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CHAPTER 1

Introduction

1.1 General introduction

In statistical physics, complex systems are made up of a large number of individual con-
stituents, called particles. These particles may move, jump, collide, or interact, which makes
their precise behavior complex to describe explicitly. Moreover, tracking the evolution of
each particle individually is often not that informative. Instead, one is interested in the
evolution of macroscopic conserved quantities under microscopic dynamics. This leads to
one of the central questions of statistical mechanics:

How do macroscopic equations emerge from microscopic dynamics?

Deriving macroscopic equations from microscopic laws is in general a difficult task, even if
the latter are simple.

A particularly successful framework for studying such a question is the theory of inter-
acting particle systems (IPS). An IPS is a stochastic model consisting of many particles
evolving according to prescribed rules. The configuration of an IPS records the state of
the system and evolves as a continuous-time Markov process. The word interacting in IPS
means that the evolution of one particle depends on the other particles.

The symmetric exclusion process (SEP) is a well-known IPS introduced by Spitzer [93]
in the 70's as a stochastic counterpart of a gas of particles subject to hard-core exclusion.
This IPS will be central in this thesis, and thus we describe it in detail. Let G = (V, E) be
a graph. The state space of the SEP is {0,1}" and a configuration is a function

n:V —{0,1}

whose value at a vertex x € V, called a site, means that there is a particle at the site x
if n(x) = 1 and that the site is empty if n(x) = 0. The SEP evolves as follows. Each
particle occupying a site is equipped with an independent Poisson clock. When the clock
attached to a particle rings, this particle attempts to jump to one of the neighboring sites.
The exclusion rule says that at most one particle may occupy each site; jumps to already



1. Introduction

occupied sites are suppressed. Denoting by W (x,y) = W (y,x) the symmetric jump rate
between two neighboring sites « and y, the generator of the SEP is then given by

LSEP £(n) Z W(z,y)(f(n™Y) = f(n)),

(z,y)EE

where ™Y is obtained from 7 by exchanging the values at sites  and y. The dynamics
of the SEP preserve the total number of particles, which will be the conserved quantity of
interest.

Suppose now that, instead of a fixed graph, one considers a sequence of graphs
{Gn = (VNn, ENn)}nN, which should be thought of as finer and finer discretizations of a
macroscopic space; as N increases, the distance between neighboring sites shrinks. If one
were to keep the original microscopic time scale for the evolution of the SEP, the particles
would only move over a vanishing macroscopic distance, and no evolution would be visible in
the limit. This is the basic idea of a scaling limit; one observes the system at a macroscopic
scale by rescaling space and time together. After this rescaling, one studies the evolution of
the empirical density of particles. The empirical measure is defined as

=Cy Z 7 ()05
zeVN
where 7); is the configuration at time ¢ of the SEP with rescaled generator given by
ONLGL F) =Cx Y Walz,y)(F(™Y) = f(n))-
(z,9)€EEN

The coefficient Cy will go to zero while C'y, will increase to infinity, which accounts for the
acceleration of time, as NV goes to infinity. If

¥ — py(z) dx

in probability, in a suitable weak sense, and if the limit is deterministic, then one has
obtained a hydrodynamic limit. The limiting density p; is then expected to solve a partial
differential equation (PDE).

For the SEP on the lattice Z<, in order to observe diffusion, one rescales space as 1/N,
which yields an empirical measure of the form

7T == g t i
t Nd = 77 N
e

and accelerates time by N2. Under this scaling, called diffusive scaling, the empirical density
of the SEP converges to the solution of the heat equation

Opr = Apy.



1.1. General introduction

The SEP is special among IPS in the sense that it possesses a self-duality structure.
Although the particles interact through the exclusion rule, the expected occupation variable
evolves as if it were governed by a single random walk (RW). Indeed, for a fixed site x,

d

Bl (o)) = BILSP ().

A direct computation gives

L3FPy(z) = 3" Wz, y) (n(y) - n(@)).

Y~z

The right-hand side is the discrete generator of a RW applied to the function z — n(zx).
Thus, the one-point function of the exclusion process is governed by the underlying RW
generator

L™Wo(z) =Y W(x,y)(ey) — ¢(x)).

Y~

This identity is a first manifestation of self-duality. More generally, correlation functions
of the SEP can be expressed through another exclusion process with finitely many particles.
For the hydrodynamic limit, the most important consequence is that the evolution of the
density can be reduced to the analysis of a single RW. This connection with RW also hints
at why the hydrodynamic limit is governed by the heat equation.

The heat equation is not limited to the Euclidean space. Its solution is given by the heat
semigroup, while the heat kernel encodes many analytic properties of the space in which
the equation takes place. This equation is at the heart of harmonic analysis, probability
theory, and PDEs. This observation motivates the following question:

Can one derive heat equations from IPS beyond the Euclidean space?

The first kind of difficulty is that a Riemannian manifold does not come with a canonical
lattice, in contrast with R?, where the lattice Z¢ provides a natural discretization. In general,
one has to choose a discretization. Regarding the SEP, van Ginkel-Redig [99] obtained
the hydrodynamic limit towards the heat equation on compact Riemannian manifolds using
random neighborhood graphs (RNG) from independently sampled vertices. Whenever two
vertices are less than a certain distance, called the bandwidth parameter hp, then they are
connected by an undirected edge; together these vertices and edges form the RNG.

In this thesis, we consider the SEP on complete non-compact Riemannian manifolds.
Recall that the relevant macroscopic conserved quantity is the total number of particles for
the SEP. The limiting equation should therefore conserve mass as well. On a non-compact
Riemannian manifold, this is not automatic: heat may escape to infinity in finite time, or
equivalently Brownian motion may fail to be conservative. A natural way to rule out this
behavior is to impose geometric assumptions, such as a lower bound on the Ricci curvature.

3



1. Introduction

The construction of the SEP is also more delicate on non-compact Riemannian manifolds.
One cannot simply sample finitely many vertices independently from the Riemannian volume
measure, since this measure is infinite. Rather, the sequence of RNG is built from Poisson
point processes whose intensities are proportional to a finite Gibbs measure

Ndp = Ne~ Y dVoly,.

As in the compact case, the choice of bandwidth parameter iy goes to zero slowly
enough as N goes to infinity; the degree of a vertex blows up in the limit. Yet contrary
to the compact case, the existence of the SEP on such RNG is not automatic and will
ultimately lead to the same geometric assumption of a lower bound on the Ricci curvature.

The hydrodynamic limit of the SEP takes the form of a Fokker—Planck equation
ope =V - (Vo + pVU)
if the profile p; is considered with respect to the volume measure dVol,;. Equivalently,
ope = (Ap — VU - V)py
if the profile p; is considered with respect to the Gibbs measure dp.

The same geometric viewpoint also allows us to go beyond elliptic diffusions. If the
manifold has the structure of a principal bundle, one can distinguish horizontal directions
from vertical directions. By choosing jump rates at two different scales, inspired by the
horizontal diffusion maps of Gao [41], one can obtain sub-elliptic diffusions as hydrodynamic
limits. The second-order limiting operator is then a horizontal Laplacian rather than the
Laplace—Beltrami operator Ay,.

In Euclidean space, Brownian motion, whose generator is %A, can be obtained as the
scaling limit of a centered RW. On a Riemannian manifold, the analogous construction is
due to Jgrgensen [62]. Since on a manifold one cannot add points, the next location of
the RW is obtained by following a geodesic in a random direction. After diffusive rescaling,
under appropriate assumptions mimicking independent increments, these geodesic RWs
converge to Brownian motion on the manifold, whose generator is %AM.

A useful way to picture Brownian motion on a manifold M is to roll the manifold
along a Euclidean Brownian path without slipping, known as the Eells—Elworthy—Malliavin
construction. The Euclidean noise is then converted into intrinsic random motion on the
manifold. In order to keep track of the directions while rolling, one works on the orthonormal

frame bundle
m:O(M) — M.

The Brownian motion is first constructed upstairs as a horizontal Brownian motion and is
then projected down to M. The corresponding relation between the operators is

AH(fOTF):(AMf)oTr? fEOOO(M)7

4



1.1. General introduction

where Ay is the horizontal Laplacian on the orthonormal frame bundle O(M).

It is thus natural to lift geodesic RWs horizontally and prove that their diffusive limit is a
horizontal Brownian motion, which is part of this thesis. Since the discrete walks are related
by the projection 7, the limiting diffusions are also related by 7, and the identity between
Az, and Ay is recovered probabilistically, as a consequence of an invariance principle. The
relationship between Ay, and Ajy is central in stochastic calculus on manifolds [57].

In this thesis, we also study another class of IPS, this time in the continuum. The
particles no longer jump on a graph, but move directly on the manifold according to
stochastic differential equations. The tools are therefore those of stochastic calculus on
manifolds, in particular couplings on the orthonormal frame bundle. The systems we consider
are mean-field interactions of McKean—Vlasov type. A typical example is

N
) 1 . )
XN = V2aB M — vV (XY dt - Z WM xpNyd,  i=1,..,N.

Here, Bti’M are independent Brownian motions on the manifold, V' is a confinement potential,
and W an interaction potential.

In the limit IV goes to infinity, one expects the particles of the McKean—Vlasov IPS to
become asymptotically independent. This phenomenon is known as propagation of chaos,

and the empirical measure
1N
~N _ * )
N Z 5XZ
i=1

converges weakly to the common law p; of the limiting particles that solves a nonlinear
Fokker—Planck equation, also called an aggregation-diffusion equation, of the form

Propagation of chaos is, however, an asymptotic statement. It says that the particles
become independent in the limit N — oo, but it does not by itself quantify how close
the IPS is to its limiting law for a finite number of particles. From the point of view of
simulations, it is important to have explicit estimates on the distance between the empirical
measure of the IPS and the limiting law (.

To obtain such estimates, it is natural to compare the interacting system with a simpler
non-interacting proxy. In this auxiliary system, the empirical mean-field interaction created
by the particles is replaced by the averaged interaction against the limiting law p;. The
particles are then independent copies of the same nonlinear process; at each fixed time
t, they have common law p;. If the interacting system remains close to this proxy, then
the distance between 1il¥ and p; can be controlled by combining stability estimates for

5



1. Introduction

the dynamics with a quantitative law of large numbers for the empirical measure of the
independent copies.

In Euclidean space, quantitative concentration estimates for empirical measures of
independent samples in Wasserstein distance were obtained by Bolley—Guillin—Villani [11].
The methods used in this direction are metric in nature. They rely on estimates of covering
numbers of balls, and therefore on the way the underlying space grows at large scales. In
this thesis, we obtain a manifold analogue of these results and prove concentration estimates
for the Wasserstein distance between an empirical measure and its underlying law, with
explicit dependence on curvature. This makes precise how geometry of the space enters
quantitative laws of large numbers for empirical measures.

The assumption of having a lower bound on the Ricci curvature also plays a role in the
stability estimates for the McKean—Vlasov dynamics. Indeed, lower Ricci curvature bounds
allow one to use comparison theory, and in particular estimates on the distance between
coupled diffusions on the manifold. Thus curvature enters the analysis twice: first through
metric covering estimates for empirical measures, and second through comparison estimates
used to control the stability of the particle dynamics.

Finally, in the last part of this thesis we study a cornerstone equation of kinetic theory;
the multi-species Landau equation

N
Ofi = Qii(fif5),  1<i<N,

j=1

where Q;;(fi, f;) is the Landau collision operator, derived by Landau in 1936 [69]. This
equation describes the evolution of a mixture of several species of particles undergoing
grazing collisions. The unknown is a vector of velocity distributions

F:(f17"'afN)7

where fi(t,v) denotes the density of particles of species i of mass m; with velocity v € R?
at time ¢. The different species may have different masses, and the equation couples the
densities through both self-interactions and cross-interactions between species.

Although this part of the thesis is not about hydrodynamic limits but about well-
posedness that we establish, it is still connected to the general theme of the thesis. Indeed,
the Landau equation is another macroscopic equation derived from microscopic dynamics,
namely from the grazing collision limit of the Boltzmann equation. Moreover, the collision
operator can be interpreted as a singular spherical Laplacian in an appropriate set of physical
variables.

For the single-species Landau equation, it was recently proved by Guillen—Silvestre
[562] that the Fisher information is a Lyapunov functional in the Coulomb case; the Fisher
information decreases along the flow of the solution. In the multi-species setting, the

6



1.2. Overview of the main results of the thesis

situation is more delicate. The different masses break some of the symmetries that are
present in the single-species case. This has two unfortunate consequences. First, a key
ingredient in the single-species argument, namely a logarithmic Sobolev inequality on
the sphere, becomes weaker when it is applied to non-symmetric functions. Second, for
sufficiently singular cross-interactions, the Fisher information itself ceases to be a Lyapunov
functional. In particular, one finds a threshold below which monotonicity of the Fisher
information can fail.

We introduce a new Lyapunov functional based not only on Fisher information but also
on relative entropy and entropy dissipation to establish well-posedness below the critical
threshold in the ion—electron regime.

1.2 Overview of the main results of the thesis

1.2.1 Chapter 2 — Invariance principle for lifted geodesic random
walks

In the lattice Z™, the position of a simple symmetric random walk (RW) after IV steps can
be written as

N
SN =%"X' X'iid. with law Unif ({e1,...,%em}),
i=1

where {e;}™, is the canonical basis of R™. Since E[X?] = 0, Cov(X*) = E[X ® X] =
Idgm /m, the covariance of SV) s NIdgm /m. At the process level, Donsker's invariance

principle states that
m
[m S(LNH)>
( N >0

converges in law to the standard Brownian motion on R™. Recall that a standard Brownian
motion on R™ is a continuous stochastic process (B;):>o such that By = 0, its increments
are independent, and

Bt_Bs NN(O,(t—S)IdRM), 0§S<t

Its infinitesimal generator is %A, half the Euclidean Laplacian.

On a manifold, that is, roughly speaking, a space which locally looks Euclidean, the
preceding construction cannot be used directly. In general, there is neither a notion of
lattice nor a vector space structure.

In the 70’s, Jgrgensen [62] introduced an analog of RW on Riemannian manifolds. The
construction of the RW is the following: Starting from a point x € M, one chooses a tangent
vector v € T, M according to a probability measure p, on T, M. In local orthonormal
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coordinates, one may think, for instance, of i, as the uniform measure on the unit sphere
in T, M. The next position of the walk is obtained by following for one unit of time the
geodesic starting from z with initial velocity v. Equivalently, the transition operator is given
by

Pf(r) = flexp,(v) dpe(v),  f € CZ(M),

T, M
where exp,, : T, M — M denotes the exponential map.

Since addition of points is not defined on a manifold, one does not rescale the position
of the walk itself. Instead, one rescales the tangent increments. For a > 0, one considers
the transition operator

P f(x) = . Mf(expz(av)) dpiz(v),

and accelerates time by the factor 2. Under suitable centering and covariance assumptions
on the family (i, )zear, the rescaled geodesic RW converges to Riemannian Brownian motion
[62, Theorem 2.1]. This is the manifold analog of Donsker's invariance principle.

Stochastic calculus on Riemannian manifolds is often performed not directly on M,
but rather on its orthonormal frame bundle 7 : O(M) — M, where local coordinates are
described as those of M augmented by a choice of orthonormal basis of the tangent space.
A standard reference for stochastic calculus on manifolds is the monograph of Hsu [57].

The advantage of O(M), despite its larger dimension, is that it is a parallelizable
manifold and thus carries global smooth vector fields giving at each point a basis, in this
case the fundamental horizontal and vertical vector fields. Each vector e; of the canonical
basis of R™ gives rise to a horizontal vector field H; € T'(TO(M)), where I'(-) denotes
the space of vector fields, obtained by horizontally lifting the tangent vector ue; € Th(,) M.
The horizontal lift & starting from u of a smooth curve v in M is the moving frame that
satisfies

vei =V Vy V=0, Vi(0) = ue;,

or equivalently in local coordinates, 5(t) = (77 (t), V{ (t))1<i j<m with

V7 (1) + T3 (Vi (t) = 0.

These horizontal vector fields define the Bochner horizontal Laplacian

m

Ay => H;
i=1

as a sum of squares, an operator in Hormander form. The corresponding horizontal Brownian
motion on O(M) with infinitesimal generator %AH projects onto Riemannian Brownian

8



1.2. Overview of the main results of the thesis

motion on M [57, Proposition 3.1.2]. Analytically, this is expressed by the identity
Ay(fom)=(Af)om, feCc=(M). (1.2.1)

This identity is a basic mechanism in stochastic analysis on manifolds: one constructs a
process on the orthonormal frame bundle, where the driving noise is Euclidean and globally
defined, and then projects it back to the manifold. This also allows one to construct
Riemannian Brownian motion by rolling a Euclidean Brownian motion without slipping on
the manifold; this is the Eells—Elworthy—Malliavin construction.

We revisit Jgrgensen's construction. Since Brownian motion on M can be obtained as a
scaling limit of random walks (RW), it is therefore natural to lift these RW horizontally to
the orthonormal frame bundle. We prove an invariance principle for these lifted geodesic RW
by a simple expansion of the transition probability. The limiting process is the horizontal
Brownian motion with generator %AH. Since by construction the random walks and
horizontally lifted random walks are 7-related processes, the relation (1.2.1) between the
horizontal Laplacian and the Laplace—Beltrami operator is then recovered as a consequence
of the invariance principle we obtain on O(M). This gives a probabilistic interpretation of
(1.2.1). Actually, we give such an interpretation in the more general setting of Riemannian
submersions with totally geodesic fibers and bracket-generating horizontal distribution,
which is the setting of the recent monograph of Baudoin—Demni-Wang [7] on stochastic
areas, horizontal Brownian motion, and hypoelliptic heat kernels.

1.2.2 Chapter 3 — Hydrodynamic limit of the symmetric exclusion
process on manifolds

We now turn to interacting particle systems whose microscopic state space is discrete. The
paradigmatic example is the symmetric exclusion process (SEP), introduced by Spitzer [93]
in the 1970s. On a graph G = (V, E), a configuration is a map

n:V —{0,1},

where n(xz) = 1 means that a particle occupies the site x, while n(z) = 0 means that the
site is empty. The exclusion rule imposes that at most one particle can occupy each site.
Particles attempt to jump along the edges of the graph, but jumps to already occupied sites
are suppressed. More precisely, if W (xz,y) = W(y,z) > 0 denotes the jump rate along the
edge (z,y), the generator of the SEP is given, on local functions f: {0,1}V — R, by

L) = Y W(z,y) (f(0™Y) — f(n)
(z,y)EE
where ™Y is the configuration obtained from 7 by exchanging the occupations at x and y.
A hydrodynamic limit is a law of large numbers for the empirical density of the system.

On Z™, one observes the system at the macroscopic scale by rescaling space by N—! and

9



1. Introduction

time by N2. The empirical density field is then given by the random measure

. 1

TEZL™

A hydrodynamic limit means that, as N — oo, this random measure-valued path converges
in probability, in a suitable weak sense, to a deterministic path p;(u) du, where the limiting
density p; solves a macroscopic PDE. For the SEP on Z™ with nearest-neighbor symmetric
jumps, the limiting equation is the heat equation

We refer to the monograph of Kipnis—Landim [67] for an extensive account of scaling limits
of IPS.

The SEP is particularly tractable because it has a microscopic closure property. Indeed,
the expected occupation variable evolves according to the generator of the underlying RW.
More precisely, if

L™Wo(z) =Y W(x,y) (p(y) - e(x), ¢: V=R,

Yy~x
then a direct computation gives
L3P n(z) = LRV (a).

Thus the one-point function of the SEP is governed by the same operator as a single RW.
This is a manifestation of the self-duality of the exclusion process; see Giardina—Redig [43]
for a recent monograph on duality from the Lie algebraic approach.

On Riemannian manifolds, on the other hand, there is no canonical lattice and one must
therefore choose a discretization. We take inspiration from machine learning where high-
dimensional data embedded in Euclidean space is supposed to lie on a manifold of smaller
intrinsic dimension; this is the manifold hypothesis, a posit in machine learning. Random
neighborhood graphs (RNG) are natural in manifold learning and used to approximate its
geometry. In our setting, the vertices are given by a Poisson point process AN on M with
intensity Ndu and Gibbs measure

dp = e~V dVolyy,

where U is a smooth potential bounded from below. Two points z,7 € AN are connected
whenever dps(x,y) < hy, where hy | 0 is the bandwidth parameter.

On compact Riemannian manifolds, random neighborhood graphs provide consistent
discrete approximations of the Laplace—Beltrami operator as shown in the seminal work of

10



1.2. Overview of the main results of the thesis

Hein—Audibert-von Luxburg [56]. In our non-compact weighted setting, if the symmetric
jump rates are of the form

R L (da)
Wiz, y) = NW, kn(x) = Nyg\:N hy"E (hN>’ (1.2.3)

for some parameter o > 0, where k£ : Ry — R, is a bounded measurable kernel supported
in [0,1) continuous near 0 with k(0) > 0; ky is a statistical estimator of e~U.

after the diffusive rescaling by hR,Q, we prove that the corresponding RW generator
converges, up to a constant, uniformly on compact sets and almost surely in the realization
of the graphs, to a weighted Laplacian 6(2""1)UA2(1_Q), which is the Witten Laplacian
Ay when a = 1/2, given in that case by

Apf=e'V- (e UVf)=Af—VU -V},  [eC®M).

Combining this convergence of the RW with the duality of the SEP, we prove the quenched
hydrodynamic limit. Namely, for almost every realization of the random neighborhood
graphs, the empirical density field of the SEP with jump rates (1.2.3), rescaled in time by
h&Q, converges in probability to the deterministic trajectory (p; dit):cjo, 1), where p; weakly
solves

Bupt = Cria® DU Ay 1o py = Chige2> DU (A —2(1 - a)VU - V)pt. (1.2.4)

The convergence is understood in the Skorokhod topology after testing against compactly
supported smooth functions. Note the presence of the potential U in (1.2.4), which
generalizes, even in the Euclidean setting, the heat equation (1.2.2) obtained as the
hydrodynamic limit of the SEP on the lattice Z™.

The non-compact setting creates two difficulties which are absent in the compact case
treated by van Ginkel-Redig [99]. First, the RNG are infinite. Therefore the SEP is not
automatically well-defined; from the graphical construction, one must rule out explosion of
the underlying RW. Second, the limiting diffusion on the manifold must be conservative.
On a non-compact manifold, heat may escape to infinity in finite time, or equivalently
the diffusion generated by, say, Ay may fail to have total mass one. Thus stochastic
completeness of the weighted manifold is a natural assumption in the hydrodynamic limit.
In terms of the heat kernel py associated with Ay, this means that

/ pu(t,z,y)du(y) =1, t>0, xe M.
M

We prove non-explosion of the RW on the RNG by adapting a stochastic-completeness
criterion for weighted graphs due to Folz [38], which is the graph analogue of Grigor'yan's
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criterion on manifolds [47]. The idea is to introduce an intrinsic graph metric whose edge
lengths are shorter where the jump rates are larger. This metric is adapted to the RW and
allows one to compare graph balls with Riemannian balls. Using Bishop—Gromov volume
comparison under a lower Ricci curvature bound, we obtain the required volume-growth
control for the graph. Folz's criterion then yields non-explosion of the RW, and hence
existence of the SEP by the graphical construction.

We also extend the construction to principal bundles 7 : M — M. The idea is to
discretize both the base manifold and the fibers, while using the connection to compare
points in different fibers. Starting from the Poisson cloud AN C M, we sample additional
points in each fiber M, = 7~ !(x). Thus a vertex of the lifted graph is a pair (z,u),
with z € AN and u € M,. Two vertices (z,u) and (y,q) are connected when their base
points are close and their fiber components are close after identifying the fibers by parallel
transport;

du(@y) <hy,  de (u,ﬁy%q) < Wy

Here ﬁyﬂw : ]T/fy — ]T/I; denotes the parallel transport induced by the connection. The
geometric assumption imposed on the principal bundle covers the case of the orthonormal
frame bundle.

The two bandwidths have different roles. The parameter hx controls the motion in the
base manifold, while h'y, controls the fiber thermalization. With a suitable choice of weights
and a double-scaling limit, we show that the associated single RW converges to a horizontal
diffusion. By duality, the corresponding lifted SEP has a hydrodynamic limit given by a
sub-elliptic heat equation driven by a weighted horizontal Laplacian. This construction is
inspired by Gao's horizontal diffusion maps [41], where pairwise correspondences between
fibers are used to build discrete operators converging to horizontal diffusion operators.

1.2.3 Chapter 4 — Concentration and expectations for empirical mea-
sures on manifolds

Given independent random variables {X*};<;<x with common law v on a smooth Rieman-
nian manifold (M, g), the associated empirical measure

1 N
aN:N;@

is a random probability measure which encodes the distribution of the samples. By the law
of large numbers, also known as the Glivenko—Cantelli theorem (and due to Varadarajan on
metric spaces [100]), 7V converges weakly to v as N — co. A natural quantitative question
is then: how far is 7V from v for possibly large but finite N? Since the Wasserstein distance
metrizes weak convergence [105, Theorem 6.9], it is natural to quantify this error in the
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1.2. Overview of the main results of the thesis

former; we refer to the monograph of Villani [105] for an extensive account on optimal
transport.

In the Euclidean space R™, the convergence of empirical measures in Wasserstein
distance is a classical topic, already dating back to the late 1960’s with the seminal work of
Dudley [31]. The rate of convergence depends on the dimension m, on the value of p, and
on the moments of the law. The higher the dimension, the harder it is to approximate a
probability measure by finitely many points; this is referred to as the curse of dimensionality.
This dimensional obstruction is already present for measures with compact support: one
needs enough points to cover the support at the relevant scale.

On general Polish metric spaces (E, d), the convergence of empirical measures is related
to the covering numbers of E, namely the smallest number of balls of a certain radius
needed to cover E. For instance, on a compact space, estimates on the covering number
N(E,§) lead directly to effective bounds on E[W,, (7Y, v)]; see Boissard—Le Gouic [10,
Theorem 1.1]. On a non-compact Riemannian manifold, however, the covering number of
the whole space is infinite. One must therefore combine a local covering estimate on large
balls with a tail estimate controlling the probability of being outside of these balls.

We place ourselves on metric measure spaces satisfying a measure contraction property.
We shall not recall the full definition here, but one should think of it as a generalization
of the synthetic lower curvature bound of curvature-dimension condition of Lott [77] and
Sturm—Villani [96]; if (E,d, m) satisfies MCP(K, n) for some K € R and n > 1, then an
analog of Bishop—Gromov theorem holds [85, Theorem 5.1], and for an m-dimensional
Riemannian manifold, MCP (K, m) coincides with Ric > K. In particular, when K < 0,
which is the non-positive curvature setting, we obtain the covering estimate

N(B(x,R),5) < <5f)nexp (2VIKT(n —DR). (1.2.5)

We obtain quantitative bounds in expectation of the p-Wasserstein distance between
the empirical measure of i.i.d. samples and their common law. The strategy is to truncate
the measure on a large ball, apply compact estimates on that ball, and then optimize the
radius of the ball as a function of V. The optimal choice of the radius depends on two
competing effects: the covering number of the ball estimated by (1.2.5), which grows with
the radius, and the tail of the measure, which becomes smaller as the radius increases. In
spaces of polynomial volume growth, this leads to Euclidean-like rates, while in negatively
curved spaces, the exponential growth of covering numbers forces stronger tail assumptions,
typically exponential moments, in order to recover sharp polynomial rates as in the Euclidean
space. When K < 0,n > 2p > 2, and the probability measure v satisfies the exponential
moment condition [, e®4:2) dy (1) < +oo for some 0 € E and a > "2_”ps/|K|(n —1), we
obtain for every N > 1, the sharp rate

E[W, (7V,v)] < CN7.
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1. Introduction

The second type of result concerns concentration inequalities. We obtain quantitative
versions of Sanov's theorem, which describes the large deviations of empirical measures
in terms of the relative entropy, generalizing the seminal work of Bolley—Guillin—Villani
[11] from the Euclidean space to manifolds. Recall that if v/ is absolutely continuous with
respect to v, the relative entropy is

[ log (%) v if v <,
+00 otherwise.

H(z/z/){

Sanov's theorem says roughly that
P [dist (Y, v) > €] ~ e NIE), I(e) =inf {H{ | v) : dist (v, v) > €}

for every distance dist continuous with respect to the weak topology. To turn this asymptotic
statement into a quantitative one, we again truncate the measure on large balls whose radius
comes from optimization considerations. We choose to track each constant to highlight the
precise effect of the curvature lower bound compared to the Euclidean setting; this makes the
proofs rather technical. If the measure only has polynomial decay fE d¥(o,x)dv(z) < +00
for some ¢ > p > 1 and the lower bound on Ricci curvature is K < 0, then the same
concentration estimate as in R™ holds provided N is sufficiently large, say, for n’ > n, we
require
_a(n'+2p) P
N > Nge 4P exp (2 |K|(n—1)e ‘I—P> )

and K = 0 recovers exactly the Euclidean threshold for N. But when the measure decays
fast enough, say it has Gaussian tails, then the threshold for N is proportional to the
Euclidean one.

These estimates for independent samples are strong enough to study an IPS with
mean-field interaction of McKean—Vlasov type on a Riemannian manifold. More precisely,
we consider particles evolving according to an aggregation-diffusion dynamics of the form

N
. . . 1 . i
dX} =2dBM — vV (X])dt — ~ > V.W(X{ X{)dt, i=1,...,N,

j=1

where BZ’M are independent Riemannian Brownian motions, V' is a confinement potential,
and W is an interaction potential. The associated time-dependent empirical measure is

1 XN

~N __ .

Hy -N § 5X;-
i=1

In the many-particle limit, one expects propagation of chaos: the particles become asymptoti-
cally independent and their common law i solves the weakly nonlinear aggregation-diffusion
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1.2. Overview of the main results of the thesis

equation
O = A+ - (e [VV VW] ), W) = [ W(ow) duuo).
M

Since our quantitative estimates only apply to independent particles, we introduce the
non-interacting proxy system where mean-field interaction through the empirical measure of
the particles is replaced by the limiting law f;

Ay} = V2dB;Y —VV(Yi)dt — V(W * ) (Yi)dt,  i=1,...,N.

For each fixed time ¢, the variables {Y,'}1<;<n are independent with common law /i, and
the concentration estimates for empirical measures on manifolds can be applied to

1 N
vy = 7N 7(_2 - (Sytz .

We then compare the interacting system with the non-interacting proxy by coupling the
particles pairwise; for each 4, we couple X} and Y, by parallel coupling on the manifold. The
idea is that the two particles should be driven by the same Brownian noise, but interpreted
in their respective tangent spaces by parallel transport along the geodesic joining them.

Under technical assumptions on the potentials V' and W, if ug has Gaussian tails, we
prove for every fixed T' > 0 a uniform-in-time concentration estimate over [0, T of the form

P| sup Wi (fif, ) >e| <C(1+Te ?)exp (—C'Ne?),
0<t<T

for all 0 < € < 1 and N sufficiently large but finite, depending on ¢ in the same fashion as
in the Euclidean case given by [11, Theorem 2.9].

1.2.4 Chapter 5 — Well-posedness of the multi-species Landau equa-
tion

The last part of this thesis concerns a cornerstone kinetic equation from plasma physics.
The spatially homogeneous multi-species Landau equation [69] describes the evolution of
a gas mixture composed of several species undergoing grazing collisions. The unknown is
a vector of velocity distributions F' = (f1,..., fn), where f;(t,v) denotes the density of
particles of species i with velocity v € R? at time t. The species may have different masses,
and the equation couples the densities through both intra-species and inter-species collision
operators:

N
8tfi:ZQij(fi7fj)’ t=1,...,N. (1'2'6)

j=1
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Here (;; describes collisions between particles of the same species, while Q;;, @ # j,
describes collisions between particles of different species;

1 Vo, Vo,
ij (fir [3)(vi) = — Vo, - i A(vi — v; - = — | (fi® f;) (vi,vj) dv; |,
Qi (fis f5)(vi) __—_ </]R3CJ (vi —vj) (mi mj) (fi ® f3) (vi, ;) UJ)
where m; and m; are the respective masses of species ¢ and j, ¢;; > 0 a symmetric physical

constant, and
Z2Q z

|22

with the parameter v € [—3, 1] encoding the type of interactions (7 = —3 corresponds to
Coulomb interactions).

A(z) = |2)*PT0E, T = TIdgs —

The Landau equation possesses a fundamental thermodynamic structure. It conserves
the natural collision invariants, namely the total mass of each species, the total momentum,
and the total energy of the mixture, while it also dissipates the Boltzmann entropy

N
F) = ilog fi dv.
e =3 [ sos e

This entropy structure is one of the main tools in the analysis of kinetic equations. However,
for the Landau equation with soft interactions, which are the most singular and physically
relevant ones in plasma physics, entropy dissipation alone is not sufficient to obtain a
satisfactory well-posedness theory.

In the single-species Coulomb case, Villani explains in [102, Chapter 3] that finite-time
blow up may be expected from an analogy between the Landau equation and the nonlinear
heat equation, since the Landau equation takes the form

Orf = —Hess (—A) "2 f : Hess f + f?

resembling 0;f = Af + f2, which is known to blow-up in finite time. However, after seeing
some numerical simulations he became convinced that blow-up should not occur.

In the single-species Coulomb Landau equation, the recent breakthrough of Guillen—
Silvestre [52] shows that the Fisher information

1) = [ 19108 1o

is a Lyapunov functional; it is nonincreasing along solutions to the Landau equation. This
monotonicity relies on the log-Sobolev inequality on the sphere for symmetric functions.
The bound on Fisher information then yields well-posedness.
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1.2. Overview of the main results of the thesis

A natural question is then whether this Fisher-information mechanism holds for multi-
species mixtures. We introduce the correct analog of Fisher information, that is, a mass-
weighted Fisher information of each species,

m;

N
I(Fia) = a; /]R Viog fil*fidv,  ai=—,
=1

where the choice of weights is distinguished by the equilibrium structure: it is the choice
for which products of Maxwellians with a common temperature are minimizers of Z(F'; a)
under the constraint of fixed total energy.

Following Guillen—Silvestre, the dissipation of Fisher information is not studied directly
on the original equation, but through a lifted linear equation obtained by doubling the
variables. The idea is to introduce, for each species, an independent copy of the velocity
variable. More precisely, we consider

van = (VU1,...,UN,UN+1,- .., V2n) € (R?)ZV,
with the convention
MmN+ = My, 1<i<N.
On this space, we introduce the lifted linear operators

Qii(F) = (Vv - VU7> ' {%‘A(w — ;) (vvi - m) ﬂ :

m; m; m; m;

for1<i< N and N +1<j<2N and consider the linear Cauchy problem

aF= Y GulP), (12.7)
1<i<N
N+I<j<2N

with initial datum
N

Fo(vr,..ovaw) = [] 7 ) f7 (o).

=1

Its usefulness comes from the fact that the first N marginals of F solve the original multi-
species Landau system (at time ¢ = 0). Moreover, we show that the time derivative of a
lifted version of the weighted Fisher information along the linear Cauchy problem (1.2.7)
controls the time derivative of the weighted Fisher information along the multi-species
Landau equation (1.2.6). Thus estimates proved at the level of the lifted linear system can
be projected back to estimates for the nonlinear system.

The lifted formulation is precisely the right setting to study Fisher information. Indeed,
the operators ();; act only in the relative direction between two particles, while preserving
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the corresponding center-of-mass direction. After passing to relative-velocity variables and
center-of-mass variables defined as
m;v; + m;v;

Zij = v — vj, 2 = e (1.2.8)
i J

it turns out that Q; is a spherical Laplacian; setting z;; = rw, and f;(v;) f;(v;) = fij(r,w),

- _ 1 1
Qij (fi(vi) f5(v;)) = cijai;r As2 i (r, w), ¥ = - + ",

This is the reason why ultimately the log-Sobolev inequality on the sphere will enter.

However, the multi-species case contains a new obstruction. In the single-species
equation, the lifted density of the form f(v)f(v.) is symmetric under the exchange v +
V. This symmetry is crucial as the constant in the log-Sobolev inequality improves for
symmetric functions (see [52, Lemma 9.1] and [60, Theorem 1.1]), and without this
improvement the sign of the time derivative of Fisher information remains unclear. In the
multi-species equation, the corresponding two-particle density is instead f;(v;)f;(v;) which
is not symmetric under the exchange v; <+ v; when m; # m;. The different masses tilt
the relation between relative velocity, center-of-mass velocity, and the Euclidean gradients
appearing in the Fisher information.

As a consequence, the spherical logarithmic Sobolev inequality still produces a coercive
term, but the constant obtained from the non-symmetric lifted density is not always strong
enough to control the terms generated by the mass asymmetry. This is the central difficulty:
the weighted Fisher information is the correct quantity for well-posedness, but it need not
be a Lyapunov functional for arbitrary multi-species mixtures.

We make this obstruction precise; we identify an explicit regime v € [—/8, —2) in
which the coercive spherical term dominates the error terms. This gives the a priori
Fisher-information estimate needed for well-posedness.

We then show that outside this favorable regime, in particular for Coulomb interactions
corresponding to 7 = —3, the obstruction is genuine. For the two-species setting with large
mass ratio, we construct a counterexample showing that the weighted Fisher information
ceases to be a Lyapunov functional. Thus the breakdown of the single-species argument
reflects the lack of symmetry of inter-species collisions in the lifted physical variables (1.2.8).

The final part of the chapter treats the ion—electron regime, where one species is much
heavier than the other. In this regime, we identify a new Lyapunov functional combining
the Fisher information with relative entropy and entropy dissipation along the inter-species
collision operator. These additional terms compensate for the loss of coercivity caused by
the asymmetry and allow us to recover a closed a priori estimate, leading to well-posedness
for Coulomb interactions.
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CHAPTER 2

Invariance Principle for Lifted
Geodesic Random Walks

This chapter is the content of the joint work [64] with Frank Redig, and Rik Versendaal.

“Invariance Principle for Lifts of Geodesic Random Walks." Journal of Theoretical Probability
39.2 (2026): 21.

2.1 Introduction

In this chapter we consider geodesic random walks on a Riemannian manifold (M, g) and
their horizontal lift into a manifold (NN, g) such that there is a Riemannian submersion
m: N — M. A motivating example of this setting is the orthonormal frame bundle
o) : O(M) — M of a Riemannian manifold. This example is the basis of the Eells—
Elworthy —Malliavin construction of Brownian motion. The important point in this setting
is that the horizontal Brownian motion has as a generator the horizontal Laplacian which is
a sum of squares of globally defined vector fields; i.e., it is in Hérmander form

d

AH:ZHL?v

i=1

where d is the dimension of the manifold. Because of this, the Markov process {U(t)}:>0
generated by %AH can be constructed as the solution of a Stratonovich SDE driven by an
R9-valued Brownian motion {W(t)}+>0, namely (see the monograph of Hsu [57]),

d
dU(t) = Hy(U(t)) o dW'(t).

Moreover, the Brownian motion on the manifold is the projection of this horizontal Brownian
motion, based on the fact that

Ay(form)=(Apf)om (2.1.1)
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for all smooth f: M — R. The proof of identity (2.1.1) in [57] is based on computations
not easily followed by probabilists, using the m-relations between the covariant derivative
and its lifted counterpart. Beyond the setting of the orthonormal frame bundle, horizontal
Brownian motion is extensively studied in the monograph of Baudoin—-Demni-Wang [7].

Brownian motion on M can be obtained as a scaling limit of geodesic random walks as
initially considered by Jgrgensen [62]. It is therefore natural to lift these walks horizontally
in order to obtain horizontal Brownian motion in the scaling limit. As a consequence of
such a weak convergence result, the horizontal Brownian motion on the total manifold NV
and the Brownian motion on the base manifold M are then 7-related automatically. It is
precisely the aim of this chapter to prove such result for a class of geodesic random walks,
in the setting of Riemannian submersions, which is the framework in the monograph [7]. In
several sub-Riemannian settings, motivated by different contexts such as Carnot groups,
equivalence of Laplacians, and horizontal sub-Laplacians as limits of Hamiltonian flows,
several authors have studied scaling limits of geodesic random walks; see [2, 13, 45, 46, 97].

First, in Section 2.2 we introduce the horizontal random walks and recall the notion of
horizontal lift. Second, in Section 2.3 we consider general submersions for which we prove
the m-relation as a corollary of an invariance principle, and we provide several examples,
including the orthonormal frame bundle, which we discuss in detail.

2.2 Random walks and horizontal random walks

In this section we introduce the stochastic processes we study, namely, horizontal random
walks. To do so, we first introduce the analog of random walks in M, so-called geodesic
random walks, following [62, 101]. Afterwards, we explain how these geodesic random walks
can be lifted to the total space N along a Riemannian submersion 7 : N — M.

2.2.1 Geodesic random walk

We consider a d-dimensional geodesically complete Riemannian manifold M with metric g,
and denote by T, M the tangent space of M at x € M. In order to describe increments of
our random walks, we have to consider a collection of probability measures p, on T, M
called a distribution of increments; the nomenclature being inspired from [62] where p,
describes the direction in which the random walk follows a geodesic when starting from x.

More precisely, we define the following Markov processes based on {1, }rens:

Definition 2.1. 1. The discrete-time unit speed random walk {Sy }ren based on the
measures { i, } e is defined via its transition operator

Pf(z) =E[f (Skt1)|Sk =] = o f(exp,(v)) pz(dv); (2.2.1)
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2. The discrete-time random walk with speed « based on the measures {i; }oerr is
denoted by {S ,ga)}keN and is defined via its transition operator

PO =B [f (S) 57 =a] = | flew,(an) petan); (222)

3. Finally, the continuous-time process {Z(®)}, is defined via its generator
L@ f(z) = a2 (P(a)f(:z:) _ f(x)) , (2.2.3)

The process { Sk } ey evolves as follows: whenever S, = z, Sj41 is obtained by randomly
choosing X1 on T, M according to the measure p, and following the geodesic starting
at x in the direction X1 for time 1, and analogously for the walk with speed scaled by «.

In what follows, we want to prove weak convergence to (horizontal) Brownian motion
for the continuous walk {Zt(a)}tzo and its horizontal lift (defined below) as « tends to zero.
As consequence, one can obtain corresponding results for the discrete walk {sz),ztj }i>0 as
o tends to zero (see Remark 2.13).

In order to proceed, we need some conditions on the distribution of increments. Because
we aim at proving convergence to Brownian motion, there is a centering and variance
condition. Finally, in order to prove uniform convergence of generators, it is convenient

to have an additional third moment condition. More precisely, we make the following
assumptions:

Assumption 2.2 (Centering and covariance). For every x € M, the measure i, has zero
expectation and its covariance equals the inverse metric; i.e.,

/ v g (dv) = 0, / v @ g (dv) = g} (),
T. M TeM

or equivalently, in any smooth coordinate system about x,
/ V' i (dv) = 0, / vl g (dv) = g¥ (), ,j=1,...,d. (2.2.4)
T, M T, M

Assumption 2.3 (Third moment condition). The third moment of the collection of measures
{tbz tzenr is finite, uniformly on compacts; i.e., for all C C M compact,

sup / ol 1o (dv) < +o0.
zeCJT, M

Remark 2.4. If p — p, is invariant under parallel transport as considered by Jgrgensen
[62] in order to mimic identically distributed increments, then if Assumptions 2.2 and 2.3
are satisfied for a single x € M, then they are for all x € M.
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2.2.2 Horizontal lift of geodesic random walks

Now that we have defined geodesic random walks on the base manifold (M, g), we can
construct a new process on the total manifold (IV, §) carrying a metric g that will be specified
later on. In order to define this process, we recall some terminology from Riemannian
geometry.

Definition 2.5. A Riemannian submersion 7 : (N, g) — (M, g) is a smooth surjective map
whose differential is an isomorphism

dm, : (ker d7ru)L = TryM

which is also an isometry. Here 1 denotes the orthogonal complement with respect to the
metric g in N.

In the setting of Riemannian submersions, the tangent space T, N of the total manifold
N at a point u € N splits into the vertical and horizontal subspaces as follows:

VuN = ker dmy, Hu N = (V,N)*, T,N = H,N & V,N.

Their disjoint unions form two subbundles of T'INV denoted respectively by VN = Uyen Vi N
and HN = UyenHoN. This splits the metric § on T'N into its two factors gy and g .
Denote by I' the space of sections. A horizontal vector field X € T'(HN) is w-related to a
vector field X € I'(T'M) if for any u € N it holds that

dTl'u (Xu) :Yﬂ_(u)_ (225)

We stress that relating manifolds via a Riemannian submersion ensures that m-related
tangent vectors as in (2.2.5) have the same norm because dr,,  is an isometry.

Remark 2.6. In several situations, the total manifold N comes with a natural projection
map m : N — M defining the vertical subspaces V,, N = ker dm, but no specification of
a metric §. One can then use any connection form w to define the horizontal subspaces
H.N = ker w,. Now, with the help of this choice of horizontal bundle, obtained either by
the Riemannian submersion or by the specification of a connection form, one can lift any
smooth curve on the base manifold to the total manifold with respect to the horizontal
bundle.

We can now define the horizontal lift of a curve v : I — M. We denote v/(t) = < ((t)).

Definition 2.7. The horizontal lift 4 with respect to HN starting at ug € N,y =
77 1({7(0)}) of a smooth curve y : I — M is the unique curve satisfying

moy =1, 7(t)€Hsu)N. (2.2.6)
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The horizontal lift O(u,v) with respect to HN starting at u of a tangent vector
v € Tr(yyM is given by

o= 0(u,v) = (dmy) " *v € HuN,

which corresponds to differentiating (2.2.6) for any curve « such that v(0) = 7(u) and
7'(0) = v € Tr(uwyM. One can prove that this is independent of the choice of the curve,
and in particular if ¥ is the horizontal lift of v € T, M starting at u, then for every v in M
such that v(0) = z, and 7/(0) = v, ¥ is initially tangent to the horizontal lift of + starting
at u; 9 =7'(0).

We recall that the horizontal lift of a geodesic under a Riemannian submersion is again a
geodesic (see [79, Lemma 26.11]). It is important to notice that geodesics in N with initial
horizontal tangent vector, are horizontal curves; i.e., the tangent vectors remain horizontal.
Moreover, by the geodesic property, the tangent vector at any point of the curve is the
parallel transport of the initial tangent vector.

Given a distribution of increments {p, } e we define the distribution of horizontally
lifted increments {fi, }uen as follows. First draw v according to fi(,) and then lift v to
(v, u). Then {fiy }uen is the distribution of the lift #. It then follows that the (discrete or
continuous-time) random walks based on {1, }.car are horizontally lifted to the (discrete
or continuous-time) random walks based on {fi, },en, and conversely, the projections of
random walks based on {i, },en are distributed as the random walks based on {1, }zens-

As a consequence, the horizontal lift of the rescaled continuous-time random walk
{Zt(a)}tzo defined via its generator (2.2.3) is the process {Zt(a)}tzo on the total manifold
N with generator defined on smooth compactly supported functions f: N — R by

Laf@i=a™ [ (F (expufan(o. ) = Fw) s (o). (2.2.7)

() M

so that {m(Z{ )} =0 = {Z* }1>0 in distribution.

2.3 Invariance principle for Riemannian submersions

2.3.1 Main result

Let (M, g) and (N, g) be Riemannian manifolds with Riemannian submersion 7 : N — M,
and let d be the dimension of M. Each vector field X € I'(T'N) can be uniquely decomposed
into its horizontal part X3, € H and vertical part Xy, € V respectively. Under this setting,
we consider the Laplace-Beltrami operator Ay on N and its decomposition in horizontal
and vertical parts as follows (see [7]):
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Definition 2.8. The horizontal Laplacian Ay is the generator of the pre-Dirichlet form

En(fih) = — /N ((grad f)y, (grad h)y)y dVoly,  f,h € C2(N).

Analogously, the vertical Laplacian Ay, is the generator of the pre-Dirichlet form
Eu(f:) = — [ ((erad f)v, (grad )y dVoly,  f.h € C2(N)
N

We have the decomposition of the total Laplacian into its horizontal and vertical parts
An = Ay + Ay,

In local orthonormal frames { E;}1<i<q of H and {F}}1<;<; of V, the horizontal Laplacian
can be rewritten as

l
ZEE* —Z —(VEEi)y) = > (Ve F),y, (2.3.1)
j=1

=1

where the adjoint is understood in L?(N, dVoly).

The F}'s are vertical, so they cannot be obtained as horizontal lifts. Thus, horizontally
lifted geodesic random walks are not expected to produce the last term in (2.3.1) since
their tangent vectors are horizontal. The following type of Riemannian submersion ensures
that the last term indeed vanishes; (V g, F}), = 0 (see [84] and [83, Proposition 4.13]).

Definition 2.9. The fibers N, .= n~'({p}) of a Riemannian submersion w: N — M are
said to be totally geodesic if any geodesic in a fiber, seen as a submanifold of N with the
induced metric, is also a geodesic in N.

Assuming that the submersion has totally geodesic fibers, the horizontal Laplacian

(2.3.1) takes the form
d

Ay => (E} = (VEEi)y)- (2.3.2)

i=1

Definition 2.10. A distribution A of the tangent bundle T N is said to be bracket-generating
if it is generated by a finite number of Lie brackets of vector fields in T'(A).

Whenever the horizontal subbundle HN of T'N is bracket-generating, the subellipticity
of Ay is then guaranteed by Hérmander's theorem. Moreover, [7, Proposition 4.1.5]

guarantees in that case its self-adjointness on C'S°(N), and its associated pre-Dirichlet form
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2.3. Invariance principle for Riemannian submersions

has a unique closed extension. On the other hand, as V is never bracket-generating, we will
not consider vertically lifted geodesic random walks.

We are now ready to state the invariance principle for the horizontal lift of the rescaled
continuous-time random walk for these types of Riemannian submersions. As a corollary,
we obtain the associated relation between the Laplace—Beltrami operator and the horizontal
Laplacian.

Theorem 2.11 (Invariance principle for Riemannian submersions). Let (M, g) and (N, g)
be geodesically complete Riemannian manifolds equipped with a Riemannian submersion
m : N — M with totally geodesic fibers such that the horizontal subbundle HN of
TN s bracket-generating. Let {1 }zcn be a distribution of increments on M satisfying
Assumption 2.2 and Assumption 2.3. Let {Zt(a)}tzo be the process with generator (2.2.7).
Then as o — 0, this process converges to horizontal Brownian motion; i.e., the process
with generator %AH.

Corollary 2.12. Under the setting of Theorem 2.11, the following identity holds:

Ay (form)=(Apmf)om, [feC(M). (2.3.3)

Proof of Corollary 2.12. Consider an a-rescaled continuous-time random walk {Zt(a)}tzo on
M that satisfies Assumption 2.2 and Assumption 2.3. By Theorem 2.11 with Idy; : M — M
as submersion, this process converges to Brownian motion; i.e., the process with generator
%AM. On the other hand, by Theorem 2.11, the horizontal lift of this a-rescaled random
walk, namely, the process {Zt(a)}tzo on N, converges to horizontal Brownian motion; i.e.,
the process with generator %AH on N. Because the projection 7 : N — M is continuous,
and because the random walks {Zt(a)}tzo and {Zt(a)}tzo are by construction 7-related,
the corresponding limiting Brownian motions must be 7-related as well. This proves the

identity (2.3.3) for the case of smooth compactly supported functions, and, since (2.3.3) is
a pointwise identity, this is enough. O

Proof of Theorem 2.11. Let f : N — R be a smooth compactly supported function. We
perform a Taylor expansion of f o4, around u € N, where 7, is the horizontal lift starting
at u of the curve 7,(t) = exp, (atv), where v € T, M. There is some 0 < s < 1 such that

Ry
o 6 a3

L&
2 dt?

) - 16 = (5

) f 7).

t=0 t=s

The first time derivative is given by

L Ealt) = df gy 0 (dn= ) (D) = arad £.757 (1)), = {(&rad foy 7 (9),
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2. Invariance Principle for Lifted Geodesic Random Walks

where we used the fact that 7, is horizontal for the last equality.

To obtain the second time derivative, we use the Levi—Civita connection V on N and
use the fact that 7y, is a geodesic being the horizontal lift of a geodesic under a Riemannian
submersion;

d? ——
o + {(grad )3, V=1, 7 (1))

g

T () = (V.27 (arad P 30 (1))

(Vi Erad P70 ()

In particular, at time ¢ = 0, consider the orthonormal basis {E;}1<i<a of HyN C T.N
defined as the horizontal lift of an orthonormal basis {Ei}lgigd of Ty M. Write v = v'E; €
T, M. By linearity of the horizontal lift, we get 75’ (0) = av’E;, and thus

d2
dt?

f(a(t)) = @'’ (Vg,(grad ), Ej); = o*v'v’ (B;Ej — (Vi Ej)y) [-
t=0

By Assumption 2.2 on the first and second moments, we deduce that

d
072/ —_
o0 At

and

o[
Tom dt?

f (alt)) pa(dv) = o dfy o (dm) ™ </T

=M

v um(dv)> =0,

t=0

FGa(t) o) = ([

} vwxuo)) (E:E; — (Vi.E))y) f

t=0

I
M=

(B} = (Vg Ei)y) 1
1

-
I

The last term is the horizontal Laplacian (2.3.2) for a submersion with totally geodesic
fibers.

For the third time derivative, first define the horizontal Hessian
Hessy f(}/a Z) = <VY (gradf)yvz>ga Y,ZGF(TN),

which is a symmetric covariant tensor of order 2. Its covariant derivative is thus the tensor
given by

VHessy f(X,Y,Z) = X (Hessy f(Y,Z)) — Hessy f(VxY,Z) — Hessy, f(Y,VxZ).
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2.3. Invariance principle for Riemannian submersions

Note that, again since 7, is a geodesic,

a3 —~
%f(')/a(t)) = V,Y:’(t) <v.;;’(t) (grad f)q—[ y Vo (t)>

g

=V~ <v7~a,(t) (grad f),, ,%/(f)>g -2 <VV:Q'M~“/(“ (grad f)s ’%/(t)>g
= V Hessy [ (%/(t),%/(t%%/(’f)) ‘

Locally, (V Hessy f)y : ToN — R is a bounded operator being linear on a finite dimensional
vector space with operator norm given by

Clu) = |(V Hessyy f), (n,€,C)]-

= max
(n,&.Q)ETEN : iinil, =Il€]l,=lI¢ll, =1

This constant C(u) can be uniformly bounded since |V Hessy f| : N x T3N — R is a
continuous map on the compact set {(q, (n,&,¢)) : ¢ € Supp f, (n,&,() € Tq?’N7 ||n||§ =

1€]l; = 1I¢ll; = 1}, and hence attains a maximum C > 0. Since | fy;'(t)Hg = ||5/;/(0)||£~7 =

a||v]|,. we are able to conclude by Assumption 2.3 on the third moment;

02 / a
oM dt

=a? V Hessy f (o' (5), 7a (5),Ya (5)) ptz(dv)
T, M

<aC s [ ol @)
yEm(Supp f) J Ty M

f(a(t) pa(dv)

t=s

which goes to 0 independently of v as a@ — 0. O

Remark 2.13. The transition operator of the discrete-time random walk {S,(Ca)}k.eN is
related to the generator of the continuous-time process {Zt(a)}tzo via (2.2.3):

P = (1d +a2L().

The strong convergence of the generator L\®) towards L on its core C2°(M) then implies that

(P Le™*t] converges to the semigroup '~ by the Trotter—Kurtz theorem. Analogously,
the same holds for the horizontally lifted discrete-time random walk.

Remark 2.14. We obtained Corollary 2.12 as a consequence of the invariance principle,
which contrasts with the classical approach. For the sake of completeness, we now briefly
outline the latter. Essentially, the proof reduces to showing that the Levi-Civita connection
V on N is m-related to the Levi—Civita connection V on M (see [84, Lemma 1]). This
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2. Invariance Principle for Lifted Geodesic Random Walks

follows from the fact that both the inner products for the specific metrics and the Lie
brackets preserve -relations;

(X, W), = <Y,W>g om, dr([Y,Z))=[Y,Z]om

for m-related vector fields W, X,Y,Z € T(HN) to W,X,Y,Z € T'(TM), and hence
Z

(XY, 2)), = (X, [V, Z)), o

It remains to express the Levi-Civita connection V on N via Coszul's formula for any triple
X,)Y,Z eT(TN),

2(VxY, Z>g =XY,2); +Y(X,Z); - Z(X,Y);
- <X7 [Y’ ZDQ - <Y’ [X7 Z]>g + <Z7 [X7 Y]>g

2.3.2 Important examples

Let us go through some important examples from [7, Sections 4.1, 4.4] where the restrictions
on the Riemannian submersion, namely, that the fibers are totally geodesic and that the
horizontal distribution is bracket-generating, are verified.

1. The manifold (M, g) itself, with Idy; : M — M as submersion. The horizontal
distribution is the whole tangent space. Theorem 2.11 gives then a proof of the
invariance principle for geodesic random walks on Riemannian manifolds.

2. The tangent bundle mry : TM — M equipped with the Sasaki metric [87] defined
in terms of coordinates ({z;}1<i<a, {¥;}1<j<a) about (p,v) in TM by

d82 = gijdl‘idl‘j + g,»ijiDyj,
where D denotes the covariant differential with respect to V on M; Dy* = dy* +
fijidxj.

3. The orthonormal frame bundle 7o) : O(M) — M which plays a central role in
defining stochastic processes on manifolds by constructing them from their Euclidean
counterparts. This motivated our study of horizontal random walks.

Definition 2.15. An orthonormal frame u at x is an ordered choice of orthonormal
basis {ue;}1<i<qa of Ty M, where {e;}1<i<a is the canonical basis of R%. The set of
all orthonormal frames at x is denoted O, and their disjoint union O(M) := U,cp O,
is referred to as the orthonormal frame bundle.
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2.3. Invariance principle for Riemannian submersions

The orthonormal frame bundle O(M) is a manifold of dimension d(d + 1)/2 that
comes with a natural submersion mo (5 : O(M) — M sending any orthonormal
frame u € O, to the basepoint x. If (U, {z'}1<i<aq) is a local chart in M about z, we
can express the orthonormal basis of T,,M as ue; = eg%, where eg = (ue;)?, and
this gives a local chart (7= *(U), ({z* }1<k<a, {€) }1<i j<a)) in O(M) about u. The
coefficients eZ satisfy the orthonormality relations gjkefef = J,¢, and local coordinates
on the fiber may be chosen from local coordinates on O(d).It remains to define a
splitting of TO(M), for instance, by specifying a notion of horizontality.

Definition 2.16. A smooth curve u : I — O(M) is horizontal if for any e € R? the
tangent vector field u(t)e € Ty ()M is itself parallel with respect to the Levi-Civita
connection V on M along the curve mow : I — M.

This notion of horizontality induces the splitting TO(M) = HO(M) & VO(M) and
allows us to lift smooth curves horizontally. Given a smooth v : I — M and its
horizontal lift 4 starting at u, we recover the parallel transport of tangent vectors
along ~ given by

Tystats * Tytr) = Tottn) 1 0 > A(t2) (3(t1)) v

Note that for each frame u, the collection {ue;}1<i<q is a basis of Tr(wyM, and
thus one can horizontally lift each of those tangent vectors in order to obtain a new
collection of horizontal vectors. In this way, one creates the globally defined canonical
horizontal vector fields.

Definition 2.17. Let u be an orthonormal frame at x. The canonical horizontal
vector fields
Hi(u) =ue;, i=1,...,d, (2.3.4)

are the horizontal lifts with respect to HO(M) of the tangent vectors ue; € T, M
starting at u.

The global canonical horizontal vector fields H; € T'(HO(M)) allow us to obtain a
horizontal Laplacian for the orthonormal frame bundle as a sum of squares;

Definition 2.18. The horizontal Laplacian of O(M) is given by

d
i=1

Remark 2.19. Note that Zle H? is in Hérmander's form, and differs from (2.3.2)
in the general case of submersions with totally geodesic fibers; this is due to the
fact that O(M) is a parallelizable manifold. While Nash’'s embedding theorem allows
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2. Invariance Principle for Lifted Geodesic Random Walks

one to write the Laplace—Beltrami operator of M as a sum of squares of orthogonal
projections (see for instance [57, Theorem 3.1.4]), this comes at cost of extra terms
coming from the dimension of the isometric embedding.

This horizontal Laplacian and the Laplace—Beltrami operator satisfy the following
relation, and this is a starting point in stochastic calculus on manifolds based on
the rolling-without-slipping construction of Brownian motion as described in Hsu's
monograph [57]:

Proposition 2.20. The following identity holds:
Ay (fomomn) = Amfomoun, [fe€CT(M). (2.35)

One can show that Definition 2.18 coincides with (2.3.1) once a specific metric is
prescribed, namely, the Sasaki-Mok metric (specified below in more detail). This
means the invariance principle for horizontal geodesic random walks on O(M) are a
consequence of Theorem 2.11. However, it turns out that for O(M) a more direct
proof of this invariance principle is available without relying on this metric and the
fact that the fibers are totally geodesic. We will detail this proof below. In particular,
Proposition 2.20 is a corollary of that invariance principle just as before. Given
f e C>®(O(M)) and ~4(t) the horizontal lift starting at the frame u € Wg(lM)({p})
of the geodesic v with 4/(0) = v € T, M, then by definition of horizontal lift

Yolt) = Tror (a0) = Fa () (Fa(0) " (av) = oFa(Bu~"v = a (u™"v) Ta(t)e:

Since u is an orthonormal frame, {ue;}i1<i<q is an orthonormal basis of T, M, and

we get _

v’ = <v,u€i>g = <u_1'Uaei>Rd = (u_lv)z.
Therefore, p

T (a(t) = df -,y 0 70 (t) = av' Hi f(7a (1)),

and likewise,

a2 . 9 i .

S (Tal)) = a0l By Hi f (32 (1)),

a3 o .

ﬁf (Fa(t)) = o3 vFvi v Hy HyH, f (7a(t)).

By the Assumption 2.2, the first moment vanishes, the second moment is given by

o/ S| 1) mw - [ ot et s

t=0

d
= H} f(u),
1=1
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2.3. Invariance principle for Riemannian submersions

and for the third moment we argue as follows: 7o) (Supp f) is compact by
continuity of the projection, and thanks to Assumption 2.3 we estimate

dS
0472 / ﬁ
T, M A

f Gat)) a(dv) = a / oMt HyH o f (a(3)) pa(do)

t=s Ty M

d

3
<a s [l ) Y IE L
yETo () (Supp f) STy M i,j,k=1

which goes to 0 independently of the frame u as o — 0.

For the sake of completeness, we now describe this metric which was introduced by
Mok [80] (see also Sasaki [87] and [68]). One starts by finding a coordinate expression
for the canonical horizontal vector fields. Consider a horizontal lift 4 : I — O(M)
that starts at u with 4/(0) = we;. By definition of horizontal lift with respect to
HO(M),

0

Hiw) = i = 7(0) = #(0) ~ + ()"’ e

oxJ

and since the tangent vectors 5(t)e; are parallel with respect to V on M along the
curve mo# : I — M whose initial tangent vector is ue;, the geodesic equation yields

(7e)™) (0) = —€elefTy, 1<l<m<d,

where {ffj}lgi’j’kgd denote the Christoffel symbols of V. The horizontal and vertical
subbundles of TO(M) are thus respectively spanned by (see [57, Proposition 2.1.3])

. _ ] _ k . _ ) —
Hi(u)=¢€] (5':Ej € FJk&z}”) , i=1,...,d, (2.3.6)
and
k . l 9 .
k

Definition 2.21. The canonical 1-form 6 and the connection form w on O(M)
associated to V on M are the dual forms to the vector fields (2.3.6) and (2.3.7) given

by
0% (u) = eFda!, wl(u):=e] (ffmeédxm + def) .

The Sasaki-Mok metric § is defined pointwise by

n,€)g = <d7TO(M)7u(77)’dWO(M),u(f»g + (Wu(n); wu(§))

where (-,-) denotes an O(d)-invariant inner product on o(d).
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2. Invariance Principle for Lifted Geodesic Random Walks

With this metric and connection form, one can prove that mo(ar) : O(M) — M is
a totally geodesic submersion. As consequence, the invariance principle for lifted
geodesic random walk with limiting generator %AH follows from Theorem 2.11 and
therefore also the equality between Definition 2.18 and (2.3.1).

4. A general class of spaces on which such invariance principle holds are the principal
bundles mp : P — M with fiber Lie group G. Given a G-compatible connection form
w and a G-invariant metric b on G, there is a unique metric § = 7*¢ + bw on z that
makes mp into a Riemannian submersion with totally geodesic fibers such that the
horizontal distribution H of w is the orthogonal complement of the vertical distribution
[106, Theorem 3.5]. Whenever the horizontal distribution H is bracket-generating,
the subellipticity of Ay, is guaranteed and there is a unique closed extension of its
associated pre-Dirichlet form. The previous examples fall under this category.
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CHAPTER 3

Hydrodynamic Limit of the
Symmetric Exclusion Process

on Manifolds

This chapter is the content of the joint work [63] with Frank Redig and Rik Versendaal
"Hydrodynamic limit of the symmetric exclusion process on complete Riemannian manifolds
and principal bundles." arXiv preprint arXiv:2410.20167 (2024).

3.1 Introduction and main results

3.1.1 Introduction

Interacting particle systems serve as microscopic models from which macroscopic non-
equilibrium behavior can be derived. An example is the hydrodynamic limit where one
derives partial differential equations for macroscopic quantities such as the particle density by
appropriate scaling of space and time in the microscopic particle dynamics, see for e.g. the
monographs of Kipnis—Landim [67], DeMasi—Presutti [26], and Spohn [94]. A well-known
and thoroughly studied example of an interacting system is the symmetric exclusion process
(SEP) introduced by Spitzer [93] (see also Liggett [74], Chapter 8), where particles perform
random walks with the restriction of having at most one particle per site. For this model
in the standard setting of the d-dimensional lattice with nearest neighbour jumps, the
hydrodynamic limit is the heat equation which can be derived after diffusive rescaling of
space and time.

At present, hydrodynamic limits have been considered mostly on the lattice Z? or
on a discrete torus, and the corresponding macroscopic space is then either R? or the
d-dimensional torus. Let us mention a few cases where the hydrodynamic limit of the
SEP was obtained beyond the Euclidean setting: Faggionato [37] considered symmetric
exclusion processes in random environments, including Delaunay’s triangulations starting
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3. Hydrodynamic Limit of the Symmetric Exclusion Process on Manifolds

from a homogeneous Poisson point process for which the limiting heat equation has a
homogenized diffusion matrix. Chen—Goncalvez [20, 21] studied hydrodynamic limits for
particle systems on graphs approximating a fractal such as the Sierpinski gasket.

In [99], van Ginkel-Redig started investigating the setting where the macroscopic space
is a compact Riemannian manifold, with the aim of deriving macroscopic equations from
interacting particle systems on discrete graphs approximating the manifold. More precisely,
for a general class of neighborhood graphs that approximate a compact Riemannian manifold
(based on uniformly chosen points according to the normalized volume measure), in [99]
the corresponding SEP is studied and a proof of the hydrodynamic limit (yielding the heat
equation) is given.

In this chapter, we extend the realm of these results in several ways. First, we drop the
assumption of the compactness of the manifold. Second, we consider random neighborhood
graphs whose vertices are given by a Poisson point process with Gibbs intensity. Third,
whereas [99] relied on the Wasserstein convergence of empirical distribution of i.i.d. points
sampled from the normalized volume measure, here we rely on a simpler argument based
on Bernstein's inequality to prove convergence of the rescaled random walks on the random
neighborhood graphs obtained from the Poisson point processes towards a diffusion process.
Fourth, we lift the SEP to principal bundles, thus obtaining a simple sub-Riemannian
setting where convergence to the heat equation corresponding to the horizontal Laplacian is
obtained. As a result, starting from the corresponding SEP, we obtain several new variants
of the heat equation, including the heat equation with weighted Laplacian eV div(e=YV),
where U is the potential of the Gibbs measure, replacing the Laplace-Beltrami operator. In
the principal bundle setting, we obtain a horizontal heat equation with weighted horizontal
Laplacian which can be considered as a first result in a sub-Riemannian setting. These
results extend significantly the hydrodynamic equations that one can obtain from the SEP,
both in extending the geometric setting, but even in the Euclidean setting, where the heat
equation with a weighted Laplacian is new.

The SEP is special because it manifests a microscopic closure of the expected density
field; i.e., one does not need replacement lemmas to derive a macrosopic equation. This
property, which can be viewed as a manifestation of self-duality, is crucial in the derivation
of the (expected) macroscopic equation, which reduces to the proof of the scaling limit of
a single random walk (RW) to a diffusion process; the Kolmogorov forward equation of
this diffusion process is then the hydrodynamic limit. Therefore, an important aspect is to
consider suitable symmetric transition rates for RW on neighbourhood graphs in order to
approximate a diffusion process with (horizontal) weighted Laplacian as generator. These
transition rates are inspired from Hein—Audibert—von Luxburg [8] and Gao [41]; in the
context of horizontal diffusions, this requires a double scaling in the base space and the fibers.
To prove weak convergence in path space of the trajectory of the empirical density, one
needs to additionally control the quadratic variation of the corresponding Dynkin martingale.

The rest of the chapter is organized as follows : In Section 3.1.2 we introduce the SEP in
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our geometric setting and state the main results. In Section 3.2 we establish existence of the
SEP in our setting. For the case of non-compact manifolds, the approximating neighborhood
graph is infinite, and the classical conditions of existence of SEP (from [74]) might not
satisfied. However, via the graphical construction the proof of existence can be reduced
to the proof of existence (i.e., non-explosion) of the random walk almost surely in the
realization of the Poisson point process. In Section 3.3 we prove an abstract hydrodynamic
limit for the SEP on complete manifolds which encompasses our setting. In Section 3.4 we
prove the almost sure convergence of a single RW on a sequence of random neighborhood
graphs drawn from a PPP with Gibbs intensity. In Section 3.5 we extend the setting to
principal bundles by a horizontal lift procedure and obtain the corresponding hydrodynamic
limit.

3.1.2 Main results

We consider a geodesically complete connected m-dimensional Riemannian manifold (M, g)
equipped with a Gibbs reference measure

dp = e~YdVoly,. (3.1.1)

Here Vol,; denotes the Riemannian volume measure. We make the following assumptions
on the manifold and the Gibbs measure:

(A1) The manifold has Ricci curvature lower bound; Ricyps > (m — 1)k for some x € R.

(A2) The potential U € C*°(M) is such that e~V € L>°(M).

In the next definition we introduce a sequence of random neighborhood graphs (Gn)n>1
which approximate the manifold with corresponding measure du. We denote by dj; the
Riemannian distance on M.

Definition 3.1 (Random neighborhood graph (RNG)). Let AN be a Poisson point process
PPP of intensity Ndy. The vertices Vi consist of the points X* of A, and an undirected
edge is present between two vertices whenever they are close; i.e., dp (X D¢/ ) < hy for
some bandwidth parameter hy. The sequence of random neighborhood graphs (RNG) is
given by (Gn = (Vn, EN))N>1, where En denotes the set of undirected edges.

The symmetric exclusion process we consider evolves on those random neighborhood
graphs. Each site can accommodate at most one particle; this is the exclusion rule. Particles
hop with symmetric edge weights over edges; jumps leading to more than one particle per
site are suppressed.

Definition 3.2 (Symmetric exclusion process (SEP)). Given a graph G = (V, E) with
symmetric weights W, we denote the configuration of particles by n € Qy = {0,1}" and
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3. Hydrodynamic Limit of the Symmetric Exclusion Process on Manifolds

the exchange of occupancies between the vertices x and y by

n(z) ifz# .y,
(z) = nly) ifz=w,
n(z) ifz=y.

The symmetric exclusion process (SEP) is the continuous-time Markov jump process on the
configuration space )y whose generator evaluated on functions depending only on a finite
number of occupancies, namely, local functions f : Qy — R, is given by

LE ) = > W) (F0™) — ().

(zy)EE

In our setting the choice of symmetric weights take into account the geometry of the
manifold M, and the choice of the potential U. More precisely, let & : RT — RT be a
bounded measurable with compact support in [0, 1), continuous near 0, and with k(0) > 0,
which makes the moments C); o and C}, » defined in Lemma 3.28 positive. We refer to k as
a kernel. We consider the following symmetric edge weights indexed by a fixed parameter
a >0,

WN(X(XZ;XJ) = N Y T~ ~ i s x — N Z h ’mk (dM 1" Z)> .
(n (X7 (X)) e

(3.1.2)
The choice of the edge weights is motivated by the fact that the corresponding diffusively
rescaled random walk with jumps over the edge (zy) with rate h;,QWN;a(x,y) converges
to a diffusion process whose generator is the a-weighted Laplacian

Ck2
2(Chy)2

When « = 1/2, the generator is a multiple of the Witten Laplacian A — VU - V. Because
the edge weights are symmetric, by self-duality of the SEP, the hydrodynamic limit of the
associated SEP reduces to the scaling limit of a single random walk (see Section 3.3 for
details).

Ly = Ck;ae(za_l)UAQ(lfa), C = (313)

Definition 3.3 (Weighted Laplacian). Given a smooth function ¢ € C*°(M), the a-
weighted Laplacian is the reversible operator with respect to the a-weighted Gibbs measure
dpe = e~ *YdVolyy; that is, the operator satisfying
Y € C°(M), / WA e VaVoly = — | Ve-Vee *YdVoly,
M M

which is given by
Ay =€V (e7*VV) =A—aVU- V.
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We use the following additional hypothesis which ensures that the hydrodynamic limit
PDE is well-posed:

(A3) The closure of £, on C°(M) generates a conservative Markov semigroup and
C°(M) is a core for its generator.

For o = 1/2, the conservativeness part of (A3) is precisely stochastic completeness for the
weighted diffusion A — VU - V. In that case, it is sufficient that HessU > (g for some
3 € R so that, combined with (A1), the Bakry—Emery tensor Ric + Hess U is bounded from
below, which implies stochastic completeness (see [47]). In general, a sufficient condition
for stochastic completeness is Grigor'yan's criterion

> r
—_—mm +Oo
/TO log 11 [By, (0,7)]

for some 0 € M and r, > 0, where g, = e~ (2@=DUg is the intrinsic metric for which L,

is essentially self-adjoint on C2°(M) in L?*(M, u); By, denotes the Riemannian ball with
respect to the metric g,. Regarding the hypothesis on the core, for the case oo = 1/2, this
follows from geodesic completeness of (M, g) by [47, Theorem 2.2], which is assumed in
our case, while for general a > 0, it is sufficient that (M, g,) is geodesically complete by
[89, Theorem 1.1]. We emphasize that geodesic completeness of (M, g) does not imply
geodesic completeness of (M, g,) in general unless the potential U is bounded.

In order to formulate the result of the hydrodynamic limit, we introduce the empirical
measure associated to a configuration of SEP. More precisely, for a configuration n”V of the
SEP on the weighted graphs G we define the macroscopic quantity

1 .
~N __ E N % )
XeVn

The hydrodynamic limit can then be described in words as follows: if the empirical measure
at time 0 converges in an appropriate sense to podu, then after diffusive rescaling of time
by h?, at time ¢, the empirical measure converges to p;du where p; satisfies (3.1.5) below.
We give below the precise formulation of this result on the hydrodynamic limit. We denote
by Co(M) the space of continuous functions vanishing at infinity.

Theorem 3.4 (Quenched hydrodynamic limit of the SEP). Let (Gn = (Vn, En))n>1 be a
sequence of RNG on M in the sense of Definition 3.1 with symmetric weights (W .o ) N>1
given by (3.1.2) for a fixed o > 0. Assume that (Al), (A2), and (A3) hold. Let n} be the

initial configuration of the SEP on G with associated initial empirical measure %BN that
converges vaguely to py du in probability, where 0 < pg < 1; i.e,,

Vo€ Co(M), (p,dig™ ) 2 (p.podu)  as N — +ox,
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3. Hydrodynamic Limit of the Symmetric Exclusion Process on Manifolds

where 1

—~N . N yi

Mo = Z N (X*)0xi.

XieVn

Suppose that the bandwidth parameters (hy)n>1 are chosen in such a way that both
hx — 0 and Nh 2 /log N — +00 as N — +o0o. Then for almost all realizations of
the sequence of graphs, the trajectory of the empirical measure t — 7N associated to
the configuration n}¥ that evolves according to the diffusively rescaled SEP with generator
h]_\,QLng) converges in probability in the Skorokhod topology to a deterministic trajectory
t — py du whose density p, weakly solves

atpt = Ck’ae(ga_l)UAQ(lfoé)pt. (315)
For a = 1/2, this reduces to 0;p; = Ci;1/2(A — VU - V)py.

Theorem 3.4 is a direct consequence of an abstract hydrodynamic limit (Theorem 3.14)
and an almost sure pointwise consistency of a single random walk on the RNG (Theorem 3.16)
that we establish in Section 3.3 and Section 3.4 respectively. The existence of the SEP is
the content of Section 3.2. We work throughout with a fixed parameter o > 0.

Remark 3.5.

1. In Theorem 3.4, we prepare the initial configuration to approximate podu and consider
the evolution of the trajectory t — p: du for a density p; with respect to the reference
Gibbs measure dy. Since Lo, = C.qeV div(e 20~V is symmetric in L*(M, dp),
(3.1.5) is the forward Kolmogorov equation for densities with respect to dj.

2. In the special case « = 1/2, if instead, one prepares the initial configuration such that
it approximates podVolys, then it is natural to look for the evolution of the density
pedVolys; that is, with respect to the volume measure. Because the L?(M,dVoly;)-
adjoint of A — VU -V is A+div(-VU), in that case, the hydrodynamic limit is given
by the Fokker—Planck equation

O¢pt = Cr1.2V - (Vpr + p:VU) . (3.1.6)

3.2 Existence of the SEP

In a non-compact setting, the existence of the SEP is not trivial, because the weighted
graphs Gy with weights Wy, given in (3.1.2) are infinite graphs as soon as the measure
dp in (3.1.1) is an infinite measure (i.e., when p(M) = 00). For every fixed N and o > 0,
the statistical estimator ky of e~V (see Lemma 3.29) contains the self-point and therefore

> k(0)

k‘N(x) >

0 AN, 3.2.1
ZNpg % T (3.21)
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3.2. Existence of the SEP

Consequently, the individual edge weights are uniformly bounded,

k NR™ 2«
| < %]l oo (hN) < 0. (3.2.2)

Wiia
W o = Npm \ k(0)

3

This motivates the use of ky instead of e~ U for (3.1.2) since otherwise the individual edge
weights might not be uniformly bounded unless U is. Note that this does not give a uniform
bound on the total jump rate, since the degrees of an infinite Poisson neighborhood graph is
not uniformly bounded. Hence, the existence criterion [74, Proposition 6.1] for the process
need not be satisfied.

Nevertheless, via the graphical construction of SEP, it is enough to prove that a single
random walk on the graph has infinite existence time for every starting point. To this end,
we rely on a general criterion of graph stochastic completeness.

Theorem 3.6 (Folz [38]). Let (G, W) be a countable, locally finite connected weighted
graph and dg a graph metric such there exist constants C,C’ > 0 satisfying

da(z,y) < C ifx ~y, Z W(z,y)da(z,y)? < C' forall z € G. (3.2.3)

y~z

Then (G, W) is stochastically complete if

e r
. — 2.4
/ro log #Ba(o,r) "~ T (3:24)

for some o € G and r, > 0 such that #Bg(o,7,) > 1, where Bg(o,r) denotes the graph
ball of radius r centered at o.

The Ricci curvature lower bound Ricys > (m — 1)k we assume allows us to compare
the volume of large balls with the ones of the model spaces. Ultimately, thanks to this
comparison, we will be able to upper bound the denominator of (3.2.4) in a way that
the integral diverges, and thus prove the existence of the process. For the comparison of
the volume of large balls with the ones of the model spaces, we use the Bishop—Gromov
inequality stated below.

Theorem 3.7 (Bishop—Gromov inequality [72, Theorem 11.19]). Assume Ricy; > (m—1)k
for some k € R. Then, for every x € M,

Volar (Ba (z, 7)) < Vol (r), (3.2.5)

where Vol,;(r) denotes the volume of a ball of radius r in the simply connected space of
constant sectional curvature k.
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3. Hydrodynamic Limit of the Symmetric Exclusion Process on Manifolds

Remark 3.8. Under the Ricci lower bound Ricys > (m — 1)k, if & > 0, then the manifold
is compact by Myer's theorem [72, Theorem 12.24]. If k = 0, then its volume growth is at
most like 7™ . Finally, if & < 0, then its volume growth is at most like (™~ 1)V =+".

We also need a basic large deviation estimate for the Poisson distribution stated below.

Proposition 3.9 (Bennett's inequality [14, Theorem 2.9]). One has

P [Poisson(A\) > A (1 + 5))] < exp (—AP(s)) (3.2.6)
for s > 0 and

P [Poisson(A\) < A (1 + 5))] < exp (—AP(s))
for =1 < s <0, where ®(s) :== (1 + s)log(l +s) —s.
Theorem 3.10 (Quenched existence of the SEP). Let (Gy = (Viv, En))n>1 be a sequence
of RNG on M in the sense of Definition 3.1 with symmetric weights (Wn.o)n>1 given by

(3.1.2), for a fixed o > 0. Assume (A1) and (A2). Then for almost every realization of the
sequence of graphs, the SEP exists for all time.

Proof. Step 1 (Choice of an adapted graph metric). The existence is trivial if M is
compact. Thus we assume Ricy; > (m — 1)k for some £ < 0 in the non-compact case;
recall that x > 0 implies that M is compact. Set the length of positive-rate edges as

. 1 _ .,
lay(z,y) = mln{L )\N(x)\/AN(y)}’ An(z) -—;CWN@( ),

and let dg, be the associated shortest-path metric; that is,

¢

dey (x,y) = inf {ZIGN(XZ',XM) c X =gz, X =y and X' ~ X”l} .
i=1

Then we can pick C = C" =1 in (3.2.3) for any connected component of the positive-rate

graph since dg, (z,y) <1 for z ~ y and

1

v (@) L

Z WN;a(zay) dGN (l‘,y)2 < Z WN;a(xvy)

y~z y~z

whenever z is not isolated; if x is isolated then there is nothing to prove.

Step 2 (Comparison of the graph and Riemannian balls). We claim that for all € A%,

Bay (z,7) € AN N Bys(x,C17?)  for all 7 large enough a.s. (3.2.7)
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3.2. Existence of the SEP

with some constant C; > 0 specified below. Let y € Bg, (z,7)\{z}. Then there exists a
path v from x to y of the form

r=X'~ o~ X =y

for some ¢ > 0 such that ,

D ey (XX <o (3.2.8)
i=1
Moreover, X* € Bys(x, R,) for all 1 <4 < ¢+ 1, where R, := max{dy(x, X")}*Z]. In
particular, -
y € AN N By(z, Ry). (3.2.9)

Set
My (R) = sup An(2). (3.2.10)
zEANNBy (z,R)
Since every edge has Riemannian length at most &, any path reaching a vertex at distance
R, contains at least R,/hy edges. All its vertices lie in Bys(x, Ry), and therefore (3.2.8)
gives
Rv/hN
TV Ay ()

We still have to obtain an almost sure linear upper bound on XNy (R), which will imply
R, < r? and hence prove (3.2.7).

< (3.2.11)

Fix the sampled root = and work first under its Palm law P*; under P* the configuration
is represented by an independent PPP of intensity N du together with the fixed point x.
For R, K > 0, define the number of bad samples (with too much neighbors)

Noad(R; K) =#{z € AN N Bu(z,R) : # (AN N Ba(z, hy)) > K}.

Note that -
)\N(Z) < ||WN’Q||OO#(ANQB]\4(Z7hN)) R ze AN, (3212)

Hence, courtesy of (3.2.10), (3.2.12), and Markov's inequality, we get
P ANy (R) > [[Whiall o K] <P [Noaa(R; K) > 1] < E [Nyaa (R; K)J . (3.213)
The multivariate Mecke formula [70, Theorem 4.4] gives
E*[Npaa(R; K)] = P*[# (AN N By (z, hy)) > K|
+N P* [# (AN N B(z, hy)) > K| eV avoly(2),

§M(r,R) ( )
3.2.14
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3. Hydrodynamic Limit of the Symmetric Exclusion Process on Manifolds

where P** denotes the two-fold Palm law. Under P*#, the remaining configuration is
again an independent PPP of intensity N du, while the two points x, z are fixed. By
Bishop—Gromov inequality (3.2.5),

Nu(Buy(z,hy)) =N e VW aVoly (y) < N ||e™Y|| Volx(hn) =: Ca(hw).
EM(ZJLN)
(3.2.15)
Consequently, for K > Cy(hx) + 2, Bennett's inequality (3.2.6) yields

sup P* [# (AN N B(z, hy)) > K] < P[Poisson(Ca(hy)) > K — 2]

SGXP{ Co(hn)® <
>

Co(
K]. Since

1)] . (3.2.16)
The same upper bound applies to P?[# (AN N B (z, hN))
K-2 2

CQ(hN)@<C2(hN) - 1> = (K - 2)10g<6{§(h]v)> = (K =2) + Cz(hn),

there exist Ky < oo and c3 > 0, depending on N, hy,m, k and He‘UHOO but not on z, z,
such that

sup]P’“”Z[# (AN HFM(z,hN)) > K} + sup P* [# (AN N Ba(z, hN)) > K}

T,z

< 2e Kl K (32 17)

for K > Kj. By inserting (3.2.17) into (3.2.13)—(3.2.14) and using Bishop—Gromov
inequality, we obtain, for K > Ky and C3 > 0 large enough,

P?[Ay(R) = [[Whsall, K] < C3 (1 + Vol (R)) e~/ loe k. (3.2.18)

By Remark 3.8, for R > 1 the factor 1 + Vol (R) grows at most polynomially if x = 0 and
at most exponentially if K < 0. Consequently, choosing R = K € N, the right-hand side of
(3.2.18) is summable in K;

D P NN(E) 2 Wil K] < oo

Hence, by the Borel-Cantelli lemma, P*-almost surely there exists a random K; = K;(z) <
oo such that
My (K) < ||WN;a||OOK, K > K;. (3.2.19)

Since R — Ny (R) is nondecreasing, for every sufficiently large R, taking K = [R] vyields
Av(R) < [Whallo (1+ R). (3.2.20)
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3.2. Existence of the SEP

Substituting (3.2.20) into (3.2.11), for R, large enough, we obtain
B2 < B3 (14 Xy (R,)) < (1+ [Wavall) B2+ R,)

and hence R, < Cy7? for all r large enough. Using the deterministic upper bound (3.2.2)
on [Wy.all,, we may choose

Iklloe ( NERN*Y 2
=201 | —= .

Together with (3.2.9), this proves the claim (3.2.7) under P”.
Step 3 (Verification of the stochastic completeness criterion). Since we have proved
the inclusion

Bay (z,7) € AN 0 By (x, Cir?) for all r large enough, P*-a.s.,

then, for some sufficiently large r, > 0,

*° T o r
——dr > d P*-a.s. 3221
/” log #Bg (z,7) "= /“ log # (AN N By (x, C172)) " as. | )
Recall that the Bishop—Gromov inequality yields
Nu(By(w,R)) < Co(R),  Ca(R) =N |le"Y||_ Vol.(R).
Hence, by Bennett's inequality with s =1,

P?[# (AN N By (z, R)) > 1+ 2C2(R)] < P[Poisson (C2(R)) > 2Co(R)]
<exp (—C2(R)®(1)). (3.2.22)

By Remark 3.8, Vol (R) grows polynomially when x = 0 and exponentially when x < 0. In
particular, for £ < 0, the right-hand side of (3.2.22) is summable in R = K € N;

3P [# (AN N By(2,K)) = 1+ 2N ||V Vol (K)] < oo,
K=1

Hence, by the Borel-Cantelli lemma, P*-almost surely there exists a random Ky = Ky(z) <
0o such that

# (AN By (2, K)) <1+2N||eY||  Volu(K), K >K,.

Therefore, there exists a constant C4 > 0, depending on N, a, hy,m, K,k and He‘UHOO,
but not on = nor on the realization of the PPP, such that, for all sufficiently large r,

# (AN N Byg(z,Cir?)) < CueCr", PP-as. (3.2.23)
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3. Hydrodynamic Limit of the Symmetric Exclusion Process on Manifolds

It follows from (3.2.21) that

o r > dr
7d > _— = .
/ log #Bay (7, 7) ~/ P

T

Hence, by Theorem 3.6, the weighted random walk is stochastically complete in the
connected component of x, and therefore the graphical construction defines the SEP in
that connected component for all time.

It remains only to make the preceding Palm-a.s. conclusion simultaneous over all sampled
roots. Let F, denote the event that either (3.2.19) or (3.2.23) fails to hold eventually. By
the two Borel-Cantelli arguments above, P*(F,) = 0 for every deterministic z € M. Hence,
for every compact set S C M, the Campbell-Mecke formula [70, Theorem 4.1] gives

> 14 N/]P’”” e~ V@ aVoly, (z) = 0.

zeANNS

Taking a countable compact exhaustion of M, we conclude that almost surely none of the
sampled points is bad. Thus the above argument holds simultaneously for every x € AN,
and we obtain the global existence of the SEP, which concludes the proof. O

Remark 3.11. For o > 1/2, existence can alternatively be obtained directly from Liggett’s
criterion [74, Proposition 6.1]. Indeed, by continuity near 0 and k(0) > 0, choose r. € (0,1)
and k. > 0 such that k(r) > k. on [0,r.]. As a consequence of the Bishop—Gromov
inequality, for the fixed radius hy, every ball By(xz,hy) can be covered by at most N
sets S;(z) of diameter at most r.hy; N is independent of x. If n; = #(S;(x) N AN) and
y € S;(z) NAYN, then

~ 1 s (A (y, 2) kin;
kn(y) > i Z hy"k ( > j

2€8;(z)NAN hn Nh?\}”

while An(z,y) = N7 hy"k(dy (2, y)/hn) < ||kl /(NR). Therefore, summing over
the covering set U;S;(x) 2 B(z, hy),

Yy~ kN( i yeSi(z)NAN kn(y)
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3.3. Abstract hydrodynamic limit via duality

Hence, by Cauchy-Schwarz and }_, An(z,y) = kn (),

)\N;1/2(33):Z N ANf%y) 1/2
y~z (k;N(a:)kN(y)>

S <zw AN<w,y>>”2 (Z AN@,y))”z

k() = kn(y)

< NIkl /.

Thus sup, An;1/2(z) < oo. Ifa>1/2,(3.2.1) gives

R N w k(0 1—2«
WN;a(l‘vy) = WN;l/Q(xvy) (kN(x)kN(y))l/2 < (]\]’%2@) WN;1/2($,y>7
N

and the same criterion applies.
For 0 < a < 1/2, Liggett’s criterion need not hold, even though the SEP still exists
by Theorem 3.10. For example, for a homogeneous PPP on R™, arbitrarily large isolated

clusters occur almost surely. Any isolated cluster of n points contained in a ball of diameter
at most r.hy satisfies

2 11kl oo

kn(x) < = for every cluster point x,
Nh7

while Ay (z,y) > k./(NhY}) for any two distinct cluster points. Hence

ke (Bl 7 i aa
Ansa(@) = (0 — 1)th (th =niT
N N

Thus, for a < 1/2, arbitrarily large isolated clusters imply sup,ea~ An;a(2) = +00 almost
surely.

Remark 3.12. Another commonly used road to show the existence of the SEP is by a
percolation argument, as in [54], which boils down to show the finiteness of “active clusters”
of a site x, uniformly in . In our setting this boils down to adapt arguments from [78] for
the Poisson—Boolean model.

3.3 Abstract hydrodynamic limit via duality

3.3.1 Duality and hypotheses on the random neighborhood graph

The SEP satisfies a duality property with a single random walk due to the symmetry of the
jump rates. In words, this property means that the SEP generator acting on the n variable
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3. Hydrodynamic Limit of the Symmetric Exclusion Process on Manifolds

of the function D(x,n) = n(z) has the same effect as the single-random walk generator
acting on the z variable of that same function (which is therefore named single particle
duality function).

Definition 3.13 (Random walk (RW)). Given a graph G = (V, E) with weights W, the
random walk (RW) is the continuous-time Markov jump processes on V' whose generator
evaluated on functions ¢ : V' — R is given by

LE o) =Y Wz, y) (ply) — (x)). (3.3.1)

Yy~

The duality between the RW and the SEP described above manifests itself as follows:
for pairings between the empirical measure of a configuration 7 and a local function ¢ on

V, it holds
L <<p, > n(x)6x> = <L(GRW)% > n(x)6w> :

zcV zeV

Before stating and proving our abstract hydrodynamic limit for the SEP via duality, we intro-
duce three assumptions on the sequence of graphs (Gn = (Vn, En))n>1 With symmetric
weights (Wx)n>1 and bandwidth parameters (hy)n>1 4 O:

(i) (Initial data is well-prepared). Assume that the empirical measure

associated to the initial configuration i}’ of the SEP on Gy converges vaguely to
po dVoly in probability; that is,

Vi € Co(M), <<p,d7?0N> Py (o podVoly)  as N — +oo; (1)

(i) (Convergence of the reference empirical measure). Set v := + > wcvy Oz. Assume
that, vaguely on M,
YN — v = qdVolyy, (1)

for a locally finite measure v.

(iii) (Convergence of the generator). Let £ be the generator of a diffusion process on

M whose core is C2°(M). Assume that the diffusively rescaled generator hﬁL(GR:V)

converges towards the generator L in the following sense:

~ o1 —2 7 (RW) _
veeCE(M),  lim — 3 ‘hN L) - Lp(z)| =0. ()

Note that assumptions (i) and (i) imply that 0 < py dVolp; < v since %BN <pN,
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3.3. Abstract hydrodynamic limit via duality

3.3.2 Hydrodynamic limit of the SEP

Theorem 3.14. (Abstract hydrodynamic limit) Let (Gy = (Viv, En))n>1 be a sequence
of graphs on M with symmetric weights (Wy)n>1 and bandwidth parameters (hy)n>1. If
the assumptions (1), (1), and (lll) are satisfied, then the trajectory of the empirical measure
t s 7 associated to a configuration nN that evolves according to the diffusively rescaled
SEP with generator hJ_\,QL(gSP) converges in probability in D([0,T], Mio.(M)), endowed
with the Skorokhod topology associated with vague convergence, to the deterministic
trajectory t — p; dVoly; whose density solves weakly the forward Kolmogorov equation

6tpt = ﬁ*pt (332)
with initial condition py of assumption (l), provided this equation has a unique continuous
weak solution in the class 0 < p; dVolys < v; the adjoint is understood in L2 (M, dVolyy).
Proof. We outline the argument for complete manifolds modified from the torus case found
in the monograph of Kipnis and Landim [67, Chapter 4].

Step 1 (The Dynkin martingale argument). We pair any test function ¢ € C°(M)
with the empirical measure 7N associated to the configuration 7, (with 0 < ¢ < T for
some time T' > 0), and we consider its associated Dynkin martingale;

t
N _ ~N\ —~N\ —2 7 (SEP) ~ N
Mt [(P] - <5077Tt > <90a7T0 > /0 hN LGN <<P»7Ts > ds.
By duality between the SEP and the RW,
hP L <s0,7?sN> = <h7v2L(GR3V)<p,fsN>.

Therefore, convergence of generators can be established at the level of random walks for a
single particle, which is guaranteed by assumption (lIl), and the above yields

t
MY [p] = <S0a7?tN> - <%%5N> —/ </J<P,7TASN> ds+o(1).
0
Here the error is uniform in 0 < ¢ < T, because 0 < nﬁv <1 gives

t
sup / <h]}2L(GR:V)<p — Lo, %év> ds
0

t<T

1
<T+ 3 [hRPLE () - Lol@)| — 0.

eV

To show that the Dynkin martingale goes to 0 in probability, it is easier to consider its
quadratic variation

t 2
N —2,(8 . N\ ;—27(S .
(M [gp]>t = /0. hNQLE;SP) <<p,7rsN> -2 <<p,7rs >hN2LE;SP) <<p,7rsN> ds.
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3. Hydrodynamic Limit of the Symmetric Exclusion Process on Manifolds

Since an exchange across an undirected edge {z,y} changes <¢’%N> by Nﬂ@(y) .
n(z))(p(x) — ¢(y)), one has
t
N
<M [‘P]>t N2

IN

hy > Wiz y)(ely) — ¢(x))?

{zay}EEN
t _
=3 D e@)hy’ (—L(GR:V)) p(x)-
x€VN

Hence, by (I1) and (111),

E[(MN[e]),] < % (;, S hRPLEY p(w) — Lo()| + (B, £¢|>> =O(N™ ).

z€VN
By Doob's inequality,
B | sup [MYAP| < 4B [(MY[e]),] o
0<t<T

hence sup, <7 | M} [¢]] = 0 in probability; that is,

{(p.7") = (0. 7") - /Ot (Lo RN ds

Step 2 (Relative compactness of the associated measure). We equip the space of
cadlag paths with the probability measure associated to ¢ +— 7Y that we denote by QY.
Then the convergence obtained in Step 1 implies that

< e}} —1

as N — o0, for all € > 0, where D([0,T], Mjoc(M)) denotes the Skorokhod path space
of cadlag locally finite measures equipped with the vague topology. It remains to show
relative compactness of the associated measures Q™.

sup X0 as N = +oo.

0<t<T

Qv [{uquo,TLMloc(M)): sup, [t = (o) = [ (Lo ds

0<t<T

Since we work in the vague topology on measures, we use a fixed countable determining
family in C2°(M) and combine tightness of all its projections with compact containment.
Namely, consider the real-valued random trajectories {(m¥,¢),0 < t < T}, for every
smooth compactly supported test function ¢ € C°(M). Compact containment follows
from 0 < 7 < vn: for a compact exhaustion (K;);>1 of M choose x; € C.(M) with
X; > 1 on K;; then sup, 7Y (K;) < vn(x;), and the latter is uniformly bounded for large
N by (Il). Relative compactness of this sequence of trajectories is in turn a consequence of
Aldous’ criterion;

lim limsup sup QY H%N : ‘<<p,7rmTN> - <<p,%:N>’ > GH =0,
00 N 400 7€Z7,0<0
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3.3. Abstract hydrodynamic limit via duality

where Zr is the set of all stopping times bounded by T'. To verify Aldous’s criterion, we
rewrite the difference of empirical measure using the Dynkin martingale;

N N (T+6)AT N
(oo™ )= (0 7") = M [ -MF ol [ (Com) dstoln).

The integral is of order  uniformly in N, since |(Ly, TN)| < (|L¢l|,vn) and (II) bounds
the latter. For the difference of the martingales, Chebyshev's inequality yields

@~ [{7%: [MiFapur [ - 112 6l| > €} < 5B | [3spr el - ¥

< ZE[(MVfgl), ]
=o(1).

Moreover each jump of (¢, 7V) has size at most 2|[¢||o/N; hence every subsequential
limit of the projected process has continuous paths. Since the countable determining family
characterizes the vague topology, every subsequential limit of 7V is therefore concentrated

on C([O,TLMMC(M))'

Step 3 (Uniqueness of the limit). Now that the relative compactness of the sequence
of measures {Q™} y>1 is established, one argues that all the limits of the weakly convergent
subsequences are the same, whence Q% converges weakly to a limiting measure Q. This
limiting measure is concentrated on paths that weakly solve the forward Kolmogorov equation.
To see this, consider a countable dense determining family D C C2°(M), and for a given
test function ¢ € D the set

< e} .

Pick any converging subsequence {Q"™},,>1. Because every limit path is continuous, the
displayed functional is continuous at (J-a.e. path; the convergence from Step 1 therefore
passes to the limit and gives Q[H.] = 1. It follows that

H, = {V € D([0,T), Mipe(M)) : sup

0<t<T

(o21) — (2 v0) — / (L, va) ds

Q[Ho) = Q [Mmz1Hyjm] = 1= Q [Unz1HS), | =1,

which in turn implies that
QHV € D([0,T), Myoe(M))

t
sup |{0, 1) — (0, v0) — / (Lov) ds
0<t<T 0

=0 V@GDH:L
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3. Hydrodynamic Limit of the Symmetric Exclusion Process on Manifolds

Moreover, for Q-a.e. path m = {m}cpo,r) one has 0 < m < v. Indeed, for every
non-negative f € C.(M), (f, 7)) < (f,0N) for all t. Passing to a subsequential limit at
continuity times and using continuity of the limit path together with (1) gives (f, m) < (f,v)
for every t. Thus m; < v = qdVoly,, and hence m; = p; dVoly; for some 0 < p; < gq.

The weak identity from Step 1 and () show that every limit weakly solves (3.3.2) with
initial datum pg by density. By the uniqueness assumed in the theorem, every subsequence
has the same deterministic limit. O

We now explain how to go from Theorem 3.14 towards the main result Theorem 3.4.

For the RNG of Definition 3.1, assumption (I1) holds almost surely with v = du; for every
f € Ce(M), Poisson concentration gives N~ %"~ f(x) — [ fdu almost surely, first
on a countable determining family and then vaguely. Assumption (lll) on the convergence
of discrete Laplacian towards weighted Laplacian is the content of Theorem 3.16 for RNG;
the limiting diffusion operator is £ = L, = Cr;ae®* DU Ay _,. The fact that £ has
C2°(M) as core is part of the semigroup hypothesis in Theorem 3.4. Assumption (l) is
made w.r.t. the reference Gibbs measure diu = e~YdVoly; in Theorem 3.4 instead of w.r.t.
the volume measure dVol,,. Hence, the corresponding density w.r.t. the volume measure
dVolys is pre~Y. Therefore, Theorem 3.14, in particular (3.3.2), gives

Bi(pee™) = Li(pie™") = eV Lapy,

because L, is symmetric in L?(M,dy). In particular, we recover the hydrodynamic limit
(3.1.5);
atpt = atpt = ﬁaPt~

The existence of the SEP is the content of Theorem 3.10.

3.4 Convergence of discrete random walks

In the proof of Theorem 3.14, a specific notion of convergence of the RW towards a limiting
differential operator is used to rewrite (almost surely in the case of RNG)

RS (o), @) = (2L o), @) = (Lo(@), 7Y ) +o(1).  (34.)

The almost-sure pointwise consistency of graph Laplacians was obtained by Hein—Audibert—
von Luxburg [56, Theorems 28 & 30] for random neighbourhood graphs sampled from i.i.d.
points (see also [8, Theorem 2.1]). We obtain their counterpart on our RNG obtained from
PPP with Gibbs intensity.

50



3.4. Convergence of discrete random walks

To perform the RW, we consider the same weights as in the main theorem, namely

| Nk (LM(XI}XJ‘))

v ) Zh‘mk<deZ)>.

N (R (0w () N

WX X7 =

(3.4.2)
Note that k() is an approximation for e=V(*) as proved in Lemma 3.29.

Remark 3.15. Hein—-Audibert—von Luxburg consider the manifold M as a submanifold
isometrically embedded in some euclidean space RM . They replace the Riemannian distance
with the Euclidean one using the fact that for close enough points, the intrinsic and extrinsic
distances match up to the third order ([91, Proposition 6]). We stick to the intrinsic setting
for our purpose, namely, the hydrodynamic limit of the SEP, and we show the consistency
of the graph Laplacian with (3.4.2) in our setting of RNG obtained from a PPP.

Theorem 3.16. Let p € C°(M) and let (Gn)n>1 be a sequence of RNG in the sense
of Definition 3.1 with symmetric weights (Wx.o)n>1 given by (3.4.2), for a fixed a > 0,
and associated RW with diffusively rescaled generator h 2L(RW). There exist constants
Ca:1,Cas2,Caz > 0 that only depends on «, k, o, M and 1, such that, for all e > 0 and

hn small enough,
[ sup B0 — (Cuae @O A0y o) + (X)) > ]
Xie
< Gl Ne=Con NI 1222 (3.43)
with
‘ o < Ooz,?)h?\/

Then, if both hy — 0 and Nhﬁ”/ log N — +00 as N — +0o0, it holds almost surely and
uniformly in the vertices X*'s,

lim W2 LS o(XT) = Crae® DU A (XY, (3.4.4)
N —+o0

Remark 3.17. In the compact setting, van Ginkel-Redig [99] obtain almost sure consistency
of the graph Laplacian under a more restrictive condition on the bandwidth parameter
hn, hy | 0 at a much slower rate. In dimension m > 3, their argument requires
N7 Jlog N 400 (this is not explicitly computed in [99]). The reason is that
their proof is based on the almost-sure weak convergence of empirical measures, which
is metrized by the 1-Wasserstein distance. Of course requiring such convergence in W
is more restrictive than a general concentration argument as one has to cover Lipschitz
functions by Kantorovich duality.

We will use the following concentration inequality for Poisson integrals:
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3. Hydrodynamic Limit of the Symmetric Exclusion Process on Manifolds

Proposition 3.18 (Bernstein inequality [86, Proposition 7]). Let A be a Poisson point
process on a measurable space (X, X) with intensity measure v. Let f : X — R be
measurable and essentially bounded, with [\ f*(z)dv(z) < oo. Then, for every £ > 0,

IP’H/ F(@) (dA(x) — du(x)) zg} <20xp | - S
x 2 [ Pa)dvis) + 5¢17 ]
X

(3.4.5)

Proof of Theorem 3.16. Set
Vi) = ik (D) Tl = 3 Vi)
XleAN

and introduce the normalizer

(@) = [ V(i) duto) (3.46)

Define

PP ICORT.CI PRI )

together with

_ 1 — 1
Z(z) =+ Y Z(w; XY, Zny (@) =% > Zyy (XY,
XleAN XteAN

Note that for z € A, B .
Z(x) = haLE ().

Moreover, because Z, , (x; ) = 0, the Palm self-point does not contribute and

B @) = | Zufi) dn). (3.4.7)
Using Lemma 3.30, define the remainder
RN,OL,QD(Z) =E* [ZhN ((E)] - Ck;ae(2a71)U(I)A2(1—a)§0(1')7 (348)

which satisfies || Ry o, < Chy.
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3.4. Convergence of discrete random walks

Step 1 (Concentration estimate for the kernel). Let hy < hy. We are only interested
in the Poisson points inside the hi-thickening or 2h;-thickening of the support of ¢ since
the empirical quantities at stake are zero otherwise, where the t-thickening is defined as

(Supp ), = {Z € M; dy(z,Supp ¢) < t}.

By Lemma 3.29, after reducing hi if necessary there are constants 0 < ¢’ < C’ < oo such
that
d <qny(z) <C',  x € (Suppp)an, . (3.4.9)

Let 6 > 0 be a parameter that will be tuned in terms of ¢ later on. Fix a sampled center
x € AV, Under its Palm law P*, the configuration is represented as an independent PPP
of intensity Nu together with the fixed point x. Therefore,

~ k(0) 1
= — Y(z;2). 4.1
v = ety Y Y@ (3.4.10)
zEAN\{z}
Assume that k() 5
< - 4.
Nhy =2 (3.4.11)
By (3.4.10),
x| |7 T 1 l g
P [kN(m)—th(x)‘ >5} <Pl Y Y@X)—an(@)| >3
XteAN\{z}
I —N 5
=P*||= [ Y(z;2) (dE"(2) — Ndu(z))| > - |,
where =V := AN\ {x} is a PPP of intensity Ndu. We estimate
1 iy < IEl
~ |V (@ X[ < Nt (3.4.12)
and
var [ & S Y| = & [ Y2 dut)
N ’ Ny
XIEAN\{z}
L
Cq
S N (3.4.13)
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3. Hydrodynamic Limit of the Symmetric Exclusion Process on Manifolds

for some constant Cy(k, 1, M, @) > 0 uniformly for z € (Supp ¢)an,, where in the last
inequality we used the fact that, since ¢ is compactly supported, one can uniformly control
the volume of balls in the h;-thickening of its support;

Volys (B(, hy)) = hiy + O(hR").
Then using (3.4.12) and (3.4.13) for Proposition 3.18, namely Bernstein's inequality, we

obtain the exponential bound
NhRS?

P ___TTNT
[ 8C1 + 3 ||kl 0

En(z) — qny (.Z')‘ > 6} < 2exp (— ) < 2exp (—caNR6?)
for some constant co(k, u, M, @) > 0, given that (3.4.11) holds for ¢ small enough. A union
bound over the sampled points, followed by the Campbell-Mecke formula, gives

P sup ‘@N(:ﬂ) — Gy (r)‘ >0

N
zEAN |(supp ®)2hy

sE > Y@ my@|>e)
z€ANN(Supp ©)2ny
- N P H%N(x) — Ghy (a:)‘ > 5} du()
(Supp ¢)2n,
< C3N exp (—caNh6?) (3.4.14)

for some constant C3(k, u, M, ) > 0.

Step 2 (Comparing the discrete and continuous RW). Conditioned on the event

Es = sup ‘EN(QU) — Ghy (x)‘ <d],

N
€AY [(supp #)2hq

take § < ¢//2, and he elementary inequality |[a=® — b=| < ac™ (@t |a — b valid for all
a,b > c together with (3.4.9) yields

1
sup = = -
A o, | (o @ (9))" e @ ()

~ ~

< a(d —§)"Rat2) sup ‘kN(x)kN(y) — qny (T)qny (v)

T, YEAN | (supp 9o,

< 20(c — 8) Rt (C" 4 6)6
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3.4. Convergence of discrete random walks

where we used that ky < C’ + 6 on (Supp ¢)an, under Es. Hence, conditioned on Ej,

sup [ Z(x) = Zny (2)]

€AY |(supp ©)hq

1 1

IV¢ll, _ Csd

< su .
P hy ~ hy

z,YEAN | (Supp ©)2nq

(3.4.15)

= =<

(kN({E)kN(y))a (th(x)th (y))a

For a sampled point 2 € (Supp ¢)r,, we apply Bernstein's inequality to

N 1
Zin@) = B Ty (@) = 7 [ Zi32) (40 (2) = Nu(2)).
M
which yields the exponential bound
P* [|Zny () — E*[Zny (@)]]| > €] < 2exp (—esNhy+2e?) (3.4.16)

using that

U1 () () - @)
N )= g (@nx (@) iy (X))

ol IV 20
S N )

_ G
- NaRt!

and

Var* (@) = 7 || @52 du(2)

k27 IVe|2, ()%
Nh3+2

S VOIM (BM((L',hN))

Cs

< %
- NhTI\r;+2

uniformly for z € (Supp ¢)p,. A second application of a union bound together with the
Campbell-Mecke formula yields

P sup |Zny () = E*[Zhy (2)]] > | < CoNexp (—esNhyT2e?) . (3.4.17)

xeAN|(Supp #)hq

Step 3 (Conclusion). Set § = hye in (3.4.14); under Nh 2/log N — oo,
E(0)/(NRF) is o(hn), so the condition (3.4.11) holds for all large N. Combining (3.4.14),
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3. Hydrodynamic Limit of the Symmetric Exclusion Process on Manifolds

(3.4.15), (3.4.17), and (3.4.8) yields the concentration estimate (3.4.3) in the theorem.
This probability is summable in N in the considered regime Nh%”/log]\f — +o00 with
hy — 0 as N — +o00. The Borel-Cantelli lemma then yields almost sure convergence
which concludes the proof. O

3.5 Lifting the SEP to principal bundles

We extend the construction of RNG and the SEP to a total /i-dimensional manifold M
lying above the m-dimensional manifold M with Ricps > (m — 1)k for some £ < 0 (or
assume that M is compact). We work in a bundle setting which allows for a canonical
comparison of points in different fibers.

3.5.1 Geometric setting

Let G be a compact Lie group and 7 : M — M be a principal G-bundle with right action
Ru.(u) =u-a(u € M, a € G) and Lie algebra g = T. G equipped with a principal connection
w. We endow G with a bi-invariant Riemannian metric which yields a G-invariant metric
g” on the vertical bundle V := ker(dr); that is

9" (u-a) (Ra)sw, (Ra)sw') = g% (u)(w, w'),  w,w' €V,

as follows: Given an Ad-invariant inner product (-,-)4 on g (equivalently, a bi-invariant
Riemannian metric on G) and £ € g, define the fundamental vertical vector field

E(u) = —|  u-exp(tl) € V,.
t=0

The map & — £#(u) € V, is a linear isomorphism g ~ V,, hence it induces a metric g*’ on
the vertical bundle V = ker dm by

V(€ (w),n" (w) = & me EmEs
By Ad-invariance, gy is G-invariant, namely, the right action R(.) acts by fiberwise isometries
on V. We denote by dr the distance in the fiber M, = 7~ 1(x) above z € M and
m' == dimV so that m = m +m/.

The principal connection w defines the horizontal distribution H := ker(w) and splits
the tangent bundles as .
TM=HaoV.

With this splitting, we define the bundle metric,

g=n"g®g". (3.5.1)
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3.5. Lifting the SEP to principal bundles

If the compact Lie group G is semi-simple, then the (negative of the) killing form B defined
by
B(&,n) = Tr(Ad(§)Ad(n)), &neg,

also yields a bi-invariant metric —B on g [4, Corollary 2.33], and the total manifold M
admits the metric

G=m"g® (-Buw=g"®7g".
This encompasses, for instance, the orthonormal frame bundle mo ) : O(M) — M (and
O(m) is compact semi-simple for m > 3) used in the construction of Riemannian Brownian
motion by Eells—Elworthy—Malliavin (see [57, Section 3.1]),

The connection also allows to lift curves and tangent vectors from the base manifold M
to the total manifold M in a coherent way.

Definition 3.19 (Horizontal lift). Given a smooth curve v € C*°(I; M) on an interval
150 andug € 7=1((0)), the horizontal lift 5 of v with respect to H starting at uq is the
unique curve satisfying

WO&:’}/, ﬁl(t)EH’:y'(t)
The same procedure applies to tangent vectors: given v € Ty, M, its horizontal lift at
u € M with respect to H is the unique vector © € H,, such that dn(?) = v.

This yields a canonical transport between fibers: for x,y € M sufficiently close so that
y is not in the cut-locus of x and u € M,, we denote by Py,u € M, the endpoint of
the horizontal lift of the (unique minimizing) geodesic from x to y starting at w. This

map Pyz M — M is a diffeomorphism between the fibers. Because the fiber metric is
G-invariant, P,, acts by fiber isometries,

dﬂy(PyxuhPmeQ):dﬂz(ulaUQ)a u17u2€Mz>

and in particular, for u € MI, q € M, ,

dy (Pyau,q) = dyy. (PeyPyatt, Pryq) = di; (u, Pryq). (3.5.2)

Definition 3.20 (Totally geodesic fibers). The fibers of a Riemannian submersion are said
to be totally geodesic if any geodesic in a fiber (for the induced metric) is also a geodesic

in M.

In our setting, the fibers are totally geodesic for the Riemannian submersion 7 : M— M
with the Kaluza—Klein bundle metric (3.5.1) (see e.g. [82, Theorem 1]). Note that since
(M, g) is geodesically complete by assumption, then so is (M, 9). For totally geodesic fibers,
the horizontal Laplacian coincides with the Bochner horizontal Laplacian in sub-Riemannian
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3. Hydrodynamic Limit of the Symmetric Exclusion Process on Manifolds

geometry with the decomposition A i := A™M + AV into horizontal and vertical parts [7,
Section 4.1]. We denote by X7 and XV the horizontal and vertical parts of a vector field
X € T(T'M) and by V the Levi-Civita connection on M.

Definition 3.21 (Horizontal Laplacian). Given a smooth function ¢ € C*(M), the
horizontal Laplacian A™ js the trace of the horizontal Hessian; i.e.,

A = Tr (ﬁ_l ® Hess™ qb) =g HessZ';- o,

where the g*/'s are the components of the inverse metric on M, and the horizontal part of
the Hessian is the bilinear form given by

VX,Y € D(TM), Hess™ ¢(X,Y) = (%X (%)H) YR

By construction, since the distributions H and V are orthogonal to each other, the
trace of the horizontal Hessian can be taken with respect to the inverse of the horizontal
metric g7* :== *g. In local orthonormal frames (Z;)1<;<m of H and (F})1<j<m’ of V, the
horizontal Laplacian can be rewritten as

w3 (72— (902)") - i (%65)"

i=1

In our setting, since the fibers are totally geodesic, the last term vanishes and

AM — i (Zf - (ﬁzizi)ﬂ) :

=1

3.5.2 Hydrodynamic limit of the lifted SEP

Random neighborhood graphs on the base manifold M can be lifted in a consistent manner
to the total manifold M via the submersion.

Definition 3.22 (Lifted random neighborhood graph (lifted RNG)). Conditionally on

the PPP Ay = ), dx: of intensity Ndu in Definition 3.1, for each i, let (AN be an

independent PPP on the fiber M x: with intensity N'dVol 77+ the fiber volume is induced
xié

by g¥. The vertices Viy n+ consist of the points (X*, X!) where X; € AN and X' e (N')N'.

An undirected edge is present between two vertices whenever they are close on the base

manifold and in the fibers; i.e., dy (X', X7) < hy and dy; (PxixiX;, X]) < hly, for
XJ

some bandwidth parameters hy, hy/. The sequence of lifted random neighborhood graphs

(//fted RNG) is given b_y (GN7N’ = (VN,N’7EN7N'))N,N’ZL where EN,N’ denotes the set

of undirected edges.
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3.5. Lifting the SEP to principal bundles

Following Gao [41], we consider weights mimicking the ones of the SEP on the base
manifold M given by (3.1.2). We take into account the additional geometrical information

of the total manifold M. Given a bounded continuous function & : Rt x Rt — R with
compact support in [0,1) x [0,1) and k(0,0) > 0, which makes the moments C}, . o and
M
C~ 2 defined in Lemma 3.31 positive, we set the following weights,
M

/I;V/N,N';a((Xi7Xé)v (X]7XZZ))

o d~ Py XX
—m —m' d 19'¢) P
i (st 5T
(3.5.3)

1 N’
- NN’ 7 i i i i) @
(g (X7, X (X7, X7) )
with
. 11 o -
ECAES = DS th (i)™
(¥, @) €(AN (A)N)

o | dre(z,y) 4z, Pyt 0)
M hN 9 hGV/ .

For the SEP on the sequence (G n/)n n'>1 Of lifted RNG, we consider the weights given
by (3.5.3). These weights are in fact symmetric in light of (3.5.2) due to the fiber isometry
property. The existence of the SEP can be adapted from Section 3.2 to this setting; the
condition kﬁ(O, 0) ensures positivity of the self-point and the weights are uniformly bounded,
and the proof follows the same stochastic completeness argument applied successively to
the base and fiber point processes.

Remark 3.23. The two bandwidth parameters h and Iy, tune the horizontal and vertical
parts respectively. In the horizontal diffusive scaling, h/y goes to zero faster than hy when
both (N, N’) — +oo in order to thermalize in the fiber while having diffusion only along
the base manifold.

Definition 3.24 (Lifted weighted horizontal Laplacian). Given a smooth function ¢ €

C> (M), the lifted a-weighted horizontal Laplacian with respect to the Gibbs reference

measure dy = e~YdVoly; on M is the reversible operator with respect to e~V dVol i
that is, the operator satisfying

— ~ ~ \H s~ \H ~
Ve € C2(30), /ﬂ oA =T avol - = — /M (%)™ (%0)" el avol;,
which is given by

AM = Uy . (670‘56}‘) = A" _aVU - V.
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3. Hydrodynamic Limit of the Symmetric Exclusion Process on Manifolds

Analogously to (3.1.3), we set

s i G20 AT R
»Ca . Ck;[/,ae A2(1—Q)7 Ck]g,a 2(0k~ O)Za
M

and assume

(A3') The closure of £, on Cé’o(]\AJJ) generates a conservative Markov semigroup and
CS°(M) is a core for its generator.

Theorem 3.25 (Quenched hydrodynamic limit of the lifted SEP). Let (Gn.n/)n.n' =
(Vn.n's Enn')) N nv>1 be a sequence of lifted RNG on M in the sense of Definition 3.22
with symmetric weights (W n+.o)N.N'>1 given by (3.5.3) for a fixed o > 0. Let 7jp be an

’

initial configuration of the SEP on Gy n+ with associated initial empirical measure ﬁN’N
that converges weakly to poe~Y dVol 77 in probability; that is,

Yo € C’O(M), <<p,d7r/\0N’N/> 2 <g0,ﬁoe*5 dVolM> as (N,N') — +o0,
where U == U o 1 is the lift of U and

P ’ 1 1 7 7
WQN’N _ Z T]Q(X ,Xa)(in,Xg'
(X4, XE)EVN N/

Suppose that the bandwidth parameters (hy, h'y. )N, N'>1 are chosen in such a way that
both
hy — 0, Ry — 0, Ry /hy — 0
and that, in the joint limit (N, N') — (400, +00),
N2 . NN'RR2 (W)™
log(NN") ’ log(NN)

— +00.

Then for almost all realizations of the sequence of graphs, the trajectory of the empirical
measure t — 7, associated to the configuration ﬁtN N that evolves according to the

SEP)

rescaled SEP with generator hNQL(g converges in probability in the Skohorod topology

N,N’

to a deterministic trajectory t — pe~Y dVol 7 Whose density weakly solves

Oipt = Ckﬂ;;ae(Qa_l)Uﬁﬁl_a)ﬁt-
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3.5. Lifting the SEP to principal bundles

Remark 3.26. Note that when the initial profile py on the total manifold M is r-related
to some initial profile pg on the base manifold M (py = po o ), then the evolution of the
latter is given by

8tpt = Ck}g;ae(Qa_l)AQ(l—a)pt'

This follows by the m-relation between the horizontal Laplacian and the Laplacian of the
underlying base manifold; for all smooth functions ¢ € C*° (M), it holds

AH(¢ om) = (Ap¢)om.

This identity can be found, for instance, in the monographs of Hsu [57, Proposition 3.1.2]
for the orthonormal frame bundle and of Baudoin-Demni-Wang [7, Proposition 4.2.7]
for submersions with totally geodesic fibers. For a probabilistic proof, we refer to [64,
Proposition 3.13].

Again, the hydrodynamic limit is a consequence of duality between the SEP and RW.
Gao obtained the almost-sure pointwise consistency of (normalized) graphs Laplacians for
neighborhood graphs lying on general fibre bundles [41, Theorems 2 & 4] and obtained
rates for the unit tangent bundle UT'M — M [41, Theorem 9].

The proof of the RW consistency, with the same weights as in Theorem 3.25, follows
the same philosophy as the proof of Theorem 3.16, but takes into account the two-level
structure of the lifted point process; one first controls the fluctuations of the base PPP and
then, conditionally on the realization of the base points, applies the same concentration
argument to the independent PPP sampled on the corresponding fibers. The

Theorem 3.27. Let ¢ € CC°°(M) and let (éN,N/)N,N’Zl be a sequence of lifted RNG in
the sense of Definition 3.22 with symmetric weights (W nN/.o)N,N'>1 &iven by (3.5.3), for
a fixed a > 0, and associated RW with diffusively rescaled generator h&QL&RW) . There

N,N’
exist constants Cq.1,Cq.2, Ca:3, Caza > 0, depending only on o, kﬁ, @, i, m and m’ such
that, for all ¢ > 0 and hy, h'y, small enough,
. ]

(3.5.4)

N,N’

<hE2LgW) ® - Ckﬂ;ae(m*l)UA;{u_a)%ﬁ - RN,N’,a,sa> (X, X3)

IP’[ sup
(X1,X0)EVy v

< Cou NN/ lexp (féa;gth“ez) +exp (fa’a;gNN’h;V”“(hE\,,)m/sQ) 1

with _
< Coua (hy + hi (Ky)?) (3.5.5)

RN~ el o

Then, if both
hyx — 0, N — 0, Wy /hn — 0
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3. Hydrodynamic Limit of the Symmetric Exclusion Process on Manifolds

and that, in the joint limit (N, N') — (400, +00),

’

Nhy*? . NN'RE2 ()™
log(NN") ’ log(NN)

— +00,

it holds almost surely and uniformly in the vertices (X*, X)’s,

. - RW 7 i a— 2
(Nnggth%%Ni, P(X', X5) = Cp e DUCXDAK, (XY, XE).

3.6 Appendix

In this appendix, we gather several computational lemmas characterizing the limiting
operator associated to the rescaled RW. The limits of the integral operators can be found
in Hein—Audibert—von Luxburg [56, Proposition 22 & Theorem 25] and Gao [41, Lemmas
13, 14, 15 & Theorem 4] among others.

Lemma 3.28. Denote by S,, 1 = 21™/2/T'(m/2) the surface of the (m — 1)-dimensional
unit sphere in R™ and by B,,(0,1) its unit ball. The first three moments of k are given by

1
= / k(Jv]) dv = Sm_1/ k(r)yr™ =1 dr = Cp,
B (0,1) 0

Aﬁ:a/ K (Jo]) v dv =0,
B,,(0,1)

My ::/ E(Jv)) viv? dv = <
Bm(0,1)

MY ::/ E (Jv]) viviv! dv = 0.
B (0,1)

5

Smfl

1
/ E(r)rmtt dr> 69 = C}, 20",
0

Proof. Regarding the odd moments, the reflection v — —wv changes the sign of the integrated
quantity; its integral must be zero. For the second moment, reflecting a single coordinate,
we deduce that [ k(|v])viv? dv oc 6. The proportionality constant Cy > is then obtained
noting that

1
Tr (Cr,2(67)ij) = Crom = Z/B o k([v]) ( )2 dv = Smil‘/() k(r)yrm L dr.

O

Lemma 3.29. Let p € C°(M) be a test function. Then uniformly in x € (Supp ¢)p,,

e (dM(hy)) duly) = Croe V@ + O(?). (361)
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In particular, there are two constants C,C’ > 0 such that

d
Vo Swpph, < [ h (M(ffy)) duly) < C.
M

Proof. Going to normal coordinates about x yields

—my, (A,
Wk (M(hy)) du(y)
M

_ er(w)\/ k (|v]) e~ Wlexpa(ho)=U(@)) | /det, g(exp,, (hv)) dv
Br, m(0,1)

=e V@ / k(lv]) (1 = E;Uv'h + O(h?)) dv
B (0,1)

= Ck,oe_U(m) + O(h2)v

where we used in the last equality that the odd moment vanishes by Lemma 3.28. O

Lemma 3.30. Let ¢ € C°(M) be a test function. Then uniformly in x € (Supp ¢)n,,

- /M Bk (2L (p(y) - ()

(qn(@)qn ()™ du(y)
C
= WQQQ_DU(I)AQU—Q)@(-T) + O(h2), (362)

ala)i= [ hm (W) duly).

Proof. We expand the denominator to get

where

o P () (p(y) — ()
e

@@ an )" )
:hze(m”w)/ k (|v]) (¢ (exp, (hv)) — ¢(x))
(Cr0)** JBrm) . i

x e~ (=) (Ulexp, (ho)=U(@) | /et g(exp, (hv)) (14 O(h?) dv
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3. Hydrodynamic Limit of the Symmetric Exclusion Process on Manifolds

Expanding the right-hand side yields

(2a—1)U(z) 1
_267/ k(Jv]) (dwgo(v)h—i— ~ Hess,, ¢(v,v)h?
By (0,1) 2

(Ck,0)2a
+ év Hess, (v, v, 0)h*) % (14 (0~ DdU(w)h + O(H?))
X (1 - éRicm(v,v)hz’) (14 0(h?) }
+ O(h*) dv
e(2a—1)U(x) ; )
=h G /Bm(o,l) k(|v]) {Emv h(1+O(h%))

1 o
+ (2 Ejo+ (a— I)Ej,Uchp) vl h?

1 o
+ (é (E;E;Eip — Ricij Ejp) + azEl-UEjElap> vlvjvlh?’}
+ O(hY) dv.

The odd moments vanish by Lemma 3.28 while the second moment recovers the weighted
Laplacian;

lEiE'go—F a—1)E,UE;p k(Jv|) v'o? dv:%(A—Q(l—a)VU~V)<p
J J
2 B, (0;1) 2

_ Cya

Ag(1_a)p-
D) 2(1—a) ¥
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Lemma 3.31. The first moments of k; are given by
k~
MM = / / o (vl [w]) dwdv
m (05 1) (0;1)
= m—lSm’—l/ / kﬂ"/}(r,T’/ rmT 1( ) ldr/dr *Ck,v .05
o Jo
k~ d ,
MM = / ke (M(x,y)7 |w|> w dw = 0,
' B,/ (0,1) h
k~ )
MY ::/ / kg (Jv] s Jw]) v* dwdv = 0,
' (0,1) JB,,/(0,1)
ko~
M, ¥ —/ / o (o], Jw]) v* ‘v dwdv,
' By (0,1) J B,/ (0, )

:( DL G s 1/ / Nty dr’dr) 6% = Cp— 26"

Proof. The proof is similar to the one of Lemma 3.28. O

Lemma 3.32. Let ¢ € C*(M ) be a test function. Then uniformly in (x,u) on the
(h1, h)-thickening of the support of ¢ given by

(Supp ©)n, 0y = {(zxp) € M; dy (2,70 Suppg) < hi,dg; (p,Suppep:) < h/l}v

it holds

_ ! dM (w y) d[\/} (nyv’u’? q) 77
h=m ()T kg e, — e”VWD aVol ~(y,q
. (W)™ kg - o a0
= Ci_oe™ U@ 1 O(2) + O(()?),

Proof. For h and h’ small enough, the restriction of both exponential maps, namely, exp,, :

Br (0, h) ~ By, (0, h) — M on the base manifold and exp’ :B, 5 (0,h)~
Y

Y UT) (yvpym“')
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3. Hydrodynamic Limit of the Symmetric Exclusion Process on Manifolds

B,/ (0,h) — ]Tfy on the fiber are well-defined diffeomorphisms, so that

— —m/ duy(z,y) dZVL ( ywu,q) 7
m ! m — ? Y —~
/]\/1 /;" - h (h ) kM h ’ h! d OlMy (q)du(y)

:/ / Wk (‘W(x’y),m) (36.3)
Bu@mJB = (01) h

(U‘wau)

X \/det @’V(expéwyN )(h’w)) dwd(y)

y,Pyzu

by going to normal coordinates about (y7f’ymu). As for the base manifold, the expansion of
the fiber's metric is given by

M 1
detg” (exp™™  (Ww)) =1— = Ric (h'w, h'w) + O((h')*) = 1+ O((h')?)
(y,Pyzu) 6 M

with an error uniform in both (z,u) and (y,f’ymu) by compactness of (Supp ¢)p, n;. We
further expand on the base manifold by going to normal coordinates about x and (3.6.3)
becomes

/BM o oo (W D) (14+0(0)) ety

=@ [ kg ol (1= BU R+ O(2) (1-+ O(()) dudo
B,,L(O 1) (H 1)
:C’kﬁ,oef =) 1 O(h®) + O((W)?)
by Lemma 3.31. O

Lemma 3.33. Let ¢ € 030(1\7) be a test function. Then locally uniformly in (z,u) € M,

Pyeu,q)

/ T d~ (
h=m(h) ™ kg (dM; v My ) (e(y. q) — ¢(,u))
h*2/ - - -
v (@n,n (2, u)qnn (Y, )
= Cri0e®*™ DU (=, WAR 5(1—a)P(T,u) + O(h) + O (h—2(h/)2) 7

M

e~ UW9 dVol g (y, q)

where

d~ szuvq
e = [ g (dM(z’Z), i )) Vol (q) d(2).
i h h'
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Proof. We decompose the difference of test functions with respect to the geometric structure;

oy, q) — p(z,u) = (sﬁ(y, q) — ¢ (y ISny)) + (w (y 131/36“) - sa(ﬂf,U)) :

Step 1 (Expansion in the fibers). We expand the first term of the splitting in normal

coordinates about (y, Py,u). We replace the denominator, which is computed in Lemma 3.32,

to obtain
, z d~ (Eilmqu) ~
h—m(h/)—m kﬁ (dM(h ,y), My 7 ) (@(y, q) — @ (y, Pyxu)) N
h? _ - - e~ Uwa)
M (@nn (%, w)qn.n (Y, )
x dVol i (y,q)
aU(x)
= h‘2672a/ / h—m{kﬂ (dM(aj’y)’ |w|>
(Ok~ 0) Bu(@h) /B ~ (01 h
M’ (y,Pyzu) Y
< (1 00+ O(P) x (i (el 00) ) = ol By
T yx
x e~ (1=a)U(y) \/detﬁv (expéw’k )(h’w)) } dwdVoly (y) (3.6.4)
Y, FPyat

Denote by (F}j)1<j<m’ the orthonormal basis of T(yfywu)My = V(yﬁywu) so that
(o (el 00) = 0l Pra)) =, 5ol O(H)

(y,P
= Fjpw'h' + O((h')?).
and (3.6.4) becomes

eaU(m)
h*272/ e~ (-G
(Ck~ O) * JBun)
M’

—m dM(xay) ] -
x/B h™"k (h,w| w! dwdy | + O (h™2(h')?),
m’(o’l)

whose integrated term is zero by Lemma 3.31. Thus

’ z d"'/ (wau7Q) .
,m(h’/)fm kM (dMgl ;?/), My X ) (Sﬁ(y,q) — Y (y,Pyzu)> _

h
h72// _ _ _ e~ Uw,9)
w3, (@nn (@, w)qn,n (Y, q))

=0 (h*(1)?*). (3.6.5)
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3. Hydrodynamic Limit of the Symmetric Exclusion Process on Manifolds

Step 2 (Expansion along the base manifold). We expand the second term of the
splitting in normal coordinates about both z and (y, Py, u). As in Step 1, by replacing the
denominator, we obtain

—m/ N —m da(z,y) d;['y (i;yzuvq) ~

h (h ) k]'\/‘i h 5 X (Qﬁ (y, Pytu) — QD(I, ’U,)) N

h72/ & e~ Uw:a)
M (@h,1 (2, 0) G (y,9))

(2a—1)U(x)

— p2¢ / / pom kM<dM(x’?/)7|w|)
B (w,h) ~ (0,1) h
(y Pyan“) My

x ((p (y, Pwu) — gl w)) x e ImWBUE@) (14 O(2) + O((W')?))

X \/detgv <exp~ (h’w)> dwdVol s (y). (3.6.6)

(y7 yx u)

Denote by v € C°°(I; M) the geodesic with v(0) = z and 4/(0) = hv so that (1) = v.
Its horizontal lift ¥ starting at (z,u) is the unique horizontal geodesic satisfying

moy =7, ﬁl(t) € IHQ(t)

with 7(0) = (z,u) and 37(0) = ¥ so that (1) = (y, Pyzu). Then
d2

57|, peAn+Om?),

(¢ (4 Puew) — oe,0)) = 9o7(1)~07(0) = 5| 0ot +

where

jt (poF(t) = dz o (dﬂ (t))_l (7 () = ds oy (V'(1) = Vo7 (1) = (@p)ﬁ (1),

and, since 7 is a horizontal geodesic and the inner product is compatible with the connection
v,

57; (pert)= <6W) (W) H) 7O+ (%) H'%’(tﬁ/(t) - <€w> (ﬁp) H) A (1)

The expansion is thus given by
> ~ 1 H ~ 72 3
(ap (y, Pymu> — oz, u)) =d(up (V) h+ 3 Hess(;, ) ¢ (0,0) h* + O(h”).  (3.6.7)

We write v = v*E; with orthonormal basis (Ei)i<i<m of T, M and horizontally lift it by
linearity to ¥ = v*E; with the orthonormal basis (Ei)1<i<m of H(2,u); the above expansion
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then becomes

(so (y,f“‘yxu) - w(x,U)) = Eipv'h+ - << > .Ej) v h? 4+ O(R®)
= E;ov'h+ = 5 (E E (V E; )H> ov'vIh? + O(h?).
(3.6.8)

Substituting (3.6.8) into (3.6.6), we obtain

e(Qa DU (z)
/ / (ol Jw) { | Bepvin
B (0,1) /B, (0, 1)

+ 3 (EiEj - (%EE]) ) ov'vI h? + O(h3)> x (1= (1= a)E,Uv'h + O(h?))

x (1+O(h*) +O((K)?)) (1+ O((1)?)) (1 + O(r?))) } dwdv

2a U (z)
—h? / / (lo]., Jw])
B (0,1) JB,,,(0,1) g

{Elgm} ht = (E E; - (ﬁaﬁj) —2(1 - a)EiUEJ) gm)ivth} dwdv + O(h).
(3.6.9)

The first moment in (3.6.9) vanishes, and the second yields a weighted horizontal Laplacian
by Lemma 3.31;

~\H ~ o
(EE (VE.EJ‘) —2(1—a)EiUEj> 80/ / ke (o], [w|)v'v? dwdv
’ B, (0,1) /B,,/(0,1)

Ckﬁ,Q o . \H - .
= T EiEj — (VE,EJ) — 2(1 — Oz)EiUEj) <p6
Crra & (= (e =M Papepe
- Z B2 - (VgiEi) —21 —a)EiUEi> 0
ki~ 2
- é\f A;ﬁl a)so
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3. Hydrodynamic Limit of the Symmetric Exclusion Process on Manifolds

Thus,
, z d~ (i;ym“v‘I) ~
hfm(h/)fm kﬁ <d1\4(h -,y)7 My = ) ((p (nyyxu> — (p(l’,u))
] _ . .
M S, (Gn,w (@, w)qn,n (Y, q))
x dVolgy (q)du(y)
Ci~ 2 -
= — M CamDUWAR - o(z,u) + O(h) + O(h™?(R')?).  (3.6.10)
2(Ci;0)
We conclude by putting together (3.6.5) and (3.6.10). O
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CHAPTER 4

Concentration and
Expectation for Empirical
Measures on Manifolds

This chapter is the result of an ongoing work “Quantitative bounds on expectations and
concentration inequalities of empirical measures on complete manifolds”. In preparation
(2026+).

4.1 Introduction

The goal of this chapter is to obtain quantitative estimates for the distance between the
empirical measure of a finite number of independent samples and its underlying common
law on manifolds. We are interested both in in concentration inequalities and bounds in
expectation, and we measure the error in Wasserstein distance.

This question is classical in Euclidean spaces and a large number of works have iden-
tified the optimal or near-optimal rates of convergence, depending on the dimension, the
Wasserstein distance under consideration, and the integrability of the underlying probability
measure. As the literature is vast on this topic (see [25, 42, 76] among others), we choose
to highlight the works of Fournier-Guillin [40, 39] giving a precise picture of the Euclidean
case under moment assumptions and the seminal work of Bolley—Guillin—Villani [11] for
concentration inequalities.

Beyond Euclidean spaces, Boissard—Le Gouic [9, 10] developed a general metric-space
approach based on covering numbers, which was then subsequently improved on compact
spaces by Weed—Bach [111]. Regarding concentration inequalities, the recent preprint of
Dedecker—Fischer—Michel [24] improves on [11]. The setting of these works is the one of
metric spaces with polynomial volume growth, leaving Riemannian manifolds with negative
Ricci lower bound aside.
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4. Concentration and Expectation for Empirical Measures on Manifolds

There is also a substantial literature on empirical measures on Riemannian manifolds.
In particular, Feng-Yu Wang and coauthors have obtained convergence rates and limit
theorems for empirical measures associated with diffusion processes on manifolds, including
compact manifolds, non-compact manifolds, manifolds with boundary, and subordinated
diffusions [108, 109, 110]. These works use a semigroup approach.

The perspective which we adopt here is different but complementary. We first consider
empirical measures of independent samples on general metric measure spaces, and then
apply the resulting estimates to a noninteracting particle system coupled to a mean-field
interacting particle system in the setting of a Riemannian manifold with Ricci curvature
lower bound. Moreover, only linear diffusions on manifolds were treated in the above results
while our analysis allows for interactions and covers the McKean—Vlasov particle system
approximating an aggregation-diffusion as in Bolley—Guillin—Villani [11].

The chapter is organized as follows:

1. In Section 4.2, we recall transportation inequalities and state our main results, namely
bounds in expectation and respectively concentration inequalities for the empirical
measure of a finite number of independent samples from a common law satisfying a
moment condition or respectively a transportation-cost inequality, and the application
to aggregation-diffusion equation from McKean—Vlasov particle system.

2. In Section 4.3, we give the proofs of bounds in expectation and concentration
inequalities for independent samples.

3. In Section 4.4, we study the McKean—Vlasov interacting particle system by introducing
a proxy noninteracting particle system whose mean-field interaction is replaced by
the limiting law that evolves according to the aggregation-diffusion equation. We
then couple this particle system with the interacting one by parallel coupling on the
Riemannian manifold.

4.2 Definitions and main results

4.2.1 Wasserstein distance and relative entropy

We first recall the notions of Wasserstein distance, relative entropy, and transport-entropy
inequalities; we refer to Villani [105] for a detailed account. Let (E,d) be a Polish metric
space. For p > 1, we denote by P,(E) the set of probability measures on E with finite p-th
moment.

Definition 4.1 (Wasserstein distance). Let u,v € Pp(E). The p-Wasserstein distance
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between 1 and v is defined by

W)= nt ([ @ dw(a:,y>>1/p7

well(p,v)

where I1(u, v) is the set of probability measures on E x E with first marginal pu and second
marginal v.

In this paper, W, (7Y, v) measures how far the empirical measure
| XN
N = Nz(sxi, X' xN ~viid,
i=1

is from its common law v. Large deviations for empirical measures are governed by relative
entropy. If pu,v € P(E), the relative entropy of u with respect to v is

d
/ log <d5> dp, if p <
H(p|v) = E

400, otherwise.

Sanov's theorem says, roughly speaking, that deviations of 7%V from v have probability of
order

P[dist(?",v) > €] ~ exp <N inf H(u|y)> )

dist(p,v)>e

for distances compatible with weak convergence. In particular, to obtain concentration
estimates in Wasserstein distance, one needs lower bounds on H(u|v) in terms of W, (i, v).
This is precisely the role of transportation-cost inequalities.

Definition 4.2 (Talagrand inequality). Let p > 1 and A > 0. We say that v € P,(E)
satisfies the transport-cost inequality, or Talagrand inequality, T,(\) if

2
Wy () <\ S H (ulv) (4.2.1)
for every probability measure 1 on E.

Equivalently, T},(\) gives the entropy lower bound
A2
H(plv) =2 5Wy (1, v).
Inserted into the Sanov rate function, this suggests the Gaussian concentration scale

P[W,[®",v) > ¢] Sexp (—;\NEQ) , (4.2.2)
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4. Concentration and Expectation for Empirical Measures on Manifolds

up to the metric-entropy corrections needed to make this estimate non-asymptotic.

The condition T,(\) becomes stronger as p increases, since W, > W, whenever
p > g on probability measures with finite moments. In particular, 75 implies 73. On a
Riemannian manifold, if the probability measure v = e~V dVol with C? potential is such
that Ric+ HessU > K for some K > 0, then v satisfies To(K). T3 is equivalent to the
existence of a square-exponential moment: there exist o € E and a > 0 such that

/ ead’ (o) dv(z) < +oo.
E

The inequality T7(\) can also be read through its dual concentration form. Namely, if
f+ E — Ris 1-Lipschitz, then

2
/Eexp(t<f/Efd1/>) dygexp(;\>, t>0.

Therefore, for independent random variables X!, ... ,XN with common law v,
1 A
sup P|— f(xt —/de>6 < exp (—N52>.
Lip(f)<1 lN ; o E 2

By Kantorovich duality,

Wi(@N,v) = sup {/ fdf/\Nf/ fdz/}.
Lip(f)<1t WJE E

Thus, the desired concentration estimate (4.2.2) for W is not an immediate consequence of
the preceding bound. Indeed, the latter controls each fixed 1-Lipschitz function separately,
whereas W requires controlling the supremum over all such functions inside the probability:

sup P(A;) does not control P | sup Af].
Lip(f)<1 Lip(f)<1

Quantitatively, this passage from pointwise concentration to concentration of the supremum
is achieved by combining the transport-entropy inequality with a covering argument for
the space of probability measures. The price is a small loss in the constant: the final
non-asymptotic estimate holds with any X' < ), once N is large enough in terms of the
deviation scale.

4.2.2 Geometric setting

On a metric space with finite diameter, Broissard—Le Gouic [10] obtained a quantitative
bound on the expected value of the Wasserstein distance between the empirical and the
sampling measure on bounded metric spaces in terms of covering numbers.
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Definition 4.3 (Covering and packing numbers). Let (E, d) be a metric space. The covering
number N (S, ) of a set S C E denotes the minimal number of balls needed to cover S
by balls of radius § > 0 with respect to the metric d. The packing number P(S,0) is the
maximum cardinality of any d-packing, namely, any collection of points in S of distance at
least § from each other.

Theorem 4.4 ([10, Theorem 1.1]). Let (E,d) be a metric space with finite diameter D
and v be a probability measure on E. Choose ¢ > 0 such that N(E,e) < +00. Then

D/4

5]

E [W, (ﬁN7y)] SC(E+N21P N(E,é)ﬁ d5> ’ (4.2.3)

with C < 64/3.

For an unbounded space metric space (E,d), the covering number N(E,§) is infinite
for every 6 > 0. In that setting, the estimate (4.2.3) can only be applied to the probability
measure truncated on some possibly large ball. Most of the samples lie in a large compact
under some moment assumptions. A typical way to estimate the covering number of a large
ball is to control its volume growth. Such a control holds on metric measure spaces that
satisfy the measure contraction property due to Ohta [85].

Definition 4.5 (Measure contraction property). Let (E,d,m) be a metric measure space.
Let ei(y) == ~(t) be the evaluation map on the set of minimal geodesics T := {v :
[0,1] — E : ~ is minimal}, and denote the length by £(v) = d(v(0),~v(1)). A dynamical
transference plan II is a Borel probability measure on I' and m; := (et)# I1 is the associated
displacement interpolation. For K € R and n > 1, the space (E,d, m) is said to satisfy a
measure contraction property MCP (K, n) if for every x € E and measurable set A C E,
there exists a displacement interpolation m; associated with a transference plan 11 satisfying
the following:

(i) We have mg = §,, and m; = m[A]"1m|4 as measures;
(ii) For every t € [0,1],

sk (£(7))

holds as measures with the convention 0/0 :== 1, where

dm > (er) (t m[A] dH(v))

s ((/i55t) K > 0,

—1 H —_—N-

SK,n(t) — ) t" if K =0;
sinh” ! ( Eid t) ifK < 0.

n—1
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The Bonnet—Myers theorem holds for metric measure spaces satisfying the measure
contraction property [85, Theorem 4.3]; if (E,d, m) satisfies MCP (K, n) for some K > 0
and n > 1, then

n—1
i FE) <
diam(FE) <7 7

In the unbounded setting, we will thus restrict ourselves to K < 0.

Remark 4.6. The measure contraction property is weaker notion than the synthetic notion
of curvature-dimension condition CD(K,n) due to Sturm [96] and Lott-Villani [77]; we
refer to the monograph of Villani [105] for an account on the subject. More precisely,
if the weighted m-dimensional Riemannian manifold (M, g, m) with reference measure
m = e~YdVol satisfies CD(K,n) withn >m > 2,

VU @ VU >

n—m

Rick,n = Ric+HessU — K

with the convention Rick ., ‘= Ric in the case m = n, then it satisfies MCP(K,n) [85,
Theorem 3.2]

Metric measure spaces satisfying the measure contraction property also satisfy the
Bishop—Gromov volume comparison theorem.

Theorem 4.7 (Bishop—Gromov [85, Theorem 5.1]). Let (E,d,m) be a metric measure
space satisfying MCP (K, n) for some K € R and n > 1. Then for any x € E, the function

m [B(z,r)]
VKW(T)

is monotone non-increasing; Vi (1) = for Sk (1) dl denotes the volume of the ball in
the reference space.

As a consequence, the following simple type of Gromov's packing lemma, which estimates
the growth of the covering number of balls under the metric contraction property, holds.
The proof is deferred to the appendix.

Lemma 4.8 (Covering number estimate). Let (F,d, m) be a metric measure space satisfying
MCP(K,n) for some K < 0 and n > 1. Then for any v € E, 0 < § < R/2 with
R < diam(FE),

N(B(z,R),8) < (?)nexp (QJWR) (4.2.4)
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4.2.3 Upper bounds for the expected Wasserstein distance

By combining the result of Boissard—Le Gouic, Theorem 4.4, on a single large ball with
the covering estimate Lemma 4.8 and a tail error from a finite polynomial or exponential
moment, one derives simple non-optimal bounds on the expected p-Wasserstein distance
between the empirical and true measure.

Proposition 4.9. Let (E,d,m) be an unbounded metric measure space satisfying the
measure contraction property MCP(K,n) for some K < 0 and n > 1, and let v be a
probability measure on E. Then:

(i) If v satisfies the polynomial moment condition
M, ::/ d?(o,x) dv(z) < +00
E

for some ¢ > p > 1 and o € E, then there exists a constant Ny > 0 depending only
on K,n,p,q and on M, and a constant C' > 0 depending only on K,n,p,q, M, such
that for all N > Ny,

CN~ %4 if K =0,n < 2p;
ON~ % (log N)' T if K =0,n=2p;
E [Wp (ﬁNay)] S a—p (Og ) ! , " b
CN™ na if K=0,n>2p,
C(logN)~ 7" if K <0.

(i) If v satisfies the exponential moment condition
Eo = / e du (1) < 400
B

for some a > 0 and o € E, then there exist constants N1,C > 0 depending only on
K,n,p,a and on &, such that for all N > Ny,

CN_%]ogN if K =0,n<2p;
CN~% (log N)? if K =0,n=2p;
E[W, 0, v)] < ON~*log N R =0 2
CN ™ %6+ log N if K <0,n < 2p;
CN ™% (log N)'H et if K < 0,n = 2p;
CNfﬁgpnlogN if K <0,n > 2p,

where we denote k= /|K|(n —1).
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If instead of truncating on a single large ball we consider a sequence of annuli with
increasing radii, then the rate can improve. In particular, when n > 2p and (E,d, m) has
uniform polynomial volume growth, which corresponds to K = 0 in our setting, then [10,
Corollary 1.3] recovers the quantitative estimate

E [WP (DN’ V)] < CEmm,MqN7%

of sharp rate. But when K < 0 and the measure only decays polynomially, a single cutoff
gives the same logarithmic rate as a truncation by annuli; the exponential growth of the
volume overcomes the slower polynomial decay of the tail.

This phenomenon is similar to quantization of measures on non-compact Riemannian
manifolds investigated by lacobelli [58]. Quantization of measures seeks the best possible
approximation of the probability measure v among all probability measures vV supported in
at most N points; the quantization error is given in p-Wasserstein distance as

en,p(v) :=inf {Wp (VN7V) s H# (Supp I/N) < N} .

Theorem 4.10 ([58, Corollary 1.6]). Let M be a complete connected Riemannian manifold
of dimension m > 2 with sectional curvature bounded from below; i.e., Sec > K/(m — 1)
from some K < 0. Let p > 1 and let v be a probability measure on M with absolutely
continuous component p with respect to the Riemannian volume such that

/ dp+6(0,x) + PV sy d(o,2) dv(z) < 400
M

for some o € M and § > 0. Then

m-+p

lim N%eN’p(V) - Qll,/p ([0,1)™) (/M p(z) ™+ dVOl(m)) P 7 (4.2.5)

N—o0
where QQ,,([0,1]™) denotes the quantization coefficient.

[58] provides an example of probability measure on the hyperbolic plane where all
the polynomial moments are finite but no exponential moment is, and in particular the

condition [, PV [K1/(m=1)d(2) 41, (1) coming from the sectional curvature is not satisfied.

NYVmey ,(v) diverges as N — 400 for this measure. The lower bound on the sectional
curvature was then replaced by general covering growth estimates in [6].

This suggests that we can obtain a quantitative estimate
~ _1
E [W,,(I/N, 1/)} <N™=

whenever the measure satisfies some sufficiently high exponential moment. This is exactly
the content of the following theorem.
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4.2. Definitions and main results

Theorem 4.11. Let (E,d, m) be an unbounded metric measure space satisfying MCP (K, n)
for some K < 0 and n > 2p > 2, and let v be a probability measure on E that satisfies the
exponential moment condition

Ey = / @) du(z) < 400
E

for some o € FE and 5
a>—L\/[K[(n-1). (4.2.6)
n—p
Then there exists a constant C' depending only on K, n,p, «, and on &, such that, for every
N >1,

E[W, (0N, v)] <CN~w. (4.2.7)

Remark 4.12. Even though the condition (4.2.6) on the exponential moment of Theo-
rem 4.11 is stronger than the one of Theorem 4.10, (4.2.7) is non-asymptotic while (4.2.5)
is asymptotic. Note that a lower bound Sec > K /(m — 1) on the sectional curvature implies
Ric > K for Riemannian manifolds of dimension m > 2; then for m > 2p and K < 0,

(22 VIR 1)) + (p/IRTGm = 1)) =2

m-—p

m—1

> 9. (4.2.8)

m-—=p

The factor 2 in the ratio (4.2.8) comes from the exponential ¢*VIEKI(n=DE iy the
covering estimate (4.2.4), as it will become apparent in the proof. On homogeneous
spaces, one can improve the covering estimate, replacing the 2 in the exponential factor
by 1. Then in that case z'—:; > 1, and for p = 1 and dimension m > 3, (4.2.6) becomes
a > +/|K|/(m — 1), which is only stronger than the condition of Theorem 4.10 for the
inequality being strict.

Finally, the constant C in (4.2.7) depends continuously on K and the condition (4.2.6)
becomes simply o > 0 as K 1 0. In the case K = 0, it is sufficient to require M, < 400
as previously discussed.

4.2.4 Quantitative Sanov’s theorem

The covering number of a metric space is also related to the covering number of probability
measures supported on that space with respect to the Wasserstein distance, as the following
proposition shows.

Proposition 4.13 ([11, Theorem A.1]). Let (E,d) be a Polish metric space with finite
diameter D. Then for all § € (0, D), the space P(E) of probability measure on E can be
covered by N,,(E,0) .= N(P(E),¢) balls of radius § in W, distance, with

¢ pN(E,$)
N,(E, ) < (8;)) . (4.2.9)
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4. Concentration and Expectation for Empirical Measures on Manifolds

Thanks to this inequality, Bolley—Guillin=Villani derived the following quantitative version
of Sanov's theorem on bounded spaces.

Proposition 4.14 ([11, Proof of theorem 2.1 — Step 2]). Let (E,d) be a metric space with
finite diameter D, v € P(E) and A a measurable subset of P(E). Then for all § € (0, D),

_ geD\"N(P2)
P [yN € .A] < (Z) exp (—Ny,igf‘éH (u”V)) ,

where As denotes the §-thickening in W, distance of A given by

As = {y/ eP(E : Jug € AW, (V/,V_A) < 5}

For unbounded spaces, the diameter is infinite. But if the measure probability measure
decays sufficiently fast, then most of the samples lie in some large ball for which this
quantitative version of Sanov's theorem holds. The idea is to truncate the space into a large
ball for some optimal radius balancing the metric entropy contribution with the tail error.

We generalize the quantitative concentration inequality [11, Theorem 2.1] of Bolley—
Guillin—Villani for independent random variables satisfying transport-cost inequalities from
Euclidean spaces R™ to the general MCP(K,n) setting. More precisely, we have the
following result.

Theorem 4.15. Let (E,d, m) be an unbounded metric measure space satisfying MCP (K, n)
for some K <0 andn > 1. Let 1 < p < 2 and v be a probability measure on E that
satisfies a T),(\) inequality (4.2.1). Then, for every n’ >n and 0 < X < A, there exists a
constant Ny depending only on K, A\, \',n,n',p and on the square-exponential moment of
v, such that for all 0 < e < 1 and for all N > Nos*("/”),

P W, (V,v) > &) < e wr N, (4.2.10)
where
1 if1<p<2;
T3 2v2 ifp=2.

We also generalize [11, Theorem 2.7] which covers the case of measure only satisfying
polynomial moments.

Theorem 4.16. Let (E,d, m) be an unbounded metric measure space satisfying MCP (K, n)
for some K <0 andn > 1. Let ¢ > 1 and v be a probability measure that satisfies the
polynomial moment condition

M, = / d(zg,x) dv(z) < 4o0.
E
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4.2. Definitions and main results

Set, for p € [1,q), the constant
C, = max {(16M;/P)ﬁ, 22+ ,) T, 1} .
Then:

(i) Forallpe[1,q/2),0<d < q/p—2, and n’ > n, there is a constant Ny depending
only on §,p,q,n,n’ and My, such that

sl
+
[V

P[W, (@",v) >¢e] <e IN~

forall0 < e <1 and
N > Noe™ 57" exp (2C,,0V/K[(n — e~ 77 ).

(ii) For allp € [q/2,q),0 <6 < q/p—1, andn’ > n, there is a constant Ny depending
only on §,p,q,n,n’ and M, such that

P[W, (@",v) >¢] < eTINTTF T
forall0 < e <1 and
N > Noe™ 57 exp (200K [(n — e~ 77 ).

Remark 4.17. The regime in Theorem 4.15 is the same as in [11, Theorem 2.1], namely

N > Nye=('+2),

up to replacing the Euclidean dimension by any effective dimension n’ > n on (E,d,m)
satisfying MCP (K, n).

In contrast, under only a polynomial moment assumption, Theorem 4.16 holds in the

regime
N > Noe~ "™ exp <2cp7q\/|K|(n - 1)6—#) . (4.2.11)

When K = 0, the exponential factor disappears and one recovers the exact same polynomial
regime in 1/, as in the Euclidean case [11, Theorem 2.7]. When K < 0, however, the
exponential volume growth of balls forces the additional exponential factor in (4.2.11).
This is consistent with the quantization phenomena discussed above: on negatively curved
unbounded spaces, polynomial moments alone are in general not sufficient to compensate
for exponential volume growth. In particular, as suggested by the counterexamples to the
asymptotic quantization formula without suitable exponential moments, one should not
expect estimates of the same strength as in the Euclidean case to hold in a purely polynomial
regime in 1/e under only polynomial moment assumptions.
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4. Concentration and Expectation for Empirical Measures on Manifolds

4.2.5 Concentration for aggregation-diffusion

As an important application, we study the interacting particle system (IPS) of [11], namely
McKean—Vlasov type with mean-field interacting, on Riemannian manifolds with Ricci
curvature lower bound. The (IPS) is as follows:

N
. . 1 . )
dX! =+2dBM — VV(X})dt — ¥ E V. W (X}, X7)dt, i=1,...,N, (4.2.12)
j=1

where dBM denotes the Riemannian Brownian motion on M, V a confinement potential
and W an interaction potential. The associated empirical measure

N

SN . 1 § :

My = N 5X§
i=1

has limiting law 1; whose evolution is governed by a non-linear Fokker—Planck equation,
also called the aggregation-diffusion equation,

Ouptr = B+ V- (e [VV + 9 (W % )] ),

where we define the convolution as

Wk pe(z) = | Wiz, y) due(y).
M
As N becomes large, the error of replacing the pairwise interaction by a mean-field limit
becomes small and we can apply our main concentration result to the empirical measure of

the proxy non interacting particle system. We obtain the following result generalizing [11,
Theorem 2.9].

Theorem 4.18. Let (M,g) be a complete Riemannian manifold of dimension m > 2
satisfying Ric > K for some K < 0. Let puy be a probability measure on M with a finite
square exponential moment; i.e., there exists some oy > 0 and o € M such that

Eq, ::/ e0d’(0:2) dpo ().
M

Let {XS}N | be a N independent random variables with common law o and { X} | the
solution to (4.2.12) with initial condition { X} |, where V and W are smooth and satisfy
Hessian lower bounds,

35,E>0 : HessV > 8, Yy € M, HessW(-,y)zg,
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4.3. Proofs for independent random variables

and gradient bounds; there exist Ay,Ly > 0 and Lw,1,Lwa > 0 such that for all
x,y,z € M, it holds

|VV(z)| < Ay + Lyd(o, ), [V W (z,y)| < Aw + Lw,l(d(o, x) + d(o, y)),
and for every unit vector u € T, M,
|(VaW (2,y) — VoW (x,2)) - u| < Lwa2d(y, 2).
Let

1 N
=1

be the empirical measure associated to the process {X;}N . Then for every T > 0, there
exist constants C,C’ > 0 such that for all m’ > m, there exists some constant Ng such
that for all 0 < e < 1,

P| sup Wi (ay,pe) > s] < C(1+4Te ?)exp (—C'Ne?)
0<t<T

whenever N > Nye—(m'+2),

4.3 Proofs for independent random variables

4.3.1 Expected Wasserstein distance

Before detailing the proof of Theorem 4.11, we give some outline. Theorem 4.4 yields
bounds in expectation on spaces with finite diameter depending on their covering number.
In order to obtain a sharp rate when the diameter is infinite, one cannot simply use a
single truncation and compare the rate on the compact with the error term outside of that
compact which depends on exponential decay of the tail. Instead, one uses an increasing
sequence of truncations covering the whole space and rewrite the empirical measure as a
series of empirical measure on each annuli up to some probability measure. On each of
these truncations one applies Theorem 4.4. The choice of the sequence of annuli depends
on optimization considerations.

Proof of Theorem 4.11. We decompose the space into annuli as in the proof of Boissard—Le
Gouic [10, Corollary 1.3].

Set rg := 0, and

A; = B(o,r;) \ B(o,7i-1), t>1and r; >r;_1.
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4. Concentration and Expectation for Empirical Measures on Manifolds

Let X',..., X" bei.id. with common law v and denote by

1 N
~N
= — Oxi
14 N;X

the associated empirical measure. For each i > 1, we define N; := No™(A4;), and whenever
N; #£0, we let
N = AljsiﬁN , v = La.v .
N (A;) v(4;)
Notice that N; € N and 7 is a condition empirical measure. Then there exist probability
measures p1 and ps such that

/V\N = Z All//\ZN + )\ul, Vv = Z )\ﬂ/,‘ + )\/,62’ (431)
i>1 i>1

where
A=V (A Av(A), A=Y (PN(A) - v(A),

i>1

Indeed, one can check, under the convention that whenever 7V(4;) = 0 then 0 x DV =0,
that

i 5 30 (PN (A) —w(4n) , 21

i>1
1 ~
o = X Z (V(A,L') - Vl\f(fl,i))+ v;.
i>1

By [10, Lemma 2.4], namely convexity of W2 and the triangle inequality, and the decompo-
sition (4.3.1), we therefore have

W, (9V,0) < SONPW, (08 1) + AW (v, i) + AP W, (v, aa) - (43.2)
i>1
We estimate separately the shell contribution and the two remainder terms.

Step 1 (Estimate on the remainder terms). We only treat the term involving 1, the
one involving g being identical. Again by [10, Lemma 2.4],

NP, (v, 0) < 37 (Y (A) = v(A) " W, (v,0) .
i>1

By triangle inequality, W, (1/, DlN) < W, (v,0,) + W, (50, ﬁZN) and we deduce that

W, (v, 5 < </E dP (0, x) du(a:)); + <3N(1A) /A d? (o, ) d’z)N(x)); < My/P 41y,

T
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4.3. Proofs for independent random variables

where we denote by M), := [, d”(0,z) dv(x) the p-th moment of v which is finite, since v
admits some exponential moment £,. Taking expectations, we obtain

E AW, (v )] < ZE[ —u(4) "] (i + ). (4.3.3)

By Jensen's inequality,

E[(7V(4) - (40)""] < B [0 (4) — ()] <E[[% (4 ([ .
Since N; = NUV (4;) ~ Bin(N,v(4;)), Var [PV (4;)] < © e i), and thus (4.3.3) becomes
B [N/7W, (v, )] < N7F 3 w403 (M7 40). (4.3.4)

The same estimate holds with s in place of ©;. We now estimate the shell masses using
the exponential moment. For every i > 1,

v(A;) <v(E\ Blo,ri_1)) < e~ ri-1) / @) dy(1) = e Ti-1),
E

Therefore,
S (A% (Ml/p v n) <Y e (Ml/p n rl) = O, (4.3.5)
i>1 i>1

which is finite for sequences {r;};>¢ increasing sufficiently fast. We deduce from (4.3.4)
that for such sequences,

E {)\1/pr (v, 1) + Al/pr (v, MZ)} < 201]\[*%_ (4.3.6)

Step 2 (Conditional estimate on one shell). Fix ¢ > 1 and condition on the event
{N; = k} for some k > 1. Conditionally on this event, 7 is the empirical measure of k
independent random variables distributed according to v;.

Since v; is supported on A; C B(o,r;), the uniform-in-K covering estimate (4.2.4)
yields, for every 0 < ¢ < r;/2,

N(A;,8) < N(B(o,r:),8) < (5:;) exp (2 K| (n — 1)m) . (4.3.7)
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4. Concentration and Expectation for Empirical Measures on Manifolds

Applying Theorem 4.4 with sample size k together with (4.3.7), we obtain that for every

0<d< 7“1'/2,
1 pri/2 1
5

| /\

IN

6;<5 5 h % 17 VK] (= 1)ri /g1 5?) (4.3.8)

210
We now choose § to equate the two terms of the right-hand side;

5 24/ |K|(n—=1)7r; 1
b=y = — e wm o kn.

n 2p/n
(-1)
If 6;x <1;/2, then (4.3.8) yields

N 24/ |K|(n—1)7; 1
E [Wp (Vi ;Vi) |Nl = k] S C2 r;e n k™n (439)

with Cy == 830 x (35— 1)=27/_ Note that when J; ; > r;/2, we can estimate
Wy (ﬁZN ) < diam(4;) < 2r; < 46, ,
and thus the bound (4.3.9) is valid for every k& > 1.

Step 3 (Averaging the shell terms). Combining \; < 7V (A;) = N;/N with the estimate
(4.3.9), we obtain

1 2y/IK|[(n=1)ri 1 1

E {)\g/pr (/V\z‘Nayi) N; :k} <CyN pPrie” n kp n,

By the tower property,

1 2/[KDn [ 1.1

B 8w, )] < 0oy e
PN e N

§02N7"7’i6 V(Az)p "3

we used Jensen's inequality in the second line and V; = No™V(A;). Summing over i > 1
and recalling that v(A;) < E,e™2"=1 with &, = [, e dy(x

SENW, (0F )|

i>1
1.1 2/[K[(n—1 1 1
<Y "N™n Zmexp ||(n)mo¢<> ri—1 | . (4.3.10)
= n p n
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4.3. Proofs for independent random variables

Step 4 (Choice of the radii). Denoting h; := r; — r;_1, the exponent in the last sum can
be rewritten as

—Pri-1 +

VK| -1), 5::a<1_1)_2|K|<"—1>_

(23
p n n

In order for (4.3.10) to be summable, we therefore require 8 > 0, which is the condition
(4.2.6).

A convenient choice of radii is ; = 7 so that h; =1 for i > 1, and

<2 [K[(n—1) <1 1) ) HIKIn=D)
Zriexp #rifoz - i1

—=e n D —— T
v A—cop
Inserting this into (4.3.10), we obtain

> E [Ai/pr (ﬁiNﬂ/i)} < CyN (4.3.11)

i>1

where

% 24/|K|(n—1) 1

1
— p "
03 = 02804 € (1 — 6_5)2 .
Combining (4.3.2), (4.3.6), and (4.3.11), we obtain

1
E [W, (7V,1)] < 20N "% + C3N "=,

where C1 is defined in (4.3.5);

= _Timt = M 1
Cri=&a" ) e "2 (Mﬁ/””) =&\ * .

=t ( eram)?
Since n > 2p, one has N~1/(2P) < N~/ for every N > 1. Hence
E [W, (7",v)] < (2C1 + C3)N ™.

This concludes the proof. [

4.3.2 Concentration inequalities

Proof of Theorem 4.15. We adapt the strategy of Bolley, Guillin and Villani [11, Theorem
2.1].
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Step 1 (Truncation). Denote
_ 1BR(0)V
v[Br(o)]

Then we sample independents random variables (X*);<;<y and (Yi)lgiSN according to v
and its truncation vg respectively in order to define

VR :

i Xt ifd(o,X*) < R;
Y* ifd(o,X") > R.

The p-Wasserstein distance between the measure and its truncation can be estimated as

WP (vr,v) <E[d"(X", Y ) 1ae,x1)>r] < 21’/ (0, ) dv(z) < 2?E,RPe
E\Br(0)
(4.3.12)
for R large enough, say R > Ry = /p/(2«), since r rPe=" is nonincreasing for

r > R; recall that v satisfies in particular T1 (), and hence there is some o > 0 such that

E, ::/ exd’ (o) dv(z) < +o0.
E

We now compare the p-Wasserstein distance between the empirical measure and its
truncation defined as

. 1 N N 1 N
v Izﬁzl(sxi, VR :NZ(SX;,?

Set
Z' = 27dP(0, X" )g(o,xi)>rli<p<z + (X', Xi)1p—2

and let £,0 > 0. The exponential Chebyshev inequality yields

N
N~ 1 i yi
P[W, (0N, 0F) >¢] <P [N ; P (X', XR) > apl

< exp ( — N {6c” — logE [exp (02")] }> (4.3.13)

by independence of the Z%'s.
Inthe case 1 < p < 2, let 0 < a; < a. Then for R large enough, say R > Ry =
1

(2P0 /1) 2P, using the inequalities 2P0rP < ay7? valid for 7 > R and log(1 + z) < x, we
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4.3. Proofs for independent random variables

obtain

log (I [exp (ezl)]) < log (1 * /E

exp (2P8d” (o0, x)) dV(:L‘)) < Eae_(o‘_al)Rz'

\Br(0)
(4.3.14)
Inserting (4.3.14) into (4.3.13), we deduce that
P[W, (0, 7R) > €] <exp (—N {967” — Eaef(o‘*al)RQ}) . (4.3.15)

In the case p = 2, set 6 := a1 /2 for some 0 < a; < «. Then for R large enough, say
R > Ry = \/10g(2E,)/a, so that v[Bg(0)] > 1 — E,e™*® > 1 it holds
1 a1 g2
E [exp (0Z')] < v[Bgr(0)] + 7/ / ez @Y dy(z) du(y)
[exp (627)] v[Br(0)] JBr(o) J B\ Br(0)
<14 2E2¢ (@monk” (4.3.16)
Inserting (4.3.16) into (4.3.13), we deduce that

P W (9V, ) > ] < exp (-N {%52 —2BZe (@R L), (4.3.17)

We now gather the estimates obtained so far. The triangle inequality yields
P (W, (0N, v) > ] <P [W, (N, 08) + W, (OF,vr) + W, (vr,v) > €]

Let n € (0,1) and R > max{ Ry, R1, R2}. In the case 1 < p < 2, combining (4.3.12) with
(4.3.15), we obtain

P [Wp (ﬁN, 1/) > 5] <P [Wp (Dﬁ[, VR) > ne — 2Eg/pRe_%R2}

] (4.3.18)
+ exp (—N {9(1 — )PP — Eye~(0ma0)R }) .
In the case p = 2, combining (4.3.12) with (4.3.17), we similarly obtain
P [Wg (ﬁN, V) > 5} <P [Wg (ﬁﬁa I/R) > ne — 2E;/2Re_%R2}
(4.3.19)

+ exp (—N {%(1 —n)%e? — 2E§e*(a*a1)32}) .

Step 2 (Covering number estimate). Bolley—Guillin—Villani obtain the following quan-
titative Sanov estimate on compacts (see Step 2 in the proof of [11, Theorem 2.1]). For
every measurable subset A of P(Bg(0)) and 0 < § < R,

pN(BR(o)%)
P[oy € A] < (16§R> exp (—N /123 H(U/’VR)> , (4.3.20)
v 5
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where A; denotes the J-thickening in W), distance of A given by
As = {1/ € P(Bgr(0)) : va € AW, (1 va) < (5}.
In light of the last two estimates (4.3.18) and (4.3.19) of Step 1, we set

A= {1/ € P(Br(xo)) : W, (V' ,vR) > ne — QEé/pRef%RQ} .

Now, it remains to find a lower bound to the relative entropy in (4.3.20) with respect to
the truncated measure. For every 1/ € P(Br(0)) and v[Br(0)] > 1 — Eqe~*F’ it holds

H (¢ |vi) = H (]) +log (#[Br(o))
>H (V'|v) - 2E, e F

> SW2 (W, v) = 2Eqe 1,

| >

where in the last inequality we used the fact that v satisfies a T),(\) inequality. Moreover,
by the reverse triangle inequality and (4.3.12),

W, (V' v) > W, (V' ,vg) — W, (vg,v) > W, (V',vg) — QEé/pRe_%Rz.

Therefore,
A o 2\ 2 -
H (V|vg) > 5 (Wp (V',vg) — 2EY/PRe™ % ) —2E,e” ¢

Fix now A; € (0, ). Using the elementary inequality

A A
—p)2 > g2 L2 4321
(@=b)"=~a o (4.3.21)

which follows from

A1 A/A A1 b 2
A DA S VA L T I
(@=b)" =T+ 733 ( A)X(a 1—)\1/>\> =5

we deduce that

A 2\ o
H(V |vg) > W2, vg) — A1 SO R2e R R _9p oo R
2 A=\
A
> %Wﬁ (v, vg) — Cy R%e %’ (4.3.22)
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4.3. Proofs for independent random variables

with 92\
Oy = L0L g2/v 4 op,
1 N\ — )\1 a + a
From (4.3.22), we have, for any v € A,
H (V'|vg) > %W; (V' ,vR) — CiR2e % > %52 — ClRQe_aRz7

where £ = (ne — OBYPRe SR — 8)+, and recalling the elementary inequality (4.3.21),

we find N N
H(|vg) > 3152 — C1R?e°F" > 7252 — CyR2e R (4.3.23)

in the regime R > max{1, Ry, Ry, Ra}, for every Ay < A1 < X such that Ay < A\j(n; —01)2,
with the constant
20 N E2/P

A (771 - 51)2 - )\27

for the choice ¢ := d1¢ and 1 := 7. While (4.3.23) is valid for p = 2, in that case, we
instead use

02 = Cl +

A A
H (V'|lvg) > 7152 — C’lee_o‘R2 > ?217252 — C§2)R26_0‘R2 (4.3.24)

for A2 < A1(n — 61)?/n? with the constant

221 A2 E,
A1(n —01)% = Xan?’

P =Cr +

for the choice ¢ := §;¢.

We now estimate the metric entropy term in (4.3.20). Use the covering estimate (4.2.4)
with §/2 instead of §, we get

pN (BR(O)a g) log (16§R> <p (1%}2>n exp (2\/m3) log (16§R> :

pR1—n

e(ni1—n)

Let now ny > n. Since logr < for r > 1, we deduce that

pN (BR(O), g) log (16§R> < Cyexp (QWR) (?) (4.3.25)

with
_ pl0™(16e)™ ™

Cs e(n; —n)
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We insert this estimate into (4.3.20). In the case 1 < p < 2, combining (4.3.20),
(4.3.23), and (4.3.25), we obtain

]P’[ﬁg EA] < exp ((%exp (2 \K|(n—1)R) (f) _N<)‘262_02R2e—aR2)>'

2
(4.3.26)
In the case p = 2, combining (4.3.20), (4.3.24), and (4.3.25), we similarly obtain

P[of € A

< exp (;‘i exp (2 |K|(n — 1)R) (f) _N <>‘22n2€2 _ 02(2)R2e—aR2>) '
1
(4.3,

27)
Finally, recalling (4.3.18) and (4.3.19), we conclude that in the case 1 < p < 2,
P[W, (#",v) > €]
L I )
+ exp (—N {9(1 — 1 )PeP — Eae—(a—al)R2}> :
(4.3.28)

while in the case p = 2,
P [WQ (/I/\N7 I/) > E]

" A 2
< exp <56;31 exp (2\/ |K|(n—1) R) <§) - N (277262 - CéQ)RQefo‘R >)
1

2

+ exp (—N {%(1 —n)%e? — 2E§e*(o‘*a1)32}) .
(4.3.29)

Step 3 (Choice of parameters).

The last step consists of choosing parameters and is quite technical. Let us first recall
the parameters at play in the case 1 < p < 2. The number ny; > n is an auxiliary exponent
introduced in the metric-entropy estimate, after absorbing the logarithmic factor in the
covering bound. The constants 0 < Ay < A; < A come from the entropy lower bound after
truncation, where v satisfies T},(A). The parameters 71,91 € (0,1) are chosen so that

/\2 < /\1(771 — 51)2.

Here 77 determines how much of the deviation ¢ is assigned to the compact empirical-
measure term, while &1 is the relative thickening parameter in the quantitative Sanov
estimate, namely § = d1e. Finally, § > 0, a1 € (0,a), and the cutoff radius R > 1 are
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4.3. Proofs for independent random variables

still free. They will be chosen as functions of € so that the truncation errors and the
metric-entropy contribution are all absorbed into the leading Gaussian term.

Now, fix X" € (0, \), and choose

AN ) AN
= g =

Av=—o—, : 5 A=l N >0 (4.3.30)

We treat separately the cases 1 <p < 2 and p = 2.
Case 1: 1 <p < 2. Set

1 [ Aa o
51 = 1 (]_ )\1> 5 m = 1 (51.

Then 0 < §; < n1 < 1 and Ay < Ai(m1 — 61)?; the constant in (4.3.23) is well-defined.

Choose N
.7 2 2—p . g
9(5) T (1 _ nl)p€ ) a1 = 27
and, denoting by log, the nonnegative part of the logarithm,

2 8E,, 2 16Cy
R(c) = max {Rm Ry, Ry, 1, ﬁ log., (AEQ) \/a tog (w) } ’

so that 6(1 — 9y )PeP = \pe?,

2 20 2 A
02R2€—aR < 26—aR /2 < &2
ae

)

0]

and

E e (@R _ g o—aR*/2 o A 2,

oo

Therefore, the right-hand side of (4.3.28) is bounded by

exp (AK(E) - N (A; — g) 52> + exp (—N ()\2 — ?) 52) , (4.3.31)

where
C R(e)\™
Ak (e) = 6731 exp (2\/ |K|(n — I)R(s)) ( i )> . (4.3.32)
1
If in addition we require
A
Ak(e) < §N52, (4.3.33)
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’

~A2tA Ne2
then both terms of (4.3.31) are bounded by e™ ~ 4 . Whenever

2 4log 2

N
s_A,

(4.3.34)

this yields
!
P [Wp (9N, V) > 5} < exp (—;N52>

recalling (4.3.30).

It remains to make the condition on N explicit so that both regimes (4.3.33) and
(4.3.34) hold. Fix n’ > ny >n and set 0 :=n’ —ny > 0. We choose a constant Cy such
that

R(e) < Cyr/log(e/e) forall 0 <e < 1. (4.3.35)

Such a constant exists, for example

1
/ P 2— 1 2E,
Cy = max ﬂ, _ P 3 , 70&"( ),
2a” \ag(1—m)?P a
2 8E, 16C5

Using

2|K|(n—1)C% n O') .

exp (2/IKTn =~ 1)Civ/Iog(e/5)) < exp ( . ’

and
g

oaterer < (22)" (2)f

e 3

from the elementary inequality u%e=" < (32)* valid for u > 0,a,b,> 0, recalling (4.3.35),

we obtain o R n
Ak(e) = 67316% IKl(n—1)E(e) (ie)) < Bge™™ (4.3.36)
1

Ci\™ 2|K|(n —1)C? ny\ /2
Bg =Cjs (5?) exp <||(0)4 —|—a) (j) .

Therefore, using (4.3.36), the condition Ax(e) < %NaQ,, namely (4.3.33), is implied by

with

8B /
N > TKE—(TL +2).
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4.3. Proofs for independent random variables

For the condition Ne? > 4log2/A, namely (4.3.34), to be verified as well, since 0 < & < 1,
it is enough to take

, By 4log?2
N > Nye~(W'+2), Ny ::max{8K t }

AT A
Case 2: p = 2. Choose
A/<)\3<>\2<)\1<)\, AQZ:)\:;*)\/>O.

Recall that since v satisfies To(\), it has a square-exponential moment of every order
a < AJ2. Set oy = A3/2 for a1 < a < A\/2 and

- N0 [
n=v2-1, 51-—4<1 /\>~

Then 0 < §; < n < 1 and A2n? < A\i(n — 61)%; the constant in (4.3.24) is well-defined.
Arguing as in the case 1 < p < 2, for

1 16E2 2 160(2)
R(e) = Ry, Rs, 1 1 . ol Bl
(e) = max 0, g, 1, \/a — 08+ <A2n252>’ « 08+ <a€A27)252 ,

since

) A3 2 2
2 9 ¢

with 7 = v/2 — 1, then the right-hand side of (4.3.29) is bounded by

A A A A
exp (AK(s) - N (2277262 - 8277252)> ~+exp (N (2377252 - 827]252>) . (4.3.37)

If in addition

(1- 77)252 =an’e? =

A
Ax(e) < ZPNE, (4.3.38)
then N
P [WQ (ﬁN,V) > 5] < 2exp (—31_7,2N52> )
Whenever tow 2
Ne? > —282 43,
ec > Ay (4.3.39)
this yields
)\l
P[Ws (0N, v) > €] <exp (—2772]\752) : (4.3.40)
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Fix n’ > n; >n and set 0 :=n' —n; > 0. We choose Cf) such that

R(e) < C’f)\/log(e/e) forall 0 <e < 1. (4.3.41)

For instance, one may take
16C5”
2+1 2
< + og L OZBAQT]Q

Ag(e) < BPe (4.3.42)

2)\ ™ . (2)y2 n1/2
Bg) = Cy <C4 ) exp <2|K|(n DI + o‘) (n1> .
01 o eo

Ll

o 1 16E2
C4 ‘— max RO’ RQ, 1, \/a o (2 + 10g+ A2n2 )

Arguing as in Case 1, from (4.3.41) we obtain

with

Thus, by (4.3.42), the condition (4.3.38) is implied by

(2)
N > SBK E—(TI,,+2).
— Aon?

For the condition Ne? > 4log2/(A2n?), namely (4.3.39), to be verified as well, since
0 < e <1, itis enough to take

(2)
(2) _—(n'42 @ . 8By’ 4log?2
N > Ny e~ (42 Ny = max{AwQ7 AP [

Since n? = 3 — 21/2, (4.3.40) gives
)\/
P[Ws (0V,v) >e] <exp (—(3 — 2\/5)2N52> ,
which concludes the proof. O

Proof of Theorem 4.16. Since the proof follows the same line as the one of Theorem 4.15,
we only highlight the differences.

Step 1 (Truncation). Let s € [1,¢/p) and set 5 := max{s/2,1}. Since now only the
polynomial moment M, := [, d%(o,z)dv(x) is finite with p < ¢, and instead of (4.3.12)
we have

WP (vg,v) < 2P M RP~1. (4.3.43)
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4.3. Proofs for independent random variables

Recall that

wek (AN AN Zz = dep(o’ Xi)l{d(O7Xi)>R}.

HMZ

Using

S

25+ 1<s<2;
(2s)°, s>2;

N
Z z]
=1

together with

< C,N°—°E[(Z")*], C, = {

EZ; <2PM RP™1, EZ} < 2P M RPPT1,
whenever tP > 2P M, RP~4, Markov's inequality then yields

}V;@E[zﬂ)

DS 5—s RPe—4
< C2P*M,N T = (4.3.44)

S

P[W;’(ﬁN,Dg)>tp]SIF’[ >|tT’—E[Z1}|S

For R > 1 is large enough so that W,(vg,v) < /8, using the triangle inequality and
(4.3.44) we obtain

PW, (V1) > ] <B[W, (5V.58) > 5| +P [Wp (PN vm) > ?’ﬂ

+P [Wp (vr,v) > 5}

8
3¢ . Rps—d
<P |W, ®N,vg) > | + Cy2P° M,N** ..
> P( R R) 8:| q ((%)P_2quRp,q)
(4.3.45)
Letting 0 < e < 1,
R> Roe ™%,  Ry:=max {(16Mq1/1’)ﬁ, 22+ 0,) T, 1} , (4.3.46)

not only makes W),(vgr,v) < £/8 hold recalling (4.3.43), but also
(E)p — 2P M, RP™7 > 9—(p+1)p
2 P )
and (4.3.45) becomes

P (W, @",v) > e] <P [Wp (VR . vR) > 386} + Cy N 5¢7Ps, Oy = 0,25
(4.3.47)
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Step 2 (Covering number estimates). We apply the quantitative Sanov estimate (4.3.20),

166R>pN(BR(O)’62/)

IP[D{,YEA]S( 5

exp (—N ,ienj H(V’|1/R)) (4.3.48)
v s/

to

A= {V' € P(Bgr(0)) : W, (V',vr) > 3;}, § = %

If v € A, then W,(v',vg) > /4. Note that vp satisfies a penalized T}, inequality thanks
to the Csiszar—Kullback—Pinsker inequality [12, Particular case 2.5];

W?2P (V' vg) < 2P 1R?PH (V' |vR), Vv’ € P(Bg(0)).

p

Thus for v/ € Ag/, ,
H(/ |vg) > 21 (%) " (4.3.49)

Let ny > n and recall the estimate (4.3.25),

pN (BR(O), (;) log <16;R) < Cyexp (2\/m3) (?)n (4.3.50)

with
_ pl0™(16e)™ "

e(n1 —n)

Combining (4.3.48), (4.3.49), and (4.3.50), we obtain

022

. 3 R ni 2
P {Wp(vﬁ JVR) > 85] < exp (028”1e2 |[Kl(n=1)R <€> —2l=bry (%)
(4.3.51)

Step 3 (Choice of parameters). Fix n’ := n; > n and recall the condition (4.3.46) on R;
set

__pP
R = Rpe a-P.

We can estimate the exponential term in (4.3.51) as

!’ n, 2 2
exp <028n e2VIKI(n=DR <R) A\ (%) p) < exp <26PN (i) p)
€
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4.3. Proofs for independent random variables

where C3 := (8Rg) 2P, provided

N > Nge 5 o (2VIKIn=T)R),  Nj=2%Cy8" Ry .

(4.3.52)
Combining with (4.3.51), we obtain
P [W, (7V,v) > ¢] < exp (*CgN&Qp(H%)) + Oy N®—5e7Ps, (4.3.53)
Now set
o109
=,y
For the case (i), 1 < p < ¢/2, since s > 2 and § = s/2, then
CIN® P8 < g AN~ T3, (4.3.54)

E e

if in addition Ny > (201)4/6. For the case (ii), ¢/2 <p < gq,sincel <s<2ands=1,
then

CLN® %P5 < Z gmaN1=3+9 (4.3.55)

IN
N

20C,)4/°.

It remains to dominate the exponential term of (4.3.53). We claim that, under (4.3.52),
after possibly enlarging N,

provided the same additional condition Ny >

—~

p_ q _ 9 0.
exp —C’3N52p(1+qu) < 1es"IN’B, =< 2 % case (I)’ (4.3.56)
2 T—1-9, case (i)

Set

n' +2 2
a::(n'+2p)(1+ P )ZQ( p)7 7::2p(1+p ):pq.
q—p q—p q—p q—p

A possible choice is given by

[1og2 + g + Blog, (45” } R e

Ny = max{ b s P

b 4
Cs" C

Then N} > N{ implies (4.3.56) for all N > N}. To see this, observe first that for
0<e<1, N> Nl and N} > 8/Cs, it holds

g _
N> .
N
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4. Concentration and Expectation for Empirical Measures on Manifolds

Therefore, the function k — e~ 3% kP s nonincreasing for k > N, and it is enough to
prove (4.3.56) at N = N[/e~®. This reduces to

o~ CaNg'e (e < %(Né/)fﬂgf(q*aﬁ).
Equivalently, taking logarithms, it is enough that
C3N6’5_(“_"’) >log2 + Blog Ny + clog (5_(“_7)) ,
but log(e~(@=7)) < e=(@=) /e for ¢ < 1, and since (4.3.57) implies
C3N!' > log2 + Blog NI/ + g

the claim follows.

We thus require

q(n'+2p)
N > Noe™ a7  exp (2\/ |K|(n — 1)R) , Ny := max {N(’), N{,(1v 20’1)4/5} .
(4.3.58)

Combining (4.3.47) and (4.3.53)—(4.3.56) under (4.3.58), we obtain in case (i)

P[W, (#",v) >¢] < E*qN_%J”%,
while in case (ii)

P [Wp (DN,I/) > 5] < cTINIE T,
This concludes the proof. O

4.4 An interacting particle system

4.4.1 Description of the interacting particle system

Let (M, g) be a complete Riemannian manifold of dimension m > 2. Let V: M — R be
a confinement potential and W : M x M — R an interaction potential. For N > 1, we
consider the McKean—Vlasov interacting particle system

N
, . , 1 , .
dxN =v2dBM —vv(xPN) dt — ~ SOV W (XN, xPNydt,  i=1,...,N,
=1
(4.4.1)
where BLM . BNM gre independent Brownian motions on M. We denote by

1 N
~N o
Ay = ﬁ;(gxz*”
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4.4. An interacting particle system

the associated empirical measure.

Formally, as N — oo, the empirical measure i) converges to a deterministic probability
measure u:. The limiting equation is obtained by replacing the empirical interaction in
(4.4.1) by its average against p:. Thus p; solves the nonlinear Fokker—Planck equation,
also called the aggregation-diffusion equation,

Orpre = Apy + V- (e [VV + V(W py)]) (4.4.2)

where
W ue() = /A W)l VW (o) = /N VW) dunlo)

This is the usual propagation-of-chaos picture for McKean—Vlasov diffusions. In this chapter,
we do not address the general well-posedness theory for (4.4.2); instead, we assume that a
sufficiently regular solution (g¢):>0 is given and prove a quantitative concentration estimate
around it.

As in Bolley—Guillin—Villani [11], we introduce a noninteracting proxy system (Y;)1<i<n.
Its particles are independent and have common law p;:

av; = V2dB,M — V(Y dt — / VoW (Y, 2) dpe(2) dt. (4.4.3)
M

We write
1
=N ._ )
T/t = N Z (S}/rz .
i=1
N

Since ;' is the empirical measure of independent variables with common law i, the
concentration estimate of Theorem 4.15 can be applied to it once suitable moment estimates
are propagated along (4.4.2).

The proof has two parts. First, we prove square-exponential moment bounds and
time-increment estimates for the proxy process Y;. These estimates yield concentration
estimates for

sup Wi (9, ).
0<t<T

Second, we couple the interacting system X:’N with the proxy system Y;!. The coupling is
constructed by parallel displacement of the Brownian noises. For this reason, it is convenient
to write the stochastic equations on the orthonormal frame bundle O(M). The coupling
estimate then reduces the control of Wy (i, 114) to the concentration of the independent

proxy empirical measure ﬁtN.
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4.4.2 Assumptions on the potentials
Fix o € M. We assume that there exist constants
8,8>0, Ay, Aw >0, Ly, Lw1, Ly > 0,
such that, for all z,y,z € M,
HessV > fg, [VV(z)| < Ay + Lyr(z), (4.4.4)
and
Hess, W (-, y) > Bg, VoW (z,y)| < Aw + Lw,1(d(o, ) + d(0,y)). (4.4.5)

We also assume that the dependence of VW on the second variable is Lipschitz, uniformly
in the first variable; i.e., for every z,y,z € M and every unit vector u € T, M,

The lower Hessian bound in the first variable gives dissipation, the linear growth
assumption controls the moment estimates, and the Lipschitz assumption in the second
variable is used in the coupling estimate through Kantorovich duality.

As an example, on a Hadamard manifold, the interaction potential
¢ o
W(]},y):§d ('ray)v €>07

satisfies the assumptions. Indeed, globally V, W (z,y) = —¢log,(y), and therefore
|V W (x,y)| = Ld(z,y) < ((d(o, x) + d(o, y))

Moreover, by Hessian comparison [72, Theorem 11.7],
Lo
Hess, W(-,y) = £ Hess, id (,y) | > 4g.

Finally, since M is Hadamard, the logarithm map y — log,(y) is 1-Lipschitz. Hence

Thus, the assumptions (4.4.5) and (4.4.6) on W hold with Ay =0, L1 = Ly = 8 = £.
The potential

V(z) = §d2 (0,7)

thus also satisfies (4.4.4) with Ay =0and Ly = = (.
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4.4.3 Preliminary results

We establish propagation of concentration-cost inequality 71 (A(t)) for (4.4.2), which we
recall is equivalent to propagation of square-exponential moments.

Lemma 4.19 (Propagation of square-exponential moments). Let (M, g) be a complete
non-compact Riemannian manifold of dimension m > 2 satisfying Ric > K for some K < 0.
Let p; solve the aggregation-diffusion equation (4.4.2) with potentials V,W satisfying
respectively (4.4.4) and (4.4.5). Assume that ug has finite square-exponential moment;
i.e., there is a constant a(0) > O such that

Ea(o) = / ea(O)dz(o,m) duo(l‘) < +00.
M
Then for every t > 0, there exists a continuous function «(t) > 0 such that
Bo = / AOF0) gy, () < +oo.
M
If in addition § + E > Ly, then sup, s Eq 1) < +00.
Proof. (Step 1) Propagation of second moment. Set r(x) := d(o,x) and

M) = [ (@) dpela).

Differentiating and integrating by parts, formally,

My (1) = /A 7@)0uu(z) dVol(a)

- /M P (@) Ape(@) + V- (@) [TV + 9 (W 5 )] (2)) } Vol (a)

- / A(r2)(2) dpug(z)
M\ ({o}UCut(0))

/ V(r [vv FV (W s )] (x)) dpe (). (4.4.7)

Note that 72 is smooth only outside of Cut(o), which is of measure zero (see e.g. [57,
Theorem 3.4.1]). One can rigorously justify integration by parts outside of {0} U Cut(o) by
cutoffs and approximations; such justification is beyond the scope of this chapter and will
omitted.

By Laplacian comparison theory [72, Theorem 11.15], outside of {0} U Cut(o),

Ar(z) < (m — 1) m”f'lcoth( 'K|1 (@) < ”;(;)1+ IK|(m—1),
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where in the last equality we used cothu <14 1/u. Then, since |Vr(z)| =1,

Ar?(z) = 2r(z)Ar(z) 4+ 2|Vr(z)]* = 2r(z)Ar(z) + 2 < 2m + 2/|K|(m — 1)7’((4x)4 )
Recall we assumed that h

HessV > g, Hess W(-,y) > 3, VoW (o,y)| < Aw + Lwar(y).

Let A =B+ 8. If y: [0,r(x)] = M is a unit-speed minimizing geodesic from o to z, then
outside of {o} U Cut(o),

Vr(z) - VV(z) = é i )V(v(s))
d r(z) 42
-5 voe+ / V() ds

r(x)
(VV(0),4(0)) + / Hess Vi) (4(s), 4(s)) ds
—|VV(0)| + Br(x).

v

Therefore, for x € M \ ({o} U Cut{o}), it holds
Vr2(z) - VV(z) > 28r2(x) — 2|VV (0)|r(x). (4.4.9)
Similarly, for every z € M \ ({0} U Cut{o}) and for every y € M,
Vr(z) - VoW (z,y) > 2872 (x) — 2|V W (0, y)|r(z). (4.4.10)
Combining (4.4.7)—(4.4.9), and after integrating (4.4.10) in du:(y), we obtain

d

5 Ma(t) < 2m + 201/ Ma(t) - 2 (5 +5- LWJ) M (1) (4.4.11)

with
C1 = +/|K|(m—1)+|VV(o)| + Aw.

By Gronwall’s inequality, given T' > 0, from (4.4.11) we conclude

sup Mg(t) = M27T < +00,
t€[0,T)

and if in addition A == 8 + E > Lw,1, then My 7 < Cyp, for some constant Chi, > 0,
independently of T

104



4.4. An interacting particle system

Step 2 (Propagation of square-exponential moments). Let

2
Eow) 3:/ e D) dpy (),
M
where a(t) > 0 will be chosen below. Since outside of {0} U Cut(o),
vear2 _ aeaﬁv’,g, Aear’" _ ear2 (QATZ + C)é2|v7’2|2) ’ |Vr2|2 — 47,2’

we obtain, using (4.4.8)—(4.4.10),

ﬂEa(t) < / e(®)r’ [Qma(t) + (da(t) + 4a(t)? — 2Aa(t)> 2+ 204(15)021"] dpu
dt M dt

(4.4.12)
< (2m+C3) a(t)Eq) + {%a(t) +4a(t)? + (1 - 2A) a(t)} /M r2er” dpg,
(4.4.13)

where we used 2aCyr < aC3 + ar?, with

Oy = /|K|(m — 1) + |VV(0)| + Aw + Lw,1/Ma 7.

We choose « as the solution of

d 5 B B
ia(t) +4a(t)* 4+ (1 —2A) a(t) =0, a(0) = ay,

so that the term in brackets in (4.4.13) vanishes. Since a(t) > 0 on [0, 77, (4.4.13) becomes

d

EEa(t)(t) < at)(2m + C3)Equ(t).

Hence, for every T' > 0, Gronwall's inequality yields

sup Eq (1) < Eay(0) exp ((2m + 022)/0 a(s) ds) < +o0.

0<t<T

Assume now furthermore that A > Lyy; and set

C5° = VIK](m = 1) + [VV(0)| + Aw + L Cyf.

In this case, we choose «(t) as the solution of

d 2 _
al(t) = Aa(t) —da(®)?,  a(0) = ag

105



4. Concentration and Expectation for Empirical Measures on Manifolds

so that
. A A
a- =minqag, < at) < max < ag, 1=

2(0 )?

Using 205%°r < ‘2\7"2 + in the differential inequality (4.4.12) gives

d A 2 a(t)r? 2(0200)2
aEa(t) < af(?) /M (CS - 57' > e® dpu, Cs =2m + A
Splitting the integral over {r < R,} and {r > R.,} for R? := 4C3/A yields

d
g Fat < 2050 — Caa_ By,

and thus sup;>q Fo 1) < +00. O

We now use the propagation of square-exponential moments for the solution of the
aggregation-diffusion equation to derive uniform-in-time concentration estimates for a
suitable noninteracting particle system. In this auxiliary system, the empirical mean-field
interaction is replaced by the limiting law p;. Equivalently, the dynamics are written in
Stratonovich form on the orthonormal frame bundle 7 : O(M) — M as

dUj =V2 ) Hp(U}) o dBy* + by (Uj)dt, Y} ==(Uj), i=1,...,N, (44.14)
k=1

where B; = (B}, ..., B{") is a standard Brownian motion on R™, by denotes the horizontal
lift of the time-dependent vector field

be(x) = =VV(x) = V(W ;) (),

and Hj, is the fundamental horizontal vector field associated with the canonical basis vector
er € R™; see Chapter 2 for the notion of horizontal lift to the orthonormal frame bundle
and the monograph of Hsu [57]. We obtain that the empirical measure of (Y;);<;<n given

by
1 N
= 20
=1

satisfies the same quantitative estimate as [11, Proposition 5.1], under some additional
assumptions on the potentials V' and W.

Proposition 4.20. In the setting of Lemma 4.19, for every T' > 0, there are constants
Cr,ar > 0 such that, for all0 < 6 < T and for all € > 0,

P sup W1 (0N, 5)) > e| <exp (—N(age? — Crd))
$,t:0<tp<s<t<tp+9
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This is a consequence of the following result.

Lemma 4.21 (Estimates for the noninteracting proxy). In the setting of Lemma 4.19, let
(Y2)i>0 solve (4.4.14) Then for every T > 0, there are constants Cr,ar > 0 such that, for
every 0 <ty <s<t<tg+6<T,T>0,

E [d*(Y:,Ys)] < Cr(t —s) (4.4.15)

and

E sup exp (asz(Yt, YS)) <1+ Cré. (4.4.16)
s,t:tog<s<t<tp+9I

Proof of Lemma 4.21. Fix 0 < s <t < T and denote r := d(-,Y;). By Kendall's formula
[66, Theorem 1.1] (see also [5] and [57, Theorem 3.5.1]),

dr(Y:) = V2dB; + [Ar(Y,) + by (Y2) - Vr(Y,)] dt — dLy. (4.4.17)
Here Vr and Ar are understood in distributional sense on {Y,} U Cut(Ys), 5, is a one-
dimensional Brownian motion and L; is a nondecreasing process which increases only when
the Brownian motion is at the cut locus. Since —dL; < 0, it can be dropped in upper

bounds. Hence, applying Itd's formula to 72, noting that d{(r(Y)); = 2dt and recalling
(4.4.8),

dr?(Y;) < 2v2r(Yy)dp, + [2m +2/[K[(m — 1)1y + 2rebe(Y2) - vr(m} dt. (4.4.18)

We now estimate the drift term. From the Hessian lower bounds, HessV > 3 and
Hess W (-,y) > /3, we obtain

b(Y3) - Vr(Y,) < [VV (Yol + V(W % p)(¥)| = (84 B) r(¥0).

Under the growth assumptions on V' and W, and recalling that Mz 7 := sup;¢(o 1) M2(t) <
400 by Lemma 4.19, we have

TV + VOV % ) (Va)] < Av + Lyd(0,Y:) + Aw + Ly (dl0,Y2) + /Mo r)
Inserting this into (4.4.18) and using Cauchy—Schwartz inequality yields
dr*(Y;) < 2V2r(Y,)dB; + Cp (1 + d*(0,Ys) + (V) dt (4.4.19)

with
2
Cé« = max {3, (LV + LW,1)2,2m + |K|(m — 1) =+ (AV + Aw + LW’1\/M2’T) } .
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After localizing and taking conditional expectation with respect to Yy, we obtain

SE[*m)

Y] <€ (14 d3(0,Y,)) + CLE [r2(v)) | i)
Since r(Ys) = d(Y;,Ys) = 0, by Gronwall’s inequality,

E [rz(Yt)

t
Y} < 0% (1+d%(0,Ys)) / O gy < 04T (14 d%(0,Yy)) (t — s).

) (4.4.20)
Taking the expectation and recalling that supyc,<r E[d?(0,Ys)] = Mo < 400 by
Lemma 4.19 since Law(Y;) = ps, we obtain (4.4.15);

E [d*(V;,Y)] = E [r?(Y})] < Cpe®r™ (14 Ma) (t — 5).

We now estimate ¢2()™* () where a(t) > 0 will be chosen below. From (4.4.19), we
have

dr¥(Yy) < 2v2r(Y;) dBy + Ch (1 4+ d*(0,Ys) +7%(Vy)) dt,  d(r*(Y)), = 8r*(Yy)dt.
By It6's formula,
dea®r?(vy)

< dM, + e2®7* () [a(t)C’T (14 d2(0, 7)) + <da(t) + Chalt) + 4a(t)2> TZ(Yt)] dt

dt
(4.4.21)
for some local martingale M;. We choose a as the solution of
a'(u) + Cha(u) + 4a(u)? = 0, a(s) ==ag > 0. (4.4.22)
Then a is nonincreasing on [s,T]. Hence (4.4.21) becomes
der Yu) < qng, + Cra(u) (1+d*(o,Ys)) e (r* (V) gy, (4.4.23)

After localization and conditioning on Y, combining Gronwall’s inequality with a(u) < a,
gives
E {eau)dzm,m

YS] < exp (C}ao(t —5) (1+d*(0,Ys)) ) (4.4.24)
Taking expectations yields

E {ea(wd?m,m} < Crao(t—s)R [ec;ao@—s)d?(o,n)} )
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4.4. An interacting particle system

In particular, by choosing a, small enough, say

infOSTST Oé(T)

0 4.4.25
<ag < TCr , ( )

where « is the continuous function of Lemma 4.19, we obtain
E [e“@)dQ(Yt’Ys)} <14 Cplt—s) (4.4.26)

for some constant C > 0; one may take

/ Er—1
Cr = 1Ty (1 + = )
Qr

with

= inf Er = ard*(0,2) :
ar OSIESTQ(T% T OSSITILS)T/Me dp-(z)

We now aim to obtain (4.4.26) with a supremum over 0 < tg) < s <t <tz +J < T
inside the expectation. Fix ¢y € [0,T — 4], set

ro=d(-,Yy), Sy = sup ea(Ir* (V)

to<v<u

Applying (4.4.23) with s = ty, integrating, and taking the supremum, we get, after
localization,

t()STSu

S <14 sup |[M,— My|+Chrag (1+d*(0,Yy,)) / S, dr.
to
Here the martingale part is given by

dM,, = 2v2 a(u)r(Y, )" ) 4,

and therefore ,
d{M), < Sa%TQ(Yu)eQ‘L(“)T Yo qy.

Hence, by the Burkholder—Davis—Gundy inequality,

E { sup |M, — M|
to<t<u

Yto} dT) v .

Choosing ag > 0 smaller if necessary, by applying (4.4.24) with a larger exponential
parameter, we obtain

Ym:l < CBD(;\/gaO (/ E {rz(y.r)emz('r)r?(}’f)

to

E |:7,2(YT)€2a(T)r2(YT)

Yt] < Op(r — to) (14 d2(0, z,)) eCTO0+E 0 i0)),
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Consequently, after increasing Cr that we do not relabel,

E| sup |M,— M|
to<T<u

}/tg:| < CT(S (1 +d2(07 }/to)) eCT5(1+d2(O,YtO))_

Hence,
E [Sy | Y]

<14 Cpd (1+d*(0,Yy,)) eCTO0+E0Y)) 4 o (1+d2(o,yt0))/ E[S, | Y] dr.

to

By Gronwall's inequality, after increasing Cr,

E sup (W (Yu,Ye)

to<u<to+o

)/to:| < 1+ OT5 (1 +d2(07 Yrto)) ECT5(1+d2(O,YtU))'

For any s,t € [to,to + ¢], the triangle inequality gives

d?(V3,Ys) < 2d%(V3, Vi) + 242 (Ys, Yyy) <4 sup  d?(Yy,Ys,).

to<u<to+o

Moreover, the solution of (4.4.22) admits a strictly positive lower bound a, = a.(T) > 0,
uniform in ¢y € [0,7T]. Hence, setting az := %=, we obtain

sup easz(th}/s) < sup ea(“)dz(ywyto)'

to<s<t<to+¢ to<u<to+d

Choosing ag > 0 small enough, the propagated square-exponential moment, together with
the fact that a(u) is uniformly bounded from below on intervals of length at most T vyield,
after possibly decreasing a; > 0,

L2
E sup 2@ (YuYs) | < 1 4 Opé.
to<s<t<to+¢

for large enough Cr > 0.

4.4.4 Coupling the interacting and non interacting proxy

We first derive an estimate for Kendall's formula of two diffusions with different drifts using
parallel coupling of the noises under the condition of Ricci lower bound. We now explain
this parallel coupling.

Let X; and Y; solve

dX; = V2dBM + bX(X,)dt,  dY, =v2dB) + b (V) dt,
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4.4. An interacting particle system

=M : . .
where BM and B, are Brownian motions on M. Equivalently, on the orthonormal frame
bundle 7 : O(M) — M in Stratonovich form, denoting by tildes horizontal lifts,

B =V2Y Hi(Z)odBf +bX () dt,  X;=n(E),
k=1

and
U, = V23" Hu(Uy) o dBy + b (Udt, Y, =(Uy).
k=1

Away from the joint cut locus, let v : [0,d(X¢,Y:)] = M be the unit-speed minimizing
geodesic from X; to Y;, and denote by

PXt—>Yt : TXtM — Tth

parallel transport along ;. We couple the Brownian noises by parallel displacement. More
precisely, for each pair (X},Y}") we set

dB, = OjdB}, O} = (U})"'Px;_,y:E}
This parallel coupling is extended through the cut locus via the standard approximation
procedure; see [107, Section 2.1]. Since the block-diagonal matrix diag(O},...,0ON) is
orthogonal, (El, e ,EN) is again a standard RVN™-valued Brownian motion. In particular,

—1 =N . .
B',...,B  are independent, and consequently so are Y!, ..., YN with common law /.

The Brownian part of the coupled process (X, Y;) is therefore driven along the vector fields
\/i(Ek(t),Ek(t)), k=1,...,m,

where -
Ek(t) = Ziek, Ek(t) = PXtHytEk(t).

Applying Kendall's formula [107, Theorem 2.3.2] to the distance function p := d(-,-) on
the product manifold M x M (see also [5], [57], and [66, Theorem 3.5.1]), one obtains

dp(X1,Yy) < Tudt + b (Xy) - Vop(Xy, Yy)dt + b) (Yy) - Vyp(Xe, Yy)dt, (4.4.27)

where
m

T, =Y Hessp(x, v, ( (Ex, Ex) (t), (B, Ex) (t))- (4.4.28)
k=1

On the cut locus and diagonal, that is on the complement of cut = {(x,y) € M? :
x ¢ Cut(y)} and of the diagonal diag = {(x,2) € M}, Kendall's formula (4.4.27) is
understood in the distributional sense. Outside of the cut locus and the diagonal, (4.4.27) is
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4. Concentration and Expectation for Empirical Measures on Manifolds

an equality. The fact that (4.4.27) is an inequality comes from the distributional Laplacian
of p which creates a nonincreasing process only supported on the cut locus and the diagonal,
as in (4.4.17)

Note that there is no martingale term due to the parallel coupling. Indeed,
0z = V3" (E(). B(t)) o dB + (5 (X,). b (v0) .
k=1
and applying 1td's formula to p yields then
dp(Zy) = ﬂfjdpzt (Ex(t), Ex(t)) dBf +Tydt+b} (X4)-Vap(Ze)dt+b} (Yy)-Vyp(Zy)dt
k=1

But
Vaup(Z) = —3(0), Vyp(Zi) =4 (p(Z1)),
and thus, since Ey(t) = Px, .y, Ex(t),

dup(Z2) Ex(t) + dyp(Z) Ex(t) = —Ep(t) - 3(0) + Ex(t) - 31(p(Z))
= =B () - 7:(0) + Ex (%) - 7:(0)
=0.

We now estimate the index term (4.4.28) under the Ricci lower bound Ric > K with

K < 0. We choose F(t) := 4¢(0) so the radial direction does not contribute to the Hessian
of p. Hence

7, =3 Hess(x, vi) p((Ek(t), Ev(t)), (Ey(t), Ek(t))).
k=2
For k =2,...,m, let Ji be the parallel vector field along ~; such that
Ju(0) = Ex(t),  Ju(p(X:,Yy)) = Ex(t).
By the index lemma [57, Lemma 6.7.1],
Hessx, vi) p( (B (0), B (D), (Br(6), Er(0)) < Ly (T, ),
where
p(Xtvyi) 9 . .
Ly = [ (V5P = (RO D) d.
0

But Jj is parallel, and therefore,
p(X+t,Ye)
L) == [ (B A ) ds
0
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4.4. An interacting particle system

Summing over k = 2,...,m, and using that {Jx}2<g<m form a parallel orthonormal frame
orthogonal to +;, we obtain

p(Xe,Yr) ™M (X¢,Y%)
7, < —/ Z<R(Jk,"7t)"7t,<]k> ds = —/ Ric(e,4¢) ds < —Kp(X¢,Ys).
0 = 0

Consequently,

dp(X1, Yy) < [|K|p(X4, Ya) + b5 (Xe) - Vaep(Xe, Yy) +b) (V) - Vyp(Xy, Yy)] dt.
(4.4.29)

Proposition 4.22 (Coupling estimate). Let

uMz
<)
Tz
i
=] =
] =
<

where

N
. . . 1 —
dXj =V2dBy" —VV(Xj)dt — = > V. W(X[, X)) dt,
j=1

= V2dBM — vV (Y, )dtf/ VoW (Y}, 2) dpe(2) dt.
M

Assume that X} = Y{, and couple each pair (X},Y}) by parallel coupling. Then in the
setting of Lemma 4.19, under the additional assumption (4.4.6) for every t > 0, it holds

t
Wiy, ) < W@, i) + Lz / e IWL (Y, ) ds, (4.4.30)
0

where B
ay =+ — |K|— Lw,.

Proof. We apply the parallel-coupling Kendall formula (4.4.29) to the pair (X}, Y});
dp(XE, ) < [IKIp(XE YE) + V(XD - Vap(XE, Y 4 Bu(YE) - V(X Y | dt, (4.4.31)

where

N
bi(z) == —VV(x Z Wiz, X]),  bi(z) = —-VV(x) = Vo(W % ).
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We first estimate the contribution of V. Since HessV > [, integrating along the
geodesic 7; from X/ to Y} yields

V() i) = Py TV (XD - 51(0i(0)) 2 Bpul0).
Equivalently,
~VV(X]) - Vap(X[, Y)) = VV (YY) - V(X1 YY) < —Bpi(t). (4.4.32)
We now treat the interaction. Its contribution in (4.4.31) is given by
1 & o o
W) = =y 32 VW (X X)) VeplXh Y
VLW (VY 2) dpin(2) - Vyp(XE V7).

M
After parallel transport, adding and subtracting vector fields in TYtiM, we deduce that

N
1 i v i v i v
N Z [PXf%YtivwW(XtaXt]) - VGEW(Y; 7Xg):| ’ Vyp(Xt,Y; )

j=1

N
Z[V W XD - V)] | V()

2 \

N
+ NZ W) = [ VW 2) () | - V(X5 YY)

The lower Hessian bound Hess, W (-, z) > 3, for every z € M, yields
(Pximy; VaW (XS, 2) = VaW (Y, 2)) - V(XL V) < —Bp(XL, V),

the assumption (4.4.6) on V,W gives

N N
3 22 [7w 0 ) = w0 9] ) 90003 < S 0070
Jj=1 =1

and furthermore using Kantorovich duality,
| X
F VWD) = [ VW) di(z) | V(XY
j=1

< Lwa Wi (97, ) -
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Hence,

N
- R 1 o
Wi(t) < —Bp(X{, Y{)+Lwa Ry (t)+Lw,e Wi (B, 1e) Ry (t) = N Zﬂ(ththJ)-
=g

(4.4.33)
Combining (4.4.31)—(4.4.33) and averaging over i = 1,..., N,

d ~ ~
BN (0) < — (848 = K| = Lwa) Ru(t) + Lwa Wi (B, ).

In other words,

d ~
@RN(t) < —amBy(t) + Lo Wi (D), jir).

Since X} = Y{, we have Ry (0) = 0. Gronwall's inequality yields

t
Ry (t) < Lw / e MW (DN 1) ds.
0

Finally, pairing each X with Y} gives

N
~N =~ 1 i i
Wil 7)< 55 Y (X[, YY) = Ry (b).
=1

Therefore, by the triangle inequality,
Wl(ﬁivnut) < Wl(ﬁival/)zv) +W1(/V\tjv7ﬂt)

t
< L / e I (BN, ) ds + W (D, o),
0
which proves (4.4.30). O

From this point on, the proof of Theorem 4.18 is the same as in Bolley—Guillin—Villani
[11] by combining Theorem 4.15, Lemma 4.21 and Proposition 4.22.

4.5 Appendix

Proof of Lemma 4.8. Since the covering number N(B(x, R), ) is bounded by the packing
number P(B(z, R),d), it is sufficient to estimate the latter. Let {wi}fz(f(x’m’é) be a
maximal d-packing of B(x, R); in particular, all balls B(z;,d/2) are disjoint and contained
in B(xz, R+ 6/2) and therefore

m [B(z, R+ 6/2)]
P(B(x, R),0) < max = g oo

(4.5.1)
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On the other hand, since z; € B(x, R), we have B(z,R) C B(xz;,2R). Hence, by the
Bishop—Gromov Theorem 4.7,

m[B(z;,6/2)] _ m[B(z;,2R)] _ m[B(x, R)]
Vien(/2) = VienR) © Vicn(2R) (452)
Inserting (4.5.2) into (4.5.1), we obtain
m[B(x, R+ §/2)] Vkn(2R)
PO RS B R Viea(0/2)
< VK,n(R+6/2) VK7’I’L(2R) (453)

Vikn(R)  Vikn(6/2)
after another application of Bishop—Gromov.

If K =0, then Vj ,(r) is proportional to r", and therefore

P(B(z,R),5) < (1 + 2;)” (‘Lf)n < (55)”

since 6 < R/2. Otherwise, for K < 0, using the inequality
"2 ginh™ !

Vin(rz) o ( JLK_IIS) - < (Tz)neXp( [K[(n —1)(r2 —7"1))

Vic.n(r1) fom sinh™ ! <\/Es> ds

valid for all 0 < r; <y in (4.5.3), we obtain

P(B(z,R),8) < (?)nexp(2\/m]%> .

O

Proof of Proposition 4.9. Given o € E, we truncate v on the ball B(o,R) as vg =
VIR ™'|g(o,r)- Then we sample independent random variables {X*}Y, and {Y}}X,
according to v and vp respectively. Notice that

i Xt if d(o, X*) < R;
Xp = . )
Y* otherwise,

are independent and distributed according to vr. Denote by

1 1

—~N ~

VR =y E 5)(;27 7= N E Ox ®6X}72>
i=1 =1
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respectively the empirical measure associated to vz and the trivial coupling between 7V

—~N
and vr" . Then
N

N~ ~ 1 i
wy (V7" < Py a7 (y) S 5 D20, X o xzn
i=1
and by independence of the X*'s,
E(wp (7,7 | < 2B [@(0, X )uo,x1)28) = 2 / o T (@) (454)
E\B(o,R

The expected Wasserstein distance between the truncated empirical measure and the
truncated measure is bounded by the estimate (4.2.3);

N . R/2 1
E [W,, (ﬁ-,,, mﬂ <Clet+ N N(B(o,R),5)% dé | . (4.5.5)
€
Moreover, since X! ~ v and X}, ~ vg,
WP (v,vg) <E[dP(X', XR)] < 21’/ d? (o0, z) dv(z). (4.5.6)
E\B(o,R)

Thus, combining the triangle inequality with estimates (4.5.4), (4.5.5), and (4.5.6), we
obtain

E [W, (7", v)]
<E [Wp (f/\NJj]\{N)} +E [Wp (@N,ug)} +E[W, (va,v)]

<4 </E\B(0,R) dP (o, x) du(x))

=

(4.5.7)
Recall the covering estimate (4.2.4),
5R n
N(B(z,R),d) < (5) exp (2\/ |K|(n — I)R) .

Then, denoting k := /| K|(n — 1), wet get
R if K =0, n < 2p; (4.5.8)
Rlog(R/e) if K =0, n=2p; (4.5.9)
R/2 1 R2we' "2 if K =0,n>2p; (45.10)

N(B(0,R),0)2r d§ <k n ’ ’

/5 (Blo, R),9) R okR/p R if K <0,n<2p; (45.11)
e"FIPRlog(R/e) i K <0, n=2p;, (45.12)
e"RIPR2E % K <0,n>2. (45.13)
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Here, the subscripts of < denote the dependence of the constant. Now, we optimize £ and R
in terms of N to balance the first term of (4.5.7) depending on the decay of the probability
measure with the second term of (4.5.7) estimated by (4.5.8)—(4.5.13) depending on K, n,
and p. Note that if M, = [, d%(o,z) dv(zx) < +oo for some ¢ > p, then

» q
(/ d?(o, x) dV(J;)) < Mql/plep. (4.5.14)
E\B(o,R)

Case 1: Finite polynomial moment and K = 0.

i) If n < 2p, then inserting (4.5.8) and (4.5.14) into (4.5.7) yields

1
E[W, (0.v)] < 4M}PRF 4Gy (f - szR) .

1 _4
Setting R := Cp p 0, N 27 and € == ¢(N) < R'"7, it holds

a—p

E [Wp (/V\N’ V)] S,n,p,Mq N_%
ii) If n = 2p, then inserting (4.5.9) and (4.5.14) into (4.5.7) yields
~N 1/ 1-4 -+ R
E[W, (v ,V)]§4Mq PR" »p+C|e+ N ?2rRlog ~)
_1 1 P
Setting e ;= CN 2P R and R = Cy, p g1, N?4(log N) 4, it holds

a—p

E (W, (", v)] Snpam, N (logN) 4

i) If n> 2p, then inserting (4.5.10) and (4.5.14) into (4.5.7) yields

1 n
B[, (0%.0)] < 4M}PRY D 4 (e + N—szngl—ﬁv) .

1 2
Setting € .= Cp, N n R and R = C,, ,, ¢ N ™7, it holds

_ga-p

E[W, (0%, v)] Snpa N 77
Case 2: Finite polynomial moment and K < 0.

iv) If n < 2p, then inserting (4.5.11) and (4.5.14) into (4.5.7) yields

q 1
E [W, (ﬁN,V)] < 4Mq1/PR1_p +C (5 + N 2pe Kl("_l)R/pR> . (4.5.15)
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Balancing the first and third term of (4.5.15) yields
R-/P = N—1/2p) VIE|(n—=1) R/p_

Taking logarithms,
[K|(n—1)

This suggests the ansatz R := Alog N 4+ Bloglog N. We thus set
R = 1
2/|K|(n—-1)

For N large enough, we have both

(log N — 2gloglog N) .

N‘ﬁex/lK\(nfl)R/pR = (log N)*q/pR
_a—=p
SK,n,p,q (IOg N) L

and
1-4 _4qa-p
R /SK,n,p,q (IOg N) P
q

Therefore, choosing € == ¢(N) < Rl_f?, for N large enough, it holds

_a-p
E [WP (ﬁNv’/)] SKnpq (logN) P .

v) If n = 2p, then inserting (4.5.12) and (4.5.14) into (4.5.7) yields

1
R+ glogR ~ —log N +1og Ck n,p,q-
P 2p

3

4 1
E[W, (?",»)] <4M/"R""v +C(f-:ﬂv % |K<nl>R/pmog<R)>'

q
Setting € == C’K,nypqul_P < R/4 for N large enough, the choice
R:= __
2V/|K|(n 1)

gives the ansatz approximation to

VIE|(n—1)
p

(log N — (2q + 2p) loglog N)

and yields

_4-p
E [Wp (l//\N’V>:| SKJLIMJ (log N) L
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vi) If n > 2p, then inserting (4.5.13) and (4.5.14) into (4.5.7) yields

q 1 n n
E[W, (0V,1)] <4MYPR' v + C ( +N” QPeW"‘”R“’RQ”f”p) |

_9
Setting € == C’K,n,p,qu P < R/4 for N large enough, the choice

log N — nqloglog]\/') ,
p

R.:1<
2K - 1)

gives the ansatz approximation to

[K|(n—1) 1

5 log N +1og Cx . p.g

nq N
R—I-ﬁlogRN

and also yields

E [WP (ﬁva)] SKoinp.g (logN)™ 7 .

Now, we treat probability measures with finite exponential moments. If
Eo = / e@d) qy(z) < +oo
E

for some a > 0, then for R > p/a,

P a
(/ dP (o, x) dV(x)) < Ei/pReng. (4.5.16)
E\B(o,R)

Case 3: Finite exponential moment and K = 0.

vii) If n < 2p, then inserting (4.5.8) and (4.5.16) into (4.5.7) yields
E W, (@",v)] < AEYPRe P ¢ Crp (e + N21PR> :
Setting R = 5 log N and ¢ := ¢(N) < Re_%R, it holds
E [W, (7.0)] Snpee. N7 log V.

viii) If n = 2p, then inserting (4.5.9) and (4.5.16) into (4.5.7) yields

a 1
E (W, (7¥,v)] <4EYPRe™» "+ C (5 + N~ 2 Rlog (f)) :
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Setting € == C’nypya,gaRe_gR < R/4 for N large enough, the choice
1
R:=— (log N — 2ploglog N)
2c
gives the ansatz approximation to
o] 1
—R+logR~ —logN +1ogCy p.ac.,
p 2p

so that
1

E [WP (aN7 V)] Snop,onga Nﬁ?p(bg N)Q-

ix) If n > 2p, then inserting (4.5.10) and (4.5.16) into (4.5.7) yields
SN Vpp,~pR 35 A -
E[W, (0",v)] <4€L/7Re 7"+ C (a—l—N % R ) .

1
Setting ¢ = C,,, N n R and R := 2 log N, it holds
1
E [WP (/V\N7 V)} Sn,p,a,&l N™n log N.

Case 4: Finite exponential moment and K < 0.

x) If n < 2p, then inserting (4.5.11) and (4.5.16) into (4.5.7) yields

<3 L
E[W, (#V,v)] <4€Y7Re " +C (5+N 2pevK(”1)R/PR) .

Setting ¢ := ¢(N) < Re_ »" and

1
R = log N,

2 (a +IK](n - 1))

we deduce that for N large enough,

(63

E[W, (0",v)] Skmpac. N 2(etv/IKI=D) 1o .
xi) If n = 2p, then inserting (4.5.12) and (4.5.16) into (4.5.7) yields

_a _L R
E (W, (7¥,v)] <4EYPRe™» " 4+ C (5+N 2pevK("—1>R/PRlog( ))

3
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o
: -2R
Setting € := Ck npa,e, e P and

1
R:= (log N — 2ploglog N),

2 (a +IK][(n - 1))

we deduce that for N large enough,

[e3

xii) If n > 2p, then inserting (4.5.13) and (4.5.16) into (4.5.7) yields
a 1 n n
E[W, (V,v)] <4€1/7Re " +C (5 + N VIRl pR%l_Zp) '

Optimizing in ¢ for fixed R gives

1 24/ K -1
€= CgnpR N nexp ('n(n)R> .

E [WP (i/\N’ V)] SK,n,p,a,Sa gé/pRe_%R + RN?i exp <2mrLMR> .

Setting

p
= log N,
na + 2py/|K|(n — 1)

we deduce that for N large enough,

E [WP (/V\N’ V)] SK,TL,p,a,Ea N_W log N.
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CHAPTER 5

Well-Posedness of the
Multi-Species Landau

Equation

This chapter is the content of the joint work [65] with Raphael Winter and Havva Yoldas.
"On the existence of solutions to the multi-species Landau equation." arXiv preprint
arXiv:2512.17082 (2025).

5.1 Introduction

We study the spatially homogeneous multi-species Landau equation, a kinetic model for
the time evolution of a plasma consisting of several distinct particle species, such as ions
and electrons. The homogeneous multi-species Landau system, satisfied by the probability
densities f; = f;(t,v) with (t,v) € (0,00) x R3 for N species, is given by

N
Oufi=>_ Qij(fif;), 1<i<N, (5.1.1)

j=1

where Q;;(fi, f;) is the Landau collision operator, derived by Landau in 1936 [69],

v; Vo,
Qi (fi, [5)(vi) = mi Vo, - (/Rs cijA(vi — vj) (V - - J) (fi ® f5) (%vj)dvj) :

i m; m;
Here, the constants m; denote the particle masses for each species, and

2@z _ log Al g qinin;

Alz) = |2°7 1, Ik =1d s

, (5.1.2)
8med

where |log A.| is the Coulomb logarithm, & is the vacuum permittivity, and ¢; are the
particle charges. The constants n; are the number densities of each species per unit volume,
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5. Well-Posedness of the Multi-Species Landau Equation

so we can assume f; to be probability densities. The constant v € [—3,1] determines
the singularity of the interaction kernel, the physically most relevant case describing the
interaction of charged particles via Coulomb potentials corresponds to v = —3. The Landau
equation can be obtained in the grazing collisions limit from the Boltzmann equation, see
e.g., [3, 27, 104, 71].

The breakthrough result of Guillen—Silvestre [52] establishes the global existence of
solutions for the Landau—Coulomb equation, when f solves (5.1.1) for only one species.
They achieve this by showing that the Fisher information

1) = [ V1o fao (513)

is non-increasing along the solution of the Landau equation. On the other hand, for the
multi-species Landau equation only a couple of mathematically rigorous results are available.

As the multi-species Landau equation arises from (grazing) elastic collisions, it conserves,
at least formally, the number of particles for all species, as well as the total momentum P
and total energy £. Therefore, we have the following conserved quantities,

N 1N )
P=Y [ mesdn &= 30 [ mpl fwan (614

Moreover, the Boltzmann entropy H, given by

N
H(Fy) = ; /R Jilog fidv,

where Fiy := (f1,--+, fn) is a solution to (5.1.1), is formally non-increasing in time.

In this chapter, we tackle the problem of global well-posedness for the spatially homoge-
neous multi-species Landau equation. To this end, we first derive a natural generalization
of the Fisher information in the multi-species setting. Since the global equilibrium of a
centered multi-species system is given by the Gibbs state

N
Foq(vn) = [ [ Mzm, (v2), (5.1.5)
i=1
where vy = (v1,--- ,vn), T > 0 is the temperature and My, is the Maxwellian velocity

distribution for particles of mass m;; i.e.,

M (0) = (25) 2 exp (2 o) (5.1.6)



5.1. Introduction

it is natural to seek a multi-species Fisher information Z of the form

N
IFyia) =Y ai [ Viogfif fid. (5.1.7)

i=1 VR
where a = (aq,...,ay) positive constants a; > 0 to be chosen. We can only expect

monotonicity of this functional (5.1.7) if the equilibrium (5.1.5) is a minimizer among
all centered configurations with fixed total kinetic energy £ defined in (5.1.4). Testing
this condition on factorized functions with the same kinetic energy shows that, up to a
multiplicative constant, the unique choice is a; = m;l. We therefore define

N
I(Fy) = Zmi/ IV log f3|? f; dv. (5.1.8)
i=1 /R

This functional is indeed a Lyapunov functional for the homogeneous multi-species Landau
equation provided that v € [—/8, —2] which is our first main result, see Theorem 5.1.
We recast the cross-interaction operators in a new set of variables (5.2.6) and differential
operators (5.2.5). After this transformation, the operators can be treated similar to [52],
and the constant in the log-Sobolev inequality without additional symmetry is responsible
for the threshold value 7, = —/8.

We can prove that the threshold -y, is sharp and the monotonicity of the Fisher
information no longer holds in general for v € [—3,7.). More precisely, we construct explicit
counterexamples for the two-species Landau system when the mass ratio between the two
species is sufficiently large. We do so by investigating first the limiting equation where
one species has infinite mass. The finite mass case can then be recovered by a continuity
argument. The counterexamples are given in Theorem 5.2.

The first two theorems pose the question whether the multi-species Landau system is
indeed globally well-posed below the threshold value ~, or if the symmetry under exchange of
particles is necessary to obtain global well-posedness results using the information-theoretical
approach. This is the main objective of our analysis. We are able to answer this question
positively and provide a new method to construct Lyapunov functionals that do not require
this symmetry assumption.

We consider the two-species Landau system where one species has infinite mass, i.e., the
collisional dynamics of electrons and ions. While the counterexample in Theorem 5.2 shows
that the time derivative of the Fisher information along this dynamics is no longer under
control, we construct a new Lyapunov functional A(f), defined in (5.1.12), by combining a
weighted spherical Fisher information, the classical Fisher information and the Boltzmann
entropy. With this new functional, we establish global well-posedness for v € [—3,.)
in Theorem 5.3. This result reveals a new method that can show global well-posedness for
equations which do not satisfy the symmetry property required by the existing methods.
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5. Well-Posedness of the Multi-Species Landau Equation

5.1.1 Main results

Theorem 5.1 (Global well-posedness). Let N € N be the number of species and m; > 0,
1 < i < N their respective particle masses. Assume that the interaction is soft with
—2>v> —+/8. Further assume that the initial distributions satisfy f; € L%ZﬂLi NLlog L
for some ¢ > T and are probability densities. Then there exists a global-in-time strong
solution Fyy = (f;)N.; which solves (5.1.1), and

fi € C>((0,00) x R®), for1<i<N.
Moreover, for any t > 0, the generalized Fisher information Z(Fy) defined in (5.1.8) is
finite and non-increasing in time on (0, c0).
The proof of this theorem is the content of Section 5.2.4.

The theorem covers a large range of soft potentials, down to the threshold v, = —/8.
This naturally raises the question whether the monotonicity of the Fisher information persists
for v < 7. We answer this question negatively in the cases where the mass ratio between
the two species is sufficiently large or infinite. This includes physically important cases such
as the collisional dynamics of electrons interacting with ions, where the mass ratio is about
1836 between protons and electrons. In the limiting case of infinite mass ratio, the resulting
equation can be found in [88, Equation 6.4.11] and reads

Of =Qy(f, f) + ceilf, (5.1.9)

with the choice v = —3 and ¢.; > 0 in the general formula

Q1. 0) =V, [ A=) (9, = 90) (T & 1) 007)
Lf(v) =V, (|0 Ty V, f(v)) .

In other words, the interaction with ions induces a diffusion on spheres in velocity space.
We prove that the Fisher information is a Lyapunov function for this equation if the initial
datum f° is even, but is not monotone decreasing in general.

Theorem 5.2 (Non-monotonicity of the Fisher information below 7,). Let =3 <y < v, =

—/8.

(i). Infinite mass ratio: There exists a probability density f° € S(R3) such that the
local-in-time solution f with initial data f° to (5.1.9) satisfies

d
E‘[(f) |t=0 >0,

where 1(f) is defined in (5.1.3). On the other hand, if f° is even, i.e. f°(v) =
f°(—v), then the Fisher information I(f) is a Lyapunov functional for (5.1.9) for any
-3<~y< -2
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5.1. Introduction

(ii). Large but finite mass ratio: For N = 2, ¢;; > 0,14,j € {1,2}, and :Z—f >0
large enough, there exist probability densities f{, fS € S(R?) such that the local-in-
time solution Fy = (f1, f2) with initial data f7, fs to (5.1.1) has increasing Fisher
information (5.1.8)

d
T IE) [, > 0.

The proof of this theorem is the content of Section 5.3.1.

This theorem shows that the Fisher information is no longer a Lyapunov functional.
Moreover, the proof reveals that the time derivative of the Fisher information cannot
be controlled in terms of I(f) alone, which makes any direct growth estimate for I(f)
inaccessible. This prompts the question whether (5.1.9) is in fact globally well-posed. We
answer this positively even for Coulomb interactions between electrons and ions. We consider
the equation

iR
Ouf = Qy(f,f) +caV (H“ Vf) , (5.1.10)

[l

where Q,(f, f) is given by the single-species Landau operator with coefficient v € [—3, 2]
in (5.1.2).

To obtain a new Lyapunov functional, we introduce, in addition to the standard Fisher
information, a weighted spherical Fisher information J(f) defined by

- (0] (% 2
J(f) = /RS M £(v) dv.

[l

Furthermore, we introduce the relative Boltzmann entropy H(f|Myo 1) with respect to
the Maxwellian Myo 1 (5.1.6) where the temperature T° is chosen such that

1 1
/ ~[v]*P Mo 1(v) dv :/ —|v|*f°(v) dv = E.
R3 2 ' R3 2
The relative entropy H(f|Mro 1) can be written explicitly as
H(f|Mpo1) = H(f) —/ flog Mrpo 1 dv = / flog fdv —/ flog Mro 1 du.
R3 R3 R3

We are now in the position to state the central result of the chapter.

Theorem 5.3 (New Lyapunov functional for the infinite-mass case). Let —3 <y < —/8,
cei > 0 and f be the (local) strong solution to (5.1.10) with initial datum given by a
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5. Well-Posedness of the Multi-Species Landau Equation

probability density f° satisfying f° € L, N L7 N Llog L for some { > 7 and J(f°) < cc.

In the case of v = —3, we need to further assume that c.; and the initial datum f° satisfy
J(f°) Cei

1 . H(f°|\Mpoq) < —, 5.1.11

+I%(f°)+ (f°] T,1)_K ( )

where K > 0 is a constant (computable in terms of the optimal constants in several functional
inequalities). Then there exist constants a = a(ce;, v, I(f°),J(f°), H(f°|Mr01)) >0
and R = R(ce;, v, I(f°),J(f°), H(f°|Mro 1)) > 0 such that the non-negative functional

A(f) = 1(f) +aJ(f) + RH(f[Mze 1) (5.1.12)

is non-increasing in time. In particular, the Fisher information I(f) remains globally
bounded by a constant depending on the initial datum f°, and the solution to (5.1.10)
exists globally-in-time.

Remark 5.4. For the condition (5.1.11) to hold, it is necessary that c.; > K. The constant
K > 0 constructed in our proof is rather large see Remark 5.22.

The proof of this theorem is the content of Section 5.3.3.

Let us emphasize that this result shows that the global-in-time boundedness of the
Fisher information persists, even though the Fisher information itself is no longer monotone
for v < 7y.. For general finite mass-ratio of two species, the question of well-posedness of
the two-species system remains open when v < .. In the linearized setting and large mass
ratio, the problem is related to the two-scale problem considered in [50].

5.1.2 Summary of previous results

In this section, we summarize the theory of the Landau equation with a particular focus
on the results after [52]. We refer the reader to [52] for a detailed review and historical
remarks. The global well-posedness theory for the spatially homogeneous Landau equation
is well-established for hard potentials and Maxwellian molecules, i.e., v > 0, see e.g., [104]
for v = 0 and [29, 30] for v > 0. For moderately soft potentials, i.e., v € (—2,0], regularity
estimates developed in [48, 90, 112] imply global smooth solutions. For the very soft
potentials, i.e., v € [-3,—2) including the case of Coulomb interactions, this problem was
open until the recent breakthrough result by Guillen—Silvestre [52]. They prove that the
Fisher information is monotone decreasing for the spatially homogeneous Landau equation
with Coulomb interactions, which gives the existence of global smooth solutions. Since then,
this new information-theoretical approach has been used to address other open problems
in kinetic theory. We refer the reader to the recent notes by Villani [103] on this topic.
In [59], Imbert—Silvestre-Villani generalized this method to show the existence of global
smooth solutions to the space-homogeneous Boltzmann equation in the regime of very soft
potentials. The Fisher information approach has been generalized to initial data without
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finite Fisher information, see [16, 28, 44, 61]. Let us briefly discuss the Lenard—Balescu
equation which is considered as a more accurate model than the Landau equation for weakly
coupled systems with long-range forces (especially Coulomb plasmas). The presence of
collective effects leads to an additional non-local nonlinearity in the collision operator and
currently no Fisher information based theory is known. The state of the art regarding the
spatially homogeneous Lenard—-Balescu equation is due to [32, 33, 95].

The global well-posedness of the spatially in-homogeneous Landau equation with Coulomb
interactions still remains open for general initial data. However, it is possible to obtain
rigorous results when the collision operator is mollified in space. In [49], the authors study
a fuzzy version of the spatially in-homogeneous Landau equation where the collisions are
delocalized via a spatially dependent kernel k(x — x.). They prove the global well-posedness
of the fuzzy Landau equation for moderately soft interactions where v € (—2,0] and a
positive spatial kernel k(z) ~ (z)~* A > 0 when the initial data is sufficiently smooth.
For K = 1, and v € [-3,1], they also prove that the spatial Fisher information decays
monotonically and the full Fisher information remains uniformly bounded in finite time
intervals. We also refer to the recent article series [35, 36, 34] for more details on the fuzzy
Landau equation.

When it comes to the multi-species Landau equation, mathematical results are rather
scarce. Classical references for the derivation of (5.1.1) are [73, Chapter 4] and [88, Chapter
6]. This problem is closely related to the study of the multi-species Boltzmann equation;
thus, the existing results use similar approaches. Let us start by summarizing some landmark
results in this case. In [92], the authors study the Boltzmann equation for a mixture of two
gases in one spatial dimension, and prove sharp pointwise-in-(t, z) asymptotics where one
species is near vacuum and the other one is near Maxwellian equilibrium. One of the first
spectral gap results for the spatially in-homogeneous multi-species Boltzmann system on
(z,v) € T? x R? covering hard potentials and Maxwellian molecules, v € [0, 1], with Grad’s
cutoff assumption is [23]. This work uses a multi-species adaptation of the quantitative
hypocoercivity techniques developed in [81]. However, [23] does not allow species to have
different masses in the mixture. In [15], the authors develop a perturbative Cauchy theory
for the multi-species Boltzmann equation posed on (z,v) € T x R3 in the weighted space
LLL% with a polynomial weight. They prove the existence of a spectral gap for the linear
multi-species Boltzmann operator allowing different masses which induce a loss of symmetry
and the standard methods developed for the mono-species case are not immediately available.
They study the perturbed linear equation by means of the L' — L> theory due to [53].

To the best of our knowledge, there are only two works on the Cauchy problem of
the multi-species Landau system. In [51], the authors study the system of the spatially
in-homogeneous Landau system defined in the phase space (z,p) € T3 x R? with moderately
soft potentials, v € [—2, 1]. Using a similar strategy as in [23], they provide explicit spectral
gap and hypocoercivity estimates for a linearized multi-species Landau system where all
species are assumed to be close to equilibrium. In [75], the authors study the Landau
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5. Well-Posedness of the Multi-Species Landau Equation

system on (z,p) € R3 x R3 for v € [—2, 1] for two species where one species starts near
vacuum and the other one starts near a Maxwellian equilibrium state. Using a similar
approach as in the case of the multi-species Boltzmann system [92], they show that the
solutions to the linearized system become instantaneously smooth both in & and p without
requiring any smoothness assumption on the initial datum. On the numerics side, [19]
develops a deterministic, structure-preserving particle method for the spatially homogeneous,
multi-species Landau equation by regularizing the collision operator so that each species
distribution can be approximated as a sum of Dirac masses whose locations evolve according
to an ODE system.

5.1.3 Preliminaries and structure of the chapter

Throughout the chapter, we follow the notational convention introduced in [52] and write
(I'(f), g) for the Gateaux derivative of a functional I in direction g. Moreover, we recall
the Japanese bracket (v) = /1 + |v|? and the following standard notation for weighted
spaces.

Definition 5.5 (Weighted spaces). We work in weighted spaces Ll2 and Hlk 1>0keN,
defined by

112 = [ P o
k

I e = DIV £

=0

To control the tail of f, we also use the moments
91y = [ F)e o
R3

We introduce the number densities n; in (5.1.2) so that we can assume throughout the
chapter that f, f; are probability densities.

We use the standard notation for the Frobenius product of real matrices and the induced
Hilbert-Schmidt norm

A:B:= ZAijBij = trace(A'B) and |Al%g = A: A

%,
For convenience, we will use the tensor product notation for functions f and g,

(f @ 9)(v,w) = flv)g(w),
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5.2. The multi-species Landau system with finite masses

and suppress the arguments wherever there is no risk of confusion.

Let us briefly summarize the structure of the chapter. In Section 5.2 we treat the
finite-mass case and prove Theorem 5.1. In Section 5.3 we consider the case of two species
with large or infinite mass ratio % Section 5.3.2 contains preliminary results on the
dissipation functionals for the infinite mass case, while the proof of Theorem 5.2 is carried
out in Section 5.3.1. The novel dissipation functional and the proof of Theorem 5.3 are the
content of Section 5.3.3. Some frequently used identities in spherical calculus are gathered

in Appendix 5.4.1.

5.2 The multi-species Landau system with finite masses

5.2.1 Lifting argument for the multi-species system

We perform a lifting procedure by doubling the number of variables as in [52]. To this end,
we define
MN4; = My, Ci,N+j = Cij, 1 S’L,]SN,

so that particles i and N + i belong to the same species. We introduce the lifted linear
operators acting on functions

F(van) : (R3)2N =R, wvon = (v1, - ,v2n),
by
A (T vvi vvj Vvi vvj =~
Qij(F) = <Tm - m]> : <Cz‘jA(”i — ;) < p— m]> F)
with

1<i<N, N+1<j<2N,
and consider the linear evolution of the Cauchy problem
AF=QF) = > Qu(F),
1<i<N
N+1]§\[J§2N (5.2.1)
Fo(ur,.yvan) = [ £7 (i) £ (o).
i=1

Since the lifted equation and its initial datum are invariant under the exchange of the two
copies, uniqueness of the lifted linear evolution implies

ILF(t) =Ty F(t), i=1,...,N. (5.2.2)

131



5. Well-Posedness of the Multi-Species Landau Equation

The evolution (5.2.1) is useful because the equations for the marginals can be related
back to the multi-species system (5.1.1). To see this, we consider the marginals

Hkﬁ::/ F dvy, 1<k <2N,
(R3)2N -1

where Vi, denotes the vector voy = (v1,...,vay) with v, omitted. For 1 < i < N, we
have
2N
~ Vo Ve, Vi, \ = N
at (HlF) = Z —_— / CijA<’UZ'—Uj) ( C —'7> F('U]_7...,'U2N) dVZ' 5
. m; 3)2N—1 m; m;
j=N+1 (R3) J

and thus, at time ¢ = 0, we recover the multi-species equation (5.1.1),
_ N
O (HiF) L_O =" Qi (7, 15) =0ty
=0 =
For the lifted multi-species system we introduce the weighted Fisher information

o 2N 1
Pef S
(R3)2N ; m;

Although this definition is asymmetric, the weighted Fisher information retains the key
property that we need: it controls a suitably scaled sum of the marginals’ Fisher information.

~12 ~
vv,; logF‘ FdVQN.

Lemma 5.6 (Dissipation inequality for the weighted Fisher information). Let F : (R3)2N —
R be a probability density with finite weighted Fisher information Z(F) and marginals

ILF =My F=f;, 1<i<N.

Then
i
—I(f) < I F 523
; —1(f) < 5E(F) (523)
with equality if and only ifF = (fr -® fN)® . As a consequence, we have the inequality
d 1dx ~
- < - 2.
dtI(Fm\ S5l (5.2.4)

for Fyy and F solutions to (5.1.1) and (5.2.1) respectively.

Proof. Consider the change of variables ® : (R?)?Y — (R3)2V defined by
(O3 (’Ul7 ... ,UQN) — (\/ml V1, ...,\/M2N ’UQN) .
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5.2. The multi-species Landau system with finite masses

Then the push-forward density G := | det D®|~! F o ®~! satisfies
/ IV1og G| Gdvay = Z(F).
(R3)2N

The claim is then a direct consequence of Carlen’s |nequa||ty [17, Theorem 3]. The factor

= stems from the fact that II; F= fi=fnyi= HNHF so each probability distribution
appears twice as a marginal.

Finally, the inequality (5.2.4) follows from the same argument as in the single-species
case:

Lrm|_ = i_ (a1 Qe 1)
N
> (runa (wh) )
N ~ o~ ~ o~
i (Samn - 0 |50
<5 oTB|

where the last inequality follows from (5.2.3) and (5.2.2) using that the initial datum is
factorized. O]

5.2.2 Dissipation of the weighted Fisher information

This section is devoted to the proof of the dissipation of the weighted Fisher information
for strong solutions. This is the fundamental tool to prove Theorem 5.1.

We introduce the following differential operators,

Vo, Vo, Vo, Vo
Vij= =, —— |, Vij=———" (5.2.5)
’ Vmio Toomg o omy
Lemma 5.7. Let F(vy, -+ ,van) = @2, fi be a probability density with marginals fi, and

finite weighted Fisher information Z(F'). Then for any pair (i,5) : 1 <i< N, N+1<
J < 2N,

<f/(ﬁ);@ij(ﬁ)> = <ij (fi® ), Qi (fi ® fj>> )
where

Qij(fi ® f5) =V, (cijAlvi —v;) Wi (fi ® f7))
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and

Lihod)= [ | 1Vils(he )P (e f).

Proof. By linearity, it suffices to show that for any index k& # 4, j and

2N My

~ o~ ~|2 ~
Tu(F) = / L ’vvk logF‘ F,
(R3)
we have o
(Z1.(F), Qi (F)) = 0.

A direct computation gives

(TL(F), Qi (F))

2 Qi (F) A / 1 52 6. (F
_ 2w, (¥95)) g, g F | F — v, F‘ (F
/(]R:})ZN mg ( * ( F ) k08 > + (R3)2N T ‘ k108 Q ]( )

1 ~i' F = =5 (5
(R3)2N F

my

Since F is factorized, @ij (F)/f‘ does not depend on vy while V,, logF only depends on
vi. As a consequence, the above integrals vanish, which proves the claim. O

Let F be a solution to (5.2.1). At time ¢ = 0, the initial data is factorized as

FO = (ff®---® f3)®2 and Lemma 5.7 allows us to rewrite each contribution to the
dissipation as

OL(F)

= Y (@FE).Qu)
N+11S£§g2N

= Y (T ren).as e ).
1<i<N
N+1<j<2N

t=0

We introduce two new physical variables, namely the relative velocity and the center-of-
momentum frame: for a fixed pair (¢, ) we set

« miv; + m;v; 1 1 Mij
=v; — U;, =_— = — = , 5.2.6
z=v; —vj 2 e Qij = - + my e, ( )
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where M;; == m; +m;. Then the transformation (v;,v;) — (z,2*) is volume-preserving
and we obtain

Vi j z*y T
7 ( m; - M, NI

vz vV v vz \/m'
i + ! Vz*> ) VY, — i;V..
Using these new variables and denoting f;;(z,2%) = (fi ® f;) (vi,v;) we have
1
| Wi jlog (fi @ f;)” = ai; |V log fi]* + s Ve log £
ij

Therefore, we can decompose Z;; into three functionals

Ty (fief) = [ Vs (he HF (fe f)

_ 2 1 2
—/ aij |Valog fis|" fij + | 57— |Varlog fi5l” fis
R6 R6 (¥

Z%‘/ |(1d-113) V. logiz‘j\QiijJraij/ V. 1°giij|2iij
RS R6

1 2
RS M” | 7.7‘ 4
= Rij;rel (i’L]) + u7ij;re| (izg) + Iij;cmf (iz]) (527)

One should interpret functionals ﬁij;rd(iij) and jij;rd(iij) as the radial and spherical
parts of the weighted Fisher information in relative velocity respectively, and the third func-
tional Iij;cmf(iij) as the remaining weighted Fisher information in the center-of-momentum
frame.

In the variables (5.2.6), the lifted multi-species Landau operator takes a simpler form,
namely,

Qis (£ ® 1)
fi®f;
_ Vi (cijAlwi —v;) Vi, (fi @ £))
fi® f;
=cij (Wi (AW log(fi © f;)) + Vijlog (fi @ f;) - AW, jlog (fi © f;))
= cija; (Vz (2P Jog fi5) + 22T [TV, 1ogiij|2) , (5.2.8)

This expression takes an even simpler form in geometric notation using the spherical
coordinates in the relative velocity z:

r =zl wi=— = 2. (5.2.9)



5. Well-Posedness of the Multi-Species Landau Equation

Defining f,;(r,w, 2*) = fi;(2,2), in view of (5.4.1) and (5.4.5),

@ij (fi ® f)

2 3 = 2
5T, = cijag; 1’ (Agz log f;; + |VS2 log f,;j| ) . (5.2.10)

_ We are now set to compute the Gateaux derivative of each functional in the direction
Qij-

Lemma 5.8. Let 1 < i < N and N+ 1 < j < 2N, and let f;, fj_n (= f;) be
solutions of (5.1.1) given by Lemma 5.13. The Gateaux derivatives of the functionals

Iiiij;rel (iij)’ ij;rs/ (iij) and fij;cmf(iij) in the direction Qv”(fZ X fJ) are given by

<I{j,cmf(iij),@ij(iij)> = —2cj; ]?f 5 V.V log fij+ (V.- V. log fij A(2)) fij-
17 6
(5.2.11)
1 A 2 1y )2 2
<‘7ij;rel(iij)7Qij(iij)> —2c;504 /]R 2] H(Hz V.) log fi; HS fij- (5.2.12)

< igsrel (Si5)5 ézj(iw)> —2¢;005;

e (‘H;vz (2-V.log fi;) + 5 1LV, log f”

[TI1 V. log fi;] )fij.
(5.2.13)

2|z| 4| \2

Proof. We start with the proof of (5.2.11). The Gateaux derivative is given by

(Z)szij)>

~ C; 0422 Vz (A
< ij;cmf (flj) Qij (il])> = # 2V .« logiij A ( (
¥

RG
+ V. log fi;1° Ve - (A(2)V. fi5)
= T1 + T2.

Integrating by parts yields readily

202] i

T2 = T & VZVZ* logLJ : (Vz* logiij ® A(Z)VZ logi”)i”
17 6
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5.2. The multi-species Landau system with finite masses

For T, we use the symmetry of A to rewrite it as

2¢;;02; V.- (A(2)V.fi;
T = 7]\2 J V- log fij - Ve < 2 (A(z) Zfz])) fij
ij Jre Jij

[ (et v taman

+ Vz logiij . A(Z)VZ logf”)flj>
QCijOé?j
= — M VZ*VZ logiij : (Vz*vz logil-j A(Z))i”
ij RS
201’]’0‘12]‘

M Jge V.V.log fij : (Vaxlog fi; ® A(2)V . log fij) fijs

where, in the third line, we used integration by parts. Combining T} and T3 gives (5.2.11).
Next, we prove the second identity (5.2.12). Using (5.2.8), we have
<‘-7i/j;rel (fij): Qs (L‘j)>
_ 1
= / <2Hz V. log fij
RS -

-V, (Cija?j (Vz : (|Z|2+7Hivz logiij) + |Z\2+’Y |HZLVz logi@jf)) f”)
2
+ az-j/ [TILV. log f4]
R6
A2 2417+ - 24+ |11+ ok .
x (cljaij (VZ (‘Z| Hz Vzlogim) +|Z| ’Hz VZ logi”’ i”,
Denoting g(r,w, 2*) == fi;(z, 2*) and recalling (5.2.10) and (5.4.1), this expression becomes
<~7z'/j;rel(iij)= Qij (L‘j)>
= Cija% / / 2r'Vsz logg - Vg (Agz logg + ‘ng ]Og§|2) gdwdr
0 Js?

+ cijag’j / /2 77 | Vg2 log§|2 (Agz logg + |Vse log§\2> gdwdr.
o Js

137



5. Well-Posedness of the Multi-Species Landau Equation

Integrating by parts yields
(Twa(fig), Qij (fi)) = cizal; / /SZ 7 (2 Vg2 logg|* + 3V (|Vs2 10g§\2)
0
- Vs2 logg — 2 (Agz2 log g)? )gdw dr. (5.2.14)

In order to simplify this expression, we first recall Bochner's formula on S:

1
74 (IVsz logﬁlz) =TI’y (logg,logg) + Vs (Agz logg) - Vs: logg, (5.2.15)
where I'5 is the carré du champs operator of the spherical Laplacian Age:
o 2 _
I's (logg,logg) = HVéz loggHHS + Vg2 loggl|* .

Multiplying (5.2.15) by g and integrating by parts, we obtain

1

_5/52 (VSQ (|Vsz log§|2) - Vszlogg) g

2 _ _

= / (1172 1083l + V52 1og3l* + V2 log "
S

+ Vg2 <|ng 10g§|2> - Vg2 logg — (Agz 10g§)2 ) g.

This can be recast in the more convenient form,

3 |, (e (1922 1oxal”) - Ves 0g) 9

= /S ((Asz logg)* — T2(logg,logg) — |V 1ogg|4) 7. (5.2.16)

Finally, inserting (5.2.16) into (5.2.14) yields

<~iilj;rel(iij)a @z](im)> = —QCija?j /R3 /0 /S2 Ty (logg,logg) gdwdrdz*. (5.2.17)

The result follows recalling (5.4.8).
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5.2. The multi-species Landau system with finite masses

To prove (5.2.13), we compute the Gateaux derivative
< ;j;rel(iij)aQij(iij)>
= a,-]-/ (2 (Id—11}) V. log £
RO -

V. (eijady (V- (12T V. dog £15) + |#2+7 [T 9 og f15]°) ) fﬂ')

+aij/ <|(Id —114) V. log £
R6
2
X <C’ijaz‘2j (VZ . (|z|2+"fﬂj‘vz logiij) + |z‘2+7 |Hj—vz 10giij| )) f,'j).
Recalling (5.2.10) and (5.4.1), this becomes
< ;’j;rel(iij)a Qij (i7j)>
= cija?j / / 20, log g 0, (7"7 (AS2 logg + |Vs2 log§|2>) gridwdr
0o Js2
oo
+ cija;?’j / / r7 (O logg)2 (AS2 logg + |Vs2 10g§|2> gr?dwdr
0o Js2
= cijag’j/ (K1 + Ko)r?dr
0
Integrating by parts, we obtain
K, = 2/ 8, 102G 0, (7“7 (Agz log g + |Vs: 1og§\2)) gdw
SZ
= 2/ r70,.logg (% + 8T> (ASQ logg + |Vs2 log§|2) g dw
S2
1 _ 2 2 7 2\ =
= 2/ 7 (2@ log g O (IVsz log g ) = Vs20, loggl” — 5-0: (\Vsz log g )> gdw
S2

and

Ky = / 7 (0, 1og ) (ASQ logg + |Vs2 log§|2) g dw
S2

= —/ 70, log g O, (|VS2 log§|2> gdw.
SZ
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5. Well-Posedness of the Multi-Species Landau Equation

Thus, we have
<R;J,rel(ilj)7 QLJ (ilj)>
°° gl
= —2ci;0%, / / (V520,108 3" + -0, (Vs loggl”) ) g7**7 dr dw
s2.Jo 2r
> g 2 A 2
= —QCijOz?j/ / ’vszar logg + — Vg2 log§’ — L |Vse logg|” | g2 drdw
s2 Jo 2r 4’/"2
where in the second line we completed the square,

2,7 -2\ _ i 2 —2
Vs20r logg|” + 50, (IVS2 log g ) = |Ve20rlogg + 5 -Vs2logg| — 15 |Vee logg|”.

Changing back to variables (z, z*) completes the proof. O

Definition 5.9. We define the optimal constant A5 in the log-Sobolev inequality, for any
function 1,

/ I'y(log ), log )y dw > A3/ |Vs: log w\dew, (5.2.18)
S2 SQ

and AJ™ as the optimal constant under the additional symmetry constraint 1 (w) = 1 (—w).
Note that A3 = 2 and A3™ > 5.5, see [60, Remark 1.4 and Theorem 1.1]).

Proposition 5.10 (Coercivity of the two-species weighted Fisher dissipation). The dissipation
of the two-species weighted Fisher information Z;; (f; ® f;) in the direction Q;; (f; ® f;)
is non-negative whenever —2 > vy > -V,

Dz 5 (fi®f) =T (fi© [;),Qu (fi® ;) 2 0.
Moreover, setting C;j = Aslxn4; + AT 1 =N, we have the lower bound
Dz 5. Ji®f;)

> 2Cija?j/ |z|2+7‘Hsz (2-V.log fij) + lﬂivz log f;
RS = =

2
i dzdz®
2]z L dzdz

2 2
+ 2Cij0[?j <CZ~- — 7) /RG \zMHj‘VZ logiij(z,z*)' fij(z,2")dzdz”

4
2
‘.
+ QCijﬁ ; V.V log fij(2,2%) : (V. V. log fij(2,27)A(2)) fij(2,27) dzd2™.
1] 6

Proof. Thanks to the decomposition defined earlier

Lij (fi ® ) = Rijiel (fi5) + Tigirel (fi5) + Lijicms (fi5)
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5.2. The multi-species Landau system with finite masses

, the dissipation Dfij7§ij(fi ® f;) is given by
Dz &, i@ f;)
= < ij;rel (flj) QU (flj)> <‘-?i/j;re| (iij)a @2](11J)> - < ij;cmf (fij) é”(ilj)>

2

.
= 2¢i;— V.V, log fij: (Vo< V.log fi;A(2)) fi
Mij Jro - - -
3 2 1 2 2 1
+2¢;50; /R6|z| + (H (V) log f| 4|z|2’n V. log fi; )fij (5.2.19)
+2Cija?j/ |Z‘2+’Y‘vaz (é'vzlogfij) 2| |HJ_v IngL] fz]
RO =

Notice that except (5.2.19), all the terms above are non-negative. To obtain the lower bound,
we use the log-Sobolev inequality on S?, i.e., (5.2.18). Recalling g(r,w, z*) :== fi;(z,2%),
we have

2 2
/ 2 <F2(10g9> logg) — 1 Ve 1ogg2) 7> / 2 (Cij - 1) Ve loggl” 3. (5.2.20)
S S

Here, we use that for j = N + ¢, m; = m;, the function

g(rw,z") = fij(z,2") = f; (;Z + Z*> fi (—Z +z ) = fi(vi) fi(vn+i),

is symmetric in z; thus, the constant of the log-Sobolev inequality becomes AY™. Inserting
back (5.2.20) into (5.2.19), and recalling (5.4.8) conclude the proof. O

Remark 5.11. Without invoking the log-Sobolev inequality, the sign of the dissipation
would remain unclear due to (5.2.19).

Remark 5.12. [t is possible to prove Proposition 5.10 in an extrinsic fashion.

5.2.3 Local well-posedness

To derive global-in-time well-posedness of the multi-species Landau equation from the
monotonicity of the Fisher information, we first establish local well-posedness. The proof is
similar to the single-species case, and therefore we are brief on some of the details.

Lemma 5.13 (Local well-posedness). Let | > 5 and f? € L? N Llog L be probability
densities for 1 <i < N. Then for some T > 0 depending only on || f?||r2, H(FY), there

exists a unique strong solution f; € L>([0,T],L?) N C*>((0,T) x R3) to the system

N
afi =Y Qu(fis 15, f:(0,0) = [P (v), (5.2.21)

j=1
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5. Well-Posedness of the Multi-Species Landau Equation

which satisfies

N N .7 N
swp STIAOE +e>° [ 15l <Cr S IR (5.2.22)
t€0.T] 5= i=170 - i=1 l
Moreover, the entropy is non-increasing,
d N
G HUEN) = —Du(Fy) = - > Dij(fi, £2), (5.2.23)
i,5=1

where D;;(fi, f;) is defined as

= /R (10— Jos = 03257 Wi jlog (fi @ f)) - Waglog (i @ ) (i @ f5) dwi .

Proof. The existence of the solution follows by a standard regularization argument, along
with the conservation of mass, total momentum and energy. For the regularity estimate, we
consider the time derivative

a1

N
3 o O w0 =3 [ 0@ 1) 0 a0

We then estimate each term in the sum separately. By definition of @Q;;, we have
/RS Fi()Qis(fis f5)(v) dv
Vo, Vo, Vo,
= | filvi) — - (/ cij A(vi — v;) ( - - ) (fi @ f5) (vi, v5) dvj) (v3)! dv;
R3 R3

m; m; m;

[t () - [ agu (Zf ® VSi”) fido

i A i

# [ (o Asln]) o () £ o

= _Iij + ”” + ”lL]

where the operator A4;; is defined by

Alalo) = [ ettt

Since f; are probability densities whose energy and entropy are bounded by the total energy
and entropy of the system, we have the classical estimate, see [29],

lij > c/ IV f;(0) ()7 do,
RS

v — v P g(v*) do*.
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5.2. The multi-species Landau system with finite masses

where ¢ > 0 depends on the total energy and entropy of the initial data. Using standard
interpolation estimates, making use of [ > 5, we bound

> (g + ) < lzlij +C<1 +> ||fj||Ll2) I£:l1Z2,
j i =1

=1 =1

where 5 > 0 is a constant depending on . For the quantity

N
v =3 [ £

this yields the differential inequality

d 3 -
Ey(t) t3 Z lij < Cly) P ().
ij=1

Hence, for some T > 0 we obtain the claimed estimate.

Finally, the entropy dissipation (5.2.23) is classical, see [51, Theorem 4]. O

Corollary 5.14 (Production of Fisher information). Letl > 7, the initial data f{ € Ly,NL?N
Llog L be probability densities for 1 <i < N, and f; € L>([0,T], L?) N C>((0,T) x R?)
be the solution from Lemma 5.13 up to time T > 0. Then, after possibly decreasing T > 0,
we have forall 1 <i < N, te (0,T) a.e,

Ifillz, < Cr <oo,  and  I(fi)<Cr<cc.
v
In particular, the Fisher information Z(F) becomes finite.

Proof. Lemma 5.13 shows that for almost every ¢y € (0,7,
vai(to)||L12+~, < 00, 1<¢<N.

We first repeat the energy estimate below with weight [ + . Using the uniform L? bound
to control the lower-order terms, we obtain, for almost every t; > tg,

HVin(tl)HLQ < 00.

142+

Since | + 2y > 0, this implies f;(t1) € H?(R®) and hence, by Sobolev embedding,
i) € L (R?).

Moreover, by Lemma 5.15,
[ fi(t2)llzy, < oo
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5. Well-Posedness of the Multi-Species Landau Equation

Since [ — 2y < 21, it follows that

@I, < IfiG)llee it < oo

2y

An integration by parts therefore gives

1
IVfit)lzz < Clfi)ILz, IV i)z, + SIVA@IZ: + ClAEIT: ),

142y

and consequently
IV fi(t1)[ Lz < oo.

We now derive energy estimates for O, f; for any k € {1,2,3}. The equation for the partial
derivative reads

N
00k fi =Y Qi (Onfir 1) + Qiz (fi, Or f5)-
j=1

We apply the same argument as in Lemma 5.13, which yields

1d

N
3 e (O f1)* () (v) dv = ; /RS O fi(v) (Qij (On fis 15) + Qi (fir Orfy)) (v)' dv

As before, we can separate the contributions from the individual species 1 < j < N. Using
the notation from above, we obtain

<Ui>l d’Ui

[ 00 @ (0ufi ) + QuF91f) () du = / R AR

m; m;

fi v,
-/, Vf;sz[fj]akfiz_<vi>ldvi +/]R3 Ok fi py Alf)— (8kfz<v1> ) du;
iq Vo,
-/ Zf Alowfil— (akfz<vl>)dw+ Rgfim Aldrfi)— (akf1< 1) du;

= 7'1']' + ”7] + ”l,] + |V7J +V1j

We again use the lower bound for the matrix A in terms of total energy and entropy, and
obtain the bound

lij > cllogV fillZs_

The remaining terms can be bounded by straightforward interpolation arguments to get the
total bound

N N N
148
Oy IIVEllZ: +ed IV fillls, < COU+Y_IVAIL)
i=1 1=1 =1
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5.2. The multi-species Landau system with finite masses

for some constant 5 > 0. The upper bound for the solution of the corresponding ODE,
initialized at 1, yields, after possibly choosing a smaller T' > ¢;, the bound

T
[ IR @It < Cur < o

t1

To conclude the finiteness of the Fisher information, we recall that for any & > 3 we can
estimate

I(f) = 4V Fl3p < Cellf 2,

see [98, Lemma 1] (observe the slightly different convention for || - [[12 therein). This
concludes the proof. O

This local result is complemented by a control of the growth of the moments of the
solution.

Lemma 5.15 (Growth bound for the moments). Let l,q € N and the initial data f{ €

L} N LN Llog L be probability densities and let Fry = (fi), be the unique local strong
solution from Lemma 5.13. Then f;(t) are probability densities and the total momentum
and total energy for the multi-species system are conserved,

P(t) = Z m;v fi(t,v) dv = P(0),

i=1/R®
N
1
E(t) = Zmglo|? fi(t, v) do = E(0).
0:=3 [ gmb tt:0)do =20

The higher-order moments satisfy the growth estimate

(tr4)+~|

N
”szL}I < Cy Z ||f30||L}1 + thH_r 2 : (5.2.24)

Jj=1

Remark 5.16. For | < 4, the estimate (5.2.24) coincides with the bound for the single
species case, see [18]. On the other hand, for | > 4 the estimates are likely not sharp.

Proof of Lemma 5.15. Conservation of total mass and momentum follows from the fact
that these quantities are preserved by each collision operator ();;. The growth bound
for higher-order moments requires some care due to the asymmetry of the multi-species
equation. Nevertheless, we can largely follow the strategy of [18]. Let ¢ > 0, and consider
the total g-th moment

My(t) =3 [ mifv)fi(v) dv, (5.2.25)
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and its time derivative

d
EMq(t) = Z/ ml QU fzafj)

1,7=1

z_;/n@ mi(v)? Qi (fi, fi) dv

+Z QTj(flafj)+m]< > Qﬂ(fjafl)dv
1<J
ZK +2_ K
1<j

The terms K; can be treated as in [18, Lemma 8], yielding for some C' > 0

N
> K < Dy(Fy)My+ CMy_4 + C,

i=1

where Dy, is the non-negative entropy dissipation functional introduced in (5.2.23).
remains to estimate the cross-interaction terms K;;. Due to the m;-weights in (5.2.25),
the terms Kj;, i # j, take the form

ey [ (50 Flo = (T, Wy loa(fi  £) - (V{0 = Vi(w3)7) oy duy.

As in the single-species case, we introduce a smooth, radially symmetric cutoff function
X € CX satisfying 1, < x <1p,.
2

We then decompose K;; into a contribution near the singularity and a far-field part:

Kij = —cij /Rﬁ(fi ® fi)x(vi — vj) v — v PP, W5 log(fi @ f)
(V(vi)? = V(v;)?) dv; d,
Cij /Re(fi ® f3)(1 = x) (v — vy)vi — v PTG, W log(fi © f5)

(Vi) = V(v;)?) dv; do;
=: K1 + Kijo.

The first term can be estimated exactly as in the single-species case, giving

|Kija| < 2Dy My + Cq " My_y.
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5.2. The multi-species Landau system with finite masses

To treat the term K; o, we integrate by parts and obtain

Kijo = cij /Ra(fi @ £)(1 =X = vi[P*Y Wi (T, (V{03)T = V{0;)7) do; do;

= —2c50i; /Ra(fz- ® f3) (A =x)lvi = v (vi = v5) - (V{vi)? = V(v;)?) dv; dv;
+ cij /Rs(fi ® f) (1= x)|vi = vy 0 W (V{)® = V{(;)?) dug duj.
Now the first term in Kj; o is non-positive since
(vi =) - (V(vi)? = V{v;)?) 2 0,
while the second term can be bounded by
@ 50 =0l = i PIE ys W (90)7 = V)7 dosdy < Mo

Collecting terms, we obtain
d
dt

For ¢ < 4, the moment M,_» is uniformly bounded, and therefore

M,(t) < Dy(Fn)My + CMy_s + CM,_5 < Dyy(Fy)My + CM,_5.  (5.2.26)

M,(t) < CM,(FY) + Ct. (5.2.27)

For the case ¢ > 4, it suffices to iteratively insert the estimates obtained from (5.2.27) back
into (5.2.26). O

5.2.4 Global well-posedness

Proof of Theorem 5.1. The global well-posedness follows by combining the results of the
previous sections. Let £ > 7 and F}, be the initial datum. The local well-posedness result
in Lemma 5.13 yields a strong solution that can be continued as long as | fi|| .2 and H(f;)
remain bounded. Since H(Fy) is monotone decreasing in time, it remains to provide a
bound for the weighted L? norm.

To this end, we observe that Corollary 5.14 yields finiteness of the Fisher information for
small ¢ > 0, which is non-increasing in time due to Lemma 5.7 and Proposition 5.10. Fur-
thermore, Lemma 5.15 gives polynomial bounds for the moments Hf||L§l. By interpolation,
we obtain

1 3 1 3
1Allez < I Zs AN Es < ClAINE 12 CF),

establishing the uniform bound and finishing the proof. O
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5. Well-Posedness of the Multi-Species Landau Equation

5.3 The two-species Landau system with large mass ratio

5.3.1 Non-monotonicity of the Fisher information: a counterexample

In this section, we prove Theorem 5.2, which shows that, in general, the Fisher information
is not a Lyapunov functional for the multi-species Landau equation, even for less singular
interactions than the Coulomb interaction.

Before the proof, we derive the Gateaux derivatives of the Fisher information in the
direction of the intra- and inter-species collisions.

Proposition 5.17 (Gateaux derivatives of the Fisher information). Let f be a local-in-time
strong solution to either (5.1.9) or (5.1.10) with initial datum f° € L, N L? N Llog L for
some | > 7. Then, the dissipation of the Fisher information I(f) in the direction Q~(f, f)
is given by

(I'(£). Q4(f, 1))

= —8/ |z|2T7
R6

2 2 2
= [ (1P ) s g - 2|1 log o] ) fo dzd
R6 =“llus 4 = =

2
LV, (2- V. log fo) + %Z‘vaz logi@)‘ fodzdz®

(5.3.1)
-2 V.:V.log fg: (V.xV.1og foA(2)) fgdzdz™,
RS = = =

where fg(z,2*) == (f®f)(v,v*) in the variables (z, z*) = (v — 0¥, %) is non-negative.

More precisely, recalling Definition 5.9 for A3"™, we have the lower bound,
‘DI,Q’y(f) = _<Il(f)7 Q’Y(fa f)>
2 2
Y 1 2 *
>3 (1 _ 4AJ“‘> /R |22+ H(Hz v.) logi®HHS fedzdz*.  (532)
Moreover, in the direction of the linear collision operator,

Lgf(v)=V- (\U\2+ﬂHij) , B el-3,-2],

we have
N B 2
W) Laf) = =2 [ PH0ET (0- Viog )+ 5V log | fao
248 I+ 21 2 32 v 2 d (5.33)
—2 ), <H( vV) ngHHs_4|v|2' Uvng\ )f v
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5.3. The two-species Landau system with large mass ratio

Proof. We have

@00 = [ 29 (LLD) o vr s Tion s @ r a0 = Ti 4 Te

Then, introducing the notation V := (V,,V,+), ¥ =V, — V-,

_ (Vo = Vi) - (A(v = v*) (V, = Vo) (f @ f))
Tl_z/ﬂgev“< fof )
-Vylog f(v) (f @ f) dvdv®
_ (Vo = V) - (A(v = 0") (Vo = Vo ) (f @ f))
2 [ v ( et )
-V log f(v*) (f @ f) dvdo™

:/RG (v <W.(A(v _fU;fW (f®f))> , Vlog(mf)) (f® f) dvdo®,

Similarly, we can express T as

Ta= [ V2 log S0 (9, = F10) - (Al0 = 07) (V, = Vi) (£ 1) o’
= [ 1910 £ (= T2 (Al =) (9, = 9) (£ 1) o’
=5 [ IV @ O ¥ (Al =) ¥ (f 1)) dvd.
Therefore, the Gateaux derivative can be written as

(I'(F), Q(f. )

Q,(f® 1~
= [ v(ELED) wsen) o+ 5@ o nITIse NP

RS fef 2
with _

Qy(f®f) =V - (Alv=v") V¥ (f@f)).
Notice that (I'(f), Q,(f, f)) = %<fz{j(fi®fj)7©ij(fi®fj)> forfi=fi=f mi=m;=1
(thus a;; = 2), and ¢;; = 1, so (5.3.1) follows by repeating the argument in the proof
of Proposition 5.10. The lower bound follows by the log-Sobolev inequality (5.2.18) as
g(r,w,z*) = fg(z,2") is symmetric in w € S2.
The linear operator Lg is a spherical diffusion in the variables (r,w) = (|v|,?) with

0=, e

[o] 1 5

Laf(v) =P Aga f(r,w),  F(rw) = f(v).

149



5. Well-Posedness of the Multi-Species Landau Equation

Similarly to (5.2.7), we decompose the Fisher information I(f) into its radial and spherical
parts,

I(f) = /(RS) (\ (1d —IT) Vlogf‘z + ’Hﬁwogf‘z) £ dv.

Then the claim (5.3.3) follows by repeating the arguments done for proving (5.2.12)
and (5.2.13). O

Proof of Theorem 5.2. We first prove the infinite mass case, and obtain the second part as
a corollary.

(i). Infinite mass ratio: We recall the two-species system with one species with infinite
mass. The equation for the finite-mass species then reads

0f =QUf. f)+Lf,  Lf=V- ("I Vf). (534)
The local well-posedness of this equation for regular decaying initial data f° follows as

in Section 5.2.3. We refer to [55] for an extensive analysis in a more general setting.

We will construct a Schwartz function f5 for the initial datum, such that the Fisher
information increases near t = 0. To this end, we compute the time derivative of the Fisher
information

d
10

= (I'(£°), Lf°) +{I'(f°), QU 7)) - (5.3.5)

t=0

From Proposition 5.17, we have, along the linear operator L,

2
W)L = =2 [ PP (6 Vies £2)+ Zo iV Ios 7| 17 an
o Pt H(HJ‘V)zlogfo P ]rﬁwogf2 £odv
o v ws Ao I ’

and for the one along the nonlinear collision operator () we have
(I'(f),QUf°, f))
S / 22+
R6
=8 [ (16 1w o 12

-2 V.-V log f¢ : (VZ*Vzlog f‘f@A(z)) [&dzdz".
RS - - -

2

MLV, (2-V.log f2) + =—TIE V. log f3| £ dzdz"

22|

2 2
Y 1 o |2 o *
w1 IV log f3| >f®dzdz

150



5.3. The two-species Landau system with large mass ratio

We define initial data fz, R > 0 using the ansatz

F2(0) = Faa(0) + f2a(v), (5.36)
with
vl v v
13,1(0) = exp <R|v P, ) (D) e =m ().

where x is a radial standard cutoff function supported on the annulus defined by % <zl <2
and

R2/v

r= Toe@ T R’ (5.3.7)

For R > 1 we choose k(R),7(R) > 0 such that the function f5, has unit mass and kinetic
energy.

Step 1. We first observe that K(R) — koo > 0, T(R) — Too > 0 converge to finite positive
values as R — oo . Hence, for R sufficiently large, ff ; and ff 5 have disjoint support and
we can compute the dissipations along L separately;

(I'(f3), LfR) = (I'(ff1), LfRa) + (I'(fR2), Lffa) -

Using again the convergence of x(R) and 7(R), we conclude

lim sup <I/(f§72)7Lf1%,2> ‘ < 0.

R—o0

Step 2. We have the following identities:
I, Vlog f31(v) = Rlo|~ M7/ ey,
AV (- Viog f31(v)) = R o+t e,
(TI-V) log f1(v) = —RJv|~ 172 ((eg - 0) T + (TTkey) @ 0) .

The functions f7 , are constructed such that the first term in (5.3.3) vanishes, and therefore

(I'(fR), LfRa)

2 o 2 72 o 2 o
=-2 o5 |U|2+’Y (H(H’ULV) long,lHHS - 4|v|2 ‘HﬁVIog fR,l‘ ) fR,l dv.
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5. Well-Posedness of the Multi-Species Landau Equation

Computing the derivatives, we find that
(I'(fa) Lfga)

2
— A A~ 2 [e]
= —2R? /3 |v] 2 <||Hf;(v ce) + Hjel ® UHHS — 1|Hj‘61|2> JRradv
"

0 l 2 —4 ~
_ —2R2/ X <r>/ (2(w~e1)2 - (W I ) |H$e1|2> B Perw quy dl.
0 S2
4
[oarant, [apans
- 3 - 3

2_4 2
/ (2(w . 61)2 — <7 1 > |Hi‘61|2> dw = %(8 — 72) <0,
SQ

where we used that 72 > 8.

Using

we obtain

Moreover, on the support of x(I/r) we have | < 2r, and hence
RIN/Z < 9172 pphl/2 — 2\7\/2| log(2 + R)‘—W\/Q — 0.

Therefore,

24 ~ 2
/ (2(w ce1)? — (’y ) Hj61|2) R Perw gy §(8 —42) <0
SQ

4

uniformly for [ in the support of x(I/r). Hence, for R > 0 large enough, we obtain for some
cy > 0 that

<Il(f1%,1)v Lf]%71> Z C,YRQT,
Step 3. We claim that
(.U fa) | < 0 (1 e+ B2,

where 7 depends on R as in (5.3.7).

To this end, we choose the cutoff x so that, in addition,

XT|Vlog x| + x7 ||V? log x| ys < C

152



5.3. The two-species Landau system with large mass ratio

on the interior of its support. We then observe that

L o m71 —1
X4 (*) IVylog fra| < jyj<2rC | Rlv| 2 7 + 71 ;

r

i Il
X4 (%) HV'LQ; logfl%,lHHS S ]l‘U|S2’I"C (R’Ul D) —2 +T_2> )

Inserting these estimates into the formula for (I'(f}), Q(fg, f5)), the claim follows by
straightforward integration.

Step 4. We collect the estimates from Steps 1-3 and insert them into (5.3.5). Courtesy of
the scaling relation (5.3.7), we obtain for R > 1 large enough

d 2 —1 p2.lyl-1
dtI(f)t:O>cn,R7"—C(1+r + R*r )>O7

establishing non-monotonicity.

The monotonicity of the Fisher information I(f) for strong solutions with even initial
data follows from Proposition 5.17. Since f(t,v) = f(t, —v) holds for local-in-time solution,
the Fisher information is dissipated by L. To see this, we recall that by (5.3.3),

W18 = =2 [ P 6 Viog )+ Zo IV log 1] 1o

2 2 9
) 24y H miv)’1 H ~ L |mtvi dv <0
/RB El ( (I V) log £ 4|U|2| +Viog f|7) fdv <0,
where we use that the log-Sobolev inequality (5.2.18) holds with AY™ > 5.5 for even
functions.

(ii). Large but finite mass ratio: To prove the second part of the theorem, we make
use of the infinite mass case. More precisely, we set without loss of generality m; =1 and
mgo > 0 to be chosen later. As initial data, we pick f{ = fg the function constructed in
the previous part (5.3.6). For the second species, we take f5 = f3,,, = M1 m,.

Due to the choice of the initial data, Qa2(fs, f5) = 0, so we have

STE)| = S WU, QuUt ) + (D), Qual 2. 5)

1
_|_7
ma

(I'(f2), Qa1 (f2, f1))

1
= —D[’l — 7D]’2.
ma
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5. Well-Posedness of the Multi-Species Landau Equation

By explicit computation, we have the identities

dim Dry =~ (), LF) — (I(5), QU 7)),
1
lim —

mo—r00 m2

D[yg =0.

The first limit above is negative due to Step 4 of the previous part. Hence, choosing
ms > 0 large enough concludes the proof of the second part of the theorem. O

5.3.2 Dissipation identities for the relative entropy

To go below the threshold ~, = —+/8, we must bound the lack of dissipation of Fisher
information I(f) in the direction

€

Lef(v) = Laf(0) = ¥ (12970

]

namely, the inter-species linear diffusion operator with Coulomb singularity.

To this end, we consider the weighted spherical Fisher information J(f) that coincides
with the dissipation of relative entropy in the direction of Lo f. Throughout the section, f
will be a local-in-time strong solution to (5.1.10).

Lemma 5.18 (Coercivity of the Boltzmann entropy dissipation along Q). The dissipation
of the Boltzmann relative entropy H(f|Mre 1) in the direction Q~(f, f) is non-negative
and given by

D, (f) = —(H'(fIMre.1),Qy(f. f))

1
=3 / o — 0" [P I (Vo — Vo) log (f @ £)]* (f ® f) dvdv™.
R6
(5.3.8)
The same holds in the direction L f:
! —1 |77l 2
Dy, po(f) = =(H'(fIMre 1), Lef) = /]R o] [TV log £ f do. (5.3.9)
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5.3. The two-species Landau system with large mass ratio

Proof. By direct computation,
(M. @ (5.0) = [ @u(f.plos fas

- /R (Vo= Vo) (o= 0PI (V) = Vi) (F @ ) og f(0) do do”

= [ (V=) (= PO (V, = 9,0 (£ @ ) log S () dvde”

:—f/ o — vt 2 [ITE . (V) — Vo) log (F @ £ (f @ f) dodv®,

For the other dissipation (5.3.9), an integration by parts immediately concludes the proof. [

Lemma 5.19 (Coercivity of the second-order Boltzmann entropy dissipation along L¢).
The dissipation of the functional J(f) = Dy 1. (f) in the direction Lcf is non-negative
and given by

9 2
Dyre(f)=—(J'(f), Lof) ZQ/RB o] 2 H(Hﬁv) longHS fdv. (5.3.10)

Proof. The proof is analogous to the one of (5.2.12). Notice that the prefactor |v|~! in
the integrand of J(f) commutes with spherical derivatives, and thus all the computations
can be performed in the same way. O

The dissipation D . (f) allows us to offset the lack of dissipation of I(f) in the
direction of Lo f. Thanks to (5.3.3) and the log-Sobolev inequality (5.2.18), we have

() ref) <2 [ ot (|E) 0 || - L [mEv i £]?) fav
RS HS  4|v]
<2 (Z - 2) /Rg o] =3 |HULV10gf’2fdv.

Thus, by interpolation,

1 2
(I'(f), Lef) < % (/R o]~ [TV log /| fdv>3 (/R o] [TT- V log f| fdv)3
1 L7 %
< 5 (Pnee(f)? <2DJ,Lc(f)> , (5.3.11)

where we recognized the first of the two integrals as J(f) = Dy 1. (f) given by (5.3.9),
and used the fact that the second integral is controlled by (5.3.10) recalling (5.4.8) and
(5.4.9);

|v|_4 ‘HﬁVlog f|2 =r 6 ‘Vsz logﬂ2 <r7 Ty (log f,log f) = |v|_2 H(HﬁV)Qlongf{S .
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5. Well-Posedness of the Multi-Species Landau Equation

5.3.3 A new Lyapunov functional
In this section, we prove Theorem 5.3, which shows that A defined in (5.1.12) is a Lyapunov
functional for the multi-species Landau equation for singular interactions up to Coulomb.

The standard Fisher information I(f) and the collision operator Q,(f, f) are both
translation invariant, leading to the good dissipation estimate (5.3.2). On the other hand,
the entropy dissipation J(f) = Dy, 1. (f) breaks the translation invariance as L is singular
at the origin, and hence does not interact well with Q. (f, f) by itself. Therefore, we will
use the dissipation of J along the spherical diffusion Lc to bound the resulting error terms.
This will be achieved with the help of several functional inequalities that we gather in the
following two technical lemmas.

Lemma 5.20. Recall Definition 5.9 for A3™. Then the following bounds hold:

[ (12 1og 1"+ (64 2V8) el [0 9 10g f17) f v < (34 VB) Do)
R3
(5.3.12)

/ (|v (o] IV log £) |7 + 2l |va1ogf|2) Fdv< Dyro(f): (5.3.13)
R3

[ o= B I (9, = Vg (P 1) (7 9 ) doder
<2(6+2V8)C, a9= D1 g, (f);  (5.3.14)

/|v P |(Vy = Voe) - (T (Vo — Vo) log (f @ 1) 2(f © £) dvde®
<4C, av=Dr g, (f), (5.3.15)

_ 2 —1
§ — y
where C’y,A‘;’ym = (1 — Wsym) .

Proof. For a function g on S?, consider the vector field X := |Vg2 log§|2 Vs2g. Then the
divergence theorem vyields

Vg2 - X
SQ

= / (2Véz logg : (Vg2 logg ® V2 logg) + Ag2 log 7 |Vsz log g|* + Vs log ?I‘*) g
§2

Note that |Ag: logg| < v/2 ||V§2 log@HHS. By Cauchy—Schwartz inequality, for any 0 <
§<(14+1/v2)7 !
(1+ )0t
/ Vg loggl' g < #
52 1-(1+—=

T+ L) /||Vszlogg||HS g, (5.3.16)
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5.3. The two-species Landau system with large mass ratio

and § == 2+1\/§ minimizes the constant on the right-hand side of (5.3.16) to be 6 4 2+/8.

Now (5.3.12) follows from (5.3.10) recalling (5.4.8) and (5.4.9).
The second estimate (5.3.13) follows from |Ag: logg| < v2||VZ, 10g§HHS.

For the third estimate (5.3.14), recall the lower bound (5.3.2) for dissipation of I(f) in
the direction of Q. (f, f) given by Proposition 5.17,

2 2
Dro,(£) 28 (1= o ) [ 1P |01V g o | £ dzde.
4A3 R6 HS

Note that (V, — V,+) — 2V, and thus,
I (Vo = Vo) log (f @ )| = 16 12V log fo|'

With this at hand, the inequalities (5.3.14) and (5.3.15) follow from the same argument as
the first two inequalities. O

Lemma 5.21. Let f € L}, N L? N Llog L for some | > 7 and A(f) < co. Then

N[—=

(J'(), Qy(f, 1)) < Csynzm s (M) Dy re(f)Drg, (f)]

for some positive constants 0., 5 and Cg ., A 5 which are computed explicitly in the proof.

(5.3.17)

Proof. We compute the Gateaux derivative,

(7D, @ (£.0)

= [l I o 17 Q. (7. + 2ol TV log £0) - V., (575 () Fdo
= [ o £ @ do =2 [V, (ol TV, o £) Qs (£, 1) o
- —/RG <|v1 AV, log | (Vo — Ve )

(Jo - VPTIE L (Ve = Vo) (f ® ) ) dvdv*

- 2/ V, - (|U‘71Hivv 1ng) (Vo = Vi) - (|'U - U*|2+7Hi—u* (Vo =V ) (f®@ f)) )
R6
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5. Well-Posedness of the Multi-Species Landau Equation

where we integrate by parts in the second equality; we omit dvdv* in the last two integrals.
We recall the relation

(Vv - vv*) i <|U B U*|2+7H$7v* (V’U — V’U*) (f ® f))
EY
:|H*\2+v(<vvaw>'( e (Vo = Vi) log (f @ £))

2
+ |, (V, =V, ﬂgﬁ@fﬂ).
Holder and triangle inequalities then yield

<Jl(f)7 Qﬁ(fv f)>

[</ [ol™* [TL, ¥, log f(v) </‘W *2wf@ﬂdw>f@)m0%
+2(/\v (Jv| =115 7, log f (v) (/ v — *P+q@gdw>ﬂwd0 ]
1

Xl(/R" ‘U,v*|2+'7|(vv7vv*).( v—v* (v V )10g(f®f))|2(f®f) dvd’U*)Q

N

1

(/ o — v P I (V, = Vo) log (f & £)]" (f®f)dvdv*>2]

/ | =0 PP () dv*
R3

where in the last inequality we used (5.3.12)—(5.3.15) from Lemma 5.20. The constant is

given by
C’%A;’ym = (2—|— m) X < m) x 1/C A

Recall that —3 < v < —2. Therefore, by Young's inequality, splitting | - —v*| into two
regions, one close and one away from the origin, we get
2+
<l+ H| : | PYI[I~|<1HL7(375)/(2+7) HfHL(Sfé)/(Serfé)

o)
fo e o
—140,,

for any § > 0 small enough (0 < d <5+ ) and

Ar\ "B
o =
Cys = (5> ,
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5.3. The two-species Landau system with large mass ratio

where the choice of exponents stems from the criticality | - |’1]1‘.|§1 ¢ L3. Indeed, the
exponent of the Lebesgue norm of f should be as small as possible to control the norm
itself by Fisher information with a small exponent, through the Sobolev inequality [22] and
the L' N L? interpolation. Let Cg be the optimal constant of the Sobolev inequality, then

i 115 = AL < (e, )™ = (o)™

where

o . _32+7)
(P TE

Combining with (5.3.18) and the upper bound I(f) < A(f) gives the estimate (5.3.17)

with 1
C2 29%5 2
Csyagms = Cyagm x | 1+ Cqs (f) -

We are now set to prove Theorem 5.3.

Proof of Theorem 5.3. We compute the time derivative of A(f):

d d
A = ) +ad(f) + RH(f|Mre 1))

= —Dr.q,(f) +cei (I'(f), Lc(f)) +a(J'(f),Q,(f, f)) (5.3.20)
—aceiDyre(f) — RDu,q., (f) — Reei D, (f)-

Courtesy of (5.3.11) and Young's inequality, we obtain for any n > 0,

-

(I'(f). Lof) <273 (nDp.1o(f))3 (nDJ,LC<f))§
1

<3 12D, (f) + ;nDJ,LC(f)>- (5.3.21)

IA
[\
wlen

Similarly for any x > 0, using (5.3.17) we obtain,

(1 @0 = Conm a1 (5D1se(D) + 5 D1, (1) (6322

Now, we can control the evolution of the functional A. For this, we make the bootstrap
assumption,
A(f) < C°R,
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5. Well-Posedness of the Multi-Species Landau Equation

for some constant C° > 0. Note that this holds initially at time ¢ = 0 with
C°=1I(f)+J(f°)+H(f|Mpo1),

provided that @ < 1 and R > 1. Then, inserting estimates (5.3.21) and (5.3.22) in (5.3.20)

yields

d
a/\(f)

5 (1, 2
< —Drq, (f)+2 3ce 37 Dy ro(f) + 3

3 nDJ,Lc(f)>

K 1
+ aCs . azm 5 A(f)Po §DJ,LC (f) +aCs azm 5 A(f)Pre %‘DLQ'Y (f)
—aceiDjr.(f) — RDuq. (f) — Reei D, (f)

aCg . povm s (COR)QWS 27%/3 -
S ( RS or — 1)D1,Q’y(f)+ (3 Ceil] 2 Rcei>DH7LC(f)
9-2/3 aCsqapm 5 (COR)

— RDuq. (f)+ < Ceif + - acei) Djyro(f).

3 2

Case 1: —3 < v < —2. We choose the parameters x and 7 such that all prefactors are
non-positive. For this, we first set

K=a CSKY,A;Y""(; (CVO.R)Q%{s 5
so that the coefficient of Dr o (f, f), becomes non-positive, i.e,

o p\0,
GCS,V,A?"‘,& (C°R)™* 1 1 1
2K 2 2

1
Next, we set 1 == (22/33R)_2, so that the coefficient of Dy 1. (f) becomes non-positive;

275/3 Ree; Ree;
T Cei7772 — Rcei = ;ez — Reey = — ;ez <0.
Lastly, we need to ensure that the coefficient of D (f) is non-positive. Substituting x

and 7, this amounts to

o Y20+,
Cei 1 + - Cg‘mA?"‘,é (C°R)™
6v3 VR 2

We can absorb the first term setting 7 =

—ace; < 0.

ﬁﬁ so that it remains to verify
QG2 popm 5 (CORY < 52 (53.23)
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5.3. The two-species Landau system with large mass ratio

In the case where —3 < v < —2, we can choose 0 < § < 3(3 + ) for which 6, 5 < 1/4,
hence (5.3.23) holds for R > 0 large enough. This choice satisfies in particular § < 5+ v
and the L*-estimate (5.3.19) is thus valid. Then

d

A < 3 Dra (F. ) -

Rcei
2

QACej

2

Drrs(f) - D ro(f) = RDu,s(f) <0.

Recall that we assumed a priori that A(f) < C°R, which holds at time ¢ = 0. This holds a
posteriori for all time since A is non-increasing given A(f°) < C°R, which concludes the
proof in that case.

Case 2: v = —3. For A > 0, consider the rescaled function f\ given by
@) = A" F(0/A).

Pick A > 0 such that I(f3) = 1. By scale-invariance of the equation, it suffices to prove
the claim for fy, and we consider

C5 = I(f3) + J(f3) + H(f3 | More). (5.3.24)

Further, we remark that for v = —3 we have 6_3 5 = 1. Now we pick R = 1 and fix

1
43—
the other parameters such that the prefactors of Dy g (f) and Dy, (f) vanish; that is,

00+,
L 0Csagns @
: , n: 55753

2
It remains to determine constants such that

2 2 o 297‘5
cei @ C’S,_37A§ym’5 cs)

+
66 4
1

We set a = VG and the last inequality holds as soon as

—ace; < 0.

1 _3
—— CO 6—20 02 sym o < Ceiy 5.3.25
6\/6 ( A) S,—3,A57",0 = ( )
Hence, we obtain monotonicity of the functional A(f) if the inequality above holds for some
0 < § < 2. We finally obtain the well-posedness criterion (5.1.11) by picking § = 3, and
recasting the condition on fy in terms of f°. O

Remark 5.22. We can obtain an explicit value for the constant K in (5.1.11), by inserting
§ = 2 in (5.3.25) which gives K ~ 124.
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5. Well-Posedness of the Multi-Species Landau Equation

5.4 Appendix

5.4.1 Spherical calculus

In this appendix, we gather some spherical calculus identities that will be used throughout
the chapter.

We decompose the gradient as

1
V.= (2®2) V. +IILV, = 28‘2‘+mvi, 3= Ié\ O =2V, Vs:i=|z[TILV..

If we further perform the change of variables z — rw with (r,w) := (|z|, £), then for scalar
functions we have

1
V:+— Vse, 6|Z| = 0, V., wo,+ ;VSQ, (5.4.1)

We denote by g(r,w) := g(z) a smooth function on R3 in spherical coordinates. The
following handy relations hold:

6‘Z‘2:O, VZ|Z| ZO, VZAZA’:HZL, 8|Z|Vgg=V28|Z‘g.

Most of the relations in the chapter contain log; we write the sequel of the appendix that
way, but these relations are of course general.

Lemma 5.23 (Spherical Hessian and Laplacian identities). The following holds:

1 1
r—2V§2 logg = 11 V2 log g I+ — maM log g IT. (5.4.2)

In particular,
1 1
T?ASQ logg = M7 : (vaﬁ log g TT+ — ma‘z| 1oggnj> . (5.4.3)

Proof. We have (see e.g. [1]) that
1
(T2V§2 logg) o= (Hivﬁ logg) o + iDLV, logg, o€ T:(S?*) C R3.

Now, since Hj‘o =,

(IIFV21ogg) o = (Iy VZ1log gII7) o,
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5.4. Appendix

and, using D, 2 = (V.2)o = LlI}0 = Lo, we obtain

1
LD, IIEV . logg = fﬂﬂj‘ (c®24+2®0)V.logyg
z
1 A
= P (c®2)V.logyg
z
1

——8‘2‘ loggHzLa.
2]

(5.4.3) follows noticing that II} = 0y ® 01 + 02 ® 09 for any orthonormal basis {7y, 02}
of TZAS2 C R3. O]

Lemma 5.24 (Decomposition of the Euclidean Hessian). The following holds:

s, 2 44 2
V2logg = 8‘1‘ loggzZ® 2+ m (z Qsym V20|, logg) — W (2 ®sym Vz1logg)

1
+ (HjVi log g HZL

1
E

8‘2‘ loggHzL.
2]

8‘2‘ loggHZl> +

Proof. We decompose the Euclidean Hessian as
Vilogg = VZlogg(2® 2) + VZlog g I,

One checks that
1 1
Vilogg (2 ®2) = alelogg73®2+ QV26|2|1ogg®2— T—Zv/glogg@é.
Similarly,
Vilogglt = (2® 2) V21og g T + TIF V2 1og g TI7,
where

1 1
(2®2)Viiogglll = —2® V:0), logg — 2® V;logg.
|| r

We conclude recalling (5.4.2). O
Lemma 5.25. The following holds:

V. (|2*7T; V. log g)
= 2|27 (2 @ym Vzlogg) + (2+7) |22 ®@ Vs logyg

1
+ 12" 2@ V59, log g + 27T (vag log g T — mam 1oggnj> :
5.4.4)
In particular,
V. (|z*T LV, log g) = 17 Agz log g (5.4.5)
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5. Well-Posedness of the Multi-Species Landau Equation

Proof. We have

. 1
V. (|21 V. log g) = (Zaz + |ZV2> (Iz]'"*7V:log g)
=(1+7)]2["2® V:logg + [2|'T72® V:0|,log g + |2|"VZlogg
with

1
Vilogg = |2|? (vaﬁ log gTT+ — m@Z| 1oggnj) —V:logg® 2, (5.4.6)

where we used that
Vil =-3(I;es)  +20ll.

Hence, noting that all the tensor products in (5.4.4) are orthogonal and using (I11)? = I1,

1
V.- (|21 V . log g) = [2)*17117 (Hivz log g 113 — FRE loggﬂi>
=1r"Ag logg,

where the last equality is (5.4.3). O

Remark 5.26. We emphasize that Vg, as a matrix, is not (a multiple of) the extrinsic
spherical Hessian as shown by (5.4.2) and (5.4.6). They differ by the spherical gradient
tensorized with the associated unit vector. Nevertheless, in view of (5.4.3),
Ag2 logg =111 : VZlog g. (5.4.7)
Moreover, a direct computation yields
2 2 2
[ V2108 gll1s = I21* | (11 9.)*log g | =T (log 7. log 7)., (5.4.8)

where the iterated carré du champs I'y of the spherical Laplacian on S? is given by

_ _ —112 _
I3 (logg.logg) = [|V2: log |y + | Vs2 log gl . (5.4.9)
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Summary

This thesis is concerned with the broad question:
How is the emergence of deterministic macroscopic laws from random microscopic dynamics
influenced by the geometry of the underlying space?

The rigorous derivation of macroscopic equations from microscopic models is a central
theme of mathematical physics. In the probabilistic setting, interacting particle systems
provide tractable microscopic models made of many particles evolving according to stochastic
rules. Under suitable scaling limits, the empirical conserved quantities of these systems are
expected to converge to deterministic solutions of partial differential equations. Such results
are called hydrodynamic limits.

The first model studied in this thesis is the symmetric exclusion process (SEP). In the
classical Euclidean setting, the SEP is defined on a lattice and its hydrodynamic limit, under
diffusive scaling, is governed by the heat equation. On a Riemannian manifold, however,
there is no canonical lattice. We therefore discretize the manifold by random neighborhood
graphs (RNG), obtained by sampling random vertices and connecting nearby points. This
construction allows the microscopic jump rates to encode the geometry of the underlying
space.

Using this approach, we prove the hydrodynamic limit for the SEP on complete Rieman-
nian manifolds. The limiting equation is the weighted heat equation associated to a Gibbs
measure.

The non-compact setting creates additional difficulties: heat may escape to infinity, and
the RNG is infinite, so the existence of the SEP is not automatic. Lower Ricci curvature
bounds are used to control volume growth, ensure conservativeness of the limiting diffusion,
and rule out explosion of the underlying random walk (RW).

A key reason why the SEP is tractable is its self-duality with random walks. Although
the particles interact through the exclusion rule, the evolution of the expected occupation
variables is governed by the generator of a single RW. Thus, the hydrodynamic limit can
be reduced to the convergence of graph Laplacians towards the corresponding geometric
Laplacians.

The geometric setting also makes it possible to obtain anisotropic limiting equations.
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When the space has the structure of a principal bundle, horizontal and vertical directions
can be distinguished. By choosing jump rates at two different scales, we derive sub-elliptic
diffusion equations with drift as hydrodynamic limits of the SEP. The limiting operator is
then a horizontal Laplacian rather than the full Laplace—Beltrami operator.

This horizontal Laplacian is naturally related to the Laplace—Beltrami operator on the
base manifold. We give a probabilistic interpretation of this relation by studying geodesic
random walks and their horizontal lifts. We prove that suitably lifted geodesic random
walks converge to horizontal Brownian motion, while their projections converge to Brownian
motion on the base manifold. In the limit, this recovers the classical identity relating the
horizontal Laplacian to the Laplace—Beltrami operator.

A second class of models studied in this thesis consists of McKean—Vlasov particle
systems on manifolds. These are continuum particle systems describing aggregation—
diffusion dynamics under mean-field interactions. In the many-particle limit, one expects
propagation of chaos; the particles become asymptotically independent and their common
law solves a nonlinear Fokker—Planck equation. For applications and simulations, it is
important to quantify how close the empirical measure of the particle system is to this
limiting law.

This leads to quantitative estimates for empirical measures on manifolds. We prove
bounds in expectation and concentration inequalities in Wasserstein distance. The methods
are metric in nature and depend on covering estimates for balls. Geometry therefore
enters through volume growth, and in particular through curvature bounds. The same
curvature assumptions also enter the stability estimates for the McKean—Vlasov dynamics
via comparison theory and couplings of diffusions on manifolds. Combining both ingredients
yields quantitative propagation-of-chaos estimates in curved spaces.

The final part of the thesis concerns the spatially homogeneous multi-species Landau
equation, a kinetic equation from plasma physics describing a mixture of several species
undergoing grazing collisions. The unknown is a vector of velocity distributions where the
different species may have different masses. Although this part is not about hydrodynamic
limits, it is still connected to the geometric theme of the thesis. In the Coulomb case, the
collision operator contains an angular diffusion acting on the sphere of relative velocities.
This spherical structure is closely related to Fisher information methods.

For the single-species Coulomb Landau equation, it was recently proved that the Fisher
information is a Lyapunov functional. In the multi-species setting, the different masses break
part of the symmetry used in the single-species argument. We show that, below a certain
threshold of singularity in the interactions, the Fisher information ceases to be a Lyapunov
functional. Nevertheless, in the limiting ion—electron regime for two species, we recover
well-posedness for Coulomb interactions by introducing a new Lyapunov functional built
from Fisher information, relative entropy, and entropy dissipation along the inter-species
collision operator.
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