝑏፧ , 𝑐፧ and 𝑑፧ has the recursive relation:
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𝑎ኺ = 1, (4.80)

𝑏ኺ = 𝑝ኼ𝑠𝜈
𝑝ኼ − 𝑞ኼ

𝑎ኺ, (4.81)

𝑎ኻ = 4𝑝ኺ𝜈ኼ − 1
8 𝑎ኺ + 𝑠𝜈

2 𝑏ኺ, (4.82)

𝑏ኻ = 𝑝ኼ
𝑝ኼ − 𝑞ኼ

( 𝑠𝜈
2 𝑎ኺ + 𝑠𝜈𝑎ኻ − 2𝑏ኺ) , (4.83)

𝑎፧ = 4𝑝ኺ𝜈ኼ − (2𝑛 − 1)ኼ

8𝑛 𝑎፧ዅኻ + 𝑠𝜈
2𝑛 𝑏፧ዅኻ + 𝑠𝜈(2𝑛 − 1)

4𝑛 𝑏፧ዅኼ, (4.84)

𝑏፧ = 𝑝ኼ
𝑝ኼ − 𝑞ኼ

( 𝑠𝜈(2𝑛 − 1)
2 𝑎፧ዅኻ + 𝑠𝜈𝑎፧ − 4𝑞ኺ𝜈ኼ + (2𝑛 − 1)ኼ

4 𝑏፧ዅኼ − 2𝑛𝑏፧ዅኻ) ,
(4.85)

𝑑ኺ = 1, (4.86)

𝑐ኺ = 𝑞ኼ𝑠𝜈
𝑞ኼ − 𝑝ኼ

𝑑ኺ, (4.87)

𝑑ኻ = − 4𝑞ኺ𝜈ኼ + 1
8 𝑑ኺ + 𝑠𝜈

2 𝑐ኺ, (4.88)

𝑐ኻ = 𝑞ኼ
𝑞ኼ − 𝑝ኼ

( 𝑠𝜈
2 𝑑ኺ + 𝑠𝜈𝑑ኻ − 2𝑐ኺ) , (4.89)

𝑑፧ = − 4𝑞ኺ𝜈ኼ + (2𝑛 − 1)ኼ

8𝑛 𝑑፧ዅኻ + 𝑠𝜈
2𝑛 𝑐፧ዅኻ + 𝑠𝜈(2𝑛 − 1)

4𝑛 𝑐፧ዅኼ, (4.90)

𝑐፧ = 𝑞ኼ
𝑞ኼ − 𝑝ኼ

( 𝑠𝜈(2𝑛 − 1)
2 𝑑፧ዅኻ + 𝑠𝜈𝑑፧ − (2𝑛 − 1)ኼ − 4𝑝ኺ𝜈ኼ

4 𝑐፧ዅኼ − 2𝑛𝑐፧ዅኻ) .
(4.91)

4.3.5. Conclusion
In Sec. 4.3, the modes solution for waveguide with anisotropic cladding is discussed.
Here a general case is considered, where both permittivity and permeability are
anisotropic and diagonalized with respect to cylindrical coordinate system. The
derivation of general dispersion relation is presented without knowing the exact
solution formula in the cladding area. When applying type II hyperbolic materials
as cladding material with 𝜖፫ < 0 < 𝜖Ꭻ = 𝜖፳, the description of the electromagnetic
field in the cladding become a coupled second order differential equation system.
The special case 𝜈 = 0 is discussed and it is confirmed that the low order TM
modes with larger effective index can be filtered out by using hyperbolic cladding in
cylindrical waveguide. For more general case with 𝜈 ≠ 0, the analytical solution is
not found yet. However, we present our attempt for solving this problem by using
asymptotic approximation.
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5
Hyperlens design and

performance evaluation
under the lossy condition

Hyperbolic materials are capable of supporting high-spatial frequency prop-
agating waves. This property offers them a high potential in the super-
resolution imaging applications, such as hyperlens. However, all of the cur-
rent hyperbolic materials and hyperbolic meta-materials have intrinsic ab-
sorption, which influence the resolution performance of the hyperlens. In this
chapter, a theoretical study on the refraction of light incident from an isotropic
medium to a lossy hyperbolic medium is presented. The results show that the
absorption in the medium plays an essential role in the refraction property
and the design of the hyperlens. Based on the lossy condition, the hyperlens
is designed using geometrical optics. By using the Rayleigh diffraction inte-
gral, we investigate the resolution of the hyperlens as function of the size of
the lens.
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5.1. Introduction
Super-resolution technologies have drawn broad interests as a powerful tool to
overcome the Abbe’s diffraction limit in conventional optical system. Ever since the
invention of the perfect lens [1], the developments of the hyperlens have been ex-
tensively explored both theoretically [2–15] and experimentally [16–21]. Hyperlens
is a super-resolution technique that make use of hyperbolic materials (HMs), which
is an anisotropic material with both positive and negative permittivity components
in the permittivity tensor. HMs present hyperbolic dispersion which can allow high
spatial-frequency propagation modes. The underlying physics behind the hyperlens
is the conversion of evanescent waves, which carry the subwavelength detailed in-
formation of an object, to propagation waves. HMs also have been widely applied
in Purcell factor engineering [22–26], waveguide [27–33], and in sensing appli-
cations [34–36]. The HM property has been achieved by using nano-fabricated
meta-materials (MMs) [18, 37, 38]. Most recently natural HMs have also been
found [39–43].

The hyperlens has been demonstrated using cylindrically or spherically anisotropic
HMs, where the permittivity tensor of the HM is diagonal in cylindrical or spherical
coordinate [2–10, 16–20, 44, 45]. These designs are difficult to fabricate because
the interface of multilayer meta-material hyperlens are curved surfaces, and they
can not be realized with natural HMs. Recently a simpler type of hyperlens has
been proposed, which only requires HMs of Cartesian anisotropic where the per-
mittivity tensor of the HM is diagonal in Cartesian coordinate [7, 11–15, 21, 45].
The surface profile of the hyperlens is carefully designed, such that a collimated
beam can be coupled to the high-spatial frequency modes of the HM and can be
focused to a subwavelength spot. The HMs of this hyperlens can be achieved with
meta-materials based on multilayer or nanowires, and are compatible with natu-
ral HMs. This design is also called metalens [46, 47] or meta-material immersion
lens [14].

Ideally, the resolution of a hyperlens is unlimited as it can propagate arbitrar-
ily high-spatial frequency wave. Nevertheless, to the best of our knowledge, the
HMs found or fabricated so far all come with intrinsic material absorption, which
leads to attenuation of the ray propagating from the interface and hence severely
reduces the resolution. Because the light attenuates more over longer propagation
distances, the size of hyperlens has to be small. Moreover, the absorption in the
material does not only influence the propagation decay of the wave inside, but also
changes the refraction of light, which leads to aberrations. As a consequence, the
designed surface profile has to be optimized to reduce the aberrations caused by
this refraction.

In this work, a comprehensive analysis of the influence of absorption on the
HMs refraction and on the resolution power of the hyperlens is presented, offering
guidelines for the hyperlens design. The HMs or the effective hyperbolic meta-
materials (HMMs) considered here are of complex permittivity tensors. We study
the refraction and transmission of the light incident at the interface for arbitrary
orientation between an isotropic medium and a HM. It is shown that the refraction
angle is reduced as well as the phase of the wave is shifted due to the absorption
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of the material. By including the absorption coefficient in the hyperlens design,
the adapted hyperlens profile deviates from the lossless hyperlens. Furthermore,
the Rayleigh diffraction integral is used to evaluate the deterioration of the reso-
lution power of hyperlens, and numerical simulations agree well with the Rayleigh
diffraction integral.

5.2. Refraction of light at a given interface
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Figure 5.1: The schematic of the studied refraction situation. The ፩-polarized light (ፄ፲ ዆ ኺ) is incident
from the lossless isotropic medium 1 (white region, e.g. air) to the lossy hyperbolic anisotropic medium
2 (blue region). The permittivity tensor of the HM is a complex diagonal in the Cartesian coordinate
system. The orientation of the interface is denoted by the normal vector n, which angle is given by ᎎ
respecting to the ፳-axis.

In this chapter, only the two-dimensional (2D) situation and the 𝑝-polarized light
is discussed. As shown in Fig. 5.1, in a Cartesian coordinate system, the geometry
is invariant along the 𝑦-axis and the electric field along 𝑦 is zero (𝐸፲ = 0). The
tangential and the normal vector of the interface are denoted by p and n (point-
ing towards the incident medium), respectively, where the angle between n and
the 𝑧-axis is defined as 𝛼 (from 𝑧̂ to n, −𝜋 < 𝛼 ≤ 𝜋). The incident medium on
the left (white area) is isotropic and lossless. Therefore, for the incident field, the
wavevector k(i) is parallel to the energy flow S(i). The medium on the right (blue
shade area) is a lossy HM with its optical axis along the 𝑧-axis, such that the per-
mittivity tensor is given by

𝜖̃ = [
̃𝜖፱ 0 0

0 ̃𝜖፲ 0
0 0 ̃𝜖፳

] = [
𝜖፱,፫ + 𝑖𝜖፱,። 0 0

0 𝜖፱,፫ + 𝑖𝜖፱,። 0
0 0 𝜖፳,፫ + 𝑖𝜖፳,።

] , (5.1)

where ̃𝜖፱ and ̃𝜖፲ are equal. For 𝑝-polarized light with 𝐸፲=0, the wavevector k̃ inside
the medium 2 is not always parallel to the energy flow S̃ in the anisotropic medium.
Assuming the HM is obtained using silver (Ag) [48] nanowires embedded in the air
domain, with the nanowire parallel to the 𝑧-axis, the effective permittivity of the
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HM is given by [49]

̃𝜖፳ = 𝑓𝜖Ag + (1 − 𝑓)𝜖air, (5.2)

̃𝜖፱ = ̃𝜖፲ =
[(1 + 𝑓)𝜖Ag + (1 − 𝑓)𝜖air]𝜖air

(1 − 𝑓)𝜖Ag + (1 + 𝑓)𝜖air
, (5.3)

where 𝑓 is the filling factor given by the area ratio of Ag versus air in the cross-
section plane. 𝜖Ag and 𝜖air are the permittivities of the Ag and the air, respectively.
At the wavelength of 633 nm, the effective permittivity values as functions of filling
factor are shown in Fig. 5.2. It can be seen that besides the anisotropic behavior
of the real part of the permittivities (Fig. 5.2a), the imaginary part of the permit-
tivities (Fig. 5.2b) are also anisotropic. Consequently, the wavevector component
perpendicular to the interface of the refracted light in this lossy medium will also
become complex. It leads to a complex total wavevector k̃ = kr + 𝑖 ki, where kr
and ki are the real part and the imaginary part of the complex wavevector in the
HM, representing propagation and attenuation of the light, respectively.

In Fig. 5.2a, the maximum achievable NA of the lossless hyperlens is also plotted
as black dotted line. In the HMs as well as in the conventional anisotropic media,
the maximum achievable NA is not given by the geometrical incident angle of the
light, but is given by the maximum excitable transversal wavenumber 𝑘(max)

፱ in the
media. The optical axis is along 𝑧, hence NA(max) = 𝑘(max)

፱ /𝑘ኺ, where 𝑘ኺ is the
wavenumber of the light in vacuum. The detailed derivation of NA(max) can be
found in Supplementary Material Sec. 5.7.3. It can be seen that if the absorption
is not considered, the maximum achievable NA of the hyperlens depends on the
consisting materials, and can be even infinite.
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Figure 5.2: The effective permittivity of an effective HMM, made of silver nanowire embedded in the
air domain at the wavelength of 633 nm. (a) The real part of the permittivity components parallel to
the nanowire Ꭸ∥ and perpendicular to the nanowire Ꭸዊ. The dot line indicates the maximum achievable
NA of a hyperlens made from the HM, as given by Eq. 5.46. (b) The imaginary part of the permittivity
components parallel to the nanowire and perpendicular to the nanowire.

In order to extract the complex k̃ in the lossy HM, we begin with the boundary
conditions at the interface. Using the continuity of tangential component of the
wavevector along the interface, the tangential component of the wavevector in the
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HM can be calculated. In the 𝑥 − 𝑧 plane, the normal unit vector of the interface
is n̂ = ⟨sin(𝛼), cos(𝛼)⟩, and the tangential unit vector of the interface is p̂ =
⟨cos(𝛼), − sin(𝛼)⟩. Here the 𝑦 component of the coordinate is ignored for simplicity.
Therefore, the tangential component of the wavevector is given by

kp = (k(i) ⋅ p̂) p̂ = (𝑘(።)
፱ cosኼ(𝛼) − 𝑘(።)

፳ sin(𝛼) cos(𝛼), 𝑘(።)
፱ sin(𝛼) cos(𝛼) − 𝑘(።)

፳ sinኼ(𝛼)) ,
(5.4)

where k(i) = (𝑘(።)
፱ , 𝑘(።)

፳ ).
Inside the HM, the wavevector becomes complex due to the absorption. How-

ever, it is clear that the tangential wavevector component kp is preserved to be real.
The complex part of this wavevector originates only from the orthogonal wavevec-
tor (perpendicular to the interface). Hence the total wavevector k̃ = (𝑘̃፱ , 𝑘̃፳) in the
HM can be written as

k̃ =kp + 𝛽̃n̂ = (𝑘̃፱ , 𝑘̃፳)
= (𝑘(።)

፱ cosኼ(𝛼) − 𝑘(።)
፳ sin(𝛼) cos(𝛼) + 𝛽̃ sin(𝛼),

𝑘(።)
፱ sin(𝛼) cos(𝛼) − 𝑘(።)

፳ sinኼ(𝛼) + 𝛽̃ cos(𝛼)) , (5.5)

where 𝛽̃ is a complex number. Since the wavevector k̃ also needs to fulfill the
dispersion relation of the HM

(𝑘̃ኼ
፱ + 𝑘̃ኼ

፲)
̃𝜖፳

+ 𝑘̃ኼ
፳
̃𝜖፱

= 1, (5.6)

where 𝑘̃፲ = 0, one can derive that

(𝑘(።)
፱ cosኼ(𝛼) − 𝑘(።)

፳ sin(𝛼) cos(𝛼) + 𝛽̃ sin(𝛼))
ኼ

̃𝜖፳

+
(𝑘(።)

፱ sin(𝛼) cos(𝛼) − 𝑘(።)
፳ sinኼ(𝛼) + 𝛽̃ cos(𝛼))

ኼ

̃𝜖፱
= 1. (5.7)

Solving Eq. 5.7 leads to a complex 𝛽̃ and hence a complex k̃ can be obtained.
Please note that Eq. 5.7 is a quadratic equation, hence two solutions of 𝛽̃ can be
found. One should choose the solution of which the Poynting vector S̃ (the energy
flow) points away from the interface. The time-averaged Poynting vector in the
lossy anisotropic medium is given by

⟨S⟩ ≡ 1
2 Re (E × H∗) ,

=
|𝐻፲|ኼ

2𝜔𝜖ኺ
Re⎛

⎝

⎡
⎢
⎢
⎣

፤̃፱
Ꭸ̃፳
0
፤̃፳
Ꭸ̃፱

⎤
⎥
⎥
⎦

⎞

⎠

exp (−2 Im(k̃)r) , (5.8)
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where 𝐻፲ is the amplitude of the magnetic field. The detailed derivation can be
found in the Supplementary Material Sec. 5.7.1.

One can see in Eq. 5.8 that the direction of the energy flow depends on the real
part of the ratio between 𝑘̃፱/ ̃𝜖፳ and 𝑘̃፳/ ̃𝜖፱. The last term of Eq. 5.8 represents the
exponential decay of the energy flow due to the absorption of the material, which
is fully determined by the imaginary part of the wavevector.

To understand the influence of the absorption of the HM on the refraction angle,
the refraction of light on HM with real and complex permittivity tensor are compared.
The HM used here is the same as in Fig. 5.2, with a filling ratio 𝑓 = 0.8. The effective
permittivities are 𝜖፱ = 𝜖፲ = 17.58 + 0.44𝑖 and 𝜖፳ = −14.44 + 0.38𝑖. The results are
shown in Fig. 5.3. In all Fig. 5.3a-c, the arrow lines of the incident rays Mair and
the refraction rays MHM are defined as

Mair = (1 − |𝑟|ኼ)Re([
𝑘(።)

፱
0

𝑘(።)
፳

]) , MHM = |𝑡|ኼ Re⎛

⎝

⎡
⎢
⎢
⎣

፤̃፱
Ꭸ̃፳
0
፤̃፳
Ꭸ̃፱

⎤
⎥
⎥
⎦

⎞

⎠

, (5.9)

which are proportional to the real part of the Poynting vector. It can be interpreted
that the projection of M along the normal of the interface (M ⋅ n̂) indicates the
coupling efficiency of light to the HM.

140

air HM

air

HM

air

HM

Figure 5.3: The planewave refraction from the air (white region) to the HM (blue region) of
different interface orientations. The effective HM considered here is given by silver nanowires (par-
allel to the optical axis ፳) embedded in the air domain. With a filling factor of 0.80, the effective per-
mittivities are Ꭸ፱ ዆ ኻ዁.኿ዂ ዄ ኺ.ኾኾ። and Ꭸ፳ ዆ ዅኻኾ.ኾኾ ዄ ኺ.ኽዂ።, respectively. The three columns represent
the interfaces of different angles, respectively. In the first row (a),(b),(c) show planewave refraction at
the interface, where different colors represent different incident angles. In the second row (d),(e),(f)
show the refraction angles as functions of incident angles, where the blue curve and the red curve are
the cases of HM without and with absorption, respectively.

Fig. 5.3a illustrates the light refracted from the air (𝜖air = 1) (on the left) to the
HM (on the right). In this case, the normal of the interface is perpendicular to the
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optical axis (𝑧) and the colored rays indicate different incident angles. It can be seen
that as expected, for all incident angles, the light experiences negative refraction.
The refraction angle versus incident angle is plotted in Fig. 5.3d. Compared to the
lossless case, the refraction angles are slightly smaller when the absorption (imag-
inary part of 𝜖) is included. The discrepancy deviates further as the incident angle
increases. In Fig. 5.3b the refraction at the interface with 𝛼 = 140∘ is shown. In
this case, the negative refraction only occurs for negative incident angles, while
for positive incident angles, the refraction are positive. This is the phenomenon of
directional light emission inside HMs, where the Poynting vector direction is always
confined to a cone [50]. In Fig. 5.3e the comparison between the lossy and the
lossless refraction angles are shown. Similarly, the refraction angles are reduced in
the lossy HM. This deviation of the refraction angle is severer when the light is cou-
pled to the high-k modes in the HM. Fig. 5.3c and Fig. 5.3f show similar results for
the interface parallel to the optical axis. In this case, only positive refraction takes
place at the interface. For the lossless situation, the refraction angle is maintained
at ±90∘, indicating zero transmission of light. This is due to the existence of the
bandgap of the HM and hence no light can be coupled through. However, for the
lossy HM, a small fraction of the light is still able to be coupled to the HM, indicating
that the bandgap is no longer perfect.

5.3. Fresnel coefficients
Once the complex wavevector k̃ and the orientation of the interface 𝛼 are known,
the Fresnel coefficients can be calculated. The Fresnel coefficients are derived using
the continuity condition of the magnetic field (𝐻፲) and the projection of the electric
field along the tangential of the interface (along p). The detailed derivation can be
found in the Supplementary Material Sec. 5.7.2. The Fresnel coefficients are given
by

[𝑟
𝑡] = [− cos(ᎎ)፤(፫)

፳ ዄsin(ᎎ)፤(፫)
፱

Ꭸ(።) ( cos(ᎎ)፤(፭)
፳

Ꭸ̃፱
+ sin(ᎎ)፤(፭)

፱
Ꭸ̃፳

)
−1 1

]

ዅኻ

[
cos(ᎎ)፤(።)

፳ ዄsin(ᎎ)፤(።)
፱

Ꭸ(።)
1

]

(5.10)

where 𝜖(።) is the permittivity constant of the incident medium; 𝑟 and 𝑡 are the reflec-
tion and transmission coefficients, respectively. 𝑘(፫)

፱ and 𝑘(፫)
፳ are the wavevector

components of the reflection light along the 𝑥-axis and the 𝑧-axis, respectively.
From Eq. 5.10, one can see that for a lossless HM (𝜖 is real), the wavevector k

becomes real. Therefore, the Fresnel coefficients are real, and there is no phase
jump for the field at the interface.

However, once the material become lossy, the matrix in Eq. 5.10 will become
complex as well as the Fresnel coefficients. One can rewrite the Fresnel coefficients

[𝑟̃
𝑡̃] = [|𝑟̃| exp(𝑖𝜙፫)

|𝑡̃| exp(𝑖𝜙፭)] , (5.11)
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where 𝜙፫ and 𝜙፭ denote the phase jump for Fresnel coefficients of the reflected
and the transmitted light, respectively.

140

(a) (b) (c)

(d) (e) (f)

Figure 5.4: The Fresnel transmission/reflection coefficients for a planewave incident from the air to the
HM for different orientation of the interface. (a),(b),(c): the absolute values of the Fresnel coefficients.
The green circles indicate the Brewster angle. Insert in (b) shows the Brewster angle does not reach 0
for HM with loss. (d),(e),(f): the phase of the Fresnel coefficients.

In Fig. 5.4, the Fresnel coefficients versus incident angles for different interface
orientations are plotted. Fig. 5.4a and Fig. 5.4b show that, similar to conventional
medium, the 𝑝-polarized incident light also experiences a Brewster angle where the
reflectance (𝑅 = |𝑟|ኼ) reaches zero. However, when the absorption is taken into
account, the dip at the Brewster angle does not reach completely zero as shown
in the insert of the Fig. 5.4b. This result shows that it is possible to couple light
to HM with high efficiency (close to unity). In Fig. 5.4d and Fig. 5.4e, the phase
of the Fresnel coefficients are shown. It can be seen that the transmission 𝑡 and
the reflection 𝑟 have zero phase shift for lossless case, while the phase changes
smoothly with the incident angle in the lossy case.

In Fig. 5.4c and Fig. 5.4f, the Fresnel coefficients for 𝛼 = 90∘ are plotted. It
can be seen that the reflection 𝑟 is unity for lossless case, indicating a pure metallic
behavior for the HM. However, in the case of lossy HM, the reflection 𝑟 is not unity
anymore, showing the light can still be partially coupled to the HM.

In the three interface orientations shown here, although it is symmetric as ex-
pected for 𝛼 equals to 180∘ and 90∘, it is surprising to see that the Fresnel coeffi-
cients are still symmetric even for the interface oriented at 140∘, while the refraction
angle is not symmetric at all as shown in Fig. 5.3.
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5.4. Influence on the hyperlens profile
From the above discussion, it is clear that the absorption of the HM influences the
refraction angle, and hence it is necessary to take the absorption into account when
designing a hyperlens. The change of the hyperlens profile is demonstrated at the
wavelength of 633 nm. The incident medium is air, and the HM considered here is
an effective HMM, given by silver nanowires (parallel to the optical axis 𝑧) embedded
in the air domain. With a filling factor of 0.85, the effective permittivities of the HM
are 𝜖፱=37.52 + 2.03i and 𝜖፳=-15.40 + 0.41i, respectively.
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Figure 5.5: The hyperlens profile for wavelength of 633 nm and NA=7.0. The incident beam is
a collimated planewave incident from the air side, the effective HM is silver (Ꭸፀ፠=-18.30+0.48i)
nanowires (along ፳) embedded in the air domain with a filling factor of 0.85. The effective permit-
tivity of the material is Ꭸ፱=37.52 + 2.03i and Ꭸ፳=-15.40 + 0.41i, respectively. The red curved interface
denotes the hyperlens profile with absorption and the blue curved interface denotes the hyperlens pro-
file without absorption. For all hyperlens profiles, the straighted-lines parts parallel to the ፱-axis are
considered as the infinite thin nontransparent aperture. The inset is a zoom in of the edge area, showing
the profile difference clearly. The red dot at ፙ ዆ ኼኺ᎘ is the focal center of the lens.

The curvature of the lens is constructed using geometrical optics. The apex of
the lens 𝑃ኺ (Fig. 5.5) is at the origin of the coordinate and the focal center 𝐼 is at
(0, 20𝜆), where 𝜆 is the wavelength of the light. The optical path length (OPD) is
calculated by OPD0 = 𝐿air𝑛air + 𝜙፭/2𝜋 + 𝐿ፏኺፈ𝑛eff, where 𝐿air is the physical path
length starting from an arbitrary start point 𝑆 on the 𝑧-axis to 𝑃ኺ, 𝜙፭ is the phase
jump of the Fresnel transmission coefficient, 𝐿ፏኺፈ is the physical path length from
the apex of the hyperlens to the focal center and 𝑛eff is the effective index of the HM
along this direction. With the OPD0 one can search for all the other intersection
points 𝑃(𝑥ᖣ, 𝑧ᖣ) for all the off-axis parallel beams, of which the OPDs should be equal
to OPD0.

𝐿air(𝑥ᖣ, 𝑧ᖣ)𝑛air + 𝜙፭(𝑥ᖣ, 𝑧ᖣ)/2𝜋 + 𝐿HM(𝑥ᖣ, 𝑧ᖣ)𝑛eff(𝑥ᖣ, 𝑧ᖣ) = OPD0, (5.12)
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Where the 𝑥ᖣ and 𝑧ᖣ are the coordinate of the points 𝑃 of the interface.
In Fig. 5.5, two hyperlenses with NA of 7.0 are shown. The red interface is

the designed hyperlens profile for the lossy HM, while the blue one is the designed
hyperlens for the lossless HM. It is clearly seen that the hyperlens of the lossy
HM bends inwards with a smaller radius of curvature. For achieving the same
NA, the aperture width of the lossy HM hyperlens needs to be larger compared to
the lossless HM hyperlens. This can be explained by the fact that the absorption
reduces the refraction angle. Hence the surface of the lens needs to move towards
the negative 𝑧 direction in order to focus the light to the same focal center. It can be
calculated that the maximum achievable NA of the lossless hyperlens is ≈23 (see
Fig. 5.2). If the NA is further increased, the discrepancy between the lossy and
lossless hyperlens profile will be even larger.

5.5. Influence on the resolution power of hyperlens
Once the hyperlens is designed using the geometrical optical approach, the field
distribution at the focus needs to be evaluated using wave optics. The Rayleigh
diffraction integral [51] is used to evaluate the resolution of the hyperlens, which
is defined as the full width half maximum (FWHM) of the magnetic-field ampli-
tude (|𝐻፲|). Only a 2D situation is considered, therefore the scalar diffraction theory
is used with only the magnetic field component 𝐻፲.

We start from the Maxwell equation in medium 2

∇ × E = 𝑖𝜔𝜇ኺH, (5.13)
∇ × H = −𝑖𝜔𝜖ኺ𝜖̃E. (5.14)

By substituting Eq. 5.14 into Eq. 5.13, the vectorial Helmholtz equation for the
magnetic field is given by

∇ × (𝜖̃∇ × H) = 𝑘ኼ
ኺH, (5.15)

where 𝑘ኼ
ኺ = 𝜔ኼ𝜖ኺ𝜇ኺ. By setting H = (0, 𝐻፲ , 0), the above vectorial equation can be

simplified to a scalar case

̃𝜖፱
𝜕ኼ𝐻፲
𝜕𝑥ኼ + ̃𝜖፳

𝜕ኼ𝐻፲
𝜕𝑧ኼ + ̃𝜖፱ ̃𝜖፳𝑘ኼ

ኺ𝐻፲ = 0. (5.16)

In order to solve Eq. 5.16, one can introduce 𝑢 = √ ̃𝜖፳𝑥, 𝑣 = √ ̃𝜖፱𝑧. Eq. 5.16 can
hence be simplified to a scalar Helmholtz equation

𝜕ኼ𝐻፲
𝜕𝑢ኼ +

𝜕ኼ𝐻፲
𝜕𝑣ኼ + 𝑘ኼ

ኺ𝐻፲ = 0, (5.17)

with a typical solution being

𝑈(𝑢, 𝑣) = exp(𝑖𝑘ኺ𝜌)
𝜌 , (5.18)
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where 𝜌 = √𝑢ኼ + 𝑣ኼ. This solution is a spherical wave originated from the center of
the coordinate system. Hence by substituting the original variables 𝑥 and 𝑦 back,
Eq. 5.16 has a solution

𝑈(𝑥, 𝑦) = exp(𝑖𝑘ኺ𝑅̃(𝑥, 𝑧))
𝑅̃(𝑥, 𝑧) , (5.19)

where 𝑅̃(𝑥, 𝑧) = √ ̃𝜖፳𝑥ኼ + ̃𝜖፱𝑧ኼ, representing a complex distance from the origin.
The field amplitude and phase of Eq. 5.19 are shown in Fig. 5.6. The HM used

here is an effective HMM made of silver nanowires (parallel to the optical axis 𝑧)
embedded in air. At the wavelength of 633 nm and 𝑓 = 0.70, the permittivi-
ties are 𝜖፱=9.44+0.09i and 𝜖፳=-12.51+0.34i. The solution represents a decaying
directional-emission point source originating from the center. The emission is con-
fined inside the upwards (downwards) cone area [50]. The phase plot in Fig. 5.6b
reveals that the phase follows a hyperbolic shape, where the high-spatial frequency
components are located close to the border of the cone.
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Figure 5.6: The 2D plotting of the function ፔ(፱, ፲) in Eq. 5.19. It is a decaying hyperbolic wave
originating from the center. The field is directionally distributed inside a cone area. The phase of the
field modulate faster close the border of the cone.

Using the Rayleigh diffraction integral, the field distribution at the focal region
can be evaluated by integrating the field at the surface of the hyperlens

𝐻፲(𝑥, 𝑧) = 1
2𝜋 ∫

ፒ
𝐻፲(𝑥ᖣ, 𝑧ᖣ) 𝜕𝑈(𝑥ᖣ, 𝑧ᖣ)

𝜕𝑛 𝑑𝑠, (5.20)

where 𝑥 and 𝑧 denote the coordinates in the focal area; 𝑆 denotes the hyperlens
surface; 𝑛 denotes the normal of the surface; 𝑥ᖣ and 𝑧ᖣ denote the coordinates
on the hyperlens; 𝐻፲(𝑥ᖣ, 𝑧ᖣ) denotes the field distribution at the surface of the
hyperlens. This equation indicates that the field distribution in the focal region
depends on the field distribution on the integral boundary and the first derivative
of the solution of the Helmholtz equation Eq. 5.16.

In Fig. 5.7, the calculated field distributions of the hyperlenses with a constant
focal length 𝐿 = 15𝜆 (the distance from the apex 𝑃ኺ of the lens to the focal center



5

104 5. Hyperlens design under the lossy condition

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

x/

0

0.5

1

-5 -4 -3 -2 -1 0 1 2 3 4 5

|k
x
/k

0
|

0

0.5

1

-20

-10

0

10

20

x/

-30 -20 -10 0

z/

NA=0.5

NA=1.0

NA=2.0

NA=3.0

NA=4.0

(a) (b)

(c)

I

|H
y|

F
(H

y)

Figure 5.7: The comparison of hyperlens performance of different designed NA with a constant focal
distance ፋ ዆ ኻ኿᎘. The HM is made of silver (Ag) nanowires embedded in the air domain with ፟ ዆
ኺ.዁ኺ, where the nanowire is parallel to the optical axis (፳). The wavelength is 633 nm. The effective
permittivities are Ꭸ፱=9.44+0.09i and Ꭸ፳=-12.51+0.34i. (a) Schematics of the hyperlenses. For all
hyperlens profiles, the straighted-lines parts parallel to the ፱-axis are considered as the infinite thin
nontransparent aperture. The red dot ፈ denotes the focal center. The red arrows denote the incident
planewaves from the air side. (b) The normalized amplitude of the magnetic field at the focal plane.
(c) The normalized amplitude of Fourier transform of the corresponding magnetic field in (b).

𝐼) and different NA are shown. It can be seen that the size of the hyperlens gets
larger as the NA increases. Also, the width of the spot reduces for increasing NA.
However, for NA=3.0 and NA=4.0, there is almost no reduction of the spot width.
The minimum spot width in this situation is about 0.34𝜆. The Fourier spectrum in
Fig. 5.7c shows that the spatial frequency of these two lenses are almost identical.
This is because the high-spatial frequency components (𝑘፱/𝑘ኺ > 3) of the field
decay to a negligible value before reaching the focal plane, and hence can not
contribute to the resolution enhancement. This result shows that if this focal length
is chosen, it is impossible to increase the resolution by increasing the NA of the
designed hyperlens (NA>3 in this case). The aperture width of the hyperlens of
NA=3.0 is about 24.8𝜆 = 15.7 um.

In Fig. 5.8, the calculated field distributions of hyperlenses for different focal
lengths are shown. In this situation, the designed NA of the hyperlenses are all
4.0, and the focal length varies from 𝐿 = 5𝜆 to 𝐿 = 35𝜆. One can see that the
profiles of the hyperlenses grow proportionally as the focal length increases, and
the profiles are confined to a cone region with the same asymptotic behavior. In
Fig. 5.8b, the different spot widths at the focal plane are shown. The minimum
spot width of 0.172𝜆 is achieved for 𝐿 = 5𝜆. Its Fourier spectrum in Fig. 5.8c shows
that the spatial frequency reaches up to 5𝑘ኺ. As the focal length increases, the
spot width at the focal plane increases, with the maximum spot width of 0.494𝜆 for
𝐿 = 35𝜆.

The Rayleigh diffraction integral is a semi-analytical method, and becomes less
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Figure 5.8: The comparison of the hyperlens performance for different sizes with a fixed NA=4.0. The
HM considered here is the same as in Fig. 5.7. (a) Schematics of the hyperlenses. For all hyperlens
profiles, the straighted-lines parts parallel to the ፱-axis are considered as the infinite thin non-transparent
aperture. The red dot denotes the focal center ፈ. The red arrows denote the incident planewaves from
the air side. (b) The normalized amplitude of the magnetic field at the focal plane. (c) The normalized
amplitude of Fourier transform of the corresponding magnetic field in (b).
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Figure 5.9: Comparison between the Rayleigh diffraction integral and the FEM simulation for the opti-
mized hyperlens. (a) The spot widths (FWHM) at the focal plane as functions of the focal length of the
hyperlens with a fixed designed NA=4.0. (b)-(d) The calculated normalized focal spot using the Rayleigh
diffraction integral for a focal length of ኽ኿᎘, ኻ኿᎘ and ኿᎘, respectively. (e)-(g) The simulated normalized
focal spot using FEM simulation for a focal length of ኽ኿᎘, ኻ኿᎘ and ኿᎘, respectively.
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accurate for smaller focal length. Here the results are compared with a finite el-
ement method (FEM) simulation using a commercial package (COMSOL 5.2a). In
COMSOL, the boundary condition is defined on the hyperlens surface, which pro-
file and the complex field distribution on it are calculated using geometrical optics
as described in Sec. 5.4. In order to resolve the high-k propagation modes, the
maximum mesh size is set to be 𝜆/60. The field distributions at the focal region
are shown in Fig. 5.9b-g. It can be seen that both the Rayleigh diffraction integral
and the numerical method have similar focal field distributions. The spot widths
get larger for larger focal length 𝐿. Also, the depth of focus becomes larger as 𝐿
increases. It is interesting to see that in both Fig. 5.9b and Fig. 5.9e, although the
beam waists are located at the focal plane 𝑧 = 0, the maximum amplitudes are
located at 𝑧 < 0. The FWHM of the 𝐻፲ amplitude at the focal plane are shown in
Fig. 5.9a. The results of COMSOL simulation are only calculated up to 𝐿 = 35 𝜆 due
to the limited memory of the server. It can be seen that the spot widths calculated
by the Rayleigh diffraction integral show a similar trend as the COMSOL simula-
tion, but smaller compared to the COMSOL simulation. However, in our analysis,
the main goal is to understand the resolution of hyperlens of all sizes; for smaller
geometries, alternative methods such as numerical simulation can have a better
performance. But it is not suitable to use pure numerical method for larger geome-
tries as it requires heavy computation. This result shows that in order to maintain
the performance of the hyperlens, the size of the lens has to be limited.

5.6. Conclusion
In this chapter, the refraction from lossless isotropic material to lossy anisotropic
HM has been studied. The results show that the absorption of the HM reduces the
refraction angle of the transmitted beam. Also the bandgap of the HM becomes
non-ideal due to the absorption and hence the coupling of light to the HM bandgap
becomes possible. It is also shown that the Brewster angle exists at the interface
between air and the HM, indicating that the coupling efficiency can be maximized.

Based on the above analysis, we show that the designed hyperlens profile of the
lossy HM is changed compared to lossless case. In the design, the directional phase
jump at the interface of the lossy HM should be considered. The Rayleigh diffraction
integral is used to evaluate the field distribution at the hyperlens focal region. It is
shown that the resolution reduces as the size of the lens increases. In the example,
a maximum NA of 3 can be achieved for a hyperlens with focal length 𝐿 = 15 𝜆
and width of 24.8 𝜆. The limited NA is caused by the fact that the high-spatial
frequency components decay to a negligible value before reaching the focal plane.
These high-spatial frequency components have a higher propagation attenuation
and also needs to travel longer physical distance before reaching the focus. We
have shown that, for a large hyperlens, it is impossible to achieve better resolution
by increasing the NA of the hyperlens. In the example a designed NA=4.0 hyperlens
can only achieve the desired resolution when the focal length 𝐿 is smaller than 10 𝜆.
The accuracy of the Rayleigh diffraction integral is compared with numerical method
and good agreement is shown.

Although the hyperlens studied here is 2D, it can also be extended to a three
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dimensional (3D) case, which is rotational symmetric along the 𝑧-axis. In this case,
the illumination can be a collimated radial polarized light [6], where on all locations
on the interface the 𝑝-polarized incidence can be maintained.
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5.7. Supplementary Materials
5.7.1. Derivation of Poynting vector in lossy hyperbolic medium.
The HM has a permittivity tensor of the form

𝜖̃ = [
̃𝜖፱ 0 0

0 ̃𝜖፲ 0
0 0 ̃𝜖፳

] , (5.21)

where Re( ̃𝜖፳) < 0 < Re( ̃𝜖፱) = Re( ̃𝜖፲).
For 𝑝-polarized light, the 𝐻፲, 𝐸፱ and 𝐸፳ components are considered. Hence the

magnetic field is given by

H = [
0

𝐻̃፲
0

] = [
0

𝐴̃ፇ exp(𝑖k̃r)
0

] , (5.22)

where 𝐴̃ፇ is the complex amplitude of the magnetic field, k̃ = (𝑘̃፱ , 0, 𝑘̃፳) is the
complex wavevector of the electromagnetic field, r is the spatial coordinate. The
Maxwell’s equations leads to

∇ × H = −𝑖𝜔𝜖ኺ𝜖̃E, (5.23)

E = 𝑖
𝜔𝜖ኺ

𝜖̃ዅኻ∇ × H,

= 𝑖
𝜔𝜖ኺ

𝜖̃ዅኻ [
− Ꭷ

Ꭷ፳ 𝐻፲
0

Ꭷ
Ꭷ፱ 𝐻፲

] ,

= 𝑖
𝜔𝜖ኺ

[
− ̃𝜖ዅኻ

፱
Ꭷ

Ꭷ፳ 𝐻፲
0

̃𝜖ዅኻ
፳

Ꭷ
Ꭷ፱ 𝐻፲

] ,

= [

ኻ
ᎦᎨኺᎨ̃፱

𝑘̃፳𝐻፲
0

− ኻ
ᎦᎨኺᎨ̃፳

𝑘̃፱𝐻፲

] . (5.24)

Hence the time-averaged Poynting vector can be calculated as

⟨S⟩ ≡ 1
2 Re (E × H∗) ,

=
|𝐻፲|ኼ

2𝜔𝜖ኺ
Re⎛

⎝

⎡
⎢
⎢
⎣

፤̃፱
Ꭸ̃፳
0
፤̃፳
Ꭸ̃፱

⎤
⎥
⎥
⎦

⎞

⎠

exp (−2 Im(k̃)r) . (5.25)
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It is very important that the energy-flow should be decaying along the energy
propagation direction. Hence the below condition should be valid

Re⎛

⎝

⎡
⎢
⎢
⎣

፤̃፱
Ꭸ̃፳
0
፤̃፳
Ꭸ̃፱

⎤
⎥
⎥
⎦

⎞

⎠

⋅ Im(k̃) > 0. (5.26)

5.7.2. Derivation of the Fresnel coefficients for anisotropic medium
Here a simple case is discussed, in which the permittivity tensors of both the incident
medium and the transmission medium are diagonal with respect to the Cartesian
coordinate system. In this case, the complex wavevector of the incident light k̃(።),
the reflection light k̃(፫), the transmission light k̃(፭), and the direction of the interface
n are known, the Fresnel coefficients at the interface needs to be determined.

The optical properties of the input/output materials are given by the permittivity
tensors

̃𝜖ኻ = [
𝜖(ኻ)

፱ 0 0
0 𝜖(ኻ)

፲ 0
0 0 𝜖(ኻ)

፳

] , ̃𝜖ኼ = [
𝜖(ኼ)

፱ 0 0
0 𝜖(ኼ)

፲ 0
0 0 𝜖(ኼ)

፳

] . (5.27)

It is not difficult to derive from the Maxwell’s equation that

D ≡ 𝜖ኺ𝜖̃E = H × k
𝜔 . (5.28)

Since only the 𝑝-polarized light is considered, it is easy to write down the magnetic
field components for the incident, reflected and transmitted waves. Assuming the
incident wave amplitude is 1 (|𝐻(።)| = 1), one can have

H(i) = [
0
1
0

] ,H(r) = [
0
𝑟
0

] ,H(t) = [
0
𝑡
0

] . (5.29)

Assuming the wavevectors for the incident, reflected and transmitted waves are
given by

k(i) = [
𝑘(።)

፱
0

𝑘(።)
፳

] ,k(r) = [
𝑘(፫)

፱
0

𝑘(፫)
፳

] ,k(t) = [
𝑘(፭)

፱
0

𝑘(፭)
፳

] . (5.30)

the displacement vector can be calculated

D(i) =
⎡
⎢
⎢
⎣

፤(።)
፳
Ꭶ
0

− ፤(።)
፱
Ꭶ

⎤
⎥
⎥
⎦

,D(r) =
⎡
⎢
⎢
⎣

፫፤(፫)
፳

Ꭶ
0

− ፫፤(፫)
፱

Ꭶ

⎤
⎥
⎥
⎦

,D(t) =
⎡
⎢
⎢
⎣

፭፤(፭)
፳

Ꭶ
0

− ፭፤(፭)
፱

Ꭶ

⎤
⎥
⎥
⎦

. (5.31)
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In the Cartesian coordinate system, the permittivity tensor is diagonal. Hence
it is easy to get the electric field at the interface

E(i) =
⎡
⎢
⎢
⎢
⎣

፤(።)
፳

ᎨኺᎨ(ኻ)
፱ Ꭶ
0

− ፤(።)
፱

ᎨኺᎨ(ኻ)
፳ Ꭶ

⎤
⎥
⎥
⎥
⎦

,E(r) =
⎡
⎢
⎢
⎢
⎣

፫፤(፫)
፳

ᎨኺᎨ(ኻ)
፱ Ꭶ
0

− ፫፤(፫)
፱

ᎨኺᎨ(ኻ)
፳ Ꭶ

⎤
⎥
⎥
⎥
⎦

,E(t) =
⎡
⎢
⎢
⎢
⎣

፭፤(፭)
፳

ᎨኺᎨ(ኼ)
፱ Ꭶ
0

− ፭፤(፭)
፱

ᎨኺᎨ(ኼ)
፳ Ꭶ

⎤
⎥
⎥
⎥
⎦

. (5.32)

The boundary condition impose that the tangential component of electric field is
continuous. Hence, assuming the tangent direction is given by p̂ = ⟨cos(𝛼), 0, − sin(𝛼)⟩,
the tangential components of the electric field are

𝐸(።)
፭ = p̂ ⋅ E(i) = cos(𝛼)𝑘(።)

፳

𝜖ኺ𝜖(ኻ)
፱ 𝜔

+ sin(𝛼)𝑘(።)
፱

𝜖ኺ𝜖(ኻ)
፳ 𝜔

, (5.33)

𝐸(፫)
፭ = p̂ ⋅ E(r) = cos(𝛼)𝑟𝑘(፫)

፳

𝜖ኺ𝜖(ኻ)
፱ 𝜔

+ sin(𝛼)𝑟𝑘(፫)
፱

𝜖ኺ𝜖(ኻ)
፳ 𝜔

, (5.34)

𝐸(፭)
፭ = p̂ ⋅ E(t) = cos(𝛼)𝑡𝑘(፭)

፳

𝜖ኺ𝜖(ኼ)
፱ 𝜔

+ sin(𝛼)𝑡𝑘(፭)
፱

𝜖ኺ𝜖(ኼ)
፳ 𝜔

. (5.35)

Hence one can has the following continuity condition for the electric field and the
magnetic field

cos(𝛼)𝑘(።)
፳

𝜖(ኻ)
፱

+ sin(𝛼)𝑘(።)
፱

𝜖(ኻ)
፳

+ cos(𝛼)𝑟𝑘(፫)
፳

𝜖(ኻ)
፱

+ sin(𝛼)𝑟𝑘(፫)
፱

𝜖(ኻ)
፳

= cos(𝛼)𝑡𝑘(፭)
፳

𝜖(ኼ)
፱

+ sin(𝛼)𝑡𝑘(፭)
፱

𝜖(ኼ)
፳

,

(5.36)

1 + 𝑟 = 𝑡, (5.37)

which in matrix format is

[− ( cos(ᎎ)፤(፫)
፳

Ꭸ(ኻ)
፱

+ sin(ᎎ)፤(፫)
፱

Ꭸ(ኻ)
፳

) ( cos(ᎎ)፤(፭)
፳

Ꭸ(ኼ)
፱

+ sin(ᎎ)፤(፭)
፱

Ꭸ(ኼ)
፳

)
−1 1

] [𝑟
𝑡] = [( cos(ᎎ)፤(።)

፳
Ꭸ(ኻ)

፱
+ sin(ᎎ)፤(።)

፱
Ꭸ(ኻ)

፳
)

1
] .

(5.38)

Hence, the Fresnel coefficients are

[𝑟
𝑡] = [− ( cos(ᎎ)፤(፫)

፳
Ꭸ(ኻ)

፱
+ sin(ᎎ)፤(፫)

፱
Ꭸ(ኻ)

፳
) ( cos(ᎎ)፤(፭)

፳
Ꭸ(ኼ)

፱
+ sin(ᎎ)፤(፭)

፱
Ꭸ(ኼ)

፳
)

−1 1
]

ዅኻ

[( cos(ᎎ)፤(።)
፳

Ꭸ(ኻ)
፱

+ sin(ᎎ)፤(።)
፱

Ꭸ(ኻ)
፳

)
1

] .

(5.39)

5.7.3. Maximum NA of a hyperlens
Here the maximum achievable NA for a lossless HM is derived. The maximum
achievable NA of a hyperlens is equivalent to the maximum achievable transversal
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wavevector 𝑘(max)
፱ inside the HM that is coupled from a planewave from an isotropic

medium. The nominal dispersion curve (𝑘ኺ = 1) is shown in Fig. 5.10. Assuming the
incident beam propagates in the 𝑧 direction, the wavevector for the incident light
in the isotropic medium is parallel to the 𝑧-axis and being 𝑘። = 𝑛።, where 𝑛። is the
refractive index of the incident medium. The wavevector in the HM should be the
intersection point of the dispersion curve of the HM and a line passing through the
point (𝑛። , 0) and parallel to n, where n is the normal direction of the interface. The
maximum NA (maximum 𝑘፱) is achieved only when the line becomes the tangent
line of the hyperbolic dispersion curve.

(i)S

S

pk

(i)k

k

nz
k

x
k

Figure 5.10: Illustration of the achievable maximum NA condition for planewave incident in k-space.
The solid blue and red curve are the isofrequency curve for the dielectric material (incident side) and
the HM (output side). The magenta solid arrows denote the incident wavevector ki, the tangential
wavevector kp and the transmission wavevector kHM, respectively. The projection of ki and kHM on
the interface should be identical and equal to kp. The green arrows are the Poynting vectors of the
incident beam Si and the transmission beam SHM. The solid black line is the line parallel to the interface
while the dark blue arrow denotes the direction of the interface normal.

Assuming the line is represented by 𝑘፱ = 𝛾(𝑘፳ − 𝑛።𝑘ኺ), one can substitute it into
the dispersion relation of the HM, which gives

𝛾ኼ(𝑘፳ − 𝑛።𝑘ኺ)ኼ

𝜖፳
+ 𝑘ኼ

፳
𝜖፱

= 1. (5.40)

By collecting the terms of 𝑘፳, one can has

( 1
𝜖፱

+ 𝛾ኼ

𝜖፳
) 𝑘ኼ

፳ − ( 2𝛾ኼ𝑛።𝑘ኺ
𝜖፳

) 𝑘፳ + 𝛾ኼ𝑛ኼ
። 𝑘ኼ

ኺ
𝜖፳

− 1 = 0. (5.41)

In order to have the line tangent to the dispersion curve of the HM, the discriminant
of the quadratic equation Eq. 5.41 should be zero. Hence one has

( 2𝛾ኼ𝑛።𝑘ኺ
𝜖፳

)
ኼ

− 4 ( 1
𝜖፱

+ 𝛾ኼ

𝜖፳
) ( 𝛾ኼ𝑛ኼ

። 𝑘ኼ
ኺ

𝜖፳
− 1) = 0. (5.42)
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The solutions are

𝛾 = ±√
𝜖፳

𝑛ኼ
። 𝑘ኼ

ኺ − 𝜖፱
. (5.43)

By substituting 𝛾 back to Eq. 5.41, one can find the corresponding maximum 𝑘፳,
𝑘፱, and the corresponding NA

𝑘(max)
፳ = ± 𝜖፱

𝑛።
𝑘ኺ, (5.44)

𝑘(max)
፱ = ±

√𝜖፳(𝑛ኼ
። − 𝜖፱)

𝑛።
𝑘ኺ, (5.45)

𝑁𝐴(max) = | 𝑘(max)
፱
𝑘ኺ

| =
√𝜖፳(𝑛ኼ

። − 𝜖፱)
𝑛።

. (5.46)
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6
Conclusion and outlook

6.1. Conclusion
In this thesis, the simulation, fabrication and experiment of both natural rutile TiO2
crystal and multilayer meta-material (MM) nano-structures are discussed. The nat-
ural TiO2 crystal and all-dielectric multilayer MMs have shown large birefringence
and good trapperbility in optical trapping, which makes them ideal candidates for
optical tweezer applications. In this thesis, we have demonstrated that our optical
tweezer probes can generate both large three-dimensional linear trapping stiffness
and also up to nN ⋅ nm rotational torque. We demonstrated the superior optical
property of the probes both theoretically and experimentally. The fabrication pro-
cess of the probes is mastered and the detailed procedures are discussed.

The metal-dielectric MMs show hyperbolic dispersion property, which can sup-
port either all spatial frequency propagation modes or only high spatial frequency
propagation modes. The former type of the MM is called type I hyperbolic meta-
material (HMMs), and the later one is called type II HMMs. The type I HMM is
capable of propagating all spatial frequency information and it has been demon-
strated as super-resolution lens named hyperlens. We have shown and discussed
that the absorption of the HM plays an important role in the refraction property
of the hyperlens. Therefore, the complex permittivity of the material needs to be
considered in order to achieve the optimal focusing property. Also, we demon-
strated that the absorption of the material severely reduce the optical resolution by
attenuating the propagation of high spatial frequency component in the HM.

We also demonstrated the type II HM can be used as a high-pass filter in optical
waveguide engineering. We demonstrated that by using type II HM as the cladding
material in a planar waveguide, the fundamental mode in the waveguide can be
removed and only higher order modes remain. The waveguide theory of using HMs
as the cladding material of cylindrical waveguide is discussed as well.

Nevertheless, it is noticeable that there are more interesting research works
related to this thesis but have not been discussed in the main chapters of this
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thesis yet. here we briefly discuss the possible future following works.

6.2. Dynamics of optical trapping and rotation
In Chapter 2 and chapter 3, the 3D trapping and rotation of birefringent Rutile TiO2
and MM are discussed. In the discussion, the trapping orientation of the nano-
cylinder particle is assumed to be parallel to the focus beam axis and the optical
axis of the particle is aligned with the linear polarization direction of the beam. The
equilibrium position of the particle is in the center of the focus beam axis. In many
cases this assumption is accurate and it is also verified in our experimental setup. In
the insert of Fig. 6.1, the microscopy image of a cylindrical particle in the trapping
is shown, the scattered field of the particle shows symmetric along the focus axis,
which is an indirect prove that the particle is align with the beam axis. However, in
literature, it is also demonstrated that nano-particle can be trapped with different
orientation including oblique orientation [1]. Also, the dynamic process of how the
particle is driven to the focus center is important. This requires a dynamics modeling
of the particle’s rotation and linear movement as functions of force (torque) and
time. By using COMSOL and Matlab Livelink we are able to achieve this modeling.

Figure 6.1: Schematic of a cylindrical particle of arbitrary orientation. The black axes ፱, ፲, ፳ are the
global Cartesian coordinate. The blue axes ፱ᖣ , ፲ᖣ , ፳ᖣ are the local Cartesian coordinate with ፳ᖣ being the
direction of the cylinder height, ፱ᖣ being the direction of the extraordinary axis of birefringence. T is the
direction of the total optical torque on the particle and the particle is rotated around T with a certain
angle ᎕. ᎎ is the angle between ፱ and the projection of ፳ᖣ in the ፱ ዅ ፲ plane. ᎏ is the angle between
፳ and ፳ᖣ. ᎐ is the angle between ፲ᖣ and the projection of ፲ᖣ in the ፳ ዅ ፳ᖣ plane. The insert is the top
view of a cylindrical particle being trapped in the focus, where the scattered field shows axis symmetric.

In reality, the dynamic movement of nano-particles is a process of accelera-
tion and deceleration of the particles, which considers both the total applied optical
force (or torque) and viscous drag from the surrounding medium. This process is
complex and requires precise description of the particle motion. To simplify the
model, we only consider the optical force and torque. We assume the position (or
rotation) of the particle is perturbed by the optical force (or torque), and we update
the position (or rotation) of the particle iteratively, with a discretized movement (or
rotation) proportional to the applied optical force (or torque) at the previous po-
sition. This simplification is not precise but should be enough for particle position
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tracing purpose as long as the delta of particle movement (or rotation) we used is
small. Since calculating the linear movement of a particle is relatively easy, here
we will mainly discuss the rotation behavior of the particle. We define that, for a
arbitrary oriented birefringent cylinder, the particle is parallel to the 𝑧ᖣ-axis and ex-
traordinary axis is in 𝑥ᖣ, as shown in Fig. 6.1. The axes 𝑥ᖣ, 𝑦ᖣ and 𝑧ᖣ are orthogonal
to each other and define the unique orientation of the particle. We refer this axes
as the local coordinate system.

Since the particle orientation is arbitrary, the permittivity tensor 𝜖 in the global
coordinate is non-diagonal. However, in local coordinate it is still a diagonal tensor
and is given by

𝜖ᖣ = [
𝜖፱ 0 0
0 𝜖፲ 0
0 0 𝜖፳

] . (6.1)

By using the rotation matrix R = [𝑥̂ᖣ; 𝑦̂ᖣ; 𝑧̂ᖣ], where 𝑥̂ᖣ, 𝑦̂ᖣ and 𝑧̂ᖣ are the unit vectors
along the direction of 𝑥ᖣ, 𝑦ᖣ and 𝑧ᖣ, respectively, we are able to find the permittivity
tensor in the global coordinate

𝜖 = R ⋅ 𝜖ᖣ ⋅ Rዅኻ. (6.2)

This tensor can be feed to the COMSOL software to describe the material property
and hence the force (or torque) applied to the arbitrary positioned (or oriented)
particle can be calculated.

In the model, the particle’s linear movement is replaced by the linear movement
of the focus beam, while the angular rotation of the beam can be described by the
rotation along a main axis, where this axis is given by

T = Tx + Ty + Tz, (6.3)

where Tx, Ty and Tz are the torque applied on the particle along the 𝑥, 𝑦 and 𝑧 axis.
Please note that while updating the rotation of the particle, not only the particle
itself needs to be rotated, by also the global optical permittivity tensor needs to be
update accordingly.

This torque T will make the particle rotate counterclockwise around the axis
given by 𝑇̂. This means that the local coordinate system needs to rotate around 𝑇̂
as well. Assuming the rotation angle is given by 𝜃, by using the Euler–Rodrigues
formula, the new local coordinates are given by

𝑥̂ᖣ
፫፨፭ = 𝑥̂ᖣ cos𝜃 + (𝑇̂ × 𝑥̂ᖣ) sin𝜃 + 𝑇̂(𝑇̂ ⋅ 𝑥̂ᖣ)(1 − cos𝜃), (6.4)

𝑦̂ᖣ
፫፨፭ = 𝑦̂ᖣ cos𝜃 + (𝑇̂ × 𝑦̂ᖣ) sin𝜃 + 𝑇̂(𝑇̂ ⋅ 𝑦̂ᖣ)(1 − cos𝜃), (6.5)

𝑧̂ᖣ
፫፨፭ = 𝑧̂ᖣ cos𝜃 + (𝑇̂ × 𝑧̂ᖣ) sin𝜃 + 𝑇̂(𝑇̂ ⋅ 𝑧̂ᖣ)(1 − cos𝜃), (6.6)

where 𝜃 is the angle that the particle rotates.
In Fig. 6.2, an example is illustrated. The particle considered here is a Rutile

TiO2 particle of diameter 200 nm and aspect ratio of 4. The linear polarized (in 𝑥)
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Figure 6.2: the linear position (a) and angular position (b) of the simulated cylinder as a function of
simulation iterations. The particle converges to the center of the focus and being vertically aligned with
the beam axis.

focus beam is of NA=1.2, and incident on the particle from the negative 𝑧-axis. The
starting position of the particle is at (𝑥, 𝑦, 𝑧)=(500,0,0) nm, with the orientation of
(𝛼, 𝛽, 𝛾) = (90,45,0) Deg. Here 𝛼 is the angle between the projection of 𝑧̂ in the
𝑥𝑦-plane and the positive 𝑥-axis. 𝛽 is the angle between the 𝑧ᖣ-axis and the 𝑧-axis.
𝛾 is the angle between 𝑦ᖣ-axis and projection of it in the plane given by 𝑧 and 𝑧ᖣ. In
Fig. 6.2(a), it is clearly shown that the particle moves towards the focus center while
the lateral positions 𝑥 and 𝑦 get close to zero in the end. It is also shown that the
vertical position 𝑧 of the particle get increase first and then reduce to a certain value
around 200 nm, which is the 𝑧-equilibrium position of the trapping. In Fig. 6.2(b)
the orientation of the particle is shown. As predicted, the cylindrical particle is
aligned with optical axis 𝑧 of the laser beam (𝛽 reduces to zero). Also it is shown
that eventually the extraordinary axis is 180 Deg aligned with the 𝑥-axis. However,
the angle of 𝛼 changes dramatically in the simulation, which is not consistency as
what we expected. This preliminary result should be further improved.

6.3. Simultaneous force and torque measurement
In our OTW experiment, we provide probe particles that can simultaneously achieve
large linear and angular stiffness, which can be beneficial in many biological appli-
cations. However, the simultaneous measurement of large force and torque is not
in the scope of the chapter and it is sometimes necessary, as shown in [2]. Nev-
ertheless, in our optical setup we do have the potential to conduct simultaneous
measurement of force and torque, as both detectors are in the setup and not block-
ing each other. Here we briefly discuss the possibility and the potential problems.

When one consider measure both torque and force simultaneous, the crosstalk
of the signals needs to be considered and minimized. This crosstalk between the
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rotational and translational degrees of freedom can be originated from both the
inherent dynamics of the Rutile TiO2 cylinders as well as the measurements per-
formed on them. Physical correlations between rotational and translational degrees
of freedom will occur because rutile TiO2 cylinders exhibit both optical and geomet-
rical anisotropy, and this will influence their dynamics within a tightly focused beam.
Additionally, there can be crosstalk due to the measurement configuration of the
setup or the employed signal detectors. Highly precise calibration and in-depth
calculations for simultaneous measurements are thus complex and will need to be
separately addressed for specific applications.

We also expect the maximum achievable force and torque will be reduced when
conducting simultaneous force and torque measurement. For instance, we mod-
ulate the movement of particle in lateral direction when measuring lateral force.
if the torque measurement is also conduct during the modulation, the amount of
average torque will be reduced as the particle is not always in the center of the
optical axis, when the light-matter interaction is maximum. On the other hand, the
difference of force in 𝑥 and 𝑦 will not exist as we rotate the linear polarized beam
at a large frequency, the measure force along this two directions will be averaged
out.

6.4. Hyperbolic material for nanoparticle detection
In Chapter 4 and chapter 5, we discuss the application of hyperbolic materials
in waveguide application, and showed that the type II HM can support only high
spatial-frequency propagating waves. This optical property can be utilized for nano-
particle detection. A nano-particle can scatter the incident light coming from free
space and generate variants of spatial frequency information. The particle is no
detectable because 1) The high spatial frequency components (𝑘 > 𝑘ኺ, where 𝑘ኺ is
the wavenumber in free space) of the scattered light are evanescent waves, which
can not be propagated and stays in the near field; 2) the scattered field intensity is
too low and being buried in the incident field background, which signal to noise ratio
is too low for detection. In order to solve this problem, the type II HM can be used
to filter out the incident field (𝑘።፧ < 𝑘ኺ) and keep only the scattered field. Assuming
that the nano-particle needs to be detected lays on top of a type II HM, the incident
light comes from the free space with the wavenumber equals to 𝑘ኺ. The incident
light hits the nano-particle and it is partially converted to scattered light and the
majority of the light experiences specular reflection from the HM surface. This is
because the transversal wavenumber of the incident light is too small and located in
the bandgap of the HM. However, the nano-particle generate a spectrum of spatial
frequency from zero to very large. Only those spatial frequency components that
are larger than the bandgap of the HM will be coupled into the HM and become
propagating waves. Therefore, inside the HM only scattered light presents and the
background noise is filtered out. Hence the signal to noise ratio is highly increased.

In Fig. 6.3, a two dimensional simulation is shown. In the simulation, a cylin-
drical SiO2 (𝜖 = 2.25) particle of radius 0.5 𝜆 is located on top of a type II mul-
tilayer HM material. The HM meta-material consists of Au (𝜖 = −50 + 2.08𝑖) and
SiO2 (𝜖 = 2.25), with a filling ratio of 0.3. A Gaussian beam hits the particle and
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Figure 6.3: Magnetic field |ፇ፳| of a Gaussian beam incident on a type II HM material substrate with
normal incident angle. The HM meta-material consists of Au (Ꭸ ዆ ዅ኿ኺ ዄ ኼ.ኺዂ።) and SiO2 (Ꭸ ዆ ኼ.ኼ኿),
with a filling ratio of 0.3. (a) The light is 100% reflected as there is no particle located on top of the
HM. (b) A SiO2 particle (diameter=1×᎘) locates on top of a type II HM material substrate. The particle
scatters light and part of the scattered light enters the HM substrate.)

being mostly reflected. Nevertheless, the HM substrate is able to pick up the scat-
tered light generated from the particle and convert them into propagation wave in
the HM.

Now the remaining task is to detect the propagating waves inside the HM. This
waves has spatial frequency larger than 𝑘ኺ and can no be propagated in free-space.
This means we need to convert the scattered field to lower spatial frequency again
in order to detect them in the far-field. This can be achieved by either having a
scattering layer (e.g. grating) on the other side of the HM or having a fluorescent
layer and couple the light to incoherent propagating waves.

6.5. Hyperlens for extended object
In Chapter 5 the super-resolution focusing property of the hyperlens is discussed
and it is shown that the hyperlens is capable of focusing the light into a sub-
wavelength spot. In the chapter only normal incident planewave is discussed (on-
axis). However, it is well known that for high-NA optical systems, the aberrations
are large and need to be optimized. For instance, the imaging property of off-axis
object is highly influenced by the coma aberration. Therefore, imaging of an ex-
tended object is required, which is not considered and optimized in the current
hyperlens design.

In order to improve the imaging property of hyperlens, similar to modern mi-
croscopy objective assembly, multiple lens can be introduced in order to reduce
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the amount of aberrations. Here we propose to use the simultaneous multiple sur-
face (SMS) method [3] to find a multi interfaces hyperlens profile for extended
object imaging. The SMS method traces a number of off-axis imaging points and
construct a non-spherical lens profile in order to have minimum aberrations on this
points. Although the aberration of the on-axis point is increased, the overall total
aberrations is reduced in the field of view. Once the lens profile is constructed, one
can use this as a good starting point for optimization algorithm (e.g. in CodeV or
Zemax) and find a local minimum of the aberration.

x/
-1-2 0 1 2

|E
| 
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/m
)

x
/

z/

(a) (b)

air
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Figure 6.4: (a) The reconstructed hyperlens profile (blue) using SMS method. The object points (black
dots) are located at (z,x)=(-10,±4) ᎘ and the two image points (red dots) are located at (z,x)=(30,±1) ᎘.
The red and green lines are the traces of the rays for the the off-axis objects. The materials used here
are air (left, Ꭸ ዆ ኻ), glass (middle, Ꭸ ዆ ኼ.ኼ኿) and HM (right, Ꭸ፳ ዆ ዅኽ ዄ ኺ.ኻ። and Ꭸ፱ ዆ ኻኺ ዄ ኺ.ኻ።).
(b) Numerical simulated electric field amplitude of the hyperlens in (a). The two point objects are two
dipoles with dipole moment along ፳. (c) Cross-section of the image plane in (b). The insert is the focal
region in the green box of (b).

Here we demonstrate a hyperlens profile constructed by the SMS method. As
shown in Fig. 6.4 (a), an extra glass layer (𝜖፠፥ፚ፬፬ = 2.25) is inserted between
air (on the left) and HM (on the right) such that the hyperlens consists of two
interfaces. The permittivity of the HM used here are 𝜖፳ = −3 + 0.1𝑖 and 𝜖፱ =
10 + 0.1𝑖. The two symmetric off-axis points are defined at (z,x)=(-10,±4) 𝜆, and
the two symmetric image points are defined at (z,x)=(30,±1) 𝜆, where the lateral
magnification is chosen to be 4. The two blue interfaces are constructed hyperlens
profile using SMS method, where the apex of the lens are defined at (z,x)=(17,0) 𝜆
and (z,x)=(22,0) 𝜆. The blue circles on the hyperlens are the points where SMS
method is used for constructing the interfaces. The red and green lines are the
traces of the rays for the the off-axis objects. The reconstructed hyperlens can
support maximum 𝑘፱ = 3.23𝑘ኺ, corresponding to 𝑁𝐴፦ፚ፱ = 3.23. In Fig. 6.4 (b),
the numerical simulation result of the electric field amplitude is shown, where the
two dipole sources of dipole moment in 𝑧 are used as the point objects. It can be
seen that in the HM area, two images are shown at the image plane. The cross-
section of this image plane is shown in Fig. 6.4 (c). The peaks of the spots are
at 𝑥 = ±1𝜆, which is the same as design. Moreover, the shape of the profile are
symmetric, which indicates the coma aberration is small.
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A
Derivation of the analytical
equation for optical torque

transfer from a linearly
polarized plane wave to an
infinitely wide birefringent

plate with uniform thickness.

The purpose of this section is to confirm the validity of Eq. 2.1, as in the literature
many different forms of this equation exist in the absence of detailed derivation [1–
4]. First, we start with torque on a single dipole in a plate:

𝜏 = 𝑝⃗ × 𝐸⃗, (A.1)

where 𝑝⃗ is the electric dipole moment and 𝐸⃗ is the electric field in the plate [5].
We can derive the torque per unit volume of a dielectric plate of uniform thickness
perpendicular to the beam propagation direction by considering multiple dipoles in
a given volume:

𝑁𝜏 = 𝑁𝑝⃗ × 𝐸⃗ = 𝑃⃗ × 𝐸⃗ = 𝜖ኺ𝜒𝐸⃗ × 𝐸⃗, (A.2)

where 𝑁 is the number of dipoles, 𝑃⃗ is the polarization per unit volume, 𝜖ኺ is the
vacuum permittivity, and 𝜒 is the electric susceptibility tensor in the plate. The
input beam is set to be a plane wave that propagates in the 𝑧-direction, being
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linearly polarized in 𝑥 − 𝑦 plane. Thus, the electric field 𝐸⃗ has zero intensity in the
𝑧-dimension (𝐸፳ = 0) and hence torque is applied in the z-direction only:

𝑁𝜏 = [
𝜒፱ 0 0
0 𝜒፲ 0
0 0 𝜒፳

] [
𝐸፱
𝐸፲
0

] × [
𝐸፱
𝐸፲
0

] = 𝜖ኺ [
0
0

(𝜒፱ − 𝜒፲)𝐸፱𝐸፲
] . (A.3)

Using the known relationship 𝜒 = 𝑛ኼ − 1, the torque in the 𝑧 direction can be
described as:

𝑁𝜏፳ = 𝜖ኺ(𝜒፱ − 𝜒፲)𝐸፱𝐸፲ = 𝜖ኺ(𝑛ኼ
፱ − 𝑛ኼ

፲)𝐸፱𝐸፲ . (A.4)

In Eq. A.4, the electric field vectors (𝐸፱, 𝐸፲) in time 𝑡 and space 𝑧 are defined as:

𝐸፱ = 𝐸፱(𝑧, 𝑡) = 𝐸ኺ,፱ cos(𝑘፱𝑧 − 𝜔𝑡), (A.5)
𝐸፲ = 𝐸፲(𝑧, 𝑡) = 𝐸ኺ,፲ cos(𝑘፲𝑧 − 𝜔𝑡),

where 𝐸ኺ,፱ = 𝐸ኺ cos  (𝜃), 𝐸ኺ,፲ = 𝐸ኺ sin  (𝜃), and 𝜃 is the angle between the 𝑥-axis
and the linear polarization direction of the electric field with amplitude 𝐸ኺ in the
plate. Also, 𝑘፱ = 𝑘ኺ𝑛፱, 𝑘፲ = 𝑘ኺ𝑛፲, while 𝑛፱, 𝑛፲ are refractive indices of the plate
along the 𝑥- and 𝑦-axis, 𝑘፱, 𝑘፲ are wavenumbers in the plate along the 𝑥- and
𝑦-axis, and 𝑘ኺ = 𝜔/𝑐 is the wavenumber in vacuum (here, 𝜔 is the laser optical
frequency and 𝑐 is the speed of light in vacuum). We rewrite Eq. A.5 similarly to
Beth’s derivation [3]:

𝐸፱(𝑧, 𝑡) = 𝐸ኺ,፱ cos  (
(𝑘፱ + 𝑘፲)

2 𝑧 +
(𝑘፱ − 𝑘፲)

2 𝑧 − 𝜔𝑡) = 𝐸ኺ,፱ cos  (𝑍 + 𝐷), (A.6)

𝐸፲(𝑧, 𝑡) = 𝐸ኺ,፲ cos  (
(𝑘፱ + 𝑘፲)

2 𝑧 +
(𝑘፱ − 𝑘፲)

2 𝑧 − 𝜔𝑡) = 𝐸ኺ,፲ cos  (𝑍 − 𝐷),

where 𝑍 = 𝑘𝑧 − 𝜔𝑡 and 𝐷 = Δ𝑘𝑧/2 (here, 𝑘 = (𝑘፱ + 𝑘፲)/2, Δ𝑘 = 𝑘፱ − 𝑘፲ = 𝑘ኺ(𝑛፱ −
𝑛፲) = 𝑘ኺΔ𝑛). Using trigonometric identities, we can further simplify the factor 𝐸፱𝐸፲
in Eq. A.4. This allows us to express the 𝑧-component of the instantaneous torque
per unit volume as:

𝑁𝜏፳ = 𝜖ኺ(𝑛ኼ
፱ − 𝑛ኼ

፲)𝐸፱𝐸፲ =
𝜖ኺ(𝑛ኼ

፱ − 𝑛ኼ
፲)𝐸ኼ

ኺ
4 sin(2𝜃) (cos(2𝑍) + cos(2𝐷)) , (A.7)

and its time-averaged variant as:

⟨𝑁𝜏፳⟩ = 1
𝑇 ∫

ፓ

ኺ
𝑑𝑡𝑁𝜏፳ =

𝜖ኺ(𝑛ኼ
፱ − 𝑛ኼ

፲)𝐸ኼ
ኺ

4 sin(2𝜃) cos(𝑧Δ𝑘). (A.8)
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To obtain the torque per unit area for a given plate thickness (i.e., height) ℎ, we
integrate along the 𝑧-axis:

∫
፡

ኺ
𝑑𝑧⟨𝑁𝜏፳⟩ = ℎ𝑁⟨𝜏፳⟩ =

𝜖ኺ(𝑛ኼ
፱ − 𝑛ኼ

፲)𝐸ኼ
ኺ

4 sin(2𝜃) ( 1
Δ𝑘 [sin(𝑧Δ𝑘)]፡

ኺ ) (A.9)

=
𝜖ኺ𝑐(𝑛ኼ

፱ − 𝑛ኼ
፲)𝐸ኼ

ኺ
4𝜔Δ𝑛 sin(2𝜃) sin(ℎΔ𝑘)

= 𝜖ኺ𝑛𝑐𝐸ኼ
ኺ

2𝜔 sin(2𝜃) sin(ℎ𝑘ኺΔ𝑛),

where 𝑛 is the mean index (i.e., 𝑛 = (𝑛፱ + 𝑛፲)/2) of the plate. Finally, the torque
per plate volume can be obtained by rewriting 𝑁 = 𝑁፝/𝑉 = 𝑁፝/ℎ𝑆, where 𝑁፝ is the
total number of dipoles within the plate and 𝑆 is the area of the plate surface with
which the beam interacts:

⟨𝜏፳,፭፨፭ፚ፥⟩ = 𝑁፝⟨𝜏፳⟩ = 𝑆𝜖ኺ𝑛𝑐𝐸ኼ
ኺ

2𝜔 sin(ℎ𝑘ኺΔ𝑛) sin(2𝜃), (A.10)

which is identical to the amplitude of torque in Eq. 2.1 in the main text. We note that
this equation is derived under the idealized condition of a plane wave interacting
only with an infinitely wide plate of uniform thickness. It does not take into account
the surrounding medium, and as such, the accompanying reflections at the material
interfaces. When we use such idealized conditions in our FEM calculations, we
obtain results identical to those predicted by Eq. 2.1 (Supplementary Fig. 2.14;
although a plate of finite size, e.g., 300 nm×300 nm surface area, is required by
FEM models, it is equivalent to the infinite case when light diffraction near the
plate edges is ignored). Therefore, torque values acquired under non-ideal but
realistic conditions deviate from the predictions of Eq. 2.1. As further detailed in
Supplementary Fig. 2.5, one such example is a particle with a finite size trapped by
a tightly-focused beam, e.g., rutile TiO2 experiments in OTW as shown in Fig. 2.1e.
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B
Dispersion relationship

derivation for waveguides
with anisotropic cladding

B.1. Planar waveguide
We start with Maxwell equations:

∇ × 𝐸⃗ = 𝑖𝜔𝜇ኺ𝐻⃗, (B.1)
∇ × 𝐻⃗ = −𝑖𝜔𝜖ኺ ̄𝜖𝐸⃗. (B.2)

Substitute equation B.2 to equation B.1, and for time harmonic field we get

∇ × [
𝜖ዅኻ

፱ 𝑥̂∇ × 𝐻⃗
𝜖ዅኻ

፲ 𝑦̂∇ × 𝐻⃗
𝜖ዅኻ

፳ 𝑧̂∇ × 𝐻⃗
] = ∇ × [

𝑋̇
𝑌̇
𝑍̇

] = 𝑘ኼ
ኺ𝐻⃗ = 𝑘ኼ

ኺ [
𝐻፱
𝐻፲
𝐻፳

] . (B.3)

For a TM polarized field, only y component of magnetic field exists and has the
form 𝐻፲ = 𝐻(𝑥) exp(𝑖𝛽𝑧). Therefore, the above equation can be simplified to:

𝜕𝑍̇
𝜕𝑥 − 𝜕𝑋̇

𝜕𝑧 = −𝑘ኼ
ኺ𝐻፲ . (B.4)

By substituting the value

𝑋̇ = −𝜖ዅኻ
፱

𝜕𝐻፲
𝜕𝑧 , (B.5)

𝑍̇ = 𝜖ዅኻ
፳

𝜕𝐻፲
𝜕𝑥 , (B.6)
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into equation B.4, we get:

𝜕ኼ𝐻፲
𝜕𝑥ኼ + ( 𝜖፳

𝜖፱

𝜕ኼ

𝜕𝑧ኼ − 𝜖፳𝑘ኼ
ኺ)𝐻፲ = 0. (B.7)

Substitute 𝐻፲ = 𝐻(𝑥) exp(𝑖𝛽𝑧) in the equation above we get:
𝜕ኼ𝐻(𝑥)

𝜕𝑥ኼ + (𝜖፳𝑘ኼ
ኺ − 𝜖፳

𝜖፱
𝛽ኼ)𝐻(𝑥) = 0. (B.8)

• In the core area, we have isotropic material, which 𝜖፱ = 𝜖፳ = 𝜖፜. the equation
B.8 becomes:

𝜕ኼ𝐻(𝑥)
𝜕𝑥ኼ + (𝜖፜𝑘ኼ

ኺ − 𝛽ኼ)𝐻(𝑥) = 0. (B.9)

The solution of this equation is:

𝐻(𝑥) = 𝐶ኻ exp(𝑖𝑘፱𝑥) + 𝐶ኼ exp(−𝑖𝑘፱𝑥), (B.10)

where 𝑘ኼ
፱ = 𝜖፜𝑘ኼ

ኺ − 𝛽ኼ.
As the waveguide is axial symmetry at 𝑥 = 0, the above result can be decom-
posed in two orthogonal sets:

odd mode ∶ 𝐻(𝑥) = 𝐴 sin(𝑘፱𝑥), (B.11)
even mode ∶ 𝐻(𝑥) = 𝐴 cos(𝑘፱𝑥). (B.12)

The electric field can be easily derived by taking the curl of the magnetic field:

odd mode ∶ 𝐸⃗ = (𝐸፱ , 0, 𝑖𝑘፱
𝜔𝜖ኺ𝜖፜

𝐴 cos(𝑘፱𝑥)) , (B.13)

even mode ∶ 𝐸⃗ = (𝐸፱ , 0, − 𝑖𝑘፱
𝜔𝜖ኺ𝜖፜

𝐴 sin(𝑘፱𝑥)) . (B.14)

• In the HMM cladding area, the energy must be exponentially decayed from
the interface. Those force us to have the solution of the form:

𝐻(𝑥) = 𝐶ኽ exp(−𝛾፡|𝑥|), (B.15)

where 𝛾ኼ
፡ = Ꭸ፳

Ꭸ፱
𝛽ኼ − 𝜖፳𝑘ኼ

ኺ > 0.
By taking the curl of the magnetic field, the electric field become:

𝐸⃗ = (𝐸፱ , 0, −sgn(𝑥) 𝑖𝛾፡
𝜔𝜖ኺ𝜖፳

𝐵 exp(𝛾፡|𝑥|)) . (B.16)

The boundary condition tells us that 𝐻፲ and 𝐸፳ are continuous at the interface
𝑥 = ±𝑎. Therefore, by letting the field on both side equal, two orthogonal dispersion
equations can be derived:

odd modes ∶ tan(𝑘፱𝑎) = − 𝑘፱𝜖፳
𝛾፳𝜖፜

, (B.17)

even modes ∶ cot(𝑘፱𝑎) = 𝑘፱𝜖፳
𝛾፳𝜖፜

. (B.18)
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B.2. Cylindrical waveguide dispersion relation
From the main text in Chapter 4.3, we have the below boundary conditions

𝐴𝐽᎚(𝜅፜𝑟ኺ) − 𝐶𝑓(𝑟ኺ) = 0,
(B.19)

𝐵𝐽᎚(𝜅፜𝑟ኺ) − 𝐷𝑔(𝑟ኺ) = 0,
(B.20)

𝛽𝜈𝜅ኼ
Ꭻ,፫𝐴𝐽᎚(𝜅፜𝑟ኺ) + 𝑖𝜔𝜇ኺ𝑟ኺ𝜅ኼ

Ꭻ,፫𝜅፜𝐵𝐽ᖣ
᎚(𝜅፜𝑟ኺ) − 𝛽𝜈𝜅ኼ

፜ 𝐶𝑓(𝑟ኺ) − 𝑖𝜔𝜇ኺ𝜇፫𝑟ኺ𝜅ኼ
፜ 𝐷𝑔(𝑟ኺ)ᖣ = 0,

(B.21)

𝑖𝜔𝜖ኺ𝜖፜𝑟ኺ𝜅ኼ
፫,Ꭻ𝜅፜𝐴𝐽ᖣ

᎚(𝜅፜𝑟ኺ) − 𝛽𝜈𝜅ኼ
፫,Ꭻ𝐵𝐽᎚(𝜅፜𝑟ኺ) − 𝑖𝜔𝜖ኺ𝜖፫𝑟ኺ𝜅ኼ

፜ 𝐶𝑓(𝑟ኺ)ᖣ + 𝛽𝜈𝜅ኼ
፜ 𝐷𝑔(𝑟ኺ) = 0.

(B.22)

If we rewrite the above equations in matrix form, and setting the determinant
to zero, we can have the dispersion formula.

for matrix of the form

𝑀 =

⎡
⎢
⎢
⎢
⎢
⎣

𝐴ኻ 0 −𝐴ኽ 0
0 𝐵ኼ 0 −𝐵ኾ

𝐶ኻ 𝑖𝐶ኼ −𝐶ኽ −𝑖𝐶ኾ

𝑖𝐷ኻ −𝐷ኼ −𝑖𝐷ኽ 𝐷ኾ

⎤
⎥
⎥
⎥
⎥
⎦

, (B.23)

𝑑𝑒𝑡(𝑀) = + 𝐴ኻ 𝐵ኼ (𝐶ኾ 𝐷ኽ − 𝐶ኽ 𝐷ኾ) + 𝐴ኻ 𝐵ኾ (𝐶ኽ 𝐷ኼ − 𝐶ኼ 𝐷ኽ)
+ 𝐴ኽ 𝐵ኼ (𝐶ኻ 𝐷ኾ − 𝐶ኾ 𝐷ኻ) + 𝐴ኽ 𝐵ኾ (𝐶ኼ 𝐷ኻ − 𝐶ኻ 𝐷ኼ), (B.24)

in which

𝐴ኻ 𝐵ኼ (𝐶ኾ 𝐷ኽ − 𝐶ኽ 𝐷ኾ)
=𝐽ኼ

᎚ (𝑟ኺ) [𝜔ኼ𝜇ኺ𝜖ኺ𝜖፫𝜇፫𝑟ኼ
ኺ 𝜅ኾ

፜ 𝑔ᖣ(𝑟ኺ)𝑓ᖣ(𝑟ኺ) − 𝛽ኼ𝜈ኼ𝜅ኾ
፜ 𝑔(𝑟ኺ)𝑓(𝑟ኺ)] , (B.25)

𝐴ኻ 𝐵ኾ (𝐶ኽ 𝐷ኼ − 𝐶ኼ 𝐷ኽ)
=𝐽᎚(𝜅፜𝑟ኺ)𝑔(𝑟ኺ) [𝛽ኼ𝜈ኼ𝜅ኼ

፜ 𝜅ኼ
፫,Ꭻ𝑓(𝑟ኺ)𝐽᎚(𝑟ኺ) − 𝜔ኼ𝜖ኺ𝜇ኺ𝜖፫𝑟ኼ

ኺ 𝜅ኽ
፜ 𝜅ኼ

Ꭻ,፫𝑓ᖣ(𝑟ኺ)𝐽ᖣ
᎚(𝑟ኺ)] , (B.26)

𝐴ኽ 𝐵ኼ (𝐶ኻ 𝐷ኾ − 𝐶ኾ 𝐷ኻ)
=𝐽᎚(𝜅፜𝑟ኺ)𝑓(𝑟ኺ) [𝛽ኼ𝜈ኼ𝜅ኼ

፜ 𝜅ኼ
Ꭻ,፫𝑔(𝑟ኺ)𝐽᎚(𝜅፜𝑟ኺ) − 𝜔ኼ𝜖ኺ𝜇ኺ𝜖፜𝜇፫𝑟ኼ

ኺ 𝜅ኽ
፜ 𝜅ኼ

፫,Ꭻ𝑔ᖣ(𝑟ኺ)𝐽ᖣ
᎚(𝑟ኺ)] ,

(B.27)

𝐴ኽ 𝐵ኾ (𝐶ኼ 𝐷ኻ − 𝐶ኻ 𝐷ኼ)
=𝑔(𝑟ኺ)𝑓(𝑟ኺ) [𝜔ኼ𝜖ኺ𝜇ኺ𝜖፜𝑟ኼ

ኺ 𝜅ኼ
፜ 𝜅ኼ

፫,Ꭻ𝜅ኼ
Ꭻ,፫(𝐽ᖣ

᎚(𝜅፜𝑟ኺ))ኼ − 𝛽ኼ𝜈ኼ𝜅ኼ
፫,Ꭻ𝜅ኼ

Ꭻ,፫(𝐽᎚(𝜅፜𝑟ኺ))ኼ] . (B.28)
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Hence,

𝑑𝑒𝑡(𝑀) =𝐽ኼ
᎚ (𝑟ኺ) [𝜔ኼ𝜇ኺ𝜖ኺ𝜖፫𝜇፫𝑟ኼ

ኺ 𝜅ኾ
፜ 𝑔ᖣ(𝑟ኺ)𝑓ᖣ(𝑟ኺ) − 𝛽ኼ𝜈ኼ𝜅ኾ

፜ 𝑔(𝑟ኺ)𝑓(𝑟ኺ)]
+𝐽᎚(𝜅፜𝑟ኺ)𝑔(𝑟ኺ) [𝛽ኼ𝜈ኼ𝜅ኼ

፜ 𝜅ኼ
፫,Ꭻ𝑓(𝑟ኺ)𝐽᎚(𝑟ኺ) − 𝜔ኼ𝜖ኺ𝜇ኺ𝜖፫𝑟ኼ

ኺ 𝜅ኽ
፜ 𝜅ኼ

Ꭻ,፫𝑓ᖣ(𝑟ኺ)𝐽ᖣ
᎚(𝑟ኺ)]

+𝐽᎚(𝜅፜𝑟ኺ)𝑓(𝑟ኺ) [𝛽ኼ𝜈ኼ𝜅ኼ
፜ 𝜅ኼ

Ꭻ,፫𝑔(𝑟ኺ)𝐽᎚(𝜅፜𝑟ኺ) − 𝜔ኼ𝜖ኺ𝜇ኺ𝜖፜𝜇፫𝑟ኼ
ኺ 𝜅ኽ

፜ 𝜅ኼ
፫,Ꭻ𝑔ᖣ(𝑟ኺ)𝐽ᖣ

᎚(𝑟ኺ)]

+𝑔(𝑟ኺ)𝑓(𝑟ኺ) [𝜔ኼ𝜖ኺ𝜇ኺ𝜖፜𝑟ኼ
ኺ 𝜅ኼ

፜ 𝜅ኼ
፫,Ꭻ𝜅ኼ

Ꭻ,፫(𝐽ᖣ
᎚(𝜅፜𝑟ኺ))ኼ − 𝛽ኼ𝜈ኼ𝜅ኼ

፫,Ꭻ𝜅ኼ
Ꭻ,፫(𝐽᎚(𝜅፜𝑟ኺ))ኼ]

=0. (B.29)

Divided by 𝐽ኼ
᎚ (𝑟ኺ)𝑔(𝑟ኺ)𝑓(𝑟ኺ) we can get

[𝜔ኼ𝜇ኺ𝜖ኺ𝜖፫𝜇፫𝑟ኼ
ኺ 𝜅ኾ

፜
𝑔ᖣ(𝑟ኺ)𝑓ᖣ(𝑟ኺ)
𝑔(𝑟ኺ)𝑓(𝑟ኺ) − 𝛽ኼ𝜈ኼ𝜅ኾ

፜ ]

+ [𝛽ኼ𝜈ኼ𝜅ኼ
፜ 𝜅ኼ

፫,Ꭻ − 𝜔ኼ𝜖ኺ𝜇ኺ𝜖፫𝑟ኼ
ኺ 𝜅ኽ

፜ 𝜅ኼ
Ꭻ,፫

𝑓ᖣ(𝑟ኺ)𝐽ᖣ
᎚(𝑟ኺ)

𝑓(𝑟ኺ)𝐽᎚(𝑟ኺ) ]

+ [𝛽ኼ𝜈ኼ𝜅ኼ
፜ 𝜅ኼ

Ꭻ,፫ − 𝜔ኼ𝜖ኺ𝜇ኺ𝜖፜𝜇፫𝑟ኼ
ኺ 𝜅ኽ

፜ 𝜅ኼ
፫,Ꭻ

𝑔ᖣ(𝑟ኺ)𝐽ᖣ
᎚(𝑟ኺ)

𝑔(𝑟ኺ)𝐽᎚(𝑟ኺ) ]

+ [𝜔ኼ𝜖ኺ𝜇ኺ𝜖፜𝑟ኼ
ኺ 𝜅ኼ

፜ 𝜅ኼ
፫,Ꭻ𝜅ኼ

Ꭻ,፫( 𝐽ᖣ
᎚(𝜅፜𝑟ኺ)

𝐽᎚(𝜅፜𝑟ኺ) )ኼ − 𝛽ኼ𝜈ኼ𝜅ኼ
፫,Ꭻ𝜅ኼ

Ꭻ,፫]

=0, (B.30)

[𝜔ኼ𝜇ኺ𝜖ኺ𝜖፫𝜇፫𝑟ኼ
ኺ 𝜅ኾ

፜
𝑔ᖣ(𝑟ኺ)𝑓ᖣ(𝑟ኺ)
𝑔(𝑟ኺ)𝑓(𝑟ኺ) ]

− [𝜔ኼ𝜖ኺ𝜇ኺ𝜖፫𝑟ኼ
ኺ 𝜅ኽ

፜ 𝜅ኼ
Ꭻ,፫

𝑓ᖣ(𝑟ኺ)𝐽ᖣ
᎚(𝑟ኺ)

𝑓(𝑟ኺ)𝐽᎚(𝑟ኺ) ]

− [𝜔ኼ𝜖ኺ𝜇ኺ𝜖፜𝜇፫𝑟ኼ
ኺ 𝜅ኽ

፜ 𝜅ኼ
፫,Ꭻ

𝑔ᖣ(𝑟ኺ)𝐽ᖣ
᎚(𝑟ኺ)

𝑔(𝑟ኺ)𝐽᎚(𝑟ኺ) ]

+ [𝜔ኼ𝜖ኺ𝜇ኺ𝜖፜𝑟ኼ
ኺ 𝜅ኼ

፜ 𝜅ኼ
፫,Ꭻ𝜅ኼ

Ꭻ,፫( 𝐽ᖣ
᎚(𝜅፜𝑟ኺ)

𝐽᎚(𝜅፜𝑟ኺ) )ኼ]

=𝛽ኼ𝜈ኼ𝜅ኾ
፜ − 𝛽ኼ𝜈ኼ𝜅ኼ

፜ 𝜅ኼ
፫,Ꭻ − 𝛽ኼ𝜈ኼ𝜅ኼ

፜ 𝜅ኼ
Ꭻ,፫ + 𝛽ኼ𝜈ኼ𝜅ኼ

፫,Ꭻ𝜅ኼ
Ꭻ,፫

=𝛽ኼ𝜈ኼ (𝜅ኾ
፜ − 𝜅ኼ

፜ 𝜅ኼ
፫,Ꭻ − 𝜅ኼ

፜ 𝜅ኼ
Ꭻ,፫ + 𝜅ኼ

፫,Ꭻ𝜅ኼ
Ꭻ,፫)

=𝛽ኼ𝜈ኼ (𝜅ኼ
፜ − 𝜅ኼ

፫,Ꭻ) (𝜅ኼ
፜ − 𝜅ኼ

Ꭻ,፫)
=𝛽ኼ𝜈ኼ𝑘ኾ

ኺ (𝜖፜ − 𝜖፫𝜇Ꭻ) (𝜖፜ − 𝜖Ꭻ𝜇፫) . (B.31)

Since 𝜔ኼ𝜖ኺ𝜇ኺ = 𝑘ኼ
ኺ, one can have

𝜖፜𝜅ኼ
፜

𝜅ኾ፜
( 𝐽ᖣ

᎚(𝜅፜𝑟ኺ)
𝐽᎚(𝜅፜𝑟ኺ) )

ኼ
− 𝜖፫𝜅፜

𝜅ኼ፜ 𝜅ኼ
፫,Ꭻ

𝑓ᖣ(𝑟ኺ)𝐽ᖣ
᎚(𝑟ኺ)

𝑓(𝑟ኺ)𝐽᎚(𝑟ኺ) − 𝜖፜𝜇፫𝜅፜
𝜅ኼ፜ 𝜅ኼ

Ꭻ,፫

𝑔ᖣ(𝑟ኺ)𝐽ᖣ
᎚(𝑟ኺ)

𝑔(𝑟ኺ)𝐽᎚(𝑟ኺ) + 𝜖፫𝜇፫
𝜅ኼ

፫,Ꭻ𝜅ኼ
Ꭻ,፫

𝑔ᖣ(𝑟ኺ)𝑓ᖣ(𝑟ኺ)
𝑔(𝑟ኺ)𝑓(𝑟ኺ)

= 𝛽ኼ𝜈ኼ𝑘ኼ
ኺ

𝑟ኼ
ኺ 𝜅ኾ፜ 𝜅ኼ

፫,Ꭻ𝜅ኼ
Ꭻ,፫

(𝜖፜ − 𝜖፫𝜇Ꭻ) (𝜖፜ − 𝜖Ꭻ𝜇፫) . (B.32)
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Combine terms and we can get

[ 𝜅፜
𝜅ኼ፜

𝐽ᖣ
᎚(𝜅፜𝑟ኺ)

𝐽᎚(𝜅፜𝑟ኺ) − 𝜇፫
𝜅ኼ

Ꭻ,፫

𝑔ᖣ(𝑟ኺ)
𝑔(𝑟ኺ) ] [ 𝜖፜𝜅፜

𝜅ኼ፜

𝐽ᖣ
᎚(𝜅፜𝑟ኺ)

𝐽᎚(𝜅፜𝑟ኺ) − 𝜖፫
𝜅ኼ

፫,Ꭻ

𝑓ᖣ(𝑟ኺ)
𝑓(𝑟ኺ) ]

= 𝛽ኼ𝜈ኼ𝑘ኼ
ኺ

𝑟ኼ
ኺ 𝜅ኾ፜ 𝜅ኼ

፫,Ꭻ𝜅ኼ
Ꭻ,፫

(𝜖፜ − 𝜖፫𝜇Ꭻ) (𝜖፜ − 𝜖Ꭻ𝜇፫) . (B.33)

The above equation is the dispersion relation for anisotropic cladding and isotropic
nonmagnetic core.

B.3. Asymptotic solution for coupled second order
differential equation system

The differential equation system needed to be solved is

𝑟ኼ𝐸ᖥ + 𝑟𝐸ᖣ − (𝑝ኼ𝑟ኼ + 𝑝ኺ𝜈ኼ)𝐸 + 𝑠𝜈𝑟𝐺ᖣ = 0, (B.34)
𝑟ኼ𝐺ᖥ + 𝑟𝐺ᖣ − (𝑞ኼ𝑟ኼ − 𝑞ኺ𝜈ኼ)𝐺 + 𝑠𝜈𝑟𝐸ᖣ = 0. (B.35)

We use asymptotic theory to solve the above equation. First, we assume the
asymptotic solution of the equation will have the form

𝐸(𝑟) = (𝛼𝑟)᎟ኻ exp(−𝛼𝑟᎞)
ጼ

∑
፧዆ኺ

𝑎፧ ( 1
𝛼𝑟 )

፧
= exp(−𝛼𝑟᎞)

ጼ

∑
፧዆ኺ

𝑎፧ (𝛼𝑟)ዅ፧ዄ᎟ኻ , (B.36)

𝐺(𝑟) = (𝛼𝑟)᎟ኼ exp(−𝛼𝑟᎞)
ጼ

∑
፧዆ኺ

𝑏፧ ( 1
𝛼𝑟 )

፧
= exp(−𝛼𝑟᎞)

ጼ

∑
፧዆ኺ

𝑎፧ (𝛼𝑟)ዅ፧ዄ᎟ኻ , (B.37)

where 𝜎ኻ, 𝜎ኼ ≠ 0, 𝛼, 𝜌 > 0. This assumption will make sure that when 𝑟 → ∞,
the solutions will approach zero, which has a physical meaning.

So the first derivative of Eq. B.36 and Eq. B.37 are

𝐸ᖣ(𝑟) = −
ጼ

∑
፧዆ኺ

𝛼ኼዅ᎞𝜌𝑎፧(𝛼𝑟)ዅ፧ዄ᎟ኻዄ᎞ዅኻ exp(−𝛼𝑟᎞)

+
ጼ

∑
፧዆ኺ

𝛼(−𝑛 + 𝜎ኻ)𝑎፧(𝛼𝑟)ዅ፧ዄ᎟ኻዅኻ exp(−𝛼𝑟᎞), (B.38)

𝐺ᖣ(𝑟) = −
ጼ

∑
፧዆ኺ

𝛼ኼዅ᎞𝜌𝑏፧(𝛼𝑟)ዅ፧ዄ᎟ኼዄ᎞ዅኻ exp(−𝛼𝑟᎞)

+
ጼ

∑
፧዆ኺ

𝛼(−𝑛 + 𝜎ኼ)𝑏፧(𝛼𝑟)ዅ፧ዄ᎟ኼዅኻ exp(−𝛼𝑟᎞). (B.39)
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The second derivative of Eq. B.36 and Eq. B.37 are

𝐸ᖥ(𝑟) =
ጼ

∑
፧዆ኺ

𝛼ኾዅኼ᎞𝜌ኼ𝑎፧(𝛼𝑟)ዅ፧ዄ᎟ኻዄኼ᎞ዅኼ exp(−𝛼𝑟᎞)

−
ጼ

∑
፧዆ኺ

𝛼ኽዅ᎞𝜌(−𝑛 + 𝜎ኻ + 𝜌 − 1)𝑎፧(𝛼𝑟)ዅ፧ዄ᎟ኻዄ᎞ዅኼ exp(−𝛼𝑟᎞)

−
ጼ

∑
፧዆ኺ

𝛼ኽዅ᎞𝜌(−𝑛 + 𝜎ኻ)𝑎፧(𝛼𝑟)ዅ፧ዄ᎟ኻዄ᎞ዅኼ exp(−𝛼𝑟᎞)

+
ጼ

∑
፧዆ኺ

𝛼ኼ(−𝑛 + 𝜎ኻ)(−𝑛 + 𝜎ኻ − 1)𝑎፧(𝛼𝑟)ዅ፧ዄ᎟ኻዅኼ exp(−𝛼𝑟᎞), (B.40)

𝐺ᖥ(𝑟) =
ጼ

∑
፧዆ኺ

𝛼ኾዅኼ᎞𝜌ኼ𝑏፧(𝛼𝑟)ዅ፧ዄ᎟ኼዄኼ᎞ዅኼ exp(−𝛼𝑟᎞)

−
ጼ

∑
፧዆ኺ

𝛼ኽዅ᎞𝜌(−𝑛 + 𝜎ኼ + 𝜌 − 1)𝑏፧(𝛼𝑟)ዅ፧ዄ᎟ኼዄ᎞ዅኼ exp(−𝛼𝑟᎞)

−
ጼ

∑
፧዆ኺ

𝛼ኽዅ᎞𝜌(−𝑛 + 𝜎ኼ)𝑏፧(𝛼𝑟)ዅ፧ዄ᎟ኼዄ᎞ዅኼ exp(−𝛼𝑟᎞)

+
ጼ

∑
፧዆ኺ

𝛼ኼ(−𝑛 + 𝜎ኼ)(−𝑛 + 𝜎ኼ − 1)𝑏፧(𝛼𝑟)ዅ፧ዄ᎟ኼዅኼ exp(−𝛼𝑟᎞). (B.41)

Also we can calculate
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−(𝑝ኼ𝑟ኼ + 𝑝ኺ𝜈ኼ)𝐸 = −
ጼ

∑
፧዆ኺ

𝑝ኼ𝛼ዅኼ𝑎፧(𝛼𝑟)ዅ፧ዄ᎟ኻዄኼ exp(−𝛼𝑟᎞)

−
ጼ

∑
፧዆ኺ

𝑝ኺ𝜈ኼ𝑎፧(𝛼𝑟)ዅ፧ዄ᎟ኻ exp(−𝛼𝑟᎞), (B.42)

−(𝑞ኼ𝑟ኼ − 𝑞ኺ𝜈ኼ)𝐺 = −
ጼ

∑
፧዆ኺ

𝑞ኼ𝛼ዅኼ𝑏፧(𝛼𝑟)ዅ፧ዄ᎟ኼዄኼ exp(−𝛼𝑟᎞)

+
ጼ

∑
፧዆ኺ

𝑞ኺ𝜈ኼ𝑏፧(𝛼𝑟)ዅ፧ዄ᎟ኼ exp(−𝛼𝑟᎞), (B.43)

𝑠𝜈𝑟𝐸(𝑟)ᖣ = −
ጼ

∑
፧዆ኺ

𝑠𝜈𝛼ኻዅ᎞𝜌𝑎፧(𝛼𝑟)ዅ፧ዄ᎟ኻዄ᎞ exp(−𝛼𝑟᎞)

+
ጼ

∑
፧዆ኺ

𝑠𝜈(−𝑛 + 𝜎ኻ)𝑎፧(𝛼𝑟)ዅ፧ዄ᎟ኻ exp(−𝛼𝑟᎞), (B.44)

𝑠𝜈𝑟𝐺ᖣ(𝑟) = −
ጼ

∑
፧዆ኺ

𝑠𝜈𝛼ኻዅ᎞𝜌𝑏፧(𝛼𝑟)ዅ፧ዄ᎟ኼዄ᎞ exp(−𝛼𝑟᎞)

+
ጼ

∑
፧዆ኺ

𝑠𝜈(−𝑛 + 𝜎ኼ)𝑏፧(𝛼𝑟)ዅ፧ዄ᎟ኼ exp(−𝛼𝑟᎞). (B.45)

Putting eqjuation B.40,B.38,B.42 and B.45 together, we can construct the equa-
tion B.34. Also we simplify a little bit by neglecting the common term exp(−𝛼𝑟᎞)
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ጼ

∑
፧዆ኺ

𝛼ኼዅኼ᎞𝜌ኼ𝑎፧(𝛼𝑟)ዅ፧ዄ᎟ኻዄኼ᎞ −
ጼ

∑
፧዆ኺ

𝛼ኻዅ᎞𝜌(−𝑛 + 𝜎ኻ + 𝜌 − 1)𝑎፧(𝛼𝑟)ዅ፧ዄ᎟ኻዄ᎞

−
ጼ

∑
፧዆ኺ

𝛼ኻዅ᎞𝜌(−𝑛 + 𝜎ኻ)𝑎፧(𝛼𝑟)ዅ፧ዄ᎟ኻዄ᎞ +
ጼ

∑
፧዆ኺ

(−𝑛 + 𝜎ኻ)(−𝑛 + 𝜎ኻ − 1)𝑎፧(𝛼𝑟)ዅ፧ዄ᎟ኻ

−
ጼ

∑
፧዆ኺ

𝛼ኻዅ᎞𝜌𝑎፧(𝛼𝑟)ዅ፧ዄ᎟ኻዄ᎞ +
ጼ

∑
፧዆ኺ

(−𝑛 + 𝜎ኻ)𝑎፧(𝛼𝑟)ዅ፧ዄ᎟ኻ

−
ጼ

∑
፧዆ኺ

𝑝ኼ𝛼ዅኼ𝑎፧(𝛼𝑟)ዅ፧ዄ᎟ኻዄኼ −
ጼ

∑
፧዆ኺ

𝑝ኺ𝜈ኼ𝑎፧(𝛼𝑟)ዅ፧ዄ᎟ኻ

−
ጼ

∑
፧዆ኺ

𝑠𝜈𝛼ኻዅ᎞𝜌𝑏፧(𝛼𝑟)ዅ፧ዄ᎟ኼዄ᎞ +
ጼ

∑
፧዆ኺ

𝑠𝜈(−𝑛 + 𝜎ኼ)𝑏፧(𝛼𝑟)ዅ፧ዄ᎟ኼ

= 0.
(B.46)

Now we would like to analysis the leading term behavior. As 𝑟 → ∞, the sub-
dominant terms and all 𝑛 > 0 terms can be neglect and we get the asymptotic
form

𝛼ኼዅኼ᎞𝜌ኼ𝑎ኺ(𝛼𝑟)᎟ኻዄኼ᎞ − 𝑝ኼ𝛼ዅኼ𝑎ኺ(𝛼𝑟)᎟ኻዄኼ ∼ 𝑠𝜈𝛼ኻዅ᎞𝜌𝑏ኺ(𝛼𝑟)᎟ኼዄ᎞ . (B.47)

The same procedure can be apply to equation B.41, B.39, B.43 and B.44. By
combining them and neglect the sub-dominant terms we can get the other asymp-
totic form

𝛼ኼዅኼ᎞𝜌ኼ𝑏ኺ(𝛼𝑟)᎟ኼዄኼ᎞ − 𝑞ኼ𝛼ዅኼ𝑏ኺ(𝛼𝑟)᎟ኼዄኼ ∼ 𝑠𝜈𝛼ኻዅ᎞𝜌𝑎ኺ(𝛼𝑟)᎟ኻዄ᎞ . (B.48)

Each of the above equations contains three terms. Let’s look at the first equation
first. According to the asymptotic theory, the coefficient of the dominant term
should be zero. since 𝛼, 𝜌, 𝑝ኼ, 𝑎ኺ, 𝑏ኺ ≠ 0, we have to discuss case by case.

B.3.1. Solution discussion
Case 1: 𝜎ኻ + 2 = 𝜎ኻ + 2𝜌 > 𝜎ኼ + 𝜌
This impose that 𝜌 = 1. Then the Eq. B.47 becomes

𝑎ኺ(𝛼𝑟)᎟ኻዄኼ ∼ 𝑝ኼ𝛼ዅኼ𝑎ኺ(𝛼𝑟)᎟ኻዄኼ (B.49)
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Therefore we can have

𝛼 = √𝑝ኼ. (B.50)

We can also update Eq. B.48

(1 − 𝑞ኼ𝑝ዅኻ
ኼ ) 𝑏ኺ(𝛼𝑟)᎟ኼዄኼ ∼ 𝑠𝜈𝑎ኺ(𝛼𝑟)᎟ኻዄኻ. (B.51)

Because 𝑝ኼ ≠ 𝑞ኼ, non of the above terms can be the leading term since no
coefficient can be zero. therefore

𝜎ኼ = 𝜎ኻ − 1, (B.52)

𝑏ኺ = 𝑝ኼ𝑠𝜈
𝑝ኼ − 𝑞ኼ

𝑎ኺ. (B.53)

Case 2: 𝜎ኻ + 2 = 𝜎ኼ + 𝜌 > 𝜎ኻ + 2𝜌
this case impose that

𝜌 < 1. (B.54)

Therefore, Eq. B.47 and B.48 become

−𝑝ኼ𝛼ዅኼ𝑎ኺ(𝛼𝑟)᎟ኻዄኼ ∼ 𝑠𝜈𝛼ኻዅ᎞𝜌𝑏ኺ(𝛼𝑟)᎟ኼዄ᎞ , (B.55)
−𝑞ኼ𝛼ዅኼ𝑏ኺ(𝛼𝑟)᎟ኼዄኼ ∼ 𝑠𝜈𝛼ኻዅ᎞𝜌𝑎ኺ(𝛼𝑟)᎟ኻዄ᎞ . (B.56)

Together it should satisfy

{𝜎ኼ + 𝜌 = 𝜎ኻ + 2,
𝜎ኻ + 𝜌 = 𝜎ኼ + 2. (B.57)

Therefore, 𝜌 = 2, which is contradictory. This case is invalid.

Case 3: 𝜎ኻ + 2 < 𝜎ኻ + 2𝜌 = 𝜎ኼ + 𝜌
This case impose that 𝜌 > 1 Therefore, Eq. B.47 and B.48 become

𝛼ኼዅኼ᎞𝜌ኼ𝑎ኺ(𝛼𝑟)᎟ኻዄኼ᎞ ∼ 𝑠𝜈𝛼ኻዅ᎞𝜌𝑏ኺ(𝛼𝑟)᎟ኼዄ᎞ , (B.58)
𝛼ኼዅኼ᎞𝜌ኼ𝑏ኺ(𝛼𝑟)᎟ኼዄኼ᎞ ∼ 𝑠𝜈𝛼ኻዅ᎞𝜌𝑎ኺ(𝛼𝑟)᎟ኻዄ᎞ . (B.59)

Together it should satisfy

{𝜎ኻ + 2𝜌 = 𝜎ኼ + 𝜌,
𝜎ኼ + 2𝜌 = 𝜎ኻ + 𝜌. (B.60)

Therefore,𝜌 = 0, which is contradictory.
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Case 4: 𝜎ኻ + 2 = 𝜎ኻ + 2𝜌 = 𝜎ኼ + 𝜌
then we have 𝜌 = 1, and 𝜎ኻ = 𝜎ኼ − 1 Therefore, Eq. B.47 and B.48 become

(1 − 𝑝ኼ𝛼ዅኼ) 𝑎ኺ(𝛼𝑟)᎟ኻዄኼ ∼ 𝑠𝜈𝑏ኺ(𝛼𝑟)᎟ኼዄኻ, (B.61)
𝑏ኺ(𝛼𝑟)᎟ኼዄኼ ∼ 𝑞ኼ𝛼ዅኼ𝑏ኺ(𝛼𝑟)᎟ኼዄኼ. (B.62)

Eq. B.62 tells us that

𝛼 = √𝑞ኼ. (B.63)

Therefore, we can solve out Eq. B.61

𝑎ኺ = 𝑞ኼ𝑠𝜈
𝑞ኼ − 𝑝ኼ

𝑏ኺ. (B.64)

B.3.2. Summary 1
From the above discussion, we can know that the above Eq. B.34 and B.35 has the
asymptotic solution of the form:

{𝐸(𝑟) = exp(−√𝑝ኼ𝑟) ∑ጼ
፧዆ኺ 𝑎፧ (√𝑝ኼ𝑟)ዅ፧ዄ᎟ኻ

𝐺(𝑟) = exp(−√𝑝ኼ𝑟) ∑ጼ
፧዆ኺ 𝑏፧ (√𝑝ኼ𝑟)ዅ፧ዄ᎟ኻዅኻ (B.65)

where

𝑏ኺ = 𝑝ኼ𝑠𝜈
𝑝ኼ − 𝑞ኼ

𝑎ኺ (B.66)

or

{𝐸(𝑟) = exp(−√𝑞ኼ𝑟) ∑ጼ
፧዆ኺ 𝑎፧ (√𝑞ኼ𝑟)ዅ፧ዄ᎟ኼዅኻ

𝐺(𝑟) = exp(−√𝑞ኼ𝑟) ∑ጼ
፧዆ኺ 𝑏፧ (√𝑞ኼ𝑟)ዅ፧ዄ᎟ኼ (B.67)

where

𝑎ኺ = 𝑞ኼ𝑠𝜈
𝑞ኼ − 𝑝ኼ

𝑏ኺ (B.68)

B.3.3. parameter value of the first solution
Let’s first look at the solution Eq. B.65, we substitute it back to Eq. B.34 and get:

−
ጼ

∑
፧዆ኺ

(2(−𝑛 + 𝜎ኻ) + 1)𝑎፧(√𝑝ኼ𝑟)ዅ፧ዄ᎟ኻዄኻ +
ጼ

∑
፧዆ኺ

(−𝑛 + 𝜎ኻ)ኼ𝑎፧(√𝑝ኼ𝑟)ዅ፧ዄ᎟ኻ

−
ጼ

∑
፧዆ኺ

𝑝ኺ𝜈ኼ𝑎፧(√𝑝ኼ𝑟)ዅ፧ዄ᎟ኻ

−
ጼ

∑
፧዆ኺ

𝑠𝜈𝑏፧(√𝑝ኼ𝑟)ዅ፧ዄ᎟ኻ +
ጼ

∑
፧዆ኺ

𝑠𝜈(−𝑛 + 𝜎ኻ − 1)𝑏፧(√𝑝ኼ𝑟)ዅ፧ዄ᎟ኻዅኻ

= 0. (B.69)



B.3. Asymptotic solution for coupled second order differential equation
system

B

139

The dominant terms are When 𝑛 = 0 and the most dominant term is the first
term. Therefore, the first term tells that when 𝑛 = 0

𝜎ኻ = − 1
2 . (B.70)

Then Eq. B.69 becomes

ጼ

∑
፧዆ኺ

2𝑛𝑎፧(√𝑝ኼ𝑟)ዅ፧ዄ ኻ
ኼ +

ጼ

∑
፧዆ኺ

[((𝑛 + 1
2 )ኼ − 𝑝ኺ𝜈ኼ) 𝑎፧ − 𝑠𝜈𝑏፧] (√𝑝ኼ𝑟)ዅ፧ዅ ኻ

ኼ

+
ጼ

∑
፧዆ኺ

𝑠𝜈(−𝑛 − 3
2 )𝑏፧(√𝑝ኼ𝑟)ዅ፧ዅ ኽ

ኼ = 0. (B.71)

We shift the order of the second and the third term and get

ጼ

∑
፧዆ኺ

2𝑛𝑎፧(𝛼𝑟)ዅ፧ዄ ኻ
ኼ +

ጼ

∑
፧዆ኻ

[((𝑛 − 1
2 )ኼ − 𝑝ኺ𝜈ኼ) 𝑎፧ዅኻ − 𝑠𝜈𝑏፧ዅኻ] (𝛼𝑟)ዅ፧ዄ ኻ

ኼ

−
ጼ

∑
፧዆ኼ

𝑠𝜈(𝑛 − 1
2 )𝑏፧ዅኼ(𝛼𝑟)ዅ፧ዄ ኻ

ኼ = 0. (B.72)

Therefore, when 𝑛 = 1

𝑎ኻ = 4𝑝ኺ𝜈ኼ − 1
8 𝑎ኺ + 𝑠𝜈

2 𝑏ኺ. (B.73)

When 𝑛 ≥ 2, we have

𝑎፧ = 4𝑝ኺ𝜈ኼ − (2𝑛 − 1)ኼ

8𝑛 𝑎፧ዅኻ + 𝑠𝜈
2𝑛 𝑏፧ዅኻ + 𝑠𝜈(2𝑛 − 1)

4𝑛 𝑏፧ዅኼ. (B.74)

Next we need to retrieve the recursion relation for 𝑏፧. Substitute the value of
𝛾ኻ, 𝛼, 𝜌 to Eq. B.41,B.39,B.43 and B.44, and combine them up in Eq. B.35, we are
able to get (with the common term (√𝑝ኼ𝑟)᎟ኻ exp(−√𝑝ኼ𝑟) neglected)

ጼ

∑
፧዆ኺ

[(1 − 𝑞ኼ𝑝ዅኻ
ኼ )𝑏፧ − 𝑠𝜈 𝑎፧] (√𝑝ኼ𝑟)ዅ፧ዄኻ +

ጼ

∑
፧዆ኺ

[(2𝑛 + 2)𝑏፧ − 𝑠𝜈(𝑛 + 1
2 )𝑎፧] (√𝑝ኼ𝑟)ዅ፧

+
ጼ

∑
፧዆ኺ

((𝑛 + 3
2 )ኼ + 𝑞ኺ𝜈ኼ) 𝑏፧(√𝑝ኼ𝑟)ዅ፧ዅኻ = 0.

(B.75)
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Again, by shifting the order of second and third term by 1 and 2, respectively, we
can get

ጼ

∑
፧዆ኺ

[(1 − 𝑞ኼ𝑝ዅኻ
ኼ )𝑏፧ − 𝑠𝜈 𝑎፧] (√𝑝ኼ𝑟)ዅ፧ዄኻ +

ጼ

∑
፧዆ኻ

[(2𝑛𝑏፧ዅኻ − 𝑠𝜈(𝑛 − 1
2 )𝑎፧ዅኻ] (√𝑝ኼ𝑟)ዅ፧ዄኻ

+
ጼ

∑
፧዆ኼ

((𝑛 − 1
2 )ኼ + 𝑞ኺ𝜈ኼ) 𝑏፧ዅኼ(√𝑝ኼ𝑟)ዅ፧ዄኻ = 0.

(B.76)

Therefore, the leading term is 𝑛 = 0, and we find

𝑏ኺ = 𝑝ኼ𝑠𝜈
𝑝ኼ − 𝑞ኼ

𝑎ኺ. (B.77)

The next leading term is when 𝑛 = 1, and we find:

𝑏ኻ = 𝑝ኼ
𝑝ኼ − 𝑞ኼ

( 𝑠𝜈
2 𝑎ኺ + 𝑠𝜈𝑎ኻ − 2𝑏ኺ) . (B.78)

The resting term (𝑛 ≥ 2) has the following recursion relationship

𝑏፧ = 𝑝ኼ
𝑝ኼ − 𝑞ኼ

( 𝑠𝜈(2𝑛 − 1)
2 𝑎፧ዅኻ + 𝑠𝜈𝑎፧ − 4𝑞ኺ𝜈ኼ + (2𝑛 − 1)ኼ

4 𝑏፧ዅኼ − 2𝑛𝑏፧ዅኻ) .
(B.79)

Therefore, from now on we are able to construct all the parameters in the first
solution.

B.3.4. Parameter value of the second solution
Similarly, we can substitute Eq. B.67 into Eq. B.34 and B.35, and then we can get

𝜎ኼ = − 1
2 , (B.80)

𝑏ኻ = − 4𝑞ኺ𝜈ኼ + 1
8 𝑏ኺ + 𝑠𝜈

2 𝑎ኺ, (B.81)

𝑏፧ = − 4𝑞ኺ𝜈ኼ + (2𝑛 − 1)ኼ

8𝑛 𝑏፧ዅኻ + 𝑠𝜈
2𝑛 𝑎፧ዅኻ + 𝑠𝜈(2𝑛 − 1)

4𝑛 𝑎፧ዅኼ, (B.82)

𝑎ኺ = 𝑞ኼ𝑠𝜈
𝑞ኼ − 𝑝ኼ

𝑏ኺ, (B.83)

𝑎ኻ = 𝑞ኼ
𝑞ኼ − 𝑝ኼ

( 𝑠𝜈
2 𝑏ኺ + 𝑠𝜈𝑏ኻ − 2𝑎ኺ) , (B.84)

𝑎፧ = 𝑞ኼ
𝑞ኼ − 𝑝ኼ

( 𝑠𝜈(2𝑛 − 1)
2 𝑏፧ዅኻ + 𝑠𝜈𝑏፧ − (2𝑛 − 1)ኼ − 4𝑝ኺ𝜈ኼ

4 𝑎፧ዅኼ − 2𝑛𝑎፧ዅኻ) .
(B.85)
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B.3.5. Summary 2
The general asymptotic solution to the differential equation system

𝑟ኼ𝐸ᖥ + 𝑟𝐸ᖣ − (𝑝ኼ𝑟ኼ + 𝑝ኺ𝜈ኼ)𝐸 + 𝑠𝜈𝑟𝐺ᖣ = 0, (B.86)
𝑟ኼ𝐺ᖥ + 𝑟𝐺ᖣ − (𝑞ኼ𝑟ኼ − 𝑞ኺ𝜈ኼ)𝐺 + 𝑠𝜈𝑟𝐸ᖣ = 0, (B.87)

is

𝐶ኻ{(√𝑝ኼ𝑟)ዅ ኻ
ኼ exp(−√𝑝ኼ𝑟) ∑ጼ

፧዆ኺ 𝑎፧ (√𝑝ኼ𝑟)ዅ፧

(√𝑝ኼ𝑟)ዅ ኽ
ኼ exp(−√𝑝ኼ𝑟) ∑ጼ

፧዆ኺ 𝑏፧ (√𝑝ኼ𝑟)ዅ፧ + 𝐶ኼ{(√𝑞ኼ𝑟)ዅ ኽ
ኼ exp(−√𝑞ኼ𝑟) ∑ጼ

፧዆ኺ 𝑐፧ (√𝑞ኼ𝑟)ዅ፧

(√𝑞ኼ𝑟)ዅ ኻ
ኼ exp(−√𝑞ኼ𝑟) ∑ጼ

፧዆ኺ 𝑑፧ (√𝑞ኼ𝑟)ዅ፧ ,

(B.88)

where 𝑎፧ , 𝑏፧ , 𝑐፧ and 𝑑፧ has the recursive relation:

𝑎ኺ = 1, (B.89)

𝑏ኺ = 𝑝ኼ𝑠𝜈
𝑝ኼ − 𝑞ኼ

𝑎ኺ, (B.90)

𝑎ኻ = 4𝑝ኺ𝜈ኼ − 1
8 𝑎ኺ + 𝑠𝜈

2 𝑏ኺ, (B.91)

𝑏ኻ = 𝑝ኼ
𝑝ኼ − 𝑞ኼ

( 𝑠𝜈
2 𝑎ኺ + 𝑠𝜈𝑎ኻ − 2𝑏ኺ) , (B.92)

𝑎፧ = 4𝑝ኺ𝜈ኼ − (2𝑛 − 1)ኼ

8𝑛 𝑎፧ዅኻ + 𝑠𝜈
2𝑛 𝑏፧ዅኻ + 𝑠𝜈(2𝑛 − 1)

4𝑛 𝑏፧ዅኼ, (B.93)

𝑏፧ = 𝑝ኼ
𝑝ኼ − 𝑞ኼ

( 𝑠𝜈(2𝑛 − 1)
2 𝑎፧ዅኻ + 𝑠𝜈𝑎፧ − 4𝑞ኺ𝜈ኼ + (2𝑛 − 1)ኼ

4 𝑏፧ዅኼ − 2𝑛𝑏፧ዅኻ) ,
(B.94)

𝑑ኺ = 1, (B.95)

𝑐ኺ = 𝑞ኼ𝑠𝜈
𝑞ኼ − 𝑝ኼ

𝑑ኺ, (B.96)

𝑑ኻ = − 4𝑞ኺ𝜈ኼ + 1
8 𝑑ኺ + 𝑠𝜈

2 𝑐ኺ, (B.97)

𝑐ኻ = 𝑞ኼ
𝑞ኼ − 𝑝ኼ

( 𝑠𝜈
2 𝑑ኺ + 𝑠𝜈𝑑ኻ − 2𝑐ኺ) , (B.98)

𝑑፧ = − 4𝑞ኺ𝜈ኼ + (2𝑛 − 1)ኼ

8𝑛 𝑑፧ዅኻ + 𝑠𝜈
2𝑛 𝑐፧ዅኻ + 𝑠𝜈(2𝑛 − 1)

4𝑛 𝑐፧ዅኼ, (B.99)

𝑐፧ = 𝑞ኼ
𝑞ኼ − 𝑝ኼ

( 𝑠𝜈(2𝑛 − 1)
2 𝑑፧ዅኻ + 𝑠𝜈𝑑፧ − (2𝑛 − 1)ኼ − 4𝑝ኺ𝜈ኼ

4 𝑐፧ዅኼ − 2𝑛𝑐፧ዅኻ) .
(B.100)
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