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PREFACE

This dissertation explores and develops algorithms for approximate optimal exploration in
sequential decision making tasks, with the overencompassing ambition to develop stronger
algorithms for optimal experiment design in autonomous laboratories. Fortunately, a
lot of theoretical groundwork already exists for this problem, this gives us a known,
albeit infeasible, upper-bound on the performance of our algorithms. Thus, a main theme
throughout the dissertation is to improve scaling of approximate algorithms that directly
target this theoretical ideal. That is, 1) are our approximations consistent with our desired
target? And 2) how do we make better use of our available computation resources to get
an approximate solution faster, or at reduced costs?

Because this dissertation was developed in an interdisciplinary research lab, it targets
two main audiences. The technical chapters are primarily written for machine learning
and reinforcement learning researchers, while the introduction, discussion, and summary
sections are written for a broader audience.
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SUMMARY

This dissertation studies the optimal decision making under uncertainty problem from the
context of sequential experiment planning in autonomous laboratories. Our focus is on
deep reinforcement learning methods, which we first motivate by building up from the
challenges involved in conventional optimal experiment design methods and black-box
numerical optimization. Secondly, we frame deep reinforcement learning in a unifying view
of commonplace Bayesian optimization methods to conceptually streamline extensions or
adoption of reinforcement learning methods in existing infrastructure. Each chapter inves-
tigates challenges and questions that emerge from our framing, which more specifically
relate to uncertainty quantification and proper algorithm-hardware tailoring for improving
performance scaling.

Bayesian inference of large complex models is typically computationally infeasible
unless stringent, but possibly unrealistic, assumptions are placed on the model of the
physical system that we’re trying to capture. Deep learning has since emerged as a powerful
way to approximate this computationally infeasible routine through pattern recognition
based on an abundance of data. This principle underpins most of the success stories of
recent artificial intelligence breakthroughs, like agentic chat-bots or game-playing agents.
This dissertation investigates this principle from a more fundamental basis to improve our
algorithmic tools for the overarching experiment-design use-case.

The field of meta-reinforcement learning, similarly, has often used deep learning to cap-
ture various sources of uncertainty for decision-making agents, such as unknown rewards
or world dynamics. This approximates what is known as Bayes-optimal control, an agent
that optimally trades-off between information seeking actions, and actions that maximize
a (subjective) value. In Chapter 2 we show how common deep learning approaches, like re-
current neural networks, for meta-reinforcement learning do not appropriately capture true
uncertainty from the Bayesian viewpoint. Rather, we found that uncertainty is obfuscated
in the activations of the neural networks. We present the Laplace Variational Recurrent
Neural Network to extract this implicit uncertainty as a means to enable practitioners to
deal with uncertainty, explicitly.

From Chapter 2 we built the insight that one of the roles that deep learning plays in
deep reinforcement learning is to amortize an exponentially costly policy optimization
problem. A well-known consequence of amortization is that we always have to deal
with an amortization gap (approximation gap) between the true values and the predicted
values. Improving the performance of an algorithm, thus, requires a choice of tools that
minimize the runtime and data needed to reduce this gap. Among the most successful
approaches in this space are those that use adaptive computation at inference time to
reduce the amortization gap and complement the neural network. Monte-Carlo tree search,
for instance, achieved strong data-efficiency and enabled breakthroughs like defeating the
human world champion in Go. However, Monte-Carlo tree search based methods do not
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favorably scale in runtime. Thus, in Chapter 3 we improve the state-of-the-art of sequential
Monte-Carlo planners, which permit much more efficient parallelization on modern GPU
hardware. Our newly proposed algorithm demonstrated improved scaling in performance
given additional planning budget, not only in data-efficiency but also in runtime-efficiency
compared to prior approaches.

The final Chapter 4 exploits our finding that sequential Monte-Carlo based planning
can improve runtime complexity by shifting computational budget from neural network
learning, to additional planning budget to get higher quality data. Since in meta-learning
settings we typically deal with learning from trajectory-based data, we often find that
when trajectories increase in length, any updates to a neural network architecture will
become more expensive. This is because the computational cost of gradient updates
grows with trajectory length, which causes bottlenecks in scaling. For instance, updates
can start to exceed hardware memory limits, forcing sequential processing of smaller
batches and reducing throughput. Thus, we again find that the performance scaling to
additional planning-compute in deep meta-reinforcement learning can be much improved
when equipped with our designed sequential Monte-Carlo planner. In contrast to prior
approaches, our planner explicitly accounts for how uncertainty evolves in light of new
data. As a result, our method directly targets an optimal policy that trades-off exploration
with exploitation, without ad-hoc exploration heuristics.

In summary, this dissertation advances the state of probabilistic reinforcement learning
for uncertainty-based decision-making. We show that Bayesian optimization and deep
reinforcement learning can be formulated very similarly from a probabilistic viewpoint, and
that only (relatively-) minor assumptions and choice of approximation tools shift us from
one setting to the other. This is a particularly useful insight for our use-case of self-driving
laboratories, since at the time of writing, Bayesian optimization is a more established
approach in practice. Our findings establish a stronger common ground between the
seemingly separate Bayesian optimization and reinforcement learning fields, and provide a
principled basis for transferring approximation tools between these communities.
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SAMENVATTING

Dit proefschrift bestudeert het probleem van optimale besluitvorming onder onzekerheid
vanuit de context van sequentiéle experimentplanning in autonome laboratoria. Onze focus
ligt op deep reinforcement learning methoden, die we eerst motiveren vanuit de uitdagin-
gen van conventionele optimale experimentontwerp-methoden en black-box numerieke
optimalisatie. Vervolgens kaderen we deep reinforcement learning in een gecombineerd per-
spectief met haalbare Bayesiaanse optimalisatiemethoden, om conceptueel de uitbreiding of
adoptie van reinforcement learning methoden in bestaande infrastructuur te stroomlijnen.
Elk hoofdstuk onderzoekt uitdagingen en vragen die voortkomen uit ons raamwerk, deze
hebben specifiek betrekking op onzekerheidsquantificatie en een juiste afstemming tussen
algoritme-en-hardware ter verbetering van prestatieschaling.

Bayesiaanse herleiding van grote complexe modellen is doorgaans computationeel on-
haalbaar, tenzij strenge, maar mogelijk onrealistische, aannames worden gemaakt over het
model van het fysische systeem dat we proberen te beschrijven. Deep learning is sindsdien
ontwikkeld tot een krachtig gereedschap om deze computationeel onhaalbare routine te
benaderen door middel van patroonherkenning op basis van een overvloed aan data. Dit
principe heeft zich vertaalt in de meeste recente successen en doorbraken in kunstmatige
intelligentie, zoals agentische chatbots of game-playing agents. Dit proefschrift onderzoekt
dit principe op een meer fundamentele basis om onze algoritmische gereedschappen te
verbeteren voor de overkoepelende experimentontwerp-toepassing.

Het veld van meta-reinforcement learning heeft op vergelijkbare wijze vaak deep
learning ingezet om verschillende bronnen van onzekerheid voor besluitvormende agenten
te vangen, zoals onbekende beloningen of werelddynamica. Dit benadert wat bekend staat
als Bayes-optimale controle, een agent die optimaal afweegt tussen informatiezoekende
acties en acties die een (subjectieve) waarde maximaliseren. In Hoofdstuk 2 laten we
zien hoe benaderingen van deep learning op recurrente neurale netwerken, voor meta-
reinforcement learning, de werkelijke onzekerheid vanuit een Bayesiaans oogpunt niet
adequaat opvangen. We constateerden juist dat onzekerheid verborgen zit in de activaties
van de neurale netwerken. We presenteren het Laplace Variational Recurrent Neural
Network om deze impliciete onzekerheid te extraheren, als middel om gebruikers in staat
te stellen expliciet met onzekerheid om te gaan.

Uit Hoofdstuk 2 bouwen we het inzicht op dat een van de rollen die deep learning
speelt in deep reinforcement learning het amortiseren van een exponentieel kostbaar
beleidsoptimalisatieprobleem omvat. Een bekend gevolg van amortisatie is dat we altijd te
maken hebben met een amortisatiekloof (benaderingskloof) tussen de werkelijke waarden
en de voorspelde waarden. Het verbeteren van de prestaties van een algoritme vereist dus
een keuze van gereedschappen die de rekentijd en data minimaliseren die nodig zijn om
deze kloof te verkleinen. Tot de meest succesvolle benaderingen in dit domein behoren
methoden die adaptieve berekening tijdens inferentie inzetten om de amortisatiekloof



X SAMENVATTING

te verkleinen en het neurale netwerk aan te vullen. Monte-Carlo tree search bereikte
bijvoorbeeld sterke data-efficiéntie en maakte doorbraken mogelijk zoals het verslaan van
de menselijke wereldkampioen in Go. Echter, op Monte-Carlo tree search gebaseerde
methoden schalen niet gunstig in rekentijd. Daarom verbeteren we in Hoofdstuk 3 de
state-of-the-art van sequentiéle Monte-Carlo planners, die veel efficiéntere parallellisatie
op moderne GPU-hardware mogelijk maken. Ons nieuw voorgestelde algoritme toonde
verbeterde prestatieschaling bij extra planningsbudget, niet alleen in data-efficiéntie maar
ook in rekentijd-efficiéntie in vergelijking met eerder werk.

Het laatste Hoofdstuk 4 benut onze vinding dat sequentiéle Monte-Carlo gebaseerde
planning de rekentijdcomplexiteit kan verbeteren door computationeel budget te verschui-
ven van het leren van neurale netwerken naar extra planningsbudget voor het vergaren van
hogere kwaliteit data. Aangezien we in meta-learning settings doorgaans te maken hebben
met leren van trajectgebaseerde data, zien we vaak dat wanneer trajecten langer worden,
updates van een neurale netwerkarchitectuur duurder worden. Dit komt doordat de com-
putationele kosten van afgeleides bepalen voor het model toeneemt met trajectlengte, wat
knelpunten in schaling veroorzaakt. Updates kunnen bijvoorbeeld de geheugenlimieten
van de hardware overschrijden, waardoor kleinere batches sequentieel verwerkt moeten
worden, wat de doorvoer vermindert. We constateren dus opnieuw dat de prestatieschaling
bij extra planningsrekenkracht in deep meta-reinforcement learning aanzienlijk verbeterd
kan worden wanneer uitgerust met onze ontworpen sequentiéle Monte-Carlo planner. In
tegenstelling tot voorgaande algoritmes houdt onze planner expliciet rekening met hoe
onzekerheid evolueert in het licht van nieuwe data. Als gevolg hiervan richt onze methode
zich direct op een optimaal beleid dat exploratie en exploitatie afweegt, zonder ad-hoc
exploratieheuristieken.

Samenvattend draagt dit proefschrift bij aan de stand van probabilistisch reinforcement
learning voor onzekerheidsgebaseerde besluitvorming. We laten zien dat Bayesiaanse opti-
malisatie en deep reinforcement learning zeer vergelijkbaar geformuleerd kunnen worden
vanuit een probabilistisch oogpunt, en dat slechts (relatief) kleine aannames en keuzes
van benaderingsgereedschappen ons van de ene setting naar de andere verschuiven. Dit is
een bijzonder nuttig inzicht voor onze toepassing van autonome laboratoria, aangezien
op het moment van schrijven Bayesiaanse optimalisatie een meer gevestigde aanpak is in
de praktijk. Onze bevindingen vestigen een sterkere gemeenschappelijke basis tussen de
ogenschijnlijk gescheiden velden van Bayesiaanse optimalisatie en reinforcement learning,
en bieden een principiéle grondslag voor het overdragen van benaderingsgereedschappen
tussen deze gemeenschappen.
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INTRODUCTION

Sometimes science is more art than science. A lot of people don’t get that, Morty.

- Richard D. Sanchez, in Rick Potion #9 (2014)

UTOMATION of general industrial or scientific processes holds immense potential for
A societal advancement. Its application can accelerate innovations and discoveries, and
shorten the time required for new technology to reach global markets. For instance, in
the pharmaceutical industry, autonomous experimentation can reduce development time
for new treatments, while in manufacturing, automation can increase factory throughput.
It also contributes to improving quality of life by reducing workloads for employees.
Moreover, automation can enhance environmental sustainability by optimizing the use of
available resources.

An essential part in realizing automation is knowledge gathering. To improve an
existing methodology a designer must have sufficient understanding of the subject to pro-
pose meaningful changes. Such an understanding is built through observations (evidence)
combined with sound reasoning and skepticism, which underpins the scientific method.
However, this process of carefully acquiring and internalizing knowledge also forms a
bottleneck for applications of interest. It can take humans decades or generations to form
a reliable comprehension of particular subjects or observed phenomena. This delays and
limits the number of meaningful contributions that can be made. This has stirred ambitions
to automate the process of science itself (Waltz & Buchanan, 2009), ranging from narrow
tasks that streamline measurement-taking to reduce human error and increase throughput,
to tackling the full scientific pipeline (Lu et al., 2024).

To realize ‘automated science’, recent advancements in artificial intelligence (AI) and
robotics are proving to be indispensable. Modern AI methods can aid in decision-making
by accounting for vast amounts of historical observations (data; Halevy et al., 2009), while
robotics enables these decisions to be actualized in the physical world. These approaches
have been successfully demonstrated in diverse domains, such as playing simulated games




2 1 INTRODUCTION

Example 1.1: In Vitro; Automated Laboratories

An autonomous laboratory, also known as a self-driving laboratory (Hise et al., 2019),
integrates robotics and artificial intelligence to form a complete scientific pipeline for the
discovery of new materials, pharmaceuticals, and biotechnologies. Figure 1.1 illustrates an
example of a robotic arm used to precisely assist in powder dosing (Merchant et al., 2023).

Figure 1.1: The A-Lab at University
of California, Berkeley. Guided
by a learning algorithm, and as part of
a broader experimentation process, this
robot arm can grab, open, and dispense
materials within its reach. This creates a
streamlined process for precise and reli-
able powder dosing. Photo credit: Mari-
lyn Sargent/Berkeley Lab (licensed under
CC BY 4.0 via Springer Nature).

In this example, a machine learning model that leverages a large database of example mate-
rials (Jain et al., 2013) predicts the stability of novel material combinations. An optimization
algorithm then uses such predictions to find the most informative material combinations to
test in practice, both to validate the model and synthesize many new materials. This robotic
automation of experiments creates a high-throughput closed-loop system, which reduces
the actual user’s role to just evaluating the synthesized products.

(V. Mnih et al.,, 2015, Silver et al., 2016), protein folding prediction (Jumper et al., 2021),
generation of video (Blattmann et al., 2023, Dosovitskiy et al., 2021), algorithmic discovery
(Fawzi et al., 2022b, Mankowitz et al., 2023b), drone navigation (Kaufmann et al., 2023),
or for scientific discovery in automated laboratories (see Example 1.1; Abolhasani and
Kumacheva, 2023, Merchant et al., 2023).

Beyond integrating large amounts of data, a defining characteristic of AI-based methods
is their ability to adopt abstractions that generalize across problem domains. This means that
methodological advancements made in learning to play a videogame can lead to improved
decision making in a separate field (Fawzi et al., 2022b, Jumper et al., 2021, Kajita et al.,
2020, Mankowitz et al., 2023b, Segler et al., 2018, Shi & Evans, 2023). Nonetheless, despite
this promised generality, different problem domains often necessitate domain-specific
algorithmic features. For instance, algorithms that learn to control and navigate drones
(Kaufmann et al., 2023) require fast response times and must process high-dimensional
video data. In contrast, automated scientific experimentation (Merchant et al., 2023) allows
for much longer response times. However, an algorithm now needs to handle more diverse
input modalities like text, ordinal, and image data. At a fundamental level, these two
applications share similar abstractions, which enables algorithm reuse. However, their
distinct characteristics necessitate adaptations and modifications to the algorithms for each
domain As a result, algorithms that were designed across separate fields often incorporate
different insights or assumptions appropriate to their domain.
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We predict that the convergence of solutions from different fields will yield further
algorithmic improvements. As an example, this is how transformer models from language
processing were used for computer vision (Dosovitskiy et al., 2021) with great success.
Inspired by this, this dissertation aims to ‘advance general sequential decision-making
algorithms for scientific experimentation” We pursue this ambition through the intersection
of two dominant algorithmic approaches in Al that attempt optimal sequential decision
making under uncertainty. These two approaches being Bayesian optimization (BO)
(Mockus, 1989) and reinforcement learning (RL) (Sutton & Barto, 2018).

To provide context on how we aim to achieve this, this chapter first motivates an ab-
stracted model that captures the complexity of real-world scientific experimentation. This
abstraction builds up from the historically relevant framework of optimal experiment design,
to numerical optimization for which BO is popular, and finally to the agent-environment
framework relevant to RL. We then describe how Bayesian search methods enable general
algorithmic solutions for the agent-environment framework, but faces challenges in practi-
cal scaling. From this, we define a scope of challenges for this dissertation from which we
motivate our research goals and position our contributions.

1.1 ABSTRACTING SEQUENTIAL EXPERIMENT DESIGN

At the foundation of science is the accumulation, introspection, and utilization of knowledge
(Okasha, 2016). Specifically, science deals with epistemology (Audi, 2010) by formulating
hypotheses about the real world which can be validated through empirical evidence. In
other words, through observations made from experiments (Peirce, 1883). However, science
is also pragmatic in the sense that new knowledge should serve societal or individual needs
(Peirce, 1878). Thus, when handling controllable processes in practice that rely strongly on
measurement, a natural question to ask is: how does one design the best possible experiment
and what defines ‘best’? This question compels the concept of optimal experiment design.

However, real-world scientific experimentation is not limited to just formulating optimal
experiments. We need to account for how knowledge from experiments is used downstream
in order to focus the questions we want to ask. Furthermore, experiment designs need to
consider practicalities, such as (but not limited to): the feasibility of certain measurements,
noise in the observations, budget and time constraints relative to the size of the problem,
possible confounding, or early stopping criteria. Although we can develop experiment
strategies for every such characteristic, it is more useful (in the long-term) to create
abstractions of the underlying problem that enable more general solutions. Therefore,
this section builds towards an abstraction for optimal experiment design such that we can
capture the complexity of real world scientific experimentation.

1.1.1 OpTiIMAL EXPERIMENT DESIGN

Classical optimal experiment design describes estimation of the generative parameters
of an observed (and controllable) phenomenon that is optimal under some statistical
criterion given an assumed mathematical model of the real world (Peirce, 1876, K. Smith,
1918). With “generative parameters” we mean the true, but unknown, input values of the
observed process, such that, if we knew their values we could use our model to perfectly
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reproduce the observations aside from independent noise. We refer to such a mathematical
model conditional on (optimal) estimates or distributions of its generative parameters as a
statistical model (Pearl, 1988). Most importantly, an optimal design guarantees unbiased and
minimal variance estimation of statistical models at a tolerated level of precision (Kiefer,
1959). The desired precision then controls the costs or number of experiments that we
need to perform. To put this into context, when we use statistical models for evaluating
counterfactuals or to make predictions about future events, their reliability depends on a
practical trade-off between robustness and efficiency.

To design an optimal experiment in practice, perhaps the most well known principles
to follow are those described by Fisher (1935), also known as the design of experiments
(DOE). It formulates how to reliably perform inference or make statistical claims when
comparing reference measurements (also known as baseline or control) to experimental
measurements. Most importantly, in order to achieve unbiased and efficient estimation of
statistical models, the DOE advocates that controllable factors of experiments should be
exhaustively varied to reduce confounding, through randomization or blocking, and that
experiments must be replicated to reduce uncertainty.

Unfortunately, when the number of controllable factors in an experiment design be-
comes relatively large, typical DOE becomes impractical or economically prohibitive. The
reason being that the dimensionality over possible combinations of the experiment factors
grows exponentially. As a consequence, estimating our statistical models at a certain level
of precision, in the worst case, will also require exponentially more experiments. This is an
effect of the curse of dimensionality (Bellman, 1957). By making mild assumptions on the
underlying problem, however, it is possible to reduce this effect. For instance, fractional
factorial designs assume that only a few factors have meaningful effects on the observations
and that interactions between these factors are limited (Finney, 1943). This reduces the
number of required experiments by a few factors in the exponent. Nevertheless, this is
only an improvement, and the curse of dimensionality will always severely restrict the
practicality of experimental setups.

1.1.2 SEQUENTIAL DESIGN AS NUMERICAL OPTIMIZATION

The principles of optimal design prescribe how to reliably setup a single experiment, extract
information from measurements, and draw sound conclusions. In practice, however, we
typically perform small experiment designs that build on each other incrementally (Wald,
1945) rather than through formulating one optimal experiment design. Although such
a sequential design induces delays in feedback, it also reduces the effect of the curse of
dimensionality by spreading measurements out over time and enabling early-stopping of
experiments (Shiryaev, 1978). This means that experiments can be terminated prematurely
when sufficient information has been gathered for downstream use of the statistical model,
such as answering a statistical hypothesis at an accepted level of confidence.

This integration of the downstream use and estimation of our statistical models reveals
a practical trade-off. We can reduce the precision of statistical models that would be
estimated through a classical optimal design such that they are sufficiently accurate and
feasible to obtain for practical use. However, the objective of experiment informativeness
often competes with practical feasibility, and both are challenging to formulate accurately.
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Thus, to effectively handle this trade-off, it is useful to adopt a numerical optimization
(Nocedal & Wright, 2006) abstraction for sequential design.

We rephrase sequential experimentation more precisely as a derivative-free optimiza-
tion problem (Conn et al., 2009) where an algorithm sequentially proposes sample ex-
periments X; at every experiment step ¢t = 1,2,..., T. Each sample experiment generates
observations Y; through an observed process f;, which are then summarized through an
objective h; into a utility-value U; for optimization:

X = ft(Xt) = Y; = ht(Yt) = U;
Experiment Empirical Process Measurements Objective Utility

Thus, the optimizer must select sample experiments X; that maximize the intermediate
utility values U; where information about this value is only revealed through function
evaluations. This has the benefit of allowing for weak assumptions on f; and h; for the sake
of generality. When the utility U, its accumulated value U; + Uz + -+ + Uy, or some other
criterion is deemed sufficient, we can halt the optimizer and conclude the experiments.

To contrast this abstraction, a classical optimal design selects all sample experiments
X1, Xz,..., Xt simultaneously through a choice of h; that captures statistical informativeness.
Sequential design (Wald, 1945) adopts a similar choice for the objective h;, however, the
ordering and choice of experiments Xj, Xy, ..., X7 is determined at each step ¢. This has the
merit of enabling early-stopping if an ideal ordering can be found, which saves up time
and resources. However, the ordering itself usually depends on a downstream application
of the estimated model. Thus, the optimization abstraction generalizes the objective h;
to a broader class of functions (i.e., beyond statistical criteria) that better integrates the
practical needs of our estimated model for selecting experiments.

EXAMPLE SOLUTIONS

The utility of the ‘derivative-free optimization’ abstraction lies in enabling efficient and
general solutions for diverse characteristics or assumptions on the process f; and objective
function h;. For instance, evolutionary algorithms (Eiben & Smith, 2015) excel in problem
settings where both f; and h; are cheap to evaluate. In other words, settings where the
cost of designing an optimal experiment far exceeds the cost of sampling—prioritizing
taking more, but less informative, sample experiments. Some example applications of
this include automated antenna design (Hornby et al., 2006) or neural network structure
learning (Stanley & Miikkulainen, 2002). In other settings where evaluations of f; and
h; can be parallelized or distributed to a large extent, successful solutions even include
advanced forms of random search (Jamieson & Talwalkar, 2016, Li et al., 2018). This applies
in (simulated) parameter search problems like configuring machine learning algorithms
(Bergstra & Bengio, 2012). Conversely, when sampling from f; is expensive or slow, memory-
based algorithms like Bayesian optimization (Mockus, 1989) are popular. These methods
spend more time and resources on formulating (computing) experiments given currently
available information, and have successfully been applied in automated laboratories (Roch
et al., 2020), tuning neural network hyperparameters (Hutter et al., 2019, Silver et al., 2016),
or configuring particle and quantum physics simulations (Carleo et al., 2019, Ilten et al.,
2017).
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Example 1.2: In Silico; Asynchronous Parameter Optimization

Numerical optimization algorithms that leverage distributed evaluations can achieve much
better time-efficiency compared to fully sequential algorithms by trading-off the addi-
tional cost sampling more points. Although these algorithms increase throughput, it
complicates the problem of strict sequential experimentation to general dynamic control.

Figure 1.2: Interaction of a con-

(\ ié} - - I:l figuration selection algorithm

(gear; left) with a compute clus-

ter (right). The algorithm requests

a {é} - _ jobs for experiments, which are then
allocated to timeslots for execution.

\} {é} - I:] These jobs can return feedback in-

Time =) termittently and upon completion.

A common example of this is in simulated parameter optimization, as shown in Figure 1.2.
In this context, a configuration selection algorithm can choose to ignore or take pending
experiments into account when proposing new experiments. Moreover, under strict time
constraints, the algorithm can even cancel ongoing experiments when intermediate results
provide evidence on better configurations to test. The optimal decision to take generally
entails solving an intractable planning problem (Bellman, 1957).

1.1.3 AN AGENT-BASED ABSTRACTION FOR Dynamic CONTROL

In sequential experiment design we perform (small) consecutive experiments to extend and
build on accumulated knowledge to answer practical questions. Although the numerical
optimization abstraction is holistic in this sense, it still fails to capture more complex settings
of scientific experimentation. Of course, this doesn’t prevent derivative-free optimization
algorithms from being useful for these problems, as hinted through by the diverse set of
examples from the previous subsection. However, it does introduce a degree of model
misspecification (D. R. Cox, 2006), which can have varying degrees of (possibly negative)
impact depending on the severity.

Arguably, the most pressing unaddressed assumption is that the conditions between
sequential measurements are static. This states that there can be no confounding if we
assume that the empirical process and our objective function from the previous subsection
Y; = f;(X;) and U; = hy(Y;) are time invariant (i.e., f; = fi+1 for all t). Although this is a
useful simplifying assumption on the methodology side, it is practically unrealistic aside
from the most extremely controlled experiment environments.! For instance, certain exper-
iments for X; can break or wear down measurement equipment, leading to a difference in
observations when reproducing experiments, f;(X;) # f;+1(X;). This does not always de-
pend on the experiments X; themselves, but can also be induced by seasonal influences, the
time of day, ambient temperature, or more. Moreover, changes in the costs of experiments,
as given by the objective h;, can fluctuate over time due to market dynamics.

!Even in the most extremely controlled laboratory environments it is technically impossible to satisfy f; = fr+; in
a strict sense. It is only ever realistic to make regularity assumptions between the two.
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Figure 1.3: The agent-environment model to abstract general closed-loop control. The agent receives
observations (feedback) from the environment based on the actions it proposes, and each action changes the
environment’s unrevealed state. To optimize the feedback, the agent should maintain an internal representation
(memory) of the environment’s state through these observations to determine the ideal actions.

Another restricting assumption is the closed-world model that consists only of strict
sequential experimentation and feedback. For instance, consider the scenario sketched in
Example 1.2 where a parameter configuration algorithm (Hutter et al., 2019) can perform
many simultaneous (simulated) experiments and where the experiments can also yield
intermediate feedback. Suppose that we want to trade-off shorter experiment times at the
cost of potentially performing wasteful experiments. Although a ‘numerical optimization’
abstraction can integrate this property into an objective h;, typical algorithms cannot
directly deal with asynchronous feedback on the experiments as they can only propose new
experiments. Instead, a better solution could integrate intermediate data and terminate
long running experiments if said data reveals better experiments.

THE AGENT-ENVIRONMENT MODEL

To enable general solutions that addresses the aforementioned complexities, we require
further abstraction of sequential experimentation to account for non-stationarity and
dynamic control aspects within experiments. This can be effectively modeled using an
agent-environment framework, as depicted in Figure 1.3. This model is common in rein-
forcement learning (Sutton & Barto, 2018) and is also referred to as general closed-loop
or feedback control (Bertsekas, 2019, Powell, 2021). Specifically in the context of sequential
experiment design, this more general formulation is analogous to the identification for
control problem for non-linear dynamical systems (Nelles, 2001); we direct the reader to
the work by Gevers (2005) for a complementary discussion to our abstraction.

In the proposed model, rather than just selecting experiments, an agent (our algorithm)
now dynamically selects actions that indirectly lead to experiments—like the robot arm
of Example 1.1 that can move its joints to select and dither materials to test new material
combinations. Indeed, the “sequential” experimentation loop from the previous subsection
still exists, but it is now embedded within a more complex closed-world system. Each action
by the agent can update an unobserved state of the system which is only partially revealed
through observations and feedback. On top of experiment measurements and utility values,
this data can now include much broader information like the energy expenditure of a robot
arm or the current number, costs, and runtime of experiments. To simultaneously account
for uncertainty in this dynamic process and select actions that lead to the best experiments,
an optimal agent must generally maintain an internal representation of the environment to
adapt its experimentation strategy based on all previous data (Duff, 2002, Spaan, 2012).
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SUMMARY

In this section we introduced how optimal experiment design aims to uncover a statistical
model of the real world in a way that guarantees a level of statistical precision. Despite
existing frameworks for principled experiment design, like DOE, optimal design is often
infeasible due to the curse of dimensionality. It is possible to cope with this problem
through sequential experiment designs, as these can spread large designs out over time
and prematurely terminate experimentation if the statistical model is deemed sufficiently
accurate. This criteria reveals a trade-off between practicality of experiment design and the
obtained model precision; which motivated abstracting experimentation into a more general
optimization loop. Despite this abstraction having lead to many practically successful
algorithms, we argued that sequential interaction with a static empirical process still
assumes a misspecified model for real world experimentation. This lead to the final agent-
environment framework, which can deal with non-stationarity in the experiment loop and
general dynamic control. We will henceforth use this final framework to formulate our
solutions for tackling the problem of scientific experimentation in the real world.

1.2 ScCoPE: CHALLENGES IN SCALING BAYESIAN SEARCH

The agent-environment model of Figure 1.3 is a thoroughly studied framework within RL
and dynamic programming (DP), and has prompted diverse algorithmic solutions. The
two central themes in such solutions are 1) how to effectively handle uncertainty and 2)
how to perform optimal decision making. Arguably, the most common and straightforward
approach to reason about uncertainty is through probability theory, specifically through a
Bayesian lens (Jaynes, 2003). Combining the Bayesian framework for handling uncertainty
with optimal decision making motivates the framework of Bayesian search.

Bayesian strategies represent uncertainty for closed-world systems involving random
variables (RVs), like our agent-environment model, by defining a hypothesis set over these
RVs and coupling individual hypotheses with (infinitesimal) probabilities that capture
a belief of plausibility. This prior belief can be updated over time as new information
is revealed (R. T. Cox, 1946, Jaynes, 2003), we typically refer to the updated belief as
the posterior. An ideal solution to the closed-loop control problem under uncertainty
can be formulated as an agent that solves the planning problem (i.e., maximize expected
returns) while simultaneously accounting for how its posterior belief will evolve (Duff,
2002). Concretely, this means that actions are selected not just by their expected immediate
return under the current belief, but also by how they influence future belief updates, which
in turn affect the returns.

This ideal also clarifies how the two methodologies central to this dissertation relate.
Sequential BO, as introduced in the previous section, maintains exactly such a posterior be-
lief over an unknown process, but typically selects experiments through (myopic) heuristic
acquisition functions rather than planning over future belief updates. Deep RL, in contrast,
explicitly optimizes decisions over long horizons, but rarely maintains an explicit belief
over the environment. Both methodologies thus approximate the same ideal from different
directions, and the contributions in this dissertation target these shared foundations, rather
than the full scientific-discovery pipeline, such that improvements transfer to both.
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Although conceptually straightforward, Bayesian search generally poses considerable
engineering challenges. Firstly, the complete specification of RVs, their interactions, and
suitable prior beliefs, is often far from trivial, and in many cases intractable. Second, given
a prior belief and sample observations, we must be able to update the posterior distribution
efficiently. Unless we impose stringent assumptions, exact posterior inference is generally
intractable (NP-hard; Johnson, 1990) as it entails solving for many (nested) integrals
(Cooper, 1990). On top of this, the planning problem is itself computationally demanding
(Papadimitriou & Tsitsiklis, 1987, Puterman, 1994), as it must recursively incorporate
Bayesian belief updates while operating over a exponentially growing decision space with
respect to the number of variables (curse of dimensionality). Exhaustive Bayesian search
therefore quickly gets infeasible in large domains, motivating the need for algorithms that
are both flexible in their model specification and able to scale efficiently.

Approximate Inference with Deep Learning. At the time of writing, the most
successful approaches for scaling up posterior inference and planning are those that use
function approximation through deep neural networks (Goodfellow et al., 2016). Specifically,
function approximation can help deal with the intractable integrals that arise in Bayesian
inference through amortization (Gershman & Goodman, 2014). Amortization means that
we perform an expensive fitting (or training/learning) phase such that computation needed
for (sub-)problems can be compressed within a much cheaper function. The idea is that
the fitted function can reuse stored results later when faced with similar problem settings
and interpolate between solutions for unobserved problems through pattern recognition
(Bishop, 2007). In this regard, deep neural networks are some of the most flexible methods
that also allow efficient training.

A deep neural network defines a massively overparametrized statistical model that
can functionally relate diverse input modalities like text, video, categorical data, and more.
This functional relation defines an (almost) overencompassing guess to our aforementioned
closed-world formulation of the real world while also allowing relatively uninformative
specification of prior beliefs. However, this side-steps, rather than solves, the aforemen-
tioned formulation challenge by trading principled model specification for generality.
Imposing uninformative priors in such a way demands a fitted function to find or rule-out
underlying relations and patterns strictly within its parameter-space given data (Frankle &
Carbin, 2019, Halevy et al., 2009, Malach et al., 2020). Thus far, much of machine learning
research and engineering has focused on designing neural network functions (architectures)
in a way that 1) efficiently enables such parameter search and 2) reasonably improves in
performance when increasing model size and data (Kaplan et al., 2020). It is exactly the
philosophy of leveraging computational resources and datasets at unprecedented scale
that has enabled considerable scientific and societal breakthroughs, as exemplified by
algorithms like AlphaFold (Jumper et al., 2021) for protein structure prediction and by
content generative models like ChatGPT (OpenAl et al., 2024) for text or Stable Diffusion
(Rombach et al., 2022) for images.

So far, it is seemingly sketched that amortization through deep learning also enables
the scaling of Bayesian search to large problem domains. Integrating such approaches
within an interactive agent-environment loop, however, leads to unique challenges in
algorithm design. Leveraging non-linear models for closed-loop control systems generally




10 1 INTRODUCTION

leads to unpredictable long-term behavior (Strogatz, 2024). The choices for neural network
architecture and parameter search, on top of approximation errors and (approximate)
planning for optimal sequential decision making, only exacerbate this unpredictability
due to inherent complexity. In other words, it is unclear what assumptions and patterns
agents make, reuse, or interpolate between during deployment—or whether their solutions
are even ‘correct’ at all (Jacot et al., 2018, Radhakrishnan et al., 2024). This complicates or
downright prevents us from developing algorithms that guarantee behavioral properties
like robustness (Morimoto & Doya, 2005), safety (Chow et al., 2018), alignment (Amodei et
al., 2016, Langosco et al., 2022, Pan et al., 2021), and performance (Dulac-Arnold et al., 2021,
Kakade, 2003). The remainder of this section, thus, defines a scope of current challenges
that we argue are limiting effective and responsible deployment of this technology.

1.2.1 SEMI-AMORTIZATION FOR GENERALIZATION

The point of amortization through function approximation methods is to cast expensive
inference procedures to a much cheaper pattern recognition task (Bishop, 2007). Given
training data, fitted functions can reuse patterns to new (unseen) inputs instead of exhaus-
tively recalculating solutions. However, data is always limited in practice. This effectively
guarantees that agents will encounter scenarios where training is imbalanced, mismatched,
or does not cover many edge-cases with respect to downstream tasks—see Example 1.3 of
how this can quickly arise in practice. Yet, we still want agents that use possibly mismatched
amortization to perform well, or at least not break, in such scenarios.

This specific problem is also referred to as out-of-distribution (OOD) generalization
(Yang et al., 2024), which itself is an instance of the classical bias-variance tradeoff in
statistical learning theory (Hastie et al., 2009, Luxburg & Scholkopf, 2011). As hinted
at earlier, OOD generalization is particularly difficult with deep neural networks since
the complexity of their functions prevent or obstruct insight. What patterns and rules
neural networks extract during training is currently not well understood (Jacot et al., 2018,
Radhakrishnan et al., 2024) despite defining the downstream behavior of agents. Do learned
patterns represent a fundamental rule of the real world? Or do they memorize information
for accurate predictions on the training data, and only happen to perform well in limited
testing scenarios? Moreover, even accurately formulating generalization on downstream
tasks is difficult since in dynamic control settings (Kirk et al., 2023) and high dimensional
spaces (Balestriero et al., 2021) many scenarios can be contrived such that test cases always
lie outside the training data. To put it briefly, there are still many open problems within
OOD generalization that underpin active topics of research.

To improve OOD generalization for agent-environment based control, we restrict
our focus to semi-amortization methods for which we emphasize two distinct but related
topics. Semi-amortization refers to methods that can leverage additional compute resources
and data during deployment to perform corrections to amortized solutions (Kim et al.,
2018, Margossian & Blei, 2024). This principle was, for example, used by AlphaGo to
surpass human champions in the game of Go (Silver et al., 2016, 2017). To obtain this, we
firstly need agents to reliably recognize OOD scenarios, which requires efficient methods
for uncertainty quantification on the representations learned by neural networks. Then
secondly, we need methods that can correctly perform finetuning to adapt to unseen
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Example 1.3: Out-Of-Distribution Model Input and Output

In machine learning it is common that statistical models need to predict on test data that
is often distinct from the training data distribution. Despite this mismatch, the underlying
rules of the data are typically assumed to be invariant. Unfortunately, it is infeasible to
exhaustively cover all possible combinations of the data during training. Effectively, this
means that agents will frequently encounter out-of-distribution scenarios at test-time.

Image input. Consider the task of solving a maze from  Train Test (new) Test (seen)

images, where the training data contains irrelevant informa-

tion such as background color (Langosco et al., 2022). An I!E '@l.l .!E
ideal agent should be invariant to this color so it only reuses

solutions when the maze stays the same and not the color.

Text input. Similarly, consider two text instructions for an agent (van Leeuwen, 2023),
“Move to your left” << “Move opposite to your right”

Both instructions should lead to the same optimal behavior despite being formulated differ-
ently. Assuming that the distinct concepts of ‘opposite’, ‘left/right’ and ‘move’ are within
the training data, an ideal agent should generalize to new, unseen, formulations.

Constrained output. Finally, consider an agent controlling a robot arm with multiple
joints. The designer suspected possible test-time defects in the joints. Thus, an agent was
trained on scenarios where one action dimension would receive an inactivity constraint to
reflect such a scenario. However, this only considers a per-joint basis for potential failures.
If multiple joints simultaneously incur defects during test-time, an agent must generalize
between solutions of the per-joint failures.

scenarios. Since deep neural networks are massively overparametrized functions, one
challenge is to deal with the computational burden for computing accurate uncertainty
measures on the architecture or perform updates for correction. Another challenge is that
naive model correction often violates statistical assumptions of the data in dynamic control
scenarios. Finally, we also desire methods that can readily switch between providing fast
but wrong solutions and slower but more accurate solutions.

1.2.2 SCALABLE (APPROXIMATE) BAYESIAN PLANNING

Assuming that we have an effective way to deal with uncertainty quantification, the second
key component of Bayesian search is to perform optimal decision making. Although
this is conceptually rather straightforward, it typically entails solving a computationally
demanding planning problem (Bellman, 1957). Briefly put, this is because the optimal action
at any decision event depends on all actions that follow it, and evaluating all such future
paths incurs the curse of dimensionality. In other words, this emphasizes a more general
challenge on how to tractably perform Bayesian search. Although diverse methodologies
exist to attempt tractable search, each with their distinct assumptions and challenges, we
specifically restrict our focus on dealing with the challenges of BO and RL.
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To this end, methods like BO (Mockus, 1989) simplify the planning problem by breaking
dependencies on the future. In contrast, RL methods (Sutton & Barto, 2018) use amortization
and sampling to iteratively update local solutions to the planning problem, eventually
converging to the true (global) solution given enough samples and computation. When
using deep neural networks for amortization this approach is also referred to as deep RL.
Although BO methods harshly simplify the problem, this does often allow agents to satisfy
the optimal Bayes decision rule within this model (Jaynes, 2003, Lehmann & Casella, 1998).
In Bayesian RL methods this is considerably more difficult and expensive to obtain.

However, this discussion of assumptions becomes more nuanced when we link back
to the motivating use-case of self-driving laboratories (Example 1.1). One common char-
acteristic of this problem in practice is that of batched actions (Gonzalez-Duque et al.,
2024a), or somewhat similarly slate recommendation in RL (Deffayet et al., 2023). As
illustrated in Example 1.4, this problem means that individual actions factorize in terms
of multiple independent sub-actions, where the contribution of sub-actions to the overall
optimization problem complexly depend on each other. A common strategy for filling
in multiple individual items in such a batch is to model the problem sequentially and fill
the items through DP (also known as liar strategies). However, this creates a scenario
where concepts of RL and BO are mixed, since actions inside the batch are sequentially
dependent, but actions outside the batch are not. Of course this is only one example, in
practice multiple practical features may necessitate simplifications, generalizations, or
additional structuring to obtain feasible algorithms. An essential question that then arises,
is how to best tackle this question of model structuring in a sufficiently general manner.

So, the first challenge we identify is how to best contrast and evaluate assumptions
between BO and RL methods. From this we can identify a second challenge as trying
to leverage insights from this to improve both of these two existing methodologies. In
turn, this creates multiple subchallenges in how to effectively deal with combined RL and
BO related challenges. In similar spirit to the semi-amortization challenge introduce in
Section 1.2.1, the main subchallenge we want to highlight is that of performing approximate
planning that can scale well to increased computational resources. In other words, how do
we design methods that can perform approximate Bayesian search and interpolate between
solutions that are 1) fast but inaccurate or 2) slow but more accurate.
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Example 1.4: Action Specification for Batched Experimentation

Instead of constructing one large experiment design, an agent can also generate smaller
experiment designs sequentially (see Section 1.1.2). Anything between a full design
and singular experiments, is also known as batched experimentation. For agent de-
sign, there are multiple ways to structure how such batches should be constructed.

X
Xt

t+1 1 2 .. N t+N
— Vs. Xi Xy Xin Xiin-1 5

i

As illustrated above, for some batch-experiment X;, an agent can either generate an entire
design instantaneously or generate sample experiments X! one-by-one. Arguably, the se-
quential method makes fewer assumptions on the environment by spreading a potentially
large batch out in time. The batch-size N becomes part of the environment dynamics and
can vary dynamically; the agent can generalize to new domains without modification. The
consequence, however, is that this induces delayed feedback for the first batch-items. In
contrast, using a batched structure allows the agent to receive immediate feedback, but
it requires additional assumptions on how to fill in said batch, especially with varying N.
Depending on desired agent functionality, a tradeoff should be made here between generality
and imposing structure to ensure solution feasibility.

1.3 Aim AND RESEARCH GOALS

This dissertation takes steps towards improving our understanding and implementation of
algorithms for sequential decision-making based on the principles of Bayesian search. We
adopt a general research vision, that reads as:

To develop better and more general algorithms for sequential decision making
under uncertainty, we work within a unified framework for Bayesian optimization
and deep reinforcement learning to better understand and reason about these
methods, including the assumptions they make and their approximation quality.

This is first and foremost an attempt to jointly discuss the design choices and approximation
methods employed in Bayesian optimization and deep reinforcement learning, without
having to visit each of these topics distinctly. As sketched in the previous section, we pose
that RL tackles the sequential decision making problem in a more general (and possibly
more performant), but more computationally involved manner. However, the relative
simplicity of BO still makes it an attractive alternative with often competitive performance.
Thus, our focus will predominantly be on deep RL for generality, however, we integrate
the discussion of BO as a way to bridge these two approaches. Secondly, our outlined
vision shapes our approach on designing, applying, and structuring general models. It
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constrains us to leverage methods that reliably scale up in performance when given more
computational resources, which can be easily transferred to differing domains.

To work towards the general aim of this project, within this encompassing vision, we
break it up into manageable research questions (RQs) to address specific challenges,
position it to existing approaches, and further focus the dissertation’s scope. These RQs
are listed below accompanied with a short isolated motivation. The first RQ focuses the
general aim to two approaches of interest:

Research Question 1: Can we capture optimal sequential decision-making in a
probabilistic model that generalizes Bayesian optimization and reinforcement learning?

When designing solutions to a given problem, it is often useful to adopt a standardized
language to effectively reason about the appropriate tools or approaches to apply. A
unified probabilistic formulation enables us to position Bayesian optimization and
reinforcement learning within a more general class of methods.

BO and RL have been described from many viewpoints already in prior work (Mockus,
1989, Sutton & Barto, 2018), including probabilistic interpretations of optimal control
(Kalman, 1960, Levine, 2018, Ziebart, 2010, Ziebart et al., 2010). However, they are usually
discussed in isolation despite their strong similarities. Viewing both methodologies from
a similar perspective allows us to more easily draw conclusions that have consequences
to both fields, despite focusing on one singular branch of methods. For instance, recently
deep reinforcement learning methods have been used for black box optimization (BBO)
problems that outperform classical BO methods (Y. Chen et al., 2017). Although this sounds
promising, because their approach is fully framed within RL, it does not explain why their
results outperform BO in a setting where BO typically shines. So, to better understand
this, we write our second RQ:

Research Question 2: How do contemporary deep reinforcement learning algorithms
fit within our framework? What can we say about the quality of their approximations?

Practice shows that deep reinforcement learning algorithms are highly effective in
tackling the planning (under uncertainty) problem in its full generality by using neu-
ral networks for approximate inference. However, they also often exhibit brittleness.
Thus, our aim is to study how successful current deep reinforcement-learning algo-
rithms fit within our framework and how well they perform their approximations.
This can caution us when developing new algorithms.

Related to RQ 2, there has been prior work which demonstrates that reinforcement
learning methods perform improper uncertainty quantification when training static agents
to perform tasks involving inference (Beck et al., 2023, Xiong et al., 2021). More generally,
this can be shown as an approximation gap in amortized functional inference that is
no longer being corrected for (Cremer et al., 2018, Margossian & Blei, 2024). However,
completely correcting model approximations amounts to full online inference, and despite
being theoretically sound, comes at significant computational burden compared to fully
amortized inference.
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Ideally, we would have a mechanism that can interpolate between these two extremes.
Furthermore, to reduce computational latency, we want to focus on approaches that
scale particularly well to distributed computation. Specifically, this includes specializing
algorithms to make better use of hardware acceleration like Graphical Processing Units
(GPUs). This principle allows us to very easily scale to additional computation through
vectorized operations.

In summary, this motivates the next RQ which investigates methods for approximating
our probabilistic model in a way that scales well in practice but also enables our algorithm
to perform online corrections to a learned (amortized) statistical model:

Research Question 3: How do we efficiently scale approximate inference within our
model formulation?

When making very general or loose assumptions on a complicated probabilistic
graphical model, the designer often encounters numerous (nested) intractable in-
tegrals. In such cases, numerical approximation becomes effectively compulsory.
Practice shows that amortizing the cost of integration by predicting their solution
through overparameterized predictive models can be highly effective. Although, such
predictive models usually enable cheap evaluation and flexible prior specification,
they also induce additional approximation error due to restricted representational
capacity or a poor fit—as a result of local optima or insufficient data. Therefore, our
aim is to investigate methods that can leverage both amortization for fast initial
solutions and online inference to correct for these fast, but wrong, initial solutions.

1.4 OUTLINE

The dissertation is structured as follows, to investigate both RQ 1 and RQ 2, Chapter 2
shows how current meta-reinforcement learning algorithms (Beck et al., 2023) estimate a
general underlying probabilistic model. However, from a strict statistical viewpoint, we
show how this estimation can be poor in practice. The subsequent chapters leverage this
insight to motivate better learning objectives and semi-amortized approximation methods.
Targeting RQ 3, Chapter 3 investigates such a semi-amortized approach for approximate
policy inference, this chapter proposes improvements to sequential Monte-Carlo planning
algorithms for scaling to distributed compute and addresses. Finally, Chapter 4 completes
RQ 1 & 3 by building the sequential Monte-Carlo planner inside a learned Bayesian filter to
account for uncertainty. This final chapter presents the closest approximation to the general
model we desired, as given by our general research aim and vision. The following discussion
chapter the links our findings back to the research questions and provides recommendations
for the design of future algorithms. At the end of this manuscript, we give an overview of
repositories and academic publications in Appendix ‘List of Publications’.
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2

POSTERIOR UNCERTAINTY IN
META-TRAINED AGENTS

A: I heard you were extremely quick at maths, what is 37 x12? B: 47!
A: That’s wrong... B: Yes, but it was fast!

As explained in the Introduction, powerful function approximation enables approximate
learning of intractable computations into cheaper functions. In deep reinforcement learning,
this has proven to be an effective approach for training models in an offline setting that can
perform well and adapt rapidly to new problems. However, mismatches between the training
distribution and later deployed tasks, often called the ‘simulation to real’ gap, are a common
cause of brittle behavior at test-time.

This chapter investigates this phenomenon and contributes a new insight that commonly
used approaches in memory-based reinforcement learning methods learn an overconfident
estimation of uncertainty inside their model. We present our contribution within the context of
meta-reinforcement learning, so this chapter starts by discussing this setup and the connection
to amortized inference. Our approach is then described in Section 2.4 where we introduce the
‘Laplace variational recurrent neural network’ architecture, a method that provides us with an
efficient and architecture independent approximation for distributional statistics of recurrent
agents. We perform a short empirical study on how our method interplays with representation
learning and the different assumptions of the agent’s graphical model.

Our findings confirm prior results that amortized statistical inference is not statistically
consistent, moreover we find that the uncertainty of learned statistical estimators reduces
despite not being consistent. This shows that end-to-end meta-learning cannot distill reliable
learning algorithms in and off itself. Instead, care must be taken when designing meta-learning
losses and architectures to align the agent’s representation with intended behavior.

The contents of this chapter have been published in (de Vries, He, de Weerdt, & Spaan, 2025).
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2.1 INTRODUCTION

Reinforcement Learning (RL) concerns itself with making optimal decisions from data
(Sutton & Barto, 2018). This is typically achieved by letting an agent generate data in an
environment and then optimizing a cost function of the agent’s parameters given this data.
In meta-RL, an agent is trained to optimize an expected cost over a prior distribution of
environments (Beck et al., 2023, Finn et al., 2017). The idea is then that, given a trajectory
of new data, an agent can infer latent environment parameters and successfully adapt its
action policy online. This is known as zero-shot or few-shot adaptation or learning (Beck
et al., 2023). In recent years, this paradigm has shown impressive results, for example,
by the Capture the Flag agent (Jaderberg et al., 2019) or the Adaptive Agent (Bauer et al.,
2023).

In any meta-RL algorithm, an accurate approximation of the latent parameter distri-
bution given data, also known as the task posterior distribution, is useful to quantify the
agent’s uncertainty (Grant et al., 2018). Accurate quantification of uncertainty enables
agents to detect distribution shifts (Daxberger et al., 2021) or guide exploration through
novelty signals (Osband et al., 2013, Sekar et al., 2020). Importantly, on deployment, dis-
tribution shift detection is essential for timely human intervention or retraining. This
ultimately improves the robustness and efficacy of our algorithms and allows us to more
reliably inspect failure cases.

A common approach in meta-RL is to model the task posterior with point estimates, e.g.,
using the hidden state of recurrent neural networks (RNN) (Y. Chen et al., 2017). However,
this prevents us from exploiting useful distributional statistics. Another downside of
using point-estimates is the increased risk of overconfidence unless the true posterior
is sharply peaked at that particular point. This would imply that there exists almost no
uncertainty about the environment, which is typically a strong and unrealistic assumption.
As a consequence, point-estimate based meta-RL has been known to overfit to its training
distribution, leading to brittle downstream performance (Greenberg et al., 2023, Xiong
et al., 2021).

Arguably, a better approach would be to explicitly parameterize some full distribution
(e.g., a Gaussian) (Chung et al., 2015, Zintgraf et al., 2021). However, approximate Bayesian
methods are slower to train and are still often outperformed by simple point-estimate
methods in terms of expected returns (Greenberg et al., 2023) even though they model
the posterior more accurately. This could be explained by the fact that non-Bayesian
methods enjoy reduced sampling noise, easier numerical representation, and improved
model capacity by not having to learn a complex posterior model (Goyal et al., 2017, Hafner
et al., 2019).

To get benefits from Bayesian methods when using non-Bayesian models, we introduce
the Laplace variational recurrent neural network (Laplace VRNN) which utilizes the Laplace
approximation to extend RNN-based meta-reinforcement learning. Our method can perform
uncertainty quantification for non-Bayesian meta-RL agents without modifying the model
architecture or loss function, and without needing to retrain any parameters. In other words,
the consequence of the Laplace approximation is that we can apply it at any point during
model training. When applied after training, this is often referred to as a post-hoc posterior
(Daxberger et al., 2021). This allows us to make use of deterministic pre-training schedules
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and benefit from their aforementioned advantages while also enjoying the benefits of
Bayesian methods. Although the Laplace approximation has already been explored in
meta-RL (Finn et al., 2018, Grant et al., 2018), it has not been applied in memory-based
methods (Beck et al., 2023, Duan et al., 2016) which is what we explore.

The Laplace approximation is a simple method that only requires the curvature of a
distribution’s log-likelihood at a local maximum (Daxberger et al., 2021). For a Gaussian
mean-field assumption on our posterior model (Bishop, 2007), we only require the Jacobian
matrix of the RNN output with respect to its hidden state. This gives us a Gaussian
distribution for the task posterior distribution centered at the RNN hidden state with
inverse covariance equal to the sum of Jacobian outer products. This is a comparatively
cheap approximation compared to typical methods that apply the Laplace approximation
to the much higher dimensional neural network parameters (Daxberger et al., 2021, Grant
et al.,, 2018, Martens & Grosse, 2015).

We empirically validate that our method can reliably estimate posterior statistics of our
non-Bayesian baselines without degrading performance on supervised and reinforcement
learning domains. Similarly to Xiong et al. (2021), our results show that non-Bayesian
meta-RL agents do not learn consistent estimators, however, we also find that the learned
representations are overconfident. This could be seen by inspecting the post-hoc posterior
provided by the Laplace approximation, which showed low entropy while not converging
to a stable distribution. Furthermore, when comparing our method against variational
inference baselines, we find that our Laplace method performs on par in terms of mean
returns. Ultimately, this shows that the Laplace approximation can complement (or serve
as an alternative to) variational inference methods for uncertainty quantification, since we
do not learn our local uncertainty but estimate this based on the model’s fitted parameters.

2.2 RELATED WORK

Meta-Reinforcement Learning Meta-learning has been described from various view-
points, ranging from contexts (Hallak et al., 2015), latent-variable models (Garnelo et al.,
2018, Gordon et al., 2019, Wu et al., 2020), amortized inference (Gershman & Goodman,
2014), and “learning to learn” (Beck et al., 2023, Hospedales et al., 2021, J. X. Wang et al.,
2017). Applying these ideas to reinforcement learning has been gaining traction within
the field recently, for example, learning maximum likelihood estimation algorithms (like
our work) (Andrychowicz et al., 2016, Garnelo et al., 2018), probability density functions
(Bechtle et al., 2021, Lu et al., 2022), or model exploration strategies (Gupta et al., 2018).

Related to our work is the neural process by Garnelo et al. (2018) which formalizes
using meta-learning to infer a set of (global) latent variables for a generative distribution.
Since we test on reinforcement learning problems, one could view our model as a type
of non-stationary stochastic process or sequential neural process (Qksendal, 2003, Singh
et al,, 2019). This makes our model and optimization objective similar to the PlaNet model
(Hafner et al., 2019), however, we do not condition our recurrent model on samples from
the task posterior so we can obtain an analytical solution. This choice does reduce the
non-linearity of our model, the topic of linear vs. non-linear state space models is still
active research (A. Gu & Dao, 2024).




20 2 POSTERIOR UNCERTAINTY IN META-TRAINED AGENTS

Bayesian Reinforcement Learning Learning an optimal control policy conditional on
a task-posterior amounts to approximating the Bayes-adaptive optimal policy (Duff, 2002).
In this framework an agent is conditioned on its current state and a history of observations,
the history can then be used to produce a belief distribution over latent variables. The
Bayes-adaptive optimal policy maximizes the environment returns in expectation over
this belief (Duff, 2002, Ghavamzadeh et al., 2015, Mikulik et al., 2020, Zintgraf et al., 2021).
Although meta-learning induces uncertainty only over the reward and transition function,
many have also successfully tackled the problem as a general partially observable Markov
decision process (Bauer et al., 2023, Y. Chen et al., 2017). Doing this is orthogonal to our
method, however, we focus on the Bayes-adaptive framework.

Laplace Approximation The Laplace approximation has been explored for meta-learning
in, for example, the model agnostic meta-learning algorithm (Finn et al., 2017, 2018) to
achieve more accurate inference, or for continual learning (Kirkpatrick et al., 2017) as a
regularizer for weight-updates. The main obstacle to using the Laplace approximation
in practice is the computation of the inverse Hessian (MacKay, 1992), which alone has
quadratic memory scaling in the number of model parameters. For this reason, in Bayesian
neural networks, the block-diagonal factorization has become quite popular (Martens &
Grosse, 2015), as used by TRPO (Schulman et al., 2015) or second order optimizers (Botev
et al., 2017). Our method bypasses the costly Hessian problem by modeling a distribution
on a small subset of the full parameter set. In contrast to doing Bayesian linear regression
on the last layer of a neural network, our method can express multimodal distributions.

2.3 PRELIMINARIES

We want to find an optimal policy 7 for a sequential decision-making problem, which we
formalize as an episodic Markov decision process (Sutton & Barto, 2018). We define states
S €S, actions A € A, and rewards R € R as random variables that we sample in sequences.
We write H! = {St,A,,Rt}thl to abbreviate the joint random variable of episode i € N,

T
p(H) = HP(Rt|5t,At)ﬂ(At|5t)P(5t|5t—1,At—1),

t=1

where p(S;|Ag, So) A p(Sy) is the initial state distribution, 7(A;|S;) is the policy, p(S;+1]S:, Ar)
is the transition model, and p(R;|S;, A;) is the reward model. To avoid confusion, we de-
note episodes in the superscript from i = 1,...,n and time in the subscripts from t =1,..., T.
For convenience, we subsume the common discount factors y € [0,1] into the transition
probabilities as a global termination probability of prerm = 1—y (Levine, 2018) assuming
that the MDP will end in an absorbing state with zero rewards. The objective is to find 7*
such that E ) ), R is maximized.

2.3.1 INFERENCE IN META-RL

In contrast to single-task Reinforcement Learning (RL), in meta-RL we want to find the
optimal policy 7™ to a distribution over different environments. The agent typically does
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not know which environment it is currently being deployed in and needs to adaptively
switch strategies based on online feedback. We assume that the agent can adapt over
multiple episodes H'*", as opposed to only one episode H!, which is also known as zero-
shot or few-shot adaptation (Beck et al., 2023). This approach can be formalized using
the concept of global latent variables Z. For a fixed x, each trajectory H that we sample
depends on a sampled latent variable Z ~ p(Z), which could be interpreted as a unique
identifier of the current environment. Our agent does not directly observe Z, but this
variable influences the reward and transition models of the environment.

With full generality, we define the generative process,
p(Hl:n’Zl:n)z HP(HI|ZI)p(Zl|Z<I,H<l), (2.1)
i=1

where the term p(H'|Z") indicates the sampling distribution of the environment under our
current model for Z, and the term p(Z'|Z<!, H<) denotes the posterior distribution over
latent variables Z given all the data we have observed so far. For brevity, we do not expand
the sampling distribution p(H'|Z") here (see Appendix 2.A.1), however, this expression
hides that the posterior model is also updated inter-episodically at every Si, AL, R, € H.. Z'.
Note that this model is fully general, and is perhaps more common in continual-RL settings
(Khetarpal et al., 2022), yet it reflects the model factorization and inference capabilities
captured by most memory-based meta-RL methods (Duan et al.,, 2016). This generality
can be both a feature and a downside; the agent can capture broad environment settings,
but combined with function approximation it obfuscates what the agent learns and how
posterior uncertainty is represented.

Amortized Inference The posterior p(Z'|Z<!, H<!) from Eq. (2.1) is usually intractable;
a common approach to deal with this is to use variational inference (Bishop, 2007). This
approach represents the posterior with another distribution g € Q within some simpler
model class, and then chooses g to maximize a lower-bound to the data marginal (see
Appendix 2.A.1), i.e.,

Inp(H'") > xéleegcﬁq(zlzn‘ Hen) Z Inp(H'1Z) - KL (qZ|H)|p(ZzS1H)).  (2.2)
i=1

This involves a functional optimization problem to be repeatedly solved at every timestep.
Therefore, a more desirable approach is to amortize this with a learned neural network
fo that maps past observations and latents directly to a distribution g € Q (Gershman &
Goodman, 2014). In practice, this can be achieved by using a parametric family for g4 and
using fp to predict the parameters ¢ € ®.

To find the parameters 0 that maximize the evidence lower-bound, we can derive an
amortized learning objective. If we abbreviate the maximand from Eq. (2.2) as £(q, H'*")
and define fy : H" — ® (omitting Z for brevity), we always have the inequality

méiXEp(Hl:n) E(q¢:f9(Hl:n),H1:n) <Epin [rggg([l(q¢,H1:")]. (2.3)



22 2 POSTERIOR UNCERTAINTY IN META-TRAINED AGENTS

This shows that 1) with a sufficient function class for fy and optimal parameters 6%, we
obtain equality when fp-(H!'") = argmax gegp £(q¢,H1:"),VH1:” € H", and 2) 6* can be
obtained through a straightforward training procedure. The Lh.s. requires us to be able
to sample from p(H'*"), and that L is end-to-end differentiable with respect to 6, which
enables the use of stochastic gradient methods (Kingma & Ba, 2017).

From Inference to Control So far, we have mostly discussed how meta-RL agents
can perform inference to latent variables of the environment for a fixed policy z. To
define optimal behavior in the generative process we extend the probabilistic model of
Eq. (2.1) using the control as inference framework (Attias, 2003, Levine, 2018, Toussaint &
Storkey, 2006). This enables us to apply our Bayesian tools directly to our RL-agent in a
theoretically sound manner and, for specific design choices, recovers the typical meta-RL
training objective (Duan et al., 2016, J. X. Wang et al., 2017).

Control as inference reformulates classical RL as an inference problem by conditioning
the distribution over trajectories p(H') on a desired outcome (. This outcome O € {0,1}
is a binary variable indicating whether a trajectory achieves the outcome (1) or not (0).
The likelihood of this outcome given a trajectory H' follows the exponentiated sum of
rewards, p(O = 1|H") «< exp(}_, R}). Using Bayes rule, we can then infer the desired policy
as p(H'|O=1).

Similarly to the latent variable posterior gy, we can estimate p(H''"|© = 1) through
variational inference by defining a lower bound to the log-likelihood of the outcome variable
In p(© = 1|H'*") using a variational policy q,(AL|SL, Z!). Given our choice for the outcome
likelihood, this recovers a regularized RL objective (Geist et al., 2019) (see the derivation in
Appendix 2.A.1),

n T
£ qn) = Egyaninzimy 3, ), Ri—KL(gzlm) (2.4)

i=1 t=1

~KL(qy(Zl|1Z5 HEDp(Zi| 25, HED)

which is an extension of the MPO objective by Abdolmaleki et al. (2018) to include the latent-
variable posterior and its KL-term. The indexing of the conditional is slightly overloaded
for brevity, it indicates that the task posterior is conditioned on all prior data.

Unfortunately, this lower-bound does not give a practical training objective for both
inference or amortization as shown in Eq. (2.3), nor does it find the optimal policy given a
fixed 7. Therefore, practitioners often include the following design choices.

1. The true posterior p(Zi|ZEH HED) is substituted by the previous variational posterior
q(Zi_,|Z=l, ,HEl ), using only a “true” prior p(Z)) at time and episode 0 (Hafner
et al., 2019).

2. The policy x is iteratively updated to the variational optimum g, (Abdolmaleki et al.,
2018).

3. KL-penalties are scaled by parameters f, 8.
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Finally, observe that the amortized objective for Eq. (2.4) (i.e., substituted into Eq. (2.3))
recovers the typical memory-based meta-RL objective when using a point-estimate (Dirac
posterior) g4(Z|...) = 8(¢ — Z) and ignoring the KL-penalties (Duan et al., 2016).

2.4 LAPLACE VARIATIONAL RECURRENT NETWORKS

We introduce the Laplace variational recurrent neural network (Laplace VRNN) to make
a relatively simple approximation to the variational task posterior gy =~ gy, to be used in
the lower-bounds of Eq. (2.2) and Eq. (2.4), using the Laplace approximation (Daxberger
et al., 2021, MacKay, 1992). This enables the construction of proper distributions over the
latent-variables without introducing additional variational parameters. The idea is that we
use this to extend point-estimate methods (i.e., base RNNs) to use distributions at any point
during training. For exposition, we introduce our approximation starting from a simpler
variational distribution g4(Z;|H<;), dropping superscripts. The full derivation is given in
Appendix 2.A.2.

We use the predicted distribution parameters ¢; = fp(H<;) as a helper variable, and
interchange the notation gqg4,(Z;|H<;) = qo(Z:|H<;, ;). Most importantly, the statistical
amortization by Eq. (2.3) allows us to interpret the mapping fy : H — ¢ as a learned
summary statistic for the distribution of Z; i.e., a maximum a posteriori estimate. We
assume that ¢; is computed autoregressively with a recurrent neural network (RNN) such

that ¢;11 = fo(St, Ar, Re; dr).

We then factorize using a mean-field assumption,

-1
q@(Zt|H<t3¢t) = an(zt|5i,Ri,Ai,¢t),
i=1

.
qe(Zt|¢t)t‘2 r

t—1
=exp[(2—)Inge(Zi|p) + ), In qo(Z,|S: Ri, Ai. p1)]
i=1

= exphg(Zt;H<[,¢[), (2.5)

which gives us the target function hy that we wish to approximate (for the first step,
see Lemma 2.1; Appendix 2.A.1). For a given 6 and data H.;, we use the second order
Taylor expansion of hy = hg linearized at ¢ = ¢, we then exponentiate hg and renormalize.
Assume that ¢, is maximum a posteriori to qo9(Z;|H<, ¢), then we obtain the Laplace
approximation,

eprle(Zt;Hq, ¢t)
/ exp h@(Z;H<t, ¢t)d2

qe(Zt|H<t) =

= J\/‘((ﬁt,V?/, In qy(Z|Hey, ¢)|¢:¢,)> (2.6)

where V(zﬁ In gp is the Hessian of our log-posterior.

To complete our model from Eq. (2.2) and Eq. (2.4), we can solve the expectation over
Ey,(z,|H,) for the posterior qo(Z;|H<;, Z<;) at each time-step ¢, by assuming a convolution
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of Gaussian densities. The result of this convolution is well-known to be another Gaussian
with summed parameters (Bromiley, 2003),

t—1
He=¢e+ Zﬂi, (2.7)
i=1
t—1
A¢ = —V5Ingo(Z|Her, p)lgg, + Y, As. (2.8)

i=1

In practice, we use a smaller window Hg.;_; and Z.,_; inside the conditional for efficiency.
In summary, this implements an RNN where we sum the last k hidden states and covariances
for the output-Gaussian, and where the covariances are produced by the Hessian of the
log-posterior with respect to the hidden state.

The assumption that ¢; is maximum a posteriori is quite strict and assumes equality in
the amortization objective Eq. (2.3). For a sub-optimal 8 or insufficient function class fy,
this can induce a first-order error in the Taylor expansion of the variational log-posterior,
which results in a worse approximation. Furthermore, most RNN methods do not sum their
hidden states for the predictive model, which mismatches our formulation. It is also not
obvious what representations RNN-based meta-RL agents learn and, thus, which model
factorization would best suit the agent for construction of our Laplace approximation. We
investigate these technicalities and assumptions in the next section.

Special Case Our method obtains a particularly nice form if we choose qg(Z;|S;, A;, Ri, ¢)
to be standard Gaussian and use an uninformative prior for gy(Z;|¢;). In that case, the
Hessian of the log-posterior go(Z;|H<, ¢;) becomes a sum of outer products of our RNN
state Jacobians w.r.t. ¢. Let x; = (S;, A, R;), this gives the inverse covariance,

A= 3 foles g Vo ol Do) (2.9)
i=1

which is cheap to compute with forward accumulation (Bradbury et al., 2018), see Prop. 2.3
in Appendix 2.A.2.

Posterior Predictive If we now choose a policy 7(A;|S, Z;) that is linear in Z;, then
our full model would recover a type of Gaussian process (Immer et al., 2021, Rasmussen &
Williams, 2005). However, we model this term with another neural network 7 (A;[S;,Z;) to
improve expressiveness. Our policy is then defined by the posterior predictive 7y (A:|S;, He:),
which we compute using Monte-Carlo,

k
1 . .
/7T¢(At|5t,Zt)q0(2t|H<t)dZt = % Z ﬂl//(At|StaZt = Z(l)), 20~ q0(Zi|Hey),  (2.10)
i=1

overloading superscripts to index Monte-Carlo samples. This induces a finite mixture
for the policy where k = 1 corresponds to posterior sampling (Osband et al., 2013). The
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parameters 6 and i were trained jointly in an end-to-end manner (as defined in the Lh.s.
of Eq.(2.3)).

Interestingly, during training we found output aggregation to train more stably in
the loss when k > 1. Thus, during training we chose to average the predicted logits of
my over samples z(i), or in the continuous case, we averaged over the parameters of a
parametric distribution (C. Wang et al., 2020), e.g., the mean and variance of a Gaussian
(see Appendix 2.B.3 for a discussion).

2.5 EXPERIMENTAL VALIDATION

In order to apply our method to memory-based meta-RL agents in a manner that didn’t
alter the network architecture, we required a few extra simplifications to our more general
model from Section 2.4. Crucially, for the non-stationary assumption on the log-posterior
only, this required us to omit the mean aggregation of Eq. (2.7). This wasn’t needed for the
stationary factorizations, see Appendix 2.A.2 for a more detailed discussion. To evaluate
our factorizations and design choices, we performed experiments to answer the following:

1. Utility: Does our method give useful posterior statistics for a non-Bayesian baseline?

2. Sensitivity: What model assumptions for the Laplace VRNN are empirically effec-
tive?

3. Performance: When used as an alternative to variational inference, does the Laplace
VRNN perform at least on par with existing methods?

Our point-estimate (RNN) baseline was implemented with a long-short term memory
architecture (Hochreiter & Schmidhuber, 1997). The VRNN baseline (Chung et al., 2015)
extends the RNN by predicting the mean and covariance for a Gaussian distribution as
a transformation of the RNN output. For the RNN and VRNN we assumed a stationary
factorization of the posterior qo(Z;|H;—1), which is a simplification of the fully general
posterior shown in Eq. (2.1) and most accurate to the true generative process. We intermit-
tently created model snapshots of the point-estimate baseline (RNN) and finetuned these
snapshots over our parameter grid for the Laplace VRNN and VRNN.

The purpose of the evaluation domains we chose, zero-shot regression, stochastic
Bandit, and a sparse gridworld, is to have a variety of tasks that incrementally scale
up in complexity but each contain a meta-learning aspect. This fits the framing of the
amortization objective of Eq. (2.3): training over a distribution of tasks incentivizes the
learned representation to internalize an amortized (Bayesian) inference procedure. Based
on this representation assumption, we can give meaning to our Laplace VRNN, as it allows
us to extract, and inspect, what kind of posterior the representation has actually learned.

All experiments were repeated over r = 30 seeds (number of network initializations), we
tested intermediate model parameters by measuring their in-distribution performance and
model statistics for B = 128 samples (number of test-tasks). We report 2-sided confidence
intervals with a confidence level o = 0.99 for each metric X aggregated over the seeds r and
the test-tasks B. For the full details on the experiment and baseline setup, see Appendix 2.B
(code available here https://github.com/joeryjoery/lvrnn).
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Figure 2.1: Final performance on the zero-shot regression task in terms of predictive cross-entropy, this should
decrease over time. The left column shows results for complete model training, the middle and right columns
perform model pre-training with the RNN (black). The middle column includes parameter finetuning, the right
column does not. The blue dashed line indicates the training cut-off (T = 50).

2.5.1 SUPERVISED LEARNING

As a didactic test-setup, we evaluated our method on noiseless 1D regression tasks. We
generated data by sampling parameters to a Fourier expansion and then sampling datasets
{{(Xl-,fj(X,-))}iT:1 "_; where each X; ~ Unif(—1,1), fj ~ prourier(f), and n = 256, T = 50. Dur-
ing training, we optimized a lower bound for a supervised domain using a weight for
the KL-term of = 1072 (see Eq. (2.2); Appendix 2.A.1). During testing, we computed the
predictive cross-entropy (CE) with the true data-generating distribution and our model. So,
at each step t, we used Hy = {Xj, f(X;)}._, to estimate the posterior predictive distribution
Eg,z, 1) Po(YilXi, Z;) with Monte-Carlo using m = 30 samples. The predictive CE was
estimated using Monte-Carlo over a large test dataset.

Variations Our Laplace VRNN used a stationary qg(Z;|H<;) assumption (Laplace: Sta-
tionary; red) and a Markovian qo(Z;|H;—1,Z;—1) assumption (Laplace: Sum ¥; green) on the
graphical model from Eq. (2.1). In practice, the stationary model computes the covariance
for each datapoint in He; at each t, whereas, the Markovian model sums the covariances
for each pair (Xj, Y;). To reduce clutter, we only show the Laplace VRNN ablation that sums
the covariance, which also performed best among our variations (c.f., Appendix 2.C). We
tested both diagonal and full covariance matrices.

Results As shown in Figure 2.1, across our comparisons the predictive CE goes down
initially (except for the post-hoc stationary Laplace VRNN), however slightly increases
again after the size of the dataset exceeds that seen during training T > 50. Notably, we see
that our stationary Laplace VRNN strongly degrades performance when not used at the
beginning (red), most notably the full-covariance variation. This could be an indication that
the Laplace approximated posterior is too wide, whereas the point-estimate is extremely
sharp, causing samples from our method to be out-of-distribution for the predictive model.
In contrast, this result also shows that our method with the Markovian assumption (green)
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Figure 2.2: Evolution of summary statistics for the posterior model during testing. The top row shows the
KL-divergences between consecutive posteriors g; and g;+1, and the bottom row shows the model entropy over
time. In principle, we expect all lines to decrease gradually with more observations. When applying our Laplace
approximation with summed covariances (green) after deterministic pre-training (right-column), we see that the
posterior becomes more and more confident but does not converge to a stable distribution.

performs at least as well as the baselines in all cases while also providing a Bayesian
posterior for the RNN after training.

2.5.2 REINFORCEMENT LEARNING

To show that our method can perform uncertainty quantification while maintaining strong
performance in reinforcement learning problems, we evaluated our method on a stochastic
5-armed bandit and a deterministic 5x 5 gridworld with sparse rewards. We tested all
models using a variant of recurrent PPO (Schulman et al., 2017) as a simple approximation
for Eq. (2.4). During training, we used a batch size of B = 256 task samples and a sequence
length of T = 50 interactions with the bandit and T = 100 for the gridworld task.

For the bandit, we generated training tasks by sampling reward probabilities from a
Dirichlet prior using @ = 0.2. In this domain we only condition our policy on the sampled
model hypotheses z; ~ qp(Z;|H;), a; ~ m9(Z = z;) as is typical in Thompson sampling
(Osband et al., 2013). This experiment also aimed to investigate robustness to model
sampling noise. For the gridworld (Zintgraf et al., 2021) we sampled tasks by generating
the agent’s start- and goal-tile uniformly randomly across the grid. In contrast to the
bandit problem, the gridworld agent modeled the task as a Bayes-adaptive Markov decision
process (Duff, 2002). Meaning that the policy conditions on both the model samples Z and
the current state, a; ~ 19(Z = z;,S = s1).




28 2 POSTERIOR UNCERTAINTY IN META-TRAINED AGENTS

Bandit Training Performance Progre55|on Gridworld Training Performance Pro(_gresswn
" Diagonal Covariance FullCovariance Diagonal Covariance ovariance
c
530
&
525
o
320
E‘
c 15
©
S10
0 5000 10000 15000 20000 O 5000 10000 15000 20000 0 5000 10000 15000 20000 O 5000 10000 15000 20000
Num Weight Updates Num Weight Updates
= Num Samples Z = 1 e Laplace: Stationary e Laplace: Sum Y} o \Variational RNN
==« Num Samples Z =5 e Laplace: Sum i, ¥ e RNN

Figure 2.3: Average return curves during training for the Reinforcement Learning experiments. The dashed and
solid lines (Num Z) indicate the number of Monte-Carlo samples used for the posterior model during training
inside the modified lower bound of Eq. (2.4), to validate off-policy robustness in our loss. As expected, the
deterministic RNN performs best, but our Laplace VRNN also outperforms the baseline VRNN.

Variations As before, we test different assumptions for our Laplace VRNN agent’s model
from Eq. (2.1). In this instance, we used a windowed version of the stationary Laplace
VRNN qy(Zi|H;—y—1:1-1) for w = 10 (red). Le., this truncates the history up to a certain
timestep to improve the runtime of the covariance computation, which otherwise scales in
O(t)-time. We also tested two variations of the Markovian qy(Z;|H;—1,Z;-1) factorization,
which scaled in O(1)-time. The proper-Markovian method (blue) sums the mean and
covariance computed at each state-action (S;, A;) whereas the second variant only sums
the covariance (green).

Following our reasoning from this chapter’s introduction, we expect the deterministic
RNN baseline to achieve the highest training returns, as its objective maximizes expected
returns without the variational regularization on its latent state (Eq. (2.4)) and it incurs no
sampling noise for Z;. This also reserves model capacity for the policy and value networks,
without the need to maintain a full (latent) posterior model (Goyal et al., 2017, Greenberg
et al.,, 2023, Hafner et al., 2019). As a consequence, however, our hypothesis is that this
variant produces less informative posterior statistics through our method, since its latent
state is never explicitly trained as a posterior.

Results We visualize the evolution of estimated posterior statistics during testing in
figure 2.2, where we removed the ablation that sums both the mean and covariance (blue)
to reduce clutter (this ablation performed in between the other two, see Appendix 2.C). We
plotted the differential entropy of the posteriors gy and the consecutive KL-divergences
KL(go(Z4].. ) q9(Zs-1]...)) between posteriors over time, to see whether their behavior
matches that of the true posterior. For the true posterior, we expect the entropy to decrease
gradually with more observations T, which indicates that our model concentrates around
some true value. Furthermore, the KL-divergences should converge to zero.

As expected, we see that the posterior entropy of the Bayesian methods reliably goes
down and the KL-divergences gets close to zero (left-column). We see a similar pattern
when doing finetuning (middle-columns) except for our stationary Laplace variation (red).
Most importantly, we see a strong effect of our accumulating covariances variation (green)
when using a post-hoc posterior approximation. We see that the entropy steadily decreases
while the KL-divergences between consecutive posteriors grows larger and larger. In
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contrast, the post-hoc VRNN (grey) and stationary Laplace (red) stay relatively constant,
and are therefore non-informative. This result shows that the deterministic RNN does
not converge to a stable hidden state when not explicitly regularized during training.
This means that the learned estimator becomes more and more confident while not being
consistent (Xiong et al., 2021).

The average training returns for our model ablations are shown in Figure 2.3. As argued
in the introduction, we find that the deterministic method (black) has strong performance
while also being the least noisy in the mean episode returns and being the fastest to train
in terms of algorithm runtime. Interestingly, the proper-Markovian factorization (blue)
of our Laplace VRNN showed faster learning in the Bandit up to a certain point, whereas
it degraded training performance for the gridworld. All Bayesian methods tested on the
bandit task were significantly noisy and only achieved sub-linear cumulative regret during
test-time about 50% over all experiment repetitions. On the grid task, all methods achieved
sub-linear cumulative regret.

In summary, none of the ablations for our Bayesian methods degraded performance
when applied after deterministic pre-training without finetuning (post-hoc). Our Laplace
VRNN also typically performed on par with the VRNN in terms of returns. However,
only our Markovian Laplace variation that summed the covariances (green) could produce
insightful posterior statistics of the pre-trained model. This confirms all our research
questions of whether our proposed Laplace VRNN, and what model assumptions, can give
useful posterior statistics while not degrading performance.

2.6 CONCLUSIONS

We have described how the Laplace approximation can be applied to recurrent neural
network models in a zero-shot meta-reinforcement learning context. Our method is a
cheap transformation of an existing recurrent network to a Bayesian model. This enables
trained agents to more accurately model their task-uncertainty which can be used to create
better or more robust methods.

We tested our method on supervised and reinforcement learning tasks to investigate
the utility of our approximation (the quality of posterior statistics), how it depends on
model assumptions (ablations), and how it compares against variational inference or point-
estimate baselines (no degradation in performance). Our results show that the proposed
Laplace variational recurrent neural network can reliably transform existing non-Bayesian
models to produce a Bayesian posterior, at any point during training without modifying
the model or training procedure. In contrast, variational inference requires altering the
model architecture and training setup despite matching (or underperforming) compared to
our method.

One limitation of our method is the computation of the Jacobians and possible re-
strictiveness of the Gaussian distribution. Furthermore, the RNN based agents required a
variety of simplifications to our probabilistic model formulation (at least, for some of the
tested configurations). Although the results matched expected behavior, and is consistent
with prior work (Mikulik et al., 2020, Xiong et al., 2021), future work should investigate
what the induced biases entail for our approximated posterior. Our method also does not
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fix the overconfidence of the non-Bayesian agents, but enables us to observe this effect.
Extending our approach to enable statistically sound representation learning or to improve
exploration through e.g., distribution-shift detection in meta-RL are a promising directions
for further study (Daxberger et al., 2021).

APPENDIX

2.A DERIVATIONS

2.A.1 LOoOWER BOUNDS

In this section, we derive the two lower bounds used for model training in the main paper.
These lower bounds are not particularly new or special, they only show how one can derive
a learning objective from a probabilistic graphical modeling perspective.

SUPERVISED LEARNING

For the supervised learning domain we can derive an evidence lower bound on the data-
marginal as a training objective for our neural network parameters in the following way.
For all permutations of H'" = {X', Y/} |, where X' € X, Y € ), we have,

P(Hlj")=/P(H1‘”IZ)P(Z)dZ (2.11)
= [ O ¥ )p(a)dz (212)
= [ YR p(a)z (213)
= p(H) [ PO Y2l (2.14)

if we complete the recursion for p(H<") and do importance sampling on the posterior with
q, we get,

lnp(HIZ"):lnﬁ/p(Xi,Yi|zi)p(zi|H1:i)d21:” (2.15)
=Y / PO Y l)q( l:Hl ; (2| H )zt (2.16)
i 1:i
/q(z |HY) |In p(X', Yi|z') +1n % (2.17)
= ZEqul:i)Inp(Xi Y|Z") - KL(q(Z'|H DIp(Z'|H" 7)), (2.18)

i=1

which gives us the lower-bound for our approximate inference model when we use neural
network parameters 0 for the predictive and posterior models (overloading notation for gy



2.A DERIVATIONS 31

in Eq.(2.3)),

n

LO.H"™) = By zimnInpe(X', Y|Z')

i=1 —_—
l Prediction Loss

—B-KL(go(Z'|H" ")lstop_grad[ge(Z'~'|H'™1),  (2.19)

Complexity Penalty

where stop_grad][-] indicates a stop-gradient operation and £ should be maximized with
respect to 6. The hyperparameter € R, accounts for differences in scaling. The stop-
gradient is necessary so that the posterior at time ¢ does not depend on the future. During
generation and training, we also assume a uniform prior over the inputs p(X*|Z) = Unif. Of
course, this is just one lower bound, the one we use in the main paper for the reinforcement
learning tasks also assumes that each z' is sequentially dependent. In this case, the product
would appear inside the integral in the first line for In p(H!*"), this is only relevant for the
Laplace VRNN that accumulates the mean and covariances.

For simplicity, we only perform training on a single permutation of H" (i.e., canonical
order), as in expectation all permutations are covered anyway and this provides training
batches with more diverse examples. Unfortunately, when amortizing the computation of
this lower bound with recurrent models it can be difficult to properly distill this permutation
invariance of the data into the model. Using a recurrent model that linearly transforms the
state, like a transformer (Katharopoulos et al., 2020, Vaswani et al., 2017) or general state
space model (Bishop, 2007), would prevent this. We leave this open for future work.

REINFORCEMENT LEARNING

Consider the joint distribution over environment traces H' = {S;,R;, A;}L, and latent
variables Z, we’ll write episode indices (extra-episodic) i = 1...,n, in the superscript and
time indices (inter-episodic) ¢t = 1,..., T, in the subscript,

n
p(len’len) _ Hp(Hi,Zi|H<i,Z<i) (2.20)

i=1
n T

=11 e R ALZIISL, R, AL, 2L, 25 H) (2.21)
i=1 t=1
n T

=11 1p0 R, Az, H p(Zi 2L HE 258 HY) (2.22)
e inter extra

n T;
=TT pRISL AL ZD (Al Z)

i=1 t=1

Reward Model ~ Action Model
PSSt -1 Aty ZD) p(Z1 25 Hop Z5 HY), - (223)

Transition Model Posterior Model

the lower-bound in Eq. 2.2 can then be easily derived by doing importance sampling on
the posterior model with g, marginalizing out the latent variables, and assuming that H' is
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independent of all other variables given the latent-variable Z’,

Inp(H ") =In / Hp(H’ ZHY 2 dZ (2.24)
1:i <l
ln/HP(H| l) q(zl I:H<l§p( ’|H<i,z<i)dzl:” (2.25)
1:i H<i )
/ Zq(zl HYY (lnp(H lz))—In ((ZZHLZ<))> dz'n (2.26)

o< By z1:mpyimy Z Inp(H'|Z") - KL(q(Z'|Zz<, H)|p(Z11Z2<, H)).  (2.27)
i=1
As stated in the paper, this lower bound only reproduces the data but does not maximize
the rewards per se. So, using the control as inference framework (Levine, 2018), if we write
the conditional that a given trajectory H is desirable as p(© = 1|H) « exp(Y.,_, R;), then
we can derive a lower bound for the sampling distribution for a reinforcement learning
agent as (again simplifying notation for £ compared to the main text),

_ _ B 1 1 p(Hl:n’Zl:n)
lnp(O— 1)—lnEq(Hlnyzln)p((9— 1|H n,Z n)m (228)
>Eyin g Inp(O=1|H"") = KL(g(H ", ZV M) |p(H ", Z1 ™), (2.29)
=L(q) (2.30)

where we define the variational distribution q(H'*",Z1*") to factorize in exactly the same
way as p(H''",Z!'") where we fix the reward and transition models and then modify the
action and posterior models. This choice of factorization cancels out the fixed terms in the
KL-divergence, giving us the lower bound (Eq.(2.4) in the main-text),

n T
L£(q) =Egun g1y ., > Ry —KL(q(A}SL ZD|n(A}lSE Z)) (2.31)
i=1 t=1

-KL (q(ZﬂZit,HLI,Z<i,H<i)||p(Z£|Zit,HLI,Z<i,H<i)) . (2.32)

To amortize computation of this lower bound and make this practical to compute, we
parametrize the variational posterior qo(Z|...) and action model 7, (A|...). To then finally
give us a practical optimization objective for the parameters 0, i, we substitute for the
action model 7(A|...) = zy ,, and for the true posterior we simply use gg(Z|...) with a
stop-gradient 0. We scale the KL-penalty with a hyperparameter § € R, to account for
differences in scaling. This gives us our final lower-bound,

n Ti
L0, ) =Egyqnginy 3. Y Ry =KL (my(AllSLZDIny,,,(ALlS), ZD) (2.33)

i=1 t=1
-B-KL (qg(ZﬂZit,Hit,Zq,H<i)\||:|q9(Z;71|Zit71,Hitfl,Z<i,H<i)) >

which we can plug into the Lh.s. of the amortization objective in Eq. (2.3) enabling us to
optimize our model parameters through sampling and end-to-end differentiation from the
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policy to the posterior. Although this is the objective we desire, we make further heuristic
approximations through the use of the Proximal Policy Optimization algorithm (Schulman
et al., 2017). This could roughly be interpreted as doing expectation-propagation (Bishop,
2007) on the policy (i.e., swapping the KL-arguments for the policies).

Our lower bound is an extension of the one by Abdolmaleki et al. (2018), for standard
Markov decision processes, to include the latent variable posterior for use in memory-
based meta-reinforcement learning (Duan et al., 2016). When using an RNN to approximate
the posterior, the KL-penalty for go(Z|...) is typically ignored since this is undefined for
point-estimates. Doing this would recover the RL? objective in combination with MPO
(Abdolmaleki et al., 2018, Duan et al., 2016).

POSTERIOR FACTORIZATION

To choose an efficient factorization for our variational model we need the following result,

Lemma 2.1. We can write p(ZI{X;}L,) = W TIL, p(ZIX:) iff X; AL X,V # i

Proof. This result can be shown by applying Bayes rule then factorizing each X; to be
independent of X;,Vj # i and then applying Bayes rule again,

)= (X1, X, ..., X Z)p(Z)
D=

p(ZR{XHe 2K K X) (2.34)
= an(i)x) H p(XilZ) (Independence)
i=1 V=1
__r@ |1 L P(X)
~ 10, p %) QP(ZIXl)p(Z) (2.35)
__r@ i1 P(X) 17 ‘
- H?:l P(Xz) p(Z)n :!;1[17(2|Xl) (2.36)
= ﬁ [Trzix) (2.37)
i=1
m}

2.A.2 LAPLACE VARIATIONAL RECURRENT MODEL

Proposition 2.2. Given a mean-field assumption on the data for our posterior qg (Lemma 2.1).
The second order Taylor Expansion of In q9(Z;|H<;, d¢) linearized at ¢;, where ¢y = ¢* is a
local maximizer of qyp and occupies the same space as Z;, yields the following Gaussian
distribution,

q0(ZilHet, $0) = N (Zispp = ¢1,% = (V5 In qo(Zi| Her, §)lg=g,) ") - (2.38)
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Proof. Reiterating the results from the main paper, we choose to factorize our model as,

1 -1
qG(Zt|H<t; ¢t) = W g q9(Zt|Si:-Ri:Ai: ¢[), (Lemma 21)
-1
=exp [(2—OInge(Z|p) + Y, Inqo(Z|S:, Ri, Ar, pr) (239)
i=1
= exphg(Zi; Her, 91, (2.40)

where our aim is to make a local approximation to hy, the rest of the proof follows Ap-
pendix A from Daxberger et al. (2021).

The second order Taylor expansion of hyg(Z;; H<;, ;) where ¢, (locally) maximizes hg
keeping all other arguments fixed, gives us,

ho(Zis e, §) = ho(Zes Heas ) + Vghalgeg (9= 900+ (6= 30 Pahaly=s, (- 60,

[ —
=0

= ho(ZesHers )= 5 (= $0) Poholges, (6= 60 (241

dropping the function arguments to hy for the higher-order terms for brevity. When

exponentiating hy and renormalizing it to integrate to 1, it is easy to show that we recover
a Gaussian,

1
f]R eXP}AZG(Zt§H<ts ¢/)d¢/
expthe(Zy; Her, §1) — %(fﬁ - ¢t)T(_v§5h9|¢:¢t)(¢ — )}

ho(Zs; Her, §1) = expho(Zi; Her, ) (2.42)

= TaexplheZe Hoond)— 30 = 80T (Pehalgmg ) — gpay &
el #0)T(—V3holgmg, NP — P00} 4
 Jrexpi=3(¢ — 90T (~V3hols=g, (¢ — $)}d¢’ '

=N (Zip=¢0.2 = (-V}Ingo(Zi|Her, Plg=g) ) - (2.45)

Observe that the above result technically gives us a distribution over ¢, and misleadingly
not Z. However, this is simply a consequence of our notation and distributional assumptions
for gq. In practice, ¢ is computed by our representation model (recurrent neural network),
and our probabilistic model conflates the learned representation ¢ as the mode of the
distribution for the latent distribution Z.

Proposition 2.3. If we choose qg(Z;|Si,Ri, A1, §) = N (Zs;u = fo(Si, Ri, Ai; ¢),% = I,) and
q0(Zi|P) =N (Zp;u= ¢, == 03551) where we take the limit for crg5 to infinity, then our Laplace
approximated posterior (Proposition 2.2) has an inverse covariance that is computed as,

t—1

5= D (Vg fo(Sin Ri A )l o=, )V fo (St Ris Ais )l g=g,) - (2.46)

i=1
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Proof. To see this we only need to write down the Hessian under a local maximum assump-
tion of ¢ = ¢* (Laplace approximation) and substitute the chosen Gaussian distributions in
for all terms.

t—1

(2-)Ingo(Zi|$)+ Y Inqe(Zi[Si, Ri, Ai, §)

i=1

Vg Inqo(Zi|Her, §) = Vi (247)

o2
=V

2-0)InN(Z; ¢,051,) + 2 InN'(Z;; fo(Si, Ri, A ¢),I,,)l (2.48)

-9 t—1
= U—ézn + Y- Upi (VAN (Zes (fo)i 1)) U]
i=1 J
=1
t—1
+ 2 VEFodilg=g, VuIn N (Zis (fo)i In) (2.49)
i=1
=0, when ¢;=¢* (Laplace approx.)
f— 2 t—1
= U—;IH - ;wm)?, (2.50)

where we abbreviate (Jg); = V4 fo(Si, Ri, Ai; ¢) and (fo); = fo(Si, Ri, Ais ¢). Then, in the case
of using an infinite variance Gaussian for the prior, limaé oo V2 In qo(Zi|Hey, §), we get,

t—1
5 = (—V3Inqo(ZilHer $)lg=g,) = D UpdiUp)] (2.51)
i=1
t—1
= 2 (V4 fo(Si. Ris Aii )l g= )V s fo(Si. Ris Ais $lg=g,) - (2.52)
i=1
O

FinaL MODEL

To complete our fully general Laplace approximated variational recurrent neural network,
we need to define the posterior over all previous latent variables, qg(Z;|Z<;, H<). We can
easily plug this dependency in for our Laplace approximation from Prop. 2.2 by assuming
that each consecutive posterior has an additive effect on all future posteriors (i.e., a Gaussian
convolution),

t—1
q0(Zi|Z<t,Het) = N <Zt;l1t =¢i+ ZZi,At = —Vé Inqo(Zt|Z<t, Het, ¢t)|¢¢t)>- (2.53)

i=1

As long as we do not condition ¢; on Z;, the dependency on past latent variables becomes
a constant w.r.t. Vé, making the covariance independent of these terms. This is in contrast
to a recurrent state-space model architecture which does condition on these values (Hafner
et al., 2020), however, our choice permits an analytical solution. It is a known result that the
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expected posterior then becomes another Gaussian with the means and inverse covariances
summed (Bromiley, 2003),

Eq(g(Z<,|H<t) q6(ZilZ<s, Het)

t—1 t—1
=N (ut = ¢e+ Y. i A = —V51n qo(Z|Her, §)l g, + ZAi> : (2.54)

i=1 i=1

This particular form has also been described by Ritter et al. (2018) in the context of continual
learning. It is easy to accumulate the mean and covariances terms sequentially over ¢.
Depending on the assumptions one makes on the data-generating distribution, one can
sum over fewer terms to make the calculation more efficient. The ones we ran experiments
for in the main paper include:

1. Stationary Posterior: qy(Z;|H<;). Full summation over He; in the calculation of A;.
No summation over previous posteriors Z;.

2. Markov Chain Posterior: qy(Z;|H;_1,Z;_1). The inverse covariance is calculated
only using the most recent observation ¢ — 1. Only the previous posterior mean and
precision are summed with the current mean and precision.

3. Windowed Markov Chain Posterior: qy9(Z;|Hy.;—1,Z;—1). The inverse covariance
is calculated using the k most recent observations. Only the previous posterior mean
and precision are summed with the current mean and precision.

However, these are all simplified models, whereas the variational recurrent model (Chung
et al,, 2015) we discuss in the main paper is fully general.

On summation of the means The current formulation for the probabilistic model
mismatches with typical recurrent neural network (RNN) architectures. Typically, RNN
models do not aggregate their past hidden states for the outputs. However, as discussed
in the main paper, we strictly required this simplification for the Markov chain (non-
stationary) factorizations, since this was the only approach that would leave the base
RNN architecture untouched. Despite that, we can make two heuristic arguments that can
partially explain the effect of summing all the previous covariances but omit summation of
the mean:

« Representation Learning: When using covariance summation throughout training
(no post-hoc posterior, or finetuning of deterministic baselines), an RNN can learn to
represent the hidden state aggregation implicitly within the state-update.

« Exponential Tilting: Omitting the mean summation can be interpreted as a form
of exponential tilting of Gaussian distributions. This is an importance-sampling
technique for rare-event simulation (Asmussen & Glynn, 2007). For the correctly
chosen tilting parameter, this can have the same effect as subtracting all previous
means (at the cost of some bias).
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2.B IMPLEMENTATION DETAILS

2.B.1 MODEL ARCHITECTURE AND OPTIMIZATION

Following the main text we can define our model according to the following components,

Embedding S5 AL RS = go(Se), ho(Ar), wo(Ry),
Recurrent Model i1 = fo(S?, A%, RS ),
Posterior Model Z; ~ qo(Zi|Het, ¢1),
Reward Model R ~ P9(§|Zt,Ags S8,
Action Model Ay ~ (Al Z:, SP),

note that we do not train an action model for the supervised experiments, and we do not
use the reward model in the reinforcement learning experiments (i.e., we do not use it to
select actions or to do planning). In the supervised case, the reward model simply learns a
direct function prediction R where the state can be considered stationary. For brevity, we
denoted the full set of parameters as 6, in practice each component has its parameters but
we jointly optimize for these using end-to-end differentiation.

For the embedding model we used a multi-layered perceptron (MLP) (Cybenko, 1989)
of two hidden layers of width 256 nodes, we used leaky-ReLU for the activation. The
action and predictive model used a three hidden layer MLP with sizes (256, 256, 64), also
with leaky-ReLU. For the recurrent model, we use a long-short-term memory module
(Hochreiter & Schmidhuber, 1997) with n = 128 hidden nodes. We projected the outputs
(not the carried state) of the LSTM to a smaller n = 64 feature output vector with a learned
affine transform (i.e., a 1-layer MLP without an activation).

For discrete environments, the action model predicted the n logits for the full action
space. For the regression task, the reward model outputs a Gaussian with a learned mean
and input-independent variance.

As noted in the main paper, we apply stop-gradients on the prior term appearing in
the KL-divergences (Eq. 2.2 and Eq. 2.4). Doing this prevents past posteriors from fitting to
data beyond their respective timestep, while still constraining our current posterior to not
deviate too much from these terms. We also apply stop-gradients to the past mean and
covariance terms when accumulating these terms. This is only relevant for the Laplace
VRNN ablations. The reasoning for this is the same as for the stop-gradient in the KL
term, we want to use the past means and covariances as constants at timestep ¢, and not as
another learnable parameter. As a side note, we also found that doing this sped up training
orders of magnitude.

We developed everything discussed in this paper in Jax v.0.4.23 (Bradbury et al., 2018).
For neural network design, we used the Flax library v0.8.1 (Heek et al., 2024). For op-
timization, we used the Adamw optimizer (Loshchilov & Hutter, 2019) implemented in
Optax with learning-rate = 1073, weight-decay = 107%, and the rest on default settings at
version v0.1.7. We used gradient-clipping to have a max global norm of 1.0 and a maximum
individual gradient of [-5.0, 5.0]. We used our implementation for the PPO algorithm with
help from the RLax library to compute the generalized advantage estimators. For a full list
of dependencies, requirements, and program flags, our code will be made available upon
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publication.

2.B.2 VARIATIONAL POSTERIOR BASELINE

As discussed in the main paper, typically in meta-reinforcement learning we see that the
posterior qg(Z;|H<;) is modeled with a point-estimate and we propose to use the Laplace
approximation to convert this point-estimate into a Gaussian distribution. Instead of
computing the covariance matrix using the Laplace approximation, we can also directly
predict this covariance with another neural network.

So, our variational recurrent neural network (VRNN) baseline predicted the m(m — 1)
lower triangular elements of the m xm dimensional covariance matrix (or just m for the
diagonal ablations) and the m dimensional mean. We opted for a spectral decomposition
> = USV where S is diagonal and U was predicted through the Cayley map starting from a
skew-symmetric matrix. First, we compute ¢; with our RNN, then we project ¢; to y, Sy, Ly
with a linear layer such that y; € R™, S; € R™" is diagonal and L; € R™™ is lower-triangular,
we then compute U; = (I — A;)(I + A;) ! where A; = L; — L] to get an orthogonal eigenbasis.
We then construct the Gaussian as,

qo(Zi|Her, ¢1) = N (Zis pp = i, = = Uy(exp S) U, (2.55)

this representation also made matrix inversion incredibly easy as (UeV)~™! = Ue >V since
U = VT are orthogonal.

The reason for using the spectral decomposition was that we did not achieve stable
training using any variant of the Cholesky factorization for the covariance matrix (LU
or LDU decomposition), even if explicitly transforming the eigenvalues to be positive.
We suspect that the spectral parameterization trained more stably than the LU or LDL
parameterization as the basis matrices U or V are constrained to the group of orthogonal
matrices. Therefore, each element in the predicted parameters L, is also constrained. In
contrast, the LDL parameterization leaves the triangular parameters in an unconstrained
representation which might enable an unstable representation. However, we did not
investigate this problem beyond what was needed to get our method working.

We also did not accumulate the mean or covariances for the VRNN, unlike for the
Laplace VRNN, as this model parameterization could simply learn this function instead
(or learn to undo this parameterization). The point of our experiments was not to squeeze
performance out of our baseline but to have a strong reference for comparison. We also
found that the VRNN was highly competitive with the Laplace VRNN.

2.B.3 PREDICTIVE ENSEMBLE AVERAGING

Since we sample latent variables Z from our posterior gy, when we pass multiple samples
through our predictive model or the action model, we obtain multiple distributions for
the output modalities. Typically this induces a mixture distribution, however, we simply
averaged out either the logits or the means and variances (C. Wang et al., 2020). This can
be interpreted as a normalized Gaussian convolution over the output parameters or simply
as a kind of bagging strategy over ensemble members Z = z),i =1,..., k.

The reasoning for opting for ensemble averaging instead of mixture distributions is
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that this simply achieved more stable training in combination with PPO (Schulman et
al., 2017). The main problem was caused by the penalty term of the policy entropy, our
implementation did not achieve stable training when approximating this term in any way
(so neither with mixtures nor with singular distributions), we only achieved stable training
when the entropy term could be computed exactly.

We did not investigate in depth why an approximate entropy loss caused training
divergence, but we speculate this is due to the problems of training on generated data as
discussed in the context of language models by Shumailov et al. (2023). In this case, the
tails of the action distribution slowly shrink over time as Monte-Carlo estimation of the
entropy might not cover low-likelihood events sufficiently with small sample sizes. This
phenomenon is referred to as model collapse, not to be confused with posterior collapse
(Goyal et al., 2017). We suspect that this problem could be reduced by using a proper
(approximate) Bayesian inference algorithm, like maximum a posteriori optimization
(Abdolmaleki et al., 2018), which essentially removes the instability of reinforcement
learning losses by casting policy learning as a supervised learning problem.

2.B.4 ENVIRONMENT DESIGN

For our testing environments we implemented three problem domains, a 1D function
regression problem (Finn et al., 2017), a discrete n-armed bandit problem (Duan et al., 2016),
and an nx n open grid problem (Zintgraf et al., 2021), as shown in Figure 2.4. We generated
many variations of these environments to learn from by sampling their dependent task
parameters.

Function Regression n-armed Bandit Open Grid

Model =0.46
— True
X Observed

=0.41

p=0.13 = =
A

p=0.00 p=0.00
X 1 2 3 4 5

Figure 2.4: Visualization of sampled tasks we evaluated our method on. 1) Zero-shot learning of a function (left),
2) learning a stochastic best-arm selection algorithm (middle), and 3) learning a deterministic grid exploration
agent (right).

Supervised. For the supervised problem we generated noiseless 1D test-functions on
the bounded domain [—1,1]. We did this through a Fourier expansion of n = 4 components
where we randomly generate amplitudes, phase shifts, and input shifts. We manually tuned
the ranges for these parameters and sampled uniformly random within these ranges. In
other words, we can define the joint distribution over a function dataset as,

p(X,Y) = 6(Y = FourierSum(Y; X, ¢1: n, Cshift> Ao: n)) - Unif(X;—1.0, 1.0), (2.56)
Cshift ~ Unif(0.0, ), ¢; ~ Unif(0.0, ), A; ~ Unif(—1.0,1.0) (2.57)
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where the "FourierSum’ is computed in its amplitude-phase form. The training was per-
formed with 50 examples per sampled function.

Bandit To generate bandit problems we used a Dirichlet distribution with & = 0.2
during training and « = 0.3 during testing (higher o makes the problem more difficult),
this gave us a normalized vector of probabilities, p, ~ Dir(a = 1,-0.2) for which the agent
needed to find max; p;. Observations (which are equivalent to the rewards) were generated
by sampling Bernoulli outcomes given p;. Since each interaction of the agent with the
bandit is seen as an episode, the environment returned discount factors of y = 0. The
training was performed over 50 total interactions.

Gridworld For the discrete grid environment we closely match the implementation
of (Zintgraf et al., 2021). We reimplemented this environment in Jax to benefit from GPU
acceleration for the data-generation process. The environment constructs a nx n open
grid for the agent and uniformly randomly initializes the start and goal state (such that
they don’t overlap). The agent can choose between moving up, down, left, or right, the
environment transitions deterministically but does not move the agent if it moves outside
the bounds. The agent is rewarded with +1 if it encounters the goal and 0 otherwise, the
observations were constructed as two one-hot-encoded vectors for the row and column
index. The goal tile is not observed. If the agent did not find the goal within T = 15 steps
it would be reset to its starting state and the discount factor would be set to y = 0 at that
transition. The training was performed over 100 total interactions.

2.B.5 EXPERIMENTAL DESIGN AND HYPERPARAMETERS

The supervised experiments did not provide additional hyperparameters to set, all necessary
parameters were learned using an empirical cross-entropy with the data (see the main paper).
For the reinforcement learning experiments we needed to set several hyperparameters for
PPO (Schulman et al., 2017), these are given in Table 2.1. We did not use mini batching
for our version of recurrent PPO and accumulated the loss over the full trajectories and
batches. We found that larger batch sizes gave us faster and more stable learning.

Then our experimental design implied running an exhaustive parameter grid over
the domain presented in Table 2.2. This grid was adjusted over successive experiments
to reduce the computational footprint, this was manually tuned to select the parameter
values that performed the best for both the baseline and our method. The parameter
grid was applied equivalently on all problem domains for r = 30 distinct seeds. Although
this experiment design is still quite modest, running this full grid induces 144 distinct
configurations times 30 repetitions for the Laplace VRNN alone. One single run took on
average 1% hour to complete for the gridworld environment on an A100 80GB NVIDIA
GPU. Although, a better learning algorithm other than PPO (e.g., MPO), and minibatch
optimizations could probably get the wallclock time down drastically while still achieving
similar performance.

For the finetuning experiments we essentially made model snapshots of the determin-
istic baselines (RNNs) and reran the ablations as shown in Table 2.2 using the snapshots
as starting weights. For each experiment, these snapshots were taken halfway, and three-
quarters way during training in terms of the number of weight-updates.
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Table 2.1: Proximal Policy Optimization loss parameters. Note that we use our Recurrent implementation for this

algorithm.

To make some final informal notes on the choices for the parameters,

Name Symbol Value
Minibatches Full-Batch
Batch-Size 256
TD-Lambda A 0.9
Discount Y 0.9
Policy-Ratio clipping € 0.2
Standardize Advantages False
Exact Policy Entropy True
Value Loss Scale 1.0
Policy Loss Scale 1.0
Entropy Loss Scale 0.1

« We found that scaling the KL-penalties in the lower bound with hyperparameters

that were slightly larger than 8 > 1072 caused posterior collapse (Goyal et al., 2017).

Meaning, our posterior simply fitted its parameters to always match the prior despite
accumulating more data.

« For the regression problem, using multiple samples for z® inside the lower bound
decreased the predictive loss a lot. Showing that integration over the predictive is

effective. Although, this did not result in better test-time performance.

« Using a small buffer size for the history window in the posterior qg(Z;|H;—g:;-1) is
more practical since the computation of the Jacobians is the main bottleneck of our
method. We found that accumulation of only the covariance where each covariance
is computed with a window of just 1, H;_; results in the fastest method (in wallclock
time) while being on par with many of the ablations.
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Table 2.2: Proximal Policy Optimization loss parameters. Note that we use our recurrent implementation for
this algorithm. All configurations were repeated for r = 30 repetitions (distinct random seeds). We also drop
configurations that do not induce a valid model, e.g., kz = 0 and accumulation of X is not a valid configuration
since there is no window to accumulate over.

Name Symbol Value
Deterministic RNN

Posterior Dimensionality n {32, 64}
Variational RNN

Posterior Dimensionality n {32, 64}
Covariance Parameterization {Full, Diagonal}
Posterior KL-Penalty B {1.0,1072,107%}
Number of Posterior Samples nz {1,5}
Laplace VRNN

Posterior Dimensionality n {32, 64}
Covariance Parameterization {Full, Diagonal}
Posterior KL-Penalty B {1.0,1072,10™%}
Number of Posterior Samples nz {1,5}
History Buffer Window ky {1,10}
Latent Variable Window kz {0,1}
Accumulation {(1.2), 2}

2.C SUPPLEMENTARY RESULTS
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Figure 2.5: Progression of the predictive error during supervised model training of all ablations. Ablations are
averaged over parameter groups as indicated by the legend. This figure does not show the finetuning results. To
reduce computation time for subsequent results, we picked f = 0.01 for the reinforcement learning task ablations.
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Zero-Shot Regression Training Progression + Finetuning
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Figure 2.6: Zoom-in of Figure 2.5 for three finetune runs (left), for most ablations the predictive error quickly
goes down to their full variational training error.

Test Posterior Metrics for Zero-Shot Regression
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Figure 2.7: Posterior statistics during testing on the supervised task. The consecutive KL divergences (top) and
entropy (bottom) should go down over time. The Laplace VRNN where we sum the covariances (green) is the
only method that performs as expected for the entropy estimation but seems to grow more unstable for the

KL-divergences. Results use 8 =1072.
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Test Posterior Metrics for Zero-Shot Regression
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Figure 2.8: Complete plot of Figure 2.1 from the main paper to include the accumulation over means and
covariances (blue) in the left plot. This was left out of the main paper to improve visibility. Results use g = 1072.

Bandit FineTuning with Diagonal Covariance
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Figure 2.9: Zoom-in of Figure 2.3 for the bandit task when finetuning the deterministic model weights inter-
mittently with a diagonal variational model. In this domain, it seems that finetuning slightly actually helps the
expected training performance. Results use § = 1072,
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Test Performance Bandit (Best 50% of Runs)
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Figure 2.10: Cumulative regret of trained agents on the bandit task, lower is better. Since the training was quite
unstable, about half of the repetitions did not find model weights with strong final performance. Only when we
filtered out the better-than-median agents, did we find stronger than random performance. Results use § = 1072,

Gridworld FineTuning with Diagonal Covariance
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Figure 2.11: Zoom-in of Figure 2.3 for the gridworld task when finetuning the deterministic model weights
intermittently with a diagonal variational model. In contrast to the bandit task, the agent needs to recover from
this sudden change of additional model noise. Results use § = 1072.
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Test Performance GridWorld
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Figure 2.12: Cumulative regret of trained agents on the gridworld task, lower is better. All agents perform well on
this task, the diagonal Variational RNN slightly outperforms all other agents.
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Figure 2.13: Complete plot of Figure 2.2 from the main paper to include the accumulation over mans and
covariances (blue) in the left plot. Posterior statistics during testing on the gridworld task. The consecutive KL
divergences (top) and entropy (bottom) should go down over time. Results use § = 1072,
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EFFICIENT SEMI-AMORTIZED
PoLicYy INFERENCE

Seeking an improvement that makes a difference in the shorter term,
researchers seek to leverage their human knowledge of the domain,
but the only thing that matters in the long run is the leveraging of computation.

- Richard S. Sutton, in The Bitter Lesson (2019)

Optimal decision making over trajectories requires solving a typically intractable planning
problem at each decision point. Reinforcement learning methods help in scaling up this
procedure through learning, so that results of this expensive search problem can be stored
in a cheaper function to be reused later. Existing literature in reinforcement learning often
argues that a combination of amortized and online inference should yield more performant
algorithms.

Towards this end, this chapter advances probabilistic planning algorithms for their use in
model-based reinforcement learning. We first discuss background on recent Monte-Carlo tree
search and sequential Monte-Carlo methods, and promote the latter method due to its greater
scale-up potential to distributed compute resources. However, we also identify a variety of
shortcomings of current sequential Monte-Carlo approaches for their use in reinforcement
learning. In Section 3.3 we propose a number of improvements to the current state-of-the-art
variational particle-filter planner based on these shortcomings, the subsequent Section 3.4
shows empirically that each contribution improves agent performance.

Our results show that particle-filter planners can match or surpass state-of-the-art Monte-Carlo
tree search planners in terms of data-efficiency. Moreover, they can also improve training
runtime of agents in a way that scales with additional planning budget. This is a serendipitous
side effect of our setting where training happens to be bottlenecked by neural network learning.

The contents of this chapter have been published in (de Vries, He, Oren, & Spaan, 2025).
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3.1 INTRODUCTION

Monte-Carlo tree search (MCTS) with neural networks (Browne et al., 2012) has enabled
many recent successes in sequential decision making problems such as board games (Silver
et al.,, 2018), Atari (Ye et al., 2021), and algorithm discovery (Fawzi et al., 2022a, Mankowitz
et al., 2023a). These successes demonstrate that combining decision-time planning and
reinforcement learning (RL) often outperforms methods that utilize search or deep neural
networks in isolation. Naturally, this has stimulated many studies to understand the role
of planning in combination with learning (Bertsekas, 2022, de Vries et al., 2021, Guez et al.,
2019, Hamrick et al., 2021, He et al., 2024) along with studies to improve specific aspects
of the base algorithm (Antonoglou et al., 2022, Danihelka et al., 2022, Hubert et al., 2021,
Oren, Vadocz, et al., 2025).

Although MCTS has been a leading technology in recent breakthroughs, the tree search
is inherently sequential, can deteriorate agent performance at small planning budgets (Grill
et al., 2020), and requires significant modifications for general use in RL (Hubert et al.,
2021). The sequential nature of MCTS is particularly crippling as it limits the full utilization
of modern hardware such as GPUs. Despite follow-up work attempting to address specific
issues, alternative planners have since been explored that avoid these flaws. Successful
alternatives in this area are often inspired by stochastic control (Astrém, 1970, Del Moral,
2004), examples include path integral control (Hansen et al., 2022, Theodorou et al., 2010,
G. Williams et al., 2015) and related sequential Monte-Carlo (SMC) methods (Chopin &
Papaspiliopoulos, 2020, Naesseth et al., 2019).

Specifically, recent variational SMC planners (Macfarlane et al., 2024, Naesseth et al.,
2018) have shown great potential in terms of generality, performance, and scalability to
parallel compute. These methods adopt a particle filter for trajectory smoothing to enable
planning in RL (Piché et al., 2019). However, the distribution of interest for these particle
filters do not perfectly align with learning and exploration for RL agents. Namely, recent
SMC methods focus on estimation of the trajectory distribution under an unknown policy,
and not the actual unknown policy at the state where we initiate the planner. We find
that this mismatch can cause SMC planners to suffer from unnecessarily high-variance
estimation and waste much of their compute and data during planning. In other words,
online planning in RL should serve as a local approximate policy improvement (Chan et al.,
2022, Sutton & Barto, 2018). Fortunately, existing MCTS and SMC literature provides
various directions to achieve this (Danihelka et al., 2022, Grill et al., 2020, Lawson et al.,
2018, Moral et al., 2010, Svensson et al., 2015), but their use in SMC-planning remains
largely unrealized.

This paper aims to address the current limitations of bootstrapped particle filter planners
for RL by drawing inspiration from MCTS. Our contributions are 1) to make more accurate
estimates of statistics extracted by the planner, at the start of planning, and 2) enhancing
data-efficiency inside the planner. We address the pervasive path-degeneracy problem
in SMC by backing up accumulated reward and value data to perform policy inference
and construct value targets. Next, to reduce the variance of estimated statistics due to
resampling, we use exponential twisting functions to improve the sampling trajectories
inside the planner. We also impose adaptive trust-region constraints to a prior policy, to
control the bias-variance trade-off in sampling proposal trajectories. Finally, we modify
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the resampling method (Naesseth et al., 2019) to correct particles that become permanently
stuck in absorbing states due to termination in the baseline SMC. We dub our new method
Trust-Region Twisted SMC and demonstrate improved sample-efficiency and runtime scaling
over SMC and MCTS baselines in discrete and continuous domains.

3.2 BACKGROUND

We want to find an optimal policy 7 for a sequential decision-making problem, which we
formalize as an infinite-horizon Markov decision process (MDP) (Sutton & Barto, 2018).
We define states S € S, actions A € A, and rewards R € R as random variables, where we
write Hy.1 = {St,A,}thl as the joint random variable of a finite sequence,

T
pr(Hy.1) = [ [ 2(AlS)P(SiSi-1, Ar-r), (3.1)

t=1

where p(Si]Ag, So) A p(Sy) is the initial state distribution, p(S;41|S;, A;) is the transition
model, and 7(A;|S;) is the policy. We denote the set of admissible policies as II A {m|m :
S — P(A)}, our aim is to find a parametric 4 € II (e.g., a neural network) such that
EPHQ(Hl:T)[ZZ;l R;] is maximized, where we abbreviate R; = R(S;, A;) for the rewards. For
convenience, we subsume the discount factor y € [0, 1] into the transition probabilities as
a termination probability of piery = 1 — y assuming that the MDP always ends up in an
absorbing state St with zero rewards.

3.2.1 CONTROL AS INFERENCE

The reinforcement learning problem can be recast as a probabilistic inference problem
through the control as inference framework (Attias, 2003, Levine, 2018, Toussaint & Storkey,
2006). This reformulation has lead to successful algorithms like MPO (Abdolmaleki et al.,
2018) that naturally allow regularized policy iteration (Geist et al., 2019), which is highly
effective in practice with neural network approximation. Additionally, it enables us to
directly use tools from Bayesian inference on our graphical model.

To formalize this, the distribution for H;.r can be conditioned on a binary outcome
variable O, € {0, 1}, then given a likelihood for p(O;.7 = 1|H;. 1) = p(O1.7|H; . ) this gives
rise to a posterior distribution p(Hy.1|O;.1). Typically, we use the exponentiated sum of
rewards for the (unnormalized) likelihood p(O;.7|H;. 1) Hthl expR;.

Definition 3.1. The posterior factorizes as
T
Pr(Hi:7|O1:7) = HP::(At|St,(9t: T)P(St|St-1, Ar-1),

t=1

assuming that S;1 1L O1.7|Sy, Ay and Ay 1L O4|S;.

The key part of Definition 3.1 is the posterior policy p,(A¢|S¢,©;. 1) which, using Bayes
rule, reads as

Pr(AtlSt,O1.7) o< w(AlS;) exp[In p(O;. 7|Ss, Ar)]. (3.2)
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This connects us to an (expected-reward) maximum-entropy reinforcement learning setting
(Toussaint, 2009, Ziebart, 2010), since the exponent admits a soft-Bellman recursion,

Inp(Oy. 71St, Ar) = R(Sp, Ay) +InE "sore(Ses1) (3.3)

where the expectation is over the dynamics p(Si+1|S;, A;). An important property of the
posterior policy is that it is not an optimal policy in the traditional objective E, [, R;],
but only provides an improvement over a prior policy 7.

Theorem 3.1. The posterior policy p(A;|Si, Oy 1),Vt, is the optimal policy g* for the regu-
larized MDP,

T
q" =argmaxE | Y R, — KL(q(alS)|n(al$,))],
gell t=1

where q* guarantees a policy improvement in the unregularized MDP, E,, . o 2 Re] >
T
]Epn(Hl : T) [Z =1 Rt]

Proof. See Appendix 3.A.3, the original result by Rawlik et al. (2012), or Sec. 2.4 of (Levine,
2018). O

The optimal regularized policy g* can be interpreted as a variational policy! that
minimizes the evidence gap (Bishop, 2007), or conversely, maximizes the evidence lower-
bound to Inp(OQ;.71). In practice, this can be used in expectation-maximization (EM)
methods (Neal & Hinton, 1998, Toussaint et al., 2008) to iteratively update the prior policy
T(n+1) < qz‘n). This gives rise to an effective framework for approximate policy iteration that
is both amenable to gradient based updating of 7y and provably recovers the traditional
(locally) optimal policy maxen Ep, [Y3; R:] as n — oo (see Appendix 3.A).

3.2.2 PARTICLE FILTER PLANNING FOR RL

Although the estimation of the regularized optimal policy ¢* mitigates a number of prac-
tical challenges in deep RL, it also requires re-estimating q(*n) after each update to the
prior 7(,41). Additionally, the posterior policy for any 7 always requires the solutions to
the soft value-estimation problem for QF, , and V{ . Algorithms like MPO deal with
this by approximating the value using neural networks Qg = Q{, ;, to then estimate the
posterior policy through Monte-Carlo. Intuitively, this can be interpreted as a 1-timestep
approximation to g*. To see this, evaluating Q7 (S;, A;) over samples A; ~ 7(A;|S;) amor-
tizes the message-passing process for evaluating Q7 feintoa direct (cheap) mapping from
S x.A — R. The main limitation of this approach is the bias induced by this new function
Q7. Towards this end, sequential Monte-Carlo (SMC) methods (Naesseth et al., 2019, Piché
et al., 2019) offer a powerful model-based strategy for improving the estimate of ¢* through
a multi-timestep.

'From this point on we will interchange the regularized optimal policy q(y(AtlSy) with the posterior policy
Py (AtlSt, Oy 7).
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The SMC algorithm for RL (Piché et al., 2019) is a sequential importance sampling (IS)
method that aims to draw samples Hj.; from the posterior through a proposal distribution
Pq(Hi:¢) (asin Eq. 3.1 for some g €II). By definition, our graphical model (Def. 3.1) factorizes
recursively,

pn(leT|(91:T) = Pﬂ(Hl:t|Ol : T) : pn(Ht+1:T|Hts0t+1:T)> (3-4)

meaning that we can sample data from H.; ~ py(H;.;) and accumulate the IS-weights
sequentially.

Corollary 3.2 (Sequential importance sampling). Assuming access to the transition model
P(Si+11S:, Ar), we obtain the importance sampling weights for p,(Hy:|O1.1)/pq(Hi: 1),

(AlS:) E[exp Vsjf;ft(SHl)]
ex
(A |S ) eXp Soft(st)

Wi = Wi—1-*

Proof. The dynamics terms in the weights cancel out, the rest follows by definition from
Equations 3.2, 3.3, and 3.4. ]

In practice we cannot realistically compute w; since it requires the soft-values V7 e

However, we can again approximate this W; =~ w; with the amortized estimate Vg =V it

at every intermediate timestep (Lawson et al., 2018, Pitt & Shephard, 1999). With this, we
can estimate posterior statistics using a single forward pass through: sampling traces Hl(l)t,

~(0)
accumulating their approximate weights W w and then normalizing these w() WL( - to
AT

obtain

Ep, .00y f(Hi:t) = qu[wt - f(Hi:)] (3.5)
~ ZW(l)f(Hl(i:)t)» Hl(i:)t ~ Pg>

where f : H' — Y is some arbitrary function over the data. For instance, the statistic
f(Hi:) = 25':1 R; would yield an estimate of the expected finite-horizon sum of rewards.

Bootstrapped Filter The bootstrapped particle filter for RL, as proposed by Piché et al.
(2019), improves the estimation in Eq. 3.5 through (periodic) resampling. This mitigates the
issue of weight-impoverishment in sequential-IS, where some normalized weights dominate
Wi > w(] ) ,J # i. A common strategy for this is multinomial resampling (Chopin
& Papasplhopoulos, 2020), as shown in Algorithm 1. This method samples a number of

others w;

traces Hl(i:)m ~ pgi € [1,K], referred to as particles, and periodically drops or duplicates
these samples based on their weights W(l')m, m € [1,t], before resetting their weights back
to a uniform distribution (bootstrap). Prior work (Macfarlane et al., 2024, Piché et al., 2019)

then estimates the policy ¢* as a weighted mixture of point-masses,

K ()
§(Ar=als) = Y. wil,6(a0 = a), (3.6)

i=1




52 3 EFFICIENT SEMI-AMORTIZED POLICY INFERENCE

Algorithm 1 Bootstrapped Particle Filter for RL

Require: K (number of particles), m (depth)
1: Initialize: .
« Ancestor identifier {]10) =i,
- states {8 ~ p(sIK,
. Weights {# = 1}K,
2: fort=1tomdo
// Update particles
5 {AP ~ qlalsE,
g SO~ p(Senls?AMRE,
() = O 2APIsP) RO Eexp Vi (52 10

BT 00 ey (D) i
// Bootstrap (periodically) through resampling

6: {(](l) ,sﬁ’jl,A&’))}{il ~ Multinomial(K, w;)

7. @0 =K,

8: end for . .

o: return {J(0, H{",. %), }K,

where ]t(i)m € [1,K] is the index tracking each samples’ ancestor at the start of planning ¢
and J(-) is a Dirac delta function over A for the ancestor action-particles.

A key property of Algorithm 1 is that it can estimate ¢* through a single forward pass
of K particles from ¢ to t +m (Moral et al., 2010). This allows for parallel sampling and
updating of particles, with communication only required during the resampling step. As a
result, it scales efficiently on modern GPU hardware, with memory complexity of O(K)
and a parallelized time complexity of O(m).

Variational SMC Intuitively, resampling improves our estimate of Eq. 3.5 by ‘correct-
ing’ particles with low-likelihood to higher likelihood regions of the target distribution.
However, resampling also introduces noise and would ideally not be needed (or to a lesser
extent) if our proposal distribution p, produced samples that better match our target. To
this end, variational SMC methods (S. Gu et al., 2015, Naesseth et al., 2018) learn a proposal
distribution gy from sample estimates of the posterior target E[§*] = ¢*. Macfarlane et al.
(2024) use this strategy with neural networks to learn gy = ¢*. Given the neural network
iterates {0,y }\_;, their method also updates the prior policy 7,41y < 90, at every step n.
In other words, they combine variational SMC in an EM-loop (Neal & Hinton, 1998) by
using the learned proposals gg,, as the prior to regularize the posterior p”(n+1)(A,|St, Oy 7).

3.3 TAILORING PARTICLE FILTER PLANNING TO RL

A key benefit of online planning in reinforcement learning (RL) is generating locally
improved policies at each timestep ¢ compared to a prior policy, which enhances learning
targets and diversity of data (Hamrick et al., 2021, Silver et al., 2018). Despite recent
progress in improving sequential Monte-Carlo (SMC) methods for local approximate policy
improvement (Chan et al., 2022), persisting design choices from conventional particle
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filtering do not align directly with this goal. For instance, we find that the problem of path
degeneracy, inherent to particle filtering (Svensson et al., 2015), can cause policy inference
in Eq. 3.6 to degenerate with deep search and waste much of the planner’s generated data.
We also argue that variational SMC planners still make inefficient use of their particle
budget due to periodic resampling, which can cause particles to get stuck in terminal states
and delays using value information. By contrasting this with Monte-Carlo tree search
(MCTS), which specifically focuses on improving the policy at the root (Grill et al., 2020),
we tailor the SMC-planner for local policy improvement. This preserves the forward-only
implementation of particle filtering while incorporating benefits inspired by MCTS.

Thus, in this section we develop our method in three steps: we first adapt the proposal
distribution to improve sample efficiency (Section 3.3.1), we then introduce revived resam-
pling to deal efficiently with terminal states (Section 3.3.2), and finally we mitigate path
degeneracy in the policy inference and the value targets (Sections 3.3.3 and 3.3.4). The
complete pseudo-code, extending Algorithm 1 with each of these components, is provided
in Appendix 3.C.

3.3.1 ADAPTING THE PROPOSALS FOR SAMPLE-EFFICIENCY

The resampling step in SMC (line 6, Alg. 1) is essential for redistributing particles that are
unlikely under the posterior policy. Simultaneously, variational SMC methods (Macfarlane
et al.,, 2024) can shift some of this responsibility to a learned proposal distribution gy = ¢*
by generating better samples. This is useful as it reduces variance induced by resampling
and amortizes posterior inference (Naesseth et al., 2018). However, in EM-loop style
algorithms, the learned proposal distribution gy is an estimate of the posterior policy that
is regularized to a prior from a previous iteration gy = pﬂ(nfl)(At|St,(9t; 1), and not to the
current iteration 7(,. This is computationally wasteful with infrequent resampling, as it
can take multiple transitions before moving particles to rewarding trajectories (Lioutas
et al., 2023).

For this reason, we extend the proposal distribution to more accurately reflect the next
posterior policy p (A¢]S:,O1.7) by using both a learned policy gy = 7(,,) and value exp QF .
This is also known as exponential twisting (Asmussen & Glynn, 2007) of the proposal,
which is similarly used in the target distribution (Corollary 3.2). Twisting reduces the
variance for ¢* at the cost of some bias due to Q7. This enables lower particle budgets
through improved particle efficiency, but also introduces the difficulty in controlling this
trade-off. In this regard, MCTS-based methods can offer some insight for dealing with this.

Since AlphaZero (Silver et al., 2018), MCTS-based methods also often use a trained
policy 7y (conflated with the name prior distribution) to guide the search in combination
with a P-UCT algorithm (Rosin, 2011). Crucially, the initial iterations of the algorithm rely
more on g, which is interpolated to a greedy policy over the estimated values Q” in later
iterations. Grill et al. (2020) show how this causes inferred policies from MCTS to track a
regularized objective similarly to Theorem 3.1 (with an added greediness parameter) over
consecutive iterations. This is relevant to our work, because it links the estimated quantity
of our SMC planner to the approach taken by MCTS. The main difference persists in that
the iterations of MCTS induce an adaptive regularizer through a proxy for value-accuracy.

Inspired by this, we formulate our proposal distribution through a constrained opti-
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mization problem with an adaptive trust-region parameter €, € R>¢. At each state S;, the
proposal g solves for a locally constrained program,

qeg%%(&) Egals) Q9 (St Ar), (3.7)

st, KL(q(alS)lme(alS)) < €q,

where « € [0,1] is a greediness tolerance level. The actual trust-region €, is then sandwiched
between the prior 7¢ and the greedy policy 7* over Qf, such that, €, = a - KL(n"|75).
In similar spirit to MCTS, this guarantees that SMC always searches trajectories that
interpolate between maximizing Q or sticking to the prior 7y. The Lagrangian of this
program is similar to Theorem 3.1 with the sum of rewards replaced by Qf and the KL
term scaled by a temperature. Furthermore, Eq. 3.7 requires KL(g|7) < € at every S; € S
instead of in expectation over p,(H). For solving this program, we use a bisection search
using bootstrapped atoms from g, which is both general and computationally cheap (see
Appendix 3.B.5 for details).

3.3.2 HANDLING TERMINAL STATES WITH REVIVED RESAMPLING

Although the control as inference framework from Section 3.2.1 enables the use of SMC
methods for policy inference, it also introduces non-trivial caveats. In particular, the infinite
horizon formulation in Eq. 3.1 can lead to wasting compute when handling terminal states
as absorbing states in a forward-only SMC algorithm. Absorbing states result in transitions
that loop back to the same state with zero reward, effectively treating this as part of the
environment dynamics. In an SMC planner, this can cause some of the K particles to become
trapped in these absorbing states. Although resampling should correct for this, reward
sparsity and errors in value predictions VJ = V7 ., can render the weights to become
nearly uniform, making these trapped particles indistinguishable from non-trapped ones.
This is a problem, because trapped particles do not contribute to gathering information
about future values.

Furthermore, the resampling step can also move particles towards absorbing states due
to rewarding trajectories in previous steps. Consecutive resampling in the SMC planner,
however, is then likely to move these particles away from these states again because they
no longer accumulate reward. This phenomena is mostly problematic when performing
policy inference according to Eq. 3.6 and is a consequence of the path degeneracy problem
(Svensson et al., 2015).

To address the trapped particles, we leverage the strategy of MCTS to reset trajectories
to earlier states within the search tree. In MCTS, each iteration of the algorithm completely
resets the agent to the root state, enabling the accumulation of new trajectory and value
information. However, this full reset limits the ability to explore deep inside the search
tree, which is a key benefit of SMC with its depth parameter m. Therefore, we propose a
‘revived resampling’ strategy to move particles back to their last non-terminal state. This
only requires caching an additional reference state for each particle, assuming that the
environment correctly flags these as non-terminal. Resampling is then performed to these
reference states instead of the current states (see Appendix 3.C).
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Figure 3.1: Illustration of path degeneracy in particle filters (top; adapted from Svensson et al., 2015) and the
consequence on divergence from the optimal policy 7* (lower is better). With a finite budget of particles and
resampling, deep search will concentrate the Dirac mixture of remaining ancestors to a single atom (bottom-left).
We improve this through approximate message-passing to the ancestors, which does not degenerate the policy
(bottom-right).

3.3.3 MITIGATING PATH DEGENERACY FOR PoLiCcY INFERENCE

A common problem in particle filtering is path degeneracy, where most particles collapse
to a single ancestor due to resampling. This is illustrated in the top of Figure 3.1, the
grayed-out trajectories highlight the discarded data due to resampling in typical forward-
only SMC methods. This loss of ancestor diversity leads to a worse approximation of the
distribution over states under our posterior policy (Svensson et al., 2015). We remark that
in RL the consequence of this problem is exacerbated since we predominantly care about
the root-ancestors. For this reason, SMC planners (Lioutas et al., 2023, Macfarlane et al.,
2024, Piché et al., 2019) that perform policy inference for ¢* using mixtures of point-masses
from Eq. 3.6 show deteriorating approximation quality as depth increases, as shown in
Figure 3.1 (bottom-left).

In contrast, MCTS does not suffer from path degeneracy because it does not discard
any data. Policy inference is also typically done in MCTS by tracking a normalized state-
action visitation counter that is updated in each iteration of the algorithm (Browne et al.,
2012). Importantly, the normalized visit-counts can be used as both a behavior policy and
learning target (Silver et al., 2018). Recent work however, has shown that using such a
visitation-count policy can degrade performance when using low planning budgets. Instead,
Danihelka et al. (2022) show that inferring a regularized policy (Grill et al., 2020) using the
value statistics from search for the root state-actions avoids this problem.

However, SMC planners do not track visit-counts or perform backpropagation to
accumulate value statistics. Since the importance sampling weights factorize recursively,
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we can adopt the approach by Moral et al. (2010) to perform an online estimation to
Osmc = Q7 ft inside SMC using Eq. 3.3, to then construct a policy estimate similarly to
Danihelka et al. (2022). At each SMC step ¢, we accumulate a current estimate of QAng)/IC for
any root-ancestor j as,

0 Jt(j) .
oY =0, + 0\ 20
- _1_ . J

In < Uz(j)\ Zie[]t(f) ‘7521 > > tF @,

where Jt(j) ={i€[1,K] |]ti) = j}and Q(()j) = 0. In essence, this expression accumulates
an average log-probability for the remaining particles belonging to ancestor j. We then
use the values O, ~ or ft(St,A(tj )) to infer §* by bootstrapping the atoms proportion-
ally to ﬂg(Agi)|St)exp QASK/IC Figure 3.1 (bottom-right) shows that this eliminates policy
deterioration as a function of depth, reducing the consequence of path degeneracy.

3.3.4 SEARCH-BASED VALUES FOR LEARNING TARGETS

The approximate message passing from the previous subsection mitigates the path degen-
eracy problem by utilizing all SMC generated data for policy inference. In essence, we are
constructing a better estimate of the soft-value functions Vi = V7 7t (Lawson et al., 2018,
Piché et al., 2019) to then estimate ¢* as given by Eq. 3.2. The value functions themselves
are then trained using some temporal difference (TD) method in an outer learning loop,
e.g., using n-step returns (Sutton & Barto, 2018) given environment interactions outside of
the planner (see also Appendix 3.B.3). So far, most prior work constructs these TD-learning
targets by value-bootstrapping from one-step predictions given states in the generated
datasets (Lioutas et al., 2023, Macfarlane et al., 2024, Piché et al., 2019). For instance, given
a transition (S, Ay, Ry, St41), a 1-step TD target would be computed as Y; = R; + V(Si11).
However, this approach neglects most data generated by the planner by only considering
the 1-step value at the next states S41.

Similarly to recent versions of MuZero (Danihelka et al., 2022, Schrittwieser et al., 2020,
Ye et al., 2021), we instead use the values estimated by the search algorithm Vz+1 over
V7 (Si41) to compute these outer TD-targets. Not only does this exploit the planner data,
V; is also objectively a better value estimator to use for policy improvement (i.e., within
our EM-loop). Namely, the predictions by V' give the value of a previous posterior policy
(off-policy), whereas V; is an estimate of the current posterior policy (on-policy). During
our testing, we found at low particle budgets for the SMC planner that it is important to
control the variance of the inner value estimation. For this reason, we compute Vt for
value-learning using the Retrace(4) returns (Munos et al., 2016) instead of the importance-
weighted (soft) Monte-Carlo estimate used for the policy. This only requires tracking a
secondary statistic along with Q1)
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Figure 3.2: Per environment evaluation curves for a planning budget of N = K xm = 16. Shaded regions give 99%
two-sided BCa-bootstrap intervals over 30 seeds. This plot shows improved sample-efficiency of our method
when a highly accurate simulator is available.
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Figure 3.3: Normalized average curves for the discrete environments over increasing planning budgets to compare
performance to runtime. Shaded regions give 99% two-sided BCa-bootstrap intervals over 2 times 30 seeds.
Runtime was estimated by multiplying the training step with an interquartile mean of the runtime-per-step (see
Appendix 3.B.2 for details and Appendix 3.D for sample-efficiency).

3.4 EXPERIMENTS

We introduce our new method, Trust-Region Twisted SMC (TRT-SMC), a variational SMC
method that is tailored for planning in RL. We claim that TRT-SMC implements a stronger
approximate policy improvement over baseline approaches when used in an expectation-
maximization framework (Abdolmaleki et al., 2018, Chan et al., 2022). The contribution of
a stronger policy improvement operator can be isolated to 1) enhanced action-selection
during training, and 2) improved learning targets (Hamrick et al., 2021). Therefore, we
expect our method to yield higher final test returns and steeper learning curves in terms of
sample-efficiency (training samples) and runtime efficiency (wallclock time). We compared
our TRT-SMC against the variational SMC method by Macfarlane et al. (2024), and the cur-
rent strongest Monte-Carlo tree search (MCTS) method, Gumbel AlphaZero by Danihelka
et al. (2022).

We performed experiments in the Brax continuous control tasks (Freeman et al., 2021)
and Jumanji discrete environments (Bonnet et al., 2024), using the authors” A2C and SAC
results as baselines alongside our PPO implementation (Schulman et al., 2017). Although
we compare sample-efficiency to the model-free baselines, this is only for reference since
we do not account for the additional observed transitions by the planner in the main results.
In other words, we are testing the setting where we assume access to a highly accurate
simulator for planning purposes (see Appendix 3.D for additional results that also count
the simulator samples). Performance is reported as the average offline return over 128
episodes. Unless otherwise stated, all experiments were repeated (retrained) across 30
seeds, with 99% two-sided BCa-bootstrap confidence intervals (Efron, 1987). For more
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details, see Appendix 3.B.

3.4.1 MAIN RESULTS

We show the evaluation curves for comparing sample-efficiency in Figure 3.2, where the
planner-based methods used a budget of N = 16 transitions. For simplicity, we kept the
depth m of the SMC planner uniform to the number of particles K, such that K =m = /N.
Our ablations in the subsection 3.4.2 also show that keeping m and K somewhat in tandem
is ideal for SMC. On each individual environment we observe that our TRT-SMC shows
steeper and higher evaluation curves than the baseline variational SMC method, which is in
line with our expectations.

Additionally, we compare the runtime scaling for additional planning budget in terms
of normalized returns on the discrete Jumanji environments in Figure 3.3. We measured
this by aggregating the average returns scaled by their environments’ known min-max
bounds. We see that with more planning budget that the baseline SMC often starts to
approach our TRT-SMC, and that the Gumbel MCTS method scales poorly in wallclock
time. Most importantly, these results show that our TRT-SMC reliably scales in performance
with additional budget, runtime, and training samples.

3.4.2 ABLATIONS

The main results show that our TRT-SMC method can perform better compared to the
baseline model-free, variational SMC, and MCTS methods in terms of sample-efficiency
and training runtime. However, we also want to asses: to what extent do each of our separate
contributions improve the base method? Therefore, this section quantifies this across the
different environments and parameter settings.

Proposal Distributions. Firstly, we assess the interplay of the proposal distribution
with the planning budget through the aggregated final test performance on the Jumanji
environments in Figure 3.4. This compares our TRT-SMC method when using either
a twisted proposal distribution with a greediness tolerance of @ = 0.1, or a = 0 (which
only uses the prior 7p). Similarly to the main results, at low particle budgets we observe
significantly improved performance with the trust-region twisted proposal, but this gap
decreases for o = 0 at higher particle budgets. It also shows that performance scales
favorably when the particle budget and the planner depth are in tandem with each other.
This performance improvement at low particle budgets matches our aim of increasing particle-
efficiency.

Secondly, we evaluated our TRT-SMC method varying the « € [0,1] parameter and
uniformly scaling up the budget and depth (as done in Figure 3.3). We aggregated the
normalized final test results over all tested environments as given by the sensitivity plot in
Figure 3.5. Although we show the aggregated results here, we found that this pattern highly
depends on the specific environment, we show the individual results in Appendix 3.D. In
essence, these results show that mixing between the prior my and maximizing the predicted
state-action value Qj improves performance compared to completely relying on either of them.
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Figure 3.5: Sensitivity plot for the adaptive trust-region parameter a over increasing planning budgets N =
K -m (where K = m). The y-axis indicates the normalized final test performance, aggregated across all tested
environments. The pattern shows that at small planning budgets, a proposal distribution which accounts for the
predicted QF performs marginally better.

Policy Inference. We compare our method for policy inference to that of Eq. 3.6 by
adopting a similar experiment setup as we used for the proposal ablations and varying
these two choices. We report the results for this experiment in terms of their evaluation
curves in the right of Figure 3.4 to also observe learning stability. We find that the final
performance of the Dirac policy at K = 4 and a = 0 shows decreased final performance
when the planner depth is increased from m = 4 to m = 16. As expected, this effect does not
occur for our message-passing method, although the proposal twisting seems to diminish
this effect also. Most importantly, our approach for computing ¢* demonstrates a monotone
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Table 3.1: Confidence intervals for the final expected episode returns on Brax Ant for different value-estimation
methods (top) and Jumanji Snake for the two resampling strategies (bottom).

Ablation Value [ Go/2 = Qi-a/2
Value Targets on Ant

Vo 6911.8  6669.7—7146.7
Vo + 1 Vsme 72147 6973.9—7455.6
Vsme 7457.1  7200.3—7715.3
Resampling on Snake

Baseline 447 43.7—45.7
Revived 45.7 44.5—-47.7

improvement.

Value Targets. To compare the improvement by the search-based value targets, we
tested on the Ant environment for experiment variety. We compared three variations of
our TRT-SMC for constructing the outer learning targets by linearly interpolating the 1-step
Vg and the SMC-based value estimate Vsyc, such that V = o - Vy+(1— 0)- Vsare, where
we used o € {0, %, 1}. We aggregated the final mean performances across different planner
depths m € {4,8}, particle budgets K € {4,8}, resampling periods r € {1,3}, and whether
to use our revived resampling or not. To reduce moving parts, we did not use a twisted
proposal (e = 0). In total, across 30 repetitions, this gave us 480 experiments for which we
report final marginal performance in the top of Table 3.1. Although the intervals overlap
slightly, there is a trend that favors using SMC data for the learning targets.

Revived Resampling. We evaluated the effect of using the revived particle resampling in
a similar, experiment setup to the value-targets ablations. We tested on Jumanji Snake due to
its sparse rewards and high likelihood of encountering terminal states (see Appendix 3.B.1).
Interestingly, the marginal test results in the bottom of Table 3.1 show that the revived
resampling does not significantly differ from the baseline.

3.5 RELATED WORK

The connection of reinforcement learning (RL) to the statistical estimation of a probabilistic
graphical model (Levine, 2018) has in recent years proven useful in borrowing tools from
Bayesian estimation for optimal policy inference. Although we focus on sequential Monte-
Carlo (SMC) methods (Hoffman et al., 2007, Piché et al., 2019), this connection has also been
used to exploit stochastic control methods like TD-MPC (Hansen et al., 2024, Theodorou
et al., 2010). Similarly, prior work has partially explored some of the modifications that we
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make to SMC-planners, either in isolation or in different contexts. This paper therefore
reinforces the connection between probabilistic inference and RL, but also links it back to
recent approaches in Monte-Carlo tree search (MCTS) (Browne et al., 2012, Schrittwieser
et al., 2020, Silver et al., 2018, S. Wang et al., 2024).

As discussed in Section 3.2.1, our method builds on the variational SMC approach by
Macfarlane et al. (2024). Similarly, they also utilize trust-region methods, but on the neural
network parameters during optimization and on the target distribution for SMC. Our setup
is more comparable to recent MCTS methods (Danihelka et al., 2022, S. Wang et al., 2024)
since we only impose trust-regions on the proposals and nothing else. In other words,
we focus specifically on the policy improvement part of the algorithm. Then, Lioutas et al.
(2023) also explore a type of ‘twisted’ proposals, they sample auxiliary action-particles and
weight these with heuristic factors exp Q7 before computing transitions (Stuhlmiilller et al.,
2015). However, their approach has two issues: they mix the normalization of the auxiliary
actions across particles and they do not impose sufficient regularization to trade-off the
prior policy and the values.

Finally, our contributions are strongly tied to mitigating path degeneracy in SMC
planners, which is a common theme in particle filtering (Chopin & Papaspiliopoulos, 2020).
For instance, our estimation of the policy (and values) is similar to the online estimation of
any time-separable function described by Moral et al. (2010), which was also motivated
by path degeneracy. Although we did not consider it here, there are many promising
directions for future work in this area, like using anchor particles (Svensson et al., 2015),
adaptive resampling (Naesseth et al., 2019), or Rao-Blackwellisation (Casella & Robert, 1996,
Danihelka et al., 2022).

3.6 CONCLUSION

This paper tailors a particle filter planner for its use within deep reinforcement learning.
Specifically, we address default design choices within variational sequential Monte-Carlo
that become problematic when applying these methods to perform policy inference. Our
contributions take inspiration from recent Monte-Carlo tree search methods to mitigate
the path degeneracy problem, make better use of the data generated by the planner, and
to improve planning budget utilization. Experiments show that our Trust-Region Twisted
sequential Monte-Carlo (TRT-SMC) scales favorably to varying planning budgets in terms
of runtime and sample-efficiency over the baseline policy improvement methods. We hope
that our approach inspires others to leverage more of the tools from both the planning
and Bayesian inference literature, to further enhance the sample-efficiency and runtime
properties of reinforcement learning algorithms.
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APPENDIX
3.A DERIVATIONS

We first restate the factorization of the marginal in Eq. 3.1 from the main text,

T
pr(Hi:T) = H”(At|st)P(St|St—1>At—1)>

t=1

with p(S1]|Ao, So) A p(S1) being the initial state distribution, p(S;+1|S;, A;) is the transition

model, and 7(A;|S;) is the policy. We denote the set of admissible policies as IT 2 {m|m :
S — P(A)}. We drop subscripts for Hi . 7 if the indexing is clear from the text.

3.A.1 LOWER-BOUND

For completeness, we show below that the factorization of p,(H;.1|O:.1 = 1), by Defini-
tion 3.1, recovers the lower-bound term for ¢* shown in Theorem 3.1. This is done through
the well-known decomposition of the log-likelihood on the marginal distribution for the
outcome variable O;. 1 € {0,1}. See Section 3.2.1 for a description on the meaning of this
variable, again we will abbreviate O = 1 simply as O.

Lemma 3.3 (Decomposition log-likelihood, c.f., Ch 9.4 of Bishop (2007)).

T
In p(O) = Ep i1y | Y, Re — KL(q(alS)lm(alS) | + KL ((pg(BDlpx(HIO))  (3.8)
t=1

Evidence Lower—Bound Evidence Gap

Proof. Assume an importance sampling distribution q € Il for 7 € IT such that it has sufficient
support over H and p,(H) > 0 = p,(H) > 0 almost everywhere.

_ 1y PO 1)
P(H|O)
In (pﬂ(O,H) Pq(H)>]
P2(H|O) pq(H)
(O, H) 1y P

=E In—/————=+E n
Pq(H) Pq(H) Pq(H) p”(H|O)

pr(H) pg(H)
pq<H>] FEpanln o)

In p,(O)

= EPq(H)

= qu(H) 11’1p((9|H) +1In

= Ep, ) [0 p(OIH) = KL(pg(E)Ix(H))] + KL(pg(H)lp~(HIO))

=Ep, ) | ), Re— KL(q(alSDI(alS)) | + KL(pg(F)lpx(H|O))

where in the last step the transition terms for p,(H) and p,(H) cancel out. See the work
by Levine (2018) for comparison. o
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The result from Lemma 3.3 shows that the log-likelihood is decomposed into an evidence
lower-bound and an evidence gap. This inequality becomes tight when ¢ is simply set to
the posterior policy ¢*(H) = p,(H|O). Thus, motivating the maximization objective for
the lower-bound as given in Theorem 3.1, or equivalently, by minimizing the evidence gap
as considered by Levine (2018).

3.A.2 REGULARIZED PoLicY IMPROVEMENT

The result below gives a brief sketch that the expectation-maximization loop (Neal &
Hinton, 1998) generates a sequence of regularized Markov decision processes (MDPs) that
eventually converges to a locally optimal policy. This result is a nice consequence of the
control-as-inference framework. A more general discussion outside of the expectation-

maximization framework can be found in the work by Geist et al. (2019).

Lemma 3.4 (Regularized Policy Improvement). The solution q* to the problem,

T

IglgﬁdE Z R —KL(q(alSp)l(alSy))|,
=1

guarantees a policy improvement in the unregularized MDP, E,, . @2t R 2 Ep [ X Re]-

Proof. Lemma 3.3 shows that the solution ¢* is equivalent to the posterior policy distribu-
tion p,(Hj:7|O1. 7). This implies that for each state s € S, we have, q*(als) o 7(als) exp Qfoft(s, a).
The exponential over Q7 ft(s,a) in the posterior policy g* interpolates 7 to the greedy
policy by shifting probability density to actions with larger expected cumulative reward.
Thus, g* provides a policy improvement over 7. O

3.A.3 ProoF oF THEOREM 3.1

Proof of Theorem 3.1. Lemma 3.3 shows how the posterior policy coincides with the optimal
policy g* in a regularized Markov decision process (MDP). Then Lemma 3.4 describes that
this gives a policy improvement in the unregularized MDP. Iterating this process (e.g., an
expectation-maximization loop) yields consecutive improvements to the prior 7,y « q(*n_l)
and guarantees a locally optimal 7* in the unregularized MDP as n — oo, which also implies
KL(q(pl7m(n-1)) = 0. 0

3.A.4 IMPORTANCE SAMPLING WEIGHTS

For completeness, we give a detailed derivation for the result presented in Corollary 3.2.
This derivation differs from the one given by Piché et al. (2019) in Appendix A.4. Our
derivation corrects for the fact that we don’t need to compute an expectation over the
transition function for exp V7 ft(St) in the denominator. However, this is only a practical
difference (i.e., how the algorithm is implemented) to justify our calculation.

Corollary 3.5 (Restated Corollary 3.2). Assuming access to the transition model p(S;+1|Ss, Ap),
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we obtain the importance sampling weights for p,(Hy.(|O1.17)/pq(H 1),

7(AslSt) exp E[exp Vslf,ft(stﬂ)]
q(A¢lSt) ! exp Vs”oft(S,) ’

Wi = Wi-1°

Proof. For any statistic f(-), we have,
Ep,,(HI;tl(Dl;T)f(Hl:t) = ]qu(Hl;t) [we- f(Hi:0)]

Epn(Hl : t|(91 : T)

= EPq(Hl:t) | pq(Hl:t) f(let)]

_E [ p2(St, At Her, O1. 1) pr(Het|O1 1)
Poth) | T (St AdHer) pg(Her))

f(let)]

=F w pﬂ(StﬁAt|St*1:A[719OtiT)
= , -
Pt | ' Pq(St, ArlSt—1,Ar-1)

-f(let)]

where the last step follows from the Markov property. Then, we get,

(St AtlSt-1,Ar-1,01:17) _ pa(AilSt, Or-1)p(SelSi-1,Ar-1)  pr(AelSt, O 1)

pq(st:At|St—lsAt—1) B q(At|St)p(St|St—1:At—l) Q(At|5t)

_ 7(AslSt) px(O;.7ISt, Ar) _ 7(AslS;) €XP Q?oft(sf’At)
q(AilS)  pa(Os.7ISy) q(A(lS)  exp Vg,f[(st)

H(At|5t) E[exp Vg)ft(st+1)]
= exp(R; -
q(A¢Sy) exp met(St)

3.B EXPERIMENT DETAILS
Our code can be found at https://github.com/joeryjoery/trtpi.

3.B.1 ENVIRONMENTS
We used the Jumanji 1.0.1 implementations of the Snake-v1 and Rubikscube-partly-scrambled-
v0 environments (Bonnet et al., 2024), code is available at https://github.com/instadeepai/
jumanji. For the Brax 0.10.5 implementation we used the Ant and Halfcheetah environments
using the ‘spring’ backend, code is available at https://github.com/google/brax.

Snake environment details:
« The observation is a 12x12 image with 5 channels that indicate the position of the

fruit and positional features of the snake, it also gives the integer number of steps
taken which we encode as a bit-vector for the neural network.


https://github.com/joeryjoery/trtpi
https://github.com/instadeepai/jumanji
https://github.com/instadeepai/jumanji
https://github.com/google/brax

3.B EXPERIMENT DETAILS 65

« The action space is a choice over 4 integers that indicate moving the snake: up, down,

left, or right.
« The reward is zero everywhere, except for a +1 when the fruit is picked up.

+ The agent terminates after 4000 steps or when colliding with itself.
Rubikscube environment details:

« The observation is a 3D integer tensor of shape 6 x3 x 3 with values in [0,1,2,3,4,5]
indicating the color. It also gives the integer number of steps taken which we encode
as a bit-vector for the neural network.

« The action space is a 3 dimensional integer array to choose the face to turn, depth
of the turn, and direction of the turn. For a 3x3 cube this action-space induced 18
combinations.

« The reward is zero everywhere, except for a +1 when the puzzle is solved.
« The agent terminates after 20 steps or when solving the puzzle.

« We used the partly-scrambled version of this environment, which means that the
solution is at most 7 actions removed from any of the starting states.

Brax environment details:

« The observations are continuous values with 27 dimensions for Ant and 18 dimen-
sions for Halfcheetah.

« The action space is a bounded continuous vector between [—1,1]°, with D = § for
Ant and D = 6 for Halfcheetah.

« The reward is a dense, but involved formula that penalizes energy expenditure
(norm of the action) and rewards the agent for moving in space (in terms of spatial
coordinates).

» The agent terminates after 4000 steps or when ending up in a unhealthy joint-
configuration.

3.B.2 HARDWARE REQUIREMENTS

All experiments were run on a GPU cluster with a mix of NVIDIA GeForce RTX 2080
TI 11GB, Tesla V100-SXM2 32GB, NVIDIA A40 48GB, and A100 80GB GPU cards. Each
run (random seed/repetition) required only a few CPU cores (2 logical cores) with a low
memory budget (e.g., 4GB). For our most expensive singular experiments we found that we
needed about 6GB of VRAM at most, and that the replay buffer size is the most important
parameter in this regard. Roughly speaking, we found that the SMC based agents all
completed both training and evaluation under 30 minutes on Snake with a budget of K =8
particles and a depth of m = 8, the Gumbel MCTS required 3 hours for a budget of N = 64.
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Training Time Estimation. To estimate the training runtime in seconds (in Figure 3.3),
we used an estimator of the the runtime-per-step and multiplied this by the current training
iteration to obtain a cumulative estimate. For each training configuration, we measured
the runtime-per-step and computed an interquartile mean over 1) the random seeds for
relative wallcock time and 2) the training iterations themselves. This estimator should
more robustly deal with the variations in hardware, the compute clusters’ background load,
and XLA dependent compilation. Of course, estimating runtime is strongly limited to the
hardware and software implementation, and our results should only hint towards a trend
of improved scaling to parallel compute for the planner algorithms.

3.B.3 HYPERPARAMETERS, MODEL TRAINING, AND SOFTWARE VER-
SIONING

The hyperparameters for our experiments are summarized in the following tables:

Table 3.3: Shared parameters across experiments.
« Table 3.4: PPO-specific parameters.

« Table 3.5: MCTS-specific parameters.

« Table 3.6: Shared SMC parameters.

« Table 3.7: Parameters for our extended agent.

We underline all default values in bold, all other parameter values indicated in the sets
were run in an exhaustive grid for the ablations. The ablation results then report marginal
performance over configurations and over seeds (repetitions). These experimental design
decisions closely follow the suggestions laid out in the work by Patterson et al. (2024).

Despite conflating all model parameters into one joint set 9, we used separate neural
network parameters for the policy, state, and state-action value models. Given the current
dataset (replay buffer) within the training loop D), the loss is a simple empirical cross-
entropy of collective terms,

Cy , ~ - Cy , ~ -
L) =B (5, 4,00y |5 V= Vo S + 5 (V= Q5 (S, AD)'~
crByg In79(alSy) = cont H[mo(alS,)] (3.9)

where §; and V; are estimated targets for the policy and value respectively (see main text),
and H[mg] = —E.,Inmy is an entropy penalty for the policy. We approximated £ with
stochastic gradient descent (see the hyperparameter tables), where we always used the
AdamW optimizer (Loshchilov & Hutter, 2019) with an I, penalty of 107° and a learning
rate of 3-1073. Gradients were clipped using two methods, in order: a max absolute value
of 10 and a global norm limit of 10.
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The replay buffer was implemented as a uniform circular buffer with its size calculated
as:

max-age of dataxnumber of parallel environments x number of unroll steps.

The max-age of data was tuned to fit into reasonable GPU memory.

For the A2C baseline, hyperparameters are detailed in Bonnet et al. (2024), and for
the SAC baseline, refer to Freeman et al. (2021). Additionally, Table 3.2 provides version
information for key software packages, this also directs towards default hyperparameters of
baselines not listed here. We implemented everything based on Jax 0.4.30 in Python 3.12.4.

Table 3.2: Software module versioning that we used for our experiments (also includes default parameter settings).

Package | Version

brax 0.10.5
optax 0.2.3
flashbax 0.1.2

rlax 0.1.6
mctx 0.0.5
flax 0.8.4
jumanji 1.0.1

3.B.4 NEURAL NETWORK ARCHITECTURES

Neural network designs were largely adapted from the A2C reference (Bonnet et al., 2024)
and Macfarlane et al. (2024). Minor modifications were made to handle the heterogeneity
in environment action spaces. Notably, we standardized network architectures across
environments wherever feasible, adjusting input embedding and output construction as
needed. The specific configurations are listed below.

Brax Environments

« 2-layer MLP with 256 nodes per layer.
+ Leaky-ReLU activations followed by LayerNorm.

« Outputs parameterized a diagonal multivariate Gaussian squashed via Tanh, as in
Haarnoja et al. (2018).

Jumanji RubiksCube Environment

« 2-layer MLP with 256 nodes per layer (same as Brax).
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+ We used a flat representation for the 3-dimensional categorical action space (log-
its over all item-combinations). In contrast: the A2C baseline used a structured
representation with three separate categorical outputs (logits per item).

Jumanji Snake Environment

« 2-layer MLP with 128 nodes per layer and Leaky-ReLU activations, followed by
LayerNorm for the main module.

« Based on Bonnet et al. (2024), the input image is embedded using a single 3x3
convolutional layer with:

- 3 channels.
— Leaky-ReLU activation.
- No LayerNorm.

« The resulting embedding was flattened before being passed to the main MLP module.
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Table 3.3: Shared experiment hyperparameters.

Name Symbol | Value Jumanji | Value Brax
SGD Minibatch size 256 256
SGD update steps 100 64
Unroll length (nr. steps in environment) 64 64
Batch-Size (nr. parallel environments) 128 64
(outer-loop) TD-Lambda A 0.95 0.9
(outer-loop) Discount % 0.997 0.99
Value Loss Scale [N 0.5 0.5
Policy Loss Scale Cr 1.0 1.0
Entropy Loss Scale Cent 0.1 0.0003

Table 3.4: Proximal Policy Optimization hyperparameters. We did not use advantage-normalization computed the
policy entropy exactly.

Name Symbol | Value Jumanji | Value Brax
Policy-Ratio clipping € 0.3 0.3
Value Loss Scale C 1.0 0.5
Policy Loss Scale Cr 1.0 1.0
Entropy Loss Scale Cent 0.1 0.0003

Table 3.5: Gumbel Monte-Carlo tree search experiment hyperparameters (Danihelka et al., 2022).

Name Symbol | Value Jumanji | Value Brax
Replay Buffer max-age 64 64

Nr. bootstrap atoms B 30 30
Search budget N {16,64} {16, 64}
Max depth 16 16
Max breadth 16 16

Table 3.6: Shared Sequential Monte-Carlo hyperparameters (ours and Macfarlane et al., 2024). Bold values indicate
those used in the main results, with the remaining values in the set being explored in the ablations.

Name Symbol | Value Jumanji | Value Brax
Replay Buffer max-age 64 64
Planner Depth m {4,8,16} {4,8}
Number of particles K {4,8,16} {4,8}
Resampling period r {1,3} {1,3}
Target temperature (env. reward scale) T {1.0,0.1} {1.0,0.1}
Nr. bootstrap atoms B 30 30

Table 3.7: Trust-Region Twisted Sequential Monte-Carlo hyperparameters (i.e., ours only). The underlined values
recover the base SMC.

Name Symbol Value Jumanji Value Brax
(inner-loop) Retrace(1) Asmce 0.95 0.9
(inner-loop) Discount Ysmc 0.997 0.99
(outer-loop) Value mixing 1A o 0.5 (0.0) {0.0,0.5,1.0}
Estimation ¢* {Dirac, Mess.-Pass.} | {Dirac, Mess.-Pass.}
Revived resampling {False, True} {False, True}
Proposal (adaptive) Constraint €q {0.0, 0.1, 0.3} {0.0, 0.1, 0.3}
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3.B.5 DETAILS ON CONSTRAINED PROPOSALS

We solve the constrained program in Eq. 3.7 in the SMC planner in Algorithm 1 for
each individual state-particle Sgi). To deal with general action-spaces (e.g., continuous),
we sample B atoms from the prior policy 7y for uniform bootstrapping. As stated in
Theorem 3.1 and accompanying text, the Lagrangian of this program can be used to define
a Boltzmann policy,

L(q.p7 " m) =E,Qf + (ex — B KL(qlmp)) + (1 — 1), (3.10)

where taking the partial derivatives and setting them to zero gives q" o< 79 exp Q7 , which
is analytically normalizable (see Grill et al. (2020) for comparison). Given this distribution
q*, we found that the following minimization problem was the most numerically stable in
finding the optimal temperature parameter 71,

minl e~ Eq:[Ing*(aS)~In mo(alS)] (3.11)

which we solve with a bisection search. In combination with bootstrapping from 7, the
above Inmy(alS) is essentially an entropy constraint on g*. As stated in Subsection 3.3.1,
we set €, adaptively based on some greediness tolerance a € [0,1].

3.B.6 DETAILS ON FIGURE 3.1

We adapted the top-figure with the colored and grayed out trajectories from Figure 2
of Svensson et al. (2015) to show the discarded data in a naive forward-only sequential
Monte-Carlo (SMC) planner. We generated the two bottom figures using our own SMC
planner implementation. The KL-divergence was evaluated by: running SMC at timestep 0
on a dummy environment, extracting the sampled policy as by Eq. 3.6 or from Section 3.3.3,
projecting the sampled logits back to their original action-space, and calculating the KL-
divergence of the optimal stochastic policy to the canonical (non-bootstrapped) logits
from SMC. Most importantly, this environment had discrete actions and zero reward
everywhere, making the dynamics function like an absorbing state. For this reason, the
optimal (stochastic) policy is uniformly random with a value V” of zero everywhere. The
bottom-left of Figure 3.1, thus, visualizes the consequence of recursive bootstrapping,
which degenerates the policy in terms of KL-divergence from the optimal policy. Our
method does not incur this in the bottom-right aside from the effect caused by the particle
budget.

3.C PSEUDOCODE

We give a simplified overview of our method in Algorithm 2, which is an extended version
of the one from the main paper (Algorithm 1). The pseudocode documents our specific
contributions in comparison to the base SMC planner.

Note that the implementation for the online tracking of ancestor values, following Moral
et al. (2010) is very similar to the eligibility trace known in reinforcement learning (Seijen
& Sutton, 2014, Sutton & Barto, 2018). Fundamentally, this can be considered as initializing



3.C PSEUDOCODE 71

Algorithm 2 Bootstrapped Particle Filter for RL (Our TRT-SMC extending Alg. 1).
Require: K (number of particles), m (depth), r (resampling period), a (proposal greediness)

1: Initialize:
« Ancestor identifier {Jl(i) = i}{il
« States {Sgi) ~ p(SOH,

« Reference States {ggi) « Sgi)}{il // Revived resampling: track last non-terminal states
« Weights {W, {N(l) = 1}{;
« Ancestor Log-Probabilities {Qéi) =0}k, // Policy Inference

2: for t =1tomdo

// TRT-SMC: Create a set of Trust-Region twisted proposal distributions
3: {q(l) | where q() solves Eq. 3.7 for a given «, SEO}{;

// Default SMC: Update particles
& AP ~ g Ak,
5: {5521 P(5z+1|5(1) A(l))}

~ ~ AD|sDy RO IE vz (s®

6: {W?) = 51)1 ”EAm‘lsu))) et :;:Vﬁ(s(i))l i=1

// Revived resampling: Track the last non-terminal states

.. {§(1) Ngl), If S§+1 is terminal, K
1 5521, Otherwise, =1

// Policy inference & Value Estimation: online accumulation of ancestor statistics

8 (IO <{ie[LK][JP =K,

Al vy 0, Jt(j) =
o 0P=00+ 1 &\ 40
In 179 Ziel(j) W )t @

// Default SMC: Bootstrap (periodically) through resampling
10: if t mod r ==0 then

g

11: Normalized probability vector: w,[i] = K =0
j:

12: {]t(l) ~ Categorical(W,)}iK:1

// Revived resampling: resample particles by their reference states, then reset the references.
B AGADE, (G AT,
14 Gy < St
15: , =13k,
16: end if
17: end for

// Return the estimated values for performing policy inference
18: return {Q(J) K

the eligibilities of the ancestor particles to one, and continuously decaying these eligibilities
while accumulating value updates (i.e., without updating the ancestor-eligibility).
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3.D SUPPLEMENTARY RESULTS

Budget: 2x2=4 Budget: 4 x4 =16 Budget: 8 x 8 =64 Budget: 16 x 16 = 256

TRT-SMC (ours)
SMC
Gumbel MCTS
PPO

Normalized Returns

0.5 1.0 15 2.0 0.0 0.5 1.0 15 2.0 010 0.5 1.0 15 2.0
1e7 1e7 1e7

Training Samples

Figure 3.6: Normalized expected evaluation curves for the discrete environments over increasing planning budgets.
These budgets were calculated as N = K xm, where K = m, to keep the number of transitions uniform between
the MCTS and SMC methods. Shaded regions give BCa a = 0.01 intervals over 2 times 30 seeds. See also Figure 3.3
in the main text for a similar comparison to runtime scaling.
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Figure 3.7: Final expected performance for the prior 7y and the regularized proposal with a static temperature of
B! =0.1. This plot is identical to the left barplot in Figure 3.4 and shows that taking values into account for the
proposal doesn’t directly translate to improved performance (i.e., the approach taken by Lioutas et al., 2023). We
found it essential for performance that the temperature ~! must be set adequately, which we achieved with the
adaptive trust-region method.
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Figure 3.8: Main results from Figure 3.2 with the adjusted x-axis to account for additional true environment
samples during planning. In terms of sample-efficiency this gives a stark contrast to the result of the main paper,
and shows that the model-free methods are more sample efficient. However, methods that utilize planning can
always utilize an accurate simulator to skew the x-axis similarly to the result of Figure 3.2.
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Figure 3.9: Sensitivity plot for the adaptive trust-region parameter « split for the discrete (Jumanji) and continuous
(Brax) environments. This splits up the results shown in Figure 3.5 from the main paper.
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SCALABLE
APPROXIMATE BAYES-ADAPTIVE
MONTE-CARLO PLANNING

There are some ideas so absurd that only an intellectual could believe them.

— Bertrand A. W. Russell, paraphrased from My Philosophical Development (1959)

A common theme in this manuscript has been that deep learning greatly helps in scaling
intractable statistical computations. As stated in Chapter 1, this is a crucial ingredient for
developing agents that can reliably perform sequential decision making under uncertainty.
However, in Chapter 2 we found that end-to-end learning for statistical estimation typically
does not converge to a robust agent. Furthermore, the expensive pretraining makes algorithm
development a slow iterative process for practitioners. Thus, this chapter seeks better methods
that 1) can train in faster runtime, and 2) converge to robust optimal agents.

Building on our insights of Chapter 3, this chapter develops a framework for approximating
agents that optimally trade-off exploration and exploitation by combining sequential Monte-
Carlo planning with meta-reinforcement learning. Based on Chapter 2 we derive a reliable loss
function for learning a latent world model to steer planning under uncertainty. To specialize
our method for GPU hardware, we tailor the loss to work efficiently on fixed-size data subsets.

Since the meta-RL setting requires us to learn on trajectory data, we find that the neural
network learning induces an even greater bottleneck than in typical reinforcement learning
settings. Thus, similarly to Chapter 3, we find that online planning considerably improves this
bottleneck by shifting compute resources to the planner. As a consequence we are able to train
optimally exploring agents with much faster runtime and with greater data efficiency.

The contents of this chapter were submitted to UAI 2026 with preprint (de Vries et al., 2026).
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4.1 INTRODUCTION

Reinforcement Learning (RL) describes how to find an optimal policy for sequential decision
making by maximizing expected returns under uncertainty (Sutton & Barto, 2018). In
recent years, this framework has enjoyed many successes such as achieving superhuman
performance in boardgames (Silver et al., 2018), and displaying rapid adaptation to test
tasks (Bauer et al., 2023). The crux of this methodology is to optimally trade off gathering
informative data (exploration) with focusing on data that guarantee high expected returns
(exploitation). This is especially relevant in risk sensitive applications, since exploration and
exploitation in an inaccurate model of the world can often incur significant repercussions.

A Bayes-optimal agent achieves an optimal balance of exploration and exploitation
(Duff, 2002). It does so by augmenting its state-space with a belief over hypothetical
environments given past data (meaning the current trajectory’s history). It then selects its
actions by accounting for the expected returns but also on how its own uncertainty evolves
(the belief state). Unfortunately, computing this agent is hopelessly intractable due to the
many nested integrals one has to deal with, this includes the marginalization over prior
reward and transition functions at every new datapoint. Rightfully so, this has motivated
development of heuristics like posterior sampling (Osband et al., 2013) or optimism (Munos,
2014). However, such heuristics typically sacrifice optimizing the true desired objective for
the sake of tractability.

Instead, our focus is on direct approximations of the Bayes-optimal agent. Recently,
variational approximations (Bishop, 2007) combined with amortized probabilistic inference
(Margossian & Blei, 2024) using deep neural networks have shown great promise in scaling
to high dimensional problem settings. For instance, this has been successfully tried for
approximating beliefs (Becker et al., 2024, Igl et al., 2018, A. Mnih & Gregor, 2014), policy
inference (Haarnoja et al., 2018, Piché et al., 2019), and Bayes-optimal agents (Igbal et al.,
2024, Zintgraf et al., 2021).

A key element in developing general RL algorithms, including approximate Bayes-
optimal algorithms, that scale to higher dimensions, larger datasets, and greater (distributed)
compute resources is careful engineering to match the intended hardware. This aspect is
often less discussed but plays a subtle and essential role. This is especially relevant for
approximating Bayes-optimal agents due to their history dependence. In deep learning,
history dependence is typically tackled with recurrent neural network (RNN) architectures
which require unrolling and BackPropagation Through Time (BPTT) for training with
stochastic gradient descent. Unfortunately, this unrolling becomes expensive in memory
for long sequences, is difficult to parallelize, and is also often difficult to train reliably
(Goodfellow et al., 2016). Furthermore, they often require vast amounts of data and large
model sizes in order to find a decent policy (Bauer et al., 2023). Our Bayes-optimal control
problem fits within this description. Bayes optimal control requires a single agent to infer
the true MDP, solve (possibly infinitely) many Markov decision processes (MDP; Puterman,
1994), and anticipate consequences of exploratory actions; leading to a much more difficult
learning task compared to solving a single MDP. Thus, pushing the frontiers of current
methodologies necessitates the development of frameworks that increase the scaling capa-
bilities of throughput, whether it is in computation, data, or memory. Fortunately, recent
frameworks like PureJaxRL (Lu et al., 2022) help in scaling up throughput of training by
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dispatching large computations on GPUs which excel at highly parallelized data processing.

Transformer architectures (Vaswani et al., 2017) have recently been established as
alternatives to RNNSs, often showing much stronger performance while reducing training
time due to improved parallelization over recurrent BPTT. Unfortunately, a key limitation of
efficient GPU based frameworks is their strict adherence to computations on static shapes,
whereas many history dependent control problems vary in input length. This is a strong
restriction for utilizing more scalable and performant architectures such as Transformers
(Parisotto & Salakhutdinov, 2021, Vaswani et al., 2017). Unlike RNNs, Transformers do not
maintain an explicit state mechanism that can be cached throughout fixed size computations,
they strictly require dynamically sized memories which cause overhead in GPU dispatch
for resizing. Alternatively, they require padding of the history with empty observations,
which also introduces unnecessary overhead. Interestingly, recent theoretical work (A. Gu
& Dao, 2024, Katharopoulos et al., 2020) shows that Transformers can be viewed as a form
of state-space models. This perspective suggests that linear state dynamics (of the form
Xt = Ax;—1 +Bu; + C) are the key ingredient behind scalable training on very long sequences,
thanks to the associativity of linear recurrences. Furthermore, recent developments in state-
space sequence models for RL (Becker et al., 2024, Lu et al., 2023, J. T. Smith et al., 2023) have
drastically improved their performance compared to previously popular recurrent neural
network (Duan et al., 2016) or Transformer based approaches (Parisotto & Salakhutdinov,
2021), at much improved training and inference computation time. For instance, state-
space models can perform efficient inference in (J(1) time, yet they are also trainable in
O(log n) time (n being the sequence length) by using GPU parallelization. Instead, typical
recurrent network training scales with ©(n) time and Transformer inference scales with
O(n?) (Vaswani et al., 2017) or O(n) with KV-caching (Pope et al., 2023).

Building on these considerations about computational efficiency, we next consider
a complementary strategy with model-based RL. In MDP settings, a consensus is that
model-based RL (Hafner et al., 2020, Sutton & Barto, 2018) improves data-efficiency (sample-
efficiency) of algorithms by spending on average more compute per datapoint compared to
model-free approaches. However, this dissertation has also shown that model-based RL
utilizing online sequential Monte-Carlo (SMC) planning can improve algorithm runtime
compared to model-free RL (Chapter 3) when a model of the environment is available.
This is specifically relevant when environment interactions are also comparatively cheap
to model training (gradient descent), since online planning often improves the quality of
training data and learning targets (Hamrick et al., 2021). In typical MDPs this bottleneck
depends strongly on the environment and the agent’s model size, however, when specifically
dealing with history dependent policies, this bottleneck can quickly shift in favor of taking
more environment samples. The reason for this is that training on long trajectories at
least requires a O(log n) time complexity for state-space models, whereas increasing the
planning budget at decision time only amounts to a bigger constant in the O(1) inference
complexity’

Towards improving the scalability of training Bayes-adaptive agents, this paper in-

INaturally, the planning budget (which induces the constant) should be adjusted based on the length of the
trajectory. However, the optimal trade-off between planning budget, unroll length (or better yet, SGD budget) is
a different research question we defer for future work.
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troduces a new algorithm which we dub VariBASeD. VariBASeD combines a sequential
Monte-Carlo planner in combination with amortized variational inference (Agrawal &
Dombke, 2021) to reliably train a Bayes adaptive agent. In essence, we phrase our Bayes
adaptive agent as an intractable target distribution from which we draw approximate
samples using more manageable proposal distributions that we design through efficient
particle-filter methods (Chopin & Papaspiliopoulos, 2020). We show that online SMC
planners can improve both the sample- and runtime-efficiency for training agents that
approximate Bayes-optimal exploration and exploitation when compared to model-free
methods like RL? (Duan et al., 2016). In summary our contributions are:

1. Theoretical Framework: We derive a history-dependent Expectation-Maximization
(EM) method for approximate policy iteration with learned (amortized) belief states.

2. Algorithmic Integration: We develop a history-dependent importance-sampling
strategy that integrates SMC-planning with the learned beliefs.

3. Hardware-Efficient Implementation: We design a specialized single-GPU training
setup that handles episode boundaries via fixed-size batch sampling, enabling high-
throughput GPU training with consumer-grade hardware.

To efficiently simulate downstream usage of Bayes-adaptive agents, we evaluated our
contributions in a zero-shot multitask RL setting (Kirk et al., 2023). In this setting, we
want the agent to maximize expected return on an unknown distribution over MDPs over
multiple adaptation episodes (Duan et al., 2016). In other words, the agent’s sequence model
and value targets are accumulated for multiple “inner-episodes”, they are only reset when
the “true” underlying task is also reset. We evaluate our method on a continuous function
optimization problem and a discrete gridworld environment with uncertain rewards, and
observe improved sample-efficiency and runtime as we scale up the planner’s compute
budget.

4.2 BACKGROUND

We want to find an optimal policy 7 for a sequential decision-making problem for which
there is uncertainty on the reward or transition function. Our formalization relies on
an infinite-horizon Markov decision process (MDP) (Puterman, 1994), which we write
as a tuple M = (S, A, pr, ps, p). We have states S € S and actions A € A, which generate
rewards pr(R;|S:, A;) € P(R) and transitions pg(S;+1|S:, A;) € P(S) with initial state dis-
tribution S; ~ p(S;). Together, we write the realization for a finite sequence as h;.1 =
{as,re, st+1}tT:l and assume that h;.. always ends up in an absorbing state with zero re-
wards (this is a weak assumption that we satisfy by discounting the returns that act
as a termination probability 1—y €[0,1]). Our aim is to find a policy 7 that satisfies,
max,; Ju () = max, Eﬂ,pR,ps,p[z(;oﬂ R:].

Bayesian Reinforcement Learning. In our setting we assume uncertainty on the true
MDP Myye ~ p(M), particularly we are uncertain about the true reward and state dynamics
PR, ps. This creates a non-Markovian RL problem due to induced history dependence for
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inferring M. Bayesian RL methods (Duff, 2002, Ghavamzadeh et al., 2015) offer a useful
framework to deal with history dependence by maintaining a posterior of MDPs over time
p(M¢|H<;). To include this, write the joint density for a finite sequence as

T
Pr(Hi:, Mi:1) = E(s,0) HP(5t+1,Rt|At, St,Mp)- w(ArlSe, M) - p(Mi|Hey),  (4.1)

t=1

where p(S1,My) = p(S1|My) p(Mp) factorizes as some conditional initial state density with
a known MDP-prior. Note that we combined S;;1,R; for brevity, they are in principle
independent.

In essence, the above density imposes structure to the marginal distribution for p,(Hi . 1)
by augmenting the dynamics with an evolving posterior distribution over MDPs. For
this reason, the posterior is often summarized in terms of a belief state b, = p(M;|H<;)
that augments the dynamics of the base MDP. We can write this new MDP as M* =
(S*, A, pk. pd, p*), where ST = Sx B is the belief b; € B augmented state-space, such that
the dynamics, rewards, and policy satisty,

Pe(brs1, Sex1lSt, Ar, by) = 8(bisr = p(Mya|Her U Hp))Epg,~b, p(Se1lAr, St My),

Pr(R:|St, Aty by) = Epgmp, pP(Re|Ar, St M), 7 (Al Sty be) = gy, w(A] St My).

The augmented MDP M* is also known as a Bayes-adaptive MDP (BA-MDP), for which
the optimal policy n* : Sx B — P(A) is a Bayes-optimal policy (Duff, 2002). In other
words, a policy that optimally trades-off exploration and exploitation. This differs from
common heuristics like posterior sampling or optimism (Osband & Roy, 2017, Osband et al.,
2013) since 7" explicitly accounts for how the complete belief evolves given additional
data and its impact on expected returns.

Belief Amortization through Meta-Learning. Finding 7 in the augmented state-space
S x B is, unfortunately, intractable for most interesting problems. Furthermore, tracking
the belief state b; itself is usually also intractable, assumes knowledge of the density for the
reward and state dynamics, and requires specifying a reasonable prior by. To deal with this
intractability, a successful approach is to use amortization (Amos, 2023) in combination
with flexible function approximation. For this, we assume that we can approximate the true
belief, reward, and state dynamics, and the policy, with e.g., a large neural network hg(-).
Then we perform inference to the probabilistic graphical model of Eq. (4.1) by fitting the
neural network parameters 6 directly on (a proxy of) the evidence p,(Hj: 1). In other words,
amortization means that we can rely on comparatively cheap neural network evaluations
in downstream tasks that approximate probabilistic inference to our (intractable) model
after performing an expensive training procedure.

A flexible setup for such a training procedure is through meta learning (Mikulik et
al., 2020), which only requires us to be able to sample environments from a distinct
generator of MDPs Gyyyin(M), not to be confused with the MDP prior p(M). For brevity,
let us write the joint density of Eq. (4.1) as p,(Hj s, M;.¢|0) so that each component now
depends on neural network parameters 6. We will denote the belief b; as a parametric




80 4 SCALABLE APPROXIMATE BAYES-ADAPTIVE MONTE-CARLO PLANNING

family by, = p(M|¢; = hg(H<;)), where our neural network kg maps histories to the belief
parameters ¢;. The idea is to compute the policy objective Jy(6) = E, (H..l0)[ X1 Re] in
expectation of the environment generator, and perform stochastic gradient ascent on the
neural network parameters for hy. This assumes end-to-end differentiability for 6, where
we can write the optimization objective as the Lh.s. of the lower-bound,

mélX EM~gtrain(M) [jM(e)] S ]EM”’gtruin(M) [m;rix JM(”)] 4 (42)

which can, e.g., be optimized through Monte-Carlo combined with REINFORCE (R. J.
Williams, 1992) and backpropagation through time (Duan et al., 2016). Effectively, fitting 0
in the Lh.s. of Eq. (4.2) distills the uncertainty induced by the true rewards and transitions
of sample MDPs M ~ Gy into the predicted belief parameters ¢, Vt. Thus, we obtain a
Bayes-optimal policy (at %) for a prior that has a learned inductive bias (Finn et al., 2017)
to the MDPs following Gigin-

When we directly model the density p,(Hj.;, M;.;|0), we make the assumption that
the posterior over MDPs by, = p,(M;|hg(H<;)) can be captured by our model. Even when
our neural networks are sufficiently expressive, it often helps to add structure to the
modeling problem. In this regard, variational approximations (Igl et al., 2018, Kingma
& Welling, 2014, A. Mnih & Gregor, 2014, Zintgraf et al., 2021) can greatly help as they
only assume that we can model a simplified posterior b = b;, or with neural networks
bgt = qp(M;|H<;) = p(M;|Hc,). For variational distributions gy it is easier to assume end-to-
end differentiability due to simplifying assumptions on the parametric family, e.g., enabling
reparameterized gradients (Kingma & Welling, 2014). The variational parameters for b?
are then fitted by augmenting the objective Jy; with a regularized decoding loss. Our
method also adopts this variational Bayes framework for the MDP posterior, which we
detail in Section 4.3.2.

Finally, an important distinction between meta-RL and conventional RL is that the
augmented dynamics for termination and episodic learning are handled differently (Duan
et al., 2016, Zintgraf et al., 2021). In particular, if a sequence of states S; ends up in an
absorbing state, which typically signals that the environment can be reset to a new initial
state (i.e., a new episode), then this should not reset the belief state. The belief states are
only reset when the true MDP changes. This means that episodic learning becomes an
essential part of the augmented dynamics: both the returns from future episodes and data
from previous episodes are taken into account when optimizing Eq. (4.2).

Expectation-Maximization. We will now consider optimizing the Lh.s. of Eq. (4.2) using
Expectation-Maximization (EM) (Neal & Hinton, 1998) methods by leveraging the Control-
as-Inference framework (Levine, 2018, Rawlik et al., 2012, Toussaint et al., 2008, Ziebart,
2010). These methods embed the control aspect as part of the probabilistic graphical model,
which gives rise to a flexible energy-based formulation of the RL problem. This is in contrast
to typical approaches, which treat the policy as separate from the environment (Puterman,
1994). Most importantly, this framework naturally enables regularized approximate policy
iteration (Geist et al., 2019), which has proven extremely effective (Abdolmaleki et al., 2018,
Macfarlane et al., 2024) compared to unregularized methods such as plain REINFORCE.
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Figure 4.1: Generative model (left), and the unstructured (middle) vs. structured inference model (right) that we
consider. Stochastic variables are placed in circles, deterministic variables in rectangles. The double circle for
(St, by) indicates a “joint” variable, however, note that S; is stochastic whereas the belief evolves deterministically.
Colored nodes are observed, blank nodes are latent.

In summary, an EM-style optimization framework can be formulated in our setup by
firstly augmenting the generative density p,(Hi. 1, M. 1) (without parameters 6 for brevity,
and using the true belief b;) with a binary random variable O € {0, 1} for each t. We will
assume O; 11 Hi.7|R;, with a choice of likelihood p(O; = 1|S;, by, Ar) o< Ep(r,[s,.b,,4,) €XP R
Note however, that we will now assume deterministic rewards, p(R;|S;, by, A;) = §(R; —
fr(St, by, Ar)), we provide a brief discussion on reward stochasticity in Appendix 4.B.1. For
a finite sequence of data, this corresponds to the generative model in the left of Figure 4.1.
When we model the inverse problem by conditioning on O;. 1 = 1, naively we obtain an
exponentially tilted density,

pHy.7,My:7101.7 =1) < p(Or1.7|Hy. 7, My 7)p(Hy .7, My 7) = @1 7p(Hy .7, My . 1), (4.3)

summarizing the likelihood for O; .7 in terms of a potential ®;. 1. To be clear, we abbreviate
notation for O; = 1 simply as O, or O,., =1 as O, for sequences. This inference problem
is illustrated in the middle of Figure 4.1. Estimating the parameters 6 for this naive model
will lead to optimistic learning of the transitions, rewards, and belief (Levine, 2018) as
the true densities of these components will be shifted towards the potential. Instead, we
consider structuring this inference problem, by focusing on the tilted policy 7.

Theorem 4.1 (Proof App. 4.A.1). The policy p;(AilSt, by, Op. 1) < @;. 7 (A|Sy, by) satisfies,

T
q" = argmax Jproxy(9, )= argmaxE,, ZRt —KL(q(A/|S:, b)) (AllSt, br))|  (4.4)
q q

t=1

which is a regularized policy objective, where q* also guarantees a policy improvement in the
unregularized MDP, E,, ., > R]> E, . L R

The inference problem posed by Theorem 4.1 belongs to the graphical model on the right
of Figure 4.1, and gives us a proxy objective Jproxy(q, 7") for the RL-problem that regularizes
g* to 7" in KL-divergence. We can use this to naturally formulate an approximate policy
iteration algorithm through the EM-framework, as given in Proposition 4.2.

Proposition 4.2 (Proof App. 4.A.2). Starting from some prior 7r(+1) with sufficient density
everywhere, at each iteration i, alternate the following: E-step: solve maxy Jproxy(qs JI(J;)) to get
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+
(i+1)

by solving max;+ Tproxy(q(; +1)>”+)~ The sequence {ﬂg)}fil converges to the Bayes-optimal
policy.

qé+1) by fixing the current prior ﬂa—); M-step: distill the solution q6'+1) into a new prior 1

Actually solving each alternating step for the EM-procedure of Proposition 4.2 is
usually intractable. To mitigate this, the M-step can be approximated by parameterizing
the prior policy with parameters 7 and performing a few steps of gradient ascent on
ngpmxy(q(*i +1),ﬂg) (Bishop, 2007). In MDP-algorithms like MPO (Abdolmaleki et al., 2018),
the E-step is approximated by estimating the objective J (g, 7) through learning of a value
function Qg(;ﬂt(st,At) from sample rollouts. The ‘soft’ subscript emphasizes that this value
function estimates the g to = KL-regularized value. Then, a 1-step optimization problem
is performed to obtain sample solutions to the tilted policy ¢§* = mexp QZ{;}Z analogous to

Theorem 4.1 over some stationary distribution of states (e.g., the replay buffer).

4.3 BAYES-ADAPTIVE PARTICLE-FILTER PLANNING

We present an Expectation-Maximization (EM) framework to learn solutions to Bayes-
adaptive MDPs through a combination of variational Bayes, sequential Monte-Carlo plan-
ning, and meta-learning. On a base level, we make a considerable improvement to the
E-step by addressing a bottleneck induced by gradient-based learning of variational belief-
states. Instead of directly sampling from our policy as done in model-free methods, which
is cheap, we shift more of the computation to online planning to generate higher quality
data and learning targets. This improves scaling to compute resources for learning adaptive
agents compared to model-free approaches, because we assume that the bottleneck of
training is induced by stochastic gradient descent for which planning can enhance this
procedure at reasonable cost. This is a reasonable assumptions when training with long
histories due to the O(1) inference cost of state-space sequence models at decision-events,
but at least O(log n) costs during BPTT. To achieve this, we adapt the Control-as-Inference
framework (Levine, 2018, Ziebart, 2010) to our setting to derive a new sequential impor-
tance resampling procedure (Piché et al., 2019) in Section 4.3.1 and an EM-formulation for
belief learning in Section 4.3.2.

4.3.1 IMPROVED E-STEP WITH BELIEF-SMC PLANNING

In MDP-settings, typical methods (Abdolmaleki et al., 2018, Macfarlane et al., 2024) make
strong use of the duality from Theorem 4.1 to obtain approximate solutions, it implies that
the optimal regularized policy requires us to infer the tilted policy pf(A¢|St, by, O;.7),Vs€ S.
We will also use this duality to sample solutions ¢; = q; = p}(AilSt, by, O;. 1) through a
particle-filter planner with variational beliefs, which we can subsequently use as learning
targets in the M-step. As stated in the Introduction, we want to perform importance-
sampling to an intractable target distribution with a more manageable proposal distribution,
and particle-filter methods provide tools on how to efficiently achieve this (Chopin &
Papaspiliopoulos, 2020).

Suppose we are interested in the cumulative returns of an agent over a window,
f(Hi.,) = Yi_; R;, under the target distribution given in Eq. (4.3). We can then write
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importance-sampling weights as,

pzr(Hl -1, Mi. T|(91 : T)
pq,bq(leT,Ml:T)

Eo,,1p, f(Hy:1) = By pa(Hi.7.M1. 1) fHy:) =Ep o [wi f(Hi: )] (4.5)

where the proposal py ,q(H;. 1, M. 1) is similarly defined as Eq. (4.1),

T
Pagba(Hy: 1, My 1) = Eps, M) HP(St+1,Rt|At, St Mp)- q(AslSt, My) - q(Mi|H<y),  (4.6)

t=1

where we assume knowledge of p(S;, My). We call b/ (M) = q(M;|H,) the variational belief
with b; the true belief, and q(A;|S;, M;) the variational policy with 7™ the prior policy. The
idea is that we sample sequences according to our variational model ¢, and weight the
resulting statistics according to their importance weights w;.

Corollary 4.3 (Proof Appendix 4.A.3). The importance sampling weights w; for drawing
approximate samples from Eq. (4.3) using the proposal distribution from Eq. (4.6) can be
expressed as,

" E ]Ebgwtpn(Hz|5t=Mt) R Ebfﬂ Wt+1€XP Vs%;t(SHI,MHl)
_ = q .exp = -
Wi-1 bi P Ebgpq(Ht|5t,Mt) Ebgwtexp VS%;t(St,Mt)

'f(let)]

by(M)
b (M)

where wy = are nested importance-sampling weights to adjust for the variational beliefs.

There are two main limitations to evaluating the weights in Corollary 4.3, we need the
regularized value functions Vsqft and the true belief b; to evaluate the nested weights w;.
To deal with this, we will learn the value functions Vjy using Temporal-Difference methods
(Lawson et al., 2018, Sutton & Barto, 2018) as is typical in SMC-planners (de Vries, He,
Oren, & Spaan, 2025, Lioutas et al., 2023, Macfarlane et al., 2024, Piché et al., 2019). Then,
we will approximate the nested weights ©; = w; with a single-timestep correction derived
from the belief state recursion,

b1 (M) e by(M)- p(H;|M) = b (M)- p(H,|M) (4.7)

In other words, we will treat the previous variational belief b/! as if it were the true belief
at the previous timestep. This is also a common heuristic employed in variational sequence
models to regularize their model’s predictions in a way that remains computationally
feasible (Hafner et al., 2020). From the belief recursion, we reuse importance sampling
tools to write,

bi(M;)

Kq
b Ta s P Vi (S M) = Y 0P exp VT 1 (S, M), My ~ b, (4.8)
bt (Mt) j=1

d)gj) = softmax(é;)Y

oY =1nbd (MY +1In p(H,|S;, M) = In bI(MD)
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Algorithm 3 Inner-Loop; BA-SMC planner Algorithm 4 Outer-Loop; EM-framework

Require: K,Kq (nr. of particles), m (depth) Require: Initial parameters () and buffer D(y)
Require: S (initial state), ¢ (initial belief) Require: MDP generator Gqin & period py
1: Initialize hyperstates {s, ¢(l) S, ¥, 1: forn=1to N do

{~(t) A _

o K} 2: if (n+1) mod py =0 then

2: Initialize weights

3: for t=1tomdo 3 Sample My) ~ Girain
// Update particles (history) 4: Reset belief representation ¢(()")
4 {A(i) ~ q(A; ‘S(i) ¢(i))}l!(:1 5: end if
50 {RD < p(RiIsD, gD ADK 6 S1~ pmy(51), Ao =Ry =@
6 A5~ plsils?, 60, AV, e e g hy ()
7. {¢(1) =h (¢(1),H(1))}._ & pdate ¢; 9(n>(¢f 1> Hi-1)
t+1 = 10 vEL 9: Infer policy g; ~ SMC(S;, d)E"))
!l Updaz;[f)nestgd—par(tll)cles (belief) 10: Compute value Vt/ ~ Véﬁ >(5t, ¢En))
8: (M ~ by (M|¢t+1)}1 1pVi€[1K] 11: Sample action A; ~ g; '
// Update importanc; sampling weights 12: Si+1, Ry ~ PM(”)(SzH,Rt\St,At)
lzz SEEEEIZ {vf:tw}thlcvc::)};lfg/ 51437> 13: Add (81, Ar Re, . 45, V{) to Dy
14: end for
// Bootstrap through resampling 15 Compute TD-estimators from D,
1 {0 H 0K, ~ Mult(K, w,) 16:  Update 6,y with SGD
12: {ng) =1k, 17:  (Optionally: Wrap Dy, 1) from D)
13: end for 18: end for
14: return {¢1 m+1’H1(l)m’ ~(()l)m i=1 19: return hg(”*")’”g(NH)

where M, . b!, and In w(] ) are unnormalized belief-particles. Finally, we correlate (re-use)
samples M ~ b/ for each term involving w; in Corollary 4.3 to reduce variance between
independent model components.

Our approach differs from POMDP methods in that we regenerate all nested particles

(] ) at each timestep from the variational beliefs, rather than let them evolve them through

a transmon function (Abdulsamad et al., 2025). A full overview of our variational Bayes-

adaptive planner is given in pseudocode in Algorithm 3. The pseudocode makes use of

variational paramerization of the beliefs bql (M), with an inference function hy to generate
¢+, this part and the M-step (learning) are explained in the next section.

4.3.2 GRADIENT BASED (EM)-STEP FOR AMORTIZED VARIATIONAL BAYES

The previous section described how we can sample approximate solutions ¢* to the E-step
for the policy my. The EM-loop is then completed for 7y by minimizing the empirical
cross-entropy ming E[CE(q*, g)]. However, our approach also relies on variational belief
states b/, which induces a joint optimization problem (i.e., for b9 and 7). Firstly, rather
than estimating b at each timestep explicitly, we assume a simple parametric form with
parameters ¢;, such that b < bq where ¢; can be generated using an autoregressive

inference function ¢, = hy(¢;— 1,Ht 1). For instance, when bq is assumed to be Gaussian,
we can use a recurrent neural network (Hochreiter & Schmldhuber 1997) or state-space
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model (Lu et al., 2023) for hy to predict the mean and covariance ¢; = (p;,2;) of this latent
variational distribution.

Although approximating the E-step through sampling makes sense for 7y due to the
non-differentiable operations in the particle-filter planner (e.g., resampling in Algorithm 3),
this is not necessarily the best strategy for the beliefs bqt (S. Gu et al,, 2015). To reduce
variance, we will instead opt for an amortized gradient-based optimization of the E-step for
obtaining ¢y (Kingma & Welling, 2014). This requires us to formulate a training objective
through the evidence lower-bound in order to optimize for 6,), which conveniently reduces
the M-step to a simple assignment 0(,,+1) < 0,). To formulate this E-step, we first state the
following proposition, which is essentially an extension and rearrangement of Theorem 4.1.

Proposition 4.4 (Proof Appendix 4.A.4). The optimization objectivemax, 9g J((bL,q0).(by, 7))
with now the variational and true belief respectively, can be written as, 4

qu*(Hq)n;ﬁXEb? <n}ft‘XEqr [Qq*(st, b, Ar) = KL(qi|7}")
t

RCI)
where L z(b/l|by) is another evidence lower-bound for the marginal p(H,), defined as,
20, lbw) = ~KLb )+ By Inpo(SIAD) (.10

t
+ Z In po(Se41|St, Ar, M) +1n po(R¢|S, Ay, M) +1n”9(At|StsM)] ,
i=1

where we assume by = p(My) to be a simple fixed prior (e.g., standard Gaussian).

The above result is an important property as it shows the relation of policy search g;
to the variational belief search b/. It shows that we can sample prior trajectories He; ~ pg
from the optimal history-occupancy to then a) update our variational belief b,/ and perform
planning with to infer ¢; (Algorithm 3), and b) perform gradient learning on £ to amortize
the maximization.

From Prop. 4.4, we can motivate the following loss function to fit our joint neural net
parameters 0 to the graphical model depicted on the right of Figure 4.1,

£00.D) =By, g 11,y (Ve = Vi Seasgl g D) (4.11)
erE g, g; (I (AdSsglgeD)] - ¢ L2 (il 7))

where ¢; = hg(p;—_p; Hi—p,.+) is the unrolled variational parameters over a burn-in window,
¢,_, is a cached hidden state, and sg|] is a stop-gradient operator for the reparametrized
predictive for the value and policy networks. In other words, we have replaced the base
prior by from Prop. 4.4 with an intermediate prior ‘h’ steps before the current timestep t.
This last unrolling and hidden state caching is important as it efficiently deals with varying
length trajectories when optimizing this loss on the GPU, which requires fixed-size batches.
However, the recurrent state caching can unfortunately drift in representation from the
optimization process as noticed by Kirkpatrick et al. (2017). In practice, this typically
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requires having longer unroll windows to deal with this mismatch, which necessitates
tuning to trade off performance with runtime.

Our final heuristic we use in optimizing our loss function is to cancel the gradients for
7 in the belief ELBO Lz(¢¢|¢}_,). This means that the variational belief is regularized
to the term In 7g91(A;[S;, M) in a way that does not influence the policy network (see
Prop. 4.4). This is motivated by the fact that we are already learning 7y on the sample
policies from the SMC planner; we want to prevent a double learning effect while also
regularizing the belief to support the policy predictions.

4.4 EXPERIMENTS

We present results comparing our method, VariBASeD, against the model-free RL? baseline
(Duan et al., 2016) on two environments: function optimization and gridworld exploration.
We consider a multi-task setting with a uniform, but unknown, prior distribution over tasks.
The specific details of this task distribution are described in Appendix 4.C.1 along with hard-
ware requirements in Appendix 4.C.2, and algorithm hyperparameters in Appendix 4.C.3.
Our experiments aim to demonstrate two key points: a) the ability of VariBASeD to achieve
effective (in-domain) test-time adaptation, and b) that our method’s performance scales
with increased planning budget relative to both data and runtime complexity.
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Figure 4.2: Evaluation rollouts on the function optimization and gridworld problems over multiple test-episodes.
Due to the stochastic nature of our method, we visualize one sample rollout for the function optimization problem
(with average metrics), and the averaged rollouts for the gridworld. For the gridworld, the circle indicates the
starting-tile and the cross the goal-tile. The function optimization agent used a planning budget of H = 1,K = 16
and the gridworld agent used a budget of H = 4,K = 32.

Example Rollouts. In Figure 4.2, we first show example rollouts of a single fully trained
agent on the two considered problems. Due to the stochastic nature of our particle planner,
we provide a visualization of test rollouts for both a single sample rollout and the full
distribution’s state-occupancy. Specifically, for the function optimization problem, we
show a single agent rollout (red line) whereas for the gridworld problem we show its rollout
distribution in terms of the state-occupancy. Compared to a random baseline, our method
demonstrates adaptive behavior on the test task in both environments. This is shown by
the state-occupancy on the gridworld concentrating on the goal tile in episodes 5-6, and
the sublinear cumulative regret achieved on average in the function optimization problem.
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Figure 4.3: Learning curves for all environments comparing our VariBASeD against recurrent PPO (RL?) (Duan
et al., 2016) using the S5 architecture (Lu et al., 2023) for different planning budgets. Shaded regions give 99%
two-sided BCa-bootstrap intervals over 30 seeds. In our framework we found that the PPO baseline did not learn.

Learning Curves. While Figure 4.2 shows results for single trained agents, we also
plot the full learning curves over multiple training repetitions in Figure 4.3. Specifically
we show how the learning curves are affected by planning budget. On the function
optimization problem we used a search-depth of H = 1, with a varying particle budget
of K € {8,16,32}. In contrast, on the gridworld, we used a coupled planning budget of
(H=1,K=8),(H=2,K =16), and (H = 4,K = 32). We included the PPO (RL?) baseline
for reference; however, we found that it could not effectively learn in our specific setup.

Interestingly, we find an opposing pattern on each environment when comparing
the effect of the planner budget. As hypothesized, on the gridworld problem, we find
that increasing planner budget significantly improves the agent’s efficacy. In contrast,
increasing planner budget slightly reduced agent performance on the function optimization
problem, which goes against our hypothesis. Furthermore, we also find that all learning
curves quickly level-off and begin to slightly deteriorate as learning continues. So, although
this finding supports our second claim, the impact of this result is limited if lower budgets
prevent the policy from reaching optimality.

Discussion. We hypothesize that our VariBASeD agent does not enjoy much from
increased planner budget on the function optimization problem due to an additional
exploration effect introduced by using fewer particles. The smaller particle budget adds
noise into the overall learning process, which induces more diverse data collection and
prevents premature convergence to a suboptimal policy.

This pattern does not hold on the gridworld problem which strongly benefits from
additional budget. In contrast to the function optimization, the gridworld environment has
actual state-dynamics, and additional lookahead enables the planner to make better use of
the value and reward models. We expect that the gridworld requires additional budget for
accurate policy inference, whereas for function optimization, a lower budget was sufficient,
and the increased budget likely resulted in overly greedy action selection.

Overall, we suspect that the complex loss landscape and caching of the recurrent neural
network state causes a representational misalignment that impedes effective learning with
our current architecture. This hypothesis implies that simulation based inference is crucial
for enabling good performance in our framework. This routine corrects the mispredictions
from the neural networks through a proper inference step while still leveraging the effi-
ciency benefits of having an approximate guide during search. If this is true, that would
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explain the poor result obtained by our PPO agent, since the loss landscape could be too
difficult for gradient descent to navigate for obtaining a proper policy improvement. At
the same time, PPO’s performance could also be attributed to poor tuning, which resulted
in a too difficult optimization landscape. With that said, our approach shows a simpler
yet effective way to obtain policy improvement, by scaling up the planner budget over
meticulous parameter tuning.

4.5 RELATED WORK

Belief Learning. Much prior work has leveraged sequence models to perform approxi-
mate belief learning in RL (Becker et al., 2024, Gregor et al., 2019, Igl et al., 2018, Rakelly
et al,, 2019). Most relevantly to us, Lu et al. (2023) adapt the S5 sequence model (J. T. Smith
et al., 2023) to RL by modifying its architecture to handle episode termination in the hidden
state. State-space models outperform traditional RNNs for long-horizon problems, due to
the associativity of their hidden state dynamics, which enables training-time parallelism
while preserving efficient inference on the GPU. Also, in contrast to transformers (Parisotto
& Salakhutdinov, 2021), S5 models can truncate histories during inference by storing their
hidden state between batches. This drastically improves their runtime efficiency.

Our approach builds on this framework, where we in essence add regularization and
reparameterization to the hidden state via policy-conditioned trajectories. Within this
space, VariBAD separately trains a belief model for BA-MDPs by maximizing an evidence
lower bound conditional on the current policy (Zintgraf et al., 2021), after updating the
belief model, they then separately train the policy conditional on this learned belief (akin
to coordinate ascent). Our approach differs from VariBAD in two ways: 1) we treat the
policy as an actual part of the probabilistic graphical model, resulting in a natural policy
regularization term for the belief-state, and 2) our learning objective is tailored for joint
end-to-end optimization of both the policy and belief, our loss scales linearly with the
trajectory length in contrast to VariBAD’s quadratic scaling.

Similar to our work, Jeong et al. (2025) recently built on the VariBAD framework to
add online planning through a type of random-shooting. However, their method does not
evolve the posterior throughout planning and further inherits VariBAD’s pathologies, ours
does not.

Also related to this, RL? (Duan et al., 2016) and PEARL (Rakelly et al., 2019) encode past
experience using a deterministic RNN or a Neural Process, respectively. These approaches
only support the learning of the value and policy, which doesn’t produce proper belief states
as they are independent of the transition and reward model. Such “improper” beliefs are also
often encountered in decision-focused learning (Abdulsamad et al., 2025, Lacoste—Julien
etal., 2011, Schrittwieser et al., 2020), our framework accommodates both approaches to
enable online planning (Guez et al., 2019).

SMC Planning. Sequential Monte Carlo (SMC) methods for planning have been applied
in multiple contexts, including reinforcement learning (Macfarlane et al., 2024), steering
large language models (Lew et al., 2023), and Bayesian experimental design (Igbal et al.,
2024). Unlike traditional particle filters focused on state estimation, these approaches lever-
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age SMC for inferring an optimal regularized policy. Crucially, they leverage variational
inference (Naesseth et al., 2018) to learn a regularized sampling strategy to boost efficacy
of the SMC-planner.

The canonical variational SMC, however, requires taking gradients of the SMC pro-
cedure (Naesseth et al., 2018). This is problematic due to non-differentiable resampling.
Later work, however, showed that this is unnecessary for control, using Fisher’s identity to
avoid differentiation altogether (Abdulsamad et al., 2025).This motivated a REINFORCE-like
objective, and enables efficient policy learning without directly differentiating through the
particle system.

In parallel, S. Gu et al. (2015) propose using SMC to sample approximate solutions to
the optimal variational distribution. This approach enables using SMC as a probabilistic
planner (Piché et al., 2019). Macfarlane et al. (2024) then used this planner in an EM-style
learning framework for RL (Abdolmaleki et al., 2018). More recent methods enhance SMC
planning even further by improving statistic estimation inside the planner (de Vries, He,
Oren, & Spaan, 2025). Our method is also framed around EM, using SMC style planning for
generating actions and policy learning targets while using a learned variational belief model.
In contrast to prior SMC-based planners, our use of a learned belief model introduces a
model mismatch between the proposal and the generative dynamics. We address this by
adapting the importance sampling weights to account for model inaccuracies.

4.6 CONCLUSION

We presented VariBASeD, a scalable and holistic framework for approximate Bayes-adaptive
planning that combines sequential Monte-Carlo inference with amortized variational learn-
ing of belief states. By coupling online SMC planning with gradient-based belief optimiza-
tion, our method is posed to improve both sample and runtime efficiency over model-free
baselines. We hypothesized that this is due to extracting more informative learning target
per inference step, which ends up accelerating the entire training pipeline. Preliminary
experiments indeed demonstrate that shifting computational effort from training to online
planning yields improved performance in small scale meta-reinforcement learning settings.
Future work will investigate domains with longer context lengths and higher task variety
to demonstrate the potency of our method on large-scale adaptive control.

APPENDIX

4.A DERIVATIONS & PROOFS

Proof 4.A.1. (Theorem 4.1) We want to confirm whether ¢* = argmax, Jproxy(q. 1) is
consistent with p}(A;|S;, by, Oy 7). If we write this in terms of the full trajectory distribu-
tion, we get,

mqinKL(pq<Ht)llp;(Ht|(9,=T)). (4.12)

Notably, we have extended the states S; with the belief state b; to obtain an augmented
state-space Sy, b;) € S x B. If we then assume that the augmented dynamics and rewards
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follow the definition stated in the background,
P;(bt+135t+1|5t,At, by) = (b1 = p(Mps1|Hey UHt))EM,~btp(St+l|At:St:Mt),
PR(RISt, Ar, by) = Epgyep, pP(Re| A, St M), 7 (Adl Sty be) = Eg,~p, (Al Se, My).

Then the stated Theorem reduces to a reformulation of Theorem 3.1 in Chapter 3 with a
modified reward and transition density in the graphical model. Thus, the proof follows
identically and we can safely state that g*(A;|S;, b;) = p;(AilSt, b1, Oy 7). o

Proof 4.A.2. (Proposition 4.2) Similar to Theorem 4.1, this is a reformulation of the
dynamics and reward function of the probabilistic graphical model discussed in Chapter 3.
Similarly, the proof can be found in Proposition 3.A.3. O

Proof 4.A.3. (Corollary 4.3) Using the target definition from Eq. (4.3) and the imposed
structure by Theorem 4.1, we first manipulate the marginal density p,(Hj.;) to obtain a
weight-recursion in terms of history dependence,

Imf(let) = qu(Hl;t)[Wt -f(Hi.p)]  (4.13)
Pr(HiHi: 1,01 1) pr(Hi: 11|01 1)
% [ Pq(Ht\Hl:t_l)Pq(Hl:t—l)
pr(HilHy:1-1,0;. 1)
& [ - Pq(Hym, ., )

pr(Hi|Hy:4-1,0r:7)
B (B | P iy 0

EPn(Hm\@l:T)f(Hl?t) = ]EPq(let)

f(Hi: t)] (4.14)

qu(Hl H

qu(Hl:

f(let)] (415)

(4.16)
Now extract the w; term for brevity and separate the conditioning on O,
Pr(St+1,Res Al Hi:4-1, O 7)
-E - f(Hy: 4.17
Wt = Wi—1"Lp,(Hi|Hy: - 1)[ Pq(5t+1th,At|H1:t—1) f(Hi.t) ( )

— Wy .qu —pn(5t+l»RtaAt|H1:t71) ) Pr (O 1ISt41, R, At Hy 2 1—1) ‘f(let)] (4.18)
_pq(SH—l,Rt:At‘Hl:t—l) pﬂ(ot:T|H1:t—1)
[ p.(Sts1, Ry, At/ Hy i O:R) P (Oss1: 7| Hy

:Wt—l'qu Pr(Se+1, Re, At Hy ¢ 1)_P( tRP7(O11:7 l't)'f(Hmt)} (4.19)
| Pg(St41, R, At|Hy 1) Pn(Ot-T|H1~t 1)
[ 52 (Sta1, Ry Al Hy o exp VE% (Hi.1)

cxwt,l-]qu Pr(Se+1, R, AelHy 4 1)-epr, qs;ft t () (4.20)
»pq(SH—laRt,At'Hl:t—l) xp Vo (Hi:1-1)

where the proportionality is due to p(O;|R;) e exp R; and where Vg,’;t(f‘h )=Inp;(Os1:7|Hy ).

For brevity, assume that p(©,|R;) = exp R; properly normalizes as is from this point on.

Now to deal with history-dependence, we will insert the true and variational belief
states,

2(Sii1, R, ArlS:, b eXPVSO (St+1,br41)
Wt :Ep 5,50 Pr(Sti1,Rt, AtlS; (t]) exp fqtﬂ +1, 0+ S| @21
Wi—1 SO pa(Seer, Res ArlSt, by) xp Vo (St br)
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Observe that E Do (H| St,bf)(') = EEM~I;? pq(HLIS:, () per definition (see Background), this can

be rewritten more simply as ]Ebf( M)]qu (e, bf)(') using Fubini’s theorem.

) Reparametrize the value functions Vs%;t(Hl 1) = Vsqo’;t(St, b:) =Epp, V;{)’;t(S[,M) to
obtain,

Wi E Eb[pﬂ(SH-l:Rt’ At|St,M[) ex Ele exp VSL{;?[(SH—l,MH—l)f(H )
= q : .
Wi—1 b P Ebgpq(5t+1,Rt,At|5t,Mt) ' Eyp, exp V;{,’;(St,Mt) v
(4.22)
Importance sampling with b/, s.t., @, = :f,((]]\é)) for all terms involving E;,(-) obtains the
t
result. o

Proof 4.A.4. (Proposition 4.4) The first part of the stated lower-bound (optimization
objective) restates the property of Proposition 4.1, which only leaves the right-term. The
KL-divergence has a well known decomposition into an lower-bound and evidence term,

Lz(bl ) = KL(b!|bs) = KL(q(M|Her)| p(M:|Her)) (4.23)
= ]Eq[ln q(M;|H<;) —In p(My|H<y)] (4.24)
= ]Eq[ln q(M|He;) —In p(M;, Hey) +In p(Hey)] (4.25)
=1Inp(He;) +Eq[ln g(M;|He;) — In p(My, He )] (4.26)
=Inp(He;) +Eg[In q(M;|Hey) — In p(He|[M;) —In p(M;)]  (4.27)
=Inp(Hey) — Eq[lnp(H<t|Mt)] +KL[qg(M:|Hc )l p(My)] (4.28)
=Inp(Her) — L2(b]) (4.29)

where the right term is another ELBO,

t
EZ(btq+1) = Z Eb;lﬂ [In p(Se+1|St, Ar, M) +In p(Re|Sy, Ay, My)
i=1
+Inm(AdS:, M)] - KL(b /1 bo), (4.30)

which can be read out from Eq. (4.1). Finally, observe max, Q% = max, £2(q) as the log-
evidence is a constant. o

4.B CONTROL AS INFERENCE DETAILS

4.B.1 ON DETERMINSTIC REWARDS IN CONTROL-AS-INFERENCE

The probabilistic graphical model we consider in the main text (Figure 4.1) assumes a
deterministic reward function to prevent maximizing behavior over noise. Although the
Control-as-Inference (Levine, 2018, Ziebart, 2010) does not prevent us from working with
stochastic rewards, we should define the outcome variables O; to only depend on the mean
reward for parity with reinforcement learning objectives.

To see why, assume an MDP setting where we have ug, the mean of the reward function
and a noisy realization of R;. The inverse problem posed by p(O;|A;, S;) can be expressed
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as %f (O Ry)p(R;|St, At)dR; in the stochastic setting, and simply as %f p(O¢Ry)S(R; —
UR(S:, At))dR; = %p(@AyR(S,,At)) = %exp,uR(S,,At) in the deterministic setting (with Z
the normalizing constant). Suppose the noisy rewards were Gaussian distributed R; ~
N (Ry, g, 0%), then the integration over R, is simply given by the moment generating
function (O,|A;, S;) = % exp(pg, + 0%/2). Intuitively, when evaluating p(O;|A;) over the
entire action space A|S;, the role of the exponential function is to then smoothly shift
probability density to the actions that have higher rewards, and shrink density from actions
with low rewards. In other words, this example shows a softmax (Boltzmann) policy based
on the rewards. Thus, naively using noisy rewards in the Control-as-Inference framework
leads to behavior that seeks out noisy rewards, and using a mean dependency for O, does
not.

This problem can be easily remedied though, namely by using a model to learn the
average rewards. In our setting, this means that SMC-planning should use the average-
reward prediction (and not samples) to compute importance-sampling weights, as discussed
in Section 4.3.1. Furthermore, we should also use value estimators and learning in the
outer-loop such that this is consistent with the expected returns, which is almost always
the case, except in the subtle case of some distributional settings (Bellemare et al., 2017).

4.C EXPERIMENT DETAILS

4.C.1 ENVIRONMENTS

For the simple discrete environment setup, we used our own implementation of a gridworld.
This simple gridworld is almost equivalent to the implementation by Zintgraf et al. (2021),
where upon resetting the environment, a random goal and start tile are drawn in an open-
grid. The agent must then explore each tile to find the hidden goal-tile, the agent can
explore over multiple episodes each with a strict timelimit.

For the simple continuous control, we used a continuous function optimization task
similar to Bayesian optimization methods (Y. Chen et al., 2017). This environment is
stateless, similar to the Bandit setting, however the belief-state is of course maintained
over multiple interactions (episodes). Upon resetting the environment, we generate a new
function for the agent to optimize.

Continuous Function optimization environment details (ours):

« The observation is the output value of the n-dimensional function given the previous
input.

« The reward is the average over all function dimensions for the given input, r; =
D
D Xt filxes).

« The agent can interact with the function for 20 total steps. Although the problem is
stationary, it means that the belief-state horizon is 20 steps.

« Upon a reset, new functions {f}”, are generated i.i.d. Vf, by randomly sampling
the parameters of a n = 3 truncated Fourier series. For this, we uniformly sample
the amplitudes a € [0.1,1.1], phase ¢ € [0, 7], and an input shift ¢ € [0, 7], for each
component-wave, such that f(x) = ao+ Y.i-; a;cos(27(x —¢)— ).
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Example Functions Example OpenGrid

X

Figure 4.4: Visualization of environments. Left: continuous function optimization task, where each color
corresponds to a distinct function that the agent has to learn to optimize from sequential interactions. Right:
discrete opengrid task where the agent needs to find the goal tile x over multiple episodes starting from the dot.

Discrete GridWorld environment details (ours):

« The observation is a nx n image with 1 channel of values between [0,1], where 0
means an empty tile and 1 means the agent’s current position.

« The action space is a discrete choice of moving up, down, left, right, or staying still.
If the agent moves against a wall, it remains on the same tile.

« The reward is zero everywhere, except for a reward of ﬁ when the agent is on the
goal tile.

« The agent terminates after 10 environment steps. The environment is repeated for 6
episodes in total before resetting.

« Upon a reset, the goal and start tile are randomly initialized somewhere in the grid.

4.C.2 HARDWARE REQUIREMENTS

All experiments were run on a GPU cluster with a mix of NVIDIA Tesla V100-SXM2 32GB,
NVIDIA A40 48GB, and A100 80GB GPU cards. Each run (random seed/repetition) required
only a few CPU cores (2 logical cores) with a low memory budget (e.g., 4GB). We also tested
locally on a NVIDIA GeForce RTX 4080, for which most agents could be trained in a few
hours. Thus, our implementation is readily applicable on consumer grade hardware.

4.C.3 HYPERPARAMETERS, MODEL TRAINING, AND SOFTWARE VER-
SIONING
The hyperparameters for our experiments are summarized in Table 4.1. Note that all
parameter values indicated in sets were run in an exhaustive grid for the ablations.
Given our final loss function £(0, D), recall that the E-step is completed for the varia-
tional belief bg[ by doing gradient-descent on the loss to produce 92 ny = Oy —aVL(O)lo=g,,
its M-step is then performed as 0(,,1) < GE ny- This mixes together the M-step for the policy,
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whose E-step we already performed during data-generation. In other words, the E-step for
the variational belief, is mixed together with the M-step for the policy/value network.

We optimize £ with stochastic gradient descent (see the hyperparameter tables) using
the AdamW optimizer (Loshchilov & Hutter, 2019) with an I, penalty of 107 and a learning
rate of 3-107>. Gradients were clipped using two methods, in order: a max absolute value
of 1 and a global norm limit of 1.

The replay buffer was implemented as a uniform circular buffer with size:
max-age of dataxnumber of parallel environments x number of unroll steps.

The max-age of data was tuned to fit into reasonable GPU memory.

Additionally, Table 4.2 provides version information for key software packages. We
implemented everything based on Jax 0.4.30 in Python 3.12.4.

4.C.4 NEURAL NETWORK ARCHITECTURES

Continuous Function Environment

« Embedding: 3-layer MLP with 128, 64, 32 nodes per layer for the action, observation,
and reward separately.

« Leaky-ReLU activations followed by LayerNorm.

« S5 architecture with 4 layers and Layernorm post-transformation. Other parameters
follow the defaults of Lu et al. (2023).

« The hidden-state of the S5 is projected to a 32 dimensional Gaussian with independent
variances. We use 10 samples for the ELBO through reparametrization to obtain
multimodal predictive distributions.

« Policy, value, and reward networks all use a 3-layer MLP with 128, 64, 32 nodes per
layer.

« For the policy, the last layer is linearly projected to parametrize a diagonal multivari-
ate Gaussian squashed via Tanh, as in Haarnoja et al. (2018).

« For the value and reward, the last layer is projected to a scalar to parametrize the

mean of a univariate Gaussian.

Discrete Grid Environment

« Embedding: 3-layer MLP with 128, 64, 32 nodes per layer for the action and reward
separately.

« Embedding: 2-layer CNN with 4 channels, a stride of 2, and a 3 by 3 kernel for the
grid-observation.

« Leaky-ReLU activations followed by LayerNorm.
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Table 4.1: Experiment hyperparameters. Values in sets were varied as part of our ablations.

Name Symbol | Value Function Env | Value Grid
SGD Minibatch size 1024 1024
SGD update steps 32 32
Unroll length (nr. steps in env) 64 128
Batch-Size (nr. parallel envs) 32 32
(outer-loop) TD-Lambda A 1.0 1.0
(outer-loop) Discount Y 0.99 0.99
Value Loss Scale (o 0.5 0.5
Policy Loss Scale Cr 1.0 1.0
Policy Entropy Loss Scale Cent 0.0003 0.1
Loss belief-state burn-in length 8 12
Loss decode window size 4 6
Loss unroll window size 4 6
Belief KL-penalty 0.01 0.01
Belief Entropy Penalty 107° 107°
PPO

PPO Policy-Ratio Clipping € 0.3 0.3
PPO Value loss Reward Scale 10 10
SMC

Replay Buffer max-age 16 16
Planner Depth m {1,2,4,6} {1,2,4,6}
Number of particles K {8,16,32,64} {8,16,32,64}
Resampling period r 2 2
Target temperature T 0.1 0.1

Table 4.2: Software module versioning that we used for our experiments (also includes default parameter settings).

Package Version
brax 0.10.5
optax 0.2.3
flashbax 0.1.2
rlax 0.1.6
flax 0.8.4
xland-minigrid 0.9.1
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S5 architecture with 4 layers and Layernorm post-transformation. Other parameters
follow the defaults of Lu et al. (2023).

The hidden-state of the S5 is projected to a 32 dimensional Gaussian with independent
variances. We use 10 samples for the ELBO through reparametrization to obtain
multimodal predictive distributions.

Policy, value, reward, and state networks all use a 3-layer MLP with 128, 64, 32 nodes
per layer.

For the policy, the last layer is linearly projected to parametrize the logits.

For the value and reward, the last layer is projected to a scalar to parametrize the
mean of a univariate Gaussian.

For the state prediction network, the last layer is projected to independent Bernoulli
probabilities for each tile in the observed grid. This probability is a transition
probability to predict where the agent moves towards.
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A society grows great when old men plant trees in whose shade they shall never sit.

— Greek proverb

This dissertation set out to present a joint vision on Bayes optimal decision making in the
context of optimal experiment design in an autonomous laboratory. In this chapter we aim
to contextualize our findings in a broader perspective. The content presented in Chapters 2
to 4 provides distinct contributions to the machine learning field, we summarize each of
these and link them back to the research questions (RQs) outlined in Chapter 1. We
simultaneously reflect on how this contrasts with Bayesian optimization, to see how moving
to deep reinforcement learning (RL) introduces unique (or overlapping) challenges, and
that our contributions make a step towards improving these issues. Afterwards we provide
a distinct outlook for the technical and applied side of current artificial intelligence (AI)
methodologies, followed by closing remarks to emphasize a future vision on general Al in
embodied systems.

5.1 RESEARCH FINDINGS

Answer to RQ 1:  “Can we capture optimal sequential decision-making in a probabilistic
model that generalizes Bayesian optimization and reinforcement learning?”

For the latter part of this RQ, this is answered in the affirmative in Chapters 2 & 4 through
the control-as-inference framework (Levine, 2018, Ziebart, 2010). We also show that meta-
learning with deep neural networks allows for scalable approximation of this model through
learning/amortization. For Bayes-optimal behavior, our formulation extends upon prior
work in Bayes-adaptive Markov decision processes (MDPs) for deep reinforcement
learning by Zintgraf et al. (2021). The crucial difference is that our formulation embeds
the control component as part of the environment modeling, rather than seeing it as
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separate. This presents a straightforward way to perform regularized approximate policy
iteration. One consequence however, is that our formulation overemphasizes learning
‘local’ environment features for approximating uncertainty (the belief state) rather than
capturing the global uncertainty as done by VariBAD (Zintgraf et al., 2021). We provide a
further discussion on how to circumvent this shortcoming in the future work section.

Although this dissertation has not focused much on the methodological side of the
Bayesian optimization (BO) field, it remains useful to complete the link to RL due to
its widespread adoption in practice (as discussed in Chapter 1). There is a simple and
well-known connection to RL that makes BO a subfield of methods which we reiterate
within our framework. The fundamental difference distinguishing BO from RL, when
viewed from our probabilistic model discussed in Chapter 4 (see Figure 4.1), is that BO
applies the simplifying assumptions:

1. The decision events are independent of one another given their current belief state.

2. Typically, the environment dynamics are unchanging, independent of previous events,
or depend on an affine transformation of the previous system state (Kalman filtering;
Kalman, 1960).

There should be an emphasis on ‘typically’, since the literature has plethora of variations
that all handle specific domain characteristics (as we cautioned for in the Chapter 1). In
simple terms, the first item implies that decisions that our agent takes in the present do
not need to account for what happens afterwards: they are short-sighted!. In contrast, RL
tackles decision taking holistically by accounting for the entire future horizon. Then, for the
second item, this is a typical characteristic to maintain simplicity in the assumed uncertainty
modeling, i.e., the belief state, such that it preserves efficient closed-form computation. As
a result, uncertainty can be handled exactly, which simplifies approximation strategies
considerably, so long as the user can specify a proper prior and model likelihood. The
combination of linear likelihoods, Gaussianity of the belief state, and the first assumption
drastically simplifies decision taking, often allowing for closed form solutions on the
expected return under the posterior (like the upper-confidence bound, or probability of
improvement).

The final step in making the connection of our model in Figure 4.1 is that BO usually
does not require approximate policy iteration. Instead, it maximizes the expected return
through explicit online search. Intuitively, this can be understood as generating the most
probable path (the mode) within our probabilistic graphical model (Bishop, 2007). One
particular downside of this approach is that this explicit search can be expensive in large
input spaces (e.g., combinatorial search spaces). However, ideas from RL and BO can be
combined of course to make this more manageable; such as amortization of search for
warm-starting (Gonzalez-Duque et al., 2024b), or using dynamic programming to fill in a
batch of actions (see Example 1.4 from Chapter 1).

To conclude, we can also answer RQ 1 in the affirmative for BO. This is crucial for mak-
ing statements about the approximations and methods we develop for RL in an alternative

! Again this also needs to be contextualized, since careful construction of exploration strategies might appear
myopic in the graphical model formulation, whereas they are actually infinitely farsighted. The upper-confidence
bound is such a heuristic (Munos, 2014), but entropy-search is not (Hennig & Schuler, 2012).
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BO setting. Since BO is a popular approach in experiment design (Roch et al., 2020), this
connection should give stronger insight into what reasons might support or caution against
a transition from BO to the more general deep RL setting. To this end we suggest the
following: while BO could imply a misspecified model for an optimal experiment-design
agent (depending on the use-case), its simplifications can allow it to push past the perfor-
mance of ‘well specified” RL agents due the difficulties in obtaining good approximations
to said RL agent. Nevertheless, pushing the frontiers in scaling Bayesian RL agents is
worthwhile in the long term, as theoretically it prevents short-sightedness in exploration.
Naturally, in practice it is wise to balance the long-term prospects of RL with the benefits
of simpler existing approaches like BO in the short-term, which ultimately boils down to a
value judgment of the designer on a case-by-case basis.

Answer to RQ 2:  “How do contemporary deep reinforcement learning algorithms fit within
our framework? What can we say about the quality of their approximations?”

Firstly, Chapter 2 showed how meta-RL can be understood as an amortization approach
to an underlying probabilistic graphical model with an uncertain (latent) MDP variable.
Subsequently, Chapters 3 & 4 show that we can formulate online planning style algo-
rithms, like AlphaZero which uses Monte-Carlo tree search (MCTS) or our sequential
Monte-Carlo (SMC) planner, through an expectation-maximization (EM)-loop, a clas-
sic probabilistic estimation method. Although prior work by Grill et al. (2020) point this out
too, we extend this formulation further to the uncertain MDP case. This observation cor-
roborates a nice connection between (Bayes-) optimal decision making and straightforward
probabilistic inference.

Subsequently, to reiterate our conclusion from Chapter 2, we find that conventional
approaches like RL? (Duan et al., 2016) typically do not approximate uncertainty particularly
well. At least, not when understood as approximating a posterior distribution over a (latent)
MDP measure. Methods like RL? use point-estimates to amortize inference to this posterior,
which we show is not just statistically inconsistent (Xiong et al., 2021), but also tends to
become overconfident as measured by the posterior differential entropy. It is unsurprising
that maintaining statistical consistency requires some degree of online finetuning, as also
confirmed by Xiong et al. (2021). However, the question of “how to learn a representation
that is sufficiently general for efficient online adaption” (Finn et al., 2017) remains open.
We stipulate directions for future work on this matter in the following section.

Although our findings in Chapter 2 cautioned us to perform proper variational modeling
of the latent posterior in Chapter 4, we still find that this does not truly capture the agent’s
uncertainty. In our VariBASeD algorithm, we constructed a belief learning loss that trains
on mostly local data. In contrast, prior work by Zintgraf et al. (2021) instead tries to
capture global uncertainty by predicting entire trajectories. Although predicting full
trajectories does not scale well with increasing trajectory length, this finding emphasizes
that amortization of the belief needs complete information to more accurately capture
“global” uncertainty. Thus, when we train belief states through past, current, or future
token prediction, we can really only expect it to learn features that support this task and
nothing else, except for the serendipitous case when our model generalizes. This is an
unfortunate lesson since tractable methods should learn from streams of experience, and
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should not have to remember complete datasets for inference. In the future work section
we also sketch some approaches for how we could develop methods that capture global
uncertainty from local streams of information.

Answer to RQ 3:  “How do we efficiently scale approximate inference within our model
formulation?”

There has been a relatively well accepted consensus that learning and planning (online
inference) are both a promising approach to scale inference to intractable decision mak-
ing problems (Sutton & Barto, 2018). This was also a philosophy we adopted through
development of our methods, it is how we scaled up posterior inference in Chapters 2 & 4.
Furthermore, we similarly approached combining policy learning and planning in Chap-
ters 3 & 4. This might sketch the idea that we already knew how to ideally scale up
inference to Bayes-optimal behavior, however, as discussed in Chapter 3 the development
of algorithms that can maximally make use of their compute resources is still at the frontier
of research. Prior approaches based on MCTS had shown impressive performance in
boardgames, algorithm discovery, and more (Mankowitz et al., 2023a, Silver et al., 2018),
yet MCTS has remained difficult to scale up even further due to its sequential nature. Our
contributed SMC planner for RL showed that we can match or surpass data-efficiency
compared to MCTS, but also improve upon algorithm runtime compared to both MCTS
and non-planning based methods.

This latter finding presents a somewhat counterintuitive insight, online inference or
planning during an agent’s training phase not only improves data-efficiency but also its
overall runtime. It is counterintuitive because doing online inference requires more com-
putation, and also runtime, compared to strict amortized inference. However this ignores
that the agent’s training cycle includes parameter updates through a stochastic gradient-
descent (SGD) cycle. The key insight is that performing online inference improves the
agent’s accuracy during data-collection, on which it will then subsequently learn. This
allows our algorithm to shift a major computation bottleneck; if agent-environment inter-
action is comparatively ‘cheap’ and SGD is expensive, we can shift some of our SGD budget
to online inference at negligible cost to significantly improve overall training runtime.

Note that this is mostly an empirical finding. For instance, we do not provide any
theoretically substantiated compute-optimal budgets for planning and learning in this
setting. In other words, we conjecture a trade-off in optimally scaling up planning bud-
get proportional to the learning/weight-update budget. Furthermore, our setting is also
restricted in scope, we do not consider extending compute on offline data (e.g., using
reanalyze mechanism; Schrittwieser et al., 2020) or how this scaling pattern holds when
performing full world-model learning (Hafner et al., 2020). Nevertheless, our insight could
prove useful for inspiring future work.

5.2 OUTLOOK

Based on the contributions outlined in the previous section, it is important to zoom out and
position our work in a broader context. This section lays out what we perceive as the most
pressing bottlenecks and limitations for training deep reinforcement learning methods for
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autonomous decision-making under uncertainty. The first part presents a more technical
focus, while the second part links back to the goal of autonomous laboratories discussed in
Chapter 1.

5.2.1 LIMITATIONS AND FUTURE WORK

Belief Learning. As affirmed in Chapter 2, and improved in Chapter 4, the framework
we adopted for modeling task uncertainty is mostly local. That is, the representations and
features captured by our variational belief learning algorithm tend to overemphasize recent
information at the expense of the distant past and future. Consequently, such learned
models cannot be expected to capture an agent’s true uncertainty (Zintgraf et al., 2021).
This is not surprising, as we explicitly formulate the loss function on local subtrajectories
that also only predict local data. Unfortunately, learning from strictly local data is a crucial
feature of an algorithm in order to achieve tractable online learning (Silver & Sutton, 2025).

As observed in Chapter 4, using gradients for optimization from reinforcement learning
losses, like policies and values, improves the agent’s performance by distilling global
information (i.e., the future) into the learned belief. This has both positive and negative
effects. Firstly, it enables abstraction based on supporting optimal behavior, which often
proves useful in approximate settings with limited model capacity (Lacoste—Julien et al.,
2011, Schrittwieser et al., 2020). This approach reduces variance by tilting the belief
state towards features correlated with high expected returns (Abdulsamad et al., 2025).
However, a downside is that this does not recover the true belief state (i.e., the true
posterior distribution over latent MDPs). As a consequence, learned beliefs can become
overoptimistic toward tasks within the training distribution rather than forming a general
belief which can be reused in downstream problems (Levine, 2018).

We thus identify this as a key limitation and opportunity for future work: designing
scalable approaches for approximating belief states that can distill global information from
local data. One suggested approach can borrow ideas from the RL loss, which captures
global information about the future. This is the forward-backward representation (Touati
& Ollivier, 2021), a combination of successor and predecessor features (Barreto et al., 2017,
van Hasselt et al., 2021). The latter captures the global information of the past, which is
what we desire. Furthermore, since the forward-backward representation is policy-focused
and not reward-focused per se, the learned features become more reward agnostic. In turn,
this can boost out-of-distribution performance to unseen rewards through an improved
generality of the underlying method. Another approach to deal with this issue could also
include a hybrid amortized and particle-based filter (Abdulsamad et al., 2025). We leave
this open as an important avenue for future work.

Curriculum Learning. Perhaps the strongest limitation of the experimental setups in
Chapters 2 & 4 is that we did not utilize any form of curriculum learning (Bauer et al.,
2023, Bengio et al., 2009) to accelerate model learning. These methods adjust the training
distribution throughout the agent’s lifetime to, for example, filter out uninformative data,
oversample data with high predictive error, or improve diversity (entropy) in the training
data. This is typically a crucial element of meta-RL systems since such curricula can boost
the learning signal of the agent based on its current performance. As a result, they reduce
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overall training runtime and compute requirements.

We opted to leave this out for simplicity, i.e., to remove unnecessary moving parts in
our algorithms, but in hindsight, this may have objectively reduced the measured efficacy
of our methods. Our approach only sampled tasks from a static, manually specified, task
prior. However, it can be particularly challenging to specify this in such a way that achieves
the desired test-time behavior. For instance, we found that our manual approach caused
the agent to exploit non-general regularities in the training distribution at test-time, as
seen in the periodic regularity in Figure 4.2 of Chapter 4. This should be accounted for in
follow-up work.

Sequential Monte-Carlo planning. In Chapter 3 we significantly boosted the per-
formance of particle-filter planners for use in deep RL. However, our contributions only
scratch the surface of what can be done in this area. The SMC field provides an abundance
of approaches to explore further for planning and variance reduction. For instance, adaptive
resampling schemes or anchor particles (Chopin & Papaspiliopoulos, 2020) are examples of
low-hanging fruit that can boost our method. We argue that making further improvements
to SMC planners for RL is generally worthwhile for scaling up agents to increased compute,
as this approach can improve both the data-efficiency and overall training runtime of the
learning algorithms.

Arguably, the most pressing limitation of SMC planners is that they do not benefit much
from depth. When we scale up the number of forward inference calls within our planner,
it often does not improve performance significantly. Scaling fixed budget planners to deep
search is fundamentally challenging due to the exponentially increasing variance with
planning horizon (Liu et al., 2018). It is likely that further integration with MCTS methods
(Browne et al., 2012) can help here, as these methods tackle this increasing variance with
sequential sampling and value function improvement (Oren, de Vries, et al., 2025). This
means that initial iterations of the algorithm are conservative with depth, so that additional
samples can be taken in consecutive planner iterations with lower variance estimation
deep inside the search tree.

Furthermore, in Chapters 3 & 4 we only considered expectation-maximization style
learning algorithms for distilling planning results into neural networks. However, typical
variational SMC approaches often differentiate through the planner, akin to variational
Bayes. Initially, this would seem problematic due to the non-differentiable resampling.
However, recent work by (Abdulsamad et al., 2025) shows that one can use Fisher’s identity
to enable efficient differentiation. This shows that the use of clever reparametrization
or differentiation methods (Scibior & Wood, 2021) can reduce significant variance from
sampling through gradient-based learning. Whether such gradient-based approaches or
our sample based approach offer more stable and efficient learning is another interesting
avenue for future work.

5.2.2 MOVING TO AUTOMATED DESIGNS IN REAL LABORATORIES

It should be evident by now that the development of general and optimal sequential
decision-making agents is still at the frontier of machine learning research, with pressing
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shortcomings in performance, brittleness (robustness), scalability, and reliability. Applying
such methods to real-world domains, such as self-driving laboratories, introduces a unique
set of additional challenges. However, despite the relative infancy of deep RL and its
posited challenges, we emphasize that in carefully constructed domains RL can offer strong
benefits over simpler or more established methods like Bayesian optimization. A general
holistic agent?, one that can accumulate vast amounts of experimental data and perform
general decision making over any test task, holds the most potential for maximal data
efficiency and economic potency. Because of this promised potential, we present below a
number of key challenges to overcome to move towards such an agent.

Firstly, a particularly relevant challenge is how to make ideal use of offline data for
reuse in downstream tasks: Should such data be embedded in the model’s weights through
offline learning? Should we only use this data for offline finetuning of pretrained weights?
Or should such offline data be treated as a burn-in sequence for amortized belief-state
approaches as we used in Chapters 2 and 4. Furthermore, an additional challenge presents
itself in modeling the inter-experiment dynamics of an autonomous laboratory and how
such dynamics transfer between different laboratories. For instance, in practice an ex-
perimentation cycle may have to balance between different experimentation platforms,
platforms with changing experiment throughput, multi-fidelity decision making, or varying
frequency feedback. Adequately integrating such diverse and typically imbalanced data is
an entire challenge in itself, but is essential in accurately modeling the decision making
problem.

Furthermore, tangential to the belief learning challenges posed in the previous subsec-
tion, another pressing challenge is that of statistical consistency of learned models when
used for experiment planning (i.e., as done in Chapter 4). The approach we adopted in this
dissertation relies almost entirely on deep learning to amortize the intractable statistical
inference and to enable scaling to complex data. However, deep learning is notorious for its
inability to continually learn (Dohare et al., 2024). This means, that the latent representation
our models learn does not accurately capture the true underlying statistical routine we
desire (Xiong et al., 2021). One particularly humorous side-effect is that learned models
will decrease in performance even when given highly informative data about the task,
if the model was not strictly trained to deal with such “assistance” in an offline training
phase. We observed such an effect in Chapter 2 when extending the horizon of our agent
at test-time beyond that during the training phase. We surmise that the development of
truly statistically consistent architectures and learning algorithms is absolutely essential
for applying deep RL in practice to ensure adaptation to unforeseen situations—which in
real-life are effectively guaranteed.

Of course, this brief summary cannot capture all technicalities encountered when
actually applying deep RL in an autonomous laboratory. We did not touch upon challenges
such as maintaining sufficient Pareto front coverage in multi-objective settings (Daulton
et al., 2020, Roijers et al., 2013), how to deal with ordinal (preferential) rewards when
the optimization objective is impossible to quantify in a reward function (Ho et al., 2007),
irregularly sampled data and decision boundaries (R. T. Q. Chen et al., 2018, Yildiz et al.,
2021), learning termination conditions to prematurely stop experiments, and much more.

2Recently the field has started to refer to such agents as behavioral foundation models (Sikchi et al., 2025).
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Furthermore, this should also include staying up to date with the most powerful generative
modeling techniques in the field to capture the rich multi-modal structure of the real world.
All-in-all, there is an abundance of directions that can be further explored to improve both
the current state of deep RL. This is not disjoint from the broader aim of improving the
performance of optimal experiment-design algorithms, but mostly pertains to a shift in
focus for research agendas.

5.3 CONCLUSION

Developing general autonomous decision-making systems is an immensely complex en-
deavor that has the potential to reshape society for the better. This dissertation contex-
tualized this ambition for the self-driving laboratory use-case. This manuscript started
out with a short description of classical design of experiments (DOE) for in-vitro ex-
perimentation and how both BO and RL naturally emerge as methodological solutions
to the challenges that arise when extending our agent with the aim of improved data-
efficiency. Based on this buildup, we posited that deep RL is the current, but also likely
to be the future, state-of-the-art approach to tackle autonomous experimentation in high
dimensional and heterogeneous design spaces. However, the implementation of deep RL
to abstract realizations of the self-driving laboratory (i.e., in simulated/toy environments)
still posed both fundamental and practical challenges pertaining to robustness, reliability,
scalability, and correct model specification. Thus, this dissertation has taken steps towards
realizing deep RL to the self-driving laboratory by: investigating the reliability of existing
approximate RL approaches and improving the runtime and data-efficiency with new RL
algorithms. Ultimately, our findings should inform the design of future deep RL algorithms,
this significantly pushes the frontier of making deep RL algorithms applicable in practice.

Although we identified and proposed solutions for several technical issues, our focus
only scratches the surface of the shortcomings of existing AI technology. For instance,
we did not explore offline learning to efficiently reuse past experimental data, safety-
constrained exploration to penalize experiments that cause excessive wear on equipment,
or multi-agent coordination between parallel laboratories. On a more technical level,
we also did not utilize curriculum-based scheduling to accelerate model learning, self-
supervised (contrastive) model learning, or advanced probabilistic modeling techniques
like flow matching and diffusion.

Despite the immense promise of Al, developing powerful systems is a multifaceted,
labor-intensive, time-consuming, and economically expensive endeavor. Learning algo-
rithms frequently exhibit instability or brittleness in practice, performing worse than
suggested by in-silico benchmarks or experiments. Identifying shortcomings is crucial,
but finding practical solutions is often slow. Thus, we should stay vigilant on what we
prioritize: do we accept quick patches for short-term gain? Or do we want to genuinely fix
underlying issues? Our push towards RL in self-driving laboratories perhaps subscribes to
this latter ambition. That being said, although deep RL is impressive, its brittle downstream
behavior, the need for specialized development expertise, and high upfront costs must be
key factors in business decisions regarding its adoption. In other words, a balance must
exist in the development of future methods that weighs the aforementioned consequences
and challenges accordingly to the implementation of simpler short-term methods.
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In conclusion, we expect the continued development of general AI will ultimately
serve a common good. While the path ahead may be uncertain, we still encourage the
field to remain ambitious and optimistic in pursuing the aim of bettering AI, both on a
fundamental level and when applied in the real world.
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