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In this article, a new analytical model for predicting the magnetic field of the U-shaped interior permanent magnet motor (IPMM)
is proposed. In the polar coordinates, rectangular permanent magnets are equivalent to the combination of consistent fan-shaped
subdomains, and after that, the Laplace or Poisson equation of each solution domain can be obtained. Furthermore, based on
the harmonic modeling (HM) technique, the saturation characteristics of the magnetic bridge are accurately considered, and then
its magnetic field distribution (MFD) and electromagnetic performances (EPs) can be obtained. The approach proposed in this
article includes but is not limited to U-shaped IPMMs, and it can also be applied to spoke-type or V-shaped IPMMs with a minor
modification.

Index Terms— Harmonic modeling (HM), magnetic bridge saturation, magnetic field, U-shaped interior permanent magnet motor
(IPMM).

I. INTRODUCTION

THE interior permanent magnet motor (IPMM) has the
advantages of high power density, high torque density,

and high efficiency [1]. It has been widely used in electric
vehicles, electric aircraft, and household appliances. As a
typical topology of IPMMs, U-shaped IPMMs have a unique
structure that can provide better flux concentration perfor-
mance and thus have received extensive attention from motor
researchers.

The precise prediction of magnetic field distribution (MFD)
serves as the foundation for the design and optimization of
U-shaped IPMMs. As it can take into account the nonlinearity
of ferromagnetic materials and complex geometric structures,
finite element (FE) analysis is regarded as an effective analysis
tool in the field of motor design. However, the modeling
and analysis of FE models are usually complex and time-
consuming [2]. The alternative analysis method is the analytic
method. A technique of calculating the magnetic field of a
U-shaped IPMM was proposed in [3], which estimated the
MFD under no-load conditions, but the saturation effect is
neglected. The magnetic bridge exhibits a local inhomoge-
neous magnetic saturation phenomenon due to the magnetic
flux concentration effect of the IPMMs, and the magnetic field
changes nonlinearly, making the accurate analytical calculation
of the magnetic field a huge challenge. To solve the afore-
mentioned issues, [4], [5], [6] proposed a hybrid analytical
model (HAM) that takes into account the nonlinearity of
ferromagnetic materials by combining the exact subdomain
method (SDM) and the magnetic equivalent circuit (MEC)
technique. However, in the aforementioned HAMs, the iron
parts are modeled by the MEC method, and the modeling of
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reluctance elements undoubtedly increases the complexity of
the analytical model. To solve the aforementioned issues, har-
monic modeling (HM) technology based on complex Fourier
series (CFS) decomposition embeds the permeability of fer-
romagnetic materials into the solution of the static magnetic
field [7], [8]. The influence of nonlinear saturation can be
considered without the utilization of additional analytical
models, resulting in a novel approach for rapid and accurate
computation of the magnetic field of the U-shaped IPMMs.

On the other hand, inspired by [3], the rectangular perma-
nent magnet is simplified into a combination of fan-shaped
regions, resulting in a consistent PM region in 2-D polar
coordinates. Then the MFD and electromagnetic performances
(EPs) can be obtained by solving the partial differential
equation (PDE) of each subdomain.

In this article, a new approach taking into account magnetic
bridge saturation is presented for the magnetic field compu-
tation of U-shaped IPMM by combining HM technology and
an improved rectangular PM modeling method. The proposed
approach can also be applied to V-shaped, or Spoke-type
IPMMs.

II. STUDIED MACHINE

To illustrate the proposed analytical method proposed in
this article, a 24 slot/4 pole U-shaped IPMM is studied.
The initial rotor structure is shown in Fig. 1. To obtain the
regular rotor calculation region in the polar coordinates, the
original rotor structure needs to be simplified. Specifically, two
Spoke-type rectangular PMs are equivalent to two fan-shaped
PMs respectively, and a straight-shaped rectangular PM is
equivalent to a fan-shaped PM, as shown in Fig. 2.

As shown in Fig. 2, the original Spoke-type PM region is
replaced by two fan-shaped calculation regions (i.e., IV, V).

The width wfan of each fan-shaped region is

wfan =
R5 − R3

k
(1)
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Fig. 1. Rotor structure of the studied motor.

Fig. 2. Simplified rotor structure.

where k is the number of spoke-type fan-shaped PMs, in this
article k = 2.

Then, the inner/outer radius and arc angle of each
fan-shaped region can be obtained

R4 = R5 − wfan = Rt − wfan (2)
R3 = R4 − wfan = Rb (3)

α f 1 = 2 · arcsin
(

h f

2 · R5

)
, α f 2 = 2 · arcsin

(
h f

2 · R4

)
. (4)

For the straight-shaped PM, the width is guaranteed to be
ha , and the equivalent fan-shaped region parameters are

R2 = R3 − ha (5)

α f a = 2 · arcsin
(

ha

2 · R2

)
. (6)

The constant volume of the magnets is necessary to keep
identical magnetic energy. Therefore, to compensate for the
change in magnetic energy, it is necessary to introduce the
area coefficient fs

Wc =
Sc Le f B2

r,c

2µrµ0
, W f =

∑K
k=1 Sk

f Le f B2
r, f

2µrµ0
(7)

where Sc and S f , Br,c and Br, f are the area and remanence
density of cubic PM and fan-shaped PMs, respectively

SIII
f =

(
R2

3 − R2
2

)
· α f a (8)

SIV
f = 2 ·

(
R2

4 − R2
3

)
· α f 2 (9)

SV
f = 2 ·

(
R2

5 − R2
4

)
· α f 1 (10)

Fig. 3. Stator structure of the studied motor.

fs =
S f

Sc
=

SIII
f + SIV

f + SV
f

ha · wa + 2 · h f · w f
. (11)

Then, the equivalent remanence density Br, f of the
fan-shaped PMs can be obtained as

Br, f = ( fs)
1/2

· Br,c. (12)

The saturation effect of the magnetic bridge in the rotor
core is the most obvious. In this article, the nonlinear iterative
algorithm introduced in [8] and [9] is used to consider the
nonlinear magnetic saturation of the magnetic bridges, and
hence, is not repeated here. For the sake of simplicity, the rotor
is segmented into two pieces: saturation region (i.e., magnetic
bridge) and non-saturation region. The pole-arc angle of the
magnetic bridge is simplified to α f 1.

The stator is divided into three simple computational regions
(i.e., VIII, IX, X), as shown in Fig. 3.

III. ANALYTICAL CALCULATION

By introducing a magnetic vector potential A, the magnetic
field in each region can be computed by solving the following
Laplace’s or Poisson’s equations:

∂2 Ak
z

∣∣
r

∂r2 +
1
r

∂Ak
z

∣∣
r

∂r
−

(
V k

r

)2

Ak
z

∣∣
r

= −µk
c,θ J z −

µ0

r

(
Mk
θ + j K θ Mk

r

)
(13)

where

K θ = diag[−N , . . . , N ] (14)

V k
= µk

c,θ K θ

[
µk

c,r

]−1 K θ . (15)

The general solution for each region is given as follows:

Ak
z

∣∣
r =



(
r
R1

)λ1

a1, k = I[( R10
r

)λ10
−

(
R10
R11

)λ10
(

r
R11

)λ10
]

a10, k = X

W k

(
r
Rk

)λk

ak + Wk

(
Rk−1

r

)λk

bk

+ r2 Fk + r Gk, k = Others
(16)

where

Gk = µ0

([
V k]2

− I
)−1(

Mk
θ + j K θ Mk

r

)
, k = III, IV,V

(17)
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Fk =

([
V k]2

− 4I
)−1

µk
c,θ J z, k = IX (18)

where W k and λλλ k are the diagonal eigenvalue and the eigen-
vector matrix of V k .

Based on the above general solutions, the interface conti-
nuity boundary conditions are listed as follows:

Ak
z − Ak+1

z = 0, r = Rk (19)

Hk
θ − Hk+1

θ = 0, r = Rk . (20)

All unknown harmonic coefficients and boundary conditions
matrix equations are collected in the following matrix form:

M · X = Y (21)

where M, X , and Y are the coefficient factors, the unknown
coefficients, and the constant values in the boundary condition
equations, respectively.

Then, according to the Maxwell stress tensor, the electro-
magnetic torque Tem can be obtained by

Tem =
L lef R2

g

µ0

∫ 2π

0
BVII

r

(
Rg, θ

)
BVII
θ

(
Rg, θ

)
dθ (22)

where Rg , BVII
r , and BVII

θ are, respectively, the average radius,
the radial, and tangential components of the no-load or on-
load magnetic flux density in the air gap and L lef is the active
length of the motor.

The flux linkage of the i th coil could be computed by

ϕ1,i = L lef
Nc

S

∫ αi −
θss
2 +d

αi −
θss
2

∫ Rsb

Rst

AIV
z (r, θ)drdθ (23)

ϕ2,i = L lef
Nc

S

∫ αi +
θss
2

αi +
θss
2 −d

∫ Rsb

Rst

AIV
z (r, θ)drdθ. (24)

The total flux linkage per phase is given by9a

9b

9c

 = C1
[
ϕ1,1 ϕ1,2 · · · ϕ1,Qs

]T

+ C2
[
ϕ2,1 ϕ2,2 · · · ϕ2,Qs

]T
. (25)

Then, the three-phase back EMF can be derived as Ea

Eb

Ec

 = −
d
dt

9a

9b

ψc

. (26)

For phase A, the machine is fed only by phase A with ia , and
the self- and mutual inductances can be calculated as follows: La

Mab

Mac

 =
[
9a 9b 9c

]T /
ia . (27)

IV. RESULTS AND ANALYSIS

The developed analytical model can be used to predict the
MFD in each calculation region and the EPs of the motor.
The effectiveness of the proposed method is verified by the FE
model, which is established by JMAG with 16 388 elements
and 9344 nodes. In an entire electrical period, the FE model
has 192 simulation steps.

Fig. 4. FE models. (a) No-load condition. (b) On-load condition.

Fig. 5. Comparison of radial components of magnetic flux density in the air
gap (Rg = (R6 + R7)/2). (a) Waveforms, no-load condition. (b) Waveforms,
load condition. (c) Harmonic spectrum, load condition.

Fig. 4(a) and (b) show the MFD under no-load and load
conditions respectively, it can be seen that the magnetic bridge
has an obvious magnetic saturation phenomenon.

In Fig. 5(a) and (b), the comparison of the no-load and
load air gap flux density components between the FE model
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Fig. 6. Comparison of back EMF.

Fig. 7. Comparison of electromagnetic and cogging torques (Tem and Tc).

Fig. 8. Self-/mutual inductance (La and Mab).

and the proposed model is given (Br and Bθ are the radial and
tangential components of the air gap flux density, respectively).
It can be seen from the waveforms that the analytical results
are in good agreement with the FE results. However, the
spectrums (i.e., Fig. 5(c), load condition) show that there is
a slight error in the amplitude of each harmonic order. This
is due to the fact that the saturated region of the magnetic
bridge is considered in the analytical model to be a regular
region (i.e., the pole-arc angle is α f 1), whereas the saturated
region of the rotor is irregular in the FE model, which results
in a calculation error.

The back EMF waveform predicted by the proposed model
is very consistent with the results of the FE model, as shown
in Fig. 6. The calculated amplitude of the phase-back EMF is
131.9 V, while the FE model result is 127.8 V, and the relative
error is only 3.2%.

Fig. 7 shows the comparison of electromagnetic torque Tem
and cogging torque Tc. It is clear that the waveform predicted
by the proposed model is very consistent with the FE analysis
result.

Fig. 8 shows the comparison between the proposed model
and the FE model for the variation of self- and mutual induc-
tances with rotor position. The maximum and minimal values
of the self-inductance are, respectively, La max = 0.0754 H
and La,min = 0.0741 mH for the proposed model and La,max =

0.0753 mH and La,min = 0.0738 mH for the FE model.

V. CONCLUSION

This article presents a novel approach to predicting
the magnetic field of U-shaped IPMMs. Specifically, each
spoke-type PM is equivalent to two fan-shaped PMs, and the
straight-shaped PM is equivalent to a fan-shaped PM with
equal thickness. The saturated magnetic bridge is simplified
to a standard fan-shaped region to consider the saturation
effect of the magnetic bridge. Based on the HM technique,
the phenomenon of nonuniform permeability distribution of
the rotor ferromagnetic material due to magnetic saturation is
directly taken into consideration. Moreover, with only small
adjustments, the approach proposed in this article can be used
to analyze Spoke or V-shaped IPMMs.
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