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ABSTRACT

In this thesis, we introduce the quantum groups U, (sl(2,C)) and A,(SL(2,C)) as Hopf alge-
bras. We study their representations, including their similarities and differences with the classical
theory. Following [10], we show that the eigenvectors of Koorwinder’s twisted primitive elements
of Uy (su(2)) are dual g-Krawtchouk polynomials. We use this explicit expression to define gener-
alised matrix elements and spherical functions in A4(SL(2,C)). Then we use the Haar functional
to show that these generalised matrix elements are Askey-Wilson polynomials with two continuous
and two discrete parameters.

Next, we show a new result. Namely, two twisted primitive elements of U, (sl(2,C)) generate
Zhedanov’s Askey-Wilson algebra AW (3). Consequently, AW (3) is embedded as a subalgebra into
Uy (s1(2,C)). We use this to show that overlap functions of twisted primitive elements in U, (su(2))
are g-Racah polynomials. With that, we derive a summation formula connecting ¢-Racah and
dual ¢g-Krawtchouk polynomials.

Keywords. quantum groups, U,(sl(2,C)), A,(SL(2,C)), spherical functions, generalised ma-
trix elements, Hopf algebras, twisted primitive elements, representations, Haar functional, Askey-
Wilson algebra, orthogonal polynomials, Askey-Wilson polynomials, ¢g-Racah polynomials, dual
g-Krawtchouk polynomials.
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INTRODUCTION

One of the reasons to study quantum groups and their representations is the intimate con-
nection with orthogonal polynomials. Roughly speaking, quantum groups are not groups, but
algebras closely related to Lie groups and Lie algebras. Although we will not be concerned with it
here, I do want to point out that quantum groups are not purely interesting mathematical objects.
They also appear naturally in a wide variety of fields, such as statistical physics, quantum field
theory, and topology. We will study the quantum groups U, (sl(2,C)) and A,(SL(2,C)), which are
related to the Lie algebra s[(2, C) and Lie group SL(2,C), and their connection with the so-called
Askey-Wilson polynomials. Connections between orthogonal polynomials and representations of
classical groups and algebras, such as SL(2,C) and sl(2,C), have been known for a long time
and studied extensively. For example, matrix elements of SL(2,C) can be expressed in terms of
Jacobi polynomials. In 1985, Askey and Wilson defined g-analogues that generalise these Jacobi
polynomials. These Askey-Wilson polynomials, also called g-Racah when taken discrete, are the
most general explicit orthogonal polynomials in one variable that are currently known.

In this thesis, which consists of three parts, we will show two different connections between
quantum groups and Askey-Wilson polynomials. Part I and II will primarily consist of known
theory in the literature, part III will show a new result. In part I, we will develop a framework
from which we will build the relation between quantum groups and orthogonal polynomials. This
framework will lay the groundwork for part II and III, which both show a different connection
between the quantum group U, (sl(2, C)) and Askey-Wilson polynomials. These last two parts can
be read independently from each other. In part II, we will closely follow the lecture notes [10]
from Koelink. In the third part, we will show a new result: an embedding of the algebra AW(3),
which is closely related to Askey-Wilson polynomials, into Uy (sl(2,C)). Let us briefly discuss the
content of these three parts in some more detail.

In part I, we will introduce U, (sI(2, C)), which is described in the language of Hopf algebras. A
reader who encounters these definitions for the first time might wonder what the exact intuition
behind this is. T urge these readers not to worry too much about this in the beginning and just try
to play around with these definitions as being a mathematical puzzle. To encourage this, we will
accompany these definitions with five examples of (Hopf) algebras, to let these definitions come
more alive. From these examples, the quantum group U, (sl(2,C)) and the algebra generated by
its linear dual, A,(SL(2,C)), will be the quantum versions of the classical universal enveloping
algebra of s[(2,C) and the algebra of polynomials on SL(2,C) respectively. Then, we will briefly
recall some representation theory and sketch the analogy between the classical and the quantum
theory. Thereafter, we dive into the representation theory of the quantum group U,(sl(2,C)) and
its real form U,(su(2)). Using Koornwinder’s twisted primitive elements of the quantum group
Uy (s1(2,C)), we will make a connection with orthogonal polynomials. This is done by explicitly
calculating the eigenvectors of self-adjoint twisted primitive elements. These eigenvectors can be
expressed in terms of dual ¢-Krawtchouk polynomials, which are a special case of Askey-Wilson
polynomials.

In the second part, we will develop a duality between the quantum groups U,(sl(2,C)) and
A, (SL(2,C)). Using this, we can define spherical elements, a non-classical equivalent of spherical
functions, and generalised matrix elements. Via the Haar functional on A,(SU(2)), we will show
that these generalised matrix elements are Askey-Wilson polynomials with two continuous and
two discrete parameters. This generalises the classical theory, where we only get two discrete
parameters for the Jacobi polynomials.

Then, in the third part we will show our new result. Namely, the algebra generated by two
twisted primitive elements is essentially Zhedanov’s Askey-Wilson algebra AW (3)’. As the name
suggests, this algebra is connected with Askey-Wilson polynomials, or in our case, their dis-
crete version called g-Racah polynomials. As a consequence, we can show another link between
U, (s1(2,C)) and Askey-Wilson polynomials.

Notation. In this thesis, Z will denote the set of nonnegative integers. d;; will be the Kronecker
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delta function, defined by
sy=q i
0if ¢ # j.
Furthermore, 7! and dz! will be used for the classical (2] + 1)-dimensional representations of
SL(2,C) and its Lie algebra sl(2,C) respectively. The (2! + 1)-dimensional representation in
the quantum setting will be denoted by t. Lastly, I want to clarify the difference between the
algebras sl(2,C) < su(2), U,(s1(2,C)) + Uy(su(2)) and A,(SL(2,C)) <> A,(SU(2)), as they look
quite similar and may be confusing for the reader who does not encounter those terms often. The
algebras with su(2)/SU(2) are called a real form of the ones with s[(2,C)/SL(2,C) and are ’just’

the same algebra together with a x-structure. Without going into too much detail about what a
x-structure is, one can think of this as defining what the adjoint operator has to be.



Part I. Introduction to Representations of Quantum
Algebras
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1. ALGEBRAS

In this section we will give five important examples of algebras which will later turn into Hopf
algebras. Why we take these five examples will become clear later on. For now, just take these
examples in as building blocks for understanding (Hopf) algebras. First, we will give a definition
of an algebra. We will always work with unitaﬂ associative algebras over C, .

Definition 1.1. An associative algebra with unit, or just algebra, is a linear space A together with
a bilinear mapping m : A x A — A, called multiplication, that is associative and has unit 14 € A,
i-e.
m(m(a,b),c) = m(a,m(b,c)), m(la,a) =m(a,14)=a foralla,b,ce€ A.
Definen :C — A by
n(A) = Ala for all X € C.
Then a scalar X € C can be considered as an element of A by identifying A with n(X).

Remark 1.2. We will often omit the ‘m’ and just write ab := m(a, b).
Let us look at a few important examples.

Ezample (1). Let G be a finite group. Then we can look at A = C(G), all functions f : G — C.
Then A is an algebra with multiplication and unit given by

In this thesis, we will often look at associative algebras with generators X, ..., X,,, subject to
relations of the form
p(X1,..Xpn) =0.

Here, p(Xy, ..., X,,) are elements of the algebra, which are polynomials in X7, ..., X,,. Examples of
elements are

2X2X, X1 +3-14, and 19iX5X; +4X,,
where 14 is the unit of the algebra. We often omit writing out the unit, i.e. 3 :=3-14. Another
way of looking at this is the following. Elements of the algebra are finite linear combinations of
words, where the words are formed with ’letters’ Xq,...,X,. That is, words are finite products
of Xi,...,X,. For example, X?X,, and XjX;X3X, are words. Multiplication is concatenation
of words, e.g. we have the product

m(XP X, Xa X1 X2 X0) = X7X, X5X1 X2 Xo.

The reader who is wondering if this is well defined makes a good point. Proving that requires some
abstract algebra. Since we will mainly be concerned with doing computations in such algebras, we
do not have to worry about the algebraic definition behind itﬁ, and we will focus on the practical
side.

Ezample (2). For our second example, we will look at U(sl(2, C)), the universal enveloping algebra
of the Lie algebraﬁ 5[(2,C). Recall that s[(2,C) is the Lie algebra of 2 x 2 matrices with trace 0.
It has a basis {H, E, F'} given by

10 0 1 0 0
me(o 5)oee(o0) o 0)

and multiplication, called the Lie bracket,
[X,Y]=XY -YX.

Te. every algebra A has a unit, denoted by 14

3Oﬂicially, one has to take the quotient F'/I, where F is the free algebra generated by X1i, ..., X, and I is the
two-sided ideal generated by the relations. For example, if we have relations wq = 0,...,wg = 0, then we take
I = span{aw;b: a,b € F, j=1,...k}. For more details, see for example [g].

4This can be done for arbitrary Lie algebras g. Also U(g) can be made into a Hopf algebra in the same way as
U(sl(2,C)). We will only look at U(sl(2,C)) because it is the analog of the quantum group Uy (sl(2, C)) which will
play a crucial role in these notes.
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This Lie bracket leads to relations
[H,E|=2FE, [H,F|=-2F, [E,F]=H. (1.1)

Now, U(sl(2,C)) is the algebra generated by the basic elements H, E and F of s[(2,C) subject to
the relations of the Lie bracket [-, -], which are the only relations. For example, EF ¢ sl(2,C)
since the matrix product of £ and F does not have trace 0. Also, E? = 0 in sl(2,C). However,
EF,E? € U(s1(2,C)) as two abstract elements, both unequal to 0.

Ezample (3). Let SL(2, C) be the group of 2 x 2 matrices with determinant 1. The group SL(2, C) is
not an algebra since adding two matrices will not be in SL(2, C) in general. However, Pol(SL(2, C)),
the complex valued polynomials with the 4 matrix entries a, b, c and d subject to ad — bc =1 as
variables, is an algebra. It is similar to example |1} only SL(2,C) is not a finite group and we will
only look at polynomials. The product and unit are defined in the same way as example [1} For
instance,

p1 (Z Z) =2a* +ic*d+25, and py (i Z) = 2¢, (1.2)

are elements in Pol(SL(2,C)). Four important elements of Pol(SL(2,C)) are,
a b a b
@ <c d> = B <c d> =0
a b a b
7(0 d>:c, 5(0 d):d'

These are building block for any p € Pol(SL(2,C)). For example, let g = (Z
then p; and py given in (1.2]) can also be written as
pi(9) = 2a(g)* +iv(9)°0(g9) +25, and pa(g) = 27(9).

Ezample (4). Let us now look at a crucial example, the quantised universal enveloping algebra
for 5[(2,C). Let U,(sl(2,C)) be the complex unital associative algebra generated by K, E, F, K~!
subject to the relations

K? -—K?
q—q!
where g € C\{-1,0, 1 To understand the name U (s[(2, C)) for this algebra, let K = exp (451 H)

and therefore K~ = exp (%H ) If we now let ¢ T 1, we get (formally, if H is bounded in some
sense) from the second relation of ([1.3)) using the power series for the exponential function, that

n=0 n=0

KK 1'=1=K 'K, KE=qFEK, KF=q 'FK, EF - FE = , (1.3)

= 2E+ (q—1)HE =2qE + q(q— 1)EH + O ((1 — q)?)
— 2E=HF - EH (=[H, E)]),
where we divided by ¢ — 1 and then let ¢ T 1 in the last step. Similarly we can obtain
[H,F] = —2F, and [E, F] = H,
the exact same relations as in (the universal enveloping of) s[(2, C).

Ezample (5). This fifth example will be the quantum SL(2,C) group. Let A,(SL(2,C)) be the
complex unital associative algebra generated by «, 8, and § subject to the relations

af = qBa, ay=qya, B0=qiB, ,v0=qd,
By=78, ad—qgBy=1=6ba—q 'B,

SLater on, we will also demand that g is not a root of unity. This is to make sure we have irreducible represen-
tations for each dimension. On the algebra level, this does not matter.



12

where ¢ € C\{0}. Observe that elements of A,(SL(2,C)) are polynomials in «, 3,y and ¢ subject
to the relations above. Taking ¢ = 1 gives the link between (: g) and (Z Z) € SL(2,C),
by identifying (a, b, c,d) with («, 8,7,9). Of course, the difference here is that a,b,c,d € C and
a, B,7,0 are (at this point) abstract elements of an algebra. Let p be a polynomial in 4 variables,

then we can interpret p : g as an element in A,(SL(2,C)), but, if ¢ = 1, also as an element
of Pol(SL(2,C)), which justifies the name.

Before we end this section, we will discuss one more topic that will be important in sections
and An element z in an algebra A is said to be a central element, if it commutes with every
element of the algebra, i.e.

az = za for all a € A.

The unit 14 of an algebra is an obvious example of a central element. For some algebras, such as
U, (s1(2,C)) we have a special central element called a Casimir element. For U,(sl(2,C)), we have
a Casimir element 2 given by

B qflKZ + qK72

K2 71K72
0- _ 9K +¢q

+ EF =

(g—q71) (@—a71)?
One can verify that Q commutes with all generators of U, (sl(2,C)). Consequently, €2 is a central
element of U, (sl(2,C)).

+FE. (1.4)
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2. HOPF ALGEBRAS

In this section we will add some more structure to an algebra so that it becomes a Hopf algebra.
We will take two steps along the way: a coalgebra and bialgebra. Again, do not worry to much
about these definitions (yet). I will include the same examples as before to make these algebras
come more alive.

So without further ado, let us construct Hopf algebras. Note that if A and B are algebras,
A ® B is an algebra as well with unit 14 ® 1 and multiplication given by

(a1 ® b1)(az ® ba) = (ar1az @ bybs).
Or in more algebraic terms,
Mags =ma @mpo (id® o ®id),
where o is the flip mapping o(a ® b) = b ® a. In particular, A ® A is an algebra.

Definition 2.1. A coalgebra is a linear space A together with a linear mapping A : A - A® A,
called the comultiplication, and non-zero linear mapping € : A — C, called the counit, such that
foralla € A,

(id® A)oAfa) = (A®id) o A(a), (2.1)
(id®e)oAa) =a= (¢ ®id) o A(a). (2.2)
Remark 2.2. The requirement for A is a linear space, not an algebra. Then one might wonder
why it is still called a coalgebra. That is because an algebra is a triplet (A, m,n), where A is a
linear space, m is the multiplication and 7 is the map called unit. A coalgebra is also a triplet

(A, A, €) but then the two maps A, the comultiplication, and € called counit going into the opposite
direction.

If an algebra is a coalgebra at the same time, we get the following.

Definition 2.3. A bialgebra is an algebra A, such that A is also a coalgebra and the comultipli-
cation A and counit € are algebra homomorphisms from A to A® A. That is

A(ab) = A(a)A(b) and e(ab) = e(a)e(b) for all a,b € A.
Remark 2.4. Since € is non-zero, there exists an a € A such that e(a) = A # 0. Therefore,
A=¢(a) =¢e(laa) = (1),
and g(14) = 1.
Now one more ingredient is necessary to get a Hopf algebra, a map S called the antipode.

Definition 2.5. A Hopf algebra is a bialgebra A together with a linear mapping S : A — A, called
the antipode, such that for all a € A we have

mo (S®id)oA(a) =noe(a) =mo (id® S) o Aa). (2.3)
Remark 2.6. Writing out the comultiplication we get something of the form
Aa) = Zai ® aj.
To ease notation, we will use the very convenientﬂ and often used Sweedler’s sigma notation,
Afa) = Za(n ® a2), (2.4)
(a)

(id ® A)A(a) = an) ® az) @ a), (2.5)
(a)
where the latter part is well defined by (2.1)).

6For example, relation (2.3) can now be written as m o (id ® S)A(a) = () aySlagz))
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We also need the notion of a Hopf algebra (iso)morphism. This is what you expect it to be: a
mapping that preserves the structure of both Hopf algebras.

Definition 2.7. A linear map ¢ : A — B between Hopf algebras A and B is called a Hopf algebra
morphism if it is an algebra homomorphism and

(p@¢p)oAy=Apod(a), poSa=Spop(a), ea=cpop.

The map ¢ is called a Hopf algebra isomorphism if there also exists a Hopf algebra morphism
¢~ ': B — A such that

plop=idy and Po¢p ! =idg.

There are many useful relations between S, € and A that can be deduced from their definitions,
see e.g. [8 [10]. However, we will not do that here since it is not necessary for our purposes. We
will only show the following proposition, which will also assist the reader in getting some insight
in how to deal algebraically with Hopf algebras. If a bi-algebra can be made into a Hopf algebra,
there is only one way to do this. That is, when an antipode S exists, it is unique. Furthermore,
it is antimultiplicative and £ 0 S = €.

Proposition 2.8. Let A be a bialgebra and S an antipode making A into a Hopf Algebra. Then

(i) S is unique.
(i) eo S =e.
(i1i) S is an anti-multiplicative, i.e. S(ab) = S(b)S(a) for a,b € A.

Proof. Let us first prove (i). Define B to be the algebra of linear maps from A to itself, in
particular, S € B. However, we will not use the usuaﬂ product of End(A). Let F,G,H € B,
define the product by

(F+G)(a)=mo(FeG)oAl) =Y Flaw)Glaw).
(a)
This product is associative since
(Fx(GxH))(a)= ZF(a(l))G(a(g))H(a(g)) = ((F*xG)«H)(a).
(a)
The unit 1p of this algebra B is n o . Indeed, by we have
(Fx(noe))(a)=mo(F®id)(id® (noe))A(a) =mo (F(a)® 1) = F(a),

and similarly ((noe) * F)(a) = F(a). Now, by (2.3) and the definition of the product *, we have
that S is a two-sided inverse of id 4, the identity map on A. That is,

(idA *S) = (S*ldA) = (7’]06) = 1B-

Since the inverse is unique in an associative algebraﬁ and B was defined independent of the

antipode, our S is unique as well.
For (ii), we will use (2.2]) to obtain

a= (e ®id)A(a). (2.6)
Applying id ® S first and then ¢ gives us,
e(S(a)) = (e®@e)(id® S)A(a).
Since ¢ is an algebra homomorphism, € ® € = € o m. Together with we get
e(S(a)) =eom(id® S)A(a) =conoe(a) =e(a),
"Normally the product of F, G € End(A) is just the composition of F and G. That is, (FG)(a) = (F o G)(a) =

F(G(a)) for a € A.
81f S and S’ are both an inverse of T, then S = S(TS") = (ST)S' = 5'.
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since (by remark € on is the identity malﬂ on C.
Lastly we need to prove (iii). Applying S on both sides of (2.6 and using (ii) gives

S(a) = S(aq))e(a)- (2.7)
(a)

Therefore, using the commutativity of C and that ¢ is an algebra homomorphism, we obtain
S)S(a) = D S(ba))Slaq)e(agb)
(a),(b)
From ({2.3) and using that A is a homomorphism, we have for ¢,d € A,
E(Cd) = Z C(l)d(l)S(C(g)d(g)). (2.8)
(e),(d)
This gives together with (2.5),
SB)S(a) = > S(bay)S(aq))a@be) Sagsbs)-
(a),(b)
Using (2.8) again and then (2.7), we have
S(b)S(a) = s(a(l))e(b(l))S(a(g)b(g)) = S(ab) U

Let us look at the five examples. It is a good exercise to calculate for yourself that the comul-
tiplication, counit and antipode given are indeed algebra morpisms and satisfy (2.1), (2.2)) and

23).
Ezample (1). The algebra C(G) is a Hopf algebra by defining
A(f)(g,h) = f(gh), feC(G), g,h€G,
e(f)= f(e), feC(G) and e is the unit of G,
S(Flg)=flg™"), feC(G), g€G.
Ezample (2). U(sl(2,C)) can be made into a Hopf algebra by setting for X € sl(2,C),
AX)=Xly+1lyeX, A(ly) =1y ® 1y,
e(X) =0, e(ly) =1, S(X)=-X, S(1lv) = 1v,

where 1y is the unit in ¢(s[(2,C)) and 1 € C. Then extend A and ¢ as algebra homomorphisms
and S as an antihomomorphism, i.e.

A(XY) = AX)A(Y), e(XY) =¢e(X)e(Y), S(XY)=S(Y)S(X).

Ezample (3). The comultiplication and counit of Pol(SL(2,C)) are the same as in example |1} In
particular we have

A(p) ar b az by —p airas +bica  arbs + bids
c1 c1)’ \ea doy cias +dica ciby +dids )’

£(p) (: §>=p<é (1)> S(p) (CCL Z)Zp(_dc _ab>

Notice the link here between comultiplication and matrix multiplication and between the antipode
and taking the inverse, i.e. S? =id.

Example (4). Uy(s1(2,C)) becomes a Hopf algebra by taking
AK)=K®K, A(E)=K@E+E®K ",
AF)=K@F+F®K ', AK)=K'oK"
e(K)=e(K™') =1, ¢(E)=¢(F)=0.
S(K)=K™', S(K™') =K, S(E)=—-q 'E, S(F)=—qF.

9Since n(A) = Al and e(14) =1, eon(A) = A for A € C.
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Notice here that since ¢ # 1 we have S? # id. It is a good exercise to check that these maps are
well-defined in combination with the commutation relations (|1.3)) and that these maps satisfy the
requirements of a Hopf algebra.

Ezample (5). The quantum group A,(SL(2,C)) is a Hopf algebra by defining
Ala)=a®a+ ey, AB)=a®B+B14
A()=7®a+6®7y, A(6)=708+614,

(0 8-00) 6 8-(0 )

Notice the similarity with example [3]for the three maps, where «, 8, and § have to be interpreted
as the variables of a polynomial. The comultiplication can here in a way be seen as matrix
multiplication with itself.

Lastly in this section, we will discuss the topic of Hopf x-algebras.

Definition 2.9. An algebra A together with a map * : A — A (notation a* := x(a), a € A) is
called a *-algebra if * is an antilinear antimultiplicative involution. That is, for all a,b € A and
A, i € C we have

(Aa + pb)* = Xa* +@b*, (ab)* =b*a*, (a*)* =a.

Definition 2.10. A Hopf x-algebra is a Hopf algebra A, such that A is a x-algebra and A and e
are x-homomorphisms. That is, A and € are algebra homomorphisms and

A(a”) = A(a)", e(a”) =(a)” =&(a).
A Hopf x-algebra morphism ¢ : A — B of two Hopf x-algebras A and B is a Hopf algebra morphism
such that ¢(a*) = (Pp(a))*.

There is no requirement for a relation between S and *. However, this follows naturally. For a
proof, see e.g. [10, Proposition 1.2.5].

Proposition 2.11. Let A be a Hopf *-algebra, then (S ox)? =ida, in particular S~ = 0 S o x.
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3. REPRESENTATION THEORY

In this section we will go over some basic representation theory and motivate the setting we
will choose for the quantum case. We will cover some classical theory about SL(2,C) as well.
It is important to realise that the knowledge about representations of quantum groupdﬁ is build
upon the research already done in representation theory. In many cases, the classical theory can
be extended to quantum groups in a straightforward way. However, often it will be a non-trivial
extensiorﬂ e.g. subgroups and *-structures are different in the quantum setting.

3.1. Representations: general theory. It is of great interest to look at representations of
groups and algebras. If V is a vector space, then we will use GL(V) for the invertible linear
operators on V' and End(V) for all linear operators on V.

Definition 3.1. Let V' be a vector space.
(i) Let G be a group. A map m: G — GL(V) is a representation of G on V if

m(gh) = w(g)m(h), for all g,h € G.
(ii) Let A be an algebra. A linear map w: A — End(V) is a representation of A on 'V if
7(ab) = w(a)w(b), for all a,b e A,
m(14) =idy,
where 14 is the unit of A and idy the identity map on V.

Remark 3.2. Unless explicitly mentioned otherwise, we will work with finite-dimensional linear
spaces. Much of the theory goes on in the infinite-dimensional case. However, this requires much
more technicalities from a functional analysis point of view, such as boundedness and domains.
In this thesis we will primarily be concerned with the algebra behind it all.

Remark 3.3. Note that (i) and (ii) mean that 7 is a group and algebra homomorphism respectively,
i.e. m preserves the structure of its domain and codomain. Also, it automaticallyE follows that
m(eq) gets mapped to idy .

Two representations (7)), V;) and (7, V3) of a group G where dim(V;) = dim(V5), can be
equal after a change of basis from V; and V5. We want to consider those as ’the same’. Therefore,
(7MW, V1) and (7(?),V4) are called equivalent if there exists a bijective mapping B : Vi — V5 such
that

BrW(g) =7 (g)B for all g € G.
Similarly, two representations (7(1), V) and (7(?), V3) of an algebra A are equivalent if Br(")(a) =
72 (a)B for alla € A. If W C V and 7(a)W C W for all a € A, we call W invarz’an under
m. Note that W =0 and W =V are always invariant subspaces. If those are the only invariant
subspaces, we call 7 irreducible. Irreducible representation can be seen as the 'building blocks’ of
representations and are therefore studied the most. If the representation is on a Hilbert space H
instead of an ordinary linear space, we can define unitary representations. A representation 7 is
unitary if

(m(g)h1, ha) gy = (ha, (g™ ha)
for all hq, hy € H. That is, taking the inverse of an element ¢ in the group corresponds to taking
the adjoint of the operator representing g. Unitary representations are completely reducible. This
follows from the fact that if W C V is an invariant subspace, its orthogonal complement W+ is
also an invariant subspace, since

<7r(g)wJ‘,w> = <wJ‘,ﬂ'(g71)w> =0, wreWt, wew.

The result then follows by induction on the dimension of V.

10Something worth mentioning is that there is no strict definition of a ’'quantum group’. There are just several
examples of them. E.g. Uy (sl(2,C)) and A4(SL(2,C)) are often called quantum groups (although they are algebras
and not even groups).

M Otherwise it would make no sense to study them

127(g9) = n(eqg) = m(eq)n(g) implies idy = w(eq) by multiplying with 7(g)~! on the right side.

13This works similarly for group representations.
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3.2. Representation of SL(2,C). We will briefly discuss some classical well known (e.g.[12])
representation theory of SL(2,C). Fix [ € %ZJF and let 7! be the 2[4 1-dimensional representation
of SL(2, C) on the vector space H; of complex homogeneous polynomials in two variables of degree
2l defined by

b
(o (&) Do) i= o oo du), < A (3.)
Take the standard basis (¢},)! __, given by
20 1% i ion
dhom | 2] e (32)

then we define the matrix elements

a b a b
(0 0) = (7 (0 a)t)

Now, matrix elements can be seen as function 7!, : SL(2,C) — C. Moreover, they are polynomi-

als with variables a, b, ¢ and d such that (CCL Z) € SL(2,C). In fact, they are multiples of Jacobi
polynomials (see e.g. [5]). Furthermore, 7' restricted the subgroup of unitary matrices, called
SU(2), is a unitary representation.

3.3. Approach in the quantum setting. We want to find the quantum analogue of SL(2, C),
and corresponding ¢-hypergeometric orthogonal polynomials, as well. A first approach is to look

B

at "representations” of : 5 where «, 8,7,0 € Ay(SL(2,C)). However, the questions arises

how to do this. For example, do these elements have an algebra or group structure? What is the
multiplication? Interpreting it like this can be done, as shown in [I7], by defining compact matrix
pseudogroups. Koornwinder [I2] then showed that the matrix elements of this representation can
be expressed as orthogonal polynomials, namely as little g-Jacobi polynomials or as g-Krawtchouk
polynomials. However, there was hope that quantum groups also provided a setting for Askey-
Wilson polynomials. The method above did not yield results in that direction unfortunately.
Another way of looking at quantum groups was needed.

This other way is to focus on sl[(2,C), since we established a quantum version U, (s((2,C)) of
the universal enveloping algebra U (sl(2,C)) of this Lie algebra. The Lie group SL(2,C) and Lie
algebra s[(2,C) have an intimate connection. Let X € s[(2,C) and ¢ € R, since

det(exp(tX)) = exp(tr (tX)) = exp(0) = 1,

the one-parameter subgroup K = {exp(tX),t € R} is a subalgebra of SL(2,C). This works the
other way around too. Every Y € SL(2,C) can be writtenlﬂ as Y = exp(tX) for ¢t € R. Here, X
is a linear combination of the basis elements F, F' and H of s[(2,C). In this way, we can relate to
the (21 + 1)-dimensional Lie group representation 7 a Lie algebra representation dz! by defining

drl(X m'(exp(tX)), X €sl(2,C),

d
)= &‘t:o
This is well defined, see e.g. [6]. For the matrix elements of this Lie algebra representation, we
have the identity

d
Al (X) = =| 7l (exp(tX)).

Since the matrix elements 7!, = € Pol(SL(2,C)), we can study p € Pol(SL(2,C)), by looking at it
as a functional on X € U(sl(2,C)),

(o) = | plexp(tX)), X €51(2,0), pe PolSL2,0). (3.3)

MOy as a limit, i.e. lim exp(tX).
t—o0
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Therefore, it makes sense to look at representations of sl(2,C) to find polynomials on the group
SL(2,C). Thus, if we can establish such a duality relation in the quantum setting, we might find
the quantum equivalents of 7t . Of course, one has to be careful here. In what sense are these

elements still polynomials in the quantum setting? Normally they are polynomials in a, b, c and d

which come from an element <Z b € SL(2,C). However, we do not have the quantum version

d

of SL(2,C) yet. The trick here is to look at the standard representation in two dimensions, i.e.

5o 2 )

Recall that we defined the elements «, 38,7, € Pol(SL(2,C)) as

b

Since det(g) =1 for g = (CCL d

> € SL(2,C), we have

ay—pBy=1
We can write «, 8,7 and § in terms of matrix elements of the Lie algebra representation using the
linear functionals (3.3)), i.e.

(X, ) :dﬂ'%; _1(X), <X7B>:d7%;~;(X)a
(X,9) =dr? _,(X), (X,0)=dr} (X).

Note that using this ’duality bracket’ (-,-), we do not need SL(2,C) or derivatives explicitly to
analyse Pol(SL(2,C)). This idea will be used in the quantum setting, where we have access to
the analogue of U(s[(2, C)), but not of SL(2,C). The identities above will be used to define linear
functionals a, 8,7,0 on X € U,(sl(2,C)). It turns out that the algebra generated by «, 3,7, is
exactly A, (SU(2)) from example [5] this will be Theorem To achieve all this, it is crucial we
establish a duality relation between U, (sl(2,C)) and A4(SL(2,C)). That is where the dualilty of
Hopf algebras comes in, which will be the subject of section [7]
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4. REPRESENTATIONS OF U, (sl(2,C))

In this section we will, as the title suggests, look at representations of U, (s1(2, C)). First, we will
discuss some important elements of U,(sl(2,C)): the group-like and twisted primitive elements.
Secondly, we will show there are four possible inequivalent irreducible representations for each
dimension 2l + 1’, [ € %ZJF. Then we look at the three possible x-structures, also called real
forms, on Uy(sl(2,C)). We will focus on U,(su(2)), the one with finite-dimensional irreducible
*-representations. Putting a #-structure on Uy (sl(2,C)) is important since it gives us a notion of
a Hilbert space and therefore orthogonality. This will relate to the orthogonality relation of the
orthogonal polynomials.

4.1. Group-like and twisted primitive elements. The definition of group-like and twisted
primitive elements might seem a bit arbitrary at first sight. In this section we will use the struc-
ture of these elements for finding representations. However, twisted primitive elements are far
more important than only that, as will become clear in later sections. In order not to leave the
reader completely in the dark at this point, I will briefly sketch their application. They will be im-
portant in both part IT en III of this thesis. First of all, the twisted primitive elements are the key
into the relation between the so called spherical elements of A,(SL(2,C)) and the Askey-Wilson
polynomials. Furthermore, the subalgebra generated by two specific twisted primitive elements
will be isomorphic to the Askey-Wilson algebra. This algebra has, non surprisingly, a connection
with Askey-Wilson polynomials as well.

Let us now turn to the definition of twisted primitive and group-like elements. Recall that in
the classical case U(s[(2,C)), we have

A)=1®1, AX)=10X+X®1, X csl(2,0C).
To this end, we define special elements of U, (sl(2,C)) that have a somewhat similar structure.
Definition 4.1. X € U,(sl(2,C)) (X # 0) is called group-like if
AX) = X @ X.

An element Y € Uy(s1(2,C)) is called a twisted primitive element with respect to a group-like
element X if
AY)=XQY +Y ®S(X).

Remark 4.2. Observe that this captures the structure of U(sl(2,C)). The group-like elements
correspond to 1 € U(sl(2,C)), the twisted primitive elements to X € sl(2,C).

Remark 4.3. Using the structure of the Hopf algebra, we can find

e(X) =1if X is group-like, (4.1)

e(Y)=0if Y is twisted primitive. (4.2)
Indeed, if X is group-like, implies

X=(EidAX)=eX)X = X)=1.
If Y is twisted primitive, gives
Y =(id®e)AY) = Xe(Y) +Ye(S(X)) = Xe(Y) + Y,

since X is group-like and £(S(X)) = ¢(X) by proposition [2.8(ii). Therefore, above equation implies
e(Y)=0.

Some quick observations here are that K™, m € Z are group-like elements and that F, F' are
twisted primitive elements with respect to the group-like element K, since

A(K™) = A(K)™ = K™ @ K™,
AE)=K®E+E®oK '=K®E+E®S(K),

and similarly for A(F'). This is different from the classical setting U(sl(2, C)), where 1 is the only
group-like element and all generators X € sl(2,C) are twisted primitive elements. The group-like
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and twisted primitive elements of U, (s((2,C)) have been classified completely. However, we first
need an important lemma. For the universal enveloping algebra U(s((2, C)) the Poincaré-Birkhoff-
Witt (PBW) theorenﬁ gives a linear basis of the form H*F™E" k € Z and m,n € Z,. This can
be generalised to U, (sl(2,C)).

Lemma 4.4. The elements KKF™E™, where k € Z and m,n € Z,, form a linear basis for
Uy (s1(2,0)).

Remark 4.5. That KKF™E™ span Uy(sl(2,C)) is the easy part. The tough part is to show this
elements are linearly independent. This is quite some work and the algebraic theory required goes
beyond the goal of this thesis. Interesting is that the proof is not a trivial extension of the classical
case.

With this lemma, we can find the group-like and twisted primitive elements.

Proposition 4.6. In U,(sl(2,C)),

(i) K™, m € Z are the group-like elements;
(ii) span{E,F, K — K~} is the linear space of twisted primitive elements with respect to K ;
(1ii) span{K™ — K™}, is the linear space of twisted primitive elements with respect to K™,
m € Z\{1}.

Sketch of proof. This proposition can be proven by explicitly calculating A(K™), A(E™) and
A(F™) with lemma where m € Z and n € Zy. Then use this to calculate A(X), where
X € U,(s1(2,C)) is taken arbitrary and written out in the PBW basis of lemma[£.4] That is

AX) = > ckmnAKM)AF™)AE).
k,m.,n
Compare this outcome with the required definition of group-like and primitive elements to find
conditions for k, m and n. O

4.2. Representations of U, (sl(2,C)). Let us now turn to the representations of U, (sl(2,C)).
From now on, we will assume that ¢ is not a root of unity, i.e. ¢" # 1 for m € Z. Then we have
the following classification for the finite-dimensional representations of U, (s((2, C)).

Theorem 4.7. For each dimension 21+ 1,1 € %Z+, there are four inequivalent irreducible repre-
sentations of Uy(s1(2,C)). There exists a basis {e" ;' |,... el_i,el} such that these represen-
tations tlA are given by

th(K)e, = g™ "ep, tA(ETY) = A7 ", th(Fen = €,

n?

y (E)el B q21+1)\2(1 _ qunle) + q72171)\72(1 _ q2n+2l)el (4'3)
A n (q_q_1>2 n—1s

where X\ € {1,—-1,4,—i} and 6§+1 =0=¢€, ;.

Proof. Let t be an irreducible representation of V', where dim(V) = 21 + 1. Also, let p be an
eigenvalue of t(K) for the eigenvector v € V. We will show there is a basis {e},}!,__, for V which
can be ’laddered through’ by t(F) and t(F'). That is,

t(E)el, = cpel and t(F)el, = dyel, ;.

n—1
From the commutation relation K E = ¢FE K, we obtain
t(K)t(E)v = q t(E)t(K)v = qu t(E)v.

Therefore, t(E)’v is an eigenvector of ¢(K) with eigenvalue ¢’u. Because ¢ is not a root of unit,
these eigenvalues are all distinct and {t(E)’v};>¢ are linearly independent. Since the dimension
of V is finite, there is an integer j > 1 such that t(E)v = 0. Let us take el_l = t/(E)~'v and

L5This theorem actually works for any universal enveloping algebra U(g) of a Lie algebra g.
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eﬂHk = t(F)kell. The intuition here is that ell is the lowest basis vector on the ladder and we
can use t(F) to climb up. We claim that

t(E)el ; =0, t(K)el, =Xg ", and t(F)**lel, =0, (4.4)

n

where A = ¢~"*771 1 is chosen such that t(K)el, = Ael), as we will see later. The first claim follows
easily from the fact that t(E)/v = 0 and the definition of €' ;. Similarly as we did for ¢(E), we
can use the commutation relation KF = ¢ ! FK to prove the second claim of (4.4)),

HEK)eL, = HEHF) el = ¢ (F) (KL, = pg Nl = ATl (45)

n?
where we used that €', is an eigenvector of t(K) with eigenvalue pug’~!. We can also see from
[@5) that {e!,},,>_; are linearly independent, since they have different eigenvalues. Since dim(V') =
2] 4+ 1, there must be a N < 2[ such that
e—itn #0 and e_jyn41 =0.
Observe that by the last commutation relation of (I.3) and t(E)e! ;, = 0,

W = span{t(F)*e' ,,k =0,.., N}

is an non-zero invariant subspace of V. Therefore, W = V by the irreducibility of ¢t. Thus N = 2I,
which proves the third equation of (4.4]).

Let us calculate the action of t(E) on €!,. Using KE = qFEK, we can see that t(F)el, is an
eigenvector of t(K) with eigenvalue ¢~ ("1,

HK)t(E)e, = ¢~ Vi(E)é!

ne

Therefore, t(E)e!, must be a multiple of €/, _;, i.e.
t(E)e, = cpel .
The commutation relation ) )
K*— K~
EF - FE = —
q—4q
implies
)\2q72n _ )\72(]2” )\72(121 _ >\2q72l
Cn+l — Cn = — and ¢ = —_—

q—4q q—4q

Since we need c_; = 0, we have
7 q2l+1)\2(1 _ q72n72l) + q72171>\72(1 _ q2n+2l)
o (¢—q71)? '

Combining this with our condition for ¢;, we obtain A* = 1. The four different solutions for A
all lead to a different spectrum for ¢(K). This shows that these representations are inequivalent,
proving the theorem. O

It turns out that we have the isomorphism U, (sl(2,C)) = U,-1(sl(2,C)). Therefore, without
loss of generality we can take || < 1 from now on. In fact, this is the only non-trivial case when
U, (s1(2,C)) and U,(sl(2,C)) are isomorphic.

Theorem 4.8. U,(s(2,C)) = U, (sl(2,C)) as Hopf algebras if and only if p=q~' orp=gq.

Proof. Let ¢ : Uy(sl(2,C)) — U,(s1(2,C)) be a Hopf algebra isomorphism, then we need to have
(0 ® @) 0 (Ag(X)) = Ap(d(X)),

where A, and A, are the comultiplication of U, (s((2,C)) and U, (sl(2,C)) respectively. Conse-

quently, if X is a group-like element, we must have ¢(X) ® ¢(X) = A, (¢(X)). If Y is twisted
primitive with respect to X, we get

P(X) @ oY) +6(Y) ® Sy (¢(X)) = Bp(6(Y)),
where S, is the antipode of U, (s[(2,C)). Thus ¢ maps
(i) group-like elements to group-like elements,
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(ii) twisted primitive elements with respect to X to twisted primitive elements with respect
to ¢(X).

Since K™, m € Z are the only group-like elements, we must have ¢p(K™) = K7(M) | where 7 is
a bijection of Z. Because ¢ is an algebra homomorphism, 7 must be linear as well. Then, the
only two possibilities are 7(1) = 1 and 7(1) = —1. In the latter case we have ¢(K) = ¢(K1).
Since ¢ maps twisted primitive elements with respect to K to twisted primitive elements with
respect to ¢(K) = K~ proposition i), (iii) shows that ¢ maps the three-dimensional space
span{E, F, K — K~'} to the one-dimensional space span{K ~! — K'}. This contradicts ¢ being an
isomorphism, thus we must have ¢(K") = K™.
Now, the map L : X — KXK' maps the space of twisted primitive elements with respect to K
onto itself. Since ¢ is an algebra homomorphism, we have

L(¢(X)) = Ko(X)K™! = g(KXK ") = ¢(L(X)).

Suppose X is an eigenvector of L with eigenvalue A\. Then L(¢(X)) = ¢(L(X)) = Ap(X). Thus
X and ¢(X) have the same eigenvalue. Consequently, L has the same spectrum in U,(sl(2,C))
as in U, (sl(2,C)). The three-dimensional space of twisted primitive elements in U, (sl(2,C)) has
three eigenvectors with eigenvalues {g,¢~!,1} given by

KEK'=¢FE, KFK'=¢'F,and K(K - K YK '=K - K%

Similarly, in ¢, (s[(2, C)) the space of twisted primitive elements has eigenvalues {p, p~*,1}. There-
fore, p = q or p = ¢~ ', proving the ’only if’ part.

For the other direction, we will show that both cases p = ¢ and p = ¢~ ! have algebra isomor-
phisms. If p = ¢, we have an isomorphism ¢ defined on the generators by ¢(K) = K, ¢(E) = \E
and ¢(F) = A\7LF for some non-zero A € C. If p = ¢~!, we can take ¢(K) = K, ¢(E) = \F
and ¢(F) = A"1E. One can verify easily that these are indeed Hopf algebra isomorphisms, which
proves the statement. O

4.3. #-structures on U,(sl(2,C)). It is of interest to put a x-structure on our Hopf algebra
Uy(s1(2,C)), since we can then come into the setting of Hilbert spaces instead of ordinary linear
spaces. The tools of Hilbert spaces, e.g. inner products, self-adjointness and orthogonality, will
be used to connect Hopf algebras and orthogonal polynomials. For that to happen, we want to
carry over the #-structure of our Hopf x-algebra to the representation.

Definition 4.9. A representation t of a Hopf x-algebra A on a Hilbert space H is called a *-
representation if t(X*) is the adjoint operator of t(X) in H for all X € A. That is,

t(X)v,w) g = (v, (X )w)y  for all X € A and v,w € H,
where (-,-)  is the inner product on H.

If we can make U,(sl(2,C)) into a Hopf *-algebra and find a *-representation, we can use the *-
structure of the algebra to analyse the resulting linear operators coming from the *-representation.

There are three inequivalent #-structures of U, (sl(2,C)). Two =-structures on a Hopf algebra
are equivalent if there exists a Hopf algebra isomorphism ¢ of the Hopf algebra onto itself that
intertwines the two x-structures. That is, * and | are equivalent * structures if

S(X*) = o(X), X €Uy(s1(2,C)).

Theorem 4.10. The possible inequivalent x-structures, also called real forms, on Uy(sl(2,C)) are
(i) lgl =1; K* = K, E* = —E, F* = —F, named Uy(s/(2,R)),

(i) ~1<q<1; K* =K, E* = F, F* = E, named Uy(su(2)).

(1) -1 < q<1; K* =K, E* = —F, F* = —E, named Uy(su(1,1)).
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Proof. One can easily verify that « maps 1 € U,(sl(2, C)) to itself by applying * to 1X = X = X1.
If we apply * to the structure relations (L.3)) of U,(sl(2,C)), we obtain (K~1)* = (K*)~! and
(K*)2 _ (K*)72

-7t
Therefore, we can see K*, E*, F'* as generators of Ug-1(sl(2, C)) and * as an antilinear isomorphism
between U, (s1(2,C)) and U1 (s[(2, C)). Following the proof of theorem we see first of all that
via the same argument we have K* = K. Moreover, for the map L defined there, we must have

unique eigenvectors (up to a constant). Therefore, (i) E* = AE and F* = A\"'F or (ii) E* = \F
and F* = A™'E for some nonzero A € C. In the first case, we have

AMKE = K*E* =¢ 'E*K* =7 ')\EK,

thus ¢ = g~', which implies |¢| = 1. Since (E*)* = E, we need |A\| = 1. These all lead to an
equivalenﬁ s-structure, Uy (s[(2,R)). In case (ii), we can argue via similar reasoning and obtain
g = @, which implies ¢ € R. Again, using (F*)* = F we find A € R. Which gives two inequivalent
s-structures: U, (su(2)) where A > 0 and U, (su(1,1)) where A < 0. O

Remark 4.11. This is a point where the quantum setting differs from the classical sl(2, C), which
has only two possible inequivalent -structures. Since s[(2,R) = su(1,1), they have the same
representation theory, something which is not longer true in the quantum case.

The real form U,(sl(2,R)) is of less interest for our purposes since the condition |¢| = 1 does
not correspond with the setting for Askey-Wilson polynomials, where 0 < ¢ < 1. The third
s-structure, Uy (su(1,1)), only has infinite-dimensional *-representations and will give rise to con-
tinuous orthogonal polynomials (e.g. [6]). In this thesis we will focus on the finite-dimensional
representations of the second real form U, (su(2)). Since SU(2) is a compact group, Uy (su(2)) is
sometimes called the compact real form of U, (sl(2,C)). The polynomials we will find depend on
q?, therefore we can only consider the case 0 < ¢ < 1 without much loss of generality.

Let us now obtain a x-representation from (4.3). Because K* = K, the only way to make this
into a x-representation of U, (su(2)) is to choose A = £1. We will focus on the case A = 1; or said
differently, when the spectrum of K, o(K), is contained in q%Z.

Theorem 4.12. For | € 17, the unique (2 + 1)-dimensional *-representation t' of Uy (su(2))
such that o(K) C q2%, is given by
tH(K)el, = g7l tH(K 1l = qmel,

n?

} . \/(q—l+n—1 _ ql—n+1)(q—l—n _ ql+n) .

t (E)en = qil —q €n—1>
. . \/(qflJrn _ qlfn)(qflfnfl _ ql+n+1) .

t (F)en = q*l — q €n+1,

l

ne_; 15 the orthonormal basis for CH*l and ejp1 =0=e_;_;.

where (e)

l

Remark 4.13. When [ is fixed and the meaning is clear, we just write e, := ej,.
Proof. Take | € $Z. and let ¢! denote the (20 + 1)-dimensional representation from where
A= 1. Since K* = K and ¢ € R we already have t/(K*) = #/(K)*. We will rescale our inner
product such that t!(E)* = t/(E*)(= t!(F)). Taking the adjoint on both sides then automatically
gives t/(F*) = t'(F)* as well. We rescale by preserving orthogonality, but changing the norm of
the basis vectors. That is, we define

d(n)e,, = e, d(n) €R

161f g* = 1 E and E! = €2 E, take the intertwiner generated by ¢(K) = K, ¢(E) = e3101=92) g anq
H(F) = e~ 2i(01=02)
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and
(el en) = 0m
We need to calculate for which constants d(n) we have a *-representation. We have
(t(E)*en,em) = (en,t'(B)em) = (en, C(m)em—1) = C(n+ 1)d(n)*6p m—1,

Where 20+1 2 21 20—1 2 21
P =g ) F g (1 -

12
is the constant from ¢'(E) in ([£.3). On the othe(rqhagd, zve have
<7SZ(E*)en7 em> = <tl(F)en, em> =d(n+ 1)26n+1’m.
Therefore, we have a x-representation if
C(n+1)d(n)? =d(n+1)?, forn=—1,—-1+1.,1—1.
Observe that for 0 < ¢ < 1 we have C'(n) > 0 and

C(n) =

—l+n—1 _ ql—n+1)(q—l—n _ qH-n)

Jom = YA - ,

q —4q

—l+n _ )(q—l—n—l ql+n+1)

VC(n+1)= V(g — 7

g —q
which are exactly the constants in the statement of this theorem for the operators #!(E) and t!(F)
respectively. Now, if we take d(n) such that
din+1)
dn)
we have an irreducible *-representation of U, (su(2)). Taking d(—!) = 1 and using the recursive
formula above, gives

C(n+1),

dn)= [ VC&).

k=—I+1
Therefore,
d(n — 1) Clne
tl E ! — —
( )en d(’I’L) —1
and a( 0
n —+

t(F)e, = Tn) w1 = VO +1)en 1,

as desired. n

In an irreducible representation, the Casimir element always acts as a scalar. Let us calculate
the value of that scalar for the Casimir Q defined in [[L4 We have

g2l 4 g2t - (" — gy (gt — ql+n+1)e B o I
n n —
(g—q7')? (q—q1)? (g—q7')?
Observe that the value of the Casimir depends on the dimension of the representation.

tH(Q)e, =

en. (4.6)
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5. ORTHOGONAL POLYNOMIALS

One of the reasons to study representations of quantum groups is because of the intimate
connection with orthogonal polynomials. Using these representations, one can prove important
properties of these polynomials such as symmetry and orthogonality relations. That is why we go
over some basic theory of orthogonal polynomials that is necessary for our purposes. No in-depth
theory of orthogonal polynomials is required. Also, we will look at orthogonal polynomials on the
real line only.

In this section, we will introduce orthogonal polynomials and look at important classical and
non-classical examples. Before starting, I want to emphasise the crucial role of Askey-Wilson poly-
nomials. These are the most general orthogonal polynomials in one variable we explicitly know.
They are non-classical polynomials, but all classical polynomials, such as Jacobi polynomials, are
special cases of them by a transformation of parameters and then taking the limit of ¢ — 1. That
is why these Askey-Wilson polynomials are of great interest and looking for them in representation
theory has been of high importance.

5.1. Orthogonal polynomials: general theory. Let us now start with the definitions and
notation required for orthogonal polynomials. Denote by p, a polynomial of degree n with real
coefficients. That is

pn(x) = Zakm", ap € R, a, #0.
k=0
Roughly said, polymonials p,,, p,, : R — R are orthogonal with respect to a certain measure p on
R if
[ pa@pn(a) dua) =0,
R

when n # m. For example, the Legendre polynomials are orthogonal with respect to the Lebesgue
measure on [—1,1]. Often, the measure p can be written as w(x) dz, where w(z) is a weight
function and dz the Lebesgue measure on some interval of the real line. E.g, let p,,p, be
Chebyshev polynomials, then

1 dz
n m T = hn 5nm )
[ pe@paio =

where dx is the Lebesgue measure on [—1,1] and h,, is a constant depending on n. Let us now
formally introduce this, where we remind the reader that technicalities involving measures and
Hilbert spaces will not play a role in this thesis. However, we still use this definition, because we
do want to be mathematically correct.

Definition 5.1. Let u be a nonnegative Borel measure on R such that supp(u) contains at least
a countably infinite number of points and all monomials are integrable, i.e.

/ 2"dp(z) < oo foralln € Zy.
R

This measure induces an inner product for polynomials p,, pm : R = R defined by

o) = [ Pal@pn(a) dua).
Polynomials {pn}nez, , are called orthogonal if

<pn , pm> = hpbnm

for constants hy,. If for all n € Z, we have h,, = 1, the polynomials are called orthonormal.

Remark 5.2. Orthogonal polynomials can be made orthonormal easily. Let {P,},ecz, be polyno-
mials that satisfy the orthogonality relation

/an (2) P () dpp(z) = dmnhn.
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Then {p, }nez, , defined by

- ho Pn (a:)
pn(@) =4/ h R
are orthonormal w.r.t the normalised measure
dp(z)
ho

Often, orthogonal polynomials will be defined such that Py = 1, which simplifies above formulas.

dm(z) = P}

Orthogonal polynomials are uniquely determined by the measure up to a scalar depending
on the degree n. There are several ways of describing the same orthogonal polynomials. One
important characterization is the three-term recurrence relation.

Theorem 5.3. Let {pn}nez, be a set of orthogonal polynomials with respect to . Then there
exist Ay, B,,C, € R such that

.%'pn(.%') = Ananrl(-T) + Bnpn(fﬂ) + Onpnfl(«%'%
where we use the convention p_1(x) = 0.

Proof. Take p,, arbitrary. Observe that {py}}_, are linearly independent and thus a linear basis
for polynomials of degree < n. Therefore, we hav

/pn(x)xkdu(az) =0ifk=0,..,n—1. (5.1)
R
Moreover, there exists constants by such that zp, (z) = ZZié bipr(x). Hence we have

/ £pa(@)pi(2) dulz) = by / pi(2)? du(z) = by,
R

R
where hy > 0. By (5.1), the LHS is 0 for £ = 0,..,n — 2. Since hy # 0, we have by = 0 for those
k. We conclude that

-Tpn(x) = bn+lpn+1 (.’17) + bnpn(x) + bn—lpn—1($)~ ]

Remark 5.4. The connection of orthogonal polynomials with representations of quantum groups,
which are linear operators, often comes from this three-term recurrence relation. The following
will be explained in more detail later. The idea is that the matrix representing elements of a
(quantum) group will be a self-adjoint tridiagonal matrix. Then this matrix will correspond to
a three-term recurrence relation acting on the linear space of polynomials. The eigenvalues will
be the input for the variable of the polynomials. Moreover, the eigenvectors of a self-adjoint
operator form an orthogonal basis for the linear space. This orthogonality will correspond with
the orthogonality of the polynomials.

On the other hand, a three-term recurrence relation where A,, # 0 together with an initial con-
dition po(x) = ag defines a set of polynomials. One can then ask if there always exists a measure
such that these polynomials are orthogonal. The answer is yes and is called Favard’s Theorem.
Since we won’t not need that theorem in this thesis and the proof is quite compleﬂ we will not
show it here. A sketch of this proof can be found in [I0].

The above can be done as well if the measure p has finite support. Then we will have a finite set
of orthogonal polynomials. In this thesis, we will cross paths with some of these polynomials as
well. A finite set of orthogonal polynomials still has a three-term recurrence relation, but the A,
will vanish at some point. The orthogonality will have the form

N

Zw(xk)pn(xk)pm(xk) = hpbmn,

k=0
where w(xy) is the weight function corresponding to the measure with finite support.

17Actually, (5.1) is an equivalent definition for orthogonal polynomials.
181t uses the Spectral theorem to create a projection valued Borel measure on R.
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5.2. Hypergeometric and ¢-hypergeometric functions. Many special functions such as the
exponential, Beta and Gamma function, as well as (orthogonal) polynomials can be defined in
terms of (q-)hypergeometric series. Before introducing those, we first need some classical notation
and their corresponding quantum version. Many of the g-analogues of classical formulas and

functions are based on the observation that

. 1—q°
lim =a,
q—1 1 — q

using ’Hopital’s rule.
Definition 5.5. Define the shifted factorial by
(a)p =ala+1)---(a+n—-1), neZ;

Note that (1), = n!. The product of k shifted factorials (a;)n (i = 1,..., k) is notated by (a1, ..., ax)n.
The binomaal coefficient is defined by

i - mars (L)
ko We(Dn—rk n—kl)
Let g € C\{1}, the g-shifted factorial is defined by

(a;q)n = (1 —a)(1 —ag)(1 —ag?) - (1 —ag" ™).

Furthermore, (ai,..,axk;q)n is the notation for the product of k g-shifted factorials (a;;q)n (i =
1,...,k). The g-binomial coefficient is defined by

] - s (12

We define the empty product to be 1.

Remark 5.6. Using I’'Hopital’s rule, we obtain

lim 1% )n = (a)n, (5.2)

Which motivates the names of the g-extensions of the classical ones.

Similar to the classical binomial formula
(@+y)" =)

n k,n—k
k=0
we have the following quantum analogue.

Lemma 5.7 (¢-Binomial formula). Let x,y be elements of an associative algebra that satisfy
xy = qyx. Then for n € Z4 we have,

n - n n— - n n—
q ! q

k=0 k=0

Sketch of proof. A straightforward calculation shows that

n+1|  gln n
e B L)
q
Then use induction to show the required formula. O

Now we are ready to define (¢-)hypergeometric series.
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Definition 5.8. For r,s € Zy, and aq,...,a,,b1,....,bs,x € C, the hypergeometric series ,Fs is
defined by

ai, .., Qr, S (R L
»Fs ; = YR
: {bl,...,bs I] 7;) (b1, .., bg)n nl

The q-hypergeometric series ¢ is defined by

> n n(n— 1+s—r n
s |:a17..7ar.q x] = (@1, ooy ar; Q) ((—1)ngn=1/2)1 077y
" by, ey b = (bl,...,bs;q)n (q;q)n :

Remark 5.9. When dealing with g-hypergeometric series, the standard assumption is 0 < ¢ < 1.
Then the following limit of g-shifted factorials,

(a:q)oo = nll_{rolo(a;q)n,

is well defined. Indeed, let s,, = ag®. Then the infinite product

o0

H(l - Sn)

k=0

00 0o
> lsal =laly 4"
k=0 k=0

converges if

is convergent.

Remark 5.10. As said before, (g-)hypergeometeric series generalise many well known functions.
For example, we have

e’ = oF() |:_;$L’:| .

Remark 5.11. Of course, one should look at well-definedness and the radius of convergence of the
(¢-)hypergeometeric series.

(i) Observe that both (—k), = 0 and (¢~*;¢) = 0 when k € Z, and n > k. Therefore, the
hypergeometric series terminates after n + 1 terms if for one of the a; we have a; = —n,
n € Zy. Similarly, the ¢g-hypergeometric series terminates after n terms if for one of the
a; we have a; = ¢ ".

(ii) In general, we assume when dealing with hypergeomteric series that b; is not of the form
—k and b; # ¢~* when dealing with ¢-hypergeomtric series, where k € Z_. The only time
when this could be well defined is when the series have terminated before the k-th term.

(iii) When we do not have a terminating series and 0 < |¢| < 1, the radius of convergence R
for = can be calculated by the ratio test. We have

coifr<s+1,
R=q1ifr=s+1,
Oifr > s+ 1.

Remark 5.12. When the series is well defined, the ¢g-hypergeometric series and its classical version

are (formally) linked via the limit
. qala-"aqar, o 1+s—r _ A1y ey Qp
o 7o {q”l,...,qbs’q’ (2=1) 4 =k {bl,...,bs’x] ‘

This limit is the link between the classical polynomials and their g-analogues.

Remark 5.13. In practice, we will often be dealing with g-hypergeometric series of the form ,1¢,..
Then the expression simplifies to

o0
A1y ooy Qpy1 (ala"';aT-O-l;Q)n z"
19 g, x| = :
" r[bhmabr’ } T; (b1, bri @n (39)n
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There are many formulas relating hypergeometric series. They can often be generalised to a
g-analogue. We will not need those in these thesis, but I want to point out the existence of these
formulas to give a better overview of g-hypergeometric series. These formulas once again show
the intimiate link between the classical and non-classical theory. Also, they play a crucial role
in explicitly calculating and relating (g-)hypergeometric series and orthogonal polynomials. For
example, we have the classical Euler’s transformation formula:

2 Fy {a’cb; x} =(1-2)""R [C a a’cc a b; x]

and its g-anologue

b abe 225 q) 0o —le, b7t abx
201 {a ] 27( q) 201 [a ¢ ¢ }

LT ;
c’d (2 ¢)o0 c e

5.3. Hypergeometric orthogonal polynomials. In the coming two subsection we will use [9]
for the definitions and properties of the polynomials. The first types of orthogonal polynomials
discovered are called classical. The Jacobi polynomials are the most famous and general of this
type. Other classical polynomials such as Legendre, Chebyshev and Hermite are special cases of
Jacobi polynomials. Later on, research was done in hypergeometric series. Classical orthogonal
polynomials can be written as hypergeometric series, but also more general ones were discovered.
The Wilson polynomials are the most general hypergeometric orthogonal polynomials we know.
Although these hypergeometric polynomials will not play a large role in these notes, we will still
briefly discuss two important examples to give the reader an idea of them, as the theory for ¢-
hypergeomatric orthogonal polynomials emerged from them.

As said above, the most well known classical orthogonal polynomials are the Jacobi polynomials.
Orthogonal polynomials have many important characteristics. We will look at their hypergeomet-
ric definition, orthogonality relation and three-term recurrence formula.

Definition 5.14. The Jacobi polynomials are defined by

(a+1), 7 -n,n+a+pf+11-2x
nt 21 a+1 T2

Orthogonality. Let o, 8 > —1, then the following relation holds,

P (@) =

1
/ (1—2)*(1 + ) PP () PP (2) da = hndyun,
-1

where
2048+ DPn+a+ 1)D(n+ B+1)

T ntatpBAl I'n+a+p6+1)n!
and I is the Gamma function.

n )

Some well known orthogonal polynomials are special cases of Jacobi polynomials. For example,
the Chebyshev polynomials can be obtained by taking a = 8 = —% and Legendre polynomials by
taking o = g = 0.

The most general hypergeometric orthogonal polynomials are the Wilson polynomials, which have
4 parameters.
Definition 5.15. The Wilson polynomials are defined by

—-n,n+a+b+c+d—-1a+iz,a—ix

a+ba+ca+d i1

Wn(a:Q; a,b,e,d) = (a+b)n(a+c)n(a+d), 4Fs3 {

Orthogonality. Let a,b,c,d > 0, then the following relation holds,

1 [®|T(a+ ix)T(b+iz)T(c + ix)T(d + iz) |
7/ (a + ix)I'( +m).(c+z:c) (d + iz) W (2% a,b, ¢, )W, (2% a,b,c,d) dx
o /o I'(2ix)

= hn(smnv
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where
'n+a+b)---T'(n+c+d)

hp =
'2n+a+b+c+d)

(n+a+b+c+d—1),nl,

and
P(n+a+b) - T(n+c+d)
=Tn+a+bln+a+c)I(n+a+d)I'(n+b+c)I'(n+b+d)I'(n+c+d).
Remark 5.16. Jacobi polynomials can be found from Wilson polynomials by taking a = b =
La+1), e=L1(B+1)+it, d=1(B+1) —it and  — t,/2(1 — z). Then take the limit ¢ — oo.

5.4. ¢-Hypergeometric orthogonal polynomials. In this thesis, we will be primarily con-
cerned with the most general non-classical polynomials, the Askey-Wilson polynomials. They
generalise all non-classical as well as classical polynomials. They are the g-analogue of the Wilson
polynomials given in definition [5.15

Definition 5.17. The Askey- Wilson polynomials are defined by

) ) ) n —77,7 - 5 4 5 -
(ab, ac, ad; q) 65 | abedg™ ', ae®, ae="?
403

a” ab, ac, ad iq;q| , © = cos(6).

pn(z;a,b,c,d|q) =

Orthogonality. Let —1 < a,b,c,d < 1. The Askey-Wilson polynomials satisfy the following
orthogonality relation,

1 !
% /;1 \/%pm (.’E, a, b7 c, d|Q)pn($, a, b7 c, d|Q) dﬁE = h’ndmna (54)
where , 4
w(x) _ (6219’ 6—216; q)oo
(aet? ae= bei® be—i ce? ce= de? de=i;q)n’
and

(abedg™ 5 q)n(abedg™; q) oo
(g1, abg™, adg™, beg™, bdq™, cdq™; q) o’
We define dm(z; a,b,c,d|q) to be the normalised Askey-Wilson measure. That is,

hy =

1 Uow(z)
z) dz 5.5
i | (o) (55)
Remark 5.18. That the Askey-Wilson polynomials are indeed polynomials in the variable z =
cos(f) comes from the terms e’ and e~ in the 4¢s-series. That is,

n—1 n—1 i0 | ,—i0
(ae”,ae™"; q)n = H(l —ae’q") (1 —ae™"¢") = H (1 - 2ag" <e+26> +a?q*")

k=0 k=0

n—1

= H (1 — 2aq” cos(0) + a?¢**).
k=0

/p(x) dm(z;a, b, c,d|q) =
R

z+

Zﬁl, the term e in the definition is sometimes replaced with

. . _ 19 . . _
Since taking z = e" implies v = 3

just 'z,
The Askey-Wilson polynomials are also orthogonal on a finite set. In this setting, they go with
the name of ¢g-Racah polynomials. They are normally defined in a different way. However, after a

transformation of parameters (which we will give as well), the g-Racah polynomials defined below
are exactly the same as the Askey-Wilson ones.

Definition 5.19. The q-Racah polynomials are defined by
" aBg™ g7 g

L. : = q
Rn(yj,ava’Yv(S’Q) = 403 aq, Bdq,vq

;9| , n=0,1,2,...,N,
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where
yj = a7 + 7ot

and

ag=q¢ N orBég=q N oryqg=q ", with N € Z,.
Orthogonality. g-Racah polynomials satisfy the following orthogonality relation,
N
w(yj, @, 8,7, 05 ¢) R (Y5) Rn(Y5) = hndimn,
j=0
where
(5.6)
and
(aq, B3q,vq,70q; q); (1 — v9¢> ")
wyﬁaaﬂvqﬂé;q = - 5 5.7
s ) (¢, = 1ydq, B~ 1, 0¢; q) ;(Bg)’ (1 — ~q) 57)
ho— (@ 8717,0710, 871, 70q% ) (1= aBa)(199)" (g, @B "q,007"q, B4; @)n (5.8)
" (@187 amyog, B4, 04:9) e (1 — aBg? ) (g, B, 834,745 4)n
Recurrence relation. The three-term recurrence relation is given by,
ijn(yj) = Aan+1(yj) + Ban(yj) + Canfl(yj)a (5'9)
where
4~ (L=ag™) (1 —aBg" (1 = Bog" 1) (1 — 7¢"*T)
n (1 — aBg®+1)(1 — afBq?n+2)
B, =14~0q— (A, + C,) (5.10)
o - 40 —¢")( -~ Bg")(y — afg")(d — aq")

(1—aBg®™)(1 — aBg?"tt)

Remark 5.20. The g-Racah and Askey-Wilson polynomials are linked in the following way. Do the
substitution o = abg™', B =cdq™!, vy =adgq™", 6§ = ad~! and ¢ = a~te . Then y; = 2acos

and
a’l’L

Rn(ij abq71> quila adqilv adil; Q) = pn(xv a, bv ¢, d|Q)

(ab, ac,ad; q)n

A special case of the g-Racah polynomials are the dual g-Krawtchouk polynomials. They will
appear in the next section as eigenvectors of twisted primitive elements in the quantum group

Uy (su(2)).
Definition 5.21. The dual q-Krawtchouk polynomials are defined as

" g eg N
R7L(yjach|Q): 3¢2 q—N 0 ' 4:4] , n2071a27"'aNa (511)
)
where
yi=a +eg N
Orthogonality. Let ¢ < 0, the orthogonality relation is given by

(e, qN;q);(1 = cg®N)
— (cq30);(1—cqg™™)

N

C_j qj(QN_j) Rm (yj )Rn (yj) = hnémfm

<.

where
Rn(yj) = Rn(yj; 67N|Q)
and (¢:0)
_ q:9)n —N\n
h = (¢ Q)N —x——(cq .
( )N(Q_N;Q)n( )
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Recurrence relation. The dual g-Krawtchouk satisfy the following three-term recurrence relation,
YiRn(y;) = (1 =" N Rupa(y;) + (¢ + g V)q" Ra(y;) + (1 = ¢")g M Rualyy).  (5.12)

Remark 5.22. The dual g-Krawtchouk polynomials can be obtained from the ¢g-Racah polynomials
by taking a = =0,v=¢ ¥ 1 and § =c.
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6. EIGENVECTORS OF TWISTED PRIMITIVE ELEMENTS
By proposition 4.6, every twisted primitive element X w.r.t. K can be written as
X =apE+apF +a,(K - K1), (6.1)

where ag,ar,a, € C. By theorem the matrix representing X will be tridiagonal. If chosen
correctly, this will correspond to a three-term recurrence relation for orthogonal polynomials,
where the input for the variable are the eigenvalues of t/(X), where ¢! is the *-representation from
theorem A first step is to take a twisted primitive element X that is self-adjoint. Then #(X)
will have an orthogonal basis of eigenvectors, which can (and will) correspond to orthogonality of
polynomials. For reasons that will become clear later, we will look at the 'almost’ twisted primitive
elementﬂX K and K~'X. Note that matrices representing X K and K !X are also tridiagonal.
Using theorem self-adjointness in U, (su(2)) requires ar = ¢~ 'ag and a, € R. In particular,
we look at the often used twisted primitive element

%(K—K L, s eR. (6.2)
X, 0K and K71 X, 4 are self-adjoint in U, (su(2)) and, most important, we can explicitly calculate
the spectrum and eigenvectors of these operators. The tridiagonal matrix representing X, ¢ K
will correspond to the three term recurrence relation for the dual ¢g-Krawtchouk polynomials from

definition B211

Xopo = q%emE + q_%e_wF —

Theorem 6.1. The self-adjoint operator t'(X, 9K ) has an orthonormal basis of eigenvectors for
C2H1 given by

!
b (0,0) = Z vhi(0,0)e,, je{-1,...,1}, (6.3)

n=—1
where the coefficients v57(0,0) are given by
Li( . —i0\l—n o(l—n) L (l—n)(I—n—1) (¢"4)i-n : 2j-20 _ —2j-21-20, —2 2
el (e ) g7 T g v | Rin(¢? 7" =g 75477, 21,47).
(q ' q )lfn
The ci_”é are normalizing constants and R;_,, are dual q-Krawtchouk polynomials from definition

5.21, The corresponding eigenvalues \j(o) are

q—2j—0 _ q2j+a' + qa _ q—a

Ajlo) = = (6.4)
Proof. Let v = 2224 a,el,, then
t'( Xy o K)v(o) = Mo
implies, using Theorem that
! l —l4+n—1 _ ,l—n+1 —l—-n _ l4+n
_ o 1
A Z aneln = Z q "an <eu9q2 \/(q q_l — )(q g )eiz—l
n=-—1 n=—I1 q q
N efie 7% \/(q—H-n _ ql—n)(q—l—n—l _ ql+n+1) . (65)
q 1 en+1
q - —q
¢ —q7,
- — (@ —q")e >
q—q! "

91n the literature, XK and K~1X are often also called twisted primitive elements, which they are strictly
speaking not. However, it is a bit annoying (what might be the whole reason) to call them ’almost twisted
primitive elements’ every time, therefore I will do the same as in the literature and call them ’twisted primitive
elements’ as well.
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1

Multiplying with ¢~ — ¢ and regrouping for e,, gives

l

l
(@ =X D aneh = (qn%eie\/(ql+” =g ) (g7 = g ag

n=-—I n=-—I1

+a(¢" —¢)d" —¢")an
+ q7n+%67i9\/(q7l+n71 — gl (g7l — ql+n)an_1) en.

This gives a relation for each n € {—I,...,l}, which corresponds to a three term recurrence
relation for the dual ¢g-Krawtchouk polynomials. Indeed, if for one of those relations we multiply
with ¢~277, substitute n = [ —m, and put a;—n, = Ci—m Rum, we obtain

(@ = QA+ —q2)g ¥R, =e g 3moots \/(Q‘m‘l — ) (g2 — g2l

Ci_m— _ 4
« m 1Rm+1+q2m(q 4l*q 41 ZO)Rm

Cl—m
n equ—Bl-‘rm—a—%\/(q—m — qm)(q2ltm—1 — 2l-m+1)
Clom
X %Rm—l-
(6.6)

The three-term recurrence relation for the dual g-Krawtchouck polynomials R, (y) = R (y; ¢, N; q)

is given by (5.12)):

YiRm(y;) = (1= ¢" ) Roi1(ys) + (@ + cq V)" Runy;) + c(1 — ¢™)q Ryn—1(y;),
where y; = ¢ +cg N, je{0,...,N} and ¢ < 0. Taking ¢ = —¢°, N = 2l and ¢? instead of g,
we obtain

YiRm(y;) = 1= ™" " Rpia(y;) + (¢ — a2 " R () — (1 — ¢®™)g 2 Ry (y;),

with y; = ¢~% — ¢* =727 and j € {0, ..., 2l}. Matching this with gives

Crm— 1 — g2m—4l
(lj 1 _ Sy Iy — = _ql RYPETE T (6.7)
l-m  emifg 2 /(g — g (g2 — g2
C—m —(1— om\ ,,—l—-m—o+1
é‘ == 10 ( : )q2l 1 221 1)’ (6'8)
m e\ — ) (g Bl — o)
yi=a"" = A+q"—q 7)g . (6.9)

Working out and replacing 'm’ by 'm + 1’ gives exactly (6.7)), which shows consistency of
both equations. Working out this recurrence relation for the C,, gives

l,j —i0\l—n o(l—n) L(1—n)(l-n—1) (q4l; q72)l—n : 275 —21 —2j—2l—20 20 2
an = C4 (76 ) q q2 (q2'q2)l Rl—n(q —q ;4 7217(] )5
) —n

where n,7 € {—I,...,1} and ¢} are constants, which do not depend on n, we can choose. We take
them such that every eigenvector

!
vh(0,0) = Z anen
n=-—1

has norm one. Equation leads to eigenvalues
—2j—0 __ qo'+2j + qa _ qfcr

q—qt

Ai(o) =1 ,je{—l,..., 1}
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Since X, oK is self adjoint, we know that {v __, are orthogonal. O

Remark 6.2. Since we know the spectrum and elgenvectors of X, 9K, we know the same about the
most general self adjoint twisted primitive element by rescaling. That is, we know the spectrum
and eigenvalues of

XK = q?apEK + ¢ 3apF + a, (K> — 1), fof%hg # 0.

Furthermore, our basis vectors e, can ’absorb’ the (e~*)~!=" term. Therefore, the 6 does not
change the properties of our eigenvectors and eigenvalues. That is why in most literature about
Uq(su(2)) the twisted primitive element

Xpi=Xpnpp=iq? E—iq 2 F — %(K K1)
q—q
is analysed. We also define

(6.10)

Remark 6.3. The orthogonality of the eigenvectors v/ (o) given by

!
Z 09 () ki (0) = Gpm

j=—1
correspond to the orthogonality relations for the dual ¢-Krawtchouk polynomials.

Now that we know the eigenvectors and eigenvalues of X, K, we can do the transformation
g <> ¢~ ! to obtain the same for K1 X, .

Corollary 6.4. The self-adjoint operator t!(K~1X,) has an orthonormal basis of eigenvectors for
C2H1 given by
l

i)=Y W (Nen, je{-L...,1}, (6.11)

n=-—I1
where the coefficients V57 (1) are given by
Li( \l—n _r(n—1), —(—n)(l—n—1) ("5 ¢%)in : 2420 2j+20+2r.  —27 )
(=) "q q 2 (22) Ri_n(q 77 —q7 s—q 7,207 7).
(@247 )1-n
The ek are mormalizing constants and Ry_,, are dual q-Krawtchouk polynomials from definition
. The corresponding eigenvalues by ;(T) are

A7) = =X(7). (6.12)
Proof. Let v = Zl _,anel, then
HETIX)0(r) = Ao

implies
V(T =g (g — g
A a 6 q"a, |1 3 \/ €_
;%;l " ;;;l " < q_l__q "
i %\/(q—l-‘rn — gl=n)(q7Imn—1 — gln+) .
q —1 en+1
q - —q
¢ -q7, _
S ).
If we do the transformation q ++ ¢~1, we see this is just (6.5) with A= -\ O

201f g, = 0, the eigenvectors are just (en)fn,p
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Remark 6.5. Since we are dealing with a terminating series, we do not have to worry about
convergence of the dual g-Krawtchouk polynomials for ¢ > 1.
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Part II. Spherical Elements and Askey-Wilson Polynomials
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7. DuaLITY OF HOPF ALGEBRAS: U,(sl(2,C)) AND A,(SL(2,C))
As shown in section [3] there is a natural duality between sl(2,C) and Pol(SL(2,C)) given by

(X,p) = %’tzop(exp(tX)), X €5l(2,C), p e Pol(SL(2,C)).

Since we have a quantum version of U (s[(2, C)) and not of s[(2, C), we want to extend the mapping
above to U(sl(2,C)). Then the natural questions arises what to do with a product of elements
X1, X2 € s1(2,C) and with 1 € U(sl(2,C))? The natural thing to do here is to define for p €
Pol(SL(2,C)) that

82
= 9t,0t,

(Lp)=p ((1) ?) :

Now we can see the use of our Hopf algebra structure. Recall from example [I| that
A(p)(exp(X1) ® exp(X2)) = p(exp(X1) exp(X3)),

Ap) (é ?) =&(p)

Therefore, we can rewrite as
(X1X3,p) = (X1 ® X2, A(p)),
(1,p) = £(p)-
In this way, we can define the duality (X, p) between any X € U(s((2,C)) and p € Pol(SL(2,C)).

Moreover, we have done this in Hopf algebra language. We will use this as definition for two Hopf
algebras to be in duality.

<X1X23p>

p(exp(t1 X7) exp(taXs)),
t1,t2=0

(7.1)

Definition 7.1. Two Hopf algebras U and A are in duality if there exists a bilinear mapping
(-,-y: U x A — C such that for all u,v € U and a,b € A we have

(A(u),a®@b)y = {u,ab), (u®wv,Aa)) = (uv,a),
(u, 1) = e(u), (1,a) = e(a), (7.2)
(S(u),a) = (u, S(a)) .

The duality is called perfect if the bilinear map (-,-) is doubly non-degenemteiﬂ.

Then lastly, we need to know what it means for Hopf *-algebras to be in duality.

Definition 7.2. Two Hopf *x-algebras U and A are said to be in duality if they are in duality as
Hopf algebras and if (u*,a) = (u, (S(a))*).

Using proposition [2.11) one can show that this definition is automatically symmetric, i.e.

<u7 a*> = <(S(u))*> a’>

follows as well.

7.1. Duality between U, (sl(2,C)) and A,(SL(2,C)). Now the question arises how to find the
duality between our two quantum groups. If we look at the duality between U(sl(2,C)) and
Pol(SL(2,C)), we can interpret Pol(SL(2,C)) as linear functionals on U(s((2,C)). We will try to
do something similar in the quantum setting. We will look for linear functionals on U, (sl(2,C)).
This goes via representation theory. We will repeat briefly what is said in section [3] Classically,
Pol(SL(2,C)) is generated by the four polynomials «, 58,7, € Pol(SL(2,C)) defined by

a b a b
e =a =b
21The bilinear map (-,-) : U® A — C is doubly non-degenerate if (u,a) = 0 for all v € U implies a = 0 and
(u,a) =0 for all a € A implies u = 0.
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a b a b
(e a)=e ot g)-e

subject to ay — v = 1. This last equation corresponds comes from det(g) = 1 for g = (CCI Z) €

SL(2,C). These «, 8,7 and § are exactly the matrix elements of the standard representation of

5[(2,C). That is, for g = <CCL Z) we have

(st SN = 8=

Thus, in the classical duality we have

N

(9)-

(X,a) =dr?, ,(X) (X,8)=dr?, (X),
R e (7.3)
<X7’7> = dﬂi_l(X) <X7 6> = d7rzl(X)7

where dr is the Lie algebra representation. Therefore, we will look at representations of Uy (s((2, C)).
Just like in the classical case, t7 is a 2 x 2 matrix acting on a 2-dimensional space. We look at the
four matrix elements of 2 and interpret those as analogues of the classical a, 5,7 and §. Concrete,
we define for X € U, (su(2)) the linear functionals «, 8, and ¢ by

a(X) BN .
(v(X) 6<X>) =12 (X),

where t%(X) is taken with respect to the basis from Theorem That is,

aX)=t}, ()= (B(X)e_ypey), )=t} (X)=(tH(X)ep.e_y),
. 2 2 L 272 (74)
YX) =] (X) = (B (Xe_yey), 60X =11 ,(X) = (B(X)eg.ey ),

where (-,-) is the inner product on the 2-dimensional Hilbert space with orthonormal basis
{e_ 1,€1 }. We want to explicitly calculate these matrix elements. Since a, (8,7 and ¢ defined

above are linear functionals, we only have to know what they do on basis elements of U, (s[(2, C))
from lemma in order to know what they do on the whole of U, (s((2, C)).

Proposition 7.3. Let the linear functionals o, B,y and § onUy(sl(2,C)) be defined as above, then
we have

(KFF™E™) = mobn0d*/?,  BIK*F™E") = 6n00u14"™/, 75)
VEFF™E™) = 8m10n0g /2, S(KFF™E™) = (8m00n0 + 01 0n1)q 2. '
Proof. Since t7is a representation, we find
a(KFFME™) B(KEF™E™)N 1 ks L1 Ealinmad s nn
Using that
1
1 _(qz 0 1 (0 1 1 (0 0
dw= (1 %) dm=(g o) dw=(7 7).
we find (7.5 by working out the matrix product (|7.6). O

These «, 8,7 and & generate an associative algebra A, which is a subalgebra of the linear dual
of Uy(sl(2,C)). Using the duality relations (7.2)), we can define a comultiplication, counit and
antipode for A, turning it into a Hopf algebra. The duality at this point is not perfect. This
can be fixed by adding relations to A. Then this algebra becomes exactlyﬁ A, (SL(2,C)) from

example

22 Actually that is how Ag4(SL(2,C)) is normally introduced. To improve the understanding of (Hopf) Algebras,
I introduced A4 (SL(2,C)) in a simpler way in this thesis.
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Theorem 7.4. Let A be the associative algebra generated by the linear functionals o, 5,7y and §
on Uy(sl(2,C)). Then the duality relations (7.2) can be used to turn A into a Hopf algebra. The
comultiplication, counit and antipode are given by

a B\ _ [(a®a+pBRy a®f+LR0
A(’y 5>_<’y®a+5®’y 7®ﬂ+5®5>’ (7.7)

(2 D=09) s -0, ) (78)

Moreover, the same relations as in Aqs(SL(2,C)) hold for A, i.e.
af = qfa, ay=qya, [0=qdB, ,70=qd,
By =78, ad—qfy=1=da—q By '

Proof. We will use the duality relations (7.2)) to define a comultiplication, counit and antipode on
A. For the comultiplication, observe that

<X®Y’<i§:§ i((g))» ( E ; §§X ))> = 13 (XY) = t3(X)t3 ()
(()() BX(Y) a(X)B(Y) (X)()>
(X)a(Y) + (X )y (Y) ~(X)B(Y) +6(X)o

<X®Y (a@a—kﬂ@w a®5+ﬂ®5>>

TRa+®y YTRB+I®0
Taking k =m =n =0 in gives
] (a 5) _ (a(l) 5(1)> _ (1 0)_
v 6 ~v(1)  4(1) 0 1
Via and the fact that S is antimultiplicative we have
S(KFF™E") = (—q)" "E"F™ K",
Using this we can derive the action of S by
(KFF™E™ S(a)) = (—q)™ "a(E"F™K™%) = (0000 + Sm16n1)q 2 = (KFF™E™§),

by a similar calculation as in the proof of proposition In the same way one can find S(5) =

4718, S(7) = —g7 and S(3) = a, proving (7.7) and (73)
Then, let us show the relations (7.9)) hold in A. Using the definition of the antipode (2.3)), we find

mo(]@S)A(?; ?):noe@ g)
= (S5 1as0) 35y 0s) = (o 1)

SEDC TG,
)=

(7.9)

N

and similarly

mo (S DA ( < )
5§  —q'p 1 0
- (—qv a > (7 5) <0 1)
Which lead to the relations ([7.9). O

Next, we will show that the relations ([7.9)) are in fact the only relations for A. In particular, A
is exactly A, (SL(2,C)). We first need a lemma which gives a basis for 4,(SL(2,C)). A proof can
be found in [I0].

Lemma 7.5. For the Hopf algebra A,(SL(2,C)) defined in emample@ we have a linear basis given
by §L7M5N7 OLL’YMﬂN, 'ZUhET’G L, M, N S Z+.
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Remark 7.6. Note that this lemma implies that any € A is a linear combination of §%4* g~ and
alyMBN [ M,N € Z, . At this point we only don’t know if this can be done uniquely. That is,
we don’t know yet if these elements are also linearly independent in A.

Theorem 7.7. The duality between A and U,(sl(2,C)) is perfect. In particular, A is isomorphic
to A4(SL(2,C)).

Proof. That the duality defined here is doubly non-degenerate requires quite some work. One
has to explicitly calculate the duality between the basis elements of U, (s((2,C)) and the elements
SEAMBN and afyMpBN L, M,N € Z,, in A. After quite some computations (see e.g. [10]), we
obtain

(KFFME™, ofpMyN) = 5Mm5Nnc,;§;fZ’N, (7.10)
L
(m—M)? CEMN sf0<m-M=n—N<L
(KFEm g ghgMaNy = {1 [m —Mj T (11

0 otherwise,

where

CLMN _ R(LAMN) /2~ L(m+n) /2 —n(n—1)/2 (4> 4°)n(d* ¢*)m
kmmn q q q (1 _ q2)m+n

Now use this to prove

0= % <X, comnalBMAN £y oY 5M7N> for all X € U, (s1(2,C))
L,L',M,N (7.12)
= crun =0=Cpyyy forall L,L', M, N,

and

0= Z Clmn <KLFME”,7]> foraln€e A = cgmn =0 for all [,m,n. (7.13)

k,m,mn

Then (7.12) will prove that the basis elements for A,(SL(2,C)) are also linearly independent in
A. Therefore, the relations (7.9) are indeed the only relations in A. That the duality between A
and U, (sl(2,C)) is doubly non-degenerate then follows from (7.13]). O

Recall that the linear functionals «, 5,7 and ¢ on U, (s[(2,C)) can also be interpreted as the four
matrix elements of a quantum analogue of SL(2,C). In the classical setting (see subsection [3.2)),
the matrix elements wl  are polynomials with entries in SL(2,C) and they span Pol(SL(2,C)).
Something similar happens in the quantum setting. However since we do not have direct acces
to a quantum version of SL(2,C) or its representation, we have to work again with the duality
between U, (s/(2,C)) and A, (SL(2,C)). First, we need the Clebsch-Gordan decomposition and the
notion of a tensor product representation. Let s en ¢ be representations of U,(sl(2,C)) on V and
W respectively. Then we define the tensor product representation t ® s on V@ W by

RY(X)(veow)=(s@)AX)(vew), veV, we W, X €Uy (sl(2,C)).

The Clebsch-Gordan decomposition will tell us that t'* ® t/2 is reducible and can be written as a
direct sum over the irreducible representations #'.

Lemma 7.8 (Clebsch-Gordan decomposition). Let ly,ly € %Z_H then
l1+12

thotr= g

1=l — 15|
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Or equivalently, there exists a bijective linear mapping C : Ch @ Clz — ®§1=+|l112— b C! such that
tlo 0 ... 0
I o gl 0ttt
Co(t"®t?)(X)= (X)oC,
: . . 0
0 e 0 thtl

where X € U,(sl(2,C)) and lp = |l; — I2].

Proof. Although the Clebsch-Gordan decomposition is not concerned with *-structures, we will
use that t'* @t is a (203 +1)(2l + 1)-dimensional unitary representation of U, (su(2)) on V, hence
completely reducible. Since

(tll ® tl2)(K)(en ® em) = th (K)e, ® tl2(K)em =q " e, em,

the spectrum of K is contained in ¢=%. Since such N-dimensional representations of Uq(su(2)) are

unique by theorem we have
litl2

th @t = @ mt',
=k

for certain multiplicities m;. Do determine those, let us count the eigenvalues for K for the
eigenvectors ey, ® er,. The eigenvalue ¢~*~!2 only happens once, for e;, ® e;,, which gives
my, 41, = 1. The eigenvalue ¢~"*~2+1 appears two times, which implies m;, 1;, 1 = 1 since one
was already used for t/11%2. Continuing this way, we get m; = 1 for every I. The condition for k
follows from requiring equal dimensions. That is, we need
l1+l12
2l +1)(2+1) = Z 2k+1— 211+1+212+2k+1)(11+12+1*k).

Without loss of generality, suppose that {1 > lo. Taking k = |l — la| =11 — 2, gives

L1412
> 2+ 1= (2 +1)(2+1),
1=k
as desired. 0

We can now derive the following.

Theorem 7.9. Define the matriz elements t',,, : Uy (s1(2,C)) — C w.r.t. the basis {e,}!
in theorem[{.13, by

thn (X) = (X)) min = (t'(X)en, em) , X € Uy(s1(2,C)).
We define t3, = 1 to be the unit of A,(SL(2,C)). Then A,(SL(2,C)) has a linear basis formed by
the matriz elements t' . where | € %Z+ and n,m € %Z such that —1 <mn,m <.

ne_1 given

mn’

Sketch of proof. We need to show that any basis element of A,(SL(2,C)) given in lemma can

be written in terms of t,, . Since a, 3,y and § are just t2 for mym € {-%,3} and t%tﬁ%n =
(tll ® tlz)im;jn we can use the Clebsch-Gordan decomposition to show that any basis element
SEAMBN or alyM BN can be written as a linear combination of suitable ¢,,,,. Similarly, working
the other way around shows that any ¢ can be written in terms of the generators «, 3,7 and
5. To show that the ¢! are linearly independent, we use the explicit formula for a specific linear
functional h : A,(SL(2,C)) — C, the Haar functional, on A,(SL(2,C)) given in (10.2)*’| Suppose
me,l Cmmith,,, = 0. Multiplying by S (ti/j) and applying the Haar functional gives
2
r— q
0= camth(S(t)thn) = cijrg™ J)W

m,n,l

23The result of this Haar functional does not use that t4,,, is a basis for A4 (SL(2, C)), therefore we do not need
to worry about circular arguments here.
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Since qz(l'*j)% # 0, we must have ¢;;;y = 0. We can do this for every ¢, j,l’, thus we have

Cmnt = 0 for all m,n and [. O

Using a more classical approach, see e.g. [12] (5.5)], we can express the matrix elements ¢! as
polynomials of the generators «, 8, and .

9 % 9 ,% min(l—n,l+m
tf’nn _ |: :| [ :| Z q(l—n—i)(n—m+2i)q—i(n—m+i)

l—n| ,[l—m| _,
q 9 % j=max(0,m—n) (7]_4)
I—n l+n i n—m+i, l—n—igl+m—i
x[ ; Lz[Hm—iLzﬁw a 5 :

! ., which are Jacobi polynomials.

are little g-Jacobi polynomials, a quantum analogue of the

Taking the limit of ¢ — 1 gives the classical matrix elements 7
Koornwinder [I2] showed that ¢!
Jacobi polynomials.

For fixed [, we are often interested in
. .
A, ==span{t,,, : =l <m,n <1} (7.15)
1

mn*

Furthermore, we can explicitly compute the coproduct of ¢

Proposition 7.10. We have

l
Ath,) =Y thy @th,. (7.16)
k=—1

Proof. For X € U, (s!(2,C)), t.,,,(X) is the matrix entry (m,n) of #/(X), i.e. the matrix entry in

b mn
the m-th row and n-th column. If we use

HXY) =t(X)H(Y), X,Y €U, (sl(2,0)),
and the duality relations , we find
(XY, A(th,)) = (XYt ) = t(XY)en, em) = (X (Y )en, em) .

Therefore, (X ® Y, A(t,,,,) is the matrix entry (m,n) of the the matrix ¢'(X)t!(Y), which is by
matrix multiplication equal to the standard inner product of the m-th row of t/(X) and n-th
column of #(Y). That is,
1 l !
(X @Y, Alth) = Y X)) ms Vi = D (Xothy) (Vith) = D (X @Yt @ th,).
k=—1 k=—1 k=—1
Hence,

l
k=—1

Remark 7.11. Notice that we can interpret the coproduct A(t.,,) here as the opposite of matrix
multiplication. This can be used to define a so-called matrix corepresentation of A,(SL(2,C)).
Via this way Koorwinder [12] showed that t! . are little-g-Jacobi polynomials in o, 3, and 6.

7.2. A4(SU(2)): A4(SL(2,C)) as a Hopf *-algebra. Via definition we can carry over the x*
structure of U, (su(2)) to A,(SL(2,C)). We will do this for the generators a, 53,7, § of A,(SL(2,C)),
then we extend * as an anti—homomorphisnﬁ to the whole of A,(SL(2,C)). This again requires
the explicit expressions for the duality between basis elements of U, (s[(2, C)) and A,(SL(2,C)) we
used in the proof of theorem [7.7} We can then find the following.

Theorem 7.12. There exist three inequivalent x-structures on A,(SL(2,C)) corresponding to the
s-structures of Uy(s(2,C)). They are given by

24That is, (aB)* = p*a*.
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(7') |Q| = 1; ot = «, 6* = q7157 ’7* =q7, 0* = 5} named AQ(SL(Q,R));
(ii) —1<q<1,a*=90, B*=—qy, v =—q¢ '8, 0" = a, named A,(SU(2)),
(iti)) =1 < q<1,a* =4, f*=qy, v =q '8, 6* = a, named A,(SU(1,1)).

Proof. By definition a real form of U,(sl(2,C)) can be used to define a *-structure on
A, (SL(2,C)). We will show how to do this for A4,(SU(2)) and a* = §; other generators and
real forms of A,(SL(2,C)) can be done similarly. We will prove that a* = ¢ on the PBW basis
elements of U,(sl(2,C)) given in lemma Via definition the action of S on U,(sl(2,C))
given in , and the anti-multiplicativity of S and *, we get

(o, K*F™E") = (a, S(KFFmE™)*) = (=)™ (e, (K~1)")k(F*)™(E*)"))
= (—q)" "{a, K-k EmF™).
Using again, as well as the duality relation for S in , above expression is equal to
(-2 ST ETRR)) = ¢ (S(a), FTERS) = ¢ (S(a), KAEVE),

where we used the commutation relations for ¢, (sl(2, C)) in the last equality. Then, since S(«a) = 6,
we obtain
(o, K¥FME™) = g*m=m)(5, KkFnE™).

Using the explicit formula for (5, K* F* E™) given in (7.10) and (7.11)), we see that above expression
is non-zero only if 0 <m =n <1 and
<Oé*, KkaEn> _ 5mnq2mC}1,Sr;0n _ <5’ KkaEn> ,

where we used that C,CL%;LN is real. In the same way, one can obtain the action of % on the other

generators 3,7, 9. O

Since we focus on U, (su(2)), we will look at the corresponding real form A, (SU(2)) of A, (SL(2, C)).
We can completely classify the irreducible *-representations of A4,(SU(2)), including the infinite
dimensional ones. Note that we can write any n € A,(SU(2)) in terms of o, o, v, ¥* since
0* = o and § = —¢v*. Therefore, a *-representation 7 is determined by 7(a) and (7).

Theorem 7.13. There are two families of irreducible inequivalent x-representations of A4(SU(2)),
both depending on 0 € [0,27).
(i) The one-dimensional representation g, defined by mo(at) = €% and mo(7y) = 0.
(ii) The infinite-dimensional representation m§° acting on the Hilbert space 1*(Zy) with or-
thonormal basis (e,)5% . This representation is defined by

7 (a)en = /1 —@®en_1, w(Y)en =g e, (7.17)
with the convention e_1 = 0.

Proof. Tt is easy to check that the representations given are indeed *-representations of A, (SU(2)).
To prove that these are the only ones, suppose that 7 is an irreducible #-representation of
A,(SU(2)) on V. Let us look at v € ker(w(y)). From the commutation relations (7.9), we
obtain

m(y)m(a)y = ¢~ 'm(e)m(y)v = 0.

Similarly, we find that w(8)v, 7(d)v € ker(m(v)). Therefore, ker(n(y)) is an invariant subspace.
By the irreducibility of 7, we have ker(n(y)) = V or ker(n(v)) = {0}.

In the first case, we have 7(y) = 0. Since —¢y* =  and 7 is a x-representation, we must have
m(B) = —qmw(vy)* = 0 as well. Using the commutation relations again, we get m(a)mw(0) =
id = 7(d)m(«). Since irreducible representations of commutative algebras are one-dimensiona
we get m(a) = A and 7(§) = A~! for A € C\{0}. From o* = § we get A\ = €' for 6 € [0, 27).

The case ker(w(y)) = {0} is more complex. Using the spectral theorem for the normal operator

25T his follows from Schur’s lemma: since m(a) is an intertwiner it must be equal to Aid for a A € C.
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m(y), we can deducﬂ that its spectrum is of the form Ag"™ for n € Z; and A € C. It has
corresponding eigenvectors e,,. From a7y = ¢ya we get

qr(y)m(a)en = m(a)m(V)on = Ag"m(a)vn.
Therefore, 7(a)e,, is an eigenvector of 7(7) corresponding to the eigenvalue A\g" 1, hence 7(a)e,, =
tn€n—1, for some u, € C. Similarly, we can find 7(d)e, = knenr1 and w(B)e, = ppe, for some

Kn,pn € C. Now suppose that {e,}ncz, does not span V. Then we have an orthogonal direct
sum decomposition of V', given by

V=Weo Span{en}n€Z+a

for some subspace W C V. However, this contradicts the irreducibility of 7 since W is an invariant
subspace of 7. Indeed, due to the s-structure of A,(SU(2)) we have for w € W,

<en77r(7)w>v = <7T(’y*)€n,w>v = _q_lpn <en7w> =0,
hence 7(y)w € W. Similarly, we can obtain that 7(a)w, 7(B8)w,n(6)w € W. Thus {e, }nez, spans
V. Using the *-structure of A,(SU(2)), we get

pn = ((B)en; en)y = (en, m(v)en)y = —¢" A,
In the same way we can find k,, = Ti,+1. Then, the last commutation relation of (7.9)) gives
|Nn|26n + |>‘|2q2nen = €n,

for n > 1. For n = 0, we have

I\%eq = eo.
This implies A = €% for some 6 € [0,27) and |u,| = \/1 — ¢?*. Therefore, 7 is equivalent to the
representation given in (7.17)). O

Remark 7.14. To assist the reader in further calculations, we will also explicitly write down
oo (B)en = —e g tle,, oo (0)en = V1 — ¢® ey,
Later on, we will need an explicit expression for my(t!,,).
Proposition 7.15. We have
mo(tl ) = Gpne 20,

Proof. Applying my to the explicit expression gives a non-zero outcome only if there are no
£ and v terms. This gives ¢ = 0 and n — m 4 i = 0, which implies n = m and simplifies to
al—n(;l-‘rn )

Since § = a*, we get
o (tL

mn) _ 5mnﬂ_6(a)l—n7r(a*)l+n — 5mne(l—n)i96—(l+n)i9 _ 5mn6_2in9' 0

26The interested reader can find the proof at [I1] or [15].
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8. SPHERICAL ELEMENTS

8.1. Classical motivation. Spherical elements in the classical sense are functions f : G — C on
a group G that are bi- K-invariant. That is, they are left-invariant and right-invariant with respect
to a subgroup K of G. That is,

f(kg) = f(g9) = f(gk), for all k € K and g € G. (8.1)

For example, let G = C\{0} be the group where the group action is multiplication. Then the group
K = {e? ¢ € [0,2m)} is a subgroup of G. Multiplication with an element e?® is a rotation in the
complex plane over an angle ¢. Therefore, functions like 'f : ¢ — |g|*>’ that only depend on the
absolute value of an element g € G are bi-K-invariant. Since our group G is commutative, a left-
invariant function is automatically right-invariant, this need not be the case for non-commutative
groups such as SL(2,C).

Matrix elements 7l = from a representation of a group G are functions on the group. That is,
Tmn © G — C. Let us show an example of spherical elements in the SU(2) case. Let us take the

subgroup K defined by
et 0
R fum (5 2)ver),
We take the unitary representation 7! from (3.1)) and the matrix elements

Thn(9) = (7' (g)0h, ¥h,) .

where g € SU(2) and 1!, is the basis defined in (3.2)). Since

21

1
5 . .
1_ n} (ez)! (e7y)! = b (x,y) for all t € R,

= vhen) = |
7}y is a spherical element. Indeed, it is bi-K-invariant since for ¢, s € R we have

oo (keghs) = (! (keghs)0h, v5) = (7' (g)m! (ks )yl 7 (k—e)vb) = (7' (9)¥6, )%) »

where we used that 7'(k;)* = 7'(k_;) because 7' is unitary and k;* = k_;. One can show (e.g.
[16]) that m), are Legendre polynomials of degree I. It is of high significance that in the SU(2)
setting all one-parameter subgroups are conjugate, so that the choice of subgroup does not mat-
ter. Moreover, the Legendre polynomials have no parameters we can choose. This will be different
in the quantum setting, where the choice of subgroup does matter. This will lead to two extra
parameters. Consequently, we will find more general orthogonal polynomials.

One problem in the quantum setting is that we do not have access to the analogue of a group, only
to the polynomials on the group. Therefore, we need another way of defining spherical elements.
We will use the duality between sl(2,C) and Pol(SL(2,C)). Observe that for X € s[(2,C), the
group K = exp(tX) is a subgroup of SL(2,C). For example, the subgroup

it
K= {kt = <€0 e(_)it)’ teR}

<é _Ol) €5l(2,C).

Using (8.1)), we get that a function f € Pol(SL(2,C)) on the group SL(2,C), is bi-invariant w.r.t.
K =exp(tX) if for all g € SL(2,C) we have

from before is generated by

Flgexp(tX)) = f(g) = Flexp(tX)g) = S Flgexp(tX)) = 0= < Flexp(tX)g).

Here, 7 = 7 follows by using the definition for the derivative. To see ” <= ”, use that
%f(g exp(tX)) = 0 implies f(g(exp(tX)) = C, for some constant C' € C. Then take ¢ = 0.

”
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We will show that we only need the derivative at ¢ = 0 to be 0. If we use exp((t + s)X) =
exp(tX)exp(sX) and then do the substitution u =t — s, we get

= 2| Hlgexp(tx)
— | Faexn(sX) exp(ux)).

Since gexp(sX) € SL(2,C), we have that a function is left-invariant if and only if
d d
dt li= &’t:o
and similarly for the right-invariance. Recall that A(f)(g,h) = f(gh) for g,h € G, thus

%Lo Hgexp(tX)) = jlt A(f)(g, exp(tX)).

t=0
Therefore, using duality from (3.3)), we can write bi-K-invariance in the language of Hopf algebra
as

flgexp(tX))=0forall g e Gand s € R <— flgexp(tX)) =0 for all g € G,

(ida @ (X)) 0 A(f)(9) = 0 = ((X,-) © 1a) o A(f)(9), (8.2)

where id4 is the identity on A = Pol(SL(2,C)). This can be seen as an action of X on f that is
0. Recall that a left action of an algebra A on another algebra B is a linear mapping A x B — B,
(a,b) — a.b, such that for all a,a’ € A and b € B we have

a.(a’.b) = (ad’).b and 14.b=0.
Similarly, we can define b.a as the right action of a on b. Thus via (8.2)), the language of Hopf
algebras can be used to define a left and right action of X € s((2,C) on f € Pol(SL(2,C)). We
write
X.f=>{da® (X, ) o A(f) and [fX =({X,")®ida)o A(f). (8.3)

We can extend this to U (sl(2,C)) by defining for the left action

(XY).f =X.(Y.f),
and similarly for the right action

f(XY)=(fX).Y.
In summary, f is a bi-invariant function for K = exp(¢tX) if and only if X.f =0 = f.X.

8.2. Actions of Hopf Algebras in Duality and Spherical elements. In the previous sub-
section we showed that we can define spherical elements via the language of Hopf algebras:
X.f=0= fX. We will do this for general Hopf algebras in duality and show this is well
defined. Let A and U be Hopf algebras in duality. First we show how the action from U on A is
done. Then we can define what spherical elements are. We will use to define a left and right
action from U on A.

Proposition 8.1. Let A and U be Hopf algebras in duality, then we can define a left and right
action fromu € U ona € A by

w.a = (ida ® (u,-)) o Aa), au= {u,")®ida) o A(a).

Proof. Linearity is clear. We will show that v.(u.a) = (vu).u for v,u € U and a € A. Indeed, (2.1))
shows that

v.(u.a) = (dg @ (v,-) ®ida) o (A ® (u,-)) o A(a)

(ida @ (v,7) ® (u,-)) o (A @ida) 0 A(a)

(ida ® (v ®@u,-)) o (idg @ A) o Aa)

(ida ® (vu,-)) o A(a) = (vu).a,

where we used that by the first line of we have (v ® u,-) o A = (uw, -). Similarly, we have for
the right action that (a.u).v = a.(uv). O
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Remark 8.2. The definition of on action might not seem very intuitive at first sight. However, do
not get confused by the abstract notation. There are several ways to look at this action. Often,
the context of the element u.a € A will be in the duality with v € U. Writing this out gives

(v,u.a) = Z (v,a(y) (u,a(2)) = (vu,a). (8.4)
(a)
and similarly
(v,a.u) = (uv,ay . (8.5)

We can also look at u.a just as an element in A. Then we take the coproduct of a and apply the
right side of the tensor 'a(s)’” to u. Thus we just have an element in A given by

u.a = Z <u, a(2)> a(l).
()

Now we are ready to define spherical elements.

Definition 8.3. Let A and U be Hopf algebras in duality. Then a € A is called a spherical element
with respect to u € U if u.a =0 = a.u, where U acts on A.



50

9. GENERALISED MATRIX ELEMENTS

In the previous section we defined spherical elements using that X € sl(2,C) generates a
subgroup of SL(2, C). Recall that the twisted primitive elements in U, (sl(2,C)) are the analogues
of X € sl(2,C) in the classical universal enveloping algebra U(s[(2,C)). Therefore, we will find
the spherical elements in A,(SL(2,C)) with respect to the twisted primitive elements. We can
do this explicitly for the ones that are self-adjoint: X, and X,. We will do this via the explicit
eigenvalues and eigenvectors of X, K from theorem and remark

9.1. Generalised matrix elements and (7, 0)-spherical elements. We want to find spherical
elements in n € A,(SL(2, C)) with respect to the twisted primitive elements in X € U,(sl(2,C)),
ie.

Xn=0=nX
conform definition [8:3] Here, X acts on the left, respectively right, on n. This poses the question
how to approach this. First of all, observe that all constants in A,(SU(2)) are spherical elements
with respect to the twisted primitive elements X € U, (sl(2,C)). Indeed, for 1 € A4(SL(2,C)) and

Y € Uy(sl(2,C)) we have by and (8-4),
(Y, X.1) = (YX,1) = e(Y)e(X) =0,

since X is twisted primitive. In the same way we find 1.X = 0. To find other spherical elements,
let us look at the twisted primitive element K — K~ € U,(s[(2,C)) as an example. We can now
see the usefulness of (8.4) again. We obtain

R
(XK~ K~))es,er)
<tl )tl K — K Yej,e;)
= (g7 =) (X, 1),
where we used theorem in the last step. Therefore,
(K = K™").tij = (¢77 = d)tiy.

X
X

Similarly, by using (8.5) we get

tij (K = K™ = (7" = ')ty
Thus ¢;; is a spherical element with respect to K — K~! if i = 0 = j. Since the matrix elements
tij form a linear basis for A,(SL(2,C)), all spherical elements with respect to K — K1 are t},
| € Zy, where t§, = 1 € A,(SL(2,C)). We want to find more general spherical elements. For what
follows after, we will need the x-structure of U,(su(2)) and A,(SU(2)). Let us focus on the often
used self-adjoint twisted primitive element

Xy =Xynpp=iq?E—iqg 3F — %(K K™Y, o€R,
from remark Then we define the following.
Definition 9.1. n € A,(SU(2)) is a (7,0)-spherical element if
Xomn=0 and n.X;=0.
We found the spherical elements with respect to K — K~! by using its eigenvectors and eigen-

values. In particular, we needed its null space. Because t;; are eigenvectors of K — K —1. but not

of E and F we define generalised matrix elements by using the eigenvectors of X, K we found in
theorem [6.11

Definition 9.2. Define the generalised matriz elements bl;(t,0) € Ag(SU(2)) by
! _ el
bij(T, o) = K.a;;(7, o),

where

aj; (1,0)(X) = (t'(X)"'(7), 0" (0)) ,
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and ‘
(o) = vllyj(o, /2)
are the eigenvectors from theorem [6.1]
The reader might wonder why we take bl; (7, o) instead of just al; (7, o). This is because al;(7, o)

will give spherical elements with respect to X, K (7,0), and béj (7,0) with respect to X,. We have
the following proposition.

Proposition 9.3. Let bﬁj(T,a) as defined above.
(i) We have

Xg.béj(r, o) = )\j(U)Kfl.béj(T,a) and bi»j(r, 0).X; = N(T )b (r,0). K71,

where \j(o) are the eigenvalues of XoK from theorem |6. 1] ﬂ In particular, b}, are (1,0)-
spherical elements ifl € 7.
(ii) Fizl € 3Z.. Then béj (r,0) € Alq, where Alq is defined in (7.15)). Ezplicitly,

N -
bi(ro)= Y vhi(o)(T)g ",

Proof. (i). This follows from (8.4),
(Y, Xobl5(r,0)) = (Y X, K, alj(r,0)) = (! (V)| (X, K)o (0), 0" (1))
= Aj(o) <tl(Y), aéj(T U)> = \;(0) (Y, Kﬁl.bij(T, o).
In the same way we obtain b j(1,0). Xe = Ni(T )b (7,0). K1 with .

(ii) Using theorem [6.1] . 1| for the explicit expressions of v ’3 (o) and vhi(7), we get
!

(XK (o), (1)) = D0 (XK (0)en, vl (T)em)

n,m=—I

l _
= > (@i (na " (H(X)en em) - O

n,m=—I

(X, K.aﬁj(T, o))

9.2. The *-subalgebra of (7,c)-spherical elements. In this subsection we will show that the
(1, 0)-spherical elements form a *-subalgebra of A4(SU(2)). Then we will proof that the (7,0)-
spherical elements bl (7,0), | € Z; we found are in fact a linear basis for this subalgebra. Lastly,
we will show that this subalgebra is generatecﬂ by one single (7, o)-spherical element called p; .
This is the non-constant part of by, (7, o). We can then interpret this algebra of (7, )-spherical
elements as polynomials in the 'variable’ p;,. In section we will show that the generalised
matrix element béj (1,0) can be seen as an Askey-Wilson polynomial of degree [ in the variable
Pr.o With two continuous parameters, o and 7, and two discrete ones, ¢ and j.

Let us first show that the algebra generated by the (7, c)-spherical elements is a x-subalgebra,
ie. it is a subset of A,(SU(2)) and it is a *-algebra on its own. This means that we have to
show that it is closed under multiplication and taking the x-operation. We have the following
proposition. This is a more general statement then we need right now, since we only use the case
A =0 = p in this section. However, in section [11| we will use the full proposition.
Proposition 9.4. Let n € A,(SU(2)) be a (7,0)-spherical element.
(i) n* is a (7,0)-spherical element.
(i) If € € A,(SU(2)) satisfies
X, 6 =AK"1¢ and €.X, =pE K1, (9.1)
for A, € C, then &n satisfies (9.1) for the same A and p. Furthermore, if A\, u € R then
&*¢ is a (1,0)-spherical element as well.

27This means that all elements of this subsalgebra are of the form Ef’z:O an(pr,0)™ for some !l € Z4 and a, € C.
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Proof. (i) We will first show that for arbitrary Hopf *-algebras A and U in duality we have
w.a* = (S(X)*,a)". Since the comultiplication is a *-homomorphism, we have

u.a* = Z <u, a’(k2)> afyy-
(a)
Using definition [7.2] and the anti-linearity of *, this is equal to
> (S, a)afyy = (S@)",a)"
(a)
By a straightforward calculation, S(X,)* = —X,. Therefore,
Xom* =—(X,m)" =0.

Similarly one can obtain n*.X, = 0.

(i) Using (7.2), we find
(ouab)) = Y (v am)) (ve), b)) () ae) (ue)be) = <’072 (uqy-a) (U<2>~b)> :

(a),(b),(v),(w) (u)
Thus

u.ab = Z (u(l)‘a) (u(g).b) .
(u)
Since X, is twisted primitive w.r.t K, this gives

Xo-(&n) = (K.6)(Xon) + (X5 ) (K1) = ME (K ) = MK 1(6n),
where we used in the last step that K~ is group-like. In the same way we can prove
(&n). X = p(€n). K.
Now, let A\, x € R. Then
Xo (67€) = (K.E) (X5 &) + (Xo &) (K1) = ME 18" (K18) — (X6.6) (K 1.8)
— - N(ELE (KL,
where we used just as in (i) that uw.a® = (S(u)*.a)*. Above expression is 0 for real A. Similarly we
obtain £*¢£.X, = 0. O
Corollary 9.5. The (1,0)-spherical elements form a *-subalgebra of A4(SL(2,C)).
Proof. Take A = 0 = p in the previous proposition. O

Now we will show that a linear basis for this subalgebra is given by the generalised matrix
elements b}, (7,0) with | € Z,. We will again show something more general which we will need
later on.

Proposition 9.6. Fizl € 37, and let € Afl\{O} satisfy (9.1). Then X = X;(o) and p = X\;(7)
and & = Cbéj(’ﬂd) for some ¢ € C, where \j(o) is from theorem . In particular, the space of
(1, 0)-spherical elements in Af] is empty when | ¢ Z,, and spanned by by, (,0) if | € Z .
Proof. We will first prove that

(Xo —AKH.6=0 and &(X, —pK ™) =0,

implies that ) is an eigenvalue of #!(X,K) and pu of t/(X,K). Since ! form a linear basis for

Afz, we have
1

&= Z Cmnliyn, Cmm € C.

n,m=—I

Suppose that X.£ = 0. Then, via propositions [7.10] and B.I] we get

1 1
0= Z Z cm7n<tl(X)en,ek>tlmk.

k=—Ilnm=—1
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Since the tfnk are linearly independent, we need for all m, k,

l
0= Zcm,n <tl(X)en, €k -
n—I
Therefore, we have for all m,

1
0=t(X) (Z cm,nen> )
n—I

Or in other words, v = 3! Cmnén is in the null-space of t/(X) for all m. In the same way, we

n—I
can derive
l

EX =0 = tl(X*) (Z cmynem> =0 for all n.
m—I
Therefore, (9.1) implies
1 l

t (XU — )\K_l) <Z cmmen) =0forallm = t'(X,K —)\) (Z cmmq"en) =0 for all m,

n—I n—Il

l l

! (XT — ,uK_l))* (Zcm,nem> —0foralln = ¢ (X, K —p) (Zcmmem> =0 for all n,

n—l1 n—l1

where we used that K* = K and (X, K)* = X, K. From theorem we obtain A = \;(o) and
= A;(7). Moreover, from the fact that every A;(o) has multiplicity one, we get
!

!
Z Cmnq"en = cmv'i(o) and Zcm,nem = o (1),
n—I

n—I

for constants ¢, ¢,, € C. Combining this with the expression for v' (o), we obtain

Cm;n = C Uiij (U)Uiﬁi (r)g™ ",

for some constant ¢ € C. Using proposition ii), we get

l
l l
Z cm,ntnbn =c bij (Ta g)'
n—I

Then, since A;(o) = 0 only happens if [ is a full integer, we get that there are no (7, o) spherical el-
ements in A4(SL(2,C)) if | € Z,, and that the space of (7, o)-spherical elements is one-dimensional
and spanned by bl (7,0) if | € Z. O

Let us now take a closer look at the spherical element b}, (7,0). Using and proposition
We can explicitly calculate this element in terms of the 9 matrix elements {t. , }, where m,n €
{-1,0,1}. Using we can express by, in terms of the generators o, 3,7 and § of A,(SU(2)).
That is, bj,(7,c) can be seen as a polynomial in the four 'variables’ a, 3,v and §. Explicitly, we
have that bj,(7,0) is a constant multiple of

(7=q¢")qg™—q")

2pr0 + R ;

where
1 — - —O o (=T T
Pro =§(a2+52+q72+q 82 +i(q77 — q7)(q6y + Ba) —ilqg™T — ") (6B + qye)

(@7 =¢")a " —q")B-
Since constants are spherical elements, p;, is a spherical element as well. The following theorem
shows that all spherical elements in A4(SL(2,C)) are polynomials in p; .

(9.2)

Theorem 9.7. The x-subalgebra of (1,0)-spherical elements in A,(SU(2)) is generated by the
self-adjoint element pr ..
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Proof. Using the x-structure given in theorem ii) together with the explicit expression for p; »
in (9.2) one can easily compute that p; , = p; ,. Next, observe that plﬂa = (pr.o)! is a spherical
element by proposition We will show that every b}, (7, ) is a polynomial of degree [ in p; .
Since by proposition [9.6| the elements {bho(T,0) biez . form a basis for the spherical elements, this
would prove the statement.

The Clebsch-Gordan decomposition from lemma gives that plm, € @2:0 A’;. Moreover, if
we apply the one-dimensional *-representation g/, given in theorem i) on pr g, (9.2)) gives
us

1 . i
To/2(Pro) = 5(619 +e7") = cos,
since all the terms with 8 and « vanish. Therefore,
70/2(P% ) = To/2(pr.e)" = (cosB)".
Since {cos §}*)L _ are linearly independent monomialﬂ {pk ,}i—o will be linearly independent in
A4(SL(2,C)). Therefore, the space with basis {bf,};_, is equal to the space with basis {p% ,}i_,.
It now follows by induction that b},(7, o) is a polynomial of degree [ in plT’a. t

28That is, ch:o cx(cos0)F =0 for 6 € [0, 7] implies ¢z = 0 for all k.
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10. THE HAAR FUNCTIONAL

Until now, we have obtained orthogonality via the inner product on a Hilbert space H. We
looked at representations on H of elements in U, (su(2)) that are self-adjoint. We then used that
self-adjoint operators have a basis of orthogonal eigenvectors with respect to the inner produt of H.
However, this does not yield orthogonality relations for the matrix elements of a representation,
e.g. tl or bﬁj(T, o). These matrix elements are elements of A,(SU(2)), which are polynomials in
the generators a, 8,7 and § of A,(SU(2)). Thus we need an ’inner product’ on A,(SU(2)). For
this we will use the Haar functional. The orthogonality arising from this functional are called
Schur’s orthogonality relations. In this section we will introduce this functional, briefly sketch its
usefulness in the classical theory and then explicitly calculate what the Haar functional does on
the quantum group A,(SU(2)), specifically on the subalgebra of (7, o)-spherical elements. Recall
that this subalgebra can be interpreted as polynomials in p,,. The main result of this section,
theorem [10.10} will be the key between the Askey-Wilson polynomials and the polynomials in pr .

10.1. Introduction Haar functional. One important theorem in harmonic analysis is the exis-
tence of a left-invariant measure y, unique up to a constant, on the open sets of certaiﬂ locally
compact topological groups G. One can think of groups like (R, +) and GL(V'), where V is a
finite-dimensional linear space. This is called the left Haar measure and satisfies

1(gS) = u(S),
for all open sets S of G and all g € G. Here, gS = {gs: s € S}.

Ezample 10.1. Take G = (R, +); the group of real numbers with + as operation. Then the left
Haar measure is just the Lebesgue measure on R. For example, take g = 3 and S = (0,4), then
gS = (3,7) and

1((0,4)) = 4 = p((3,7)).

From the Haar measure, we can define a Haar integral on measurable functions f on G by

/G f() du(z)

Because of the left-invariance, we have

| tamyante) = [ fa)duta)

for all g € G. Taking again G = (R, +), we indeed have

[ 1o+ a)duta) = [ o) duta).

Similarly, there exists a right Haar measure as well. In general they do not coincide, but on certain
groups they do. In commutative groups they trivially coincide. For example, the Lebesgue mea-
sure is left and right invariant on (R, +). However, commutative groups are certainly not the only
situation where this happens. For example, the left Haar measure on SU(2) is also right-invariant.

10.2. Classical motivation. The following is some well known classical theory, see for example
[A]. Foriﬂ G = SU(2), the Haar measure, denoted by du(g), exists and is unique op to a constant.
It satisfies

/G p(hg) du(g) = /G p(g)du(g) = / p(gh) du(g),

G

2‘gOiﬁCiaHy7 we have to look at the Borel algebra of a locally compact Hausdorff topological group. This will
not play a role in this thesis.
300r more general, for any compact Lie group G.
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For any polynomial p on G and all h € G. For py,pa € Pol(G), we can then define an inner
product (-, ) by

(p1, P2} = /G p1(9)72() dyu(g).

Via Schur’s lemma, one can then show Schur’s orthogonality relations. Namely, matrix elements
of irreducible representations are orthogonal w.r.t. this inner product.

Theorem 10.2. Let 7V and 73 be irreducible inequivalent unitary representations of G = SU(2)
on finite-dimensional complex Hilbert spaces Hy1 and Ho respectively. Let (6511)), n=1,.,dim(H;),
and (65721)), m = 1,...,dim(Hs), denote orthonormal bases for Hy and Hy. Define the matriz

elements wﬁ% and m(ﬁzl by

m(g) = <7r('“)(9)eff)7e£’i)> L k=1,2and g € G.

Let k, k' € {1,2}, then the following orthogonality relations hold,
(k) (k')> — ;5 o S
<7T1J s Tonm G dim(Hk) k,k'"9imOjn-

For example, let 7! be the (2 + 1)-dimensional representation from . The matrix elements
ml  w.r.t the basis given there are the product of Jacobi polynomials of degree [ —n and complex
exponentials in m, i.e. P_,(x)e™?®, where P} is a Jacobi polynomial of degree k and z is the
variable. Schur’s orthogonality relations for these matrix elements correspond to the orthogonality
of Jacobi polynomials and complex exponentialﬂ

10.3. The Haar functional on A,(SU(2)). Our next step is to put the idea of the Haar measure
into the language of Hopf algebras. Let us take a look at at the Hopf algebra Pol(SL(2,C)). Let
dp(g) be the Haar measure on SL(2,C). Then we have for p € Pol(SL(2, C)),

/ p(¢'9) dp(g) = / p(9) duulg). Vd' € G.
G G

If we define h(p) = [, p(g) du(g), then the above equation can be written as
(id® h)A(p)(g") = h(p).

This follows from A(p)(¢'g) = p(¢'g). Similarly, right invariance can be written as
(h®id)A(p)(g') = h(p)-

We can use this to define a Haar functional on a Hopf algebra.

Definition 10.3. Let A be a Hopf algebra and assume that a linear functional h : A — C ezist
that satisfies

(id®h)oA=noh=(h®id)oA. (10.1)
Then h is a Haar functional, also called an invariant functional, on A. If it exists, we normalise
it by h(14) = 1.
Remark 10.4. If only the first or second equation holds in (10.1]), we say that h is a left, respectively

right, invariant functional.

Remark 10.5. If the Haar functional exists, it is unique up to a constant. The interest reader can
find a proof, using C*-algebras, in Woronowicz’s influential article [I7]. Dijkhuizen and Koorwinder
[], later showed that C*-algebra theory is not necessary for proving the uniqueness of the Haar
functional. However, proving this fundamental result will not be necessary for this thesis, since
we won’t need uniqueness.

We explicitly know the Haar functional on A4(SL(2,C)).

31Orthogonality for complex exponentials is given by f027r eMTeTINTAy = 28 mn.
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Theorem 10.6. Define h : A,(SL(2,C)) — C by h(1) =1 and h(t,,,) = 0 for (I, m,n) # (0,0,0).
Then h is the Haar functional on Ay,(SL(2,C)). Moreover, we have

—n 1-— q2
h(S(tlmn)tfj) = O1kOm;0niq”! )m- (10.2)

Proof. Let us first show this is well-defined. If ¢, := 1 € A,(SL(2,C)) could be written as a linear
combination of £, where (I,m,n) # (0,0,0), we would have a problem. Let us check this cannot

happen. Suppose that
00 =D Counitiny-

m,n,l

Via the duality (7.2)) we have (1, X) = (X). Therefore, we obtain
= > cmn (t(X)el, €h,) . VX €Uy (s1(2,C)).

m,n,l
In particular, this holds for all K7 j € Z. This gives
1 =e(K7) Z Coni eh,eh) Z Cmmiq” " (el el,) Vi€ Z.
m,n,l m,n,l

Since ¢ is not a root of unity, < e, m> = dmn and this holds for all j € Z, we must have ¢,y = 0
for all n,l : n # 0. Repeating this process for K7E* and K?F* i,k = 0,..,2l, we can show that
emni = 0 for all m,n,l: (m,n) # (0,0). Therefore,

X)= Zcooz (t'(X)eh,eq) -
]

However, if coo; # 0, then span{e}} is an invariant subspace for !, contradicting the irreducibility
of t. Indeed, suppose there exists a Y € U, (s(2, C)), such that ¢ (Y )el has a nonzero component
inel, k> 0. We apply E¥KJY for j € Z and similarly as before we get coo; = 0. Thus h is
well-defined.

Next, we can use proposition [7.10] to show that

(id@ h) o At Z thch(th,) = 81ty = noh(t,).
k=—1
Therefore, h is a left invariant functional. Similarly, we obtain that A is right invariant. Therefore,
h is the Haar functional on A,(SL(2, C)).
Next, we will prove ([10.2)). Using that h is right invariant, the Hopf algebra relations (2.3)), one
can sho

k l
> (S )t) thy = > th b (St . (10.3)
j=—Fk j=—1
Define the matrix 4
then ((10.3]) implies
(T(”’i)tk(X)) - (tl(X)T(”’i)> for all X € Uy (s((2,C)).
m,p m,p

Invoking Schur’s Lemma now gives 7% = 0 or T("% is bijective. If (™% is bijective, t* and t*
are equivalent, which can only happen if [ = k. Therefore,

h (S, )th) =T =0 if 1 # k.
In the case | = k, (a corollary of) Schur’s lemma tells us that
T = diq,

32sce e.g. [10]
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for some constants ¢(%) e C. Which implies T,E,:;’i) = 5mjc("’i). Next, for a representation ¢ on V,
we define the contragradient representation t¢ by
(t(X)em, en) = (¢(S(X))en, em) -

Note that we switched the m and n in the inner product. The reader should verify that this is
indeed a representation. Equivalently, we can rewrite above expression to t,, = S(t,). Looking
at t', we see that the spectrum of K w.r.t the contragredient representation is also contained in
q%Z . Therefore, the contragredient representation of ! is equivalent to t'. Hence S(t.,,) € Alq and
S(t3y) = t3y- This implies h(S(€)) = h(€), since any & € A,(SL(2,C)) can be written as a linear
combination of t\ . where at leasﬁ the factor in front of the ¢, is unique. Consequently,

T = (S (S(th)th)) = b (S(t5)S%(H,,,)) - (10.4)

mj

Now, S? are the matrix coefficients of the double contragredient representation (¢)°¢, and is
therefore equivalent to t'. Thus there exists a bijective linear mapping G such that

(e (X) = GHH(X)G™!,  for all X € U,(sl(2,C)). (10.5)
This implies

l
> Grpth (G,

p,r=—1

Substituting this into (10.4)) gives
l

Sk10m; (i) (n i) _ Z Gmph tk tl )(G_l)rn: Z 5kl(5ierpC(j7p)(G_l)rn

p,r=—1 p,r=—1

- 5kl zn Z G ,p).

p=—1
This means that ¢(™? = ¢(G~!);, for some constant ¢ € C. By the relation for the antipode (2.3)
and proposition we get

l
m=—I1
Applying h on both sides gives
l l

l
1= 37 h(S(thth)) = 2 T = 37 cmm,

m=—I m=—1 m=—1
Therefore,

1
c Z (G N =1 = =t (G).

m=—1

Combining everything so far, we have
(G in
tr (G~ )'
Let us explicitly find such a bijective mapping G for which holds. Since
S*(K)=K, S*(E)=q°FE, S2(F) = ¢°F,
we see that G defined by Ge,, = ¢*"e,, is such a mapping. Indeed, we have
Gt'(E)G te, = ¢ "Gt (E)en, = ¢ 22Dl (B)e,, = ¢ 2tY(E)e,,
= 1!(S*(E))en = (1')**(E)en,

h (S(thn)th) = Oki0m; (10.6)

33The others are unique as well, but at this point we do not know yet whether the tlmn are linearly independent
for I > 0.
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and similarly for the other generators of U, (s((2,C)). Finally, calculating (10.6]) gives the desired
expression,

-1
l 1 2

l k -2 -2 —4q
h (S (ton)ti;) = OkiOmsOing " Z qr = 6kl§mj6in7q72l —
p=—l
1— 2
- 5oy 4
= (5”@57”](57”(] 1 q4l+2 . O

We will deduce Schur’s orthogonality relations from this, i.e. orthogonality of the matrix elements

tt . w.r.t the Haar functional.

Proposition 10.7. Let h be the Haar functional on A,(SU(2)). Then we have

* — 1 - q2
h((tlmn) tfj) = 5lk5mz‘5njq2(l n)m~ (10-7)

In particular, h : A, (SU(2)) — C is a positive functional, i.e. we have h(§*€) > 0 for & €
Ag(SU(2))\{0}.

Proof. Using theorem we have to show that S(t!,,) = (¢,,,)*. Note that the order of m and
n is changed. To avoid confusion let (-,-) 5 denote the inner product on the Hilbert space induced
by the orthonormal basis (e,,)!,_; in theorem and (-,-) denote the duality between the Hopf
s-algebras U, (su(2)) and A,(SU(2)). Using deﬁmtlon n and the fact that #! is a *-representation
of U, (5u(2)) we obtain for all X € U, (su(2)),

((thn) s X ) = (th, S(X)*) = (em, t' (S(X) ) en )y = (1 (S(X)) €myn) y = (thm, S(X))
= (S(thn). X)

where we used ([7.2)) in the last step. Next, let us show that h is a positive functional. Since the
matrix elements ¢, form a basis for A,(SU(2)) and all ¢!, satisfy Schur’s orthogonality relation

(10.7), we only have to show that
() “tonm) > 0.
This easily follows from ((10.7]) and the fact that ¢ € R. O
We will need another explicit expression for the Haar functional. This equation, involving the
trace, will be used to calculate the Haar functional on the subalgebra of (7, o)-spherical elements.

We first need the following lemma, which tells us what the Haar functional does on the basis
elements of A,(SL(2,C)) given in theorem

Lemma 10.8. We have h(5*y™B") = 0 = h(a*y™3") unless k = 0 and m = n. In that case, we
have

1— 2
h(v"B") = (—q >$

Proof. Take a € A,(SL(2,C)) and X € U,(sl(2,C)). Using that h is right-invariant in combination
with proposition , we get
WX.a) = (h@ (X))o Ala) = (X,-) o (h@id) 0 Ala) = (X, n(h(a))) = h(a) (X, 1)

= h(a)e(X). (10.8)
Similarly, we get h(a.X) = h(a)e(X). Using (8.4), we get for X,Y € Uy(sl(2,C)) and a,b €
A, (SL(2,C)),

(Y, X.(ab)) = (Y X,ab) = (A(V)A(X),a®@b) = ¥ (¥, (Xq1).a)(X(2).)),
(X)

hence

X.(ab) =Y (X1).a)(X(2).b). (10.9)

(X)
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Therefore, if X is group-like, we get
X.(ab) = (X.a)(X.b).
In the same way, we get that the right action is an algebra homomorphism,
(ab).X = (a.X)(b.X).
Let a = §*~4™B", then we obtain
X.(0F4mB") = (X.6)F(X4)™(X.6)" and (6F4™B").X = (6.X)F(v.X)™(B.X)".  (10.10)
Let us calculate K.a and a.K for the generators 5, and §. Using and , we get
(Y, K.8) = (YK, B) = (Y @ K,8(8)) = (Y, ) (K, 8) + (Y, B) (K, 8) = ¢~/ (Y, B),
thus K.3 = ¢~'/28. Continuing this way, we obtain

a B B q1/2a q71/25 «a ﬂ B q1/2a ql/Qﬂ

Combining this with (10.8]), (10.10) and ¢(K) = 1, we get

h(6*4™B") = e(K)h(6"y™B™) = h(K.(6"y™ ™)) = h ((K.0)" (K.~4)™(K.8)")

_ q(—k+m—n)/2h(5k,ymﬁn),

and similarly with . K,

(6" B") = e(K)R(8"y™57) = h (8% B").X) = ¢! ="+ 2h(5kym 5m).
Therefore, h(%y™B™) # 0 implies

—k4+m-n=0 and —k—m+n=0.

Adding these equations gives k = 0, subtracting them gives m = n. Thus h(6*7™3") can be non-
zero only if k = 0 and m = n. Similarly, we can find that the exact same holds for h(a*y™p").
It remain to calculate h(y™G™). Similar to (10.9)), we have for the right action

(ab)X = Z(CLX(I))(I)X(Q)>
(X)
Using this for X = F, a = §v(—¢ 18y)" ! and b = —¢' By, we get,
5y (=g~ 8" F = (67(—q 7 B)" LK) (—q7 By F) + (69(=q 7 By)"TLF) (—¢ By KT
Similar to (10.11)), we can derive

a B . [0 0 a BY 1 (¢ ¢ V2B
(0 ) re (0 0) ma (% D)o (T )
Therefore,

5y(=q ' By)"F = (¢ oy(—=¢ "B ) (—q‘wﬁa) + (6v(—=¢7'By)" " F) (="' B7)

= ¢ 27 (g1 B)") (L —a718) + ($v(=¢7 87" LF) (=471 Bv)
where we used the commutation relations ([7.9) for A,(SL(2,C)). Together with the intital condi-
tion
0y(=a ' By) - F = 6v.F =q 2 (1+(q " +9)B7),
this recurrence relation gives

—1/2-2n
_ q e _ _
(=g BN F = "5 7 (1 =g**2)(=g7 ' Bn)" = (1= ") (=g 87)"").
Applying h and using (|10.8]), gives

—1/2—2n
(g (= a0 - (= @) a9 ) = hiEr (- 5)")el) =
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Solving this two-term recurrence relation, together with the initial condition h(1) = 1, gives

1—¢?
h(y"B") = (—Q)nm- O

Using the lemma above, we can prove an explicit expression of the Haar functional in terms of
the infinite-dimensional representation 75° from theorem This will be crucial, since 7g° will
act as a tridiagonal operator on p; ., which will correspond to a three-term recurrence relation of
orthogonal polynomials.

Theorem 10.9. Let D be the diagonal operator on (*(Z,) defined on the orthonormal basis
(€n)%y by De,, = ¢*"e,,. Then for a € A,(SU(2)) we have

_ (1 — q2) n oo

h(a) = ————= tr(D7mg°(a))do, (10.12)
27 0

where m3° is the infinite-dimensional x-representation of Ag(SU(2)) given in theorem [7.13(ii) and
tr is the trace operator.

Proof. Let us first check that the trace and integral is well-defined, i.e. we will prove that D73°(a)
is a trace class operator and is uniformly bounded in . We will show that 75°(a)D is the product
of two Hilbert-Schmidt operators, hence trace class. By the cyclic property of the trace we then
get the same for Dmg°(a).

Observe that D'/2, given by D'/?e,, = ¢"e,, is Hilbert-Schmidt, since

n 1
IDY2|3s 7 (DYV2en, DV2e, ) = 37 g =

1—¢2
n€ly neZy

is finite. Moreover, mg° on «, 5,7,0 is bounded. Therefore, the operator m5°(a) is bounded for
every a € A,(SU(2)) by some constant C(a), independent of 6. Thus,

2
@D s = 3 (w5 (@D 2e. w3 (@)D 2, ) < SO
—4q
nely

hence 75°(a)D'/? is Hilbert-Schmidt as well. The trace of the product of two Hilbert-Schmidt
operators is well defined. Therefore, by the cyclic property, we have

jtr (D3 (a))] = |tr (77 (@)D)| = Y (w5 (@) Den, )| <

neELy

C(a)
1—¢q%

This also shows that tr (D7g°(a)) is integrable.

Let us now prove (10.12). Observe that by linearity, it is sufficient to prove it for the basis
elements 0¥y™ 3" and ofy™B", k,m,n € Z,. We will prove this for a*v*3", the other case is
similar. We check that the RHS of (10.12) coincides with the expression for h(a®y™3") given in
lemma [[0.8 We have

T3 (aFym By = elmTmglmEmi (g ree (a)e;.
Therefore,
tr (Dng(akymﬂ”)) = ¥m=n)(_g)n Z gm+mi <D7T§(Olk)€j,€j>. (10.13)
JELy
Since
<D7T9(Oék)€j, 6]‘> =C <€j,k7 €j> = C(Sko
for some C € C, (10.13) is 0 if £ > 0. If k = 0, we get
tr (Dﬂé’o(vmﬁn)) _ eiﬂ(mfn)(_q)n Z q(m+n)j <D€j,6j> _ eie(mfn)(_q)n Z q(m+n+2)j'
JELy JELy

(_q)n 2ei9(m—n).
1 _ qm+n+
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Since
1 27 .
- ez@(mfn) do = 5"”“
271— 0
we have
(17q2> ’r 0o m an (7q)m(17q2)
T 0 tr (Dﬁe (O‘k'y B )) do = 6k05mn:l_qw:
exactly as in lemma [10.8 O

Now we have all the ingredients to prove the key theorem that links the quantum group
A,(SU(2)) with the Askey-Wilson polynomials.

Theorem 10.10. The Haar functional on the subalgebra of (1,0)-spherical elements, which is
generated by pr », is given by

h(p(pr0)) = [ (o) din(asa,be,die?) (10.14)
R
where p is any polynomial, dm(x;a,b, c, d|q?) is the normalised measure corresponding to the Askey-
Wilson polynomials given in (5.5) and a = —q¢°T7t1, b = —q7 77 ¢ = ¢! and d =
—o+7+1
q .

Proof. The proof has quite some computational complexity. Therefore, we will restrict ourselves of
proving a simpler version of the theorem. Namely for the subalgebra generated by the self-adjoint
element o + a*. Then we have for any polynomial p that

h (p <°‘ +O‘*)> = 2/_11p(x)mc1x. (10.15)

2 T

All steps in the proof are the same in this case, but the computations done require much less
work. We will proceed in three steps. First, we will show that 75°(a + o*) is a self-adjoint oper-
ator which is tridiagonal w.r.t the standard basis {e, }5°, of £2(Z). This will then correspond
with a three-term recurrence relation for some orthonormal polynomials {p,(z)}32,. Secondly,
we make a unitary mapping A : ¢*(Z,) — L*(u) that sends e, to the n-th degree orthonormal
polynomial p,. Here, L?(u) is the weighted L? space corresponding to the orthogonality mea-
sure 11 of {p,(2)}5. Then lastly, we will use that A is unitary in combination with theorem [10.9]

to link the Haar functional on p (%) with the integral coming from the inner product of L?(u).
From the fact that o + o* is self-adjoint in A4 (SU(2)) and 7y is a *-representation, we know that
7° (a4 a*) is self-adjoint. Moreover, using the explicit expression for 7§° in theorem i), we
obtain

2

2 (25 ) en = VIZ ens +VI= PP (10.16)

The three-term recurrence relation for the continuous ¢-Hermite polynomials H,,(x|q) is given by
2¢H, (z|lq) = Hyy1(zlg) + (1 — ¢")Hp—1(xlq), H-1(x|q) =0, Ho(zlg) =1, z=cos¢. (10.17)
They satisfy the orthogonality relation

dx

Ny = Omnlin, (10.18)

[ H,(ala) (sl

where
w(z|q) = (62i¢,e_2i¢; Q)oos X = COS O,

27(q; 4)n

hn =
(¢ @)oo
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The continuous g-Hermite polynomials are the special casdﬂ a =b=c=d= 0 of Askey-
Wilson polynomials. Since a self—adjoint operator has orthonormal eigenvectors, we normalize the
polynomials H,, and the measure w(x) dz, i.e.

2 (x|q)
Pn(zlq) = \/>H (zlq ﬁ

dm(ﬂ‘l):w(x\q)hal% (|q)<2§r>oo%'

Substituting p,(x|¢?) into (10.17) and multiplying by Z—O, gives

h R
2zpn(2]g®) = 4/ Z+1pn+1(w|q2)+(1—q2”)\/ }; “pu_i(z]q?).

hn+1 hn—l 1
— 1 _ A2n+2 d —
Voh, — V1 e V. o

22pn(2l¢®) = V1 — 2" 2pni(2]@®) + V1 — ¢@"pn1(z]?).

Since

we obtain

Comparing this with (10.16)), gives that g ("‘*2‘"*) works as multiplication operator on p,(z|q?).
That is, if we define A : ¢2(Z) — L? (dm(z|q?)) by Ae, = pn(z|g?), where

1
-t = [ F(@(a) dmale?),

Ao <(°‘+2a*)k> en] (@) = 2* - [Aen] (2).

Therefore, for any polynomial p,

om (25T en) @) =) ] 0.

Moreover, using the orthonormality of {e, }52 in £*(Z ) and {p,}32, in L? (dm(z|¢?)), we can
see that A is unitary:

we have

(en, em>e2(z+) = Omn = <pn7pm>L2(dm(x\q2)) = <Aen,Aem>L2(dm(a:\q2)) :

We want to use theorem [10.9] so let us calculate the trace. We get

(o (757))) = B (o 0 (557) oo

nez
_ Z q2n <A7T‘9 <p <a+04 )) en,Aen>
P 2 L2(dm(z|q?))
_ Z " Aen,A6n>L2(dm(;c|q2))
ne€ly
(49)0 q =) & / (pn(zlg?))” (f”|q2)d7$'
neZy m

Observe that
dz

3 ”'p(a) (pa(oa®))” wlald®) < O g

340ne has to be careful with directly taking the limit in the definition of Askey-Wilson polynomials due
to the appearance of a™ in the denominator. The weight function is more insightful here, since we can just take
a=b=c=d=0 there.
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for some constant C' independent of N. Since the latter is integrable, we can interchange the
summation and integral using dominated convergence. We obtain,

ir (Dm (p (a *2“*))) - | 11 PP (oal 20(el?) 22, (10.19)

where Pi(z,y|q) is the Poisson kernel for the continuous ¢g-Hermite polynomials given by
(t* @)oo
. ) _ n ., —
Py(cos ¢,costp|q) = ngz: t" (pn(cos ¢lq) (pn(coslq)) = (T 0 _{eid=T0_ =00 =0 g)
+

The second identity is known as Mehler’s formula for Hermite polynomials (see e.g. [I]). After a
nice calculation, where many terms cancel, we obtain

4(1 —2?%)
(1-¢3)(¢% ¢

w(on (o (45))) - 5= [ i i A

which implies
a+af 2 ! 5
w (0 (r(555))) =z [ pon 1=

Note that the RHS is independent of #. Therefore, the result (10.15) now easily follows from
theorem after a simple integration. O

w(x|q®) Py (x, x]q?) =

Therefore,
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11. GENERALISED MATRIX ELEMENTS AND ASKEY-WILSON POLYNOMIALS

In this section we will put all pieces of the puzzle together. We link the matrix elements of
the quantum group A4,(SU(2)) with the Askey-Wilson polynomials. We will establish this by
combining Schur’s orthogonality relations for the generalised matrix elements béj (1,0) in
with the measure for the Askey-Wilson polynomials obtained in theorem

11.1. Generalised matrix elements and orthogonal polynomials. First, we will show that

for fixed i and j the generalised matrix elements bl;,1 > [i],|j| can be written as a product of

a polynomial in p;, and a lower degree generalised matrix element. These polynomials will be
orthogonal w.r.t. a certain measure. In the next subsection we will prove that this measure
corresponds to the one for Askey-Wilson polynomials by explicitly computing it. The conditions
for 4, j and [ might seem a bit technical at first sight. The idea behind this is that 4, j and [ differ
from each other by full integers and that [ is larger than |i| and |j|. So either

(i) 4, 4,0l € Z and I > 4|, ]j|, or

(ii) 4,5,l € + + Z and L > |i], |5

Theorem 11.1. Take i,j € 17 such that i — j € Z and let m = max(li|, |j|). Then there exists a
system of orthogonal polynomials (pr)72, such that for alll > m and | —m € Zy we have

bij (1, 0) = b3 (7, 0)p1—m (pr.0)- (11.1)

The measure for these orthogonal polynomials is given by wy,(x)dm(z;a,b,c,d|q?) on R, where
dm(z;a,b,c,d|q?) is the normalised measure corresponding to the Askey-Wilson polynomials with

the same parameters as in theorem [10.10] and
m 2
Wy (cos ) = ‘7r9/2 (bij (1, 0))| .
Here T /o is the one dimensional x-representation of A,(SU(2)) given in (z)
Proof. Let us first show polynomials p;_,, exist such that (11.1)) holds. We will start with in-

vestigating the RHS of (11.1) for an arbitrary polynomial of degree I — m. That is, we take a
polynomial s;_,,, of degree [ — m and consider

by (7, 0)Si—m(pr.o)-

By theorem A,(SU(2)) has a linear basis formed by the matrix elements ¢.,,,. Therefore, there
must be b* € A]; such that
N

(T, 0)s1-m(pro) = 3 BF.

k=0

We will show that these by are multiples of our generalised matrix elements bfj, where m < k < [.
Since

bij(r,0) € Ay and  si_m(pro) € Afz_m,
the Clebsch-Gordan decomposition (lemma tells us that we have the upper bound N =
m+ (I —m) =1 and lower bound |m — (I — m)| = |2m —I|. Thus,

l

b (7,0)81-m(pro) = Z b,

k=|2m—I|
Since S$;—m(pr,o) is a (7,0)-spherical element, proposition tell us that b} (7,0)81—m(pr,0) sat-
isfies (9.1) with A = \;(0) and p = p; (7). Therefore,

l l

l l
Y Xobh= Y N(@)Db and > WX, = > pi(r)be.D. (11.2)

k=|2m—I| k=|2m—I| k=[2m—I| k=|2m—I|
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Observe that for X € U, (su(2)), we still have X.b* € A]; and b*. X € A’;. Therefore, X.b% and
X.b*2 are linearly independent for ki # ko. Consequently, we conclude from (11.2) that for each
k=|2m—1],...,1 — 1,1, we must have

X, 0" = Xj(0)D.by, and bF. X, = p;(7)by.D.

Now, propositiontells us that ¥ = 0 for k < max(|i[,[j]) = m and b* = b (7, 0) for k > m
and some constants ¢ € C. Thus,

l
b?;‘(Ta U)Sl—m(pT,U) - Z Ckbfj('r, U)-
k=m

Since s;_p, is of the form,

~

—m

S1—m(pr.a) = Z akpf,m

k=0
we can see the linear mapping s, (pro) — b;’;(r, 0)$1-m(pro) as a function f : CI=m+l —
Cl=m+1 given by (ag,..,a1-m) — (¢m,..,c;). If we can show that f is injective, we know there
exist ay, such that ¢, = dx;. Consequently, polynomials p;_,, exist such that (L1.1)) holds. So let
us show that f is injective. Suppose that f(s;—,) = f(s]_,,), i.e.

b?}(ﬂ 0)S1—m(pro) = bz?(T, U)SE—m(PT,J)
Applying the one-dimensional *-representation my gives
71'9(()2?(7‘7 ‘7)) [WG(Slfm(PT,U)) - We(S;,m(p-r,g))} =0

Using the explicit expression for béj (7,0) in proposition in combination with proposition
gives that there exist infinitely many 6 € (0,7) such that my(bj}(7,0)) # 0. Hence, for these 6 we
must have

70 (S1-m(pr,0)) = To(8]_m (Pr,0)-
As we saw in the proof of theorem we have mp(pr») = cos(26). Thus, we get
s1—m(cos(20)) — s;_,,(cos(26)) = 0.
The only polynomial of degree <! —m with infinitely many roots is 0, hence s;_,, = s]_,, and f
is injective. Therefore, we can find polynomials {p;—m, }i>m such that (11.1)) holds.

Next, we will use the Haar functional to show that these polynomials are orthogonal. Let [,I’ > m
such that | — m,l’ —m € Z,. Since béj(T, o) € Af] and bgj(ﬂ o) € Afl, Schur’s orthogonality

relations (10.7) give
B (bl (r.0)) 83 (r.0) € AL) = biihu, > 0.

Substituting (11.1)) and using that p,, is self-adjoint, we obtain
h(Py—m (pr,o) (03] (7, 0)) b} (T, 0)prr—m (pr.0)) = Svrihu. (11.3)
By proposition (b3 (7,0))*b}} is a (7, 0)-spherical element. From theorem and the Clebsch-
Gordan composition, we get
(035 (7,0))"bi (T, 0) = win(pr.0),
where w,, is a polynomial of degree < 2m. Substituting this into (11.3), gives
h(wm(pﬂa)pl’—m (p‘r,a)ﬁl—m(pﬂa)) =0y

Finally, since Wi, (07,0 )01 —m (07,0 )Pi—m (0r,0) is & polynomial in p. ,, we can use theorem [10.10| to
obtain

/ W (@)Dt (@)Pr () dm(z; 0, b, ¢, d|g?) = S,
R

for the parameters given in the theorem. This shows that the polynomials (py)72 , are orthogonal
with respect to the measure w,,(z) dm(x;a,b, c, d|q?). Applying T2 t0 W (pr,0) gives

Wiy (c0s 0) = |mg 2 (b]1 (1, 0))?,
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proving the theorem. O

11.2. Generalised matrix elements and Askey-Wilson polynomials. In this subsection, fix
i,j € $Z such that i — j € Z. Take again m = max(|i|,[j]). This means there are four possibilities,
namely m € {+i,+j}. We will treat the case m = i. The other cases are done similarly or can
be obtained using symmetry relations for the matrix elements in A4,(SU(2)). First, we need a
proposition which shows that the measure w,,(x) dm(z;a,b, ¢, d|q?) is also a measure for Askey-
Wilson polynomials, but with some integer shifts in the parameters a and d.

Lemma 11.2. We have
|79 /2 (béj(r, o)) |* dm(z;a,b, ¢, d|q?) = cry dm(z; ag® ¥ b, c, dg* =% |q?),
where C7}° is a constant independent of x.

Sketch_of proof. The proof is quite technical and we will not show it here. The idea is to write
7mg/2 (bi;(7,0)) in terms of g-shifted factorials including z = e’?, where I is the imaginary unit.
Then derive the formula

(az.0/20), dm(zab.e.dlg?) = LICOLD g g7 b, e, alg?)

az,a/z;q), dm(x;a,b,c, =-——"——""dm(z;aq",b,c, ,

) 4 q (abc d; Q)r q q

to incorporate the e!? terms into the measure of the Askey-Wilson polynomials. See e.g. [10] for
a proof. O

Let us now prove the key theorem of part II of this thesis, where we interpret generalised matrix
elements from A4(SU(2)) as Askey-Wilson polynomials with two continuous and two discrete
parameters in the variable p; ..

Theorem 11.3. Define the constant
cf;j clf’i qi_l

d(1,0) = —
Z]( ’ ) CZTJC::Z (q4l;q72)l7i

, (11.4)

and the polynomiaﬁ

1 1 1 1
PO (@ s, tlq) = pa(w5q2t/s,q s /t, —q2 [ (st), —stq>P|q),

where cJ (a) is the constant from theorem and p,(x,a,b, c,d|q) is the Askey-Wilson polynomial

from definition|5.17. Then we have

7 i—3,i+7 T O
bi(r,0) = di (1,006, (1, 0P T (pr a7 7 |02).

Proof. From theorem and lemma [11.2] we immediately get
i 1—J,i+J o T
biy (7. 0) = dis (r. o)W (r. ) (i, 7 1P).
for some (at this point unknown) constants déj (1,0). We will show these are given by (11.4). For

this proof, let us use I for the imaginary unit to avoid confusion with our i € %ZJF. Apply my /5 on
both sides of the equation above. Using the explicit expression for bﬁ»j (7, 0) in proposition and

To/2(thyy) = Smne "% (proposition , we obtain
!

3 eI e = ) ( 3 s )

n=-—1 n=—1i

i
X T /2 (pl(inil ])(pr,a;q",quf)) :

351 this way, Askey-Wilson polynomials pﬁ{*’ﬁ) (z; s,t|q) can be seen as the g-analogue of the Jacobi polynomials

of definition If s =t =1, they are called continuous g-Jacobi polynomials.
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Let us compare the terms with e, For the LHS, we have vll’j(a)vll’i(T)q’l. For the RHS, we
must look at the coefficient belonging to the term e~ 1(=0¢ in Tg/2 (pl(fj’iﬂ)(pﬂa;q”,q7|q2)).

K2

One can calculate, using definition m that this is (¢*;¢=2);_;. Therefore, we have

l,j [ _ 1,j [ i _
vl (o) (T)g " = di (7, 0)uy? (o)v (1) (g5 47 )i

which implies

1,5 1 i
U j(g)vl Z(T)qz !

1,j 1, _ ’
v (o) (7) (g 47 2)1—i

1 _
di; (r,0) =
Using theorem we see that

which proves ((11.4). O

The above theorem was first proven in 1993 by Koornwinder [I3] in the special case i = j = 0,
i.e. in the case of (7,0)-spherical elements. The method Koornwinder used is notably different.
His approach uses the Casimir and g-difference equation for Askey-Wilson polynomials instead
of the method used here. Where we used that the Haar functional on the subalgebra of (7,0)-
spherical elements is equal to an integral involving the normalised Askey-Wilson measure. The
latter (theorem actually is a consequence of Koornwinder’s result.
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12. THE ASKEY-WILSON ALGEBRA AW (3)

This section will be similar to the Zhedanov’s article [I8], where the Askey-Wilson algebra
AW (3) was first introduced and its connection with g-Racah polynomials was described. These
discrete Askey-Wilson polynomials will appear as overlap functions between the eigenvectors of
finite dimensinoal operators representing the two generators Ky and K; of AW(3). We will work
out the first part of [I§] in more detail. In this way, we set the stage for section where the
primary result of this thesis is proven: the embedding of AW(3) into U, (s[(2,C)).

12.1. The algebra AW(3). For convenience, let us introduce the following notation,

x x

Sinhq(l') = qm - qi and COShq(LE) = qm + qi .

This relates to
¥ —e " e’ +e "
sinh(z) = ———— and cosh(z) = ;,
2 2
which is used in [18]. We omit the constant ’’ to avoid extra factors later on. Note that in part

I and II of this thesis, we often encountered sinh, and cosh, already, e.g.

D N . .
4 q q +q q sinh, (25 + o) + sinh, (o)
q+q COS q( )7 q7q71 Sinhq(l)

We only start to introduce this notation here since we want to stick to the notation used in the
corresponding literature. Let AW (3) be the Askey-Wilson algebra defined by Zhedanov in [I8].
This is the algebra generated by three generators K, K; and K5 subject to the relations

[KO7K1L] = K27
(K1, K2]g = BK1 + CoKo + Do, (12.1)
(K5, Kolg = BKo + C1 K + Dy,

where B, Cy, C1, Do, Dy are central elements of the algebra and [, -], is the so-called g-commutator
defined by

[X,Y], =q¢XY — ¢ 'Y X.

By substituting the first equation of ((12.1)) into the second and third, AW (3) can equivalently be
described as the algebra generated by two generators Ky and K7 subject to the relations

cosh,(2) K1 KoKy — KKy — KoK} = BK; + CoKq + Do, (12.2)
cosh,(2)KoK1 Ky — KoKy — K1 K3 = BKy+ C1 K, + D;. (12.3)

In this section, we will take B, Cy, C1, Dy, D1 € R. Moreover, AW(3) has a Casimir operator @,
which commutes with every X € AW(3), given by

Q=(g""' - ¢®KoK1Ks + ¢* K3 + B(KoK, + K1Ko) + Cog® K¢ + C1q K}
+ Do(1 4+ ¢*)Ko + D1 (1 + ¢ 3)K;.

We will denote by Qo € C the value of @ in a representation of AW(3).

(12.4)

12.2. Representations of AW(3). It turns out that, under mild conditions, AW(3) has two
families of inequivalent representations. In these representations, the generators (Ko, K;) will
have a special property. We define a finite-dimensional matrix A tridiagonal if A;;, its entry in
the i-th row and j-th column, is 0 when | — j| > 1. It turns out that we can make a ’ladder’
representation of AW (3) such that K is diagonal and K is tridiagonal with respect to the same
basis and the other way around as well. We first need a lemma that shows that a certain quadratic
equation, arising naturally in AW(3), generates a sequence (A, (p))S2, in C such that (A, Any1)
are solutions of this equation. The idea of the proof is taken from [I4].
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Lemma 12.1. Let C; € R. Define the quadratic function p : C2 — C by
p(A, 1) = A% + p? — coshy(2)A\u + C1. (12.5)
Then the equation
P(An; Ant1) =0,
generates two families of real sequences, (An(p))s—y and (=, (p))oLy, depending on p € R\Z, that
are non-degenemt@. These are given by

h,(2 1
SO Cntptl) o

sinhg(2)
An(p) = ¢EPmHPHD if C1 =0, (12.6)
—-sinh,(2n+p+1) |
G sinh,(2) i e <0,

where n € 7.

Proof. Fix a value )\,,. Observe that the equation p(A, A,) = 0 has, by its quadratic nature, two
‘neighbouring’ solutions A, —1, Ap4+1. Let us assume that \,_1, A, and A\, 41 are all distinct, since
otherwise the sequence could have cycles. Then, A,11 and \,_; are the two zeroes of p(\, \,).
Therefore,

PO A) = (A= A1) A = A1) = A% — (g1 + A )X+ A1 A
Combining this with gives,
coshy(2)A, = Apg1 + A1 and M+ Cr =M1 A (12.7)
The first is a linear recurrence relation. Solving this using \,, = ™ gives

0 = —cosh(2)r™ + r" Tt 4 "=t = "~ 1(r? — cosh,(2) + 1),

which leads to r = ¢ or r = ¢—2. Therefore, we have solutions of the form A, = ag®® + bg—2"

for a,b € C. The second part of (|12.7)) leads to conditions on a and b. Indeed, substituting our
expression for A\, gives
(ann + bq—2n)2 + Cl — (aq2n+2 + bq—Qn—Z)(ann—Q + bq—2n+2)'
Working this out, we obtain
~ sinh,(2)2°
We split three cases for C;. They all have two sequences of solutions, A, or —\,, and depend on
the starting parameter p € R. If C; > 0, we have
V(i
An = ————cosh,(2 1).
" sinhq(2)coS o(2n+p+1)

Taking C < 0, gives

v-=Ci
= ————sinh,(2 1).

sinhq(2)sm a2ntp+1)

Then finally, C; = 0 leads to

A\, = q:t(2n+p+1).
The degeneracy \,, = A, can only happen if 2n +p+1 = —2m — p — 1 for certain n,m € Z,.
This implies p = 1 — (n + m), which leads to the condition on p. O

Let t be a representation of AW(3). Mathematicians like short notations. Therefore, in the
literature the ’t’ is often omitted when the representation is clear from the context. That is, for
X € AW(3), we just write "X’ for the operator ¢(X).

The following theorem shows that a representation of AW (3) has a ladder structure. That is, once
we have a single eigenvector 1) of K, we can create a whole sequence of eigenvectors of K, from
1. Moreover, the operator K; will be tridiagonal with respect to these eigenvectors.

30That is, An # Am if m # n.
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Theorem 12.2. Let B,Cy,Cy, Dy, D, € R. If there exists a N + 1-dimensional representation
of AW(3) on V such that Ky has a non-zero eigenvalue A of the form specified below, then it is

irreducible and there exists a linear basis {ig,...,¥n} of V for which Ky is diagonal and K, is
tridiagonal. By rescaling the basis, this can be written in the form
Kol% = k>\n¢n7 (128)
K1Yy = aptpn_1 + bpn + ang1¥nq1, (129)

where k € {—1,1} and with the convention ¥_1 =0 = n41. Here

\/C—,lcoshq@n +p+1) IO >0,

sinh,(2)
An = { gE@ntPHD) if Cy =0, (12.10)
sinh,(2n+p+1) .
v-=C 2 Cy <0
! sinh,(2) i <0,

where n = 0,...,N and p € C\{0,—1,..,—2N} is the spectral parameter. We need A\ = kA, for
certain k,p,n. Moreover, the matriz elements a,, and b, satisfy,

B\, + D1)(BM\y_1 + D
fnfn—lai = ( 1);2 ! 1) + OOAnAn—l + DO(An + )\n—l) - QOa (1211)
_ BM\ + Dy

Ingn+1

b (12.12)

where g, = A — Ap—1, fn = Ang1 — An—1 and Qq is the value corresponding to the representation

of the Casimir element Q given in ((12.4).

Proof. Let us first show existence. Suppose that 1, is an eigenvector of Ky with eigenvalue A,

Koty = Aty (12.13)
We will show the ladder property of AW(3). That is, there exist a, 8,7 € C such that
Vs = (aKo + K1 + 7K2) ¢y (12.14)

is also an eigenvector of K with a different eigenvalue A\s. Now, Koihs = A1) implies
(aK§ + BE Ky + vKoK2) b = As (aKg + BK1 + vK2) ¥y
and using , this becomes
(aX + BEo K1 + vEKoK2) by = Ag (e + BEL + VEK2) ). (12.15)

We want to use (12.13)) again to remove the rest of K from this equation. In order to do that, we
will use the algebra relations (12.1)) to get Ky to the right side. Using the first and third equation

of , we have
KoK1=q ?K1Ko+q 'Ky and KoKy = q¢*KyKo— gBKy — qC1 K1 — qDs.
Substituting this into and then using gives,
(aX] + B (¢ °NK1 + ¢ Ka) + 7 (P A K2 — q\pB — qC1 Ky — qD1)) 1y,
= As (@Ap + BKy +vK2) .

Comparing the coefficients of v, K1, and Kz, gives three linear equations in «, 8 and 7,

0= (A2 — AAp) — ¢v(\pB + D1), (12.16)
0= 52X = As) = 7C1, (12.17)
0=q "B+7(g*)p — A) (12.18)

Multiplying (12.16) with ¢ gives 8 = —qy(g?)\, — As). Substitute this into (12.17) to obtain,
—qv(C1 4 (4722 = A) (@A = As)) =0
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If we take v = 0, (12.18) immediately gives 8 = 0. Since we want A, # As, (12.16]) gives o =0 as
well, resulting into ¥s = 0. Therefore, we need

0=C1+ (g 2N — A) (PN, — As) = /\12, + A2 — (@® + ¢ HMAs + Oy (12.19)

Lemma|12.1]in combination with the dimension N +1 then gives us that there are two possibilities

for the spectrum of Ky. Namely, one of the sequences (A,)Y_, or (—=\,)2_, where

h, (2 1

VOt p )

sinh,(2)
Ap = { gF@nFPHD if C; =0 (12.20)

inh, (2 1

N CUR AR TOARY

sinh,(2)

with p € R. We will focus on the positive branch (A, )Y_, the other one can easily be obtained
by the transformation Ky <+ —Kj. We now have a basis given by (¢,))_,. Moreover, every 1,
has two 'neighbours’ ,,_1 and 1, except for the end points ¢y and ¥x. Both neighbouring
eigenvectors can be obtained from ,, i.e.

Y1 = (1Ko + B1 K1 + 1K) hn and 1 = (a1 Ko + 1 Ky + 71 K3) ¥y,

for suitable constants «;, 5;,v; € C. Using both equations above, we can eliminate K31, from
the equation and write K11, in terms of ¥, _1,%, and ¥,1. Therefore, K; is tridiagonal w.r.t
the (v,)0_,; basiﬂ which proves existence of the representation. Then we can immediately see
that it is irreducible. Let V be non-zero invariant subspace of span{y, ..., x }. Take v € V', then
there is a smallest integer n such that v, has a non-zero component in v. In this way, define the
function k : V. — {0,..., N}. We claim that by the ladder property, there is a X € AW(3) such
that k(Xv) = n+ 1. Indeed, using this property one can find Y € AW(3) such that Y, = b 41.
By the tridiagonality of Ky, we then have k(Yv) > n. The situation k(Yv) = n can be solved
by taking a suitable combination X =Y + ch, where ¢ € C and j € {1,2}. By repeating this
process, we can find ¥ € V. By laddering down to ¢y again one obtains V' = {4y, ..., ¥ 5 } which
proves the irreducibility.

Let us now explicitly calculate the matrix elements of the tridiagonal matrix K;. By rescaling the
eigenvectors, we can write this in the form,

Kl’(/}n - anwnfl + bn'(/]n + an+1¢n+1, (1221)

forn =0,..., N and y_1 = 0 = ¢y +1. Let us calculate the matrix elements a,, and b,,. We start
with the easiest, b,,. Substituting (12.21)) into the AW (3) relation (12.3]) and equating coefficients
of the diagonal terms v,,, we get

(coshy(2) — 2)A2b,, = B, + C1b, + D.

Solving this gives
B BX, — D,
~ (coshy(2) —2)A2 — C; '

From ((12.7)), we obtain
COShq(2)>\721 — )\i — ()\721 + 01 = ()\nJrl + )\nfl))\n - )\721 - )\n+1)\n71 = gndn+1,

where g, = A\, — An—1, which proves (12.12)). For a,,, substitute (12.21]) into the other AW(3)
relation (12.2)) and again equate the diagonal terms. We get

fag102 1 — fa—1a? = —sinh,(1)*A\,b2 + Bb,, + Co\, + Dy, (12.22)

37Similarly we have that K3 is tridiagonal w.r.t the same basis. However, we won’t need that here since we will
focus on Kg and K and K2 = [Ko, Ki]q-
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where f, = Ap+1 — An—1. Another condition for a, can be obtained by substituting (12.21]) into
(12.4). This gives
fn+1fnai+1 + fnfn_lai = — 2QO — 2(Sinhq(1)/\nbn)2 — COShq(Q) (OQ/\?L + Clbi)
+ 4BApby, + cosh,(1)? (Do, + D1by,),

where Qo € C is the constant belonging to the Casimir @ of AW(3). Combining (12.22) and
(12.23)) gives an explicit expression for a,,

BM, + D1)(BA\,_1 + D
fufn_1a? = ( 1);2 1+ D) + CoAnAn_1 + Do(An + An_1) — Qo- (12.24)
Similarly, solving this for a,y1 gives the same expression, only with 'n 4+ 1’ instead of 'n’. This

shows consistency of the two equations (12.22) and ((12.23)). O

The condition for the eigenvalue A in the theorem is only to make sure that the sequence A,, are
all distinct. It is a very mild condition since only the cases where p = 0, —1, ..., —2N are excluded.
When the eigenvalues of K are all distinct, we say that the spectrum of K is non-degenerate.
At this point it is not clear whether a finite-dimensional representation of AW (3) always exists,
since we need a,, to vanishes at some point for that. The condition shows that this happens
only if

(12.23)

(BAn + D1)(BAn—1+ D1)
9
Therefore, will analyse a,, further to see when it becomes zero. We can write a,, in a compact
form using a fourth degree polynomial, of which the roots will be of major interest.

Proposition 12.3. We can rewrite (12.11)) into
o P
" gq%fnfnfl ’
where & is a polynomial of degree < 4 in the variable A,, = Ay, + A—1. It is given by

+ CO)\nAn—l + DO(An + )\n—l) - QO =0.

(12.25)

sinh, (1)? sinh, (1)? B? —sinh,(1)2Qo  (sinhy(1)? — 4) CoCy
An _ q A4 D q A3 q q A2
P(An) = Co cosh,(1)4 " * 0coshq(l)2 n cosh,(1)? coshy(1)4 "
4041 Dy ) B2 4+ 4Q 4CyC?
BD, — —10 YA 4D - .
+ ( ! coshq(l)Q) DT O coshy(1)2  coshy(1)4

(12.26)
P is called the characteristic polynomial of AW (3).

Proof. To see this, let us first multiply both sides of (12.24) by f.fn—1. Then we need to show
that the numerator of

s _ B®X\uAn1 4+ BDiA, + DY 4 g2 (Codndn—1 + Doy — Qo)
" 9 fnfn- ’

is polynomial in A,, of degree < 4. It suffices to show that A\, \,_1 and g2 are polynomials in A,
of degree two. We have

a

(12.27)

A2 =02+ 02+ 20,01
Combining this with ((12.19) gives

A2 + Cl sinh (1)2A2 — 401
AN 1= n d 2 — q n
nonl cosh,(1)? e n cosh,(1)?
substituting this into the numerator of (12.27)) gives the explicit expression for &2. O

Remark 12.4. The name characteristic polynomial of AW (3) makes sense since & is independent
of the representation. Moreover, the four zeroes of &2 will be very convenient for analysis. For
example, the structure constants of AW(3) can be expressed in terms of the py, as we will see
later.
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For a finite-dimensional representation, we need a,, to vanish at some point. This happens when
P(A,) = 0. Therefore, we can formulate the condition for the existence of a finite-dimensional
representation, in terms of a condition on the zeroes of &?. From now on, take Cy, C7 < 0, which
will correspond to the setting of subsection Other cases can be obtained similarly.

We can rescale our generators, i.e. K{j = AKy and K| = pK; with A, € R, without loss of
generality . Then K| and K7 satisfy the AW(3) relations (12.2) and (12.3). The rescaling leads
to the transformation of structure constants

(B,Co,C1, Do, Dy) » (AuB, 11>Co, N2C1, A\i® Do, N> uDy).

Therefore, we can assign any value we want to Cy and C1, as long as we don’t change their sign.
We rescale Ky and K; such that the spectrum of Ky is given by

An = sinhy(2n 4+ p +1).
For this to happen we take

Co = Cl = —sinhq(2)2.
Furthermore, by rescaling we can also consider only the positive branch, i.e. kK = 1 in theorem
Observe that we now have,

Ay = Ay 4+ A1 =sinhy(2n + p+ 1) + sinhy(2n + p — 1) = cosh,(1)sinhy(2n + p).

We will rewrite the four roots of & into a similar form. Note that the function sinh, : A — C is
bijective, where A = {z € C: 17 < Im(In(¢g)z) < 2m}. Therefore, we can always write the four
roots in the form of A,. That is, they can be uniquely written as

coshy(1)sinhg(pr), pr €A, £=0,1,2,3.
Note that every polynomial P,(x) of degree n, can be written as a product using its n roots

{z}7Z). That is,

n—1
P.(z)=c¢ H(a: — k),
k=0

2

where ¢ € C is the constant in front of z". We will rewrite our polynomial &2, and therefore a;,

as well, into this more convenient form.

Proposition 12.5. We have

3
P(Ay) = —sinhg(2)%sinh, (1)% [ ] (sinhg(2n + p) — sinhy (px)) - (12.28)
k=0
Therefore, the expression (12.25)) can be written as
2 — [Ti_o (sinhy(2n + p) — sinhy(py))

= . 12.29
i cosh, (2n + p)2coshy(2n + p + 1)coshy (2n + p — 1) ( )

Proof. We can write & into a product of its roots. That is,
3
P (M) = A[] (An — coshy(1)sinhy(p)) .
k=0

Comparing this with ((12.26)) gives
B Cosinh, (1)? B _silrlhq(2)2311r1hq(1)2
~ cosh,(1)* coshg(1)%
Since A, = coshy(1)sinhy(2n + p), we get

3
P(A,) = —sinh,(2)?sinh,(1)? H (sinhg(2n + p) — sinhy(pr)) -
k=0
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Let us now work out the denominator of (12.25)). Using the formula

sinh,(a) — sinh,(b) = sinh, (a;—b) cosh, (a;b) ,

we obtain
fr = Ang1 — Ap—1 =sinhy(2n + p+ 3) —sinh,(2n +p — 1)
= sinh,(2)coshy(2n +p + 1),
and
n = An — An—1 = sinh,(2n + p+ 1) — sinh,(2n +p — 1)
= sinh,(1)coshy(2n + p).
Substituting this into proves the proposition. O

Corollary 12.6. AW(3) has an irreducible (N+1)-dimensional representation with non-degenerate
spectrum of Ko if and only two of the parameters {px}3_,, say po and p1 satisfy the “quantisation
condition’

p1—po =2(N +1).
In this case, p = py and the representation is unique up to the sign of the spectrum of K.
Moreover, the spectrum of Ky determines the representation up to equivalence.

Proof. From theorem we know that ag = 0 = an1 is a necessary and sufficient condition
for AW(3) to have a representation of dimension N + 1. Using 7 this implies for two roots
of &, say sinh,(po) and sinh,(p1), to be equal to sinh,(p) and sinhy(2(N + 1) + p) respectively.
Consequently, we have pg = p and p; = 2(IN + 1) +p. This implies p; —po = 2(N +1) and p = pp.
Therefore, the spectrum of Ky is now fixed up to a sign, i.e.

An, = ksinh, (2n + po + 1).

To prove that the spectrum of Ky determines the representation up to equivalence, let us assume
we have an irreducible (N 4 1)-dimensional representation of AW(3). Then by theorem [12.2] the
matrix elements of Ky and K; are fixed up to equivalencﬁ by (12.11]) and (12.12)). O

Remark 12.7. Writing the roots of & in the form cosh,(1)sinh,(2n+py) is convenient for analysis.
Most importantly, because the parameters of the g-Racah polynomials will depend on simple linear
combinations of the p,. Moreover, note the symmetry in the py: interchanging any two parameters
or change of sign simultaneously of an even number of the p; does not change AW(3). This
corresponds with some of the remarkable symmetry properties of the Askey-Wilson polynomials.

The structure constants B, Dy and D; as well as the value of the Casimir () can be expressed
in terms of the roots of the characteristic polynomial &2.

Proposition 12.8. We have

sinh, (1) ) . Pot+pr) . P2+ D3 Po —P1 P2 —P3
B= ook ( ) hy(2) <smhq ( 5 sinhg 5 + cosh, 5 cosh, 5 ,
sinh, (2)*

sinh, (2 2 3
Dy = hg(
0™ cosh ‘coshy (1) g sinby (pr),

Dy = —sinh,(1)sinh,(2) <sinhq <p0 ;‘p1> cosh,, (192;]73) + coshy (po ;pl) sinh,, <p2 5 p3)> )
, Bsinh, (1) + D2
= sinhg( h, sinh, (1)% — . =
Qo =sin (H " ( ) einhg (1) = G, (1) i, (2)2

38The equation (12.11) gives two possibilities for a,. However, these lead to equivalent representations which
can be obtained from the case where all ap, > 0 by doing the basis transformation v, — kntn, where kp/kn—1 =
sign(an).
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Proof. Equating the coefficients in front of A* in (12.26)) with (12.28) for k¥ = 0,1,2,3 gives four
equations for B, Dy, D1 and Q. Working out the term (12.28)) corresponding to A3, we obtain

. . sinh,(2)? smh
—sinh, (2)?sinh, ( (Z sinh, (p > ) | sinh, (2n+p)? = — coshy( < meh Dk )
Comparing this with ((12.28)) gives
sinh,(1)?  sinh,(2) 51nh
D 1 = h,(
Ocoshq(l)2 coshg( Zsm (Px)

which leads to the desired expression for Dy. Looking at the coefficients of AX for k = 0,1,2 and
solving for B, Dy and @ gives the other formulas. O

Because of the symmetry between Ky and K7, we can interchange the roles of these operators and
find the following theorem, which shows the remarkable duality property of AW(3).

Theorem 12.9. If there exists a representation of AW(3) on V with dim(V') = N + 1, then there
exists a dual basis {po,...,on} of V for which K, is diagonal and Ky tridiagonal. Explicitly we
have

Kopm = cmdm—1 + dimdm + Cm+1¢m+1a (1231)
form =0,..., N. The matriz elements of Ko and Ky w.r.t the basis {¢y,...,on} are determined
by pm = )\m, Cm = Gy, and d,, = bm, where ()\m7am,bm) can be obtained from (A, am,bm) after
interchanging Cy <> C1 and Do <> D1. Moreover, in the case Co = Cp = —Sinhq(2)2 we have

3 . .
2 — — Hk‘:() (Slnhq(2m + SO) B Slnhq(so)) (1232)

coshy(2m + sg)2coshy (2m + sp + 1)coshy (2m + sp — 1)’

where sinhy(sy) are the roots of the characteristic polynomial & of AW (3) where Dy <> D1 are
interchanged. The py and si are linked via

1 1 1 1
S0 = izp —p1, S1= izp — D2, S2= Ezp —p3, S3= 521» — D2, Xp= ;Opk- (12.33)

Proof. Take Ko = K, and K; = K. Let m) denote AW (3) with structure constants
(Baé(%élaﬁ()aﬁl) - (B,Cl,C(th,DO).

That is, we interchanged Cy <+ Cy and Dy <> D;. Then K, and K, satisfy the relations (|12.2))

and (12.3) for AW(3). Therefore, we can follow the exact same steps we did before to obtain
expressions for t,,, ¢, and d,,. Using proposition [12.8 we can find four equations that relate py
and si by equating

B=B, Dy=D;, D;=Dy, and Qo= Qo,

where @ is the Casimir operator of ATV(\3) Solving these equations gives the desired formulas
relating s; and py. [l

Remark 12.10. The sharp reader might wonder if we have the same representation in both cases.
Once we fix the representation corresponding to the positive branch of eigenvalues for Ky, the
operator representing K is fixed as well. Then the spectrum of K is of the form +u,,. If it might
happen we have the negative branch for Kj, we can just look at —K;, which also satisfies the
AW (3) relations. Therefore, we can proceed without loss of generality.
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12.3. Overlap functions of Ky and K;. We want Ky and K; to be self-adjoint, since their
eigenvectors will then form an orthonormal basis. This requires a,, by, A, € R. Now, we can now
look at the unitary matrix for the change of basis between the eigenvectors {1, })_, of K, and
{¢m N _, of Ki. We have

N

¢m = Z <¢ma wn> wn

n=0

We define overlap functions P, (u.,) by separating ¢o(m) := (¢, o) from the inner product, i.e.

(G n) (bt
Pulbn) =15 00y = “wolm)

We have to check if this is well defined. If there exists a 0 < m < N such that tg(m) = 0, we
would have

0 =1po(m) = pr,' (K1dm, o) = pin, (m. K1tbo) = pin," (b botho) + (Gms arthn)) -
This implies

<¢m7 1Z)1> = 0.
Repeating this, we obtain (¢, 9,) = 0 for all 0 < n < N. A contradiction since {ty,.., )N}
forms a basis.
Note that at this point, we don’t know what kind of functions P, (u,,) are. We only know what
they do at the points u,,. Now we make the crucial observation that we can derive a three-
term recurrence relation for P,(i,;). On the one hand, tells us that the operator K;

has eigenvectors {¢,, }Y_,. On the other hand, K; acts as a tridiagonal operator on {¢,}_, by
(12.9). Since K is self adjoint we have,

Hom, <¢m7¢n> = <K1¢m>wn> = <¢m7K1wn> = 0n <¢m7'(/)n—1> + b, <¢mawn> + an+t1 <¢m7'(/)n+1> ,

where we used that a,,b, € R. Therefore,
o Pr(pm) = an Pr—1(pm) + bn Pr(pm) + @1 Prgr (pm)- (12.34)
Now it becomes clear why we separated 1o(m). Since we now have the initial condition
Po(pm) =1,

for a three-term recurrence relation. Together with the other initial condition P_j(p,,) = 0,
generates polynomials (P,)Y_ in y,,. We will show that these are g-Racah polynomials of
the most general fornﬂ We will do this by comparing the three-term recurrence relations for the
overlap functions and g-Racah polynomials. The parameters for the ¢g-Racah polynomials depend

on po, P1,P2,P3
Theorem 12.11. Let P, () be the overlap functions defined by

<¢m7’(/}n>
P (pm) = TN
(tem) Yo(m)
where 1o(m) = (dm, tho). Then
Paltin) =\ 1 Ry (s, 8,7.0:07),

where Ry (m; o, B,7,9;q) are g-Racah polynomials from definition and hy are normalising
constants given in (5.8). The parameters are given by

o = _qiﬂo+z727 B — qpo—m) v = ql)o—P17 5 = _qp2+ps7 m=0,1, ...,N. (12_35)

391.e.7 we have as much freedom as possible in choosing the parameters.
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Proof. We have to check that the three-term recurrence relation for the overlap functions
are the same as the one for g-Racah polynomials . Note that the first only depends on (a,,)N_,
and (bn)ﬁ’:o7 while the latter has three coefficients for each n: A,,, B,, and C,,. This is because the
g-Racah polynomials in definition [5.19] are not normalised. Orthonormal polynomials p,, always
have a three-term recurrence relation of the form

xpn(l‘) = dn+1pn+1($) + Bnpn (l‘) + dnpnfl(x)
Therefore, we normalise (5.9) by substituting the normalised g-Racah polynomials p,, (y.m; @, 8,7, &; ¢%)
given by

ho

Pr(Ymsi @, B,7,6;¢%) = Ry (Ymi o, B, 7, 634%).

hn
If we also divide the recurrence relation by +/h,, we get
hn 1 hnfl
n n
Let us first find the right eigenvalues. Filling in the parameters from (|12.35)), gives
Y = q72m + 76q2m+2 — q72m o qufp1+p2+p3+2m+2 — q72m o q22p72p1+2m+2'
By the link (12.33)) between py and s, this becomes
Y = q72m . q280+2m+2 _ —q5°+lsinhq(2m +s0+ 1) — *'Y(qu,unr
Therefore, dividing (12.36) by —+/—vd¢? and equating this with (12.34] gives
hn+1 Bn h
N An =ng1, ———= =bn, — L 0, =a,. 12.37
—v6q%hy, + =y —75¢2h,, ( )

We have to check if these equations hold. We will not show the full computations here. The idea
is quite simple: square the first and the third term of (12.37) and fill in the explicit expressions
for a2,by,, hn, Ay, B, and C, using (12.12), (12.29)), (5.8) and (5.10)) respectively. After a precise

calculation one can verify (12.37)), proving the theorem. (]
Remark 12.12. The orthogonality of the g-Racah polynomials correspond to the orthogonality of
the eigenvectors 1, of Ko and ¢,,, of K;. Indeed, since {¢,, }Y_, is an orthonormal basis, we have
N
d) = <7,[}n ) ¢m> ¢m
m=0

Therefore, by the orthogonality of 1,

N N
Skn = (Vs ) = > (s &) (Dimsthn) = > w(m) Pi(ptn) P ()
m=0 m=0
where w(m) is the weight function given by
w(m) = | (bm, o) |*. (12.38)
Similarly, we can get
N
Sk = W(m) > P (tt) P (ttm)
n=0

where
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13. TWISTED PRIMITIVE ELEMENTS AND THE ASKEY-WILSON ALGEBRA

In this section we will show that the algebra AW (3) is embedded as a subalgebra in U, (s((2, C)).
Namely, the subalgebra generated by the twisted primitive elementﬂ X.K+a,I and K~'X,—b, 1
and the Casimir ), where

Xo=qapE+q %apF +ao(K — K™Y, X, =q?bpE+q 2bpF + by (K — K~1).

After writing the article [5], the author had the idea that there might be such an embedding possi-
ble. Earlier, embeddings of AW (3) in algebras related to U, (s((2, C)) had been done. For example,
[2] did an embedding with 3 parameters and [7] in the threefold tensor product of U, (sl(2,C)).
In this section, we will show that AW(3) is directly embedded as a subalgebra in U, (sl(2, C), )
with all parameters of AW (3) available. The algebra U, (sl(2,C), Q) is Uy(sl(2,C)) where a value
Q € C for the Casimir (2 is fixed. Formally, this is the algebra U, (sl(2, C)) with the extra relation
Q= Q- 1. Note that this makes sense, since in an irreducible representation ¢ of U, (sl(2, C)), the
Casimir operator acts as a constant times the identity,

t(Q)=c-id, ceC.

We will use this embedding in combination with the results of section [I2] to show that the overlap
functions between twisted primitive elements of U, (su(2)) in a finite-dimensional representation
are g-Racah polynomials in their most general form. This result has been shown for infinite-
dimensional representations of U, (su(1, 1)) in [5] by a direct computation in U, (sl(2, C)).

13.1. Embedding AW(3) in U, (s[(2,C), Q). Recall from (L.4), that the Casimir 2 of U, (s(2, C))
is given by
¢ K2 2 2 —lpr—2
+qK~ L EF— qK“+q K~
(¢—q7')° (¢—q71)?
is a central element. We have the following main result of this section.

o=1 + FE,

Theorem 13.1. Let Ky and K; to be the twisted primitive elements given by,

Ko =q*apEK + ¢ 2apFK + a, K* (13.1)
= q_%aEKE + q%aFKF + aUKQ,
Ky =q*bpK'E+q sbpK~'F — b, K (13.2)

= ¢ 2bgEK ' +q2bpFK ' — b, K2,
where ag,ap, a4y, bg,bp, by € C. Then Ky and K satisfy the AW(3) relations and
with
B = sinh,(1)? ((agbr + arbgp)Q — a,b,),
Co = —cosh (1) bebr,
Ci = —cosh (1)2aEaF, (13.3)
Dgy = coshg( (smh bEbFaC,Q + (agbp + anE)bT) ,
Dy = —cosh,(1) (smhq( Vapapb;Q + (apbp + anE)aU) )
Note that B, Do, D1 are in general no complexr numbers, but central elements.
Remark 13.2. Observe that taking

—i sinh, (o)

inh
ap =bg=¢€e"", a, =— and b M

sinh, (1) T ~ sinh, (1)’
gives Ko = X5 9K — a, and Ky = K‘lXT,g + b, where X, ¢ is defined by (6.2)).

ap = bE = 620,

40We have changed the twisted primitive elements by a constant. Because otherwise the calculations do not give
the desired answer when taken a, and b, nonzero. As a consequence, the eigenvalues of the operators are shifted.
However, it does not change the eigenvectors.
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Proof. The proof requires a long and precise calculation. For the readability of this thesis, the
full proof can be found in appendix [A] The idea of the proof is quite simple. Fill in the twisted
primitive elements Ky and K in the AW (3) relation and then do a precise calculation, where
we use the relations in U, (s1(2,C)) and that Q2 is central. The hard part is to be precise and
recognise how to deal with the many terms that arise in the expression. The computation is done
for the first relation . Then, we can exploit the symmetry between Ky and K7 by doing the
transformation K <+ K, ¢ < ¢~! and a, + —b, and obtain . O

It is interesting and quite tricky what the above theorem implies. It cannot be seen as a direct
embedding of AW (3), with complex parameters, as a subalgebra into U,(sl(2, C)) because of the
appearance of the Casimir . Although 2 is a central element, it is of course no element of C.
However, in an irreducible representation, {2 always acts as a scalar times the identity. To solve
this problem, we define the algebra U, (sl(2,C), Qo), where we add an extra relation to U,(sl(2, C)):

Q=00-1, QeC, 1eU,(sl(2,C),Q).

By theorem a (20 + 1)-dimensional irreducible representation of U, (s[(2,C), Q) exists if and
only if

Qo -id = 4 (), where \* = 1.
The natural question arises whether every instance of AW(3) can be obtained from Ky, K7 €
Uy (s1(2,C), Qo). That is, given a set of structure constants

(B7COaclyDO7D1) € (C5
for AW(3), can we always find
(aE'7aF7a0'7bE7vabT790) S C77

such that AW(3) is isomorphic to the subalgebra of U, (sl(2,C), Qo) generated by (Ko, K1) given
in and . We show that the answer is, almost always, yes. The only exception is when
B =Cy =C1 =0, DgD; = 0 but either Dy or D; is non-zero. We first define the function
¢ : C" — C® which sends (ag,ar,ay,bg, br,br, Qo) to the values for (B, Cy,Cy, Do, D1) given in
(13.3). That is

sinhq(1)2 ((aEbF + anE)QO — ang)
—cosh,(1)?bgbr
Clag,ap,a45,bp,bF,br, Qo) = —cosh,(1)?agap
coshy (1) (sinhq(l)zbEbpagQO + (agbpr + apr)bT)
7COShq(1) (Sinhq(l)QaEan.,-Qo + (CLEbF + anE)CLU)

Theorem 13.3. Let z = (B, Cy,Cy, Do, D1) € C® be structure constants of AW(3) such that Dy
or Dy is not the only non-zero constant. Then there exists a w € C7 that satisfies ((w) = z. In
particular, for every instance of AW (3), there exist Ko, K1 € Uy (sl(2,C), Qo) such that AW (3) is
isomorphic to the subalgebra of Uy (s1(2,C), Qo) generated by Ky and K;.

Proof. Take structure constants z = (B, Cy, C1, Dy, D1) € C® for AW(3) arbitrary. If we can find
aw € C7 such that ((w) = 2, we can take (ag,ar,as,bg, br, by, Q) = w in theoremto find
Ko, K1 € Uy (s1(2,C), Qo) that satisfy the AW (3) relations and for the given structure
constants. This induces an isomorphism between AW(3) and the subalgebra of U, (sl(2,C), Q)
generated by Ky, K;. So let us show we can always find such a w € C7, or in other words, that
¢ is surjective. Note that there has to be a certain redundancy in  since we go from 7 degrees
of freedom to 5. One of the redundancies comes from €2y, the other one from ag,ar,bg and bg,
which appear only in three different ways: 'agarp’, 'bgbp’ and 'apbp + apbg’. Let us fix Q¢ # 0
and take

Co Cl
bm — — d - 13.4
g cosh, (1)%bp ancar coshy(1)%2ag’ (134)
and
CoC
r=agbr +apbg = agbr + 0l (135)

coshy(1)*apbp’
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For arbitrary Cy,Ci,x, we can find ag,ap,bg,bp that satisfy (13.4) and (13.5). Therefore, we
have to solve the following three equations

B = sinh,(1)? (z9 — ayb,)
—sinh,(1)?
_— Q
cosh,(1)? CoagSlo + xbr
—sinh, (1)2
D1 = fCOShq(l) (COSh:El)QCleQO + JECL0> )

where we have three variables x, ay,b,. Note the symmetry in how these variables appear. Let us
assume that Cp, Cy # 0. Then we can rewrite above equations to the following form,

Dy = coshgy(1) (

T1 — A1X2T3 — bl, (136)
T — A2X1T3 = b2, (137)
T3 — azxr1To = b3, (138)

with three variables x1,x2, 3 and where ay,as,as # 0, since Cp, C1,Q¢ # 0. We will show the
above system always has a solution. We can eliminate z; by substituting (13.6) into (13.7). We
obtain

o — az(by + a1xox3)x3 = bo,
xr3 — ag(bl + all‘QIg)IQ = bg.

Which we can rewrite to the system

T2 — 011”2(13)2 =dy, (13.9)
Trs — 02(1‘2)2?[:3 = dg, (1310)

where ¢y, co # 0, since aq, as, a3z are non-zero. The first equation implies

dy
= 13.11
2 1-— C1 (l‘g)g ( )
If 23 # +(c1)~ /2, we can substitute this into the second. We then get
_ 1— 2\2 2

(23 = d2)(1 —c1(23)°)° —cadi)”as _ o (13.12)

(1= ci(x3)?)?
Since ¢; # 0, the numerator is a polynomial of degree 5 in x3. It always has five (in general
complex) roots, since C is algebraically closed. If it has a root which is not of the form z3 =
:I:(cl)*l/z, we can use to find x5 and @ to find 1 and we are done. If it has a solution
of the form x5 = £(c1)~"/?, it follows from ([13.12)) that

+eo(di)?(er) "2 =0.

Since ¢1, co # 0, this implies
dy = 0.
However, in that case the system ((13.9) and (13.10]) can be solved by taking xo = 0 and x3 = das.

If Cy =0, C; = 0 or both, the system becomes
T — a1wax3 = by, (1 = 0cy0)z2 — agrir3 = by,
(1 =9d¢,0)r3 — azrixe = bs.
This can be solved similarly as before, the only two exceptions being Cy = C; = by =by =0, b3 #0
and Cyp = C1 = by = bs =0, by # 0. If we are in one of those cases, say the first, we obtain
r1 — a1x9xw3 = 0, (13.13)
— asx123 = 0, (13.14)
— azxr122 = bs. (13.15)
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The second equation (13.14) demands x; or z3 to be zero, while the third one (|13.15) requires x;
and x5 to be non-zero. Therefore, we need x3 = 0. However, then (13.13) tells us that ;1 = 0
has to hold, which violates (|13.15]). This corresponds to the case B = Cy = C7 = Dy = 0 and
Dy #0. O

13.2. g-Racah polynomials as overlap functions of twisted primitive elements. Up to
this point we know that AW (3) is embedded in U, (sl(2, C)) and that there exists a representation
of AW (3) such that the overlap functions of Ky and K; are ¢g-Racah polynomials. In general, a
representation of a subalgebra need not necessarily be extendable to the whole algebrﬂ Since
a representation of an algebra is always a representation of its subalgebras, we suspect that the
representation of AW(3) is the same as one of the four representations of U, (s[(2,C)) in theorem
We will show|*? that this is indeed the case for the x-representation of U, (su(2)). Then we can
apply theorem to show that the overlap functions of twisted primitive elements are g-Racah
polynomials.

We will approach as follows. From corollary [12.6] we know that if a representation of AW(3)
exists, it is unique if the spectrum of K is fixed*’hnd non-degenerate. Therefore, if we can show
this for our twisted primitive elements in U, (s[(2,C)), we know we must have the same represen-
tation. We will focus on the generators Ky and K that are self-adjoint. From the expression for
Ky and K; given in theorem this requires

ap =ag and bp =bg.
This leads to
Co = —coshy(1)?|ag|® and C;— = coshy(1)?|bg|?,
and thus Cp, C; < 0. Similarly as in the previous section, we will reduce the spectrum of K, to
the simplest case. That is, we take

C() = Cl = —sinhq(2)2.
Since sinh,(1)cosh,(1) = sinh,(2), this is satisfied if
ap = —esinh, (1) and bp = e'Psinh,(1).

The resulting parameters will depend on the difference '0 — ¢’. Therefore, we can take ¢ = 0
without loss of generality. Recall that we know the eigenvalues of X, K and K~'X,. We will
write our generators Ky and K as a linear combination of those,

Ko = sinh,(1) <s1nq(c7) — XaﬂK) = —q%ewsinhq(l)EK — qf%eﬂosinhq(l)FK + sinh, (o) K2,
sinh, (1)
_ inh
Ky = sinh,(1) (K‘lXT + m> = ¢ ?sinhy (1)K ~'E + ¢7sinh, (1)K ' F + sinh, (1)K ~2.
q

We can now easily calculate the eigenvalues and eigenvectors of I/(\O and I/(\l using theorem and
corollary It follows the spectrum of K| is non-degenerate. Therefore, the representation of
U, (su(2)) corresponds to the one for AW(3) that leads to g-Racah polynomials. We will use theo-
remo find an isomorphism between AW (3) and the subalgebra of U, (sl(2,C), Qo) generated

by Ky, K. Note that ' from theorem is a representation of U, (sl(2,C), Qo) if and only if we

have
coshy (20 + 1)

Qo =t1(Q) = —
0 (@) sinh,(1)2 ’

“IFor example, the subalgebra of Uy (s1(2,C)) generated by {K, K~ '} has a one-dimensional representation ¢

given by t(K) =2 and t(K~!) = % which cannot be extended to U (sl(2,C)). Indeed, from KE = ¢EK and g # 1

2 -2
it follows that E = 0. Therefore, the relation EF — FE = Kq__qlf — can never be satisfied.

420ther representations of Uq(s1(2,C)) also correspond to representations of AW (3). However, we will focus on
the case when Ky and K are self-adjoint. The cases A = 1, —1 in theorem are equivalent. The representations
for A\ = i,—1 are equivalent as well and can be obtained from the case A = 1,—1 by doing the substitution of
structure constants in AW(3).

43 That is, we know we have the positive or negative branch of eigenvalues for Ko
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where we used (4.6]).

Corollary 13.4. Fix
cosh, (20 + 1)

sinh,(1)? ’
and let AW (3) be the algebra with constants given by
(B7 007 Cl? D07D1) - C(aE7a'F7a'O'7bE7 bF7 b7'7 Q0)7

where ag,ap, 0y, b, b, b come from I/(\O,I/{\l, i.e.
ag = —q%qwsinhq(l), ap = —qiéqusinhq(l), a, = sinhg (o),
bg = q_%sinhq(l), bp = q%sinhq(l)7 ar = —sinhy (7).

Denote by A be the subalgebra of U, (s1(2,C), Qo) generated by Ko, K1. Let ® AW (3) — A be the
isomorphism from theorem and let w be the irreducible (21 + 1)-dimensional representation of
AW (3) given in corollary corresponding to the positive branch of eigenvalues for Ky. Then
t!, the (21 + 1)-dimensional *-representation of Uy(su(2)), is a representation of Uy (s1(2,C), Q)
and for X € AW(3), we have

tH(®(X)) = n(X).

Proof. First observe that the s-representation of U, (su(2)) is automatically a representation of
U, (s1(2,C), ), since Qp is equal to the constant belonging to the operator #!(2). Using the
isomorphism given in theorem m t! is also a representation of AW (3). From corollary we
know that the spectrum of Ky, if non-degenerate, uniquely determine@ the finite-dimensional
representation. Since

sinh (o)
sinh, (1)
we can use the eigenvalues for X, ¢ K from theorem and find the spectrum {\; }éz_ ; of I/(\o, we
get

I/{\O = Sinhq(l) ( - XU,0K> )

Aj =sinhy (25 +0), j=—1,...,1L
By the injectivity of sinh, on the real line, the spectrum of f(\o is non-degenerate. Moreover,

observe that the spectrum of Ko and K; in Uy(5u(2)) indeed correspond to the one given by
(12.10). By doing the substitution n = j 4+ 1 in A; above, we get

An = sinhy(2n+0 —20), n=0,...,2l, (13.16)

as spectrum for I/(\o. Similarly, we can find that the eigenvalues p,, of I/i) are given by
o = sinhg(2n + 7 — 20).

This shows that we have the positive branch (i.e. £ = 1 in theorem [12.2)) of eigenvalues for both
generators. O

I/(\o and I/(\l have the same eigenvectors as X, g4+ K and K ' X respectively. That is,
I/(\O)\n = )\nvl’”(a,ﬁ —m) and I/(\o)\n = umﬁl’”(r),

where v5" (0,0 — 1) and 9" (1) are given by theorem and corollary after the substitution
n = j+ 1. Let us show that the overlap functions P, (p,) of our twisted primitive elements are
g-Racah polynomials. They are defined similarly as in theorem [12.11
Po(pim) = (@' (7), v""(0,0))
ST wm)
where vo(m) = ("™ (7),v"%(0,0)) is separated to get the initial condition Py(u,) = 1. Recall
from theorem [12.11] that the parameters of these polynomials are determined by {pj}3_,, where

441f the spectrum K is non-degenerate, it is unique op to a sign. Therefore, if the spectrum of Ky is fixed, the
representation is unique.
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sinh, (py) are the roots of the characteristic polynomial &. We can get the parameters pg, p1 from
the spectrum of Ky and the quantisation condition,

p1—po=2(N+1).
From proposition [12.8] we can determine p, and ps. In order to make calculation simpler, we
replace 6 by 9log(e)f, which leads to the replacing ¢’ by ¢%.
Theorem 13.5. The overlap functions P, (um) of the twisted primitive elements
Ko = —q%qiesinhq(l)EK - q_%q_iesinhq(l)FK + sinh, (o) K2,
K= q*%sinhq(l)KflE + q%sinhq(l)Kle + sinh, (1)K 2,
are normalised q-Racah polynomials

h
hioRn(ym;avﬁv’Ya 5;(]2)7 m,n=20,..., N.

Here, Ry, (ym; ., B,7,9;q¢%) and h,, are from deﬁnition and (5.8) respectively. The parameters
are given by

o—2l—1+i0+71 _ o—-2l-1—10—71
s B=q

a=—q L y=q M2 5= —¢*. (13.17)

Moreover, the normalised weight function of the q-Racah polynomials is linked with vo(m) via the
formula

|2 _ w(ym7 a, 57’7»5; q2)
ho ’

[vo(m) (13.18)

where w(Ym, @, B,7,0;¢%) is given in (5.7).

Proof. From corollary we know that the s-representation of U,(su(2)) corresponds to the
representation of AW(3) used in theorem [12.11] The parameters («, /3,7, d) of the g¢-Racah poly-
nomials are expressed in pg, p1, p2 and ps. We claim that

pp=0c—-20—-1, pr=0c+21+1, (13.19)
py=T+10, p3=T1—1if. (13.20)

First of all, using (13.16) and the second part of corollary we can read of the spectral
parameter pg = 0 — 2l — 1. Then, by the quantisation condition of the same corollary, we have

=22l +1)+po=0+20+1, (13.21)

proving . For ps and p3, we will use that we have two expressions for B and Dg. In theorem
B and Dy are expressed in terms of (ag,ar,aq,bg,br, by, ) we used for I/(?) and I/(\l and
U, (s1(2,C), Q). On the other hand, propositionm gives B and Dy as a function of the p,. We
know that (ag,ar,as,bp,br,br, Q) is equal to

; ; h, (20 + 1
(—qéqwsinhq(l), —q_%q_wsinhq(l), sinh, (o), q_%sinhq(l), q%sinhq(l), —sinh,(7), COSQ(H))

sinhg(1)2

Therefore, we have for Dy,

sinh, (2)2 & . .
cosﬁj(l)) Zsmhq(pk) = cosh,(1) (smhq(l)QbEbFaaQo + (agbr + anE)bT)
k=0

= coshy (1) (sinhy(1)*sinh,(c)coshy (21 4 1) + sinhgy(1)*coshg (i6)sinhg (7))

_ sinhg(2)? U
= “eoshy (1) (sinhg(o)coshq (2] + 1) + cosh,(i6)sinh, (7)) .
Since sinh,(a)coshy (b) = sinhg(a + b) + sinh,(a — b) and this becomes

3
Z sinh, (p) = sinh, (o + 20 + 1) 4 sinh, (0 — 2] — 1) + sinh, (7 + i0) + sinh, (7 — i0).
k=0
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Using our expressions for py and p1, the first two terms on both sides cancel. Therefore, we obtain
sinh, (p2) + sinh,(p3) = sinh, (7 + i0) + sinh, (7 — i0). (13.22)

Let us derive another equation for ps and ps, using the two expressions for B. We have

sinbg (1) o (Potpr) o (P2tps Po — D1 P2 —D3
W‘;(l)smhq@) (smhq ( sinh, 5 + cosh, 5 cosh, 5

2
1)? ((apbr + apbg)Q — agby)
= sinh,(1)? (—cosh, (i0)cosh, (2] + 1) + sinh, (c)sinh, (7))
sinh, (1) . . . .
= msmhq@) (—coshy (i0)cosh, (21 4 1) + sinh,(o)sinh, (7)) .

Using that pg + p1 = 20 and po — p1 = —2(2] + 1), we obtain

sinh, (o)sinh, <p2 —;—pg) + cosh, (=21 — 1) cosh, <792_p3>

= sinh,(

2
= sinh, (o )sinhy(7) + coshy (40)coshy (—21 + 1).
Together with ([13.22]), this proves our claim ([13.20) for ps and ps. We can now derive the
12.35))

parameters for the ¢g-Racah polynomials using ( . The formula for the weight function follows

from (|12.38)). U

Since we know our overlap functions explicitly, we can derive the following, quite difficult,
summation formula for dual ¢g-Krawtchouk and g-Racah polynomials.

Corollary 13.6. We have
N

> C(Nk,0,7,0,m) (") Ry (Gin; By~ "5 N3 @) Ri(§ims 65 Nig ™)
k=0

(13.23)

= V(Ym, @, B,7,6; ) Rn(ymi o, 8,7, 6 ),

where Ry, (y;;¢°, N;q) are dual q-Krawtchouk polynomials from definition R, (yj; e, B,7,0;q)
are q-Racah polynomials, w(Ym,a, B,7,0;q) its weight function given by (5.7), aB8,§ < 0 and
vq = q~N. The constant can be explicitly computed.
Proof. From theorem [13.5| we get

~lom ln

<'U (7')7'U (O’, 9)> _ /@R (y . 7q072l71+i9+-r q072l717i077 q74lf2 7q2‘r.q2)

<’Dl7m(7')7 ’Ul70(O" 9)) hn n my bl i ) i M

Using the explicit formulas for v""(o,8) and 9™ (7) in theorem and corollary we get a
summation formula close to the form we want. From (13.18]), we obtain

| <’5l7m(7_)7’0l70(0'7 9)> |2 = U)(ym, «, 577757 q)

Thus we get

(@), 0"%(0,0)) = v/ w(Ym, @, 5,7, 63 9),
where 7, is a phase factor which can be explicitly calculated for every m. Putting this 7, into
the constant C'(N, k, o, 7,0, m) gives the desired formula. O



87

SUMMARY AND CONCLUDING REMARKS

This thesis provides a small insight into the remarkable connection between quantum groups
and orthogonal polynomials. The first two parts showed known results from the literature, while
in the last part, we proved a new and interesting embedding of the Askey-Wilson algebra AW(3)
into U, (sl(2, C)).

In part I and II, we put some focus on the similarities and differences between the representation
theory in the classical- and quantum setting. We saw that the latter is often an extension of the
first and in many cases a non-trivial one. This makes researching quantum groups worthwhile.
For example, we saw that choice of the subgroup for invariant functions did not matter in the
classical case, but it did in the quantum setting. Some results, such as theorem [10.9] do not even
have a classical equivalent, since all representations of Pol(SL(2,C)) are one-dimensional.

In all three parts, we saw the crucial role of Koornwinder’s twisted primitive elements. They
facilitate an important link between U, (s[(2,C)) and Askey-Wilson polynomials. In part II, they
were used for finding the space of (7, o)-spherical elements, while in part III we showed they can
be seen as generators of Zhedanov’s Askey-Wilson algebra AW(3). Interestingly, both approaches
lead to different Askey-Wilson polynomials.

Lastly, the new result proved in this thesis raises some interesting questions. For example,
the embedding of AW(3) into the threefold tensor product of U, (sl(2,C)) (see [7]) was linked
with higher-rank Askey-Wilson algebras [3]. We suspect that our result can be extended to these
higher-rank Askey-Wilson algebras as well. Moreover, we proved that ¢g-Racah polynomials are
overlap functions of twisted primitive elements in the U, (su(2)) setting. This corresponds to the
case C7 < 0 in AW(3). Self-adjointness of twisted primitive elements for C; > 0 corresponds to
U,(su(1,1)), which has no finite-dimensional representations. It is of interest to see if for Cq > 0,
there exist representations of U, (s((2,C)) as well where the overlap functions of the twisted primi-
tive elements are g-Racah polynomials. If this would be the case, the x-structure of AW(3) would
not correspond to a real form of U, (s((2, C)).
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APPENDIX A. PROOF THEOREM [13.1
Let Ko, K1 € Uy(sl(2,C)) be given by
Ko=q?apEK + ¢ 2apFK + a, K2,
= q_%aEKE + q%aFKF—l— a. K2
Ki=q*bpK 'E+q 2bpK 'F—b, K2,
=q 2bgEK ' +q2bpFK ' — b, K2,
where ag,ap,a,,bp,bp, b, € C. We will show that Ky and K; satisfy the AW(3) relations
cosh,(2) K1 KoKy — Ki Ko — KoK? = BK; + CoKy + Dy,
cosh,(2)KoK1 Ko — KKy — K1 K3 = BKy + C1 K + Dy,
with
B =sinh,(1)* ((apbr + arbp)Q — asb,),
Cy = —cosh,(1)%*bgbp,
C; = —cosh (1)2aEaF,
Dy = coshg( (smh )2bpbrasQ + (apbr + anE)bT) ,
D; = —coshy(1) (smhq( Vapapb,Q + (apbp + anE)ag) )
First, take a, = 0 = b, and calculating K1 KoK, K?Ky and KqK? gives
K1KoKy =q 303K + ¢ 2bgagbp E*°FK ™' + ¢ 2bpapbpEFEK ™!
1 q%bpapbr EF?2K™Y + ¢ 2bpapbp FE2K ™' + ¢*bpapbp FEFK ™!
+ ¢2bpapbp FPEK " + "2 bpapbp FAK L.
K2Ky =q *2bpbpapF*K ' + ¢ 2bgbpapE2FK ' + ¢ 2bgbpagp EFEK !
+ ?2bpbpapEF?K ' + ¢ 22bpbpapFE*K ! + q2bpbpap FEFK !
+ @2 bpbpapFPEK ™" + ¢*3bpbpap FPK 1.
KoK? =q?bpbpbp EPK ' + ¢"2apbpbp E2FK ' + ¢ 2apbpbp EFEK !
+q%apbpbrEF?K ' + ¢ 2apbpbp FE2K ™' + ¢ apbpbp FEFK
+q 2apbpbp FPEK ™ + ¢ 2apbpbp F3K L.
This gives
(®+q DK K K| — K2Ky — KoK? = bg E°FK (¢ *2agbp — ¢ *bgar)
b EFE ((qléanE +q) - 2q—%aEbF)
+ bFEFzK*I(qflébEaF - q%aEbp)
+ bEFEszl(ql%bFaE - qiéanE)
b FEFK™! ((qQ% + g ) apbp — 2q%bEaF)
+bpF2EK Y (¢*?apbg — q¢*brag).

Note that the E3 and F? exactly cancel out. We now put the terms with two E’s first and two
F’s second. Then, if we give the constants that arise a (temporary) name, we have

bg (1 E*F + caEFE + c3FE*) K~' + bp ((4EF? 4+ s FEF + s F?’E) K" (A1)

If we now use
K2 _ K72

EF — FE = —
q-q

)
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we obtain
K2 - K2 K2 _ K2

1 E2F 4+ ;EFE 4 c3FE® = (¢, + ¢2 + ¢3)EFE + ¢, E ol 9 F
— g2 — g2
— (c1+ 3+ c3) EFE + %El@ + %K*E.

Similarly we get

K2 _ K—Q KQ _ K_2
ctEF? + s FEF + g F?E = (ca + ¢5 + c6) FEF — ¢ F f—q 1 AT 1

-2 _
:(C4+05+06)FEF+M
q—4q

Now the magic starts to happen. A calculation shows that

ci+ertes=q % (apbr +arbp)(g—q )2 =q ez —ad®) (g —q7h)

and
ca+es+cs = g2 (apbp +apbp)(g — a7 1) = qlg 25 — ca) (g — g7 ).
Furthermore,
C1 — q2(:3 2 1 2 -2
FEK =q2 (anE—(q +1+¢ )aEbF),
as well as
q 2es — cg

qqul :q_% (aEbF—(q2+1+q_2)apr).

Therefore, (A.1)) is equal to

12
(abr + arbp) (g — g 1)? [(EF n

_1 q 1 1
2 Vbpg 2E+ (FE+)b qu]K
(q—Q‘l)Q) v (q—q02) "

+ (apbp — (¢ + 14 ¢ )apbp) ¢?bpEK + (apbp — (¢* + 1+ ¢ 2)arbg) ¢ bpFK.

gK 2

If we now add and substract
(agbr + apbg) (q%bEEK + q_%bFFK> ,
we obtain
(¢ + ¢ K KoK — K{ Ko — KoK} =(apbr + arbg)(q — ¢~ ')* QK
—(¢+4¢ ) *bpbrKy. (A.2)

If we make this slightly more interesting and take o € R (and still 7 = 0), we obtain as extra term
compared to the case 0 =0

(®+q 2)a K1 K*Ky —a, K2K? — a, K*K?. (A.3)
We have
K\K?K) = (bpq *EK ' + bpq* FK~)K2(bgq? K 'E + bpq 2 K~'F)
=bLE” + bpbp (¢"'EF 4+ qFE) — by F?,
KiK? = (V,EK *E+bgbp (¢ 'EK *F 4+ qF K *E) — b3, FK °F) K?,
= q *bLE? + bpbp (¢EF 4+ ¢ 'FE) — ¢*b3.F”,
K?K} = K? (0, EK °E + bgbp (¢T'EK°F + ¢FK °E) — b, FK*F)
= ¢°bLE® + bbp (¢EF + ¢ 'FE) — ¢ *b3, F°.
This gives that is equal to
agbebr (¢ (¢ = ¢)EF +q(¢* — ¢ *)FE).
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Note that the E? and F? terms exactly cancel each other. Using that

2 -2
FF=FF + u
_q_
we obtain
q—l(q2 _ q—Q)EF = q—l ((q2 —q_2)FE+ (q+q_1)(K2 _ K—Q)) )
Since

(q—a "V q+a HYFE=(q—q¢ )@+ )= (g+q¢ ") (K> —¢ ' K?),
we get,
~¢ N —q)EF+q(* - ¢ HFE=(q—q¢ )¢ —q¢ *)FE—q "(q+q ) K> - K?)
=(q—q¢ "V (q+q WFE—q ' (q+q¢ NEK* - K?)
=(q—q¢ 2 (g+q 2= (g+q ")°K>
Therefore, is equal to
asbpbr(q —q ) (g + ¢ )Q — asbpbr(q+q 1)’ K. (A.4)

The second term in front of the a,K? is exactly the same as the constant in front of the K in
(A.2)), just like we wanted. So (A.2)) stays the same for o nonzero, only now with a added central
element,

(*+ ¢ K1 KoKy — KiKo — KoK} =(apbr + arbp)(q — ¢ 1)?QK; — (¢ + ¢ 1)*bpbr Ko
+ acbpbp(q— ¢ ") (¢ +q Q. (A.5)

Let us now take o = 0 but 7 nonzero. Denote by K;(0) the term K; where 7 is taken to be 0.
We now obtain the extra term, compared to (A.2)),

(¢ +q7 %) (b, K1 (0) KoK 2 — b, K ?KoK1(0) + 02K 2KoK %)
—Ko (02K — b, (K1(0)K 2 + K~?K1(0)))
— (2K~ — b, (K1(0)K 2+ K 2K(0))) Ko. (A.6)
We have
KoK1(0) = qagbgE* + apbp EF + apbpFE + ¢ tapbpF?,
Ki(0)Ky = ¢ tapbpE? + apbp EF + apbp FE + qapbp F2.
Therefore, we get for the terms of ,
Ki1(0)KoK 2 = (¢ 'agbpE* + apbp EF + apbp FE + qapbp F?)K 2
K?KoK1(0) = (¢ tagbpE* + apbp EF + apbp FE + qapbp F?) K 2,
K 2K K2 = (¢ agE + ¢"*apF)K 3,
KOK Y= (¢PagE+q apF)K 3,
KoK (0)K 2 = (qapbpE? + apbp EF + apbp FE + ¢ tapbp F?)K 2,
KoK 2K1(0) = (qapbp E* + ¢*apbp EF + ¢ 2apbp FE +q 1anFF2)K—2,
KKy = (¢ *?agE + ¢**apF)K >,
K1 (0)K2Ky = (¢ agbpE* + ¢*apbg EF + ¢ 2agbpr FE + ¢®apbp F?) K2
KK (0)Ko = (¢ %agbpE* + apbp EF + apbp FE + ¢®apbp F*) K 2.

Observe that all the terms with E2K 2 EK~3 and FK 2 in (A.6]) cancel each other. Therefore,
only the terms with EFK~2 and FEK ~2 remain,

—b-(¢> + ¢ ?)(apbg + agbp) (EF + FE) K2 + b-(apbg + agbp) (1 + ¢*)EF + (1+ ¢ *FE)
= —b,(apbp +apbr) (7>~ 1)EF + (¢* - 1)FE) K2
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Using again that
K? - K2

EF = FE + —,

we obtain
((@?-1V)EF+(¢*—1)FE)K?*=((¢—q ')V’FE+¢ 'K?—¢ 'K*) K?
(¢—q¢ ")VQK? — (q+q )L

Thus (A.6) is equal to
—~br(arbp +apbr)(g— g~ ')* QK * + (arbp + apbr)br (g + 7).

Again, this first term in front of K2 is exactly what we need to get a similar outcome as (A.2)),
only again with an added constant,

(¢° +q *)K1 KoKy — K{Ko — KoK} = (apbg + apbp)(q — ¢ ')’QK1 — (¢ + ¢ ) Ko
—‘r((lpr + (lEbF)bT(q + q_l)I.

Now finally, taking both ¢ and 7 nonzero gives us the extra terms where both a, and b, appear.
That is,

(®+q¢7% (agbe_2 —2a,b, K1 (0)) — (2a,02 K% — 2a,b, K (0)

(A7)

— agb, K2K1(0)K? — a, b, KK, (0) K ~2). (4.8)
Since
K2K,(0)K? = ¢ %bpq? EK + ¢°bpq ? FK,
and
K2K1(0)K ™2 = ¢*bpq? EK + ¢ %bpq ? FK,
we have for the last part of that,
—a,b, K 2K (0)K? — apb, K2K1(0)K ™2 = —a,b,(¢* + ¢ %) K1(0).
Therefore, the expression is equal to
—asbr(q —q 1)?(K1(0) = b, K %) = —agbr (g — ¢~ ) K.
Adding everything together we obtain
(¢> + ¢ ) K1 KoK — KiKo — KoK7 = (¢ — ¢~ ')* ((apbr + arbp)Q — agb,) K, (A.9)

—(g+q ")?bpbrKo+ (¢ + ¢ ") (as(qg— g ")?bpbpQ + (apbg + apbp)b,),

as desired. Now lastly, let us now do the transformation q <> ¢~', K <+ K~! and o <> —7 in the
equation above. Note that this does not change {2 and most important, the structure relations
of U,(sl(2,C)) remain the same. It leads to interchanging Ky <> K; and a, <> —b,, while the
computations done remain the same
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