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CHAPTER 1

Introduction

1.1 General introduction
In statistical physics, complex systems are made up of a large number of individual con-
stituents, called particles. These particles may move, jump, collide, or interact, which makes
their precise behavior complex to describe explicitly. Moreover, tracking the evolution of
each particle individually is often not that informative. Instead, one is interested in the
evolution of macroscopic conserved quantities under microscopic dynamics. This leads to
one of the central questions of statistical mechanics:

How do macroscopic equations emerge from microscopic dynamics?

Deriving macroscopic equations from microscopic laws is in general a difficult task, even if
the latter are simple.

A particularly successful framework for studying such a question is the theory of inter-
acting particle systems (IPS). An IPS is a stochastic model consisting of many particles
evolving according to prescribed rules. The configuration of an IPS records the state of
the system and evolves as a continuous-time Markov process. The word interacting in IPS
means that the evolution of one particle depends on the other particles.

The symmetric exclusion process (SEP) is a well-known IPS introduced by Spitzer [93]
in the 70’s as a stochastic counterpart of a gas of particles subject to hard-core exclusion.
This IPS will be central in this thesis, and thus we describe it in detail. Let G = (V,E) be
a graph. The state space of the SEP is {0, 1}V and a configuration is a function

η : V −→ {0, 1}

whose value at a vertex x ∈ V , called a site, means that there is a particle at the site x
if η(x) = 1 and that the site is empty if η(x) = 0. The SEP evolves as follows. Each
particle occupying a site is equipped with an independent Poisson clock. When the clock
attached to a particle rings, this particle attempts to jump to one of the neighboring sites.
The exclusion rule says that at most one particle may occupy each site; jumps to already
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1. Introduction

occupied sites are suppressed. Denoting by W (x, y) = W (y, x) the symmetric jump rate
between two neighboring sites x and y, the generator of the SEP is then given by

LSEPf(η) =
∑

(x,y)∈E

W (x, y)
(
f(ηx,y) − f(η)

)
,

where ηx,y is obtained from η by exchanging the values at sites x and y. The dynamics
of the SEP preserve the total number of particles, which will be the conserved quantity of
interest.

Suppose now that, instead of a fixed graph, one considers a sequence of graphs
{GN = (VN , EN )}N , which should be thought of as finer and finer discretizations of a
macroscopic space; as N increases, the distance between neighboring sites shrinks. If one
were to keep the original microscopic time scale for the evolution of the SEP, the particles
would only move over a vanishing macroscopic distance, and no evolution would be visible in
the limit. This is the basic idea of a scaling limit; one observes the system at a macroscopic
scale by rescaling space and time together. After this rescaling, one studies the evolution of
the empirical density of particles. The empirical measure is defined as

π̂N
t = CN

∑
x∈VN

ηt(x)δx

where ηt is the configuration at time t of the SEP with rescaled generator given by

C ′
NL

SEP
GN

f(η) = C ′
N

∑
(x,y)∈EN

WN (x, y)
(
f(ηx,y) − f(η)

)
.

The coefficient CN will go to zero while C ′
N will increase to infinity, which accounts for the

acceleration of time, as N goes to infinity. If

πN
t −→ ρt(x) dx

in probability, in a suitable weak sense, and if the limit is deterministic, then one has
obtained a hydrodynamic limit. The limiting density ρt is then expected to solve a partial
differential equation (PDE).

For the SEP on the lattice Zd, in order to observe diffusion, one rescales space as 1/N ,
which yields an empirical measure of the form

π̂N
t = 1

Nd

∑
x∈Zd

ηt(x)δ x
N

and accelerates time by N2. Under this scaling, called diffusive scaling, the empirical density
of the SEP converges to the solution of the heat equation

∂tρt = ∆ρt.

2



1.1. General introduction

The SEP is special among IPS in the sense that it possesses a self-duality structure.
Although the particles interact through the exclusion rule, the expected occupation variable
evolves as if it were governed by a single random walk (RW). Indeed, for a fixed site x,

d

dt
E[ηt(x)] = E[LSEPη(x)].

A direct computation gives

LSEPη(x) =
∑
y∼x

W (x, y)
(
η(y) − η(x)

)
.

The right-hand side is the discrete generator of a RW applied to the function x 7→ η(x).
Thus, the one-point function of the exclusion process is governed by the underlying RW
generator

LRWφ(x) =
∑
y∼x

W (x, y)
(
φ(y) − φ(x)

)
.

This identity is a first manifestation of self-duality. More generally, correlation functions
of the SEP can be expressed through another exclusion process with finitely many particles.
For the hydrodynamic limit, the most important consequence is that the evolution of the
density can be reduced to the analysis of a single RW. This connection with RW also hints
at why the hydrodynamic limit is governed by the heat equation.

The heat equation is not limited to the Euclidean space. Its solution is given by the heat
semigroup, while the heat kernel encodes many analytic properties of the space in which
the equation takes place. This equation is at the heart of harmonic analysis, probability
theory, and PDEs. This observation motivates the following question:

Can one derive heat equations from IPS beyond the Euclidean space?

The first kind of difficulty is that a Riemannian manifold does not come with a canonical
lattice, in contrast with Rd, where the lattice Zd provides a natural discretization. In general,
one has to choose a discretization. Regarding the SEP, van Ginkel–Redig [99] obtained
the hydrodynamic limit towards the heat equation on compact Riemannian manifolds using
random neighborhood graphs (RNG) from independently sampled vertices. Whenever two
vertices are less than a certain distance, called the bandwidth parameter hN , then they are
connected by an undirected edge; together these vertices and edges form the RNG.

In this thesis, we consider the SEP on complete non-compact Riemannian manifolds.
Recall that the relevant macroscopic conserved quantity is the total number of particles for
the SEP. The limiting equation should therefore conserve mass as well. On a non-compact
Riemannian manifold, this is not automatic: heat may escape to infinity in finite time, or
equivalently Brownian motion may fail to be conservative. A natural way to rule out this
behavior is to impose geometric assumptions, such as a lower bound on the Ricci curvature.

3



1. Introduction

The construction of the SEP is also more delicate on non-compact Riemannian manifolds.
One cannot simply sample finitely many vertices independently from the Riemannian volume
measure, since this measure is infinite. Rather, the sequence of RNG is built from Poisson
point processes whose intensities are proportional to a finite Gibbs measure

Ndµ = Ne−U dVolM .

As in the compact case, the choice of bandwidth parameter hN goes to zero slowly
enough as N goes to infinity; the degree of a vertex blows up in the limit. Yet contrary
to the compact case, the existence of the SEP on such RNG is not automatic and will
ultimately lead to the same geometric assumption of a lower bound on the Ricci curvature.

The hydrodynamic limit of the SEP takes the form of a Fokker–Planck equation

∂tρt = ∇ ·
(
∇ρt + ρt∇U

)
if the profile ρt is considered with respect to the volume measure dVolM . Equivalently,

∂tρt =
(
∆M − ∇U · ∇

)
ρt

if the profile ρt is considered with respect to the Gibbs measure dµ.
The same geometric viewpoint also allows us to go beyond elliptic diffusions. If the

manifold has the structure of a principal bundle, one can distinguish horizontal directions
from vertical directions. By choosing jump rates at two different scales, inspired by the
horizontal diffusion maps of Gao [41], one can obtain sub-elliptic diffusions as hydrodynamic
limits. The second-order limiting operator is then a horizontal Laplacian rather than the
Laplace–Beltrami operator ∆M .

In Euclidean space, Brownian motion, whose generator is 1
2 ∆, can be obtained as the

scaling limit of a centered RW. On a Riemannian manifold, the analogous construction is
due to Jørgensen [62]. Since on a manifold one cannot add points, the next location of
the RW is obtained by following a geodesic in a random direction. After diffusive rescaling,
under appropriate assumptions mimicking independent increments, these geodesic RWs
converge to Brownian motion on the manifold, whose generator is 1

2 ∆M .
A useful way to picture Brownian motion on a manifold M is to roll the manifold

along a Euclidean Brownian path without slipping, known as the Eells–Elworthy–Malliavin
construction. The Euclidean noise is then converted into intrinsic random motion on the
manifold. In order to keep track of the directions while rolling, one works on the orthonormal
frame bundle

π : O(M) −→ M.

The Brownian motion is first constructed upstairs as a horizontal Brownian motion and is
then projected down to M . The corresponding relation between the operators is

∆H(f ◦ π) = (∆Mf) ◦ π, f ∈ C∞(M),

4



1.1. General introduction

where ∆H is the horizontal Laplacian on the orthonormal frame bundle O(M).
It is thus natural to lift geodesic RWs horizontally and prove that their diffusive limit is a

horizontal Brownian motion, which is part of this thesis. Since the discrete walks are related
by the projection π, the limiting diffusions are also related by π, and the identity between
∆H and ∆M is recovered probabilistically, as a consequence of an invariance principle. The
relationship between ∆H and ∆M is central in stochastic calculus on manifolds [57].

In this thesis, we also study another class of IPS, this time in the continuum. The
particles no longer jump on a graph, but move directly on the manifold according to
stochastic differential equations. The tools are therefore those of stochastic calculus on
manifolds, in particular couplings on the orthonormal frame bundle. The systems we consider
are mean-field interactions of McKean–Vlasov type. A typical example is

dXi,N
t =

√
2 dBi,M

t − ∇V (Xi,N
t ) dt− 1

N

N∑
j=1

∇xW (Xi,N
t , Xj,N

t ) dt, i = 1, . . . , N.

Here, Bi,M
t are independent Brownian motions on the manifold, V is a confinement potential,

and W an interaction potential.
In the limit N goes to infinity, one expects the particles of the McKean–Vlasov IPS to

become asymptotically independent. This phenomenon is known as propagation of chaos,
and the empirical measure

µ̂N
t = 1

N

N∑
i=1

δXi
t

converges weakly to the common law µt of the limiting particles that solves a nonlinear
Fokker–Planck equation, also called an aggregation-diffusion equation, of the form

∂tµt = ∆µt + ∇ ·
(
µt [∇V + ∇ (W ∗ µt)]

)
, W ∗ µt(x) =

ˆ
M

W (x, y) dµt(y).

Propagation of chaos is, however, an asymptotic statement. It says that the particles
become independent in the limit N → ∞, but it does not by itself quantify how close
the IPS is to its limiting law for a finite number of particles. From the point of view of
simulations, it is important to have explicit estimates on the distance between the empirical
measure of the IPS and the limiting law µt.

To obtain such estimates, it is natural to compare the interacting system with a simpler
non-interacting proxy. In this auxiliary system, the empirical mean-field interaction created
by the particles is replaced by the averaged interaction against the limiting law µt. The
particles are then independent copies of the same nonlinear process; at each fixed time
t, they have common law µt. If the interacting system remains close to this proxy, then
the distance between µ̂N

t and µt can be controlled by combining stability estimates for

5



1. Introduction

the dynamics with a quantitative law of large numbers for the empirical measure of the
independent copies.

In Euclidean space, quantitative concentration estimates for empirical measures of
independent samples in Wasserstein distance were obtained by Bolley–Guillin–Villani [11].
The methods used in this direction are metric in nature. They rely on estimates of covering
numbers of balls, and therefore on the way the underlying space grows at large scales. In
this thesis, we obtain a manifold analogue of these results and prove concentration estimates
for the Wasserstein distance between an empirical measure and its underlying law, with
explicit dependence on curvature. This makes precise how geometry of the space enters
quantitative laws of large numbers for empirical measures.

The assumption of having a lower bound on the Ricci curvature also plays a role in the
stability estimates for the McKean–Vlasov dynamics. Indeed, lower Ricci curvature bounds
allow one to use comparison theory, and in particular estimates on the distance between
coupled diffusions on the manifold. Thus curvature enters the analysis twice: first through
metric covering estimates for empirical measures, and second through comparison estimates
used to control the stability of the particle dynamics.

Finally, in the last part of this thesis we study a cornerstone equation of kinetic theory;
the multi-species Landau equation

∂tfi =
N∑

j=1
Qij(fi, fj), 1 ≤ i ≤ N,

where Qij(fi, fj) is the Landau collision operator, derived by Landau in 1936 [69]. This
equation describes the evolution of a mixture of several species of particles undergoing
grazing collisions. The unknown is a vector of velocity distributions

F = (f1, . . . , fN ),

where fi(t, v) denotes the density of particles of species i of mass mi with velocity v ∈ R3

at time t. The different species may have different masses, and the equation couples the
densities through both self-interactions and cross-interactions between species.

Although this part of the thesis is not about hydrodynamic limits but about well-
posedness that we establish, it is still connected to the general theme of the thesis. Indeed,
the Landau equation is another macroscopic equation derived from microscopic dynamics,
namely from the grazing collision limit of the Boltzmann equation. Moreover, the collision
operator can be interpreted as a singular spherical Laplacian in an appropriate set of physical
variables.

For the single-species Landau equation, it was recently proved by Guillen–Silvestre
[52] that the Fisher information is a Lyapunov functional in the Coulomb case; the Fisher
information decreases along the flow of the solution. In the multi-species setting, the

6



1.2. Overview of the main results of the thesis

situation is more delicate. The different masses break some of the symmetries that are
present in the single-species case. This has two unfortunate consequences. First, a key
ingredient in the single-species argument, namely a logarithmic Sobolev inequality on
the sphere, becomes weaker when it is applied to non-symmetric functions. Second, for
sufficiently singular cross-interactions, the Fisher information itself ceases to be a Lyapunov
functional. In particular, one finds a threshold below which monotonicity of the Fisher
information can fail.

We introduce a new Lyapunov functional based not only on Fisher information but also
on relative entropy and entropy dissipation to establish well-posedness below the critical
threshold in the ion–electron regime.

1.2 Overview of the main results of the thesis

1.2.1 Chapter 2 – Invariance principle for lifted geodesic random
walks

In the lattice Zm, the position of a simple symmetric random walk (RW) after N steps can
be written as

S(N) =
N∑

i=1
Xi, Xi i.i.d. with law Unif ({±e1, . . . ,±em}) ,

where {ei}m
i=1 is the canonical basis of Rm. Since E[Xi] = 0,Cov(Xi) = E[Xi ⊗Xi] =

IdRm/m, the covariance of S(N) is N IdRm/m. At the process level, Donsker’s invariance
principle states that (√

m

N
S(⌊Nt⌋)

)
t≥0

converges in law to the standard Brownian motion on Rm. Recall that a standard Brownian
motion on Rm is a continuous stochastic process (Bt)t≥0 such that B0 = 0, its increments
are independent, and

Bt −Bs ∼ N (0, (t− s)IdRm), 0 ≤ s < t.

Its infinitesimal generator is 1
2 ∆, half the Euclidean Laplacian.

On a manifold, that is, roughly speaking, a space which locally looks Euclidean, the
preceding construction cannot be used directly. In general, there is neither a notion of
lattice nor a vector space structure.

In the 70’s, Jørgensen [62] introduced an analog of RW on Riemannian manifolds. The
construction of the RW is the following: Starting from a point x ∈ M , one chooses a tangent
vector v ∈ TxM according to a probability measure µx on TxM . In local orthonormal

7



1. Introduction

coordinates, one may think, for instance, of µx as the uniform measure on the unit sphere
in TxM . The next position of the walk is obtained by following for one unit of time the
geodesic starting from x with initial velocity v. Equivalently, the transition operator is given
by

Pf(x) =
ˆ

TxM

f (expx(v)) dµx(v), f ∈ C∞
c (M),

where expx : TxM → M denotes the exponential map.
Since addition of points is not defined on a manifold, one does not rescale the position

of the walk itself. Instead, one rescales the tangent increments. For α > 0, one considers
the transition operator

P (α)f(x) =
ˆ

TxM

f (expx(αv)) dµx(v),

and accelerates time by the factor α−2. Under suitable centering and covariance assumptions
on the family (µx)x∈M , the rescaled geodesic RW converges to Riemannian Brownian motion
[62, Theorem 2.1]. This is the manifold analog of Donsker’s invariance principle.

Stochastic calculus on Riemannian manifolds is often performed not directly on M ,
but rather on its orthonormal frame bundle π : O(M) → M, where local coordinates are
described as those of M augmented by a choice of orthonormal basis of the tangent space.
A standard reference for stochastic calculus on manifolds is the monograph of Hsu [57].

The advantage of O(M), despite its larger dimension, is that it is a parallelizable
manifold and thus carries global smooth vector fields giving at each point a basis, in this
case the fundamental horizontal and vertical vector fields. Each vector ei of the canonical
basis of Rm gives rise to a horizontal vector field Hi ∈ Γ(TO(M)), where Γ(·) denotes
the space of vector fields, obtained by horizontally lifting the tangent vector uei ∈ Tπ(u)M .
The horizontal lift γ̃ starting from u of a smooth curve γ in M is the moving frame that
satisfies

γ̃ei = Vi, ∇γ′Vi = 0, Vi(0) = uei,

or equivalently in local coordinates, γ̃(t) = (γj(t), V j
i (t))1≤i,j≤m with

V̇ j
i (t) + Γj

klγ̇
k(t)V l

i (t) = 0.

These horizontal vector fields define the Bochner horizontal Laplacian

∆H =
m∑

i=1
H2

i

as a sum of squares, an operator in Hörmander form. The corresponding horizontal Brownian
motion on O(M) with infinitesimal generator 1

2∆H projects onto Riemannian Brownian

8



1.2. Overview of the main results of the thesis

motion on M [57, Proposition 3.1.2]. Analytically, this is expressed by the identity

∆H(f ◦ π) = (∆f) ◦ π, f ∈ C∞(M). (1.2.1)

This identity is a basic mechanism in stochastic analysis on manifolds: one constructs a
process on the orthonormal frame bundle, where the driving noise is Euclidean and globally
defined, and then projects it back to the manifold. This also allows one to construct
Riemannian Brownian motion by rolling a Euclidean Brownian motion without slipping on
the manifold; this is the Eells–Elworthy–Malliavin construction.

We revisit Jørgensen’s construction. Since Brownian motion on M can be obtained as a
scaling limit of random walks (RW), it is therefore natural to lift these RW horizontally to
the orthonormal frame bundle. We prove an invariance principle for these lifted geodesic RW
by a simple expansion of the transition probability. The limiting process is the horizontal
Brownian motion with generator 1

2∆H. Since by construction the random walks and
horizontally lifted random walks are π-related processes, the relation (1.2.1) between the
horizontal Laplacian and the Laplace–Beltrami operator is then recovered as a consequence
of the invariance principle we obtain on O(M). This gives a probabilistic interpretation of
(1.2.1). Actually, we give such an interpretation in the more general setting of Riemannian
submersions with totally geodesic fibers and bracket-generating horizontal distribution,
which is the setting of the recent monograph of Baudoin–Demni–Wang [7] on stochastic
areas, horizontal Brownian motion, and hypoelliptic heat kernels.

1.2.2 Chapter 3 – Hydrodynamic limit of the symmetric exclusion
process on manifolds

We now turn to interacting particle systems whose microscopic state space is discrete. The
paradigmatic example is the symmetric exclusion process (SEP), introduced by Spitzer [93]
in the 1970s. On a graph G = (V,E), a configuration is a map

η : V → {0, 1},

where η(x) = 1 means that a particle occupies the site x, while η(x) = 0 means that the
site is empty. The exclusion rule imposes that at most one particle can occupy each site.
Particles attempt to jump along the edges of the graph, but jumps to already occupied sites
are suppressed. More precisely, if W (x, y) = W (y, x) ≥ 0 denotes the jump rate along the
edge (x, y), the generator of the SEP is given, on local functions f : {0, 1}V → R, by

LSEPf(η) =
∑

(x,y)∈E

W (x, y) (f(ηx,y) − f(η)) ,

where ηx,y is the configuration obtained from η by exchanging the occupations at x and y.
A hydrodynamic limit is a law of large numbers for the empirical density of the system.

On Zm, one observes the system at the macroscopic scale by rescaling space by N−1 and
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1. Introduction

time by N2. The empirical density field is then given by the random measure

π̂N
t = 1

Nm

∑
x∈Zm

ηN2t(x) δx/N .

A hydrodynamic limit means that, as N → ∞, this random measure-valued path converges
in probability, in a suitable weak sense, to a deterministic path ρt(u) du, where the limiting
density ρt solves a macroscopic PDE. For the SEP on Zm with nearest-neighbor symmetric
jumps, the limiting equation is the heat equation

∂tρt = ∆ρt. (1.2.2)

We refer to the monograph of Kipnis–Landim [67] for an extensive account of scaling limits
of IPS.

The SEP is particularly tractable because it has a microscopic closure property. Indeed,
the expected occupation variable evolves according to the generator of the underlying RW.
More precisely, if

LRWφ(x) =
∑
y∼x

W (x, y) (φ(y) − φ(x)) , φ : V → R,

then a direct computation gives

LSEPη(x) = LRWη(x).

Thus the one-point function of the SEP is governed by the same operator as a single RW.
This is a manifestation of the self-duality of the exclusion process; see Giardina–Redig [43]
for a recent monograph on duality from the Lie algebraic approach.

On Riemannian manifolds, on the other hand, there is no canonical lattice and one must
therefore choose a discretization. We take inspiration from machine learning where high-
dimensional data embedded in Euclidean space is supposed to lie on a manifold of smaller
intrinsic dimension; this is the manifold hypothesis, a posit in machine learning. Random
neighborhood graphs (RNG) are natural in manifold learning and used to approximate its
geometry. In our setting, the vertices are given by a Poisson point process ΛN on M with
intensity Ndµ and Gibbs measure

dµ = e−U dVolM ,

where U is a smooth potential bounded from below. Two points x, y ∈ ΛN are connected
whenever dM (x, y) ≤ hN , where hN ↓ 0 is the bandwidth parameter.

On compact Riemannian manifolds, random neighborhood graphs provide consistent
discrete approximations of the Laplace–Beltrami operator as shown in the seminal work of
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1.2. Overview of the main results of the thesis

Hein–Audibert–von Luxburg [56]. In our non-compact weighted setting, if the symmetric
jump rates are of the form

WN ;α(x, y) = 1
N

h−m
N k

(
d(x,y)

hN

)
(
k̂N (x)k̂N (y)

)α , k̂N (x) = 1
N

∑
y∈ΛN

h−m
N k

(
d(x, y)
hN

)
, (1.2.3)

for some parameter α ≥ 0, where k : R+ → R+ is a bounded measurable kernel supported
in [0, 1) continuous near 0 with k(0) > 0; k̂N is a statistical estimator of e−U .

after the diffusive rescaling by h−2
N , we prove that the corresponding RW generator

converges, up to a constant, uniformly on compact sets and almost surely in the realization
of the graphs, to a weighted Laplacian e(2α−1)U ∆2(1−α), which is the Witten Laplacian
∆U when α = 1/2, given in that case by

∆Uf = eU ∇ ·
(
e−U ∇f

)
= ∆f − ∇U · ∇f, f ∈ C∞(M).

Combining this convergence of the RW with the duality of the SEP, we prove the quenched
hydrodynamic limit. Namely, for almost every realization of the random neighborhood
graphs, the empirical density field of the SEP with jump rates (1.2.3), rescaled in time by
h−2

N , converges in probability to the deterministic trajectory (ρt dµ)t∈[0,T ], where ρt weakly
solves

∂tρt = Ck;αe
(2α−1)U ∆2(1−α)ρt = Ck;αe

(2α−1)U
(

∆ − 2(1 − α)∇U · ∇
)
ρt. (1.2.4)

The convergence is understood in the Skorokhod topology after testing against compactly
supported smooth functions. Note the presence of the potential U in (1.2.4), which
generalizes, even in the Euclidean setting, the heat equation (1.2.2) obtained as the
hydrodynamic limit of the SEP on the lattice Zm.

The non-compact setting creates two difficulties which are absent in the compact case
treated by van Ginkel–Redig [99]. First, the RNG are infinite. Therefore the SEP is not
automatically well-defined; from the graphical construction, one must rule out explosion of
the underlying RW. Second, the limiting diffusion on the manifold must be conservative.
On a non-compact manifold, heat may escape to infinity in finite time, or equivalently
the diffusion generated by, say, ∆U may fail to have total mass one. Thus stochastic
completeness of the weighted manifold is a natural assumption in the hydrodynamic limit.
In terms of the heat kernel pU associated with ∆U , this means that

ˆ
M

pU (t, x, y) dµ(y) = 1, t > 0, x ∈ M.

We prove non-explosion of the RW on the RNG by adapting a stochastic-completeness
criterion for weighted graphs due to Folz [38], which is the graph analogue of Grigor’yan’s
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criterion on manifolds [47]. The idea is to introduce an intrinsic graph metric whose edge
lengths are shorter where the jump rates are larger. This metric is adapted to the RW and
allows one to compare graph balls with Riemannian balls. Using Bishop–Gromov volume
comparison under a lower Ricci curvature bound, we obtain the required volume-growth
control for the graph. Folz’s criterion then yields non-explosion of the RW, and hence
existence of the SEP by the graphical construction.

We also extend the construction to principal bundles π : M̃ → M. The idea is to
discretize both the base manifold and the fibers, while using the connection to compare
points in different fibers. Starting from the Poisson cloud ΛN ⊂ M , we sample additional
points in each fiber M̃x = π−1(x). Thus a vertex of the lifted graph is a pair (x, u),
with x ∈ ΛN and u ∈ M̃x. Two vertices (x, u) and (y, q) are connected when their base
points are close and their fiber components are close after identifying the fibers by parallel
transport;

dM (x, y) < hN , d
M̃x

(
u, P̃y→xq

)
< h′

N ′ .

Here P̃y→x : M̃y → M̃x denotes the parallel transport induced by the connection. The
geometric assumption imposed on the principal bundle covers the case of the orthonormal
frame bundle.

The two bandwidths have different roles. The parameter hN controls the motion in the
base manifold, while h′

N ′ controls the fiber thermalization. With a suitable choice of weights
and a double-scaling limit, we show that the associated single RW converges to a horizontal
diffusion. By duality, the corresponding lifted SEP has a hydrodynamic limit given by a
sub-elliptic heat equation driven by a weighted horizontal Laplacian. This construction is
inspired by Gao’s horizontal diffusion maps [41], where pairwise correspondences between
fibers are used to build discrete operators converging to horizontal diffusion operators.

1.2.3 Chapter 4 – Concentration and expectations for empirical mea-
sures on manifolds

Given independent random variables {Xi}1≤i≤N with common law ν on a smooth Rieman-
nian manifold (M, g), the associated empirical measure

ν̂N = 1
N

N∑
i=1

δXi

is a random probability measure which encodes the distribution of the samples. By the law
of large numbers, also known as the Glivenko–Cantelli theorem (and due to Varadarajan on
metric spaces [100]), ν̂N converges weakly to ν as N → ∞. A natural quantitative question
is then: how far is ν̂N from ν for possibly large but finite N? Since the Wasserstein distance
metrizes weak convergence [105, Theorem 6.9], it is natural to quantify this error in the
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1.2. Overview of the main results of the thesis

former; we refer to the monograph of Villani [105] for an extensive account on optimal
transport.

In the Euclidean space Rm, the convergence of empirical measures in Wasserstein
distance is a classical topic, already dating back to the late 1960’s with the seminal work of
Dudley [31]. The rate of convergence depends on the dimension m, on the value of p, and
on the moments of the law. The higher the dimension, the harder it is to approximate a
probability measure by finitely many points; this is referred to as the curse of dimensionality.
This dimensional obstruction is already present for measures with compact support: one
needs enough points to cover the support at the relevant scale.

On general Polish metric spaces (E, d), the convergence of empirical measures is related
to the covering numbers of E, namely the smallest number of balls of a certain radius
needed to cover E. For instance, on a compact space, estimates on the covering number
N(E, δ) lead directly to effective bounds on E[Wp(ν̂N , ν)]; see Boissard–Le Gouic [10,
Theorem 1.1]. On a non-compact Riemannian manifold, however, the covering number of
the whole space is infinite. One must therefore combine a local covering estimate on large
balls with a tail estimate controlling the probability of being outside of these balls.

We place ourselves on metric measure spaces satisfying a measure contraction property.
We shall not recall the full definition here, but one should think of it as a generalization
of the synthetic lower curvature bound of curvature-dimension condition of Lott [77] and
Sturm–Villani [96]; if (E, d,m) satisfies MCP(K,n) for some K ∈ R and n > 1, then an
analog of Bishop–Gromov theorem holds [85, Theorem 5.1], and for an m-dimensional
Riemannian manifold, MCP(K,m) coincides with Ric ≥ K. In particular, when K ≤ 0,
which is the non-positive curvature setting, we obtain the covering estimate

N(B(x,R), δ) ≤
(

5R
δ

)n

exp
(

2
√

|K|(n− 1)R
)
. (1.2.5)

We obtain quantitative bounds in expectation of the p-Wasserstein distance between
the empirical measure of i.i.d. samples and their common law. The strategy is to truncate
the measure on a large ball, apply compact estimates on that ball, and then optimize the
radius of the ball as a function of N . The optimal choice of the radius depends on two
competing effects: the covering number of the ball estimated by (1.2.5), which grows with
the radius, and the tail of the measure, which becomes smaller as the radius increases. In
spaces of polynomial volume growth, this leads to Euclidean-like rates, while in negatively
curved spaces, the exponential growth of covering numbers forces stronger tail assumptions,
typically exponential moments, in order to recover sharp polynomial rates as in the Euclidean
space. When K ≤ 0, n > 2p ≥ 2, and the probability measure ν satisfies the exponential
moment condition

´
E
eαd(o,x)dν(x) < +∞ for some o ∈ E and α > 2p

n−p

√
|K|(n− 1), we

obtain for every N ≥ 1, the sharp rate

E
[
Wp

(
ν̂N , ν

)]
≤ CN− 1

n .
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The second type of result concerns concentration inequalities. We obtain quantitative
versions of Sanov’s theorem, which describes the large deviations of empirical measures
in terms of the relative entropy, generalizing the seminal work of Bolley–Guillin–Villani
[11] from the Euclidean space to manifolds. Recall that if ν′ is absolutely continuous with
respect to ν, the relative entropy is

H(ν′ | ν) =
{ ´

E
log
(

dν′

dν

)
dν′ if ν′ ≪ ν;

+∞ otherwise.

Sanov’s theorem says roughly that

P
[
dist

(
ν̂N , ν

)
> ε
]

≈ e−NI(ε), I(ε) := inf {H(ν′ | ν) : dist (ν′, ν) > ε}

for every distance dist continuous with respect to the weak topology. To turn this asymptotic
statement into a quantitative one, we again truncate the measure on large balls whose radius
comes from optimization considerations. We choose to track each constant to highlight the
precise effect of the curvature lower bound compared to the Euclidean setting; this makes the
proofs rather technical. If the measure only has polynomial decay

´
E
dq(o, x)dν(x) < +∞

for some q > p ≥ 1 and the lower bound on Ricci curvature is K ≤ 0, then the same
concentration estimate as in Rn holds provided N is sufficiently large, say, for n′ > n, we
require

N ≥ N0ε
−

q(n′+2p)
q−p exp

(
2
√

|K|(n− 1)ε− p
q−p

)
,

and K = 0 recovers exactly the Euclidean threshold for N . But when the measure decays
fast enough, say it has Gaussian tails, then the threshold for N is proportional to the
Euclidean one.

These estimates for independent samples are strong enough to study an IPS with
mean-field interaction of McKean–Vlasov type on a Riemannian manifold. More precisely,
we consider particles evolving according to an aggregation-diffusion dynamics of the form

dXi
t =

√
2 dBi,M

t − ∇V (Xi
t) dt− 1

N

N∑
j=1

∇xW (Xi
t , X

j
t ) dt, i = 1, . . . , N,

where Bi,M
t are independent Riemannian Brownian motions, V is a confinement potential,

and W is an interaction potential. The associated time-dependent empirical measure is

µ̂N
t = 1

N

N∑
i=1

δXi
t
.

In the many-particle limit, one expects propagation of chaos: the particles become asymptoti-
cally independent and their common law µt solves the weakly nonlinear aggregation-diffusion
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1.2. Overview of the main results of the thesis

equation

∂tµt = ∆µt + ∇ ·
(
µt [∇V + ∇ (W ∗ µt)]

)
, W ∗ µt(x) =

ˆ
M

W (x, y) dµt(y).

Since our quantitative estimates only apply to independent particles, we introduce the
non-interacting proxy system where mean-field interaction through the empirical measure of
the particles is replaced by the limiting law µt;

dY i
t =

√
2 dBi,M

t − ∇V (Y i
t ) dt− ∇(W ∗ µt)(Y i

t ) dt, i = 1, . . . , N.

For each fixed time t, the variables {Y i
t }1≤i≤N are independent with common law µt, and

the concentration estimates for empirical measures on manifolds can be applied to

ν̂N
t = 1

N

N∑
i=1

δY i
t
.

We then compare the interacting system with the non-interacting proxy by coupling the
particles pairwise; for each i, we couple Xi

t and Y i
t by parallel coupling on the manifold. The

idea is that the two particles should be driven by the same Brownian noise, but interpreted
in their respective tangent spaces by parallel transport along the geodesic joining them.

Under technical assumptions on the potentials V and W , if µ0 has Gaussian tails, we
prove for every fixed T > 0 a uniform-in-time concentration estimate over [0, T ] of the form

P
[

sup
0≤t≤T

W1
(
µ̂N

t , µt

)
> ε

]
≤ C

(
1 + Tε−2) exp

(
−C ′Nε2) ,

for all 0 < ε < 1 and N sufficiently large but finite, depending on ε in the same fashion as
in the Euclidean case given by [11, Theorem 2.9].

1.2.4 Chapter 5 – Well-posedness of the multi-species Landau equa-
tion

The last part of this thesis concerns a cornerstone kinetic equation from plasma physics.
The spatially homogeneous multi-species Landau equation [69] describes the evolution of
a gas mixture composed of several species undergoing grazing collisions. The unknown is
a vector of velocity distributions F = (f1, . . . , fN ), where fi(t, v) denotes the density of
particles of species i with velocity v ∈ R3 at time t. The species may have different masses,
and the equation couples the densities through both intra-species and inter-species collision
operators:

∂tfi =
N∑

j=1
Qij(fi, fj), i = 1, . . . , N. (1.2.6)

15



1. Introduction

Here Qii describes collisions between particles of the same species, while Qij , i ≠ j,
describes collisions between particles of different species;

Qij(fi, fj)(vi) = 1
mi

∇vi ·
(ˆ

R3
cijA(vi − vj)

(
∇vi

mi
−

∇vj

mj

)
(fi ⊗ fj) (vi, vj) dvj

)
,

where mi and mj are the respective masses of species i and j, cij > 0 a symmetric physical
constant, and

A(z) = |z|2+γΠ⊥
z , Π⊥

z = IdR3 −z ⊗ z

|z|2

with the parameter γ ∈ [−3, 1] encoding the type of interactions (γ = −3 corresponds to
Coulomb interactions).

The Landau equation possesses a fundamental thermodynamic structure. It conserves
the natural collision invariants, namely the total mass of each species, the total momentum,
and the total energy of the mixture, while it also dissipates the Boltzmann entropy

H(F ) =
N∑

i=1

ˆ
R3
fi log fi dv.

This entropy structure is one of the main tools in the analysis of kinetic equations. However,
for the Landau equation with soft interactions, which are the most singular and physically
relevant ones in plasma physics, entropy dissipation alone is not sufficient to obtain a
satisfactory well-posedness theory.

In the single-species Coulomb case, Villani explains in [102, Chapter 3] that finite-time
blow up may be expected from an analogy between the Landau equation and the nonlinear
heat equation, since the Landau equation takes the form

∂tf = − Hess (−∆)−2
f : Hess f + f2

resembling ∂tf = ∆f + f2, which is known to blow-up in finite time. However, after seeing
some numerical simulations he became convinced that blow-up should not occur.

In the single-species Coulomb Landau equation, the recent breakthrough of Guillen–
Silvestre [52] shows that the Fisher information

I(f) =
ˆ
R3

|∇ log f |2fdv

is a Lyapunov functional; it is nonincreasing along solutions to the Landau equation. This
monotonicity relies on the log-Sobolev inequality on the sphere for symmetric functions.
The bound on Fisher information then yields well-posedness.
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1.2. Overview of the main results of the thesis

A natural question is then whether this Fisher-information mechanism holds for multi-
species mixtures. We introduce the correct analog of Fisher information, that is, a mass-
weighted Fisher information of each species,

I(F ; a) =
N∑

i=1
ai

ˆ
R3

|∇ log fi|2fi dv, ai = 1
mi

,

where the choice of weights is distinguished by the equilibrium structure: it is the choice
for which products of Maxwellians with a common temperature are minimizers of I(F ; a)
under the constraint of fixed total energy.

Following Guillen–Silvestre, the dissipation of Fisher information is not studied directly
on the original equation, but through a lifted linear equation obtained by doubling the
variables. The idea is to introduce, for each species, an independent copy of the velocity
variable. More precisely, we consider

v2N = (v1, . . . , vN , vN+1, . . . , v2N ) ∈ (R3)2N ,

with the convention
mN+i = mi, 1 ≤ i ≤ N.

On this space, we introduce the lifted linear operators

Q̃ij(F̃ ) =
(

∇vi

mi
−

∇vj

mj

)
·
[
cijA(vi − vj)

(
∇vi

mi
−

∇vj

mj

)
F̃

]
,

for 1 ≤ i ≤ N and N + 1 ≤ j ≤ 2N and consider the linear Cauchy problem

∂tF̃ =
∑

1≤i≤N
N+1≤j≤2N

Q̃ij(F̃ ), (1.2.7)

with initial datum

F̃ ◦(v1, . . . , v2N ) =
N∏

i=1
f◦

i (vi)f◦
i (vN+i).

Its usefulness comes from the fact that the first N marginals of F̃ solve the original multi-
species Landau system (at time t = 0). Moreover, we show that the time derivative of a
lifted version of the weighted Fisher information along the linear Cauchy problem (1.2.7)
controls the time derivative of the weighted Fisher information along the multi-species
Landau equation (1.2.6). Thus estimates proved at the level of the lifted linear system can
be projected back to estimates for the nonlinear system.

The lifted formulation is precisely the right setting to study Fisher information. Indeed,
the operators Q̃ij act only in the relative direction between two particles, while preserving
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the corresponding center-of-mass direction. After passing to relative-velocity variables and
center-of-mass variables defined as

zij = vi − vj , z∗
ij = mivi +mjvj

mi +mj
, (1.2.8)

it turns out that Q̃ij is a spherical Laplacian; setting zij = rω, and fi(vi)fj(vj) = f ij(r, ω),

Q̃ij (fi(vi)fj(vj)) = cijα
2
ijr

γ∆S2f ij(r, ω), αij = 1
mi

+ 1
mj

.

This is the reason why ultimately the log-Sobolev inequality on the sphere will enter.
However, the multi-species case contains a new obstruction. In the single-species

equation, the lifted density of the form f(v)f(v∗) is symmetric under the exchange v ↔
v∗. This symmetry is crucial as the constant in the log-Sobolev inequality improves for
symmetric functions (see [52, Lemma 9.1] and [60, Theorem 1.1]), and without this
improvement the sign of the time derivative of Fisher information remains unclear. In the
multi-species equation, the corresponding two-particle density is instead fi(vi)fj(vj) which
is not symmetric under the exchange vi ↔ vj when mi ̸= mj . The different masses tilt
the relation between relative velocity, center-of-mass velocity, and the Euclidean gradients
appearing in the Fisher information.

As a consequence, the spherical logarithmic Sobolev inequality still produces a coercive
term, but the constant obtained from the non-symmetric lifted density is not always strong
enough to control the terms generated by the mass asymmetry. This is the central difficulty:
the weighted Fisher information is the correct quantity for well-posedness, but it need not
be a Lyapunov functional for arbitrary multi-species mixtures.

We make this obstruction precise; we identify an explicit regime γ ∈ [−
√

8,−2) in
which the coercive spherical term dominates the error terms. This gives the a priori
Fisher-information estimate needed for well-posedness.

We then show that outside this favorable regime, in particular for Coulomb interactions
corresponding to γ = −3, the obstruction is genuine. For the two-species setting with large
mass ratio, we construct a counterexample showing that the weighted Fisher information
ceases to be a Lyapunov functional. Thus the breakdown of the single-species argument
reflects the lack of symmetry of inter-species collisions in the lifted physical variables (1.2.8).

The final part of the chapter treats the ion–electron regime, where one species is much
heavier than the other. In this regime, we identify a new Lyapunov functional combining
the Fisher information with relative entropy and entropy dissipation along the inter-species
collision operator. These additional terms compensate for the loss of coercivity caused by
the asymmetry and allow us to recover a closed a priori estimate, leading to well-posedness
for Coulomb interactions.
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CHAPTER 2

Invariance Principle for Lifted
Geodesic Random Walks

This chapter is the content of the joint work [64] with Frank Redig, and Rik Versendaal.
“Invariance Principle for Lifts of Geodesic Random Walks.” Journal of Theoretical Probability
39.2 (2026): 21.

2.1 Introduction
In this chapter we consider geodesic random walks on a Riemannian manifold (M, g) and
their horizontal lift into a manifold (N, g̃) such that there is a Riemannian submersion
π : N → M . A motivating example of this setting is the orthonormal frame bundle
πO(M) : O(M) → M of a Riemannian manifold. This example is the basis of the Eells–
Elworthy –Malliavin construction of Brownian motion. The important point in this setting
is that the horizontal Brownian motion has as a generator the horizontal Laplacian which is
a sum of squares of globally defined vector fields; i.e., it is in Hörmander form

∆H =
d∑

i=1
H2

i ,

where d is the dimension of the manifold. Because of this, the Markov process {U(t)}t≥0
generated by 1

2 ∆H can be constructed as the solution of a Stratonovich SDE driven by an
Rd-valued Brownian motion {W (t)}t≥0, namely (see the monograph of Hsu [57]),

dU(t) =
d∑

i=1
Hi(U(t)) ◦ dW i(t).

Moreover, the Brownian motion on the manifold is the projection of this horizontal Brownian
motion, based on the fact that

∆H(f ◦ π) = (∆Mf) ◦ π (2.1.1)
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for all smooth f : M → R. The proof of identity (2.1.1) in [57] is based on computations
not easily followed by probabilists, using the π-relations between the covariant derivative
and its lifted counterpart. Beyond the setting of the orthonormal frame bundle, horizontal
Brownian motion is extensively studied in the monograph of Baudoin–Demni–Wang [7].

Brownian motion on M can be obtained as a scaling limit of geodesic random walks as
initially considered by Jørgensen [62]. It is therefore natural to lift these walks horizontally
in order to obtain horizontal Brownian motion in the scaling limit. As a consequence of
such a weak convergence result, the horizontal Brownian motion on the total manifold N
and the Brownian motion on the base manifold M are then π-related automatically. It is
precisely the aim of this chapter to prove such result for a class of geodesic random walks,
in the setting of Riemannian submersions, which is the framework in the monograph [7]. In
several sub-Riemannian settings, motivated by different contexts such as Carnot groups,
equivalence of Laplacians, and horizontal sub-Laplacians as limits of Hamiltonian flows,
several authors have studied scaling limits of geodesic random walks; see [2, 13, 45, 46, 97].

First, in Section 2.2 we introduce the horizontal random walks and recall the notion of
horizontal lift. Second, in Section 2.3 we consider general submersions for which we prove
the π-relation as a corollary of an invariance principle, and we provide several examples,
including the orthonormal frame bundle, which we discuss in detail.

2.2 Random walks and horizontal random walks
In this section we introduce the stochastic processes we study, namely, horizontal random
walks. To do so, we first introduce the analog of random walks in M , so-called geodesic
random walks, following [62, 101]. Afterwards, we explain how these geodesic random walks
can be lifted to the total space N along a Riemannian submersion π : N → M .

2.2.1 Geodesic random walk
We consider a d-dimensional geodesically complete Riemannian manifold M with metric g,
and denote by TxM the tangent space of M at x ∈ M . In order to describe increments of
our random walks, we have to consider a collection of probability measures µx on TxM
called a distribution of increments; the nomenclature being inspired from [62] where µx

describes the direction in which the random walk follows a geodesic when starting from x.
More precisely, we define the following Markov processes based on {µx}x∈M :

Definition 2.1. 1. The discrete-time unit speed random walk {Sk}k∈N based on the
measures {µx}x∈M is defined via its transition operator

Pf(x) := E [f (Sk+1) |Sk = x] =
ˆ

TxM

f(expx(v)) µx(dv); (2.2.1)
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2. The discrete-time random walk with speed α based on the measures {µx}x∈M is
denoted by {S(α)

k }k∈N and is defined via its transition operator

P (α)f(x) := E
[
f
(
S

(α)
k+1

) ∣∣∣S(α)
k = x

]
=
ˆ

TxM

f(expx(αv)) µx(dv); (2.2.2)

3. Finally, the continuous-time process {Z(α)}t≥0 is defined via its generator

L(α)f(x) := α−2
(
P (α)f(x) − f(x)

)
. (2.2.3)

The process {Sk}k∈N evolves as follows: whenever Sk = x, Sk+1 is obtained by randomly
choosing Xk+1 on TxM according to the measure µx and following the geodesic starting
at x in the direction Xk+1 for time 1, and analogously for the walk with speed scaled by α.

In what follows, we want to prove weak convergence to (horizontal) Brownian motion
for the continuous walk {Z(α)

t }t≥0 and its horizontal lift (defined below) as α tends to zero.
As consequence, one can obtain corresponding results for the discrete walk {S(α)

⌊α−2t⌋}t≥0 as
α tends to zero (see Remark 2.13).

In order to proceed, we need some conditions on the distribution of increments. Because
we aim at proving convergence to Brownian motion, there is a centering and variance
condition. Finally, in order to prove uniform convergence of generators, it is convenient
to have an additional third moment condition. More precisely, we make the following
assumptions:

Assumption 2.2 (Centering and covariance). For every x ∈ M , the measure µx has zero
expectation and its covariance equals the inverse metric; i.e.,ˆ

TxM

v µx(dv) = 0,
ˆ

TxM

v ⊗ v µx(dv) = g−1(x),

or equivalently, in any smooth coordinate system about x,ˆ
TxM

vi µx(dv) = 0,
ˆ

TxM

vivj µx(dv) = gij(x), i, j = 1, . . . , d. (2.2.4)

Assumption 2.3 (Third moment condition). The third moment of the collection of measures
{µx}x∈M is finite, uniformly on compacts; i.e., for all C ⊂ M compact,

sup
x∈C

ˆ
TxM

∥v∥3
µx(dv) < +∞.

Remark 2.4. If p 7→ µx is invariant under parallel transport as considered by Jørgensen
[62] in order to mimic identically distributed increments, then if Assumptions 2.2 and 2.3
are satisfied for a single x ∈ M , then they are for all x ∈ M .
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2. Invariance Principle for Lifted Geodesic Random Walks

2.2.2 Horizontal lift of geodesic random walks
Now that we have defined geodesic random walks on the base manifold (M, g), we can
construct a new process on the total manifold (N, g̃) carrying a metric g̃ that will be specified
later on. In order to define this process, we recall some terminology from Riemannian
geometry.

Definition 2.5. A Riemannian submersion π : (N, g̃) → (M, g) is a smooth surjective map
whose differential is an isomorphism

dπu : (ker dπu)⊥ → Tπ(u)M

which is also an isometry. Here ⊥ denotes the orthogonal complement with respect to the
metric g̃ in N .

In the setting of Riemannian submersions, the tangent space TuN of the total manifold
N at a point u ∈ N splits into the vertical and horizontal subspaces as follows:

VuN := ker dπu, HuN := (VuN)⊥, TuN = HuN ⊕ VuN.

Their disjoint unions form two subbundles of TN denoted respectively by VN = ⊔u∈N VuN
and HN = ⊔u∈N HuN . This splits the metric g̃ on TN into its two factors gVN and gHN .
Denote by Γ the space of sections. A horizontal vector field X ∈ Γ(HN) is π-related to a
vector field X ∈ Γ(TM) if for any u ∈ N it holds that

dπu (Xu) = Xπ(u). (2.2.5)

We stress that relating manifolds via a Riemannian submersion ensures that π-related
tangent vectors as in (2.2.5) have the same norm because dπ|HN

is an isometry.

Remark 2.6. In several situations, the total manifold N comes with a natural projection
map π : N → M defining the vertical subspaces VuN = ker dπu but no specification of
a metric g̃. One can then use any connection form ω to define the horizontal subspaces
HuN = kerωu. Now, with the help of this choice of horizontal bundle, obtained either by
the Riemannian submersion or by the specification of a connection form, one can lift any
smooth curve on the base manifold to the total manifold with respect to the horizontal
bundle.

We can now define the horizontal lift of a curve γ : I → M . We denote γ′(t) = d
dt (γ(t)).

Definition 2.7. The horizontal lift γ̃ with respect to HN starting at u0 ∈ Nγ(0) =
π−1({γ(0)}) of a smooth curve γ : I → M is the unique curve satisfying

π ◦ γ̃ = γ, γ̃′(t) ∈ Hγ̃(t)N. (2.2.6)
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2.3. Invariance principle for Riemannian submersions

The horizontal lift ṽ(u, v) with respect to HN starting at u of a tangent vector
v ∈ Tπ(u)M is given by

ṽ := ṽ(u, v) := (dπu)−1v ∈ HuN,

which corresponds to differentiating (2.2.6) for any curve γ such that γ(0) = π(u) and
γ′(0) = v ∈ Tπ(u)M . One can prove that this is independent of the choice of the curve,
and in particular if ṽ is the horizontal lift of v ∈ TxM starting at u, then for every γ in M
such that γ(0) = x, and γ′(0) = v, ṽ is initially tangent to the horizontal lift of γ starting
at u; ṽ = γ̃′(0).

We recall that the horizontal lift of a geodesic under a Riemannian submersion is again a
geodesic (see [79, Lemma 26.11]). It is important to notice that geodesics in N with initial
horizontal tangent vector, are horizontal curves; i.e., the tangent vectors remain horizontal.
Moreover, by the geodesic property, the tangent vector at any point of the curve is the
parallel transport of the initial tangent vector.

Given a distribution of increments {µx}x∈M we define the distribution of horizontally
lifted increments {µ̃u}u∈N as follows. First draw v according to µπ(u) and then lift v to
ṽ(v, u). Then {µ̃u}u∈N is the distribution of the lift ṽ. It then follows that the (discrete or
continuous-time) random walks based on {µx}x∈M are horizontally lifted to the (discrete
or continuous-time) random walks based on {µ̃u}u∈N , and conversely, the projections of
random walks based on {µ̃u}u∈N are distributed as the random walks based on {µx}x∈M .

As a consequence, the horizontal lift of the rescaled continuous-time random walk
{Z(α)

t }t≥0 defined via its generator (2.2.3) is the process {Z̃(α)
t }t≥0 on the total manifold

N with generator defined on smooth compactly supported functions f : N → R by

Lαf(u) := α−2
ˆ

Tπ(u)M

(f (expu{αṽ(v, u)}) − f(u)) µπ(u)(dv), (2.2.7)

so that {π(Z̃(α)
t )}t≥0 = {Z(α)

t }t≥0 in distribution.

2.3 Invariance principle for Riemannian submersions

2.3.1 Main result
Let (M, g) and (N, g̃) be Riemannian manifolds with Riemannian submersion π : N → M ,
and let d be the dimension of M . Each vector field X ∈ Γ(TN) can be uniquely decomposed
into its horizontal part XH ∈ H and vertical part XV ∈ V respectively. Under this setting,
we consider the Laplace-Beltrami operator ∆N on N and its decomposition in horizontal
and vertical parts as follows (see [7]):
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2. Invariance Principle for Lifted Geodesic Random Walks

Definition 2.8. The horizontal Laplacian ∆H is the generator of the pre-Dirichlet form

EH(f, h) = −
ˆ

N

⟨(grad f)H, (gradh)H⟩g̃ dVolg̃, f, h ∈ C∞
c (N).

Analogously, the vertical Laplacian ∆V is the generator of the pre-Dirichlet form

EV(f, h) = −
ˆ

N

⟨(grad f)V , (gradh)V⟩g̃ dVolg̃, f, h ∈ C∞
c (N).

We have the decomposition of the total Laplacian into its horizontal and vertical parts

∆N = ∆H + ∆V .

In local orthonormal frames {Ei}1≤i≤d of H and {Fj}1≤j≤l of V , the horizontal Laplacian
can be rewritten as

∆H = −
d∑

i=1
EiE

∗
i =

d∑
i=1

(
E2

i − (∇EiEi)H
)

−
l∑

j=1

(
∇FjFj

)
H , (2.3.1)

where the adjoint is understood in L2(N, dVolg̃).
The Fj ’s are vertical, so they cannot be obtained as horizontal lifts. Thus, horizontally

lifted geodesic random walks are not expected to produce the last term in (2.3.1) since
their tangent vectors are horizontal. The following type of Riemannian submersion ensures
that the last term indeed vanishes;

(
∇FjFj

)
H = 0 (see [84] and [83, Proposition 4.13]).

Definition 2.9. The fibers Np := π−1({p}) of a Riemannian submersion π : N → M are
said to be totally geodesic if any geodesic in a fiber, seen as a submanifold of N with the
induced metric, is also a geodesic in N .

Assuming that the submersion has totally geodesic fibers, the horizontal Laplacian
(2.3.1) takes the form

∆H =
d∑

i=1

(
E2

i − (∇Ei
Ei)H

)
. (2.3.2)

Definition 2.10. A distribution Λ of the tangent bundle TN is said to be bracket-generating
if it is generated by a finite number of Lie brackets of vector fields in Γ(Λ).

Whenever the horizontal subbundle HN of TN is bracket-generating, the subellipticity
of ∆H is then guaranteed by Hörmander’s theorem. Moreover, [7, Proposition 4.1.5]
guarantees in that case its self-adjointness on C∞

c (N), and its associated pre-Dirichlet form
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2.3. Invariance principle for Riemannian submersions

has a unique closed extension. On the other hand, as V is never bracket-generating, we will
not consider vertically lifted geodesic random walks.

We are now ready to state the invariance principle for the horizontal lift of the rescaled
continuous-time random walk for these types of Riemannian submersions. As a corollary,
we obtain the associated relation between the Laplace–Beltrami operator and the horizontal
Laplacian.

Theorem 2.11 (Invariance principle for Riemannian submersions). Let (M, g) and (N, g̃)
be geodesically complete Riemannian manifolds equipped with a Riemannian submersion
π : N → M with totally geodesic fibers such that the horizontal subbundle HN of
TN is bracket-generating. Let {µx}x∈M be a distribution of increments on M satisfying
Assumption 2.2 and Assumption 2.3. Let {Z̃(α)

t }t≥0 be the process with generator (2.2.7).
Then as α → 0, this process converges to horizontal Brownian motion; i.e., the process
with generator 1

2 ∆H.

Corollary 2.12. Under the setting of Theorem 2.11, the following identity holds:

∆H (f ◦ π) = (∆Mf) ◦ π, f ∈ C∞(M). (2.3.3)

Proof of Corollary 2.12. Consider an α-rescaled continuous-time random walk {Z(α)
t }t≥0 on

M that satisfies Assumption 2.2 and Assumption 2.3. By Theorem 2.11 with IdM : M → M
as submersion, this process converges to Brownian motion; i.e., the process with generator
1
2 ∆M . On the other hand, by Theorem 2.11, the horizontal lift of this α-rescaled random
walk, namely, the process {Z̃(α)

t }t≥0 on N , converges to horizontal Brownian motion; i.e.,
the process with generator 1

2 ∆H on N . Because the projection π : N → M is continuous,
and because the random walks {Z(α)

t }t≥0 and {Z̃(α)
t }t≥0 are by construction π-related,

the corresponding limiting Brownian motions must be π-related as well. This proves the
identity (2.3.3) for the case of smooth compactly supported functions, and, since (2.3.3) is
a pointwise identity, this is enough.

Proof of Theorem 2.11. Let f : N → R be a smooth compactly supported function. We
perform a Taylor expansion of f ◦ γ̃α around u ∈ Np, where γ̃α is the horizontal lift starting
at u of the curve γα(t) = expx(αtv), where v ∈ TxM . There is some 0 < s < 1 such that

f (γ̃α(1)) − f(u) =
(
d

dt

∣∣∣∣
t=0

+ 1
2
d2

dt2

∣∣∣∣
t=0

+ 1
6
d3

dt3

∣∣∣∣
t=s

)
f (γ̃α(t)) .

The first time derivative is given by

d

dt
f (γ̃α(t)) = df

γ̃α(t) ◦
(
dπ

γ̃α(t)

)−1
(γ′

α(t)) =
〈
grad f, γ̃α

′(t)
〉

g̃
=
〈
(grad f)H , γ̃α

′(t)
〉

g̃
,
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2. Invariance Principle for Lifted Geodesic Random Walks

where we used the fact that γ̃α is horizontal for the last equality.
To obtain the second time derivative, we use the Levi–Civita connection ∇ on N and

use the fact that γ̃α is a geodesic being the horizontal lift of a geodesic under a Riemannian
submersion;

d2

dt2
f (γ̃α(t)) =

〈
∇

γ̃α
′(t)(grad f)H, γ̃α

′(t)
〉

g̃
+
〈

(grad f)H,∇γ̃α
′(t)γ̃α

′(t)
〉

g̃

=
〈

∇
γ̃α

′(t)(grad f)H, γ̃α
′(t)
〉

g̃
.

In particular, at time t = 0, consider the orthonormal basis {Ei}1≤i≤d of HuN ⊂ TuN
defined as the horizontal lift of an orthonormal basis {Ei}1≤i≤d of TxM . Write v = viEi ∈
TxM . By linearity of the horizontal lift, we get γ̃α

′(0) = αviEi, and thus

d2

dt2

∣∣∣∣
t=0

f (γ̃α(t)) = α2vivj ⟨∇Ei
(grad f)H, Ej⟩g̃ = α2vivj

(
EiEj − (∇Ei

Ej)H
)
f.

By Assumption 2.2 on the first and second moments, we deduce that

α−2
ˆ

TxM

d

dt

∣∣∣∣
t=0

f (γ̃α(t)) µx(dv) = α−1dfu ◦ (dπu)−1
(ˆ

TxM

v µx(dv)
)

= 0,

and

α−2
ˆ

TxM

d2

dt2

∣∣∣∣
t=0

f (γ̃α(t)) µx(dv) =
(ˆ

TxM

vivjµx(dv)
)(

EiEj − (∇Ei
Ej)H

)
f

=
d∑

i=1

(
E2

i − (∇Ei
Ei)H

)
f.

The last term is the horizontal Laplacian (2.3.2) for a submersion with totally geodesic
fibers.

For the third time derivative, first define the horizontal Hessian

HessH f(Y, Z) = ⟨∇Y (grad f)H , Z⟩
g̃
, Y, Z ∈ Γ(TN),

which is a symmetric covariant tensor of order 2. Its covariant derivative is thus the tensor
given by

∇ HessH f(X,Y, Z) = X (HessH f(Y, Z)) − HessH f(∇XY,Z) − HessH f(Y,∇XZ).
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2.3. Invariance principle for Riemannian submersions

Note that, again since γ̃α is a geodesic,

d3

dt3
f(γ̃α(t)) = ∇

γ̃α
′(t)

〈
∇

γ̃α
′(t) (grad f)H , γ̃α

′(t)
〉

g̃

= ∇
γ̃α

′(t)

〈
∇

γ̃α
′(t) (grad f)H , γ̃α

′(t)
〉

g̃
− 2

〈
∇∇

γ̃α
′
(t)

γ̃α
′(t) (grad f)H , γ̃α

′(t)
〉

g̃

= ∇ HessH f
(
γ̃α

′(t), γ̃α
′(t), γ̃α

′(t)
)
.

Locally, (∇ HessH f)u : T 3
uN → R is a bounded operator being linear on a finite dimensional

vector space with operator norm given by

C(u) = max
(η,ξ,ζ)∈T 3

uN : ∥η∥g̃=∥ξ∥g̃=∥ζ∥g̃=1
|(∇ HessH f)u (η, ξ, ζ)| .

This constant C(u) can be uniformly bounded since |∇ HessH f | : N × T 3N → R is a
continuous map on the compact set {(q, (η, ξ, ζ)) : q ∈ Supp f, (η, ξ, ζ) ∈ T 3

q N, ∥η∥g̃ =
∥ξ∥g̃ = ∥ζ∥g̃ = 1}, and hence attains a maximum C > 0. Since

∥∥γ̃α
′(t)
∥∥

g̃
=
∥∥γ̃α

′(0)
∥∥

g̃
=

α ∥v∥g, we are able to conclude by Assumption 2.3 on the third moment;

α−2
ˆ

TxM

d3

dt3

∣∣∣∣
t=s

f (γ̃α(t))µx(dv)

= α−2
ˆ

TxM

∇ HessH f
(
γ̃α

′(s), γ̃α
′(s), γ̃α

′(s)
)
µx(dv)

≤ αC sup
y∈π(Supp f)

ˆ
TyM

∥v∥3
g µy(dv),

which goes to 0 independently of u as α → 0.

Remark 2.13. The transition operator of the discrete-time random walk {S(α)
k }k∈N is

related to the generator of the continuous-time process {Z(α)
t }t≥0 via (2.2.3):

P (α) =
(

Id + α2L(α)
)
.

The strong convergence of the generator L(α) towards L on its core C∞
c (M) then implies that

(P (α))⌊α−2t⌋ converges to the semigroup etL by the Trotter–Kurtz theorem. Analogously,
the same holds for the horizontally lifted discrete-time random walk.

Remark 2.14. We obtained Corollary 2.12 as a consequence of the invariance principle,
which contrasts with the classical approach. For the sake of completeness, we now briefly
outline the latter. Essentially, the proof reduces to showing that the Levi-Civita connection
∇ on N is π-related to the Levi–Civita connection ∇ on M (see [84, Lemma 1]). This
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2. Invariance Principle for Lifted Geodesic Random Walks

follows from the fact that both the inner products for the specific metrics and the Lie
brackets preserve π-relations;

⟨X,W ⟩g̃ =
〈
X,W

〉
g

◦ π, dπ ([Y,Z]) =
[
Y , Z

]
◦ π

for π-related vector fields W,X, Y, Z ∈ Γ(HN) to W,X, Y , Z ∈ Γ(TM), and hence

⟨X, [Y, Z]⟩g̃ =
〈
X, [Y , Z]

〉
g

◦ π.

It remains to express the Levi-Civita connection ∇ on N via Coszul’s formula for any triple
X,Y, Z ∈ Γ(TN);

2 ⟨∇XY,Z⟩g̃ = X⟨Y,Z⟩g̃ + Y ⟨X,Z⟩g̃ − Z⟨X,Y ⟩g̃

− ⟨X, [Y, Z]⟩g̃ − ⟨Y, [X,Z]⟩g̃ + ⟨Z, [X,Y ]⟩g̃ .

2.3.2 Important examples
Let us go through some important examples from [7, Sections 4.1, 4.4] where the restrictions
on the Riemannian submersion, namely, that the fibers are totally geodesic and that the
horizontal distribution is bracket-generating, are verified.

1. The manifold (M, g) itself, with IdM : M → M as submersion. The horizontal
distribution is the whole tangent space. Theorem 2.11 gives then a proof of the
invariance principle for geodesic random walks on Riemannian manifolds.

2. The tangent bundle πT M : TM → M equipped with the Sasaki metric [87] defined
in terms of coordinates ({xi}1≤i≤d, {yj}1≤j≤d) about (p, v) in TM by

ds2 = gijdx
idxj + gijDy

iDyj ,

where D denotes the covariant differential with respect to ∇ on M ; Dyk = dyk +
Γk

ijy
idxj .

3. The orthonormal frame bundle πO(M) : O(M) → M which plays a central role in
defining stochastic processes on manifolds by constructing them from their Euclidean
counterparts. This motivated our study of horizontal random walks.

Definition 2.15. An orthonormal frame u at x is an ordered choice of orthonormal
basis {uei}1≤i≤d of TxM , where {ei}1≤i≤d is the canonical basis of Rd. The set of
all orthonormal frames at x is denoted Ox and their disjoint union O(M) := ⊔x∈MOx

is referred to as the orthonormal frame bundle.
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2.3. Invariance principle for Riemannian submersions

The orthonormal frame bundle O(M) is a manifold of dimension d(d + 1)/2 that
comes with a natural submersion πO(M) : O(M) → M sending any orthonormal
frame u ∈ Ox to the basepoint x. If (U, {xi}1≤i≤d) is a local chart in M about x, we
can express the orthonormal basis of TxM as uei = ej

i
∂

∂xj , where ej
i = (uei)j , and

this gives a local chart (π−1(U), ({xk}1≤k≤d, {ej
i }1≤i,j≤d)) in O(M) about u. The

coefficients ej
i satisfy the orthonormality relations gjke

j
ie

k
ℓ = δiℓ, and local coordinates

on the fiber may be chosen from local coordinates on O(d).It remains to define a
splitting of TO(M), for instance, by specifying a notion of horizontality.

Definition 2.16. A smooth curve u : I → O(M) is horizontal if for any e ∈ Rd the
tangent vector field u(t)e ∈ Tπ(u(t))M is itself parallel with respect to the Levi–Civita
connection ∇ on M along the curve π ◦ u : I → M .

This notion of horizontality induces the splitting TO(M) = HO(M) ⊕ VO(M) and
allows us to lift smooth curves horizontally. Given a smooth γ : I → M and its
horizontal lift γ̃ starting at u, we recover the parallel transport of tangent vectors
along γ given by

τγ;t1t2 : Tγ(t1) → Tγ(t2) : v 7→ γ̃(t2) (γ̃(t1))−1
v.

Note that for each frame u, the collection {uei}1≤i≤d is a basis of Tπ(u)M , and
thus one can horizontally lift each of those tangent vectors in order to obtain a new
collection of horizontal vectors. In this way, one creates the globally defined canonical
horizontal vector fields.

Definition 2.17. Let u be an orthonormal frame at x. The canonical horizontal
vector fields

Hi(u) := ũei, i = 1, . . . , d, (2.3.4)

are the horizontal lifts with respect to HO(M) of the tangent vectors uei ∈ TxM
starting at u.

The global canonical horizontal vector fields Hi ∈ Γ(HO(M)) allow us to obtain a
horizontal Laplacian for the orthonormal frame bundle as a sum of squares;

Definition 2.18. The horizontal Laplacian of O(M) is given by

∆H :=
d∑

i=1
H2

i .

Remark 2.19. Note that
∑d

i=1 H
2
i is in Hörmander’s form, and differs from (2.3.2)

in the general case of submersions with totally geodesic fibers; this is due to the
fact that O(M) is a parallelizable manifold. While Nash’s embedding theorem allows
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2. Invariance Principle for Lifted Geodesic Random Walks

one to write the Laplace–Beltrami operator of M as a sum of squares of orthogonal
projections (see for instance [57, Theorem 3.1.4]), this comes at cost of extra terms
coming from the dimension of the isometric embedding.

This horizontal Laplacian and the Laplace–Beltrami operator satisfy the following
relation, and this is a starting point in stochastic calculus on manifolds based on
the rolling-without-slipping construction of Brownian motion as described in Hsu’s
monograph [57]:
Proposition 2.20. The following identity holds:

∆H
(
f ◦ πO(M)

)
= ∆Mf ◦ πO(M), f ∈ C∞(M). (2.3.5)

One can show that Definition 2.18 coincides with (2.3.1) once a specific metric is
prescribed, namely, the Sasaki–Mok metric (specified below in more detail). This
means the invariance principle for horizontal geodesic random walks on O(M) are a
consequence of Theorem 2.11. However, it turns out that for O(M) a more direct
proof of this invariance principle is available without relying on this metric and the
fact that the fibers are totally geodesic. We will detail this proof below. In particular,
Proposition 2.20 is a corollary of that invariance principle just as before. Given
f ∈ C∞(O(M)) and γ̃α(t) the horizontal lift starting at the frame u ∈ π−1

O(M)({p})
of the geodesic γ with γ′(0) = v ∈ TxM , then by definition of horizontal lift

γ′
α(t) = τγα;0t (αv) = γ̃α(t) (γ̃α(0))−1 (αv) = αγ̃α(t)u−1v = α

(
u−1v

)i
γ̃α(t)ei.

Since u is an orthonormal frame, {uei}1≤i≤d is an orthonormal basis of TxM , and
we get

vi = ⟨v, uei⟩g = ⟨u−1v, ei⟩Rd =
(
u−1v

)i
.

Therefore,
d

dt
f (γ̃α(t)) = df

γ̃α(t) ◦ γ̃α
′(t) = αviHif(γ̃α(t)),

and likewise,
d2

dt2
f (γ̃α(t)) = α2vjviHjHif(γ̃α(t)),

d3

dt3
f (γ̃α(t)) = α3 vkvjviHkHjHif(γ̃α(t)).

By the Assumption 2.2, the first moment vanishes, the second moment is given by

α−2
ˆ

TxM

d2

dt2

∣∣∣∣
t=0

f (γ̃α(t)) µx(dv) =
(ˆ

TxM

vjvi µx(dv)
)
HjHif(u)

=
d∑

i=1
H2

i f(u),
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2.3. Invariance principle for Riemannian submersions

and for the third moment we argue as follows: πO(M) (Supp f) is compact by
continuity of the projection, and thanks to Assumption 2.3 we estimate

α−2
ˆ

TxM

d3

dt3

∣∣∣∣
t=s

f (γ̃α(t)) µx(dv) = α

ˆ
TxM

vkvjviHkHjHif (γ̃α(s)) µx(dv)

≤ α sup
y∈πO(M)(Supp f)

ˆ
TqM

∥v∥3
µy(dv)

d∑
i,j,k=1

∥HkHjHif∥∞ ,

which goes to 0 independently of the frame u as α → 0.
For the sake of completeness, we now describe this metric which was introduced by
Mok [80] (see also Sasaki [87] and [68]). One starts by finding a coordinate expression
for the canonical horizontal vector fields. Consider a horizontal lift γ̃ : I → O(M)
that starts at u with γ′(0) = uei. By definition of horizontal lift with respect to
HO(M),

Hi(u) = ũei = γ̃′(0) = γ̇j(0) ∂

∂xj
+ ((γ̃el)m)′ (0) ∂

∂em
l

,

and since the tangent vectors γ̃(t)el are parallel with respect to ∇ on M along the
curve π ◦ γ̃ : I → M whose initial tangent vector is uei, the geodesic equation yields

((γ̃el)m)′ (0) = −ej
ie

k
l Γm

jk, 1 ≤ l < m ≤ d,

where {Γk

ij}1≤i,j,k≤d denote the Christoffel symbols of ∇. The horizontal and vertical
subbundles of TO(M) are thus respectively spanned by (see [57, Proposition 2.1.3])

Hi(u) = ej
i

(
∂

∂xj
− ek

l Γm

jk

∂

∂em
l

)
, i = 1, . . . , d, (2.3.6)

and
V k

j (u) := el
j

∂

∂el
k

, 1 ≤ j < k ≤ d. (2.3.7)

Definition 2.21. The canonical 1-form θ and the connection form ω on O(M)
associated to ∇ on M are the dual forms to the vector fields (2.3.6) and (2.3.7) given
by

θk(u) := ek
l dx

l, ωj
i (u) := ej

k

(
Γk

lme
l
idx

m + dek
i

)
.

The Sasaki–Mok metric g̃ is defined pointwise by

⟨η, ξ⟩g̃ :=
〈
dπO(M),u(η), dπO(M),u(ξ)

〉
g

+ ⟨ωu(η), ωu(ξ)⟩ ,

where ⟨·, ·⟩ denotes an O(d)-invariant inner product on o(d).
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2. Invariance Principle for Lifted Geodesic Random Walks

With this metric and connection form, one can prove that πO(M) : O(M) → M is
a totally geodesic submersion. As consequence, the invariance principle for lifted
geodesic random walk with limiting generator 1

2 ∆H follows from Theorem 2.11 and
therefore also the equality between Definition 2.18 and (2.3.1).

4. A general class of spaces on which such invariance principle holds are the principal
bundles πP : P → M with fiber Lie group G. Given a G-compatible connection form
ω and a G-invariant metric b on G, there is a unique metric g̃ = π∗g + bω on x that
makes πP into a Riemannian submersion with totally geodesic fibers such that the
horizontal distribution H of ω is the orthogonal complement of the vertical distribution
[106, Theorem 3.5]. Whenever the horizontal distribution H is bracket-generating,
the subellipticity of ∆H is guaranteed and there is a unique closed extension of its
associated pre-Dirichlet form. The previous examples fall under this category.
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CHAPTER 3

Hydrodynamic Limit of the
Symmetric Exclusion Process
on Manifolds

This chapter is the content of the joint work [63] with Frank Redig and Rik Versendaal
"Hydrodynamic limit of the symmetric exclusion process on complete Riemannian manifolds
and principal bundles." arXiv preprint arXiv:2410.20167 (2024).

3.1 Introduction and main results

3.1.1 Introduction
Interacting particle systems serve as microscopic models from which macroscopic non-
equilibrium behavior can be derived. An example is the hydrodynamic limit where one
derives partial differential equations for macroscopic quantities such as the particle density by
appropriate scaling of space and time in the microscopic particle dynamics, see for e.g. the
monographs of Kipnis–Landim [67], DeMasi–Presutti [26], and Spohn [94]. A well-known
and thoroughly studied example of an interacting system is the symmetric exclusion process
(SEP) introduced by Spitzer [93] (see also Liggett [74], Chapter 8), where particles perform
random walks with the restriction of having at most one particle per site. For this model
in the standard setting of the d-dimensional lattice with nearest neighbour jumps, the
hydrodynamic limit is the heat equation which can be derived after diffusive rescaling of
space and time.

At present, hydrodynamic limits have been considered mostly on the lattice Zd or
on a discrete torus, and the corresponding macroscopic space is then either Rd or the
d-dimensional torus. Let us mention a few cases where the hydrodynamic limit of the
SEP was obtained beyond the Euclidean setting: Faggionato [37] considered symmetric
exclusion processes in random environments, including Delaunay’s triangulations starting
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3. Hydrodynamic Limit of the Symmetric Exclusion Process on Manifolds

from a homogeneous Poisson point process for which the limiting heat equation has a
homogenized diffusion matrix. Chen–Gonçalvez [20, 21] studied hydrodynamic limits for
particle systems on graphs approximating a fractal such as the Sierpinski gasket.

In [99], van Ginkel–Redig started investigating the setting where the macroscopic space
is a compact Riemannian manifold, with the aim of deriving macroscopic equations from
interacting particle systems on discrete graphs approximating the manifold. More precisely,
for a general class of neighborhood graphs that approximate a compact Riemannian manifold
(based on uniformly chosen points according to the normalized volume measure), in [99]
the corresponding SEP is studied and a proof of the hydrodynamic limit (yielding the heat
equation) is given.

In this chapter, we extend the realm of these results in several ways. First, we drop the
assumption of the compactness of the manifold. Second, we consider random neighborhood
graphs whose vertices are given by a Poisson point process with Gibbs intensity. Third,
whereas [99] relied on the Wasserstein convergence of empirical distribution of i.i.d. points
sampled from the normalized volume measure, here we rely on a simpler argument based
on Bernstein’s inequality to prove convergence of the rescaled random walks on the random
neighborhood graphs obtained from the Poisson point processes towards a diffusion process.
Fourth, we lift the SEP to principal bundles, thus obtaining a simple sub-Riemannian
setting where convergence to the heat equation corresponding to the horizontal Laplacian is
obtained. As a result, starting from the corresponding SEP, we obtain several new variants
of the heat equation, including the heat equation with weighted Laplacian eU div(e−U ∇),
where U is the potential of the Gibbs measure, replacing the Laplace-Beltrami operator. In
the principal bundle setting, we obtain a horizontal heat equation with weighted horizontal
Laplacian which can be considered as a first result in a sub-Riemannian setting. These
results extend significantly the hydrodynamic equations that one can obtain from the SEP,
both in extending the geometric setting, but even in the Euclidean setting, where the heat
equation with a weighted Laplacian is new.

The SEP is special because it manifests a microscopic closure of the expected density
field; i.e., one does not need replacement lemmas to derive a macrosopic equation. This
property, which can be viewed as a manifestation of self-duality, is crucial in the derivation
of the (expected) macroscopic equation, which reduces to the proof of the scaling limit of
a single random walk (RW) to a diffusion process; the Kolmogorov forward equation of
this diffusion process is then the hydrodynamic limit. Therefore, an important aspect is to
consider suitable symmetric transition rates for RW on neighbourhood graphs in order to
approximate a diffusion process with (horizontal) weighted Laplacian as generator. These
transition rates are inspired from Hein–Audibert–von Luxburg [8] and Gao [41]; in the
context of horizontal diffusions, this requires a double scaling in the base space and the fibers.
To prove weak convergence in path space of the trajectory of the empirical density, one
needs to additionally control the quadratic variation of the corresponding Dynkin martingale.

The rest of the chapter is organized as follows : In Section 3.1.2 we introduce the SEP in
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3.1. Introduction and main results

our geometric setting and state the main results. In Section 3.2 we establish existence of the
SEP in our setting. For the case of non-compact manifolds, the approximating neighborhood
graph is infinite, and the classical conditions of existence of SEP (from [74]) might not
satisfied. However, via the graphical construction the proof of existence can be reduced
to the proof of existence (i.e., non-explosion) of the random walk almost surely in the
realization of the Poisson point process. In Section 3.3 we prove an abstract hydrodynamic
limit for the SEP on complete manifolds which encompasses our setting. In Section 3.4 we
prove the almost sure convergence of a single RW on a sequence of random neighborhood
graphs drawn from a PPP with Gibbs intensity. In Section 3.5 we extend the setting to
principal bundles by a horizontal lift procedure and obtain the corresponding hydrodynamic
limit.

3.1.2 Main results
We consider a geodesically complete connected m-dimensional Riemannian manifold (M, g)
equipped with a Gibbs reference measure

dµ := e−UdVolM . (3.1.1)

Here VolM denotes the Riemannian volume measure. We make the following assumptions
on the manifold and the Gibbs measure:

(A1) The manifold has Ricci curvature lower bound; RicM ≥ (m− 1)κ for some κ ∈ R.

(A2) The potential U ∈ C∞(M) is such that e−U ∈ L∞(M).

In the next definition we introduce a sequence of random neighborhood graphs (GN )N≥1
which approximate the manifold with corresponding measure dµ. We denote by dM the
Riemannian distance on M .

Definition 3.1 (Random neighborhood graph (RNG)). Let ΛN be a Poisson point process
PPP of intensity Ndµ. The vertices VN consist of the points Xi of ΛN , and an undirected
edge is present between two vertices whenever they are close; i.e., dM (Xi, Xj) ≤ hN for
some bandwidth parameter hN . The sequence of random neighborhood graphs (RNG) is
given by (GN := (VN , EN ))N≥1, where EN denotes the set of undirected edges.

The symmetric exclusion process we consider evolves on those random neighborhood
graphs. Each site can accommodate at most one particle; this is the exclusion rule. Particles
hop with symmetric edge weights over edges; jumps leading to more than one particle per
site are suppressed.

Definition 3.2 (Symmetric exclusion process (SEP)). Given a graph G = (V,E) with
symmetric weights W , we denote the configuration of particles by η ∈ ΩV = {0, 1}V and
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3. Hydrodynamic Limit of the Symmetric Exclusion Process on Manifolds

the exchange of occupancies between the vertices x and y by

ηx,y(z) :=


η(z) if z ̸= x, y,

η(y) if z = x,

η(x) if z = y.

The symmetric exclusion process (SEP) is the continuous-time Markov jump process on the
configuration space ΩV whose generator evaluated on functions depending only on a finite
number of occupancies, namely, local functions f : ΩV → R, is given by

L
(SEP)
G f(η) :=

∑
(x,y)∈E

W (x, y) (f(ηx,y) − f(η)) .

In our setting the choice of symmetric weights take into account the geometry of the
manifold M , and the choice of the potential U . More precisely, let k : R+ → R+ be a
bounded measurable with compact support in [0, 1), continuous near 0, and with k(0) > 0,
which makes the moments Ck,0 and Ck,2 defined in Lemma 3.28 positive. We refer to k as
a kernel. We consider the following symmetric edge weights indexed by a fixed parameter
α ≥ 0,

WN ;α(Xi, Xj) := 1
N

h−m
N k

(
dM (Xi,Xj)

hN

)
(
k̂N (Xi)k̂N (Xj)

)α , k̂N (x) := 1
N

∑
z∈ΛN

h−m
N k

(
dM (x, z)
hN

)
.

(3.1.2)
The choice of the edge weights is motivated by the fact that the corresponding diffusively
rescaled random walk with jumps over the edge (xy) with rate h−2

N WN ;α(x, y) converges
to a diffusion process whose generator is the α-weighted Laplacian

Lα = Ck;αe
(2α−1)U ∆2(1−α), Ck := Ck,2

2(Ck,0)2α
. (3.1.3)

When α = 1/2, the generator is a multiple of the Witten Laplacian ∆ − ∇U · ∇. Because
the edge weights are symmetric, by self-duality of the SEP, the hydrodynamic limit of the
associated SEP reduces to the scaling limit of a single random walk (see Section 3.3 for
details).

Definition 3.3 (Weighted Laplacian). Given a smooth function ϕ ∈ C∞(M), the α-
weighted Laplacian is the reversible operator with respect to the α-weighted Gibbs measure
dµα := e−αUdVolM ; that is, the operator satisfying

∀φ ∈ C∞
c (M),

ˆ
M

φ∆αϕ e
−αUdVolM = −

ˆ
M

∇φ · ∇ϕ e−αUdVolM ,

which is given by
∆α := eαU ∇ ·

(
e−αU ∇

)
= ∆ − α∇U · ∇.
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3.1. Introduction and main results

We use the following additional hypothesis which ensures that the hydrodynamic limit
PDE is well-posed:

(A3) The closure of Lα on C∞
c (M) generates a conservative Markov semigroup and

C∞
c (M) is a core for its generator.

For α = 1/2, the conservativeness part of (A3) is precisely stochastic completeness for the
weighted diffusion ∆ − ∇U · ∇. In that case, it is sufficient that HessU ≥ βg for some
β ∈ R so that, combined with (A1), the Bakry–Émery tensor Ric + HessU is bounded from
below, which implies stochastic completeness (see [47]). In general, a sufficient condition
for stochastic completeness is Grigor’yan’s criterion

ˆ ∞

r0

r

logµ [Bgα(o, r)] = +∞

for some o ∈ M and ro > 0, where gα = e−(2α−1)Ug is the intrinsic metric for which Lα

is essentially self-adjoint on C∞
c (M) in L2(M,µ); Bgα denotes the Riemannian ball with

respect to the metric gα. Regarding the hypothesis on the core, for the case α = 1/2, this
follows from geodesic completeness of (M, g) by [47, Theorem 2.2], which is assumed in
our case, while for general α ≥ 0, it is sufficient that (M, gα) is geodesically complete by
[89, Theorem 1.1]. We emphasize that geodesic completeness of (M, g) does not imply
geodesic completeness of (M, gα) in general unless the potential U is bounded.

In order to formulate the result of the hydrodynamic limit, we introduce the empirical
measure associated to a configuration of SEP. More precisely, for a configuration ηN of the
SEP on the weighted graphs GN we define the macroscopic quantity

π̂N = 1
N

∑
Xi∈VN

ηN (Xi)δXi . (3.1.4)

The hydrodynamic limit can then be described in words as follows: if the empirical measure
at time 0 converges in an appropriate sense to ρ0dµ, then after diffusive rescaling of time
by h−2

N , at time t, the empirical measure converges to ρtdµ where ρt satisfies (3.1.5) below.
We give below the precise formulation of this result on the hydrodynamic limit. We denote
by C0(M) the space of continuous functions vanishing at infinity.

Theorem 3.4 (Quenched hydrodynamic limit of the SEP). Let (GN = (VN , EN ))N≥1 be a
sequence of RNG on M in the sense of Definition 3.1 with symmetric weights (WN ;α)N≥1
given by (3.1.2) for a fixed α ≥ 0. Assume that (A1), (A2), and (A3) hold. Let ηN

0 be the
initial configuration of the SEP on GN with associated initial empirical measure π̂0

N that
converges vaguely to ρ0 dµ in probability, where 0 ≤ ρ0 ≤ 1; i.e.,

∀φ ∈ C0(M),
〈
φ, dπ̂0

N
〉

pr.−→ ⟨φ, ρ0 dµ⟩ as N → +∞,

37



3. Hydrodynamic Limit of the Symmetric Exclusion Process on Manifolds

where
π̂0

N := 1
N

∑
Xi∈VN

ηN
0 (Xi)δXi .

Suppose that the bandwidth parameters (hN )N≥1 are chosen in such a way that both
hN → 0 and Nhm+2

N / logN → +∞ as N → +∞. Then for almost all realizations of
the sequence of graphs, the trajectory of the empirical measure t 7→ π̂t

N associated to
the configuration ηN

t that evolves according to the diffusively rescaled SEP with generator
h−2

N L
(SEP)
GN

converges in probability in the Skorokhod topology to a deterministic trajectory
t 7→ ρt dµ whose density ρt weakly solves

∂tρt = Ck,αe
(2α−1)U ∆2(1−α)ρt. (3.1.5)

For α = 1/2, this reduces to ∂tρt = Ck;1/2(∆ − ∇U · ∇)ρt.

Theorem 3.4 is a direct consequence of an abstract hydrodynamic limit (Theorem 3.14)
and an almost sure pointwise consistency of a single random walk on the RNG (Theorem 3.16)
that we establish in Section 3.3 and Section 3.4 respectively. The existence of the SEP is
the content of Section 3.2. We work throughout with a fixed parameter α ≥ 0.

Remark 3.5.

1. In Theorem 3.4, we prepare the initial configuration to approximate ρ0dµ and consider
the evolution of the trajectory t 7→ ρt dµ for a density ρt with respect to the reference
Gibbs measure dµ. Since Lα = Ck;αe

U div(e−2(1−α)U ∇) is symmetric in L2(M,dµ),
(3.1.5) is the forward Kolmogorov equation for densities with respect to dµ.

2. In the special case α = 1/2, if instead, one prepares the initial configuration such that
it approximates ρ0dVolM , then it is natural to look for the evolution of the density
ρtdVolM ; that is, with respect to the volume measure. Because the L2(M,dVolM )-
adjoint of ∆ − ∇U · ∇ is ∆ + div(·∇U), in that case, the hydrodynamic limit is given
by the Fokker–Planck equation

∂tρt = Ck;1.2∇ · (∇ρt + ρt∇U) . (3.1.6)

3.2 Existence of the SEP
In a non-compact setting, the existence of the SEP is not trivial, because the weighted
graphs GN with weights WN ;α given in (3.1.2) are infinite graphs as soon as the measure
dµ in (3.1.1) is an infinite measure (i.e., when µ(M) = ∞). For every fixed N and α ≥ 0,
the statistical estimator k̂N of e−U (see Lemma 3.29) contains the self-point and therefore

k̂N (x) ≥ k(0)
Nhm

N

> 0, x ∈ ΛN . (3.2.1)
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3.2. Existence of the SEP

Consequently, the individual edge weights are uniformly bounded,

∥WN ;α∥∞ ≤
∥k∥∞
Nhm

N

(
Nhm

N

k(0)

)2α

< ∞. (3.2.2)

This motivates the use of k̂N instead of e−U for (3.1.2) since otherwise the individual edge
weights might not be uniformly bounded unless U is. Note that this does not give a uniform
bound on the total jump rate, since the degrees of an infinite Poisson neighborhood graph is
not uniformly bounded. Hence, the existence criterion [74, Proposition 6.1] for the process
need not be satisfied.

Nevertheless, via the graphical construction of SEP, it is enough to prove that a single
random walk on the graph has infinite existence time for every starting point. To this end,
we rely on a general criterion of graph stochastic completeness.

Theorem 3.6 (Folz [38]). Let (G,W ) be a countable, locally finite connected weighted
graph and dG a graph metric such there exist constants C,C ′ > 0 satisfying

dG(x, y) ≤ C if x ∼ y,
∑
y∼x

W (x, y) dG(x, y)2 ≤ C ′ for all x ∈ G. (3.2.3)

Then (G,W ) is stochastically complete if
ˆ ∞

ro

r

log #BG(o, r) dr = +∞ (3.2.4)

for some o ∈ G and ro > 0 such that #BG(o, ro) > 1, where BG(o, r) denotes the graph
ball of radius r centered at o.

The Ricci curvature lower bound RicM ≥ (m− 1)κ we assume allows us to compare
the volume of large balls with the ones of the model spaces. Ultimately, thanks to this
comparison, we will be able to upper bound the denominator of (3.2.4) in a way that
the integral diverges, and thus prove the existence of the process. For the comparison of
the volume of large balls with the ones of the model spaces, we use the Bishop–Gromov
inequality stated below.

Theorem 3.7 (Bishop–Gromov inequality [72, Theorem 11.19]). Assume RicM ≥ (m−1)κ
for some κ ∈ R. Then, for every x ∈ M ,

VolM (BM (x, r)) ≤ Volκ(r), (3.2.5)

where Volκ(r) denotes the volume of a ball of radius r in the simply connected space of
constant sectional curvature κ.
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3. Hydrodynamic Limit of the Symmetric Exclusion Process on Manifolds

Remark 3.8. Under the Ricci lower bound RicM ≥ (m− 1)κ, if κ > 0, then the manifold
is compact by Myer’s theorem [72, Theorem 12.24]. If κ = 0, then its volume growth is at
most like rm. Finally, if κ < 0, then its volume growth is at most like e(m−1)

√
−κr.

We also need a basic large deviation estimate for the Poisson distribution stated below.

Proposition 3.9 (Bennett’s inequality [14, Theorem 2.9]). One has

P [Poisson(λ) ≥ λ (1 + s))] ≤ exp (−λΦ(s)) (3.2.6)

for s ≥ 0 and
P [Poisson(λ) ≤ λ (1 + s))] ≤ exp (−λΦ(s))

for −1 ≤ s ≤ 0, where Φ(s) := (1 + s) log(1 + s) − s.

Theorem 3.10 (Quenched existence of the SEP). Let (GN = (VN , EN ))N≥1 be a sequence
of RNG on M in the sense of Definition 3.1 with symmetric weights (WN ;α)N≥1 given by
(3.1.2), for a fixed α ≥ 0. Assume (A1) and (A2). Then for almost every realization of the
sequence of graphs, the SEP exists for all time.

Proof. Step 1 (Choice of an adapted graph metric). The existence is trivial if M is
compact. Thus we assume RicM ≥ (m − 1)κ for some κ ≤ 0 in the non-compact case;
recall that κ > 0 implies that M is compact. Set the length of positive-rate edges as

lGN
(x, y) := min

{
1, 1√

λN (x) ∨ λN (y)

}
, λN (x) :=

∑
y∼x

WN ;α(x, y),

and let dGN
be the associated shortest-path metric; that is,

dGN
(x, y) := inf

{
ℓ∑

i=1
lGN

(Xi, Xi+1) : X1 = x,Xℓ+1 = y and Xi ∼ Xi+1

}
.

Then we can pick C = C ′ = 1 in (3.2.3) for any connected component of the positive-rate
graph since dGN

(x, y) ≤ 1 for x ∼ y and∑
y∼x

WN ;α(x, y) dGN
(x, y)2 ≤

∑
y∼x

WN ;α(x, y) 1
λN (x) = 1

whenever x is not isolated; if x is isolated then there is nothing to prove.
Step 2 (Comparison of the graph and Riemannian balls). We claim that for all x ∈ ΛN ,

BGN
(x, r) ⊆ ΛN ∩BM (x,C1r

2) for all r large enough a.s. (3.2.7)
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with some constant C1 > 0 specified below. Let y ∈ BGN
(x, r)\{x}. Then there exists a

path γ from x to y of the form

x =: X1 ∼ · · · ∼ Xℓ+1 := y

for some ℓ > 0 such that
ℓ∑

i=1
lGN

(Xi, Xi+1) < r. (3.2.8)

Moreover, Xi ∈ BM (x,Rγ) for all 1 ≤ i ≤ ℓ + 1, where Rγ := max{dM (x,Xi)}ℓ+1
i=1 . In

particular,
y ∈ ΛN ∩BM (x,Rγ). (3.2.9)

Set
λ′

N (R) := sup
z∈ΛN ∩BM (x,R)

λN (z). (3.2.10)

Since every edge has Riemannian length at most hN , any path reaching a vertex at distance
Rγ contains at least Rγ/hN edges. All its vertices lie in BM (x,Rγ), and therefore (3.2.8)
gives

Rγ/hN√
1 ∨ λ′

N (Rγ)
< r. (3.2.11)

We still have to obtain an almost sure linear upper bound on λ′
N (R), which will imply

Rγ ≲ r2 and hence prove (3.2.7).
Fix the sampled root x and work first under its Palm law Px; under Px the configuration

is represented by an independent PPP of intensity N dµ together with the fixed point x.
For R,K > 0, define the number of bad samples (with too much neighbors)

Nbad(R;K) := #
{
z ∈ ΛN ∩BM (x,R) : #

(
ΛN ∩BM (z, hN )

)
≥ K

}
.

Note that
λN (z) ≤ ∥WN,α∥∞ #

(
ΛN ∩BM (z, hN )

)
, z ∈ ΛN . (3.2.12)

Hence, courtesy of (3.2.10), (3.2.12), and Markov’s inequality, we get

Px
[
λ′

N (R) ≥ ∥WN ;α∥∞ K
]

≤ Px[Nbad(R;K) ≥ 1] ≤ Ex[Nbad(R;K)] . (3.2.13)

The multivariate Mecke formula [70, Theorem 4.4] gives

Ex[Nbad(R;K)] = Px
[
#
(
ΛN ∩BM (x, hN )

)
≥ K

]
+N

ˆ
BM (x,R)

Px,z
[
#
(
ΛN ∩BM (z, hN )

)
≥ K

]
e−U(z) dVolM (z),

(3.2.14)
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where Px,z denotes the two-fold Palm law. Under Px,z, the remaining configuration is
again an independent PPP of intensity N dµ, while the two points x, z are fixed. By
Bishop–Gromov inequality (3.2.5),

Nµ(BM (z, hN )) = N

ˆ
BM (z,hN )

e−U(y) dVolM (y) ≤ N
∥∥e−U

∥∥
∞ Volκ(hN ) =: C2(hN ).

(3.2.15)
Consequently, for K > C2(hN ) + 2, Bennett’s inequality (3.2.6) yields

sup
x,z

Px,z
[
#
(
ΛN ∩BM (z, hN )

)
≥ K

]
≤ P[Poisson(C2(hN )) ≥ K − 2]

≤ exp
[
−C2(hN )Φ

(
K − 2
C2(hN ) − 1

)]
. (3.2.16)

The same upper bound applies to Px[#
(
ΛN ∩BM (x, hN )

)
≥ K]. Since

C2(hN )Φ
(
K − 2
C2(hN ) − 1

)
= (K − 2) log

(
K − 2
C2(hN )

)
− (K − 2) + C2(hN ),

there exist K0 < ∞ and c3 > 0, depending on N,hN ,m, κ and
∥∥e−U

∥∥
∞ but not on x, z,

such that

sup
x,z

Px,z
[
#
(
ΛN ∩BM (z, hN )

)
≥ K

]
+ sup

x
Px
[
#
(
ΛN ∩BM (x, hN )

)
≥ K

]
≤ 2e−c3K log K (3.2.17)

for K ≥ K0. By inserting (3.2.17) into (3.2.13)–(3.2.14) and using Bishop–Gromov
inequality, we obtain, for K ≥ K0 and C3 > 0 large enough,

Px
[
λ′

N (R) ≥ ∥WN ;α∥∞ K
]

≤ C3 (1 + Volκ(R)) e−c3K log K . (3.2.18)

By Remark 3.8, for R ≥ 1 the factor 1 + Volκ(R) grows at most polynomially if κ = 0 and
at most exponentially if κ < 0. Consequently, choosing R = K ∈ N, the right-hand side of
(3.2.18) is summable in K;

∞∑
K=1

Px
[
λ′

N (K) ≥ ∥WN ;α∥∞ K
]
< ∞.

Hence, by the Borel–Cantelli lemma, Px-almost surely there exists a random K1 = K1(x) <
∞ such that

λ′
N (K) ≤ ∥WN ;α∥∞ K, K ≥ K1. (3.2.19)

Since R 7→ λ′
N (R) is nondecreasing, for every sufficiently large R, taking K = ⌈R⌉ yields

λ′
N (R) ≤ ∥WN ;α∥∞ (1 +R). (3.2.20)

42



3.2. Existence of the SEP

Substituting (3.2.20) into (3.2.11), for Rγ large enough, we obtain

R2
γ ≤ h2

Nr
2 (1 + λ′

N (Rγ)) ≤
(
1 + ∥WN ;α∥∞

)
h2

Nr
2(1 +Rγ)

and hence Rγ ≤ C1r
2 for all r large enough. Using the deterministic upper bound (3.2.2)

on ∥WN ;α∥∞, we may choose

C1 := 2
(

1 +
∥k∥∞
Nhm

N

(
Nhm

N

k(0)

)2α
)
h2

N .

Together with (3.2.9), this proves the claim (3.2.7) under Px.
Step 3 (Verification of the stochastic completeness criterion). Since we have proved
the inclusion

BGN
(x, r) ⊆ ΛN ∩BM (x,C1r

2) for all r large enough, Px-a.s.,

then, for some sufficiently large rx > 0,
ˆ ∞

rx

r

log #BGN
(x, r) dr ≥

ˆ ∞

rx

r

log # (ΛN ∩BM (x,C1r2)) dr, Px-a.s. (3.2.21)

Recall that the Bishop–Gromov inequality yields

Nµ(BM (x,R)) ≤ C2(R), C2(R) := N
∥∥e−U

∥∥
∞ Volκ(R).

Hence, by Bennett’s inequality with s = 1,

Px
[
#
(
ΛN ∩BM (x,R)

)
≥ 1 + 2C2(R)

]
≤ P[Poisson (C2(R)) ≥ 2C2(R)]
≤ exp (−C2(R)Φ(1)) . (3.2.22)

By Remark 3.8, Volκ(R) grows polynomially when κ = 0 and exponentially when κ < 0. In
particular, for κ ≤ 0, the right-hand side of (3.2.22) is summable in R = K ∈ N;

∞∑
K=1

Px
[
#
(
ΛN ∩BM (x,K)

)
≥ 1 + 2N

∥∥e−U
∥∥

∞ Volκ(K)
]
< ∞.

Hence, by the Borel–Cantelli lemma, Px-almost surely there exists a random K2 = K2(x) <
∞ such that

#
(
ΛN ∩BM (x,K)

)
≤ 1 + 2N

∥∥e−U
∥∥

∞ Volκ(K), K ≥ K2.

Therefore, there exists a constant C4 > 0, depending on N,α, hN ,m, κ, k and
∥∥e−U

∥∥
∞,

but not on x nor on the realization of the PPP, such that, for all sufficiently large r,

#
(
ΛN ∩BM (x,C1r

2)
)

≤ C4e
C4r2

, Px-a.s. (3.2.23)
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3. Hydrodynamic Limit of the Symmetric Exclusion Process on Manifolds

It follows from (3.2.21) that
ˆ ∞

rx

r

log #BGN
(x, r) dr ≳

ˆ ∞

rx

dr

r
= +∞.

Hence, by Theorem 3.6, the weighted random walk is stochastically complete in the
connected component of x, and therefore the graphical construction defines the SEP in
that connected component for all time.

It remains only to make the preceding Palm-a.s. conclusion simultaneous over all sampled
roots. Let Fx denote the event that either (3.2.19) or (3.2.23) fails to hold eventually. By
the two Borel–Cantelli arguments above, Px(Fx) = 0 for every deterministic x ∈ M . Hence,
for every compact set S ⊂ M , the Campbell–Mecke formula [70, Theorem 4.1] gives

E

[ ∑
x∈ΛN ∩S

1Fx

]
= N

ˆ
S

Px(Fx)e−U(x) dVolM (x) = 0.

Taking a countable compact exhaustion of M , we conclude that almost surely none of the
sampled points is bad. Thus the above argument holds simultaneously for every x ∈ ΛN ,
and we obtain the global existence of the SEP, which concludes the proof.

Remark 3.11. For α ≥ 1/2, existence can alternatively be obtained directly from Liggett’s
criterion [74, Proposition 6.1]. Indeed, by continuity near 0 and k(0) > 0, choose r∗ ∈ (0, 1)
and k∗ > 0 such that k(r) ≥ k∗ on [0, r∗]. As a consequence of the Bishop–Gromov
inequality, for the fixed radius hN , every ball BM (x, hN ) can be covered by at most N
sets Si(x) of diameter at most r∗hN ; N is independent of x. If ni = #(Si(x) ∩ ΛN ) and
y ∈ Si(x) ∩ ΛN , then

k̂N (y) ≥ 1
N

∑
z∈Si(x)∩ΛN

h−m
N k

(
dM (y, z)
hN

)
≥ k∗nj

Nhm
N

,

while AN (x, y) := N−1h−m
N k(dM (x, y)/hN ) ≤ ∥k∥∞ /(Nhm

N ). Therefore, summing over
the covering set ∪iSi(x) ⊇ B(x, hN ),∑

y∼x

AN (x, y)
k̂N (y)

≤
∑

i

∑
y∈Si(x)∩ΛN

AN (x, y)
k̂N (y)

≤ N
∥k∥∞
k∗

.
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3.3. Abstract hydrodynamic limit via duality

Hence, by Cauchy–Schwarz and
∑

y AN (x, y) = k̂N (x),

λN ;1/2(x) =
∑
y∼x

AN (x, y)(
k̂N (x)k̂N (y)

)1/2

≤

(∑
y∼x AN (x, y)
k̂N (x)

)1/2(∑
y∼x

AN (x, y)
k̂N (y)

)1/2

≤
√

N ∥k∥∞ /k∗.

Thus supx λN ;1/2(x) < ∞. If α > 1/2, (3.2.1) gives

WN ;α(x, y) = WN ;1/2(x, y)
(
k̂N (x)k̂N (y)

)1/2−α ≤
(
k(0)
Nhm

N

)1−2α

WN ;1/2(x, y),

and the same criterion applies.
For 0 ≤ α < 1/2, Liggett’s criterion need not hold, even though the SEP still exists

by Theorem 3.10. For example, for a homogeneous PPP on Rm, arbitrarily large isolated
clusters occur almost surely. Any isolated cluster of n points contained in a ball of diameter
at most r∗hN satisfies

k̂N (x) ≤
n ∥k∥∞
Nhm

N

for every cluster point x,

while AN (x, y) ≥ k∗/(Nhm
N ) for any two distinct cluster points. Hence

λN ;α(x) ≥ (n− 1) k∗

Nhm
N

(
n ∥k∥∞
Nhm

N

)−2α

≍ n1−2α.

Thus, for α < 1/2, arbitrarily large isolated clusters imply supx∈ΛN λN ;α(x) = +∞ almost
surely.

Remark 3.12. Another commonly used road to show the existence of the SEP is by a
percolation argument, as in [54], which boils down to show the finiteness of “active clusters”
of a site x, uniformly in x. In our setting this boils down to adapt arguments from [78] for
the Poisson–Boolean model.

3.3 Abstract hydrodynamic limit via duality

3.3.1 Duality and hypotheses on the random neighborhood graph
The SEP satisfies a duality property with a single random walk due to the symmetry of the
jump rates. In words, this property means that the SEP generator acting on the η variable
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3. Hydrodynamic Limit of the Symmetric Exclusion Process on Manifolds

of the function D(x, η) = η(x) has the same effect as the single-random walk generator
acting on the x variable of that same function (which is therefore named single particle
duality function).

Definition 3.13 (Random walk (RW)). Given a graph G = (V,E) with weights W , the
random walk (RW) is the continuous-time Markov jump processes on V whose generator
evaluated on functions φ : V → R is given by

L
(RW)
G φ(x) :=

∑
y∼x

W (x, y) (φ(y) − φ(x)) . (3.3.1)

The duality between the RW and the SEP described above manifests itself as follows:
for pairings between the empirical measure of a configuration η and a local function φ on
V , it holds

L
(SEP)
G

〈
φ,
∑
x∈V

η(x)δx

〉
=
〈
L

(RW)
G φ,

∑
x∈V

η(x)δx

〉
.

Before stating and proving our abstract hydrodynamic limit for the SEP via duality, we intro-
duce three assumptions on the sequence of graphs (GN = (VN , EN ))N≥1 with symmetric
weights (WN )N≥1 and bandwidth parameters (hN )N≥1 ↓ 0:

(i) (Initial data is well-prepared). Assume that the empirical measure

π̂0
N := 1

N

∑
x∈VN

ηN
0 (x)δx

associated to the initial configuration ηN
0 of the SEP on GN converges vaguely to

ρ0 dVolM in probability; that is,

∀φ ∈ C0(M),
〈
φ, dπ̂0

N
〉

pr.−→ ⟨φ, ρ0 dVolM ⟩ as N → +∞; (I)

(ii) (Convergence of the reference empirical measure). Set ν̂N := 1
N

∑
x∈VN

δx. Assume
that, vaguely on M ,

ν̂N −→ ν = q dVolM , (II)
for a locally finite measure ν.

(iii) (Convergence of the generator). Let L be the generator of a diffusion process on
M whose core is C∞

c (M). Assume that the diffusively rescaled generator h−2
N L

(RW)
GN

converges towards the generator L in the following sense:

∀φ ∈ C∞
c (M), lim

N→∞

1
N

∑
x∈VN

∣∣∣h−2
N L

(RW)
GN

φ(x) − Lφ(x)
∣∣∣ = 0. (III)

Note that assumptions (i) and (ii) imply that 0 ≤ ρ0 dVolM ≤ ν since π̂0
N ≤ ν̂N .
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3.3. Abstract hydrodynamic limit via duality

3.3.2 Hydrodynamic limit of the SEP
Theorem 3.14. (Abstract hydrodynamic limit) Let (GN = (VN , EN ))N≥1 be a sequence
of graphs on M with symmetric weights (WN )N≥1 and bandwidth parameters (hN )N≥1. If
the assumptions (I), (II), and (III) are satisfied, then the trajectory of the empirical measure
t 7→ π̂t

N associated to a configuration ηN
t that evolves according to the diffusively rescaled

SEP with generator h−2
N L

(SEP)
GN

converges in probability in D([0, T ],Mloc(M)), endowed
with the Skorokhod topology associated with vague convergence, to the deterministic
trajectory t 7→ ρt dVolM whose density solves weakly the forward Kolmogorov equation

∂tρt = L∗ρt (3.3.2)

with initial condition ρ0 of assumption (I), provided this equation has a unique continuous
weak solution in the class 0 ≤ ρt dVolM ≤ ν; the adjoint is understood in L2(M,dVolM ).

Proof. We outline the argument for complete manifolds modified from the torus case found
in the monograph of Kipnis and Landim [67, Chapter 4].
Step 1 (The Dynkin martingale argument). We pair any test function φ ∈ C∞

c (M)
with the empirical measure π̂t

N associated to the configuration ηt (with 0 ≤ t ≤ T for
some time T > 0), and we consider its associated Dynkin martingale;

MN
t [φ] =

〈
φ, π̂t

N
〉

−
〈
φ, π̂0

N
〉

−
ˆ t

0
h−2

N L
(SEP)
GN

〈
φ, π̂s

N
〉
ds.

By duality between the SEP and the RW,

h−2
N L

(SEP)
GN

〈
φ, π̂s

N
〉

=
〈
h−2

N L
(RW)
GN

φ, π̂s
N
〉
.

Therefore, convergence of generators can be established at the level of random walks for a
single particle, which is guaranteed by assumption (III), and the above yields

MN
t [φ] =

〈
φ, π̂t

N
〉

−
〈
φ, π̂0

N
〉

−
ˆ t

0

〈
Lφ, π̂s

N
〉
ds+ o(1).

Here the error is uniform in 0 ≤ t ≤ T , because 0 ≤ ηN
s ≤ 1 gives

sup
t≤T

∣∣∣∣ˆ t

0

〈
h−2

N L
(RW)
GN

φ− Lφ, π̂N
s

〉
ds

∣∣∣∣ ≤ T
1
N

∑
x∈VN

∣∣∣h−2
N L

(RW)
GN

φ(x) − Lφ(x)
∣∣∣ −→ 0.

To show that the Dynkin martingale goes to 0 in probability, it is easier to consider its
quadratic variation〈

MN [φ]
〉

t
=
ˆ t

0
h−2

N L
(SEP)
GN

〈
φ, π̂s

N
〉2

− 2
〈
φ, π̂s

N
〉
h−2

N L
(SEP)
GN

〈
φ, π̂s

N
〉
ds.
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3. Hydrodynamic Limit of the Symmetric Exclusion Process on Manifolds

Since an exchange across an undirected edge {x, y} changes ⟨φ, π̂N ⟩ by N−1(η(y) −
η(x))(φ(x) − φ(y)), one has〈

MN [φ]
〉

t
≤ t

N2h
−2
N

∑
{x,y}∈EN

WN (x, y)(φ(y) − φ(x))2

= t

N2

∑
x∈VN

φ(x)h−2
N

(
−L(RW)

GN

)
φ(x).

Hence, by (II) and (III),

E
[〈
MN [φ]

〉
T

]
≤ T

N

(
1
N

∑
x∈VN

∣∣h−2
N L

(RW)
GN

φ(x) − Lφ(x)
∣∣+
〈
ν̂N , |Lφ|

〉)
= O(N−1).

By Doob’s inequality,

E
[

sup
0≤t≤T

|MN
t [φ]|2

]
≤ 4E

[〈
MN [φ]

〉
T

]
→ 0,

hence supt≤T |MN
t [φ]| → 0 in probability; that is,

sup
0≤t≤T

∣∣∣∣〈φ, π̂t
N
〉

−
〈
φ, π̂0

N
〉

−
ˆ t

0

〈
Lφ, π̂s

N
〉
ds

∣∣∣∣ pr.→ 0 as N → +∞.

Step 2 (Relative compactness of the associated measure). We equip the space of
càdlàg paths with the probability measure associated to t 7→ π̂t

N that we denote by QN .
Then the convergence obtained in Step 1 implies that

QN

[{
ν ∈ D([0, T ],Mloc(M)) : sup

0≤t≤T

∣∣∣∣⟨φ, νt⟩ − ⟨φ, ν0⟩ −
ˆ t

0
⟨Lφ, νs⟩ ds

∣∣∣∣ ≤ ϵ

}]
→ 1

as N → +∞, for all ϵ > 0, where D([0, T ],Mloc(M)) denotes the Skorokhod path space
of càdlàg locally finite measures equipped with the vague topology. It remains to show
relative compactness of the associated measures QN .

Since we work in the vague topology on measures, we use a fixed countable determining
family in C∞

c (M) and combine tightness of all its projections with compact containment.
Namely, consider the real-valued random trajectories {⟨πN

t , φ⟩, 0 ≤ t ≤ T}, for every
smooth compactly supported test function φ ∈ C∞

c (M). Compact containment follows
from 0 ≤ π̂N

t ≤ νN : for a compact exhaustion (Kj)j≥1 of M choose χj ∈ Cc(M) with
χj ≥ 1 on Kj ; then supt π̂

N
t (Kj) ≤ νN (χj), and the latter is uniformly bounded for large

N by (II). Relative compactness of this sequence of trajectories is in turn a consequence of
Aldous’ criterion;

lim
Θ→0

lim sup
N→+∞

sup
τ∈IT ,θ≤Θ

QN
[{
π̂N :

∣∣∣〈φ, ̂π(τ+θ)∧T
N
〉

−
〈
φ, π̂τ

N
〉∣∣∣ > ϵ

}]
= 0,
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3.3. Abstract hydrodynamic limit via duality

where IT is the set of all stopping times bounded by T . To verify Aldous’s criterion, we
rewrite the difference of empirical measure using the Dynkin martingale;〈
φ, ̂π(τ+θ)∧T

N
〉

−
〈
φ, π̂τ

N
〉

= MN
(τ+θ)∧T [φ]−MN

τ [φ]+
ˆ (τ+θ)∧T

τ

〈
Lφ, π̂s

N
〉
ds+o(1).

The integral is of order θ uniformly in N , since |⟨Lφ, π̂N
s ⟩| ≤ ⟨|Lφ|, νN ⟩ and (II) bounds

the latter. For the difference of the martingales, Chebyshev’s inequality yields

QN
[{
π̂N :

∣∣∣MN
(τ+θ)∧T [φ] −MN

τ [φ]
∣∣∣ > ϵ

}]
≤ 1
ϵ2
E
[∣∣∣MN

(τ+θ)∧T [φ] −MN
τ [φ]

∣∣∣2]
≤ 1
ϵ2
E
[〈
MN [φ]

〉
T

]
= o(1).

Moreover each jump of ⟨φ, π̂N
t ⟩ has size at most 2∥φ∥∞/N ; hence every subsequential

limit of the projected process has continuous paths. Since the countable determining family
characterizes the vague topology, every subsequential limit of π̂N is therefore concentrated
on C([0, T ],Mloc(M)).

Step 3 (Uniqueness of the limit). Now that the relative compactness of the sequence
of measures {QN }N≥1 is established, one argues that all the limits of the weakly convergent
subsequences are the same, whence QN converges weakly to a limiting measure Q. This
limiting measure is concentrated on paths that weakly solve the forward Kolmogorov equation.
To see this, consider a countable dense determining family D ⊂ C∞

c (M), and for a given
test function φ ∈ D the set

Hϵ :=
{
ν ∈ D([0, T ],Mloc(M)) : sup

0≤t≤T

∣∣∣∣⟨φ, νt⟩ − ⟨φ, ν0⟩ −
ˆ t

0
⟨Lφ, νs⟩ ds

∣∣∣∣ ≤ ϵ

}
.

Pick any converging subsequence {QNm}m≥1. Because every limit path is continuous, the
displayed functional is continuous at Q-a.e. path; the convergence from Step 1 therefore
passes to the limit and gives Q[Hϵ] = 1. It follows that

Q [H0] = Q
[
∩m≥1H1/m

]
= 1 −Q

[
∪m≥1H

C
1/m

]
= 1,

which in turn implies that

Q

[{
ν ∈ D([0, T ],Mloc(M))

: sup
0≤t≤T

∣∣∣∣⟨φ, νt⟩ − ⟨φ, ν0⟩ −
ˆ t

0
⟨Lφ, νs⟩ ds

∣∣∣∣ = 0 ∀φ ∈ D
}]

= 1.
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Moreover, for Q-a.e. path π = {πt}t∈[0,T ] one has 0 ≤ πt ≤ ν. Indeed, for every
non-negative f ∈ Cc(M), ⟨f, π̂N

t ⟩ ≤ ⟨f, ν̂N ⟩ for all t. Passing to a subsequential limit at
continuity times and using continuity of the limit path together with (II) gives ⟨f, πt⟩ ≤ ⟨f, ν⟩
for every t. Thus πt ≪ ν = q dVolM , and hence πt = ρt dVolM for some 0 ≤ ρt ≤ q.

The weak identity from Step 1 and (I) show that every limit weakly solves (3.3.2) with
initial datum ρ0 by density. By the uniqueness assumed in the theorem, every subsequence
has the same deterministic limit.

We now explain how to go from Theorem 3.14 towards the main result Theorem 3.4.
For the RNG of Definition 3.1, assumption (II) holds almost surely with ν = dµ; for every

f ∈ Cc(M), Poisson concentration gives N−1∑
x∈ΛN f(x) →

´
f dµ almost surely, first

on a countable determining family and then vaguely. Assumption (III) on the convergence
of discrete Laplacian towards weighted Laplacian is the content of Theorem 3.16 for RNG;
the limiting diffusion operator is L = Lα = Ck;αe

(2α−1)U ∆2(1−α). The fact that L has
C∞

c (M) as core is part of the semigroup hypothesis in Theorem 3.4. Assumption (I) is
made w.r.t. the reference Gibbs measure dµ = e−UdVolM in Theorem 3.4 instead of w.r.t.
the volume measure dVolM . Hence, the corresponding density w.r.t. the volume measure
dVolM is ρte

−U . Therefore, Theorem 3.14, in particular (3.3.2), gives

∂t(ρte
−U ) = L∗

α(ρte
−U ) = e−U Lαρt,

because Lα is symmetric in L2(M,dµ). In particular, we recover the hydrodynamic limit
(3.1.5);

∂tρt = ∂tρt = Lαρt.

The existence of the SEP is the content of Theorem 3.10.

3.4 Convergence of discrete random walks
In the proof of Theorem 3.14, a specific notion of convergence of the RW towards a limiting
differential operator is used to rewrite (almost surely in the case of RNG)

h−2
N L

(SEP)
GN

〈
φ(x), π̂t

N
〉

=
〈
h−2

N L
(RW)
GN

φ(x), π̂t
N
〉

=
〈

Lφ(x), π̂t
N
〉

+ o(1). (3.4.1)

The almost-sure pointwise consistency of graph Laplacians was obtained by Hein–Audibert–
von Luxburg [56, Theorems 28 & 30] for random neighbourhood graphs sampled from i.i.d.
points (see also [8, Theorem 2.1]). We obtain their counterpart on our RNG obtained from
PPP with Gibbs intensity.
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3.4. Convergence of discrete random walks

To perform the RW, we consider the same weights as in the main theorem, namely

WN ;α(Xi, Xj) := 1
N

h−m
N k

(
dM (Xi,Xj)

hN

)
(
k̂N (Xi)k̂N (Xj)

)α , k̂N (x) := 1
N

∑
z∈ΛN

h−m
N k

(
dM (x, z)
hN

)
.

(3.4.2)
Note that k̂N (x) is an approximation for e−U(x) as proved in Lemma 3.29.

Remark 3.15. Hein–Audibert–von Luxburg consider the manifold M as a submanifold
isometrically embedded in some euclidean space RM . They replace the Riemannian distance
with the Euclidean one using the fact that for close enough points, the intrinsic and extrinsic
distances match up to the third order ([91, Proposition 6]). We stick to the intrinsic setting
for our purpose, namely, the hydrodynamic limit of the SEP, and we show the consistency
of the graph Laplacian with (3.4.2) in our setting of RNG obtained from a PPP.

Theorem 3.16. Let φ ∈ C∞
c (M) and let (GN )N≥1 be a sequence of RNG in the sense

of Definition 3.1 with symmetric weights (WN ;α)N≥1 given by (3.4.2), for a fixed α ≥ 0,
and associated RW with diffusively rescaled generator h−2

N L
(RW)
GN

. There exist constants
Cα;1, Cα;2, Cα;3 > 0 that only depends on α, k, φ,M and µ, such that, for all ε > 0 and
hN small enough,

P
[

sup
Xi∈ΛN

∣∣∣h−2
N L

(RW)
GN

φ(Xi) −
(
Ck;αe

(2α−1)U(Xi)∆2(1−α)φ(Xi) +RN,α,φ(Xi)
)∣∣∣ > ε

]
≤ Cα;1Ne

−Cα;2Nhm+2
N

ε2
(3.4.3)

with
∥RN,α,φ∥∞ ≤ Cα;3h

2
N .

Then, if both hN → 0 and Nhm+2
N / logN → +∞ as N → +∞, it holds almost surely and

uniformly in the vertices Xi’s,

lim
N→+∞

h−2
N L

(RW)
GN

φ(Xi) = Ck;αe
(2α−1)U(Xi)∆2(1−α)φ(Xi). (3.4.4)

Remark 3.17. In the compact setting, van Ginkel–Redig [99] obtain almost sure consistency
of the graph Laplacian under a more restrictive condition on the bandwidth parameter
hN ; hN ↓ 0 at a much slower rate. In dimension m ≥ 3, their argument requires
Nh

m(m+4)
N / logN → +∞ (this is not explicitly computed in [99]). The reason is that

their proof is based on the almost-sure weak convergence of empirical measures, which
is metrized by the 1-Wasserstein distance. Of course requiring such convergence in W1
is more restrictive than a general concentration argument as one has to cover Lipschitz
functions by Kantorovich duality.

We will use the following concentration inequality for Poisson integrals:
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3. Hydrodynamic Limit of the Symmetric Exclusion Process on Manifolds

Proposition 3.18 (Bernstein inequality [86, Proposition 7]). Let Λ be a Poisson point
process on a measurable space (X,X ) with intensity measure ν. Let f : X → R be
measurable and essentially bounded, with

´
X
f2(x) dν(x) < ∞. Then, for every ξ > 0,

P
[∣∣∣∣ˆ

X

f(x)
(
dΛ(x) − dν(x)

)∣∣∣∣ ≥ ξ

]
≤ 2 exp

− ξ2

2
ˆ

X

f2(x) dν(x) + 2
3ξ ∥f∥∞

 .

(3.4.5)

Proof of Theorem 3.16. Set

Y (x; y) := h−m
N k

(
dM (x, y)
hN

)
, k̂N (x) := 1

N

∑
Xl∈ΛN

Y (x;X l),

and introduce the normalizer

qhN
(x) :=

ˆ
M

Y (x; y) dµ(y). (3.4.6)

Define

Z(x; y) := h−2
N

Y (x; y) (φ(y) − φ(x))(
k̂N (x)k̂N (y)

)α , ZhN
(x; y) := h−2

N

Y (x; y) (φ(y) − φ(x))
(qhN

(x)qhN
(y))α

together with

Z(x) := 1
N

∑
Xl∈ΛN

Z(x;X l), ZhN
(x) := 1

N

∑
Xl∈ΛN

ZhN
(x;X l).

Note that for x ∈ ΛN ,
Z(x) = h−2

N L
(RW)
GN

φ(x).

Moreover, because ZhN
(x;x) = 0, the Palm self-point does not contribute and

Ex[ZhN
(x)] =

ˆ
M

Zh(x; y) dµ(y). (3.4.7)

Using Lemma 3.30, define the remainder

RN,α,φ(x) := Ex[ZhN
(x)] − Ck;αe

(2α−1)U(x)∆2(1−α)φ(x), (3.4.8)

which satisfies ∥RN,α,φ∥∞ ≤ Ch2
N .
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3.4. Convergence of discrete random walks

Step 1 (Concentration estimate for the kernel). Let hN ≤ h1. We are only interested
in the Poisson points inside the h1-thickening or 2h1-thickening of the support of φ since
the empirical quantities at stake are zero otherwise, where the t-thickening is defined as

(Supp φ)t :=
{
z ∈ M ; dM (z, Supp φ) ≤ t

}
.

By Lemma 3.29, after reducing h1 if necessary there are constants 0 < c′ < C ′ < ∞ such
that

c′ ≤ qhN
(x) ≤ C ′, x ∈ (Suppφ)2h1 . (3.4.9)

Let δ > 0 be a parameter that will be tuned in terms of ε later on. Fix a sampled center
x ∈ ΛN . Under its Palm law Px, the configuration is represented as an independent PPP
of intensity Nµ together with the fixed point x. Therefore,

k̂N (x) = k(0)
Nhm

N

+ 1
N

∑
z∈ΛN \{x}

Y (x; z). (3.4.10)

Assume that
k(0)
Nhm

N

≤ δ

2 . (3.4.11)

By (3.4.10),

Px
[∣∣∣k̂N (x) − qhN

(x)
∣∣∣ > δ

]
≤ Px

∣∣∣∣∣∣ 1
N

∑
Xl∈ΛN \{x}

Y (x;X l) − qhN
(x)

∣∣∣∣∣∣ > δ

2


= Px

[∣∣∣∣ 1
N

ˆ
M

Y (x; z)
(
dΞN (z) −Ndµ(z)

)∣∣∣∣ > δ

2

]
,

where ΞN := ΛN \{x} is a PPP of intensity Ndµ. We estimate

1
N

∣∣Y (x;X l)
∣∣ ≤

∥k∥∞
Nhm

N

, (3.4.12)

and

Varx

 1
N

∑
Xl∈ΛN \{x}

Y (x;X l)

 = 1
N

ˆ
M

Y (x; y)2 dµ(y)

≤
∥∥k2e−U

∥∥
∞

Nh2m
N

VolM (B(x, hN ))

≤ C1

Nhm
N

, (3.4.13)
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3. Hydrodynamic Limit of the Symmetric Exclusion Process on Manifolds

for some constant C1(k, µ,M,φ) > 0 uniformly for x ∈ (Suppφ)2h1 , where in the last
inequality we used the fact that, since φ is compactly supported, one can uniformly control
the volume of balls in the h1-thickening of its support;

VolM (B(x, hN )) = hm
N +O(h2m

N ).

Then using (3.4.12) and (3.4.13) for Proposition 3.18, namely Bernstein’s inequality, we
obtain the exponential bound

Px
[∣∣∣k̂N (x) − qhN

(x)
∣∣∣ > δ

]
≤ 2 exp

(
− Nhm

Nδ
2

8C1 + 4
3 ∥k∥∞ δ

)
≤ 2 exp

(
−c2Nh

m
Nδ

2)
for some constant c2(k, µ,M,φ) > 0, given that (3.4.11) holds for δ small enough. A union
bound over the sampled points, followed by the Campbell–Mecke formula, gives

P

 sup
x∈ΛN |(Supp φ)2h1

∣∣∣k̂N (x) − qhN
(x)
∣∣∣ > δ


≤ E

 ∑
x∈ΛN ∩(Supp φ)2h1

1{∣∣̂kN (x)−qhN
(x)
∣∣>δ
}

= N

ˆ
(Supp φ)2h1

Px
[∣∣∣k̂N (x) − qhN

(x)
∣∣∣ > δ

]
dµ(x)

≤ C3N exp
(
−c2Nh

m
Nδ

2) (3.4.14)

for some constant C3(k, µ,M,φ) > 0.

Step 2 (Comparing the discrete and continuous RW). Conditioned on the event

Eδ :=

 sup
x∈ΛN |(Supp φ)2h1

∣∣∣k̂N (x) − qhN
(x)
∣∣∣ ≤ δ

 ,

take δ < c′/2, and he elementary inequality |a−α − b−α| ≤ αc−(α+1)|a − b| valid for all
a, b > c together with (3.4.9) yields

sup
x,y∈ΛN |(Supp φ)2h1

∣∣∣∣∣ 1
(k̂N (x)k̂N (y))α

− 1
(qhN

(x)qhN
(y))α

∣∣∣∣∣
≤ α(c′ − δ)−(2α+2) sup

x,y∈ΛN |(Supp φ)2h1

∣∣∣k̂N (x)k̂N (y) − qhN
(x)qhN

(y)
∣∣∣

≤ 2α(c′ − δ)−(2α+2)(C ′ + δ)δ
≤ C4δ,
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3.4. Convergence of discrete random walks

where we used that k̂N ≤ C ′ + δ on (Suppφ)2h1 under Eδ. Hence, conditioned on Eδ,

sup
x∈ΛN |(Supp φ)h1

|Z(x) − ZhN
(x)|

≤ sup
x,y∈ΛN |(Supp φ)2h1

∣∣∣∣∣ 1
(k̂N (x)k̂N (y))α

− 1
(qhN

(x)qhN
(y))α

∣∣∣∣∣ ∥∇φ∥∞
hN

≤ C5δ

hN
. (3.4.15)

For a sampled point x ∈ (Suppφ)h1 , we apply Bernstein’s inequality to

ZhN
(x) − Ex[ZhN

(x)] = 1
N

ˆ
M

ZhN
(x; z)

(
dΛN (z) −Ndµ(z)

)
,

which yields the exponential bound

Px
[∣∣ZhN

(x) − Ex[ZhN
(x)]

∣∣ > ε
]

≤ 2 exp
(
−c6Nh

m+2
N ε2) (3.4.16)

using that

1
N
ZhN

(x;X l) = 1
Nh2

N

h−m
N k

(
dM (x,Xl)

hN

)
(φ(X l) − φ(x))

(qhN
(x)qhN

(X l))α

≤
∥k∥∞ ∥∇φ∥∞

Nhm+1 (c′)−2α

≤ C7

Nhm+1
N

and

Varx
(
ZhN

(x)
)

= 1
N

ˆ
M

ZhN
(x; z)2 dµ(z)

≤
∥∥k2e−U

∥∥
∞ ∥∇φ∥2

∞ (c′)−4α

Nh2m+2
N

VolM (BM (x, hN ))

≤ C8

Nhm+2
N

uniformly for x ∈ (Suppφ)h1 . A second application of a union bound together with the
Campbell–Mecke formula yields

P

 sup
x∈ΛN |(Supp φ)h1

∣∣ZhN
(x) − Ex[ZhN

(x)]
∣∣ > ε

 ≤ C9N exp
(
−c6Nh

m+2
N ε2) . (3.4.17)

Step 3 (Conclusion). Set δ := hNε in (3.4.14); under Nhm+2
N / logN → ∞,

k(0)/(Nhm
N ) is o(hN ), so the condition (3.4.11) holds for all large N . Combining (3.4.14),

55



3. Hydrodynamic Limit of the Symmetric Exclusion Process on Manifolds

(3.4.15), (3.4.17), and (3.4.8) yields the concentration estimate (3.4.3) in the theorem.
This probability is summable in N in the considered regime Nhm+2

N / logN → +∞ with
hN → 0 as N → +∞. The Borel–Cantelli lemma then yields almost sure convergence
which concludes the proof.

3.5 Lifting the SEP to principal bundles

We extend the construction of RNG and the SEP to a total m̃-dimensional manifold M̃
lying above the m-dimensional manifold M with RicM ≥ (m − 1)κ for some κ ≤ 0 (or
assume that M is compact). We work in a bundle setting which allows for a canonical
comparison of points in different fibers.

3.5.1 Geometric setting

Let G be a compact Lie group and π : M̃ → M be a principal G-bundle with right action
Ra(u) = u·a (u ∈ M̃ , a ∈ G) and Lie algebra g = TeG equipped with a principal connection
ω. We endow G with a bi-invariant Riemannian metric which yields a G-invariant metric
g̃V on the vertical bundle V := ker(dπ); that is

g̃V(u · a) ((Ra)∗w, (Ra)∗w
′) = g̃V(u)(w,w′), w, w′ ∈ Vu,

as follows: Given an Ad-invariant inner product ⟨·, ·⟩g on g (equivalently, a bi-invariant
Riemannian metric on G) and ξ ∈ g, define the fundamental vertical vector field

ξ#(u) := d

dt

∣∣∣∣
t=0

u · exp(tξ) ∈ Vu.

The map ξ 7→ ξ#(u) ∈ Vu is a linear isomorphism g ≃ Vu, hence it induces a metric g̃V on
the vertical bundle V := ker dπ by

g̃V(ξ#(u), η#(u)
)

:= ⟨ξ, η⟩g, ξ, η ∈ g.

By Ad-invariance, gV is G-invariant, namely, the right action R(·) acts by fiberwise isometries
on V. We denote by d

M̃x
the distance in the fiber M̃x := π−1(x) above x ∈ M and

m′ := dim V so that m̃ = m+m′.
The principal connection ω defines the horizontal distribution H := ker(ω) and splits

the tangent bundles as
TM̃ = H ⊕ V.

With this splitting, we define the bundle metric,

g̃ := π∗g ⊕ g̃V . (3.5.1)
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3.5. Lifting the SEP to principal bundles

If the compact Lie group G is semi-simple, then the (negative of the) killing form B defined
by

B(ξ, η) := Tr (Ad(ξ)Ad(η)) , ξ, η ∈ g,

also yields a bi-invariant metric −B on g [4, Corollary 2.33], and the total manifold M̃
admits the metric

g̃ := π∗g ⊕ (−B)ω := g̃H ⊕ g̃V .

This encompasses, for instance, the orthonormal frame bundle πO(M) : O(M) → M (and
O(m) is compact semi-simple for m ≥ 3) used in the construction of Riemannian Brownian
motion by Eells–Elworthy–Malliavin (see [57, Section 3.1]),

The connection also allows to lift curves and tangent vectors from the base manifold M
to the total manifold M̃ in a coherent way.

Definition 3.19 (Horizontal lift). Given a smooth curve γ ∈ C∞(I;M) on an interval
I ∋ 0 and u0 ∈ π−1(γ(0)), the horizontal lift γ̃ of γ with respect to H starting at u0 is the
unique curve satisfying

π ◦ γ̃ = γ, γ̃′(t) ∈ H
γ̃(t).

The same procedure applies to tangent vectors: given v ∈ Tπ(u)M , its horizontal lift at
u ∈ M̃ with respect to H is the unique vector ṽ ∈ Hu such that dπ(ṽ) = v.

This yields a canonical transport between fibers: for x, y ∈ M sufficiently close so that
y is not in the cut-locus of x and u ∈ M̃x, we denote by P̃yxu ∈ M̃y the endpoint of
the horizontal lift of the (unique minimizing) geodesic from x to y starting at u. This
map P̃yx : M̃x → M̃y is a diffeomorphism between the fibers. Because the fiber metric is
G-invariant, P̃yx acts by fiber isometries,

d
M̃y

(P̃yxu1, P̃yxu2) = d
M̃x

(u1, u2), u1, u2 ∈ M̃x,

and in particular, for u ∈ M̃x, q ∈ M̃y,

d
M̃y

(P̃yxu, q) = d
M̃x

(P̃xyP̃yxu, P̃xyq) = d
M̃x

(u, P̃xyq). (3.5.2)

Definition 3.20 (Totally geodesic fibers). The fibers of a Riemannian submersion are said
to be totally geodesic if any geodesic in a fiber (for the induced metric) is also a geodesic
in M̃ .

In our setting, the fibers are totally geodesic for the Riemannian submersion π : M̃ → M
with the Kaluza–Klein bundle metric (3.5.1) (see e.g. [82, Theorem 1]). Note that since
(M, g) is geodesically complete by assumption, then so is (M̃, g̃). For totally geodesic fibers,
the horizontal Laplacian coincides with the Bochner horizontal Laplacian in sub-Riemannian
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3. Hydrodynamic Limit of the Symmetric Exclusion Process on Manifolds

geometry with the decomposition ∆
M̃

:= ∆H + ∆V into horizontal and vertical parts [7,
Section 4.1]. We denote by XH and XV the horizontal and vertical parts of a vector field
X ∈ Γ(TM̃) and by ∇̃ the Levi-Civita connection on M̃ .

Definition 3.21 (Horizontal Laplacian). Given a smooth function ϕ ∈ C∞(M̃), the
horizontal Laplacian ∆H is the trace of the horizontal Hessian; i.e.,

∆Hϕ := Tr
(
g̃−1 ⊗ HessH ϕ

)
:= g̃ij HessH

ij ϕ,

where the g̃ij ’s are the components of the inverse metric on M̃ , and the horizontal part of
the Hessian is the bilinear form given by

∀X,Y ∈ Γ(TM̃), HessH ϕ(X,Y ) :=
(

∇̃X

(
∇̃ϕ
)H
)

· Y H.

By construction, since the distributions H and V are orthogonal to each other, the
trace of the horizontal Hessian can be taken with respect to the inverse of the horizontal
metric g̃H := π∗g. In local orthonormal frames (Zi)1≤i≤m of H and (Fj)1≤j≤m′ of V , the
horizontal Laplacian can be rewritten as

∆H =
m∑

i=1

(
Z2

i −
(

∇̃Zi
Zi

)H
)

−
m′∑

j=1

(
∇̃Fj

Fj

)H
.

In our setting, since the fibers are totally geodesic, the last term vanishes and

∆H =
m∑

i=1

(
Z2

i −
(

∇̃ZiZi

)H
)
.

3.5.2 Hydrodynamic limit of the lifted SEP
Random neighborhood graphs on the base manifold M can be lifted in a consistent manner
to the total manifold M̃ via the submersion.

Definition 3.22 (Lifted random neighborhood graph (lifted RNG)). Conditionally on
the PPP ΛN =

∑
i δXi of intensity Ndµ in Definition 3.1, for each i, let (Λ′)N ′

i be an
independent PPP on the fiber M̃Xi with intensity N ′dVol

M̃Xi
; the fiber volume is induced

by gV . The vertices VN,N ′ consist of the points (Xi, Xi
a) where Xi ∈ ΛN and Xi

a ∈ (Λ′)N ′

i .
An undirected edge is present between two vertices whenever they are close on the base
manifold and in the fibers; i.e., dM (Xi, Xj) ≤ hN and d

M̃Xj
(P̃XjXiXi

a, X
j
b ) ≤ h′

N ′ for
some bandwidth parameters hN , hN ′ . The sequence of lifted random neighborhood graphs
(lifted RNG) is given by (GN,N ′ := (VN,N ′ , EN,N ′))N,N ′≥1, where EN,N ′ denotes the set
of undirected edges.
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3.5. Lifting the SEP to principal bundles

Following Gao [41], we consider weights mimicking the ones of the SEP on the base
manifold M given by (3.1.2). We take into account the additional geometrical information
of the total manifold M̃ . Given a bounded continuous function k

M̃
: R+ × R+ → R+ with

compact support in [0, 1) × [0, 1) and k
M̃

(0, 0) > 0, which makes the moments Ck
M̃

,0 and
Ck

M̃
,2 defined in Lemma 3.31 positive, we set the following weights,

W̃N,N ′;α((Xi, Xi
a), (Xj , Xj

b ))

:= 1
NN ′

h−m
N (h′

N ′)−m′
k

M̃

(
dM (Xi,Xj)

hN
,

d
M̃

Xj

(P̃Xj Xi Xi
a,Xj

b
)

h′
N′

)
(
k̂

M̃
(Xi, Xi

a)k̂
M̃

(Xj , Xj
b )
)α (3.5.3)

with

k̂
M̃

(x, u) := 1
N

1
N ′

∑
(y,q)∈(ΛN ,(Λ′)N′ )

[
h−m

N (h′
N ′)−m′

× k
M̃

dM (x, y)
hN

,
d

M̃y
(P̃yxu, q)
h′

N ′

].
For the SEP on the sequence (GN,N ′)N,N ′≥1 of lifted RNG, we consider the weights given
by (3.5.3). These weights are in fact symmetric in light of (3.5.2) due to the fiber isometry
property. The existence of the SEP can be adapted from Section 3.2 to this setting; the
condition k

M̃
(0, 0) ensures positivity of the self-point and the weights are uniformly bounded,

and the proof follows the same stochastic completeness argument applied successively to
the base and fiber point processes.
Remark 3.23. The two bandwidth parameters hN and h′

N ′ tune the horizontal and vertical
parts respectively. In the horizontal diffusive scaling, h′

N goes to zero faster than hN when
both (N,N ′) → +∞ in order to thermalize in the fiber while having diffusion only along
the base manifold.
Definition 3.24 (Lifted weighted horizontal Laplacian). Given a smooth function ϕ ∈
C∞(M̃), the lifted α-weighted horizontal Laplacian with respect to the Gibbs reference
measure dµ = e−UdVolM on M is the reversible operator with respect to e−αŨ dVol

M̃
;

that is, the operator satisfying

∀φ ∈ C∞
c (M̃),

ˆ
M̃

φ∆H
α ϕ e

−αŨdVol
M̃

= −
ˆ

M̃

(
∇̃φ
)H

·
(

∇̃ϕ
)H

e−αŨdVol
M̃
,

which is given by

∆H
α := eαŨ ∇̃ ·

(
e−αŨ ∇̃H

)
= ∆H − α∇̃Ũ · ∇̃.
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Analogously to (3.1.3), we set

L̃α := Ck
M̃

;αe
(2α−1)Ũ ∆H

2(1−α), Ck
M̃

;α :=
Ck

M̃
,2

2(Ck
M̃

,0)2α

and assume

(A3’) The closure of L̃α on C∞
c (M̃) generates a conservative Markov semigroup and

C∞
c (M̃) is a core for its generator.

Theorem 3.25 (Quenched hydrodynamic limit of the lifted SEP). Let (G̃N,N ′)N,N ′ =
(ṼN,N ′ , ẼN,N ′))N,N ′≥1 be a sequence of lifted RNG on M̃ in the sense of Definition 3.22
with symmetric weights (W̃N,N ′;α)N,N ′≥1 given by (3.5.3) for a fixed α ≥ 0. Let η̃0 be an
initial configuration of the SEP on GN,N ′ with associated initial empirical measure π̂0

N,N ′

that converges weakly to ρ̃0e
−ŨdVol

M̃
in probability; that is,

∀φ ∈ C0(M̃),
〈
φ, dπ̂0

N,N ′〉 pr.−→
〈
φ, ρ̃0e

−Ũ dVol
M̃

〉
as (N,N ′) → +∞,

where Ũ := U ◦ π is the lift of U and

π̂0
N,N ′

:= 1
N

1
N ′

∑
(Xi,Xi

a)∈VN,N′

η0(Xi, Xi
a)δXi,Xi

a
.

Suppose that the bandwidth parameters (hN , h
′
N ′)N,N ′≥1 are chosen in such a way that

both
hN → 0, h′

N ′ → 0, h′
N ′/hN → 0

and that, in the joint limit (N,N ′) → (+∞,+∞),

Nhm+2
M

log(NN ′) → +∞,
NN ′hm+2

N (h′
N ′)m′

log(NN ′) → +∞.

Then for almost all realizations of the sequence of graphs, the trajectory of the empirical
measure t 7→ π̂t

N,N ′
associated to the configuration η̃N,N ′

t that evolves according to the
rescaled SEP with generator h−2

N L
(SEP)
G̃N,N′

converges in probability in the Skohorod topology

to a deterministic trajectory t 7→ ρ̃te
−ŨdVol

M̃
whose density weakly solves

∂tρ̃t = Ck
M̃

;αe
(2α−1)Ũ ∆H

2(1−α)ρ̃t.
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Remark 3.26. Note that when the initial profile ρ̃0 on the total manifold M̃ is π-related
to some initial profile ρ0 on the base manifold M (ρ̃0 = ρ0 ◦ π), then the evolution of the
latter is given by

∂tρt = Ck
M̃

;αe
(2α−1)∆2(1−α)ρt.

This follows by the π-relation between the horizontal Laplacian and the Laplacian of the
underlying base manifold; for all smooth functions ϕ ∈ C∞(M), it holds

∆H(ϕ ◦ π) = (∆Mϕ) ◦ π.

This identity can be found, for instance, in the monographs of Hsu [57, Proposition 3.1.2]
for the orthonormal frame bundle and of Baudoin–Demni–Wang [7, Proposition 4.2.7]
for submersions with totally geodesic fibers. For a probabilistic proof, we refer to [64,
Proposition 3.13].

Again, the hydrodynamic limit is a consequence of duality between the SEP and RW.
Gao obtained the almost-sure pointwise consistency of (normalized) graphs Laplacians for
neighborhood graphs lying on general fibre bundles [41, Theorems 2 & 4] and obtained
rates for the unit tangent bundle UTM → M [41, Theorem 9].

The proof of the RW consistency, with the same weights as in Theorem 3.25, follows
the same philosophy as the proof of Theorem 3.16, but takes into account the two-level
structure of the lifted point process; one first controls the fluctuations of the base PPP and
then, conditionally on the realization of the base points, applies the same concentration
argument to the independent PPP sampled on the corresponding fibers. The

Theorem 3.27. Let φ ∈ C∞
c (M̃) and let (G̃N,N ′)N,N ′≥1 be a sequence of lifted RNG in

the sense of Definition 3.22 with symmetric weights (W̃N,N ′;α)N,N ′≥1 given by (3.5.3), for
a fixed α ≥ 0, and associated RW with diffusively rescaled generator h−2

N L
(RW)
G̃N,N′

. There

exist constants C̃α;1, C̃α;2, C̃α;3, C̃α;4 > 0, depending only on α, k
M̃

, φ, µ, m and m′ such
that, for all ε > 0 and hN , h

′
N ′ small enough,

P

[
sup

(Xi,Xi
a)∈ṼN,N′

∣∣∣∣∣
(
h−2

N L
(RW)
G̃N,N′

φ− Ck
M̃

;αe
(2α−1)Ũ ∆H

2(1−α)φ−RN,N ′,α,φ

)
(Xi, Xi

a)

∣∣∣∣∣> ε

]

≤ C̃α;1NN
′

[
exp

(
−C̃α;2Nh

m+2
N ε2

)
+ exp

(
−C̃α;3NN

′hm+2
N (h′

N ′)m′
ε2
)]

(3.5.4)

with
∥RN,N ′,α,φ∥∞ ≤ C̃α;4

(
hN + h−2

N (h′
N ′)2) . (3.5.5)

Then, if both
hN → 0, h′

N ′ → 0, h′
N ′/hN → 0
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and that, in the joint limit (N,N ′) → (+∞,+∞),

Nhm+2
M

log(NN ′) → +∞,
NN ′hm+2

N (h′
N ′)m′

log(NN ′) → +∞,

it holds almost surely and uniformly in the vertices (Xi, Xi
a)’s,

lim
(N,N ′)→+∞

h−2
N L

(RW)
G̃N,N′

φ(Xi, Xi
a) = Ck

M̃
;αe

(2α−1)Ũ(Xi,Xi
a)∆H

2(1−α)φ(Xi, Xi
a).

3.6 Appendix
In this appendix, we gather several computational lemmas characterizing the limiting
operator associated to the rescaled RW. The limits of the integral operators can be found
in Hein–Audibert–von Luxburg [56, Proposition 22 & Theorem 25] and Gao [41, Lemmas
13, 14, 15 & Theorem 4] among others.

Lemma 3.28. Denote by Sm−1 := 2πm/2/Γ(m/2) the surface of the (m− 1)-dimensional
unit sphere in Rm and by Bm(0, 1) its unit ball. The first three moments of k are given by

Mk
0 :=

ˆ
Bm(0, 1)

k (|v|) dv = Sm−1

ˆ 1

0
k(r)rm−1 dr := Ck,0,

Mk
1 :=

ˆ
Bm(0, 1)

k (|v|) vi dv = 0,

Mk
2 :=

ˆ
Bm(0, 1)

k (|v|) vivj dv =
(
Sm−1

m

ˆ 1

0
k(r)rm+1 dr

)
δij := Ck,2δ

ij ,

Mk
3 :=

ˆ
Bm(0, 1)

k (|v|) vivjvl dv = 0.

Proof. Regarding the odd moments, the reflection v 7→ −v changes the sign of the integrated
quantity; its integral must be zero. For the second moment, reflecting a single coordinate,
we deduce that

´
k(|v|)vivj dv ∝ δij . The proportionality constant Ck,2 is then obtained

noting that

Tr
(
Ck,2(δij)ij

)
= Ck,2m =

m∑
i=1

ˆ
Bm(0, 1)

k (|v|)
(
vi
)2
dv = Sm−1

ˆ 1

0
k(r)rm+1 dr.

Lemma 3.29. Let φ ∈ C∞
c (M) be a test function. Then uniformly in x ∈ (Supp φ)h1 ,

ˆ
M

h−mk

(
dM (x, y)

h

)
dµ(y) = Ck,0e

−U(x) +O(h2). (3.6.1)
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In particular, there are two constants C,C ′ > 0 such that

∀x ∈ (Suppφ)h1 , C ′ ≤
ˆ

M

h−mk

(
dM (x, y)

h

)
dµ(y) ≤ C.

Proof. Going to normal coordinates about x yields
ˆ

M

h−mk

(
dM (x, y)

h

)
dµ(y)

= e−U(x)
ˆ

BTxM (0,1)
k (|v|) e−(U(expx(hv))−U(x))

√
det g(expx(hv)) dv

= e−U(x)
ˆ

Bm(0,1)
k (|v|)

(
1 − EiUv

ih+O(h2)
)
dv

= Ck,0e
−U(x) +O(h2),

where we used in the last equality that the odd moment vanishes by Lemma 3.28.

Lemma 3.30. Let φ ∈ C∞
c (M) be a test function. Then uniformly in x ∈ (Suppφ)h1 ,

h−2
ˆ

M

h−mk
(

dM (x,y)
h

)
(φ(y) − φ(x))

(qh(x)qh(y))α dµ(y)

= Ck,2

2 (Ck,0)2α e
(2α−1)U(x)∆2(1−α)φ(x) +O(h2), (3.6.2)

where
qh(x) :=

ˆ
M

h−mk

(
dM (x, y)
hN

)
dµ(y).

Proof. We expand the denominator to get

h−2
ˆ

M

h−mk
(

dM (x,y)
h

)
(φ(y) − φ(x))

(qh(x)qh(y))α dµ(y)

= h−2 e
(2α−1)U(x)

(Ck,0)2α

ˆ
BTxM (0,1)

k (|v|) (φ (expx(hv)) − φ(x))

× e−(1−α)(U(expx(hv))−U(x))
√

det g(expx(hv))
(
1 +O(h2)

)
dv
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Expanding the right-hand side yields

h−2 e
(2α−1)U(x)

(Ck,0)2α

ˆ
BTxM (0,1)

k (|v|)
{(

dxφ(v)h+ 1
2 Hessx φ(v, v)h2

+ 1
6∇ Hessx φ(v, v, v)h3

)
×
(

1 + (α− 1)dxU(v)h+O(h2)
)

×
(

1 − 1
6 Ricx(v, v)h2

)(
1 +O(h2)

)}
+O(h4) dv

= h−2 e
(2α−1)U(x)

(Ck,0)2α

ˆ
Bm(0,1)

k (|v|)
{
Eiφv

ih
(
1 +O(h2)

)
+
(

1
2EiEjφ+ (α− 1)EiUEjφ

)
vivjh2

+
(

1
6 (EiEjElφ− Ricij Elφ) + α− 1

2 EiUEjElφ

)
vivjvlh3

}
+O(h4) dv.

The odd moments vanish by Lemma 3.28 while the second moment recovers the weighted
Laplacian;(

1
2EiEjφ+ (α− 1)EiUEjφ

)ˆ
Bm(0; 1)

k (|v|) vivj dv = Ck,2

2 (∆ − 2(1 − α)∇U · ∇)φ

:= Ck,2

2 ∆2(1−α)φ.
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Lemma 3.31. The first moments of k
M̃

are given by

M
k

M̃
0 :=

ˆ
Bm(0; 1)

ˆ
Bm′ (0; 1)

k
M̃

(|v| , |w|) dwdv

= Sm−1Sm′−1

ˆ 1

0

ˆ 1

0
k

M̃
(r, r′)rm−1(r′)m′−1 dr′dr := Ck

M̃
,0,

M
k

M̃
·,1 :=

ˆ
Bm′ (0,1)

k
M̃

(
dM (x, y)

h
, |w|

)
wj dw = 0,

M
k

M̃
1,0 :=

ˆ
Bm(0,1)

ˆ
Bm′ (0,1)

k
M̃

(|v| , |w|) vi dwdv = 0,

M
k

M̃
2,0 :=

ˆ
Bm(0,1)

ˆ
Bm′ (0,1)

k
M̃

(|v| , |w|) vivj dwdv,

=
(
Sm−1

m
Sm′−1

ˆ 1

0

ˆ 1

0
k

M̃
(r, r′)rm+1(r′)m′−1 dr′dr

)
δij := Ck

M̃
,2δ

ij .

Proof. The proof is similar to the one of Lemma 3.28.

Lemma 3.32. Let φ ∈ C∞
c (M̃) be a test function. Then uniformly in (x, u) on the

(h1, h
′
1)-thickening of the support of φ given by

(Suppφ)h1,h′
1

:=
{

(z, p) ∈ M̃ ; dM (z, π ◦ Suppφ) ≤ h1, dM̃z
(p, Suppφz) ≤ h′

1

}
,

it holds

ˆ
M̃

h−m(h′)−m′
k

M̃

dM (x, y)
h

,
d

M̃y
(P̃yxu, q)
h′

 e−Ũ(y,q) dVol
M̃

(y, q)

= Ck
M̃

,0e
−Ũ(x,u) +O(h2) +O((h′)2).

Proof. For h and h′ small enough, the restriction of both exponential maps, namely, expx :
BTxM (0, h) ≃ Bm(0, h) → M on the base manifold and expM̃y

(y,P̃yx)
: B

T
(y,̃Pyxu)

M̃y
(0, h′) ≃
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Bm′(0, h′) → M̃y on the fiber are well-defined diffeomorphisms, so that

ˆ
M

ˆ
M̃y

h−m(h′)−m′
k

M̃

dM (x, y)
h

,
d

M̃y

(
P̃yxu, q

)
h′

 dVol
M̃y

(q)dµ(y)

=
ˆ

BM (x,h)

ˆ
B

T
(y,̃Pyxu)

M̃y
(0,1)

h−mk
M̃

(
dM (x, y)

h
, |w|

)

×
√

det g̃V(expM̃y

(y,P̃yxu)
(h′w)) dwdµ(y)

(3.6.3)

by going to normal coordinates about (y, P̃yxu). As for the base manifold, the expansion of
the fiber’s metric is given by√

det g̃V
(

expM̃y

(y,P̃yxu)
(h′w)

)
= 1 − 1

6 RicV
M̃

(h′w, h′w) +O((h′)3) = 1 +O((h′)2)

with an error uniform in both (x, u) and (y, P̃yxu) by compactness of (Suppφ)h1,h′
1
. We

further expand on the base manifold by going to normal coordinates about x and (3.6.3)
becomesˆ

BM (x; h)

ˆ
Bm′ (0; 1)

h−mk
M̃

(
dM (x, y)

h
, |w|

)(
1 +O((h′)2)

)
dwdµ(y)

= e−U(x)
ˆ

Bm(0; 1)

ˆ
Bm′ (0; 1)

k
M̃

(|v| , |w|)
(
1 − EiUv

ih+O(h2)
) (

1 +O((h′)2)
)
dwdv

= Ck
M̃

,0e
−Ũ(x,u) +O(h2) +O((h′)2)

by Lemma 3.31.

Lemma 3.33. Let φ ∈ C∞
c (M̃) be a test function. Then locally uniformly in (x, u) ∈ M̃ ,

h−2
ˆ

M̃

h−m(h′)−m′
k

M̃

(
dM (x,y)

h ,
d

M̃y
(P̃yxu,q)

h′

)
(φ(y, q) − φ(x, u))

(q̃h,h′(x, u)q̃h,h′(y, q))α e−Ũ(y,q) dVol
M̃

(y, q)

= Ck
M̃

;αe
(2α−1)Ũ(x,u)∆H

2(1−α)φ(x, u) +O(h) +O
(
h−2(h′)2) ,

where

q̃h,h′(x, u) :=
ˆ

M

ˆ
M̃z

h−m(h′)−m′
k

M̃

(
dM (x, z)

h
,
d

M̃z
(P̃zxu, q)
h′

)
dVol

M̃z
(q) dµ(z).
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Proof. We decompose the difference of test functions with respect to the geometric structure;

φ(y, q) − φ(x, u) =
(
φ(y, q) − φ

(
y, P̃yxu

))
+
(
φ
(
y, P̃yxu

)
− φ(x, u)

)
.

Step 1 (Expansion in the fibers). We expand the first term of the splitting in normal
coordinates about (y, P̃yxu). We replace the denominator, which is computed in Lemma 3.32,
to obtain

h−2
ˆ

M̃

h−m(h′)−m′
k

M̃

(
dM (x,y)

h ,
d

M̃y
(P̃yxu,q)

h′

)(
φ(y, q) − φ

(
y, P̃yxu

))
(q̃h,h′(x, u)q̃h,h′(y, q))α e−Ũ(y,q)

× dVol
M̃

(y, q)

= h−2 eαU(x)(
Ck

M̃
,0

)2α

ˆ
BM (x,h)

ˆ
B

T
(y,̃Pyxu)

M̃y
(0,1)

h−m

{
k

M̃

(
dM (x, y)

h
, |w|

)

×
(
1 +O(h2) +O((h′)2)

)
×
(
φ

(
expM̃y

(y,P̃yxu)
(h′w)

)
− φ(y, P̃yxu)

)
× e−(1−α)U(y)

√
det g̃V

(
expM̃y

(y,P̃yxu)
(h′w)

)}
dwdVolM (y) (3.6.4)

Denote by (Fj)1≤j≤m′ the orthonormal basis of T(y,P̃yxu)M̃y = V(y,P̃yxu) so that(
φ

(
expM̃y

(y,P̃yxu)
(h′w)

)
− φ(y, P̃yxu)

)
= d(y,P̃yxu)φ(w)h′ +O((h′)2)

= Fjφw
jh′ +O((h′)2).

and (3.6.4) becomes(
h−2 eαU(x)(

Ck
M̃

,0

)2α

ˆ
BM (0,h)

e−(1−α)U(y)h′Fjφ

×
ˆ

Bm′ (0,1)
h−mk

M̃

(
dM (x, y)

h
, |w|

)
wj dwdy

)
+O

(
h−2(h′)2) ,

whose integrated term is zero by Lemma 3.31. Thus

h−2
ˆ

M

ˆ
M̃y

h−m(h′)−m′
k

M̃

(
dM (x,y)

h ,
d

M̃y
(P̃yxu,q)

h′

)(
φ(y, q) − φ

(
y, P̃yxu

))
(q̃h,h′(x, u)q̃h,h′(y, q))α e−Ũ(y,q)

= O
(
h−2(h′)2) . (3.6.5)
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Step 2 (Expansion along the base manifold). We expand the second term of the
splitting in normal coordinates about both x and (y, P̃yxu). As in Step 1, by replacing the
denominator, we obtain

h−2
ˆ

M̃

h−m(h′)−m′
k

M̃

(
dM (x,y)

h ,
d

M̃y
(P̃yxu,q)

h′

)(
φ
(
y, P̃yxu

)
− φ(x, u)

)
(q̃h,h′(x, u)q̃h,h′(y, q))α e−Ũ(y,q)

= h−2 e
(2α−1)U(x)(
Ck

M̃
,0

)2α

ˆ
BM (x,h)

ˆ
B

T
(y,̃Pyxu)

M̃y
(0,1)

h−m

{
k

M̃

(
dM (x, y)

h
, |w|

)

×
(
φ
(
y, P̃yxu

)
− φ(x, u)

)
× e−(1−α)(U(y)−U(x)) (1 +O(h2) +O((h′)2)

)
×

√
det g̃V

(
expM̃y

(y,P̃yxu)
(h′w)

)
dwdVolM (y). (3.6.6)

Denote by γ ∈ C∞(I;M) the geodesic with γ(0) = x and γ′(0) = hv so that γ(1) = y.
Its horizontal lift γ̃ starting at (x, u) is the unique horizontal geodesic satisfying

π ◦ γ̃ = γ, γ̃′(t) ∈ H
γ̃(t)

with γ̃(0) = (x, u) and γ̃′(0) = hṽ so that γ̃(1) = (y, P̃yxu). Then(
φ
(
y, P̃yxu

)
− φ(x, u)

)
= φ◦γ̃(1)−φ◦γ̃(0) = d

dt

∣∣∣
t=0

φ◦γ̃(t)+ 1
2
d2

dt2

∣∣∣
t=0

φ◦γ̃(t)+O(h3),

where

d

dt
(φ ◦ γ̃(t)) = d

γ̃(t)φ◦
(
dπ

γ̃(t)

)−1
(γ′(t)) = d

γ̃(t)φ (γ̃′(t)) = ∇̃φ · γ̃′(t) =
(

∇̃φ
)H

· γ̃′(t),

and, since γ̃ is a horizontal geodesic and the inner product is compatible with the connection
∇̃,

d2

dt2
(φ ◦ γ̃(t)) =

(
∇̃

γ̃′(t)

(
∇̃φ
)H
)

·γ̃′(t)+
(

∇̃φ
)H

·∇̃
γ̃′(t)γ̃

′(t) =
(

∇̃
γ̃′(t)

(
∇̃φ
)H
)

·γ̃′(t).

The expansion is thus given by(
φ
(
y, P̃yxu

)
− φ(x, u)

)
= d(x,u)φ (ṽ)h+ 1

2 HessH
(x,u) φ (ṽ, ṽ)h2 +O(h3). (3.6.7)

We write v = viEi with orthonormal basis (Ei)1≤i≤m of TxM and horizontally lift it by
linearity to ṽ = viẼi with the orthonormal basis (Ẽi)1≤i≤m of H(x,u); the above expansion
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then becomes(
φ
(
y, P̃yxu

)
− φ(x, u)

)
= Ẽiφv

ih+ 1
2

((
∇̃

Ẽi

(
∇̃φ
)H
)

· Ẽj

)
vivjh2 +O(h3)

= Ẽiφv
ih+ 1

2

(
ẼiẼj −

(
∇̃

Ẽi
Ẽj

)H
)
φvivjh2 +O(h3).

(3.6.8)

Substituting (3.6.8) into (3.6.6), we obtain

h−2 e
(2α−1)U(x)(
Ck

M̃
,0

)2α

ˆ
Bm(0,1)

ˆ
Bm′ (0,1)

k
M̃

(|v| , |w|)
{(

Ẽiφv
ih

+ 1
2

(
ẼiẼj −

(
∇̃

Ẽi
Ẽj

)H
)
φvivjh2 +O(h3)

)
×
(
1 − (1 − α)ElUv

lh+O(h2)
)

×
(
1 +O(h2) +O((h′)2)

) (
1 +O((h′)2)

) (
1 +O(h2))

)}
dwdv

= h−2 e
(2α−1)U(x)(
Ck

M̃
,0

)2α

ˆ
Bm(0,1)

ˆ
Bm′ (0,1)

k
M̃

(|v| , |w|)

×

{
Ẽiφv

ih+ 1
2

(
ẼiẼj −

(
∇̃

Ẽi
Ẽj

)H
− 2(1 − α)EiUẼj

)
φvivjh2

}
dwdv +O(h).

(3.6.9)

The first moment in (3.6.9) vanishes, and the second yields a weighted horizontal Laplacian
by Lemma 3.31;

1
2

(
ẼiẼj −

(
∇̃

Ẽi
Ẽj

)H
− 2(1 − α)EiUẼj

)
φ

ˆ
Bm(0,1)

ˆ
Bm′ (0,1)

k
M̃

(|v| , |w|)vivj dwdv

=
Ck

M̃
,2

2

(
ẼiẼj −

(
∇̃

Ẽi
Ẽj

)H
− 2(1 − α)EiUẼj

)
φδij

=
Ck

M̃,2

2

m∑
i=1

(
Ẽ2

i −
(

∇̃
Ẽi
Ẽi

)H
− 2(1 − α)ẼiŨ Ẽi

)
φ

:=
Ck

M̃
,2

2 ∆H
2(1−α)φ.
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Thus,

h−2
ˆ

M

ˆ
M̃y

h−m(h′)−m′
k

M̃

(
dM (x,y)

h ,
d

M̃y
(P̃yxu,q)

h′

)(
φ
(
y, P̃yxu

)
− φ(x, u)

)
(q̃h,h′(x, u)q̃h,h′(y, q))α

× dVol
M̃y

(q)dµ(y)

=
Ck

M̃
,2

2
(
Ck

M̃
,0

)2α e
(2α−1)Ũ(x,u)∆H

2(1−α)φ(x, u) +O(h) +O(h−2(h′)2). (3.6.10)

We conclude by putting together (3.6.5) and (3.6.10).
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CHAPTER 4

Concentration and
Expectation for Empirical
Measures on Manifolds

This chapter is the result of an ongoing work “Quantitative bounds on expectations and
concentration inequalities of empirical measures on complete manifolds”. In preparation
(2026+).

4.1 Introduction
The goal of this chapter is to obtain quantitative estimates for the distance between the
empirical measure of a finite number of independent samples and its underlying common
law on manifolds. We are interested both in in concentration inequalities and bounds in
expectation, and we measure the error in Wasserstein distance.

This question is classical in Euclidean spaces and a large number of works have iden-
tified the optimal or near-optimal rates of convergence, depending on the dimension, the
Wasserstein distance under consideration, and the integrability of the underlying probability
measure. As the literature is vast on this topic (see [25, 42, 76] among others), we choose
to highlight the works of Fournier–Guillin [40, 39] giving a precise picture of the Euclidean
case under moment assumptions and the seminal work of Bolley–Guillin–Villani [11] for
concentration inequalities.

Beyond Euclidean spaces, Boissard–Le Gouic [9, 10] developed a general metric-space
approach based on covering numbers, which was then subsequently improved on compact
spaces by Weed–Bach [111]. Regarding concentration inequalities, the recent preprint of
Dedecker–Fischer–Michel [24] improves on [11]. The setting of these works is the one of
metric spaces with polynomial volume growth, leaving Riemannian manifolds with negative
Ricci lower bound aside.
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There is also a substantial literature on empirical measures on Riemannian manifolds.
In particular, Feng-Yu Wang and coauthors have obtained convergence rates and limit
theorems for empirical measures associated with diffusion processes on manifolds, including
compact manifolds, non-compact manifolds, manifolds with boundary, and subordinated
diffusions [108, 109, 110]. These works use a semigroup approach.

The perspective which we adopt here is different but complementary. We first consider
empirical measures of independent samples on general metric measure spaces, and then
apply the resulting estimates to a noninteracting particle system coupled to a mean-field
interacting particle system in the setting of a Riemannian manifold with Ricci curvature
lower bound. Moreover, only linear diffusions on manifolds were treated in the above results
while our analysis allows for interactions and covers the McKean–Vlasov particle system
approximating an aggregation-diffusion as in Bolley–Guillin–Villani [11].

The chapter is organized as follows:

1. In Section 4.2, we recall transportation inequalities and state our main results, namely
bounds in expectation and respectively concentration inequalities for the empirical
measure of a finite number of independent samples from a common law satisfying a
moment condition or respectively a transportation-cost inequality, and the application
to aggregation-diffusion equation from McKean–Vlasov particle system.

2. In Section 4.3, we give the proofs of bounds in expectation and concentration
inequalities for independent samples.

3. In Section 4.4, we study the McKean–Vlasov interacting particle system by introducing
a proxy noninteracting particle system whose mean-field interaction is replaced by
the limiting law that evolves according to the aggregation-diffusion equation. We
then couple this particle system with the interacting one by parallel coupling on the
Riemannian manifold.

4.2 Definitions and main results

4.2.1 Wasserstein distance and relative entropy
We first recall the notions of Wasserstein distance, relative entropy, and transport-entropy
inequalities; we refer to Villani [105] for a detailed account. Let (E, d) be a Polish metric
space. For p ≥ 1, we denote by Pp(E) the set of probability measures on E with finite p-th
moment.

Definition 4.1 (Wasserstein distance). Let µ, ν ∈ Pp(E). The p-Wasserstein distance
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between µ and ν is defined by

Wp (µ, ν) := inf
π∈Π(µ,ν)

(ˆ
E×E

dp(x, y) dπ(x, y)
)1/p

,

where Π(µ, ν) is the set of probability measures on E ×E with first marginal µ and second
marginal ν.

In this paper, Wp(ν̂N , ν) measures how far the empirical measure

ν̂N := 1
N

N∑
i=1

δXi , X1, . . . , XN ∼ ν i.i.d.,

is from its common law ν. Large deviations for empirical measures are governed by relative
entropy. If µ, ν ∈ P(E), the relative entropy of µ with respect to ν is

H(µ
∣∣ν) :=


ˆ

E

log
(
dµ

dν

)
dµ, if µ ≪ ν;

+∞, otherwise.

Sanov’s theorem says, roughly speaking, that deviations of ν̂N from ν have probability of
order

P
[

dist(ν̂N , ν) > ε
]

≈ exp
(

−N inf
dist(µ,ν)>ε

H(µ
∣∣ν)
)
,

for distances compatible with weak convergence. In particular, to obtain concentration
estimates in Wasserstein distance, one needs lower bounds on H(µ

∣∣ν) in terms of Wp(µ, ν).
This is precisely the role of transportation-cost inequalities.

Definition 4.2 (Talagrand inequality). Let p ≥ 1 and λ > 0. We say that ν ∈ Pp(E)
satisfies the transport-cost inequality, or Talagrand inequality, Tp(λ) if

Wp (µ, ν) ≤
√

2
λ
H(µ|ν) (4.2.1)

for every probability measure µ on E.

Equivalently, Tp(λ) gives the entropy lower bound

H(µ|ν) ≥ λ

2W
2
p (µ, ν).

Inserted into the Sanov rate function, this suggests the Gaussian concentration scale

P
[
Wp(ν̂N , ν) > ε

]
≲ exp

(
−λ

2Nε
2
)
, (4.2.2)
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4. Concentration and Expectation for Empirical Measures on Manifolds

up to the metric-entropy corrections needed to make this estimate non-asymptotic.
The condition Tp(λ) becomes stronger as p increases, since Wp ≥ Wq whenever

p ≥ q on probability measures with finite moments. In particular, T2 implies T1. On a
Riemannian manifold, if the probability measure ν = e−UdVol with C2 potential is such
that Ric + HessU ≥ K for some K > 0, then ν satisfies T2(K). T1 is equivalent to the
existence of a square-exponential moment: there exist o ∈ E and α > 0 such thatˆ

E

eαd2(o,x) dν(x) < +∞.

The inequality T1(λ) can also be read through its dual concentration form. Namely, if
f : E → R is 1-Lipschitz, then

ˆ
E

exp
(
t

(
f −
ˆ

E

f dν
))

dν ≤ exp
(
t2

2λ

)
, t ≥ 0.

Therefore, for independent random variables X1, . . . , XN with common law ν,

sup
Lip(f)≤1

P

[
1
N

N∑
i=1

f(Xi) −
ˆ

E

f dν > ε

]
≤ exp

(
−λ

2Nε
2
)
.

By Kantorovich duality,

W1(ν̂N , ν) = sup
Lip(f)≤1

{ˆ
E

f dν̂N −
ˆ

E

f dν
}
.

Thus, the desired concentration estimate (4.2.2) for W1 is not an immediate consequence of
the preceding bound. Indeed, the latter controls each fixed 1-Lipschitz function separately,
whereas W1 requires controlling the supremum over all such functions inside the probability:

sup
Lip(f)≤1

P(Af ) does not control P

(
sup

Lip(f)≤1
Af

)
.

Quantitatively, this passage from pointwise concentration to concentration of the supremum
is achieved by combining the transport-entropy inequality with a covering argument for
the space of probability measures. The price is a small loss in the constant: the final
non-asymptotic estimate holds with any λ′ < λ, once N is large enough in terms of the
deviation scale.

4.2.2 Geometric setting
On a metric space with finite diameter, Broissard–Le Gouic [10] obtained a quantitative
bound on the expected value of the Wasserstein distance between the empirical and the
sampling measure on bounded metric spaces in terms of covering numbers.
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Definition 4.3 (Covering and packing numbers). Let (E, d) be a metric space. The covering
number N(S, δ) of a set S ⊂ E denotes the minimal number of balls needed to cover S
by balls of radius δ > 0 with respect to the metric d. The packing number P (S, δ) is the
maximum cardinality of any δ-packing, namely, any collection of points in S of distance at
least δ from each other.

Theorem 4.4 ([10, Theorem 1.1]). Let (E, d) be a metric space with finite diameter D
and ν be a probability measure on E. Choose ε > 0 such that N(E, ε) < +∞. Then

E
[
Wp

(
ν̂N , ν

)]
≤ C

(
ε+N− 1

2p

ˆ D/4

ε

N(E, δ)
1

2p dδ

)
, (4.2.3)

with C ≤ 64/3.

For an unbounded space metric space (E, d), the covering number N(E, δ) is infinite
for every δ > 0. In that setting, the estimate (4.2.3) can only be applied to the probability
measure truncated on some possibly large ball. Most of the samples lie in a large compact
under some moment assumptions. A typical way to estimate the covering number of a large
ball is to control its volume growth. Such a control holds on metric measure spaces that
satisfy the measure contraction property due to Ohta [85].

Definition 4.5 (Measure contraction property). Let (E, d,m) be a metric measure space.
Let et(γ) := γ(t) be the evaluation map on the set of minimal geodesics Γ := {γ :
[0, 1] → E : γ is minimal}, and denote the length by ℓ(γ) := d(γ(0), γ(1)). A dynamical
transference plan Π is a Borel probability measure on Γ and mt := (et)# Π is the associated
displacement interpolation. For K ∈ R and n > 1, the space (E, d,m) is said to satisfy a
measure contraction property MCP(K,n) if for every x ∈ E and measurable set A ⊆ E,
there exists a displacement interpolation mt associated with a transference plan Π satisfying
the following:

(i) We have m0 = δx and m1 = m[A]−1m|A as measures;

(ii) For every t ∈ [0, 1],

dm ≥ (et)#

(
t
sK,n (tℓ(γ))
sK,n (ℓ(γ)) m[A] dΠ(γ)

)
holds as measures with the convention 0/0 := 1, where

sK,n(t) :=


sinn−1

(√
K

n−1 t
)

if K > 0;
tn−1 if K = 0;

sinhn−1
(√

|K|
n−1 t

)
if K < 0.
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The Bonnet–Myers theorem holds for metric measure spaces satisfying the measure
contraction property [85, Theorem 4.3]; if (E, d,m) satisfies MCP(K,n) for some K > 0
and n > 1, then

diam(E) ≤ π

√
n− 1
K

.

In the unbounded setting, we will thus restrict ourselves to K ≤ 0.

Remark 4.6. The measure contraction property is weaker notion than the synthetic notion
of curvature-dimension condition CD(K,n) due to Sturm [96] and Lott–Villani [77]; we
refer to the monograph of Villani [105] for an account on the subject. More precisely,
if the weighted m-dimensional Riemannian manifold (M, g,m) with reference measure
m = e−UdVol satisfies CD(K,n) with n ≥ m ≥ 2,

RicK,n := Ric + HessU − ∇U ⊗ ∇U
n−m

≥ K

with the convention RicK,m := Ric in the case m = n, then it satisfies MCP(K,n) [85,
Theorem 3.2]

Metric measure spaces satisfying the measure contraction property also satisfy the
Bishop–Gromov volume comparison theorem.

Theorem 4.7 (Bishop–Gromov [85, Theorem 5.1]). Let (E, d,m) be a metric measure
space satisfying MCP(K,n) for some K ∈ R and n > 1. Then for any x ∈ E, the function

r 7→ m [B(x, r)]
VK,n(r)

is monotone non-increasing; VK,n(r) :=
´ r

0 sK,n (l) dl denotes the volume of the ball in
the reference space.

As a consequence, the following simple type of Gromov’s packing lemma, which estimates
the growth of the covering number of balls under the metric contraction property, holds.
The proof is deferred to the appendix.

Lemma 4.8 (Covering number estimate). Let (E, d,m) be a metric measure space satisfying
MCP(K,n) for some K ≤ 0 and n > 1. Then for any x ∈ E, 0 < δ ≤ R/2 with
R ≤ diam(E),

N(B(x,R), δ) ≤
(

5R
δ

)n

exp
(

2
√

|K|(n− 1)R
)

(4.2.4)
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4.2.3 Upper bounds for the expected Wasserstein distance
By combining the result of Boissard–Le Gouic, Theorem 4.4, on a single large ball with
the covering estimate Lemma 4.8 and a tail error from a finite polynomial or exponential
moment, one derives simple non-optimal bounds on the expected p-Wasserstein distance
between the empirical and true measure.

Proposition 4.9. Let (E, d,m) be an unbounded metric measure space satisfying the
measure contraction property MCP(K,n) for some K ≤ 0 and n > 1, and let ν be a
probability measure on E. Then:

(i) If ν satisfies the polynomial moment condition

Mq :=
ˆ

E

dq(o, x) dν(x) < +∞

for some q > p ≥ 1 and o ∈ E, then there exists a constant N0 > 0 depending only
on K,n, p, q and on Mq and a constant C > 0 depending only on K,n, p, q,Mq, such
that for all N ≥ N0,

E
[
Wp

(
ν̂N , ν

)]
≤


CN− q−p

2pq if K = 0, n < 2p;
CN− q−p

2pq (logN)
q−p

q if K = 0, n = 2p;
CN− q−p

nq if K = 0, n > 2p;
C (logN)− q−p

p if K < 0.

(ii) If ν satisfies the exponential moment condition

Eα :=
ˆ

E

eαd(o,x) dν(x) < +∞

for some α > 0 and o ∈ E, then there exist constants N1, C > 0 depending only on
K,n, p, α and on Eα, such that for all N ≥ N1,

E
[
Wp

(
ν̂N , ν

)]
≤



CN− 1
2p logN if K = 0, n < 2p;

CN− 1
2p (logN)2 if K = 0, n = 2p;

CN− 1
n logN if K = 0, n > 2p;

CN− α
2p(α+κ) logN if K < 0, n < 2p;

CN− α
2p(α+κ) (logN)1+ α

α+κ if K < 0, n = 2p;
CN− α

nα+2pκ logN if K < 0, n > 2p,

where we denote κ :=
√

|K|(n− 1).
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If instead of truncating on a single large ball we consider a sequence of annuli with
increasing radii, then the rate can improve. In particular, when n > 2p and (E, d,m) has
uniform polynomial volume growth, which corresponds to K = 0 in our setting, then [10,
Corollary 1.3] recovers the quantitative estimate

E
[
Wp

(
ν̂N , ν

)]
≤ CE,n,p,Mq

N− 1
n

of sharp rate. But when K < 0 and the measure only decays polynomially, a single cutoff
gives the same logarithmic rate as a truncation by annuli; the exponential growth of the
volume overcomes the slower polynomial decay of the tail.

This phenomenon is similar to quantization of measures on non-compact Riemannian
manifolds investigated by Iacobelli [58]. Quantization of measures seeks the best possible
approximation of the probability measure ν among all probability measures νN supported in
at most N points; the quantization error is given in p-Wasserstein distance as

eN,p(ν) := inf
{
Wp

(
νN , ν

)
; #

(
Supp νN

)
≤ N

}
.

Theorem 4.10 ([58, Corollary 1.6]). Let M be a complete connected Riemannian manifold
of dimension m ≥ 2 with sectional curvature bounded from below; i.e., Sec ≥ K/(m− 1)
from some K ≤ 0. Let p ≥ 1 and let ν be a probability measure on M with absolutely
continuous component ρ with respect to the Riemannian volume such thatˆ

M

dp+δ(o, x) + ep
√

|K|
m−1 d(o,x) dν(x) < +∞

for some o ∈ M and δ > 0. Then

lim
N→∞

N
1
m eN,p(ν) = Q1/p

p ([0, 1]m)
(ˆ

M

ρ(x)
m

m+p dVol(x)
)m+p

mp

, (4.2.5)

where Qp([0, 1]m) denotes the quantization coefficient.

[58] provides an example of probability measure on the hyperbolic plane where all
the polynomial moments are finite but no exponential moment is, and in particular the
condition

´
M
ep

√
|K|/(m−1) d(o,x)dν(x) coming from the sectional curvature is not satisfied.

N1/meN,p(ν) diverges as N → +∞ for this measure. The lower bound on the sectional
curvature was then replaced by general covering growth estimates in [6].

This suggests that we can obtain a quantitative estimate

E
[
Wp(ν̂N , ν)

]
≲ N− 1

n

whenever the measure satisfies some sufficiently high exponential moment. This is exactly
the content of the following theorem.

78



4.2. Definitions and main results

Theorem 4.11. Let (E, d,m) be an unbounded metric measure space satisfying MCP(K,n)
for some K ≤ 0 and n > 2p ≥ 2, and let ν be a probability measure on E that satisfies the
exponential moment condition

Eα :=
ˆ

E

eαd(o,x) dν(x) < +∞

for some o ∈ E and
α >

2p
n− p

√
|K|(n− 1). (4.2.6)

Then there exists a constant C depending only on K,n, p, α, and on Eα such that, for every
N ≥ 1,

E
[
Wp

(
ν̂N , ν

)]
≤ C N− 1

n . (4.2.7)
Remark 4.12. Even though the condition (4.2.6) on the exponential moment of Theo-
rem 4.11 is stronger than the one of Theorem 4.10, (4.2.7) is non-asymptotic while (4.2.5)
is asymptotic. Note that a lower bound Sec ≥ K/(m− 1) on the sectional curvature implies
Ric ≥ K for Riemannian manifolds of dimension m ≥ 2; then for m > 2p and K < 0,(

2p
m− p

√
|K|(m− 1)

)
÷
(
p
√

|K|/(m− 1)
)

= 2m− 1
m− p

≥ 2. (4.2.8)

The factor 2 in the ratio (4.2.8) comes from the exponential e2
√

|K|(n−1)R in the
covering estimate (4.2.4), as it will become apparent in the proof. On homogeneous
spaces, one can improve the covering estimate, replacing the 2 in the exponential factor
by 1. Then in that case m−1

m−p ≥ 1, and for p = 1 and dimension m ≥ 3, (4.2.6) becomes
α >

√
|K|/(m− 1), which is only stronger than the condition of Theorem 4.10 for the

inequality being strict.
Finally, the constant C in (4.2.7) depends continuously on K and the condition (4.2.6)

becomes simply α > 0 as K ↑ 0. In the case K = 0, it is sufficient to require Mp < +∞
as previously discussed.

4.2.4 Quantitative Sanov’s theorem
The covering number of a metric space is also related to the covering number of probability
measures supported on that space with respect to the Wasserstein distance, as the following
proposition shows.
Proposition 4.13 ([11, Theorem A.1]). Let (E, d) be a Polish metric space with finite
diameter D. Then for all δ ∈ (0, D), the space P(E) of probability measure on E can be
covered by Np(E, δ) := N(P(E), δ) balls of radius δ in Wp distance, with

Np(E, δ) ≤
(

8eD
δ

)pN(E, δ
2 )
. (4.2.9)
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Thanks to this inequality, Bolley–Guillin–Villani derived the following quantitative version
of Sanov’s theorem on bounded spaces.

Proposition 4.14 ([11, Proof of theorem 2.1 – Step 2]). Let (E, d) be a metric space with
finite diameter D, ν ∈ P(E) and A a measurable subset of P(E). Then for all δ ∈ (0, D),

P
[
ν̂N ∈ A

]
≤
(

8eD
δ

)pN(E, δ
2 )

exp
(

−N inf
ν′∈Aδ

H
(
ν′∣∣ν)) ,

where Aδ denotes the δ-thickening in Wp distance of A given by

Aδ :=
{
ν′ ∈ P(E : ∃νA ∈ A,Wp (ν′, νA) ≤ δ

}
.

For unbounded spaces, the diameter is infinite. But if the measure probability measure
decays sufficiently fast, then most of the samples lie in some large ball for which this
quantitative version of Sanov’s theorem holds. The idea is to truncate the space into a large
ball for some optimal radius balancing the metric entropy contribution with the tail error.

We generalize the quantitative concentration inequality [11, Theorem 2.1] of Bolley–
Guillin–Villani for independent random variables satisfying transport-cost inequalities from
Euclidean spaces Rn to the general MCP(K,n) setting. More precisely, we have the
following result.

Theorem 4.15. Let (E, d,m) be an unbounded metric measure space satisfying MCP(K,n)
for some K ≤ 0 and n > 1. Let 1 ≤ p ≤ 2 and ν be a probability measure on E that
satisfies a Tp(λ) inequality (4.2.1). Then, for every n′ > n and 0 < λ′ < λ, there exists a
constant N0 depending only on K,λ, λ′, n, n′, p and on the square-exponential moment of
ν, such that for all 0 < ε < 1 and for all N ≥ N0ε

−(n′+2),

P
[
Wp

(
ν̂N , ν

)
> ε
]

≤ e−γp
λ′
2 Nε2

, (4.2.10)

where

γp =
{

1 if 1 ≤ p < 2;
3 − 2

√
2 if p = 2.

We also generalize [11, Theorem 2.7] which covers the case of measure only satisfying
polynomial moments.

Theorem 4.16. Let (E, d,m) be an unbounded metric measure space satisfying MCP(K,n)
for some K ≤ 0 and n > 1. Let q ≥ 1 and ν be a probability measure that satisfies the
polynomial moment condition

Mq :=
ˆ

E

dq(x0, x) dν(x) < +∞.
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Set, for p ∈ [1, q), the constant

Cp,q := max
{

(16M1/p
q )

p
q−p , (22p+1Mq)

1
q−p , 1

}
.

Then:

(i) For all p ∈ [1, q/2), 0 < δ < q/p− 2, and n′ > n, there is a constant N0 depending
only on δ, p, q, n, n′ and Mq, such that

P
[
Wp

(
ν̂N , ν

)
> ε
]

≤ ε−qN− q
2p + δ

2

for all 0 < ε < 1 and

N ≥ N0ε
− q(n′+2p)

q−p exp
(

2Cp,q

√
|K|(n− 1)ε− p

q−p

)
.

(ii) For all p ∈ [q/2, q), 0 < δ < q/p− 1, and n′ > n, there is a constant N0 depending
only on δ, p, q, n, n′ and Mq such that

P
[
Wp

(
ν̂N , ν

)
> ε
]

≤ ε−qN1− q
p +δ

for all 0 < ε < 1 and

N ≥ N0ε
− q(n′+2p)

q−p exp
(

2Cp,q

√
|K|(n− 1)ε− p

q−p

)
.

Remark 4.17. The regime in Theorem 4.15 is the same as in [11, Theorem 2.1], namely

N ≥ N0ε
−(n′+2),

up to replacing the Euclidean dimension by any effective dimension n′ > n on (E, d,m)
satisfying MCP(K,n).

In contrast, under only a polynomial moment assumption, Theorem 4.16 holds in the
regime

N ≥ N0ε
− q(n′+2p)

q−p exp
(

2Cp,q

√
|K|(n− 1)ε− p

q−p

)
. (4.2.11)

When K = 0, the exponential factor disappears and one recovers the exact same polynomial
regime in 1/ε, as in the Euclidean case [11, Theorem 2.7]. When K < 0, however, the
exponential volume growth of balls forces the additional exponential factor in (4.2.11).
This is consistent with the quantization phenomena discussed above: on negatively curved
unbounded spaces, polynomial moments alone are in general not sufficient to compensate
for exponential volume growth. In particular, as suggested by the counterexamples to the
asymptotic quantization formula without suitable exponential moments, one should not
expect estimates of the same strength as in the Euclidean case to hold in a purely polynomial
regime in 1/ε under only polynomial moment assumptions.
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4.2.5 Concentration for aggregation-diffusion
As an important application, we study the interacting particle system (IPS) of [11], namely
McKean–Vlasov type with mean-field interacting, on Riemannian manifolds with Ricci
curvature lower bound. The (IPS) is as follows:

dXi
t =

√
2dBM

t − ∇V (Xi
t)dt− 1

N

N∑
j=1

∇xW (Xi
t , X

j
t )dt, i = 1, . . . , N, (4.2.12)

where dBM
t denotes the Riemannian Brownian motion on M , V a confinement potential

and W an interaction potential. The associated empirical measure

µ̂N
t := 1

N

N∑
i=1

δXi
t

has limiting law µt whose evolution is governed by a non-linear Fokker–Planck equation,
also called the aggregation-diffusion equation,

∂tµt = ∆µt + ∇ ·
(
µt [∇V + ∇ (W ∗ µt)]

)
,

where we define the convolution as

W ∗ µt(x) :=
ˆ

M

W (x, y) dµt(y).

As N becomes large, the error of replacing the pairwise interaction by a mean-field limit
becomes small and we can apply our main concentration result to the empirical measure of
the proxy non interacting particle system. We obtain the following result generalizing [11,
Theorem 2.9].

Theorem 4.18. Let (M, g) be a complete Riemannian manifold of dimension m ≥ 2
satisfying Ric ≥ K for some K ≤ 0. Let µ0 be a probability measure on M with a finite
square exponential moment; i.e., there exists some α0 > 0 and o ∈ M such that

Eα0 :=
ˆ

M

eα0d2(o,x) dµ0(x).

Let {Xi
0}N

i=1 be a N independent random variables with common law µ0 and {Xi
t}N

i=1 the
solution to (4.2.12) with initial condition {Xi

0}N
i=1, where V and W are smooth and satisfy

Hessian lower bounds,

∃β, β̃ > 0 : HessV ≥ β, ∀y ∈ M, HessW (·, y) ≥ β̃,
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and gradient bounds; there exist AV , LV ≥ 0 and LW,1, LW,2 > 0 such that for all
x, y, z ∈ M , it holds

|∇V (x)| ≤ AV + LV d(o, x), |∇xW (x, y)| ≤ AW + LW,1
(
d(o, x) + d(o, y)

)
,

and for every unit vector u ∈ TxM ,∣∣(∇xW (x, y) − ∇xW (x, z)
)

· u
∣∣ ≤ LW,2d(y, z).

Let

µ̂N
t = 1

N

N∑
i=1

δXi
t

be the empirical measure associated to the process {Xi
t}N

i=1. Then for every T ≥ 0, there
exist constants C,C′ > 0 such that for all m′ > m, there exists some constant N0 such
that for all 0 < ε < 1,

P
[

sup
0≤t≤T

W1
(
µ̂N

t , µt

)
> ε

]
≤ C

(
1 + Tε−2) exp

(
−C′Nε2)

whenever N ≥ N0ε
−(m′+2).

4.3 Proofs for independent random variables

4.3.1 Expected Wasserstein distance
Before detailing the proof of Theorem 4.11, we give some outline. Theorem 4.4 yields
bounds in expectation on spaces with finite diameter depending on their covering number.
In order to obtain a sharp rate when the diameter is infinite, one cannot simply use a
single truncation and compare the rate on the compact with the error term outside of that
compact which depends on exponential decay of the tail. Instead, one uses an increasing
sequence of truncations covering the whole space and rewrite the empirical measure as a
series of empirical measure on each annuli up to some probability measure. On each of
these truncations one applies Theorem 4.4. The choice of the sequence of annuli depends
on optimization considerations.

Proof of Theorem 4.11. We decompose the space into annuli as in the proof of Boissard–Le
Gouic [10, Corollary 1.3].

Set r0 := 0, and

Ai := B(o, ri) \B(o, ri−1), i ≥ 1 and ri > ri−1.
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Let X1, . . . , XN be i.i.d. with common law ν and denote by

ν̂N := 1
N

N∑
j=1

δXj

the associated empirical measure. For each i ≥ 1, we define Ni := Nν̂N (Ai), and whenever
Ni ̸= 0, we let

ν̂N
i := 1Ai

ν̂N

ν̂N (Ai)
, νi := 1Ai

ν

ν(Ai)
.

Notice that Ni ∈ N and ν̂N
i is a condition empirical measure. Then there exist probability

measures µ1 and µ2 such that

ν̂N =
∑
i≥1

λiν̂
N
i + λµ1, ν =

∑
i≥1

λiνi + λµ2, (4.3.1)

where
λi := ν̂N (Ai) ∧ ν(Ai), λ :=

∑
i≥1

(
ν̂N (Ai) − ν(Ai)

)
+ .

Indeed, one can check, under the convention that whenever ν̂N (Ai) = 0 then 0 × ν̂N
i := 0,

that

µ1 := 1
λ

∑
i≥1

(
ν̂N (Ai) − ν(Ai)

)
+ ν̂

N
i ,

µ2 := 1
λ

∑
i≥1

(
ν(Ai) − ν̂N (Ai)

)
+ νi.

By [10, Lemma 2.4], namely convexity of W p
p and the triangle inequality, and the decompo-

sition (4.3.1), we therefore have

Wp

(
ν̂N , ν

)
≤
∑
i≥1

λ
1/p
i Wp

(
ν̂N

i , νi

)
+ λ

1
pWp (ν, µ1) + λ

1
pWp (ν, µ2) . (4.3.2)

We estimate separately the shell contribution and the two remainder terms.
Step 1 (Estimate on the remainder terms). We only treat the term involving µ1, the
one involving µ2 being identical. Again by [10, Lemma 2.4],

λ1/pWp (ν, µ1) ≤
∑
i≥1

(
ν̂N (Ai) − ν(Ai)

)1/p

+ Wp

(
ν, ν̂N

i

)
.

By triangle inequality, Wp

(
ν, ν̂N

i

)
≤ Wp (ν, δo) +Wp

(
δo, ν̂

N
i

)
, and we deduce that

Wp

(
ν, ν̂N

i

)
≤
(ˆ

E

dp(o, x) dν(x)
) 1

p

+
(

1
ν̂N (Ai)

ˆ
Ai

dp(o, x) dν̂N (x)
) 1

p

≤ M1/p
p + ri,
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where we denote by Mp :=
´

E
dp(o, x) dν(x) the p-th moment of ν which is finite, since ν

admits some exponential moment Eα. Taking expectations, we obtain

E
[
λ1/pWp (ν, µ1)

]
≤
∑
i≥1

E
[(
ν̂N (Ai) − ν(Ai)

)1/p

+

] (
M1/p

p + ri

)
. (4.3.3)

By Jensen’s inequality,

E
[(
ν̂N (Ai) − ν(Ai)

)1/p

+

]
≤ E

[∣∣ν̂N (Ai) − ν(Ai)
∣∣ 1

p

]
≤ E

[∣∣ν̂N (Ai) − ν(Ai)
∣∣2] 1

2p

.

Since Ni = Nν̂N (Ai) ∼ Bin(N, ν(Ai)), Var
[
ν̂N (Ai)

]
≤ ν(Ai)

N , and thus (4.3.3) becomes

E
[
λ1/pWp (ν, µ1)

]
≤ N− 1

2p

∑
i≥1

ν(Ai)
1

2p

(
M1/p

p + ri

)
. (4.3.4)

The same estimate holds with µ2 in place of µ1. We now estimate the shell masses using
the exponential moment. For every i ≥ 1,

ν(Ai) ≤ ν (E \B(o, ri−1)) ≤ e−α(ri−1)
ˆ

E

eαd(o,x) dν(x) = Eαe
−α(ri−1).

Therefore,∑
i≥1

ν(Ai)
1

2p

(
M1/p

p + ri

)
≤ E

1
2p

α

∑
i≥1

e−α
ri−1

2p

(
M1/p

p + ri

)
:= C1, (4.3.5)

which is finite for sequences {ri}i≥0 increasing sufficiently fast. We deduce from (4.3.4)
that for such sequences,

E
[
λ1/pWp (ν, µ1) + λ1/pWp (ν, µ2)

]
≤ 2C1N

− 1
2p . (4.3.6)

Step 2 (Conditional estimate on one shell). Fix i ≥ 1 and condition on the event
{Ni = k} for some k ≥ 1. Conditionally on this event, ν̂N

i is the empirical measure of k
independent random variables distributed according to νi.

Since νi is supported on Ai ⊂ B(o, ri), the uniform-in-K covering estimate (4.2.4)
yields, for every 0 < δ ≤ ri/2,

N(Ai, δ) ≤ N(B(o, ri), δ) ≤
(

5ri

δ

)n

exp
(

2
√

|K|(n− 1)ri

)
. (4.3.7)
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Applying Theorem 4.4 with sample size k together with (4.3.7), we obtain that for every
0 < δ < ri/2,

E
[
Wp

(
ν̂N

i , νi

) ∣∣Ni = k
]

≤ 64
3

(
δ + k

− 1
2p

ˆ ri/2

δ

N(Ai, s)
1

2p ds

)

≤ 64
3

(
δ + 5

n
2p

n
2p − 1k

− 1
2p r

n
2p

i e
√

|K|(n−1)ri/pδ
1− n

2p

)
. (4.3.8)

We now choose δ to equate the two terms of the right-hand side;

δ := δi,k := 5(
n
2p − 1

)2p/n
rie

2
√

|K|(n−1) ri

n k− 1
n .

If δi,k ≤ ri/2, then (4.3.8) yields

E
[
Wp

(
ν̂N

i , νi

) ∣∣Ni = k
]

≤ C2 rie
2
√

|K|(n−1) ri

n k− 1
n (4.3.9)

with C2 := 640
3 × ( n

2p − 1)−2p/n. Note that when δi,k > ri/2, we can estimate

Wp

(
ν̂N

i , νi

)
≤ diam(Ai) ≤ 2ri < 4δi,k,

and thus the bound (4.3.9) is valid for every k ≥ 1.

Step 3 (Averaging the shell terms). Combining λi ≤ ν̂N (Ai) = Ni/N with the estimate
(4.3.9), we obtain

E
[
λ

1/p
i Wp

(
ν̂N

i , νi

) ∣∣∣Ni = k
]

≤ C2N
− 1

p rie
2
√

|K|(n−1) ri

n k
1
p − 1

n .

By the tower property,

E
[
λ

1/p
i Wp

(
ν̂N

i , νi

)]
≤ C2N

− 1
p rie

2
√

|K|(n−1) ri

n E

[
N

1
p − 1

n
i

]

≤ C2N
− 1

n rie
2
√

|K|(n−1) ri

n ν(Ai)
1
p − 1

n ;

we used Jensen’s inequality in the second line and Ni = Nν̂N (Ai). Summing over i ≥ 1
and recalling that ν(Ai) ≤ Eαe

−αri−1 with Eα =
´

E
eαd(o,x) dν(x),∑

i≥1
E
[
λ

1/p
i Wp

(
ν̂N

i , νi

)]

≤ C2E
1
p − 1

n
α N− 1

n
∑
i≥1

ri exp
(

2
√

|K|(n− 1)
n

ri − α

(
1
p

− 1
n

)
ri−1

)
. (4.3.10)
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Step 4 (Choice of the radii). Denoting hi := ri − ri−1, the exponent in the last sum can
be rewritten as

−βri−1 +
2
√

|K|(n− 1)
n

hi, β := α

(
1
p

− 1
n

)
−

2
√

|K|(n− 1)
n

.

In order for (4.3.10) to be summable, we therefore require β > 0, which is the condition
(4.2.6).

A convenient choice of radii is ri = i so that hi = 1 for i ≥ 1, and

∑
i≥1

ri exp
(

2
√

|K|(n− 1)
n

ri − α

(
1
p

− 1
n

)
ri−1

)
= e

2
√

|K|(n−1)
n

1
(1 − e−β)2 .

Inserting this into (4.3.10), we obtain∑
i≥1

E
[
λ

1/p
i Wp

(
ν̂N

i , νi

)]
≤ C3N

− 1
n , (4.3.11)

where

C3 := C2E
1
p − 1

n
α e

2
√

|K|(n−1)
n

1
(1 − e−β)2 .

Combining (4.3.2), (4.3.6), and (4.3.11), we obtain

E
[
Wp

(
ν̂N , ν

)]
≤ 2C1N

− 1
2p + C3N

− 1
n ,

where C1 is defined in (4.3.5);

C1 := E
1

2p
α

∑
i≥1

e
−α

ri−1
2p
(
M1/p

p + ri

)
= E

1
2p

α

(
M

1/p
p

1 − e−α/(2p) + 1(
1 − e−α/(2p)

)2

)
.

Since n > 2p, one has N−1/(2p) ≤ N−1/n for every N ≥ 1. Hence

E
[
Wp

(
ν̂N , ν

)]
≤ (2C1 + C3)N− 1

n .

This concludes the proof.

4.3.2 Concentration inequalities
Proof of Theorem 4.15. We adapt the strategy of Bolley, Guillin and Villani [11, Theorem
2.1].
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Step 1 (Truncation). Denote
νR :=

1BR(o)ν

ν [BR(o)] .

Then we sample independents random variables (Xi)1≤i≤N and (Y i)1≤i≤N according to ν
and its truncation νR respectively in order to define

Xi
R =

{
Xi if d(o,Xi) ≤ R;
Y i if d(o,Xi) > R.

The p-Wasserstein distance between the measure and its truncation can be estimated as

W p
p (νR, ν) ≤ E

[
dp(X1, Y 1)1d(o,X1)>R

]
≤ 2p

ˆ
E\BR(o)

dp(o, x) dν(x) ≤ 2pEαR
pe−αR2

(4.3.12)

for R large enough, say R ≥ R0 :=
√
p/(2α), since r 7→ rpe−αr2 is nonincreasing for

r ≥ R; recall that ν satisfies in particular T1(λ), and hence there is some α > 0 such that

Eα :=
ˆ

E

eαd2(o,x) dν(x) < +∞.

We now compare the p-Wasserstein distance between the empirical measure and its
truncation defined as

ν̂N := 1
N

N∑
i=1

δXi , ν̂N
R := 1

N

N∑
i=1

δXi
R
.

Set
Zi := 2pdp(o,Xi)1d(o,Xi)>R11≤p<2 + d2(Xi, Xi

R)1p=2

and let ε, θ > 0. The exponential Chebyshev inequality yields

P
[
Wp

(
ν̂N , ν̂N

R

)
> ε
]

≤ P

[
1
N

N∑
i=1

dp(Xi, Xi
R) > εp

]
≤ exp

(
−N

{
θεp − logE

[
exp

(
θZ1)]} ) (4.3.13)

by independence of the Zi’s.
In the case 1 ≤ p < 2, let 0 < α1 < α. Then for R large enough, say R ≥ R1 :=

(2pθ/α1)
1

2−p , using the inequalities 2pθrp ≤ α1r
2 valid for r ≥ R and log(1 + x) ≤ x, we
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obtain

log
(
E
[
exp

(
θZ1)]) ≤ log

(
1 +
ˆ

E\BR(o)
exp (2pθdp(o, x)) dν(x)

)
≤ Eαe

−(α−α1)R2
.

(4.3.14)
Inserting (4.3.14) into (4.3.13), we deduce that

P
[
Wp

(
ν̂N , ν̂N

R

)
> ε
]

≤ exp
(

−N
{
θεp − Eαe

−(α−α1)R2
})

. (4.3.15)

In the case p = 2, set θ := α1/2 for some 0 < α1 < α. Then for R large enough, say
R ≥ R2 :=

√
log(2Eα)/α, so that ν[BR(o)] ≥ 1 − Eαe

−αR2 ≥ 1
2 , it holds

E
[
exp

(
θZ1)] ≤ ν[BR(o)] + 1

ν[BR(o)]

ˆ
BR(o)

ˆ
E\BR(o)

e
α1
2 d2(x,y) dν(x) dν(y)

≤ 1 + 2E2
αe

−(α−α1)R2
. (4.3.16)

Inserting (4.3.16) into (4.3.13), we deduce that

P
[
W2
(
ν̂N , ν̂N

R

)
> ε
]

≤ exp
(

−N
{α1

2 ε2 − 2E2
αe

−(α−α1)R2
})

. (4.3.17)

We now gather the estimates obtained so far. The triangle inequality yields

P
[
Wp

(
ν̂N , ν

)
> ε
]

≤ P
[
Wp

(
ν̂N , ν̂N

R

)
+Wp

(
ν̂N

R , νR

)
+Wp (νR, ν) > ε

]
.

Let η ∈ (0, 1) and R ≥ max{R0, R1, R2}. In the case 1 ≤ p < 2, combining (4.3.12) with
(4.3.15), we obtain

P
[
Wp

(
ν̂N , ν

)
> ε
]

≤ P
[
Wp

(
ν̂N

R , νR

)
> ηε− 2E1/p

α Re− α
p R2
]

+ exp
(

−N
{
θ(1 − η)pεp − Eαe

−(α−α1)R2
})

.
(4.3.18)

In the case p = 2, combining (4.3.12) with (4.3.17), we similarly obtain

P
[
W2
(
ν̂N , ν

)
> ε
]

≤ P
[
W2
(
ν̂N

R , νR

)
> ηε− 2E1/2

α Re− α
2 R2
]

+ exp
(

−N
{α1

2 (1 − η)2ε2 − 2E2
αe

−(α−α1)R2
})

.
(4.3.19)

Step 2 (Covering number estimate). Bolley–Guillin–Villani obtain the following quan-
titative Sanov estimate on compacts (see Step 2 in the proof of [11, Theorem 2.1]). For
every measurable subset A of P(BR(o)) and 0 < δ < R,

P
[
ν̂N

R ∈ A
]

≤
(

16eR
δ

)pN(BR(o), δ
2 )

exp
(

−N inf
ν′∈Aδ

H
(
ν′∣∣νR

))
, (4.3.20)
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where Aδ denotes the δ-thickening in Wp distance of A given by

Aδ :=
{
ν′ ∈ P(BR(o)) : ∃νA ∈ A,Wp (ν′, νA) ≤ δ

}
.

In light of the last two estimates (4.3.18) and (4.3.19) of Step 1, we set

A :=
{
ν′ ∈ P(BR(x0)) : Wp (ν′, νR) ≥ ηε− 2E1/p

α Re− α
p R2
}
.

Now, it remains to find a lower bound to the relative entropy in (4.3.20) with respect to
the truncated measure. For every ν′ ∈ P(BR(o)) and ν[BR(o)] ≥ 1 − Eαe

−αR2 , it holds

H
(
ν′∣∣νR

)
= H

(
ν′∣∣ν)+ log (ν[BR(o)])

≥ H
(
ν′∣∣ν)− 2Eαe

−αR2

≥ λ

2 W
2
p (ν′, ν) − 2Eαe

−αR2
,

where in the last inequality we used the fact that ν satisfies a Tp(λ) inequality. Moreover,
by the reverse triangle inequality and (4.3.12),

Wp (ν′, ν) ≥ Wp (ν′, νR) −Wp (νR, ν) ≥ Wp (ν′, νR) − 2E1/p
α Re− α

p R2
.

Therefore,

H
(
ν′∣∣νR

)
≥ λ

2

(
Wp (ν′, νR) − 2E1/p

α Re− α
p R2
)2

− 2Eαe
−αR2

.

Fix now λ1 ∈ (0, λ). Using the elementary inequality

(a− b)2 ≥ λ1

λ
a2 − λ1

λ− λ1
b2, (4.3.21)

which follows from

(a− b)2 − λ1

λ
a2 + λ1/λ

1 − λ1/λ
b2 =

(
1 − λ1

λ

)
×
(
a− b

1 − λ1/λ

)2
≥ 0,

we deduce that

H (ν′ | νR) ≥ λ1

2 W 2
p (ν′, νR) − 2λλ1

λ− λ1
E2/p

α R2e− 2α
p R2

− 2Eαe
−αR2

≥ λ1

2 W 2
p (ν′, νR) − C1 R

2e−αR2
(4.3.22)
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with
C1 := 2λλ1

λ− λ1
E2/p

α + 2Eα.

From (4.3.22), we have, for any ν ∈ Aδ,

H (ν′|νR) ≥ λ1

2 W 2
p (ν′, νR) − C1R

2e−αR2
≥ λ1

2 ξ2 − C1R
2e−αR2

,

where ξ := (ηε − 2E1/p
α Re− α

p R2
− δ)+, and recalling the elementary inequality (4.3.21),

we find
H (ν′|νR) ≥ λ1

2 ξ2 − C1R
2e−αR2

≥ λ2

2 ε2 − C2R
2e−αR2

(4.3.23)

in the regime R ≥ max{1, R0, R1, R2}, for every λ2 < λ1 ≤ λ such that λ2 < λ1(η1 −δ1)2,
with the constant

C2 := C1 + 2λ1λ2E
2/p
α

λ1 (η1 − δ1)2 − λ2
,

for the choice δ := δ1ε and η := η1. While (4.3.23) is valid for p = 2, in that case, we
instead use

H (ν′|νR) ≥ λ1

2 ξ2 − C1R
2e−αR2

≥ λ2

2 η2ε2 − C
(2)
2 R2e−αR2

(4.3.24)

for λ2 < λ1(η − δ1)2/η2 with the constant

C
(2)
2 := C1 + 2λ1λ2η

2Eα

λ1(η − δ1)2 − λ2η2 .

for the choice δ := δ1ε.
We now estimate the metric entropy term in (4.3.20). Use the covering estimate (4.2.4)

with δ/2 instead of δ, we get

pN

(
BR(o), δ2

)
log
(

16eR
δ

)
≤ p

(
10R
δ

)n

exp
(

2
√

|K|(n− 1)R
)

log
(

16eR
δ

)
.

Let now n1 > n. Since log r ≤ rn1−n

e(n1−n) for r ≥ 1, we deduce that

pN

(
BR(o), δ2

)
log
(

16eR
δ

)
≤ C3 exp

(
2
√

|K|(n− 1)R
)(R

δ

)n1

(4.3.25)

with
C3 := p 10n(16e)n1−n

e(n1 − n) .
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We insert this estimate into (4.3.20). In the case 1 ≤ p < 2, combining (4.3.20),
(4.3.23), and (4.3.25), we obtain

P
[
ν̂N

R ∈ A
]

≤ exp
(
C3

δn1
1

exp
(

2
√

|K|(n− 1)R
)(R

ε

)n1

−N

(
λ2

2 ε2 − C2R
2e−αR2

))
.

(4.3.26)
In the case p = 2, combining (4.3.20), (4.3.24), and (4.3.25), we similarly obtain

P
[
ν̂N

R ∈ A
]

≤ exp
(
C3

δn1
1

exp
(

2
√

|K|(n− 1)R
)(R

ε

)n1

−N

(
λ2

2 η2ε2 − C
(2)
2 R2e−αR2

))
.

(4.3.27)

Finally, recalling (4.3.18) and (4.3.19), we conclude that in the case 1 ≤ p < 2,

P
[
Wp

(
ν̂N , ν

)
> ε
]

≤ exp
(
C3

δn1
1

exp
(

2
√

|K|(n− 1)R
)(R

ε

)n1

−N

(
λ2

2 ε2 − C2R
2e−αR2

))
+ exp

(
−N

{
θ(1 − η1)pεp − Eαe

−(α−α1)R2
})

,

(4.3.28)
while in the case p = 2,

P
[
W2
(
ν̂N , ν

)
> ε
]

≤ exp
(
C3

δn1
1

exp
(

2
√

|K|(n− 1)R
)(R

ε

)n1

−N

(
λ2

2 η2ε2 − C
(2)
2 R2e−αR2

))
+ exp

(
−N

{α1

2 (1 − η)2ε2 − 2E2
αe

−(α−α1)R2
})

.

(4.3.29)
Step 3 (Choice of parameters).

The last step consists of choosing parameters and is quite technical. Let us first recall
the parameters at play in the case 1 ≤ p < 2. The number n1 > n is an auxiliary exponent
introduced in the metric-entropy estimate, after absorbing the logarithmic factor in the
covering bound. The constants 0 < λ2 < λ1 < λ come from the entropy lower bound after
truncation, where ν satisfies Tp(λ). The parameters η1, δ1 ∈ (0, 1) are chosen so that

λ2 < λ1(η1 − δ1)2.

Here η1 determines how much of the deviation ε is assigned to the compact empirical-
measure term, while δ1 is the relative thickening parameter in the quantitative Sanov
estimate, namely δ = δ1ε. Finally, θ > 0, α1 ∈ (0, α), and the cutoff radius R ≳ 1 are
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still free. They will be chosen as functions of ε so that the truncation errors and the
metric-entropy contribution are all absorbed into the leading Gaussian term.

Now, fix λ′ ∈ (0, λ), and choose

λ1 := λ+ λ′

2 , λ2 := λ1 + λ′

2 , ∆ := λ2 − λ′ > 0. (4.3.30)

We treat separately the cases 1 ≤ p < 2 and p = 2.
Case 1: 1 ≤ p < 2. Set

δ1 := 1
4

(
1 −

√
λ2

λ1

)
, η1 := 1 − δ1.

Then 0 < δ1 < η1 < 1 and λ2 < λ1(η1 − δ1)2; the constant in (4.3.23) is well-defined.
Choose

θ(ε) := λ2

(1 − η1)p
ε2−p, α1 := α

2 ,

and, denoting by log+ the nonnegative part of the logarithm,

R(ε) := max
{
R0, R1, R2, 1,

√
2
α

log+

(
8Eα

∆ε2

)
,

√
2
α

log+

(
16C2

αe∆ε2

)}
,

so that θ(1 − η1)pεp = λ2ε
2,

C2R
2e−αR2

≤ 2C2

αe
e−αR2/2 ≤ ∆

8 ε
2,

and
Eαe

−(α−α1)R2
= Eαe

−αR2/2 ≤ ∆
8 ε

2.

Therefore, the right-hand side of (4.3.28) is bounded by

exp
(
AK(ε) −N

(
λ2

2 − ∆
8

)
ε2
)

+ exp
(

−N
(
λ2 − ∆

8

)
ε2
)
, (4.3.31)

where
AK(ε) := C3

δn1
1

exp
(

2
√

|K|(n− 1)R(ε)
)(R(ε)

ε

)n1

. (4.3.32)

If in addition we require
AK(ε) ≤ ∆

8 Nε
2, (4.3.33)
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then both terms of (4.3.31) are bounded by e− λ2+λ′

4 Nε2
. Whenever

Nε2 ≥ 4 log 2
∆ , (4.3.34)

this yields

P
[
Wp

(
ν̂N , ν

)
> ε
]

≤ exp
(

−λ′

2 Nε
2
)

recalling (4.3.30).
It remains to make the condition on N explicit so that both regimes (4.3.33) and

(4.3.34) hold. Fix n′ > n1 > n and set σ := n′ − n1 > 0. We choose a constant C4 such
that

R(ε) ≤ C4
√

log(e/ε) for all 0 < ε < 1. (4.3.35)

Such a constant exists, for example

C4 := max
{√

p

2α,
(

2pλ2

α1(1 − η1)p

) 1
2−p

,

√
log+(2Eα)

α
,

1,

√
2
α

(
2 + log+

8Eα

∆ ∨ log+
16C2

αe∆

)}
.

Using

exp
(

2
√

|K|(n− 1)C4
√

log(e/ε)
)

≤ exp
(

2|K|(n− 1)C2
4

σ
+ σ

2

)
ε− σ

2

and
log (e/ε)n1/2 ≤

(n1

eσ

)n1/2 (e
ε

)σ
2

from the elementary inequality uae−bu ≤ ( a
be )a valid for u ≥ 0, a, b, > 0, recalling (4.3.35),

we obtain
AK(ε) = C3

δn1
1
e2

√
|K|(n−1)R(ε)

(
R(ε)
ε

)n1

≤ BKε
−n′

(4.3.36)

with
BK := C3

(
C4

δ1

)n1

exp
(

2|K|(n− 1)C2
4

σ
+ σ

)(n1

eσ

)n1/2
.

Therefore, using (4.3.36), the condition AK(ε) ≤ ∆
8 Nε

2,, namely (4.3.33), is implied by

N ≥ 8BK

∆ ε−(n′+2).
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For the condition Nε2 ≥ 4 log 2/∆, namely (4.3.34), to be verified as well, since 0 < ε < 1,
it is enough to take

N ≥ N0 ε
−(n′+2), N0 := max

{
8BK

∆ ,
4 log 2

∆

}
.

Case 2: p = 2. Choose

λ′ < λ3 < λ2 < λ1 < λ, ∆2 := λ3 − λ′ > 0.

Recall that since ν satisfies T2(λ), it has a square-exponential moment of every order
α < λ/2. Set α1 := λ3/2 for α1 < α < λ/2 and

η :=
√

2 − 1, δ1 := η

4

(
1 −

√
λ2

λ1

)
.

Then 0 < δ1 < η < 1 and λ2η
2 < λ1(η − δ1)2; the constant in (4.3.24) is well-defined.

Arguing as in the case 1 ≤ p < 2, for

R(ε) := max

R0, R2, 1,

√
1

α− α1
log+

(
16E2

α

∆2η2ε2

)
,

√√√√ 2
α

log+

(
16C(2)

2
αe∆2η2ε2

) ,

since
α1

2 (1 − η)2ε2 = α1η
2ε2 = λ3

2 η2ε2

with η =
√

2 − 1, then the right-hand side of (4.3.29) is bounded by

exp
(
AK(ε) −N

(
λ2

2 η2ε2 − ∆2

8 η2ε2
))

+ exp
(

−N
(
λ3

2 η2ε2 − ∆2

8 η2ε2
))

. (4.3.37)

If in addition
AK(ε) ≤ ∆2

8 η2Nε2, (4.3.38)

then
P
[
W2
(
ν̂N , ν

)
> ε
]

≤ 2 exp
(

−λ3 + λ′

4 η2Nε2
)
.

Whenever
Nε2 ≥ 4 log 2

∆2η2 , (4.3.39)

this yields

P
[
W2
(
ν̂N , ν

)
> ε
]

≤ exp
(

−λ′

2 η
2Nε2

)
. (4.3.40)

95



4. Concentration and Expectation for Empirical Measures on Manifolds

Fix n′ > n1 > n and set σ := n′ − n1 > 0. We choose C(2)
4 such that

R(ε) ≤ C
(2)
4
√

log(e/ε) for all 0 < ε < 1. (4.3.41)

For instance, one may take

C
(2)
4 := max

R0, R2, 1,

√
1

α− α1

(
2 + log+

16E2
α

∆2η2

)
,

√√√√ 2
α

(
2 + log+

16C(2)
2

αe∆2η2

) .

Arguing as in Case 1, from (4.3.41) we obtain

AK(ε) ≤ B
(2)
K ε−n′

, (4.3.42)

with

B
(2)
K := C3

(
C

(2)
4
δ1

)n1

exp
(

2|K|(n− 1)(C(2)
4 )2

σ
+ σ

)(n1

eσ

)n1/2
.

Thus, by (4.3.42), the condition (4.3.38) is implied by

N ≥
8B(2)

K

∆2η2 ε
−(n′+2).

For the condition Nε2 ≥ 4 log 2/(∆2η
2), namely (4.3.39), to be verified as well, since

0 < ε < 1, it is enough to take

N ≥ N
(2)
0 ε−(n′+2), N

(2)
0 := max

{
8B(2)

K

∆2η2 ,
4 log 2
∆2η2

}
.

Since η2 = 3 − 2
√

2, (4.3.40) gives

P
[
W2
(
ν̂N , ν

)
> ε
]

≤ exp
(

−(3 − 2
√

2)λ
′

2 Nε
2
)
,

which concludes the proof.

Proof of Theorem 4.16. Since the proof follows the same line as the one of Theorem 4.15,
we only highlight the differences.
Step 1 (Truncation). Let s ∈ [1, q/p) and set s := max{s/2, 1}. Since now only the
polynomial moment Mq :=

´
E
dq(o, x)dν(x) is finite with p < q, and instead of (4.3.12)

we have
W p

p (νR, ν) ≤ 2pMqR
p−q. (4.3.43)
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Recall that

W p
p (ν̂N , ν̂N

R ) ≤ 1
N

N∑
i=1

Zi, Zi := 2pdp(o,Xi)1{d(o,Xi)>R}.

Using

E

[∣∣∣∣∣ 1
N

N∑
i=1

(Zi − E
[
Zi
]
)

∣∣∣∣∣
s]

≤ CsN
s−sE[(Z1)s], Cs :=

{
2s+1, 1 ≤ s ≤ 2;
(2s)s, s > 2;

together with
EZ1 ≤ 2pMqR

p−q, EZs
1 ≤ 2psMqR

ps−q,

whenever tp > 2pMqR
p−q, Markov’s inequality then yields

P
[
W p

p

(
ν̂N , ν̂N

R

)
> tp

]
≤ P

[∣∣∣∣∣ 1
N

N∑
i=1

(
Zi − E

[
Zi
])∣∣∣∣∣

s

>
∣∣tp − E

[
Z1]∣∣s]

≤ Cs2psMqN
s−s Rps−q

(tp − 2pMqRp−q)s
. (4.3.44)

For R ≥ 1 is large enough so that Wp(νR, ν) ≤ ε/8, using the triangle inequality and
(4.3.44) we obtain

P
[
Wp

(
ν̂N , ν

)
> ε
]

≤ P
[
Wp

(
ν̂N , ν̂N

R

)
>
ε

2

]
+ P

[
Wp

(
ν̂N

R , νR

)
>

3ε
8

]
+ P

[
Wp (νR, ν) > ε

8

]
≤ P

[
Wp

(
ν̂N

R , νR

)
>

3ε
8

]
+ Cs2psMqN

s−s Rps−q((
ε
2
)p − 2pMqRp−q

)s .

(4.3.45)

Letting 0 < ε < 1,

R ≥ R0ε
− p

q−p , R0 := max
{

(16M1/p
q )

p
q−p , (22p+1Mq)

1
q−p , 1

}
, (4.3.46)

not only makes Wp(νR, ν) ≤ ε/8 hold recalling (4.3.43), but also(ε
2

)p

− 2pMqR
p−q ≥ 2−(p+1)εp,

and (4.3.45) becomes

P
[
Wp

(
ν̂N , ν

)
> ε
]

≤ P
[
Wp

(
ν̂N

R , νR

)
>

3ε
8

]
+ C1N

s−sε−ps, C1 := Cs2s(2p+1)Mq.

(4.3.47)
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Step 2 (Covering number estimates). We apply the quantitative Sanov estimate (4.3.20),

P
[
ν̂N

R ∈ A
]

≤
(

16eR
δ′

)pN
(

BR(o), δ′
2

)
exp

(
−N inf

ν′∈Aδ′
H
(
ν′∣∣νR

))
(4.3.48)

to
A :=

{
ν′ ∈ P(BR(o)) : Wp (ν′, νR) > 3ε

8

}
, δ′ := ε

8 .

If ν′ ∈ Aδ′ , then Wp(ν′, νR) ≥ ε/4. Note that νR satisfies a penalized Tp inequality thanks
to the Csiszár–Kullback–Pinsker inequality [12, Particular case 2.5];

W 2p
p (ν′, νR) ≤ 22p−1R2pH (ν′|νR) , ∀ν′ ∈ P(BR(o)).

Thus for ν′ ∈ Aδ′ ,
H (ν′|νR) ≥ 21−6p

( ε
R

)2p

. (4.3.49)

Let n1 > n and recall the estimate (4.3.25),

pN

(
BR(o), δ

′

2

)
log
(

16eR
δ′

)
≤ C2 exp

(
2
√

|K|(n− 1)R
)(R

δ′

)n1

(4.3.50)

with
C2 := p 10n(16e)n1−n

e(n1 − n) .

Combining (4.3.48), (4.3.49), and (4.3.50), we obtain

P
[
Wp(ν̂N

R , νR) > 3ε
8

]
≤ exp

(
C28n1e2

√
|K|(n−1)R

(
R

ε

)n1

− 21−6pN
( ε
R

)2p
)
.

(4.3.51)
Step 3 (Choice of parameters). Fix n′ := n1 > n and recall the condition (4.3.46) on R;
set

R := R0ε
− p

q−p .

We can estimate the exponential term in (4.3.51) as

exp
(
C28n′

e2
√

|K|(n−1)R

(
R

ε

)n′

− 21−6pN
( ε
R

)2p
)

≤ exp
(

−2−6pN
( ε
R

)2p
)

≤ exp
(

−C3Nε
2p
(

1+ p
q−p

))
,
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where C3 := (8R0)−2p, provided

N ≥ N ′
0ε

−(n′+2p)
(

1+ p
q−p

)
exp

(
2
√

|K|(n− 1)R
)
, N ′

0 := 26pC28n′
Rn′+2p

0 .

(4.3.52)
Combining with (4.3.51), we obtain

P
[
Wp

(
ν̂N , ν

)
> ε
]

≤ exp
(

−C3Nε
2p(1+ p

q−p )
)

+ C1N
s−sε−ps. (4.3.53)

Now set
s := q

p
− δ

2 .

For the case (i), 1 ≤ p < q/2, since s > 2 and s = s/2, then

C1N
s−sε−ps ≤ 1

2 ε
−qN− q

2p + δ
2 . (4.3.54)

if in addition N0 ≥ (2C1)4/δ. For the case (ii), q/2 ≤ p < q, since 1 < s < 2 and s = 1,
then

C1N
s−sε−ps ≤ 1

2 ε
−qN1− q

p +δ. (4.3.55)

provided the same additional condition N0 ≥ (2C1)4/δ.
It remains to dominate the exponential term of (4.3.53). We claim that, under (4.3.52),

after possibly enlarging N ′
0,

exp
(

−C3Nε
2p
(

1+ p
q−p

))
≤ 1

2 ε
−qN−β , β :=

{
q

2p − δ
2 , case (i);

q
p − 1 − δ, case (ii).

(4.3.56)

Set

a := (n′ + 2p)
(

1 + p

q − p

)
= q(n′ + 2p)

q − p
, γ := 2p

(
1 + p

q − p

)
= 2pq
q − p

.

A possible choice is given by

N ′′
0 := max

{
4β
C3
,

4
C3

[
log 2 + c

e
+ β log+

(
4β
C3

)]}
, c := (aβ − q)+

a− γ
. (4.3.57)

Then N ′′
0 ≥ N ′

0 implies (4.3.56) for all N ≥ N ′′
0 . To see this, observe first that for

0 < ε < 1, N ≥ N ′
0ε

−a, and N ′
0 ≥ β/C3, it holds

N ≥ β

C3
ε−γ .
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Therefore, the function k 7→ e−C3kεγ

kβ is nonincreasing for k ≥ N , and it is enough to
prove (4.3.56) at N = N ′′

0 ε
−a. This reduces to

e−C3N ′′
0 ε−(a−γ)

≤ 1
2(N ′′

0 )−βε−(q−aβ).

Equivalently, taking logarithms, it is enough that

C3N
′′
0 ε

−(a−γ) ≥ log 2 + β logN ′′
0 + c log

(
ε−(a−γ)

)
,

but log(ε−(a−γ)) ≤ ε−(a−γ)/e for ε ≤ 1, and since (4.3.57) implies

C3N
′′
0 ≥ log 2 + β logN ′′

0 + c

e
,

the claim follows.
We thus require

N ≥ N0ε
− q(n′+2p)

q−p exp
(

2
√

|K|(n− 1)R
)
, N0 := max

{
N ′

0, N
′′
0 , (1 ∨ 2C1)4/δ

}
.

(4.3.58)
Combining (4.3.47) and (4.3.53)–(4.3.56) under (4.3.58), we obtain in case (i)

P
[
Wp

(
ν̂N , ν

)
> ε
]

≤ ε−qN− q
2p + δ

2 ,

while in case (ii)
P
[
Wp

(
ν̂N , ν

)
> ε
]

≤ ε−qN1− q
p +δ.

This concludes the proof.

4.4 An interacting particle system

4.4.1 Description of the interacting particle system
Let (M, g) be a complete Riemannian manifold of dimension m ≥ 2. Let V : M → R be
a confinement potential and W : M × M → R an interaction potential. For N ≥ 1, we
consider the McKean–Vlasov interacting particle system

dXi,N
t =

√
2 dBi,M

t − ∇V (Xi,N
t ) dt− 1

N

N∑
j=1

∇xW (Xi,N
t , Xj,N

t ) dt, i = 1, . . . , N,

(4.4.1)
where B1,M , . . . , BN,M are independent Brownian motions on M . We denote by

µ̂N
t := 1

N

N∑
i=1

δXi,N
t
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the associated empirical measure.
Formally, as N → ∞, the empirical measure µ̂N

t converges to a deterministic probability
measure µt. The limiting equation is obtained by replacing the empirical interaction in
(4.4.1) by its average against µt. Thus µt solves the nonlinear Fokker–Planck equation,
also called the aggregation-diffusion equation,

∂tµt = ∆µt + ∇ · (µt [∇V + ∇(W ∗ µt)]) , (4.4.2)

where

W ∗ µt(x) :=
ˆ

M

W (x, y) dµt(y), ∇(W ∗ µt)(x) =
ˆ

M

∇xW (x, y) dµt(y).

This is the usual propagation-of-chaos picture for McKean–Vlasov diffusions. In this chapter,
we do not address the general well-posedness theory for (4.4.2); instead, we assume that a
sufficiently regular solution (µt)t≥0 is given and prove a quantitative concentration estimate
around it.

As in Bolley–Guillin–Villani [11], we introduce a noninteracting proxy system (Y i
t )1≤i≤N .

Its particles are independent and have common law µt:

dY i
t =

√
2 dBi,M

t − ∇V (Y i
t ) dt−

ˆ
M

∇xW (Y i
t , z) dµt(z) dt. (4.4.3)

We write

ν̂N
t := 1

N

N∑
i=1

δY i
t
.

Since ν̂N
t is the empirical measure of independent variables with common law µt, the

concentration estimate of Theorem 4.15 can be applied to it once suitable moment estimates
are propagated along (4.4.2).

The proof has two parts. First, we prove square-exponential moment bounds and
time-increment estimates for the proxy process Yt. These estimates yield concentration
estimates for

sup
0≤t≤T

W1(ν̂N
t , µt).

Second, we couple the interacting system Xi,N
t with the proxy system Y i

t . The coupling is
constructed by parallel displacement of the Brownian noises. For this reason, it is convenient
to write the stochastic equations on the orthonormal frame bundle O(M). The coupling
estimate then reduces the control of W1(µ̂N

t , µt) to the concentration of the independent
proxy empirical measure ν̂N

t .
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4.4.2 Assumptions on the potentials
Fix o ∈ M . We assume that there exist constants

β, β̃ > 0, AV , AW ≥ 0, LV , LW,1, LW,2 > 0,

such that, for all x, y, z ∈ M ,

HessV ≥ βg, |∇V (x)| ≤ AV + LV r(x), (4.4.4)

and

Hessx W (·, y) ≥ β̃g, |∇xW (x, y)| ≤ AW + LW,1
(
d(o, x) + d(o, y)

)
. (4.4.5)

We also assume that the dependence of ∇xW on the second variable is Lipschitz, uniformly
in the first variable; i.e., for every x, y, z ∈ M and every unit vector u ∈ TxM ,∣∣(∇xW (x, y) − ∇xW (x, z)

)
· u
∣∣ ≤ LW,2d(y, z). (4.4.6)

The lower Hessian bound in the first variable gives dissipation, the linear growth
assumption controls the moment estimates, and the Lipschitz assumption in the second
variable is used in the coupling estimate through Kantorovich duality.

As an example, on a Hadamard manifold, the interaction potential

W (x, y) = ℓ

2d
2(x, y), ℓ > 0,

satisfies the assumptions. Indeed, globally ∇xW (x, y) = −ℓ logx(y), and therefore

|∇xW (x, y)| = ℓd(x, y) ≤ ℓ
(
d(o, x) + d(o, y)

)
.

Moreover, by Hessian comparison [72, Theorem 11.7],

Hessx W (·, y) = ℓ Hessx

(
1
2d

2(·, y)
)

≥ ℓg.

Finally, since M is Hadamard, the logarithm map y 7→ logx(y) is 1-Lipschitz. Hence

|∇xW (x, y) − ∇xW (x, z)| ≤ ℓd(y, z).

Thus, the assumptions (4.4.5) and (4.4.6) on W hold with AW = 0, LW,1 = LW,2 = β̃ = ℓ.
The potential

V (x) = ℓ

2d
2(o, x)

thus also satisfies (4.4.4) with AV = 0 and LV = β = ℓ.
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4.4.3 Preliminary results
We establish propagation of concentration-cost inequality T1(λ(t)) for (4.4.2), which we
recall is equivalent to propagation of square-exponential moments.

Lemma 4.19 (Propagation of square-exponential moments). Let (M, g) be a complete
non-compact Riemannian manifold of dimension m ≥ 2 satisfying Ric ≥ K for some K ≤ 0.
Let µt solve the aggregation-diffusion equation (4.4.2) with potentials V,W satisfying
respectively (4.4.4) and (4.4.5). Assume that µ0 has finite square-exponential moment;
i.e., there is a constant α(0) > 0 such that

Eα(0) :=
ˆ

M

eα(0)d2(o,x) dµ0(x) < +∞.

Then for every t > 0, there exists a continuous function α(t) > 0 such that

Eα(t) :=
ˆ

M

eα(t)d2(o,x) dµt(x) < +∞.

If in addition β + β̃ > LW,1, then supt≥0 Eα(t) < +∞.

Proof. (Step 1) Propagation of second moment. Set r(x) := d(o, x) and

M2(t) :=
ˆ

M

r2(x) dµt(x),

Differentiating and integrating by parts, formally,
d
dtM2(t) =

ˆ
M

r2(x)∂tµt(x) dVol(x)

=
ˆ

M

r2(x)
{

∆µt(x) + ∇ ·
(
µt(x) [∇V + ∇ (W ∗ µt)] (x)

)}
dVol(x)

=
ˆ

M\({o}∪Cut(o))
∆(r2)(x) dµt(x)

−
ˆ

M

∇(r2)(x) ·
(

[∇V + ∇ (W ∗ µt)] (x)
)
dµt(x). (4.4.7)

Note that r2 is smooth only outside of Cut(o), which is of measure zero (see e.g. [57,
Theorem 3.4.1]). One can rigorously justify integration by parts outside of {o} ∪ Cut(o) by
cutoffs and approximations; such justification is beyond the scope of this chapter and will
omitted.

By Laplacian comparison theory [72, Theorem 11.15], outside of {o} ∪ Cut(o),

∆r(x) ≤ (m− 1)
√

|K|
m− 1 coth

(√
|K|
m− 1r(x)

)
≤ m− 1

r(x) +
√

|K|(m− 1),
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where in the last equality we used coth u ≤ 1 + 1/u. Then, since |∇r(x)| = 1,

∆r2(x) = 2r(x)∆r(x) + 2 |∇r(x)|2 = 2r(x)∆r(x) + 2 ≤ 2m+ 2
√

|K|(m− 1)r(x).
(4.4.8)

Recall we assumed that

HessV ≥ β, HessW (·, y) ≥ β̃, |∇xW (o, y)| ≤ AW + LW,1r(y).

Let Λ := β + β̃. If γ : [0, r(x)] → M is a unit-speed minimizing geodesic from o to x, then
outside of {o} ∪ Cut(o),

∇r(x) · ∇V (x) = d
ds

∣∣∣∣
s=r(x)

V (γ(s))

= d
ds

∣∣∣∣
s=0

V (γ(s)) +
ˆ r(x)

0

d2

ds2V (γ(s)) ds

= ⟨∇V (o), γ̇(0)⟩ +
ˆ r(x)

0
HessVγ(s)(γ̇(s), γ̇(s)) ds

≥ −|∇V (o)| + βr(x).

Therefore, for x ∈ M \ ({o} ∪ Cut{o}), it holds

∇r2(x) · ∇V (x) ≥ 2βr2(x) − 2|∇V (o)|r(x). (4.4.9)

Similarly, for every x ∈ M \ ({o} ∪ Cut{o}) and for every y ∈ M ,

∇r2(x) · ∇xW (x, y) ≥ 2β̃r2(x) − 2|∇xW (o, y)|r(x). (4.4.10)

Combining (4.4.7)–(4.4.9), and after integrating (4.4.10) in dµt(y), we obtain

d
dtM2(t) ≤ 2m+ 2C1

√
M2(t) − 2

(
β + β̃ − LW,1

)
M2(t) (4.4.11)

with
C1 :=

√
|K|(m− 1) + |∇V (o)| +AW .

By Gronwall’s inequality, given T > 0, from (4.4.11) we conclude

sup
t∈[0,T ]

M2(t) := M2,T < +∞,

and if in addition Λ := β + β̃ > LW,1, then M2,T < CM2 for some constant CM2 > 0,
independently of T .
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4.4. An interacting particle system

Step 2 (Propagation of square-exponential moments). Let

Eα(t) :=
ˆ

M

eα(t)r2(x) dµt(x),

where α(t) > 0 will be chosen below. Since outside of {o} ∪ Cut(o),

∇eαr2
= αeαr2

∇r2, ∆eαr2
= eαr2 (

α∆r2 + α2|∇r2|2
)
, |∇r2|2 = 4r2,

we obtain, using (4.4.8)–(4.4.10),

d

dt
Eα(t) ≤

ˆ
M

eα(t)r2
[
2mα(t) +

(
d

dt
α(t) + 4α(t)2 − 2Λα(t)

)
r2 + 2α(t)C2r

]
dµt

(4.4.12)

≤
(
2m+ C2

2
)
α(t)Eα(t) +

{ d
dtα(t) + 4α(t)2 + (1 − 2Λ)α(t)

}ˆ
M

r2eαr2
dµt,

(4.4.13)

where we used 2αC2r ≤ αC2
2 + αr2, with

C2 :=
√

|K|(m− 1) + |∇V (o)| +AW + LW,1
√

M2,T .

We choose α as the solution of

d

dt
α(t) + 4α(t)2 + (1 − 2Λ)α(t) = 0, α(0) = α0,

so that the term in brackets in (4.4.13) vanishes. Since α(t) > 0 on [0, T ], (4.4.13) becomes

d
dtEα(t)(t) ≤ α(t)(2m+ C2

2 )Eα(t)(t).

Hence, for every T > 0, Gronwall’s inequality yields

sup
0≤t≤T

Eα(t)(t) ≤ Eα0(0) exp
(

(2m+ C2
2 )
ˆ T

0
α(s) ds

)
< +∞.

Assume now furthermore that Λ > LW,1 and set

C∞
2 :=

√
|K|(m− 1) + |∇V (o)| +AW + LW,1C

1/2
M2

.

In this case, we choose α(t) as the solution of

d

dt
α(t) = Λα(t) − 4α(t)2, α(0) = α0
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so that
α− := min

{
α0,

Λ
4

}
≤ α(t) ≤ max

{
α0,

Λ
4

}
=: α+.

Using 2C∞
2 r ≤ Λ

2 r
2 + 2(C∞

2 )2

Λ in the differential inequality (4.4.12) gives

d
dtEα(t) ≤ α(t)

ˆ
M

(
C3 − Λ

2 r
2
)
eα(t)r2

dµt, C3 := 2m+ 2(C∞
2 )2

Λ .

Splitting the integral over {r ≤ R∗} and {r > R∗} for R2
∗ := 4C3/Λ yields

d
dtEα(t) ≤ 2C3α+e

α+R2
∗ − C3α−Eα(t),

and thus supt≥0 Eα(t) < +∞.

We now use the propagation of square-exponential moments for the solution of the
aggregation-diffusion equation to derive uniform-in-time concentration estimates for a
suitable noninteracting particle system. In this auxiliary system, the empirical mean-field
interaction is replaced by the limiting law µt. Equivalently, the dynamics are written in
Stratonovich form on the orthonormal frame bundle π : O(M) → M as

dU i
t =

√
2

m∑
k=1

Hk(U i
t ) ◦ dBi,k

t + b̃t(U i
t )dt, Y i

t = π(U i
t ), i = 1, . . . , N, (4.4.14)

where Bt = (B1
t , . . . , B

m
t ) is a standard Brownian motion on Rm, b̃t denotes the horizontal

lift of the time-dependent vector field

bt(x) := −∇V (x) − ∇(W ∗ µt)(x),

and Hk is the fundamental horizontal vector field associated with the canonical basis vector
ek ∈ Rm; see Chapter 2 for the notion of horizontal lift to the orthonormal frame bundle
and the monograph of Hsu [57]. We obtain that the empirical measure of (Y i

t )1≤i≤N given
by

ν̂N
t := 1

N

N∑
i=1

δY i
t

satisfies the same quantitative estimate as [11, Proposition 5.1], under some additional
assumptions on the potentials V and W .

Proposition 4.20. In the setting of Lemma 4.19, for every T > 0, there are constants
CT , aT > 0 such that, for all 0 < δ < T and for all ε > 0,

P

[
sup

s,t : 0≤t0≤s≤t≤t0+δ
W1
(
ν̂N

s , ν̂
N
t

)
> ε

]
≤ exp

(
−N(aT ε

2 − CT δ)
)
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4.4. An interacting particle system

This is a consequence of the following result.

Lemma 4.21 (Estimates for the noninteracting proxy). In the setting of Lemma 4.19, let
(Yt)t≥0 solve (4.4.14) Then for every T > 0, there are constants CT , aT > 0 such that, for
every 0 ≤ t0 ≤ s ≤ t ≤ t0 + δ ≤ T , T > 0,

E
[
d2(Yt, Ys)

]
≤ CT (t− s) (4.4.15)

and

E

[
sup

s,t : t0≤s≤t≤t0+δ
exp

(
aT d

2(Yt, Ys)
)]

≤ 1 + CT δ. (4.4.16)

Proof of Lemma 4.21. Fix 0 ≤ s ≤ t ≤ T and denote r := d(·, Ys). By Kendall’s formula
[66, Theorem 1.1] (see also [5] and [57, Theorem 3.5.1]),

dr(Yt) =
√

2dβt + [∆r(Yt) + bt(Yt) · ∇r(Yt)] dt− dLt. (4.4.17)

Here ∇r and ∆r are understood in distributional sense on {Ys} ∪ Cut(Ys), βt is a one-
dimensional Brownian motion and Lt is a nondecreasing process which increases only when
the Brownian motion is at the cut locus. Since −dLt ≤ 0, it can be dropped in upper
bounds. Hence, applying Itô’s formula to r2, noting that d⟨r(Y )⟩t = 2dt and recalling
(4.4.8),

dr2(Yt) ≤ 2
√

2r(Yt)dβt +
[
2m+ 2

√
|K|(m− 1)rt + 2rtbt(Yt) · ∇r(Yt)

]
dt. (4.4.18)

We now estimate the drift term. From the Hessian lower bounds, HessV ≥ β and
HessW (·, y) ≥ β̃, we obtain

bt(Yt) · ∇r(Yt) ≤ |∇V (Ys)| + |∇(W ∗ µt)(Ys)| −
(
β + β̃

)
r(Yt).

Under the growth assumptions on V and W , and recalling that M2,T := supt∈[0,T ] M2(t) <
+∞ by Lemma 4.19, we have

|∇V (Ys)| + |∇(W ∗ µt)(Ys)| ≤ AV + LV d(o, Ys) +AW + LW,1

(
d(o, Ys) +

√
M2,T

)
.

Inserting this into (4.4.18) and using Cauchy–Schwartz inequality yields

dr2(Yt) ≤ 2
√

2r(Yt)dβt + C ′
T

(
1 + d2(o, Ys) + r2(Yt)

)
dt (4.4.19)

with

C ′
T := max

{
3, (LV + LW,1)2, 2m+ |K|(m− 1) +

(
AV +AW + LW,1

√
M2,T

)2
}
.
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After localizing and taking conditional expectation with respect to Ys, we obtain

d
dtE

[
r2(Yt)

∣∣∣Ys

]
≤ C ′

T

(
1 + d2(o, Ys)

)
+ C ′

TE
[
r2(Yt)

∣∣∣Ys

]
.

Since r(Ys) = d(Ys, Ys) = 0, by Gronwall’s inequality,

E
[
r2(Yt)

∣∣∣Ys

]
≤ C ′

T

(
1 + d2(o, Ys)

)ˆ t

s

eC′
T (t−u) du ≤ C ′

T e
C′

T T
(
1 + d2(o, Ys)

)
(t− s).

(4.4.20)
Taking the expectation and recalling that sup0≤s≤T E[d2(o, Ys)] = M2,T < +∞ by
Lemma 4.19 since Law(Ys) = µs, we obtain (4.4.15);

E
[
d2(Yt, Ys)

]
= E

[
r2(Yt)

]
≤ C ′

T e
C′

T T (1 + M2,T ) (t− s).

We now estimate ea(t)r2(Yt), where a(t) > 0 will be chosen below. From (4.4.19), we
have

dr2(Yt) ≤ 2
√

2 r(Yt) dβt + C ′
T

(
1 + d2(o, Ys) + r2(Yt)

)
dt, d⟨r2(Y )⟩t = 8r2(Yt)dt.

By Itô’s formula,

dea(t)r2(Yt)

≤ dMt + ea(t)r2(Yt)
[
a(t)C ′

T

(
1 + d2(o, Ys)

)
+
(

d
dta(t) + C ′

Ta(t) + 4a(t)2
)
r2(Yt)

]
dt

(4.4.21)

for some local martingale Mt. We choose a as the solution of

a′(u) + C ′
Ta(u) + 4a(u)2 = 0, a(s) := a0 > 0. (4.4.22)

Then a is nonincreasing on [s, T ]. Hence (4.4.21) becomes

dea(u)r2(Yu) ≤ dMu + C ′
Ta(u)

(
1 + d2(o, Ys)

)
ea(u)r2(Yu) du. (4.4.23)

After localization and conditioning on Ys, combining Gronwall’s inequality with a(u) ≤ ao

gives
E
[
ea(t)d2(Yt,Ys)

∣∣∣Ys

]
≤ exp

(
C ′

Ta0(t− s)
(
1 + d2(o, Ys)

) )
. (4.4.24)

Taking expectations yields

E
[
ea(t)d2(Yt,Ys)

]
≤ eC′

T a0(t−s)E
[
eC′

T a0(t−s)d2(o,Ys)
]
.
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In particular, by choosing ao small enough, say

0 < a0 <
inf0≤τ≤T α(τ)

TC ′
T

, (4.4.25)

where α is the continuous function of Lemma 4.19, we obtain

E
[
ea(t)d2(Yt,Ys)

]
≤ 1 + CT (t− s) (4.4.26)

for some constant CT > 0; one may take

CT := eC′
T a0TC ′

Ta0

(
1 + ET − 1

αT

)
with

αT := inf
0≤τ≤T

α(τ), ET := sup
0≤τ≤T

ˆ
M

eα
T

d2(o,x) dµτ (x).

We now aim to obtain (4.4.26) with a supremum over 0 ≤ t0 ≤ s ≤ t ≤ t0 + δ ≤ T
inside the expectation. Fix t0 ∈ [0, T − δ], set

r := d(·, Yt0), Su := sup
t0≤v≤u

ea(v)r2(Yv).

Applying (4.4.23) with s = t0, integrating, and taking the supremum, we get, after
localization,

Su ≤ 1 + sup
t0≤τ≤u

|Mτ −Mt0 | + C ′
Ta0

(
1 + d2(o, Yt0)

) ˆ u

t0

Sτ dτ.

Here the martingale part is given by

dMu = 2
√

2 a(u)r(Yu)ea(u)r2(Yu) dβu,

and therefore
d⟨M⟩u ≤ 8a2

0r
2(Yu)e2a(u)r2(Yu) du.

Hence, by the Burkholder–Davis–Gundy inequality,

E
[

sup
t0≤τ≤u

|Mτ −Mt0 |
∣∣∣∣Yt0

]
≤ CBDG

√
8ao

(ˆ u

t0

E
[
r2(Yτ )e2a(τ)r2(Yτ )

∣∣∣Yt0

]
dτ

)1/2
.

Choosing a0 > 0 smaller if necessary, by applying (4.4.24) with a larger exponential
parameter, we obtain

E
[
r2(Yτ )e2a(τ)r2(Yτ )

∣∣∣Yt0

]
≤ CT (τ − t0)

(
1 + d2(o, Yt0)

)
eCT δ(1+d2(o,Yt0 )).
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Consequently, after increasing CT that we do not relabel,

E
[

sup
t0≤τ≤u

|Mτ −Mt0 |
∣∣∣∣Yt0

]
≤ CT δ

(
1 + d2(o, Yt0)

)
eCT δ(1+d2(o,Yt0 )).

Hence,

E [Su |Yt0 ]

≤ 1 + CT δ
(
1 + d2(o, Yt0)

)
eCT δ(1+d2(o,Yt0 )) + CT

(
1 + d2(o, Yt0)

)ˆ u

t0

E [Sτ |Yt0 ] dτ.

By Gronwall’s inequality, after increasing CT ,

E
[

sup
t0≤u≤t0+δ

ea(u)d2(Yu,Yt0 )
∣∣∣∣Yt0

]
≤ 1 + CT δ

(
1 + d2(o, Yt0)

)
eCT δ(1+d2(o,Yt0 )).

For any s, t ∈ [t0, t0 + δ], the triangle inequality gives

d2(Yt, Ys) ≤ 2d2(Yt, Yt0) + 2d2(Ys, Yt0) ≤ 4 sup
t0≤u≤t0+δ

d2(Yu, Yt0).

Moreover, the solution of (4.4.22) admits a strictly positive lower bound a∗ = a∗(T ) > 0,
uniform in t0 ∈ [0, T ]. Hence, setting aT := a∗

4 , we obtain

sup
t0≤s≤t≤t0+δ

eaT d2(Yt,Ys) ≤ sup
t0≤u≤t0+δ

ea(u)d2(Yu,Yt0 ).

Choosing a0 > 0 small enough, the propagated square-exponential moment, together with
the fact that a(u) is uniformly bounded from below on intervals of length at most T yield,
after possibly decreasing aT > 0,

E
[

sup
t0≤s≤t≤t0+δ

eaT d2(Yt,Ys)
]

≤ 1 + CT δ.

for large enough CT > 0.

4.4.4 Coupling the interacting and non interacting proxy
We first derive an estimate for Kendall’s formula of two diffusions with different drifts using
parallel coupling of the noises under the condition of Ricci lower bound. We now explain
this parallel coupling.

Let Xt and Yt solve

dXt =
√

2 dBM
t + bX

t (Xt) dt, dYt =
√

2 dBM

t + bY
t (Yt) dt,

110



4.4. An interacting particle system

where BM
t and BM

t are Brownian motions on M . Equivalently, on the orthonormal frame
bundle π : O(M) → M in Stratonovich form, denoting by tildes horizontal lifts,

dΞt =
√

2
m∑

k=1
Hk(Ξt) ◦ dBk

t + b̃X
t (Ξt) dt, Xt = π(Ξt),

and

dUt =
√

2
m∑

k=1
Hk(Ut) ◦ dBk

t + b̃Y
t (Ut)dt, Yt = π(Ut).

Away from the joint cut locus, let γt : [0, d(Xt, Yt)] → M be the unit-speed minimizing
geodesic from Xt to Yt, and denote by

PXt→Yt : TXtM → TYtM

parallel transport along γt. We couple the Brownian noises by parallel displacement. More
precisely, for each pair (Xi

t , Y
i

t ) we set

dB
i

t = Oi
t dB

i
t, Oi

t := (U i
t )−1PXi

t →Y i
t
Ξi

t.

This parallel coupling is extended through the cut locus via the standard approximation
procedure; see [107, Section 2.1]. Since the block-diagonal matrix diag(O1

t , . . . , O
N
t ) is

orthogonal, (B1
, . . . , B

N ) is again a standard RNm-valued Brownian motion. In particular,
B

1
, . . . , B

N are independent, and consequently so are Y 1, . . . , Y N , with common law µt.
The Brownian part of the coupled process (Xt, Yt) is therefore driven along the vector fields

√
2 (Ek(t), Ek(t)), k = 1, . . . ,m,

where
Ek(t) := Ξtek, Ek(t) := PXt→YtEk(t).

Applying Kendall’s formula [107, Theorem 2.3.2] to the distance function ρ := d(·, ·) on
the product manifold M ×M (see also [5], [57], and [66, Theorem 3.5.1]), one obtains

dρ(Xt, Yt) ≤ Itdt+ bX
t (Xt) · ∇xρ(Xt, Yt)dt+ bY

t (Yt) · ∇yρ(Xt, Yt)dt, (4.4.27)

where

It :=
m∑

k=1
Hess ρ(Xt,Yt)

( (
Ek, Ek

)
(t),

(
Ek, Ek

)
(t)
)
. (4.4.28)

On the cut locus and diagonal, that is on the complement of cut := {(x, y) ∈ M2 :
x /∈ Cut(y)} and of the diagonal diag := {(x, x) ∈ M}, Kendall’s formula (4.4.27) is
understood in the distributional sense. Outside of the cut locus and the diagonal, (4.4.27) is
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an equality. The fact that (4.4.27) is an inequality comes from the distributional Laplacian
of ρ which creates a nonincreasing process only supported on the cut locus and the diagonal,
as in (4.4.17)

Note that there is no martingale term due to the parallel coupling. Indeed,

dZt =
√

2
m∑

k=1

(
Ek(t), Ek(t)

)
◦ dBk

t +
(
bX

t (Xt), bY
t (Yt)

)
dt,

and applying Itô’s formula to ρ yields then

dρ(Zt) =
√

2
m∑

k=1
dρZt

(
Ek(t), Ek(t)

)
dBk

t +Itdt+bX
t (Xt)·∇xρ(Zt)dt+bY

t (Yt)·∇yρ(Zt)dt

But
∇xρ(Zt) = −γ̇t(0), ∇yρ(Zt) = γ̇t(ρ(Zt)),

and thus, since Ek(t) = PXt→YtEk(t),

dxρ(Zt)Ek(t) + dyρ(Zt)Ek(t) = −Ek(t) · γ̇t(0) + Ek(t) · γ̇t(ρ(Zt))
= −Ek(t) · γ̇t(0) + Ek(t) · γ̇t(0)
= 0.

We now estimate the index term (4.4.28) under the Ricci lower bound Ric ≥ K with
K ≤ 0. We choose E1(t) := γ̇t(0) so the radial direction does not contribute to the Hessian
of ρ. Hence

It =
m∑

k=2
Hess(Xt,Yt) ρ

(
(Ek(t), Ek(t)), (Ek(t), Ek(t))

)
.

For k = 2, . . . ,m, let Jk be the parallel vector field along γt such that

Jk(0) = Ek(t), Jk(ρ(Xt, Yt)) = Ek(t).

By the index lemma [57, Lemma 6.7.1],

Hess(Xt,Yt) ρ
(

(Ek(t), Ek(t)), (Ek(t), Ek(t))
)

≤ Iγt(Jk, Jk),

where

Iγt(J, J) :=
ˆ ρ(Xt,Yt)

0

(
|∇γ̇tJ |2 − ⟨R(J, γ̇t)γ̇t, J⟩

)
ds.

But Jk is parallel, and therefore,

Iγt
(Jk, Jk) = −

ˆ ρ(Xt,Yt)

0
⟨R(Jk, γ̇t)γ̇t, Jk⟩ ds.
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Summing over k = 2, . . . ,m, and using that {Jk}2≤k≤m form a parallel orthonormal frame
orthogonal to γ̇t, we obtain

It ≤ −
ˆ ρ(Xt,Yt)

0

m∑
k=2

⟨R(Jk, γ̇t)γ̇t, Jk⟩ ds = −
ˆ ρ(Xt,Yt)

0
Ric(γ̇t, γ̇t) ds ≤ −Kρ(Xt, Yt).

Consequently,

dρ(Xt, Yt) ≤
[
|K|ρ(Xt, Yt) + bX

t (Xt) · ∇xρ(Xt, Yt) + bY
t (Yt) · ∇yρ(Xt, Yt)

]
dt.
(4.4.29)

Proposition 4.22 (Coupling estimate). Let

µ̂N
t := 1

N

N∑
i=1

δXi
t
, ν̂N

t := 1
N

N∑
i=1

δY i
t
,

where

dXi
t =

√
2 dBi,M

t − ∇V (Xi
t) dt− 1

N

N∑
j=1

∇xW (Xi
t , X

j,N
t ) dt,

dY i
t =

√
2 dBi,M

t − ∇V (Y i
t ) dt−

ˆ
M

∇xW (Y i
t , z) dµt(z) dt.

Assume that Xi
0 = Y i

0 , and couple each pair (Xi
t , Y

i
t ) by parallel coupling. Then in the

setting of Lemma 4.19, under the additional assumption (4.4.6) for every t ≥ 0, it holds

W1(µ̂N
t , µt) ≤ W1(ν̂N

t , µt) + LW,2

ˆ t

0
e−αM (t−s)W1(ν̂N

s , µs) ds, (4.4.30)

where
αM := β + β̃ − |K| − LW,2.

Proof. We apply the parallel-coupling Kendall formula (4.4.29) to the pair (Xi
t , Y

i
t );

dρ(Xi
t , Y

i
t ) ≤

[
|K|ρ(Xi

t , Y
i

t ) + bi
t(Xi

t) · ∇xρ(Xi
t , Y

i
t ) + bt(Y i

t ) · ∇yρ(Xi
t , Y

i
t )
]
dt, (4.4.31)

where

bi
t(x) := −∇V (x) − 1

N

N∑
j=1

∇xW (x,Xj
t ), bt(x) := −∇V (x) − ∇x(W ∗ µt).
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We first estimate the contribution of V . Since HessV ≥ β, integrating along the
geodesic γi from Xi

t to Y i
t yields

∇V (Y i
t ) · γ̇i(ρi(t)) − PXi

t →Y i
t
∇V (Xi

t) · γ̇i(ρi(t)) ≥ βρi(t).

Equivalently,

−∇V (Xi
t) · ∇xρ(Xi

t , Y
i

t ) − ∇V (Y i
t ) · ∇yρ(Xi

t , Y
i

t ) ≤ −βρi(t). (4.4.32)

We now treat the interaction. Its contribution in (4.4.31) is given by

Wi(t) := − 1
N

N∑
j=1

∇xW (Xi
t , X

j
t ) · ∇xρ(Xi

t , Y
i

t )

−
ˆ

M

∇xW (Y i
t , z) dµt(z) · ∇yρ(Xi

t , Y
i

t ).

After parallel transport, adding and subtracting vector fields in TY i
t
M , we deduce that

Wi(t) =

 1
N

N∑
j=1

[
PXi

t →Y i
t
∇xW (Xi

t , X
j
t ) − ∇xW (Y i

t , X
j
t )
] · ∇yρ(Xi

t , Y
i

t )

+

 1
N

N∑
j=1

[
∇xW (Y i

t , X
j
t ) − ∇xW (Y i

t , Y
j

t )
] · ∇yρ(Xi

t , Y
i

t )

+

 1
N

N∑
j=1

∇xW (Y i
t , Y

j
t ) −

ˆ
M

∇xW (Y i
t , z) dµt(z)

 · ∇yρ(Xi
t , Y

i
t ).

The lower Hessian bound Hessx W (·, z) ≥ β̃, for every z ∈ M , yields(
PXi

t →Y i
t
∇xW (Xi

t , z) − ∇xW (Y i
t , z)

)
· ∇yρ(Xi

t , Y
i

t ) ≤ −β̃ρ(Xi
t , Y

i
t ),

the assumption (4.4.6) on ∇xW gives∣∣∣∣∣∣
 1
N

N∑
j=1

[
∇xW (Y i

t , X
j
t ) − ∇xW (Y i

t , Y
j

t )
] · ∇yρ(Xi

t , Y
i

t )

∣∣∣∣∣∣ ≤ LW,2

N

N∑
i=1

ρ(Xi
t , Y

i
t ),

and furthermore using Kantorovich duality,∣∣∣∣∣∣
 1
N

N∑
j=1

∇xW (Y i
t , Y

j
t ) −

ˆ
M

∇xW (Y i
t , z) dµt(z)

 · ∇yρ(Xi
t , Y

i
t )

∣∣∣∣∣∣
≤ LW,2 W1

(
ν̂N

t , µt

)
.
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Hence,

Wi(t) ≤ −β̃ρ(Xi
t , Y

i
t )+LW,2 RN (t)+LW,2 W1

(
ν̂N

t , µt

)
, RN (t) := 1

N

N∑
i=j

ρ(Xj
t , Y

j
t ).

(4.4.33)
Combining (4.4.31)–(4.4.33) and averaging over i = 1, . . . , N ,

d

dt
RN (t) ≤ −

(
β + β̃ − |K| − LW,2

)
RN (t) + LW,2 W1(ν̂N

t , µt).

In other words,
d

dt
RN (t) ≤ −αMRN (t) + LW,2 W1(ν̂N

t , µt).

Since Xi
0 = Y i

0 , we have RN (0) = 0. Gronwall’s inequality yields

RN (t) ≤ LW,2

ˆ t

0
e−αM (t−s)W1(ν̂N

s , µs) ds.

Finally, pairing each Xi
t with Y i

t gives

W1(µ̂N
t , ν̂

N
t ) ≤ 1

N

N∑
i=1

d(Xi
t , Y

i
t ) = RN (t).

Therefore, by the triangle inequality,

W1(µ̂N
t , µt) ≤ W1(µ̂N

t , ν̂
N
t ) +W1(ν̂N

t , µt)

≤ LW,2

ˆ t

0
e−αM (t−s)W1(ν̂N

s , µs) ds+W1(ν̂N
t , µt),

which proves (4.4.30).

From this point on, the proof of Theorem 4.18 is the same as in Bolley–Guillin–Villani
[11] by combining Theorem 4.15, Lemma 4.21 and Proposition 4.22.

4.5 Appendix
Proof of Lemma 4.8. Since the covering number N(B(x,R), δ) is bounded by the packing
number P (B(x,R), δ), it is sufficient to estimate the latter. Let {xi}P (B(x,R),δ)

i=1 be a
maximal δ-packing of B(x,R); in particular, all balls B(xi, δ/2) are disjoint and contained
in B(x,R+ δ/2) and therefore

P (B(x,R), δ) ≤ max
xi

m [B(x,R+ δ/2)]
m [B(xi, δ/2)] . (4.5.1)
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On the other hand, since xi ∈ B(x,R), we have B(x,R) ⊆ B(xi, 2R). Hence, by the
Bishop–Gromov Theorem 4.7,

m[B(xi, δ/2)]
VK,n(δ/2) ≥ m[B(xi, 2R)]

VK,n(2R) ≥ m[B(x,R)]
VK,n(2R) , (4.5.2)

Inserting (4.5.2) into (4.5.1), we obtain

P (B(x,R), δ) ≤ m[B(x,R+ δ/2)]
m[B(x,R)]

VK,n(2R)
VK,n(δ/2)

≤ VK,n(R+ δ/2)
VK,n(R)

VK,n(2R)
VK,n(δ/2) . (4.5.3)

after another application of Bishop–Gromov.
If K = 0, then V0,n(r) is proportional to rn, and therefore

P (B(x,R), δ) ≤
(

1 + δ

2R

)n(4R
δ

)n

≤
(

5R
δ

)n

,

since δ ≤ R/2. Otherwise, for K < 0, using the inequality

VK,n(r2)
VK,n(r1) =

´ r2
0 sinhn−1

(√
|K|
n−1s

)
ds

´ r1
0 sinhn−1

(√
|K|
n−1s

)
ds

≤
(
r2

r1

)n

exp
(√

|K|(n− 1)(r2 − r1)
)

valid for all 0 < r1 ≤ r2 in (4.5.3), we obtain

P (B(x,R), δ) ≤
(

5R
δ

)n

exp
(

2
√

|K|(n− 1)R
)
.

Proof of Proposition 4.9. Given o ∈ E, we truncate ν on the ball B(o,R) as νR :=
ν[R]−1ν|B(o,R). Then we sample independent random variables {Xi}N

i=1 and {Y i}N
i=1

according to ν and νR respectively. Notice that

Xi
R :=

{
Xi if d(o,Xi) < R;
Y i otherwise,

are independent and distributed according to νR. Denote by

ν̂R
N := 1

N

N∑
i=1

δXi
R
, π̂N := 1

N

N∑
i=1

δXi ⊗ δXi
R
,
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respectively the empirical measure associated to νR and the trivial coupling between ν̂N

and ν̂R
N . Then

W p
p

(
ν̂N , ν̂R

N
)

≤
ˆ

E2
dp(x, y) dπ̂N (x, y) ≤ 1

N

N∑
i=1

2pdp(o,Xi)1d(o,Xi)≥R,

and by independence of the Xi’s,

E
[
W p

p

(
ν̂N , ν̂R

N
) ]

≤ 2pE
[
dp(o,X1)1d(o,X1)≥R

]
= 2p

ˆ
E\B(o,R)

dp(o, x) dν(x). (4.5.4)

The expected Wasserstein distance between the truncated empirical measure and the
truncated measure is bounded by the estimate (4.2.3);

E
[
Wp

(
ν̂R

N
, νR

)]
≤ C

(
ε+N− 1

2p

ˆ R/2

ε

N(B(o,R), δ)
1

2p dδ

)
. (4.5.5)

Moreover, since X1 ∼ ν and X1
R ∼ νR,

W p
p (ν, νR) ≤ E

[
dp(X1, X1

R)
]

≤ 2p

ˆ
E\B(o,R)

dp(o, x) dν(x). (4.5.6)

Thus, combining the triangle inequality with estimates (4.5.4), (4.5.5), and (4.5.6), we
obtain
E
[
Wp

(
ν̂N , ν

)]
≤ E

[
Wp

(
ν̂N , ν̂R

N
)]

+ E
[
Wp

(
ν̂R

N
, νR

)]
+ E [Wp (νR, ν)]

≤ 4
(ˆ

E\B(o,R)
dp(o, x) dν(x)

) 1
p

+ C

(
ε+N− 1

2p

ˆ R/2

ε

N(B(o,R), δ)
1

2p dδ

)
.

(4.5.7)
Recall the covering estimate (4.2.4),

N(B(x,R), δ) ≤
(

5R
δ

)n

exp
(

2
√

|K|(n− 1)R
)
.

Then, denoting κ :=
√

|K|(n− 1), wet get

ˆ R/2

ε

N(B(o,R), δ)
1

2p dδ ≲K,n,p



R if K = 0, n < 2p; (4.5.8)
R log(R/ε) if K = 0, n = 2p; (4.5.9)

R
n
2p ε

1− n
2p if K = 0, n > 2p; (4.5.10)

eκR/pR if K < 0, n < 2p; (4.5.11)
eκR/pR log(R/ε) if K < 0, n = 2p; (4.5.12)

eκR/pR
n
2p ε

1− n
2p if K < 0, n > 2p. (4.5.13)
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Here, the subscripts of ≲ denote the dependence of the constant. Now, we optimize ε and R
in terms of N to balance the first term of (4.5.7) depending on the decay of the probability
measure with the second term of (4.5.7) estimated by (4.5.8)–(4.5.13) depending on K,n,
and p. Note that if Mq :=

´
E
dq(o, x) dν(x) < +∞ for some q > p, then

(ˆ
E\B(o,R)

dp(o, x) dν(x)
) 1

p

≤ M1/p
q R

1− q
p . (4.5.14)

Case 1: Finite polynomial moment and K = 0.
i) If n < 2p, then inserting (4.5.8) and (4.5.14) into (4.5.7) yields

E
[
Wp

(
ν̂N , ν

)]
≤ 4M1/p

q R
1− q

p + Cn,p

(
ε+N

− 1
2pR

)
.

Setting R := Cn,p,MqN
1
2q and ε := c(N) ≪ R

1− q
p , it holds

E
[
Wp

(
ν̂N , ν

)]
≲n,p,Mq

N
− q−p

2pq .

ii) If n = 2p, then inserting (4.5.9) and (4.5.14) into (4.5.7) yields

E
[
Wp

(
ν̂N , ν

)]
≤ 4M1/p

q R
1− q

p + C

(
ε+N

− 1
2pR log

(
R

ε

))
.

Setting ε := CN
− 1

2pR and R := Cn,p,q,MqN
1
2q (logN)− p

q , it holds

E
[
Wp

(
ν̂N , ν

)]
≲n,p,q,Mq

N
− q−p

2pq (logN)
q−p

q .

iii) If n > 2p, then inserting (4.5.10) and (4.5.14) into (4.5.7) yields

E
[
Wp

(
ν̂N , ν

)]
≤ 4M1/p

q R
1− q

p + C

(
ε+N

− 1
2pR

n
2p ε1− n

2p

)
.

Setting ε := Cn,pN
− 1

nR and R := Cn,p,qN
p

nq , it holds

E
[
Wp

(
ν̂N , ν

)]
≲n,p,q N

− q−p
nq .

Case 2: Finite polynomial moment and K < 0.
iv) If n < 2p, then inserting (4.5.11) and (4.5.14) into (4.5.7) yields

E
[
Wp

(
ν̂N , ν

)]
≤ 4M1/p

q R
1− q

p + C

(
ε+N

− 1
2p e

√
|K|(n−1)R/pR

)
. (4.5.15)
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Balancing the first and third term of (4.5.15) yields

R−q/p ≍ N−1/(2p)e
√

|K|(n−1) R/p.

Taking logarithms,√
|K|(n− 1)

p
R+ q

p
logR ≈ 1

2p logN + logCK,n,p,q.

This suggests the ansatz R := A logN +B log logN . We thus set

R := 1
2
√

|K|(n− 1)
(logN − 2q log logN) .

For N large enough, we have both

N
− 1

2p e
√

|K|(n−1)R/pR = (logN)−q/pR

≲K,n,p,q (logN)− q−p
p .

and
R

1− q
p ≲K,n,p,q (logN)− q−p

p .

Therefore, choosing ε := c(N) ≪ R
1− q

p , for N large enough, it holds

E
[
Wp

(
ν̂N , ν

)]
≲K,n,p,q (logN)− q−p

p .

v) If n = 2p, then inserting (4.5.12) and (4.5.14) into (4.5.7) yields

E
[
Wp

(
ν̂N , ν

)]
≤ 4M1/p

q R
1− q

p + C

(
ε+N

− 1
2p e

√
|K|(n−1)R/pR log

(
R

ε

))
.

Setting ε := CK,n,p,qR
1− q

p < R/4 for N large enough, the choice

R := 1
2
√

|K|(n− 1)
(logN − (2q + 2p) log logN)

gives the ansatz approximation to√
|K|(n− 1)

p
R+ q

p
logR+ log logR ≈ 1

2p logN + logCK,n,p,q,

and yields

E
[
Wp

(
ν̂N , ν

)]
≲K,n,p,q (logN)− q−p

p .
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vi) If n > 2p, then inserting (4.5.13) and (4.5.14) into (4.5.7) yields

E
[
Wp

(
ν̂N , ν

)]
≤ 4M1/p

q R
1− q

p + C

(
ε+N

− 1
2p e

√
|K|(n−1)R/pR

n
2p ε

1− n
2p

)
.

Setting ε := CK,n,p,qR
1− q

p < R/4 for N large enough, the choice

R := 1
2
√

|K|(n− 1)

(
logN − nq

p
log logN

)
,

gives the ansatz approximation to√
|K|(n− 1)

p
R+ nq

2p2 logR ≈ 1
2p logN + logCK,n,p,q

and also yields

E
[
Wp

(
ν̂N , ν

)]
≲K,n,p,q (logN)− q−p

p .

Now, we treat probability measures with finite exponential moments. If

Eα :=
ˆ

E

eαd(o,x) dν(x) < +∞

for some α > 0, then for R ≥ p/α,

(ˆ
E\B(o,R)

dp(o, x) dν(x)
) 1

p

≤ E1/p
α Re

− α
p R
. (4.5.16)

Case 3: Finite exponential moment and K = 0.
vii) If n < 2p, then inserting (4.5.8) and (4.5.16) into (4.5.7) yields

E
[
Wp

(
ν̂N , ν

)]
≤ 4E1/p

α Re
− α

p R + Cn,p

(
ε+N

− 1
2pR

)
.

Setting R := 1
2α logN and ε := c(N) ≪ Re

− α
p R, it holds

E
[
Wp

(
ν̂N , ν

)]
≲n,p,α,Eα

N
− 1

2p logN.

viii) If n = 2p, then inserting (4.5.9) and (4.5.16) into (4.5.7) yields

E
[
Wp

(
ν̂N , ν

)]
≤ 4E1/p

α Re
− α

p R + C

(
ε+N

− 1
2pR log

(
R

ε

))
.
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Setting ε := Cn,p,α,Eα
Re

− α
p R

< R/4 for N large enough, the choice

R := 1
2α (logN − 2p log logN)

gives the ansatz approximation to

α

p
R+ logR ≈ 1

2p logN + logCn,p,α,Eα

so that
E
[
Wp

(
ν̂N , ν

)]
≲n,p,α,Eα

N
− 1

2p (logN)2.

ix) If n > 2p, then inserting (4.5.10) and (4.5.16) into (4.5.7) yields

E
[
Wp

(
ν̂N , ν

)]
≤ 4E1/p

α Re
− α

p R + C

(
ε+N

− 1
2pR

n
2p ε1− n

2p

)
.

Setting ε := Cn,pN
− 1

nR and R := p
αn logN , it holds

E
[
Wp

(
ν̂N , ν

)]
≲n,p,α,Eα N

− 1
n logN.

Case 4: Finite exponential moment and K < 0.
x) If n < 2p, then inserting (4.5.11) and (4.5.16) into (4.5.7) yields

E
[
Wp

(
ν̂N , ν

)]
≤ 4E1/p

α Re
− α

p R + C

(
ε+N

− 1
2p e

√
|K|(n−1)R/pR

)
.

Setting ε := c(N) ≪ Re
− α

p R and

R := 1
2
(
α+

√
|K|(n− 1)

) logN,

we deduce that for N large enough,

E
[
Wp

(
ν̂N , ν

)]
≲K,n,p,α,Eα

N
− α

2p
(

α+
√

|K|(n−1)
)

logN.

xi) If n = 2p, then inserting (4.5.12) and (4.5.16) into (4.5.7) yields

E
[
Wp

(
ν̂N , ν

)]
≤ 4E1/p

α Re
− α

p R + C

(
ε+N

− 1
2p e

√
|K|(n−1)R/pR log

(
R

ε

))
.
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Setting ε := CK,n,p,α,Eα
Re

− α
p R and

R := 1
2
(
α+

√
|K|(n− 1)

) (logN − 2p log logN) ,

we deduce that for N large enough,

E
[
Wp

(
ν̂N , ν

)]
≲K,n,p,α,Eα

N
− α

2p
(

α+
√

|K|(n−1)
)

(logN)
1+ α

α+
√

|K|(n−1) .

xii) If n > 2p, then inserting (4.5.13) and (4.5.16) into (4.5.7) yields

E
[
Wp

(
ν̂N , ν

)]
≤ 4E1/p

α Re
− α

p R + C

(
ε+N

− 1
2p e

√
|K|(n−1)R/pR

n
2p ε

1− n
2p

)
.

Optimizing in ε for fixed R gives

ε := CK,n,pRN
− 1

n exp
(

2
√

|K|(n− 1)
n

R

)
.

Hence

E
[
Wp

(
ν̂N , ν

)]
≲K,n,p,α,Eα

E1/p
α Re

− α
p R +RN− 1

n exp
(

2
√

|K|(n− 1)
n

R

)
.

Setting
R := p

nα+ 2p
√

|K|(n− 1)
logN,

we deduce that for N large enough,

E
[
Wp

(
ν̂N , ν

)]
≲K,n,p,α,Eα

N
− α

nα+2p
√

|K|(n−1) logN.
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CHAPTER 5

Well-Posedness of the
Multi-Species Landau
Equation

This chapter is the content of the joint work [65] with Raphael Winter and Havva Yoldaş.
"On the existence of solutions to the multi-species Landau equation." arXiv preprint
arXiv:2512.17082 (2025).

5.1 Introduction
We study the spatially homogeneous multi-species Landau equation, a kinetic model for
the time evolution of a plasma consisting of several distinct particle species, such as ions
and electrons. The homogeneous multi-species Landau system, satisfied by the probability
densities fi = fi(t, v) with (t, v) ∈ (0,∞) × R3 for N species, is given by

∂tfi =
N∑

j=1
Qij(fi, fj), 1 ≤ i ≤ N, (5.1.1)

where Qij(fi, fj) is the Landau collision operator, derived by Landau in 1936 [69],

Qij(fi, fj)(vi) = 1
mi

∇vi ·
(ˆ

R3
cijA(vi − vj)

(
∇vi

mi
−

∇vj

mj

)
(fi ⊗ fj) (vi, vj) dvj

)
.

Here, the constants mi denote the particle masses for each species, and

A(z) := |z|2+γ Π⊥
z , Π⊥

z := Id −z ⊗ z

|z|2
, cij :=

|log Λc| q2
i q

2
jninj

8πε2
0

, (5.1.2)

where | log Λc| is the Coulomb logarithm, ε0 is the vacuum permittivity, and qi are the
particle charges. The constants ni are the number densities of each species per unit volume,
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5. Well-Posedness of the Multi-Species Landau Equation

so we can assume fi to be probability densities. The constant γ ∈ [−3, 1] determines
the singularity of the interaction kernel, the physically most relevant case describing the
interaction of charged particles via Coulomb potentials corresponds to γ = −3. The Landau
equation can be obtained in the grazing collisions limit from the Boltzmann equation, see
e.g., [3, 27, 104, 71].

The breakthrough result of Guillen–Silvestre [52] establishes the global existence of
solutions for the Landau–Coulomb equation, when f solves (5.1.1) for only one species.
They achieve this by showing that the Fisher information

I(f) =
ˆ
R3

|∇ log f |2 f dv (5.1.3)

is non-increasing along the solution of the Landau equation. On the other hand, for the
multi-species Landau equation only a couple of mathematically rigorous results are available.

As the multi-species Landau equation arises from (grazing) elastic collisions, it conserves,
at least formally, the number of particles for all species, as well as the total momentum P
and total energy E . Therefore, we have the following conserved quantities,

P :=
N∑

i=1

ˆ
R3
miv fi(v) dv, E := 1

2

N∑
i=1

ˆ
R3
mi |v|2 fi(v) dv. (5.1.4)

Moreover, the Boltzmann entropy H, given by

H(FN ) :=
N∑

i=1

ˆ
R3
fi log fi dv,

where FN := (f1, · · · , fN ) is a solution to (5.1.1), is formally non-increasing in time.
In this chapter, we tackle the problem of global well-posedness for the spatially homoge-

neous multi-species Landau equation. To this end, we first derive a natural generalization
of the Fisher information in the multi-species setting. Since the global equilibrium of a
centered multi-species system is given by the Gibbs state

Feq(vN ) :=
N∏

i=1
MT,mi

(vi), (5.1.5)

where vN := (v1, · · · , vN ), T > 0 is the temperature and MT,mi is the Maxwellian velocity
distribution for particles of mass mi; i.e.,

MT,mi(v) :=
( mi

2πT

) 3
2 exp

(
−mi

2T |v|2
)
, (5.1.6)
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it is natural to seek a multi-species Fisher information I of the form

I(FN ; a) =
N∑

i=1
ai

ˆ
R3

|∇ log fi|2 fi dv, (5.1.7)

where a = (a1, . . . , aN ) positive constants ai > 0 to be chosen. We can only expect
monotonicity of this functional (5.1.7) if the equilibrium (5.1.5) is a minimizer among
all centered configurations with fixed total kinetic energy E defined in (5.1.4). Testing
this condition on factorized functions with the same kinetic energy shows that, up to a
multiplicative constant, the unique choice is ai = m−1

i . We therefore define

I(FN ) :=
N∑

i=1

1
mi

ˆ
R3

|∇ log fi|2 fi dv. (5.1.8)

This functional is indeed a Lyapunov functional for the homogeneous multi-species Landau
equation provided that γ ∈ [−

√
8,−2] which is our first main result, see Theorem 5.1.

We recast the cross-interaction operators in a new set of variables (5.2.6) and differential
operators (5.2.5). After this transformation, the operators can be treated similar to [52],
and the constant in the log-Sobolev inequality without additional symmetry is responsible
for the threshold value γ∗ := −

√
8.

We can prove that the threshold γ∗ is sharp and the monotonicity of the Fisher
information no longer holds in general for γ ∈ [−3, γ∗). More precisely, we construct explicit
counterexamples for the two-species Landau system when the mass ratio between the two
species is sufficiently large. We do so by investigating first the limiting equation where
one species has infinite mass. The finite mass case can then be recovered by a continuity
argument. The counterexamples are given in Theorem 5.2.

The first two theorems pose the question whether the multi-species Landau system is
indeed globally well-posed below the threshold value γ∗ or if the symmetry under exchange of
particles is necessary to obtain global well-posedness results using the information-theoretical
approach. This is the main objective of our analysis. We are able to answer this question
positively and provide a new method to construct Lyapunov functionals that do not require
this symmetry assumption.

We consider the two-species Landau system where one species has infinite mass, i.e., the
collisional dynamics of electrons and ions. While the counterexample in Theorem 5.2 shows
that the time derivative of the Fisher information along this dynamics is no longer under
control, we construct a new Lyapunov functional Λ(f), defined in (5.1.12), by combining a
weighted spherical Fisher information, the classical Fisher information and the Boltzmann
entropy. With this new functional, we establish global well-posedness for γ ∈ [−3, γ∗)
in Theorem 5.3. This result reveals a new method that can show global well-posedness for
equations which do not satisfy the symmetry property required by the existing methods.
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5. Well-Posedness of the Multi-Species Landau Equation

5.1.1 Main results
Theorem 5.1 (Global well-posedness). Let N ∈ N be the number of species and mi > 0,
1 ≤ i ≤ N their respective particle masses. Assume that the interaction is soft with
−2 ≥ γ ≥ −

√
8. Further assume that the initial distributions satisfy f◦

i ∈ L1
2ℓ ∩L2

ℓ ∩L logL
for some ℓ ≥ 7 and are probability densities. Then there exists a global-in-time strong
solution FN = (fi)N

i=1 which solves (5.1.1), and

fi ∈ C∞((0,∞) × R3), for 1 ≤ i ≤ N.

Moreover, for any t > 0, the generalized Fisher information I(FN ) defined in (5.1.8) is
finite and non-increasing in time on (0,∞).

The proof of this theorem is the content of Section 5.2.4.
The theorem covers a large range of soft potentials, down to the threshold γ∗ = −

√
8.

This naturally raises the question whether the monotonicity of the Fisher information persists
for γ < γ∗. We answer this question negatively in the cases where the mass ratio between
the two species is sufficiently large or infinite. This includes physically important cases such
as the collisional dynamics of electrons interacting with ions, where the mass ratio is about
1836 between protons and electrons. In the limiting case of infinite mass ratio, the resulting
equation can be found in [88, Equation 6.4.11] and reads

∂tf = Qγ(f, f) + ceiLf, (5.1.9)

with the choice γ = −3 and cei > 0 in the general formula

Qγ(f, f)(v) := ∇v ·
ˆ
R3
A(v − v∗) (∇v − ∇v∗) (f ⊗ f) (v, v∗) dv∗,

Lf(v) := ∇v ·
(
|v|2+γΠ⊥

v ∇vf(v)
)
.

In other words, the interaction with ions induces a diffusion on spheres in velocity space.
We prove that the Fisher information is a Lyapunov function for this equation if the initial
datum f◦ is even, but is not monotone decreasing in general.

Theorem 5.2 (Non-monotonicity of the Fisher information below γ∗). Let −3 ≤ γ < γ∗ =
−

√
8.

(i). Infinite mass ratio: There exists a probability density f◦ ∈ S(R3) such that the
local-in-time solution f with initial data f◦ to (5.1.9) satisfies

d
dtI(f)

∣∣
t=0 > 0,

where I(f) is defined in (5.1.3). On the other hand, if f◦ is even, i.e. f◦(v) =
f◦(−v), then the Fisher information I(f) is a Lyapunov functional for (5.1.9) for any
−3 ≤ γ ≤ −2.
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(ii). Large but finite mass ratio: For N = 2, cij > 0, i, j ∈ {1, 2}, and m2
m1

> 0
large enough, there exist probability densities f◦

1 , f
◦
2 ∈ S(R3) such that the local-in-

time solution F2 = (f1, f2) with initial data f◦
1 , f

◦
2 to (5.1.1) has increasing Fisher

information (5.1.8)

d
dtI(F2)

∣∣
t=0 > 0.

The proof of this theorem is the content of Section 5.3.1.
This theorem shows that the Fisher information is no longer a Lyapunov functional.

Moreover, the proof reveals that the time derivative of the Fisher information cannot
be controlled in terms of I(f) alone, which makes any direct growth estimate for I(f)
inaccessible. This prompts the question whether (5.1.9) is in fact globally well-posed. We
answer this positively even for Coulomb interactions between electrons and ions. We consider
the equation

∂tf = Qγ(f, f) + cei∇ ·
(

Π⊥
v

|v|
∇f
)
, (5.1.10)

where Qγ(f, f) is given by the single-species Landau operator with coefficient γ ∈ [−3, 2]
in (5.1.2).

To obtain a new Lyapunov functional, we introduce, in addition to the standard Fisher
information, a weighted spherical Fisher information J(f) defined by

J(f) :=
ˆ
R3

∣∣Π⊥
v ∇ log f(v)

∣∣2
|v|

f(v) dv.

Furthermore, we introduce the relative Boltzmann entropy H(f |MT ◦,1) with respect to
the Maxwellian MT ◦,1 (5.1.6) where the temperature T ◦ is chosen such that

ˆ
R3

1
2 |v|2MT ◦,1(v) dv =

ˆ
R3

1
2 |v|2f◦(v) dv = E.

The relative entropy H(f |MT ◦,1) can be written explicitly as

H(f |MT ◦,1) := H(f) −
ˆ
R3
f log MT ◦,1 dv :=

ˆ
R3
f log f dv −

ˆ
R3
f log MT ◦,1 dv.

We are now in the position to state the central result of the chapter.

Theorem 5.3 (New Lyapunov functional for the infinite-mass case). Let −3 ≤ γ < −
√

8,
cei > 0 and f be the (local) strong solution to (5.1.10) with initial datum given by a
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5. Well-Posedness of the Multi-Species Landau Equation

probability density f◦ satisfying f◦ ∈ L1
2ℓ ∩ L2

ℓ ∩ L logL for some ℓ ≥ 7 and J(f◦) < ∞.
In the case of γ = −3, we need to further assume that cei and the initial datum f◦ satisfy

1 + J(f◦)
I

3
2 (f◦)

+H(f◦|MT ◦,1) ≤ cei

K
, (5.1.11)

whereK > 0 is a constant (computable in terms of the optimal constants in several functional
inequalities). Then there exist constants a = a(cei, γ, I(f◦) , J(f◦) ,H(f◦|MT ◦,1)) > 0
and R = R(cei, γ, I(f◦) , J(f◦) ,H(f◦|MT ◦,1)) > 0 such that the non-negative functional

Λ(f) = I(f) + a J(f) +RH(f |MT ◦,1) (5.1.12)

is non-increasing in time. In particular, the Fisher information I(f) remains globally
bounded by a constant depending on the initial datum f◦, and the solution to (5.1.10)
exists globally-in-time.

Remark 5.4. For the condition (5.1.11) to hold, it is necessary that cei > K. The constant
K > 0 constructed in our proof is rather large see Remark 5.22.

The proof of this theorem is the content of Section 5.3.3.
Let us emphasize that this result shows that the global-in-time boundedness of the

Fisher information persists, even though the Fisher information itself is no longer monotone
for γ < γ∗. For general finite mass-ratio of two species, the question of well-posedness of
the two-species system remains open when γ < γ∗. In the linearized setting and large mass
ratio, the problem is related to the two-scale problem considered in [50].

5.1.2 Summary of previous results
In this section, we summarize the theory of the Landau equation with a particular focus
on the results after [52]. We refer the reader to [52] for a detailed review and historical
remarks. The global well-posedness theory for the spatially homogeneous Landau equation
is well-established for hard potentials and Maxwellian molecules, i.e., γ ≥ 0, see e.g., [104]
for γ = 0 and [29, 30] for γ > 0. For moderately soft potentials, i.e., γ ∈ (−2, 0], regularity
estimates developed in [48, 90, 112] imply global smooth solutions. For the very soft
potentials, i.e., γ ∈ [−3,−2) including the case of Coulomb interactions, this problem was
open until the recent breakthrough result by Guillen–Silvestre [52]. They prove that the
Fisher information is monotone decreasing for the spatially homogeneous Landau equation
with Coulomb interactions, which gives the existence of global smooth solutions. Since then,
this new information-theoretical approach has been used to address other open problems
in kinetic theory. We refer the reader to the recent notes by Villani [103] on this topic.
In [59], Imbert–Silvestre–Villani generalized this method to show the existence of global
smooth solutions to the space-homogeneous Boltzmann equation in the regime of very soft
potentials. The Fisher information approach has been generalized to initial data without
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finite Fisher information, see [16, 28, 44, 61]. Let us briefly discuss the Lenard–Balescu
equation which is considered as a more accurate model than the Landau equation for weakly
coupled systems with long-range forces (especially Coulomb plasmas). The presence of
collective effects leads to an additional non-local nonlinearity in the collision operator and
currently no Fisher information based theory is known. The state of the art regarding the
spatially homogeneous Lenard–Balescu equation is due to [32, 33, 95].

The global well-posedness of the spatially in-homogeneous Landau equation with Coulomb
interactions still remains open for general initial data. However, it is possible to obtain
rigorous results when the collision operator is mollified in space. In [49], the authors study
a fuzzy version of the spatially in-homogeneous Landau equation where the collisions are
delocalized via a spatially dependent kernel κ(x−x∗). They prove the global well-posedness
of the fuzzy Landau equation for moderately soft interactions where γ ∈ (−2, 0] and a
positive spatial kernel κ(x) ∼ ⟨x⟩−λ, λ > 0 when the initial data is sufficiently smooth.
For κ ≡ 1, and γ ∈ [−3, 1], they also prove that the spatial Fisher information decays
monotonically and the full Fisher information remains uniformly bounded in finite time
intervals. We also refer to the recent article series [35, 36, 34] for more details on the fuzzy
Landau equation.

When it comes to the multi-species Landau equation, mathematical results are rather
scarce. Classical references for the derivation of (5.1.1) are [73, Chapter 4] and [88, Chapter
6]. This problem is closely related to the study of the multi-species Boltzmann equation;
thus, the existing results use similar approaches. Let us start by summarizing some landmark
results in this case. In [92], the authors study the Boltzmann equation for a mixture of two
gases in one spatial dimension, and prove sharp pointwise-in-(t, x) asymptotics where one
species is near vacuum and the other one is near Maxwellian equilibrium. One of the first
spectral gap results for the spatially in-homogeneous multi-species Boltzmann system on
(x, v) ∈ T3 × R3 covering hard potentials and Maxwellian molecules, γ ∈ [0, 1], with Grad’s
cutoff assumption is [23]. This work uses a multi-species adaptation of the quantitative
hypocoercivity techniques developed in [81]. However, [23] does not allow species to have
different masses in the mixture. In [15], the authors develop a perturbative Cauchy theory
for the multi-species Boltzmann equation posed on (x, v) ∈ T3 × R3 in the weighted space
L1

vL
∞
x with a polynomial weight. They prove the existence of a spectral gap for the linear

multi-species Boltzmann operator allowing different masses which induce a loss of symmetry
and the standard methods developed for the mono-species case are not immediately available.
They study the perturbed linear equation by means of the L1 − L∞ theory due to [53].

To the best of our knowledge, there are only two works on the Cauchy problem of
the multi-species Landau system. In [51], the authors study the system of the spatially
in-homogeneous Landau system defined in the phase space (x, p) ∈ T3 ×R3 with moderately
soft potentials, γ ∈ [−2, 1]. Using a similar strategy as in [23], they provide explicit spectral
gap and hypocoercivity estimates for a linearized multi-species Landau system where all
species are assumed to be close to equilibrium. In [75], the authors study the Landau
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system on (x, p) ∈ R3 × R3 for γ ∈ [−2, 1] for two species where one species starts near
vacuum and the other one starts near a Maxwellian equilibrium state. Using a similar
approach as in the case of the multi-species Boltzmann system [92], they show that the
solutions to the linearized system become instantaneously smooth both in x and p without
requiring any smoothness assumption on the initial datum. On the numerics side, [19]
develops a deterministic, structure-preserving particle method for the spatially homogeneous,
multi-species Landau equation by regularizing the collision operator so that each species
distribution can be approximated as a sum of Dirac masses whose locations evolve according
to an ODE system.

5.1.3 Preliminaries and structure of the chapter
Throughout the chapter, we follow the notational convention introduced in [52] and write
⟨I ′(f), g⟩ for the Gateaux derivative of a functional I in direction g. Moreover, we recall
the Japanese bracket ⟨v⟩ =

√
1 + |v|2 and the following standard notation for weighted

spaces.

Definition 5.5 (Weighted spaces). We work in weighted spaces L2
l and Hk

l , l ≥ 0, k ∈ N,
defined by

∥f∥2
L2

l
=
ˆ
R3
f2(v)⟨v⟩l dv,

∥f∥2
Hk

l
=

k∑
j=0

∥∇jf∥2
L2

l
.

To control the tail of f , we also use the moments

∥f∥L1
l

=
ˆ
R3
f(v)⟨v⟩l dv.

We introduce the number densities ni in (5.1.2) so that we can assume throughout the
chapter that f , fi are probability densities.

We use the standard notation for the Frobenius product of real matrices and the induced
Hilbert-Schmidt norm

A : B :=
∑
i,j

AijBij = trace(AtB) and ∥A∥2
HS := A : A.

For convenience, we will use the tensor product notation for functions f and g,

(f ⊗ g)(v, w) := f(v)g(w),

130



5.2. The multi-species Landau system with finite masses

and suppress the arguments wherever there is no risk of confusion.

Let us briefly summarize the structure of the chapter. In Section 5.2 we treat the
finite-mass case and prove Theorem 5.1. In Section 5.3 we consider the case of two species
with large or infinite mass ratio m2

m1
. Section 5.3.2 contains preliminary results on the

dissipation functionals for the infinite mass case, while the proof of Theorem 5.2 is carried
out in Section 5.3.1. The novel dissipation functional and the proof of Theorem 5.3 are the
content of Section 5.3.3. Some frequently used identities in spherical calculus are gathered
in Appendix 5.4.1.

5.2 The multi-species Landau system with finite masses

5.2.1 Lifting argument for the multi-species system
We perform a lifting procedure by doubling the number of variables as in [52]. To this end,
we define

mN+i := mi, ci,N+j := cij , 1 ≤ i, j ≤ N,

so that particles i and N + i belong to the same species. We introduce the lifted linear
operators acting on functions

F̃ (v2N ) : (R3)2N → R, v2N := (v1, · · · , v2N ),

by

Q̃ij(F̃ ) :=
(

∇vi

mi
−

∇vj

mj

)
·
(
cijA(vi − vj)

(
∇vi

mi
−

∇vj

mj

)
F̃

)
with

1 ≤ i ≤ N, N + 1 ≤ j ≤ 2N,

and consider the linear evolution of the Cauchy problem
∂tF̃ = Q̃(F̃ ) =

∑
1≤i≤N

N+1≤j≤2N

Q̃ij(F̃ ),

F̃ ◦(v1, . . . , v2N ) =
N∏

i=1
f◦

i (vi) f◦
i (vN+i).

(5.2.1)

Since the lifted equation and its initial datum are invariant under the exchange of the two
copies, uniqueness of the lifted linear evolution implies

ΠiF̃ (t) = ΠN+iF̃ (t), i = 1, . . . , N. (5.2.2)

131



5. Well-Posedness of the Multi-Species Landau Equation

The evolution (5.2.1) is useful because the equations for the marginals can be related
back to the multi-species system (5.1.1). To see this, we consider the marginals

ΠkF̃ :=
ˆ

(R3)2N−1
F̃ dv̂k, 1 ≤ k ≤ 2N,

where v̂k denotes the vector v2N := (v1, . . . , v2N ) with vk omitted. For 1 ≤ i ≤ N , we
have

∂t

(
ΠiF̃

)
=

2N∑
j=N+1

∇vi

mi
·

(ˆ
(R3)2N−1

cijA(vi − vj)
(

∇vi

mi
−

∇vj

mj

)
F̃ (v1, . . . , v2N ) dv̂i

)
,

and thus, at time t = 0, we recover the multi-species equation (5.1.1),

∂t

(
ΠiF̃

) ∣∣∣
t=0

=
N∑

j=1
Qij(f◦

i , f
◦
j ) = ∂tfi

∣∣
t=0

For the lifted multi-species system we introduce the weighted Fisher information

Ĩ(F̃ ) :=
ˆ

(R3)2N

2N∑
i=1

1
mi

∣∣∣∇vi
log F̃

∣∣∣2 F̃ dv2N .

Although this definition is asymmetric, the weighted Fisher information retains the key
property that we need: it controls a suitably scaled sum of the marginals’ Fisher information.

Lemma 5.6 (Dissipation inequality for the weighted Fisher information). Let F̃ : (R3)2N →
R be a probability density with finite weighted Fisher information Ĩ(F̃ ) and marginals

ΠiF̃ = ΠN+iF̃ = fi, 1 ≤ i ≤ N.

Then
N∑

i=1

1
mi

I(fi) ≤ 1
2 Ĩ(F̃ ), (5.2.3)

with equality if and only if F̃ = (f1 ⊗ · · · ⊗ fN )⊗2. As a consequence, we have the inequality

d
dtI(FN )

∣∣∣
t=0

≤ 1
2

d
dt Ĩ(F̃ )

∣∣∣
t=0

, (5.2.4)

for FN and F̃ solutions to (5.1.1) and (5.2.1) respectively.

Proof. Consider the change of variables Φ : (R3)2N → (R3)2N defined by

Φ : (v1, . . . , v2N ) 7→ (
√
m1 v1, . . . ,

√
m2N v2N ) .
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Then the push-forward density G := | detDΦ|−1 F̃ ◦ Φ−1 satisfies
ˆ

(R3)2N

|∇ logG|2 G dv2N = Ĩ(F̃ ).

The claim is then a direct consequence of Carlen’s inequality [17, Theorem 3]. The factor
1
2 stems from the fact that ΠiF̃ = fi = fN+i = ΠN+iF̃ , so each probability distribution
appears twice as a marginal.

Finally, the inequality (5.2.4) follows from the same argument as in the single-species
case:

d
dtI(FN )

∣∣∣
t=0

=
N∑

i,j=1

〈
1
mi

I ′(f◦
i ), Qij(f◦

i , f
◦
j )
〉

=
N∑

i=1

〈
1
mi

I ′(f◦
i ), ∂t

(
ΠiF̃

) ∣∣∣
t=0

〉

= d
dt

(
N∑

i=1

1
mi

I(ΠiF̃ ) − 1
2 Ĩ(F̃ )

)∣∣∣
t=0

+ 1
2

d
dt Ĩ(F̃ )

∣∣∣
t=0

≤ 1
2

d
dt Ĩ(F̃ )

∣∣∣
t=0

,

where the last inequality follows from (5.2.3) and (5.2.2) using that the initial datum is
factorized.

5.2.2 Dissipation of the weighted Fisher information
This section is devoted to the proof of the dissipation of the weighted Fisher information
for strong solutions. This is the fundamental tool to prove Theorem 5.1.

We introduce the following differential operators,

∇∇i,j :=
(

∇vi√
mi

,
∇vj√
mj

)
, ∇∇/ i,j := ∇vi

mi
−

∇vj

mj
. (5.2.5)

Lemma 5.7. Let F̃ (v1, · · · , v2N ) = ⊗2N
k=1fk be a probability density with marginals fk and

finite weighted Fisher information Ĩ(F̃ ). Then for any pair (i, j) : 1 ≤ i ≤ N, N + 1 ≤
j ≤ 2N , 〈

Ĩ ′(F̃ ), Q̃ij(F̃ )
〉

=
〈

Ĩ ′
ij (fi ⊗ fj) , Q̃ij (fi ⊗ fj)

〉
,

where
Q̃ij(fi ⊗ fj) := ∇∇/ i,j ·

(
cijA(vi − vj) ∇∇/ i,j (fi ⊗ fj)

)
133



5. Well-Posedness of the Multi-Species Landau Equation

and
Ĩij (fi ⊗ fj) :=

ˆ
(R3)2

| ∇∇i,j log (fi ⊗ fj)|2 (fi ⊗ fj) .

Proof. By linearity, it suffices to show that for any index k ̸= i, j and

Ĩk(F̃ ) :=
ˆ

(R3)2N

1
mk

∣∣∣∇vk
log F̃

∣∣∣2 F̃ ,
we have 〈

Ĩ ′
k(F̃ ), Q̃ij(F̃ )

〉
= 0.

A direct computation gives〈
Ĩ ′

k(F̃ ), Q̃ij(F̃ )
〉

=
ˆ

(R3)2N

2
mk

(
∇vk

(
Q̃ij(F̃ )
F̃

)
· ∇vk

log F̃
)
F̃ +

ˆ
(R3)2N

1
mk

∣∣∣∇vk
log F̃

∣∣∣2 Q̃ij(F̃ )

= 1
mk

ˆ
(R3)2N

2 ∇vk

(
Q̃ij(F̃ )
F̃

)
· ∇vk

F̃ +
∣∣∣∇vk

log F̃
∣∣∣2 Q̃ij(F̃ ).

Since F̃ is factorized, Q̃ij(F̃ )/F̃ does not depend on vk while ∇vk
log F̃ only depends on

vk. As a consequence, the above integrals vanish, which proves the claim.

Let F̃ be a solution to (5.2.1). At time t = 0, the initial data is factorized as
F̃ ◦ = (f◦

1 ⊗ · · · ⊗ f◦
N )⊗2, and Lemma 5.7 allows us to rewrite each contribution to the

dissipation as

∂tĨ(F̃ )
∣∣∣
t=0

=
∑

1≤i≤N
N+1≤j≤2N

〈
Ĩ ′(F̃ ◦), Q̃ij(F̃ ◦)

〉

=
∑

1≤i≤N
N+1≤j≤2N

〈
Ĩ ′

ij

(
f◦

i ⊗ f◦
j

)
, Q̃ij

(
f◦

i ⊗ f◦
j

)〉
.

We introduce two new physical variables, namely the relative velocity and the center-of-
momentum frame: for a fixed pair (i, j) we set

z := vi − vj , z∗ := mivi +mjvj

Mij
, αij := 1

mi
+ 1
mj

= Mij

mimj
, (5.2.6)
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5.2. The multi-species Landau system with finite masses

where Mij := mi +mj . Then the transformation (vi, vj) 7→ (z, z∗) is volume-preserving
and we obtain

∇∇i,j 7→
(

∇z√
mi

+
√
mi

Mij
∇z∗ ,− ∇z√

mj
+

√
mj

Mij
∇z∗

)
, ∇∇/ i,j 7→ αij∇z.

Using these new variables and denoting f ij(z, z∗) := (fi ⊗ fj) (vi, vj) we have

| ∇∇i,j log (fi ⊗ fj)|2 = αij |∇z log f ij |2 + 1
Mij

|∇z∗ log f ij |2 .

Therefore, we can decompose Ĩij into three functionals

Ĩij (fi ⊗ fj) =
ˆ
R6

| ∇∇i,j log (fi ⊗ fj)|2 (fi ⊗ fj)

=
ˆ
R6
αij |∇z log f ij |2 f ij +

ˆ
R6

1
Mij

|∇z∗ log f ij |2 f ij

= αij

ˆ
R6

∣∣(Id −Π⊥
z

)
∇z log f ij

∣∣2 f ij + αij

ˆ
R6

∣∣Π⊥
z ∇z log f ij

∣∣2 f ij

+
ˆ
R6

1
Mij

|∇z∗ log f ij |2 f ij

=: R̃ij;rel (f ij) + J̃ij;rel (f ij) + Ĩij;cmf (f ij). (5.2.7)

One should interpret functionals R̃ij;rel(f ij) and J̃ij;rel(f ij) as the radial and spherical
parts of the weighted Fisher information in relative velocity respectively, and the third func-
tional Ĩij;cmf(f ij) as the remaining weighted Fisher information in the center-of-momentum
frame.

In the variables (5.2.6), the lifted multi-species Landau operator takes a simpler form,
namely,

Q̃ij (fi ⊗ fj)
fi ⊗ fj

:=
∇∇/ i,j ·

(
cijA(vi − vj) ∇∇/ i,j (fi ⊗ fj)

)
fi ⊗ fj

= cij

(
∇∇/ i,j ·

(
A ∇∇/ i,j log (fi ⊗ fj)

)
+ ∇∇/ i,j log (fi ⊗ fj) ·A ∇∇/ i,j log (fi ⊗ fj)

)
= cijα

2
ij

(
∇z ·

(
|z|2+γΠ⊥

z ∇z log f ij

)
+ |z|2+γ

∣∣Π⊥
z ∇z log f ij

∣∣2) , (5.2.8)

This expression takes an even simpler form in geometric notation using the spherical
coordinates in the relative velocity z:

r := |z|, ω := z

|z|
=: ẑ. (5.2.9)
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5. Well-Posedness of the Multi-Species Landau Equation

Defining f ij(r, ω, z∗) := f ij(z, z∗), in view of (5.4.1) and (5.4.5),

Q̃ij (fi ⊗ fj)
fi ⊗ fj

= cijα
2
ij r

γ
(

∆S2 log f ij +
∣∣∇S2 log f ij

∣∣2) . (5.2.10)

We are now set to compute the Gateaux derivative of each functional in the direction
Q̃ij .

Lemma 5.8. Let 1 ≤ i ≤ N and N + 1 ≤ j ≤ 2N , and let fi, fj−N (:= fj) be
solutions of (5.1.1) given by Lemma 5.13. The Gateaux derivatives of the functionals
R̃ij;rel (f ij), J̃ij;rel (f ij) and Ĩij;cmf (f ij) in the direction Q̃ij(fi ⊗ fj) are given by

〈
Ĩ ′

ij;cmf (f ij), Q̃ij(f ij)
〉

= −2cij

α2
ij

Mij

ˆ
R6

∇z∗∇z log f ij : (∇z∗∇z log f ijA(z)) f ij .

(5.2.11)〈
J̃ ′

ij;rel (f ij), Q̃ij(f ij)
〉

= −2cijα
3
ij

ˆ
R6

|z|2+γ
∥∥∥(Π⊥

z ∇z

)2 log f ij

∥∥∥2

HS
f ij . (5.2.12)〈

R̃′
ij;rel (f ij), Q̃ij(f ij)

〉
= −2cijα

3
ij×

ˆ
R6

|z|2+γ

(∣∣∣Π⊥
z ∇z (ẑ · ∇z log f ij) + γ

2|z|
Π⊥

z ∇z log f ij

∣∣∣2 − γ2

4|z|2
∣∣Π⊥

z ∇z log f ij

∣∣2) f ij .

(5.2.13)

Proof. We start with the proof of (5.2.11). The Gateaux derivative is given by〈
Ĩ ′

ij;cmf (f ij), Q̃ij(f ij)
〉

=
cijα

2
ij

Mij

ˆ
R6

2∇z∗ log f ij · ∇z∗

(
∇z · (A(z)∇zf ij)

f ij

)
f ij

+ |∇z∗ log f ij |2 ∇z · (A(z)∇zf ij)
=: T1 + T2.

Integrating by parts yields readily

T2 = −
2cijα

2
ij

Mij

ˆ
R6

∇z∇z∗ log f ij : (∇z∗ log f ij ⊗A(z)∇z log f ij) f ij .
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5.2. The multi-species Landau system with finite masses

For T1, we use the symmetry of A to rewrite it as

T1 =
2cijα

2
ij

Mij

ˆ
R6

∇z∗ log f ij · ∇z∗

(
∇z · (A(z)∇zf ij)

f ij

)
f ij

=
2cijα

2
ij

Mij

ˆ
R6

(
∇z∗ log f ij · ∇z∗

(
∇z · (A(z)∇z log f ij)

+ ∇z log f ij ·A(z)∇z log f ij

)
f ij

)

= −
2cijα

2
ij

Mij

ˆ
R6

∇z∗∇z log f ij : (∇z∗∇z log f ij A(z)) f ij

+
2cijα

2
ij

Mij

ˆ
R6

∇z∇z∗ log f ij : (∇z∗ log f ij ⊗A(z)∇z log f ij) f ij ,

where, in the third line, we used integration by parts. Combining T1 and T2 gives (5.2.11).

Next, we prove the second identity (5.2.12). Using (5.2.8), we have〈
J̃ ′

ij;rel(f ij), Q̃ij(f ij)
〉

= αij

ˆ
R6

(
2Π⊥

z ∇z log f ij

· ∇z

(
cijα

2
ij

(
∇z ·

(
|z|2+γΠ⊥

z ∇z log f ij

)
+ |z|2+γ

∣∣Π⊥
z ∇z log f ij

∣∣2)) f ij

)

+ αij

ˆ
R6

∣∣Π⊥
z ∇z log f ij

∣∣2
×
(
cijα

2
ij

(
∇z ·

(
|z|2+γΠ⊥

z ∇z log f ij

)
+ |z|2+γ

∣∣Π⊥
z ∇z log f ij

∣∣2)) f ij .

Denoting g(r, ω, z∗) := f ij(z, z∗) and recalling (5.2.10) and (5.4.1), this expression becomes〈
J̃ ′

ij;rel(f ij), Q̃ij(f ij)
〉

= cijα
3
ij

ˆ ∞

0

ˆ
S2

2rγ∇S2 log g · ∇S2

(
∆S2 log g + |∇S2 log g|2

)
g dω dr

+ cijα
3
ij

ˆ ∞

0

ˆ
S2
rγ |∇S2 log g|2

(
∆S2 log g + |∇S2 log g|2

)
g dω dr.
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5. Well-Posedness of the Multi-Species Landau Equation

Integrating by parts yields

〈
J̃ ′

ij;rel(f ij), Q̃ij(f ij)
〉

= cijα
3
ij

ˆ ∞

0

ˆ
S2
rγ

(
2 |∇S2 log g|4 + 3∇S2

(
|∇S2 log g|2

)
· ∇S2 log g − 2 (∆S2 log g)2

)
g dω dr. (5.2.14)

In order to simplify this expression, we first recall Bochner’s formula on S2:

1
2∆S2

(
|∇S2 log g|2

)
= Γ2 (log g, log g) + ∇S2 (∆S2 log g) · ∇S2 log g, (5.2.15)

where Γ2 is the carré du champs operator of the spherical Laplacian ∆S2 :

Γ2 (log g, log g) =
∥∥∇2

S2 log g
∥∥2

HS + |∇S2 log g|2 .

Multiplying (5.2.15) by g and integrating by parts, we obtain

−1
2

ˆ
S2

(
∇S2

(
|∇S2 log g|2

)
· ∇S2 log g) g

=
ˆ
S2

(∥∥∇2
S2 log g

∥∥2
HS + |∇S2 log g|2 + |∇S2 log g|4

+ ∇S2

(
|∇S2 log g|2

)
· ∇S2 log g − (∆S2 log g)2

)
g.

This can be recast in the more convenient form,

3
2

ˆ
S2

(
∇S2

(
|∇S2 log g|2

)
· ∇S2 log g

)
g

=
ˆ
S2

(
(∆S2 log g)2 − Γ2(log g, log g) − |∇S2 log g|4

)
g. (5.2.16)

Finally, inserting (5.2.16) into (5.2.14) yields〈
J̃ ′

ij;rel(f ij), Q̃ij(f ij)
〉

= −2cijα
3
ij

ˆ
R3

ˆ ∞

0

ˆ
S2
rγΓ2 (log g, log g) g dω dr dz∗. (5.2.17)

The result follows recalling (5.4.8).
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5.2. The multi-species Landau system with finite masses

To prove (5.2.13), we compute the Gateaux derivative〈
R̃′

ij;rel(f ij), Q̃ij(f ij)
〉

= αij

ˆ
R6

(
2
(
Id −Π⊥

z

)
∇z log f ij

· ∇z

(
cijα

2
ij

(
∇z ·

(
|z|2+γΠ⊥

z ∇z log f ij

)
+ |z|2+γ

∣∣Π⊥
z ∇z log f ij

∣∣2)) f ij

)

+ αij

ˆ
R6

(∣∣(Id −Π⊥
z

)
∇z log f ij

∣∣2
×
(
cijα

2
ij

(
∇z ·

(
|z|2+γΠ⊥

z ∇z log f ij

)
+ |z|2+γ

∣∣Π⊥
z ∇z log f ij

∣∣2)) f ij

)
.

Recalling (5.2.10) and (5.4.1), this becomes〈
R̃′

ij;rel(f ij), Q̃ij(f ij)
〉

= cijα
3
ij

ˆ ∞

0

ˆ
S2

2∂r log g ∂r

(
rγ
(

∆S2 log g + |∇S2 log g|2
))

g r2 dω dr

+ cijα
3
ij

ˆ ∞

0

ˆ
S2
rγ (∂r log g)2

(
∆S2 log g + |∇S2 log g|2

)
g r2 dω dr

=: cijα
3
ij

ˆ ∞

0
(K1 +K2) r2 dr

Integrating by parts, we obtain

K1 = 2
ˆ
S2
∂r log g ∂r

(
rγ
(

∆S2 log g + |∇S2 log g|2
))

g dω

= 2
ˆ
S2
rγ∂r log g

(γ
r

+ ∂r

)(
∆S2 log g + |∇S2 log g|2

)
g dω

= 2
ˆ
S2
rγ

(
1
2∂r log g ∂r

(
|∇S2 log g|2

)
− |∇S2∂r log g|2 − γ

2r ∂r

(
|∇S2 log g|2

))
g dω

and

K2 =
ˆ
S2
rγ (∂r log g)2

(
∆S2 log g + |∇S2 log g|2

)
g dω

= −
ˆ
S2
rγ∂r log g ∂r

(
|∇S2 log g|2

)
g dω.
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5. Well-Posedness of the Multi-Species Landau Equation

Thus, we have〈
R̃′

ij;rel(f ij), Q̃ij(f ij)
〉

= −2cijα
3
ij

ˆ
S2

ˆ ∞

0

(
|∇S2∂r log g|2 + γ

2r ∂r

(
|∇S2 log g|2

))
g r2+γ dr dω

= −2cijα
3
ij

ˆ
S2

ˆ ∞

0

(∣∣∣∇S2∂r log g + γ

2r∇S2 log g
∣∣∣2 − γ2

4r2 |∇S2 log g|2
)
g r2+γ dr dω

where in the second line we completed the square,

|∇S2∂r log g|2 + γ

2r ∂r

(
|∇S2 log g|2

)
=
∣∣∣∇S2∂r log g + γ

2r∇S2 log g
∣∣∣2 − γ2

4r2 |∇S2 log g|2 .

Changing back to variables (z, z∗) completes the proof.

Definition 5.9. We define the optimal constant Λ3 in the log-Sobolev inequality, for any
function ψ,

ˆ
S2

Γ2(logψ, logψ)ψ dω ≥ Λ3

ˆ
S2

|∇S2 logψ|2 ψ dω, (5.2.18)

and Λsym
3 as the optimal constant under the additional symmetry constraint ψ(ω) = ψ(−ω).

Note that Λ3 = 2 and Λsym
3 ≥ 5.5, see [60, Remark 1.4 and Theorem 1.1]).

Proposition 5.10 (Coercivity of the two-species weighted Fisher dissipation). The dissipation
of the two-species weighted Fisher information Ĩij (fi ⊗ fj) in the direction Q̃ij (fi ⊗ fj)
is non-negative whenever −2 ≥ γ ≥ −

√
8,

DĨij ,Q̃ij
(fi ⊗ fj) := −

〈
Ĩ ′

ij (fi ⊗ fj) , Q̃ij (fi ⊗ fj)
〉

≥ 0.

Moreover, setting Cij := Λ31j ̸=N+i + Λsym
3 1j=N+i, we have the lower bound

DĨij ,Q̃ij
(fi ⊗ fj)

≥ 2cijα
3
ij

ˆ
R6

|z|2+γ
∣∣∣Π⊥

z ∇z (ẑ · ∇z log f ij) + γ

2|z|
Π⊥

z ∇z log f ij

∣∣∣2f ij dz dz∗

+ 2cijα
3
ij

(
Cij − γ2

4

)ˆ
R6

|z|γ
∣∣∣Π⊥

z ∇z log f ij(z, z∗)
∣∣∣2f ij(z, z∗) dz dz∗

+ 2cij

α2
ij

Mij

ˆ
R6

∇z∗∇z log f ij(z, z∗) : (∇z∗∇z log f ij(z, z∗)A(z)) f ij(z, z∗) dz dz∗.

Proof. Thanks to the decomposition defined earlier

Ĩij (fi ⊗ fj) = R̃ij;rel (f ij) + J̃ij;rel (f ij) + Ĩij;cmf (f ij)
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5.2. The multi-species Landau system with finite masses

, the dissipation DĨij ,Q̃ij
(fi ⊗ fj) is given by

DĨij ,Q̃ij
(fi ⊗ fj)

= −
〈

R̃′
ij;rel (f ij), Q̃ij(f ij)

〉
−
〈

J̃ ′
ij;rel (f ij), Q̃ij(f ij)

〉
−
〈

Ĩ ′
ij;cmf (f ij), Q̃ij(f ij)

〉
= 2cij

α2
ij

Mij

ˆ
R6

∇z∗∇z log f ij : (∇z∗∇z log f ijA(z)) f ij

+ 2cijα
3
ij

ˆ
R6

|z|2+γ

(∥∥∥ (Π⊥
z ∇z

)2 log f ij

∥∥∥2

HS
− γ2

4|z|2
∣∣∣Π⊥

z ∇z log f ij

∣∣∣2) f ij (5.2.19)

+ 2cijα
3
ij

ˆ
R6

|z|2+γ
∣∣∣Π⊥

z ∇z (ẑ · ∇z log f ij) + γ

2|z|
Π⊥

z ∇z log f ij

∣∣∣2f ij .

Notice that except (5.2.19), all the terms above are non-negative. To obtain the lower bound,
we use the log-Sobolev inequality on S2, i.e., (5.2.18). Recalling g(r, ω, z∗) := f ij(z, z∗),
we haveˆ

S2

(
Γ2(log g, log g) − γ2

4 |∇S2 log g|2
)
g ≥
ˆ
S2

(
Cij − γ2

4

)
|∇S2 log g|2 g. (5.2.20)

Here, we use that for j = N + i, mj = mi, the function

g(r, ω, z∗) = f ij(z, z∗) = fi

(
1
2z + z∗

)
fi

(
−1

2z + z∗
)

= fi(vi)fi(vN+i),

is symmetric in z; thus, the constant of the log-Sobolev inequality becomes Λsym
3 . Inserting

back (5.2.20) into (5.2.19), and recalling (5.4.8) conclude the proof.

Remark 5.11. Without invoking the log-Sobolev inequality, the sign of the dissipation
would remain unclear due to (5.2.19).

Remark 5.12. It is possible to prove Proposition 5.10 in an extrinsic fashion.

5.2.3 Local well-posedness
To derive global-in-time well-posedness of the multi-species Landau equation from the
monotonicity of the Fisher information, we first establish local well-posedness. The proof is
similar to the single-species case, and therefore we are brief on some of the details.

Lemma 5.13 (Local well-posedness). Let l ≥ 5 and f◦
i ∈ L2

l ∩ L logL be probability
densities for 1 ≤ i ≤ N . Then for some T > 0 depending only on ∥f◦

i ∥L2
l
, H(F ◦

N ), there
exists a unique strong solution fi ∈ L∞([0, T ], L2

l ) ∩ C∞((0, T ) × R3) to the system

∂tfi =
N∑

j=1
Qij(fi, fj), fi(0, v) = f◦

i (v), (5.2.21)

141



5. Well-Posedness of the Multi-Species Landau Equation

which satisfies

sup
t∈[0,T ]

N∑
i=1

∥fi(t)∥2
L2

l
+ c

N∑
i=1

ˆ T

0
∥fi∥2

H1
l+γ

≤ CT

N∑
i=1

∥f◦
i ∥2

L2
l
. (5.2.22)

Moreover, the entropy is non-increasing,

d
dtH(FN ) = −DH(FN ) = −

N∑
i,j=1

Dij(fi, fj), (5.2.23)

where Dij(fi, fj) is defined as
cij

2

ˆ
R6

((
Π⊥

vi−vj
|vi − vj |2+γ ∇∇/ i,j log (fi ⊗ fj)

)
· ∇∇/ i,j log (fi ⊗ fj)

)
(fi ⊗ fj) dvi dvj .

Proof. The existence of the solution follows by a standard regularization argument, along
with the conservation of mass, total momentum and energy. For the regularity estimate, we
consider the time derivative

d
dt

1
2

ˆ
R3
f2

i (v)⟨v⟩l dv =
N∑

j=1

ˆ
R3
fi(v)Qij(fi, fj) ⟨v⟩l dv.

We then estimate each term in the sum separately. By definition of Qij , we haveˆ
R3
fi(v)Qij(fi, fj)⟨v⟩l dv

=
ˆ
R3
fi(vi)

∇vi

mi
·
(ˆ

R3
cij A(vi − vj)

(
∇vi

mi
−

∇vj

mj

)
(fi ⊗ fj) (vi, vj) dvj

)
⟨vi⟩l dvi

= −
ˆ
R3

Aij [fj ] :
(

∇fi

mi

)⊗2
⟨v⟩l dv −

ˆ
R3

Aij [fj ] :
(

∇fi

mi
⊗

∇
(
⟨v⟩l

)
mi

)
fi dv

+
ˆ
R3

(
∇
mj

· Aij [fj ]
)

· ∇
mi

(
fi ⟨v⟩l

)
fi dv

=: −Iij + IIij + IIIij .

where the operator Aij is defined by

Aij [g](v) :=
ˆ
R3
cijΠ⊥

v−v∗ |v − v∗|2+γg(v∗) dv∗.

Since fj are probability densities whose energy and entropy are bounded by the total energy
and entropy of the system, we have the classical estimate, see [29],

Iij ≥ c

ˆ
R3

|∇fi(v)|2⟨v⟩l+γ dv,
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5.2. The multi-species Landau system with finite masses

where c > 0 depends on the total energy and entropy of the initial data. Using standard
interpolation estimates, making use of l ≥ 5, we bound

N∑
j=1

(|IIij | + |IIIij |) ≤ 1
4

N∑
j=1

Iij + C
(

1 +
N∑

j=1
∥fj∥L2

l

)β

∥fi∥2
L2

l
,

where β > 0 is a constant depending on γ. For the quantity

y(t) =
N∑

i=1

ˆ
R3
f2

i (v)⟨v⟩l dv,

this yields the differential inequality

d
dty(t) + 3

2

N∑
i,j=1

Iij ≤ C⟨y⟩1+β(t).

Hence, for some T > 0 we obtain the claimed estimate.
Finally, the entropy dissipation (5.2.23) is classical, see [51, Theorem 4].

Corollary 5.14 (Production of Fisher information). Let l ≥ 7, the initial data f◦
i ∈ L1

2l∩L2
l ∩

L logL be probability densities for 1 ≤ i ≤ N , and fi ∈ L∞([0, T ], L2
l ) ∩ C∞((0, T ) × R3)

be the solution from Lemma 5.13 up to time T > 0. Then, after possibly decreasing T > 0,
we have for all 1 ≤ i ≤ N , t ∈ (0, T ) a.e.,

∥fi∥H2
l+γ

≤ CT < ∞, and I(fi) ≤ CT < ∞.

In particular, the Fisher information I(F ) becomes finite.

Proof. Lemma 5.13 shows that for almost every t0 ∈ (0, T ),

∥∇fi(t0)∥L2
l+γ

< ∞, 1 ≤ i ≤ N.

We first repeat the energy estimate below with weight l + γ. Using the uniform L2
l bound

to control the lower-order terms, we obtain, for almost every t1 > t0,

∥∇2fi(t1)∥L2
l+2γ

< ∞.

Since l + 2γ > 0, this implies fi(t1) ∈ H2(R3) and hence, by Sobolev embedding,
fi(t1) ∈ L∞(R3).

Moreover, by Lemma 5.15,
∥fi(t1)∥L1

2l
< ∞.
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5. Well-Posedness of the Multi-Species Landau Equation

Since l − 2γ ≤ 2l, it follows that

∥fi(t1)∥2
L2

l−2γ
≤ ∥fi(t1)∥L∞∥fi(t1)∥L1

l−2γ
< ∞.

An integration by parts therefore gives

∥∇fi(t1)∥2
L2

l
≤ C∥fi(t1)∥L2

l−2γ
∥∇2fi(t1)∥L2

l+2γ
+ 1

2∥∇fi(t1)∥2
L2

l
+ C∥fi(t1)∥2

L2
l−2
,

and consequently
∥∇fi(t1)∥L2

l
< ∞.

We now derive energy estimates for ∂kfi for any k ∈ {1, 2, 3}. The equation for the partial
derivative reads

∂t∂kfi =
N∑

j=1
Qij(∂kfi, fj) +Qij(fi, ∂kfj).

We apply the same argument as in Lemma 5.13, which yields

1
2

d
dt

ˆ
R3

(∂kfi)2(v)⟨v⟩l dv =
N∑

j=1

ˆ
R3
∂kfi(v) (Qij(∂kfi, fj) +Qij(fi, ∂kfj)) ⟨v⟩l dv.

As before, we can separate the contributions from the individual species 1 ≤ j ≤ N . Using
the notation from above, we obtainˆ

R3
∂kfi(v) (Qij(∂kfi, fj) + Qij(fi, ∂kfj)) ⟨v⟩l dv = −

ˆ
R3

∇∂kfi

mi
A[fj ]∇∂kfi

mi
⟨vi⟩l dvi

−
ˆ
R3

∇∂kfi

mi
A[fj ]∂kfi

∇
mi

⟨vi⟩l dvi +
ˆ
R3
∂kfi

∇vj

mj
· A[fj ] ∇

mi

(
∂kfi⟨vi⟩l

)
dvi

−
ˆ
R3

∇fi

mi
A[∂kfj ] ∇

mi

(
∂kfi⟨vi⟩l

)
dvi +

ˆ
R3
fi

∇vj

mj
· A[∂kfj ] ∇

mi

(
∂kfi⟨vi⟩l

)
dvi

=: −Iij + IIij + IIIij + IVij + Vij .

We again use the lower bound for the matrix A in terms of total energy and entropy, and
obtain the bound

Iij ≥ c∥∂k∇fi∥2
L2

l+γ
.

The remaining terms can be bounded by straightforward interpolation arguments to get the
total bound

∂t

N∑
i=1

∥∇fi∥2
L2

l
+ c

N∑
i=1

∥∇2fi∥2
L2

l+γ
≤ C

(
1 +

N∑
i=1

∥∇fi∥2
L2

l

)1+β
,
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5.2. The multi-species Landau system with finite masses

for some constant β > 0. The upper bound for the solution of the corresponding ODE,
initialized at t1, yields, after possibly choosing a smaller T > t1, the bound

ˆ T

t1

∥∇2fi(t)∥2
L2

l+γ
dt ≤ Ct1,T < ∞.

To conclude the finiteness of the Fisher information, we recall that for any k > 3 we can
estimate

I(f) = 4∥
√
f∥2

Ḣ1 ≤ Ck∥f∥H2
k
,

see [98, Lemma 1] (observe the slightly different convention for ∥ · ∥L2
l

therein). This
concludes the proof.

This local result is complemented by a control of the growth of the moments of the
solution.

Lemma 5.15 (Growth bound for the moments). Let l, q ∈ N and the initial data f◦
i ∈

L2
l ∩ L1

q ∩ L logL be probability densities and let FN = (fi)N
i=1 be the unique local strong

solution from Lemma 5.13. Then fi(t) are probability densities and the total momentum
and total energy for the multi-species system are conserved,

P(t) :=
N∑

i=1

ˆ
R3
miv fi(t, v) dv = P(0),

E(t) :=
N∑

i=1

ˆ
R3

1
2mi|v|2 fi(t, v) dv = E(0).

The higher-order moments satisfy the growth estimate

∥fi∥L1
q

≤ Cq

N∑
j=1

∥f◦
j ∥L1

q
+ Cqt

1+⌈ (q−4)+
2 ⌉. (5.2.24)

Remark 5.16. For l ≤ 4, the estimate (5.2.24) coincides with the bound for the single
species case, see [18]. On the other hand, for l > 4 the estimates are likely not sharp.

Proof of Lemma 5.15. Conservation of total mass and momentum follows from the fact
that these quantities are preserved by each collision operator Qij . The growth bound
for higher-order moments requires some care due to the asymmetry of the multi-species
equation. Nevertheless, we can largely follow the strategy of [18]. Let q ≥ 0, and consider
the total q-th moment

Mq(t) =
N∑

i=1

ˆ
R3
mi⟨v⟩qfi(v) dv, (5.2.25)
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5. Well-Posedness of the Multi-Species Landau Equation

and its time derivative

d
dtMq(t) =

N∑
i,j=1

ˆ
R3
mi⟨v⟩qQij(fi, fj) dv

=
N∑

i=1

ˆ
R3
mi⟨v⟩q Qii(fi, fi) dv

+
∑
i<j

ˆ
R3
mi⟨v⟩qQij(fi, fj) +mj⟨v⟩qQji(fj , fi) dv

=:
N∑

i=1
Ki +

∑
i<j

Kij .

The terms Ki can be treated as in [18, Lemma 8], yielding for some C > 0

N∑
i=1

Ki ≤ DH(FN )Mq + CMq−4 + C,

where DH is the non-negative entropy dissipation functional introduced in (5.2.23). It
remains to estimate the cross-interaction terms Kij . Due to the mi-weights in (5.2.25),
the terms Kij , i ̸= j, take the form

−cij

ˆ
R6

(fi ⊗ fj)|vi − vj |2+γ
(

Π⊥
vi−vj

∇∇/ i,j log(fi ⊗ fj)
)

· (∇⟨vi⟩q − ∇⟨vj⟩q) dvi dvj .

As in the single-species case, we introduce a smooth, radially symmetric cutoff function
χ ∈ C∞

c satisfying 1B 1
2

≤ χ ≤ 1B1 .

We then decompose Kij into a contribution near the singularity and a far-field part:

Kij = −cij

ˆ
R6

(fi ⊗ fj)χ(vi − vj)|vi − vj |2+γΠ⊥
vi−vj

∇∇/ i,j log(fi ⊗ fj)

· (∇⟨vi⟩q − ∇⟨vj⟩q) dvi dvj

− cij

ˆ
R6

(fi ⊗ fj)(1 − χ)(vi − vj)|vi − vj |2+γΠ⊥
vi−vj

∇∇/ i,j log(fi ⊗ fj)

· (∇⟨vi⟩q − ∇⟨vj⟩q) dvi dvj

=: Kij,1 +Kij,2.

The first term can be estimated exactly as in the single-species case, giving

|Kij,1| ≤ 2DijMq + Cq−γMq−4.
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5.2. The multi-species Landau system with finite masses

To treat the term Kij,2, we integrate by parts and obtain

Kij,2 = cij

ˆ
R6

(fi ⊗ fj)(1 − χ)|vi − vj |2+γ ∇∇/ i,j

(
Π⊥

vi−vj
(∇⟨vi⟩q − ∇⟨vj⟩q

)
dvi dvj

= −2cijαij

ˆ
R6

(fi ⊗ fj)(1 − χ)|vi − vj |γ(vi − vj) · (∇⟨vi⟩q − ∇⟨vj⟩q) dvi dvj

+ cij

ˆ
R6

(fi ⊗ fj)(1 − χ)|vi − vj |2+γΠ⊥
vi−vj

: ∇∇/ i,j (∇⟨vi⟩q − ∇⟨vj⟩q) dvi dvj .

Now the first term in Kij,2 is non-positive since

(vi − vj) · (∇⟨vi⟩q − ∇⟨vj⟩q) ≥ 0,

while the second term can be bounded by
ˆ
R6

(fi ⊗ fj)(1 − χ)|vi − vj |2+γΠ⊥
vi−vj

: ∇∇/ i,j (∇⟨vi⟩q − ∇⟨vj⟩q) dvi dvj ≤ CMq−2.

Collecting terms, we obtain

d
dtMq(t) ≤ DH(FN )Mq + CMq−4 + CMq−2 ≤ DH(FN )Mq + CMq−2. (5.2.26)

For q ≤ 4, the moment Mq−2 is uniformly bounded, and therefore

Mq(t) ≤ CMq(F ◦
N ) + Ct. (5.2.27)

For the case q > 4, it suffices to iteratively insert the estimates obtained from (5.2.27) back
into (5.2.26).

5.2.4 Global well-posedness
Proof of Theorem 5.1. The global well-posedness follows by combining the results of the
previous sections. Let ℓ ≥ 7 and F ◦

N be the initial datum. The local well-posedness result
in Lemma 5.13 yields a strong solution that can be continued as long as ∥fi∥L2

l
and H(fi)

remain bounded. Since H(FN ) is monotone decreasing in time, it remains to provide a
bound for the weighted L2 norm.

To this end, we observe that Corollary 5.14 yields finiteness of the Fisher information for
small t > 0, which is non-increasing in time due to Lemma 5.7 and Proposition 5.10. Fur-
thermore, Lemma 5.15 gives polynomial bounds for the moments ∥f∥L1

2l
. By interpolation,

we obtain

∥f∥L2
l

≤ ∥f∥
1
4
L1

2l

∥f∥
3
4
L3 ≤ C∥f∥

1
4
L1

2l

I
3
4 (f),

establishing the uniform bound and finishing the proof.
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5. Well-Posedness of the Multi-Species Landau Equation

5.3 The two-species Landau system with large mass ratio

5.3.1 Non-monotonicity of the Fisher information: a counterexample
In this section, we prove Theorem 5.2, which shows that, in general, the Fisher information
is not a Lyapunov functional for the multi-species Landau equation, even for less singular
interactions than the Coulomb interaction.

Before the proof, we derive the Gateaux derivatives of the Fisher information in the
direction of the intra- and inter-species collisions.

Proposition 5.17 (Gateaux derivatives of the Fisher information). Let f be a local-in-time
strong solution to either (5.1.9) or (5.1.10) with initial datum f◦ ∈ L1

2l ∩ L2
l ∩ L logL for

some l ≥ 7. Then, the dissipation of the Fisher information I(f) in the direction Qγ(f, f)
is given by

⟨I ′(f), Qγ(f, f)⟩

= −8
ˆ
R6

|z|2+γ
∣∣∣Π⊥

z ∇z (ẑ · ∇z log f⊗) + γ

2|z|
Π⊥

z ∇z log f⊗

∣∣∣2f⊗ dz dz∗

− 8
ˆ
R6

|z|γ
(

|z|2
∥∥∥(Π⊥

z ∇z

)2 log f⊗

∥∥∥2

HS
− γ2

4

∣∣∣Π⊥
z ∇z log f⊗

∣∣∣2) f⊗ dz dz∗

− 2
ˆ
R6

∇z∗∇z log f⊗ : (∇z∗∇z log f⊗A(z)) f⊗ dz dz∗,

(5.3.1)

where f⊗(z, z∗) := (f⊗f)(v, v∗) in the variables (z, z∗) :=
(
v − v∗, v+v∗

2

)
, is non-negative.

More precisely, recalling Definition 5.9 for Λsym
3 , we have the lower bound,

DI,Qγ
(f) := −

〈
I ′(f), Qγ(f, f)

〉
≥ 8

(
1 − γ2

4Λsym
3

)ˆ
R6

|z|2+γ
∥∥∥(Π⊥

z ∇z

)2 log f⊗

∥∥∥2

HS
f⊗ dz dz∗. (5.3.2)

Moreover, in the direction of the linear collision operator,

Lβf(v) := ∇ ·
(
|v|2+βΠ⊥

v ∇f
)
, β ∈ [−3,−2],

we have

⟨I ′(f), Lβf⟩ = −2
ˆ
R3

|v|2+β
∣∣∣Π⊥

v ∇ (v̂ · ∇ log f) + β

2|v|
Π⊥

v ∇ log f
∣∣∣2f dv

− 2
ˆ
R3

|v|2+β

(∥∥∥(Π⊥
v ∇
)2 log f

∥∥∥2

HS
− β2

4|v|2
∣∣∣Π⊥

v ∇ log f
∣∣∣2) f dv.

(5.3.3)
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5.3. The two-species Landau system with large mass ratio

Proof. We have〈
I ′(f), Qγ(f, f)

〉
=
ˆ
R3

2∇
(
Qγ(f, f)

f

)
· ∇f +

∣∣∣∇ log f
∣∣∣2Qγ(f, f) dv =: T1 + T2.

Then, introducing the notation ∇∇ := (∇v,∇v∗) ,∇∇/ := ∇v − ∇v∗ ,

T1 = 2
ˆ
R6

∇v

(
(∇v − ∇v∗) · (A(v − v∗) (∇v − ∇v∗) (f ⊗ f))

f ⊗ f

)
· ∇v log f(v) (f ⊗ f) dv dv∗

= 2
ˆ
R6

∇v∗

(
(∇v − ∇v∗) · (A(v − v∗) (∇v − ∇v∗) (f ⊗ f))

f ⊗ f

)
· ∇v∗ log f(v∗) (f ⊗ f) dv dv∗

=
ˆ
R6

(
∇∇
(

∇∇/ · (A(v − v∗) ∇∇/ (f ⊗ f))
f ⊗ f

)
· ∇∇ log (f ⊗ f)

)
(f ⊗ f) dv dv∗.

Similarly, we can express T2 as

T2 =
ˆ
R6

|∇v log f(v)|2 (∇v − ∇v∗) · (A(v − v∗) (∇v − ∇v∗) (f ⊗ f)) dv dv∗

=
ˆ
R6

|∇v∗ log f(v∗)|2 (∇v − ∇v∗) · (A(v − v∗) (∇v − ∇v∗) (f ⊗ f)) dv dv∗

= 1
2

ˆ
R6

| ∇∇ log (f ⊗ f)|2 ∇∇/ · (A(v − v∗) ∇∇/ (f ⊗ f)) dv dv∗.

Therefore, the Gateaux derivative can be written as

⟨I ′(f), Qγ(f, f)⟩

=
ˆ
R6

(
∇∇
( Q̃γ (f ⊗ f)

f ⊗ f

)
· ∇∇ log (f ⊗ f)

)
(f ⊗ f) + 1

2 Q̃γ (f ⊗ f) | ∇∇ log (f ⊗ f)|2

with
Q̃γ (f ⊗ f) := ∇∇/ · (A(v − v∗) ∇∇/ (f ⊗ f)) .

Notice that
〈
I ′(f), Qγ(f, f)

〉
= 1

2
〈
Ĩ ′

ij(fi⊗fj), Q̃ij(fi⊗fj)
〉

for fi = fj = f , mi = mj = 1
(thus αij = 2), and cij = 1, so (5.3.1) follows by repeating the argument in the proof
of Proposition 5.10. The lower bound follows by the log-Sobolev inequality (5.2.18) as
g(r, ω, z∗) := f⊗(z, z∗) is symmetric in ω ∈ S2.

The linear operator Lβ is a spherical diffusion in the variables (r, ω) := (|v|, v̂) with
v̂ := v

|v| , i.e.,
Lβf(v) = rβ∆S2f(r, ω), f(r, ω) := f(v).
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5. Well-Posedness of the Multi-Species Landau Equation

Similarly to (5.2.7), we decompose the Fisher information I(f) into its radial and spherical
parts,

I(f) =
ˆ

(R3)

(∣∣∣ (Id −Π⊥
v

)
∇ log f

∣∣∣2 +
∣∣∣Π⊥

v ∇ log f
∣∣∣2) f dv.

Then the claim (5.3.3) follows by repeating the arguments done for proving (5.2.12)
and (5.2.13).

Proof of Theorem 5.2. We first prove the infinite mass case, and obtain the second part as
a corollary.

(i). Infinite mass ratio: We recall the two-species system with one species with infinite
mass. The equation for the finite-mass species then reads

∂tf = Q(f, f) + Lf, Lf := ∇ ·
(
|v|2+γΠ⊥

v ∇f
)
. (5.3.4)

The local well-posedness of this equation for regular decaying initial data f◦ follows as
in Section 5.2.3. We refer to [55] for an extensive analysis in a more general setting.

We will construct a Schwartz function f◦
R for the initial datum, such that the Fisher

information increases near t = 0. To this end, we compute the time derivative of the Fisher
information

d
dtI(f)

∣∣∣
t=0

= ⟨I ′(f◦), Lf◦⟩ + ⟨I ′(f◦), Q(f◦, f◦)⟩ . (5.3.5)

From Proposition 5.17, we have, along the linear operator L,

⟨I ′(f◦), Lf◦⟩ = −2
ˆ
R3

|v|2+γ
∣∣∣Π⊥

v ∇ (v̂ · ∇ log f◦) + γ

2|v|
Π⊥

v ∇ log f◦
∣∣∣2f◦ dv

− 2
ˆ
R3

|v|2+γ

(∥∥∥(Π⊥
v ∇
)2 log f◦

∥∥∥2

HS
− γ2

4|v|2
∣∣∣Π⊥

v ∇ log f◦
∣∣∣2) f◦ dv,

and for the one along the nonlinear collision operator Q we have

⟨I ′(f◦), Q(f◦, f◦)⟩

= −8
ˆ
R6

|z|2+γ

∣∣∣∣Π⊥
z ∇z

(
ẑ · ∇z log f◦

⊗
)

+ γ

2|z|
Π⊥

z ∇z log f◦
⊗

∣∣∣∣2 f◦
⊗ dz dz∗

− 8
ˆ
R6

|z|γ
(

|z|2
∥∥∥(Π⊥

z ∇z

)2 log f◦
⊗

∥∥∥2

HS
− γ2

4
∣∣Π⊥

z ∇z log f◦
⊗
∣∣2) f◦

⊗ dz dz∗

− 2
ˆ
R6

∇z∗∇z log f◦
⊗ :
(
∇z∗∇z log f◦

⊗A(z)
)
f◦

⊗ dz dz∗.
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5.3. The two-species Landau system with large mass ratio

We define initial data f◦
R, R > 0 using the ansatz

f◦
R(v) = f◦

R,1(v) + f◦
R,2(v), (5.3.6)

with

f◦
R,1(v) = exp

(
R|v|

|γ|
2 e1 · v̂

)
χ
(v
r

)
f◦

R,2(v) = κχ
(v
τ

)
,

where χ is a radial standard cutoff function supported on the annulus defined by 1
2 ≤ |x| ≤ 2

and

r = R2/γ

| log(2 +R)| . (5.3.7)

For R ≥ 1 we choose κ(R), τ(R) > 0 such that the function f◦
R has unit mass and kinetic

energy.

Step 1. We first observe that κ(R) → κ∞ > 0, τ(R) → τ∞ > 0 converge to finite positive
values as R → ∞ . Hence, for R sufficiently large, f◦

R,1 and f◦
R,2 have disjoint support and

we can compute the dissipations along L separately;

⟨I ′(f◦
R), Lf◦

R⟩ =
〈
I ′(f◦

R,1), Lf◦
R,1
〉

+
〈
I ′(f◦

R,2), Lf◦
R,2
〉
.

Using again the convergence of κ(R) and τ(R), we conclude

lim sup
R→∞

∣∣∣ 〈I ′(f◦
R,2), Lf◦

R,2
〉 ∣∣∣ < ∞.

Step 2. We have the following identities:

Π⊥
v ∇ log f◦

R,1(v) = R|v|−(1+γ/2)Π⊥
v e1,

Π⊥
v ∇

(
v̂ · ∇ log f◦

R,1(v)
)

= R
|γ|
2 |v|−(2+γ/2)Π⊥

v e1,(
Π⊥

v ∇
)2 log f◦

R,1(v) = −R|v|−(2+γ/2) ((e1 · v̂) Π⊥
v +

(
Π⊥

v e1
)

⊗ v̂
)
.

The functions f◦
R,1 are constructed such that the first term in (5.3.3) vanishes, and therefore〈

I ′(f◦
R,1), Lf◦

R,1
〉

= −2
ˆ
R3

|v|2+γ

(∥∥∥(Π⊥
v ∇
)2 log f◦

R,1

∥∥∥2

HS
− γ2

4|v|2
∣∣Π⊥

v ∇ log f◦
R,1
∣∣2) f◦

R,1 dv.
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5. Well-Posedness of the Multi-Species Landau Equation

Computing the derivatives, we find that〈
I ′(f◦

R,1), Lf◦
R,1
〉

= −2R2
ˆ
R3

|v|−2
(∥∥Π⊥

v (v̂ · e1) + Π⊥
v e1 ⊗ v̂

∥∥2
HS − γ2

4 |Π⊥
v e1|2

)
f◦

R,1 dv

= −2R2
ˆ ∞

0
χ

(
l

r

)ˆ
S2

(
2(ω · e1)2 −

(
γ2 − 4

4

)
|Π⊥

ω e1|2
)
eRl|γ|/2e1·ω dω dl.

Using
ˆ
S2

(ω · e1)2 dω = 4π
3 ,

ˆ
S2

|Π⊥
ω e1|2 dω = 8π

3 ,

we obtain
ˆ
S2

(
2(ω · e1)2 −

(
γ2 − 4

4

)
|Π⊥

ω e1|2
)

dω = 2π
3 (8 − γ2) < 0,

where we used that γ2 > 8.
Moreover, on the support of χ(l/r) we have l ≤ 2r, and hence

Rl|γ|/2 ≤ 2|γ|/2Rr|γ|/2 = 2|γ|/2| log(2 +R)|−|γ|/2 −→ 0.

Therefore,
ˆ
S2

(
2(ω · e1)2 −

(
γ2 − 4

4

)
|Π⊥

ω e1|2
)
eRl|γ|/2e1·ω dω −→ 2π

3 (8 − γ2) < 0

uniformly for l in the support of χ(l/r). Hence, for R > 0 large enough, we obtain for some
cγ > 0 that 〈

I ′(f◦
R,1), Lf◦

R,1
〉

≥ cγR
2r.

Step 3. We claim that∣∣∣ ⟨I ′(f◦
R), Q(f◦

R, f
◦
R)⟩

∣∣∣ ≤ C
(

1 + r−1 +R2r|γ|−1
)
.

where r depends on R as in (5.3.7).
To this end, we choose the cutoff χ so that, in addition,

χ
1
4 |∇ logχ| + χ

1
4
∥∥∇2 logχ

∥∥
HS ≤ C
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on the interior of its support. We then observe that

χ
1
4
(v
r

)
|∇v log f◦

R,1| ≤ 1|v|≤2rC

(
R|v|

|γ|
2 −1 + r−1

)
,

χ
1
4
(v
r

)∥∥∇2
v log f◦

R,1
∥∥

HS ≤ 1|v|≤2rC

(
R|v|

|γ|
2 −2 + r−2

)
.

Inserting these estimates into the formula for ⟨I ′(f◦
R), Q(f◦

R, f
◦
R)⟩, the claim follows by

straightforward integration.

Step 4. We collect the estimates from Steps 1–3 and insert them into (5.3.5). Courtesy of
the scaling relation (5.3.7), we obtain for R > 1 large enough

d
dtI(f)

∣∣∣
t=0

> cγR
2r − C

(
1 + r−1 +R2r|γ|−1

)
> 0,

establishing non-monotonicity.
The monotonicity of the Fisher information I(f) for strong solutions with even initial

data follows from Proposition 5.17. Since f(t, v) = f(t,−v) holds for local-in-time solution,
the Fisher information is dissipated by L. To see this, we recall that by (5.3.3),

⟨I ′(f), Lf⟩ = − 2
ˆ
R3

|v|2+γ
∣∣∣Π⊥

v ∇ (v̂ · ∇ log f) + γ

2|v|
Π⊥

v ∇ log f
∣∣∣2f dv

− 2
ˆ
R3

|v|2+γ

(∥∥∥(Π⊥
v ∇
)2 log f

∥∥∥2

HS
− γ2

4|v|2
∣∣Π⊥

v ∇ log f
∣∣2) f dv ≤ 0,

where we use that the log-Sobolev inequality (5.2.18) holds with Λsym
3 ≥ 5.5 for even

functions.

(ii). Large but finite mass ratio: To prove the second part of the theorem, we make
use of the infinite mass case. More precisely, we set without loss of generality m1 = 1 and
m2 > 0 to be chosen later. As initial data, we pick f◦

1 = f◦
R the function constructed in

the previous part (5.3.6). For the second species, we take f◦
2 = f◦

2,m2
= M1,m2 .

Due to the choice of the initial data, Q22(f◦
2 , f

◦
2 ) = 0, so we have

d
dtI(F2)

∣∣∣
t=0

= 1
m1

[⟨I ′(f◦
1 ), Q11(f◦

1 , f
◦
1 )⟩ + ⟨I ′(f◦

1 ), Q12(f◦
1 , f

◦
2 )⟩]

+ 1
m2

⟨I ′(f◦
2 ), Q21(f◦

2 , f
◦
1 )⟩

=: −DI,1 − 1
m2

DI,2.
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By explicit computation, we have the identities

lim
m2→∞

DI,1 = − ⟨I ′(f◦
1 ), Lf◦

1 ⟩ − ⟨I ′(f◦
1 ), Q(f◦

1 , f
◦
1 )⟩ ,

lim
m2→∞

1
m2

DI,2 = 0.

The first limit above is negative due to Step 4 of the previous part. Hence, choosing
m2 > 0 large enough concludes the proof of the second part of the theorem.

5.3.2 Dissipation identities for the relative entropy

To go below the threshold γ∗ = −
√

8, we must bound the lack of dissipation of Fisher
information I(f) in the direction

LCf(v) := L−3f(v) = ∇ ·
(

Π⊥
v

|v|
∇f(v)

)
,

namely, the inter-species linear diffusion operator with Coulomb singularity.
To this end, we consider the weighted spherical Fisher information J(f) that coincides

with the dissipation of relative entropy in the direction of LCf . Throughout the section, f
will be a local-in-time strong solution to (5.1.10).

Lemma 5.18 (Coercivity of the Boltzmann entropy dissipation along Qγ). The dissipation
of the Boltzmann relative entropy H(f |MT ◦,1) in the direction Qγ(f, f) is non-negative
and given by

DH,Qγ
(f) := −

〈
H ′(f |MT ◦,1), Qγ(f, f)

〉
= 1

2

ˆ
R6

|v − v∗|2+γ
∣∣Π⊥

v−v∗ (∇v − ∇v∗) log (f ⊗ f)
∣∣2 (f ⊗ f) dv dv∗.

(5.3.8)
The same holds in the direction LCf :

DH,LC(f) := −
〈
H ′(f |MT ◦,1), LCf

〉
=
ˆ
R3

|v|−1 ∣∣Π⊥
v ∇ log f

∣∣2 f dv. (5.3.9)
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Proof. By direct computation,〈
H(f |MT ◦,1), Qγ(f, f)

〉
=
ˆ
R3
Qγ(f, f) log f dv

=
ˆ
R6

(∇v − ∇v∗) ·
(
|v − v∗|2+γΠ⊥

v−v∗ (∇v − ∇v∗) (f ⊗ f)
)

log f(v) dv dv∗

=
ˆ
R6

(∇v − ∇v∗) ·
(
|v − v∗|2+γΠ⊥

v−v∗ (∇v − ∇v∗) (f ⊗ f)
)

log f(v∗) dv dv∗

= −1
2

ˆ
R6

|v − v∗|2+γ
∣∣Π⊥

v−v∗ (∇v − ∇v∗) log (f ⊗ f)
∣∣2 (f ⊗ f) dv dv∗.

For the other dissipation (5.3.9), an integration by parts immediately concludes the proof.

Lemma 5.19 (Coercivity of the second-order Boltzmann entropy dissipation along LC).
The dissipation of the functional J(f) := DH,LC(f) in the direction LCf is non-negative
and given by

DJ,LC(f) := − ⟨J ′(f), LCf⟩ = 2
ˆ
R3

|v|−2
∥∥∥(Π⊥

v ∇
)2 log f

∥∥∥2

HS
f dv. (5.3.10)

Proof. The proof is analogous to the one of (5.2.12). Notice that the prefactor |v|−1 in
the integrand of J(f) commutes with spherical derivatives, and thus all the computations
can be performed in the same way.

The dissipation DJ,LC(f) allows us to offset the lack of dissipation of I(f) in the
direction of LCf . Thanks to (5.3.3) and the log-Sobolev inequality (5.2.18), we have〈

I ′(f), LCf
〉

≤ −2
ˆ
R3

|v|−1
(∥∥∥(Π⊥

v ∇
)2 log f

∥∥∥2

HS
− 9

4|v|2
∣∣Π⊥

v ∇ log f
∣∣2) f dv

≤ 2
(

9
4 − 2

)ˆ
R3

|v|−3 ∣∣Π⊥
v ∇ log f

∣∣2 f dv.

Thus, by interpolation,

⟨I ′(f), LCf⟩ ≤ 1
2

(ˆ
R3

|v|−1 ∣∣Π⊥
v ∇ log f

∣∣2 f dv
) 1

3
(ˆ

R3
|v|−4 ∣∣Π⊥

v ∇ log f
∣∣2 f dv

) 2
3

≤ 1
2
(
DH,LC(f)

) 1
3
(

1
2DJ,LC(f)

) 2
3
, (5.3.11)

where we recognized the first of the two integrals as J(f) = DH,LC(f) given by (5.3.9),
and used the fact that the second integral is controlled by (5.3.10) recalling (5.4.8) and
(5.4.9);

|v|−4 ∣∣Π⊥
v ∇ log f

∣∣2 = r−6 ∣∣∇S2 log f
∣∣2 ≤ r−6Γ2(log f, log f) = |v|−2 ∥∥(Π⊥

v ∇)2 log f
∥∥2

HS .
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5.3.3 A new Lyapunov functional
In this section, we prove Theorem 5.3, which shows that Λ defined in (5.1.12) is a Lyapunov
functional for the multi-species Landau equation for singular interactions up to Coulomb.

The standard Fisher information I(f) and the collision operator Qγ(f, f) are both
translation invariant, leading to the good dissipation estimate (5.3.2). On the other hand,
the entropy dissipation J(f) = DH,LC(f) breaks the translation invariance as LC is singular
at the origin, and hence does not interact well with Qγ(f, f) by itself. Therefore, we will
use the dissipation of J along the spherical diffusion LC to bound the resulting error terms.
This will be achieved with the help of several functional inequalities that we gather in the
following two technical lemmas.

Lemma 5.20. Recall Definition 5.9 for Λsym
3 . Then the following bounds hold:ˆ

R3

(
|v|−2 ∣∣Π⊥

v ∇ log f
∣∣4 + (6 + 2

√
8)|v|−4 ∣∣Π⊥

v ∇ log f
∣∣2) f dv ≤

(
3 +

√
8
)
DJ,LC(f);

(5.3.12)ˆ
R3

(∣∣∇ ·
(
|v|−1Π⊥

v ∇ log f
)∣∣2 + 2|v|−4 ∣∣Π⊥

v ∇ log f
∣∣2) f dv ≤ DJ,LC(f); (5.3.13)

ˆ
R6

|v − v∗|2+γ
∣∣Π⊥

v−v∗ (∇v − ∇v∗) log (f ⊗ f)
∣∣4 (f ⊗ f) dv dv∗

≤ 2(6 + 2
√

8)C̄γ,Λsym
3
DI,Qγ

(f); (5.3.14)ˆ
R6

|v − v∗|2+γ
∣∣(∇v − ∇v∗) ·

(
Π⊥

v−v∗ (∇v − ∇v∗) log (f ⊗ f)
)∣∣2(f ⊗ f) dv dv∗

≤ 4C̄γ,Λsym
3
DI,Qγ

(f), (5.3.15)

where C̄γ,Λsym
3

:=
(

1 − γ2

4Λsym
3

)−1
.

Proof. For a function g on S2, consider the vector field X := |∇S2 log g|2 ∇S2g. Then the
divergence theorem yields

0 =
ˆ
S2

∇S2 ·X

=
ˆ
S2

(
2∇2

S2 log g : (∇S2 log g ⊗ ∇S2 log g) + ∆S2 log g |∇S2 log g|2 + |∇S2 log g|4
)
g.

Note that |∆S2 log g| ≤
√

2
∥∥∇2

S2 log g
∥∥

HS. By Cauchy–Schwartz inequality, for any 0 <
δ < (1 + 1/

√
2)−1,
ˆ
S2

|∇S2 log g|4 g ≤
(1 + 1√

2 )δ−1

1 − (1 + 1√
2 )δ

ˆ
S2

∥∥∇2
S2 log g

∥∥2
HS g, (5.3.16)
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and δ := 1
2+

√
2 minimizes the constant on the right-hand side of (5.3.16) to be 6 + 2

√
8.

Now (5.3.12) follows from (5.3.10) recalling (5.4.8) and (5.4.9).

The second estimate (5.3.13) follows from |∆S2 log g| ≤
√

2
∥∥∇2

S2 log g
∥∥

HS.

For the third estimate (5.3.14), recall the lower bound (5.3.2) for dissipation of I(f) in
the direction of Qγ(f, f) given by Proposition 5.17,

DI,Qγ
(f) ≥ 8

(
1 − γ2

4Λsym
3

)ˆ
R6

|z|2+γ
∥∥∥(Π⊥

z ∇z

)2 log f⊗

∥∥∥2

HS
f⊗ dz dz∗.

Note that (∇v − ∇v∗) 7→ 2∇z, and thus,∣∣Π⊥
v−v∗ (∇v − ∇v∗) log (f ⊗ f)

∣∣4 = 16
∣∣Π⊥

z ∇z log f⊗
∣∣4 .

With this at hand, the inequalities (5.3.14) and (5.3.15) follow from the same argument as
the first two inequalities.

Lemma 5.21. Let f ∈ L1
2l ∩ L2

l ∩ L logL for some l ≥ 7 and Λ(f) < ∞. Then

⟨J ′(f), Qγ(f, f)⟩ ≤ CS,γ,Λsym
3 ,δ

[
Λ(f)2θγ,δDJ,LC(f)DI,Qγ

(f)
] 1

2 (5.3.17)

for some positive constants θγ,δ and CS,γ,Λsym
3 ,δ which are computed explicitly in the proof.

Proof. We compute the Gateaux derivative,〈
J ′(f), Qγ(f, f)

〉
=
ˆ
R3

|v|−1 ∣∣Π⊥
v ∇v log f

∣∣2 Qγ(f, f) + 2|v|−1Π⊥
v ∇v log f(v) · ∇v

(
f−1Qγ(f, f)

)
f dv

= −
ˆ
R3

|v|−1 ∣∣Π⊥
v ∇v log f

∣∣2 Qγ(f, f) dv − 2
ˆ
R3

∇v ·
(
|v|−1Π⊥

v ∇v log f
)
Qγ(f, f) dv

= −
ˆ
R6

(
|v|−1 ∣∣Π⊥

v ∇v log f
∣∣2 (∇v − ∇v∗)

·
(
|v − v∗|2+γΠ⊥

v−v∗ (∇v − ∇v∗) (f ⊗ f)
))

dv dv∗

− 2
ˆ
R6

∇v ·
(
|v|−1Π⊥

v ∇v log f
)

(∇v − ∇v∗) ·
(
|v − v∗|2+γΠ⊥

v−v∗ (∇v − ∇v∗) (f ⊗ f)
)
,
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where we integrate by parts in the second equality; we omit dvdv∗ in the last two integrals.
We recall the relation

(∇v − ∇v∗) ·
(
|v − v∗|2+γΠ⊥

v−v∗ (∇v − ∇v∗) (f ⊗ f)
)

f ⊗ f

= |v − v∗|2+γ
(

(∇v − ∇v∗) ·
(
Π⊥

v−v∗ (∇v − ∇v∗) log (f ⊗ f)
)

+
∣∣Π⊥

v−v∗ (∇v − ∇v∗) log (f ⊗ f)
∣∣2 ).

Hölder and triangle inequalities then yield〈
J ′(f), Qγ(f, f)

〉
≤

[(ˆ
R3

|v|−2 ∣∣Π⊥
v ∇v log f(v)

∣∣4(ˆ
R3

|v − v∗|2+γf(v∗) dv∗
)
f(v) dv

) 1
2

+ 2
(ˆ

R3

∣∣∇v ·
(
|v|−1Π⊥

v ∇v log f(v)
)∣∣2(ˆ

R3
|v − v∗|2+γf(v∗) dv∗

)
f(v) dv

) 1
2
]

×

[(ˆ
R6

|v − v∗|2+γ
∣∣(∇v − ∇v∗) ·

(
Π⊥

v−v∗ (∇v − ∇v∗) log (f ⊗ f)
)∣∣2 (f ⊗ f) dv dv∗

) 1
2

+
(ˆ

R6
|v − v∗|2+γ

∣∣Π⊥
v−v∗ (∇v − ∇v∗) log (f ⊗ f)

∣∣4 (f ⊗ f) dv dv∗
) 1

2
]

≤ Cγ,Λsym
3

∥∥∥∥ˆ
R3

| · − v∗|2+γf(v∗) dv∗
∥∥∥∥

1
2

L∞
(DJ,LC(f))

1
2
(
DI,Qγ (f)

) 1
2 , (5.3.18)

where in the last inequality we used (5.3.12)–(5.3.15) from Lemma 5.20. The constant is
given by

Cγ,Λsym
3

:=
(

2 +
√

3 +
√

8
)

×
(

2 +
√

12 + 4
√

8
)

×
√
C̄γ,Λsym

3
.

Recall that −3 ≤ γ < −2. Therefore, by Young’s inequality, splitting | · −v∗| into two
regions, one close and one away from the origin, we get∥∥∥∥ˆ

R3

f(v∗)
| · − v∗|−(2+γ) dv∗

∥∥∥∥
L∞

≤ 1 +
∥∥| · |2+γ1|·|<1

∥∥
L−(3−δ)/(2+γ) ∥f∥L(3−δ)/(5+γ−δ)

= 1 + Cγ,δ ∥f∥L(3−δ)/(5+γ−δ) (5.3.19)

for any δ > 0 small enough (0 < δ < 5 + γ) and

Cγ,δ :=
(

4π
δ

)− (2+γ)
(3−δ)

,
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where the choice of exponents stems from the criticality | · |−11|·|≤1 /∈ L3. Indeed, the
exponent of the Lebesgue norm of f should be as small as possible to control the norm
itself by Fisher information with a small exponent, through the Sobolev inequality [22] and
the L1 ∩ L3 interpolation. Let CS be the optimal constant of the Sobolev inequality, then

∥f∥L(3−δ)/(5+γ−δ) ≤ ∥f∥2θγ,δ

L3 =
∥∥∥√f∥∥∥4θγ,δ

L6
≤
(
C2

S

∥∥∥√f∥∥∥2

Ḣ1

)2θγ,δ

=
(
C2

S

4 I(f)
)2θγ,δ

,

where
θγ,δ := −3(2 + γ)

4(3 − δ) .

Combining with (5.3.18) and the upper bound I(f) ≤ Λ(f) gives the estimate (5.3.17)
with

CS,γ,Λsym
3 ,δ := Cγ,Λsym

3
×

(
1 + Cγ,δ

(
C2

S

4

)2θγ,δ
) 1

2

.

We are now set to prove Theorem 5.3.

Proof of Theorem 5.3. We compute the time derivative of Λ(f):

d
dtΛ(f) = d

dt
(
I(f) + a J(f) +RH(f |MT ◦,1)

)
= −DI,Qγ

(f) + cei ⟨I ′(f), LC(f)⟩ + a ⟨J ′(f), Qγ(f, f)⟩ (5.3.20)
− aceiDJ,LC(f) −RDH,Qγ

(f) −RceiDH,LC(f).

Courtesy of (5.3.11) and Young’s inequality, we obtain for any η > 0,

⟨I ′(f), LCf⟩ ≤ 2− 5
3
(
η−2DH,LC(f)

) 1
3
(
ηDJ,LC(f)

) 2
3

≤ 2− 5
3

(
1
3 η

−2DH,LC(f) + 2
3 ηDJ,LC(f)

)
. (5.3.21)

Similarly for any κ > 0, using (5.3.17) we obtain,

⟨J ′(f), Qγ(f, f)⟩ ≤ CS,γ,Λsym
3 ,δΛ(f)θγ,δ

(
κ

2DJ,LC(f) + 1
2κDI,Qγ

(f)
)
. (5.3.22)

Now, we can control the evolution of the functional Λ. For this, we make the bootstrap
assumption,

Λ(f) ≤ C◦R,
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for some constant C◦ > 0. Note that this holds initially at time t = 0 with

C◦ := I(f◦) + J(f◦) +H(f◦|MT ◦,1) ,

provided that a ≤ 1 and R ≥ 1. Then, inserting estimates (5.3.21) and (5.3.22) in (5.3.20)
yields

d
dtΛ(f)

≤ −DI,Qγ
(f) + 2− 5

3 cei

(
1
3 η

−2DH,LC(f) + 2
3 ηDJ,LC(f)

)
+ aCS,γ,Λsym

3 ,δ Λ(f)θγ,δ
κ

2DJ,LC(f) + aCS,γ,Λsym
3 ,δ Λ(f)θγ,δ

1
2κDI,Qγ (f)

− aceiDJ,LC(f) −RDH,Qγ
(f) −RceiDH,LC(f)

≤
(
aCS,γ,Λsym

3 ,δ (C◦R)θγ,δ

2κ − 1
)
DI,Qγ (f) +

(
2−5/3

3 ceiη
−2 −Rcei

)
DH,LC(f)

−RDH,Qγ
(f) +

(
2−2/3

3 ceiη +
aCS,γ,Λsym

3 ,δ (C◦R)θγ,δ κ

2 − acei

)
DJ,LC(f).

Case 1: −3 < γ < −2. We choose the parameters κ and η such that all prefactors are
non-positive. For this, we first set

κ := aCS,γ,Λsym
3 ,δ (C◦R)θγ,δ ,

so that the coefficient of DI,Qγ
(f, f), becomes non-positive, i.e,

aCS,γ,Λsym
3 ,δ (C◦R)θγ,δ

2κ − 1 = 1
2 − 1 = −1

2 ≤ 0.

Next, we set η :=
(
22/33R

)− 1
2 , so that the coefficient of DH,LC(f) becomes non-positive;

2−5/3

3 ceiη
−2 −Rcei = Rcei

2 −Rcei = −Rcei

2 ≤ 0.

Lastly, we need to ensure that the coefficient of DJ,LC(f) is non-positive. Substituting κ
and η, this amounts to

cei

6
√

3
1√
R

+
a2 C2

S,γ,Λsym
3 ,δ

(C◦R)2θγ,δ

2 − acei ≤ 0.

We can absorb the first term setting a
4 := 1

6
√

3
1√
R

so that it remains to verify

aC2
S,γ,Λsym

3 ,δ (C◦R)2θγ,δ ≤ cei

2 . (5.3.23)
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In the case where −3 < γ < −2, we can choose 0 < δ < 3(3 + γ) for which θγ,δ < 1/4,
hence (5.3.23) holds for R > 0 large enough. This choice satisfies in particular δ < 5 + γ
and the L∞-estimate (5.3.19) is thus valid. Then

d
dtΛ(f) ≤ −1

2DI,Qγ
(f, f) − acei

2 DI,LS
(f) − Rcei

2 DH,LC(f) −RDH,LS
(f) ≤ 0.

Recall that we assumed a priori that Λ(f) ≤ C◦R, which holds at time t = 0. This holds a
posteriori for all time since Λ is non-increasing given Λ(f◦) ≤ C◦R, which concludes the
proof in that case.

Case 2: γ = −3. For λ > 0, consider the rescaled function fλ given by

fλ(v) = λ−3f(v/λ).

Pick λ > 0 such that I(f◦
λ) = 1. By scale-invariance of the equation, it suffices to prove

the claim for fλ, and we consider

C◦
λ := I(f◦

λ) + J(f◦
λ) +H

(
f◦

λ |Mλ2T ◦,1
)
. (5.3.24)

Further, we remark that for γ = −3 we have θ−3,δ = 1
4

3
3−δ . Now we pick R = 1 and fix

the other parameters such that the prefactors of DI,Qγ
(f) and DH,LC(f) vanish; that is,

κ :=
aCS,−3,Λsym

3 ,δ (C◦
λ)θγ,δ

2 , and η := 1√
25/33

.

It remains to determine constants such that

cei

6
√

6
+
a2 C2

S,−3,Λsym
3 ,δ

(C◦
λ)2θγ,δ

4 − acei ≤ 0.

We set a := 1
3

√
6 and the last inequality holds as soon as

1
6
√

6
(C◦

λ)
3

6−2δ C2
S,−3,Λsym

3 ,δ ≤ cei, (5.3.25)

Hence, we obtain monotonicity of the functional Λ(f) if the inequality above holds for some
0 < δ < 2. We finally obtain the well-posedness criterion (5.1.11) by picking δ = 3

2 , and
recasting the condition on f◦

λ in terms of f◦.

Remark 5.22. We can obtain an explicit value for the constant K in (5.1.11), by inserting
δ = 3

2 in (5.3.25) which gives K ≈ 124.
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5.4 Appendix

5.4.1 Spherical calculus
In this appendix, we gather some spherical calculus identities that will be used throughout
the chapter.

We decompose the gradient as

∇z = (ẑ ⊗ ẑ) ∇z +Π⊥
z ∇z = ẑ∂|z| +

1
|z|

∇ẑ, ẑ := z

|z|
, ∂|z| := ẑ ·∇z, ∇ẑ := |z|Π⊥

z ∇z.

If we further perform the change of variables z 7→ rω with (r, ω) := (|z|, ẑ), then for scalar
functions we have

∇ẑ 7→ ∇S2 , ∂|z| 7→ ∂r, ∇z 7→ ω∂r + 1
r

∇S2 , (5.4.1)

We denote by g(r, ω) := g(z) a smooth function on R3 in spherical coordinates. The
following handy relations hold:

∂|z|ẑ = 0, ∇ẑ|z| = 0, ∇ẑ ẑ = Π⊥
z , ∂|z|∇ẑ g = ∇ẑ∂|z| g.

Most of the relations in the chapter contain log; we write the sequel of the appendix that
way, but these relations are of course general.

Lemma 5.23 (Spherical Hessian and Laplacian identities). The following holds:

1
r2 ∇2

S2 log g = Π⊥
z ∇2

z log gΠ⊥
z − 1

|z|
∂|z| log gΠ⊥

z . (5.4.2)

In particular,

1
r2 ∆S2 log g = Π⊥

z :
(

Π⊥
z ∇2

z log gΠ⊥
z − 1

|z|
∂|z| log gΠ⊥

z

)
. (5.4.3)

Proof. We have (see e.g. [1]) that(
1
r2 ∇2

S2 log g
)
σ =

(
Π⊥

z ∇2
z log g

)
σ + Π⊥

z DσΠ⊥
z ∇z log g, σ ∈ Tẑ(S2) ⊂ R3.

Now, since Π⊥
z σ = σ, (

Π⊥
z ∇2

z log g
)
σ =

(
Π⊥

z ∇2
z log gΠ⊥

z

)
σ,
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and, using Dσ ẑ = (∇z ẑ)σ = 1
r Π⊥

z σ = 1
rσ, we obtain

Π⊥
z DσΠ⊥

z ∇z log g = − 1
|z|

Π⊥
z (σ ⊗ ẑ + ẑ ⊗ σ) ∇z log g

= − 1
|z|

(σ ⊗ ẑ) ∇z log g

= − 1
|z|
∂|z| log gΠ⊥

z σ.

(5.4.3) follows noticing that Π⊥
z = σ1 ⊗ σ1 + σ2 ⊗ σ2 for any orthonormal basis {σ1, σ2}

of TẑS2 ⊂ R3.

Lemma 5.24 (Decomposition of the Euclidean Hessian). The following holds:

∇2
z log g = ∂2

|z| log g ẑ ⊗ ẑ + 2
|z|
(
ẑ ⊗sym∇ẑ∂|z| log g

)
− 2

|z|2
(ẑ ⊗sym∇ẑ log g)

+
(

Π⊥
z ∇2

z log gΠ⊥
z − 1

|z|
∂|z| log gΠ⊥

z

)
+ 1

|z|
∂|z| log gΠ⊥

z .

Proof. We decompose the Euclidean Hessian as

∇2
z log g = ∇2

z log g (ẑ ⊗ ẑ) + ∇2
z log gΠ⊥

z .

One checks that

∇2
z log g (ẑ ⊗ ẑ) = ∂2

|z| log g ẑ ⊗ ẑ + 1
|z|

∇ẑ∂|z| log g ⊗ ẑ − 1
r2 ∇ẑ log g ⊗ ẑ.

Similarly,
∇2

z log gΠ⊥
z = (ẑ ⊗ ẑ) ∇2

z log gΠ⊥
z + Π⊥

z ∇2
z log gΠ⊥

z ,

where
(ẑ ⊗ ẑ) ∇2

z log gΠ⊥
z = 1

|z|
ẑ ⊗ ∇ẑ∂|z| log g − 1

r2 ẑ ⊗ ∇ẑ log g.

We conclude recalling (5.4.2).

Lemma 5.25. The following holds:

∇z

(
|z|2+γΠ⊥

z ∇z log g
)

= −2|z|2+γ (ẑ ⊗sym∇ẑ log g) + (2 + γ) |z|γ ẑ ⊗ ∇ẑ log g

+ |z|1+γ ẑ ⊗ ∇ẑ ∂|z| log g + |z|2+γ

(
Π⊥

z ∇2
z log gΠ⊥

z − 1
|z|
∂|z| log gΠ⊥

z

)
.

(5.4.4)
In particular,

∇z ·
(
|z|2+γΠ⊥

z ∇z log g
)

= rγ∆S2 log g (5.4.5)
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Proof. We have

∇z

(
|z|2+γΠ⊥

z ∇z log g
)

=
(
ẑ∂|z| + 1

|z|
∇ẑ

)(
|z|1+γ∇ẑ log g

)
= (1 + γ) |z|γ ẑ ⊗ ∇ẑlog g + |z|1+γ ẑ ⊗ ∇ẑ∂|z|log g + |z|γ∇2

ẑ log g

with

∇2
ẑ log g = |z|2

(
Π⊥

z ∇2
z log gΠ⊥

z − 1
|z|
∂|z| log gΠ⊥

z

)
− ∇ẑ log g ⊗ ẑ, (5.4.6)

where we used that
∇ẑΠ⊥

z = −3
(
Π⊥

z ⊗ ẑ
)

sym + ẑ ⊗ Π⊥
z .

Hence, noting that all the tensor products in (5.4.4) are orthogonal and using (Π⊥
z )2 = Π⊥

z ,

∇z ·
(
|z|2+γΠ⊥

z ∇z log g
)

= |z|2+γΠ⊥
z :
(

Π⊥
z ∇2

z log gΠ⊥
z − 1

|z|
∂|z| log gΠ⊥

z

)
= rγ∆S2 log g,

where the last equality is (5.4.3).

Remark 5.26. We emphasize that ∇2
ẑ, as a matrix, is not (a multiple of) the extrinsic

spherical Hessian as shown by (5.4.2) and (5.4.6). They differ by the spherical gradient
tensorized with the associated unit vector. Nevertheless, in view of (5.4.3),

∆S2 log g = Π⊥
z : ∇2

ẑ log g. (5.4.7)

Moreover, a direct computation yields∥∥∇2
ẑ log g

∥∥2
HS = |z|4

∥∥∥(Π⊥
z ∇z

)2 log g
∥∥∥2

HS
= Γ2 (log g, log g) , (5.4.8)

where the iterated carré du champs Γ2 of the spherical Laplacian on S2 is given by

Γ2 (log g, log g) =
∥∥∇2

S2 log g
∥∥2

HS + |∇S2 log g|2 . (5.4.9)
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Summary

This thesis is concerned with the broad question:
How is the emergence of deterministic macroscopic laws from random microscopic dynamics
influenced by the geometry of the underlying space?

The rigorous derivation of macroscopic equations from microscopic models is a central
theme of mathematical physics. In the probabilistic setting, interacting particle systems
provide tractable microscopic models made of many particles evolving according to stochastic
rules. Under suitable scaling limits, the empirical conserved quantities of these systems are
expected to converge to deterministic solutions of partial differential equations. Such results
are called hydrodynamic limits.

The first model studied in this thesis is the symmetric exclusion process (SEP). In the
classical Euclidean setting, the SEP is defined on a lattice and its hydrodynamic limit, under
diffusive scaling, is governed by the heat equation. On a Riemannian manifold, however,
there is no canonical lattice. We therefore discretize the manifold by random neighborhood
graphs (RNG), obtained by sampling random vertices and connecting nearby points. This
construction allows the microscopic jump rates to encode the geometry of the underlying
space.

Using this approach, we prove the hydrodynamic limit for the SEP on complete Rieman-
nian manifolds. The limiting equation is the weighted heat equation associated to a Gibbs
measure.

The non-compact setting creates additional difficulties: heat may escape to infinity, and
the RNG is infinite, so the existence of the SEP is not automatic. Lower Ricci curvature
bounds are used to control volume growth, ensure conservativeness of the limiting diffusion,
and rule out explosion of the underlying random walk (RW).

A key reason why the SEP is tractable is its self-duality with random walks. Although
the particles interact through the exclusion rule, the evolution of the expected occupation
variables is governed by the generator of a single RW. Thus, the hydrodynamic limit can
be reduced to the convergence of graph Laplacians towards the corresponding geometric
Laplacians.

The geometric setting also makes it possible to obtain anisotropic limiting equations.
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When the space has the structure of a principal bundle, horizontal and vertical directions
can be distinguished. By choosing jump rates at two different scales, we derive sub-elliptic
diffusion equations with drift as hydrodynamic limits of the SEP. The limiting operator is
then a horizontal Laplacian rather than the full Laplace–Beltrami operator.

This horizontal Laplacian is naturally related to the Laplace–Beltrami operator on the
base manifold. We give a probabilistic interpretation of this relation by studying geodesic
random walks and their horizontal lifts. We prove that suitably lifted geodesic random
walks converge to horizontal Brownian motion, while their projections converge to Brownian
motion on the base manifold. In the limit, this recovers the classical identity relating the
horizontal Laplacian to the Laplace–Beltrami operator.

A second class of models studied in this thesis consists of McKean–Vlasov particle
systems on manifolds. These are continuum particle systems describing aggregation–
diffusion dynamics under mean-field interactions. In the many-particle limit, one expects
propagation of chaos; the particles become asymptotically independent and their common
law solves a nonlinear Fokker–Planck equation. For applications and simulations, it is
important to quantify how close the empirical measure of the particle system is to this
limiting law.

This leads to quantitative estimates for empirical measures on manifolds. We prove
bounds in expectation and concentration inequalities in Wasserstein distance. The methods
are metric in nature and depend on covering estimates for balls. Geometry therefore
enters through volume growth, and in particular through curvature bounds. The same
curvature assumptions also enter the stability estimates for the McKean–Vlasov dynamics
via comparison theory and couplings of diffusions on manifolds. Combining both ingredients
yields quantitative propagation-of-chaos estimates in curved spaces.

The final part of the thesis concerns the spatially homogeneous multi-species Landau
equation, a kinetic equation from plasma physics describing a mixture of several species
undergoing grazing collisions. The unknown is a vector of velocity distributions where the
different species may have different masses. Although this part is not about hydrodynamic
limits, it is still connected to the geometric theme of the thesis. In the Coulomb case, the
collision operator contains an angular diffusion acting on the sphere of relative velocities.
This spherical structure is closely related to Fisher information methods.

For the single-species Coulomb Landau equation, it was recently proved that the Fisher
information is a Lyapunov functional. In the multi-species setting, the different masses break
part of the symmetry used in the single-species argument. We show that, below a certain
threshold of singularity in the interactions, the Fisher information ceases to be a Lyapunov
functional. Nevertheless, in the limiting ion–electron regime for two species, we recover
well-posedness for Coulomb interactions by introducing a new Lyapunov functional built
from Fisher information, relative entropy, and entropy dissipation along the inter-species
collision operator.
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